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Abstract-This paper proposes an optimal cosine modulated 
nonuniform linear phase finite impulse response (FIR) filter 
bank design. The frequency responses of all the analysis 
filters and the synthesis filters of the filter bank are derived 
based on both stretching and shifting the frequency 
response of the prototype filter. The total aliasing error of 

the filter bank is minimized subject to a specification on the 
maximum amplitude distortion of the filter bank as well as 
specifications on both the maximum passband ripple 

magnitude and the maximum stopband ripple magnitude of 

the prototype filter. This filter bank design problem is 
actually a functional inequality constrained optimization 

problem. Our recently developed integration approach is 
employed for solving the problem. Computer numerical 
simulation results show that our proposed design method 
outperforms existing design methods. 

I. INTRODUCTION 

Filter banks decompose input signals into component 
signals in different frequency bands. Operations are then 
applied to these component signals. As the operations 
could be tailor made according to the frequency 
characteristics of the component signals, performances of 
the filter banks are usually very good. Nonuniform filter 
banks are the filter banks with different decimation factors 
in different subband channels. This allows the 
decomposition of input signals into component signals 
with the component signals having different bandwidths. 
Hence, nonuniform filter banks enjoy better frequency 
decomposition compared to uniform filter banks. Finite 
impulse response (FIR) filter banks are the filter banks 
with all the analysis filters and the synthesis filters being 
FIR. As the stability of FIR filters is guaranteed, the 
stability of the FIR filter banks is also guaranteed. Linear 
phase filter banks are the filter banks with all the analysis 
filters and the synthesis filters being linear phase. Since all 
the analysis filters and the synthesis filters are linear 
phase, the phase distortion of the filter banks can be 
avoided. Cosine modulated filter banks are the filter banks 
that all the analysis filters and the synthesis filters are the 
cosine modulations of a single prototype filter. As only a 
single prototype filter is required to be designed, the 
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computational effort for designing the cosine modulated 
filter banks is usually very low. As a result, cosine 
modulated nonuniform linear phase FIR filter banks fmd 
many applications in various engineering disciplines [1]
[5]. 

To design cosine modulated nonuniform FIR filter 
banks, a single FIR prototype filter is first designed. Then 
a cosine modulated uniform FIR filter bank is constructed 
with all the analysis filters and the synthesis filters are the 
cosine modulations of the FIR prototype filter. Finally, 
several subband channels of the cosine modulated uniform 
FIR filter bank are merged together to obtain a cosine 
modulated nonuniform FIR filter bank [6]-[9]. Similar 
techniques have been proposed by using more than one 
single FIR prototype filters [10]. 

However, even though the FIR prototype filter is linear 
phase as well as all the analysis filters and the synthesis 
filters of the cosine modulated uniform FIR filter bank are 
linear phase [13], it is not guaranteed that all the analysis 
filters and the synthesis filters of the cosine modulated 
nonuniform FIR filter bank are linear phase if the cosine 
modulated nonuniform FIR filter bank is obtained by 
merging several subband channels of the cosine 
modulated uniform FIR filter bank together. This is 
because the filter merged by a symmetric filter and an 
anti-symmetric filter is not linear phase. Moreover, the 
amplitude distortion of the cosine modulated nonuniform 
filter bank as well as both the maximum passband ripple 
magnitude and the maximum stopband ripple magnitude 
of the analysis filters and the synthesis filters of the cosine 
modulated nonuniform filter bank are very large 
particularly at the transition bands of the analysis filters 
and the synthesis filters of the cosine modulated uniform 
filter bank. Hence, the specification on the maximum 
amplitude distortion of the cosine modulated nonuniform 
filter bank as well as the specifications on both the 
maximum passband ripple magnitude and the maximum 
stopband ripple magnitude of the analysis filters and the 
synthesis filters of the cosine modulated nonuniform filter 
bank are usually not satisfied. Furthermore, as the lengths 
of all the analysis filters and the synthesis filters of the 
cosine modulated uniform filter bank are the same, the 
lengths of all the analysis filters and the synthesis filters of 
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the cosine modulated nonuniform filter bank are the same 
too. However, a filter with a wider bandwidth should be 
designed with a shorter length and vice versa. Hence, 
these design methods are not effective. 

In this paper, a new direct optimal cosine modulated 
nonuniform linear phase FIR filter bank design is 
proposed based on both stretching and shifting the 
frequency response of a single linear phase FIR prototype 
filter. As stretching the frequency response of the 
prototype filter is equivalent to sampling the impulse 
response of the prototype filter if the prototype filter is 
band limited, the lengths of the analysis filters and the 
synthesis filters of the filter bank are no longer the same 
and the lengths are inversely proportional to the 
bandwidths of the filters. Hence, the proposed stretching 
technique could effectively design the analysis filters and 
the synthesis filters of the filter bank. Also, as all the 
analysis filters and the synthesis filters of the filter bank 
are derived from both stretching and shifting the 
frequency response of the prototype filter, both the 
maximum passband ripple magnitude and the maximum 
stopband ripple magnitude of all analysis filters and the 
synthesis filters of the filter bank are only dependent on 
the prototype filter and the corresponding decimation 
factors. Hence, by imposing the corresponding constraints 
on the prototype filter, the specifications on both the 
maximum passband ripple magnitude and the maximum 
stopband ripple magnitude of all the analysis filters and 
the synthesis filters of the filter bank are guaranteed to be 
satisfied. 

Since aliasing of the cosine modulated nonuniform 
linear phase FIR filter banks could not be canceled if the 
set of the decimation factors forms an incompatible set 
[11], the maximum aliasing distortion of the filter banks 
could be very large. Hence, this paper minimizes the total 
aliasing error of the filter banks instead of controls the 
maximum aliasing distortion of the filter banks. In 
general, the maximum amplitude distortion of filter banks 
should be kept at a low value. Hence, a constraint is 
imposed on the maximum amplitude distortion of the filter 
banks. Also, as filter banks decompose input signals into 
component signals in different frequency bands, all the 
analysis filters and the synthesis filters of the filter banks 
should have good frequency selectivities. As discussed 
before, both the maximum passband ripple magnitude and 
the maximum stopband ripple magnitude of the analysis 
filters and the synthesis filters of the filter banks are 
dependent only on the prototype filter and the 
corresponding decimation factors, so constraints are 
imposed on both the maximum passband ripple magnitude 
and the maximum stopband ripple magnitude of the 
prototype filter. These constraints are defmed in the 
frequency domain. However, as the frequency domain is a 
continuous set and a continuous set consists of an infmite 
number of elements, the optimization problem consists of 
an infmite number of constraints. Actually, this cosine 
modulated nonuniform linear phase FIR filter bank design 
problem is a functional inequality constrained 
optimization problem. In general, it is difficult to 
guarantee that these infmite numbers of constraints would 
be satisfied. Our recently developed integration approach 
[12] could be employed for solving the problem. 

The rest part of this paper is organized as follows. In 
Section II, the cosine modulated nonuniform linear phase 
FIR filter bank design problem is formulated as a 

functional inequality constrained optimization problem 
and our recently developed integration approach [12] is 
employed for solving the problem. In Section III, a design 
example of the filter banks is illustrated. Finally, a 
conclusion is drawn in Section IV. 

II. PROBLEM FORMULATION 

Consider an N -channel nonuniform filter bank. Denote 
the impulse responses of the analysis filters and the 
synthesis filters of the nonuniform filter bank as h; [n] and 

J; [n] for i = 0,1,. ··, N - I  , respectively, frequency 

responses of the analysis filters and the synthesis filters of 
the nonuniform filter bank as H; (OJ) and 1'; (OJ) for 

i = 0,1,. ··, N -1 , respectively, and the decimators and the 

upsamplers as .J.. ni and t n; for i = 0,1,···, N - I  , 

respectively. Here, we assume that the sampling factors 
are positive integers and the nonuniform filter bank is 
maximally decimated, that is n; E z+ for i = 0, 1,···, N -1 
and � � = I. The block diagram of the nonuniform filter 

;=0 n; 
bank is shown in Figure 1. 

x[n] y[n] 

Figure 1. Cosine modulated nonuniform linear phase FIR filter bank. 

Denote the impulse response and the frequency 
response of the linear phase FIR prototype filter as h'[n] 
and H'(OJ), respectively. It is assumed that the prototype 

filter is a lowpass filter with the cutoff frequency 1T , 
rc 

where rc is the least common multiple of the set of the 

scaled sampling factors defined as 
rc= LCM(no,2nl,···,2nN_2,nN_J . Since n;EZ+ for 

i = 0, 1,···, N - I , rc E z+ . As the prototype filter is a 

lowpass linear phase FIR filter, it is assumed that the 
prototype filter is symmetric. Let the filter length of the 
linear phase FIR prototype filter be 2 L + 1 , where L is an 

integer multiple of rc . Denote the transposition operator as 

the superscript T, the filter coefficients of the prototype 
filter as h� for k=0,I ,···,2 L , x= [�, ... , h�r and 

�(OJ)=[2cos(LOJ), ... , 2 cos OJ, IJ. Then we have 

H'(OJ) = e-j@L (h� + 2 �h; cos ((L- k)OJ)) = e-j@L�T (OJ)x· 

Since rc = LCM (no,2�,. .. ,2nN_2,nN_l )' there exist a set 

of positive integers q; for i = 0, I , ... , N -1 such that 

q�no=rc' q�_lnN_l=rC and 2q;n;=rc for i=I , ···,N-2 . 
Define the sampled, delayed and scaled impulse responses 
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of h'[n] as h;b [n] == q;h'[q;n - L(q; -1)] , the discrete-time 

Fourier transfonn of h;b[n] as H;b(OJ) and 

�'(OJ)= [2COS(�OJJ 0 ... 0 ... 2cosOJ 0 ... 0 l]T �i , , , , " " , 

q, 
for i = 0, 1"", N -1 . As the time support of h;b [n] is 

[ L( 1- :J L( 1 + :J] for i = 0, 1"", N -1, we have 

H;b(OJ) = q;e-JaJL[h� + 2 �h;:k cos(( � - k)OJJ] = q;e-JaJLI;;T(OJ)x' 
k=O q, 

As 

� �H'(OJ-�1lk J=e-JOJ�[h� +2th�;k cos(( � - kJOJJ] ' q, k=O q, k=O q, 

we have 
. L 

H,b(OJ) = q'e-JOJL 
e'OJq; �H'(OJ-21lk J � e-JOJ+-�) H'(�J 

1 1 q; k=O q; q; 
for OJE[-IT,IT] and for i=0,1,. ··,N-1. That is, H;b(OJ) 
for i = 0, 1"", N -1 could be approximated by a linear 

phase modification and stretched version of H'(OJ) with 

the stretched factor q; if H'(OJ) is nearly band limited. As 

the cutoff frequency of H;b(OJ) for i=0,1,. ··,N-1 is 

located at q;IT and the bandwidth of H;b (OJ) is q; times 
rc 

that of H'(OJ) , H;b (OJ) can be interpreted as the 

corresponding baseband filter of the cosine modulated 
nonunifonn liner phase FIR filter bank. 

Let (A for i = 0, 1"", N -1 be some phase angles. 

Define _(1, 
K,= 2, 
1, 

H
,(OJ)== K, C;S{Pi (q;e-J(aJ-aJ,jLI;;(OJ _ OJ,)+ q;e-J(a>+a>,)LI;;(OJ + OJ,)) 

+ jKi �in {Pi (q;e-J(a>-a>,)LI;;(OJ _ OJ,)-q;e-J(a>+a>,)LI;;(OJ + OJ,)) 

and 

Fi(OJ) == niKi ;OS{Pi (q;e-J(a>-a>,jLI;;(OJ -OJ,) + q;e-J(a>+a>,)LI;;(OJ + OJi)) 

- jniK�Sin {P
i (q;e-J(a>-a>,)LI;;(OJ _ OJi) - q;e-J(a>+a>,jLI;;(OJ + OJi)) 

for i=0,1,. .. ,N-1. Then we have Hi(OJ)=H;(OJ)x and 

r;(OJ)=F,r(OJ}x for i=O,l, .. ·,N- I. Obviously, the centre 

frequencies of Hi(OJ) and r;(OJ) are located at OJi and -OJi 
for i = 0,1,,,, , N -1 , which are the desirable centre 

frequencies of the analysis filters and the synthesis filters 
of the cosine modulated nonunifonn linear phase FIR 
filter bank. 

Defme 

=� [H;(OJ- 2ITjJx, 0, ... , 0] ni ni 
for i = 0, 1,,,, , N -1 and for j = 0, 1,. .. , ni -1 , where there 

are rc -1 zeros in the vector v .(OJ). Denote I,J ni 
Ui(OJ) == [vi,o (OJ), ... , Vi,ni-I(OJ)f 

for i = 0, 1,,,, , N -1 and the aliasing matrix as V (OJ). Then 

we have V(OJ) = [uo(OJ1 uI(OJ1 ... , UN_I (OJ)]. Defme 

F(OJ)==[F�(OJ)x, Fr(OJ)x, ... , F�_I (OJ)xJ, 
the desirable delay and the desirable overall gain of the 
cosine modulated nonunifonn linear phase FIR filter bank 
as mo and c , respectively, where mo E Z+ and c E lW . 

Denote a(OJ) == [ ce-Ja>,"", 0, ... , OJ and 

K ( OJ) == [Ko (OJ), KI (OJ), ... , Kr,_JOJ) J == V(OJ)F(OJ)-a(OJ)' 
Then we have 

and 

for j = 1,2 ,. .. , rc -1 . Actually, IKo (OJ)I and LKo (OJ) 
correspond to the amplitude distortion and the phase 
distortion of the cosine modulated nonunifonn linear 
phase FIR filter bank, respectively, and KJ (OJ) for 

j = 1,2 "", rc -1 correspond to the aliasing distortion of 

the cosine modulated nonunifonn linear phase FIR filter 
bank. 

To minimize the total aliasing error of the cosine 
modulated nonunifonn linear phase FIR filter bank, 

r -I 
[tIKAOJ)�OJ is minimized. This is equivalent to 

J=I 

minimize r � � 1 T - ( 2IT j J - T ( ) r . To 1-, L. L. -x Hi OJ-- Fi OJ X OJ 
" J=I i=O ni rc 

jn, eZ+ r, 
guarantee the maximum amplitude distortion of the cosine 
modulated nonunifonn linear phase FIR filter bank to be 
under a certain level, a constraint is imposed on the 
maximum amplitude distortion of the filter bank. Denote 
OM as the acceptable maximum amplitude distortion of 

the cosine modulated nonunifonn linear phase FIR filter 
bank. Then we have the constraint IKo(OJ �.::; OM 
'It OJ E [ -IT, IT] This is equivalent to 

I

N-I 1 � � 

I �ni 
xTHi(OJ,,r(OJ}x-ce-JOJ/1/o '::;0M 'ltOJE[-IT,IT] To 

guarantee all the analysis filters and the synthesis filters of 
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the cosine modulated nonuniform linear phase FIR filter 
bank to have good frequency selectivities, constraints are 
imposed on the maximum passband ripple magnitude and 
the maximum stopband ripple magnitude of the prototype 
filter. Denote B and B as the passband and the stopband p , 
of the prototype filter, respectively, 0 and 0 as the p , 
acceptable maximum passband ripple magnitude and the 
acceptable maximum stopband ripple magnitude of the 
prototype filter, respectively, and D( OJ) as the desirable 

magnitude response of the prototype filter. Then we have 

I�T (OJ)x -D(OJ � sOp \::I OJ E Bp and I�T (OJ)x -D(OJ � so, 
\::I OJ E B, . Hence, the cosine modulated nonuniform linear 

phase FIR filter bank design problem can be formulated as 
the following functional inequality constrained 
optimization problem: 

Problem (P) 

min 

subject to 

and 

r,-I N-I 1 ( 21T  .J IA q; l" 
�

x 'ii, m- "J "'(mr ' 

I��, xTH,(OJ�,r(OJ)x-ce-j"mo l :S;OM \::IOJE[-1T , 1T ], 

I�T(OJ)x-D(OJ� sOp \::IOJ E Bp 
I�T(OJ)x-D(OJ� so, \::IOJ E B,. 

This functional inequality constrained optimization 
problem could be solved via our recently proposed 
integration approach [12]. 

III. ILLUSTRATIVE EXAMPLE 

As discussed in Section III that the maximum aliasing 
distortion of the cosine modulated nonuniform filter bank 
is very large if the set of the decimation factors forms an 
incompatible set [11], the cosine modulated nonuniform 
filter bank with an incompatible set of the decimation 
integers {2 , 3 , 6} is designed to illustrate the effectiveness 

of the proposed method. In general, there is a tradeoff 
among the length, the transition band bandwidth, the 
maximum passband ripple magnitude and the maximum 
stopband ripple magnitude of the prototype filter as well 
as the maximum amplitude distortion of the cosine 
modulated nonuniform linear phase FIR filter bank. 
Hence, we choose L = 120 
Bp = [0.0251T - % ,%-0.0251T ] 

B,= [�+0.0251T'1T ]U [- 1T ,-%-0.0251T ] ' op=0.0869, 

0, =0.20 68, D(OJ) = p an OM =0.0505, w IC {
I OJ E B d h· h 
o OJ E B, 

are the most common values employed in the practical 
applications [1]-[5]. In order to achieve cosine modulated 
nonuniform linear phase FIR filter banks, rjJ, = 0 for 

i=O,I ,···,N-l are selected [13]. The desirable overall 

gain of the cosine modulated nonuniform linear phase FIR 
filter bank is selected as c = 1 for a simplicity reason. 
Since the minimum delay of the cosine modulated 

nonuniform linear phase FIR filter bank is equal to 2L, 
the desirable delay of the cosine modulated nonuniform 
linear phase FIR filter bank is selected as mo = 2L . Based 

on the formulation discussed in Section II and the 
integration approach discussed in [12], the cosine 
modulated nonuniform linear phase FIR filter bank could 
be designed. 

A cosine modulated nonuniform FIR filter bank 
obtained by merging the subband channels [9] of the 
corresponding cosine modulated uniform linear phase FIR 
filter bank together [13] is designed for the comparison 
purpose. In order to have a fair comparison, the design 
based on the methods discussed in [13] and [9] is also 
formulated as a functional inequality constrained 
optimization problem with the same set of cost function 
and constraint functions as those discussed in Section II. 
Figures 2, Figure 3, Figure 4, Figure 5 and Figure 6 show 
the responses of the prototype filters, the responses of the 
analysis filters, the responses of the synthesis filters, the 
amplitude distortions of the filter banks, and the aliasing 
distortions of the filter banks, respectively. It can be seen 
from those figures that the specifications on both the 
maximum passband ripple magnitude and the maximum 
stopband ripple magnitude of the prototype filter as well 
as the specification on the maximum amplitude distortion 
of the filter bank designed using our proposed method are 
satisfied. In fact, the maximum passband ripple magnitude 
and the maximum stopband ripple magnitude of the 
prototype filter designed based on our proposed method 
could achieve 0.0869 and 0.2068, respectively, and the 
maximum amplitude distortion of the filter bank designed 
based on our proposed method could achieve 0.0505. On 
the other hand, the specifications on the maximum 
passband ripple magnitude and the maximum stopband 
ripple magnitude of the prototype filter as well as the 
specification on the maximum amplitude distortion of the 
filter bank designed based on the methods discussed in 
[13] and [9] are not satisfied. In fact, the maximum 
passband ripple magnitude and the maximum stopband 
ripple magnitude of the prototype filter designed based on 
the methods discussed in [13] and [9] could only achieve 
0.1063 and 0.2619, respectively, and the maximum 
amplitude distortion of the filter bank designed based on 
the methods discussed in [13] and [9] could only achieve 
0.1446. Moreover, both the maximum passband ripple 
magnitude and the maximum stopband ripple magnitude 
of the analysis filters and the synthesis filters as well as 
the maximum aliasing distortion of the filter bank 
designed based on our proposed method are much lower 
than that designed based on the methods discussed in [13] 
and [9]. Furthermore, it is worth noting that the analysis 
filters and the synthesis filters of the filter bank designed 
based on the methods discussed in [13] and [9] are not 
linear phase, while our design guarantees that all the 
analysis filters and the synthesis filters are linear phase. 
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Figure 2. Responses of the prototype filters of the nonuniform 

filter banks. 
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Figure 3. Responses of the analysis filters of the nonuniform 
filter banks. 
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Figure 4. Responses of the synthesis filters of the nonuniform 
filter banks. 
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Figure 5. Amplitude distortions of the nonuniform filter banks. 

Figure 6. Aliasing distortions of the nonuniform filter banks. 

IV. CONCLUSION 

This paper proposes a new direct optimal cosine 
modulated nonuniform linear phase FIR filter bank design 
based on both stretching and shifting the frequency 
response of a single linear phase FIR prototype filter. The 
total aliasing error is minimized subject to a specification 
on the maximum amplitude distortion of the filter bank as 
well as both the maximum passband ripple magnitude and 
the maximum stopband ripple magnitude of the prototype 
filter. The design problem is actually a functional 
inequality constrained optimization problem and our 
recently proposed integration approach is employed for 
solving the problem. As the length of all the analysis 
filters and the synthesis filters are inversely proportional 
to the bandwidth of the filters, the proposed design 
method is more effective. Also, as the proposed design 
method is a direct design method, merging the subband 
channels of the cosine modulated uniform filter bank 
together is not required. Hence, our design could achieve a 
better performance on the maximum amplitude distortion 
of the filter bank as well as better performances on both 
the maximum passband ripple magnitude and the 
maximum stopband ripple magnitude of the prototype 
filter. 
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