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Abstract: Individuals with hemiplegia suffer from impaired arm movements that appear as a marked change in arm stiffness. A 

quantitative measure of arm stiffness would characterize rehabilitation therapy effectively, while little mechanism is designed to 

implement the function. A symmetrical five-bar linkage consisting of two revolute joints and three prismatic joints is presented. 

Inverse kinematics and forward kinematics are obtained first. Then inverse singularities and direct singularities of the mechanism are 

gained. Based on the results of kinematics analysis, the global stiffness index is defined. Finally, optimal dimensional synthesis of the 

mechanism in terms of maximum stiffness is conducted by genetic algorithms. The calculation results shows that when length of both 

the two linkage a=830 mm, interacting angle of the two guides 2δ=4.48 radian, and maximum range of displacement of the two 

carriers dmax=940 mm, the mechanism achieves highest rigidity and its workspace is singularity-free, which covers the human left and 

right arm range of motion. The proposed novel mechanism featuring high rigidity and a singularity-free workspace can provides 

rehabilitation training, but also solves the problem of quantitative measure of arm stiffness. 
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1  Introduction
 

 

Stroke is a significant source of mortality and long-term 

disability in the developed world[1]. Many clinical trials 

have showed that intensive and specified tasks are the main 

factors in an effective treatment-program after stroke[2]. 

Individuals with hemiplegia often need consistent and 

extensive physical therapy, and these simple but repetitive 

exercises required full assistance from a physical 

therapists[3–4], hence the importance of robot-assisted 

rehabilitation training. 

Robot-assisted rehabilitation training is fast becoming a 

common feature in rehabilitation. Since the pioneering 

study of the MIT-Manus[5], the number of research groups 

developing robotic therapy devices has rapidly increased, 

and various devices have been developed for after-stroke 

automating training. LOPEZ R, et al[6–7], presented an 

exoskeleton robot focused on the rehabilitation of ankle and 

knee for the right leg. AKDOGAN and ADLI[8] designed a 

therapeutic robot for lower limb rehabilitation. SHI, et al[9],  

proposed an exoskeletal lower limbs rehabilitation robot 

and analyzed its dynamic characteristic. Among the devices, 

many devices are also developed for the rehabilitation of 

the upper extremity[10–13]. The initial results of 

robot-assisted rehabilitation are promising: patients who 

                                                             

 

receive more therapy with a robotic device recover more 

movement ability[14–17]. 

Individuals with hemiplegia suffer from impaired arm 

movements, appearing as a set of stereotypical kinematic 

and dynamic patterns due to abnormal joint coupling and 

muscles’ resistance to passive elongation or stretch, leading 

to a marked change in tone, which clinicians traditionally 

judge subjectively.  

An object measure of arm stiffness would yield more 

insight into the effect of stroke on a hemiplegic limb and 

better characterization of rehabilitation therapy. However 

the current measures of arm stiffness require patients 

performing repetitive test movement in several designated 

positions during functional tasks. This greatly limits their 

clinical use, since individuals with hemiplegia have lower 

fatigue threshold: many patients show increasing variety 

when repeating the same tasks[18–19].  

Five-bar linkages find many applications as a positioning 

device in a two dimensional planar space due to its high 

stiffness and lightweight[20–22]. The simplicity of five-bar 

symmetrical parallel mechanism has attracted the attention 

of many researchers, and many efforts have been 

contributed to the optimum design. For example, a solution 

space that solved the optimum design by means of 

performance atlases was developed[23–25]. A space made up 

of two normalized geometric parameters was established to 

show the characteristics of workspace and singularity [26–27].  

In many applications of parallel manipulators, the design 
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workspace is required to cover a given workspace[28–29] and 

the dimensions of the manipulators are optimized 

accordingly. RAO and RAO[30] presented the dimensional 

synthesis of a 3-RPS (revolute-prismatic-spherical) parallel 

manipulator according to the limitation on the range of 

motion of the spherical joints: minimizing the total error of 

10 positions in the sense of least-squares. MERLET[31] 

proposed an algorithm to determine all the possible 

geometries of Gough-type 6-DOF parallel manipulators for 

a desired workspace, taking into account the leg-length 

limits, the mechanical limits on the passive joints, and 

interference between links. OTTVIANO and 

CECCARELLI[32] presented a formulation for an optimum 

design for CaPaMan architecture when the orientation 

workspace is suitably specified: the sum of the link lengths 

was minimized. KOSINSKA, et al[33], designed the 

geometrical parameters of a Delta parallel manipulator for a 

specified workspace. AFFI, et al[34], dealt with the synthesis 

and optimization of the workspace of a 3-translational-DOF 

parallel manipulator for a desired workspace. MERLET 

and DANEY[35] considered a parallel robot that had to 

move within a given workspace and determined geometries 

of the robot, ensuring that these positioning errors lay 

within pre-specified limits for any pose of the robot in its 

workspace. LARIBI, et al[36], presented an optimal 

dimensional synthesis method of the DELTA parallel robot 

for a prescribed workspace and genetic algorithms were 

used to find the dimensions of the DELTA robot. 

This paper aimed to design a symmetric 2P3R parallel 

manipulator as a neuromotor device that can measure the 

arm stiffness of an individual with hemiplegia and provide 

neuromotor rehabilitation training. Starting from the 

kinematics of the parallel manipulator, the paper adopts 

genetic algorithms to optimize the dimensions of the 

manipulator, whose workspace covers the target workspace 

of the left and right human arm. Further, no singularities 

reside within the workspace with maximum stiffness 

measurement.  

The paper is organized as follows. Section 2 presents the 

forward and inverse kinematics and geometry of the 

neuromotor device. Section 3 discusses the singularities 

and global stiffness index. Section 4 derives the global 

stiffness index. Section 5 considers a human left and right 

arm workspace. Section 6 presents an optimal formulation 

to obtain the dimensions of the neuromotor device and the 

outcome of the optimization. Section 7 concludes the paper.  

 

2 Kinematics and Geometry of the 
Neuromotor device  

 

Fig. 1 shows a schematic of the pro-posed device being 

used by a human.   

 

 

Fig. 1.  Neuromotor device for upper-limb rehabilitation 

 

The proposed neuromotor device is a symmetric five-bar 

PPRRR mechanism, where the interacting angle of the two 

guides is 2δ (0 < δ < π) , the displacement of the carrier A 

from the intersecting point O' is d1, and the displacement of 

carrier B from the intersecting point O' is d2, the length of 

both the two linkage is a. 
In the local frame O'-x'y', the coordinates of the carriers 

A and B are: 
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The leg length gives two constraint equations as: 
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The inverse kinematics, i.e., solving for d1 and d2 for a 

given position P, can be obtained as: 
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Geometrically, the four solutions correspond to the 

following situations: any combination of (Ai, Bi), i = 1, 2, 

gives one of the four solutions. 

 

 

Fig. 2.  Inverse displacement solution of the device 
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The forward kinematics, i.e., solving for x and y for 
given d1 and d2, can be obtained as: 

 
1 2

2 2 2

1 2 1 2 1 2

2 2

1 2 1 2

4 2 cos 2
sin cos

2 2 cos 2

d d a d d d d
x

d d d d


 



     
    
    

, 

1 2
2 2 2

1 2 1 2 1 2

2 2

1 2 1 2

4 2 cos 2
cos sin

2 2 cos 2

d d a d d d d
y

d d d d


 



     
    
    

.(4) 

Geometrically, the two solutions (+–,–+) correspond to 

the following situations: the two intersecting points P1 and 

P2 of the circle centred at A and the circle centred at B with 

identical radius a yield the two solutions. This corresponds 

to two configurations of the robot and only one is 

acceptable for a given configuration. From the setup of the 

configuration of the device, we shall always use the set 

(+–), since δ is in the range of (0, π) and the set with 

smaller y-coordinate corresponds to the setup. 
 

 

Fig. 3.  Forward displacement solution of the device 

 

 

3 Jacobian Analysis: Inverse and Direct 
Singularities 

 

Differentiating Eq. (2) yields, the result is 
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Re-writing Eq. (5) in matrix form yields, 
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Eq. (6) can be written as 
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where Jq is the inverse Jacobian, and Jx is the direct 

Jacobian[37].  

 

3.1  Inverse Singularities 

The direct singularities occur when the determinant of 

the Jq is 0: 
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That is, 

 

1 cos sin 0d y x    , or 2 cos sin 0d y x    . 

 
From Eq. (3), we simplified the two functions above: 
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Then we obtained the equations of singularity line: 
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It could be seen that the singularities consist of four 

straight lines. 

When the construction angle δ is between 0 to π/2, the 

four singularities-lines can be shown in Fig. 4(a). 
 

 
Fig. 4(a).  Singularity lines when δ is between 0 to π/2 
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When the construction angle δ is π/2, the 
singularities-lines are degenerated into two parallel lines, as 

shown in Fig. 4(b). 
 

 
Fig. 4(b).  Singularity lines when δ is equal to π/2 

 

When the construction angle δ is between π/2 to π, the 

four singularities-lines can be shown in Fig. 4(c). 
 

 
Fig. 4(c).  Singularity lines when δ is between π/2 to π 

 
 

3.2  Direct Singularities 

The direct singularities occur when the determinant of 
the Jx is 0: 
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From Eq. (3) and Eq. (11), we obtained the equation of 

the singularity line: 
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The singularity consists of an ellipse, as in Fig. 5. 

 

 
Fig. 5.  Singularity lines is a part of a oval 

 
 

4  Global Stiffness Index 
 

To effectively measure the arm stiffness, the neuromotor 

device needs to have high stiffness so that the deformation 
on the effector is small when patients exert external force 

on it. The global stiffness index gives a quantitative 

measure. 

 First we defined an operating flexibility matrix C(q) 

that related the external force F to the output displacement 
Δq of the moving platform:  

 

  q C q F .               (13) 

 

The square of the deformation modulus is 
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Then we defined a parameter K as K = C(q)
T
C(q), where 

C(q) was the operating flexibility matrix. Re-writing Eq. 

(14): 
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If we normalized the external torque to 1, that is , FT
F=1, 

the maximum deformation could be obtained as 

 

 max maxq   ,           (16) 

 

where σ denotes the eigenvalues of the matrix K[32]. 

The maximum global stiffness index can be defined as 

 

max

W W

I q dW dW   .         (17) 

 

This index represents the maximum deformation within 

the workspace. 

 

5  Human-Arm Workspace 
 

 A human arm in this application can be modelled as 2R 

series linkage and the contact between a human hand and 

the end-effector can be modelled as another R joint, as in 

Fig. 1.  

The average length of forearm with hand of males is 
0.483 m and that of the upper arm 0.389 m. The ranges of 

motions are θR1 from 0 to 3/4π and θR2 from 0 to 3/4π. For 

the purpose of rehabilitation, it is reasonable to consider θR1 

from 1/4π to 3/4π. The kinematic parameters of the left arm 

can be obtained similarly: θL1 from -3/4π to -1/4π and θL2 

from -3/4π to 0. The average arm parameters are used in 

this paper[38]. 

If we account for both the left arm and the right arm, the 

desired workspace of the robot can be generated as: 
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Fig. 6.  Human-arm workspace 

 
 
6 Optimal Dimension Synthesis: 

Singularity-Free Workspace 
 

6.1  Problem Formulation  

This section is to develop and solve the multidimensional, 

nonlinear optimization problem of selecting the geometric 

design variables for the neuromotor device to have the a 

specified workspace that is defined by a human’s left and 

right arms. The proposed approach is based on the 

minimizing an objective function using nonlinear 

constrained optimization[34]. 

The optimal dimensional synthesis of the neuromotor 

device for the given workspace W can be defined as 

follows: 

 

Given: the human-arm workspace W; 

 

Find: the parameter of the neuromotor device whose 

end-effector covers the given workspace W. 

 

The parameters include the construction parameters H 

and δ, the actuation parameter dmax, the leg length a. Please 

notice here that the physical construction determines the 

minimum actuation limit dmin (we assumed a 100mm offset 

from the point O along the direction of the guide), as in 

Fig.7. 

 
 

 
Fig. 7.  Parameters of the neuromotor device 

 

To make the device compact, we chose to minimize the 

maximum actuation range, i.e., the optimization problem 

with the parameters (H, δ, dmax, a) for a suitably chosen 

objective function  

 

min      max

W W

q dW dW  ,                  (18) 

s.t.       target workspacedevice workspace, 

          σi  0, 

variables: H, δ, dmax, a. 

 

We used the genetic algorithm in Global Optimization 

Toolbox from MATLAB to solve the problem, where the 

constraints were integrated via penalty functions. The 

initial population was set to contain 30 sets of each 

variables and the initial range was set as 

 

H~[200 mm, 1000 mm], δ=[0,π], 

dmax~[100 mm, 1000 mm], a~[500 mm, 1000 mm]. 
 

 

6.2  Results 

All the results presented are obtained on an i5 processor 

of 3.30 GHz with 8 GB memory. The calculation time is 

about 3.5 minutes. One set of optimal parameters is given 

as 

 

H=720 mm, a=830 mm, dmax=940 mm, δ=2.24 rad. 

 

The workspace and the contour of maxq are shown in 

Fig.8 with contour lines representing the maximum 

deformation. 
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Fig. 8.  Optimal workspace that covers the human-arm 

workspaces 
 

The 3D model below approximates to 3/4π to simplify 

the construction, without introducing any singularities. 

 

 
Fig. 8.  3D model of the optimal linkage 

 

 

7  Conclusions 

 

(1) A 2P3R planar upper-extremity neuromotor device 

with high stiffness for upper-limb rehabilitation is 

presented. 

(2) The forward and inverse kinematics and singularities 

are obtained. 

(3) Global stiffness index is defined; as a result, the arm 

stiffness of the device can be measured effectively. 

(4) Genetic algorithms are adopted to achieve the 

optimal construction dimensions, leading to the workspace 

of the proposed device being singularity-free and covering 

a human left and right arm workspace. 
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