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A smart pipe energy harvester excited by fluid flow
and base excitation

Abstract This paper presents electromechanical dynamic modelling of the partially smart pipe
structure subject to the vibration responses from fluid flow and input base excitation for generating
the electrical energy. We believe that this work shows the first attempt to formulate the unified
analytical approach of flow-induced vibrational smart pipe energy harvester in application to the
smart sensor-based structural health monitoring systems including those to detect flutter
instability. The arbitrary topology of the thin electrode segments located at the surface of the
circumference region of the smart pipe has been used so that the electric charge cancellation can
be avoided. The analytical techniques of the smart pipe conveying fluid with discontinuous
piezoelectric segments and proof mass offset, connected with the standard AC-DC circuit
interface, have been developed using the extended charge-type-Hamiltonian mechanics. The
coupled field equations reduced from the Ritz method-based weak form analytical approach have
been further developed to formulate the orthonormalised dynamic equations. The reduced
equations show combinations of the mechanical system of the elastic pipe and fluid flow,
electromechanical system of the piezoelectric component, and electrical system of the circuit
interface. The electromechanical multi-mode frequency and time signal waveform response
equations have also been formulated to demonstrate the power harvesting behaviours. Initially, the
optimal power output due to optimal load resistance without the fluid effect is discussed to
compare with previous studies. For potential application, further parametric analytical studies of
varying partially piezoelectric pipe segments have been explored to analyse the dynamic
stability/instability of the smart pipe energy harvester due to the effect of fluid and input base
excitation. Further proof between case studies also include the effect of variable flow velocity for
optimal power output, 3-D frequency response, the dynamic evolution of the smart pipe system
based on the absolute velocity-time waveform signals, and DC power output-time waveform
signals.

Keywords: analytical weak form - electromechanical dynamic instability - energy harvesting -
fluid-smart structure interactions - piezoelectric - signal analysis - vibration.

1 Introduction

This paper is concerned with the flow-induced vibration of a smart pipe structural system, and
considers the physical interactions between the fluid, solid, circuit, and electromechanical systems.
The coupled field effect of the fluid flowing through the elastic pipe has shown an interesting
phenomenon and has raised some paradoxes until the late 2000s. Since then, the study has been
further developed and the issues with possible paradoxes may still unfold in the future. The reason
is that the dynamic stability or instability of the pipe conveying fluid depends upon the
contributions of boundary conditions, flow velocity, Coriolis and centrifugal effects, fluid
gravitation, tensioning, pressurisation, aspirating pipe, etc. Some equations may require to be
extended and/or ignored depending upon the applications and experiments. For example, when the
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dynamic equations of a pipe with certain base supports (constraints) meet their boundary
conditions, it does not mean the whole system with flow can be solved correctly because the
discharging flow from the pipe due to the work done by fluid can be either considered or ignored.
Feodosev [1], Housner [2] and Niordson [3] presented the first preliminary mathematical studies
for the flow-induced vibration of pipe systems with both end supported. The correct linear
equations of motion have been reduced using several different methods to determine buckling
instability or divergence. Later, Holmes [4] proved that the flutter instability never occurs when
both ends of the pipe conveying the fluid are supported. Indeed, the system with this support
condition is conservative. Long before his work was published, Heinrich [5] had developed the
mathematical modelling of pipe vibration with flow under the effects of wave propagation and
pressurisation. Moreover, Benjamin [6]-[7] presented groundbreaking research work investigating
cantilevered pipe dynamics with flow, requiring a non-conservative equations using Hamiltonian
mechanics. He showed the occurrence of stability and flutter instability depending upon the
increase of the flow velocity. Examples of simplified mathematical studies of the non-conservative
effect to analyse the dynamic stability and instability can be seen in Bottema [8] and Smith and
Herrmann [9]. Further works have been extensively developed by Gregory and Paidoussis [10]-
[11] whose solution technigues showed three methods consisting of quasi-analytical and numerical
solutions and partial differential equations with the Galerkin method [12]. They gave a criteria for
the dynamic behaviour indicating the system is stable and damped due to small flow velocity but is
unstable due to flutter for high flow velocity. Paidoussis and Issid [13] further developed the
Newtonian mechanics of the pipes conveying fluid with different boundary conditions under the
effects of tension and fluid pressurisation and gravitation. Paidoussis and Li [14] provided
comprehensive technical reviews of the systems with flow with many different case studies and
solutions. Ruta and Elishakoff [15] examined the shear-deformable pipe conveying fluid with a
partial elastic foundation where the critical velocity increased with increasing foundation span
over the pipe using higher values of the fluid-to-pipe mass per unit length ratio. Further analytical
works for the fluid-pipe structure interaction using the two different conditions of supports with
overhang have been developed in [16] where the divergent and flutter instability using Galerkin’s
method with Duncan’s polynomials have been explored to show the optimal critical velocities
through various case studies. Moreover, the pipes conveying fluid using various flow effects and
solution techniques have been developed using the finite difference method [17], the fast Fourier
transform-based spectral element method [18], and the finite element method [19]-[20]. The effect
of flow in the three-dimensional pipes conveying fluid with an attached spring and tip mass have
been comprehensively investigated using nonlinear dynamic equations [21]-[23]. For almost four
decades, Paidoussis with his group [24] has been authoritative in the development of this area.
Recent investigation for flow-induced vibration using the aspirating pipe has been developed
mathematically in [25] and [24]. Although system modelling has been key for the theoretical
studies, major experimental studies have been developed. Kuiper & Metrikine [26] corrected the
theoretical works of Paidoussis [25] where the effect of flutter due to the aspirating pipe can occur
due to the Coriolis force even without the centrifugal force and the depressurization depends on
the inlet flow resulting in the negative pressure range values at the free end of the pipe. As a result,
Paidoussis, et al. [27] revisited the issues raised. However, even after this series of published
experimental and numerical studies, [28]-[29], specific conclusions about the aspirating pipe have
not been finalised.

For the smart structure system, the coupled field effect of the piezoelectric material has shown
viable interactions between the electrical, thermal, and mechanical behaviours. In the earlier
studies, there have been growing mathematical interests in the applications for piezoelectric
structures in structural control-based sensing and actuation systems [30]-[34], shape control-based
sensing and actuation under static and dynamic responses [35]-[37], strain-type sensor networks
[38]-[39], feedback gain control-based sensor and actuator systems [40-41], thermal effects [37],
[42]-[43], and shunt control-based circuit systems [44]-[47]. Over the past decade, smart structures
for converting the mechanical energy into electrical energy have shown application in micro-
power extraction for the use of extending the battery life and enabling wireless sensor devices.
This technique has spurred the development of theoretical solutions of the continuous system
modelling such as Rayleigh-Ritz methods [48]-[50], modal analysis method [51], weak-form
techniques [52], fully closed-form boundary value methods [53], random analysis [54]-[55],
analytical voltage- and charge-type Hamiltonian formulations [56], and electromechanical finite
element analysis [57]-[58]. In recent developments to widen the power output frequency
bandwidth and to increase power amplitude, complex smart structure power harvesters studied
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with various analytical methods have been investigated using the piezoelectric dynamic magnifier
with proof mass offset effect [59], the piezoelectric segment system [60]-[61], the multiple
piezoelectric bimorph beams connected with different circuit interfaces [62]-[66]. Moreover, the
wideband piezoelectric power harvesting system using the charge-type Hamiltonian-based
analytical method was developed using shunt control system-based adaptive single piezoelectric
bimorph beams with distributed and segmented electrodes [67]-[68]. An aerodynamic system to
capture electrical energy has been investigated using the vortex-induced vibration of a tree-
inspired system [69], transverse galloping analytical studies [70] and experimental works [71], and
flapping flags with two-dimensional inviscid flow [72].

In this paper, the equations of a partially smart pipe conveying fluid with a tip mass offset and
base excitation, and connected to the standard AC-DC circuit interface, have been simultaneously
formulated using the Ritz method-based weak form analytical approach reduced from the charge-
type-Hamiltonian mechanics. Since the smart pipe covered with a thin electrode layer has a
uniform cylindrical form, the arbitrary topology of electrode segments was taken into account to
avoid electric charge cancellation. For various flow velocities, the effect of dynamic
stability/instability of the smart pipe system was analysed using varying discontinuous
piezoelectric segments. The orthonormalised dynamic equations were reduced to formulate the
power output multi-mode frequency and time signal waveform responses. Currently, there are no
previous works developing the proposed theoretical models. Detailed discussions of the parametric
analytical studies have been provided to analyse the system response without and with fluid effects
and these case studies are discussed extensively. For structural safety, the high pipe displacements
at resonance or with the flutter instability can cause fatigue of the pipe and the structural safety
should be carefully checked during the detailed design of a particular system. However, flexible
piezoelectric elements such as MFCs and EAPap film provide potential solutions for a flexible
pipe. Potential application of this concept can be found in the particular design of micro- or meso-
scale flexible pipe structure power harvesters under fluid flow for detecting the flutter instability.
The smart pipe conveying a fluid may also be applied in a miniature jet flow power harvesting
device for smart sensor-based structural health monitoring to detect water levels, flood levels, or
the pH level of water including toxicity. Another application is a windsock power harvester device
for a smart sensor to monitor wind speed, weather (humidity, temperature, etc), flood/water level,
and to charge a battery.

2 Constitutive coupled equations

In Fig. 1a, the smart pipe system with proof mass offset is shown, connected with the harvesting
circuit system, and consisting of substructure and piezoelectric layers. Here, the linear
piezoelectric beam constitutive equation-based Helmholtz free energy in terms of the 3-1 mode of
piezoelectric constant operation and the 3-3 effect of piezoelectric permittivity can be formulated
using the stress-electric field relation [56], [73]-[75] as,

T~ c@s _ g@p@ (L.1)
El0 - g25(0 23, D) @2

where the parameters T, S, E and D represent stress, strain, electric field, and electric displacement,
respectively. Moreover, the coefficients cp, g, and ¢ indicate modified elastic constant, modified
piezoelectric constant and permittivity at constant strain, respectively (Appendix A). Note that
each layer of the smart pipe structure is denoted by superscripts, where 1 and 2 represent the
substructure and piezoelectric layers respectively. They can be used for stress T, strain S, elastic
stiffness c, density p, and cross-sectional area A. The linear-elastic constitutive relation for the
substructure can be formulated as,

TW=c®s®. )
In figure 2, the fluid entering the undeformed pipe at point o via a rigid base support is under a
steady flow velocity U relative to the pipe. At the same time, the undeformed pipe, located at the
fixed reference frame of 0XZ, moves in the initial reference frame of 0' XZ due to the base vector
Wi aee (t) moving from the point O to 0'. The position of point palso moves to
point p' indicating the same magnitude as the base vector.
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Fig.1 Physical systems: (a) flow-induced vibrational smart pipe structure with tip mass offset and input
base excitation connected with circuit interface and (b) cross-sectional smart pipe with arbitrary electrode
segments arranged in series connection (example).
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Fig.2 Kinematic motions of the smart pipe structure with tip mass offset under fluid flow and
input base excitation.

As the base vector represents the input excitation, the pipe undergoes relative transverse
deformation w(x,t) as indicated by point p' moving to the final point p™ . The flow velocity U

relative to the pipe, which depends on the unit vector tangent 7 , is related to the material

derivative from the continuum body. It is defined as a time rate of change of physical property for
the fluid element flowing through the pipe, while its element also moves from points p to p".

The absolute displacement Wy« (x,t) with respect to the deformed pipe is measured from the
reference frame of oXZ to the final position. Note that the difference between the absolute
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displacement and base vector defines the relative deformation. Since the pipe carries a tip mass
with the centroid located at a distance offset from the end of the pipe, the position vectors of the
tip mass start from the fixed reference frame 0XZ to the final differential element of the tip mass at
point m". The offset results in the extra position vector from point of attachment d"
(deformation point of the end of the pipe) to the tip mass centroid at point g" . The tip mass
centroid, whose origin is determined from the differential element, has the extra position vector
from point g to m" relative to the local point d" of the local parallel coordinate system of the

tip mass structure.

The position vectors R™, R®, R®, R™" and R" for the pipe can be defined as,

R™"(x,z,t)= —zsinO(x,t)e, + (Wbase(t)er(x,t))e3 , (3.1)
R = Le,, R = Le, + ze,, (3.2)

R =(L—2zsin&(L,t)e, +(W(L,t)+ Wy, (t)+ zcoso(L,t)es, (3.3)
RY(L,z,t) =R — R =—z0(L,t)e, + (Wyuee (t)+ W(L,t))es. (3.4)

Note that small angle 6(-,t)=ow(-,t)/ox approximation has be used based on the Taylor’s series
to give sinA(-,t)~A(-,t) and cosd(-t)~1.
The unit vector tangential of the fluid element in the pipe can be formulated as,
T = Weﬁ O(L,te, - )
X

Using the Reynolds transport theorem and the material derivative, the fluid element flowing
through the pipe can be formulated as,

pp” pp”
vf(t):(aR W R ]
ot OX .

®)

The absolute velocity vectors for the pipe and tip mass components can be formulated as,

Waps (X’t) :(Wbase (t) +W(X't))e3 and W;ik[))s (L’t) = (Wbase (t) +W(L’t))e3 : (6)
The velocity of the elemental tip mass offset can also be formulated as,

R™ (Lzt) =Ro% 4+ RIO 4 RI™ _Rod _ R _ om
= (Wpaee () + W(L,t))eg— O(L,t)e,x (z, €5+ X, €)= O(L,t)e,x (2, €5+ Xy €;).  (7)

The position vector R PP" can be specified as the relative displacement with respect to the moving
base support from reference frame 0XZ to 0'X'Z" as,

RPP(x,2,t) =R™ —R™ = —z60(x,t)e, +w(x.t)e, . ®)

The strain field for all layers can be obtained by differentiating R """ with respect to x giving the
typical Euler-Bernoulli theory as,

s () AR e) otk o

OX ox?

Note that since all vectors depend on the variables x and t, they can be utilised at different
locations or segments of the smart pipe structure. Further formulations related to the segmented
structures are derived in the next section.

3 Fluid-solid-circuit-electromechanical weak form analytical approach

This section formulates the weak form Ritz method using the charge-type Hamilton’s principle.
The fully coupled field equations consisting of the mechanical system (fluid and solid),
electromechanical system (piezoelectricity), and electrical system (circuit interface) are introduced
to formulate the orthonormalised dynamic equations. Further solutions of the key equations will be
explored in this paper.



3.1. Coupled system of fluid-solid-electromechanical dynamic with harvesting circuit.

The coupled system of the smart pipe conveying fluid for vibration energy harvester can be
formulated using the extended charge-type Hamilton’s principle to give,

t
L, € {KE, PE, WE,WC
[olLa+w, it = o o < | }

W; e WFy WF, WR} (10)

4
t2
or J'(aKE — OPE — OWE +0WF +0WFy — WC + 6WR)t =0, (11)
t
Each functional energy term in Eq. (11) is expanded in Egs. (12)-(22). Note that a detailed

discussion of the charge-type-based Hamiltonian mechanics was given in [56]. The kinetic energy
of the smart pipe conveying fluid and the proof mass offset can be formulated as,

KE J'J'p(l)Rpp RBP4 AD gxy L J'J'p(Z)Rpp RPP" 4 A@ gx
0 A(1> I_“po A2)
jj JRPP . RP dA()dx+—jjp“PRmm R™" d A dx,,
0A 0 Al
L
” ft)dA dx+—”p vit)v Q)dA" dx. (12)

Parameters p(), p(z), pPand p'represent the mass densities of the substructure, the

piezoelectric, the proof mass offset, and the fluid components, respectively. Eq. (12) can be
extended by substituting Egs. (3.1), (5) and (7). After manipulation and simplification, Eq. (12)
can be reformulated in terms of the variational form to give,

J.ME J‘{I[ l,,0 xt)5¢9xt+22:Hn xt)&w(xt)}i
TH, x)(l tipyi Lz,t)éw(LZ, )+ 15P4(Ly, )00(L,t)+ 182 (W Ly, WALy )+ Ly, (L 1))
I I w(x t)Sw(x, t)+ 220(X, t)SO(X, t) + Vityee (t )X, t))
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. pfu[zf 20(x, t)c%'(x )+ %M(x,t)]

+ [ UM (002261, 1190(L )+ (L, )L 1)+ Vi ()L 1)) Af}dt T
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Note that based on the consistency of the physical geometry in Fig. 1, Heaviside functions for
Hi(X)=H(X)—H(x—L1) and Hz(x)=H(x)—H(x—L2) are introduced to model the two segmented
structures with different mode shapes along the x-axis. It is also important to note here that
although the fluid flows within the uniform internal pipe section, the Heaviside functions on the
fluid part are also utilised due to different modes at each segment. Parameters 1,, and I,

represent the zeroth and second mass moments of inertia of the segmented structures whereas
parameters IoIp and Itlp represent the zeroth and second mass moments of the tip mass. Also note

that details of the mathematical expressions for the dynamical structure and proof mass offset as
shown in the first six terms of Eq. (13) can be found in [58]. They were reduced since the relative
displacement w(x,t) is defined as the difference between the absolute displacement waps(X,t) and the
base excitation whase(t). The potential energy or strain energy of the structure can be formulated as,
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The variation of strain energy can be further formulated by substituting Egs. (1.1)-(2) and (9) into
Eg. (14) and taking into account the segmented structures and electrodes, as

farot- j{ e Z e (5t S o o 09

t t (0
Parameter C,, represents the arbitrary stiffness coeff|C|ent of the segmented structures. Note that

the Heaviside functions Gi(y)=H(y—a1)—H(y—P1) and Ga(y)=H(y—a2)—H(y—B2) are introduced
since the two segmented electrodes are located on the circumference region of the piezoelectric
layer in the polar coordinate system. Parameter D, depends on the segmented system, and is

(2)—%1/.[ J- ryoxdy VG,(y) and D(Z)_qlz/.[ I r}dxdy VG,(y). These are used in the

forthcoming reduced equations. Note that ¢,, and o, represent internal charge parameters in the

electrode layers of the piezoelectric circuit (for example, series connection).
The electrical energy term for the piezoelectric elements can be formulated to give,

L
% | [e¥DPaaClax . (16)
()A(Z)

Eqg. (16) can be extended using Eq. (1.2) as,

t t, (L
I&WEdt:j{j _[ 22:[— 292 az;vx(;(t)+e§3 D J o () H, (x oD RdAl )dx}dt 17)

t L0 Al2) h=1
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The non-conservative work on the system due to the input base excitation can be stated as,

J SWFt j{ I ZH X)lguow(x,t)dx — 15°x. H, (x)90(Ly ) — 15PH (X Jow( Ly, )}Wbase(t)dt. (18)

t L ont
Note that detail of the mathematical expressions of Eq. (18) can be found in [58].

The variational form of energy gained due to fluid flow at the free end of the pipe can be

formulated as,
t; t, aRtt..
J'éWFDdt =j{—|v| fu [ - +Ur]-éR“ }dt . (19)

t t
Since the end of the smart pipe structure with the offset proof mass is free to move, Eq. (19) must
be taken into account (WF = 0) leading to a non-conservative system due to the discharged

fluid. M " is the mass of fluid per unit length. However, if both ends are fixed, Eq. (19) is ignored
(WF, =0), and this assumption has been used in many previous papers related to a pipe
conveying a fluid [6],[10], [24]. Also note that Eqg. (19) implies two physical behaviours of the
smart pipe conveying fluid. If U is positive and sufficiently small, the free motion of the pipe will
be damped. This occurs when the first part of the multiplication inside the curly brackets is much

larger than the second part resulting in WF, <O due to the Coriolis force. However, if U is
positive and large, the free motion of the pipe will be amplified because the pipe will gain energy
from the flow. This occurs when the second part has the opposite signs during a cycle of
oscillation resulting in WF5 > 0. In such situations, the system will have a dynamic instability
and the pipe shows a dragging, lagging motion that has been demonstrated in experimental and
theoretical studies [6]-[7], [10]-[11], [24]. After manipulation and simplification, Eqg. (19) can be
reformulated using Egs. (3.4) and (4) to give,
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The electrical energy of the capacitor in terms of the tuning circuit can be formulated as,
1
SWC =0, (thg.(t). (21)
Cq
The electrical work dissipated by the resistor can be stated as,

SR = ~Ry 04 ). @)

In terms of the variational operations, the functional energy forms in Eq. (7) can be prescribed as
the continuous differentiable functions of virtual displacements, electric displacement and charge
for the whole system that can be stated as,

, : av(x,t) ow(L,t)
w(x,t), W(L,t) T T ,W(x,t),w(L,t),
aw(x.t) aw(Lt) o°w(xt) ()
D t t
6x ) 8x y aXZ 13 (Z' )’qZ()
owlL,t owlx,t) olzé(xt
W, =W, (w(x,t),%,w(L,t),w(x,t), a(x ) A ai )),q3(t)j . (23.2)
Equations (23.1) and (23.2) can be further formulated using total differential equations as,
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To formulate dynamical weak form equation, the extended variational principle can be developed
corresponding to the virtual relative transverse displacement field due to the fluid, the solid and the
virtual electrical charge due to piezoelectricity and the harvesting circuit. The weak form-based
Ritz method [76]-[77] can be further formulated for the solution, and requires a test function that is
a piecewise continuous function over the entire domain of the coupled system. The function must
meet continuity requirements and boundary conditions. After manipulation and simplification, the
electromechanical weak form of Eq. (11) can be formulated using Egs. (13), (15), (17), (18), (20)-
(22) in terms of Eqs. (24.1)-(24.2) to give,

(24.2)
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Each coefficient in Eq. (25) is given in Appendices B, C, and D. Applying KCL for the internal
piezoelectric connection and harvesting circuit in Fig. 1 gives the electric charge equations as,

01 =011 =012 » 0y =0Q, +0Q3. (26)

Note that the series connection was used as an example for the internal piezoelectric connection.
The variable g, in Eqg. (25) can be eliminated for simplicity using,

920 50, ) - 2, ) - LW g, 0)- 2 5q, 1)+ ()5‘1 ®) @)

2
Cd Cd Cd Cd d

The normalised eigenfunction series form can be formulated as,

wlet)= DM w) @)

Substituting Eq. (28) into Eq. (25) gives the first dynamic equation representing the smart pipe
conveying fluid under transverse bending as

dx dx
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{
w60 g, s ﬁimx) oo M Wy ()%

+ Hz(x{xclgp % + |{)‘F’v\‘/q(|_)Dv\'/base (t)}éwq (t)=0 - (29)

The second and third equations represent the piezoelectric and harvesting circuit forms,
respectively that can be formulated as,

{Z s ) e ) g, ()+[L%+qul<t>—qg—?}6ql (-0, (30

r=17 Cvle2 Cd



{Rd )+ —ql—(t)}éqs (t)=o0. (30.2)

Ca Gy

For more compact system equations, the constitutive equations from Egs. (29), (30.1)-(30.2)
can also be simplified into matrix form by including the mechanical damping coefficients to give,

Electromec hanical and Hydro —Elastodyna mic Base Excitation due to
Mechanical ~ System Circuit  System System Fluid and Structure
Moo m.: m _ oo fo. f f m\.-
MW, +CI, + KIW, — PPy CoW, + P,y = (M, + i, + K w, )= (Q) + QP i ) 1(3L.1)

Electromechanical and
Circuit System

Rd q3 + PCd q3 + Pr yWr = O . (31.2)
Alternatively, Egs. (31.1)-(31.2) can be reformulated into matrix form as,
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uE :jon@[.zn AW, ) W, (), uowq(xmrw]m 157 (M (Lo ) (L)

dx dx

L " dW (L) . dW (L, ) g
+Hz(x)[xcl(‘,'p\Nq(Lz)O'Wéb((LZ)+xclgIp Jf(Z)W,(LZ)H;'F’ (;‘( Z)dV\giLZ)J, (33.1)

>

dx dx

L 2 o ~
Mg = [ ZHn(x)[M "W, (MY (x)+ 1 dW“(X)dW—f(X)de, (33.2)
0

Cqr =C,Mgr +CKgy (33.3)
L 2 ~ ~ 2.4
f frones dWr(X) f qu(X)d Wr(X) 33.4
qu—b[nZHn(x{ZM UM ()= P+ 21U =8 22505 dx (33.4)
L 2 2\ 17 A
d?W, (x) d2W. (x
Ko :IZ;Cthn(x) dxqz dxfz( ax, (33.5)
0 n=
L2 2\1) Y 3\ A
o d2W(x dW, (x) d3w, (x
K :-([;HH(X{M fuzwq(x)Tz)Hzfuzd%Ts() dx, (33.6)
L PN L 2\7
d“W, (x d=W,(x
P, =I(n1+nz)H1(X) rz( o Py =_f('11 +172)H1(X)—qz()dx , (33.7)
5 dx 5 dx
1 cv1Cv2
Peg = ——(—7), 7= , (338)
«d Cd ( ) (Cvlcd +CVZCd +Cvlcv2)
R . L2 . . dwi, (L
0 = T N a7 31 e e x|, o
o n=1 o n=l

Note that there are four major technical aspects that can be outlined as followed,

1. Eqg. (32) represents the coupled field equations of fluid-solid-circuit-electromechanical system.
2. If some parameters of the piezoelectric system such as P., P, and Py and the proof mass

offset terms M(';‘r (xclgp) and Q(;“ ( I;ip , xcléip ), are ignored, then Eq. (32) can be reduced to

similar form to that of previous works of a fluid flow-induced pipe vibration system as shown
by the examples in [6], [10], [13], [24].
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3. The Coriolis effect due to fluid flow through the pipe can be seen in the first term of the qur

matrix.
4. The centrifugal effect due to the fluid flow through the pipe can also be seen in the first term of

the K, matrix.
Note that with the Euler-Bernoulli assumptions, the second mass moment of inertias of the pipe
structure and the fluid (1, and sz ) are ignored. Also, the fluid gravitation and pressurization at the
beginning of derivations were excluded for simplicity due to the relative meso-scale pipe system.
The parameter W, () representing the normalised eigenfunction for the Euler-Bernoulli pipe
structure is assumed to be

W, (x) . (34)

T =12, m
e tipy 2 tipy dW tip dWr 2
IZIOan X, () dx + H (x) 16°W, (L + 2 19W (L) o L)+ dx (L)
0

n=1

W, ()=

The function W, () can be obtained from the generalized space-dependent Ritz eigenfunctions as,

x):ickrwk(x) , r=12,..m . (35)

Note that the accurate mode shape w,(x) reduced from the closed-form boundary value
technique can be found in Appendix E and the generalized Ritz coefficient c,, is the eigenvector

m
matrix. To obtain the coefficients, Eq. (28) was initially formulated as w(x,t) = Z:crwr(x)e"“t S0
r=1
that Eq. (32) can be rearranged by only considering the characteristic mechanical equation
m
Z[qu —szq, r =0, g=12,..,m. The Ritz coefficients ¢, for the mechanical transverse
r=1
bending form can be manipulated into matrix form corresponding with the eigenvalues for each
column of the matrix. Corresponding to Egs. (32), the orthonormalisations can now be further
proven by using Eq. (34) in terms of the orthogonality property of the mechanical dynamic
equations as,

.TZZ:IOHHH(XWq(X)Nr(X)dX +H2(X{|(t)ipV\7q(L2)/V (L2)+X It'pW ( )dW (LZ)

- dx
n=1
dW, (L) - dW, (L) dw, (L,) 0 if rzq
ptie 279\ e (L | e 2 2) =5 = 1
Trelon gy (L) d x d x = O 1ifr=q' (36.1)
L ~ .
\d2W, ( ) d2W, (x) , [0 if rzq
!nlcthn 2 LR NS B (36.2)

Two Rayleigh mechanical damping coefficients in Eqg. (33.3) can determined by applying
orthonormality. Detailed derivations are given in [53]. The mass proportional damping term due
to air friction can be estimated as,

L
Icv 1 W (X)W (x)d X + ¢, 15, (LW, (L) + %, 15™W, (L)dWr (L)

dx
e (U -
W (L), » dWg (L) dw, (L) 0 if r=q
tip Y¥Vq tip Y¥Vq L) _ _
X = W L) el = o {cv if r=q

The stiffness proportional damping term due to internal friction of damping stress of the smart
pipe structure can be estimated as,
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L 2\A7 ~ .
d“W,(x) g2 0 if r=
J‘Cd Cs q( ) d Wr (X)d X = Cd 5qra)r2 — - q . (38)
. dx? d x? cqo,” if r=q
Therefore, Rayleigh mechanical damping coefficients can simply be reduced to give,
Cyr = C g +C4 Iq @, = 204, L, 00, . (39)

where d,, is the Kronecker delta. Note that the functions W, (x) and W, (x) are the normalised

mode shapes. Applying the orthonormalisation from Egs. (36.1)-(36.2) and (37)-(38) into Eq. (32)
gives the fluid-smart pipe system equations in terms of the index notation as,

(5qr+qur "r(t)*'(zaqrérwr""éfr . ()"'(5 rOr +K ()
—7Cqy Pq P w ( )+P 7q3( ) (Qq +Qq )‘Nbase . (40.1)

Ry s (t)+ Peqds(t) + 7P w, (t)=0 . (40.2)

The two dependent electromechanical equations, Egs. (40.1)-(40.2), show the coupled field system
of fluid-smart structure interaction with a standard harvesting circuit. At this case, since those
equations have been normalised, the fluid parameters can be reduced to give,

IZM H o OO, (XMW, (x)d X, IZM U?H, x)/vq()OI W() X, (41.1)

o0 n=1 o n=1
( )4

szm UH , (xW, (x ) dx . (41.2)
o n=1
Note that the other parameters can be seen in Eq. (33). The characteristic electromechanical

dynamic equation with the n-th degree-of-freedom can be formulated using the index notation as,

[25qr{,w,+ Cor ]jw—[é +Mqr]a}2 +[5qrwr + Kf =Gy P, P } Py
det (nxn)  (nxn) (nxn) (nxn) (nxn) (n xn) (n x1)Lxn) (n x1) =0 . (42)

h JaoRy + Py

@ xn) @x1) (@x1)
Note that once each parameter was identified using the properties of the eigenfunction, the
complex driving frequency w can be calculated using the incremental values of flow velocity U.
The Routh-Hurwitz stability criterion can be used to determine the complex polynomial roots of w
and these can be displayed in the Argand diagram.

Laplace transformations are used to give the transfer functions of the multi-mode
electromechanical equations. After simplification, the electric charge FRFs can be formulated in
terms of the index notation as,

y R Q +Q
0s(joo) { (tx n) (”X”'[nfl) (njl)J:l

= (43)

2 jwt 3
— " W ,n€
pase Py +jo Ry =7* B & P,
@x1)  @x1)  (@xn) bx ”)(nxl)

where:

-1
@:[(sqr o+ K& —9Cy P, P )_wZ[( g + |\7|ng+ jw[Zéq, G o+ Co )ﬂ . (44)

(nxn) (nxn) (nx 1)@= n nxn) (nxn (nx n) (nxn

n represents the number of degrees of freedom in Eq. (43), related to a number of normalised
mode shapes. Other multimode FRFs relations can also be formulated. Here, the multi-mode
electric current FRFs can be formulated as,

ig(jo)  _. galio) (45)

n = Jw "
2 jot J 2 jot
— 0 Wyaee® — 0 Wyase®
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The voltage FRFs across the resistor or capacitor of the harvesting circuit can be formulated as,

V(i jo . jo
M) 5, Glie) (46)
— 0" Wpase€ — 0" Wiage€
The power FRFs across the resistor and capacitor can also be formulated respectively as,
: Y
I:Res(Jw-) 5 :_wZRd (2:13(10)) — (471)
t ot
(_a) Wbaseejw ) (_a) WbaseeJ )
P.. (jo iw)?
cap(J ) -wst sz %(Jw) _ (47.2)

S v Y
2 jot 2 jot
(_a) Whase € ) (_w Whase© )

As an example, the optimal load resistance is formulated using Eq. (47.1) as,

J

RO — _Z(PC“ ~y’RoP, 1 . (48)

Note that the parameter @ is seen in Eq. (44). The optimal power output can be formulated by
substituting back Eqg. (48) into Eq. (47.1) in terms of Eq. (43).

3.2. Electrical signal waveform with Standard Harvesting AC-DC Interface Circuit

This section discusses the conversion of AC electrical signal output from the piezoelectric
component via the electrode segments into a DC electrical signal output from the full-bridge
rectifier. The DC output can be further smoothed using an RC circuit. In Fig. 3, the signal
waveforms show different forms from the system parts such as the AC voltage of the piezoelectric,
DC signal voltages via rectifier and capacitor, and DC currents via a capacitor and load resistance.

Vac .-
t
&S hrough
i f PN " Vpc through Capacitor
Charging Discharging ™. % oc
el 9ING e Vpc through Rectifier
ti t; t+T/2
I Ipc through t
DC Capacitor [\
Inc through t
IDC Load Resistance
t

Fig.3 Time waveforms of the standard harvesting circuit

a. Current flowing with interval t; < t < t; indicating the charging time over every half-cycle
of the frequency.

The system equations with harvesting DC rectifier and smoothing RC circuit can be reformulated
with slight modification in Egs. (40.1)-(40.2). The following equations of the coupled system
response during the period of charging can be formulated as,

B + M & N () + (20 ¢ + G Y 0) + 0, + KE o 0+ P00 0) = —(QF +QD Piase (), (49.1)

Vg + Rau(t)+ P w,(t)=0, (49.2)
where R, = (C,; +C,,)/C,,C,, . Note that the first and second terms in Eq. (49.2) were introduced

by replacing the first and second terms from Eq. (40.2). They can be obtained by removing Egs.
(21)-(22) and introducing the new electrical work done dWFr = v (t)dg,(t) in the Hamiltonian

functional energy. Differentiating Eq. (49.2) with respect to time gives,
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Vg + R0y (t)+ P W, (t)=0. (50)
The harvesting DC circuit equation can be formulated as,
. Y
A1 (t)—CaVy —R—d =0. (51)
d
After substituting parameter g, (t)from Eq. (49.2) into Eq. (49.2) and parameter ¢, (t) from Eq.

(51) into Eq. (50), the state space representation of the multi-mode response system can be
formulated to give,

W, (t) &y a8y A3 ||W, (t) by

at W, (t) =lay ap Ay (W (t) +1by ¢, (52)
Vg A3 8p Axn || Vg b,
Qf + Qi) byol+KE) AP (20,0, +CL)
b, =- ~ Ay =- ~1 T ) 8 = ~ , (63.2)
aqf +qu (5CIF +qu) I:)V (5(“ +Mqr) qu +Mqr
Ay = Fo ag, = P Ay = L (53.3)
23 — ~ ) 32— y B= "7 _ N .
R g +M ) (RCy+1) [R c +RdJ
a L
R

b. Current flowing with interval t ;< t <t; + T/2 indicating the discharging times every half-
cycle of the frequency.

The harvesting circuit during the period of discharging can be formulated as,

Cyvg + 4 —0. (54)
Ry
The solution of Eq. (54) can be formulated as,
—(t—t
Vg (t) = vy (’[f )exp( ((: - f )J : (55)
d'Md

Thus, the current and voltage waveform signals during the charging and discharging periods can
be predicted using Egs. (52) and (55).

4 Results and discussion

This section discusses the effect of the fluid flow inside the smart pipe with an offset proof mass.
The investigation of dynamic stability or instability using the first four coupled modes highlights
the physical phenomena of the smart pipe conveying fluid. The dynamic evolution of the smart
pipe system over one period for particular frequencies will also be discussed. This section also
includes a discussion of the power harvesting frequency and time signal waveform responses. For
the material properties, the smart pipe system is composed of the substructure and piezoelectric
layers as shown in Table 1. The piezoelectric material used here was PZT PSI-5A4E. The
geometry parameters of length (L), inner and outer radii (r1 and r) of the substructure (elastomer)
and inner and outer radii (r and r3) of the piezoelectric were set to 150 mm, 6 mm and 7.6 mm,
and 7.6 mm and 7.7 mm, respectively. Note that the outer radius of the substructure layer is the
same value as the inner radius of the piezoelectric layer. The dimensions of the tip mass offset
such as length I, inner and outer radii (ru and ri) were set to 8 mm and 10 mm and 7.6 mm,
respectively. The mass of fluid per unit lengthm fwas set to 0.11 kg/m. The angles of
circumference electrode segments were variable for the upper and lower regions of the smart pipe.
The input base acceleration was chosen to be 3 m/s% Also, the discontinuous piezoelectric
segments were also variable. The effect of the variable geometry will be shown later. Again, all
dimension parameters are shown in Fig. 1.
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Table 1. Material properties

Material properties Piezoelectric Elastomer Fluid
Young’s modulus, C;; (GPa) 66 0.025 -
Density, p (kg/m?) 7800 1200 1000
Piezoelectric constant, ds;

’ -190 - -
(pm/V)
Permittivity, £g3 (F/m) 1800 &, - -
permittivity of free space,
£ (pF/m) 8.854 -

10? Optimal Power with Optmal R 10° —Optimal Power with Optimal R,__,
< Powerwith R =20k PowerwthR_, =977 0
N‘DE ,:: Power with R_»;:l?‘?l‘!
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7"1 =O,15m&L2=0m

Optimal Power Output (W.’(mlsz)z)
o

10"57
0 1 2 3
10 10 Frequency (Hz) 10 10

Fig. 4. Optimal power harvesting FRFs under optimal load resistance without fluid effect using
electrode segment (B1-01=144° & P2-02=144°) and variable length piezoelectric segment.

4

2 ‘><10
o 10 E 15
“ 10
E 10
E_ 10'6§
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T 4910k 3, -0, =108"& 5,-a, = 108°
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Frequency (Hz)

Fig. 5. Optimal power harvesting FRFs under optimal load resistance without fluid effect using
a partial piezoelectric segment (L1=0.06 m & L»=0.09 m) and variable electrode angle.

In Fig. 4, the trend of the first two modes of the optimal power harvesting frequency responses
under optimal load resistance without fluid effect shows the essential aspect for identifying the
potential use of different piezoelectric segments. For this case, the optimal load resistance as
shown in Eq. (48) was used by removing fluid parts. The two examples of the optimal responses
can be seen in the use of the partial piezoelectric segments (L;=0.09m & L,=0.06m) and
(L1=0.15m & L,=0m). Rayleigh damping coefficients of 0.5 rad/s (c,) and 2e-5 s/rad (cq) were
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chosen for this study. It is found that a significant shift of the resonances from the short to open
circuit conditions predominantly occurs for the distributed piezoelectric structure or segment
(L1=0.15m & L»=0 m). The contribution of the piezoelectric length (L1=0.15m & L,=0 m) clearly
affects wider optimal responses compared with the other segments. The power responses with two
different load resistances overlap with the optimal power response representing strong
electromechanical coupling. However, the segment (L1=0.15m & L,=0m) for fluid flow does not
show an effective option due to very high critical flow velocity as shown next. More detailed
discussion of the optimal responses using different geometry and material properties that
particularly affect the weak and strong electromechanical coupling can be found in [53].
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Fig. 6. Argand diagram under variable fluid flow with R¢=100 kQ and Cq = 0.1 pF using electrode segment
(B1-01=144° and B2-a2=144°) and partially piezoelectric segment: (a) L1=0.03m & L»=0.12 m, (b) L1=0.06m
& L=0.09 m, (c) L1=0.09m & L2=0.06 m, (d) L1=0.12m & L>=0.03 m, (e) L1=0.15m & L,=0 m.

For many previous power harvesting research publications, the frequency response system under
short and open circuit conditions shows similar behaviour. The difference between the present
study and previous works is the different physical geometry of the structure. Most previous works
have used a piezoelectric unimorph or bimorph beam. Thus, the aim of presenting Fig. 4 is to
ensure the present study has similar trends to the established previous studies. Note that the power
responses shown in Fig. 4 used the angle of the electrode circumference segment (B1-a1=144° &
B2-02=144°) representing the optimal amplitude. This can be proved in Fig. 5 where the particular
piezoelectric segment (L;=0.06m & L,=0.09m) with variable electrode circumference segment was
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chosen as an example. Also note that the electrode segments chosen here have symmetrical
geometry between the lower and upper portions of the cross-sectional pipe as shown in Fig. 1b.
For example, the electrode segment at upper portion with a;=18° and p;=162° gives a difference of
144°, For lower portion, the electrode segments with 01=198° and ,=342° also gives a difference
of 144°. The complete electrode angles for upper portion are set as a;=0°, 18°, 36°, 54°, and 72°
corresponding to B1=180°, 162°, 144°, 126°, and 108°. The complete electrode angles for the lower
portion are set to a,=180°, 198°, 216°, 234°, and 252° corresponding to 3,=360°, 342°, 324°, 306°,
and 288°. It is noted here that the chosen particular piezoelectric and electrode segments of the
smart pipe structure are obviously related to the analysis of the system with the fluid flow effect.

For observing the effect of the smart pipe conveying fluid, the Argand diagram is an essential tool
to identify whether the predicted system is unstable. In Fig. 6, the locus points in the Argand
diagram for five different piezoelectric segments for the first four coupled modes show different
characteristic responses with increasing flow velocities. The electrode segment (B1-01=144° & B»-
02=144°) was utilized as it gave the optimal response. Note that the term, “coupled mode” means
the system with different frequencies having the combined physical aspects of fluid, solid, and
electromechanical systems. For example, it is clearly seen in Fig. 6a that the smart pipe conveying
fluid at the first coupled mode observes divergent instability after reaching the critical flow
velocity of 4.275 m/s. However, this situation does not occur any longer where the system
becomes stable. The instability at the second mode occurs by flutter beyond the critical flow
velocity of 2.95 m/s. At the third coupled mode, the system dynamics initially gains stability, but
loses it by flutter after reaching the critical flow velocity of 10.35 m/s. On the smart pipe system, it
appears that the second mode reached the flutter first where it predominantly affects the whole
frequency domain and also depends on the imaginary value that moves faster and higher than other
modes. Further proof can be discussed next using the absolute velocity-time waveform signals.
Moreover, the fourth coupled modes tend to give stability during operation of the system response
to flow velocity. The segments (L;=0.06m & L,=0.09m) and (L1=0.09m & L,=0.06m) shown in
Figs. (6b) and (6¢) demonstrate the potential and effective options for the pipe conveying fluid for
power harvesting applications. The reason is that the smart pipe requires reasonable lower onset of
flutter instability and lower critical velocity value (Hopf bifurcation). The smart pipe having
divergent instability may not be a good choice since its natural dynamic behaviour shows static
instability that means the pipe velocity grows continuously without oscillation. For power
harvesting, oscillation is one of the important aspects to continuously generate electrical energy.

Again further proof of the dynamic instability behaviour of the system can be seen in Fig. 7. Here,
the case study of the three different piezoelectric segments is given as example. The absolute
velocities at the tip end of elastic pipe using particular fluid flow velocities show the evolution of
time waveform responses. Starting with the occurrence of the beating response, Fig. 7a shows the
resonance frequency of the smart pipe having similar response to that of the fluid system because
the beating phenomenon occurs when the system approaches the critical flow velocity. A slightly
higher critical velocity can give an initial flutter response as shown in Fig. 7b. The divergent
instability as shown in Fig. 7c occurs. However, the use of the piezoelectric segment (L1=0.03m &
L,=0.12m) can give the mixed flutter-divergent instability as shown in Fig. 7c. But, the trend
shows predominantly divergence over the time domain where the response with a very high
amplitude grows without oscillation and bound. This situation can also be proved from Fig. 6a
where particular imaginary value of divergent instability response (slightly beyond its critical flow
velocity) at the first mode approaches to overlap with the imaginary value of the flutter instability
response. Note that the absolute velocity means the total velocity from the relative motion of the
elastic pipe and base excitation. With increasing fluid velocities, the absolute velocity of the elastic
pipe becomes flutter (response grows continuously with oscillation and without bound) as shown
in Fig. 7d.

Fig. 8a shows a stable response below the critical flow velocity. However, it becomes a beating
response on reaching the critical flow velocity. However, the system responses appear to change to
the flutter instability, as shown in the series of events in Figs. 8c-d. In Fig. 9a with the partially
piezoelectric segment (L;=0.09m & L,=0.06m), the stable response occurs at below the critical
flow velocity. Again the beating response occurs at the critical flow velocity as shown in Fig. 9b.
Then, as seen in Fig. 9c, with just a slightly higher flow velocity than its critical value, the
dynamic instability occurs by a flutter response (oscillation without bound). There is still the
mixed beating response during the formation of the flutter instability. It should be remarked here
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that if the flow velocity increases further, as shown in Fig. 9d, the fully flutter response of elastic
smart pipe will also continue to increase.
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with 35.50 Hz, (d) U=7.48 m/s with 34.60 Hz.
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Fig.10. Dynamic evolution of the smart pipe structure over one period of the absolute velocity-time waveform
signals using piezoelectric segment (L1=0.06 m & L2=0.09 m) and electrode segment (B1-01=144° & f2-
02=144°) with R¢=100 kQ, Ca = 0.1 pF, and U=5 m/s: (a) first coupled mode and (b) second coupled mode.
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In Fig. 10, the physical motions of the elastic smart pipe using partially piezoelectric segment
(L1=0.06m & L,=0.09m) show the dynamic evolution over one period of the absolute velocity-
time waveform. The first two coupled modes of the particular resonance frequencies are shown as
an example. Unlike the previous published works related to the fluid structure interaction, this
paper shows the elastic pipe under base excitation where the absolute velocity phenomenon was
chosen for the analysis. This can be proved that the base support of the elastic pipe does not
completely give the fixed value of zero absolute velocity. For example, at some point for the first
coupled mode, when the base support initially approaches positive maximum velocity, the tip end
of the elastic pipe reaches minimum level of negative velocity. This occurs over half-period of the
absolute velocity-time waveform. However, when the base support moves down at the negative
velocity value, the tip end of the elastic pipe moves up at the positive velocity value. This situation
occurs repetitively when the base support moves up and down at instant times. It is important to
note here that the segment of L1=0.06 m shows the lowest velocity due to the stiffness contribution
of piezoelectric and elastomer. Although, the piezoelectric thickness is quite thin, its modulus of
elasticity is very high compared with the elastomer. Moreover, the second coupled mode shows
different dynamic evolution over one period of the absolute velocity-time waveform.
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With the constant base excitation and variable flow velocity, the variable optimal power output
can be visualised in Fig. 11 in order to identify the effect of the flow velocity on the pipe system.
As shown, with increasing flow velocity, the optimal power output also increases until reaching its
critical value. Then, the power gradually decreases as flow velocity increases further. Note that the
system response as shown here only investigates the onset of instability. Nevertheless, the study
can be utilised as an essential identification for dynamic instability. In future work, the nonlinear
coupled system due to the flutter instability with a Hopf bifurcation will be considered. There is
also some coupling between the frequency response and velocity signal behaviour due to flow
velocity. As shown, a stable response below the critical flow velocity occurs where the velocity
signal reaches a steady state. However, the beating signal will occur after reaching the critical flow
velocity region. After the critical value, the flutter instability response occurs with increasing fluid
velocities where the signal grows continuously with oscillation and without bound.
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Fig.11. Optimal power harvesting FRFs under variable flow velocity using piezoelectric segment
(L1=0.06 m & L2=0.09 m) and electrode segment (P1-01=144° & B2-02=144°)

The optimal power harvesting frequency response for the elastic pipe with the effects of the fluid
and base excitation can be seen in Fig. 12. Note that the optimal power output can be obtained
using the optimal load resistance as shown in Eq. (48). It obviously shows the trend of the first
coupled mode response with variable flow velocity where it has relationship with the previous
result. The stable response occurs at the variable resonance frequency. However, in the second
coupled mode, the optimal power shows the unstable response by flutter. With increasing flow
velocity, the maximum power of 0.08 W/(m.s)? can be achieved at critical flow velocity. Note
that the optimal power at very high amplitude can still be achieved before reaching critical flow
velocity. It only requires the lower flow velocity to reach its critical value. Also note that the
resonance frequency will be different if the flow velocity changes. In such situation, this series of
events shows of how the fluid flow amplifies the elastic pipe.
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Fig.12. Optimal power harvesting FRFs at first and second coupled modes under variable flow
velocity using piezoelectric segment (L1=0.06 m & L2=0.09 m) and electrode segment (B1-01=144° &
B2-02=144°)
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As shown in Fig. 13, the examples of the DC voltage signal time waveforms show different trends
for different flow velocities. In Fig. 13a, the DC voltage signals of the rectifier and capacitor
become constant after reaching 4 seconds because the chosen flow velocity is slightly below its
critical value. However, the beat signal occurs when the flow velocity was similar with its critical
value as shown in Fig. 13b. Fig. 8b also shows this behaviour based on the absolute velocity
signal. Again, the beating phenomenon may not be effective for harvesting applications. The
beating response may occur when the resonance of the smart structure is similar with fluid system.
In Fig. 14, the power outputs also show similar behaviour. Note that the voltage and power signal
amplitudes with flow velocity being a slight away from its critical value can give potential benefit
for this case. However, if the chosen flow velocity is quite far away from its critical velocity, the
DC signal response with variable resonance frequency excitation will tend to form fully flutter.

5 Conclusion

This paper has presented the unified analytical approach of flow-induced vibrational smart pipe
structure with tip mass offset under input base excitation. The extended charge-type-Hamiltonian
mechanics has been used to develop the Ritz method-based weak form analytical approach. The
electrode circumference segment system and partial piezoelectric segment of the elastic pipe were
considered in the theoretical modelling. The reduced orthonormalised dynamic equations have
shown the coupled field constitutive formulations representing the mechanical system (fluid and
solid), electromechanical system (piezoelectricity), and electrical system (circuit interface). The
equations can formulate the electromechanical multi-mode frequency and time signal waveform
response equations. The proposed techniques can be used to analyse the onset of the flutter
instability due to the coupled system responses of the fluid, solid, circuit, and electromechanical
systems. There are six findings that can be highlighted:

1. The initial investigation without fluid effect was presented in order to observe the common
trend of power harvesting frequency response using optimal load resistance. This showed
similar trends to the previous published works. Also, it also showed more complete studies
using partial piezoelectric segments and circumference electrode segments, and there are no
previous works showing these cases.
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2. With the effect of fluid flow, the first four coupled modes have been used to analyse the
dynamic instability using the root locus responses obtained from the characteristic coupled
field equations and the result of which have been displayed into the Argand diagram. It
obviously becomes the essence of observing dynamic instability for each mode. We observed
that the partially piezoelectric segments (L;=0.06m & L,=0.09 m) and (L;=0.09m & L,=0.06
m) with the electrode segment (B1-01=144° & B,-0,=144°) showed the optimal response with
the potential and effective options for the pipe conveying fluid for power harvesting
applications. However, partially piezoelectric segments (L1=0.06m & L,=0.09m) was chosen
for further analysis. Note that the circumference electrode segment was used due to avoiding
the electric charge cancellation.

3. Each parametric case studies showed their relations to each other giving the validated proofs
from the findings. For example, the results from the Argand diagram can be confirmed using
the evolution of the absolute velocity-time waveform signals and the 3-D power harvesting
frequency response with variable flow velocity.

4. Beating signal phenomena occurs at the critical flow velocity giving the maximum power
output amplitude from the 3-D power harvesting frequency response. Beating signal responses
were identified due to the resonance of the elastic pipe having a similar value with the fluid
system. However, the beating signal may not be any benefit for DC power output-time
waveform signals. Operating slightly away from the critical flow velocity can be an effective
option for all scenarios of the studies.

5. The dynamic evolution for the first two coupled modes was also presented in order to show the
behaviour of the physical motions of the smart pipe system (from the base support to the tip
end).

6. The potential and effective options for the smart pipe conveying fluid for power harvesting
applications depend on the optimal responses, lower onset of flutter instability, and lower
critical velocity value and beyond (Hopf bifurcation). A smart pipe having a divergent
instability may not be good choice since its natural dynamic behaviour shows static instability
that gives a pipe velocity growing continuously without oscillation.

Appendix A. Modified Elastic Constant and Piezoelectric Constant
The modified elastic constant and piezoelectric constant for piezoelectric layer can be formulated,
respectively as,

_ -1
o2~ o2+ o2Felz ) = oel). (A

The permittivity at constant strain (superscript S) represents (2% =27 —d2c2F) where
gggﬂ is the permittivity at constant stress (superscript T).

Appendix B. Stiffness Coefficients for the Smart Pipe Structure
The total transverse stiffness coefficient for the first and second segments can be formulated as,

comalhsb ot b o2l kY . @y

Appendix C. Mass Moment of Inertias for the Smart Pipe Structure and Proof Mass Offset

The zeroth mass moment of inertias for the first and second segments of smart structure can be
formulated as,

log :”((rz2 - rlz)P(l) + (r32 - rzz)P(z)) v = 7[,0(1) (rzz - r12) : (C.1)
The zeroth mass moment of inertia of the proof mass offset can be formulated as,
1=zl ((rt2 —rsz)pt +(r22 - rlz)p(l) +(r32 —rzz)p(z)). (C.2)

The second mass moment of inertia of the proof mass offset at the point d in Fig. 2 can be
formulated as,

|Sp :%((B(rt4 - r34 )-I-Itz(rrz —I'32 ))pt +(3(l’24 - r14 )+|t2(r22 - r12 ))p(l) +(3(I'34 - r24)+|12(r32 _rzz))p(Z))

" ”:‘:3 ((rt2 -1 )Pt + (r22 -1? )P(l) + (r32 -1’ )p(Z))' €3
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Note that, Egs. (C.2)-(C.3) show mass moment of inertias for the whole proof mass because the
attached proof mass offset is a rigid body that perfectly bonded with the portion of the smart pipe
structure.

Appendix D. Modified Transverse Piezoelectric Coupling Coefficient and Modified
Piezoelectric Internal Capacitance

Modified transverse piezoelectric couplings for the first and second electrode segments in the
harvesting piezoelectric layer can be formulated, respectively as,
1 3 3
ggll)(@3 - r23X— cos 3, +cos ay ) P 9&1)("3 - X‘ C0s B, +C0S at, ) (D.1)
y Ho = . .
3;L,(8 — ) 3I‘3L1(,B2 _0‘2)

Note that the negative sign on the second part of Eq. (D1) is due to the opposite polarisation
direction of the lower part of cross-sectional pipe. The modified internal capacitances can be
stated, respectively as,

2e3315° L, (B — ) . Cy, = 263515° Ly (S, ~ ) , (D.2)
(* —r.) (raz - rzz)

Also note that the two segmented electrodes located at the particular regions of the piezoelectric
pipe give different internal capacitances which depend on the angle (in radian) of those regions in
the polar coordinate system.

Cy =

Appendix E. Mode Shapes of Partially Cantilevered Pipe Structure with Proof Mass Offset

The two mechanical dynamic equations for partially pipe structures can be formulated as,

) o2 [ 0w (xt) y 0% [ 82w, (x.t)
LWy (Xt)+Cy —| —=—=1=0, lgpW,(xt)+C, —| —=—2|=0 . (E.1)
01 1( ) t1 axg( 5X2 02 2( ) t2 5X2 aXZ
The static boundary conditions are given as,
w,(0.t)=0 | %:o. (E2)

The transition boundary conditions are shown as,
owy(Ly.t) _ owy(0.1)

wy (Lyg,t)=w,(0,t), = , E.3
()=o), Hat) e €3
o [ 02wy (Lt o [ d%w,(0,t d%wy (L t d%w, (0t
Ctl_ 1(21 ) :Ct2_ 22 ) , Ctl 1(21 ):CtZ 25 ) (E4)
OX oX OX oX oX OX
The dynamic boundary conditions can be formulated as,
i Wy (Lyt) o 0 [ 02w, (Lyt
ot e o 1,0, &[—gx(z 2 )] 0. €5)
] . ) 2
5P —‘Mzéiz't) + %1 gPW, (Ly,t) + Cyp 0¥ {Lot) V‘;ZX(ZLZ Y. 0. (E.6)

The method of separation of variables w(x,t)=W,(x)y(t) was used where the general solutions of
mode shapes for each segment as shown in Fig. 1 can be formulated as,
W, (x) {Wkl(x) = A, €0 ux + B, sin ux+C, cosh ux+ Dy sinh ux ,0< x< Ly
W,,(X) = A, cos fx + B, sin fx+C, cosh fix+ D, sinh fix , 0 < x < L,
Using Eq. (E7) into Egs. (E2)-(E7), the characteristic equations in the matrix form can be solved

(E.7)

giving the frequency equations g and g = %/y“ | 02Ctl/(l 01C1 ) including the unknown constants.

Eq. (E7) with the eight constants must be algebraically simplified to give only one similar constant
for both mode shapes. Once the modified Eq. (E7) was obtained, the equal constant was presumed
to be one because the orthonormalisation-based Ritz method and its Ritz constants were utilised,
such that the Ritz eigenfunction showed the accurate mode shapes.
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