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ABSTRACT

Assuming that Fast Radio Bursts (FRBs) are of extragalactic origin, we have developed a
formalism to predict the FRB detection rate and the redshift distribution of the detected events
for a telescope with given parameters. We have adopted FRB 110220, for which the emitted
pulse energy is estimated to be Ey = 5.4 x 10%3 J, as the reference event. The formalism requires
us to assume models for (a) pulse broadening due to scattering in the ionized intergalactic
medium — we consider two different models for this, (b) the frequency spectrum of the emitted
pulse — we consider a power-law model E, v~ with —5 < o < 5, and (c) the comoving
number density of the FRB occurrence rate n(E, w;, z) — we ignore the z dependence and
assume a fixed intrinsic pulse width w; = 1 ms for all the FRBs. The distribution of the emitted
pulse energy E is modelled through (a) a delta function where all the FRBs have the same
energy E = Ej, and (b) a Schechter luminosity function where the energies have a spread
around Ej. The models are all normalized using the four FRBs detected by Thornton et al.
Our model predictions for the Parkes telescope are all consistent with the inferred redshift
distribution of the 14 FRBs detected there to date. We also find that scattering places an upper
limit on the redshift of the FRBs detectable by a given telescope; for the Parkes telescope, this
is z ~ 2. Considering the upcoming Ooty Wide Field Array, we predict an FRB detection rate

of ~0.01 to ~10° d~'.
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1 INTRODUCTION

In the recent past, a new class of radio bursts of millisecond du-
ration, called Fast Radio Bursts (FRBs), have been detected at the
Parkes and Arecibo telescopes (Lorimer et al. 2007; Thornton et al.
2013; Spitler et al. 2014). The observed pulses show a dispersion
index of —2.000 =+ 0.006 and a scattering index of —4.0 £ 0.4 both
of which are the signatures of propagation through cold plasma.
All of the FRBs barring FRB 010621 have been detected at high
Galactic latitudes (|b| > 5°) and the large dispersion measure (DM
~400-1100 pc cm ™) of these pulses exceed the expected Galac-
tic contribution predicted by the NE2001 model (Cordes & Lazio
2002) in the direction of the bursts by a factor of ~10-20 in most of
the cases. This indicates an extragalactic origin of the FRB sources.
Note that Loeb et al. (2014) have suggested an alternate interpreta-
tion where the FRBs may be of Galactic origin; however, we do not
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consider this possibility here. The observed flux density together
with the redshift inferred from the extragalactic contribution to the
DM implies that an enormous amount of energy (~10°'-10%7) is
released in each burst. Further, the source size of ~100 km inferred
from the pulse widths of ~1ms imply extreme environments in
these sources. Unfortunately, no counterpart has yet been detected
in any other part of the electromagnetic spectrum, which makes it
difficult to determine the physical origin of the FRBs (Petroff et al.
2015).

Several models have been proposed for the source of the FRBs.
These include supermassive neutron stars (Falcke & Rezzolla2014),
binary neutron star mergers (Totani 2013), binary white dwarf merg-
ers (Kashiyama et al. 2013), flaring stars (Loeb et al. 2014), pulsar
companions (Mottez & Zarka 2014) and many more. However, we
are still far from having enough information to validate any of these
models.

14 out of the 16 FRBs so far (Table 1) were detected with the
Parkes telescope, nine of which were discovered by the High Time
Resolution Universe (HTRU) survey. The Parkes radio telescope is
a fully steerable single dish telescope of 64 m diameter. The Parkes
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Table 1. Reported FRBs to date: this list contains a total of 16 events among which FRB 121102 and FRB 110523 were detected at Arecibo
and Green Bank Telescope, respectively while the remaining 14 were all detected at Parkes. The FRB parameters, including the redshifts
are taken from the published references listed in the table. Champion et al. (2015) have not mentioned the redshift but provide DMyw from
which we have estimated z using equation (10). Note that none of the FRBs have a direct redshift measurement, and the z values in this table
have all been inferred from the observed DM. Bannister & Madsen (2014) have proposed that FRB 010621* probably has a Galactic origin
in which case the estimated redshift is not meaningful. However, in our work we assume an extragalactic origin for this FRB and take the

estimated redshift to be correct.

FRB Peak flux Pulse Measured DM z Spectral Reference
density (Jy) width (ms) Fluence (Jy ms) (pc cm™) index
FRB 010621* 0.4 7.8 3.12 746 0.1 - Keane et al. (2012)
FRB 010724 30 4.6 140 375 0.1 —4+1 Lorimer et al. (2007)
FRB 011025 0.3 94 2.8 790 0.6 — Burke-Spolaor & Bannister (2014)
FRB 090625 0.5 44 >2.2 900 0.9 — Champion et al. (2015)
FRB 110220 1.3 5.6 8.0 944 0.8 - Thornton et al. (2013)
FRB 110523 0.6 <6.3 3.8 623 0.5 —-7.8 Masui et al. (2015)
FRB 110627 0.4 <14 0.7 723 0.6 - Thornton et al. (2013)
FRB 110703 0.5 <4.3 1.8 1104 1.0 — Thornton et al. (2013)
FRB 120127 0.5 <1.1 0.6 553 0.5 - Thornton et al. (2013)
FRB 121002 0.4 2.1,3.7 1.5 1629 1.5 — Champion et al. (2015)
FRB 121102 0.4 3.0 1.2 557 0.3 Tto 11 Spitler et al. (2014)
FRB 130626 0.5 32 >1.5 952 0.9 — Champion et al. (2015)
FRB 130628 0.9 14 >1.2 470 0.4 — Champion et al. (2015)
FRB 130729 0.1 23.4 >3.5 861 0.8 — Champion et al. (2015)
FRB 131104 1.1 <0.6 0.6 779 06 03+£09 Ravi et al. (2015)
FRB 140514 0.5 2.8 1.3 563 0.4 — Petroff et al. (2015)

multibeam receiver has 13 independent beams each with a narrow
field of view (FoV) of 14.4 arcmin (HPBW). The combination of
low system noise (27 K) and a large gain (G = 0.74KJy™!) of
the primary beam makes it one of the most sensitive single dish
telescopes currently in operation. The HTRU survey uses L-band
receivers operating at ~1.4 GHz with a bandwidth of 400 MHz.
All the FRBs (except FRB 110523), to date (Table 1), have been
detected in the L-band (~1-2 GHz) and their emission spectrum
is not constrained, though it appears that they may be consistent
with a flat spectrum. Detections with telescopes operating at lower
frequencies will place strong constraints on the spectrum which in
turn will yield very important constraints on models for the origin of
the FRBs. Currently all that is available are constraints on spectral
indices and event rates of FRBs from non-detections in observations
at lower frequencies (Coenen et al. 2014; Karastergiou et al. 2015).
The Ooty Radio Telescope (ORT') is a parabolic cylindrical re-
flector of dimensions 530 m x 30 m which operates at a nominal
frequency of v, = 326.5 MHz with a bandwidth of 4 MHz. It has a
linear array of 1056 half-wavelength dipoles placed nearly end to
end along the focal line of the cylindrical reflector. Since the dipoles
are all oriented along the same direction, the telescope is sensitive
to only a single linear polarization component. The ORT currently
operates as a single antenna which combines the signal from all the
1056 dipoles. We refer to this as the ORT Legacy system (LS). Work
is currently in progress to upgrade the ORT so that it is possible to
combine different numbers (V,) of successive dipoles to form many
(N4) smaller individual antennas which can functions as a linear in-
terferometric array, the Ooty Wide Field Array (OWFA; Prasad
& Subrahmnya 2011a,b; Subrahmanya, Manoharan & Chengalur,
in preparation). At completion, we expect to have OWFA Phase I
(PI), OWFA Phase II (PII) and the LS, all of which can function
in parallel, and for which a few relevant parameters are summa-
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rized in Table 2. The large FoV and reasonably high sensitivity
makes all three versions of the ORT (LS,PI and PII) very promis-
ing instruments for detecting FRBs. The PII, in particular, has an
FoV that is 880 times larger than that of Parkes while the system
noise is only five times larger. While the two instruments work at
different frequencies, this comparison gives an idea of the tremen-
dous potential of detecting a large number of FRBs. The two other
versions (LS and PI) will probe smaller FoVs with deeper sensitiv-
ity. We expect the three versions together provide very interesting
and useful inputs as to the FRB population and the origin of the
FRBs.

In this paper, we assume the FRBs to be of cosmological origin,
and set up a general framework for predicting the detection rate
for a telescope with given parameters. As mentioned earlier, very
little is known about the FRBs and it is necessary to make several
assumptions to make progress. To this end, we introduce a power-
law model for the spectral energy density of an FRB and calculate
the fluence and pulse width that will be observed accounting for
the various propagation effects including dispersion and scattering
in the intergalactic medium (IGM). We use this to determine an
FRB detection criteria. It is also necessary to specify the comoving
number density of the FRB occurrence rate n(E, w;, z) as a function
of the pulse energy E, its intrinsic width w;, and the redshift z. We
have considered two simple models, both of which assume n(E, w;,
z) to be independent of z over the relevant redshift range. The models
are all normalized to the FRB detection rate observed at the Parkes
telescope. Finally, we use the entire framework to make predictions
for the FRB detection rate for the three different versions of the
ORT (LS, PI and PII) which, in principle, can work commensally.

A brief outline of the paper follows. The framework for
calculating the detection rate is presented in Section 2. Sec-
tion 3 presents the models for the FRB population, and we
present the detection rates predicted for the three versions of
ORT in Section 4. The summary and conclusions are presented
in Section 5.
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Table 2. This shows the system parameters for the ORT LS and the upcoming Phase I and Phase II of
OWFA. The aperture efficiency (n) is approximately 0.6, the system temperature (Tsys) is 150 K for all the
three systems and AS(1 ms) is the 1o noise for incoherent addition of the antenna signals with integration
time of 1 ms. For reference, the Parkes telescope has a FoV (HPBW) of 0223 x 0223 and [AS]ims = 0.05 Jy
in the L-band. We note that it is necessary to do offline beam forming to achieve the angular resolution
quoted here for OWFA Phases I and II. For this paper we have only considered incoherent addition where
the angular resolution is the same as the FoV listed here.

Parameter ORT Legacy OWFA Phase 1 OWFA Phase 11
Number of dipoles (N;) 1056 24 4
Number of antennas (N4) 1 40 264
Aperture dimensions (b x d) 530m x 30m 11.5m x30m 1.9m x 30m
FoV 0°1 x 1275 426 x 1275 27°4 x 1275
Angular resolution 021 x 1275 7 arcmin x 1275 6.3 arcmin x 1975
Bandwidth B in MHz 4 18 30
Spectral resolution (Av,) in kHz 125 24 48
[AS]ims in Jy 0.343 1.179 2.151

FRB 110220 detected by Thornton et al. (2013) is the second
brightest event observed so far (after the so-called Lorimer burst;
Lorimer et al. 2007), and it is the best characterized FRB at present.
We have adopted FRB 110220 as the reference event for our en-
tire analysis. FRB 110220 was detected in beam 03 of the Parkes
multibeam receiver; however, its exact position relative to the beam
centre is not known. For our analysis we have made the conserva-
tive assumption that it is located close to the beam centre, i.e. the
intrinsic fluence is almost equal to the observed fluence. For our
calculations we assume that the Parkes has a Gaussian beam shape.

It is important to note that currently no FRB has an independent
redshift measurement, and all the redshifts quoted in Table 1 have
been inferred from the measured DM which is assumed to be a sum
of three components. The NE2001 model (Cordes & Lazio 2002)
gives an estimate of the Milky Way contribution in the direction of
the FRB. The contribution from the FRB host galaxy is unknown,
and different authors have used different values for this. The residual
DM, after accounting for these two components, is attributed to an
uniform, completely ionized IGM and this is used to infer the FRB’s
redshift. Both the Milky Way ISM and the IGM are clumpy and
turbulent, and the respective DM contributions along the actual line
of sight to the FRB will differ from the model prediction used to
infer the redshift. There is further uncertainty in the inferred redshift
as there is no estimate for the host contribution. It is possible to avoid
this last uncertainty to some extent by setting the host contribution
to zero whereby we may interpret the inferred redshift as an upper
limit to the actual redshift of the FRB (Keane & Petroff 2015). The
various uncertainties in the FRB models adopted later in this paper
far outweigh the uncertainties in the inferred redshifts, and for this
work we have adopted the values quoted in Table 1.

We have used (2, 24, 24, £) = (0.32, 0.68, 0.04, 0.7) for the
cosmological parameters (Spergel et al. 2003).

2 BASIC FORMALISM

We assume that the spectral energy density E, emitted by an FRB
can be expressed as

E, = E¢(v) ey

where ¢(v) is the emission profile. As mentioned earlier, we have
used FRB 110220 as the fiducial event for our analysis. This FRB
was inferred to have a redshift z = 0.8, for which the Parkes ob-
servational frequency band from 1182 to 1582 MHz corresponds to
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the frequencies v, = 2128 MHz and v, = 2848 MHz, respectively
in the rest frame of the source.

We have used the frequency interval from v, = 2128 MHz to
v, = 2848 MHz to normalize the emission line profile of all the
FRBs such that

/ ! dp(v)dv = 1. 2)

Here E (equation 1) is the energy emitted by the FRB in the fre-
quency interval v, to vj, and we henceforth refer to E simply as the
‘energy’ emitted by the FRB. For reference, the energy emitted by
FRB 110220 is estimated to be Ey = 5.4 x 10°3 J which we use as
the fiducial value of E throughout this paper.

‘We now consider observations of an FRB of energy E at redshift
z. The number of photons emitted in the frequency interval dvyg,
centred around vy, in the rest frame of the source is given by

E¢(vg)dv,
deholon = m (3)
h pVsic
where 4, is the Planck constant. The same number of photons will
be received in the frequency interval dvgy, = (1 4 z) ' dvg, centred

around the frequency ve,s = (1 + 2) ! vy at the observer. The

fluence F, , observed in this frequency interval is
dehotonhp Vobs
Fogy = — 51— )
47tr2dvgps

where r is the comoving distance corresponding to redshift z. The
usual unit of comoving distance is Mpc. Using equations (3) and
(4), we have

E¢(vobs(1 + Z))
F"obs = 2 .
4mr

‘We now introduce the assumption that the observations are being
carried out using a telescope with an observational frequency band
from v, to v,. In this context it is useful to introduce the average
line profile ¢(z) defined as

1 v (14z)

P = ———— $(v)dv. (©)
I+ 22 = v1) Joa40

Further, we also assume that the FRB is located at an angle 6

relative to the telescope’s beam centre, and use B(#) to denote the

normalized beam pattern. The fluence that will be observed by this

telescope is given by

E¢(2)B(6)

472

&)

F = @)
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2.1 Pulse broadening

An electromagnetic pulse from cosmological distances gets broad-
ened by three factors — cosmic expansion, dispersion and scatter-
ing, the later two due to propagation through the ionized interstellar
medium (ISM) and the IGM. The cosmic expansion simply broad-
ens the pulse by a factor of (1 + z). The observed pulse width w for
an extragalactic event with an intrinsic pulse width of w; is given
by

w= \/ wgos + w]23M + wZC (8)

where weos = (1 + z)w;, wpm and wy, are respectively the contri-
butions to the total pulse width from the cosmologically broadened
intrinsic pulse width, the residual dispersion across a single fre-
quency channel and scattering in the intervening medium.

The frequency-dependent refractive index of the ionized compo-
nents of the ISM and IGM causes dispersion of a pulse propagating
through it. This dispersion, which has a v=2 dependence, spreads
the observed pulse over a large time interval across the entire ob-
servational frequency bandwidth B. The signal is dedispersed by
applying appropriate time delays to synchronize the pulse at all the
frequency channels across the band. However, it is not possible to
correct for the dispersion within a single frequency channel width
Av,. This introduces a residual dispersion broadening wpy; which,
under the assumption Av./vy < 1, can be calculated using
DM Av,

2% g ©
Yo

wpm ~ 8.3 x 10°

where v is the central frequency of the observation expressed in
MHz and the DM is expressed in pccm™>. Note that the fact that
we are holding the frequency in the denominator of equation (9)
fixed at the value v, instead varying it from channel to channel will
introduce a few per cent error in the case of broad-band observations.

As mentioned earlier, the total line-of-sight DM has roughly
three contributions respectively originating from the Milky Way
(DMpw), the IGM (DMjgum) and the host galaxy (DMy) of the
source, and we can write

DM = DMwmw + DMigm + DMy - (10)

We can estimate the electron density along different lines of sight
in the Milky Way by from the NE2001 model (Cordes & Lazio
2002) and use this to calculate DMy along the line of sight to
the FRB. We use DMy;w = 60 pc cm™ as a representative value for
directions away from the Galactic plane (b > 5). For the host galaxy,
we assume that it is similar to the Milky Way with the difference
that we have no idea of the position of the FRB relative to the disc of
the host galaxy and we have to allow for the possibility that the FRB
signal reaches us through the disc of the host galaxy. We therefore
expect that on the average the FRB signal will traverse a larger
distance through the ISM of the host galaxy as compared to the
distance it traverses through the Milky Way, and we use a slightly
larger value DMy = 100/(1 + z)pcem™ for the host galaxy
contribution. The (1 + z) factor here arises due to the cosmological
expansion. We estimate the IGM contribution using (Ioka 2003)

3CH()Qb < (l +Z/)dZ/

8nGmp Jo \/Qu(l+2) + Qs

where mp is the proton mass and the other symbols have the usual
interpretation.

Multipath propagation through the ionized IGM and the ISM of
both the host galaxy and the Milky Way cause scatter broadening w
of the pulse. We expect this to predominantly arise from the IGM due

DMigm(z) = D

to a geometrical effect known as the lever-arm effect (Vandenberg
1976). The theory of scatter broadening in the ionized IGM is not
well understood at present, and we consider two scattering models
to calculate the pulse broadening.

(1) Scattering Model I is based on the empirical fit
log Wse = C(J +0.15 lOg DMIGM
+ 1.1 (log DMgm)* — 3.9 log vy (12)

with Cp = —6.46 given by Bhat et al. (2004) for pulsars in the ISM
of our Galaxy. We have used C, = 3.2 to rescale this for scattering
in the IGM. This value of Cj is based on the assumption that the
reference event FRB 110220 has an intrinsic pulse width of w; =
1 ms. Equation (9) predicts wpy = 0.17ms for z = 0.8, and we
have set the value of Cy so that equation (12) gives wy, = 5.3 ms
required to match the observed pulse width w = 5.6 ms (Table 1).
Note that in equation (12), we use vy in MHz, wy. in ms, DM in
pcem ™ and log denotes log;.

(ii) Scattering Model II is based on the temporal smearing equa-
tion for IGM turbulence given by Macquart & Koay (2013)

Wie(2) = = / Dy(z)dz' [ (1+2)'Dy(z)dZ (13)
viZr Jo 0

where

Dy(2) = (Qu(1 +2)° + Q) "2, (14)

Z, = +2) {(1 r— vzl + z)] (15)

and we use k. = 8.5 x 10" ms MHz* for the normalization con-
stant. As with Scattering Model I, the value of the normalization
constant is set to reproduce the observed pulse width of FRB 110220
assuming that it has an intrinsic pulse width w; = 1 ms.

For both the scattering models that we have considered here, the
value of the normalization constant would change if we assume a
different intrinsic pulse width for FRB 110220. We have tried out
w; = 0.5 and 2 ms in order to assess how this would affect the results
of our analysis.

Note that Scattering Model I is based on an empirical fit which
is observationally well established within the ISM of our Galaxy.
Given the high-DM part of the model is largely constrained by
measurements of pulsars in the Galactic plane, it is effectively a
representation of turbulence and clumpiness in the ISM. The nature
of turbulence may be different for IGM and hence it is not clear
whether the same fit can be rescaled to correctly quantify IGM
scattering. In contrast, Scattering Model II is based entirely on a
theoretical model for the IGM scattering. This model, however,
has not been observationally verified. Given our present lack of
knowledge, we have used the two different scattering models to
estimate the possible impact on the pulse width.

Fig. 1 shows the total pulse width w (equation 8) corresponding
to an FRB of intrinsic pulse width w; = 1 ms located at a redshift
z observed by the Parkes telescope for which vy = 1382 MHz and
Av,. = 390kHz. Recollect that both the scattering models are nor-
malized using FRB 110220 assuming w; = 1 ms for this event, and
therefore both the scattering models predict w = 5.6 ms at z = 0.8.
We see that the residual DM wpy makes a very insignificant contri-
bution to w at all redshifts. Scatter broadening is not very important
at low redshifts where we have w & w.. The total pulse width is
dominated by scatter broadening at large redshifts. For Scattering
Model I the total pulse width is dominated by w,., at z &~ 0.5, and

MNRAS 457, 2530-2539 (2016)
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Figure 1. The predicted total pulse width assuming an FRB of intrinsic
pulse width w; = 1 ms located at redshift z observed by the Parkes telescope.
The subscripts I and II denote the two different scattering models referred
to in the text. The different components which contribute to the total pulse
width are also shown individually.

Wy, increases sharply for z > 0.5. For Scattering Model II wy,
starts making a significant contribution to w at z ~ 0.2, however it
dominates the total w only for z > 0.4. Unlike Scattering Model I,
Wy, increases relatively gradually with z. For both the scattering
models, the total pulse width is considerably in excess of w.,s for
FRBs with z > 0.5. We have repeated the entire exercise for w; =
0.5 and 2 ms, i.e. the intrinsic pulse width of the observed FRB and
the normalization of the scattering model are both changed. The
results, which are very similar to those shown in Fig. 1 for w; =
1 ms, are not shown here. We find that the qualitative features of
the total pulse width as a function of z are not very different if we
change the value of w;. Scatter broadening starts to dominate at
z ~ 0.5, and the total pulse width is considerably larger than w .
forz > 0.5.

2.2 Detection criteria and detection rate

Considering an FRB of energy E and intrinsic pulse width w; located
at redshift z, we have till now discussed how to calculate the fluence
F (equation 7) and the pulse width w (equation 8) that will be
observed by a given telescope. We now discuss the criteria for this
particular FRB to be detected by the given telescope.

The detection criteria is decided by the telescope’s system noise.
The r.m.s. flux density fluctuation AS is given by

_ Tsys _ I'm
" G\/ArBN,y V w

where G is the antenna gain of the primary beam, Ty, is the tele-
scope’s system temperature, Ny is the number of polarizations the
telescope detects and At is the integration time. We assume an inte-
gration time equal to the observed pulse width w. Since the observed
FRB pulse widths are of the order of a few milliseconds, it is then
convenient to express AS (equation 16) in terms of w and [AS] s
which is the r.m.s. noise for At = 1 ms.

AS

2 X [AS]ims (16)

MNRAS 457, 2530-2539 (2016)

An FRB with average observed flux density S = F /w will result
in a detection if
N F
—_— = >0,
AS  wAS T
where 7 is the minimum signal-to-noise ratio required for a de-

tection. The same criteria can be expressed in terms of a limiting
fluence F; = n x (1 ms) X [AS]ins as

— 1 ms
F x4/ > F (13)
w

Thornton et al. (2013) have only considered events with a signal-to-
noise ratio greater than nine as a detection, following these authors
we have used n = 9 for the Parkes telescope.

The detection criteria (equation 17) combined with (equation 7)
implies a minimum energy

an

_ Am’F w
" $()B@®) V 1ms

min ( 1 9)
for a telescope to detect an FRB at a redshift z and a sky position ()
relative to the telescope’s beam centre. A telescope’s primary beam
pattern B(@), the antenna gain G of the primary beam and system
temperature Ty, will, in general, vary as the telescope is pointed to
different parts of the sky. To simplify the analysis, we have assumed
these telescope parameters to be constant.

The number of FRB events at redshift z per unit time (in the
source frame) per unit comoving volume with energy in the range
E to E + dE and intrinsic pulse width in the range w; and w; + dw;
can be expressed as

dN = n(E, w;, z) dE duw;. (20)

where n(E, w;, z) is the comoving number density of the FRB
occurrence rate.

For an observation time 7 with a given telescope, the number of
events detected (Nger) is expected to be

N, (T)—T/d dr (7
det - ZdZ 1+Z

y /dsz/dw,-/ dE n(E, w;, 7). @)
Emin(l)

We use equation (21) to predict the FRB detection rate for any given
telescope. Here it is assumed that the telescope has a sampling time
<1 ms so as to be able to resolve the FRB. The factor of (1 + z)
in the denominator arises from the fact that a time interval of T in
the observer’s frame corresponds to a time interval of 7/(1 + z)
in the source frame. The quantity within the square brackets gives
the redshift distribution of the detected events. We may interpret
the latter as the detection rate with the FRB source originating
in the redshift interval z to z + dz.

3 MODELLING THE FRB POPULATION

The basic formalism introduced in the previous section requires the
FRB emission line profile ¢(v) and the comoving number density
of the FRB occurrence rate n(E, w;, z) as inputs in order to predict
the FRB detection rate for any given telescope. With only 16 FRB
events detected to date, we do not as yet have any established
models and for our work we assume very simple models for these
two quantities. We discuss these models below.

The spectrum of the FRB emission is very poorly constrained at
present, the detection so far being all (except FRB 110523) in the
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Figure 2. The minimum energy Ey,;, for an FRB at redshift z to be detected at the Parkes telescope assuming that the source is located at the beam centre.
The left- and right-hand panels are for Scattering Models I and II, respectively. The upper panels consider different values of the intrinsic pulse widths w; with
spectral index o = 1.4 fixed, while the lower panels consider different values of & with w; = 1 ms fixed.

L-band. The high observed flux suggests that the emission mech-
anism is coherent for which we expect a negative spectral index.
Here we have assumed a simple power-law spectrum S, oc v~* with
a spectral index —a vary from —5 to +5 for which we have the
normalized (equation 2) emission profile

l—«o
o(v) = {ﬁ} v (22)
) —Va
and the average line profile has the form
#(2) = K(e)(1+2)™ (23)
where K(«) is
1 vlfoz _ vlfa
K(a) = [ - ‘1_ } ) (24)
V2 = Vi vb - va ¢

Although non-detection in searches at different wavelengths give
constraints on the spectral index, we consider the range —5 < o <
5 for completeness.

The minimum energy E.,;, (equation 19) can now be expressed
as

Enin =

4mr’F, [(1 @
rhTArt ] fw 25)
B(9) K(o) 1 ms
Fig. 2 shows E;, as a function of z assuming the FRB to be

located at the centre of one of the beams of the Parkes telescope
(B(®) = 1). We expect the FRBs to typically have an energy E

~ Ey, and we have shown E;, in units of the reference energy
Ey. The upper panels show the results for three different values of
the intrinsic pulse width w; with « = 1.4 fixed, while the bottom
panels shows the results for three different values of o with w; =
1 ms fixed. We do not find a very big difference if the value of w;
is changed; however, the results vary considerably if the value of «
is changed. We first discuss only the positive values of o ( > 0). For
Scattering Model I, we find that the value of E;, increases sharply
for z > 1 due to the steep increase in the pulse width (Fig. 1).
The value of E.,;, increases more gradually in Scattering Model II.
In all cases the main feature is that E,,;, increases with redshift
and exceeds Ej in the range 1 < z < 2. Assuming that the FRBs
have energy E ~ Ej, this imposes a cut-off redshift z. such that
observation with the Parkes telescope are only sensitive to FRBs
with z < z.. We see that the value of z, is largely insensitive to wy,
however it shifts to smaller z if « is increased from O to 5. In all
cases we find 1 < z. < 2 for the Parkes telescope. For & > 0, our
models predict that we do not expect the Parkes telescope to detect
FRBs with z > 2, consistent with the observations summarized in
Table 1. Next, considering the negative values of o we find that the
results are quite different from those for o > 0. The difference is
particularly pronounced for Scattering Model II where we see that
the value of E.,;, decreases with z for « = —5. In this case we
do not have a cut-off redshift and we expect the Parkes telescope
to detect FRBs out to arbitrarily high redshifts, a prediction that is
inconsistent with the observations summarized in Table 1. A similar
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problem also arises for « = —2, however it is not as severe as for
o = —5. Based on these findings, we have restricted the subsequent
analysis to « values in the range —2 <« <5.

We now shift our attention to the comoving number density of
the FRB occurrence rate n(E, w;, z). Since the cut-off redshift z,. for
FRB detection, at least for the Parkes telescope, does not depend
on the intrinsic pulse width w; (Fig. 2) we assume that all the FRBs
have the same intrinsic pulse width of w; = 1 ms. Further, since
we expect all the detected FRBs to be within z < 2, as assume that
n(E, w;, z) is constant over the limited redshift range of our interest.
The function n(E, w;, z) is now just a function of E, and we have
considered two simple models for the E dependence.

(i) The delta-function model where all the FRBs emit the same
energy Ey and

n(E, w;,z) =ngd(E — Eyp). (26)

(i1) The Schechter luminosity function model where the FRB
energies have a spread, the energy distribution being given by the
Schechter function

(E ) no E 4 E (27)
) =—|(—] expl——] .
mEwe D=5 \g) “P\"E

We consider both positive and negative values of the exponent y.
The negative values of y require a lower cut-off to make the distri-
bution normalizable. We have considered a cut-off energy of E, /100
for our analysis.

We have used the FRBs observed by the Parkes telescope to
determine the value of the normalization constant no which is a
free parameter in both the models for n(E, w;, z). Though there are
fourteen FRBs detected at the Parkes telescope, it is not possible to
use all of them to calculate an event rate because the exact duration of
the observation is not known. The four FRBs detected by Thornton
et al. (2013) correspond to an effective observation time of 298 d
with a single beam of the Parkes telescope, and we have used the
inferred detection rate along with equation (21) to determine the
value of ny. Note that Champion et al. (2015) have estimated a
slightly lower FRB occurance rate than Thornton et al. (2013) but
they are consistent with each other within 1o uncertainities.

As noted earlier, the FRB distribution predicted for Parkes ex-
tends to arbitrarily large redshifts for negative values of o. We see
this in the topmost right-hand panel of Fig. 3 (o« = —2 and Scatter-
ing Model II) where the FRB predictions do not fall of even at z >
4. This is even more severe for « = —5 which has not been shown
here. This poses a problem for the z integral in equation (21), and it
is necessary to assume an upper limit to obtain a finite prediction.
We have assumed an upper limit of z = 5 for calculating ny. While
the upper limit z = 5 has been introduced here for mathematical
convenience, we may interpret this as the redshift beyond which
the FRB population ends abruptly. Finally, we note that the non-
detection of any FRBs in the search by Rane et al. (2016) seem to
indicate that the FRB rate is possibly a factor of 3-5 times smaller
than that inferred from these four Parkes FRBs.

Redshift estimates are available for all the 14 FRBs detected
by the Parkes telescope (Table 1). The redshift distribution of the
detected FRBs provides an independent constraint on any model
for the FRB population. We now compute the redshift distribution
predicted by our models (equation 21) and compare these with the
observed redshift distribution of the 14 Parkes FRBs. 6 of the 14
Parkes FRBs are in the redshift range 0.4 < z < 0.6. We see that
most of the models also predict redshift distributions which peak
around the same z range. Considering first the delta-function model
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where all the FRBs have the same energy E\, we see that the redshift
distribution extends out to larger redshifts in Scattering Model II
as compared to Scattering Model I. The redshift distribution also
extends out to larger redshifts if the value of « is decreased. Both
of these effects can be understood in terms of the cut-off redshift z,.
introduced while discussing Fig. 2. The Schechter luminosity func-
tion introduces a spread in the FRB energies. The relative abundance
of low-energy FRBs increases if the value of y is reduced, and we
see that the entire redshift distribution shifts to lower redshifts for
negative values of y.

We see that most of the models considered here are roughly con-
sistent with the redshift distribution of the observed FRBs (Fig. 3).
As mentioned earlier, the predicted FRB distribution extends be-
yond z = 4 for « = —2 and Scattering Model II whereas the
observed redshift distribution falls off well within z = 1.5. Unfortu-
nately, the number of FRBs which have been detected to date is too
small to place meaningful constraints on the models which we have
considered. However, we anticipate that larger numbers of FRBs
will be detected in future and it will be possible to constrain both
the scattering models as well as the models for the FRB population
using the redshift distribution of the detected events.

4 PREDICTIONS FOR OWFA

We now use the formalism and the various models presented in the
earlier parts of this paper to study the prospects of detecting FRBs
with the ORT LS and the two different phases of OFWA (PI and
PII). In Phase I, the signal from N, = 24 successive dipoles are
combined to form an individual antenna, and there are a total of
N4 = 40 such antennas. We have N; = 4 and N, = 264 for Phase II.
The aperture dimensions and other details are tabulated in Table 2.

Each phase of OWFA has N4 antennas which can be operated
together as a linear radio-interferometric array. However, for the
present analysis we consider a simpler situation where the signals
from the N4 antennas are incoherently added. A more detailed anal-
ysis using the full beam forming capability of OWFA will be pre-
sented in a later paper. Consequently, the FoV is the same as that of
a single antenna (given in Table 2) but the r.m.s. flux density fluctu-
ation is reduced to [AS]ims/+/N4. The ORT LS and OWFA PI and
PII all have anisotropic beam patterns which we have parametrized
as

B(®) = sinc® (@) sinc? (@) 28)

(Ali & Bharadwaj 2014) where we have the antenna aperture
b x d (Table 2) and A is the observing wavelength. Here, we have
used the flat-sky approximation, and (6,, 6,) are the components
of the vector @ on the plane of the sky. We note that the flat sky
approximation does not hold for Phase II which has a very large
FoV; however, this is justified by the fact that the error introduced
by this assumption is small compared to the other uncertainties in
our modelling of the scattering and the FRB population.

Our predictions for the FRB detection rate are shown in Fig. 4.
We have taken minimum signal-to-noise ratio n = 10 for these
predictions. We see that the predicted detection rate is highest for
PII which has the largest FoV and the largest frequency bandwidth.
We expect to detect somewhere between ~0.01 to 1000 FRBs d~!
with PII, depending on the spectral index of the FRB emission.
We have a higher detection rate for larger positive values of «, the
detection rates are also higher for Scattering Model I as compared
to Model II. The predicted detection rates fall by roughly an order
of magnitude for PI, and roughly two orders of magnitude for LS
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Figure 3. The data points show the redshift distribution AN/N of the 14 FRBs detected at the Parkes telescope, the data has been binned with Az = 0.3, AN
is the number of FRBs in each bin and N is the total number of FRBs. The error bars show the 1 — o Poisson errors for the data. The theoretical predictions
for the different models are shown as continuous curves. These curves show N~ (dN/dz) normalized so that the total area is same for all. Unfortunately, the
number of FRBs which have been detected to date is too small to place meaningful constraints on the models which we have considered.
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Figure 4. The expected FRB detection rates as a function of o for ORT LS, and OWFA PI and PII assuming 1024 frequency channels spanning the bandwidth
B given in Table 2. The grey shaded and hatched regions correspond to Scattering Model I and II, respectively, the solid curves passing through these regions
show predictions for the delta-function FRB population model while the boundaries of the regions enclose the curves corresponding to all the other models

considered in Fig. 3.

as compared to PII. Considering & = 1.4 which has been proposed
to be the most likely value for the coherent FRB emission (Lorimer
et al. 2013), we expect to detect ~10 to ~100 FRBs per day with
PII. This is quite encouraging even if we take into account the fact
that Rane et al. (2016) have suggested that the FRB occurrence rates
estimated from the FRBs detected by Thornton et al. (2013) may
be a factor of 3-5 larger than the actual FRB occurrence rate.

5 SUMMARY AND CONCLUSION

The source of the FRBs is still largely unknown. Assuming the
FRBs to be of extragalactic origin, we have developed a formalism
to predict the FRB detection rate (equation 21) and the redshift
distribution of the detected events for a telescope with given pa-
rameters. We have adopted FRB 110220 (Table 1) as the reference
event for our entire analysis. None of the FRBs detected to date
have a direct redshift measurement, and the redshifts of all the de-
tected FRBs (Table 1) have been inferred from the observed DMs.
The value of the inferred redshift depends on the Milky Way and
host galaxy DM contribution assumed in the analysis, and differ-
ent authors have assumed different values. For our analysis we
have adopted the inferred z values from the references listed in
Table 1. In contrast, the redshift z in our analytic calculations and
in Figs 1-3 refer to the actual cosmological redshift of the FRB
which is unaffected by our assumptions for DMyw and DMpyg.
The assumed values only affect the observed pulse width w through
equations (8)—(10). Further, the DM makes a subdominant contri-
bution to the total pulse width w for the entire range considered here
(Fig. 1), and consequently our predictions are largely unaffected by
DMMW and DMHost~

The FRB pulse width plays an important role in determining
the detection rates. At present we lack adequate understanding of
pulse broadening due to scattering in the ionized IGM, and we
consider two different alternatives to model this. Scattering Model
I is based on an observational fit given by Bhat et al. (2004) for
pulsars in the ISM of our Galaxy, we have extrapolated this for
FRB pulse broadening in the IGM. In contrast, Scattering Model
II is based on a theoretical calculation given by Macquart & Koay
(2013), and it has no observational confirmation at present. Both the
scattering models are normalized to reproduce the observed pulse
width of FRB 110220, assuming that it has an intrinsic pulse width of
w; = 1 ms. For the Parkes telescope, we find that in both the models
scatter broadening starts to dominate the total pulse width at z &
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0.5 (Fig. 1). In Model I, the total pulse width increases steeply for
z > 0.5 whereas a more gradual increases is predicted by Model II.
We also find that the z > 0.5 behaviour is not significantly modified
if we assume an intrinsic pulse width of w; = 0.5 or 2 ms for FRB
110220. The cosmological broadening of the intrinsic pulse width
dominates at lower z.

The total energy in the FRB pulse and its spectrum also play
an important role in determining the FRB detection rate. We have
introduced the FRB energy E and the FRB emission profile ¢(v)
(equation 1) to model the FRB energy spectrum. For our work we
have assumed a power law ¢(v) oc v~ (equation 22) where « is the
(negative) spectral index. In this paper we have presented results
for « values in the range —5 < o < 5, however most of the analysis
is restricted to o > —2.

It is necessary to model the FRB population in order to make
predictions for the detection rate. We have quantified the FRB
population through n(E, w;, z) which gives the comoving num-
ber density of the FRB occurrence rate. For our work we have
assumed that n(E, w;, z) does not vary with z over the limited red-
shift range of our interest. Further, all the FRBs are assumed to
have the same intrinsic pulse width w; = 1 ms. For the E depen-
dence we have adopted the simplest delta-function model where
all the FRBs have the same energy E;, = 5.4 x 103 ] which is
the estimated energy for FRB 110220. We have also considered
a set of models where the E values have a spread around Ej. In
this case the E distribution has the form of a Schecter luminosity
function (equation 27). We present results for both negative and
positive values of y. The models are all normalized to reproduce
the event rate corresponding to the four FRBs detected at Parkes by
Thornton et al. (2013).

We have calculated the FRB redshift distribution predicted by our
models for observations with the Parkes telescope. The predictions
indicate that we do not expect to detect FRBs with redshifts z > 2
with the Parkes telescope (Fig. 2). The redshift distribution (Fig. 3)
peaks in the range 0.4 < z < 0.6 for most of the models which we
have considered. We find that most of the models that we have con-
sidered are consistent with the redshift distribution of the 14 FRBs
observed by the Parkes telescope. However, some of the models
with o < —2 predict a redshift distribution that extends beyond z
> 4 while the observed FRB distribution is restricted within z <
1.5. The number of FRBs observed to date is too small to conclu-
sively constrain the models which we have considered here. Our
prediction however indicate that it will be possible to distinguish
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between the different models when more FRB data becomes avail-
able in future.

Finally, we have used the formalism and the different models
presented here to predict the FRB detection rate expected at the
ORT LS and the OWFA PI and PII. The main point to note here
is that OWFA PII has a FoV which is 880 times larger than the
individual beam of the Parkes telescope where most of the FRBs
have been detected. Further, the existing FRBs have all been de-
tected in the L-band (~1-2 GHz) whereas ORT and OWFA operate
around 326.5 MHz. We predict that we expect to detect somewhere
between ~0.01 to 1000 FRBs d~! with PII, depending on the value
of «. The upcoming OWFA PII holds the potential of dramatically
increasing the population of detected FRBs, thereby opening a new
window to unravel the source of these mysterious events. We plan to
present a detailed treatment of the predictions for ORT and OWFA
in a subsequent work.
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