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Abstract

The optimal investment problem is studied for a continuous time incomplete market
model. It is assumed that the risk-free rate, the appreciation rates and the volatility of
the stocks are all random; they are independent from the driving Brownian motion, and
they are currently observable. It is shown that some weakened version of Mutual Fund
Theorem holds for this market for general class of utilities. It is shown that the supremum
of expected utilities can be achieved on a sequence of strategies with a certain distribution
of risky assets that does not depend on risk preferences described by different utilities.
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1 Introduction

We study an optimal portfolio selection problem in a market model which consists of a risk—
free bond or bank account and a finite number of risky stocks. The evolution of stock prices is
described by Ito stochastic differential equations with the vector of the appreciation rates a(t)
and the volatility matrix o(t), while the bond price is exponentially increasing with a random
risk free rate (). A typical optimal portfolio selection problem is to find an investment strat-
egy that maximizes EU (X (T))), where E denotes the mathematical expectation, U (-) is an util-
ity function, X (T') represents the wealth at final time T', and X (T) = exp( — fOT r(s)ds | X (T)
is the discounted wealth. There are many works devoted to different modifications of this

problem (see, e.g., Merton (1969) and review in Karatzas and Shreve (1998)).
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Dynamic portfolio selection problems are usually studied in the framework of stochastic
control. To suggest a strategy, one needs to forecast future market scenarios (or the probabil-
ity distributions, or the future distributions of r(¢), a(t) and o(¢)). Unfortunately, the nature
of financial markets is such that the choice of a hypothesis about the future distributions is
always difficult to justify. In fact, it is still an open question if there is any useful information
in the past prices that helps to predict the future. Respectively, there are serious reservations
toward usual tools of stochastic control such as Dynamic Programming or Stochastic Maxi-
mum Principle that require knowledge of future values of the process u(t) = (r(t),a(t),o(t)).
It is why some special methods were developed for the financial models to deal with limited
predictability.

One of this tools is the so-called Mutual Fund Theorem that says that the distribution of
the risky assets in the optimal portfolio does not depend on forecast of future values of 1 and
on the investor’s risk preferences (or utility function). This means that all rational investors
may achieve optimality using the same mutual fund plus a saving account, and this mutual
fund does not need to use the market forecast. Clearly, calculation of the optimal portfolio is
easier in this case.

If Mutual Fund Theorem holds, then, for a typical model, portfolio stays on the efficient
frontier even if there are errors in the forecast, i.e., it is optimal for some other risk preferences.
This reduces the impact of forecast errors. This is another reason why it is important to know
when Mutual Fund Theorem holds.

Mutual Fund Theorem was established first for the single period mean variance portfolio
selection problem, i.e., for the problem with quadratic criterions. This result was a cornerstone
of the modern portfolio theory. In particular, the Capital Assets Pricing Model (CAPM) is
based on it. For the multi-period discrete time setting, some versions of Mutual Fund Theorem
were obtained so far for problems with quadratic criterions only (Li and Ng (2010), Dokuchaev
(2010a)). For the continuous time setting, Mutual Fund Theorem was obtained for portfolio
selection problems with quadratic criterions as well as for more general utilities. In particular,
Merton’s optimal strategies for U(z) = 6~ '2% and U(x) = log(z) are such that Mutual Fund
Theorem holds for the case of random coefficients independent from the driving Brownian
motion (Karatzas and Shreve (1998)). It is also known that Mutual Fund Theorem does not
hold for power utilities in the presence of correlations; see, e.g., Brennan (1998), Feldman
(2007). Khanna and Kulldorff (1999) proved that Mutual Fund Theorem theorem holds for

a general utility function U(x) for the case of non-random coefficient, and for a setting with



consumption. Lim (2004,2005) and Lim and Zhou (2002) found some cases when Mutual
Fund Theorem holds for problems with quadratic criterions. Dokuchaev and Haussmann
(2001) found that Mutual Fund Theorem holds if the scalar value fOT |0(t)|?dt is non-random,
where 6(t) is the market price of risk process. Schachermayer et al (2009) found sufficient
conditions for Mutual Fund Theorem expressed via replicability of the European type claims
F(Z(T)), where F(-) is a deterministic function and Z(t) is the discounted wealth generated
by the log-optimal discounted wealth process. The required replicability has to be achieved
by trading of the log-optimal mutual fund with the discounted wealth Z(t).

It can be summarized that Mutual Fund Theorem was established so far for the following

continuous time optimal portfolio selection problems:
(i) For U(x) = log(x) and general random coefficients (r, a, 0);

(ii) For U(z) = 6~ '2°, § # 0 and random coefficients (r,a, o) being independent from the

driving Brownian motions;
(iii) For problems with quadratic criterions;
(iv) For general utility and non-random coefficients (7, a, 0);
(v) For general utility when the integral fOT 0(t)|?dt is non-random;

(vi) For general utility when the claims F(Z(T')) can be replicated via trading of a mutual

fund with the discounted wealth Z(t), for deterministic functions F'.

It can be noted that conditions (iv) implies (v), and (v) implies (vi).

Extension of Mutual Fund Theorem on problems (i)-(vi) was not trivial; it required sig-
nificant efforts and variety of mathematical methods.

In this paper, we present one more case when Mutual Fund Theorem holds. More precisely,
we found that it holds for general utility when the parameters r(t), a(t) and o(t) are all
random, they are independent from the driving Brownian motion, and they are currently
observable. It is an incomplete market; it is a case of ”totally unhedgeable” coeflicients,
according to terms from Karatzas and Shreve (1998), Chapter 6. In fact, we found that only
a weakened version of Mutual Fund Theorem holds: the supremum of expected utilities can
be achieved on a sequence of strategies with a certain distribution of risky assets that does

not depend on utility.



2 Definitions

We are given a standard probability space (2, F,P), where Q = {w} is a set of elementary
events, F is a complete o-algebra of events, and P is a probability measure that describes a

prior probability distributions.

Market model

We consider a market model in a generalized Black-Scholes framework. We assume that the
market consists of a risk free asset or bank account with price B(t), ¢t > 0, and n risky stocks
with prices S;(¢),t >0,7=1,2,...,n, where n < 400 is given.

We assume that

B(t) = B(0) exp (/Otr(s)ds>, (2.1)

where r(t) is the random process of the risk-free interest rate (or the short rate). We assume
that B(0) = 1. The process B(t) will be used as numeraire.

The prices of the stocks evolve according to

dS;(t) = Si(t) (ai(t)dt +3 oy (t)dwj(t)), t>0, (2.2)
j=1
where w(-) = (wi(-),...,wy(:)) is a standard Wiener process with independent components,

a;(t) are the appreciation rates, and o;;(t) are the volatility coefficients. The initial price
Si(0) > 0 is a given non-random constant.

We assume that (t), a(t) = {a;(t)}",, and o(t) = {oi;(t)}} ;=1 are currently observable
uniformly bounded, measurable random processes In addition, we assume that the inverse
matrix o(¢)~! is defined and bounded and 7(t) > 0.

Let F; be the filtration generated by all observable data. More precisely, it is the minimal
filtration such that (S(t),r(t),a(t),o(t)) is adapted to Fy, where S(t) = (Si(£),..., S, (t)7.

Set pu(t) = (r(t),a(t),o(t)), where a(t) = a(t) — r(t)1 and 1 = (1,1,...,1)T € R". The
process p represents the vector of current market parameters.

We assume that the process pu(t) is independent from w(-).

Let
~ ~ - t
St) = (S1(t),..., 5. ()" 2 exp (-/0 r(s)ds) S(t).



Wealth and strategies

Let Xo > 0 be the initial wealth at time ¢y € [0,7"), and let X(¢) be the wealth at time
t > to, X(to) = Xo. Let the process my(t) represents the proportion of the wealth invested in
the bond, 7;(t) is the proportion of the wealth invested in the ith stock. In other words, the
process mo(t) X (t) represents the dollar amount of the wealth invested in the bond, m;(t) X (¢)
is the dollar amount of the wealth invested in the ith stock, m(t) = (w1 (¢), ..., mu(t))", t > 0.

We assume that

n

mo(t) + Y _mi(t) = 1. (2.3)
i=1
The case of negative 7; is not excluded.

The process X (t) £ exp (— fg r(s)ds) X(t) is called the discounted wealth.
Let S(t) = diag (S1(),...,S,(t)) and S(t) = diag (S1(t), ..., S,(t)) be the diagonal ma-
trices with the corresponding diagonal elements.

The portfolio is said to be self-financing, if
dX(t) = X(t)(w(t) "S(t)1dS(t) + mo(t) B(t)"*dB(t)). (2.4)
It follows that for such portfolios
dX(t) = X () (t)TS(t)"'dS(t), (2.5)

so m alone suffices to specify the portfolio for t > ¢y, given some ¢y and X (¢9). We denote the
corresponding wealth by X (¢, to, Xo, 7).

Let

0(t) = o(t)~a(t) (2.6)

be the risk premium process.

Let X(t1,t2) be the class of all Fi-adapted processes 7(-) = (7w1(+), ..., mn(+)) @ [t1,t2] XQ —
R™ such that sup, , [7(¢,w)| < +0c0 and that if 6(¢) = 0 then 7(t) = 0.

We shall consider classes X(¢1,t2) as classes of admissible strategies. For these strategies,
X (t) >0 for all ¢ a.s.

Let Xprpr(t1,t2) be the set of all strategies m € X(t1,t2) such that

where v(t) is an one dimensional process adapted to F;.
For a given strategy = € £(0,7T), we define C, = sup;, |o(t,w) "m(t,w)|, and we denote

by S the set of all strategies 7 € %(0,T) such that sup, , |o(t,w) 7 (t,w)| < Cr,

b}



3 The main result

Let T > 0 and Xy > 0 be given. Let U(-) : (0,+00) — R be a non-decreasing on (0, +00)

right-continuous function such that there exist constant C' > 0 and N > 0 such that
Uz)| <C @@ +27N), z>0. (3.1)
Let
J(7) 2 BU(X(T,0, Xo,7)).
We will study the problem
Maximize J(w) over ()€ X(0,T). (3.2)

Note the class of admissible U is quite general. For instance, it includes functions logx
and 6 1z9 for § < 1, § # 0, as well as their linear combinations. Concavity of U, Inada condi-
tions or asymptotic elasticity conditions are not required. However, typical utility functions
satisfying these conditions are covered, as well as other functions such as right-continuous
function U(x) = I}, where I is the indicator function, ¢ > 0; these particular U are used

for goal-achieving problems.

Theorem 3.1 Mutual Fund Theorem holds in the following sense:

sup J(m) = sup J (). (3.3)
7€X(0,T) 7€XmFr(0,T)

Moreover, for any m € X(0,T), any admissible U, and any § > 0 there exists a strategy
T € Xyrr(0,T)NYEs such that

JGE) > J(n) -5, . (3.4)

Since the matrix o~! is bounded, it follows from the definition of ¥, that there exits a

constant Cy > 0 that depends only on n and o(-) such that

sup [7(t,w)| < Cosup | (t,w)|.

t,w t,w

4 Proofs

In addition to the function U, we will be using the function u(y) = U(e¥).



Definition 4.1 Let t1,t2 € [0,T] be given, t1 < to. We denote by Xpr(t1,t2) the class of all
processes () € X(0,T) such that there exists a measurable function u : R X [t1,t2] x 2 — R"

such that the following holds.

(i) 7(t) = w(Y (), t,w) fort € [ty,ts], where Y (t) = log X (t), and where X (t) is the corre-

sponding discounted wealth.
(ii) The random variable u(y,t,w) is F} -measurable for all (y,t) € R X [t1,ta].

(iii) The function u(y,t,w) is continuously differentiable in y for all t,w, and there ezists a

constant L > 0 such that, for any (y,t) € R x [t1,t2],

lu(yr,t,w) — u(ys, t,w)| < Liy1 — 2|, |u(y,t,w)| <L as. (4.1)

Lemma 4.1 Let u(y) = U(e¥) be bounded and continuous on R together with the derivatives
u'(y) and u"(y). Let u(t) = (r(t),a(t),o(t)) be a non-random process. Then Mutual Fund
Theorem holds in the following sense: for any m € 3(0,T) and any 6 > 0, there exists a
strategy T € Xppr(0,T) N X (0,T) N X, such that (3.4) hold and

T(t,w) = v(t,we(t) o(t)?

where v(t,w) is a random scalar Fi-adapted process such that |v(t,w)| < supy, |o(t)m(t,w)],

and where
e(t,w) = t) if 0(t) #0, e(t,w)=0 if 6(t)=0.

Proof of Lemma 4.1. Let m € ¥(0,T) and § > 0 be given. By the assumptions about
¥(0,T), we have that Cr = sup;, lo(t) T (t,w)| < +o0. Clearly, the set X, is convex.

Consider the optimal control problem with the controlled process Y (t) = log X (t) and with
Y as the class of admissible strategies. By Theorem V.2.5(c) from Krylov (1980), p.225, we
obtain that there exists a Markov strategy mps(t) € X37(0,T)NYE, such that J(mp) > J(w)—0
and mp(t) = F(Yp(t),t), where F(x,t) : R x R — R" is a measurable bounded functions
such that the derivative OF (x,t)/0x is bounded. It follows that the solution of the closed
equation for Yj,(t) 2 log )?(t, 0, Xo,mr) is a diffusion process.

Further, let us apply the idea of the proof of Theorem 1 from Khanna and Kulldorff (1999)

adjusted to our case of the model without consumption. Let us select 7(t) € Xprpr(0,7) N



S(0,T) such that 7(t) = f(Y(t),t), where Y (¢) = log X(t,0, Xo, %) and where the function

f(x,t) : R? = R is defined as a solution of the finite dimensional maximization problem
Maximize f'a(t) over {fe€R"™: |f o(t)| < |Fy(z,t) o)}

If 6(t) # 0 then the solution f = f(z,t) is

s [Fue,t)To(t)
6(2)]
If 0(t) = 0 then, by the choice of ¥(0,T), we have that Fy(z,t) = 0, and the optimal vector

fl=flz, )" =v(x,)0@t) o)™, where wv(x,t) (4.2)

is f(x,t) = 0. Note the function f(x,t) is bounded and satisfies Lipschitz condition in z
uniformly in ¢.

We have that

X (8,0, X0, mar) = X (t,0, Xo,mar)mar(t) S(8)"LdS(t)

= ma(s)Ta(t)dt + s (s) o(s)dw(s).

Hence
dYy(t) = <FM(YM(t),t)T6(t) — ;|FM(YM(t),t)Ta(t)|2) dt + Fpr(Yar(t),t) "o (t)dw(t).
Let Y (t) 2 log X (t,0, X0, 7). Similarly to the equation for Yy;(t), we obtain that

dy (t) = (f<?<t>,tfa'<t> - ;rﬂ?(t),owt)?) dt+ f(Y (1)) o (t)dw(t).
Let

E(x,t) = fz,t)Tat) — Far(x,t)Ta(t).

By the choice of f, we have that &(z,t) > 0. Hence
dy (t) = (Fm?(t),tfa(t) +E(Y (t),t) - ;rﬂ?(t),tﬁa(t)?) dt+ f(Y (1), 6) o (t)dw(t).

It follows that the Kolmogorov’s equations for the distribution of ?(t) have the same diffusion
coefficient as for the distribution of Y;/(¢), and that the drift coefficient for the Kolmogorov’s
equations for the distribution of ?(t) at any time is no less than the drift for the Kolmogorov’s
equation for Yy, (¢t). It follows that J(7) > J(war) > J(7) — 4.
By the selection of 7, we have that © € ¥,.. This completes the proof of Lemma 4.1. [J.
Let us consider now the case when the parameters are predicable on a some given finite

horizon.



Lemma 4.2 Let the function u(y) = U(e¥) be bounded and continuous on R together with the
derivatives u'(y) and u”(y). Let there exists a finite set {t;}h_, such that 0 =ty <t < ... <
ty =T and such that the values p(t)|ye(i, 1., ,) can be predicted at times ty., meaning that pu(t)
is Ft, -measurable fort € [tg,tiy1), k < N. Then Mutual Fund Theorem holds in the following
sense: for any m € X(0,T) and any § > 0, there exists a strategy ™ € Xprpr(0,T) N X, such
that (3.4) hold and

7t,w) = v(t,we(t) o(t,w)™?

where v(t,w) is a random scalar Fi-adapted process such that |v(t,w)| < sup,, [o(t)7(t,w)],

and where

(tw) = O(t,w
=0 w))

Corollary 4.1 Lemma 4.2 holds if there exists € > 0 such that u(t) = (r(t),a(t),o(t)) is

if  6(t,w) # 0, e(t,w) =0 if 0O(t,w)=0.

predictable with time horizon €, meaning that p(t + 1) is Fy-measurable for any 7 < e. Then

Lemma 4.2 holds, i.e., the Mutual Fund Theorem holds in the sense of Lemma 4.2.

Proof of Lemma 4.2. Tt suffices to prove that, for any strategy m € ¥(0,7") and any ¢ > 0,
there exists a strategy @ € Xppp(0,T) such that (3.4) holds. Let us construct 7 as the
following.

Let m € ¥(0,T) be given. Let x(t) be the corresponding discounted wealth for the strategy
m. Consider a strategy 7 € Xypr(0,7T) and a sequence of functions Vi(z,w) : R x Q@ - R

constructed recursively for k = N — 1, N — 2, ..., 0, such that the following holds.
(I) TE ﬂévzle(tk_l,tk) and

sup|o(t,w) "7 (z, t,w)| < sup |o(t,w) w(x,t,w)| as.
t,w t,w

(1) Viy(z) = Ulz).
(IT) For k=N —1,...,0,

E{Vis 1 (X (thr1, tho #(6), 7)) [ Fp } > B{Viegr (@ (b)) | Fiy } — % a.s.

(IV) For k=N, ..., 1,

Vi) 2 B{U(X (T ty, =, 7))| Fi, }-



The properties of this procedure are discussed in Propositions 4.1 and 4.2 below.
Proposition 4.1 Under the assumptions of Lemma 4.2, the following holds.
(i) The functions Vi1 (x,w) are Fy, -measurable for all z, k =0,1,...,N — 1.
(ii) The functions Vi(x,w) are continuous in x € (0,+00) a.s.
(i1i) The functions Vi(x,w) are non-decreasing in x € (0,400) a.s..

(iv) There exists a strategy T and a sequence of functions {Vi} with the properties (I)-(1V)

listed above.

Proof of Proposition 4.1. In the following proof, we recall that 7 and V}, are constructed
recursively: for k = N — 1, N — 2, ..., the process T|ic[s, ,,,] is selected using the value Vi 1.
On the next step, Vj is defined using ez, 1, ,11-

Let us prove statement (i). By the requirement that 7 € ﬁf]V: _leZ M (tg,tg4+1), it fol-
lows that the random variable X (T, tx1,2,7) is defined by = and by the set of all values
{w(t) — w(tps1), 1(t) befty,,,m)- The values p(-)licqo,r,, ) and w(-)liejo,,) are Fi,-measurable,
and the process 4u(-) et ,,7) is independent from w(-) the conditional probability space given
Ft,- Hence the process (w(-) —w(tk+1), 11()) e[ty ,,7) 18 independent from {w(?), u(t) }refoiy, 1)
on the conditional probability space given F;, . It follows that Vi1 (z,-) is independent from
{w(t), 1(t) ety t4,,) OD the conditional probability space given F3,. Then statement (i) fol-

lows.

Let us prove statement (ii). Let
Y(t,z) =log X(t,tgt1,2,7), t>1tgr1, >0.
By Ito formula, the equation for Y (¢, x) is
diY (t, ) = 7(t) T a(t)dt — %ﬁ(t)Ta(t)yzdt +7(t) "o (t)dw(t).
It follows from the properties of 7|, ., 7] that the equation for Y'(¢,z) can be rewritten as

Y (t,z) = f(Y(t,x), t,w)dt +b(Y (¢, ), t,w)dw(t), t>tgi1,

Y(tk?-‘rlu :’U) = 10g$7

where f: R X [tpp1,T] x Q@ = Rand b: R x [tpy1,T] x Q — RY™ are bounded measurable

functions such that the functions f(y,t,w) and b(y,t,w) are F{'-adapted for any (y,t) €

10



R. X [tp41,T] and such that there exists a constant C' > 0 such that

|f(y1,t,w) - f(y27t?w)| + |b(y1,t,W) - b(yg,t,W)’ S a(|y1 - y2‘)7
[fly.t,w0)| + by, t.w)| <C  Y(y,t) € R X [t1,t2] as.

By the definitions, Vj41(z) can be represented as

Viesr () = E{u(Y(T, @))ftm } (4.3)

where u(y) = U(e?) is a bounded and continuous function.
To prove the continuity in x of Vjiq(z,w) it suffices to prove that, for a.e. w, for any
sequence x; — x there is a subsequence converging to z for which Vi1 (zi,w) — Viyi(z,w).
Let {z;} be a sequence converging to z. By Theorem I1.8.1 from Krylov (1980), p.102, it

follows that if z; — x then
E{|Y/(T,2;) - Y(T,2)*|F,,} =0 as i— +oc.

It follows that, with probability 1 on the conditional probability space given F, , ,, there exists

a subsequence {x;} converging to x for which
Y(T,2;)) > Y(T,z) as 1i— +oc.
By Lebesgue’s Dominated Convergence Theorem, this subsequence {x;} is such that
E{|u(Y(T,z;) —u(Y (T, 2)*|F ., } >0 as x; — z. (4.4)
By (4.3) and (4.4), it follows that
Vir1 (i, w) = Viggpp(z,w) as x; — 0. (4.5)

Then the statement (ii) follows.

Let us prove statement (iii). We will use the (4.3) and the process Y (z,t) introduced
above. It follows from Theorem 2.8.4 from Krylov (1980) and from the corresponding proof
that, for a given x > 0,

Cfl—};(m,T) = lim 8_1(Y(T,m +e)-Y(T,x)) =¢&(T,x),

e—0

where the limit exists in Lo(§2) and where the process £(t, z) is such that

di&(t,x) = %(Y(t,x),t){(t, x)dt + SZ(Y(t,x),t)ﬁ(t,:c)dw(t), t > tgtt,
E(thgr,m) ="

11



Clearly, £(T,x) > 0. By the assumptions, the function u(y) in (4.3) is nondecreasing and
absolutely continuous. Then statement (iii) follows.

Let us prove statement (iv). For k = N —1, N —2,...,0, the existence of the corresponding
[ty ,t4,) follows from Lemma 4.1 applied on the time interval [tx,?)1] and on the conditional
probability space given F;, . Statements (i)-(iii) ensure applicability of this lemma for each
step k = N—1, N—2,..0. Then statement (iv) follows. This completes the proof of Proposition
4.1. O

The following Proposition establishes an analog of Markov property.

Proposition 4.2 Under the assumptions of Lemma 4.2, let m € {0,..,N — 1}, and let

o é l‘(thrl), B é X(tm+1atm7x(tm)’%)’

Then

E{Vmﬂ-l(a)“rtm} - E{U()Z(Tv tmt1, @, %))"th}?

E{Vit1(8)|Ft,, } = E{U(X (T, tim+1, B, 7)) Ft,. }- (4.6)

Proof. By the definitions,

Vi1 () = B{U(X (T, tms1, 2, 7)) | Fr,p i - (4.7)

We have that o and § depends only on {w(t), u(t)}i<t,,., on the conditional probability
space given F; . Since u(t) is Fi,,-measurable for all ¢ < t¢,,41, we have that o and 3
depend only on {w(t)}i<¢,, ., on the conditional probability space given F;,,. In addition,
the process {{(t)}¢>1,,,, is independent from w(-). Therefore, o and 3 are independent from
the process {w(t) — w(tm+1), 1(t) }¢>t,,., on the conditional probability space given F;,, . On
the other hand, the process 7(t)|¢>¢,,,, is adapted to the filtration generated by {w(t) —
W(tm41), (t) }e>¢,,., on the conditional probability space given F;,, and given the initial
value of the discounted wealth X (tm+1). By the version of the Markov property described
in Theorem I1.9.4 from Krylov (1980), p.113, and applied on the conditional space given F;,
and on the time interval [t;,41,7], we have that (4.6) follows from (4.7). This completes the
proof of Proposition 4.2. [

We now in the position to complete the proof of Lemma 4.2.

Clearly, it suffices to prove that, for any m € {0,1,..., N — 1},

N —m
N

E{U(X (T, ty, z(tm),7))|Fs, } > B{U(z(T))|F:, } — J. (4.8)

12



We will use mathematical induction with decreasing m.

First, (4.8) holds for m = N — 1 by Lemma 4.1 applied on the time interval [ty_1,T] and
on the corresponding conditional probability space given F;, ,. It suffices to prove that if
(4.8) holds for some m + 1 < N then it implies that it holds for m.

By the definitions and by the induction assumption that (4.8) holds with m replaced by
m + 1, we obtain that

B{U(T)|Fip) < BUR (T b, altne) )| B + e ts (49)
Hence
=R N—-m-1
E{U(2(T))| .} < B{UX(T tms1, 2(tmy1), 7)) Fo } + Té

Let o and 8 be defined by (4.6). By Proposition 4.2 for o = x(ty,+1), it follows that

B{U@(T)|Fi} < BV 1wl Fap} + 5 (110)

Further, by the choice of %’te[tm,tmﬂb we obtain that

E{Vinr1(2(tms 1)1 Fe} < BVt (X (b1, i, (8 )ﬁ))\ftm}Jr%-

By (4.10), it follows that

N—m
=0 (1

By the definitions,

E{U (X (T, tm1, 0, 0)|Fr,n } = B{U(X (T, by, X (b1, by (), 7), 7)) [ Fi }
= B{U(X (Tt 2(t), ®)| Fr }. - (4.12)

By Proposition 4.2 for 5, we have

E{Vis1(8)|Fin} = B{UX (T, ton, 2(t1n), 7)) | Fi }- (4.13)

By (4.10) and (4.6), it follows that

N —m

N&.

E{U(X(T, tym, (tm), 7)) Frn} < B{U(X (T, b, (), 7))\ Fr, } =
Since it holds for any 7 € X(t,,,T), it follows that Lemma 4.2 holds. [
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Lemma 4.3 Theorem 3.1 holds for the case when the function u(y) = U(eY) is bounded and
continuous on R together with the derivatives u'(y) and u”(y). In addition, the statement of

Lemma 4.2 holds in this case.

Proof. Let tV s = max(t, s),

(t—e)vo (t—e)VO
r(t)2 /( rds )2 [ alsds, a2

t—2e)VO0 (t—2¢)VO0 t—2e)VO0
and let
A ~ ~ A A 1~
pe(t) = (re(t), ae(t), 02(1),  ae(t) = ac(t) —re(t), 0:(1) = 0=(t)" ac(t).
Consider a sequence e = ey = 1/N — 0, N = 1,2,.... For every ¢ = ¢;, consider a finite

sequences of times {tj}évzo such that txy1 =t +e.

Let F/*° be the filtration generated by pu.(t) and let Ff be the filtration generated by
(pe (), w(t)).

Let ¥(0,T) be the class of all F;-adapted processes 7(-) = (71(:),...,m(:)) : [0,T] x Q@ —
R™ such that sup, , |7 (t,w)| < +oo and that if 0.(t) = 0 then 7(t) = 0.

Further, let X, arp7(0,7) denote the set of strategies from ¥.(0,7") that have the form
7(t) = v(t)o-(t)710-(t), where v.(t) is an one dimensional process adapted to Fy.

For € > 0, let
J.(7) 2 BU(X.(T,0, X0, 7)),

where )NC,E(T ,0, Xo,m) is the discounted wealth for the model with p replaced by p = p. for
the strategy 7 given that X (0) = Xo. The case of € = 0 corresponds to the original model; in
this case, the discounted wealth is denoted as X (T,0, Xo, ).

Note that the market models with p = p. are such that the assumptions of Lemma 4.2
are satisfied for £ > 0.

Let 6 > 0 be given. Let m € ¥(0,T") be such that

o
> inf - .
e PR

Let X (t) = X (T,0, Xy, 7). By the choice of £(0,T), we have that Cy = supy , |7 (t,w)| < +oc.

Let (t—e)v0
1 —€
Te(t) = / m(s)ds.
€ J(t—2¢)vo

14



Clearly, 7. € ¥.(0,T). By Lemma 3 from Shilov and Gurevich (1967), Chapter IV, Section
5, it follows that

pe > p, me—m as €—0+ ae on [0,7]x Q.

We have that

X(T,0,Xo,7) = Xo + / T)Z'(t, 0, Xo, m)m(t) TS(¢) 1 dS(t)
0

1

T T T
= Xpex n(t)'a - = 7(t) o (t)? 7(t) "o (t)dw . .
Yoo | [ aa0ar - 5 [ e owPa s [ w0 owdow|. @

Similarly,

XE(T> Oa XOa 7r€)

_ g T~ _1 Tﬂ- Ta 2 Tﬂ' To w
— oo | [ w0 a0a -y [0 a0 [ a e @] @)

Let Y. .(t) = log X.(t,0, Xo,m.) and Y (t) = log X (t,0, X, 7).
Clearly,

E|Y..(T)-Y(T)* =0 as &—0. (4.16)
It follows that there exists a subsequence {¢} = {g;} such that
Y..(T) = Y(T) as. as e=¢ —0. (4.17)
By Lebesgue’s Dominated Convergence Theorem, this subsequence {¢} = {¢;} is such that
E|U(X.(T,0, X0, 7)) — U(X(T,0,Xo,7))> =0 as =g —0. (4.18)
It follows that
EU(X.(T,0, Xo, 7)) — EU(X(T,0, X0, 7)) as e=¢e; — 0. (4.19)
In other words,
J.(m2) = BU(X.(T,0, X, m.)) — BU(X(T,0,Xg, 7)) = J() as e=¢e; — 0. (4.20)
It follows that there exists N; > 0 such that, for every i > Ny,
5

Je(me) > J(m) — T £ =¢;.

15



Let 7. . € ¥z ampr(0,T) be the strategy defined in Lemma 4.2 as a strategy such that v.(t)
is Fi-adapted process and

)
Je(ﬂ'e,a) > Ja(ﬂ'e) - Z

Following the proof of Lemma 4.1 we obtain similarly to (4.2) that, if (¢) # 0, then
0.

16 (8)]”
and where v.(t) = v.(t,w) is a Fj-adapted one-dimensional process such that |v.(¢t,w)| <
sup; , [o(t,w) T (t,w)| < Cr. If 6(t) = 0 then 7 (t) = 0.

It follows that

Tee(t)! = ve(t)ec(t) To(t)™L,  where e.(t) (4.21)

sup |o:(t,w) "o (t,w)| < Cr. (4.22)

t,w,e

Let

meo(t) S ve(e(t) To(t)"h i 6(t) £0, 6-(t) #0,
meot) =0 if () =0 or 6.(t)=0.

It follows that, if 6(t) # 0, 6-(t) # 0

sup |o(t,w) 7 o(t,w)| < Cr. (4.23)

tw,e

The equations for XS(T, 0, Xo, ) and )ZS(T, 0, Xo, me,0) are similar to equations (4.14)-
(4.15).  Clearly, m..(t,w) — mo(t,w) — 0 ae.. Using (4.22)-(4.23), we obtain that
E|log)~(€(T,0,X0,7r€,a) — log)z(T,O,Xoﬂr&ON2 — 0 as ¢ — 0. It follows that there exists
another subsequence {¢} = {&;} (a subsequence of the subsequence from (4.17)) such that
;i — 0 and log)?a(T,O,Xo,ﬂaya) — log )N((T,O,Xo,ﬂ'a’o) — 0 a.s. as € = ¢; — 0. Similarly to
(4.19)-(4.20), we obtain that this subsequence {¢} = {;} is such that

Je(mee) — Je(me0) = BU(X(T, 0, Xo, 7)) — BU(X(T,0, X0, m0)) = 0

as € = g; — 0. It follows that there exists N > N > 0 such that, for every i > N,

)
JO(Wa,O) > Je(”a,e) - Z’ £ =¢&;.
Finally, we obtain that
1) ) 36
JO(TFE,O) > Js(ﬂ-s,s) - 1 > Js(ﬂ's) - 5 > JO(T") - Z, & =&

This completes the proof of Lemma 4.3. [
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Lemma 4.4 If the functions U is bounded, then Theorem 3.1 holds and Lemma 4.2 holds.

Proof. Tt suffices to show that, for any 6 > 0 and ©7 € X(0,7), there exists 7 €
Y prr(0,T) N X, such that (3.4) holds.

For e > 0, let u:(y) be a function that is continuous and bounded R together with the
derivatives u.(y) and u/(y) and such that sup, [u(y) — uc(y)| < e. Let Us(x) = uc(logz). Tt
follows that sup,.q|U(z) — Uc(x)| < e. Let § > 0 and © € ¥(0,T) be given. Let J.(m) =
EU.(X(T,0, Xo, ).

Clearly, there exists € > 0 such that |[J(7) — J(7)| < /3 for any 7. (It suffices to define
U. as the convolution of U with appropriate convolution kernels such as k.(z) = e 'k(x/¢),
where k(x) is the density for the standard normal distribution or some other appropriate
smoothing kernel). It follows that J(mw) > J.(7) — 6/3 for any .

By Lemma 4.3, there exists 7 € Xy pr(0,7) N X, such that Jo(7) > J(7w) — /3. We
have that

J(7) > TJe(7) = 6/3 > Jo(m) —26/3 > J(m) — 6.
Then the proof follows. [
Lemma 4.5 Theorem 3.1 holds for the case when sup,~oU(z) < 400 is bounded.

Proof of Lemma 4.5. Tt suffices to show that, for any 6 > 0 and = € (0, T), there exists
7 € Xypr(0,T) N X, such that (3.4) holds.

Consider a sequence of positive integers { K} such that K — 4o00. Let U¥)(z) be defined
by (3.1) with U replaced by max(—K,U(x)). Let Tk (m) = EU(K)(X(T,O,X(),W)).

Without loss of generality, we assume that U(1) = 0. In this case, there exists N > 0,
C > 0 such that —C/zN < U(x) <0 for x € (0,1).

Let Vi (7) be the event {)Z'(T, 0, Xo,7) < (C/K)YN}Y. 1t follows that {U()?(T, 0, Xo,m)) <
—K} C Vi ().

Proposition 4.3 There exists a constant ¢ > 0 such that, for all T € ¥,

P (Vi (m)) < me—CWO :

Proof of Proposition 4.3. Let m € ¥, be given. For € € (0,1), set m(t,w) = 7(t,w) if
|7(t)| > e, and 7 (t,w) = (¢,0,0,..,0)T if |7(¢)| < e. Let Yo(t) = log X (¢, 0, Xo, 7). We have
that

P (Vg (7.)) < P(X(T,0, X, 7.) < (C/K)''N) = P(Y-(t) < N"'logC — N~ 'log K).
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It can be seen that Yz(t) = Z.(t) + Mc(t), where
t t
Z:(t) = log Xo + / 7-(s) " a(s)ds — 2/ 17.(s) T o (s)|ds,
0 0

Mg(t):/O 7. (s) o (s)dw(s).

Let &(t)" = 7.(t)To(t). We have that
_ ! T 1~ L[ 2
2.0 =toxXo+ [ &) (o) als)ds — 5 [ fe(o)Pas

M0 = [ ) duls)
Clearly, there exist Cz > 0 such that |Z.(T)| < Cyz for all ™ € ¥ and all € € (0, 1). It follows
that
P(Vk(7.)) < P(ZA(T) + M.(T) < N~ tlogC — N~ log K)
<P(MA(T) < —Z(T) + N 'logC — N 'log K) < P(M.(T) < —(K)),  (4.24)

where
Y(K)2 Cy—N"'logC + N 'log K.

We assume that K > 0 is large enough such that ¢ (K) > 0.
We have that there exists a constant k& > 0 such that |£.(¢,w)| > ke for all ¢,w, and that

M. (t) is a martingale with quadratic variation process

[mmélg@m&

A

Let p-(t) = [M:]71(t) be the inverse function, i.e.,

pe(t)
pe(t) =inf{s > 0: [M](s) =t}, t= /0 €(s) |2 ds.

Note that p-(0) = 0, and the process p.(t) is strictly increasing in ¢.

Let 7 = 7(m.) = [MJ(T) and T = sup.¢(o,1) SUPzex, SWPuco[M:|(T). Note that T is
non-random and 7 is measurable with respect to F/., where F}' is the filtration generated by
the process of market parameters p(t).

By Dambis-Dubins-Schwarz Theorem (see, e.g., Revuz and Yor (1999)), the process
W.(t) £ M.(p.(t)) is a Wiener process for t on the conditional probability space given
and M. (t) = W([M,](t)). In particular, M (T") = W,(7). Hence

P(Vi(me)) < P(M(T) < —¢(K)) = P(We(7) < —4(K)).
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Consider events Ay = Ay = {W.(t) < —¢(K)}. We have that

P (A7)
P(A7|A;)

(4.25)

It is known that that P({ < —s) < 56_52/2, if ¢ is a Gaussian random variable such that
E¢ = 0 and Var{ = 1. It follows that P(¢ < —s) < ﬁe“g/(?”%, if ¢ is a Gaussian random
variable such that E¢ = 0 and Var¢ = v? > 0. We have that W.(T) is a Gaussian random

variable such that EW.(7) = 0 and Var W.(7) = 7. Hence

VT —(K)?/(2T)
P(Ar) < ¢(K)27T6 .

(4.26)

Further, we have that W.(T) = W(7) + A, where A = W.(T) — W.(7). By the defi-
nitions, P(A7|A;) > P(A < 0]A;). Since A = W,(T) — W(7) is independent from W(r)
on the conditional probability space given p, we have that P(A < 0|A;,u) = 1/2 for any
u, any 7, and any € € (0,1). It follows that P(A < 0|A4;) = 1/2. By (4.25),(4.26),
the statement of proposition follows for 7 = 7. for any ¢ € (0,1). Similarly to (4.18),
we obtain that )N((T,O,Xg,%g) — )N((T,O,Xg,%) in probability as ¢ — 0 and therefore
P(Vk (7)) — P(Vk (7)) as € — 0. This completes the proof of Proposition 4.3. [

We now are in position to complete the proof of Lemma 4.5. Let I denote the indicator

function of an event. We have that
J(7) — Tk (7) = Ely, 3 (U(X(T,0, X0, 7) — K).

By Holder inequality,
_ ~ 1/2 ~ B 271/2
I = T < [Elym] B (UXT0, %07 - K)) |

It follows that, by the assumptions on U, there there exist m > 0, C; > 0 such that, for all
T™E X,

[J(7) = Tx(7)] < Co(P(Vi (7)) *E( K| + |X(T,0, Xo,7)|™) < CL(P(V(7)* (| K| + Ca).
The second inequality here we obtain using that supzcy,_ E|X(T,0, X0, 7)|™ < +o0.

By Proposition 4.3, we have

~ C1(K + Cp)c!/? oK) /2

(%) = T (7)| < C1(P(Vi(m))) /2 (| K| + Co) < MILE =0

as K — +oo.
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Further, assume that infy ,, |{(¢,w)| = 0. there exists K > 0 such that |J(7)—Tx(7)| < 6/3
for any m € Sapr (0, T)NE . It follows that J(7) > Jx (7)—38/3 for any 7 € Sarpr(0, T) NSy

By Lemma 4.3, there exists 7 € Sy pp(0,T) N Sy such that Jx (7) > Jx () — /3. We
have that

J(®) > Ti(7) — 6/3 > Tx(n) —26/3 > J(m) — 6,

where C; > 0 are independent from 7 € Y, Then the proof of Lemma 4.5 follows. [J

Proof of Theorem 3.1. 1t suffices to show that, for any § > 0 and = € 3(0,T), there exists
7 € Xprr(0,T) N X, such that (3.4) hold.

For K > 0, let U%)(z) be defined by (3.1) with U replaced by min(U(z),K). Let
T () = BUS)(X(T,0, Xo, 7)),

Let § > 0 and 7 € £(0,T) be given. Clearly, there exists K > 0 such that Jx(w) >
J(7)—6/2. By Lemma 4.3, there exists # € Sy p7(0, )N, such that Jx (7) > Tk (1) —6/2.
In addition, we have that J(7) > Tx (7) for large enough K. For these K, we have that

J7) > Tx(F) > Tx(x) —6/2 > J(x) — 6.

Then the proof follows. [J

5 Discussion and comments

(i) In fact, the model in Lemma 4.2 is quite reasonable itself, since it is natural to assume
some stability and predictability of the parameters of the distributions. There are many
well developed methods that may help to forecast the market parameters on a small
enough horizon € > 0; in particular, a frequency criterion of predictability on a finite

horizon can be found in Dokuchaev (2010b).

(ii) In our setting, we assumed that the admissible strategies are such that if (¢) = 0 then
7w(t) = 0. Without this restriction, the presented version of Mutual Fund Theorem
does not necessary hold for the given class of utilities. For instance, consider a convex
function U(z) = 22 and §(t) = 0 (the case that is not excluded). Then the only strategy

m € YT is zero. However, this strategy is outperformed by any non-trivial strategy.

(iii) It can be seen from the construction of the suboptimal strategies in the proof that,

without some special assumptions about evolution of u(t), these strategies cannot be
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represented as 7(t) = f(X(¢),S(t),u(t),t), where f is a deterministic function. This

means that dynamic programming method cannot be applied directly to this model.

(iv) Theorem 3.1 represents a weakened version of Mutual Fund Theorem since it states
only suboptimality of the strategies from the required class. A stronger version of this
theorem is known for many special cases. In particular, there are stronger versions of
Lemma 4.1; see, e.g., Khanna and Kulldorff (1999), Dokuchaev and Haussmann (2001),
Schachermayer et al (2009). Let us explain why these versions of Lemma 4.1 cannot be

applied in our proof.

Khanna and Kulldorff (1999) proved that any Markov strategy can be outperformed by
a strategy from from a class similar to Xp;pr. Our setting with random parameters

requires to cover strategies that are not necessary Markov.

Schachermayer et al (2009)) found that the Mutual Fund Theorem holds for a market
where claims F(Z(T)) can be replicated via trading of a mutual fund with the dis-
counted price Z(t) for deterministic functions F' : R — R. Here Z(t) is the log-optimal

discounted wealth such that
dZ(t) = Z)0(t) "o (t)~1S(t)"1dS(t), Z(0) = 1.

In a similar framework, Dokuchaev and Haussmann (2001) found that Mutual Fund
Theorem holds when the scalar value fOT |0(t)|dt is non-random (Dokuchaev and Hauss-
mann (2001), Lemma 4.1). This condition leads to the replicability of the claims
F(Z(T)). However, these results cannot replace Lemma 4.1, because they require cer-
tain special properties for U. We have to apply this lemma to U replaced by V,, in the
proof of Lemma 4.2. If we assume the required properties for U, it is not clear if these

properties will be transferred to V.

(v) It can be seen from the proofs that, for a general case of random pu(t), the subopti-
mal terminal discounted wealth cannot be presented as F(Z(T')) for a deterministic
function F. Respectively, these cases cannot be covered by the the method based on
the replication of these claims (Schachermayer et al (2009), Dokuchaev and Haussmann

(2001)).
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