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By establishing a maximal principle and constructing upper and lower solutions, the existence
of positive solutions for the eigenvalue problem of a class of fractional differential equations is
discussed. Some sufficient conditions for the existence of positive solutions are established.

1. Introduction

In this paper, we discuss the existence of positive solutions for the following eigenvalue
problem of a class fractional differential equation with derivatives

~2¢x(t) = Af (1, x(), DPx(D)),  te(01),

p-2 (1'1)
2Fx(0)=0,  Dx(1) = > a;Dx(g),
i=1

where 1 is a parameter, 1 <a <2, a-p>1,0<pf<y<1,0<g <&H < <<,

a;j € [0,+o0) with c = f;lz a ,-g;?‘*H < 1, and 9y is the standard Riemann-Liouville derivative.
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f :(0,1) x (0,+00) x (0,+c0) — [0,+c0) is continuous, and f(t,u,v) may be singular at
u=0 v=0andt=0,1.

As fractional order derivatives and integrals have been widely used in mathematics,
analytical chemistry, neuron modeling, and biological sciences [1-6], fractional differential
equations have attracted great research interest in recent years [7-17]. Recently, ur Rehman
and Khan [8] investigated the fractional order multipoint boundary value problem:

21 = f(Ly(®), DY®), te©),
m-2 (12)
y(0)=0, DFy(1)- > DY) = o,

i=1

where1<a<2,0<f<1,0<¢ <1, & € [0,+00) with 372 ¢ P~ < 1. The Schauder fixed
point theorem and the contraction mapping principle are used to establish the existence and
uniqueness of nontrivial solutions for the BVP (1.2) provided that the nonlinear function f :
[0,1] x R x R is continuous and satisfies certain growth conditions. But up to now, multipoint
boundary value problems for fractional differential equations like the BVP (1.1) have seldom
been considered when f(t, u, v) has singularity att = 0 and (or) 1 and alsoatu =0, v = 0.
We will discuss the problem in this paper.

The rest of the paper is organized as follows. In Section 2, we give some definitions and
several lemmas. Suitable upper and lower solutions of the modified problems for the BVP
(1.1) and some sufficient conditions for the existence of positive solutions are established in
Section 3.

2. Preliminaries and Lemmas
For the convenience of the reader, we present here some definitions about fractional calculus.

Definition 2.1 (See [1, 6]). Let &« > 0 with a € R. Suppose that x : [a,00) — R. Then the ath
Riemann-Liouville fractional integral is defined by

1

I'xx(t) = m

f (t—s)"x(s)ds (2.1)

whenever the right-hand side is defined. Similarly, for a € R with a > 0, we define the ath
Riemann-Liouville fractional derivative by

a _ 1 d ot n-a-1
D X(t) = m <E> Ia (t - S) x(s)ds, (22)

where n € N is the unique positive integer satisfyingn -1 <a <nand t > a.

Remark 2.2. If x,y : (0,+00) — R with order a > 0, then

D (x(t) + y(1)) = DEx(t) + Dy (8). (2.3)
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Lemma 2.3 (See [6]). One has the following.

(1) If x € L'(0,1), v > 0 >0, then

D’I%x(t) = I"x(t), DI x(t) = IV x(t), D I9x(t) = x(t).

(2)Ifv>0, 0>0, then

F(O') to—v—l‘

veo-1 _
2t " T(oc-v)

Lemma 2.4 (See [6]). Let a > 0. Assume that x € C(0,1) N L'(0,1). Then
"D x(t) = x(t) + it L+ oot¥ 2+ - 4t

wherec; € R (i=1,2,...,n), and n is the smallest integer greater than or equal to a.

Let
((paB-1(1 — )1 _ (4 — a—p-1
il Sr)( )(t ST o<s<i<l,
ki(ts) = 4 N 1ﬂ
P (1 - 5)
, 0<t<s<,
[ T(a-p)
( _ a-y-1 _ v a-y-1
(t(1-5)) (t-s)  0<s<t<i
_ I'(a-p)
ka(t,s) = 4 o
#a=s) ' 0<t<s<l,
[ T(a-p)
and for t,s € [0,1], we have
_ o)l
ktsy< L9 i1
I'(a-p)

Lemma 2.5. Let h € C(0,1); If 1 < a — B < 2, then the unique solution of the linear problem

-2 Py(t) = h(t), te(0,1),

p-2
y(0)=0, D Py(1)=> a9 y(¢)

j=1

is given by

1
y®=LK@W$Ma

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

(2.9)

(2.10)
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where

tvc—ﬂ—l
K(tl S) = kl (t/ S) +

p-2
S 2 aike(8.) (2.11)
1- Z?zf a,-gj - j=1

is the Green function of the boundary value problem (2.9).

Proof. Applying Lemma 2.4, we reduce (2.9) to an equivalent equation:
y(t) = -I"Ph(t) + ct* P+ ot P2, ¢, €R (2.12)

From (2.12) and noting that y(0) = 0, we have ¢, = 0. Consequently the general solution of
(2.9) is

y(t) = —I*Ph(t) + c,t* P (2.13)
Using (2.13) and Lemma 2.3, we have

D Py(t) = -DIFIPh(t) + ;D P

= I Th(t) + ¢ —iéiii ; paor-1 o
_ (s T(a=P) oy
=- o T(a—7) h(s)dSJrCl—F(a—y)t L
Thus,
1 a-y-1
-p _ (1-9)*7 I'(a-p)
D Py(1) . —F(cx D h(s)ds + c; —F(oc = , (2.15)
andforj=1,2,...,p-2,
) b (g —s)" ! T(a=P) oy
p N | =27 Y _
D w(¢)) = 3CED h(s)ds+c1r<a_y)§]. ) (2.16)

Using @/ Py(1) = zj.’;f a;9DPy(¢)), (2.15), and (2.16), we obtain

o A= R(9)ds - S5 4 [ (55— )" h(s)ds
r(a-p)(1- 307 aig ")

¢ (2.17)
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So the unique solution of the problem (2.9) is

top \a-p-1 a—f—
y(t) = -fo =) s s

I'(a-p) 1— Z]]a:—lz ajé?_y_l
(1-s)*71! p-2 | 5 (g - 5T
x{ o T'(a-p) Tla—p) "4 —j;a] jo Wk(s)ds
_ t (t - S)“—ﬂ—l 1 (1 _ S)u_Y_lt“—ﬂ—l
=), Wh(s)ds+f0 NEE) h(s)ds
tvf—ﬂ—l p-2 1 (1 _ S)“_Y_lg;ic_)’_l
. e
T 2;:12 ajé]'f“Y—l j=1a; J; (@ p) (s)ds
tﬂ—ﬂ 1 p-2 & (g] _ S)u—y_l
1 Z ]éa y-1 :1(1] —[0 Wk(s)ds
"« pa—p-1 ) .
_J‘O 1(t,s)+1_2;7 ]éuylza] 2(8,5) ) h(s)ds
- _[1 K(t, s)h(s)ds.
0
The proof is completed.

Lemma 2.6. The function K(t, s) has the following properties.
(1) K(t,s) > 0, fort, s€(0,1)

(2) 12 PIM(s) < K(t,s) < M(1-s)"7""1, fort,se[0,1],

where

zﬁ-’*f oh) o 1 s af(l - é“’1>
- S e ra-p)(1- =5 g ")

M(s) =

Proof. 1t is obvious that (1) holds.
From (2.11), we obtain

tafﬂfl

p- a-y-1
1- 2]1 ]é

2
K(t,s) > pZa]k2(§],s) = 1P (s).

(2.18)

(2.19)

(2.20)
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From (2.8), we have

tu—ﬂ—l
K(t,9) = ki(t)+ - 57 ]éﬂlza;kz@],s)

(1-5)"""! - Z?] 4 (1)1
T'(a-p) g T(a-p)

<(1+- Z?_f aj (-9
-3 a7 ) Ta-p)

The proof is completed. O

(2.21)

Consider the modified problem of the BVP (1.1):

-2 Py(t) = Af (1 1Py (0, y (1)),
p-2 (2.22)
y(0)=0, D/ Py(1)= Za]w Py ().

j=1

Lemma 2.7. Let x(t) = IPy(t) and y(t) € C[0,1]; then problem (1.1) is turned into (2.22).
Moreover, if y € C([0,1], [0, +00)) is a solution of problem (2.22), then the function x(t) = IPy(t) is
a positive solution of the problem (1.1).

Proof. Substituting x(t) = IPy(t) into (1.1) and using Definition 2.1 and Lemmas 2.3 and 2.4,
we obtain

dan d
D x(t) = dtnI" “x(t) = I" “IPy(t)
d —a+ a—, .
= Iyt = 2Py ), (2:29)

DPx(t) = DTy (1) = y(b).

Consequently, D x(0) = y(0) = 0. It follows from D x(t) = d"/dt"I"7Tx(t) =
(d" /AT Py(t) = (d"/de) [T Py(t) = D Py(t) that DY Py(1) = 357 ;90 Py ().
Using x(t) = IPy(t), y € C[0,1], we transform (1.1) into (2.22).

Now, let y € C([0,1],[0,+c0)) be a solution for problem (2.22). Using Lemma 2.3,
(2.22), and (2.23), one has

“DEx(t) = DI x(t) = Iy (1) =~ ety (1) =~ Py )
(2.24)

= Af(t,fﬂy(t),y(t)) = Af(t,x(t),stﬂx(t)>, 0O<t<l.
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Noting
2Lx(t) = DFIPy(t) = y(t),  Dx(t) =D Py(t), (2.25)
we have
p-2
2 x(0)=0,  Dx(1) = D> a;Dx(¢)). (2.26)
j=1

It follows from the monotonicity and property of If that
Iy € C([0,1], [0, +o0)). (2.27)

Consequently, x(t) = IPy(t) is a positive solution of the problem (1.1). O

Definition 2.8. A continuous function ¢ (t) is called a lower solution of the BVP (2.22), if it
satisfies

~2¢Py() <Af (L Py (1), (1)),

p-2 (2.28)
$(0) >0, D Py(1) > Y a;d Py (g).

j=1

Definition 2.9. A continuous function ¢(t) is called an upper solution of the BVP (2.22), if it
satisfies

~2 (1) 2 Af (1 1Ph(), (1)),

p2 (2.29)
PO <0, DIFP1) < 30,979 (%)).
i=1
By Lemmas 2.5 and 2.6, we have the maximal principle.
Lemma 2.10. If1 < a - p <2and y € C([0,1], R) satisfies
p-2
y(0)=0, D Py(1)=>a;d Py(¢), (2.30)
j=1
and D" Py(t) > 0 for any t € (0,1), then y(t) > 0, for t € [0,1].
Set
1 § I(a-p)
Gty =tF1, L) =1°G(t) = —f t—s)f s P lds = — L, 2.31
0 0 =16 = 7o | -9 o (231)
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To end this section, we present here two assumptions to be used throughout the rest
of the paper.

(B1) f € C((0,1) x (0, 0) x (0, 0), [0, +c0)) is decreasing in u and v, and for any (u,v) €
(0, 0) x (0, ),

lim of(t,ou,ov) = +o0 (2.32)

0 —+oo

uniformly on t € (0,1).

(B2) Forany p,v >0, f(t,u,v) #0, and

1
J (1-8)"7 f (s, uL(s), uG(s))ds < +oo. (2.33)
0

3. Main Results

The main result is summarized in the following theorem.

Theorem 3.1. Provided that (B1) and (B2) hold, then there is a constant \* > O such that for any
A € (X, +00), the problem (1.1) has at least one positive solution x(t), which satisfies x(t) > L(t),
te[0,1].

Proof. Let E = C[0,1]; we denote a set P and an operator T) in E as follows:

P = {y € E : there exists positive number I, such that y(t) > 1,G(t), t € [0,1]}, (3.1)
1

(Tvy) () = )LJ‘ K(t, s)f(s, Iﬂy(s),y(s)>ds, forany y € P. (3.2)
0

Clearly, P is a nonempty set since G(f) € P. We claim that T, is well defined and
T\(P) C P.

In fact, for any p € P, by the definition of P, there exists one positive number
I, such that p(t) > I,G(t) for any t € [0,1]. It follows from Lemma2.6 and (B2)
that

1 1
(Tup) (1) = Ajo K(t,5)f (s, 1°p(s), p(s) ) ds < AM fo (1= f (s, 1p(s), p(s) ) ds

1
<AM f (1-9)*""f(5,1,L£(s),1,G(s))ds < +co.
0
(3.3)
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Setting B = maxe[o1p(t) > 0, from (B2), we have f(¢, B/I'(f + 1), B)#0. By the
continuity of f(t,u,v) on (0,1) x (0, 00) x (0, o0), we have fé M(s)f(s,B/T(f+1),B)ds >0.0On
the other hand,

BtF . B
pr(p) ~r(p+1)’

- L (- o)Bds -
I’B T(ﬂ)J‘o(t s)P"Bds

(3.4)

Z;:lz ajka (g, s) § Z;:lz aj(1-s)* !

m(s) = = < e
-3 ai " D= p)(1- 2 e )

From (3.3), one has

0<f19n B p)as< 1zm I’B,B)ds < 1931 1P d
O (s ry s_fo (s)f (5,1°B, B)ds < jo () (5,1°p(s),p(5))ds

p-2
> =14

<
M(a-p)(1- 2T ag ™)

fl (1- S)‘H*lf<s, Iﬂp(s),p(s))ds < +oo.
0

(3.5)
It follows from Lemma 2.6 and (3.3) that
1
(Tip) @) 2260 | D) (5, 170(6),p(s))ds = ,GL0), (3.6)
where
1
I=1 fo M(s) f(s, #p(s), p(s))ds. (3.7)

Using (3.3) and (3.6), we know that T is well defined and T, (P) C P.
Next we will focus on the upper and lower solutions of problem (2.22). From (B1) and
(3.2), we know that the operator T} is decreasing in y. Using

1 1
foK(t,s>f<s,£<s>,c<s)>dsza<t> foms)f(s,z(s),a(s))ds, vee[01],  (38)

and letting

b= ! ,
fo M(s) f (s, £(s), G(s))ds

(3.9)
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we have

1
)qf K(t,s)f(s, £L(s),G(s))ds > G(t), Vte][O0,1]. (3.10)
0

On the other hand, letting b(t) = f; K(t,s)f(s, £L(s),G(s))ds, since f(t,u,v) is
decreasing with respect to u and v, for any A > A1, we have

f: K(t, s) f(s, /\Iﬂb(s),/\b(s)>ds < f: K(ts) f<s, )LlIﬂb(s),Alb(s)>ds

< f: K(t,5)f (s, £(5), G(5))ds < M f: (-5 (s, £0),Gpds O
< oo,
From (3.2), (3.3), and (B1), for all (1,0) € (0,00) x (0, 00), we have
lim pf (¢, pu, po) = +oo (3.12)

p—+oo

uniformly ont € (0,1). Thus there exists large enough A* > A; > 0, such that, for any ¢t € (0,1),

A f(s, N L(s), \*G(s)) > - (3.13)
Jo M(s)ds
From Lemma 2.6, one has
1 1
/\*I K(t,s)f(s, A" L(s), A" G(s))ds > M
0 Jo M(s)ds
(3.14)
1
> W =qG), Vte]o,1].
Jo M(s)ds
Letting
1
o) = A" Jo K(t,s)f(s, £L(s),G(s))ds = A*b(t),
(3.15)

() = A* f: K(ts) f<s, V1P (s), A*b(s))ds,
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and using Lemmas 2.3 and 2.7, we obtain
d(t) = \* fé K(t,s)f(s, £(s),G(s))ds > G(t), te]0,1],
-2
PO=0, 0P = S0 Th(),
i=

(3.16)
@(t) = A* [y K(t,5) f (s, \*IPb(s), \*b(s))ds > G(1), te[0,1],
-2
0 =0, BTy = T2 Py (s).
2
Obviously, ¢(t), ¢s(t) € P. By (3.16), we have
G <(t) = (Ted)(t), G < d(t), Ve [o1], (3.17)
which implies that
1
#() = () () = 1" K(t:9)f (5,1°9(9),9(5)) s
1 ’ (3.18)
< x*f K(t,5)f(s,2(5),G(9)ds = $(8), Vte[0,1].
0
Consequently, it follows from (3.17)-(3.18) that
up(t) + 1 F (L TPg(t), (1)) = Du(Tip) () + £ (£, 1P (T ) (1), (T ) (1))
> D(Tup) (1) + £ (1,11, (1) (3.19)
=V F (1 1%, $) + 1 f (1, 1795, $(1) = 0,
Dp() + L f (1141, (1)) = =V F (1, 2(8), GB) + X f (£, I (1), § (1)) 20

<=Mf(E LD, G()) + X f( L(E),G(t)) =0.

From (3.16) and (3.18)—(3.20), we know that ¢s(t) and ¢(t) are upper and lower solutions of
the problem (2.22), and ¢ (t), ¢(t) € P.
Define the function F and the operator A,- in E by

ftIPyt), @), y<e),
F(t,y) =1 f(t IPy(t),y(t)), w(t)<y<o(t),
fLIPP(), (1), v > (), (3.21)

1
(Ary)(t) =X fo K(t,s)F(s,y(s))ds, VyeE.
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It follows from (B1) and (3.21) that F : (0,1) x [0, +o0) — [0, +00) is continuous. Consider the
following boundary value problem:

-9 Py(t) = \'F(t,y), te[0,1],

p-2 (3.22)
y(0) =0, 2Py1) =Y a; D Py(¢).
j=1

Obviously, a fixed point of the operator A- is a solution of the BVP (3.22). For all y € E, it
follows from Lemma 2.6, (3.21), and ¢ (t) > G(t) that

1
(Avy)(t) < )L*Mfo (1-5)"7""F(s,y(s))ds

1
UM [ (=57 (5 Pp(a) 1)) s (323)

1
sAtM fo (1-5)"7"f(s, £(s),G(s))ds

< +0co.

So Aj- is bounded. From the continuity of F(t, y) and K (¢, s), itis obviously that Ay- : E — E
is continuous.

From the uniform continuity of K(t,s) and the Lebesgue dominated convergence
theorem, we easily get that A)-(Q) is equicontinuous. Thus from the Arzela-Ascoli theorem,
Ay : E — E is completely continuous. The Schauder fixed point theorem implies that A)-
has at least one fixed point w such that w = A.w.

Now we prove

() <w(t) <), te01]. (3.24)

Let z(t) = ¢(t) —w(t), t € [0,1]. Since ¢(t) is the upper solution of problem (2.22) and w is a
fixed point of A,+, we have

-2
w(0)=0, D Pw(l)= pza,gtr-ﬂw(gj). (3.25)
j=1

From (3.17), (3.18), and the definition of F, we obtain

F(11P90,90) < F(ty®) < f(LPp®), 1), VyeE,
20,60 2 f(LPp®),¢®),  Vtel01]

(3.26)
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So
f(t, Iﬁ¢(t),¢(t)> <F(ty(t) < f(tL(@1),G(t), VyeE. (3.27)
From (3.18) and (3.20), one has

D Pz(t) = DEPP(t) - D Pw(t)
=X f(t, £(t), G(t)) + \"F(t, w(t)) (3.28)

<0, Vte[o,1].

By (3.27), (3.28), and Lemma 2.10, we get z(f) > 0 which implies that w(t) < ¢(f) on [0, 1]. In
the same way, we have w(t) > ¢s(f) on [0, 1]. Thus we obtain

gt <w(t) <), te[0,1]. (3.29)

Consequently, F(t,w(t)) = f(t, IPw(t),w(t)), t € [0,1]. Then w(t) is a positive solution of the
problem (2.22). It thus follows from Lemma 2.7 that x(t) = IPw(t) is a positive solution of the
problem (1.1).

Finally, by (3.29), we have

w(t) > ¢ (t) > G(b). (3.30)
Thus,
x(t) = IPw(t) = 0] f (t—s)tw(s)ds > ——— (ﬁ) (t—s)f‘ 1G(s)ds = L(t). (3.31E)]

Corollary 3.2. Suppose that condition (B1) holds, and that for any u,v >0, f(t, u, v) #0, and
1
f f(s,uL(s), uG(s))ds < +oo. (3.32)
0

Then there exists a constant \* > 0 such that for any A € (A*,+o0), the problem (1.1) has at least one
positive solution x(t), which satisfies x(t) > £L(t), t € [0,1].

We consider some special cases in which f(t,u,v) has no singularity at u,v = 0 or
t=0,1.
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We give the following assumption.

(B*1) f € C((0,1) x [0,00) x [0, ), (0, +o0)) is decreasing in u, v.
Then, f(t,u,v) is nonsingular at u = v = 0 and forallu,v > 0, f(t,u,v) >0, t € (0,1), which
implies that f(t,0,0) >0, t € (0,1). Thus

lir? uf(t,0,0) =+co0, uniformly for t e (0,1) (3.33)
p—+oo

naturally holds; we then have the following corollary.

Corollary 3.3. If (B*1) holds and
(B2)

fl (1-5)"7"f(s,0,0)ds < +oo, (3.34)
0

then there exists a constant A* > 0 such that for any A € (A*, +o0), the problem (1.1) has at least one
positive solution x(t), which satisfies x(t) > £(t), t € [0,1].

Proof. In the proof of Theorem 3.1, we replace the set P by

P ={yeE:ylt) >0, te[0,1]} (3.35)
and the inequalities (3.18)—(3.20) by
0<g(t)=T\0, 0<(t) =Tt <T0=g(). (3.36)
Since T\0, T\ (t) € P, we have
2FT0+ f (£ I°T, T10) = ~£(£,0,0) + £ (1, P10, T10) <0,

2P Tug(t) + (1, PTagp(8), Tagr () = —f (1, 1P (), ¢ (®)) + F (£, IPTagp (), Tagp (1)) 2 0

,t€[0,1].
(3.37)
The rest of the proof is similar to that of Theorem 3.1. O
If f(t,u,v) isnonsingularatu =0, v =0and t = 0,1, we have the conclusion.

Corollary 3.4. If f(t,u,v) : [0,1] x [0,00) x [0,00) — (0,+00) is continuous and decreasing
in u and v, the problem (1.1) has at least one positive solution x(t), which satisfies x(t) > L(t),
te[0,1].
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Example 3.5. Consider the existence of positive solutions for the following eigenvalue
problem of fractional differential equation:

A _ -1/8
~92,32x(t) = W(x V2(4) 4 <9t1/8x(t)> )
(3.38)
D8x(0) =0,  Dx(1) = 293%(%) _ 9*3/8x<z§;>'
Let
flt,u,v) = m(wm + 0"1/8>, (t,u,v) € (0,1) x (0,+00) x (0,+0).  (3.39)

Then f € C((0,1) x (0,+00) x (0, +c0), (0,+00)) is decreasing in u and v, and for any (u,v) €
(0, 00) x (0, 0),

ol 2y~1/2 4 57/84p-1/8

01—1>I£1000.f(t’ ot O'U) - 0'1—1>I£100 et(l _ t)l/S = oo, (340)

uniformly on t € (0,1). Thus (B1) holds.
On the other hand, for any y,» >0and t € (0,1),

f(t,pv) = (/[1/2 + v*1/8> #0,

1
et(1-1)/8

t -7/8 3/8 (341)
20 :L (t=9) 75 TA1/8) 4

TA/8) 7T TG/

thus we have

1
es(1- 5)1/8

+#—1/SG—1/8(S)>:|

! r(11/8) 12
< -1/2 1/2 ~1/8 ,~3/64
_jo[ﬂ (F(B/Z)t ) +u'%s ds

[ an(TA1/8) 18-
_ 1/2 1/4 1/8 -3/64
_J‘O[# (1"(3/2)t >+‘u s ]ds < +oo,
(3.42)

1 1
f (1-38) 77" f (s, uL(s), uG(s))ds = f (1- 5)1/8[ <‘u—1/2£—1/2(s)
0 0
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which implies that (B2) holds. From Theorem 3.1, there is a constant A* > 0 such that for any
A € (X", +o0) the problem (3.38) has at least one positive solution x(t) and

x(t) > L(t) = %t”z ~1.003t"2, te[0,1]. (3.43)
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