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Many industrial decisions problems are decentralized in which decision
makers are arranged at two levels, called bilevel decision problems. Bilevel
decision making may involve uncertain parameters which appear either
in the objective functions or constraints of the leader or the follower or
both. Furthermore, the leader and the follower may have multiple conflict
decision objectives that should be optimized simultaneously. This study
proposes an approximation Kth-best approach to solve the fuzzy multi-
objective bilevel problem. Two case based examples further illustrate how
to use the approach to solve industrial decision problems.
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1 INTRODUCTION

Bilevel programming (BP) is a special case of multilevel programming with
a two level structure to model bilevel decision problems. In a BP problem,
decision makers are arranged at two levels and both try to make decision
successively. When the leader at the upper level attempts to optimize his/her
objective(s), the follower at the lower level tries to find an optimized strat-
egy according to each of possible decisions made by the leader [3,4]. Here,
although each decision maker (the leader or the follower) tries to optimize
his’her own objective functions with partially or without considering the
objectives of the other level, the decision of each level affects the objec-
tive optimization of the other level [16]. The Stackelberg solution [33] has
been employed as a solution concept to bilevel programming problems, and
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a considerable number of approaches for obtaining the solution have been
developed [1,2,5-13,15,18-20,34].

To solve a real BP problem, a BP model needs to be established first. The
parameters in the objective functions and constraints of the leader and the
follower are required to be fixed at some values in an experimental and/or
subjective manner through the experts’” understanding of the nature of the
parameters in the problem-formulation process. It has been observed that, in
most real-world situations, the possible values of these parameters are often
only imprecisely or ambiguously known to the experts, such as planning of
land-use, transportation and water resource. With this observation, it would
be certainly more appropriate to interpret the experts’ understanding of the
parameters of a BP problem as fuzzy numbers [35]. Many researchers, such
as Sakawa er al. [22--27], have formulated BP problems with fuzzy parame-
ters and propose fuzzy programming methods for fuzzy bilevel programming
problems, Our recent research work has extended Kuhn-Tucher, K th-best and
branch-and-bound approaches to solve BP problems with fuzzy parameters.

Another issue in bilevel decision practice is that multiple conflicting objec-
tives often need to be considered simultaneously by the leader, and/or the
follower. For example, a coordinator of a multi-division firm considers
three objectives in making an aggregate production plan: maximise net prof-
its, maximise quality of products, and maximise worker satisfaction. The
three objectives could be in conflict with each other, but must be consid-
ered simultaneously. Any improvement in one objective may be achieved
only at the expense of others. The normal multi-objective decision-making
problem has been well researched by many researchers such as Hwang and
Masud [14]. But in a bilevel model, the selection of a satisfactory solution
for the leader is imparted by his/her follower’s optimal reaction. Therefore,
how to find an optimal solution for the leader which has multiple objectives
under the consideration of both its constraints and its followers needs to be
explored.

Following our previous research results shown in [17,28-32,37-42],
this study aims at developing an approach to solve fuzzy multi-objective
linear bilevel programming (FMOLBP) problems. It first transforms a
FMOLBP problem into a non-fuzzy multi-objective linear bilevel program-
ming (MOLBP) problem. Based on the definition and related theorems [29,4 1],
it then solve the FMOLBP problem by solving the associated MOLBP prob-
lem. As this paper focuses a linear bilevel problem, so BP means linear BP in
the paper.

Following the introduction, Section 2 reviews related definitions, theo-
rems and properties of fuzzy numbers and a FMOLBP model [41]. A general
fuzzy number based approximation Kth-best approach for solving FMOLBP
problems is presented in Section 3. Two case based examples are shown in
Section 4 for illustrating the proposed model and approach. Conclusions and
further study are discussed in Section 5.
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2 PRELIMINARIES

In this section, we present some basic concepts, definitions and theorems that
are to be used in the subsequent sections. The work presented in this section
also can be found from our recent papers in [36,41].

2.1 Fuzzy numbers

Let R be the set of ail real numbers, R” be n-dimensional Euclidean space,
and x = (x1,x2, ..., %),y = (y1. ¥2, ..., ya)| € R" be any two vectors,
where x;, y; € R,i = 1,2,...,n and T denotes the transpose of the vector.
Then we denote the inner product of x and y by (x, y}. For any two vectors
x,y€ R wewritex 2 yiffx; > y,Vi=1,2,...,m;x > yiffx 2 yand
x#Fy x> yiffx; >y, Vi=12,...,n

Definition 2.1. A fuzzy number g is defined as a fuzzy set on R, whose
membership function 15 satisfies the following conditions:

1. w3 is a mapping from R to the closed interval [0,1];
2. it is normal, 1.e., there exists x € R such that y;(x) = 1;

3. forany 2 € (0, 1], ax = {x; uz(x) > A} is a closed interval, denoted
by [a}{’,aR]

Let F(R) be the set of all fuzzy numbers. By the decomposition theorem of
fuzzy sets, we have

a= |J Mafafl,

A€l0. 4}

for every @ € F(R).
Let F*(R) be the set of all finite fuzzy numbers on R.

Theorem 2.1. Let a be a fuzzy set on R, then @ € F(R) if and only if u;
satisfies

1 x €lm,n]
HaX)=48L{x) x<m ,
R(x) x>n

where L{(x) is the right-continuous monotone increasing funciion, 0 <
Lix) <l and limys,_o L(x) = 0, R(x) is the left-continuous monotone
decreasing function, 0 S R{x) < 1 and limy_,0 R(x) = 0.

Corollary 2.1. For everya € F(R) and k), 23 € [0,1}if &y £ Xy, then
a, C ay,.
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Definition 2.2. For any d,be F(R)and 0 £ A € R, the sum of @ and b and
the scalar product of A and 4 are defined by the membership functions

H1p() = sup min {a(u), pg (W)},
Hg (1) = sup min {us(u), py(W)}

waz (1) = sup ps(u).

t=Au

Theorem 2.2. Foranya,b € F(R)and0 < « € R,
a+b= | MaF+bLaf +5,

1e[0.1
i-b=a+ (b= |J Maf-bf af -5,
rel0,1]
wa = U A[aa,{‘,aaf]‘
4€(0,1})

Definition 2.3. Let &, € F(R),i = 1,2,...,n. We define d = (a,
52v~'*3&n)

ma : R" — 10, 1]

"
X > /\ g (xi),
i=i

where x = (x1,x2,...,x;)7 € R" and a is called an n-dimensional fuzzy
number on R", If@; € F*(R),i = 1,2, ...,n,a is called an n-dimensional
finite fuzzy number on R”,

Let F(R™) and F*{R") be the set of all n-dimensional fuzzy numbers and
the set of all n-dimensional finite fuzzy numbers on R” respectively.

Proposition 2.1. For every a € F(R"), a is normal.

Proposition 2.2. For every a € F(R"), the A-section of d is an n-
dimensional closed rectangular region for any A € (0, 1],

Proposition 2.3, For everya € F(R") and Xy, A3 € [0, 1], if Ay £ X3, then
ay, Cay,.

Definition 2.4. For every n-dimensional fuzzy numbers 4, 5, e F(R™), we
define

b iffal Z bl andaf 2 68, 2 € (0, 1);

2. axb iffal > blandaf > b8 1 e (0, 15;

iy

l. a

3. a»b iffar >blandal > bF 1 e (0, 1].
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We call the binary relations =, > and > a fuzzy max order, a strict fuzzy max
order and a strong fuzzy max order, respectively.

2.2 Fuzzy multi-objective linear bilevel programming model
Consider the following FMOLBP problem:

Forxe X C R, yeYCR" F:X xY - F¥YRY,
and f: X x Y — F*(RY,

min F(x, y) = (Eox + dity, énx +dny, ..., éax +day)’ (2.1a)
X

subject to Ayx + ély = b (2.1b)
Yféill} Fx,y) = @Grax +dizy, E2x +dny, ..., éox +dopy)’
y
2.1¢)

subject to ffzx + Bzy = 52 (2.1d)

where &1, &2 € FY(R™), di,djp e FX(R™),i=1,2,...,5,j=1,2,...,1,
bi € F*(RP), by € F*(R%), A = (@y)pxn, @ € F*(R), By = (bij)pum,
bij € F*(R), A2 = (€i)gxn, €ij € F*(R), By = (Sy)gxm, Sij € F*(R).

For the sake of simplicity, we set XxY = {(x, y); Aix + B = by,
Ayx + Bay = by) and assume that X x ¥ is compact. In a FMOLBP
problem, for each (x,y) € X x Y, the value of the objective functions
Flx,y) = (Fi(x, ), R(,y),.... &, y) and f(x,y) = (filx,y),
faCe, y), . ., filx, ¥)) of the leader and the follower are s-dimensional and
t-dimensional fuzzy numbers, respectively. Thus, we introduce the following
concepts of optimal solutions to FMOLBP problems.

Definition 2.5. [41] A point (x*, y*) € X x ¥ is said to be a complete optimal
solution to the FMOLBP problem if it holds that F(x*, y*) = F(x, y) and
fx*, S = fx,y)forall (x,y) € X x7Y.

Definition 2.6. [41] A point (x*, y*) € X x ¥ is said to be a Pareto optimal
solution to the FMOLBP problem if there does not exist {x, y) € X x Y such
that F{x*, y*) = F(x, y) and f(x*, y*) = f(x, y) holds.

Definition 2.7, [41] A point (x*, y*) € X x Y is said to be a weak Pareto
optimal solution to the FMOLBP problem if there is no (x, y) € X x ¥ such
that F(x*, y*) > F(x, y)and f(x*, ¥*) > f(x, y) holds.
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Associated with the FMOLBP problem, we now consider the following
MOLBP problem:

Forx€e XCR' yeYCR" F:XxY—> F'(R",
and f: X x Y — F*(R",

min(F (x, E® = (Fro ynE, (FL ynR, L (Folx, y)E,

(Fstx, ynPHTxelo, 11 (2.22)
subject to Abyx + BEy < bh AR x + BRy < bR 1[0, 11 (22b)

min(f (x, wER = (e, yE, (i R (R ok,

iz, HT relo,1] (2.2¢)
subject to Ak, x + BEy S bk, ARx+BEySof a0, 1] (22d)

where (EL(x,y)){L‘ = c,-L]LAx + dh.y, (Fi(xé R R= Cﬁ;ﬁ; + dR, y,
(fiG )y = ¢ipx Hdiyy and(f(x, )y = cipx +djjuy, A €
L LR L R L gR gL 4R L R

[0, 11, i €i1ar €200 i € R A A dins digy € RT, di,.djy,
dipp,dfy € R™ i =1,2,..,5,j = 1,2,...,1,b}, bf, € RP, b3, b, €
RI, AL, = (ak), AR = @l ) e R, AL = (eF), AR = (ef ) € RO,
Bl = (b, B, = 0f,) € RP*™, B = Gf5), B, = Gf}) € RO,

For the sake of simplicity, we set X x ¥ = {(x, ¥} Aﬁx + BlLA <
biy, Afx+ BE S b}, Afx + BY < by Afix + B < b3} and assume
that X x Y is compact. Obviously, X x ¥ = X x Y.

Definition 2.8, [41] A point (x*,y*) € X x Y is said to be a complete
optimal solution to the MOLBP problem if it holds that ((F(x*, y*)F,
(Frox*, y DR, Fe e, yOE, (Fx, y )BT < ((Fi(x, ynk, ((Fix,
R (E G, ynE (Fo G, yBT and (A G, vy D E (A, y ok, L
F Gy DE (R yNDT £ WAGE (AG )R L (filx,
yNE ((fitx, yBT forx € [0, 1]and (x, y) € X x Y.

Definition 2.9. [41] A point (x*, y*) € X x Y is said to be a Pareto opti-
mal solution to the MOLBP problem if there is no (x,y) € X x Y such
that ((FiGe™, Y05 (F1, y D f, o (B, yg, (B ynfT =
(CFrx, y 5, (P, yNEL oo (B, oD, (Fs @,y T or (i, y* ik,
L, y DR o Ay DE (A5 y DT = (i, )y (filx,
IR il D), (filx, y DT hold.

Definition 2.10. [41] A point (x*, y*) € X x Y is said to be a weak Pareto
optimal solution to the MOLBP problem if there is no (x, ¥) € X x ¥ such
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that ((Fi(x*, y' )5, (PG, y DR L (B yONE, (FoGr y BT »
((Free, y0E, (Firixe, ynfo oo (e, y)E, (Fex, BT on (i (%, y* )k,
Oy NE A YyDE, (A y DT > (A G, I, (filx,
W, R E, (i, T hold.

Theorem 2.3. [41]Let (x*, y*) be the optimal solution of the MOLBP problem
defined by (2.2}, Then it is also an optimal solution of the FMOLBP problem
defined by (2.1).

Theorem 2.4. [41] Forx € X C R", y € Y C R", ifall the fuzzy parame-
ters Gij, byj, &y, 5ij, i, b1, b and dij have piecewise trapezoidal membership
functions in the FMOLBP problem (2.1),

0 t < z{;o
oy — g L L
[ (t = 25) + o 2 St < zg,
ay g
) — g L L L
——(t — 2P ) 4oy it <t<z
Zé} — Zgl (23] oy a3
ui{t) = Ja zé‘" Lt< szn (2.3)
Oy — &y R
T <
y; §( !+za" B I e P z&n_t<z¢,"_I
1] 5
oy — R <, < ,R
-z——-—(—t + zao} +ag Zg, S1S 74,
) g
R
~0 Ty <1

where 7 denotes @y, by, &y, 5, &ij, by, by and d respectively, then, (x*, y*)
is a complete optimal solution to the problem (2.1) if and only if (x*, y*)isa
complete optimal solution to the MOLBP problem.

min(F;(x, g, = ¢fig, % +dfig, v, i=12..,5j=01,.n
xeX J

(2.4a)
; R R R . .
Egﬁ(ﬂ(x,y})aj = c“aj_x-l—d”ajy, i=1,2,...,5,7=01,...,n
subject to AT, x+ Bf, y Sbi, ., j=01,....n
Afgx+ By ySH,, j=01,....n (2.4b)

x;gjr}(ﬁ(x,y))é’j = Clg ¥ F by, i=12.,8,7=0,1,..,n

min(fi(x, & =B, x+d8, v, i=1,2,..,5j=01,....n
yey¥ J J i
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subject to Aé‘ajx + B%ajy < bitajs i=01...,n

R .
Ath,jx+ lef,jy §b2aj, Jj=0,1,...,n

We note
filx -+ éxy < E}
Axx+ Bry £ by
where
L L
Alaa AZQ‘@
_ AL - AL _
Ar=| g | A= F | B
AI(IQ Azag
R R
A ey’ Azan ’
L L
(blzro\ /b2ag
L L
51 — blRan 52 — b?}g&n
&lao b2a'0
R R
bla,,) \b2an

Then we can re-write (2.4} by using

L

. L L .
?élg(f}(x, y)}a}. = cimjx—# d”ajy, i=12,...

s R __ R R . .
I;gg(l’,(x,y))aj =¢ x+d‘1ajy, i=1,2,...

ila; i
subject to A x + Byy < by,
: Lo_ L L
I;Ll)f}(ﬂ(xa e, = Ciza; ¥ ¥ dizg;

. R _ .R R
gxlelg(ﬂ(.x' Na; = Cia;* + i3 Y

subject to Ayx + B,y < by.

2ag
L
2ey,

2aq

R
3201,,

L8, 7 =0,1,...

8, 7 =0,1,...

(2.4d)

(2.4b")
(2.4d")

L1
(2.4a)

, h

(2.4b)

s, =0,1,...,n

1,2,....5,j=01,....n

(24°¢)
(Q.4'd)

Theorem 2.5, [4]1] Forx € X C R", y € Y C R™, if all the fuzzy parame-
ters aij, byj, €ij, Sij, Cij, b1, by and dij have piecewise trapezoidal membership
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funcrions (2.3) in the FMOLBP problem (2.1}, then (x*, y*) is a Pareto opti-
mal solution to the problem (2.1} if and only if (x*, ¥*) is a Pareto optimal
solution to the MOLBP problem (2.4').

Theorem 2.6, [41] Forx € X C R", y € Y C R™, ifall the fuzzy parame-
ters ag, I;,-j, €ijx Sij» €ij by, by and 3,«; have piecewise trapezoidal membership
functions (2.3) in the FMOLBP problem (2.1), then (x*, y*) is a weak Pareto
optimal solution to the problem (2.1) if and only if (x*, y*) is a weak Pareto
optimal solution to the MOLBP problem (2.4').

These definitions and theorems will be used in following sections to develop
an approach for solving the FMOLBP problems.

3 AN APPROXIMATION Kth-BEST APPROACH

To solve the FMOLBP problem (2.1), we need to solve its transformed
form (2.4"). For solving (2.4"), we can use the method of weighting [21]
to this problem, such that it becomes the following problem:

Ay n 124
: Y ) L L . R R
min(F (x, )) Z w;l(z(cla‘,x +df )+ Z(G;aix + dlag))
j:] =0 f=0
(3.1a)

subject to Ajx + Biy £ by, 3.1b)

t n n
min(f () =3 w;z(Z@;ﬁag +dy, y) ) ek x+df y))

=1 i=0 i=0
(3.1¢)

subject to Azx + Bay £ by. (3.1d)

In order to get a solution for above (3.1), we give a definition of optimal
solution and related theorems as follows.

Definition 3.1. (a) Constraint region of the linear BP problem:
S={(x,y):xeX,ye ¥, Aix+ By £ by, Asx + Bay < by}
{b) Feasible set for the follower for each fixed x € X:
Sxy={yeY: By £ by — Ax}
{c) Projection of § onto the leader’s decision space:

S(X) = {x GX:3y€Y,A1x+I§]y§g1,fizx+§2y gf;g}
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Follower’s rational reaction set for x € S(X):
P(xy={y €Y :yeargmin[(f(x,¥):F € S}

where argmin [ f(x, §) : ¥ € $(x)] = {y € S(x) : (f(x,y) S (f(x, 90,
vy € S(x)}
{(e) Inducible region:

IR={(x,y): {(x,y)€ S,y € P(x))

The rational reaction set P (x) defines the response while the inducible region
IR represents the set over which the leader may optimize his objective. Thus
in terms of the above notations, the linear BP problem can be written as

min{F(x, y) : (x,y) € IR}. {3.2)

Theorem 3.1. The inducible region can be written equivalently as piecewise
linear equality constraint comprised of supporting hyperplanes of constraint
region S.

Proof. Let us begin by writing the inducible region of Definition 3.1{e)
explicitly as follower:

IR={(x,y): (x,» €S,
dry = min[d2§ : Bij S by — Aix,i = 1,2, 5 = 0]}, (3.3)

where & = ¢; +c{a +c{§,c§',- = d; +d‘."a+di‘§,i = 1, 2. Now we define

Qx) =min{dry : Biy <b; — Aix,i =1,2,y > 0}. (3.4)

p-(2). a-(2). -(2)

We rewrite (3.4) as follows

Let us define

O(x) = min{dyy : By £ b — Ax,y > 0. (3.5

For each value of x € S(X), the resulting feasible region to problem (2.3) is
nonempty and compact, Thus Q(x), which is a linear program parameterized
in x, always has a solution. From duality theory, we get

max{u(Ax — b) : uB 2 —d, u > 0}, (3.6)

which has the same optimal value as (3.1) at the solution «*. Let u', ..., u*
be a listing of all the vertices of the constraint region of {3.6) given by



Fuzzy MULTIOBIECTIVE DECISION MAKING 215

U={u:uB 2 —dy,u > 0}. Because we know that a solution to (3.6)
occurs at a vertex of U, we get the equivalent problem

max{u/ (Ax —b) 1ul € {u', ..., u'}}, (3.7

which demonstrates that ((x) is a piecewise linear function. Rewriting IR as

IR={(x,y) €5:Q(x)—day =0}, (3.8)

yields the desired result. )
By this theorem, we give the following corollaries:

Corollary 3.1, The linear BP problem (3.1) is equivalent to minimizing F
over a feasible region comprised of a piecewise linear equality constraint.

Proof. From (3.2) and Theorem 2.6, we have the desired result. [
Corollary 3.2. A solution for the linear BP problem occurs at a vertex of IR.

Proof. A linear BP programming can be written (3.2). Since F is linear, if a
solution exists, one must occur at a vertex of IR. The proof is completed. O

Now, we give a very important theorem which is the core for proposing an
approximation K th-best approach.

Theorem 3.2. The solution (x*, y*) of the linear BP problem occurs at a
vertex of S.

Proof. Let (x", vy, ") be the distinct vertices of S. Since any point
in § can be written a convex combination of these vertices, let (x”, y*) =
S ei(xt, ¥, where Yl = l,a; > 0,i =1,...,rand 7 < r. It
must be shown that 7 = 1. To see this let us write the constraints to (2.3) at
(x*, ¥*} in their piecewise linear form (2.4).

0= Q%) —day*
=g (Za;xi) —d; (Z Ofiyé)
i i
= ZQ’EQ(Xi) - Zfliéizy"
by convexity of Q(x)
=2 @i (Quh) = dy).
But by definition, ’

Q(xi) = min c?zy < 32yi.
yes{x?}y



216 NELueral

Therefore, Q{x‘)—c?gy‘ <0,i=1,...,7. Notingthate; > 0,i =1,...,7,
the equality in the preceding expression must hold or else a contradiction
would result in the sequence above. Consequently, @(x') —dyy' = Oforalli.

This implies that (x',y) € IR,i = 1,...,Fand (x*, y*) can be written as
a convex combination of points in IR. Because (x*, y*) is a vertex of IR, a
contradiction results unless 7 = 1. |

We therefore give the following corollary.
Corollary 3.3. If x is an extreme point of IR, it is an extreme point of S.

Proof: Let {x*, y*) be an extreme point of IR and assume that it is not an
extreme point of §. Let (x', y!),..., (x", ¥") be the distinct vertices of S.
Since any pointin § can be written a convex combination of these vertices, let
(YN =Y o,y where Yo = 1,y 20,i =1,...,Fand
F < r. It must be shown that 7 = 1. To see this let us write the constraints
to (2.3) at {x*, y*) in their piecewise linear form (2.4).

0= Q1" —d2y*
=Q (Z Ofixi) —d (Za,—y‘)
=2 w06 - ) wdy
by convexity of Q(x)
= Z @i (Q(x') — day').

But by definition,

Q') = min dyy <doy'.
yeS(xt)
Therefore, Q(x*) —d2y’' <0,i =1,...,7. Notingthate; > 0,i = 1,...,F,
the equality in the preceding expression must hold or else a contradiction
would result in the sequence above. Consequently, oG ~do y' = 0foralli.
This implies that (x!, ') € IR, i = 1,..., 7 and (x*, y*) can be written as a
convex combination of points in IR. Because (x*, y*) is an extreme point of
IR, a contradiction results unless ¥ = 1. This means that (x*, y*) Is anextreme
point of S. The proof is completed. O

Theorem 2.6 and Corollary 3.3 have provided theoretical foundation for
our new approach. It means that by searching extreme points on the constraint
region §, we can efficiently find an optimal solution for a linear BP problem.
The basic idea of our extended properties approach is that according to the
objective function of the upper level, we descendent order all the extreme
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points on S, and select the first extreme point to check if it is on the inducible
region [R. If yes, the current extreme point is the optimal solution. If not,
select the next one and check.

More specifically, let (xpip, Y1)y ..., (5(yp. Yivy) denote the N ordered
extreme poinis to the linear programming problem

min{é1x +dyy : (x, y) € §}, (3.9)
such that
G +diy) < Eixpeny +d v, =10, N=1.
Let y denote the optimal solution to the following problem
min{f(x[i], y) 1 y € S(xiip)). (3.10)

We only need to find the smallest i(i € {1, ..., N}) under which y;;) = 3.
Let write (3.10) as follows

min f(x, y)
subjectto y € S(x)

X = X[i].

From Definition 3.1(a) and (c), we have

min f(x, y) = &x +day (3.11a)
subject to Ax + By < b (3.11b)
Ayx + Byy < by (3.11¢c)
X = Xy (3.11d)
y=0. (3.11e)

To solve (3.11), the first is select one ordered extreme point (x(;}, yi;)), then
solve (3.11) to obtain the optimal solution . If ¥ = yp), {xiip, yip) is the
global optimum to (3.1). Otherwise, check the next extreme point.

Based on above definition of optimal solution and Theorem 3.2, we propose
an approximation K th-best approach for solving FMOLBP problem (2.1) as
follows,

The approximation K th-best approach:
Step 1 Given weights wj1(j = 1,2,...,s)and wj(j = 1,2,...,¢) for
the objectives of the leader and the follower respectively and let
Z;:! wj; = land Z;’:l wjz = 1.

Step 2 Transform the problem (2.1) to the problem (2.4').
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Step 3 Set! = | and a range of errors £ > 0.

Step4 Let the interval [0, 1] be decomposed into 2/~! equal sub-intervals
with (2/=1 + 1) nodes A;¢; = 0,..., 2/~ 1) which are arranged in
theorderof 0 = Ag < A} < -+ < Agr-1 = L.

Step 5 Transform the problem (2.4') to the problem (3.1) by the weighting
method and solve (MOLBP) ’2 i.e. (3.1) by using the extended K'th-
best approach [29] for obtaining an optimal solution (x, y)4.

Step 6 Puti « 1. Solve(3.9) with the simplex method to obtain the optimal
solution (x1y, ypip). Let W = {{x1y, yppl and 7 = ¢. Goto Step 7.

Step 7 Solve (3.11) with the bounded simplex method. Let ¥ denote the
optimal solution to (3.11). If ¥ = yy; stop; {xyq), yi¢1) is the global
optimum to (3.1) with K* = i. Otherwise, go to Step 8.

Step 8 Let Wy;) denote the set of adjacent extreme points of (x;), yi|) such
that (x, y) & W) implies cix +diy = Qi+ dyyyy. Let T =
T U {{xi. yup)) and W = (W U Wi D\T. Go to Step 9.

Step9 Seti < i+1andchoose (x(;), i) sothat fx;+gyy = min{cix+
diy 1 {(x,y) € W}, GotoStep 7.

Step 10 I =1+ 1, repeat Step 4 to Step 9 to solve (MOLBP)y41.

Step 11 If §(x, ¥)per — (x, ¥}l < &, then the solution (x*, y*) of the
FMOLBP problem is (x, y)+1, otherwise, update  to 21 and go
back to Step 10.

Step 12 Show the result of problem (2.1), stops.

4 ILLUSTRATIVE EXAMPLES

We give examples here to illustrate how to use the proposed FMOLBP model
and the approximation Kth-best approach solving a FMOLBP problem in
practice. Example 1 mainly shows how to build a FMOLBP model for a real
problem, and Example 2 gives all details to solve a FMOLBP problem by the
proposed approximate K th-best approach.

Example 1. Inacompany, the CEO is as the leader, and the heads of branches
of'the company are as the follower in making an annual budget for the company.
Obviously, the leader (the CEOY’s decision will be affected by the reactions
of the follower (heads of branches). Each of the CEO’s possible decisions is
influenced by the various reactions of the heads. In order to arrive an optimal
solution (better strategies) for the CEO’s decision on the annual budget, we
establish a bilevel decision making model.
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The CEO has two main objectives: 1) to maximize the net profits, represented
by Fi(x, y) and 2) to maximize the quality of products, by Fa(x, y), but
subject to some constraints including the requirements of material, marking
cost, labor cost, working hours and so on. The heads of branches, as the
follower, attempts to 1) maximize their net profit, fi(x, ¥), and 2) maximize
work satisfactory f>(x, y). The CEO understands that for each policy he may
make, these heads will have a new reaction to deal with by optimizing their
objective maxye}’(fl {x, y)r fZ(x1 .Y))

When modeling the bilevel decision problem, the main difficulty is to set
up parameters for the objectives and constraints of both the leader and the
follower. We can only estimate some values such as material cost, labor cost,
according to our experience and previous data. For some items, the values can
be only assigned by linguistic terms, such as ‘about $1000°. This is a com-
mon case in any organizational decision practice. By using fuzzy numbers to
describe these uncertain values and linguistic terms in parameters, a FMOLBP
model can be established for this decision problem.

Let x = (x1,x2)7 € R? be the CEO’s decision variables, and y =
(y1, 2. ¥3)T € R? be the branch heads’ decision variables, and X = {x > 0},
Y = {y = 0}, we can build the following model for the decision problem:

max Fi(x, y) = 1,9, 27 + (10, 1, H (1, y2, y3)7
max Fa(x, y) = O, 2)x1, x)7 + G, 7, DG, y2. y3)T

subject to (3, 9)(x1, x2)7 + (9,5, 3)(y1, y2. y3)7 < 1039
(=4, =D x, x2)" + 3. =3, D1, 32, )T <94
max fi(x, y) = @, 6)x1, x2)7 + (7,4, 801, y2, y1)7

r;lgg ey =6, D, x0T + @7, D0, y2, y1)T

subject to (3, =9)(x1, x2)7 + (=9, —4, 0)(y1, y2. y3)T <61
G, 9 xr, x)T + (10, =1, =2 (1. y2. y)T <974
G, =31 x2)" + 0, 1,501, y2. y3)T <420

In this model, the unified form for all membership functions of the
parameters of the objective functions and constraints is as follows:

0 Xx<aorc<ux
) = (x*=a?)/(b?* —a®) a<x<b
“ 1 b

@ =xH/(?-d> b<x<c
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& 1 2 3 4 5

1 (0,1,2) (8,9,12) (9,10,13) (0.5,1,2.5) (2,3,6)
28,912 (1,2,5) (1,25 (67,100 (3,4,7)
3 (2,4,5) (4,67 (1.8 (2,45 (689
@4,6,7) (2,45 (689 (57,8 (2,45

TABLE 4.1
Membership functions of fuzzy objective functions’ parameters

a I 2 3 4 5
(23,5 3,9, 11) (8,9, 11) @4,5,7) 2,3,5)
2 (—6»—.43—3) (—29 _lr _05) (2: 3: 5) ("5’ _3» _2) (—41 _27 —1)
3 2,3,5 (—11,~9,-8) (~11,-9,-8) (-6,—4,-3) 0,0,0)
4 4,5 7) (8,9, 11) (9, 10, 12) 05,1,2) (~4,-2,-1)
5 (2,3,5) (-5, -3,-2) 0,0,0) 0.5,1,2) 4,57
TABLE 4.2

Membership functions of fuzzy constraints’ parameters

H

1

(1038, 1039, 1041)
(93, 94, 96)
(60, 61, 63)

(923, 924, 926)
(419, 420, 422)

Py

[ R S

TABLE 4.3
Membership functions of fuzzy right-hand-side’s parameters

For simplicity, we only represent the above form of membership function as
(a, b, ¢). Then, for the example, all membership functions of fuzzy parameters
of'the objective functions and constraints are to be represented in the quadruple
pair form and listed in Tables 4.1, 4.2, and 4.3, respectively.

Now, We first given the weights for the two fuzzy objectives of the leader
are (0.5, 0.5) and of the follower (0.5, 0.5) and the interval [0, 1] be decom-
posed into 2/ "1 mean sub-intervals with (2! + 1) nodes 4; (i = 0,...,2/1)
which is arranged in the order of 0 = X < A; < -+- < Ay-1 = l and a
range of errors £ = 1078 > 0. Then we can solve this problem by using the
proposed approximation Kth-best approach. The solution of the problem is
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xy = 146.2955, x3 = 28.9394 and y; = 0, y; = 67.9318, y3 = 0 such that
max F(x, y) = 164.2055 x 14289394 x 94 67.9318 x 1
xXE

max F>(x,y) = 164.2955 x 9+ 28.9394 x 2 +67.9318 x 7
X€
min fi(x, y) = 164.2955 x 44289394 x 6+ 67.9318 x 4
ye
min f3(x, y) = 164.2955 x 6 +28.9394 x 44 67.9318 x 7.
ye€

Example 2. Consider the following FMOLBP problem with x € R,y € R},
and X = {x >0}, Y = {y > 0},

min Fi(x, y) = —Ix+ iy

xeX

min F(x, y) = 2x — fiy

xeX

subjectto — Ix+3y<4
min fi(x, y) = —Ix+ .:Zy
yey

min fo{x,y) = 2x — Ty
yeyY

subject to Tx—-Tysf)
-—Ix—iyf()
where
0 t <0 0 t <1
2
t 0<sr<«l1 t—1 151 <2
(0= P , o u3() = - ,
MO=0)  <i<2 BOT3, 0, o3
0 2<t 0 IS
0 <2 0 t <3
()= t—2 2<t <3 1) = t-3 3<:1 <4
M =14, 3<r<4’ MU T Vs, a<icst
0 4<1t 0 5<¢
0 t < —1
1) = t+1 =1<t<0
ol =1, _p 05t <1
0 1<t

We now solve this problem by using the proposed approximation Kth-best
approach.
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Step I Given the weights for the two fuzzy objectives of the leader are (0.5,
0.5) and of the follower (0.5, 0.5).

Step 2 The FMOLBP problem is first transformed to the following associated
MOLBP problem by using Theorem 2.3

min(Fi (x, »)f = (~Dix +2fy, A€0.1]
min(Fy (x, )5 = (=Dfx + 20y, Aelo,1]
min(Fa(, yE =2Ex + (—HEy, 2 €0, 1)
min(F2(x, y)F = 2+ <Dfy, A€10,1]
subject to (—DEx +3by €45 (—DEx+ 38y <4f relo 1)
ggﬁmw&=%ku4ﬁxxemu
%yﬁuqm§=ﬁx+ﬁh&axemu
%whﬁdﬂf=ﬁhh+ébhl€mﬂ
min( />0, YN = (=Dfr +2fv, 2 €00,1]
subject to 15x + (=D)ky S OF, 1fx + (=D Fy <0F, 1 e(0,1]
(=Dix + (=Dfy 05, (-Dfx+ (=Dfy
<0k, rel0,1)
Step 3 Setl =1lande = 1075 > 0.
Step 4 Let the interval [0, 1] be decomposed into 2/~! equal sub-intervals

with (21! + 1) nodes A; (i = 0,...,2'"!) which is arranged in the order of
0 =Xy < Ay <+ < Ay-1 = 1. We get the following MOLBP problem

LR - 1y 4oy

min(Fi{x, y))
xeX

min{F (x, y)){)‘ =-2x+y
xeX

min(F {x, y))§ ==0x 4+ 3y
x€X
min(Fa(x, y))y & = 2x — 4y
xeX

: L
xmetg(Fz(x, Mg = 1lx =35y
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in(Fr(x, ME =3x -3
gg(l( 20x, ) x 3y

subjectto — lx + 3y <4
—2x+2y <3
Ox+4y <5

L(RY _

=2

min( fi(x, y)) x —ly
yet

. L
t;‘gg(fl (x, ) =1x =2y

min(fi(x, yE =3x—0y

LRy _
n =

min( f2(x, ) —lx+ 2y
yeyY

min(f2(x, MG ==2x+ 1y
min( f2(x. G = 0x +3y
subjectto lx — Iy <0
0x — 2y < -1
2x -0y <1
—lx—1ly=<0
~2x —2y < —1.

Step 5 We solve this MOLBP problem by using the extended Kth-best
approach [29] and the method of weighting.

min F(x,y) = 3x — 6y
xeX

subjectto — [x +3y < 4
—2x 42y <3
Ox +4y <5§
gggf(x,y)=3X+3y

subjectto lx — 1y <0

Ox — 2y < -1
2x =0y =1
—lx—1y =<0

—2x =2y < -1,
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According to the extended K'th-best approach, let us rewrite it as follows
in(3.7)
min F{x, y) = 3x — 6y
subjectto — lx + 3y <4
—2x+2y <3
Ox +4y <5
lx -1y <0
0x — 2y < —1
2x — 0y < 1
~lx -1y <0
—2x =2y £ ~1
x>0,y>0.
Step 6 Leti = 1, and solve the above problem with the simplex method to

obtain the optimal solution (xyy, ¥} = (0, 1.28). Let W = {(0, 1.25)} and
T = ¢.Goto Step 7.

Loop 1:
Step 7 By (3.9), we have
min f{x,y) = 3x + 3y
subjectto — lx +3y < 4
—~2x+2y <3
Ox+4y <5
Ix—1y <0
Ox —2y < ~1
2x ~0y <1
—lx -1y <0
—2x —2y < —1
x =10
y =z 0.
Using the bounded simplex method, we have y = 0.5, Because of § # yy;y,
we go to Step 8.

Step 8 We have Wj;) = {(0.5, 1.25), (0, 0.5), (0, 1.25)}, T = {(0, 1.25)} and
W = ((0, 0.5), (0.5, 1.25)}, then go to Step 9.
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Step 9 Update i = 2, and choose (xy;1. yji1) = (0.5, 1.25), then go to Step 7.

Loop 2:
Step 7 By (3.9)
min f{x,y) = 3x + 3y
subjectto — lx +3y <4
—2x+2y<3
Ox+4y <5
lx-1y=<0
Ox —2y < —1
2x -0y <1
—lx—1ly<0
- 2x -2y < ~1
x=05
y =0

Using the bounded simplex method, we have ¥ = 0.5. Because of ¥ # yy;1,
we go to Step 5.

Step 8 We have Wy = {(0.5, 1.25), (0.5, 0.5), (0, 1.25)}, T = {(0, 1.25),
(0.5, 1.25)) and W = {(0, 0.5), (0.5, 0.5)}, then go to Step 9.

Step 9 Update i == 3, and choose (xj;), yip) = (0, 0.5), then go to Step 7.

Loop 3:
Step 7 By (3.9), we have

min f(x, y) = 3x + 3y

subjectto —lx +3y < 4
-2x+2y <3
Ox +4y <5
Ix—1y <0
Ox -2y = —1
2x -0y <1
~lx—-ly <0
~2x —2y < -1
x =0
y =0

Using the bounded simplex method, we have y = 0.5. Because of ¥ = yy;y,
we stop here. (xy;), yi1) = (0, 0.5) is the global solution to this Example.
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By examining above procedure, we found that the optimal solution occurs at
the point (x*, y*) = (0, 0.5) with

min Fi{x,y) = lx -2y = -1
xeX

min Fa{x,y) = 0x — 3y = —13
xeX

min F3(x, y) =2x — 1y = —0.3
xeX

min fi{x,y) =05

yet

min f2(x,y) = 1
yeY

Step 10 Setl = 2 and we solve the following MOLBP problem

LR _
1 =

min(F(x, y)) —lx+2y
xeX

3 3
. L . >
;nél)r()(F; (x, y))% 2x + 2y
min{Fy(x, y)){; ==2x+1ly
xeX
V25
. R - h
grg)rfl(ﬂ(x,y))% =-7% + 7Y
min(Fy(x, y)& = 0x + 3y
xeX

min(Fs{x, y))lL(R) =2x — 4y
xeX
3 9

in(F i L 2.2
Xmel)rg( 2(x y))% 5% =5
min(Fy(x, y))§ = lx = 5y
min(F(x, y)§ = éx -
xeX 2 Y % - 2 2}’
min(Fy(x, y))§ =3x =3y
xeX

subjectto — lx +3y <4
3 5 7

_—— Y L
Tty =)
—2x+2y<3
V279

e -y < L
7 t3r=3
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Ox+4y <5
min(fi (x, ) © = 2x — 1y
yet

. 3 3
min(fi(x, )f))l%‘ =5x—3y
min{ fi(x, y))é‘ = lx — 2y
yeyY

5 V2

- R _ - oy

I;E;l(f:(x,y))% =5%x— 5

min(fi(x, »))§ = 3x — 0y
yer

LRy _
" =

min(f2(x, y)) —lx+2y
y€Y

min( f>(x ))“——?3x+2
R T A R

min( f>(x, y))é = —2x+ ly
yeY

s/i 5
: MR = Y L2
ggg(fz(x,y))% 5 x+ 7Y

min(f2(x, V)& = 0x + 3y
yEY

subjectto lx — 1y <0

V23 1

2572

Ox —2y < —1

3.0 V2 V2

T2V

2x =0y < 1

3003 1
TR
—lx—1y<0

V2 V22
T2t =T

-2x =2y < -1
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We solve this MOLBP problem by using the extended K th-best approach and
the method of weighting.

5—4/2
min F(x,y) = (3+ f)x-—lOy
xeX 2

subjectto — lx +3y <4

3x+5 <7
)
—2x+2y <3
V27 9
e —y <
¥ E3
Ox +4y <35
. 5-v2 5—-4/2
mmf(x,y):( f+3)x+( f+3)y
yey 2 2
subjectto lx — 1y <0
V2 31
2T 2=
Ox — 2y < —1
3 V2 V2
2TV E
2x -0y <1
3.3, .1
2" T2 =T
~lx—1ly<§
V2ooV2 V2
__x__._yg__._
2 2 2
—2x -2y <1

The optimal solution occurs at the point (x*, ¥*) = (0, 0.5) with
min (F (x, )7 =1
xeX

min (F) (x, y)s = 0.75

xeX 2

in (F NE =0,
irg?( 1(x, y))g = 0.5

min (F)(x, y)® =125
xeX 2
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min (Fi(x, y))§ = 1.5
xeX
min (Fy(x, )" = =2
xeX
min (Fa(x, y)i = —=2.25
xeX 3
min (Fa(x, L= _25
Xex( 2(x, ¥))g
min (Fa(x, y))§ = ~1.75
xeX 3
min (F(x, yN& = —1.5
xeX
min (f1x, M) F = -0.5
yet

min (f1(x, YN = —0.75
yey bl

min (fi(x, g = -1

N

:ﬁigmu,y))g =

mip (f1(x, g =0
min (f20x, yY)F® =1
yeY

min (f2(x, y))§ = 0.75

yeY ]

min (f2(x, y))g = 0.5

yeY

min (f2(x, Y)§ = 1.25

yey b

. R _

;rxelg {(falx, ¥y = 1.5
Step 10 Whenx = 0,y = 0.5, we have [(x, ¥)2 — (x, ¥)ui =0 < &.
Step 11 The solution of the problem is x = 0, y = 0.5 such that

min Fy(x, y) = 0.5 x 2

xeX

min Fa(x, y) = —0.5 x 4

x€X

min f1(x, ) =0.5x 2

yeyY

min fa(x, y) = —0.5 x 1.
yeY
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5 CONCLUSION AND FURTHER STUDY

Following our previous research [29,31,41], this paper proposes a fuzzy
number based approximate K th-best approach to solve proposed FMOLBP
problem. Two examples are given to illustrate how to establish a FMOLBP
model and how to use the proposed approach. Further study will include the
development of fuzzy multi-objective multi-follower bilevel programming
problems.
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