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Capacity fade of lithium-ion batteries induced by chemo-mechanical degradation during charge-

discharge cycles is the bottleneck in design of high-performance batteries, especially high-capacity

electrode materials. Stress generated due to diffusion-mechanical coupling in lithium-ion intercala-

tion and deintercalation is accompanied by swelling, shrinking, and even micro-cracking. In this

paper, we propose a theoretical model for a cylindrical nanowire electrode by combining the

bond-order-length-strength and diffusion theories. It is shown that size and concentration have a

significant influence on the stress fields in radial, hoop, and axial directions. This can explain why a

smaller electrode with a huge volume change survives in the lithiation/delithiation process.

Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4958302]

I. INTRODUCTION

Lithium-ion batteries (LIBs) have been widely used as

power devices for portable electronics.1 Among the types of

anode materials for LIBs, silicon (Si) is one of the most

promising materials because of its high theoretical charging

capacity (�4200 mA h g�1).2 As is known, one Si atom can

host up to 4.4 Li-ions, however, such a large amount of Li

absorption may result in a volume swelling of �400%, and

pulverize electrodes.3–5 Due to the diffusion-induced stress

(DIS) in LIBs, there are different kinds of degradation during

intercalation and deintercalation of Li-ions, such as the

increase of impedance, loss of capacity, and shortage of

cycle life, which has raised more concerns about failure of

electrodes.6,7 In consideration of the analogy between diffu-

sion and heat flow, DIS can be modeled as thermal stress.8

For example, Gao and Hong2 developed a finite element

model to calculate the DIS during lithiation. Brassart and

Suo9 suggested a chemo-mechanical yield condition, includ-

ing both the DIS and driving force for reaction. Cui et al.10

reported a new stress-dependent chemical potential for solid

state diffusion under multiple driving forces. Recently, tak-

ing into account the Li-ion concentration distribution along

the direction of radius, we calculated the DIS field based on

a perfectly elastic-plastic model.11,12

It is indicated that the lithiation-induced deformation of

electrodes can be accommodated by plastic flow when stress

exceeds yield strength.3,13,14 This makes it possible to main-

tain a good capacity over many cycles for electrodes with

small sizes such as thin films,15 nanowires,16 and porous

structures.17–19 With miniaturization down to a nanometer

scale, the physical properties of these materials become tuna-

ble with their shapes and feature sizes.20–25 Cheng and

Verbrugge26 studied surface mechanisms in spherical nano-

particles and mentioned that surface stress can relieve DIS.

Liu et al.27 showed experimentally that, due to an insuffi-

cient amount of strain energy, there was a strong particle-

size-dependent fracture behavior of Si nanoparticles during

the first lithiation. Using a combination of diffusion kinetics

and fracture mechanics, Zhao et al.28 outlined a theory to

study how material properties, particle size, and discharge

rate affect fracture of electrodes in LIBs. By analyzing the

stress-associated with lithiation/delithiation, Ryu et al.29 suc-

cessfully predicted the fracture critical size of nanowire

electrodes.

Various models have been developed to mitigate

adverse mechanical effects during electrochemical lithiation.

As an extremely complex electrochemical reaction process,

however, one of the fundamental questions on electrode

charging or discharging remains unclear, that is, how to

accurately describe such a multi-scale coupled problem that

comprises elements of electrochemical reaction and solid

mechanics at a nano or atomic scale. According to the bond-

order-length-strength (BOLS) theory, if one bond breaks, the

remaining ones with the lower coordinated atoms become

shorter and stronger, implying that there is a strong size

effect in a smaller scale.30–32

In this paper, the main aim is to build up a theoretical

model to study the combined effects of size and concentra-

tion on the DIS in a cylindrical electrode. Further, DIS is

predicted when the cylindrical electrode is at the nanoscale.

Finally, possible implications of the results are discussed for

prolonging the lifetime of cylindrical electrodes in LIBs.

II. THEORETICAL MODEL

As schematically illustrated in Figure 1, a cylindrical

nano-electrode with radius R can be considered as a homoge-

neous isotropic linear elastic solid with small deformation,
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but its mechanical properties are dependent on the solute

concentration. Due to symmetry of the cylindrical electrode,

there are three stress components such as the radial stress

(rr), hoop stress (rh), and axial stress (rz).

A. Diffusion equation

It is assumed that the Li-ion diffusion coefficient D is a

constant. According to Fick’s law, the diffusion of Li-ions in

a cylindrical coordinate system (see Figure 1) can be written

as33

@c r; tð Þ
@t

¼ Dr2c r; tð Þ; (1)

where cðr; tÞ is the Li-ion concentration at time t. During

charging, Li-ions transport from an outer surface towards the

current collector, and thus the boundary conditions are

�D
@c r; tð Þ
@r

����
r¼R

¼ � i

F
@c r; tð Þ
@r

����
r¼0

¼ 0;

8>>><
>>>:

(2)

where i is the surface current density and F is Faraday’s con-

stant. According to Cheng and Verbrugge,22 the Li-ion flux

on the electrode surface can be expressed as

i

F
¼ xa þ xcð Þ cf �

xc

xa þ xc

� �
; (3)

cf ¼ cR=c0; (4)

where xa and xc are interface rate constants, cf is the con-

centration (fractional occupancy) of a filled host site, and c0

denotes the total site concentration available for guest inser-

tion in an electrode. For the simplification of analysis, three

dimensionless parameters are defined as

�t ¼ Dt

R2

�r ¼ r

R

Bi ¼ xa þ xcð ÞR
Dc0

;

8>>>>>><
>>>>>>:

(5)

where, similar to one in a heat-transfer system, Bi is the so-

called electrochemical Biot number. Here, it is worth noting

that the Biot number is a dimensionless quantity and a mea-

sure of the relative importance of heat flow within a body in

comparison to heat flow on the surface. The electrochemical

Biot number Bi can be viewed as the ratio of the solute (Li)

diffusion resistance to that of the overall charge-transfer pro-

cess.34,35 A larger Biot number represents a system whose

kinetics is limited by diffusion, whereas a smaller Biot num-

ber refers to a system governed by the charge-transfer pro-

cess. Thus, the dimensionless concentration �c can be

represented as

�c �r ;�t;Bi
� �

¼ c r; tð Þ
cR

: (6)

The Li-ion concentration (cR) on the surface of an elec-

trode is

cR ¼ c0
xc

xa þ xc
: (7)

Considering the initial condition, c(r, 0)¼ 0, and substitut-

ing Eqs. (2)–(7) into Eq. (1), the solution can be obtained

as29

�c �r;�t;Bi
� �

¼ 1� 2
X1
j¼1

Bi

f2
j þ Bi

2

j

� � J0 fj�rð Þ
J0 fjð Þ

exp �f2
j
�t

� �
; (8)

where fj is the kth zero of the first-order Bessel function (J)

of the first kind, that is

Bi J0ðfjÞ � fjJ1ðfjÞ ¼ 0: (9)

B. Stress with transformation strain

In a cylindrical coordinate system, the strain compo-

nents are defined as

er ¼
du

dr
; eh ¼

du

r
; (10)

where u is the radial displacement, and er and eh are strain

components along the radial and hoop directions, respec-

tively. The constitutive equations associated with solute con-

centration can be described as29

er ¼
1

E
rr � � rh þ rzð Þ½ � þ 1

3
Xc r; tð Þ

eh ¼
1

E
rh � � rz þ rrð Þ½ � þ 1

3
Xc r; tð Þ

ez ¼
1

E
rz � � rr þ rhð Þ½ � þ 1

3
Xc r; tð Þ;

8>>>>>><
>>>>>>:

(11)

FIG. 1. Schematic illustration of Li-ion

diffusion into a cylindrical electrode

that causes a volume deformation.
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where ez is strain along the axial direction, E is Young’ mod-

ulus, � is Poisson’s ratio, and X is the partial molar volume.

rr, rh, and rz are stress components along the radial, hoop,

and axial directions, respectively. The equilibrium equation

in such an axisymmetric case can be represented as

@rr

@r
þ rr � rh

r
¼ 0: (12)

Generally, the cylindrical electrode is treated as a long wire

and according to the plane strain assumption,33 we have

ez ¼ 0: (13)

Based on Eqs. (10)–(13), the radial displacement u can be

determined by

@2u

@r2
þ 1

r

@u

@r
� u

r2
¼ 1þ �ð ÞX

3 1� �ð Þ
@c r; tð Þ
@r

: (14)

The boundary conditions are given as

rðr; tÞjr¼R ¼ 0; uðr; tÞjr¼0 ¼ 0: (15)

By solving the elastic boundary-value problem as

described in Eqs. (10)–(15), the radial, tangential, and axial

stresses can be obtained as

rr ¼
EX

3 1� �ð Þ
1

R2

ðR

0

rc r; tð Þdr � 1

r2

ðr

0

rc r; tð Þdr

" #
; (16)

rh ¼
EX

3 1� �ð Þ
1

R2

ðR

0

rc r; tð Þdr þ 1

r2

ðr

0

rc r; tð Þdr � c r; tð Þ

" #
;

(17)

rz ¼
EX

3 1� �ð Þ
2�

R2

ðR

0

rc r; tð Þdr � c r; tð Þ

" #
: (18)

C. Bond-order-length-strength (BOLS) theory

According to the BOLS theory, the size dependence of

elastic modulus originates from the broken-bond-induced

local strain and skin depth energy pinning.36 As an extension

of the atomic “coordination-radius” correlation premise of

Pauling and Goldschmidt,37,38 the BOLS theory can be

expressed as

Ci ¼
di

db
¼ 2

1þ exp 12� zið Þ= 8zið Þ½ � BOLS-coefficientð Þ

Ei ¼C�m
i Eb Single-bond-energyð Þ

EBi ¼ ziEi Atomic-coherencyð Þ;

8>>><
>>>:

(19)

where Ci and d are the coefficients of bond contraction and

bond length, subscripts i and b denote an atom in the ith
atomic layer and bulk, respectively, and as illustrated in

Figure 2, i is counted up to three from the outermost

inward.39 Here, it is worth noting that Ci is anisotropic and

depends on the effective coordination number. The index m
is an indicator of bond for a given material, which may

embed the electronegativity difference and iconicity (or the

extent of chemical bond formation) of a compound. For Si,

the optimized m value is 4.88.40 EBi indicates the atomic co-

hesive energy of an atom in the ith layer, which is defined as

the product of the atomic coordination number and bond

energy. zi is the effective coordination number of the ith
atom and varies with the size and curvature of a nanostruc-

ture, which can be empirically determined by

z1 ¼
(

4ð1� 0:75=KÞ ðCurved-surfaceÞ
4 ðFlat-surfaceÞ

z2 ¼ z1 þ 2

z3 ¼ 12;

8>>><
>>>:

(20)

where K¼R/d0 (d0 is the average bond length) is the number

of atoms lined along the radius of a nanosphere (the thickness

of a thin film or a nanowire), as shown in Figure 2. Substituting

Eq. (20) into (19), we can get a general form, that is

DE

EB
¼ E� EB

EB
¼ sd0

R

X
i�3

Ci C� mþ3ð Þ
i � 1

� �" #
; (21)

where DE is the change of Young’s modulus (E) with respect

to the standard bulk value (EB), and s¼ 1, 2, and 3 are corre-

sponding to a thin film, a cylindrical rod, and a spherical par-

ticle, respectively.21,41 Here, let us introduce a size effect

factor vs, and then Eq. (21) becomes

E ¼ EBð1þ vsÞ: (22)

The dimensionless parameter vs can be written as

vs ¼
sd0

R

X
i�3

Ci C� mþ3ð Þ
i � 1

� �" #
: (23)

FIG. 2. Illustration of the core-shell structure and dimensionless size of K.
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Because the relationship of Young’s modulus and concentra-

tion is described by linear functions,42 the other dimension-

less factor vc is defined to represent the concentration

dependency of Young’s modulus, that is

EB ¼ E0ð1þ vcÞ; (24)

where E0 is Young’s modulus without the influence of con-

centration. According to Yang,43

vc ¼ acðr; tÞ=E0; (25)

where a is the change of Young’s modulus per unit concentra-

tion of solute atoms. In terms of Eqs. (22) and (24), we have

E ¼ E0ð1þ vcÞð1þ vsÞ: (26)

Substituting Eq. (26) into Eqs. (16)–(18), the radial, hoop,

and axial dimensionless stresses can be rearranged as

r̂r ¼
rr

E0XcR=3 1� �ð Þ
¼ �2 1þ vcð Þ 1þ vsð Þ

�
X1
j¼1

Bi

�r f2
j þ Bi

2

j

� �
fj

�rJ1 fjð Þ � J1 fj�rð Þ
J0 fjð Þ

exp �f2
j
�t

� �
;

(27)

r̂h ¼
rh

E0XcR=3 1� �ð Þ
¼ �2 1þ vcð Þ 1þ vsð Þ

�
X1
j¼1

Bi

�r f2
j þ Bi

2

j

� �
fj

�rJ1 fjð Þ þ J1 fj�rð Þ � fj�rJ0 fj�rð Þ
J0 fjð Þ

� exp �f2
j
�t

� �
; (28)

r̂z ¼
rz

E0XcR=3 1� �ð Þ
¼ � 1þ vcð Þ 1þ vsð Þ

�
"

1� �ð Þ þ 2
X1
j¼1

Bi

f2
j þ Bi

2

j

� �
fj

� 2�J1 fjð Þ � fjJ0 fj�rð Þ
J0 fjð Þ

exp �f2
j
�t

� �#
: (29)

III. RESULTS AND DISCUSSION

As shown in Figure 3, the Li-ion concentration rises

continuously with the increase of time and radial location.

For a smaller Biot number of 0.01 in Figure 3(a), concentra-

tion is rather low (�0) because the electrode operates under

a large interfacial resistance and needs a long time to be

FIG. 3. The dimensionless Li-ion concentration at different radial locations and times with the Biot number of (a) Bi ¼ 0.01, (b) Bi ¼ 1, (c) Bi ¼ 10, and (d)

Bi ¼ 100.
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fully charged. When the Biot number increases to 1 (see

Figure 3(b)), the electrode is charged under a small interfa-

cial resistance and charging is completed in a short time.

Even at the initial time �t ¼ 0, Li-ions have diffused into the

electrode. As shown in Figures 3(c) and 3(d), concentration

quickly increases to 1. Therefore, the Biot number can be

used to describe the whole progress of Li-ion diffusion,

which plays a significant role in design of an insertable

electrode.

In the absence of size effect (vs¼ 0), the distributions of

radial, hoop, and axial stresses versus the radial location at

different times are shown in Figures 4(a)�4(e), respectively.

Taking into account no concentration (see Figure 4(a)), the

radial stress is always tensile and becomes zero on the elec-

trode surface. The stress continuously increases to the maxi-

mum value at its center, which is in agreement with previous

results.26,44 Obviously, the Biot number largely affects the

distribution of radial stress during charging. As shown in

Figure 4(c), the maximum tensile hoop stress appears at the

center of an electrode while the maximum compressive

stress is on the surface. When solute reaches approximately

half of the electrode radius, compressive tangential stress

turns into tension. Furthermore, with the increase of time,

hoop stress increases, implying that the cylinder electrode is

prone to fracture in a higher charging state. As shown in

Figure 4(e), axial stress is always compressive no matter

FIG. 4. Without size effect, the dimensionless stress of (a) rr, (c) rh, and (e) rz versus the dimensionless radial �r ; and the influence of concentration on dimen-

sionless stress of (b) rr, (d) rh, and (f) rz under Bi¼ 100 and �t¼ 0.2.
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what the Biot number and time are. As charging goes on, the

axial stress tends to be a steady compressive state.

To investigate the influence of concentration, we choose

the vc value from �0.5 to 1.0, corresponding to material soft-

ening (negative) and hardening (positive), respectively. As

shown in Figures 4(b), 4(d), and 4(f), it is obvious that con-

centration plays an important role in determining the stress

distribution.

Figure 5 shows the theoretical prediction on the size de-

pendence of vc in Si nanowires by using parameters listed in

Table I. It is seen that vc increases from zero to infinite with

the decrease of nanowire radius, especially at a very small

size of R< 10 nm. The theoretical prediction of Si nanowires

is consistent with experimental results measured from zinc

oxide and silver nanowires,45,46 and obtained by our previous

study.47 Without concentration effect, the distribution of

stress is calculated as a function of position R ranging from

3 nm to infinite, as shown in Figure 6. It is observed that,

with the decrease of R, all these stresses increase. When R
increases to infinite, however, stress approaches to that of no

size effect. That is, in the case of R being beyond 50 nm, the

size effect can be ignored, which is attributed to the reduc-

tion of surface effect. Therefore, the gradual decrease of

nanowire size results in an enormous increase of Young’s

modulus. Generally speaking, the smaller the electrode, the

lower its DIS is.20,26,33,48 The current outcome seems to be

in contradiction with this viewpoint. Essentially, when the

radius of an electrode is less than 50 nm, the size effect deter-

mines the stress increase based on the BOLS theory.

However, when its radius is beyond 50 nm, stress

degeneration happens with the decrease of radius, which can

be attributed to the plastic flow and two-phase lithiation

mechanism.

IV. CONCLUSIONS

In summary, by combining the BOLS and diffusion the-

ories, we have developed a theoretical model to study stress

fields in a cylindrical nanowire electrode. It is shown that

size and concentration have a significant influence on the

stress fields in radial, hoop, and axial directions. The tensile

radial stress decreases from the maximum value at the center

to zero on surface, the hoop stress becomes compression in

the middle of radius, and the compressive axial stress

continuously increases. This could improve the stability and

FIG. 5. Without concentration effect, the dimensionless parameter vs versus

the cylindrical radius R.

TABLE I. Material properties and operating parameters.

Parameter Symbol Value

Diffusion coefficient D (m2 s�1) 12� 10�18

Maximum stoichiometric Li concentration cR (#/nm3) 53.398

Partial molar volume of solute X (nm3/#) 0.014

Lattice constant of Si–Li d0 (nm) 0.278

Poisson’s ratio � 0.228

Indicator of the Si bond m 4.88

Shape factor of a cylinder s 2

FIG. 6. With no concentration effect, the dimensionless stress of (a) rr, (b)

rh, and (c) rz versus the dimensionless radial �r under Bi ¼ 100 and �t ¼ 0.2

with different cylindrical radii of R.
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reliability of LIBs. Thus, a good understanding on the stress

field evolution and effects of size and concentration has gen-

eral implications for building reliable batteries through

design optimization of electrode materials.
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