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Influence of microheterogeneity on effective stress law for elastic

properties of rocks

Radim Ciz', Anthony F. Siggins®, Boris Gurevich®, and Jack Dvorkin®

ABSTRACT

Understanding the effective stress coefficient for seismic
velocity is important for geophysical applications such as
overpressure prediction from seismic data as well as for hy-
drocarbon production and monitoring using time-lapse seis-
mic measurements. This quantity is still not completely un-
derstood. Laboratory measurements show that the seismic
velocities as a function of effective stress yield effective
stress coefficients less than one and usually vary between 0.5
and 1. At the same time, theoretical analysis shows that for an
idealized monomineral rock, the effective stress coefficient
for elastic moduli (and therefore also for seismic velocities)
will always equal one. We explore whether this deviation of
the effective stress coefficient from unity can be caused by
the spatial microheterogeneity of the rock. The results show
that only a small amount (less than 1%) of a very soft compo-
nent is sufficient to cause this effect. Such soft material may
be present in grain contact areas of many rocks and may ex-
plain the variation observed experimentally.

INTRODUCTION

Physical properties of porous rocks, such as seismic velocity, de-
pend on both pore pressure P, and confining stress o .. The depen-
dence of seismic velocity on pressure has been confirmed for a vari-
ety of rocks by laboratory measurements of elastic wave velocities in
samples with varying pressure in pore fluids (Terzaghi, 1948; Wyllie
etal., 1958; Todd and Simmons, 1972; Eberhart-Phillips et al., 1989;
Zimmerman, 1991; Prasad and Manghnani, 1997; Siggins and Dew-
hurst, 2003). Because both confining stress and pore pressure vary in
the subsurface, knowledge of acoustic velocities in rocks as func-
tions of both confining stress and pore pressure is important for pre-

dicting overpressure from seismic data (Dutta, 2002; Huffman,
2002; Sayers et al., 2002) and for correct interpretation of time-lapse
and 4D seismic measurements (Tura and Lumley, 1999; Landrg,
2001; Vasco, 2004).

In general, for a rock subjected to a given confining stress o,
higher pore pressure P, corresponds to lower compressional and
shear velocities. Confining stress has a similar effect (but with oppo-
site sign) on seismic velocities. Usually, the dependence of seismic
velocities on pore pressure and confining stress is described by an
empirical relationship (Eberhart-Phillips et al., 1989; Zimmerman,
1991, Prasad and Manghnani, 1997):

v,s(Py) = a+ kP, — bexp(— dP,), (1)

where P, = P, — P, is the differential pressure and P. = —Tr
(o.)/3 is the confining pressure. The coefficients a, k, b, and d are
empirical fitting parameters. Shapiro (2003) develops a model that
relates the fitting parameters of equation 1 to physical properties of
porous and fractured rocks. Further, experimental observations (Sig-
gins and Dewhurst, 2003) show that equation 1 is stress-path depen-
dent and hence not unique. The velocity-stress analysis can be sim-
plified by introducing the concept of effective stress o, in which the
description of the stress dependence is given in terms of one single
parameter, the effective stress.

Consider that some property of the rock, say F, depends only on
the current stress state irrespective of the stress history and stress
path. Thus, F can be written as a function (some linear combination)
of confining stress o, and pore pressure P

F=F(o.P, = F(o,), (2)
where the tensor o,
g, = (Tc_nFPp5ij, (3)

is called effective stress and n, is called an effective stress coefficient
for the property F. The property F' can be any measurable parameter
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of the rock: density, overall volume (of a given rock sample), pore
volume, ultrasonic compressional v, or shear v, velocity.

From the definition of the effective stress law, the total differential
of equation 2 yields

IF (0, P OF (0, P
dF(o,,P,) = [Lﬂ)] do, + [Lﬂ)} ap,.
P [N

do, »

(4)

From equations 3 and 4, it follows that the effective stress coefficient
for the arbitrary property F can be defined as the ratio of the sensitiv-
ity of the property F'to changes in the pore pressure, to the sensitivity
of the property F to changes in the confining stress (Al-Wardy and

Zimmerman, 2004).
( p ) o
[?1 .

ng = — W (5)
or .

do.

where the subscript outside the parentheses indicates a variable that
is held constant. An in-depth analysis of the concept of effective
stress in general has been performed by Robin (1973), Carroll and
Katsube (1983), Zimmerman (1991), Berryman (1992), and Gurev-
ich (2004). These studies show there is no universal effective stress
coefficient for all rock properties, and different values apply for dif-
ferent physical quantities F.

The analysis of the elastic deformation of rocks shows that a
porous rock made of a single linearly elastic and isotropic mineral
has an effective stress coefficient for static drained bulk and shear
moduli (and, approximately, for elastic wave velocities) equal to one
(Gurevich, 2004). However, the results of many measurements
(Todd and Simmons, 1972; Siggins and Dewhurst, 2003) consistent-
ly show values for the effective stress coefficient for seismic veloci-
ties smaller than one. Of course, real rocks never conform to the as-
sumptions of the theoretical analysis: They are virtually never mi-
crohomogeneous (made of one mineral), and the minerals are almost
always anisotropic. In addition, ultrasonic velocities are measured at
high frequencies. However, it is not clear which of these effects
causes the discrepancy between theoretical and numerical values of
effective stress coefficients.

We analyze one of these effects, microheterogeneity. Using a sim-
ple spherical shell configuration, we investigate the degree of heter-
ogeneity required to produce the measured values of effective stress
coefficients. A similar approach using a cylindrical model is pro-
posed by Al-Wardy and Zimmerman (2004).

THEORETICAL BACKGROUND

General effective stress rules, and a number of effective stress co-
efficients for various physical properties of inhomogeneous porous
rocks, are derived by Berryman (1992) using the general stress-
strain relationships given by Brown and Korringa (1975). Brown
and Korringa (1975) define three independent constants for bulk
moduli of the porous frame:

1 1({ 9V
* = _( ) 5 (6)
K V\oPy/p

1 1{ 0V

===\ (7)
K, V\oP,/p

1 1[0V

— = —<—Q> ) (8)
K, V4\aP,/p

The fourth one, which is not independent, is given by

1 1 [dVy
Ky Vo\oPy)p

where Vis total volume of the sample, V,, = ¢Vis pore volume, ¢ is
porosity,and P, = P. — P, is differential pressure. The bulk modu-
lus K, is related to K* and K. through the reciprocity theorem
(Brown and Korringa, 1975; Berryman and Milton, 1991; Berry-

man, 1992):

1 11 1

—= = —(—* - —*> (10)
K, ¢\K K

s
Brown and Korringa (1975) also derive an equation for the un-
drained bulk modulus K;. This equation is frequently called the
generalized Gassmann’s equation (Brown and Korringa, 1975; Ber-
ryman and Milton, 1991; Mavko et al., 1998) and reads

*

K, =K +a”M", (11)

where

*

—_—

il + - ==, (12)

<
>
>, R
>
SN

a =1— —=. (13)

In the case of the single mineral, the generalized Gassmann’s equa-
tion 11 reduces to the standard Gassmann’s equation (Gassmann,
1951; Berryman and Milton, 1991):

Ky = K + oM, (14)
where
1 —
L_¢,a"9 (15)
MK K,
K

=1-—. 16

«a X (16)

K, and K represent the undrained and drained bulk moduli, K is the
grain bulk modulus, and the two bulk moduli K? and Kj, from equa-
tion 12 are equal to the bulk modulus K| of the single granular con-
stituent

*

K, =K, =K, (17)

Brown and Korringa’s equations 69 yield the isotropic-stress/vol-
ume-strain relationships for the total volume strain
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dv.  dp, dP
= = + =2 18
v K K (18)

and for pore volume strain

dVy dP, dP
— =y (19)
Vo K, K,

Based on these considerations, Berryman (1992) derives a num-
ber of effective stress coefficients for different properties of porous
rocks. Following Berryman’s work, we define here the effective
stress coefficient for total volume and porosity. These definitions are
used further to derive those coefficients for proposed single- and
double-shell models and for comparison with the newly derived ef-
fective stress coefficient for drained bulk modulus.

The effective stress principle in equation 3 and the isotropic-
stress/volume-strain relationships in equation 18 define the effective
stress coefficient a” for the total volume:

dv  dP, dP 1
T T - o,
% K K K

s

— nydP,),  (20)

where the effective stress coefficient for total volume ny, = a* is giv-
en by equation 13 and for single-mineral porous rock is given by
equation 16, respectively. In the following, we use the more conven-
tional notation *, or a in Gassmann’s limit, respectively. The usual
range of values for ¢ is p = a" = 1.

The variation in porosity ¢ = V,/Vyields

av. d
Wy _d¢ | 4V, (1)
Vg ¢ \%4
Using equations 13, 18, and 19, we obtain
d o — *
_d¢_ ( )(dP nydP,), (22)
¢ ¢k
where the effective stress coefficient for porosity nz is given by
1 1
K, K
ny=1- —4—= (23)
1 1
K, K

As noted by Berryman (1992), when only one solid constituent is
present, relationship 17 yields the effective stress coefﬁcient for po-
rosity in Gassmann’s limit n(/,— 1. The coefficient P equals umty
only when K, = K or when K* = 0 If the moduli satlsfy K> K
>0, thennd,< 1; however 1fK >K orlfK , <0, thennd,> 1.

EXPERIMENTAL OBSERVATIONS

Stress-path-dependent velocity response in a selection of reser-
voir sandstones was investigated via ultrasonic velocity measure-
ments on cores subjected to varied confining- and pore-pressure re-
gimes. The sandstone samples were from three wells that intersect
the Early Cretaceous Barrow Group in the Barrow Island subbasin in
the Australian North West Shelf. They are from depths between 1700
and 2100 m and have undergone similar geologic histories since
deposition. Porosities range from 6.6% to 24.1%, and permeabilities
vary from 0.01 to 1160 mD. The clay-content estimates vary from

3% to 24% for individual samples. The sandstones were tested dry
and oil saturated under ambient conditions and stepwise in a triaxial
cell to a differential pressure of 60 MPa.

The stress paths simulated under experimental conditions the
three mechanisms of overpressure (Siggins and Dewhurst, 2003):

1) Normal compaction—constant pore pressure (5 MPa) with in-
creasing confining pressure reaching up to 65 MPa

2)  Fluid expansion—constant confining pressure of 65 MPa with
pore pressure rising incrementally from 5 to 60 MPa

3) Disequilibrium compaction—constant differential pressure
(10 MPa) with confining and pore pressures rising incremen-
tally from 15 and 5 MPa, respectively, to 65 and 55 MPa,
respectively

Ultrasonic measurements of P- and S-wave velocities were made
along the length of the cores after pore-pressure equilibration at each
pressure increment. Full waveforms were recorded for both trans-
mitted P- and S-waves at nominal center frequencies of 800 kHz (P-
wave) and 400 kHz (S-wave), respectively. The effective stress co-
efficient for compressional velocities n, are derived according to
Todd and Simmons (1972) in Table 1. Seven different core samples
show the deviation of the effective stress coefficient from unity. To
explain this observation by means of the presence of microheteroge-
neity, we analyze this further in the double-shell model. The details
on the experimental data can be found elsewhere (Siggins and Dew-
hurst, 2003; Ciz et al., 2005; Dodds et al., 2007). Figures similar to
those of Todd and Simmons (1972) are shown in these papers.

ANALYTICAL SOLUTIONS

As discussed, one possible factor that may cause observed values
of effective stress coefficient for seismic velocities n, to be smaller
than the theoretical value n, = =1is mlcroheterogenelty To analyze
this effect, we compute effective stress coefficients for a simple
spherical shell configuration, where a spherical pore is surrounded
by spherical shells of two linear and isotropic minerals (a double-
shell model, Figure 1a). However, before analyzing the double-shell
model, we first consider the reference case of a single-shell model
(Figure 1b).

Table 1. Experimentally derived effective stress coefficients
n, for ultrasonic velocities v, for eight different oil-saturated
sandstone samples. The confining pressure varies from

10 to 65 MPa, and the pore pressure varies from

5 to 60 MPa in three different stress paths simulated in the
experiments.

Effective stress coefficient
for P-wave velocity

Sample  Porosity ¢  Clay C ny,
1207 20.4 10 0.58
1203 20.6 24 0.79
1204 18.7 6.3 1.00
1206 19.9 4 0.60
05V 23.7 3 0.76
08V 20.3 3 0.68
15V 24.1 4 0.77
12V 6.6 4 0.35
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Single-shell model

Figure 1b shows an idealized rock represented by a spherical shell
with inner radius R, and outer radius R,. The shell itself is made of a
solid with the bulk modulus K|, shear modulus w,, and density p,. We
assume that within the range of stress fields considered, the solid
grain material is linearly elastic, that is, K, and u, are constants. The
inner sphere represents the pore filled with a fluid with the bulk mod-
ulus K, viscosity 7, and density p,.

Suppose that the shell is in the static equilibrium state when it is
subjected to the confining stress P, on the outer sphere and pore pres-
sure P, on the inner sphere. Let o be the stress field within the solid.
To obtain the effective stress coefficient for drained bulk modulus
for our model, we must solve the elasticity equations for static equi-
librium. The equations of equilibrium for an inhomogeneous elastic
medium are, in general, three coupled partial differential equations
with three unknown components of the displacement vector (Lan-
dau and Lifshitz, 1959; Pilant, 1979).

However, for the model with spherical symmetry, where the radial
displacement , is the only nonzero component of displacement, the
problem simplifies considerably. Two of the three equations of stress
equilibrium are satisfied identically. The third one and Hooke’s law
provide the solution for the exact moduli for the single-shell model
(for details of the derivation, see Appendix A):

1 3 1
- = —(— + i) (24)
K 1— ¢\3K, 4pu,
1 3 1 1
oy
KP 1 - ¢ 3Kv 4’Iu“s
and

Further, these moduli (equations 24-26) enable us to derive the
effective stress coefficients for total volume a by substituting them
into equation 16. The effective stress coefficient « for the single-
shell model then reads

a=1-— 5 — M (27)
K, (3K, + 4u)

Substituting equations 2426 into equation 23 for the effective stress
coefficient for porosity and into general equation 5, we obtain the ef-

fective stress coefficients for porosity n, and drained bulk modulus
ng for the single-shell model to be unity:

Figure 1. (a) Double-shell and (b) single-shell models. Pore pressure
P, is applied from inside and confining pressure P, from outside the
spherical shell.

ng=ng=1. (28)

This agrees with Gassmann’s limit (Berryman and Milton, 1991;
Berryman, 1992; Gurevich, 2004) when only a single mineral is
present.

Double-shell model

The effect of microheterogeneity can be modeled schematically
using a double-shell model shown in Figure 1a. Elastic moduli of the
inner and outer shell are denoted by superscripts 1 and 2, respective-
ly. We follow the same approach as for the single-shell model.
Hence, to obtain the effective stress coefficients for the double-shell
model, we need to solve the elasticity equations for a pore embedded
into the elastic solid composed of two elastic shells. The spherical
shell has inner radius R, outer radius R,, and radius of the spherical
boundary between these two shells R;. The inner and outer solid
components are assumed to be linear elastic materials described by a
constant bulk and shear moduli K", u(V for the inner shell material
and K2, u? for the outer shell solid.

We assume that the shell is in a static equilibrium state when it is
subjected to the confining pressure P, on the outer sphere and pore
pressure P, on the inner sphere. These acting pressures cause chang-
es in the stress field o, strain e, and displacement «, which can be de-
scribed by the static equilibrium equation A-1 or A-5, respectively,
and the stress/strain relationship in each shell as given by Hooke’s
law (equation A-2). The details of the derivation for the double-shell
model are given in Appendix B.

The resulting cumbersome equation B-10 for drained bulk modu-
lus K can be simplified using the following substitutions:

R, =R.(1 — ¢) K§2) = asKil) ,u,gz) = bsKgl). (29)
In the limit € — 0, the drained bulk modulus yields
‘- 4KV VR, — R)(R2 + R,R. + R)(4b + 3a)
(12u%a + 16ub + 36 )R} + 9KVa — 36" + 12K b)R)
(30)

where a and b are parameters given by substitutions in expressions
29. The results are discussed in more detail in the next section.

RESULTS AND DISCUSSION

We have shown that the single-shell model, representing the rock
composed from homogeneous material, yields an effective stress co-
efficient for porosity and drained bulk modulus equal to unity. The
Biot’s effective stress coefficient « for total volume is given by
equation 27 and depends on drained and grain bulk moduli K and K.

Figure 2a shows the comparison between fluid-saturated bulk
moduli computed for the double-shell model by the Brown and Kor-
ringa equation and Gassmann’s equation. The Gassmann fluid sub-
stitution is computed with the effective grain bulk modulus obtained
from the average of Hashin-Shtrikman bounds (Hashin and Shtrik-
man, 1963). The results show that Gassmann’s equation is consistent
with Brown and Korringa’s equation for the wide range of realistic
parameters of rocks. The inconsistency is shown for unrealistic pa-
rameters (very high contrast in elastic moduli) by Berge and Berry-
man (1995). Figure 2b shows the difference between the undrained
and drained bulk moduli in dependence of porosity. The difference
increases from zero to the value of the bulk modulus of pore-filling
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fluid K, = 2.2 GPafor porosity ¢ = 1. The parameters of the model
are the bulk and shear moduli of the inner spherical shell are K"
= 37 GPaand u!" = 43 GPa and the outer shell material has bulk
and shear moduli K" = 3.7 GPaand u!” = 4.4 GPa, representing
a soft microlayer of heterogeneity with thickness 7 = R. — R,
= le — 2.

The effective stress coefficients are shown in Figure 3. The effec-
tive stress coefficients for total volume in single- and double-shell
models are the same because of the small volume fraction of the soft
component. However, even a very tiny amount of the soft compo-
nent causes the variation of effective stress coefficients from unity
for porosity and drained bulk moduli in the double-shell model. The
effective stress coefficient for porosity n; in the double-shell model
is bigger than one. This is in agreement with theoretical analysis of
Berryman (1992) and Berge and Berryman (1995): The effective
stress coefficient for drained bulk modulus n: is less than one. Thus,
the presence of microheterogeneity can be the cause of variation of
effective stress coefficient from unity observed experimentally (Sig-
gins and Dewhurst, 2003). This is consistent with a thin clay coating
on the sandstone grains and grain contacts.

The experimentally obtained effective stress coefficients are de-
rived for seismic velocities, whereas we have derived the effective
stress coefficient for drained bulk modulus. However, we assume
that in the stress range considered, the effect of stress on both fluid
properties and overall rock density is small; hence, these two effec-
tive stress coefficients (for seismic velocities and for drained bulk
modulus) show similar behavior. Therefore, our spherical model
represents the idealized situation for analyzing of the effect of mi-
croheterogeneity on the effective stress coefficients.

a) - Volume fraction: 0.0297
I ' '_.A_K;at —Gassmann
30+ K., — Brown & Korringa
5 251 —e— K’ - Drained bulk modulus]
3 20}
g
< 15}
=
m 10
5,
0 L L L L " L " L "
0 01 02 03 0.4P 05 06 07 08 09 1
orosit
b) Y
2‘3
5I<'°2: """""""""""""""""""" 1 K
0 01 02 03 04 05 06 07 08 09 1
Porosity

Figure 2. (a) Saturated and drained bulk moduli derived for the dou-
ble-shell model in dependence on porosity. (b) Difference between
undrained and drained bulk moduli from (a) in dependence on poros-
ity. The bulk and shear moduli of the inner spherical shell are K"
= 37 GPaand " = 43 GPa. The outer-shell material has bulk and
shear moduli K = 3.7 GPa and u® = 4.4 GPa, representing a
soft microlayer of heterogeneity with the thickness 7 = R. — R,
= le — 2 and bulk modulus of pore fluid K, = 2.2 GPa.

Figure 4 shows the variation of effective stress coefficient from
unity for a negligible amount of very soft component of the outer
shell. In this case, the outer-shell material has the bulk and shear
moduli K" = 0.037 GPaand u!" = 0.043 GPa, representing a soft
microlayer of heterogeneity with the thickness h = R, — R, = le
— 6. The outer-shell material having such parameters can also rep-
resent a very small amount of gas bounded on the grains. The small
amount of gas significantly decreases in seismic velocities.

At this stage, a question must be asked: Is this scenario (with a
huge contrast) plausible? We do not know. Coating might result from
trapped gas or some unknown alteration. We want also to underline
the usefulness of the negative result of the paper: If heterogeneity is
responsible for this, the contrast must be huge. But this is possible
with a tiny amount of coating so small, it does not affect the effective
modulus.

1.5 T T T T

Effective stress coefficient

0 0.2 0.4 06 08 1
Porosity
Figure 3. The effective stress coefficient for total volume « and for

the drained bulk modulus 7, versus porosity as derived for the dou-
ble-shell model. The model parameters are the same as in Figure 2.

Effective stress coefficient

0 0.2 0.4 0.6 0.8 1
Porosity

Figure 4. The effective stress coefficient for total volume « and for
the drained bulk modulus 7, versus porosity as derived for the dou-
ble-shell model. The model parameters are the bulk and shear modu-
i K" = 0.037 GPa and u" = 0.043 GPa representing a soft mi-
crolayer of heterogeneity with a thicknessh = R, — R, = le — 6.
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CONCLUSIONS

We have analyzed the effect of spatial microinhomogeneity on the
effective stress coefficient for elastic moduli of porous rocks using a
double-shell model: a system of two concentric spherical shells
made of two distinct elastic solid materials surrounding a spherical
pore. This analysis shows that spatial microinhomogeneity can in-
deed significantly affect the effective stress coefficient and cause its
deviation from unity, but only if the contrast between the two materi-
als is very large—more than one order of magnitude. In particular,
this can occur if a small amount of very soft component is added to
the main grain material. Although, to have a noticeable effect on the
effective stress coefficient the elastic moduli of the soft component
must be 10-30 times smaller than the moduli of the main grain mate-
rial, its volume concentration can be very small, such that it has neg-
ligible effect on the effective moduli of the overall material.

Itis not clear whether this scenario is realistic and if the spatial mi-
croinhomogeneity is indeed the cause of the deviation of the experi-
mentally observed effective stress coefficients from unity. The very
small amount of the soft component sufficient to produce such an ef-
fect suggests that we may not be able to notice the presence of such
microinhomogeneity from acoustic or other petrophysical measure-
ments.
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APPENDIX A

DERIVATION OF SOLUTION FOR
THE SINGLE-SHELL MODEL

The equation for the stress equilibrium in spherical coordinates
reads

T pp) _

d 2 —
o-rr_l_ (Urr 0, (A-l)

Jar r

where the elastic stress-strain relationship is given by Hooke’s law:
1
Oy = st + 2:““5 [ gv >

1
o9 = Kov + 2,LLS<€90 - gv), (A-2)

assuming only a linearized expression for elastic strain

u u u 2u
e, = — €pp = =< v =—"4 = (A-3)
Jar r Jar r

Substituting equations A-2 and A-3 into equation A-1 yields the
equation of equilibrium for isotropic bodies in terms of displace-
ments (Landau and Lifshitz, 1959; Pillant, 1979):

(K + 2 )V2 —(K i )(ﬁ—2+%i> =0
s 3/'1’3‘ u, = s 3/1’5 (7}”2 ror u.=v.

(A-4)

Thus, equation A-4 becomes V(V .u,) = 0 and in spherical coordi-
nates reads

14

V.ou, = —2—(r2u,) = constant = A. (A-5)
rear

The general solution to equation A-5 yields (Landau and Lifshitz,
1959)

u, = 3 r2.

Integration constants A and B are obtained by solving boundary con-
ditions on the inner and outer surface of the spherical shell:

o,{r=R,) =P, (A-7)
and
0-rr(r = Rc) = PC' (A'S)

The solution yields integration constants A and B:

1 R)P, — RP,
A= L (A-9)
K, R —R
c p
1 RR¥P, — P,
B = ——f’cg'"—g) (A-10)
dug, R — R,

Substituting the integration constants A and B (equations A-9 and
A-10) into the general solution in equation A-6 and introducing the
porosity of our simple spherical model ¢ = (R,/R,)? gives the radial
displacement u, as a function of applied pressures on the inner and
outer shell surface:

R3
(pP, — P) + ————(P, — P,).

UK - ¢) 4”1 — ¢)

(A-11)

Equation A-11 represents the solution for the solid displacement of
the single spherical shell loaded by the pore pressure P, on the inner
surface and by the confining pressure P, on the outer surface. The
displacement changes on the inner and outer shell surfaces because
dP,and dP,are

R _RL[(i L)
du,(r=R,) - ol 3k, + i dp,

1 1
- (— + —)dPC} (A-12)
3K, 4p,
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and

antr=r) = B oo Lo
S A R CT A

(5o
3K, 4uy

Corresponding changes in the pore volume V,, = 477RZ/3 and total
volume V = 47R?/3 are

3V, ¢ 1 1 1
dvy = — + —|dP,— |\ - + — |dP,
1 — ¢ \3K, 4u, 3K,  4puy

(A-13)

(A-14)
and
=2 o+ Jar, (s e
T 1—¢ ¢ 3K,  4w,) " \3K,  4pu,
(A-15)

Using equations A-14 and A-15 and Brown and Korringa’s isotro-
pic-stress/volume-strain relationships 18 and 19 yields the exact
moduli for the single-shell model (equations 24-26).

APPENDIX B

DERIVATION OF SOLUTION FOR
DOUBLE-SHELL MODEL

We assume the shell is in a static equilibrium state when it is sub-
jected to the confining pressure P, on the outer sphere and pore pres-
sure P, on the inner sphere. These acting pressures cause changes in
the stress field o, strain e, and displacement u, which can be de-
scribed by the static equilibrium equation A-1 or A-5, respectively;
the stress/strain relationship in each shell is given by Hooke’s law
A-2. The general solutions for inner and outer shell layers in spheri-
cal coordinates according to equation A-6 reads

Ar B
uﬁq):_q_jL_q

, B-1
3 P (B-1)

where ¢ = 1,2 represent the solid shell components 1 and 2, respec-
tively. Integration constants A, and B, are obtained by solving the
following boundary condltlons Radlal stress component o equals
pore pressure P, on the inner shell boundary:

o(r=R,) = (B-2)

Radial stress component o equals confining pressure P, on the
outer shell:

c?(r=R) =P, (B-3)

Continuity of stress on the inner shell interface r = R;:

(1)(r — ) — 0'(2)(7' = Rz) (B—4)

Continuity of the displacement on the inner shell interface r = R;:
1 — 2 —
ur=R) = u?(r=R,). (B-5)

Solving these 4 X 4 equations, we obtain the unknown constants A,
A,, B, and B;:

= —{[ 4,LLSI),U,S2) + 3K 2 (2 )Rl

(2) (1) 2) (2) 31p3
+ BKPu = 3KkP uRIRP,

— BKPuV + 4pVuPHRRIP ),
L3 000 o 12, @) p3
Bl = X ZKS Ks + Ks lu’s Rc
+ (K (1) (2 K(YZ)M§2))R13:|R;R13PP

3
_ | ZgW g 1), (2) | p3p3p3
<4KS K@ + KDyt )RCR,.RPPC}, (B-6)
1
A, = Z{[(3K§1),u§1) — 3K§1)M§2))R;

GKVu® + 4pWy

+ GK DV — 4l

D\RIRP,
RRPY.  (B-7)

B, = {[Ud“ W= K uwR;

(41(“)1(“ + K(Z)le)) ]R3R P,

3
(B k0 emier,). o
= wKPCKY + 4uRIRY - KV
X(@u) + 3KD)RIR + 4puP (K" — KPR
+ 3KVKP () — p"RIRY. (B-9)

Substituting into the general solution in equation B-1 yields the par-
ticular solution of the elasticity problem which defines local dis-
placement in response to the changes in pore and confining pressure.
This solution enables derivation of bulk moduli given by Brown and
Korringa’s equations 18 and 19 for our double-shell model:

1 31
— = ~—{oR[4pV(K? — KR}
* 4A1{¢ 1[ s ( K K ) i

— KV + 3K)R) — 4pN(K D + w)R]]
— 4kV(u? — u)$RIRTY, (B-10)
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Ay = 3KVKD (W) — uPHRS — K?)ﬂi”(wi” — 4u®)
2 3p3 (1 2
VSRR = 3K

(B-11)

<R — wGKY - 4p

1
o = L Bl E - k)
2

X @RS + 3KP () — u) RS + pP K
+ 4"V GRIRY + K u® — 3uP KV

3:“/31)1(22) EI)MAZ))R3R3} (B-12)

1
= LR~ KRS + 3~ KL
2

XRR, + uP@pl? + 3k ¢ RIR} — plV
X(4u? + 3K GRIRD + 3K ()

— u?) SRR}, (B-13)

o = KLY — DR — K
XK = pPROR] + 4V (kP — k)

6 o (D), 4,0 @) 1 3 2
XR! + KV uP@u + 3K pRIR].  (B-14)

By substituting these moduli into equations 13 and 23, we get ef-
fective stress coefficients for total volume and porosity for the dou-
ble-shell model. To obtain the effective stress coefficient for the
drained bulk modulus ng, we express the displacement changes du;
on the inner and outer shell boundary and on the inner shell interface
caused by the pore- and confining-pressure changes dP, and dP. us-
ing equation B-1:

du, = w,dPc + v,dP,, (B-15)

where r = {R,,R;,R.}. Using the general definition of the effective
stress coefficient 5 and equation B-10 yields the effective stress co-
efficient for drained bulk modulus ng:

IK"
2w,
. Jr
ng = T (B-16)
>,
. or

The explicit expression is cumbersome and thus we show the results
in graphical form (Figures 2—4).
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