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ABSTRACT 

The next generations Global Navigation Satellite Systems (GNSSs) have the 

potential to enable a wide range of applications for positioning, navigation and 

timing. The positioning accuracy, reliability and satellite availability will be 

improved as compared to today’s solutions, provided that a combination of the 

satellite systems is used. The GNSS receivers collect multi-GNSS code and carrier-

phase observations with decimetre-level and millimetre-level precision respectively. 

However, only when the phase ambiguities can be solved to their true integer values 

is it possible to take full advantage of the precise phase measurements and solve very 

precise receiver positions. This technique is referred to as real-time kinematic (RTK). 

When the frequencies overlap between the systems one can further calibrate the so 

called between-receiver differential inter-system biases (ISBs) as to strengthen the 

model. A common ‘pivot’ satellite can then be used when parameterizing the double-

differenced ambiguities. In this PhD thesis by publication multi-GNSS positioning 

results when combining the American Global Positioning System (GPS), Chinese 

BeiDou Navigation Satellite System (BDS), European Galileo and Japanese Quasi-

Zenith Satellite System (QZSS) will be presented, based on real data. The combined 

systems will be evaluated in comparison to the single-systems, for short 

(atmosphere-fixed) to long (atmosphere-present) baselines. The analysis will consist 

of the receiver positioning precisions, integer ambiguity success rates, 

ambiguity/positioning convergence times, and measures of reliability. Reliability is 

the robustness of the underlying model. It will be shown that the combined systems 

can provide for improved reliability, ambiguity/positioning convergence times, 

integer ambiguity resolution and positioning performance over the single-systems. 

This holds particularly true when higher satellite elevation cut-off angles are used 

and the ISBs are calibrated, which can be of benefit in environments with restricted 

satellite visibility such as, e.g., urban canyons, open pit mines or when low-elevation 

multipath is present. 
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1 INTRODUCTION 

1. 1 Background 

The Global Navigation Satellite Systems (GNSSs) can be used for many 

applications. Some of these applications require more precise positioning availability 

as compared to a code-only single point positioning (SPP) model. SPP is normally 

used for, e.g., car and maritime navigation on the open sea, by backpackers and 

hikers, and can obtain a few meter level positioning precisions. By making use of 

two receivers it is further possible to perform code-only relative point positioning 

(RPP), sometimes also referred to as differential GNSS (DGNSS), which can give 

positioning precisions at the decimetre to meter level. This provided that the 

receivers are separated by a short distance of a few kilometres to reduce relative 

atmosphere and satellite orbit errors. RPP can be used for precise aircraft 

applications, harbour entry by ships, GIS, and for many other disciplines (Misra and 

Enge, 2006). 

One can also make use of more sophisticated receivers that collect both code 

and carrier-phase GNSS observations with decimetre-level and millimetre-level 

precision respectively. Once the so called phase ambiguities have been solved to 

their true integer values, one can then take full advantage of the very precise phase 

measurements to achieve mm-cm level real-time kinematic (RTK) positioning 

precisions. Provided that the baseline length is of at most a few kilometres, the 

relative slant ionospheric and tropospheric errors can be neglected. On the other 

hand, if the baseline length is of a few tens of kilometres (or more) these atmospheric 

errors need to be estimated as well. The troposphere is the lower part of the 

atmosphere with a height above the Earth’s surface of 0-50 kilometres, whereas the 

ionosphere is the upper part with a height of 50-1000 kilometres (Teunissen and 

Kleusberg, 1998). The RPP/single-baseline RTK positioning techniques and an 

example of dual-frequency instantaneous RTK positioning scatter in local North, 

East and Up errors are depicted in Figure 1.1, as obtained by comparing the 

estimated positions to precise benchmark coordinates. Note in Figure 1.1 the about 

two-order of magnitude improvement in precision when going from ambiguity-float 

positioning (gray dots) to (correctly) ambiguity-fixed positioning (green dots). RTK 

can be used for, among many other industries, construction engineering, cadastral 
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surveying, tsunami, flooding and earthquake monitoring, precise farming, and the 

open pit mining industry. 

 

Figure 1.1 RPP and single-baseline RTK using two GNSS receivers (left), 

ambiguity-float (top right) and ambiguity-fixed (bottom right) dual-frequency 

instantaneous RTK receiver positioning errors in local North, East and Up 

 

The American Global Positioning System (GPS) consists of 32 Medium Earth Orbit 

(MEO) satellites, and have been used for positioning for decades. The Chinese 

BeiDou Navigation Satellite System (BDS) attained Asia-Pacific regional 

operational status in the end of December 2011. BDS was formerly known as 

COMPASS. The current (2014) BDS constellation available for positioning consists 

of 5 Geostationary Earth Orbit (GEO), 5 Inclined Geo-Synchronous Orbit (IGSO) 

and 4 MEO satellites (see Figure 1.2). The full global BDS constellation is expected 

by 2020 and will consist of 5 GEO, 3 IGSO and 27 MEO satellites (CSNO, 2012). 

Since 2005 and 2008, respectively, two Galileo In-Orbit Validation Element 

(GIOVE) satellites are in orbit. These are currently (2014) not available for 

navigation, but since 2012 four Galileo In-Orbit Validation (IOV) MEO satellites are 

in orbit (ESA, 2013) for positioning (see Figure 1.2). By 2020 the full global Galileo 
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constellation will consist of 27 MEO and 3 spare satellites. The Quasi-Zenith 

Satellite System (QZSS) uses a traditional equatorial geostationary orbit but with a 

large orbital inclination, also referred to as a Highly inclined Elliptical Orbit (HEO) 

satellite (JAXA, 2013). The system is designed to enable users to receive QZSS 

signals from a high elevation angle in East Asia and Japan. Currently (2014) one 

HEO satellite is in orbit (see Figure 1.2) named MICHIBIKI, or QZS-1, which was 

launched in September 2010. By 2018 the full regional QZSS constellation is 

planned to consist of 3 GEO and 4 HEO satellites over Japan and the Asia-Pacific 

region (Boyd, 2014).  

The ground tracks of all satellite systems considered in this thesis are 

depicted in Figure 1.2 (except GPS), as visible from the Curtin University station 

CUT0 for a satellite elevation cut-off angle of 10 degrees. The satellites’ location is 

given as a dot at 29 April 2013, 10:05 a.m. local Perth time (UTC +8 hours), where 

BDS is represented by magenta, Galileo by green and QZSS by cyan colour. The 

GEO satellites are located along the equator, and the HEO/IGSO satellites are 

described by figure-of-eight loops. All the four systems’ frequencies are further 

shown in Table 1.1.  

 

 

Figure 1.2 BDS (magenta), Galileo (green) and QZSS (cyan) ground tracks with 

satellites location (dots) given at 10:05 a.m. local Perth time, 29 April 2013 (Figure 

from Odolinski et al., 2014c) 
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Table 1.1 BDS, Galileo, QZSS and GPS signals (Odolinski et al., 2014c) 

Satellite system Band Frequency (MHz) Wavelength (cm) 

BDS B1 1561.098 19.20 

BDS/Galileo B2/E5b 1207.140 24.83 

BDS B3 1268.520 23.63 

QZSS, GPS/Galileo L1/E1 1575.420 19.03 

QZSS, GPS L2 1227.600 24.42 

QZSS, GPS/Galileo L5/E5a 1176.450 25.48 

 

In this thesis focus is on combining the abovementioned satellite systems with GPS 

for precise positioning, which are all based on Code Division Multiple Access 

(CDMA) frequencies. GLONASS is not considered as it currently (2014) only has 

one satellite transmitting a CDMA frequency that, moreover, does not overlap the 

GPS frequencies in Table 1.1. The main benefit of combining systems is the increase 

in redundancy (the number of observations minus the numbers of estimable 

unknowns) of the models when solving the unknown GNSS parameters by least-

squares. This can consequently provide for more precise and robust GNSS receiver-

positioning performance. By making use of several GNSSs one also can protect the 

surveyor from satellite outages or system failures, which is particular important in 

safety-of-life applications such as precise aircraft and maritime navigation. 

1. 2 Literature review 

BDS results based on simulation can be found in, e.g., Grelier et al. (2007), Chen et 

al. (2009), and Yang et al. (2011). In Grelier et al. (2007) the BDS signals were 

described, and the Positional Dilution of Precision (PDOP) for a full constellation of 

GPS, BDS, GPS+Galileo and GPS+Galileo+BDS was presented to illustrate the 

improved receiver-satellite geometry one can achieve when combining the systems 

in the future. A similar analysis was conducted in Yang et al. (2011), but they 

included GLONASS and considered satellite elevation cut-off angles between 10 to 

40 degrees as well. Chen et al. (2009) simulated similarly the PDOP for BDS+GPS, 

but in contrast to Grelier et al. (2007) and Yang et al. (2011) they focused their 

analysis on the Asia-Pacific region. The main conclusions were that the number of 

satellites for the combined satellite systems will become more than double the 
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number of GPS satellites, and that the Asia-Pacific region will potentially have a 

better positioning performance capability in comparison to other parts of the world 

because of the regional BDS GEO and IGSO satellites that will be available.  

Simulation of BDS ambiguity resolution performance can be found in, e.g., 

Cao et al. (2008a). Their main focus was to compute the single-baseline RTK formal 

ambiguity bootstrapped success rate (Teunissen, 1998a), which is the probability of 

correct integer ambiguity estimation – the key to precise positioning. The formal 

bootstrapped success rate is an accurate lower bound to the integer least-squares 

(ILS) (Teunissen, 1995) success rate (Teunissen 1998a; 1999), and can thus be used 

to infer whether integer ambiguity resolution can be expected to be successful. The 

simulation was based on a location in Calgary, Canada, and a global BDS 

constellation. It was concluded that dual-frequency BDS-only RTK will most likely 

have a somewhat worse ambiguity resolution performance than GPS and Galileo, 

due to the poorer code noise and larger multipath effects for the BDS signals.  

None of the abovementioned authors, however, considered the current (2014) 

regional BDS constellation in Figure 1.2 and real data. Real data results were 

presented in, e.g., Shi et al. (2013) for BDS SPP, RPP, and single-baseline RTK 

based on an initial BDS constellation of 3 GEO and 3 IGSO satellites. The main 

conclusion was that the BDS-only positioning performance is somewhat poorer as 

compared to GPS-only, but when combining the systems a better positioning 

performance than for GPS was achievable. Some first BDS-only positioning results 

outside of China can also be found in Montenbruck et al (2013) when using 4 GEO 

and 5 IGSO satellites. It was illustrated that the BDS-only single-baseline RTK 

performance can be comparable to the GPS-only performance. However, this 

conclusion was based on a limited data set of 6 hours and not a full regional BDS 

constellation that are currently available for positioning.  

Initial results on combined GIOVE+GPS single-baseline RTK were presented 

in Odijk and Teunissen (2013a). It was shown that the between-receiver differential 

inter-system biases (ISBs) for the overlapping GPS frequencies L1, L5 and GIOVE 

E1, E5a, respectively, are zero for similar receiver types, but indeed exist for mixed 

receiver types. Fortunately however the code and phase ISBs were found to be time-

constant, which is very promising for calibration purposes. The GIOVE-GPS ISBs 

nature and behaviour were also investigated in Montenbruck et al. (2011) and for 
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IOV-GPS ISBs in Melgard et al. (2013) and Odijk and Teunissen (2013b), which all 

confirmed the results of Odijk and Teunissen (2013a). The main conclusion in Odijk 

and Teunissen (2013a) was then that the ILS success rate increases accordingly when 

combining GIOVE with GPS and as compared to using GPS as a standalone system, 

particularly if the ISBs can be calibrated to maximize the redundancy of the model. 

However, single-baseline RTK positioning results have not yet been illustrated using 

the Galileo IOV-satellites when combined with GPS and the other satellite systems. 

1. 3 Thesis objectives and outline 

The main objectives of this thesis are to formulate multi-GNSS functional and 

stochastic models for fast and precise positioning, and evaluate the positioning 

performance when combining the different satellite systems depicted in Figure 1.2. 

The shortcomings of other studies on this topic are that only limited data sets have 

been used and/or have been based on a preliminary regional BDS constellation. 

Moreover, there are no studies that focused on Australia in particular and/or on 

combining all the four satellite systems for single-baseline RTK, based on real data. 

Single-baseline RTK positioning results have been illustrated for Galileo GIOVE 

satellites (Odijk and Teunissen, 2013a), but not for the IOV satellites in combination 

with the other satellite systems. Moreover there are no studies on single-baseline 

RTK for longer baselines when combining the systems, and when the relative 

atmospheric errors cannot be neglected. 

The GNSSs models derived throughout this thesis are formulated by using the 

S-system theory (Teunissen, 1985; Teunissen et al., 2010) to solve for rank 

deficiencies. The number of rank deficiencies is the number of linear combinations 

of the column vectors of the design matrix that produces the zero vectors. These 

combinations are said to span the null space of the design matrix. S-system theory 

then implies null space identification, S-basis constraining to eliminate the rank 

deficiencies, and interpretation of the estimable unknowns.  

The following Chapters include papers that cover the following objectives. 

The conclusions of each chapter can be found in the respective papers, whereas the 

thesis conclusions can be found at the end of this Chapter as to bind the publications 

into a collective piece of work. 
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Chapter 2: BDS+GPS single-receiver and relative code-only positioning 

This chapter is covered by the following publication: 

 First combined COMPASS/BeiDou-2 and GPS positioning results in 

Australia. Part I: single-receiver and relative code-only positioning 

(Odolinski et al., 2014a) 

 

In this contribution focus is on code-only measurements for single point positioning 

(SPP) and relative point positioning (RPP). The goal is to give Australian GNSS 

users indications of what BDS can bring in terms of satellite availability, positioning 

precision and robustness, both as a stand-alone system and when combined with 

GPS. SPP and RPP are investigated to give us a first idea of the quality of the BDS 

data and have the advantage that cheap code-only receivers can be used. 

Comparisons of the positioning performance are made between single- and multiple-

frequencies when one ignores and estimates the ionospheric delays (SPP), 

respectively, as well as when the ionospheric delays can be eliminated by using two 

receivers separated by a short distance (RPP). A good code-only precision is 

moreover a prerequisite for successful instantaneous carrier-phase integer ambiguity 

resolution and precise RTK positioning, which is investigated in the subsequent 

Chapters 3-9 for short as well as long baselines.  

 

Chapter 3: Single- and multiple-frequency BDS+GPS RTK positioning 

This chapter is covered by the following publication: 

 First combined COMPASS/BeiDou-2 and GPS positioning results in 

Australia. Part II: Single- and multiple-frequency single-baseline RTK 

positioning (Odolinski et al., 2014b) 

 

In this contribution BDS+GPS instantaneous single-baseline RTK results will be 

presented, since it is the most challenging mode and has the advantage that the 

system becomes independent of cycle-slips. The baseline length will be short so that 

the relative atmospheric errors can be neglected, also referred to as the “atmosphere-

fixed” model. The goal is to investigate whether successful instantaneous single-

frequency RTK becomes feasible when combining the systems, as well as comparing 

the RTK positioning performance between the systems when using multiple-
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frequencies. Dual- and triple-frequency BDS, and dual-frequency GPS observations 

will be analysed. A first indication in Australia of the achievable formal bootstrapped 

success rate and empirical integer least-squares (ILS) ambiguity success rates will be 

given. The LAMBDA method will be used for ambiguity resolution (Teunissen, 

1995), and integer validation techniques (Teunissen and Verhagen, 2009; Verhagen 

and Teunissen, 2013a) to validate the resolved ambiguities. The emphasis will be on 

comparing the RTK performance between the systems when using a customary 

elevation cut-off angle of 10 degrees. An evaluation of the formal bootstrapped 

success rate for an elevation cut-off angle of 25 degrees will, however, be given as 

well. The use of higher cut-off angles can be of particular benefit in urban canyon 

environments, open pit mines, or when low-elevation multipath is present. 

 

Chapter 4: On the reliability and performance of a BDS+GPS RTK model 

This chapter is covered by the following publication: 

 Quality Analysis of a Combined COMPASS/BeiDou-2 and GPS RTK 

Positioning Model (Odolinski et al., 2013a) 

 

In this contribution single-baseline RTK ambiguity success rates and positioning 

precisions for higher than customary satellite elevation cut-off angles between 10 to 

35 degrees, will be presented. The use of higher cut-off angles is motivated by the 

initial bootstrapped success rate analysis conducted in Chapter 3. The time-to-correct 

fix will also be computed for a particular case when instantaneous-RTK is not 

possible, i.e. by using a Kalman filter solution and assuming the ambiguities as time 

constant in the dynamic model. The emphasis will be on the reliability as well, which 

is the robustness of the underlying model. Internal reliability is the ability of the 

system to test the observations of modelling errors, and external reliability is the 

consequence on the estimated parameters if such modelling errors remain undetected. 

The internal reliability will be presented by minimal detectable biases (MDBs) and 

the external reliability by bias-to-noise-ratios (BNRs) (Teunissen, 1998b), and 

comparisons will be made between the single-systems and the combined BDS+GPS 

RTK model.  
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Chapter 5: Instantaneous BDS+GPS RTK positioning with high elevation cut-

off angles 

This chapter is covered by the following publication: 

 Instantaneous BeiDou+GPS RTK positioning with high cut-off elevation 

angles (Teunissen et al., 2014) 

 

In this contribution further analyses are made on the combination of BDS and GPS 

for single- and multiple-frequency instantaneous RTK. This analysis is based on 

satellite elevation cut-off angles ranging between 10 to 40 degrees. In this 

contribution the BDS+GPS formal bootstrapped success rates will be computed for 

different parts of the world as well, whereas in the previous two Chapters the focus is 

on the RTK performance in Australia. The ambiguity dilution of precision (ADOP) 

will moreover be derived and explained by a closed-form analytical expression for a 

single-system and combined BDS+GPS model. This is done as to quantify the 

intrinsic precision of the ambiguities, and to illustrate and explain the gain one can 

achieve by combining the systems. Comparisons will then be made between a single-

frequency BDS+GPS RTK model to the dual-frequency single-systems, in terms of 

ambiguity resolution and positioning performance. It will further be stressed and 

demonstrated that the performance of positioning and ambiguity resolution do not 

always go hand-in-hand. 

 

Chapter 6: BDS+Galileo+QZSS+GPS instantaneous single-frequency RTK 

This chapter is covered by the following publication: 

 Combined GPS, BeiDou, Galileo, and QZSS single-epoch, single-frequency 

RTK Performance Analysis (Odolinski et al., 2013b) 

 

In this contribution use is made of four Galileo IOV and a single QZSS satellite 

(Figure 1.2) as well, as to investigate the further improvement one can achieve by 

combining all four systems in comparison to the RTK positioning models analysed in 

Chapters 3-5. A different functional model will however be derived here as some of 

the frequencies overlap between the systems, in contrast to the BDS and GPS 

frequencies that currently do not overlap. Emphasis is on the E1 frequency of Galileo 

that overlaps GPS L1 and QZSS L1 respectively (Table 1.1). This allows for a 

parameterization of the so called between-receiver differential inter-system biases 
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(ISBs), referred to as the “ISBs-float” model. If the ISBs can be calibrated the “ISBs-

fixed” model can be obtained. The latter model implies that every satellite added to 

GPS can then function as if it was an additional satellite from the same system, thus 

truly maximizing the redundancy of the model. The ISBs-fixed model also allows for 

the use of a common pivot satellite when parameterizing the double-differenced 

ambiguities. The performance of the ISBs-float/ISBs-fixed four-system 

instantaneous (atmosphere-fixed) RTK models will be evaluated by formal/empirical 

integer ambiguity success rates and positioning precisions, for satellite elevation cut-

off angles between 10 to 40 degrees.  

 

Chapter 7: Performance of a BDS+Galileo+QZSS+GPS single-frequency RTK 

model 

This chapter is covered by the following publication: 

 Combined BDS, Galileo, QZSS and GPS single-frequency RTK (Odolinski et 

al., 2014c) 

 

In this contribution use is made of the same functional models as in Chapter 6, but 

the analyses will instead of one day (as in Odolinski et al., 2013b) be based on four 

days of real data to illustrate the ambiguity success rate repeatability between days. 

Time-series of the ISBs will also be explicitly analysed as to answer the question 

whether the ISBs can be neglected for similar receiver types, in analogy to the 

GIOVE-GPS ISBs in Odijk and Teunissen (2013a). Single-baseline RTK results are 

then given for the ISBs-fixed and ISBs-float models. This in terms formal/empirical 

ambiguity success rates and positioning precisions. ADOPs will be presented (for the 

first time) for a four-system RTK model, and in addition to Chapter 6 that focus on 

instantaneous RTK, non-instantaneous RTK will be investigated here as well by 

using a Kalman filter with a dynamic model. The comparisons are made between the 

four systems to the single-systems and different combinations of the systems, for 

satellite elevation cut-off angles ranging between 10 to 40 degrees. 

 

Chapter 8: Long baseline BDS+Galileo+QZSS+GPS RTK positioning 

This chapter is covered by the following publication: 

 Combined GPS+BDS+Galileo+QZSS for Long Baseline RTK Positioning 

(Odolinski et al., 2014d) 
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In this contribution an analysis of the combination of BDS, Galileo, QZSS and GPS 

for long baseline RTK positioning will be conducted. With long baseline we refer to 

the necessity to estimate the slant ionospheric delays as well as the Zenith 

Tropospheric Delay (ZTD), by the so called “ionosphere-float” and “ZTD-float” 

model respectively. This in contrast to Chapters 6-7, where the baseline is short so 

that the atmospheric delays can be neglected. The ionosphere-float, ISBs-float and 

ISBs-fixed functional models will be derived and explained. It will be shown that the 

interpretation of the estimable unknowns changes when one has to rely on the 

ionosphere-float model and in comparison to when the relative ionospheric delays 

can be neglected. It will be predicted by means of the ADOP whether successful, 

instantaneous RTK is possible when the ionosphere-float, ZTD-float model is used. 

A Kalman filter is subsequently used with a dynamic model for some of the 

unknown parameters. The formal/empirical analysis then consists of Kalman-filter 

based ADOPs, bootstrapped success rates and positioning precisions. Their 

improvement with respect to the accumulated time in the Kalman filter will be 

investigated as well. Focus will be on the precision improvement when going from 

ambiguity-float to ambiguity-fixed positioning, and comparing the combined four-

system RTK model to the single-, dual- and triple-systems. 

 

Chapter 9: BDS+GPS RTK positioning for short, medium and long baselines  

This chapter is covered by the following publication: 

 Combined GPS+BDS for short to long baseline RTK positioning (Odolinski 

et al., 2014e) 

 

In this contribution emphasis is on short, medium and long baseline BDS+GPS RTK. 

This contribution is the ending Chapter of this PhD thesis, and it will illustrate the 

RTK performance one can expect for various baseline lengths when combining the 

systems. With short baseline we refer to when the baseline length is of at most a few 

kilometres so that the relative atmospheric delays can be assumed absent, whereas 

with medium baseline we refer to when the uncertainty of the slant ionospheric 

delays can reliably be modelled as a function of the baseline length. With long 

baseline we refer to the necessity to parameterize the ionospheric delays and (wet) 

ZTD as completely unknown. The functional models of these three cases will be 
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derived and their differences explained. It will be investigated by real data whether 

single-frequency instantaneous RTK is feasible for short/medium baselines, and 

when dual-frequencies are required. Emphasis is then on analysing the ionosphere-

float, ZTD-float model by means of ADOPs, bootstrapped success rates, 

ambiguity/positioning convergence times, and the formal/empirical positioning 

performance. Special attention will be given on analysing the positioning precisions 

as a function of the time accumulated in the Kalman filter, and higher than customary 

elevation cut-off angles.  

1. 4 Conclusions 

The research objectives of this PhD thesis are to derive and evaluate the multi-GNSS 

functional and stochastic models for fast and precise positioning. These objectives 

are all covered by Chapters 2-9. The conclusions from these Chapters can briefly be 

summarized as follows.  

The multi-GNSS functional/stochastic models for SPP, RPP, short, medium and 

long single-baseline RTK were derived, and the model differences were explained. 

Emphasis was on calibration of differential ISBs for overlapping frequencies, as to 

enable RTK functional models with the highest possible redundancy. It was 

demonstrated that combining GPS with the other systems (BDS, Galileo and QZSS) 

improves the reliability, integer ambiguity success rates, positioning availability and 

performance. The improvements were shown to become more significant for higher 

than customary elevation cut-off angles, because of the relatively larger number of 

visible satellites when compared to using GPS separately. It was further established 

that successful, instantaneous single-frequency RTK is achievable when at least two 

systems are combined (BDS+GPS) and the atmospheric errors can be neglected, 

whereas when any of the systems are used separately (or the atmospheric delays are 

present) at least two frequencies are required. It was also predicted that a Kalman 

filter with a dynamic model on certain parameters is required when the atmospheric 

errors need to be estimated as completely unknown, as to achieve successful 

ambiguity resolution. In conclusion it was shown for this latter functional model that 

the accumulated times needed in the Kalman filter were smaller for the combined 

systems in comparison to using the systems separately, as to obtain successful, 

ambiguity-fixed, mm-cm level RTK positioning precisions and ambiguity-float 

positions with a precision at the decimetre-level, respectively. 
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2 BDS+GPS SINGLE-RECEIVER AND RELATIVE CODE-ONLY 
POSITIONING 

This chapter is covered by the following publication:  

 

Odolinski R, Teunissen PJG, Odijk D (2014a) First combined COMPASS/BeiDou-2 

and GPS positioning results in Australia. Part I: single-receiver and relative code-

only positioning. Published in: Journal of Spatial Science, vol. 59, no. 1, p. 3-24, 

doi:10.1080/14498596.2013.840865 
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First combined COMPASS/BeiDou-2 and GPS positioning results in

Australia. Part I: single-receiver and relative code-only positioning

R. Odolinskia*, P.J.G. Teunissena,b and D. Odijka

aDepartment of Spatial Sciences, Curtin University, GPO Box U1987, Perth 6845, Australia
bDelft University of Technology, Delft, The Netherlands

China’s BeiDou-2/COMPASS is expected to deliver global Positioning, Navigation and Timing
(PNT) services by 2020. Australia is already a beneficiary of the regional BeiDou configuration,
as enough satellites are available to perform PNT. The present contribution is Part I out of two
parts that consider first combined BeiDou þ GPS positioning results in Australia. In Part II, we
will focus our attention on the single-baseline RTK model performance and the integer
ambiguity success rates. Part I considers code-only single- and multiple-frequency single-
receiver and relative point positioning. Our results show that the increased strength of the
combined model allows for improved positioning robustness and accuracy over the BeiDou- and
GPS-only solutions.

Keywords: GNSS; BeiDou; GPS; positioning navigation and timing (PNT); multipath; single-
point positioning (SPP); relative point positioning (RPP)

1. Introduction

China’s BeiDou (COMPASS) Navigation Sat-

ellite System attained initial regional oper-

ational status in the end of December 2011

(Langley 2011; CSNO 2011). The future

BeiDou constellation will consist of five

Geostationary Earth Orbit (GEO), three

Inclined Geo-Synchronous Orbit (IGSO) and

27 Medium Earth Orbit (MEO) satellites

(CSNO 2012). At this stage BeiDou is capable

of providing Positioning, Navigation and

Timing (PNT) services in the whole of the

Asia-Pacific region, andwill deliver global PNT

services by 2020.With modern GNSS receivers

tracking BeiDou on multiple frequencies,

BeiDou data can be used for positioning, timing

and navigation in various modes.

To date, there are some BeiDou results in

the literature. Besides BeiDou simulation

results in Grelier et al. (2007), Huang and

Tsai (2008), Cao et al. (2008), Chen et al.

(2009), Zhang et al. (2010), and Yang et al.

(2011), we have real data results in Shi et al.

(2012a), who processed BeiDou Single-Point

Positioning (SPP), relative code positioning,

and relative carrier-phase positioning (Real-

Time-Kinematic (RTK)). Shi et al. (2012b)

further evaluated orbit determination for

BeiDou and combined BeiDou þ GPS Pre-

cise Point Positioning (PPP). First positioning

results using BeiDou outside of China are

reported in Montenbruck et al. (2012a,

2012b) and Steigenberger et al. (2012,

2013). These later studies considered satellite
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orbit and clock determination, PPP, and RTK

positioning.

This contribution presents first combined

BeiDou þ GPS positioning results in Austra-

lia, and consists of two parts. Part I considers

combined BeiDou þ GPS SPP and Relative

Point Positioning (RPP), based on the code

observables and single as well as multiple

frequencies. In Part II carrier-phase positioning

with ambiguity resolution will also be eval-

uated. The goal with these two parts is to give

Australian GNSS users indications of what

BeiDou can give in terms of positioning

accuracy, both as a stand-alone system and

when combined with GPS. The positioning

model considered for RPP is of single-baseline

type using two receivers separated by a short

distance. With ‘short distance’ we refer to the

assumptions that the single-differenced GNSS

observables are insensitive to orbit errors and

residual ionospheric and tropospheric delays.

SPP and RPP are investigated to give us a

first idea of the quality of the data and have the

advantage that cheap code-only receivers can

be used. No external information such as

precise orbits and clocks is further needed and

only the broadcast data is necessary. SPP

provides positioning accuracies at meter level

and can be used for maritime navigation on the

open sea, aircraft navigation en route, car

navigation, and by hikers and backpackers.

RPP can provide dm to meter-level positioning

accuracy, and can be used for precise aircraft

applications, harbor entry by ships, GIS, and

many other applications (Misra & Enge 2006).

A good code-only precision is moreover a

prerequisite for successful instantaneous car-

rier-phase integer ambiguity resolution, the

key to precise mm-cm-level positioning.

This contribution is organised as follows.

The first section presents the current status of

the BeiDou satellite constellation and the

available signals. Then we describe the GNSS

observation equations and the positioning

models used for single- and multiple-fre-

quency SPP and RPP (see Table 1). Following

the description of each functional model, we

also give the corresponding results. We

conclude with a summary and discussion.

2. BeiDou system description

A fully operational BeiDou satellite constella-

tion is shown to the left in Figure 1 (Astro-

nautica Encyclopedia 2012), and to the right is a

24 h ground track of the operational BeiDou

satellites available for positioning at 7 July

2012. The satellites’ corresponding location is

presented at UTC 04:25 as a dot, as observed

from station CUT0, in Western Australia,

Perth.

The operational satellite constellation (July

2012) consists of four Geostationary Earth

Orbit (GEO) satellites in orbit at an altitude of

35,786 km, and five Inclined Geo-Synchronous

Orbit (IGSO) satellites in two orbits at an

altitude of 35,786 km as well with 55 degree

inclination to the equatorial plane (CSNO2012).

Table 1. Functional models and results to be presented for single-receiver and relative code-only positioning

Positioning Section Eq. Unknowns

Single frequency SPP 3 Receiver coordinates, and clock
BeiDou/GPS (1)
Combined (2)
Multiple-frequency SPP 4 Receiver coordinates, clock, ionosphere
BeiDou/GPS (6)
Combined (8)
Single- and multiple- frequency RPP 5 Relative receiver coordinates and clock
BeiDou/GPS (10)
Combined (12)

R. Odolinski et al.4



22 

 

The Medium Earth Orbit (MEO) satellites are

operated in orbit at an altitude of 21,528 km and

55 degree inclination to the equatorial plane

(CSNO 2012) and are comparable to the GPS,

GLONASS and Galileo satellites. In Figure 1

we see that some satellites are located to the

South of CUT0 for some periods, whereas the

remaining GEO satellites always remain

stationary in the North and along the equator.

The IGSO satellites describe two figure-of-eight

loops and the GEO satellites are controlled in

longitude but not latitude and thus reach peak

inclinations of about 2 degrees (Montenbruck

et al. 2012b).

The BeiDou satellites currently transmit at

three frequencies, B1, B2 and B3, in Quad-

rature phase-shift keying (QPSK) modulation

as shown in Table 2. In the Table we also show

the L1, L2 and L5 GPS frequencies.

The BeiDou signals are based on Code

Division Multiple Access (CDMA), similar to

GPS and Galileo. We also see that no BeiDou

frequencies (currently) overlap the GPS

frequencies. In this contribution we can only

compare triple-frequency BeiDou results with

those of dual-frequency GPS, since the third

GPS L5 frequency is currently (2013) only

available from PRN 1, 24 and 25.

3. Single-frequency single-point

positioning

In this section we present the functional and

stochastic models used for single-frequency

single-receiver code-only positioning, also

referred to as SPP. This is followed by some

SPP results.

3.1 Functional model

The functional model describes the functional

relation between the observations and the

unknowns. Let us consider the receiver r,

tracking the GPS or BeiDou satellites

s* ¼ 1*; . . . ;m*, where m* is the number of

satellites of one GNSS system * (G for GPS and

C for COMPASS). We have no overlapping

frequencies between GPS and BeiDou, thus we

define the frequencies as j* ¼ 1*; . . . ; f * fre-

quencies, where f * is the number of frequencies

Figure 1. (Left) Full operational BeiDou satellite constellation (Astronautica 2012). (Right) Current BeiDou
ground track from Perth station CUT0, where the satellite locations are given at 7 July 2012, UTC 04:25.

Table 2. COMPASS/BeiDou-2 (Han et al. 2011)
and GPS signals

Sat.
system

Band
(component)

Frequency
[MHz]

Wavelength
[cm]

BeiDou B1 (I/Q) 1561.098 19.20
B2 (I/Q) 1207.140 24.83
B3 (I/Q) 1268.520 23.63

GPS L1 1575.42 19.03
L2 1227.60 24.42
L5 1176.45 25.48

Journal of Spatial Science 5
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for system *. Corrections for satellite orbits and

clocks are provided from e.g. IGS and are

assumed known. The Saastamoinen troposphere

model (dry part) and the Klobuchar ionosphere

model, which gives approximately 50 percent

root-mean-square ionospheric range error

reduction (Klobuchar 1987), can be applied as

well. Any remaining residual ionosphere and

(wet) tropospheric delays are ignored. The

single-system (linearised) full-rank SPP obser-

vation equations then follow as,

p
s*
r;j*

¼ 2c
s*T

r Dxr þ d~tr;j*
ð1Þ

where p
s*
r;j*

is the code observable, with Dxr the
receiver coordinate increments, d~tr;j* the esti-

mable receiver clock biased by a frequency-

dependent hardware (HW) code delay, and

cs*Tr ¼ ðxs* 2 xrÞT=kxs* 2 xrk the line-of-sight

unit vector from the receiver r to the satellites as

obtained from linearising the observation

equations with respect to the vector of receiver

coordinates xr, where x
s* is the vector of satellite

coordinates. For a combined system and in

vector form we have on single-frequencies jG
and jC,

yp;j ¼
GG

r

GC
r

2
4

3
5Dxr þ emG

0

0 emC

2
4

3
5 d~tGr;jG

d~tCr;jC

2
64

3
75
ð2Þ

where yp;j ¼ yGTp;jG ; y
CT
p;jC

h iT
contains code obser-

vables of the two systems, with y
*

p;j*
¼

p
1*
r;j*

; . . . ; p
m*

r;j*

h iT
, G

*

r ¼ 2c1*r ; . . . ;2cm*
r

� �T
contains the unit vectors, and em*

is a column

vector with only ones of size m* £ 1. The

estimable receiver clocks read d~tGr;jG for GPS and

d~tCr;jC for BeiDou respectively, where the GPS

clock is with respect to GPS time and the

BeiDou clock to the BeiDou navigation satellite

systemTime (CSNO2012). The possible shared

parameters between the systems are the receiver

coordinates.

The redundancy is computed as the number

of observations minus the number of estimable

unknowns. In Table 3 we give the number of

observations, the number of estimable

unknowns and the redundancy for the SPP

models that we have presented. We also give in

the last column a solvability condition, which

is the number of satellites required to solve

unbiased coordinate parameters. This follows

from looking into the rank of the resulting

system of observation Equations (1)–(2), and if

it is not of full-rank more satellites are needed.

It is interesting to note that for instance

mG ¼ 3 and mC ¼ 2 number of satellites are

enough for positioning with a combined

system, whereas with the same numbers it is

impossible to position the receiver using the

systems separately (m* $ 4 satellites required).

A combined system thus gives the user more

flexibility since the positioning requirements

are less stringent. In order to illustrate this,

we depict in Figure 2 the number of satellites

for BeiDou, GPS and a combined system with

40 degrees cut-off elevation angle from our

station CUTA in Perth, Western Australia, 7

July 2012. This is a reasonable cut-off angle in

difficult areas such as urban canyons or open pit

mines.

We see that with BeiDou and GPS only we

will be able to position ourselves approxi-

mately 78 and 69 percent of the time

respectively, whereas with the combined

system we have the required number of

satellites almost 100 percent of the time.

Table 3. Single-frequency SPP and the number of observations, unknowns, redundancy and solvability
condition

Model/equation # of observations # of unknowns Redundancy Solvability condition

Single system (1) m
*

4 m* 2 4 m* $ 4

Combined (2) mG þ mC
5 mG þ mC 2 5 mG þ mC $ 5

R. Odolinski et al.6
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3.2 SPP stochastic model

The stochastic model refers to the stochastic

properties of the observables. We assume that

the pseudorange observables are normally

distributed and mutually uncorrelated; the

variability of the observations can then be

fully captured by its dispersion and be

described by a diagonal variance-covariance

(VCV) matrix. The following VCV-matrix

will be used for a single-system SPP (1),

Q
*

0 ¼ diagðf ðE 1* Þ; . . . ; f ðEm* ÞÞ ð3Þ

where Q
*

0 is the single-system VCV-matrix,

‘diag’ is a diagonal matrix, f ðEs* Þ ¼ ðs*
0ð1:02=

ðsinðEs*Þ þ 0:02ÞÞÞ2 the sine elevation-weight-

ing function multiplied by s
*

0 the a-priori

(known) range accuracy in zenith, and finally

Es* is the elevation angle of satellite s* ¼
1*; . . . ;m* in degrees. For a combined system

(2) we have the following VCV-matrix,

Q0 ¼ blkdiagðQG
0 ;Q

C
0 Þ ð4Þ

where ‘blkdiag’ denotes a blockdiagonal

matrix.

3.3 Single-frequency SPP results

In this section, SPP results are presented. Data

from a static receiver named CUTA, one of

Curtin’s Continuously Operating Reference

Stations, is analysed. The station is equipped

with Trimble NetR9 multi-frequency multi-

GNSS receiver.

Five days of data will be analysed, namely

7–11 July 2012, with 30 sec intervals between

Figure 2. Satellite visibility for BeiDou, GPS and combined with 40 degree elevation cut-off angle for
CUTA in Perth and 7 July 2012. Percentages given as the number of epochs above or equal to the required
number of satellites as given in Table 3. Light green and dark blue represent GPS and BeiDou above or equal to
four satellites respectively, light red and light blue are for below four satellites, and finally black and light grey
is for the combined system above or equal to and below five satellites respectively.

Journal of Spatial Science 7
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consecutive measurements and 10 degrees of

elevation cut-off angle. The BeiDou satellite

orbit and clock products are provided by the

GNSS centre of Wuhan University for this

period, since broadcast data was not yet

available. For GPS standard broadcast ephe-

merides are used, and the estimated positions

are compared to very precise station bench-

marks. The CUTA antenna is shown in

Figure 3, together with a second receiver,

CUT0, that we will use for RPP. CUT0 is

equipped with a Trimble NetR9 receiver

similar to CUTA. A typical sky plot, number

of visible satellites and Positional Dilution Of

Precision (PDOP), for GPS, BeiDou and

combined BeiDou þ GPS, are given in

Figure 4.

The stochastic model settings for SPP are

given in Table 4. The range accuracy in (3)

holds for zenith and is dependent on the

contributing error sources such as atmospheric

errors, the code precision, type of receiver and

frequency, the precision of the (broadcast)

satellite coordinates and clocks, the precision

of the Klobuchar ionospheric model, the

Saastamoinen tropospheric model and satellite

geometry. We used one day of data to find

these stochastic settings in Table 4 by fitting

the formal 95 percent confidence ellipse to the

corresponding empirical ellipse; see further

Figure 5. Then we applied these settings onto

other days to independently check the validity

of the stochastic model used.

In Figure 5 single-frequency B1 BeiDou,

L1 GPS and B1 þ L1 combined SPP results

are given for CUTA and 7–11 July 2012,

based on (2). In the figure we apply the

Saastamoinen tropospheric model but ignore

the ionosphere. Horizontal scatter plots are

given with 95 percent confidence ellipses

derived from the empirical and formal

VCV-matrix of the positions. The empirical

VCV-matrix is given by the positioning errors

as derived from comparing the estimated

positions to the precise benchmark coordi-

nates, whereas the formal VCV-matrix is

given from the mean of all single-epoch

least-squares VCV-matrices of the entire

observation time-span. All results are given in

localNorth, East andUp.Agoodmatch between

the two ellipses imply realistic assumptions on

the stochastic model as given in Table 4, and

that as a result we have a minimum variance

estimator (Teunissen et al. 2008).

We see in Figure 5 that a larger standard

deviation is obtained in North as compared to

East when using BeiDou, due to the satellite

geometry as depicted in Figure 4. Particularly

the GEO satellites are all stationary over the

day and located along the equator (Figure 1),

and only a few satellites are located to the

South for some periods. Since we ignore

the ionosphere, we also see that the vertical

positions are more biased as compared to GPS

and we have large mean errors in the

horizontal components of several meters for

BeiDou, which are mitigated for the combined

system. In other words errors from ionospheric

delays are more prominent in the BeiDou data,

due to the satellite geometry.

To further illustrate this we depict in Figure 6

(b) the ionosphere-estimated BeiDou positioning

results using triple-frequency code-only

measurements for 7 July 2012. The correspond-

ing functional model is given and described in

the next section and Equation (6). In Figure 6(a)

Figure 3. Curtin CUTA (Left) and CUT0 (Right)
GNSS antennas used.

R. Odolinski et al.8
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the number of satellites, the North, East and Up

formal standard deviations for each epoch (top),

and single-frequency SPP results (without

estimating ionosphere) (bottom) are depicted as

well. The time is given in local Perth time UTC

þ8 h. We use a satellite elevation-weighting

strategy in (3) and the resulting formal standard

deviations thus mostly depend on the satellite

geometry, number of satellites and the magni-

tude of the ignored slant ionospheric delays.

In Figure 6(a) we see that the empirical

B1 Up positioning error reached its largest

peak during day time (around 13:00–14:00),

Figure 4. Satellite visibility for a combined system (Bottom) and skyplot of BeiDou (Left) and GPS (Right)
with 10 degree elevation cut-off angle for CUTA in Perth and 7 July 2012.

Table 4. Stochastic model settings for single-
frequency SPP in (3)

System Frequency Range accuracy s0 [m]

GPS L1 0.74
BeiDou B1 1.63

Journal of Spatial Science 9
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Figure 5. Ionosphere ignored SPP results (Left) B1 BeiDou, (Middle) L1 GPS, and (Right) B1,L1
BeiDou þ GPS combined, based on (2). Empirical local North, East and Up mean and standard deviations,
and 95 percent formal and empirical confidence ellipses, are given as well.

Figure 6. B1 SPP results, number of satellites, formal standard deviations (a), and triple-frequency
ionosphere-estimated (6) BeiDou positioning results (b) for CUTA and 7 July, UTC þ8 h (local Perth time).

R. Odolinski et al.10
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when we also expect more ionospheric

activity as compared to night time. More

importantly we see that the B1 positioning

errors are well-reflected by the corresponding

formal standard deviations, where the Up and

North components vary more with larger

magnitudes than the East component. In fact,

the maximum peak of positioning errors is

given when the formal standard deviations

reach their maximum values. The ionosphere-

estimated positioning model in Figure 6(b)

reduces these effects significantly, and any

remaining errors can be due to e.g. satellite

clock and orbit errors (and multipath). In

other words, when the satellite geometry

becomes poor and the model is weak, the

receiver becomes more sensitive to errors

such as ionosphere. This effect is mitigated

for the combined system (Figure 5) with the

larger number of satellites and more robust

satellite geometry with respect to our

receivers (Figure 4).

All empirical SPP results are summarised

in Table 5. When we applied the Klobuchar

model we slightly improved the Up component

for all systems as compared to ignoring it (not

shown here). We have also looked at other

receivers and we achieved similar SPP

performance. However, we see in Table 5

larger biases in the East component for the

combined system as compared to GPS, related

to the ionospheric delays. We verify this in the

ionosphere-estimated model in the next sec-

tion (and Table 8), where the combined system

and the East component become better than the

corresponding GPS one.

4. Multi-frequency SPP with ionosphere

estimation

In this section we present the functional model

of SPP using multiple frequencies, and give

the corresponding results based on the same

data as in the previous section. The stochastic

model that will be used has already been given

in the previous section in (3) and (4).

4.1 Functional model

The ionosphere is a dispersive medium and the

ionospheric range delay can be given as

Is*r ¼ 40:3TEC=f 2j* , where TEC is the line-of-

sight total electron content. Using this fact one

can either estimate the ionospheric delays on

the first frequency and use mj* to scale it to

other frequencies, or form the dual-frequency

(first-order) ionosphere-free code combi-

nation, where mj* ¼ f 21*=f
2
j*
.

The model when we estimate the iono-

spheric delays is also referred to as the

‘ionosphere-float’ model. We assume that

satellite clocks, orbits and HW code delays

on frequency j* ¼ 1*; 2* are known. The

system of observation equations, given in

textbooks such as Teunissen and Kleusberg

(1998), is, however, still rank defect. The

number of rank defects is the number of linear

combinations of the column vectors of the

design matrix that produces the zero vector, of

which the combinations are said to span the

null space of the design matrix. These rank

defects can be eliminated through an appli-

cation of S-system theory (Teunissen 1984;

Teunissen et al. 2010), implying null-space

Table 5. Single-frequency SPP results for BeiDou/GPS and combined

System/frequency
Mean

error N [m]
STD
N [m]

Mean
error E [m]

STD
E [m]

Mean
error U [m]

STD
U [m]

BeiDou B1, iono ignored 3.658 3.393 3.208 1.147 4.970 7.880
GPS L1, iono ignored 20.894 0.970 0.008 0.780 2.871 2.996
COMBINED B1,L1 iono ignored 20.266 1.002 0.632 0.687 2.383 2.829

Note: Positioning error results are for CUTA and 7–11 July 2012, with empirical mean and standard deviations in local
North, East and Up.

Journal of Spatial Science 11
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identification, S-basis constraining and proper

interpretation of the estimable parameters. We

have the following number of rank deficiencies

for a single-system,

# of rank defects is f* ð5Þ
To eliminate these rank deficiencies we choose

to fix the receiver HW code delays on all

frequencies f *. We get for j* ¼ 2*; . . . ; f *
frequencies and for a single-system the follow-

ing full-rank system of observation equations,

p
s*
r;j*

¼ 2c
s*T

r Dxr þ d~tr þ mj*
~I
s*
r ð6Þ

where the estimable unknowns are, from left

to right: receiver coordinates Dxr, a receiver

clock d~tr and ionospheric delays ~I
s*
r that are

biased by receiver HW code delays on the

first and second frequency (see e.g. Zhang

et al. (2011)). We assume the third frequency

and beyond estimable satellite HW code

delays to be zero (for their interpretation see

e.g. Henkel et al. (2011)), but as we will see

in the results section there is a slight

improvement if we parameterise them. The

number of rank deficiencies and S-basis for a

combined system are obtained by taking (5)

for GPS and BeiDou as,

# of rank defects is f G þ f C ð7Þ
For a combined system we then have the

following compact form of system of obser-

vation equations, with the vector of ionospheric

delays �I
*

r ¼ ½~I1*r ; . . . ; ~I
m*

r �T that gives,

yp ¼ B1�Dxr þ B2�
d~tGr

d~tCr

2
4

3
5þ B3�

�I
G
r

�I
C
r

2
4

3
5
ð8Þ

where yp ¼ yGTp ; yCTp

h iT
contains code observa-

bles of the two systems on multiple frequencies

y
*

p ¼ y
*T
p;1*

; . . . ; y
*T
p;f *

h iT
, B1 ¼

ef G^GG
r

ef C^GC
r

2
4

3
5 cor-

responds to thepartial designmatrix of the receiver

coordinates, B2 ¼
ef G^emG

0

0 ef C^emC

" #

to the receiver clocks, and B3 ¼

mG^ImG
0

0 mC^ImC

" #
to the ionospheric

delays, where ef * , em*
is the f * and m*

dimensional column vectors with all elements

of 1, ^ is the Kronecker product as given by

Rao (1973),m* is a column vector of size f * £ 1

that contains all mj* for j* ¼ 1*; . . . ; f *, and Im*

is the identity matrix of size m*. We emphasise

again that we can parameterise the satellite HW

code delays on the third frequency and beyond

as well, but here assume them to be zero.

The redundancy and solvability condition

of the systems of Equations (6) and (8) are

given in Table 6. We see that when we have

Table 6. Multiple-frequency ionosphere-float SPP and the number of observations, unknowns, redundancy
and solvability condition

Model/equation # of observations # of unknowns Redundancy Solvability
condition

f * $ 2

Single system (6) f *m* 4þ m* f *m* 2 ð4þ m*Þ m* $ 4

Parameterise satellite
HW delays for f * $ 3

f *m* 42 m* þ f *m* m* 2 4 m* $ 4

Combined system (8) f GmG þ f CmC 5þ mG þ mC fGmG þ f CmC 2 ð5þ mG þ mCÞ mG þ mC $ 5

Parameterise satellite
HW delays for f * $ 3

f GmG þ f CmC 52 mG 2 mC þ f GmG þ f CmC mG þ mC 2 5 mG þ mC $ 5

R. Odolinski et al.12
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three or more frequencies and if we

parameterise the satellite HW code delays,

we reduce the redundancy with ðf * 2 2Þm*

for the single-system, and ðf G 2 2ÞmG þ
ðf C 2 2ÞmC for the combined system. In

other words, there is a tradeoff between

redundancy and estimating the satellite HW

code delays (which might bias our estimated

positions).

4.2 Ionosphere-float positioning results

In this section we will evaluate the ionosphere-

float positioning models. The stochastic

settings for these scenarios are given in

Table 7.

We give positioning results when we

estimate the ionosphere in Figure 7, based on

(6) and (8) respectively.

All coordinate component standard devi-

ations improve as compared to those of GPS

and BeiDou for the combined system. More-

over we have a better fit of the empirical

ellipses to the estimated positions as compared

to the single-frequency SPP results in Figure 5,

since the ionospheric delays have now been

estimated. The ionosphere-float BeiDou stan-

dard deviations are now even better than the

corresponding GPS results, and this is due to

the satellite clock and orbit products used

(BeiDou is based on precise post-processed

products and GPS on broadcast data). This is

also reflected in our stochastic model settings

in Table 7 and verified in the following section

for RPP. We note though that if the BeiDou

navigation data had been available as of July

2012, with comparable accuracy to the GPS

orbits and clocks, the ionosphere-float posi-

tioning accuracy would have been better for

GPS. This is because the number of visible

GPS satellites is here larger and the satellite

geometry stronger as compared to BeiDou

(Figure 4) together with comparable code

precision (Table 10). Nevertheless, we see

large biases in particularly the North and Up

components for BeiDou and the combined

system of several dm, and this is due to

multipath effects (see RPP and the discussion

in relation to Figures 9–11).

We summarise all ionosphere-float posi-

tioning results in Table 8, and in parenthesis

Figure 7. Ionosphere-float positioning for (Left) Triple-frequency BeiDou, (Middle) dual-frequency GPS
and (Right) BeiDou þ GPS combined, based on (8). Empirical local North, East and Up mean and standard
deviations, and 95 percent formal and empirical confidence ellipses, are given as well.

Table 7. Stochastic model settings for multiple-
frequency SPP in (3)

System Frequency Range accuracy s0 [m]

GPS L1 0.50
L2 0.50

BeiDou B1 0.35
B2 0.35
B3 0.35

Journal of Spatial Science 13
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Figure 8. Between-receiver SD B1 BeiDou (Top), L1 GPS (Middle), and B1, L1 BeiDou þ GPS combined
(Bottom) positioning results for CUT0-CUTA based on (12). Empirical local North, East and Up mean and
standard deviations, with 95 percent formal and empirical confidence ellipses/levels.

R. Odolinski et al.14
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we give positioning results based on day-

differences between coordinates as well, using

the stochastic model settings in Table 10. By

performing these day-differences with a time

separation of 23 h and 56min, similar to the

GPS satellite constellation repeatability period

(Axelrad et al. 2005), the multipath effects can

be significantly reduced. The IGSO satellites

have the same repeatability as GPS (Jiang et al.

2011), and the GEO satellites are (almost)

stationary. It is, however, still an approxi-

mation as different satellites can have repeat-

ability period shifts other than 4min (Axelrad

et al. 2005). Any daily repeatability caused by

Figure 9. SD B1 BeiDou positioning results and formal standard deviations (a) together with the SD
multipath combination (b) and (c) for 7 July 2012.

Journal of Spatial Science 15
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satellite orbit/clock errors and third-frequency

estimable satellite HW delays will then also be

removed. Results when parameterising the

third-frequency estimable satellite HW code

delays in (6) and (8) are also given in Table 8.

The mean errors are reduced by the day-

differences from several dm with multipath

effects, down to a few cm for all systems

without, and the standard deviations decrease

for almost all coordinate components and all

systems. The BeiDou and combined system

Up and North errors slightly improve up to a

few dm when parameterising the satellite HW

delays for the undifferenced case. The

combined system further provides us standard

deviation improvements of approximately 48

percent as an average of North, East and Up

components and as compared to GPS.

Corresponding values compared to BeiDou

are 22 percent.

5. Between-receiver single-differenced

relative positioning for short baselines

(RPP)

In this section we assume that we have two

receivers observing the same satellites at the

same time instant, with external products for

satellite orbits available. We give the corre-

sponding results as well.

Figure 10. SD L1 GPS positioning results and formal standard deviations (a) together with SD multipath
combination (b) for 7 July 2012.

R. Odolinski et al.16



34 

 

Figure 11. Day-differences on between-receiver SD B1 BeiDou (Top), L1 GPS (Middle), and B1, L1
BeiDou þ GPS combined (Bottom) results for CUT0-CUTA based on (12). Empirical local North, East and
Up mean and standard deviations, with 95 percent formal and empirical confidence ellipses/levels.
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5.1 Functional model

The between-receivers single differences

(SDs) that we will use in this section will be

with respect to a pivot receiver 1. The relative

atmospheric delays for significantly short

baselines of a few km can then be considered

negligibly small. Consequently parameterisa-

tion of these delays is not necessary, and we

will accordingly improve the model strength

with increased redundancy by omitting them.

Any remaining errors from satellite orbits/

clocks and HW delays are also eliminated. We

refer to this model as the Relative Point

Positioning (RPP) functional model. We have

the following number of rank deficiencies for a

single system,

# of rank defects is 5þ f* ð9Þ

All rank deficiencies are eliminated by fixing

pivot receiver 1 clock, coordinates and HW

code delays on all frequencies, and receiver 2

HW code delays on the first frequency. We

then have full-rank observation equations for

the single system given as,

p
s*
12;j*

¼ 2c
s*T

2 Dx12 þ d~t12 ð10Þ

where ð�Þ12 ¼ ð�Þ2 2 ð�Þ1 is the notation for

between-receiver SDs for receivers 1 and 2,

and the estimable unknowns’ corresponding

interpretation is given in detail in e.g. Odijk

et al. (2012). From left to right in (10) we have:

relative receiver coordinates Dx12 and a

relative receiver clock d~t12 biased by receiver

HW code delays on j* ¼ 1*. We can also

parameterise relative receiver Differential

Code Biases (DCBs) in (10) for f * $ 2

frequencies, and the effect on the positioning

results when doing so will be described in the

following results section. For the combined

system we share the three receiver coordinates

and thus get the number of rank deficiencies

and S-basis by taking (9) for GPS and BeiDouT
a
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and subtract 3,

# of rank defects is 7þ f G þ f C ð11Þ

After solving the rank deficiencies we have the

following compact form of the full-rank

observation equations for a combined system,

yp12 ¼ B1�Dx12 þ B2�
d~tG12

d~tC12

2
4

3
5 ð12Þ

with yp12 the SD code observables on single or

multiple frequencies, B1 contains the line-of-

sight unit vectors of receiver 2, and B2 is the

partial design matrix for the system-specific

receiver clocks as already described in relation

to (8). We see a resemblance between (10) and

(12) and the functional model in (1) and (2) for

single-frequency SPP, with the difference that

in (10) and (12) we estimate relative receiver

coordinates and clock and that all atmospheric

delays, satellite orbit/clock errors and HW

delays have been eliminated.

The number of observations, unknowns,

redundancy and solvability condition are given

in Table 9. We see that we decrease the

redundancy by ðf * 2 1Þ if we parameterise

DCBs for a single system, and with ðf G 2
1Þ þ ðf C 2 1Þ for the combined system.

5.2 RPP results

The second receiver we will use in addition to

CUTA is named CUT0, and the distance

between the stations is 8m (Figure 3). The

stochastic model settings for SDs (12) are

given in Table 10. In the table we include day-

differences (epoch-differences (ED)) as well,

which reduce multipath effects, and the

remaining noise is then dominated by receiver

code noise.

Single-frequency B1, L1 and B1 þ L1 SD

results are depicted in Figure 8, together with

the vertical positions and 95 percent formal

and empirical confidence levels as well. We

also give positioning histograms together with

the theoretical empirical and formal normal

distributions. The theoretical normal distri-

butions and the vertical confidence levels are

computed by the standard deviations from the

formal and empirical VCV-matrices, and the

mean is taken as the mean of the positioning

errors.

Larger standard deviations are depicted in

Figure 8 for North as compared to the East

component for BeiDou, again related to the

large fraction of GEO satellites along the

equator. The Up component is further biased

with a mean error of approximately 1.4 dm for

BeiDou (and 3.5 cm for GPS), and we have a

Table 9. Between-receivers SDs (RPP) and the number of observations, unknowns, redundancy and
solvability condition for two receivers

Model/equation # of observations # of unknowns Redundancy Solvability condition

Single system (10) f *m* 4 f *m* 2 4 m* $ 4

Parameterise DCBs f *m* 4þ f * 2 1 f *ðm* 2 1Þ2 3 m* $ 4

Combined system (12) f GmG þ f CmC 5 f GmG þ f CmC 2 5 mG þ mC $ 5

Parameterise DCBs f GmG þ f CmC 5þ f G 2 1þ f C 2 1 f GðmG 2 1Þ þ f CðmC 2 1Þ2 3 mG þ mC $ 5

Table 10. Stochastic model settings for SDs and
ED (day-differences) for CUT0 and CUTA in (3)

System Frequency Range
accuracy
SD s0 [m]

Range
accuracy
SD þ

ED s0 [m]

GPS L1 0.30 0.28
L2 0.22 0.20

BeiDou B1 0.27 0.21
B2 0.27 0.21
B3 0.22 0.16
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periodic behaviour that repeats between days

(for BeiDou) as well, due to multipath effects.

We therefore depict a single-channel linear

geometry- and atmosphere-free code and

phase multipath combination (see Equations

(2) and (3) in de Bakker et al. (2011)) in

Figure 9(b)–(c) for BeiDou, and Figure 10(b)

for GPS, and 7 July 2012 (in local Perth time).

The multipath combinations are given on the

between-receiver SD level together with their

corresponding root-mean-square (RMS) and

satellite elevation angles. We further show in

Figures 9(a) and 10(a) the number of satellites,

North, East and Up formal standard deviations

and the SD single-frequency B1 and L1

empirical positioning results respectively.

Any gaps visible in the time series are due to

the same-satellites-in-view restriction between

the receivers. The multipath combinations are

dominated by B1 and L1 code noise and

multipath errors.

The multipath combinations show large

fluctuations when the corresponding satellites

reach a low elevation angle (e.g. C10 in

Figure 9(c) and PRN17 in Figure 10(b) and

around 14:00 local time). Moreover the C04

and C05 satellites, with the lowest elevations

of all GEO satellites (see Figure 4), also give

the largest RMS values among all BeiDou

satellites in Figure 9(b). Most importantly and

similarly to Figure 6 in the single-frequency

SPP results, when there is a maximum peak of

the BeiDou formal standard deviations we

have the largest corresponding positioning

errors in Figure 9(a). Specifically we see these

peaks at approximately 14:00, 21:00 and 05:00

local Perth time, when some IGSO satellites

rise or set with respect to the receiver. For GPS

in Figure 10(a) on the other hand, the formal

standard deviations are smaller since the

satellite geometry is better than for BeiDou

with respect to our receivers, and the influence

of multipath effects on the positioning results

is thus mitigated significantly.

We take day-differences on the SD results

in Figure 8 and depict them in Figure 11. These

day-differences can give us a more honest

description of the BeiDou performance

(without multipath effects). We see in

Figure 11 mean positioning errors of at most

a few mm as compared to several cm for the

SD results in Figure 8. More importantly we

see more similar empirical standard deviations

for BeiDou and GPS as compared to the SDs in

Figure 8. This implies that once we have more

BeiDou satellites and thus a better satellite

geometry, the positioning performance can be

more fairly compared to that of GPS.

In Table 11we summarise the SD results for

varying numbers of frequencies, and in

parenthesis we give the corresponding day-

differenced statistics as well (to remove multi-

path effects). In the table we do not give results

with parameterisation of DCBs in (12), since

we could not see any difference in the

positioning results as compared to ignoring

them. This is because we have the same

receiver types and expect the between-receiver

differenced DCB to be so small that the

relatively large redundancy mitigates the

impact from them. The between-receiver

DCBs for the receiver-types we use in this

contribution are expected to reach a few mm

(Steigenberger et al. 2012). However, we see in

Table 11 that the positioning results well reflect

our stochastic model settings in Table 10 and

that the combined systemwith triple-frequency

BeiDou and dual-frequency GPS gives the best

precision of all combinations, due to the highest

possible redundancy (Table 9).

6. Summary and conclusions

In this Part I we have studied the use of

BeiDou, GPS and combined BeiDou þ GPS

for single- and multiple-frequency (single-

receiver and relative) code-only positioning.

We recall the single-receiver model as Single-

Point Positioning (SPP), and the model with

two receivers as Relative Point Positioning

(RPP). In Part II, we will focus our attention on

the single-baseline RTK model performance.

We can summarise our findings and con-

clusions as follows.
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6.1 Satellite availability

We found that with a 40 degree elevation cut-

off angle (reasonable in urban canyons or open

pit mines) a combined BeiDou þ GPS system

made it possible to position our CUTA

receiver in Perth almost 100 percent of the

time over the day (Figure 2). For BeiDou and

GPS separately, on the other hand, we could

only position the receiver approximately 78

and 69 percent of the time respectively.

6.2 Single-frequency single-point
positioning

The single-frequency SPP results (Table 5),

with 10 degrees of cut-off elevation angle,

revealed larger biases in the horizontal

components and Up component for BeiDou,

as compared to GPS and the combined system

(Figure 5). These effects were due to iono-

spheric delays and the large fraction of

satellites located to the North and along the

equator (four GEO satellites), with only a few

satellites to the South of our Perth stations for

some periods (Figure 1). This satellite geome-

try also gives less precise BeiDou North

component as compared to East. The poorer

the satellite geometry the more sensitive the

receiver becomes to the presence of errors such

as ionosphere effects, and when estimating the

ionosphere with multiple frequencies we

decreased these effects significantly (Figure 6).

6.3 Multiple-frequency ionosphere-float
SPP

The BeiDou ionosphere-estimated (iono-

sphere-float) empirical positioning standard

deviations turned out to be even better than

the corresponding GPS ones, and this was due

to the satellite clock and orbit products used

(BeiDou was based on precise post-processed

products and GPS on broadcast data). The

combined system provided standard deviation

improvements of approximately 48 percent as

an average of North, East and Up components

and as compared to GPS (Table 8). The

corresponding value as compared to BeiDou

was 22 percent. We also showed that a

parameterisation of the third-frequency satel-

lite HW code delays for BeiDou can improve

the North and Up components by up to a

few dm.

6.4 Relative point positioning

For short baselines and between-receivers SD

relative positioning (RPP), only the relative

receiver coordinates and clock (and optionally

receiver Differential Code Biases (DCBs))

need to be estimated. The improvements for

single-frequency B1 þ L1 and a combined

system (Table 11) were, as an average for all

coordinate component standard deviations, 30

percent as compared to GPS and 43 percent as

compared to BeiDou. The multiple-frequency

combined system, with the highest possible

redundancy, gave as expected the best possible

accuracy of all positioning modes. A periodic

and daily repeatable behaviour was, however,

seen in the BeiDou Up positioning results due

to multipath effects (Figures 8 and 9). We

significantly reduced these effects by taking

day-differences between coordinates with a

time separation of 23 h and 56min, similar to

the satellite constellation repeatability period,

and we decreased our mean errors from cm-dm

level down to at most a few mm for all systems

(Figure 11).

We can shortly summarise our findings in

terms of obtainable BeiDou/GPS positioning

accuracies as follows:

1. We can expect several meters in

positioning error standard deviations for

single-frequency SPP, with larger hori-

zontal and vertical standard deviations

andmean errors for BeiDou as compared

to GPS due to the satellite geometry in

combination with ionospheric delays.

The combined system mitigates these

effects significantly (Table 5).

2. If we estimate the ionosphere with

multiple-frequency SPP, we can expect

R. Odolinski et al.22
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more comparable BeiDou and GPS

results and standard deviations at the

level of 1–2m in the horizontal and 3–

4m in the vertical component (Table 8).

The combined system improves these

standard deviations to approximately

1m in the horizontal and 2.5m in the

vertical.

3. For single-frequency RPP we can expect

standard deviations below 1m in the

horizontal components and in the range

of 1–2m in the vertical for GPS and

BeiDou separately. For a combined

system these values are below 0.5m in

the horizontal components and below

1m in the vertical (Table 11).

4. For multiple-frequency RPP we reached

standard deviations around 0.5m in the

horizontal components and around 1m

in the vertical for the single systems,

whereas for a combined system these

values are below 0.3m in the horizontal

and slightly above 0.5m in the vertical

(Table 11).

In 2020 a full constellation of BeiDou will be a

reality, and a combined BeiDou þ GPS

system will then most certainly improve the

accuracy and positioning robustness even

further. The regional BeiDou system is already

suitable as a complementary or stand-alone

positioning system for Australia. In Part II we

will investigate single-baseline RTK position-

ing performance and instantaneous carrier-

phase integer ambiguity resolution, which also

depend on the number of satellites, satellite

geometry and the code quality.
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First combined COMPASS/BeiDou-2 and GPS positioning results in

Australia. Part II: Single- and multiple-frequency single-baseline RTK

positioning

R. Odolinskia*, P.J.G. Teunissena,b and D. Odijka

aDepartment of Spatial Sciences, Curtin University, GPO Box U1987, Perth 6845, Australia;
bDelft University of Technology, Delft, The Netherlands

Australia is a beneficiary of the current regional BeiDou configuration, as enough satellites are
available for Positioning, Navigation and Timing (PNT). The present contribution is Part II out
of two parts that consider first combined BeiDou þ GPS results in Australia. In Part I we
analysed the code-only single-receiver and relative point positioning performance. In this Part II
we will evaluate the single- and multiple-frequency single-baseline RTK model. The
performance is evaluated by ambiguity success-rates and by comparing the estimated positions
to very precise benchmark coordinates. It will be shown that the increased strength of the
combined model allows for improved ambiguity resolution performance and positioning
robustness over the BeiDou- and GPS-only solutions.

Keywords: GNSS; BeiDou; GPS; Positioning, Navigation and Timing (PNT); single-baseline
Real Time Kinematic (RTK); LAMBDA; success rates; Fixed-Failure rate Ratio Test (FFRT)

1. Introduction

The BeiDou-2 (COMPASS) Navigation Satel-

lite System attained initial regional operational

status in the end of December 2011, and can

provide Positioning, Navigation and Timing

(PNT) services in the whole Asia-Pacific region.

Australia is a beneficiary of the current regional

BeiDou configuration, as enough satellites are

available for PNT. The full BeiDou constella-

tion is expected in 2020, and will consist of five

Geostationary Earth Orbit (GEO), three Inclined

Geo-SynchronousOrbit (IGSO) and 27Medium

Earth Orbit (MEO) satellites (CSNO 2012).

Some BeiDou results can be found in the

literature, where we have simulation results in

Grelier et al. (2007), Huang and Tsai (2008),

Cao et al. (2008), Chen et al. (2009), Feng andLi

(2010), Zhang et al. (2010), Guo et al. (2011),

Yang et al. (2011) andQu et al. (2012). Real data

results were presented by Shi et al. (2013), who

evaluated BeiDou-only Single Point Positioning

(SPP), relative code positioning and Real-Time-

Kinematic (RTK). Shi et al. (2012) further

evaluated orbit determination and combined

BeiDou þ GPSPrecise Point Positioning (PPP).

The first results using BeiDou outside China

were reported in Montenbruck et al. (2012,

2013) and Steigenberger et al. (2012, 2013),

which considered orbit determination, PPP and

single-baseline RTK positioning.
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This contribution presents the first com-

bined BeiDou þ GPS positioning results in

Australia, and consists of two parts. The goal is

to give Australian GNSS users indications of

what BeiDou can bring in terms of positioning

accuracy, both as a stand-alone system and

when combined with GPS. In Part I (Odolinski

et al. 2013) we considered combined

BeiDou þ GPS SPP and Relative Point

Positioning (RPP), based on the code obser-

vables and single as well as multiple

frequencies. This was to give an initial idea

of the quality of the data and with the

advantage that cheap code-only receivers can

be used. We concluded that the regional

BeiDou system is now suitable as a comp-

lementary or stand-alone positioning system

for Australia.

In this Part II we present combined

BeiDou þ GPS single-baseline carrier-phase

RTK positioning results, and compare the

performance with the systems separately. In

order to gain experimental experience and

prove the potential of a combined system, the

model considered for relative positioning is of

the single-baseline type using two receivers

separated by a short distance. The GNSS

observables are then insensitive to residual

ionospheric and tropospheric delays as well as

satellite orbit errors. We will focus on single-

epoch ambiguity resolution since it is the most

challenging mode and has the advantage that

the system becomes independent of cycle-

slips. The positioning accuracy is evaluated by

comparing the estimated positions to very

precise benchmark coordinates, and for

ambiguity resolution use is made of the

LAMBDA method in combination with the

Fixed Failure-rate Ratio Test.

In Part I (Odolinski et al. 2013) we

described the BeiDou system and the frequen-

cies available. The BeiDou satellites currently

transmit at three frequencies, B1, B2 and B3,

in Quadrature phase-shift keying (QPSK)

modulation as shown in Table 1 and given

together with the L1, L2 and L5 GPS

frequencies.

The BeiDou signals are based on Code

Division Multiple Access (CDMA) similar to

GPS and Galileo. We see that no BeiDou

frequencies overlap the GPS frequencies.

We begin by describing the GNSS

observation equations and the models and

methods used for positioning, ambiguity

resolution and integer validation. Results of

our analyses are then given, and we conclude

with a summary and discussion.

2. System of GNSS observation equations

Let us consider the receivers r ¼ 1; . . . ; n,
where n is the number of receivers tracking the

GPS or BeiDou satellites s* ¼ 1*; . . . ;m*,

where m* is the number of satellites of one

GNSS system * (G for GPS and C for BeiDou).

We have no overlapping frequencies between

GPS and BeiDou, thus we define the

frequencies as j* ¼ 1*; . . . ; f * frequencies,

where f * is the number of frequencies for

system *. The single-system observation

Table 1. BeiDou-2/COMPASS (Han et al. 2011) and GPS signals

Sat. system Band (component) Frequency [MHz] Wavelength [cm]

BeiDou B1 (I/Q) 1561.098 19.20
B2 (I/Q) 1207.140 24.83
B3 (I/Q) 1268.520 23.63

GPS L1 1575.42 19.03
L2 1227.60 24.42
L5 1176.45 25.48
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equations are given as follows in units of

range, and we omit time stamps for brevity,

p
s*
r;j*

¼ l
s*
r þ dtr þ dr;j*

2 dt
s* 2 d

s*
;j*

þ g
s*
r tr þ mj*

I
s*
r þ 1

p
s
*
r

F
s*
r;j*

¼ l
s*
r þ dtr þ dr;j*

2 dt
s* 2 d

s*
;j*

þ g
s*
r tr 2 mj*

I
s*
r

þ lj*
N

s*
r;j*
þ wr;j*

t0ð Þ2 w
s*
;j*

t0ð Þ
h i
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

M
s
*
r;j
*

þ 1
F

s
*
r

ð1Þ

where the phase and code observable is

denoted by F
s*
r;j*

and p
s*
r;j*

respectively, and

the receiver-satellite range is ls*r ¼ xs* 2 xrk k,
where �k k denotes the length, or norm, where

xs* is a vector that contains the satellite X; Y ; Z
coordinates, and xr a vector with the

corresponding receiver ones. The receiver

and satellite clock errors are denoted by dtr,

dt s* respectively, while dr;j* , d
s*
;j*

are the

frequency-dependent receiver and

satellite hardware code delays and dr;j* ; d
s*
;j*

the frequency-dependent receiver and satellite

hardware phase delays. We use a mapping

function gs*r to map the slant tropospheric

delays from all satellites to station-wise wet

Zenith Tropospheric Delays (ZTD) tr. Further
mj* ¼ l2j*=l

2
1*
¼ f 21*=f

2
j*
is the conversion of the

first-order approximation ionospheric delay

from the first frequency to a chosen frequency

j*, and Is*r the ionospheric delay, the impact of

which on the code and phase has opposite

signs. Moreover, M
s*
r;j*

is the non-integer

ambiguity due to initial phase delays for the

receiver wr;j* t0ð Þ and satellite w
s*
;j*

t0ð Þ that

originate from the frequency oscillators

(Blewitt 1989), where N
s*
r;j*

is the integer

ambiguity, and lj* the wavelength correspond-

ing to frequency j*. Finally 1ps*r ; 1F
s*
r

is the

random observation noise and other un-

modelled effects such as multipath. In the

following we will refrain from carrying

through the noise terms 1ps*r ; 1F
s*
r

explicitly

for notational convenience.

For a combined BeiDou þ GPS system

with multiple frequencies we have in vector

form 2f GnmG þ 2f CnmC number of code and

phase observations collected in y as,

y ¼ yGTp ; yGTF ; yCTp ; yCTF

h iT ð2Þ

where :ð ÞT is the transpose of a vector, y*p ¼
y*T
p;1*

; . . . ; y*T
p;f *

h iT
with y*p;j* ¼

p
1*
1;j*

; . . . ; p
m*

1;j*
; . . . ; p

1*
n;j*

; . . . ; p
m*

n;j*

h iT
, and

y*F ¼ y*T
F;1*

; . . . ; y*T
F;f *

h iT
with y*F;j*

¼
F

1*
1;j*

; . . . ;F
m*

1;j*
; . . . ;F

1*
n;j*

; . . . ;F
m*

n;j*

h iT
, respe-

ctively. The system of equations is not of full-

rank, i.e. the parameters are not uniquely

estimable. In the following we will present a

single-baseline RTK positioning model that

results in a full-rank system of observation

equations.

Single-baseline RTK functional model

For the single-baseline RTK model we use two

receivers and external products for satellite

orbits. Between-receivers single differences

(SD) is then performed on the system of

observation equations (1) with respect to the

‘pivot’ receiver 1. The satellite delays

common to both receivers are then eliminated,

such as satellite clocks and hardware code/

phase delays, and any remaining errors from

the provided satellite orbits. If we assume that

we have short baselines of a few km, the

relative ZTD and ionosphere can be ignored

since we have t1 < t2 and I
s*
1 < I

s*
2

respectively.

The system of equations is, however, still

rank deficient after the SD. The number of rank

defects is the number of linear combinations of

the column vectors of the design matrix that

produces the zero vector, the combinations of

which are said to span the null space of the
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design matrix. These rank defects can be

eliminated through an application of S-system

theory (Teunissen 1984; Teunissen et al.

2010), implying null-space identification,

S-basis constraining and proper interpretation

of the estimable parameters. We have the

following number of rank deficiencies for a

single-system,

#of rank defects is 4þ f*m* þ 2f* þ 1þ f*

ð3Þ
three rank deficiencies of which stem from the

fact that for short baselines the line-of-sight

unit vectors become c
s*T
1 ¼ c

s*T
2 , where cs*Tr ¼

ðxs* 2 xrÞT=kxs* 2 xrk is the line-of-sight unit
vector from the receiver r to the satellites

obtained from linearising (1) with respect to

the receiver coordinates. To eliminate these

rank deficiencies we choose to fix the pivot

receiver 1 coordinates (3), receiver clock (1),

ambiguities ðf *m*Þ and receiver code and

phase hardware delays ð2f *Þ, receiver 2

hardware code delays on the first frequency

(1), and pivot satellite 1* ambiguities observed

from receiver 2 ðf *Þ. We then have the single

system, SD, and (linearised) full-rank obser-

vation equations expressed as,

p
s*
12;j*

¼2c
s*T

2 Dx12þd~t12þ ~d12;j*

F
s*
12;j*

¼2c
s*T

2 Dx12þd~t12þ ~d12;j*
þlj*

~M
1s*
12;j*
ð4Þ

where ð�Þ12 ¼ ð�Þ2 2 ð�Þ1 is the notation for

between-receiver SD. The estimable

unknowns are expressed as follows,

Dx12 ¼ Dx2 2 Dx1

relative receiver coordinates,

d~t12 ¼ dt2 þ d2;1*
2 dt1 þ d1;1*

� �
relative receiver clock with code delays on

j* ¼ 1*,

~d12;j*
¼ d2;j*

2 d2;1*
2 d1;j*

2 d1;1*

� �

relative Differential Code Bias (DCB),

j* ¼ 2*, . . . ,f*,

~d12;j*
¼ d2;j*

2 d1;j*
2 d2;1*

2 d1;1*

� �
þ lj*

M
1*
12;j*

relative receiver hardware phase delays,

~M
1s*
12;j*

¼ M
s*
2;j*

2M
s*
1;j*

2M
1*
2;j*

þM
1*
1;j*

double 2 differenced ambiguities, s* $ 2.

We have three baseline coordinate com-

ponents, one receiver clock, ðf * 2 1Þ relative
receiver DCBs on the second frequency and

beyond, f * receiver hardware phase delays,

and f *ðm* 2 1Þ double-differenced integer

ambiguities. The integer nature of the ambi-

guities has been recovered from (1) since they

are now expressed in double-differenced form

and thus without receiver/satellite initial phase

delays, i.e. wr;j* ðt0Þ and w
s*
;j*
ðt0Þ respectively.

For the combined system only the three

receiver coordinates can be shared. The

number of rank deficiencies and S-basis for a

combined system is thus obtained by taking (3)

for GPS and BeiDou, respectively, and

subtracting 3 for the receiver coordinates in

common, and we have,

#of rank defects is 5þ f GmG þ f CmC

þ 2ðf G þ f C þ 1Þ þ f G þ f C ð5Þ
The full-rank system of observation equations

for a combined system can then be expressed as

follows, in vector form,

y12 ¼ Bbþ Aa ð6Þ
where y12 contains the SD code and phase

observables on multiple frequencies, B ¼
½B1 B2 B3� contains the unknowns b corres-

ponding design matrices, where

B1 ¼
e2^efG^GG

2

e2^ef C^GC
2

2
4

3
5, B2 ¼ blkdiag e2^efG

�
^emG

; e2^ef C^emC
Þ,
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B3 ¼
blkdiag CfG ; If G

� �
^emG

0

0 blkdiagð

"

CfC ; If C Þ^emC
�, and with the respective vectors

of unknowns in b ¼ bT1 ; b
T
2 ; b

T
3

� �T
, with

b1 ¼ Dx12, b2 ¼ d~tG12 d~tC12

h iT
,

b3 ¼ d
T

12;G d
T

12;G d
T

12;C d
T

12;C

	 
T
, with

�d12;* ¼ ~d12;2* ; . . . ; ~d12;f *
� �T

,

�d12;* ¼ ~d12;1* ; . . . ; ~d12;f *
� �T

, and the ambigu-

ity design matrix

A ¼ blkdiag
0

LG^CmG

" #
;

0

LC^CmC

" # !

with ambiguities in a ¼ aGT12 aCT12
h iT

, with

a*12 ¼ a*T
12;1*

; . . . ; a*T
12;f *

h iT
and a*12;j* ¼

~M
12*
12;j*

; . . . ; ~M
1m*

12;j*

h iT
. We have e2, ef * and em*

as the column vectors with only ones of size

2 £ 1, f * £ 1 and m* £ 1 respectively, G*
2

contains the line-of-sight unit vectors of

receiver 2, ^ is the Kronecker product as

given by Rao (1973), ‘blkdiag’ denotes a

blockdiagonal matrix, If * the identity

matrix of size f *, Cf * ¼
01£ f *21ð Þ
I f *21ð Þ

2
4

3
5,

Cm*
¼

01£ m*21ð Þ
I m*21ð Þ

2
4

3
5, and L* ¼ diag l1* ;

�
. . . ; lf * Þ the diagonal wavelength matrix. We

have the same interpretation of the estimable

unknowns as in (4), where the GPS clock is with

respect to GPS time and the BeiDou clock to the

BeiDou navigation satellite system time (CSNO

2012).

Single-baseline RTK stochastic model

The variance-covariance (VCV) matrix of the

code and phase observables in SD form and for

a single system (4) is given as,

Q*yy ¼ blkdiag C*p ;C
*
F

� �
^ DT

nDn^W21
m*

� �
ð7Þ

whereDT
n is the between-receivers SD operator

(Teunissen 1997a), with 21 for the pivot

receiver and a 1 for the second receiver, and

the code and phase observable a priori

variance factors are given in the sub-matrices

C*
p ¼ diag s2

p;1*
; . . . ;s2

p;f*

� �
and C*

F ¼
diag s2

F;1*
; . . . ;s2

F;f*

� �
respectively. Here we

assume no cross-correlation between code and

phase or between frequencies, otherwise the

non-diagonal elements of C*
p and C

*
F would be

populated accordingly with covariances

between the observables. Further W21
m*

con-

tains the exponential elevation-weighting

function defined as

W21
m*
¼ blkdiag 1þ aj*

e2E
1
* =E0

� �2

; . . . ;

 

1þ aj*
e2E

m
* =E0

� �2�
ð8Þ

where the diagonal elements correspond to the

elevation-dependent weighting function as

given by Euler and Goad (1991), where Es*

is the elevation to the satellites s* ¼ 1*; . . .m*

from the receivers in degrees, aj* is the

amplification factor dependent on observation

type and frequency, and E0 is the reference

elevation angle in degrees. The combined

system (6) VCV-matrix is given as,

Qyy ¼ blkdiag QG
yy;Q

C
yy

� �
: ð9Þ

Redundancy and solvability

The redundancy is computed as the number of

observations minus the number of estimable

unknowns. In Table 2 we give the number of

observations, the number of estimable unknowns

and the redundancy for the single-baseline RTK
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models that we have presented. We also give in

the last column a solvability condition, which is

the number of satellites required to solve

unbiased coordinate parameters. This follows

from looking into the rank of the resulting

systemof observation equations, and if it is not of

full-rank more satellites are needed.

Satellite availability for single-baseline RTK
success rates

We emphasise that according to Table 2, for

example,mG ¼ 3 andmC ¼ 2 number satellites

are enough for positioning with a combined

system, whereas with the same numbers it is

impossible to position the receiver using the

systems separately (m* $ 4 satellites required).

In Part I (Odolinski et al. 2013) we depicted

the satellite availability when positioning a

receiver in Perth with an elevation cut-off angle

of 40 degrees (suitable in e.g. urban canyons or

open pit mines). With a combined system we

were then able to position our receiver

approximately 100 percent of the time over the

day, whereas we could do this with the systems

separately only 70 percent of the time.

In order to not only position the receiver

but also successfully fix the integer ambi-

guities – the key to high-precision position-

ing – more than four (for the single system)

or five (for the combined system) satellites are

needed. We set this bound to m* $ 8 for the

single system and mG þ mC $ 9 for the

combined system, since it is deemed reason-

able by Figure 1. In Figure 1 we also depict

the corresponding bootstrapped success rates

for a 25 degree elevation cut-off angle and

instantaneous single-baseline RTK ambiguity

resolution for single-frequency B1 BeiDou,

L1 GPS and B1 þ L1 combined BeiDou þ -

GPS. The bootstrapped success rate is an

accurate lower bound to the Integer Least-

Squares (ILS) success rate (Teunissen 1997b,

1998b) and can thus be used to infer whether

integer ambiguity resolution can expected to

be successful. This success rate can be

computed without actual measurements, i.e.

only the (decorrelated) VCV-matrix (Teu-

nissen 1995) of the float ambiguities is

needed. In other words, the success rate can

be used for planning purposes and to decide

whether to fix the ambiguities to the integers

in real time or post-processing mode (Ver-

hagen et al. 2013). Success-rate evaluation

software ‘Ps-LAMBDA’ is available via http

://gnss.curtin.edu.au/research/lambda.cfm; see

further Verhagen et al. (2013). The stochastic

model settings used to compute the boot-

strapped success rates are given in Table 3.

We see in Figure 1 that when we have eight

or more satellites for BeiDou we can expect

(taken as a mean value of these epochs)

approximately 98 percent probability of

successful integer ambiguity resolution (dotted

green line), and the corresponding number for

GPS is a 92 percent success rate. It should be

noted though that the availability of epochs

with m* $ 8 satellites only holds approxi-

mately 14 percent of the time over the day for

BeiDou, whereas the corresponding number

for GPS is 2 percent. The bootstrapped success

rates when we do not have a sufficient number

of satellites are approximately 55 percent and

26 percent for BeiDou and GPS respectively

(dotted red lines). We also see that over the

entire day we have an approximately 61

percent success rate for BeiDou and 27 percent

for GPS, whereas the corresponding number

Table 2. Single-baseline RTK, number of observations, unknowns, redundancy and solvability condition

Model/equation # of observations # of unknowns Redundancy Solvability condition

Single system (4) 2f *m* 3þ f * þ f *m* f * m* 2 1ð Þ2 3 m* $ 4
Combined
system (6)

2f GmG þ 2f CmC 3þ f G þ f GmGþ
þ f C þ f CmC

f G mG 2 1ð Þþ
þ f C mC 2 1ð Þ2 3

mG þ mC $ 5
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for the combined system is close to 100

percent all the time. In other words, with a

combined system we can have higher elevation

cut-off angles as compared to when we use the

single systems and still guarantee a sufficient

number of satellites to allow successful integer

ambiguity resolution.

3. Float and fixed baseline least-squares

solution

In the following we describe how we solve our

parameters and the integer ambiguities.

A prerequisite for fast precise positioning is

that we have estimated the correct integers,

thus integer ambiguity validation will be

(a)

(b)

(c)

Figure 1. Bootstrapped success rates (Teunissen 1998b) for instantaneous single-baseline RTK integer
ambiguity resolution for combined B1 1 L1 BeiDou 1 GPS. Success rates for 25 degree elevation cut-off
angle for CUTA in Perth on 7 July 2012. Light green represents GPS L1 (b) and BeiDou B1 (a) with 8 or more
satellites and for the combined system (c) 9 satellites; the corresponding red is for fewer than 8 satellites.
Bootstrapped success rates are taken as a mean of all epochs above/equal and below these satellite limits.
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described as well. Consider the observation

equations in (4) or (6), where we have the

unknowns in vector b of say size p £ 1 and

(double-differenced) ambiguities in vector a of

size q £ 1. We will solve the following ILS

problem (Teunissen 1995),

min
b;a
ky2 Bb2 Aak2Qyy

;with b [ Rp; a [ Z q;

ð10Þ
where k�k2Qyy

¼ �ð ÞTQ21
yy �ð Þ, Rp is p-dimen-

sional space of real numbers and Zq the

q-dimensional space of integers. The par-

ameter estimation is divided into three steps,

float solution, integer ambiguity estimation,

and fixed solution.

Float solution

In the float solution we replace the integer

constraint Zq in (10) with Rq, i.e. both the

ambiguities and baseline components will be

estimated as real-valued parameters. The

system of normal equations is formulated as,

BTQ21
yy B BTQ21

yy A

ATQ21
yy B ATQ21

yy A

2
4

3
5 b̂

â

" #

¼
BTQ21

yy y

ATQ21
yy y

2
4

3
5: ð11Þ

This can be solved as follows (Teunissen

2003),

â ¼ A
T
Q21

yy A
� �21

A
T
Q21

yy y ð12Þ

with â the least-squares solution of the

ambiguities. By the variance propagation law

we have,

Qââ ¼ �ATQ21
yy

�A
� �21 ð13Þ

as the corresponding VCV-matrix, where

�A ¼ P’
B A, P’

B ¼ I 2 PBð Þ, and PB ¼
B BTQ21

yy B
� �21

BTQ21
yy is a projector that

projects onto the range space of B, while P’
B

projects onto the orthogonal complement of

the range space of B. The float baseline

solutions follow as,

b̂ ¼ BTQ21
yy B

� �21

BTQ21
yy y2 Aâ
� � ð14Þ

The VCV-matrix of the baseline components is

derived by the variance propagation law and

given as

Q
b̂b̂
¼ �BTQ21

yy
�B

� �21 ð15Þ

where �B ¼ P’
A B, P’

A ¼ I 2 PA, and PA ¼
A ATQ21

yy A
� �21

ATQ21
yy is a projector that

projects onto the range space of A, while P’
A

projects onto the orthogonal complement of

the range space of A.

Integer ambiguity estimation

It can be shown that the integer solution of (10)

is given by the integer minimiser,

�a ¼ arg min
a[Z q

kâ2 ak2Qââ
ð16Þ

which can efficiently be computed with the

LAMBDA method (Teunissen 1995). The ILS

estimator is optimal in the sense that it results

in the highest possible success rates of all

integer estimators (Teunissen et al. 1996;

Teunissen 1999, 2002).

Table 3. Stochastic model settings for single-
baseline RTK (7)

System Frequency Code
sp;j*

[cm]
Phase

sf;j*
[mm]

GPS L1 37 1.7
L2 27 1.8

BeiDou B1 31 1.4
B2 30 1.6
B3 25 1.7
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Fixed baseline solution

The fixed baseline solution �b of the (integer)

constrained linear model (Teunissen et al.

2008) is given as,

�b ¼ b̂2 Q
b̂â
Q21

ââ â2 �að Þ ð17Þ

If we ignore the uncertainty in �a, the

corresponding VCV-matrix reads,

Q�b�b ¼ Q
b̂b̂
2 Q

b̂â
Q21

ââ Qâb̂
ð18Þ

where Q
b̂â
;Q

âb̂
are the covariance matrices

between baseline components and ambiguities.

The uncertainty in �a can be ignored if the

probability of correct integer estimation is

sufficiently high. Ensuring that the integer

ambiguity solution has a sufficiently high

probability of being correct is the task of the

integer validation step.

Integer validation: fixed failure rate ratio test

The ILS solution �a is the integer minimiser of

kâ2 ak2Qââ
, and we let �a ‘ be the solution that

gives the second smallest value of the

quadratic form kâ2 a ‘k2Qââ
. The idea with

the Fixed Failure rate Ratio Test (FFRT)

(Teunissen & Verhagen 2009; Verhagen &

Teunissen 2013) is to let the user define the

acceptable failure rate, i.e. the probability that

the accepted integer solution is incorrect, Pf .

For this failure rate Pf one can compute a

threshold c given by tabulated values based on

simulation and the VCV-matrix of the float

ambiguities. The validation test reads,

accept �a if
â2 �að ÞTQ21

ââ â2 �að Þ
â2 �a ‘
� �T

Q21
ââ â2 �a ‘
� � # c ð19Þ

i.e. it tests the closeness of the float solution to

its nearest integer vector, and if it is close

enough it leads to acceptance of the integer

solution �a. The smaller the user-defined failure

rate Pf the smaller is the threshold c, and thus

the smaller the size of the aperture pull-in

region (Teunissen & Verhagen 2009). The

aperture pull-in region is symmetric with

respect to the origin and its shape is governed

by the VCV-matrix of the float solution.

Avalue of c ¼ 1 would imply an aperture pull-

in region equal to the ILS pull-in region

(Teunissen 1998a) and all integer solutions are

accepted.

If we denote the probability of correct

integer estimation as Ps, the probability of

acceptance as Ps þ Pf , we then have the

probability of successful fixes as,

Psf ¼ Ps

Ps þ Pf

ð20Þ

In other words, when the failure rate is small or

set close to zero by the user, the probability of

successful fixes will be close to 1, thus we

become very confident about the correctness

of the integer solutions that are accepted

by this test.

In current practice one often still uses test

(19) with a fixed critical value c. This is not

recommended as the Fixed Critical-value

Ratio Test (FCRT) has the drawback that

then the fail rate may change from epoch to

epoch, thus not guaranteeing a constant user-

defined quality in the produced results

(Teunissen & Verhagen 2009).

4. Results

In this section single-baseline RTK positioning

results for combined BeiDou þ GPS and

BeiDou- and GPS-only are presented. Data

from static receivers CUT0 and CUTA in

Curtin’s Continuously Operating Reference

Stations are analysed. The stations are

equipped with Trimble NetR9 multi-frequency

multi-GNSS receivers.

Five days of data will be analysed, namely

7–11 July 2012, with a 30 sec interval between

consecutive measurements and 10 degrees of

elevation cut-off angle. The BeiDou satellite

orbit and clock products are provided by the

GNSS centre of Wuhan University for this
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period. For GPS standard broadcast ephemer-

ides are used. The estimated receiver positions

are compared to very precise station bench-

marks. We make use of the Detection,

Identification and Adaptation (DIA) procedure

to eliminate outliers (Teunissen 1990). The

CUT0 and CUTA antennas are shown in

Figure 2. Typical skyplot, number of satellites

and Positional Dilution Of Precision (PDOP)

for a combined BeiDou þ GPS system are

given in Figure 3 for 7 July, UTC þ0 hours.

Single-baseline RTK stochastic settings

The stochastic model settings for the RTK

positioning are given inTable 3.Weusedoneday

of data to find the a priori accuracy by fitting the

formal 95 percent confidence ellipse to the cor-

responding empirical ellipse; see further descrip-

tion in relation to Figure 4.We then applied these

settings to the other days to independently check

the validity of the stochastic model.

Single-epoch RTK positioning results

In this section we will evaluate the positioning

performance of single-baseline RTK for a

combined BeiDou þ GPS system as well as

for the single systems separately. We can only

compare triple-frequency BeiDou results with

those of dual-frequency GPS, since the third

GPS frequency is currently (2013) only

available from PRN 1, 24 and 25.

Single-frequency RTK positioning results

are depicted in Figure 4 with epoch-by-epoch

(instantaneous) ambiguity resolution. Hori-

zontal and vertical scatter plots are given with

95 percent confidence ellipses/levels as com-

puted by the empirical and formal VCV-matrix

of the positions. The empirical VCV-matrix is

given by the positioning errors as derived by

comparing the estimated positions to the

precise benchmark coordinates, whereas the

formal VCV-matrix is given from the mean of

all single-epoch formal VCV-matrices of the

entire observation span. All results are given in

local North, East and Up. A good match

between the two ellipses imply realistic

assumptions on the stochastic model as given

in Table 3, and that as a result we have a

minimum variance estimator (Teunissen et al.

2008). Figure 5 gives the corresponding

positioning error histograms with (Top) float

solution and (Bottom) fixed solution. The

given empirical and formal theoretical normal

distributions are based on the empirical mean

and empirical and formal standard deviations

(STDs) of the position errors respectively.

We can see in Figure 4 that the combined

system gives approximately 25 percent

improvement in North, 30 percent in East, and

23 percent in Up empirical standard deviations

as compared to GPS-only fixed solutions.

The corresponding improvements as compared

to BeiDou are 54 percent, 30 percent and

59 percent in North, East and Up respectively.

The improvements are computed as,

Improvement¼ STD* 2 STDcombined

STD*
�100 ½%�

ð21Þ
where STD is the standard deviation of system *
(C for BeiDou, G for GPS) and a combined

system for North/East/Up. We read in Figure 5

that the total number of points to form the fixed

solution histograms is 12,044 out of 14,400

epochs (84 percent) for BeiDou, also referred to
Figure 2. CUTA (left) and CUT0 (right) GNSS
antennas.
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as the empirical success rate (see further (22)).

For GPS we have 12,988 out of 14,400 epochs

(90 percent) and for the combined system all

14,400 epochs (100 percent) were used. These

numbers were determined by comparing the

fixed ambiguities to a set of ‘true’ reference

ambiguities solved by using a combined system

with multiple frequencies and a Kalman filter

over the whole time-span, assuming the

ambiguities to be time constant. Epochs with

fixed integer solutions deviating from the

reference ones (wrongly fixed ambiguities) are

not used here in our fixed solution positioning

results. However, positioning results including

the wrongly fixed integer ambiguities are given

in the following Section.

Figure 3. Satellite visibility for a combined system (Bottom) and skyplot of BeiDou (Left) and GPS (Right)
with 10 degree elevation cut-off angle for CUTA in Perth on 7 July 2012.
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We can see in Figures 4 and 5 that the

North component is worse than the East for

BeiDou. This is related to the satellite

geometry (Figure 3) and the large fraction of

GEO satellites around the equator (Odolinski

et al. 2013), and is also verified by Figure 6,

where we plot the number of satellites (Top),

fixed BeiDou B1 positioning errors (Middle),

and North, East and Up fixed solution formal

standard deviations (Bottom). We restrict all

days to track the same satellites to give

comparable results between days.

We see a correlation between the formal

standard deviations and the fixed solution

positioning errors. This formal standard

deviation variation in combination with multi-

path effects is believed to cause the periodic

behaviour of the positioning errors that are

visible in Figures 4 and 6, particularly for the

Up component. The behaviour is also repeated

between days. We elaborated more on these

multipath effects in Part I (Odolinski et al.

2013). In Figure 7 we give the positioning

errors based on day-differences with a time

separation of 23 hours and 56 minutes, similar

to the GPS and BeiDou constellation repeat-

ability period (Jiang et al. 2011; Axelrad et al.

2005). Any gaps visible in the time-series are

Figure 4. B1 1 L1 BeiDou 1 GPS single-epoch and single-baseline RTK combined (6) positioning scatter
for CUT0-CUTA.
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due to wrongly fixed ambiguities for one/both

of the days.

The periodic behaviour due to multipath

effects has been eliminated in Figure 7, and

the mean errors are close to zero. The

corresponding histograms of the positioning

errors fit reasonably well with the empirical

theoretical normal distribution. We can also

compare this with Figure 5 without day-

differences (and with multipath effects),

where the histogram of the Up-component

and BeiDou does not fit as well with the

empirical theoretical normal distribution as

when taking differences. BeiDou þ GPS

single-frequency RTK empirical positioning

statistics are given in Table 4, and dual-/

triple-frequency in Table 5.

In Table 4 we see that the single-epoch-

based float solutions (which depend on the

code noise) positioning standard deviations are

overall larger for L1 and B1, due to the

corresponding higher code noise (Table 3) as

compared to B2 and L2. In Table 5 we see an

improvement for the standard deviations of the

dual-frequency combined system compared to

those of GPS fixed solutions of approximately

20 percent, 26 percent and 20 percent in North,

East and Up respectively, whereas for BeiDou

the corresponding improvements are 58 percent,

39 percent and 61 percent respectively.

Figure 5. B1 1 L1 BeiDou 1 GPS single-epoch and single-baseline RTK combined (6) positioning
histograms CUT0-CUTA.
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Figure 7. BeiDou B1 day-differences. (Top) fixed solution positioning errors, and (Bottom) corresponding
fixed solution histograms.

Figure 6. BeiDou B1. (Top) Number of satellites, (Middle) fixed solution positioning errors, and (Bottom)
North, East and Up fixed solution formal standard deviations for single-baseline RTK.
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Wrongly fixed integer solutions

In the previous Section we only showed the

correctly fixed integer solutions’ corresponding

positioning results. These correct solutions were

deemed by comparing the estimated ambiguities

to reference ambiguities as computed from

multiple-frequencymeasurements and aKalman

filter assuming the ambiguities time-constant.

For a surveyor collecting measurements in real

time, reference ambiguities are usually not

available beforehand. This is where integer

validation techniques play an important role.

In order to illustrate the positioning results

when we do not use integer validation, in

Figure 8 we give the corresponding single-

frequency B1 and L1 BeiDou and GPS

positioning results if all integer solutions were

to be accepted in Figure 4. The fixed solution

(green) is given together with the float solution

(grey), and the wrongly fixed solutions (red)

(Top). We also give (Bottom) the number of

satellites equal to or above 8 and the boot-

strapped success rates (similar to Figure 1).

In Figure 8 we see that the correctly fixed

positioning errors are very small (mm level),

and the Figure illustrates well the need for

integer validation techniques since wrong

fixing can directly lead to an even worse

positioning performance as compared to taking

the float solution (meter level). More specifi-

cally, the wrongly fixed solutions’ standard

deviations become almost twice as big as the

corresponding values for the float solutions.

We also see a correlation between epochs with

the number of satellites below 8 and when the

wrong integer solutions are given during the

day, where the corresponding bootstrapped

success rates reach approximately 58 percent

for BeiDou and 46 percent for GPS.

Success rates and integer validation

In this section we evaluate the success rate

performance of single-baseline RTK for a

combined BeiDou þ GPS system and the

single systems separately. We compute the

Table 4. BeiDou/GPS and combined single-frequency RTK positioning results for CUT0-CUTA 7–11 July
2012. Improvement of the combined system is compared to GPS, and in brackets compared to BeiDou

System/freq. Mean
error
N [m]

STD
N [m]

Mean
error
E [m]

STD
E [m]

Mean
error
U [m]

STD
U [m]

Improvement STD
[percent]

N E U

BeiDou B1 float 20.018 0.882 0.028 0.501 20.102 1.775 – – –
BeiDou B2 float 0.008 0.813 0.101 0.523 0.142 1.597 – – –
GPS L1 float 0.013 0.589 20.022 0.533 0.032 1.278 – – –
GPS L2 float 20.007 0.433 0.041 0.410 20.016 0.978 – – –
Combined B1 þ L1 float 0.007 0.430 0.009 0.353 20.017 0.920 27 (51) 34 (30) 28 (48)
Combined B2 þ L2 float 20.009 0.349 0.064 0.319 0.040 0.773 19 (57) 22 (39) 21 (52)

Mean
error

N [mm]

STD
N [mm]

Mean
error

E [mm]

STD
E [mm]

Mean
error

U [mm]

STD
U [mm]

BeiDou B1 fixed 20.4 3.9 0.2 2.3 6.2 10.5 – – –
BeiDou B2 fixed 20.5 4.1 20.5 2.5 5.5 11.0 – – –
GPS L1 fixed 0.2 2.4 20.7 2.3 3.6 5.6 – – –
GPS L2 fixed 0.8 2.5 20.9 2.4 4.3 6.0 – – –
Combined B1 þ L1 fixed 20.1 1.8 20.2 1.6 3.6 4.3 25 (54) 30 (30) 23 (59)
Combined B2 þ L2 fixed 0.4 2.0 20.7 1.6 3.9 4.6 20 (51) 33 (36) 23 (58)
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empirical success rates by comparing the

single-epoch estimated ambiguities to refer-

ence ambiguities. The empirical success rate is

then defined as,

PsE ¼
#of correctly fixed epochs

total # of epochs
ð22Þ

The empirical failure rate is given as the

complement,

PfE ¼ 12 PsE ð23Þ
These two measures are evaluated without any

integer validation, i.e. it is the outcome if we

accept all integer ambiguities. We give the

empirical success and failure rates in Table 6

for single- and multiple-frequency RTK,

together with the bootstrapped success rates,

denoted as Ps;BS and taken as a mean of all

epochs over 5 days.

The solutions accepted by the FFRT (19)

can also be compared to the reference

ambiguities accordingly. The empirical suc-

cess rate for the FFRT test is defined as,

Ps;FFRT ¼ #accepted and correctly fixed epochs

total # of epochs

ð24Þ
The empirical FFRT failure rate is defined as,

Pf ;FFRT ¼ #accepted and incorrectly fixed epochs

total # of epochs

ð25Þ

This empirical failure rate should, in theory, be

at most or equal to the user-defined failure rate.

The empirical number of successful fixes for

the FFRT can then be computed similarly

to (20) as,

Psf ;FFRT ¼ Ps;FFRT

Ps;FFRT þ Pf ;FFRT
ð26Þ

The FFRT statistics are presented in Table 7,

with an a priori user-defined failure rate set to

Figure 8. Float (grey), correctly fixed (green) and wrongly fixed (red) solutions at top for single-epoch
single-baseline RTK (6) B1 BeiDou and L1 GPS positioning scatter for CUT0-CUTA. At bottom light
green represents GPS and BeiDou with 8 or more satellites; the corresponding red is for fewer than 8
satellites. Bootstrapped success rates are taken as a mean of all epochs above/equal and below these satellite
limits.
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Pf ¼ 0:1%. We also give the corresponding

Fixed Critical-value Ratio Test (FCRT) with

standard values in (19) of c ¼ 1=2 and c ¼ 1=3

respectively. We substitute the subscript

‘FFRT’ for the success rates with ‘c ¼ 1=2’
or ‘c ¼ 1=3’, respectively.

In Table 6 we see (as expected) that the

single-frequency single systems with the

largest code noise (Table 3) and smallest

wavelengths (Table 1) have the highest

fractions of empirical failure rates PfE (BeiDou

B1 and GPS L1). For single-frequency

positioning even up to 16.4 percent of the

epochs were wrongly fixed (BeiDou B1).

However the combined system show signifi-

cant improvement in terms of empirical

success rates PsE and failure rates PfE , where

all epochs were successfully fixed in all cases.

All epochs were also successfully fixed for the

single system with multiple frequencies. This

was all without integer validation.

With validation (Table 7), the FFRT

provides the highest number of successful

fixes Psf ;FFRT equal or close to 100 percent in

all cases, as compared to the FCRT, with

values reaching below 97 percent (96.7) for

BeiDou B1 and c ¼ 1=2. Moreover, The FFRT

gives a failure rate equal to or smaller than the

user-defined value of 0.1 percent in all cases,

except for BeiDou B2 (0.2 percent), and

gives smaller failure rates compared to the

FCRTs. In other words, the FFRT yields the

best protection against wrongly fixed

ambiguities.

5. Summary and conclusions

BeiDou is the third satellite system (in

addition to GPS and GLONASS) that offers

continuous navigation in the Asia-Pacific

region. Australia is a beneficiary of the

regional BeiDou configuration as enough

satellites are available to perform PNT. In

this contribution we have analysed single-

epoch single-baseline RTK performance in

Perth, Western Australia, of a combined

BeiDou þ GPS system, and for the systems

separately. We summarise our main findings

and conclusions as follows.

Table 6. Empirical success, failure and bootstrapped success rates for CUT0-CUTA. Number of epochs
14,400

Empirical success rate Failure rate Bootstrapped success rate
System/freq. PsE [percent] PfE [percent] Ps;BS [percent]

BeiDou
B1 83.6 16.4 77.4
B2 91.9 8.1 91.0
GPS
L1 90.2 9.8 84.8
L2 97.3 2.7 96.1
Combined
B1 þ L1 100.0 0.0 100.0
B2 þ L2 100.0 0.0 100.0
BeiDou
B1,B2 100.0 0.0 100.0
B1,B2,B3 100.0 0.0 100.0
GPS
L1,L2 100.0 0.0 100.0
Combined
B1,B2 þ L1,L2 100.0 0.0 100.0
B1,B2,B3 þ 100.0 0.0 100.0
þ L1,L2
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Satellite availability and bootstrapped success
rates for instantaneous integer ambiguity
resolution

The bootstrapped success rate is suitable as a

lower bound to the Integer-Least-Squares

(ILS) success rate and can thus be used to

infer whether integer ambiguity resolution can

be expected to be successful (Teunissen

1997b, 1998b). We found that with an

elevation cut-off angle of up to 25 degrees, a

combined B1 þ L1 BeiDou þ GPS system

provided a sufficient number of satellites over

the whole day – with a corresponding

bootstrapped success rate of 100 percent

(Figure 1). For BeiDou and GPS separately

we could only achieve corresponding success

rates of approximately 61 percent and 27

percent respectively, due to the lack of a

sufficient number of visible satellites over the

day. In other words, we have shown for the

first time that a combined system allows for

higher satellite elevation angles than with a

single system, and as a result it makes the

system less susceptible for low-elevation

multipath effects.

Single-baseline RTK positioning

The single-epoch single-baseline RTK results

showed that the fixed solution positioning

standard deviation improvements for a single

frequency and a combined system were on

average, for all coordinate components,

approximately 26 percent as compared to

GPS. The corresponding value was 48 percent

as compared to BeiDou (Table 4). The

corresponding dual-frequency (Table 5)

improvements were 22 percent and 53 percent

for GPS and BeiDou respectively.

Wrongly fixed integer solutions for RTK
positioning

For a surveyor collecting measurements in real

time, integer validation is of high importance.

We illustrated (without validation) that the

wrongly fixed solutions corresponding to

North, East and Up standard deviations can

become almost twice as large as for the float

solution (Figure 8).

Success rates and integer validation

The empirical success rates (Table 6) were

approximately 84–97 percent for single-

frequency, single-baseline RTK and BeiDou-

and GPS-only solutions. The combined

system dramatically improved these numbers

to 100 percent. This was all without integer

validation. With validation (Table 7), the

FFRT provided us with almost 100 percent

successful fixes for all these cases, which

implies that it does indeed make a correct

decision most of the time. More specifically,

we can compare the FFRT failure rate of at

most 0.2 percent with that of the traditional

Fixed Critical-value Ratio Test (FCRT) of up

to 0.5–2 percent, and conclude that FFRT

yields the best protection against wrongly

fixed ambiguities.

BeiDou has already at this stage been

shown to be suitable as a complementary or

stand-alone GNSS system for Australia. More

BeiDou MEO satellites are upcoming and will

improve the current satellite geometry with

respect to the location of our Australian

receivers.
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Abstract As the Chinese BeiDou Navigation Satellite Sys-
tem (BDS) has become operational in the Asia-Pacific region,
it is of importance to better understand as well as demon-
strate the capabilities that a combination of BeiDou with
GPS brings to positioning. In this contribution, a formal and
empirical analysis is given of the single-epoch RTK posi-
tioning capabilities of such a combined system. This will be
done for the single- and dual-frequency case, and in compar-
ison with the BDS- and GPS-only performances. It will be
shown that with the combined system, when more satellites
are available, much larger than the customary cut-off eleva-
tions can be used. This is important, as such measurement
set-up will significantly increase the GNSS applicability in
constrained environments, such as e.g. in urban canyons or
when low-elevation multipath is present.
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1 Introduction

The BeiDou Navigation Satellite System (BDS) attained
initial regional operational status at the end of December
2011, and can now provide positioning, navigation and tim-
ing (PNT) services in the whole Asia-Pacific region. The full
BDS constellation is expected to be operational in 2020, and
will consist of five Geostationary Earth Orbit (GEO), three
Inclined Geo-Synchronous Orbit (IGSO) and 27 Medium
Earth Orbit (MEO) satellites (CSNO 2012).

Simulation results for BDS can be found in Grelier et al.
(2007), Huang and Tsai (2008), Cao et al. (2008b), Chen et
al. (2009), Zhang et al. (2010), Guo et al. (2011), Yang et
al. (2011), Qu et al. (2012), Verhagen and Teunissen (2013).
Real data results were presented in e.g. Shi et al. (2012, 2013),
Li et al. (2013) evaluating BDS single point positioning, orbit
determination and combined BDS+GPS precise point posi-
tioning (PPP). First results using BDS outside of China are
reported in Montenbruck et al. (2012, 2013), Steigenberger
et al. (2012, 2013), Nadarajah et al. (2013).

In this contribution, we use real data to analyse the real-
time kinematic (RTK) positioning capabilities of the single-
and dual-frequency combined BDS+GPS system under dif-
ferent cut-off elevation angles, ranging from 10◦ to 40◦. We
will show that with the combined system much higher than
customary cut-off elevations can be used. This is important,
since such capability increases the GNSS applicability in
constrained environments (e.g. urban canyon, open pits) and
allows one to avoid low-elevation multipath in general.

In our analyses, the emphasis is on instantaneous ambi-
guity resolution as this is the most challenging case to study.
Hence, all our results of ambiguity resolution as well as
positioning are based on the use of single-epoch data. This
approach has the added advantage that the results will be
insensitive to the occurrences of carrier-phase cycle slips.
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This contribution is organized as follows. After a brief
description in Sect. 2 of BDS in the Asia-Pacific region,
the combined GPS+BDS model, together with its integer
least-squares (ILS) solution, is formulated in Sect. 3. A for-
mal analysis of the expected performance of the combined
GPS+BDS model is given in Sect. 4. It provides for an
analytical expression of the ambiguity dilution of precision
(ADOP), followed by an integer bootstrapped (IB) success-
rate analysis of single- and dual-frequency GPS and BDS,
both as stand-alone single systems as well as a combined
system. This analysis is done for different cut-off elevation
angles, ranging from 10◦ to 40◦. We also present a formal
analysis of the positioning precision, whereby we stress and
demonstrate that the performance of positioning and ambi-
guity resolution do not always go hand-in-hand. In Sect. 5,
we complement the formal analysis with an empirical per-
formance analysis of GPS+BDS covering 5 days over a 10-
day period. This analysis is based on empirically determined
positioning precision and ambiguity success-rates. These
results show the markedly different performance of the sys-
tems when increasing the cut-off elevations. They also show,
importantly, that with the combined GPS+BDS system, much
larger than the customary cut-off elevations can be used. A
summary of the work and conclusions is given in Sect. 6.

2 BeiDou in the Asia-Pacific region

The BeiDou Navigation Satellite System attained initial
regional operational status at the end of December 2011, and
can now provide PNT services in the whole of the Asia-
Pacific region. Figure 1a shows a 24-h ground track of the
operational BDS satellites available for positioning at June

26, 2013. The positions of the satellites at UTC 10.54 pm are
indicated with a dot.

The operational satellite constellation consists of five
GEO satellites in orbit at an altitude of 35, 786 km, and five
IGSO satellites at an altitude of 35, 786 km as well as with 55◦
inclination to the equatorial plane (CSNO 2012). The MEO
satellites are operated in orbit at an altitude of 21, 528 km and
55◦ inclination to the equatorial plane (CSNO 2012) and are
comparable to the GPS, GLONASS and Galileo satellites.
The IGSO satellites describe figure-of-eight loops, while the
GEO satellites are controlled in longitude, but not latitude
and thus reach peak inclinations of about 2◦ (Montenbruck
et al. 2013).

The BDS satellites currently transmit on three frequen-
cies, B1, B2 and B3, in quadrature phase-shift keying (QPSK)
modulation as shown in Table 1. In the Table, we also depict
the L1, L2 and L5 GPS frequencies. The BDS signals are
based on code division multiple access (CDMA) similar to
GPS and Galileo. The signals are referred to as “I” and “Q”,
where I components are likely to be available for an open
service, and the Q components for a restricted or authorized

Table 1 BDS (Han et al. 2011) and GPS signals

Sat.system Band
(component)

Frequency
(MHz)

Wavelength (cm)

BDS B1 (I/Q) 1,561.098 19.20

B2 (I/Q) 1,207.140 24.83

B3 (I/Q) 1,268.520 23.63

GPS L1 1,575.42 19.03

L2 1,227.60 24.42

L5 1,176.45 25.48
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Fig. 1 a BeiDou System (BDS) ground tracks with satellite locations (black dots) given for June 26, 2013, UTC 10:54pm; b Satellite visibility of
GPS and BDS with 10◦ and 30◦ elevation cut-off angle for Perth station CUT0, April 21, 2013
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service (Cao et al. 2008a). In this contribution, we only com-
pare the BDS results with that of single- and dual-frequency
GPS, since the third GPS L5 frequency is currently (2013)
only available from PRNs 1, 24, 25, and 27.

As the Table shows, there is no overlap between the BDS
and GPS frequencies [note: there are plans to shift the B1 sig-
nal to L1, Gibbons (2013)]. This implies that in the double-
differencing (DD) formulation system-specific pivot satel-
lites can be taken, i.e. one reference satellite per system.

Figure 1b provides time series of the number of GPS
and BDS satellites that can be tracked under a 10◦ and a
30◦ cut-off elevation angle. From this figure alone, one can
already predict that the availability of high-precision posi-
tioning capabilities will increase significantly when both sys-
tems, GPS and BDS, are combined. For instance, if one would
assume that, say, eight or more satellites are needed for a
high-precision solution, then for a ten degree elevation cut-off
angle, GPS and BDS would provide this as stand-alone sys-
tems 84 and 95 % of the time, respectively, while this would
be 100 % for a combined GPS+BDS system. For higher ele-
vation cut-off angles, this difference between the single sys-
tems and the combined system increases rapidly. For a 30◦
cut-off elevation angle, only fewer than eight satellites are
tracked with GPS, while with BDS and the combined system
the eight or more satellites are still tracked 41 and 100 % of
the time, respectively.

3 The GPS+BDS GNSS model

In this section, we present the GNSS model for combining
GPS and BDS, together with its ILS solution.

3.1 The model

We assume that sG + 1 GPS-satellites are tracked on fG

frequencies and sB + 1 BDS satellites on fB frequencies.
We apply system-specific double-differencing (DD) and thus
have one reference (or pivot) satellite per system. The total
number of DD phase and code observations per epoch equals
therefore 2 fGsG + 2 fBsB . No cross-correlation between
code and phase, nor between frequencies, will be assumed.
The combined short-baseline GPS+BDS model can then be
defined as follows.

Definition (Combined GPS+BDS model) Let the system-
specific DD phase and code observation vectors be denoted
as φ∗ and p∗, respectively, with ∗ = {G, B} (G = GPS, B =
BDS). Then, the single-epoch linear(ized) GNSS model of
the combined system is given as

E

[
φ

p

]
=
[

Λ A
0 A

] [
a
b

]
, D

[
φ

p

]
=
[

Qφφ 0
0 Q pp

]
(1)

in which E[.] and D[.] denote the expectation and disper-
sion operator, respectively, φ = [φT

G, φT
B ]T ∈R

fG sG+ fB sB the
combined phase vector, p = [pT

G, pT
B ]T ∈R

fG sG+ fB sB the
combined code vector, a = [aT

G , aT
B ]T ∈Z

fG sG+ fB sB the com-
bined integer ambiguity vector, b∈R

ν the real-valued base-
line vector, and with the entries of the design matrix given
as

Λ = blkdiag[ΛG,ΛB], Λ∗ = diag[λ1∗, . . . , λ f∗ ] ⊗ Is∗

A = [AT
G, AT

B]T , A∗ = [e f∗ ⊗ DT
s∗ G∗]

where Is∗ is the s∗ × s∗ unit matrix, e f∗ is the f∗ × 1 vector
of 1’s, and DT

s∗ = [−es∗ , Is∗ ] is the s∗ × (s∗ +1) differencing
matrix, and with the entries of the positive definite variance
matrix given as

Qφφ = blkdiag[QφGφG , QφBφB ], Qφ∗φ∗ = Cφ∗φ∗ ⊗ 2Q∗
Q pp = blkdiag[Q pG pG , Q pB pB ], Q p∗ p∗ = C p∗ p∗ ⊗ 2Q∗
Cφ∗φ∗ = diag[σ 2

φ1∗ , . . . , σ 2
φ f∗ ], C p∗ p∗ = diag[σ 2

p1∗ , . . . , σ 2
p f∗ ]

Q∗ = DT
s∗ W −1∗ Ds∗ , W∗ = diag[w1∗ , . . . , ws∗+1]

where wi∗ denotes the satellite elevation dependent weight.

In the above definition, the diagonal matrix Λ contains the
wavelengths of the observed frequencies and the geometry-
matrices GG and G B contain the undifferenced receiver-
satellite unit direction vectors for GPS and BDS, respectively.
The Kronecker product is denoted as ⊗. As first shown in
(Teunissen 1997), it allows for a compact respresentation of
general GNSS models. As the above model applies to short
baselines, the ionospheric delays are assumed absent (Goad
1998). The zenith tropospheric delay (ZTD), however, may
be present. If it is included, then ν = 4 instead 3, and GG and
G B will have a fourth column containing the ZTD mapping
functions. Our numerical and empirical analyses are based on
ν = 3. For the weights wi∗ , we take the elevation-dependent
weighting function as given in Euler and Goad (1991). For
the zenith-referenced undifferenced phase- and code stan-
dard deviations, σφ j∗ and σp j∗ ( j∗ = 1∗, . . . , f∗), we use the
values of Table 2. They were estimated using data that are
independent from the data used in the following sections. The
method of estimation is described in Odolinski et al. (2013).

We assume the design matrix of (1) to be of full column
rank. Its redundancy is then equal to the number of DD

Table 2 Zenith-referenced code- and phase standard deviations

Frequency Code σp(cm) Phase σφ(mm)

GPS L1 37 2.5

L2 27 2.6

BDS B1 31 2.5

B2 30 3.3
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observables minus the number of unknowns. For the com-
bined system, this gives

redundancy = sG fG + sB fB − ν (2)

It is the sum of the redundancies of the single systems plus ν,
the number of parameters the two systems have in common.
Hence, the redundancy increases by s∗ f∗ if one goes from a
single system to a combined system.

From (2), the solvability condition of the combined system
follows as

solvability : sG + sB ≥ ν (3)

This demonstrates the increase in availability that a com-
bination of the two systems brings. For a single system, the
system is only solvable if s∗ ≥ ν (at least four satellites
are needed if ν = 3). For the combined system however,
this single-system condition can be relaxed as now also the
satellites of the second system contribute. Instead of a min-
imum of four satellites when ν = 3, the combined system
only requires the total number of satellites to be not smaller
than five. Hence, where three GPS satellites (sG = 2) and
three BDS satellites (sB = 2) would not be sufficient for
single-system solvability when ν = 3, it does suffice for the
combined case.

3.2 The integer least-squares solution

The (mixed) integer least-squares solution of model (1) is
defined as

{ǎ, b̌} = arg min
a∈Zn ,b∈Rν

(
||φ−Λa− Ab||2Qφφ

+||p− Ab||2Q pp

)
(4)

with n = fGsG + fBsB and ||.||2Q = (.)T Q−1(.) denoting
the weighted squared norm. The solution of this ILS prob-
lem can be obtained in three steps (Teunissen 1995). First,
the so-called float solution â, b̂ is obtained by discarding the
integer constraints on the ambiguities. Then, the float ambi-
guities are used to estimate their integer values as ǎ. This
integer ambiguity vector is then finally used to obtain the
fixed baseline solution b̌ from its float counterpart b̂.

The least-squares (LS) float solution â, b̂ of the single-
epoch model (1) is given as

b̂ = Qb̂b̂ AT Q−1
pp p, Qb̂b̂ = (AT Q−1

pp A)−1

â = Λ−1(φ − Ab̂), Qââ = Λ−1(Qφφ + AQb̂b̂ AT )Λ−1
(5)

Note that the float solution of b is only driven by the code
observables. Due to the single-epoch nature of model (1), the
phase observables do not contribute to b̂.

Using the ILS-principle, the integer ambiguity vector is
estimated from â as

ǎ = arg min
z∈Zn

||â − z||2Qââ
, n = fGsG + fBsB (6)

As proven in Teunissen (1999), ILS-estimators have the high-
est success-rate, i.e. the highest probability of correct integer
estimation of all admissible integer estimators.

Once the integer solution is accepted, the fixed baseline
solution b̌ follows as

b̌ = Qb̌b̌ AT [Q−1
pp p + Q−1

φφ(φ − Λǎ)]
Qb̌b̌ = (AT (Q−1

pp + Q−1
φφ)A)−1

(7)

Note that Qb̌b̌ << Qb̂b̂ if Qφφ << Q pp. The latter con-
dition is indeed satisfied, since the phase measurements of
both GPS and BDS are about two orders of magnitude more
precise than their corresponding code counterparts. Hence,
if matrix Qb̌b̌ can be considered to describe the precision of

b̌, the fixed solution will be about two orders of magnitude
more precise than the float solution. This is what one tries to
achieve with ambiguity resolution. However, matrix Qb̌b̌ is

only the variance matrix of b̌ if one may neglect the uncer-
tainty in ǎ. This therefore requires very high success-rates.

In the next sections we show, first formally and then empir-
ically, what a combination of GPS and BDS brings in terms of
improved ambiguity resolution and positioning performance.

4 GPS+BDS formal analysis

4.1 Ambiguity dilution of precision

The ADOP was introduced in Teunissen (1997) as an easy-
to-compute scalar diagnostic to measure the intrinsic model
strength for successful ambiguity resolution. The ADOP is
defined as

ADOP = √|Qââ |
1
n (cycle) (8)

with n the dimension of the ambiguity vector and where |.|
denotes the determinant. The ADOP has the important prop-
erty that it is invariant against the choice of ambiguity para-
metrization. Since all admissible ambiguity transformations
can be shown to have a determinant of one, the ADOP does
not change when one changes the definition of the ambigui-
ties. It therefore measures the intrinsic precision of the ambi-
guities. It is also a measure of the volume of the ambiguity
confidence ellipsoid (Teunissen et al. 1996). As a rule-of-
thumb, an ADOP smaller than about 0.12 cycle corresponds
to an ambiguity success-rate larger than 0.999 (Odijk and
Teunissen 2008).

The following lemma gives an easy-to-interpret analytical
closed-form formula for the single-system ADOP.

Lemma (Single-system ADOP) The single-epoch, single-
system ADOP of model (1) is given as
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ADOP∗ = √
2

[
c̄φ∗
λ̄∗

][∑s∗+1
i=1 wi∗∏s∗+1
i=1 wi∗

] 1
2s∗ [

1 + 1

ε2∗

] ν
2 f∗s∗

(9)

with

c̄φ∗ = √|Cφ∗φ∗ |
1
f∗ , λ̄∗ =

f∗∏
i=1

λ
1
f∗

i∗ , ε2∗ = eT
f∗C−1

p∗ p∗e f∗

eT
f∗C−1

φ∗φ∗e f∗
(10)

Proof The proof can be found in (Teunissen 1997). �	

This ADOP-expression clearly shows how the different
factors contribute to the success of ambiguity resolution. In
the ratio c̄φ∗/λ̄∗, the role played by the phase precision and
the wavelengths is shown (note: c̄φ∗ and λ̄∗ are the geometric
averages of the phase standard deviations and wavelengths,
respectively). The expression containing the wi∗ ’s shows the
contribution of the different elevations, while the important
last term in (9) shows the relative contribution of the code
precision in relation to the number of frequencies used ( f∗)
and number of satellites tracked (s∗ +1). With C p∗ p∗ ≈ σ 2

p I

and Cφ∗φ∗ ≈ σ 2
φ I , this last term can be approximated as

[
1 + 1

ε2∗

] ν
2 f∗s∗ ≈

[
σp

σφ

] v
f∗s∗

(11)

thus showing how a relatively poor code precision can be
compensated by an increase in frequencies and satellites. For
instance, changing from a single-frequency model ( f∗ = 1)
to a dual-frequency model ( f∗ = 2) reduces the ADOP, as the
dual-frequency ADOP equals

√
σφ/σp

ν/s∗ times its single-
frequency counterpart.

We now show how the ADOP improves when the two
GNSS systems are combined. We have the following result.

Table 3 ADOP rule-of-thumb for single and combined systems ( f∗ =
# frequencies, s∗ + 1 = # satellites, ν = # common parameters,
σφ/σp = phase-code standard deviation ratio)

ADOP∗ ∝
[

σp
σφ

] ν
f∗s∗ ADOPG+B ≈ ADOP∗

[
σφ

σp

] ν
2 f∗s∗ (cycle)

Theorem (Combined-system ADOP) The single-epoch,
combined-system ADOP of model (1) is given as

ADOPG+B = ADOP

1
1+ nB

nG
G ADOP

1
1+ nG

nB
B �

−1
2(nG +nB ) (12)

with gain factor

� = |Qb̂G b̂G
+ Qb̂B b̂B

|
|Qb̌G b̌G

+ Qb̌B b̌B
| (13)

and

Qb̂∗ b̂∗ = 2σ 2
ρ̂∗ [GT∗ PDs∗ W∗G∗]−1; σ 2

ρ̂∗ = [eT
f∗ C−1

p∗ p∗ e f∗ ]−1

Qb̌∗ b̌∗ = 2σ 2
ρ̌∗ [GT∗ PDs∗ W∗G∗]−1; σ 2

ρ̌∗ = [eT
f∗ (C

−1
φ∗φ∗ + C−1

p∗ p∗ )e f∗ ]−1

where n∗ = f∗s∗, PDs∗ = Ds∗ [DT
s∗ W −1∗ Ds∗ ]−1 DT

s∗ W −1∗ ,
and ADOP∗ denotes a single-system ADOP.

Proof see Sect. 7. �	
This result shows that it is primarily the determinant

ratio (13) that drives the ADOP-improvement. With the
approximation σ 2

ρ̌G
/σ 2

ρ̂G
≈ σ 2

ρ̌B
/σ 2

ρ̂B
, the determinant ratio

(13) simplifies to � ≈ (1 + 1/ε2∗)ν , which together with
ADOPG ≈ ADOPB and nG ≈ nB , gives the approximation

ADOPG+B ≈ ADOP∗

√[
1 + 1

ε2∗

] −ν
2 f∗s∗

(14)

Compare this expression with that of (9). It shows how the
phase-code variance ratio (ε2∗), the number of frequencies
( f∗), the number of satellites (s∗ + 1), and the number of
common parameters between the two systems (ν), contribute
in reducing the ADOP. The two ADOP approximations are
summarized in Table 3.

In Fig. 2, we show ADOP time-series, over a three-day
time period, for L1 GPS, B1 BDS, L1+L2 GPS and L1
GPS+B1 BDS. Instances where the ADOP-values get below
the 0.12 cycle level (indicated by the dashed red line) can be
taken as indication of successful ambiguity resolution. The
figure shows that the ADOPs of L1 GPS and B1 BDS are
generally too large to expect instantaneous ambiguity reso-
lution successful. Note that the ADOPs of L1 GPS are larger,
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Fig. 2 Single-epoch ADOP time-series (in blue) and number of visible satellites (in red when less than 8) for GPS, BDS and GPS+BDS, using
ten degrees cut-off elevation (Perth, Australia, April 19-21, 2013). a L1 GPS. b B1 BDS. c L1+L2 GPS. d L1 GPS + B1 BDS
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and fluctuate more, than those of B1 BDS. This is due to the
fewer tracked GPS satellites, the more frequent changes in
their tracking and the somewhat poorer precision of the L1
GPS code when compared with that of B1 BDS (see Table 2).

The figure also shows that dual-frequency GPS clearly
outperforms both single-frequency L1 GPS and single-
frequency B1 BDS. The L1+L2 GPS ADOP time-series
shows much less fluctuations and it remains below the 0.12
cycle level all the time. Importantly though, this is also true
for the single-frequency combined system L1 GPS + B1 BDS
(Fig. 2d). The ADOP time-series of this single-frequency
combined system has an almost identical behaviour as that
of dual-frequency GPS. This similarity is explained by the
ADOP expressions given in Table 3. As a consequence of
this similarity, one can expect the single-frequency combined
system to also have a good instantaneous success-rate per-
formance.

The fact that the performance of the single-frequency com-
bined system is close to that of dual-frequency GPS, can
also be explained from the structure of model (1). By tak-
ing fG = fB = 1 and assuming GG = G B , one effec-
tively obtains the dual-frequency single-system model from
the single-frequency combined-system model. This observa-
tion is also important in light of the BeiDou Phase III plan for
shifting the B1 civil signal to the L1 frequency similar to the
modernized GPS civil signal (L1C) and the Galileo L1 Open
Service signal (Gibbons 2013). With frequency overlap, cal-
ibration of inter system biases (ISBs) requires one reference
(or pivot) satellite less in the double-differencing, thus result-
ing in a further strengthening of the combined model (Odijk
and Teunissen 2013).

4.2 GPS and BDS bootstrapped success-rates

4.2.1 Using 10◦ cut-off elevation

To further analyse the ambiguity resolution performance
of the combined system, we now consider the ambiguity
success-rates. For our formal analyses, we make use of the
success-rate formula of Teunissen (1998),

P[žIB = z] =
n∏

i=1

[
2Φ

(
1

2σẑi |I

)
− 1

]
(15)

where P[žIB = z] denotes the probability of correct inte-
ger estimation of the integer bootstrapped estimator žIB,
Φ(x) = ∫ x

−∞
1√
2π

exp{− 1
2v2}dv and σẑi |I , i = 1, . . . , n,

I = {1, . . . , (i − 1)}, denote the conditional standard devia-
tions of the decorrelated ambiguities.

We use the bootstrapped success-rate (15) not only
because it is easy to compute, but also since it is a sharp
lower bound of the ILS success-rate (Teunissen 1999). In
fact, the bootstrapped success-rate is currently the sharpest

lower bound available to the ILS success-rate (Verhagen et
al. 2013).

It is important that the bootstrapped success-rate is com-
puted for the decorrelated ambiguities and not for the origi-
nal DD ambiguities. As the DD ambiguities have a rather
poor precision, their corresponding bootstrapped success-
rate would be low as well. In Teunissen (1995), it is shown
how the required σẑi |I can be obtained from the triangular
decomposition of the decorrelated ambiguity variance matrix
Qẑẑ = Z T Qââ Z .

In Fig. 3, we show the instantaneous spectra of conditional
standard deviations for both the DD ambiguities (σâi |I ) and
the decorrelated ambiguities (σẑi |I ). This is done for the four
cases L1 GPS, B1 BDS, L1+L2 GPS and L1 GPS + B1 BDS.

As the figure shows, all transformed spectra are flat and
start at a much lower level than their DD counterpart (note
the vertical logarithmic scale). The different levels of the
four transformed spectra also show the difference between
the four cases, in particular, indicating the good performance
one can expect from L1 GPS + B1 BDS.

Figure 4 shows the mean bootstrapped success-rates, taken
over a three-day period, versus the number of tracked satel-
lites, indeed confirming the excellent performance that one
can expect from the single-frequency combined system. As
14 or more satellites are visible all the time with the combined
system, the figure predicts that instantaneous ambiguity res-
olution will be possible on a continuous basis with L1 GPS
+ B1 BDS. This is not possible with the single systems as
their number of visible satellites varies between 6 and 14.

4.2.2 Using higher cut-off elevations

As the combined system results of Fig. 4 are very promising,
the question comes up whether a combined system process-
ing would allow the use of higher cut-off elevations. If pos-
sible, such processing would increase the GNSS applicabil-
ity in constrained environments enormously, such as e.g. in
urban canyons or when significant low-elevation multipath
is present.

In Fig. 5, the single-epoch success-rates are shown as func-
tion of the cut-off elevation. The figure clearly shows the ben-
efit that a combination of GPS and BDS brings. Particularly
for the single-frequency case, the differences are remarkable.
Where the single-frequency, single system success-rates get
rapidly smaller when the cut-off elevation angle gets larger,
the single-frequency combined success-rates remain large up
to a 30◦ cut-off elevation. For the dual-frequency case shown
in Fig. 5b, the success-rates of the combined system even
remain close to 100 % up to 40◦.

To illustrate that these results are representative for the
region, we have computed the success-rates for different cut-
off elevations also for two other locations, namely for a sta-
tion north of CUTA (Singapore) and a station east of CUTA
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Fig. 3 Spectrum of instantaneous conditional standard deviations
(cycles) of double-differenced (red dashed line) and decorrelated (full
blue line) ambiguities for GPS, BDS and GPS+BDS [10◦ cut-off;

#BDS = 10, #GPS = 8; 02:00 local Perth time (UTC +0 hours18:00)].
a L1 GPS. b B1 BDS. c L1+L2 GPS. d L1 GPS + B1 BDS

Fig. 4 Mean single-epoch,
single-frequency bootstrapped
success rates vs. number of
satellites for L1 GPS, B1 BDS,
and L1 GPS + B1 BDS (10◦
cutoff, Perth April 19–21,
2013). The mean values were
obtained from averaging the
single-epoch success-rates of all
epochs for the corresponding
number of visible satellites
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(Swan Hill). As Fig. 6 shows, the success-rates of the com-
bined system again remain high for large cut-off elevations.
In case of Singapore, even BDS alone achieves high success-
rates for large cut-off elevation angles. This is due to the fact
that the regional BDS configuration of the GEO and IGSO
satellites is almost perfectly symmetric with respect to Sin-
gapore’s location.

4.3 GPS and BDS positioning

Ambiguity resolution is not a goal in itself. The goal is
to have positioning profit from the integer ambiguity con-
straints through successful ambiguity resolution. Table 4 pro-
vides information on the expected positioning precision. It
provides the formal standard deviations (North, East, Up)
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Fig. 5 Single-frequency (a) and dual-frequency (b), single-epoch
bootstrapped success rates vs. different cutoff elevation angles (10◦–40◦
cutoff, Perth, April 19–21, and April 29–30, 2013). The bootstrapped

success rates are taken as a mean over all 5 days. a B1 BDS, L1 GPS,
and B1 BDS+L1 GPS. b B1+B2 BDS, L1+L2 GPS, and (B1+B2) BDS
+ (L1+L2) GPS
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Fig. 6 Single-frequency, single-epoch, mean bootstrapped success-rates as function of cut-off elevation angle for Singapore and Swan Hill.
a Regional BDS with satellite locations at UTC 06:04 pm, b Singapore, c Swan Hill (East Australia)

of float and fixed single-epoch positioning for BDS, GPS
and BDS+GPS. It clearly shows the two orders of magni-
tude improvement when going from ambiguity-float posi-
tioning to ambiguity-fixed positioning. It also shows the
improvement, both for float and fixed, that a combined sys-
tem achieves. Since the fixed solutions are already driven by
the very-precise carrier-phase data, their improvement from
combining the two systems is of course less spectacular.

The results of Table 4 hold true for a 10◦ cut-off elevation
angle. Since the ambiguity resolution results of the previous
section predict that much larger cut-off elevations are pos-
sible when combining GPS and BDS, it is of interest to see
what larger cut-off elevations do to the PDOP. Figure 7 shows
the PDOP as function of the cut-off elevation angle for the
single-frequency single systems and for the combined sys-
tem. In all three cases, the PDOP gets larger as the cut-off
elevation angle gets larger. Importantly though, the PDOP of
the combined system remains small for large cut-off elevation
angles. Also note, although the BDS-PDOP starts somewhat

Table 4 Formal standard deviations (STD) for float/fixed single-epoch
positioning (North, East, Up)

System/frequency STD STD STD
N (cm) E (cm) U (cm)

BDS B1 64/0.5 44/0.4 134/1.0

GPS L1 60/0.4 52/0.4 142/0.9

B1+L1 40/0.3 32/0.3 91/0.7

BDS B1+B2 44/0.4 30/0.3 93/0.9

GPS L1+L2 37/0.3 32/0.3 88/0.7

B1,B2+L1,L2 26/0.2 21/0.2 60/0.5

The values are mean values over period April 19-21, 2013, with 10◦
cut-off elevation

poorer than that of GPS, for large cut-off elevation angles it
is much smaller than its GPS counterpart. This is due to the
fact that more BDS satellites than GPS satellites are visible
at large elevation angles.
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Fig. 7 Mean PDOP versus cut-off elevation angle, at Perth, for B1
BDS, L1 GPS and B1 BDS + L1 GPS. The mean is taken over the
period April 19–21 and April 29–30, 2013

4.4 Ambiguity resolution and positioning

Although the above results are very promising, one should
be aware of the fact that a good ambiguity resolution per-
formance not necessarily implies a good positioning perfor-
mance (Teunissen 1997). Ambiguity resolution and position-
ing are namely driven by different contributing factors of the
GNSS model. Figure 8 (top) shows an example of an ADOP
and PDOP time series for the same period and same satellites.
It shows that the ADOP behaviour can really be different from
that of the PDOP. This is clearly shown in the second graph
of Fig. 8 (bottom). Here, we see that the ADOP remains prac-
tically unchanged over the period, while the PDOP changes
dramatically over this period of time.

This difference in behaviour can be understood by consid-
ering how the different variance matrices, Qââ and Qb̂b̂, are
impacted by changes in the relative receiver-satellite geome-
try and thus by changes in the design matrix A (cf. 5). From
the structure of the ambiguity variance matrix,

Qââ = Λ−1(Qφφ + A(AT Q−1
pp A)−1 AT )Λ−1 (16)

it follows that it is only the range space of A, R(A), that
impacts the ambiguity variance matrix. The same variance
matrix Qââ is namely obtained, when A in (16) is replaced
by AX , with X an arbitrary invertible matrix. Hence, Qââ is
invariant for such transformation, whereas Qb̂b̂ is not. This
is also the explanation to what is seen in Fig. 8 (bottom). In
this case the change in the receiver-satellite geometry makes
the conditioning of matrix A poorer (i.e. less spread in the
column vector directions), while still the same range space
is spanned by its columns.

5 GPS+BDS empirical analysis

5.1 Success-rates and positioning with 10◦ cut-off

A 5 day, single-baseline RTK analysis was performed to ver-
ify the formal claims of the previous section and to study the
actual BDS+GPS performance. The 5 days were April 19–21,
2013, and 10 days later, April 29–30. The data were collected
at the Curtin University Bentley campus over a one kilo-
metre baseline, with Trimble NetR9 multi-frequency multi-
GNSS receivers using 30 s sampling. The standard broadcast
ephemerides were used to provide for the BDS and GPS
satellite orbits and clocks.

We start with the success-rate analysis. The empirical
success-rates were computed by comparing the single-epoch
ILS estimated ambiguities to reference ambiguities obtained
from a 5-day, baseline known, batch solution of the multi-
frequency combined system, assuming the ambiguities time-

Fig. 8 Top ADOP and PDOP
times series for dual-frequency
combined BDS+GPS over a
three-day period (35◦ cut-off
elevation); Bottom ADOP and
PDOP time series for
dual-frequency GPS over a
particular short time span (35◦
cut-off elevation)
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Table 5 Single-epoch, empirical integer least-squares (ILS) and formal integer bootstrapped (IB) success-rates, for single- and dual-frequency,
single and combined BDS and GPS, for days April 19–21 and 29–30, 2013 (10◦ cut-off elevation)

System/freq. Empirical ILS Formal IB

Success ratePsE (%) Success ratePs,I B (%)

April: 19 20 21 29 30 19 20 21 29 30

B1 97.1 90.3 96.2 97.2 97.8 96.3 86.7 93.8 93.5 96.3

B2 98.6 93.6 97.4 97.1 98.4 98.0 90.7 96.4 96.4 98.2

L1 81.7 79.5 79.4 83.9 82.0 69.7 68.0 67.9 67.9 67.8

L2 93.7 93.5 93.3 94.1 93.9 91.0 89.9 90.0 89.9 89.8

B1+L1 98.6 97.8 98.1 98.5 98.3 100 100 100 100 100

B2+L2 100 100 100 100 100 100 100 100 100 100

B1,B2 100 100 100 100 100 100 100 100 100 100

L1,L2 100 100 100 100 100 100 100 100 100 100

B1,B2 + L1,L2 100 100 100 100 100 100 100 100 100 100

Data of BDS satellite C07 was not logged for most of the day on April 20th

constant. The empirical ILS success rate is then defined
as,

PsE = Number of correctly fixed epochs

total number of epochs
(17)

The empirical single-epoch success-rates are given in Table 5
for the single- and dual-frequency single systems as well as
combined system, using a ten degree cut-off elevation angle.
The success-rates have been computed for each of the 5 days
separately so as to demonstrate their repeatability. As the
observations of the BDS satellite C07 were not logged for one
of the receivers for most of the day on April 20th, the affected
success-rates of this day are denoted italic. The unaffected
success rates of 100 % are given in bold.

Table 5 shows good repeatability over the 5 days. It also
shows excellent results for all dual-frequency cases as well
as for the single-frequency combined system’s case B2+L2.
In all these cases, the single-epoch ambiguity resolution has
been successful for every epoch of the complete five-day
period.

The table also shows the mean values of the single-epoch
bootstrapped success-rates for each of the 5 days. Note that
in all cases except one, the IB success-rates are smaller than
their empirical ILS counterparts. Although the IB success-
rate should be smaller than the ILS success-rate, this is not the
case for the 5 days of the single-frequency combined system
B1+L1. The explanation for this discrepancy lies in the pres-
ence of multipath. Analysis of the data has shown that every
day, during the same short period of time, the ambiguities of
GPS satellites G14 (setting) and G21 (rising) were wrongly
resolved as a consequence of low-elevation multipath. As a
result, the empirical success-rate fails to achieve the full hun-
dred percent as predicted by the bootstrapped success-rate.

The results of the table also show that single-frequency,
single-system ambiguity resolution is not possible instan-
taneously. The reason for the regional BDS to have a bet-
ter single-frequency ambiguity resolution performance than
GPS, lies mainly in its larger number of visible satellites.
Finally note that of the single-frequency, single-systems, the
one with smallest wavelengths and largest code noise (cf.
Tables 1, 2) indeed has the lowest success-rates (BDS B1,
GPS L1).

As an illustration of the achievable positioning accuracy,
Fig. 9 shows the repeatability of the float and fixed single-
epoch B1+L1 solutions. The empirical and formal confidence
ellipses/intervals have been computed from the empirical and
formal position variance matrices. The empirical variance
matrix was estimated from the positioning errors as obtained
from comparing the estimated positions to precise bench-
mark coordinates. The formal variance matrix used is deter-
mined from the mean of all single-epoch formal variance-
matrices.

Table 6 provides information on the float and fixed instan-
taneous positioning performance for the single- and dual-
frequency, single and combined system performance. Note
that these results are in good agreement with the formal pre-
cision description as given in Table 4.

5.2 Success-rates with higher cut-off elevations

The success-rate results of Table 5 hold true for a ten
degree cut-off elevation angle. To show how the success-rates
change when the cut-off elevation angle changes, we have
computed the single-epoch success-rates over the 5 days for
seven different cut-off elevations. The results are shown in
Table 7. As one would expect, the single-frequency, single-
system success-rates all get smaller as the cut-off elevation
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Fig. 9 Horizontal (N, E)
position scatter and
corresponding vertical (U) time
series (April 19–21, 2013) of the
float (top) and fixed (bottom)
B1+L1 single-epoch solutions.
Only the correctly fixed
solutions and their float
counterparts are shown. The
95 % empirical and formal
confidence ellipse/interval are
shown in green and red,
respectively
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Table 6 Empirical standard deviations (STD) for float/(correctly)-fixed
single-epoch positioning (North, East, Up)

System/frequency Empirical STD Empirical STD Empirical STD
N (cm) E (cm) U (cm)

BDS B1 56/0.4 48/0.3 120/1.0

GPS L1 53/0.4 49/0.3 120/0.9

B1+L1 35/0.3 33/0.2 82/0.7

BDS B1+B2 42/0.4 33/0.3 94/1.0

GPS L1+L2 35/0.4 32/0.3 79/0.9

B1,B2+L1,L2 25/0.3 22/0.2 58/0.6

The values are mean values over period April 19–21 2013, with 10◦
elevation cut-off angle

gets larger. For GPS, they decrease more rapidly than for
BDS. In the success-rate behaviour of the single-frequency,
combined-system B1+L1, we recognize the earlier refer-
enced presence of low-elevation multipath. As the cut-off ele-
vation angle increases to 20◦, the effect of the low-elevation
multipath disappears and the success-rate increases to 100 %,
as predicted by the corresponding bootstrapped success-rate.
Thus here we see an important example of the advantage that
successful-ambiguity resolution at higher cut-off elevation
brings.

Just as the single-frequency, combined systems achieve
successful ambiguity resolution at higher cut-off elevations
(up to 25◦), also the dual-frequency, single- and combined

Table 7 Single-epoch, empirical ILS and formal IB success-rates for 10◦–40◦ cut-off elevation angles (April 19–21, 29–30 combined)

System/freq. Empirical ILS Formal IB

success rate PsE (%) success rate Ps,I B(%)

cut-off 10 15 20 25 30 35 40 10 15 20 25 30 35 40

B1 95.7 95.0 85.8 82.3 65.8 48.8 21.7 93.3 92.6 80.1 75.8 58.4 40.7 15.8

B2 97.0 96.7 87.8 84.0 70.8 56.4 27.7 95.9 95.4 86.3 82.8 66.1 50.0 22.2

L1 81.3 70.7 54.1 33.7 19.4 8.8 3.7 68.2 55.1 37.9 21.6 11.2 4.5 1.6

L2 93.7 87.0 73.5 51.0 32.7 17.1 8.1 90.1 82.4 67.3 45.9 28.6 14.7 6.9

B1+L1 98.3 99.7 100 100 99.5 96.9 81.7 100 100 100 99.9 98.7 94.3 74.4

B2+L2 100 100 100 100 99.7 98.1 84.5 100 100 100 100 99.6 97.5 82.5

B1,B2 100 100 100 100 100 99.8 97.7 100 100 100 100 99.8 98.9 93.0

L1,L2 100 100 100 99.1 97.5 95.9 95.2 100 100 99.9 98.1 94.9 90.3 87.3

B1,B2+L1,L2 100 100 100 100 100 100 99.9 100 100 100 100 100 100 99.5
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systems achieve this at higher cut-off elevations, with the
dual-frequency, combined system even being successful up
to 35◦ cut-off elevation.

5.3 Positioning with higher cut-off elevations

Although the success-rate results of Table 7 are very exciting
indeed, we should keep in mind that the ambiguity resolution
performance and the positioning performance are not driven
by the same contributing factors of the GNSS model (cf. Sect.
4.4). Hence, a good ambiguity resolution performance does
not necessarily imply a good positioning performance. As
will be shown, this becomes particularly apparent when one
increases the cut-off elevation angles.

Table 8 shows the single-frequency empirical positioning
performance of the correctly fixed solutions for different cut-
off elevation angles. It includes the corresponding empirical
ILS success-rates as well. The corresponding dual-frequency
results are given in Table 9. The two tables also provide the
conditional positioning performance and the corresponding
conditional success-rates when the condition PDOP ≤ 10
is imposed. This conditioning is only applied to the cor-

rectly fixed solutions. Hence, by means of this conditioning,
we achieve that poor receiver-satellite geometries (if they
occur) are excluded from the set of correctly fixed solution,
thus enabling us to show how such an exclusion affects the
positioning and success-rate performance. Note, since all our
results are single-epoch based, that the given success-rates
can also be directly interpreted as an availability measure of
ambiguity resolved positioning.

In support of better understanding the results of Tables 8
and 9, we also present some of the typical results graphically
in Fig. 10. This figure consists of a 6×3 panel matrix, show-
ing horizontal and vertical positioning results. The column-
panels show results of BDS, GPS and BDS+GPS, respec-
tively. The odd-numbered row-panels show horizontal (N,
E) scatterplots, while the even-numbered row-panels show
the corresponding vertical (U) time series over the three-
day period. The horizontal scatterplots and the vertical times
series show the float solutions in grey and the fixed solutions
in red and green, with red referring to the wrongly fixed solu-
tions and green to the correctly fixed solutions. Each of the
horizontal scatterplots also has a zoom-in to better show the
spread of the correctly fixed solutions.

Table 8 Single-frequency, single-epoch empirical STDs (N, E, U) of correctly fixed positions (B1, L1 and B1+L1), together with their ILS
success-rates (SR), for 25◦–40◦ cut-off elevations (April 19–21, 29–30 combined)

System/freq. Empirical STDs (mm) and ILS SR (%)

cut-off (◦) 25 30 35 40

N E U SR N E U SR N E U SR N E U SR

B1 5 3 12 82.3 5 4 13 65.8 6 4 16 48.8 6 5 22 21.7

PDOP≤10 6 5 19 17.2

L1 4 3 10 33.7 4 4 12 19.4 4 4 16 8.8 5 5 21 3.7

PDOP≤10 4 3 11 19.3 4 4 14 8.5 4 4 16 3.3

B1+L1 3 3 8 100 3 3 9 99.5 3 3 11 96.9 4 4 15 81.7

PDOP≤10 4 4 14 80.5

The empirical STDs and success-rates conditioned on PDOP ≤ 10 are also given, when different from their unconditional counterpart

Table 9 Dual-frequency, single-epoch empirical STDs (N, E, U) of correctly fixed positions (B1+B2, L1+L2 and B1,B2+L1,L2), together with
their ILS success-rates (SR), for 25◦–40◦ cut-off elevations (April 19–21, 29–30 combined)

System/freq. Empirical STDs (mm) and ILS SR (%)

cut-off (◦) 25 30 35 40

N E U SR N E U SR N E U SR N E U SR

B1+B2 5 4 13 100 6 4 17 100 7 4 21 99.8 174 175 885 97.7

PDOP≤ 10 7 5 22 45.3

L1+L2 38 37 80 99.1 354 188 163 97.5 47 124 246 95.9 56 152 351 95.2

PDOP≤ 10 5 3 12 96.5 5 4 13 90.0 5 4 16 75.8 5 5 17 60.6

B1,B2,L1,L2 3 3 8 100 3 3 10 100 4 3 12 100 4 4 18 99.9

PDOP≤ 10 4 4 15 94.7

The empirical STDs and success-rates conditioned on PDOP ≤ 10 are also given, when different from their unconditional counterpart
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Fig. 10 Horizontal (N, E) scatterplots and vertical (U) time series of
BDS (1st column), GPS (2nd column) and BDS+GPS (3rd column).
Top two rows single-frequency B1 BDS, L1 GPS and B1+L1 with 25◦

cut-off. Middle two rows single-frequency B1 BDS, L1 GPS and B1+L1
with 40◦ cut-off. Bottom two rows dual-frequency B1+B2 BDS, L1+L2
GPS and B1,B2+L1,L2 with 40◦ cut-off.
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Results are shown for different frequencies and different
cut-off elevations. The first two rows show single-frequency
results for a 25◦ cut-off elevation, while the 3rd and 4th row
show single-frequency results for a 40◦ cut-off elevation. The
last two rows correspond to dual-frequency results for a 40◦
cut-off elevation.

To illustrate how the occurence of wrongly fixed solutions
is related to the number of tracked satellites, we added the
number of tracked satellites to the time series of the 2nd row-
panels, in red when less than eight satellites were tracked,
otherwise in green. Likewise, we added to the time-series
in the last row-panels, the PDOP time series (light blue) as
well as the number of tracked satellites (black). This helps
to illustrate how large excursions in positioning errors are
related to the behaviour of the PDOP.

Table 8 clearly shows the excellent performance of the
single-frequency combined system B1+L1. While maintain-
ing a positioning accuracy that is comparable to that of
the single systems, the combined system has a significantly
higher success-rate and is therefore much longer available.
In case of 25 degrees cut-off elevation, the fixed positions
are continuously available with the combined system, while
this is only 33.7 and 82.3 % of the time for GPS and BDS,
respectively (see also the first two rows of Fig. 10). These
differences become even more pronounced for larger cut-off
elevations. At 40◦ cut-off elevation, the combined system still
enables high precision positioning in about 80 % of the time,
while this drops to around 20 % for BDS and to a mere 4 %
for GPS. See also the third and fourth row of Fig. 10. Here,
the single systems also clearly show data gaps in their time
series due to the fact that the total number of their visible
satellites then drops below four.

In Table 9, the dual-frequency results are given. A com-
parison between the two Tables 8 and 9, allows us to com-
pare the relative effect of an added frequency versus an
added system. If we take GPS L1 (25◦) as an example, we
see from Table 8 that the addition of BDS B1 increases
the success-rates enormously, while maintaining a similar
good positioning performance. A similar increase in success-
rate is also achieved if L2 is added to GPS L1 (25◦), see
Table 9. The positioning performance, however, is now much
worse. The explanation lies in the receiver-satellite geom-
etry, i.e. for many of the epochs where integer ambiguity
resolution is successful because of the additional second fre-
quency, the PDOP is too poor. With the addition of BDS
to GPS, the improved receiver-satellite geometry not only
improves ambiguity resolution, but it also avoids that in the
many more correctly fixed solutions (from 33.7 to 100 %)
the geometry spoils positioning performance. With the addi-
tion of L2 to GPS L1, however, no such improved receiver-
satellite geometry is present. Hence, although the success-
rate again improves significantly (from 33.7 to 99.1 %),
any poor GPS geometries of these 99.1 % fixed solutions

will now not be compensated by the presence of a BDS
geometry.

Note that this lack in improved geometry is even more
felt for the higher cut-off elevations. Although both dual-
frequency, single-systems still have a large success-rate at
40◦, their positioning performance has become poorer. This
positioning performance can be improved by conditioning
on PDOP ≤ 10, i.e. by eliminating the poor geometries
from the correctly fixed solutions. For dual-frequency BDS,
for instance, this improves positioning performance signifi-
cantly, but at the expense of availability, which drops from
97.7 to 45.3 %, which is far less than the about 80 % availabil-
ity at 40 degrees of the single-frequency, dual-system B1+L1
(cf. Table 8).

As Table 9 shows, the dual-frequency, combined system
has of course the best performance of all. It maintains suc-
cessful ambiguity resolution up to a 35◦ cut-off elevation,
while at 40◦ only about 5 % of the correctly fixed solutions
have a PDOP larger than 10. This excellent performance of
the dual-frequency, dual-system is also clearly visible from
the last two rows of Fig. 10.

6 Summary and conclusions

In this contribution, the instantaneous RTK positioning capa-
bilities of a combined GPS+BDS system were analysed for
cut-off elevation angles ranging between ten and 40◦. It was
shown that with the combined system much larger than the
customary cut-off elevations can be used. This is an important
result, as such measurement set-up will significantly increase
the GNSS applicability in constrained environments, such as
e.g. in urban canyons or when low-elevation multipath is
present.

The study consisted of a formal and an empirical analysis.
In the formal analysis, the ADOP, the bootstrapped success-
rate and the positioning precision were used to gain insight
into the effect of combining the two systems. The given ana-
lytical ADOP provides good understanding of how the dif-
ferent factors of the combined model contribute to improved
ambiguity resolution. It was also shown that the bootstrapped
success-rates give a very good indication of the actual ambi-
guity resolution performance for varying cut-off elevations.
They were found consistent with the empirically determined
success-rates, computed from 5 days of GNSS data covering
a 10-day period.

In our analysis of the positioning precision, we also
explained and demonstrated that improved ambiguity reso-
lution does not always go hand-in-hand with improved posi-
tioning. Ambiguity resolution and positioning are namely
driven by different contributing factors of the GNSS model.
This is particularly true when increasing the cut-off
elevations.
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Our formal and empirical results show that the single-
frequency combined system has an ambiguity resolution per-
formance that is similar to that of a dual-frequency single
system. Its positioning capability, however, clearly outper-
forms that of the dual-frequency single system, in particular,
for large cut-off elevation angles.

The best performance is of course realized by the dual-
frequency combined system. The ambiguity resolution per-
formance of such combination benefits from the presence of
the two frequencies, while its positioning performance bene-
fits from the increased spread in receiver-satellite geometry.
It was shown that this combination has good high-precision
positioning availability for up to fourty degrees cut-off ele-
vation.
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7 Appendix

Proof of Theorem (Combined-system ADOP) The ambiguity
variance matrix of the combined system can be expressed in
the single-system variance matrices as

Qââ =
[

QâG âG 0
0 QâB âB

]
−
[

QâG b̂G

QâB b̂B

]
[Qb̂G b̂G

+ Qb̂B b̂B
]−1

[
QâG b̂G

QâB b̂B

]T

Upon taking the determinant, we get

|Qââ | = |QâG âG ||QâBâB ||I − [Qb̂GâG
Q−1

âG âG
QâG b̂G

+ Qb̂B âB
Q−1

âB âB
QâB b̂B

][Qb̂G b̂G
+ Qb̂B b̂B

]−1|
where we made use of the determinant property |Im − BC | =
|In − C B| for m × n matrices B and CT . With the use of

Qb̌∗b̌∗ = Qb̂∗b̂∗ − Qb̂∗â∗ Q−1
â∗â∗ Qâ∗b̂∗

we can then finally write

|Qââ | = |QâG âG ||QâBâB || Qb̌G b̌G
+ Qb̌B b̌B

Qb̂G b̂G
+ Qb̂B b̂B

| (18)

from which the expression (12) for the combined ADOP fol-
lows. �	
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Abstract In this contribution we will focus on instan-
taneous (single-epoch) single-baseline Real-Time Kine-

matic (RTK) combining four CDMA satellite systems.

We will combine the Chinese BeiDou, the European

Galileo, the American GPS and the Japanese QZSS sys-

tem. To further strengthen the underlying model and
maximize the redundancy, attention will be given to

overlapping frequencies between the systems. With cal-

ibrated Inter System Biases (ISBs), it enables one to

use a common pivot satellite between the respective sys-
tems when parameterizing the double-differenced am-

biguities. We make use of the LAMBDA method for

ambiguity resolution, and the performance is evaluated

by ambiguity success-rates and by comparing the esti-

mated positions to very precise benchmark coordinates.
This will be based on various elevation cut-off angles so

as to mimic conditions with obstructed satellite visibil-

ity (such as in urban canyons). It will be shown by how

much the increased strength of the combined models al-
low for improved ambiguity resolution performance and

positioning robustness over the single-systems.
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1 Introduction

The BeiDou Navigation Satellite System (BDS) attained

Asia-Pacific regional operational status in the end of

December 2011. The current (December 2013) BDS con-

stellation consists of five Geostationary Earth Orbit
(GEO), five Inclined Geo-Synchronous Orbit (IGSO)

and four Medium Earth Orbit (MEO) satellites. BDS

satellites currently transmit at three frequencies, B1,

B2 and B3 in Quadrature phase-shift keying (QPSK)
modulation, as is shown in Table 1 and given together

with the L1, L2 and L5 GPS frequencies. Some first

BDS positioning results based on real data can be found

in e.g. Montenbruck et al (2013).

Two Galileo In-Orbit Validation Element (GIOVE)

satellites have been in orbit since 2005 and 2008 re-

spectively. The four In-Orbit Validation (IOV) MEO
satellites that since 2012 are currently (December 2013)

available for positioning broadcast signals at E1, E5a,

E5b, and E6 frequencies (Table 1). The E6 frequency

will only be received as part of Galileo’s Commercial

Service. Initial results on combined single-frequency
Galileo+GPS single-baseline RTK were presented in

Odijk and Teunissen (2013). It was shown that with

overlapping frequencies and a-priori corrected Inter Sys-

tem Biases (ISBs), one maximizes the redundancy and
each additional Galileo satellite to GPS then contributes

to the solution. The nature and variation of GIOVE-

GPS ISBs were also investigated in Montenbruck et al

(2011).

The Quasi-Zenith Satellite System (QZSS) uses the

same orbital period as a traditional equatorial geosta-

tionary orbit, however, they have a large orbital incli-
nation and therefore move with respect to the Earth

(JAXA, 2013). The system is designed to enable users

in the coverage area to receive QZSS signals from a high
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elevation angle at all times in East Asia and Japan. The

QZSS L1, L2 and L5 signals all overlap the GPS sig-

nals (Table 1). Currently (December 2013) one satellite

is in orbit named MICHIBIKI, or QZS-1, which was

launched September 2010.

In this contribution we present four-system GPS
+BDS+Galileo+QZSS instantaneous (single-epoch),

single-frequency single-baseline RTK results. Special at-

tention will be given to the overlapping frequencies be-

tween the systems. We will focus on the frequencies B1,
E1 and L1 of GPS/QZSS (Table 1) in this contribution

to maximize the number of available satellites as well

as overlapping frequencies for single-frequency RTK.

Table 1 BDS, Galileo, QZSS and GPS signals.

Sat. system Band Freq. [MHz] Wavelength [cm]
BDS B1 1561.098 19.20
BDS/Galileo B2/E5b 1207.140 24.83
BDS B3 1268.520 23.63
QZSS, GPS/Galileo L1/E1 1575.42 19.03
QZSS, GPS L2 1227.60 24.42
QZSS, GPS/Galileo L5/E5a 1176.45 25.48

We start with describing the between-receiver single-

differenced (SD) GNSS observation equations in Sec-

tion 2, and to make it brief we present them for a com-
bination of Galileo and GPS. Results are then given for

ambiguity success rates and RTK positioning in Section

3, and we conclude with a summary and discussion.

2 System of single-differenced GNSS

observation equations

Let us consider the receivers r = 1, 2 tracking satel-
lites s∗ = 1∗, . . . ,m∗, where m∗ is the number of satel-

lites of one GNSS system ∗ (B for BDS, E for Eu-

rope/Galileo, Q for QZSS and G for GPS). When we

have non-overlapping single-frequencies we define the

frequency as 1∗, where 1∗ is the frequency for system
∗, whereas for overlapping frequencies the symbol ∗ is

omitted.

For the following single-baseline RTK model we use

external products for satellite orbits, and between-receivers

single-differences (SD) is subsequently performed on
the system of observation equations with respect to the

’pivot’ receiver 1. The satellite delays common to both

receivers are then eliminated (satellite clocks, satellite

hardware (HW) code and phase delays, and initial phase

delays). For short baselines of a few km the relative at-
mospheric delays and any remaining orbit errors can be

neglected as well.

We present the following dual-system combination

of GPS (G) and Galileo (E) for notational convenience

(combination of other satellite systems with overlap-

ping frequencies goes along similar lines), where we

share the receiver clock between the systems (the GPS-

to-Galileo Time-Offset (GGTO) is eliminated by the

SDs). The combined system can then be formulated in
the following rank defect, (linearized) SD system of ob-

servation equations, in units of range and for overlap-

ping frequencies, where we omit time stamps for brevity,

psG12,1 = csGT
1 Δx1 − csGT

2 Δx2 + dt12 + dG12,1

φsG
12,1 = csGT

1 Δx1 − csGT
2 Δx2 + dt12 + δG12,1 + λ1M

sG
12,1

psE12,1 = csET
1 Δx1 − csET

2 Δx2 + dt12 + dG12,1 + dGE
12,1

φsE
12,1 = csET

1 Δx1 − csET
2 Δx2 + dt12 + δG12,1 + δGE

12,1+

+ λ1M
sE
12,1

(1)

where (·)12 = (·)2 − (·)1 is the notation for between-

receiver SDs, the SD code and phase observable is de-

noted ps∗12,1 and φs∗
12,1 respectively, cs∗Tr = (xs∗−xr)

T

||xs∗−xr||
is

the line-of-sight unit vector from the receiver r to the

satellites obtained from linearizing the system of equa-
tions with respect to the receiver coordinates, and λ1

is the wavelength corresponding to frequency 1. The

unknowns read,

xr vector with receiver X,Y, Z
coordinates

dt12 SD receiver clock error

dG12,1 SD GPS receiver HW code
delay

δG12,1 SD GPS receiver HW phase
delay

dGE
12,1 = dE12,1 − dG12,1 SD differential code ISB

δGE
12,1 = δE12,1 − δG12,1 SD differential phase ISB

M s∗
12,1 = Ns∗

12,1+ SD non-integer ambiguity due
+ϕ12,1 (t0) to SD initial phase delay for

the receiver ϕ12,1 (t0), where
Ns∗

12,1 is the SD integer ambiguity

We refrain from carrying through SD random observa-

tion noise and un-modeled effects such as multipath for

notational convenience.
Note that we in (1) made use of the reparameter-

ization such that dE12,1 = dG12,1 + dGE
12,1 and δE12,1 =

δG12,1+δGE
12,1, since the receivers are tracking the satellites

on the same overlapping frequency. Thus if the differ-
ential ISBs can be assumed zero/corrected all receiver-

dependent parameters in (1) can be shared between the

systems, which increases the redundancy of the result-

ing full-rank model (see Section 2.3).

2.1 Rank deficiency elimination by S-system theory

The number of rank defects is the number of linear

combinations of the column vectors of the design ma-
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trix that produces the zero vector, of which the com-

binations are said to span the null space of the design

matrix. These rank defects can be eliminated through

an application of S-system theory (Teunissen, 1985; Te-

unissen et al, 2010), implying null-space identification,
S-basis constraining and interpretation of the estimable

parameters. The number of rank defects and S-basis

choice for the model in (1) is given in Table 2.

Table 2 Single-epoch, single-frequency and single-baseline
RTK S-basis choice and number of rank deficiencies.

Model S-basis choice # of rank defects

Eq. (1) Δx1, dt1, d
G
2,1,M

s
∗

1,1, δ
∗

1,1, d
∗

1,1,M
1
∗

2,1 11 +mG +mE

2.2 Full-rank RTK functional model - ISBs unknown

The SD, and (linearized) full-rank observation equa-

tions for overlapping frequencies and a combined GPS

+Galileo system is then expressed as,

psG12,1 = −csGT
2 Δx12 + dt̃12

φsG
12,1 = −csGT

2 Δx12 + dt̃12 + δ̃G12,1 + λ1M̃
1GsG
12,1

psE12,1 = −csET
2 Δx12 + dt̃12 + d̃GE

12,1

φsE
12,1 = −csET

2 Δx12 + dt̃12 + δ̃G12,1 + δ̃GE
12,1 + λ1M̃

1EsE
12,1

(2)

The estimable unknowns are expressed as follows,

Δx12 = Δx2 −Δx1 Relative receiver
coordinates,

dt̃12 = dt12 + dG12,1 Relative receiver
clock with code
delay of GPS

δ̃G12,1 = δG12,1 − dG12,1 + λ1M
1G
12,1 GPS receiver

HW phase delay

d̃GE
12,1 = dE12,1 − dG12,1 Galileo-GPS code ISB

δ̃GE
12,1 = δE12,1 − δG12,1 + λ1M

1G1E
12,1 Galileo-GPS phase ISB

M̃1∗s∗
12,1 = M s∗

12,1 −M1∗
12,1 Double-differenced

integer ambiguities

One can see that the phase ISB is biased by double-
differenced (integer) ambiguities of the pivot satellites

of both GPS (1G) and Galileo (1E). One can also repa-

rameterize the differential phase ISB into a Galileo-

specific HW phase delay relative to the GPS HW code
delay on frequency 1, as follows (the code ISB is already

relative to the GPS HW code delay),

δ̃E12,1 = δ̃G12,1 + δ̃GE
12,1 = δE12,1 − dG12,1 + λ1M

1E
12,1 (3)

In other words, the model in (2) is equivalent (in terms
of redundancy) to the one taken when one does not have

overlapping frequencies and wants to estimate system-

specific HW delays for frequency 1∗.

Note also in (2) that the Galileo-GPS code ISB is es-

timable on the first frequency, whereas for GPS the

Differential Code Bias (DCB) is not estimable. One can

thus prove that the functional model (2) is equivalent,

in terms of redundancy, to the model when one takes
different receiver clocks for each system (see e.g. Odolin-

ski et al (2013)). This since the code ISB then plays the

role as the additional unknown. The number of obser-

vations, estimable unknowns and redundancy for the
model (2) is shown in Table 3.

2.3 Full-rank RTK functional model - ISBs corrected

We can express the phase ISB correction as follows

(Odijk and Teunissen, 2013),

δ
GE

12,1 = δGE
12,1 + λ1z12,1 =

= δGE
12,1 + λ1M

1G1E
12,1 − λ1

(
M1G1E

12,1 − z12,1
) (4)

where z12,1 is an integer ambiguity that originates from
the observations that are used to determine the ISB

corrections. This ambiguity is in principle different from

M1G1E
12,1 in the observations (2) to be corrected.

Thus when we apply the correction in (4) to the
Galileo phase observations in (2), the ambiguity dif-

ference part of the correction can be lumped into the

ambiguities,

M1EsE
12,1 +

(
M1G1E

12,1 − z12,1
)
= M1GsE

12,1 − z12,1 (5)

i.e. the ambiguity becomes differenced with respect to
the pivot satellite of GPS (1G) minus the integer ambi-

guity that is lumped into the phase ISB correction (4).

If we denote the code ISB correction as d
GE

12,1 = dGE
12,1,

we then have the following full-rank Galileo-part of the

observation equations (the GPS part is equivalent to

(2)),

psG12,1 = −csGT
2 Δx12 + dt̃12

φsG
12,1 = −csGT

2 Δx12 + dt̃12 + δ̃G12,1 + λ1M̃
1GsG
12,1

psE12,1 − d
GE

12,1 = −csET
2 Δx12 + dt̃12

φsE
12,1 − δ

GE

12,1 = −csET
2 Δx12 + dt̃12 + δ̃G12,1 + λ1M̃

1GsE
12,1

(6)

where M̃1GsE
12,1 = M1GsE

12,1 − z12,1 is the estimable ambi-

guity as defined in (5). Note that this ambiguity will

also be estimable for sE = 1E (one additional unknown

as compared to (2)). In other words, with a-priori cor-
rected values for the two differential code and phase

ISBs, the redundancy of this model increases with one

as compared to the model in (2), see Table 3.
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2.4 Redundancy and solvability

In Table 3 we give the number of observations, the num-
ber of estimable unknowns and the redundancy for the

single-baseline RTK models (2) and (6), as well as for a

four-system model assuming that all frequencies over-

lap between the systems. In the last column a solvability

condition is defined, which is the number of satellites
required to solve coordinate parameters. The single-

system RTK model in the Table can be found in (2)

for GPS, where BDS-/Galileo- or QZSS-only models

will have a similar definition of the unknowns.

One can imply from Table 3 that with the ISBs cor-
rected model (6) at least four satellites are needed for

the combined systems for positioning, whereas if the

ISBs are unknown (2) five satellites are required in case

of a dual-system, and seven for the four-system model.

Table 3 Single-epoch, single-frequency, single-baseline RTK
redundancy and solvability condition (overlapping frequen-
cies).

Model # of # of Redundancy Solvability
obs. unknowns condition

Single-system 2m∗ 4 +m∗ m∗ − 4 m∗ ≥ 4
GPS+Galileo (2) 2mG + 2mE 5 +mG +mE mG +mE − 5 mG +mE ≥ 5
ISBs unknown
GPS+Galileo (6) 2mG + 2mE 4 +mG +mE mG +mE − 4 mG +mE ≥ 4
ISBs corrected
Four-system 2mG + 2mE 7 +mG +mE mG +mE mG +mE

ISBs unknown +2mB + 2mQ +mB +mQ +mB +mQ − 7 +mB +mQ ≥ 7
Four-system 2mG + 2mE 4 +mG +mE mG +mE mG +mE

ISBs corrected +2mB + 2mQ +mB +mQ +mB +mQ − 4 +mB +mQ ≥ 4

3 Results

Data from 29-30 April 2013 of CUTA and CUTT (both

Trimble NetR9 receivers with an inter-distance of 1 km)
at Curtin University, are evaluated, with a measure-

ment interval of 30 seconds. The LAMBDA method is

used for integer ambiguity resolution (Teunissen, 1995),

and the Detection, Identification and Adaptation (DIA)
procedure to eliminate outliers (Teunissen, 1990). The

positioning results are evaluated by comparing the esti-

mated positions to very precise benchmark coordinates.

The number of satellites visible for CUTT for an eleva-

tion cut-off angle of 10 degrees is given in Figure 1.

We see similar number of satellites for BDS and
GPS, and we have (December 2013) four Galileo satel-

lites and one QZSS satellite visible. The stochastic RTK

model settings are given in Table 4. This is based on

the exponential elevation weighting function by Euler
and Goad (1991), where σp,1∗

and σφ,1∗
are the zenith-

referenced a priori code and phase standard deviation

(STD) respectively for undifferenced observations.
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Fig. 1 Satellite visibility for CUTT April 29, 2013.

Table 4 Zenith-referenced code and phase STDs.

Frequency Code Phase
σp,1∗

[cm]
σφ,1∗

[mm]
GPS L1 37 3
BDS B1 30 3

Galileo E1 30 2
QZSS L1 30 3

3.1 Inter System Biases

We focus on Trimble-Trimble receivers throughout this

contribution. To investigate whether the QZSS-GPS ISBs

are zero for similar receiver types, we depict in Figure 2

the code and (fractional) phase differential ISBs for L1-
L1 QZSS-GPS. This is based on single-epoch RTK for

a zero baseline with fixed receiver positions of CUT0-

CUT2 (at Curtin University), and an elevation cut-off

angle of 10 degrees. The STDs are computed assuming

the ISBs to be constant in time during the time span
to illustrate the ISBs repeatability.
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Fig. 2 L1-L1 QZSS-GPS code ISB (top), phase ISB
(bottom) for a zero-baseline setup CUT0-CUT2 (both Trim-
ble NetR9), 29 April 2013, and a cut-off angle of 10 degrees.

We see noisier behavior of the ISBs when the QZSS

satellite sets at a low elevation angle that causes less
precise observations. The phase ISB mean value is how-

ever zero and the code ISB is also close to zero (mean

value of 4 mm), and the code and phase STDs (6 mm
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and below 0.001 cycles respectively) also fall well within

the code and phase measurement noise levels in Table 4,

which makes it plausible to believe that they are time-

constant. This was also concluded to be the case with

the same data set for E1-L1 Galileo-GPS ISBs, with
similar precision and close to zero mean values (not ex-

plicitly shown herein).

3.2 Bootstrapped success rates for large cut-off angles

The formal bootstrapped success rate (SR) is an ac-

curate lower bound to the Integer Least-Squares (ILS)

success rate (Teunissen, 1998, 1999) and can thus be

used to infer whether integer ambiguity resolution can
be expected to be successful. To compute the boot-

strapped success rate we only need the variance covari-

ance matrix of the (decorrelated) float ambiguities and

we follow equation (19) in Teunissen (1998).

The bootstrapped success rates for CUTA-CUTT

and different elevation cut-off angles between 10 − 40
degrees are given in Figure 3 for B1 BDS in magenta,

L1 GPS as blue, E1+L1 Galileo+GPS as green, B1+L1

BDS+GPS in cyan, and a combined B1+E1+L1+L1

four-system RTK model in black (full lines for ISBs

corrected, dotted lines for ISBs unknown).
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Fig. 3 Bootstrapped success rates for single-epoch,
single-frequency RTK vs different elevation cut-off
angles of 10-40 degrees.

We see in Figure 3 a dramatic decrease of the success

rates with respect to increasing cut-off angles for the

single-systems, whereas the success rate remains at sta-

ble values close to 100% for cut-off angles up to 35 de-

grees for the four-system with ISBs corrected. We also
see the positive effect on the success rates when the

differential ISBs are assumed zero/corrected.

3.3 Integer Least Squares ambiguity success rates

We compute the empirical ILS success rate by compar-

ing the single-epoch estimated integer ambiguities to

reference ambiguities. These reference ambiguities were

estimated by using a combined system with multiple-

frequencies and a Kalman filter over the entire observa-

tion time-span, assuming the ambiguities time-constant.

The empirical success rate is defined as,

PsE =
#correctly fixed epochs

total # of epochs
(7)

The ILS success rates are presented in Table 5 for el-

evation cut-off angles of 10 − 40 degrees, for different

variations of satellite combinations.

Table 5 Empirical ILS success rate for single-epoch,
single-frequency RTK and full ambiguity resolution, CUTA-
CUTT and an elevation cut-off angle of 10−40 degrees. April
29-30, 2013. The success rates corresponds to ISBs corrected
when applicable (in brackets SRs are given when ISBs are
unknown for overlapping frequencies).

System/ Empirical Integer Least Squares
freq. SR PsE

[%]
cut-off [deg]

10 20 25 30 35 40
B1 BDS 97.5 88.2 84.8 64.5 48.6 19.1
L1 GPS 82.9 55.7 34.8 19.9 9.1 3.7
E1+L1 91.5 72.9 54.0 39.8 26.6 16.6
Galileo+GPS (87.1) (65.3) (45.8) (31.3) (18.7) (9.4)
B1+L1 98.4 100 100 99.6 98.0 84.3
BDS+GPS
B1+E1+L1+L1 98.4 100 100 100 99.8 94.3
BDS+Galileo (98.4) (100) (100) (99.7) (98.2) (85.9)
+QZSS+GPS

In Table 5 we see that the ILS success rates are consis-
tent with the values of the Bootstrapped success rates

in Figure 3, except for the 10 degree cut-off angle for

B1+L1 and the four-systemmodels with 98.4% ILS suc-

cess rate (and 100% bootstrapped success rate). We in-
vestigated these instances and found that for both days

(during the same short period of time) the ambiguities

of two GPS satellites that were rising and setting were

wrongly fixed, as a consequence of low elevation multi-

path. This thus illustrates one of the benefits of using
larger cut-off angles for a combined system.

3.4 Positioning results for large cut-off angles

In order to illustrate the positioning results for a large

elevation cut-off angle of 35 degrees, we give in Figure 4

the single-frequency B1 BDS, B1+L1 BDS+GPS and a

four-system B1+E1+L1+L1 (with ISBs corrected) po-

sitioning results. The correctly fixed solution (green) is
given together with the float solution (gray), and the

wrongly fixed solutions (red).

Figure 4 illustrates that the correctly fixed position-
ing errors are at the mm-cm level and about two-orders

of magnitude more precise than the float solution at

dm-meter-level. It also illustrates the need of integer



105 

 

6 Robert Odolinski et al.

−5 0 5
−6

−4

−2

0

2

4

6

East error [m]
N

or
th

 e
rr

or
 [m

]
120 121

−5

0

5

10

U
p 

er
ro

r [
m

]

DOY

Float solution
Wrongly fixed solution
Correctly fixed solution

−0.02 0 0.02
−0.02

0

0.02

119 120 121
−0.05

0
0.05

−5 0 5
−6

−4

−2

0

2

4

6

East error [m]

N
or

th
 e

rr
or

 [m
]

120 121

−5

0

5

10

U
p 

er
ro

r [
m

]

DOY

Float solution
Wrongly fixed solution
Correctly fixed solution

−0.02 0 0.02
−0.02

0

0.02

119 120 121
−0.05

0
0.05

−5 0 5
−6

−4

−2

0

2

4

6

East error [m]

N
or

th
 e

rr
or

 [m
]

120 121

−5

0

5

10
U

p 
er

ro
r [

m
]

DOY

Float solution
Wrongly fixed solution
Correctly fixed solution

−0.02 0 0.02
−0.02

0

0.02

119 120 121
−0.05

0
0.05

Fig. 4 B1 BDS (1st row), B1+L1 BDS+GPS (2nd row),
and B1+E1+L1+L1 ISBs corrected (last row). Float
(gray), correctly fixed (green), wrongly fixed (red) solutions
for 35 degrees cut-off angle, single-epoch RTK, CUTA-CUTT.

validation techniques (Verhagen and Teunissen, 2013)
since wrong fixing can lead to worse positioning per-

formance compared to the float solution. Importantly

an increase of availability of very precise positioning

results can be seen in particular for the four-systems.

4 Conclusions

In this contribution we studied a four-system combi-

nation of B1 BDS, E1 Galileo, L1 QZSS and L1 GPS
for instantaneous (single-epoch) single-frequency RTK

positioning. We focused our attention on Inter System

Biases (ISBs), on the integer ambiguity success rates as

well as positioning for larger elevation cut-off angles.

The code and (fractional) phase differential ISB for

L1-L1 QZSS-GPS were estimated with values close to

zero mean and the standard deviations fall well within

the code and phase measurement noise levels (Figure 2),

which makes it plausible to believe that they are time-
constant. Similar values were also observed for E1-L1

Galileo-GPS ISBs (not explicitly shown), and thus we

conclude that one can safely neglect the ISBs for sim-

ilar receiver types. Future studies will involve different
receiver types and other overlapping frequencies.

The Integer Least Squares (ILS) empirical success

rates were given for several satellite elevation cut-off an-

gles between 10-40 degrees in Table 5, with larger angles

suitable in e.g. urban canyons.We can conclude that the

four-system model allows for continuous instantaneous

RTK up to the 30 degree cut-off angle (100% success

rate), which is not the case for the single-systems. More-
over the four-systemmodel achieved larger success rates

compared to Galileo+GPS and BDS+GPS, resulting in

better precise positioning availability (Figure 4).
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FREQUENCY RTK MODEL 

This chapter is covered by the following publication:  
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Abstract We will focus on single-frequency single-

baseline real-time kinematic (RTK) combining four Code

Division Multiple Access (CDMA) satellite systems. We

will combine observations from the Chinese BeiDou

Navigation Satellite System (BDS), European Galileo,

American Global Positioning System (GPS) and the Japa-

nese Quasi-Zenith Satellite System (QZSS). To further

strengthen the underlying model, attention will be given to

overlapping frequencies between the systems. If one can

calibrate the inter-system biases, a common pivot satellite

between the respective systems can be used to parameterize

double-differenced ambiguities. The LAMBDA method is

used for ambiguity resolution. The instantaneous (single-

epoch) single-frequency RTK performance is evaluated by

a formal as well as an empirical analysis, consisting of

ambiguity dilution of precision (ADOP), bootstrapped and

integer least-squares success rates and positioning preci-

sions. The time-to-correct-fix in some particular cases

when instantaneous RTK is not possible will also be ana-

lyzed. To simulate conditions with obstructed satellite

visibility or when low-elevation multipath is present, var-

ious elevation cut-off angles between 10 and 40� will be

used. Four days of real data are collected in Perth, Western

Australia. It will be shown that the four-system RTK model

allows for improved integer ambiguity resolution and

positioning performance over the single-, dual- or triple-

systems, particularly for higher cut-off angles.

Keywords Inter-system biases (ISBs) � Real-time

kinematic (RTK) � Multi-global navigation satellite system

(GNSS) � Integer ambiguity resolution � LAMBDA

Introduction

The next generations Global Navigation Satellite Systems

(GNSSs) have the potential to enable a wide range of appli-

cations for positioning, navigation and timing. For position-

ing, the accuracy, reliability and satellite availability will be

improved as compared to today’s solutions, provided that a

combination of the satellite systems is used. Since some of

the frequencies overlap between the systems, one can also

take full advantage of the measurements by applying a priori

corrections for the receiver-dependent differential inter-sys-

tem biases (ISBs) to maximize the redundancy (Odijk and

Teunissen 2013a). This allows for a parameterization of

double-differenced (DD) integer ambiguities with respect to

a common ‘‘pivot’’ satellite between the systems. In this

contribution, we will focus on the Global Positioning System

(GPS), BeiDou Navigation Satellite System (BDS), Galileo

and Quasi-Zenith Satellite System (QZSS) since they are all

based on the Code Division Multiple Access (CDMA).

GLONASS is not considered in this contribution as it cur-

rently (December 2013) only has one satellite transmitting a

CDMA frequency (Mirgorodskaya 2013), which, moreover,

does not overlap the GPS frequencies. Including this satellite

would not result in a strengthening of our four-system (sin-

gle-epoch) RTK model, as at least two CMDA GLONASS

satellites would be needed (see also Table 3).

BDS attained Asia–Pacific regional operational status in

the end of December 2011. The current (2013) BDS con-

stellation has 5 Geostationary Earth Orbit (GEO), 5

Inclined Geo-Synchronous Orbit (IGSO) and 4 Medium
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Earth Orbit (MEO) satellites available for positioning.

Figure 1 shows a 24 h ground track of the operational BDS

satellites in Perth, Western Australia at April 29, 2013. The

positions of the satellites at 10.05 a.m. local Perth time

(UTC ?8 h) are indicated with a dot. BDS currently

transmit at three frequencies, B1, B2 and B3 as is shown in

Table 1. In the table, the L1, L2 and L5 GPS frequencies

are given as well. BDS positioning results based on sim-

ulation can be found in, e.g., Grelier et al. (2007), Chen

et al. (2009), and Yang et al. (2011) and BDS ambiguity

resolution performance in, e.g., Cao et al. (2008). Real data

results were presented in, e.g., Shi et al. (2012, 2013) and

He et al. (2013a) for BDS single point and relative posi-

tioning, and precise orbit determination. Li et al. (2013a)

and Li et al. (2013b) further evaluated BDS-only and

combined BDS ? GPS precise point positioning (PPP).

Combined BDS ? GPS RTK results can be found in Li

et al. (2013c), Deng et al. (2013) and He et al. (2013b).

Some first BDS-only results outside of China can be found

in Montenbruck et al. (2013), Steigenberger et al. (2013)

and Nadarajah et al. (2013). Combined BDS ? GPS

single-baseline RTK results can be found in, e.g., Odolinski

et al. (2013) and Teunissen et al. (2013).

Since 2005 and 2008, respectively, two Galileo In-Orbit

Validation Element (GIOVE) satellites have been in orbit.

Moreover, four In-Orbit Validation (IOV) MEO satellites

are currently available (since 2012) for positioning (Fig. 1)

and broadcast signals at E1, E5a, E5b and E6 frequencies

(Table 1). The E6 frequency will only be received as part of

Galileo’s Commercial Service. Initial results on combined

GIOVE ? GPS single-baseline RTK were presented in

Odijk and Teunissen (2013a). It was shown that the ISBs

betweenGPS andGIOVE are zero for similar receiver types,

but indeed exist for mixed receiver types. The GIOVE-GPS

ISBs nature and behavior were also investigated in

Montenbruck et al. (2011) and for IOV-GPS ISBs in Mel-

gard et al. (2013) and Odijk and Teunissen (2013b), which

confirmed the results of Odijk and Teunissen (2013a).

QZSS uses the same orbital period as a traditional

equatorial geostationary orbit but makes use of a large

orbital inclination, see Fig. 1 (JAXA 2013). The system is

designed to enable users to receive QZSS signals from a

high elevation angle at all times in East Asia and Japan.

The QZSS L1, L2 and L5 signals all overlap the GPS

signals (Table 1). One satellite ‘‘MICHIBIKI’’, or ‘‘QZS-

1’’, is currently in orbit and was launched September 2010.

We present a four-system BDS ? Galileo ? QZSS ?

GPS single-baseline RTK model, and we will compare its

performance with the systems separately or some other

combinations of them. The frequencies B1 of BDS, E1 and

L1 of Galileo and GPS/QZSS, respectively, (bold in

Table 1) will be used to maximize the number of available

satellites with overlapping frequencies (note: B1 does

currently not overlap any of the frequencies). L1 of GPS is

used since at this time (December 2013) only four GPS

satellites transmit the L5 signal.

The GNSS observation equations are introduced in

Section ‘‘System of single-differenced GNSS observation

equations’’, where the increased redundancy when cali-

brating the ISBs is demonstrated. Information about the

4 days of real data used to evaluate the RTK models is

presented in Section ‘‘GNSS data collection and RTK

stochastic model settings’’. In Section ‘‘Inter-system bia-

ses’’, we try to verify that the ISBs can be assumed zero for

similar receiver types. This is followed by a single-baseline

RTK analysis, formal as well as empirical, based on vari-

ous cut-off elevation angles ranging between 10 and 40�.
The higher elevation cut-off angles are used to simulate

conditions with obstructed satellite visibility or when low-

elevation multipath is present. The formal analysis is given

in Section ‘‘Formal analysis of four-system RTK model’’,

where ambiguity dilution of precision (ADOP), boot-

strapped success rates and position precisions are given.

The empirical analysis is then presented in Section
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Fig. 1 BDS (magenta), Galileo (green) and QZSS (cyan) ground

tracks with satellites location (dots) given at 10:05 a.m. local Perth

time, April 29, 2013

Table 1 BDS, Galileo, QZSS and GPS signals

Satellite system Band Frequency

(MHz)

Wavelength

(cm)

BDS B1 1561.098 19.20

BDS/Galileo B2/E5b 1207.140 24.83

BDS B3 1268.520 23.63

QZSS, GPS/Galileo L1/E1 1575.420 19.03

QZSS, GPS L2 1227.600 24.42

QZSS, GPS/Galileo L5/E5a 1176.450 25.48

Frequencies that will be used are marked in bold
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‘‘Empirical analysis of four-system RTK model’’ based on

real data. This to verify the conclusions made in the formal

analysis. In this section, integer least-squares (ILS) success

rates and statistics of the positioning performance, as

obtained by comparing the estimated positions to precise

benchmark coordinates, will be presented. We also look

into the time-to-correct-fix in Section ‘‘Time-to-correct-fix

using multiple-epoch solutions’’ for two special cases when

single-epoch RTK is not possible. A summary and dis-

cussion is finally presented in ‘‘Conclusions’’.

System of single-differenced GNSS observation

equations

Consider two receivers r = 1, 2 tracking the GPS (G) sat-

ellites sG = 1G,…,mG and another GNSS system

s* = 1*,…,m*, where mG and m* is the number of satellites

of GPS and system *, respectively. The symbol * is B for

BDS, E for Europe/Galileo and Q for QZSS. Assume that

we only track satellites on overlapping frequencies and we

define the frequencies as j = 1,…, f, where f is the corre-

sponding number of frequencies. External products for

satellite orbits are used and between-receivers single-dif-

ferences (SDs) are subsequently performed on the system

of observation equations with respect to the ‘‘pivot’’

receiver 1. Satellite delays common to both receivers are

then eliminated, and for short baselines of a few km, the

(relative) atmospheric delays and any remaining orbit

errors can be neglected as well. The model presented

assumes for notational convenience that all frequencies

overlap with GPS and that the GPS receiver clock is shared

among the systems. The time offsets, e.g., GPS-to-Galileo

Time-Offset (GGTO), is then eliminated by the SDs.

Full-rank RTK functional model: ISBs-float

The system of observation equations is, however, not of full-

rank after the SDs. These rank defects can be eliminated

through an application of S-system theory (Teunissen 1985;

Teunissen et al. 2010). This implies null-space identification,

S-basis constraining and interpretation of the estimable

parameters. The number of rank deficiencies and the S-basis

choice are depicted in Table 2. We remark that many other

S-basis choices are admissible but that they all give the same

adjusted observations and least-squares residuals. Moreover,

each minimum constrained solution can be transformed to

another minimum constrained solution by means of an

S-transformation (Teunissen 1985). From a precise GNSS

positioning perspective, however, it is important that the

particular S-basis choice results in estimable ambiguities that

are integers (see Eq. 1). The ‘‘ISBs-float model’’ in (1)

implies that the ISBs will be parameterized as unknowns.

Once the rank deficiencies in Table 2 have been solved,

the combined RTK model can be formulated in the fol-

lowing full-rank, linearized, SD system of observation

equations, in units of range and time stamps are omitted for

brevity,

psG12;j ¼ �csGT2 Dx12 þ d~t12 þ ~dG12;j

/sG
12;j ¼ �csGT2 Dx12 þ d~t12 þ ~dG12;j þ kj ~M

1GsG
12;j

ps�12;j ¼ �cs�T2 Dx12 þ d~t12 þ ~dG12;j þ ~dG�12;j

/s�
12;j ¼ �cs�T2 Dx12 þ d~t12 þ ~dG12;j þ ~dG�12;j þ kj ~M

1�s�
12;j

ð1Þ

where (�)12 = (�)2 - (�)1 is the notation for between-

receiver SDs, the SD code and phase observable is denoted

p12,j
s , /12,j

s , respectively, cr
sT = (xs - xr)

T/||xs - xr|| is the

line-of-sight unit vector from the receiver r to the GNSS

satellites obtained from linearizing the system of equations

with respect to the receiver coordinates, where (.)T is the

transpose of a vector, ||.|| denotes the length, or norm, xs is

the vector of satellite coordinates and xr the vector of

receiver coordinates, kj is the wavelength corresponding to

frequency j and * stands for systems B, E or Q, respec-

tively. For notational convenience, we refrain from carry-

ing through SD random observation noise and un-modeled

effects such as multipath. The estimable unknowns are,

Dx12 = Dx2 - Dx1 relative receiver

coordinates,

d~t12 ¼ dt12 þ dG12;1 relative receiver clock with

differential code delay of

GPS,
~dG12;j ¼ dG12;j � dG12;1 relative GPS Differential

Code Bias (DCB) for

f[ 1,
~dG12;j ¼ dG12;j � dG12;1 þ kjM

1G
12;j

relative GPS receiver

hardware (HW) phase

delay,
~dG�12;j ¼ d�12;j � dG12;j differential code ISB,

~dG�12;j ¼ d�12;j � dG12;j þ kjM
1G1�
12;j

differential phase ISB

biased by DD ambiguity,

~M1GsG
12;j ¼ MsG

12;j �M1G
12;j

DD GPS integer

ambiguity,

Table 2 Single-epoch, single-baseline RTK S-basis choice and number of rank deficiencies

Model S-basis choice # of rank deficiencies

Four-system ISBs-float Dx1, dt1, d2,1
G , d1,j

G , d1,j
* , dG1;j; d

�
1;j;M

1G
2;j ;M

1�
2;j;M

sG
1;j;M

s�
1;j

5 ? 12f ? fmG ? fmB ? fmE ? fmQ
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~M1�s�
12;j ¼ Ms�

12;j �M1�
12;j

DD BDS, Galileo or QZSS

integer ambiguity.

The DD ambiguities are integers since the initial

receiver and satellite HW phase delays have been elimi-

nated by the implicit double-differences. Note further that

the differential phase ISB is biased by the inter-system DD

(integer) ambiguities of the pivot satellites.

In case one wants to estimate system-specific HW

delays for non-overlapping frequencies, we can make use

of a reparameterization of the code and phase HW delays

and ISBs, respectively, as follows,

~d�12;j� ¼ ~dG�12;j þ ~dG12;j ¼ d�12;j � dG12;1

~d�12;j� ¼ ~dG�12;j þ ~dG12;j ¼ d�12;j � dG12;1 þ kjM
1�
12;j

ð2Þ

These system-specific HW delays are now biased by the

GPS receiver HW code delay on the first frequency. In

other words, the reparameterization in (2) shows that the

model in (1) is equivalent (in terms of redundancy) to the

model when one assumes system-specific HW delays for

each system. Note also that the code ISB is estimable on

the first frequency in (1), whereas the GPS DCB is only

estimable on the second frequency and beyond. It thus

implies that (1) also has an equivalent redundancy to the

model when one takes different receiver clocks for each

system (Odolinski et al. 2013), since the code ISBs on the

first frequency then play the role as the additional

unknowns instead of additional receiver clocks. The

number of observations, estimable unknowns and redun-

dancy of the model in (1) is shown in Table 3.

Full-rank RTK functional model: ISBs-fixed

In the previous section it was shown that if we for over-

lapping frequencies parameterize the ISBs, it does not

strengthen the model as compared to a traditional model

with system-specific receiver clocks/HW delays. However,

if a priori knowledge of the ISBs is available we can

strengthen the model accordingly. We will refer to the

following model (6) as the ‘‘ISBs-fixed model’’. The phase

ISB correction is defined as (Odijk and Teunissen 2013a),

�dG�12;j ¼ d�12;j � dG12;j þ kjz12;j
¼ dG�12;j þ kjM

1G1�
12;j � kjðM1G1�

12;j � z12;jÞ ð3Þ
where z12,j is an integer ambiguity that originates from the

observations that are used to determine the ISB corrections.

Since these observations are different from the observa-

tions to be corrected (1), the integer ambiguity z12,j is in

principle different from M1G1�
12;j . In other words, when the

correction (3) is applied to the phase observations of sys-

tem * in (1), the last ambiguity part of the correction will

be lumped into the ambiguities,T
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~M1Gs�
12;j ¼ M1�s�

12;j þ ðM1G1�
12;j � z12;jÞ ¼ M1Gs�

12;j � z12;j ð4Þ
i.e., the ambiguity is now differenced with respect to the

pivot satellite of GPS minus the integer ambiguity z12,j that

is lumped into the phase ISB correction (3). If we denote

the code ISB correction as,

�dG�12;j ¼ d�12;j � dG12;j ð5Þ
the full-rank system * (B, E or Q) part of the observation

equations can be expressed as (the GPS observation

equations are still equivalent to (1)),

psG12;j ¼ �csGT2 Dx12 þ d~t12 þ ~dG12;j

/sG
12;j ¼ �csGT2 Dx12 þ d~t12 þ ~dG12;j þ kj ~M

1GsG
12;j

ps�12;j � �dG�12;j ¼ �cs�T2 Dx12 þ d~t12 þ ~dG12;j

/s�
12;j � �dG�12;j ¼ �cs�T2 Dx12 þ d~t12 þ ~dG12;j þ kj ~M

1Gs�
12;j

ð6Þ

Note that the ambiguity ~M1Gs�
12;j (4) will also be estimable

for s* = 1*, which gives us f additional unknowns for each

system added to GPS in (6) as compared to Eq. (1).

However, with a priori corrected values for differential

code and phase ISBs (2f corrections), the redundancy of the

model increases with f as compared to (1) for each addi-

tional system to GPS. This is further clarified by Table 3.

Redundancy and solvability of the full-rank RTK

models

In Table 3, the number of observations, estimable

unknowns and redundancy of the presented single-baseline

RTK models (1) and (6) are given (assuming that all fre-

quencies overlap). A solvability condition is also defined,

which is the number of satellites required to solve the

models. The single-system RTK model in the table can be

found in (1) for GPS, and we note that BDS-/Galileo- or

QZSS-only models will have a similar definition of the

unknowns.

One can imply from Table 3 that with the single-system

or ISBs-fixed four-system model (6) at least four satellites

are needed for positioning, whereas if all ISBs are

unknown (1) at least seven satellites are needed. This thus

illustrates that each satellite added to GPS will contribute

to the solution in cases when all ISBs are corrected and

when all frequencies overlap. Note, however, that since B1

of BDS currently (2013) does not overlap L1 of GPS

(Table 1), one additional receiver clock for BDS will be

parameterized in the following sections. This implies that

at least five satellites will be needed to solve the

BDS ? GPS and four-system RTK model (assuming the

other systems’ ISBs corrected). We add this model to the

last row of Table 3 as well since it is the model we will

refer to as the ‘‘ISBs-fixed’’ four-system RTK model

throughout this contribution. However, there are plans to

shift the B1 signal to L1 (Gibbons 2013), and consequently

then all frequencies analyzed in this research will overlap.

GNSS data collection and RTK stochastic model

settings

Data from April 19–20 and, 10 days later, April 29–30,

2013 of CUT0 and CUTT (Trimble NetR9 receivers) at

Curtin University, Perth Australia are evaluated. The

measurement interval is set to 30 s, and the distance

between the stations is approximately 1 km. We make use

of the Detection, Identification and Adaptation (DIA)

procedure to eliminate outliers (Teunissen 1990), and the

LAMBDA method is used for integer ambiguity resolution

(Teunissen 1995). The number of satellites visible over

24 h for an elevation cut-off angle of 10� and CUTT is

given in Fig. 2.

A similar number of satellites for BDS and GPS can be

seen in Fig. 2, and we have (2013) four Galileo satellites

and one QZSS satellite visible. It is also evident that a

combination of the four systems provides us with overall

more than double the number of GPS satellites.

The stochastic RTK model settings are given in Table 4

based on the exponential elevation weighting function by

Euler and Goad (1991). The zenith-referenced a priori code

and phase standard deviation (STD), respectively, are

given for undifferenced observations. These values were

estimated using data that is independent from the data used

in the following sections, and the procedure is further

described in Odolinski et al. (2013).

Inter-system biases

Trimble NetR9 receivers are used throughout this contri-

bution. Fortunately, the GIOVE-GPS ISBs have been

shown to be zero for similar receiver types (Odijk and

Teunissen 2013a). We want to confirm these results with

Galileo IOV-GPS, as well as for the QZSS-GPS ISBs. If

they turn out to be zero, we can safely neglect them and
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Fig. 2 Four-system satellite visibility for CUTT with an elevation

cut-off angle of 10�, April 20, 2013
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maximize the redundancy of our RTK model. In Fig. 3, the

code and (fractional) phase differential ISBs are depicted

for L1-L1 QZSS-GPS. They are computed on an epoch-by-

epoch basis for a zero-baseline setup and with fixed

receiver positions of CUT0-CUT2 (Curtin University). The

elevation cut-off angle is 10�, and the STDs are computed

assuming the ISBs time-constant during the whole time-

span to illustrate the ISBs repeatability.

When the QZSS satellite sets at a low elevation angle

that causes less precise observations, we also see noisier

behavior of the ISBs. The QZSS-GPS phase ISB mean

value is, however, zero, and the mean value of the code ISB

is also close to zero (4 mm). The ISB STDs fall well within

the code and phase measurement noise levels in Table 4,

which makes it plausible to believe that the ISBs are absent.

In Fig. 4, the corresponding E1-L1 Galileo-GPS ISBs

are presented. The Galileo-GPS code and phase ISBs have

a slightly better precision as compared to the ISBs of

QZSS-GPS in Fig. 3, since, over the day, more satellites

are tracked. More importantly, they also have close to zero

mean values (4.3 cm and 0.001 cycles, respectively) and

STDs (3 mm and below 0.001 cycles, respectively) that fall

well within the code and phase measurement noise levels.

Formal analysis of four-system RTK model

This section presents the formal analysis of the four-system

RTK model. For the following computations we only need

the design matrix and the variance–covariance (VCV)

matrix of the observations, i.e., real data is not necessary.

Ambiguity dilution of precision

The ADOP is a scalar measure of the model strength for

ambiguity resolution and was first introduced in Teunissen

(1997). The ADOP is defined as,

ADOP ¼
ffiffiffiffiffiffiffiffiffiffi
Qââj j

p 1
n ðcycleÞ ð7Þ

where Qââ is the VCV-matrix of the float ambiguities, n is

the dimension of the ambiguity vector and | � | denotes the
determinant. The ADOP measures the intrinsic precision of

the ambiguities and is also a measure of the volume of the

ambiguity confidence ellipsoid (Teunissen et al. 1996). In

Fig. 5, we show the single-epoch ADOP time-series in blue

over two days for L1 GPS, B1 BDS, B1 ? L1 BDS ? GPS

and a 10 degree elevation cut-off angle. When the ADOP-

values get below the 0.12 cycles is indicated by a dashed

red line and can be taken as indication of successful

ambiguity resolution, since it corresponds to an ambiguity

success rate larger than 99.9 % (Odijk and Teunissen

2008). We also depict the number of satellites as green and

when below 8 as red.

The ADOPs of B1 BDS and L1 GPS in Fig. 5 are

generally too large to expect (successful) instantaneous

ambiguity resolution. The ADOPs of L1 GPS are larger

and fluctuate more than those of B1 BDS due to the fewer

Table 4 Zenith-referenced code and phase STDs for single-baseline

RTK

Satellite system Frequency Code (cm) Phase (mm)

BDS B1 35 3

Galileo E1 30 2

GPS L1 37 3

QZSS L1 30 3
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Fig. 3 L1-L1 QZSS-GPS code ISB at top and phase ISB at bottom

for a zero-baseline setup CUT0-CUT2 (both Trimble NetR9), April

29, 2013, and for an elevation cut-off angle of 10�
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Fig. 4 E1-L1 Galileo-GPS code ISB at top and phase ISB at bottom

for a zero-baseline setup CUT0-CUT2 (both Trimble NetR9), April

29, 2013, and for an elevation cut-off angle of 10�
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tracked GPS satellites, more frequent changes in their

tracking, as well as the poorer code precision (Table 4).

Importantly, the BDS ? GPS system shows less ADOP

fluctuations and remains below 0.12 cycles all the time. In

Teunissen et al. (2013), this is explained analytically,

where it was shown that the number of satellites, the phase-

code variance ratio, the number of frequencies and the

number of common parameters between the systems all

contribute in reducing the ADOP.

Since the combined BDS ? GPS system shows such

promising results, it is of interest to see the expected

ambiguity resolution improvement if we can include the

Galileo and QZSS satellites as well. To get a more chal-

lenging case, we increase the elevation cut-off angle to 30�.
In Fig. 6, the corresponding ADOP time-series is depicted

for B1 ? L1 BDS ? GPS and a B1 ? E1 ? L1 ? L1

BDS ? Galileo ? QZSS ? GPS model with ISBs-fixed/

assumed zero. The number of satellites is depicted dark

green for Galileo and cyan for QZSS as well to illustrate

the redundancy differences between the models.

With the combination of all four systems, we see in

Fig. 6 a decrease in the ADOPs as compared to

BDS ? GPS and can thus expect the four-system model to

have a better instantaneous success rate performance as
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Fig. 5 Single-epoch ADOP (blue) and number of visible satellites in

green (and in red when less than 8) for L1 GPS (top), B1 BDS

(middle) and B1 ? L1 BDS ? GPS (bottom), 10� cut-off elevation

angle (Perth, April 19–20, 2013)
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Fig. 6 Single-epoch ADOP (blue) and number of visible satellites in

light green (and in redwhen less than 9) for B1 ? L1BDS ? GPS (top)

andB1 ? E1 ? L1 ? L1BDS ? Galileo ? QZSS ? GPSwith ISBs-

fixed (bottom), 30� cut-off elevation angle (Perth, April 19–20, 2013)

GPS Solut

123



114 

 

well. This since the ADOP time-series stays close to or

below the 0.12 cycle level the entire two days. However,

for BDS ? GPS, quite some epochs reach values above

0.12 cycles.

Bootstrapped success rates

The formal bootstrapped success rate (SR) is an accurate

lower bound to the integer least-squares (ILS) success rate

(Teunissen 1998, 1999) and can thus be used to infer

whether integer ambiguity resolution can be expected to be

successful. To compute it, we only need the VCV-matrix of

the (decorrelated) float ambiguities. The bootstrapped

success rate is given as (Teunissen 1998),

P z
^

IB ¼ z
h i

¼
Yn
i¼1

2U
1

2rẑijI

 !
� 1

" #
ð8Þ

where P½z^IB ¼ z� denotes the probability of correct integer

estimation of the integer bootstrapped estimator z
^

IB,

UðxÞ ¼ R x�1
1ffiffiffiffi
2p

p exp � 1
2
v2

� �
dv is the cumulative normal

distribution, and rẑijI with i = 1,…,n, I = {1,…,(i - 1)} is

the conditional standard deviations of the decorrelated

ambiguities.

The single-epoch bootstrapped success rate for different

cut-off elevation angles between 10 - 40� are given in

Fig. 7 for B1 BDS (magenta), L1 GPS (blue), E1 ? L1

Galileo ? GPS (green), B1 ? L1 BDS ? GPS (cyan) and

a combined B1 ? E1 ? L1 ? L1 four-system RTK model

(black). Full and dotted lines are ISBs-fixed and ISBs-float

models, respectively, provided that any of the frequencies

overlap. The depicted success rates are based on the mean

of all single-epoch bootstrapped success rates for April

19–20, as well as April 29–30, 2013. Note that when the

ISBs are unknown, the single QZSS satellite does not

contribute to the single-epoch solution. This implies that

the ISBs-float four-system RTK model (dotted black line)

is actually a three-system BDS ? Galileo ? GPS model.

In Fig. 7 we see a dramatic decrease in the success rates

with respect to increasing cut-off angles for the single-

systems. BDS is, however, more stable than GPS and

Galileo ? GPS due to more satellites tracked at higher cut-

off angles. Most importantly, the success rate remains at

stable values close to 100 % for cut-off angles up to 25� for
BDS ? GPS. The corresponding angle is even 30� for the
four-system model with ISBs-fixed. The success rate dif-

ferences between the ISBs-fixed four-system model (full

black line), the ISBs-float counterpart (dotted black line)

and BDS ? GPS (cyan) increase more rapidly when

reaching angles of 35–40�. We also see the positive effect

on the success rates when the differential ISBs are fixed/

assumed zero.

Positioning

In Table 5, we provide information on the expected posi-

tioning precision in terms of formal standard deviations

(local North, East, Up) of the float and fixed single-fre-

quency, single-epoch solutions for all combination of

satellite systems as depicted in Fig. 7. This is given for a 10

degree elevation cut-off angle.

We can see the two orders of magnitude improvement

when going from ambiguity-float to ambiguity-fixed solu-

tions, as well as the improvement which a combination of

the systems brings.

Empirical analysis of four-system RTK model

In this section, an empirical analysis based on real data will

be presented to verify the formal claims in the previous

section and to show the actual performance of the four-

system RTK model.

Integer least-squares ambiguity success rates

We compute the empirical ILS success rate by comparing

the single-epoch estimated integer ambiguities to reference
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Fig. 7 Bootstrapped success rate for single-epoch, single-frequency

RTK versus cut-off elevation angles of 10–40� (Perth, April 19–20

and April 29–30, 2013)

Table 5 Formal STDs for single-epoch, single-frequency RTK and

an elevation cut-off angle of 10�, ambiguity-float/fixed solutions in

North, East and Up (Perth, April 19–20, 2013)

System/freq. Formal STDs float/fixed

N (cm) E (cm) U (cm)

B1 BDS 69/0.5 49/0.3 151/1.1

L1 GPS 60/0.4 52/0.4 141/0.9

E1 ? L1 Galileo ? GPS 56/0.4

(58/0.4)

47/0.3

(49/0.3)

128/0.8

(133/0.8)

B1 ? L1 BDS ? GPS 41/0.3 35/0.2 96/0.7

B1 ? E1 ? L1 ? L1

BDS ? Galileo ? QZSS ? GPS

38/0.3

(41/0.3)

32/0.2

(33/0.2)

89/0.6

(93/0.6)

The STDs correspond to ISBs-fixed when applicable (in brackets

STDs are given for ISBs-float)
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ambiguities. The reference ambiguities were estimated by a

batch solution using a combined system with multiple-

frequencies and assuming the ambiguities time-constant

over the whole time-span. The empirical success rate can

be defined as,

PsE ¼ # of correctly fixed epochs

total # of epochs
ð9Þ

The empirical single-epoch ILS success rates are given

in Table 6 for the single-frequency single and combined

systems and for an elevation cut-off angle of 10�. The

success rates are given for two days and then 10 days later

another two days are included, as to demonstrate their

repeatability. Satellite C07 was not logged for most of the

day on April 20 and we thus denote the affected success

rates with italics. The empirical ILS success rates for all

four days combined and for elevation cut-off angles of 10,

20, 25, 30, 35 and 40� are further presented in Table 7.

Note the good repeatability of the success rates in

Table 6. Moreover, note in Tables 6 and 7 for the 10� angle
that the ILS success rates for BDS ? GPS as well as the

four-system models are not consistent with the boot-

strapped success rates in Fig. 7. The bootstrapped success

rates should in fact be lower than the ILS success rates. We

analyzed these wrongly fixed instances in detail and found

that every day, during the same short period of time, the

ambiguities of some GPS satellites that were setting and

rising were wrongly fixed as consequence of low-elevation

multipath.

This thus illustrates one of the benefits of using a large

cut-off angle for a combined system since one can avoid

low-elevation multipath and still allow for instantaneous

RTK. For BDS ? GPS, we namely have 100 % ILS suc-

cess rate for the 20 and 25 degree cut-off angles, and the

corresponding angles are 20–30 (almost 35)� for the four-

system model with ISBs-fixed.

Positioning

Table 8 provides information on the empirical float and

correctly fixed instantaneous positioning performance for

the single-frequency, single and all combined systems’

performance for a 10 degree elevation cut-off angle. These

results were obtained by comparing the estimated positions

to precise benchmark coordinates and are in good agree-

ment with the formal precision in Table 5.

Table 6 Empirical ILS success rate for single-epoch, single-frequency RTK and full ambiguity resolution, CUT0-CUTT and an elevation cut-

off angle of 10�

Empirical integer least-squares success rate (%)

System/freq. April: 19 20 29 30

B1 BDS 96.7 94.8 96.6 97.3

L1 GPS 83.0 79.3 82.8 81.1

E1 ? L1 Galileo ? GPS 91.4

(87.5)

88.2

(84.5)

92.3

(87.4)

89.4

(84.8)

B1 ? L1 BDS ? GPS 98.6 97.8 98.5 98.4

B1 ? E1 ? L1 ? L1

BDS ? Galileo ? QZSS ? GPS

98.6

(98.6)

97.8

(97.8)

98.5

(98.5)

98.4

(98.4)

The success rates are given for April 19–20 and April 29–30, 2013, from left to right columns, respectively. The success rates correspond to

ISBs-fixed when applicable (in brackets SRs are given for ISBs-float)

Table 7 Empirical ILS success rate for elevation cut-off angles of 10, 20, 25, 30, 35 and 40� (from left to right columns, respectively)

Empirical integer least-squares success rate (%)

System/freq., cut-off (�): 10 20 25 30 35 40

B1 BDS 96.4 85.4 81.2 63.4 46.7 20.8

L1 GPS 81.6 53.9 32.4 17.7 7.5 3.3

E1 ? L1 Galileo ? GPS 90.3

(86.0)

72.6

(63.9)

53.9

(43.8)

39.8

(29.3)

27.5

(16.7)

19.1

(8.2)

B1 ? L1 BDS ? GPS 98.3 100 100 99.4 96.5 81.7

B1 ? E1 ? L1 ? L1

BDS ? Galileo ? QZSS ? GPS

98.3

(98.3)

100

(100)

100

(100)

100

(99.5)

99.5

(96.7)

91.7

(83.1)

Success rates are given for single-epoch, single-frequency RTK and full ambiguity resolution for CUT0-CUTT, April 19–20 and April 29–30

combined, 2013. The success rates correspond to ISBs-fixed when applicable (in brackets SRs are given for ISBs-float)
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Figure 8 further shows the repeatability (April 19–20,

2013) of float and fixed positioning for the single-epoch,

single-frequency four-system (ISBs-fixed) model and an

elevation cut-off angle of 30�. All epochs were correctly

fixed for this cut-off angle (Table 7), as also predicted by

the bootstrapped success rate in Fig. 7. The empirical and

formal confidence ellipses/intervals have been computed

from the empirical and formal position VCV-matrices. The

empirical VCV-matrix was estimated from the positioning

errors as obtained from comparing the estimated positions

to precise benchmark coordinates. The formal VCV-matrix

used is determined from the mean of all single-epoch for-

mal VCV-matrices for both days.

To illustrate the positioning results for a higher elevation

cut-off angle of 35�, we give in Fig. 9 the L1 GPS,

B1 ? L1 BDS ? GPS and a four-system B1 ? E1 ?

L1 ? L1 (with ISBs-fixed) positioning results. The results

are shown for April 19–20, 2013. The correctly fixed

solution (green) is given together with the float solution

(gray) and the wrongly fixed solutions (red). We also depict

the number of satellites for GPS together with the posi-

tional dilution of precision (PDOP) as to demonstrate the

large positioning errors’ dependency on the satellite

geometry. The combined systems do not suffer from

very large PDOPs for this cut-off angle. For the combined

systems, we therefore simply plot the number of satel-

lites below nine as red, otherwise as green, as to illus-

trate the correctly fixed solutions’ dependency on the

number of satellites. The number of satellites is also

depicted as dark green for Galileo and cyan for QZSS to

illustrate the redundancy differences between the two

models.

Figure 9 shows that the correctly fixed positioning

errors are at the mm-cm level and that wrong fixing can

lead to an even worse positioning performance as com-

pared to taking the float solution at the decimeter-meter

level. GPS have quite some epochs with positioning

unavailability due to the insufficient number of satellites

(should be at least four satellites). Most importantly, we see

a dramatic increase in the number of satellites and thus

availability of precise positioning for the combined sys-

tems, in particular for the four systems with ISBs-fixed and

with the additional Galileo and QZSS satellites.

Time-to-correct-fix using multiple-epoch solutions

A case with an elevation cut-off angle of 40� will be

analyzed in this section, but instead of epoch-by-epoch

solutions we accumulate epochs by a Kalman filter

assuming the ambiguities time-constant. This is done as to

determine the time-to-correct-fix in cases when instanta-

neous RTK is not possible for the combined systems

compared in Fig. 9.

The filter is initialized and based on the filtered set of

float ambiguities, ambiguity resolution is attempted. The

fixed ambiguities are then compared to the reference

ambiguities, and if they are not correct a second epoch is

included in the filter, and so on, until the estimated integer

ambiguities are correct. When this is true, the filter is re-

initialized at the second epoch and the whole process is

repeated again. The time-to-correct-fix results with

mean ± STD over a two day period are depicted in Fig. 10

Table 8 Empirical STDs for single-epoch, single-frequency RTK

and an elevation cut-off angle of 10�, ambiguity-float/(correctly)-

fixed solutions in North, East and Up, CUT0-CUTT. April 19–20,

2013

System/freq. STDs float/(correctly)-fixed

N (cm) E (cm) U (cm)

B1 BDS 66/0.4 55/0.3 154/0.9

L1 GPS 57/0.3 48/0.3 121/0.9

E1 ? L1 Galileo ? GPS 52/0.3

(54/0.3)

43/0.3

(45/0.3)

107/0.9

(112/0.9)

B1 ? L1 BDS ? GPS 40/0.3 35/0.2 85/0.7

B1 ? E1 ? L1 ? L1

BDS ? Galileo ? QZSS ? GPS

37/0.3

(39/0.3)

32/0.2

(34/0.2)

79/0.7

(81/0.7)

The STDs correspond to ISBs-fixed when applicable (in brackets

STDs are given for ISBs-float)
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Fig. 8 Horizontal (N, E) position scatter and corresponding vertical

(U) time-series (CUT0-CUTT, April 19–20, 2013) of the float (top)

and fixed (bottom) B1 ? E1 ? L1 ? L1 BDS ? Galileo ? QZSS ?

GPS (ISBs-fixed) single-epoch RTK solutions for an elevation cut-off

angle of 30�. The 95 % empirical and formal confidence ellipse/

interval is shown in green and red, respectively. All epochs are

correctly fixed (Table 7)
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for an elevation cut-off angle of 40� for B1 ? L1

BDS ? GPS and the B1 ? E1 ? L1 ? L1 four-system,

ISBs-fixed, RTK model. The total number of satellites is

depicted in red when below nine, otherwise in green.

The number of epochs needed for successful integer

ambiguity resolution is smaller when using a four-system

model as compared to BDS ? GPS combined. The mean

value in Fig. 10 is namely reduced from 2.4 down to 1.2

epochs and with a standard deviation improvement from

7.1 down to 0.7 epochs. This indicates again the gain one

achieves by combining all satellite systems and accounting

for the ISBs to maximize the redundancy. Thus, the

increase in number of satellites from combining the sys-

tems does not only improve single-epoch ambiguity reso-

lution (see previous sections), but the time-to-correct-fix

can also be improved significantly in case of a multiple-

epoch solution.

Conclusions

In this contribution, we studied a combination of B1 BDS,

E1 Galileo, L1 QZSS and L1 GPS for (short, atmosphere-

fixed) single-baseline RTK. The inter-system biases (ISBs)

were fixed/assumed zero whenever possible to maximize

the redundancy. We could namely verify that the ISBs

between L1 GPS, L1 QZSS and E1 Galileo can be safely

neglected when using similar receiver types. Future ISB

studies will involve different receiver types as well as other

overlapping frequencies.

Our single-baseline RTK results consisted then of a

formal and an empirical analysis. In the formal analysis,

the ADOP, bootstrapped success rates and positioning

precision were analyzed to illustrate the benefits of com-

bining the systems. In the empirical analysis, the ILS

success rates were computed and the positioning precision

was determined by comparing the estimated positions to

precise benchmark coordinates. It was shown that with

combined systems much larger than customary elevation

cut-off angles can be used. This is of importance in areas

such as urban canyons or when low-elevation multipath is

present.

The formal bootstrapped success rates were overall

shown to be consistent with the empirically determined ILS

success rates as computed from four days of GNSS data

covering a 10 day period. The four-system ISB-fixed RTK

model allows for continuous instantaneous RTK even for

an elevation cut-off angle of 30�. This was not the case

when the ISBs were estimated, for the single-systems or

B1 ? L1 BDS ? GPS, for instance. We also showed that

the ISB-fixed four-system model achieves significantly

larger success rates for cut-off angles of 35–40�, as com-

pared to, e.g., the ISB-float counterpart or BDS ? GPS.

This consequently results in better precise positioning

Fig. 9 L1 GPS (left), B1 ? L1 BDS ? GPS (middle), and four-

system B1 ? E1 ? L1 ? L1 ISBs-fixed model (right) for April

19–20, 2013. Float (gray), correctly fixed (green) and wrongly fixed

(red) solutions at top two rows, and at bottom PDOP (cyan) for GPS

and number of satellites for the combined systems are depicted as

well (below 9 as red, otherwise as light green). This is given for 35�
elevation cut-off angle, single-epoch RTK and CUT0-CUTT
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availability. The conclusion reads therefore that ISB cali-

bration is particularly important in environments with

obstructed satellite visibility, where every additional

satellite to GPS can contribute to the solution.

We concluded by analyzing an elevation cut-off angle of

40� for two days of data using multiple-epoch solutions.

This was done for the single-frequency four-system (ISBs-

fixed) model and compared to B1 ? L1 BDS ? GPS. We

found a significant improvement of the time-to-correct-fix

for the combination of four systems, due to the additional

Galileo and QZSS satellites tracked.

Acknowledgments This work has been executed in the framework

of the Positioning Program of the Cooperative Research Centre for

Spatial Information (CRC-SI). The second author is the recipient of

an Australian Research Council (ARC) Federation Fellowship (pro-

ject number FF0883188). All this support is gratefully acknowledged.

References

Cao W, O’Keefe K, Cannon M (2008) Evaluation of COMPASS

ambiguity resolution performance using geometric-based tech-

niques with comparison to GPS and Galileo. In: Proceedings of

ION-GNSS-2008, Institute of Navigation, Savannah, GA, 16–19

September, pp 1688–1697

Chen H, Huang Y, Chiang K, Yang M, Rau R (2009) The

performance comparison between GPS and BeiDou-2/COM-

PASS: a perspective from Asia. J Chin Inst Eng 32(5):679–689

Deng C, Tang W, Liu J, Shi C (2013) Reliable single-epoch

ambiguity resolution for short baselines using combined GPS/

BeiDou system. GPS Solut. doi:10.1007/s10291-013-0337-5

Euler HJ, Goad Cg (1991) On optimal filtering of GPS dual frequency

observations without using orbit information. Bull Geod

65:130–143

Gibbons G (2013) GNSS News. Inside GNSS, p 1

Grelier T, Ghion A, Dantepal J, Ries L, DeLatour A, Issler JL, Avila-

Rodriguez J, Wallner S, Hein G (2007) Compass signal structure

and first measurements. In: Proceedings of ION-GNSS-2007,

Institute of Navigation, Fort Worth, TX, September,

pp 3015–3024

He L, Ge M, Wang J, Wickert J, Schuh H (2013a) Experimental study

on the precise orbit determination of the BeiDou navigation

satellite system. Sensors 13(3):2911–2928. doi:10.3390/

s130302911

He H, Li J, Yang Y, Xu J, Guo H, Wang A (2013b) Performance

assessment of single- and dual-frequency BeiDou/GPS single-

epoch kinematic positioning. GPS Solut. doi:10.1007/s10291-

013-0339-3

JAXA (2013) Japan Aerospace Exploration Agency (JAXA), navi-

gation service interface specification for QZSS (IS-QZSS), V1.5

Tech. Rep., March 27, 2013

Li W, Teunissen PJG, Zhang B, Verhagen S (2013a) Precise point

positioning using GPS and Compass observations. In: Sun et al

(eds) Lect Notes in Electrical Engineering, Chap 33, vol 2,

pp 367–378

Li X, Ge M, Zhang H, Nischan T, Wickert J (2013b) The GFZ real-

time GNSS precise positioning service system and its adaption

for COMPASS. J Adv Space Res 51(6):1008–1018

Li J, Yang Y, Xu J, He H, Guo H, Wang A (2013c) Performance

analysis of single-epoch dual-frequency RTK by BeiDou

navigation satellite system. In: Sun et al (eds) Lecture notes in

Electrical Engineering, Chap 12, vol 3, pp 133–143

Melgard T, Tegedor J, de Jong K, Lapucha D, Lachapelle G (2013)

Interchangeable integration of GPS and Galileo by using a

common system clock in PPP. In: Proceedings of ION-GNSS-

2013, Institute of Navigation, Nashville, TN, 16–20 September,

pp 1198–1206

Mirgorodskaya T (2013) GLONASS government policy, status and

modernization plans. In: Proceedings of international global

navigation satellite systems (IGNSS) symposium, Golden Coast,

16–18 July

Montenbruck O, Hauschild A, Hessels U (2011) Characterization of

GPS/GIOVE sensor stations in the CONGO network. GPS Solut

15(3):193–205

Montenbruck O, Hauschild A, Steigenberger P, Hugentobler U,

Teunissen PJG, Nakamura S (2013) Initial assessment of the

COMPASS/BeiDou-2 regional navigation satellite system. GPS

Solut 17(2):211–222

Nadarajah N, Teunissen PJG, Raziq N (2013) BeiDou inter-satellite-

type bias evaluation and calibration for mixed receiver attitude

determination. Sensors 13(7):9435–9463

Odijk D, Teunissen PJG (2008) ADOP in closed form for a hierarchy

of multi-frequency single-baseline GNSS models. J Geod

82:473–492

Odijk D, Teunissen PJG (2013a) Characterization of between-receiver

GPS-Galileo inter-system biases and their effect on mixed

ambiguity resolution. GPS Solut 17(4):521–533

Odijk D, Teunissen PJG (2013b) Estimation of differential inter-

system biases between the overlapping frequencies of GPS,

Fig. 10 Time-to-correct-fix (1 epoch = 30 s) with mean ± STD

over April 19–20, 2013, for an elevation cut-off angle of 40� and

single-baseline RTK for B1 ? L1 BDS ? GPS (top) and

B1 ? E1 ? L1 ? L1 BDS ? Galileo ? QZSS ? GPS ISBs-fixed

model (bottom), CUT0-CUTT. The number of satellites are depicted

in red when below 9, and in light green otherwise

GPS Solut

123



119 

 

Galileo, BeiDou and QZSS. In: 4th International colloquium

scientific and fundamental aspects of the Galileo programme,

4–6 December, Prague, Czech Republic

Odolinski R, Teunissen PJG, Odijk D (2013) An analysis of combined

COMPASS/BeiDou-2 and GPS single- and multiple-frequency

RTK positioning. In: Proceedings of ION PNT 2013, Honolulu,

Hawaii, April 23–25, pp 69–90

Shi C, Zhao Q, Li M, Tang W, Hu Z, Lou Y, Zhang H, Niu X, Liu J

(2012) Precise orbit determination of Beidou Satellites with

precise positioning. Sci China Earth Sci 55:1079–1086. doi:10.

1007/819s11430-012-4446-8

Shi C, Zhao Q, Hu Z, Liu J (2013) Precise relative positioning using

real tracking data from COMPASS GEO and IGSO satellites.

GPS Solut 17(1):103–119. doi:10.1007/s10291-012-0264-x

Steigenberger P, Hugentobler U, Hauschild A, Montenbruck O (2013)

Orbit and clock analysis of COMPASS GEO and IGSO

satellites. J Geod 87(6):515–525. doi:10.1007/s00190-013-

0625-4

Teunissen PJG (1985) Generalized inverses, adjustment, the datum

problem and S-transformations. In: Grafarend EW, Sanso F (eds)

Optimization of geodetic networks. Springer, Berlin, pp 11–55

Teunissen PJG (1990) An integrity and quality control procedure for

use in multi sensor integration. In: Proceedings of ION-GPS-

1990, Colorado Spring, CO, pp 513–522, also published in: vol

VII of GPS Red Book Series: Integrated systems, ION Naviga-

tion, 2012

Teunissen PJG (1995) The least squares ambiguity decorrelation

adjustment: a method for fast GPS integer estimation. J Geod

70:65–82

Teunissen PJG (1997) A canonical theory for short GPS baselines.

Part I: the baseline precision, Part II: the ambiguity precision and

correlation, Part III: the geometry of the ambiguity search space,

Part IV: precision versus reliability. J Geod 71(6):320–336,

71(7):389–401, 71(8):486–501, 71(9):513–525

Teunissen PJG (1998) Success probability of integer GPS ambiguity

rounding and bootstrapping. J Geod 72:606–612

Teunissen PJG (1999) An optimality property of the integer least-

squares estimator. J Geod 73:587–593

Teunissen PJG, de Jonge P, Tiberius C (1996) The volume of the GPS

ambiguity search space and its relevance for integer ambiguity

resolution. In: Proceedings of ION-GPS-1996, vol 9, pp 889–898

Teunissen PJG, Odijk D, Zhang B (2010) PPP-RTK: results of CORS

network-based PPP with integer ambiguity resolution. J Aeronaut

Astronaut Aviation Ser A 42(4):223–230

Teunissen PJG, Odolinski R, Odijk D (2013) Instantaneous Bei-

Dou?GPS RTK positioning with high cut-off elevation angles.

J Geod. doi:10.1007/s00190-013-0686-4

Yang Y, Li J, Xu J, Tang J, Guo H, He H (2011) Contribution of the

compass satellite navigation system to global PNT users. Chin

Sci Bull 56(26):2813–2819

Robert Odolinski received his

M.Sc. degree in Geodesy and

Geoinformatics from the Royal

Institute of Technology (KTH)

Stockholm, Sweden, in 2009.

He is since 2011 a Ph.D. Can-

didate in the GNSS Research

Centre at Curtin University in

Perth, Australia. His research

topics include multi-GNSS

integer ambiguity resolution,

precise positioning and quality

control.

Peter Teunissen is a Federation

Fellow of the Australian

Research Council (ARC), Pro-

fessor of Geodesy and Naviga-

tion and Head of Curtin’s GNSS

Research Centre. His current

research focus is on modeling

next-generation GNSSs for rel-

ative navigation and attitude

determination in space and air.

Dennis Odijk is a research fel-

low in the GNSS Research

Centre. His research is focused

on high-precision GNSS posi-

tioning, with emphasis on inte-

ger ambiguity resolution

enabled precise point position-

ing, ionospheric modeling,

multi-GNSS interoperability,

quality control and prototype

software development.

GPS Solut

123
 

 

  

 



120 

 

 

8 LONG BASELINE BDS+GALILEO+QZSS+GPS RTK POSITIONING 

This chapter is covered by the following publication:  

 

Odolinski R, Teunissen PJG, Odijk D (2014d) Combined GPS+BDS+Galileo+ 

QZSS Long Baseline RTK Positioning. Published in: Proceedings of the ION GNSS, 

Tampa, Florida, USA, September 8-12, 2014 (non-peer-reviewed)  



121 

 

Combined GPS+BDS+Galileo+QZSS for Long Baseline
RTK Positioning

R. Odolinski1, P.J.G Teunissen1,2, D. Odijk1

1) GNSS Research Centre, Department of Spatial Sciences
Curtin University, Perth, Australia

2) Mathematical Geodesy and Positioning
Delft University of Technology, The Netherlands

BIOGRAPHY

Robert Odolinski received in 2009 his MSc degree in
Geodesy at the Royal Institute of Technology (KTH),
Stockholm, Sweden. In 2011 he started his PhD studies
at Curtin University, Australia. His research topic is next
generation multi-GNSS integer ambiguity resolution
enabled precise positioning.

Peter J.G. Teunissen is a Federation Fellow of the
Australian Research Council (ARC), Professor of
Geodesy and Navigation and Head of Curtin’s GNSS
Research Centre. His current research focus is on
modeling next-generation GNSS for improved parameter
estimation and validation.

Dennis Odijk is a Research Fellow in the GNSS
Research Centre at Curtin University. His research is
focused on high-precision GNSS positioning, with an
emphasis on integer ambiguity resolution enabled precise
point positioning, ionospheric modeling, multi-GNSS
interoperability, quality control and prototype software
development.

ABSTRACT

In this contribution we will focus on long single-baseline
real-time kinematic (RTK) positioning when combining
the American GPS, Chinese BDS, European Galileo and
Japanese QZSS. The main objective is to demonstrate the
potential benefits for RTK when combining the next gen-
eration GNSSs, as compared to using the systems sep-
arately. With long baseline we refer to the necessity to
model the slant ionospheric delays by the ionosphere-
float strategy. The (wet) Zenith Tropospheric Delay
(ZTD) will be estimated as well. The ionosphere-float
model implies that the slant ionospheric delays are as-
sumed completely unknown. We will focus on overlap-
ping frequencies between the systems. The advantage

with overlapping frequencies is that the redundancy of
the model can be maximized if the inter-system biases
(ISBs) can be calibrated. This also allows for a com-
mon pivot satellite between the systems when parameter-
izing the double-differenced integer ambiguities. It will
be shown that with the ionosphere-float model at least
two overlapping frequencies between the systems are re-
quired to benefit from calibration of ISBs. The GNSS real
data is collected in Perth Australia, a country where the
multi-system satellite visibility is almost at a global maxi-
mum. The single-baseline RTK performance is evaluated
by a formal and empirical analysis, consisting of ambi-
guity dilution of precision (ADOP), bootstrapped success
rates and positioning precisions. It will be shown that the
combination of the four systems provides for shorter am-
biguity/positioning convergence times, improved integer
ambiguity resolution and positioning performance over
the single-, dual- and triple-systems.

INTRODUCTION

Precise positioning applications using the next genera-
tion Global Navigation Satellite Systems (GNSSs) have
the potential to improve, provided that a combination of
the systems is used. This since already today (2014) we
have 32 American Global Positioning System (GPS), 14
Chinese BeiDou Navigation Satellite System (BDS), 4
European Galileo, and 1 Quasi-Zenith Satellite System
(QZSS) satellites available for positioning. In addition
the Russian GLONASS is available with around 24 satel-
lites [1]. But in contrary to the other Code Division Mul-
tiple Access (CDMA) systems, the majority part of the
GLONASS satellites are based on the Frequency Divi-
sion Multiple Access (FDMA) and will thus not be used
in this contribution.

The 32 GPS satellites transmit on the L1, L2 frequen-
cies, and currently six satellites also on the modernized
L5 frequency (Table 1). BDS is an Asia-Pacific regional
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constellation, but will by 2020 become global and con-
sist of 5 Geostationary Earth Orbit (GEO), 3 Inclined
Geo-Synchronous Orbit (IGSO) and 27 Medium Earth
Orbit (MEO) satellites [2]. BDS broadcasts signals on
the B1, B2 and B3 frequencies (Table 1). Since 2005 and
2008, respectively, two Galileo In-Orbit Validation Ele-
ment (GIOVE) satellites have been in orbit, but they are
currently not available for positioning. However at this
moment (2014) four Galileo In-Orbit Validation (IOV)
MEO satellites are available (since 2012) for positioning
[3], which broadcast signals at the E1, E5a, E5b and E6
frequencies (Table 1). The E6 frequency will only be re-
ceived as part of Galileos commercial service. Galileo
is intended to be a global constellation once it reaches
its full constellation by 2020, with 27 MEO and 3 spare
satellites. The QZSS is to be developed as an Asia-Pacific
regional constellation. QZSS uses the same orbital period
as a traditional equatorial geostationary orbit and a large
orbital inclination, as to enable Japanese users to receive
QZSS signals from a high elevation angle at all times.
The QZSS broadcasts signals on the L1, L2 and L5 fre-
quencies (Table 1). One Highly-inclined Elliptical Orbit
(HEO) satellite ’MICHIBIKI’ (or ’QZS-1’) is currently
in orbit, and was launched in September 2010. By 2018
the QZSS constellation is planned to consist of 3 GEO
and 4 HEO satellites [4].

Some first BDS-only results based on real data were
presented in, e.g., [5] for BDS single point positioning
(SPP) and single-baseline real-time kinematic (RTK) po-
sitioning based on an initial BDS constellation of 3 GEO
and 3 IGSO satellites. Some first BDS-only RTK po-
sitioning results outside of China can be found in [6].
Single-baseline RTK contributions using the current re-
gional BDS constellation that consists of 14 BDS satel-
lites can be found in, e.g., [7–10]. Positioning results for
combined GIOVE+GPS single-baseline RTK were pre-
sented in [11]. It was shown that the code/phase inter-
system biases (ISBs) on the overlapping frequencies be-
tween those systems are zero for similar receiver types,
but exist for mixed receiver types. The nature and be-
havior of the GIOVE-GPS ISBs were also investigated in
[12], and for IOV-GPS ISBs in [13, 14], which confirmed
the results of [11].

Table 1: GPS, BDS, Galileo and QZSS signals
Sat. system Band Freq. [MHz] Wavelength [cm]
BDS B1 1561.098 19.20
BDS/Galileo B2/E5b 1207.140 24.83
BDS B3 1268.520 23.63
QZSS, GPS/Galileo L1/E1 1575.42 19.03
QZSS, GPS L2 1227.60 24.42
QZSS, GPS/Galileo L5/E5a 1176.45 25.48

Table 1 shows the different frequencies available from the

four satellite systems analyzed, and the frequencies used
in this contribution are marked in bold. With long single-
baseline RTK we refer to the necessity to model the iono-
spheric and tropospheric delays, here referred to as the
ionosphere-float and Zenith Tropospheric Delay (ZTD)
float models. As a consequence of having the ionosphere-
float model, the number of overlapping frequencies re-
quired between the systems, to allow for strengthening of
the model when the ISBs are calibrated, are at least two.
This since the code ISBs are only estimable on the second
frequency and beyond. This will be further elaborated on
in the description of the single-baseline RTK functional
models. Since the GPS L5 frequency is currently (2014)
only available from six satellites, we restrict our analysis
to the L1, L2 frequencies. That leaves us with two pos-
sible overlapping frequencies for GPS with the other sys-
tems in Table 1, namely the L1,L2 frequencies of QZSS.
In other words, the calibration of ISBs to strengthen the
RTK model is herein only possible between QZSS-GPS.
In [11, 15], however, it was shown for the ionosphere-
fixed case (short baselines) when combining GPS, BDS,
Galileo and QZSS, that one overlapping frequency be-
tween the systems is sufficient to strengthen the RTK
model accordingly.

The ground tracks of BDS, Galileo and QZSS as seen
from a station in Perth, Australia are depicted in Figure 1.
As the signals on the E5a frequency could not be tracked
at this time for the E11 satellite, three out of four available
Galileo IOV satellites will be used in this contribution.
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Figure 1: BDS (magenta), Galileo (green) and QZSS (cyan)
constellation (February 19, 2014) with satellites location de-
picted as a dot at 15:15 local Perth time for a cut-off angle of
10◦. Perth stations CUT0 and MURT are depicted as well

This contribution is organized as follows. First we
present the ionosphere-float, ZTD-float single-baseline
RTK functional, stochastic and dynamic models used.
Two functional models will be given, one referred
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to as the ”ISBs-float” model where the ISBs are pa-
rameterized as unknowns, and one when they are as-
sumed calibrated, the ”ISBs-fixed” model. This fol-
lows by a description of the GNSS data and the dy-
namic/stochastic model settings used. A formal anal-
ysis of the GPS+BDS+Galileo+QZSS single-baseline
RTK performance is then conducted, involving ambi-
guity dilution of precision (ADOP), bootstrapped suc-
cess rate, ambiguity convergence times, and the posi-
tioning performance. An empirical analysis of the ambi-
guity/positioning convergence times and positioning per-
formance is then presented based on real data. Empha-
sis will be on analyzing the combined four-system RTK
models, and comparisons will be made to GPS and other
possible combinations of the systems. We end this con-
tribution with some conclusions.

SINGLE-BASELINE RTK FUNCTIONAL,
STOCHASTIC AND DYNAMIC MODELS

In this Section we will present the ionosphere-float, ZTD-
float functional and stochastic models used for the com-
bination of GPS+BDS+Galileo+QZSS. The inter-system
biases (ISBs) float and fixed models will be presented,
and it will be assumed that all frequencies overlap be-
tween the systems for notational convenience. We end
the section by describing the redundancy and dynamic
model used in the Kalman filter.

ISBs-float, ionosphere-float functional model

In the following observation equations it is assumed that
r = 1,2 receivers track, at the same instance, the satellites
sG = 1G, . . . ,mG and s∗ = 1∗, . . . ,m∗ on overlapping fre-
quencies j = 1, . . . , f , where mG,m∗, f is the number of
satellites and frequencies respectively. The symbol G is
for GPS and ∗ for BDS (B), Galileo (E) or QZSS (Q). The
time stamps will be omitted in the equations for brevity,
and external products are used for satellite orbits. Since
between-receiver single-differences (SDs) are performed
on the observation equations, the satellite delays common
to both receivers are eliminated. The receiver clock is fur-
thermore shared among the systems, and the time-offsets,
e.g., GPS-to-Galileo-time-offset (GGTO), are also elim-
inated by the SDs. The baseline is assumed to be of a
length of at most a few hundred kilometers, thus any re-
maining satellite orbit errors can be assumed negligible.

The system of observation equations is however not
of full-rank after the SDs. The number of rank deficien-
cies is equal to the number of linear combinations of the
column vectors of the design matrix that produces the
zero vector. These rank deficiencies can be eliminated
through S-system theory [16, 17], which implies null-
space identification, S-basis constraining and interpreta-
tion of the estimable parameters. The number of rank de-

ficiencies and the S-basis choice for the ionosphere-float
and ISBs-float model is given by Table 2. The ”ISBs-
float” model (1) implies that the ISBs are parameterized
as unknowns.

Table 2: Single-epoch single-baseline RTK ionosphere-float,
ZTD-float and ISBs-float S-basis choice, and # of rank defi-
ciencies for GPS (G) and ∗ (B for BDS, E for Galileo and Q for
QZSS), assuming overlapping frequencies between systems

Model S-basis choice # of rank defects
Iono-float Δx1,τ1,dt1, , 4+ 1+
(ISBs-float) dG

2,1,d
G
2,2, ι

sG
1 ,dG

1, j,δ
G
1, j,z

1G
2, j,z

sG
1, j +2+mG+ 3 f + f mG+

d∗

2,1, ι
s∗
1 ,d∗

1, j,δ∗1, j,z
1∗
2, j ,z

s∗
1, j +1+mB+ 3 f + f mB

+1+mE + 3 f + f mE
+1+mQ+ 3 f + f mQ

We have in Table 2 the S-basis consisting of the pivot re-
ceiver r = 1 coordinates (Δx1), ZTD (τ1) and clock (dt1)
that solve for 4+ 1 rank defects. This follows by 2 rank
deficiencies solved by the GPS (G) hardware (HW) code
delays on frequencies j = 1,2 for r = 2

(
dG

2,1,d
G
2,2

)
, and

mG +m∗ rank defects solved by the ionospheric delays
for r = 1, all satellites and all systems

(
ιsG
1 , ιs∗

1
)
. Then

there are 3 · 1 (3 corresponds to 3 additional systems to
GPS) rank defects solved by the HW code delays on
j = 1, r = 2 for system ∗

(
d∗

2,1

)
, and 2 f + 3 · 2 f rank

defects solved by the HW code
(

dG
1, j,d

∗

1, j

)
and phase de-

lays
(

δG
1, j,δ

∗

1, j

)
, on j = 1, . . . , f , r = 1 and for all sys-

tems. Further rank defects of size f + 3 · f are solved by
fixing the ambiguities on j = 1, . . . , f , r = 2 and for the
pivot satellites sG = 1G, s∗ = 1∗

(
z1G

2, j,z
1∗
2, j

)
, and a rank

deficiency of size f mG + f m∗ that are solved by fixing
the ambiguities on j = 1, . . . , f , r = 1, for all satellites
and systems

(
zsG

1, j,z
s∗
1, j

)
. For more details about the rank

defects solved by the S-basis in Table 2, see Appendix A.
The ISBs-float full-rank system of observation equa-

tions for the combination of GPS+BDS+Galileo+QZSS
on overlapping frequencies j = 1, . . . , f then read,

psG
12, j =−gsGT

2 Δx12 +msG
2 τ̃12 + dt̃12 + d̃G

12, j +µjι̃sG
12

φsG
12, j =−gsGT

2 Δx12 +msG
2 τ̃12 + dt̃12 + δ̃G

12, j −µjι̃sG
12+

+λ jz̃1GsG
12, j

ps∗
12, j =−gs∗T

2 Δx12 +ms∗
2 τ̃12 + dt̃12 + d̃G

12, j + d̃G∗

12, j +µj ι̃s∗
12

φs∗
12, j =−gs∗T

2 Δx12 +ms∗
2 τ̃12 + dt̃12 + δ̃G

12, j + δ̃G∗

12, j −µjι̃s∗
12+

+λ jz̃1∗s∗
12, j

(1)

The estimable unknown parameters, denoted with a
’tilde’, are given in Table 3, and the notations used in
(1) are further described in Table 4.
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Table 3: Estimable unknown parameters and their interpretation for the ISBs-float model (1)
Notation and interpretation Estimable parameter Conditions
Δx12 = Δx2 −Δx1 relative receiver coordinates r ≥ 2
τ̃12 = τ2 − τ1 relative (residual) wet ZTD r ≥ 2
dt̃12 = dt12 +

µ2
µ2−µ1

dG
12,1 −

µ1
µ2−µ1

dG
12,2 relative receiver clock with GPS HW code delays on j = 1,2 r ≥ 2

d̃G
12, j = dG

12, j −
µ2−µj
µ2−µ1

dG
12,1 +

µ1−µj
µ2−µ1

dG
12,2 relative GPS receiver HW code delays j ≥ 3,r ≥ 2

δ̃G
12, j = δG

12, j −
µ2+µj
µ2−µ1

dG
12,1 +

µ1+µj
µ2−µ1

dG
12,2 +λ jz1G

12, j relative GPS receiver HW phase delays j ≥ 1,r ≥ 2
d̃G∗

12, j = dG∗

12, j −
µj
µ1

dG∗

12,1 relative code inter-system bias (ISB) j ≥ 2,r ≥ 2
δ̃G∗

12, j = δG∗

12, j +
µj
µ1

dG∗

12,1 +λ jz1G1∗
12, j relative phase ISB biased by inter-system double-differenced j ≥ 1,r ≥ 2

ambiguities
ι̃sG
12 = ιsG

12 +
1

µ2−µ1

(
dG

12,2 − dG
12,1

)
relative GPS slant ionospheric delays r ≥ 2,s ≥ 1

ι̃s∗
12 = ιs∗

12 +
1

µ2−µ1

(
dG

12,2 − dG
12,1

)
+ 1

µ1
dG∗

12,1 relative system ∗ slant ionospheric delays biased by GPS r ≥ 2,s ≥ 1
differential code biases (DCBs) and code ISB on j = 1

z̃1GsG
12, j = zsG

12, j − z1G
12, j GPS double-differenced integer ambiguities j ≥ 1,r ≥ 2,s ≥ 2

z̃1∗s∗
12, j = zs∗

12, j − z1∗
12, j system * double-differenced integer ambiguities j ≥ 1,r ≥ 2,s ≥ 2

Table 4: Definition of commonly used symbols
Symbol Definition Description
r = 1,2 receivers used
s = 1, . . . ,m tracked satellites
G,∗ systems, G for GPS, ∗ equals B BDS, E Galileo and Q QZSS
j = 1, . . . , f tracked overlapping frequencies
(·)12 = (·)2 − (·)1 between-receiver SDs
(·)1s = (·)s

− (·)1 between-satellite SDs
ps

12, j,φ
s
12, j SD code and phase observables respectively

gsT
r = (xs

−xr)
T

||xs
−xr ||

line-of-sight unit vector
(.)T transpose of vector
||.|| norm
xs,xr vector of satellite and receiver coordinates respectively
λ j wavelength for frequency j
ms

r mapping function to get a station-wise (wet) ZTD
µj = f 2

1 / f 2
j conversion of ionospheric delay from GPS L1 to frequency j

dG∗

12, j = d∗

12, j − dG
12, j code inter-system bias (ISB)

δG∗

12, j = δ∗12, j − δG
12, j phase ISB

The Saastamoinen troposphere model has been used to
correct the dry part of the troposphere [18] in (1), and
we refrain from carrying through SD random observation
noise and other systematic effects such as multipath for
notational convenience. The shared parameters between
GPS and system ∗ in (1) are the receiver coordinates
Δx12, relative ZTD τ̃12, receiver clock dt̃12 and the GPS
HW code/phase delays d̃G

12, j, δ̃
G
12, j. The estimable double-

differenced integer ambiguities in Table 3 are differenced
with respect to the ambiguities of a system-specific pivot
satellite, respectively. Note that the observation equations
in (1) has equivalent redundancy to taking a traditional
system-specific receiver clock model as the code ISBs are
estimable on the second frequency and beyond, whereas
the GPS receiver HW code delays are only estimable for
j ≥ 3. Thus the code ISBs play the role of the additional
unknowns instead of additional receiver clocks.

One can also make use of a re-parameterization of
the code/phase ISBs and GPS receiver HW code/phase
delays to get system-specific HW delays for non-

overlapping frequencies,

d̃∗

12, j∗ = d̃G∗

12, j + d̃G
12, j =

= d∗

12, j −
µ2 −µj

µ2 −µ1
dG

12,1 +
µ1 −µj

µ2 −µ1
dG

12,2 −
µj

µ1
dG∗

12,1

δ̃∗12, j∗ = δ̃G∗

12, j + δ̃G
12, j =

= δ∗12, j −
µ2 +µj

µ2 −µ1
dG

12,1 +
µ1 +µj

µ2 −µ1
dG

12,2 +
µj

µ1
dG∗

12,1 +λ jz1∗
12, j

(2)

i.e. the delays are now relative to the GPS HW code de-
lays on frequency j = 1,2, and the receiver HW phase
delays are now solely biased by its own system-specific
pivot satellite 1 ambiguity (compare to the phase ISBs in
Table 3). More importantly this re-parameterization (2)
shows that the full-rank ISBs-float model in (1) is equiv-
alent, in terms of redundancy, to the one where one would
choose to parameterize system-specific HW delays.

ISBs-fixed, ionosphere-float functional model

In the previous section it was shown that if we for
overlapping frequencies parameterize the ISBs, it does
not strengthen the model as compared to a traditional
model with system-specific receiver clocks/HW delays.
We will refer to the following model (7) as the ”ISBs-
fixed model”, where the ISBs will be assumed com-
pletely known (deterministic) and thus subtracted from
the code/phase observations.

The code and phase ISBs in the observation equations
(1) to be corrected, denoted with a ’tilde’, are defined as,

d̃G∗

12, j = dG∗

12, j −
µj

µ1
dG∗

12,1

δ̃G∗

12, j = δG∗

12, j +
µj

µ1
dG∗

12,1 +λ jz1G1∗
12, j

(3)
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respectively (see Table 3). Now consider the case where
we want to determine these ISBs using another data set.
The code and phase ISB corrections, denoted with ’over-
line’, can be given as [11],

dG∗

12, j = d̃G∗

12, j

δ
G∗

12, j = δG∗

12, j +
µj

µ1
dG∗

12,1 +λ ja12, j
(4)

respectively, where a12, j ∈ Z is an integer ambiguity that
in principle is different from z1G1∗

12, j in the observations that
we would like to correct (1). This since the observations
used to determine the corrections in (4) are also different.
The phase ISBs corrections can thus be re-written as,

δG∗

12, j = δ̃G∗

12, j −λ j

(
z1G1∗

12, j − a12, j

)
(5)

Consequently when the correction (5) is applied to the
phase observations of system * in (1), the ambiguity dif-
ference in (5) will be lumped into the ambiguities z̃1∗s∗

12, j
(Table 3) as,

z̃1Gs∗
12, j = z1∗s∗

12, j +
(

z1G1∗
12, j − a12, j

)
= z1Gs∗

12, j − a12, j (6)

i.e. the ambiguity of system ∗ (6) is now differenced with
respect to the pivot satellite of GPS minus the integer am-
biguity a12, j. It is thus not problematic that there is an
additional ambiguity a12, j since it is only the combined
integer ambiguity term z̃1Gs∗

12, j that is estimable.
The full-rank ISBs-fixed system of observation equa-

tions on overlapping frequencies j = 1, . . . , f can be ex-
pressed as follows,

psG
12, j =−gsGT

2 Δx12 +msG
2 τ̃12 + dt̃12 + d̃G

12, j +µjι̃sG
12

φsG
12, j =−gsGT

2 Δx12 +msG
2 τ̃12 + dt̃12 + δ̃G

12, j −µjι̃sG
12+

+λ jz̃1GsG
12, j

ps∗
12, j − dG∗

12, j =−gs∗T
2 Δx12 +ms∗

2 τ̃12 + dt̃12 + d̃G
12, j +µj ι̃s∗

12

φs∗
12, j − δG∗

12, j =−gs∗T
2 Δx12 +ms∗

2 τ̃12 + dt̃12 + δ̃G
12, j −µjι̃s∗

12+

+λ jz̃1Gs∗
12, j

(7)

where the ambiguity z̃1Gs∗
12, j for system ∗ (6) will also be

estimable for s∗ = 1∗. This gives us f additional un-
knowns for each system added to GPS as compared to
the ISBs-float model. However, since we also have a-
priori corrections for the code ( f −1) and phase ISBs ( f )
that gives us 2 f − 1 corrections, the redundancy of the
model (7) increases with f −1 for each additional system
to GPS as compared to the ISBs-float model (1). In other
words at least f ≥ 2 overlapping frequencies for each ad-
ditional system is required to strengthen the ionosphere-
float model accordingly. This is further clarified by Ta-
ble 5. Note finally that the other unknown parameters in

(7) and their interpretations are given in Table 3, and that
the GPS observation equations are still equivalent to the
ISBs-float case (1).

Stochastic models

The variance-covariance (VCV) matrix of the code and
phase observables in SD form, for a single-system and
the ionosphere-float model can be given as,

Q∗

yy = blkdiag
(
C∗

p,C∗

φ
)
⊗

(
DT

n Dn ⊗W−1
m∗

)
(8)

where ’blkdiag’ denoted a blockdiagonal matrix, ⊗ is
the Kronecker product [19], and the a priori variance
factors of the code and phase observables are given in
the sub-matrices C∗

p = diag(σ2
p,1∗ , . . . ,σ

2
p, f∗ ) and C∗

φ =

diag(σ2
φ,1∗

, . . . ,σ2
φ, f∗

) respectively. We assume no cross-
correlation between code and phase nor between fre-
quencies, otherwise the non-diagonal elements of C∗

p and
C∗

φ would be populated accordingly with covariances be-
tween the observables. We also have DT

n with −1 for
the pivot receiver and a 1 for the second receiver that
is the between-receivers SD operator [20], and W−1

m∗

contains the elevation-dependent weighting function as
given by [21]. The combined GPS+BDS+Galileo+QZSS
ionosphere-float (1), (7) VCV-matrix reads,

Qyy = blkdiag
(
QG

yy,Q
B
yy,Q

E
yy,Q

Q
yy
)

(9)

Redundancy and solvability condition

The redundancy is computed as the number of observa-
tions minus the number of estimable unknowns, which
is given in Table 5 for the instantaneous single-baseline
RTK ISBs-float (1) and ISBs-fixed (7) models respec-
tively. In the last column a ”solvability condition” is
given, which is the number of satellites required to solve
the models. Note that in this contribution we will have
two systems that have the required number of overlap-
ping frequencies f ≥ 2 that allow for strengthening of the
ISBs-fixed model in comparison to the ISBs-float coun-
terpart, namely GPS/QZSS L1,L2 (Table 1). Thus when
presenting the ISBs-fixed redundancy/solvability condi-
tion in Table 5, we take only these ISBs into account. The
single-system model in Table 5 can be found in (1) and
(7) for GPS, whereas BDS, Galileo and QZSS only mod-
els will have a similar definition of the unknowns. The
dynamic model used for the Kalman filter to strengthen
the instantaneous RTK models is briefly explained in the
following section.

For the single-system in Table 5 we have: 3 receiver
coordinates, 1 ZTD, 1 receiver clock, ( f∗ − 2) receiver
HW code delays, f∗ receiver HW phase delays, m∗ slant
ionospheric delays and f∗ (m∗ − 1) double-differenced
integer ambiguities to estimate. More importantly the re-
quired number of frequencies and satellites to solve the
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Table 5: Single-baseline instantaneous RTK: number of ob-
servations, unknowns, redundancy and solvability condition for
the (ionosphere-float, ZTD-float) ISBs-float (1) and ISBs-fixed
(7) models on overlapping frequencies of L1,L2 GPS/QZSS

Model # of # of Redundancy Solvability
observations unknowns condition

f ≥ 2
Single-system (1) 2 f∗m∗ 3+ f∗+m∗+ f∗m∗ f∗ (m∗ − 1)−m∗ − 3 m∗ ≥ 5
4-system
ISBs-float (1) 2 f mG+ f +mG + f mG+ f (mG − 1)−mG+ mG +mB+

+2 fBmB + fB +mB + fBmB + fB (mB − 1)−mB +mE +mQ ≥ 8
+2 fEmE + fE +mE + fEmE + fE (mE − 1)−mE
+2 f mQ + f +mQ + f mQ + f (mQ − 1)−mQ

4-system
ISBs-fixed (7) 2 f mG+ 1+ f +mG + f mG+ f (mG − 1)−mG+ mG +mB+
(QZSS-GPS) +2 fBmB + fB +mB + fBmB + fB (mB − 1)−mB +mE +mQ ≥ 7

+2 fEmE + fE +mE + fEmE + fE (mE − 1)−mE
+2 f mQ +mQ + f mQ + f mQ −mQ − 1

single-system model is two and five respectively. For
the 4-system ISBs-float and ISBs-fixed models eight and
seven satellites are required respectively. In other words
the positioning flexibility is increased in comparison to
the single-system, where two satellites for each system
would be sufficient to solve the model in the ISBs-float
case (minus one satellite for the ISBs-fixed counterpart).
Whereas having the same number of satellites using any
of the systems separately would not be sufficient to solve
the model.

We give in Figure 2 the number of satellites (top)
and the redundancies in Table 5 (bottom) for a station
in Perth (Muresk), as a function over almost 8 hours
of real data. This is given between 13:16:30-21:11:30
local Perth time, February 19, 2014, and for an ele-
vation cut-off angle of 20◦. This time period is se-
lected since the satellites from all four systems are vis-
ible at the same time instances, see also Figure 1. The
higher cut-off angle is depicted as to illustrate an ur-
ban canyon like environment or when any existing low-
elevation multipath is preferably avoided. The redundan-
cies are depicted as to illustrate the reliability of the dual-
frequency GPS (blue), GPS+Galileo+QZSS (green) and
four-system (black) RTK models. The ISBs-float mod-
els are denoted with dashed lines, whereas the ISBs-fixed
models are given by full-lines. Reliability is a measure of
the ability of the system to test the observations for mod-
eling errors, and zero redundancy gives infinitely poor re-
liability as testing is then not possible.

Figure 2 illustrates that GPS-only have zero re-
dundancy 14.2% of all epochs, whereas when Galileo
and QZSS is added the redundancy is larger than zero
throughout the whole time-period. One can also observe
that the GPS+Galileo+QZSS ISBs-float model (dashed
green line) is equivalent to GPS (blue line) when one
Galileo and one QZSS satellite is visible, respectively.
However for the ISBs-fixed counterpart (full green line)
the redundancy immediately increases with one ( f − 1,
with f = 2), since the L1,L2 QZSS-GPS code/phase ISBs
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L1,L2 GPS 0 redundancy: 14.2% of all epochs
L1,L2 GPS+L1,L2 QZSS+E1,E5a Galileo (ISBs−float)
L1,L2 GPS+L1,L2 QZSS+E1,E5a Galileo (ISBs−fixed)
L1,L2 GPS+L1,L2 QZSS+E1,E5a Galileo+B1,B2 BDS (ISBs−float)
L1,L2 GPS+L1,L2 QZSS+E1,E5a Galileo+B1,B2 BDS (ISBs−fixed)

Figure 2: Satellite visibility for GPS, BDS, Galileo and QZSS
with 20◦ cut-off angle in Perth (Muresk), 8 hours in February
19, 2014. At top we have the total # of satellites for GPS, BDS,
Galileo and QZSS. At bottom the redundancies (Table 5) for
the instantaneous single-baseline RTK models are given as well.
The L1,L2 QZSS-GPS code/phase ISBs are assumed fixed for
the ISBs-fixed (7) models

are then fixed. A significant increase in redundancy can
also be seen when BDS is added to the three other sys-
tems (black lines). This thus indicates the possibility of
using higher satellite elevation cut-off angles when com-
bining the systems and still retain sufficient redundancy.

Dynamic model for the Kalman filter

The unknowns in the observation equations for the
ionosphere-float models (1) and (7) can be estimated us-
ing an extended Kalman filter with a dynamic model. The
state vector for which a dynamic model will be used can
be expressed in vector form for epoch i = 1, . . . ,k as fol-
lows,

x(i) =
[
τ̃12 (i) ,zT

12 (i)
]T (10)

where we have τ̃12 (i) the relative (wet) ZTD
and the ambiguities in a vector z12 (i) =[
zG T

12 (i) ,zB T
12 (i) ,zE T

12 (i) ,zQ T
12 (i)

]T
, with

z∗12 (i) =
[
z∗ T

12,1∗ (i) , . . . ,z
∗ T
12, f∗ (i)

]T
and z∗12, j∗ (i) =

[
z̃1∗2∗

12, j∗ (i) , . . . , z̃
1∗m∗

12, j∗ (i)
]T

. For the ISBs-fixed
model (7) the ambiguities for QZSS will read

zQ
12, j (i) =

[
z̃1G1Q

12, j (i) , . . . , z̃1GmQ
12, j (i)

]T
, i.e. f addi-

tional ambiguities (relative to the GPS pivot satellite 1G)
need to be included in the state vector in comparison to
the ISBs-float model.
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The dynamic model used for the extended Kalman filter
follows as,

xk = Φk|k−1xk−1 + dk,

D(dk) = Qdk

(11)

where xk is the state vector at epoch k connected with the
state vector at previous epoch k− 1, xk−1, by Φk|k−1 the
transition matrix, dk the process noise with zero mean and
VCV-matrix Qdk , where D(·) is the dispersion. All other
parameters (Table 3) are assumed unlinked in time.

The transition matrix for the ISBs-float model is then
defined as,

Φk|k−1 = blkdiag(1, In) (12)

where 1 corresponds to the ZTD and In is the iden-
tity matrix of the size n = f (mG − 1) + fB (mB − 1) +
fE (mE − 1)+ f (mQ − 1) corresponding to the ambigu-
ities. Note that n has an additional size of + f for the
ISBs-fixed model (corresponding to the QZSS satellite 1
ambiguities). The process noise VCV-matrix follows as,

Qdk = blkdiag(Δt ·qτ̇,0n) (13)

where Δt is the time-interval between adjacent epochs,
qτ̇ is the spectral density for the relative (wet) ZTD that
is modeled as random walk, and 0n is the zero matrix
of dimension n used for the ambiguities since they are
treated as time-constant. The dynamic model settings are
given in Table 6.

GNSS DATA COLLECTION

The Trimble NetR9 receivers/antennas used to form the
baseline analyzed in this contribution is depicted in Fig-
ure 1 and Figure 3, with a baseline length of 80 km.
The station CUT0 is located in Bentley, Perth and at
the Curtin University campus, whereas station MURT
is located in Muresk. The number of satellites for a
GPS+BDS+Galileo+QZSS system and an elevation cut-
off angle of 10◦ is presented in Figure 3 as well. We see
more than double the number of satellites for the com-
bination of the four systems in comparison to GPS as a
stand alone system. In this contribution we will focus on
the data in February 19, 2014 between 12:34:30-21:40:30
local Perth time, i.e. for a time span of 9 hours and 6 min-
utes, as all four satellite systems are then continuously
tracked over the day for the 10◦ cut-off angle.

For all of the following analyzes we use a measure-
ment interval of 30 s. The Detection, Identification and
Adaptation (DIA) procedure is utilized to detect, identify
and adapt for outliers [22], and the LAMBDA method
[23] for integer ambiguity resolution. Note that the dual-
frequencies of GPS/QZSS L1,L2, Galileo E1,E5a and

(a) CUT0 (left) (Bentley) and MURT (right) (Muresk) antennas
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(b) # of satellites for a cut-off angle of 10◦ in Muresk, and period of
analysis 12:34:30-21:40:30 local Perth time

Figure 3: GNSS Trimble NetR9 receivers/antennas for single-
baseline RTK in February 19, 2014

BDS B1,B2 will be analyzed throughout this contribution
(Table 1), and that the E5a frequency of the E11 satellite
could not be tracked for this data set thus three out of four
Galileo IOV satellites will be used.

DYNAMIC/STOCHASTIC MODEL SETTINGS

In Table 6 we present the functional models that are in-
vestigated and the corresponding dynamic model settings
(13) for the Kalman filter solutions. The ambiguities are
treated as time-constant and a random walk process noise
of 2 mm/

√

hour is used for the relative ZTD prediction.
This process noise was predicted similarly to Chapter
3.4.3 in [24], as determined from data independent from
the data analyzed in this contribution.

Table 6: Dynamic model settings (13). Epoch-by-epoch (ebe)
denotes no linkage in time when estimating the parameters

Model Mode Dynamic model Process noise
Iono-float Single-epoch All parameters: ebe -
(1),(7)
Iono-float Kalman filter Ambiguities time-constant: 0
(1),(7) Relative ZTD random walk: 2 mm/

√

hour
Other parameters: ebe -

The stochastic model (9) settings are depicted in Table
7. This is based on the exponential elevation weighting
function by [21] and zenith-referenced a priori code and
phase standard deviations (STDs) respectively for undif-
ferenced observations.
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Table 7: Zenith-referenced code and phase STDs (9) for the
Trimble NetR9 receivers in Figure 3

System Frequency Code σp, j∗ Phase σφ, j∗
[cm] [mm]

GPS L1 30 2
L2 30 2

BDS B1 30 2
B2 30 2

Galileo E1 30 2
E5a 30 2

QZSS L1 30 2
L2 30 2

FORMAL ANALYSIS OF FOUR-SYSTEM
SINGLE-BASELINE RTK MODEL

In this section a formal analysis will be conducted for
the four-system ionosphere-float, ZTD-float RTK mod-
els. For the following computations we only need the
design matrix and VCV-matrix of the observations, i.e.
real data is not necessary.

Ambiguity Dilution of Precision

Ambiguity Dilution of Precision (ADOP) is a scalar mea-
sure of the model strength for ambiguity resolution and
was introduced in [20]. The ADOP is defined as,

ADOP =
√
|Qââ|

1
n [cycle] (14)

where Qââ is the variance-covariance (VCV) matrix of
the float ambiguities, | · | is the determinant, and n is the
dimension of the ambiguity vector. The ADOP mea-
sures the intrinsic precision of the ambiguities, and is
also a measure of the volume of the ambiguity confi-
dence ellipsoid [25]. As a rule-of-thumb, an ADOP of
0.12 cycle can be taken as indication of successful am-
biguity resolution as it corresponds to an ambiguity suc-
cess rate (SR) larger than 99.9% [26]. Our earlier stud-
ies [8],[27] show that successful instantaneous single-
frequency L1+B1 GPS+BDS RTK is feasible for base-
lines of a few km when the relative atmospheric delays
are negligible, whereas dual-frequencies were needed
when using any of the systems separately. For a medium
baseline length of 17 km, when the uncertainty of the
relative ionospheric pseudo-observables can be modeled
as a function of the baseline length [28], we found that
successful instantaneous dual-frequency L1,L2+B1,B2
GPS+BDS RTK is possible.

To investigate whether successful instantaneous dual-
frequency ionosphere-float RTK is feasible as well, Fig-
ure 4 depicts the single-epoch ADOP time-series in blue
for 9 hours of data (see Figure 3). The ADOPs for
GPS are given at top, GPS+Galileo+QZSS ISBs-float and
ISBs-fixed at the second and third rows respectively, and
at the fourth row the four-system ISBs-fixed model is de-
picted as well. An elevation cut-off angle of 10◦ is used,

and an ADOP-level of 0.12 cycle is indicated by a dashed
red line. The number of satellites is depicted at bottom.

The single-epoch ADOP time-series of GPS in Fig-
ure 4 is larger than when combining GPS with Galileo,
QZSS and/or BDS due to the fewer number of satellites.
One can also see for the GPS+Galileo+QZSS ISBs-float
model that once two Galileo satellites are tracked, just
before 120 epochs have passed, the ADOPs decrease in
comparison to GPS. The single QZSS satellite is further-
more only contributing throughout the whole time pe-
riod when the L1,L2 QZSS-GPS code/phase ISBs are as-
sumed fixed. This is also shown by the redundancies in
Table 5 and in Figure 2. More importantly the combina-
tion of all four-systems provides for the smallest ADOPs
with a mean value of 0.42 cycles, which is, however,
larger than the 0.12 cycle level we need to expect suc-
cessful ambiguity resolution.

Thus we will now investigate the ADOPs using a
Kalman filter with the dynamic model in Table 6, and
the ADOPs are depicted in Figure 5 corresponding to
the time-period in Figure 4. The GPS model is given at
top and the four-system model at bottom. Note that the
ADOP is computed based on the Kalman filtered VCV-
matrix of the ambiguities, thus as more time passes the
stronger the model becomes (since the float ambiguities
become more precise). A zoom-in is therefore given for
the first 60 epochs (30 minutes) to illustrate the time to
reach the 0.12 cycle level.

The combined GPS+Galileo+QZSS+BDS system in
Figure 5 is seen to converge to ADOP levels of 0.12 cy-
cles much quicker than GPS due to larger redundancy of
the model. This is a very promising first indication that
faster successful ambiguity resolution is possible for the
ionosphere-float model when combining the systems.

Positioning

In the following positioning results we will investigate
full ambiguity resolution for Kalman filter based dual-
frequency GPS+BDS+Galileo+QZSS RTK models. In
the previous section it was namely concluded that a
Kalman filter is needed for the ionosphere-float model to
achieve successful ambiguity resolution.

A formal bootstrapped success rate (SR) criterion will
be used to decide when to fix the ambiguities, to allow the
float ambiguities to converge. The formal bootstrapped
SR is an accurate lower bound to the integer least-squares
(ILS) SR [29, 30], and follows as,

P [žIB = z] =
n

∏
i=1

[

2Φ

(
1

2σẑi|I

)

− 1

]

≥ P0 (15)

where P [žIB = z] denotes the probability of correct inte-
ger estimation of the integer bootstrapped estimator žIB,
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Figure 4: Ionosphere-float, ZTD-float single-epoch ADOP
time-series (blue) for single-baseline RTK, using 10◦ cut-off an-
gle. Light green represents the total # of satellites. February 19,
2014, and 9 hours of data. The L1,L2 QZSS-GPS code/phase
ISBs are assumed fixed for the ISBs-fixed models
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Figure 5: Ionosphere-float, ZTD-float Kalman filter ADOP
time-series (blue) for single-baseline RTK, using 10◦ cut-off an-
gle. February 19, 2014, and 9 hours of data. The L1,L2 QZSS-
GPS code/phase ISBs are assumed fixed

Φ(x) =
∫ x
−∞

1
√

2π exp
(
−

1
2 v2)dv is the cumulative normal

distribution, σẑi|I with i = 1, . . . ,n, I = 1, . . . ,(i− 1) is the
conditional STDs of the decorrelated ambiguities and P0
a user-defined bootstrapped success criterion. A value
of P0 = 99.9% will be used, and if it is not fulfilled we
take the float solution instead. This criterion (15) will
also decide upon when to include newly risen satellites.
The satellites are considered to rise when they exceed the
user-defined elevation cut-off angle of e.g. 10◦.

In the following we will compute the average ambi-
guity convergence time, also referred to as time to first
fix (TTFF), to fulfill the criterion in (15). The Kalman
filter is initialized at the first-epoch, and for each addi-
tional epoch included in the filter the bootstrapped SR
criterion in (15) is used. Once it reaches 99.9% we ob-
tain the TTFF. Then we re-initialize the filter at the sec-
ond epoch and the whole procedure is repeated again.
The times given in Table 8 are the mean of all these
TTFFs over approximately 9 hours in February 19, 2014
for a 10◦ elevation cut-off angle. The corresponding ex-
pected positioning precision in terms of formal STDs in
local North (N), East (E), Up (U) of the float and fixed
dual-frequency ionosphere-float, ZTD-float solutions are
also given in Table 8. The results are given for GPS,
GPS+Galileo+QZSS and GPS+Galileo+QZSS+BDS.

Since the ambiguities are treated as time-constant
parameters and random walk process noise is used for
the relative ZTD in the dynamic model (Table 6), the
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Table 8: Formal STDs for ionosphere-float, ZTD-float dual-
frequency RTK and a cut-off angle of 10◦, ambiguity float/fixed
solutions in North, East and Up. The L1,L2 QZSS-GPS
code/phase ISBs are assumed fixed (and within brackets the
ISBs-float case is given as well). The STDs are mean values
of all formal STDs based on re-initializations of the Kalman
filter during 9 hours in February 19, 2014 and when the boot-
strapped SR in (15) of 99.9% is fulfilled. In the last column the
corresponding # of epochs needed is depicted as well.

System/frequency Formal STDs float/fixed # epochs
N [cm] E [cm] U [cm] [30 s]

L1,L2 GPS 5.9/1.0 14.9/0.9 15.3/2.5 41

L1,L2+E1,E5a+L1,L2 5.8/0.8 11.8/0.7 14.0/2.2 32
GPS+Galileo+QZSS (5.8/0.9) (13.2/0.8) (13.9/2.4) 36

L1,L2+E1,E5a+L1,L2+B1,B2 4.5/0.6 8.0/0.5 10.4/1.7 28
GPS+Galileo+QZSS+BDS (4.5/0.6) (8.3/0.5) (10.4/1.8) 29

ambiguity-float position STDs improve with respect to
time. Table 8 illustrates the improvement when going
from ambiguity-float to ambiguity-fixed solutions as well
as the improvement which a combination of the systems
brings. The improvement in ambiguity-float East and Up
components are more significant than in the North com-
ponent. More importantly the combined systems pro-
vides for the ambiguity-float precisions in Table 8 ear-
lier (smaller TTFF) than for GPS. Thus when combining
the systems we can potentially achieve faster ambiguity-
float precisions at the dm-level and faster availability
to ambiguity-fixed positioning precisions at the mm-cm-
level. This is particularly true when the L1,L2 QZSS-
GPS code/phase ISBs are assumed fixed and/or when
BDS is added to the three other systems. We will elab-
orate more on this in the empirical positioning section.
One can finally note in Table 8 that the East component
experience larger improvements in comparison to the
North and Up components when integer-ambiguity res-
olution is applied, which is consistent with e.g. [31, 32].

EMPIRICAL ANALYSIS OF FOUR-SYSTEM
SINGLE-BASELINE RTK MODEL

In this section real data will be analyzed as to verify
the formal claims in the previous sections. The L1,L2
QZSS-GPS code/phase ISBs will safely be taken as zero
throughout the analysis for the similar Trimble NetR9 re-
ceiver types in Figure 3, see e.g. [15]. The BDS GEO
ambiguities are kept as float parameters in the following
sections due to site-specific multipath effects in combi-
nation with the satellites being stationary [33]. Thus any
systematic effects from the GEO satellites cannot be sig-
nificantly mitigated over time and was shown to nega-
tively affect the ambiguity resolution performance.

Positioning

Table 9 provides the empirical float and correctly
fixed ionosphere-float, ZTD-float positioning preci-
sion for dual-frequency GPS, GPS+Galileo+QZSS and
GPS+Galileo+QZSS+BDS. This is given for a 10◦ el-
evation cut-off angle, and the STDs were obtained by
comparing the estimated positions to precise benchmark
coordinates. These computations are based on the re-
initializations of the Kalman filter and the bootstrapped
SR criterion (15), similar to the formal STDs in Table 8.
The correctly fixed solutions are determined from a refer-
ence set of ambiguities. The reference ambiguities were
estimated by using a dual-frequency four-system model,
with fixed precise benchmark coordinates, making use of
a 10◦ elevation cut-off angle and treating the ambiguities
as time-constant over the entire observation time span.

Table 9: Empirical STDs for ionosphere-float, ZTD-float
dual-frequency RTK and a cut-off angle of 10◦, ambiguity
float/correctly fixed solutions in North, East and Up. The L1,L2
QZSS-GPS code/phase ISBs are assumed fixed (and within
brackets the ISBs-float case is given as well). The STDs are
based on re-initializations of the Kalman filter during 9 hours
in February 19, 2014 and when the bootstrapped SR criterion in
(15) of 99.9% is fulfilled. In the last column the corresponding
# of epochs needed is depicted as well.

System/frequency Empirical STDs float/correctly fixed # epochs
N [cm] E [cm] U [cm] [30 s]

L1,L2 GPS 7.3/0.9 21.4/0.9 21.6/3.3 41

L1,L2+E1,E5a+L1,L2 8.3/0.7 14.7/0.8 23.5/3.0 32
GPS+Galileo+QZSS (8.1/0.8) (17.7/0.8) (20.7/3.6) 36

L1,L2+E1,E5a+L1,L2+B1,B2 7.2/0.6 11.0/0.6 15.5/2.9 28
GPS+Galileo+QZSS+BDS (7.6/0.6) (12.2/0.6) (15.4/3.2) 29

The empirical STDs in Table 9 are in overall in good
agreement with the formal precisions given in Table 8,
with somewhat more optimistic formal STDs. Note how-
ever that the precision of e.g. the GPS+Galileo+QZSS
ISBs-fixed ambiguity-float North and Up components
now are slightly larger than for GPS. However this
model also has a smaller TTFF of 32 epochs vs 41
epochs for GPS which explain these differences, since
the ambiguity-float STDs improve with respect to time.
Moreover when combining the systems we can thus re-
liably fix the ambiguities faster and allow for the precise
mm-cm-level positioning at an earlier stage. This will be
further elaborated on in the following two sections.

Positioning for higher elevation cut-off angles

When combining the systems higher than customary ele-
vation cut-off angles can be allowed [8], which can be of
particular benefit in urban canyon environments or when
low elevation-multipath might be present. We depict
a snapshot example in Figure 6 for the dual-frequency
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ionosphere-float, ZTD-float horizontal (N,E) and vertical
(U) RTK positioning and a cut-off angle of 20◦, based on
real data. The correctly fixed solutions are depicted as
green, the wrongly fixed as red, and the float solutions
as gray. Under each positioning model we also present
the corresponding bootstrapped SR time-series and the
total number of satellites as light green. As to illustrate
two different convergence time periods the Kalman fil-
ter is re-initialized after 300 epochs (150 minutes). The
number of Galileo (dark green), QZSS (cyan) and BDS
(magenta) satellites is depicted as well.

Figure 6 illustrates that the time until the ambiguities
can be fixed for the combined systems is much shorter in
comparison to GPS. It is namely sufficient with 53 epochs
as TTFF (using the criterion in (15)) at the first initial-
ization for GPS+Galileo+QZSS (ISBs-fixed) to allow for
precise ambiguity-fixed positioning availability, whereas
for GPS 82 epochs are required. The improvement for
this 3-system model is even more significant when all
three Galileo satellites are visible, where the TTFF im-
prove to 25 epochs for the second (re-)initialization in
comparison to GPS that requires 75 epochs. When BDS
is added the TTFFs are further improved, particularly in
comparison to the first initialization of the other two mod-
els with a TTFF of 17 epochs.

In Figure 7 we give the correctly fixed formal STDs
corresponding to the Up-components in Figure 6. Since
we use an elevation-weighting strategy in our stochas-
tic model, the formal STDs mostly depend on the satel-
lite geometry and the number of satellites. This illus-
trates that the performance of ambiguity resolution and
positioning do not always go hand-in-hand [8, 20]. For
instance when looking into the largest GPS-only Up-
component positioning errors in Figure 6 that corre-
sponds to the period of largest formal STDs in Figure 7,
we can still correctly fix our ambiguities because of the
bootstrapped SRs larger than 99.9%. Fortunately how-
ever we have improvements both in formal STDs in Fig-
ure 7 and the Up-component positioning errors in Figure
6, particularly between 1− 600 epochs, when combin-
ing the systems with GPS. The best improvement can be
seen when BDS is added to the systems. Note finally in
Figure 6 that there are a few epochs where the solutions
are incorrectly fixed (red) for the 4-system model at an
early stage of the first initialization, due to a BDS satel-
lite that rises at an elevation angle of 20◦ in combination
with site-specific multipath effects. However as a few
number of epochs passes the solutions become correctly
fixed (green) as predicted by the bootstrapped SR.

On the ambiguity-float RTK positioning convergence
time and the improvement by ambiguity-fixing

The purpose of integer ambiguity resolution is to improve
the other parameters by the integer constrains, such as the
receiver positions. However once the float ambiguities
have converged to deterministic values, the ambiguity-
float RTK positioning solutions can also start to take ad-
vantage of the very precise phase measurements and in-
teger ambiguity resolution makes less sense. In other
words, the faster we are allowed to do integer ambigu-
ity resolution the more will the positions improve.

The ambiguity-float positioning convergence time
criterion that we will use follows as,

√
|QN̂ÊÛ |

1
3
≤

√
|QŇĚǓ |

1
3
+ 0.01 [m] (16)

where QN̂ÊÛ is the formal ambiguity-float position VCV-
matrix, 3 is the dimension of the N, E and U position-
ing vector, and QŇĚǓ is the formal ambiguity-fixed posi-
tion VCV-matrix. Compare this expression to the ADOP
in (14). As the determinant is used, the covariances be-
tween the coordinate components are taken into account
as well. When the ambiguity-float geometric average on
the left hand side of (16) is 1 cm from the ambiguity-fixed
geometric average on the right, we can determine the con-
vergence time. Thus we consider here the float and fixed
solution of similar quality if they differ less than 1 cm.

We depict the ambiguity-float (gray) and ambiguity-
fixed (magenta) geometric averages (16) in Figure 8 cor-
responding to the positioning results for the 20◦ cut-off
angle in Figure 6. The ambiguity-fixed geometric aver-
ages start at the same time-instances as the bootstrapped
SR reaches 99.9% in Figure 6, and these times are de-
picted by vertical dotted blue lines. The ambiguity-float
positioning convergence times as determined by (16) are
depicted by vertical dashed black lines and at bottom of
each RTK model we give the ADOPs as well. Note that
the Kalman filter is re-initialized after 300 epochs.

Figure 8 shows that the GPS-only (top) ionosphere-
float model in this case has up to 83 minutes of
ambiguity-float positioning convergence time (second
(re-)initialization). The corresponding time for the
GPS+Galileo+QZSS model (middle) is 45.5 minutes,
and 32 minutes for the 4-systems (bottom). Moreover
the ADOPs are below the 0.12 cycle level once the
ambiguity-fixed positioning precisions become available
for each model. Most importantly we can conclude from
Figure 8 that GPS-only ionosphere-float RTK position-
ing cannot benefit as significantly from fast reliable inte-
ger ambiguity resolution as the corresponding three and
4-system models. This since we have an ambiguity-float
geometric average at the level of 5 cm for GPS-only once
the bootstrapped SR is 99.9%, whereas the combined 3-
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Figure 6: Top ionosphere-float, ZTD-float L1,L2 GPS (left), ISBs-fixed L1,L2+E1,E5a+L1,L2 GPS+Galileo+QZSS (middle) and ISBs-
fixed L1,L2+E1,E5a+L1,L2+B1,B2 GPS+Galileo+QZSS+BDS (right) RTK for a 20◦ cut-off angle. At bottom the total # of satellites
is depicted as light green and the bootstrapped SR time-series in blue. The Kalman filter is re-initialized after 300 epochs. The # of
epochs to reach bootstrapped SR in (15) of 99.9% (2:nd initialization in brackets): 41 (37.5) min for GPS (left), 26.5 (12.5) min for
GPS+Galileo+QZSS (middle), and 8.5 (8) min for GPS+Galileo+QZSS+BDS (right)
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Figure 7: Dual-frequency ionosphere-float, ZTD-float Up correctly fixed formal STDs corresponding to Figure 6, cut-off angle of 20◦

systems have a value close to 10 cm (for the second (re-)
initialization), and the 4-system model values even
up to 15 cm. Thus we can conclude from Figure
8 that when using an elevation cut-off angle of 20◦
the combination of the four systems can provide for
faster reliable ambiguity-fixed positioning precisions,
shorter ambiguity-float positioning convergence times,
and give larger precision improvements when going from
ambiguity-float to ambiguity-fixed positioning, all in
comparison to GPS and the 3-system model.

CONCLUSIONS

In this contribution we studied the combination of dual-
frequency L1,L2 GPS, E1,E5a Galileo, L1,L2 QZSS and
B1,B2 BDS for long single-baseline RTK. With long

baseline we refer to the necessity to model the slant iono-
spheric delays by the ionosphere-float strategy as well
as the residual (wet) Zenith Tropospheric Delay (ZTD).
The code/phase inter-system biases (ISBs) were more-
over fixed when possible to maximize the redundancy of
the models, which also allows for a common pivot satel-
lite between the systems. The analysis was based on real
GNSS data collected in Perth, Australia. We can summa-
rize our main findings and conclusions as follows.

Inter-system biases

We illustrated that at least two overlapping frequencies
are needed for calibration of ISBs to increase the redun-
dancy for the ionosphere-float model and in comparison
to when the ISBs are estimated. This since the code ISBs
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Figure 8: Ambiguity-float positioning convergence time for a
20◦ cut-off angle, where the dual-frequency ionosphere-float,
ZTD-float and ambiguity-float (gray) and ambiguity-fixed (ma-
genta) geometric averages (16) are given, and at bottom the
corresponding ADOP time-series. The convergence times are
given as (2:nd initialization in brackets): 68.5 (83) min for GPS,
60 (45.5) min for GPS+Galileo+QZSS, and 33.5 (32) min for
GPS+Galileo+QZSS+BDS

are only estimable on the second frequency and beyond.
The code/phase ISBs of L1,L2 QZSS-GPS were safely
neglected throughout this study as similar Trimble NetR9
receiver types were used [15].

Instantaneous RTK and time to first fix

As to investigate whether instantaneous RTK is possible
for the ionosphere-float model, a formal ambiguity dilu-
tion of precision (ADOP) analysis was conducted. It was
predicted that successful instantaneous single-baseline
RTK is not possible, and a Kalman filter with a dynamic
model is thus needed. The time to first fix (TTFF) was
computed for the different combinations of the four sys-
tems, as the accumulated time necessary in the Kalman
filter to reach an integer bootstrapped success rate of
99.9%. The combination of Galileo and QZSS with
GPS provided for smaller TTFFs in comparison to using
GPS separately. The improvements were more significant
when the code/phase ISBs were fixed and/or when BDS
was added to the three systems. The conclusion is there-
fore that calibration of ISBs is particularly important in
environments with obstructed satellite visibility, as each
satellite added to GPS can then contribute to the solution
as if it was an additional satellite from the same system.

Ambiguity-float vs ambiguity-fixed positioning
precisions

The empirical positioning precisions as determined by
comparing the estimated positions to precise benchmark
coordinates were shown to be in overall good agree-
ment with the formal precisions, with the somewhat
more optimistic formal precisions. Most importantly it
was shown that the combined systems allow for faster
ambiguity-float positioning precisions at the dm-level,
shorter TTFFs and thus faster availability of ambiguity-
fixed position precisions at the mm-cm level. This was
particularly true when all four systems were combined
and the code/phase ISBs were fixed. When looking into
the positioning results for an elevation cut-off angle of
20◦, it could moreover be concluded that the combined
systems provide for improved receiver-satellite geometry
and thus more precise positioning in comparison to GPS-
only RTK.

Position-precision improvement by ambiguity-fixing

The faster we can reliably fix the ambiguities the more
will the integer constrains improve the receiver positions.
It was found for the elevation cut-off angle of 20◦ that
the 4-system model allows for larger precision improve-
ments when going from ambiguity-float to ambiguity-
fixed RTK positioning, and as compared to the GPS and
GPS+Galileo+QZSS models.
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A DESCRIPTION OF THE ISBS-FLOAT RANK
DEFICIENCIES

For the derivations in Table 2 we have assumed the base-
line length to be of less than a few hundred kilometers,
consequently giving line-of-sight unit vectors and map-
ping functions for the Zenith Tropospheric Delay (ZTD)
that are similar between the receivers. This makes rise
to 4 rank deficiencies that are solved by fixing the pivot
receiver 1 coordinates (x1) and ZTD (τ1). This follows
by 1 rank defect between the columns of the receiver
clocks that is eliminated by fixing the pivot receiver 1
clock (dt1), and 1 rank defect between the columns of
the receiver 2 clock and GPS hardware (HW) code/phase

delays that is solved by fixing the GPS HW code delay
on the first frequency for receiver 2

(
dG

2,1

)
. Then we

have 1 rank defect between the columns of the receiver
clock, HW code/phase delays/ISBs and GPS ionospheric
delays, which is solved by fixing the GPS HW code de-
lay on the second frequency for receiver 2

(
dG

2,2

)
. The

mG +m∗ rank defects between the columns of the slant
ionospheric delays are solved by fixing the pivot receiver
1 corresponding delays

(
ιsG
1 , ιs∗

1
)
.

Then there are 3 · 1 (3 corresponds to three addi-
tional systems to GPS) rank defects between the HW
code/phase delays/ISBs and ionosphere of system ∗,
which are solved by fixing the HW code delay on the first
frequency for the second receiver for that system

(
d∗

2,1

)
.

Following that the rank deficiencies between columns of
the HW code/phase delays/ISBs of size 2 f + 3 · 2 f are
solved by fixing pivot receiver 1 HW code/phase delays
on all frequencies for all systems

(
dG

1, j,δ
G
1, j,d

∗

1, j,δ
∗

1, j

)
.

Then we have the rank deficiency of size f +3 · f between
the columns of the HW phase delays/ISBs and ambigu-
ities, which are solved by fixing the ambiguities on all
frequencies for receiver 2 and the pivot satellite 1 for all
systems

(
z1G

2, j,z
1∗
2, j

)
. Finally we have a rank deficiency of

size f mG + f m∗ between the columns of the ambiguities
that are solved by fixing the ambiguities on all frequen-
cies, for all satellites, the pivot receiver 1 and all systems(

zsG
1, j,z

s∗
1, j

)
.
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Abstract The BeiDou Navigation Satellite System (BDS)
has become fully operational in the Asia-Pacific region,

and it is of importance to evaluate what BDS brings

when combined with the Global Positioning System

(GPS). In this contribution we will look at the short,

medium and long single-baseline real-time kinematic
(RTK) positioning performance. Short baseline refers

to when the distance between the two receivers is of at

most a few kilometers so that the relative slant iono-

spheric and tropospheric delays can be assumed absent,
whereas with medium baseline we refer to when the

uncertainty of these ionospheric delays can reliably be

modeled as a function of the baseline length. With long

baseline we refer to the necessity to parameterize the

ionospheric delays and (wet) Zenith Tropospheric Delay
(ZTD) as completely unknown. The GNSS real data is

collected in Perth Australia. It will be shown that com-

bining the two systems allows for the use of higher than

customary elevation cut-off angles. This can be of par-
ticular benefit in environments with restricted satellite

visibility such as in open pit mines or urban canyons.
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1 Introduction

The next-generation Global Navigation Satellite Sys-

tems (GNSSs) consist today (2014) of 32 satellites avail-

able for positioning from the American Global Posi-

tioning System (GPS), and 14 satellites from the Asia-
Pacific regional constellation of the Chinese BeiDou

Navigation Satellite System (BDS). This in addition

to the 24 Russian GLONASS, four European Galileo,

one Japaneze Quasi-Zenith Satellite System (QZSS),
and two satellites from the Indian Regional Naviga-

tion Satellite System (IRNSS). BDS will by 2020 be-

come global and consist of 5 Geostationary Earth Or-

bit (GEO), 3 Inclined Geo-Synchronous Orbit (IGSO)

and 27 Medium Earth Orbit (MEO) satellites (CSNO,
2013). In this contribution we will focus on single-baseline

real-time kinematic (RTK) results when using the cur-

rent BDS constellation in combination with GPS, of

which both are based on the Code Division Multiple
Access (CDMA) technique.

In Grelier et al (2007) the BDS signals were de-

scribed, and in Chen et al (2009); Yang et al (2011) the
positional dilution of precision (PDOP) for the combi-

nation of GPS and BDS was analysed. Simulation of

BDS ambiguity resolution performance can be found

in, e.g., Cao et al (2008). Real data results were pre-
sented in, e.g., Shi et al (2013) for BDS single point

positioning (SPP) and single-baseline RTK based on

an initial BDS constellation of 6 satellites. Some BDS

positioning results outside of China can be found in,

e.g., Montenbruck et al (2013); Odolinski et al (2013);
Teunissen et al (2014), and Nadarajah et al (2014).

The models considered for single-baseline RTK in
this contribution will be of the short, medium and long

baseline types. The short baseline refers to the case

when the baseline length is of at most a few km so
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that the relative tropospheric and slant ionospheric de-

lays can be assumed negligible, the ionosphere-fixed

model. The medium baseline refers to when the un-

certainty of the relative slant ionospheric delays can re-

liably be modeled as a function of the baseline length,
the ionosphere-weighted model (Odijk, 2002; Teunissen,

1998b). With long baseline we refer to the necessity

to model the slant ionospheric delays by the so called

ionosphere-float model, as well as the (wet) Zenith Tro-
pospheric Delay (ZTD).

The GPS and BDS signals are depicted in Table 1.

None of the frequencies overlap between GPS and BDS,

however if the frequencies would overlap calibration of

the inter-system biases (ISBs) would allow for further
strengthening of the model (Odijk and Teunissen, 2013;

Odolinski et al, 2014a,b). In this contribution the B1,

B2 frequencies of BDS will be used, and for GPS L1,L2,

since the L5 frequency is currently (2014) only trans-
mitted by six GPS satellites.

Table 1 GPS and BDS signals

Sat. system Band Freq. [MHz] Wavelength [cm]
BDS B1 1561.098 19.20

B2 1207.140 24.83
B3 1268.520 23.63

GPS L1 1575.42 19.03
L2 1227.60 24.42
L5 1176.45 25.48

In Section 2 we present the ionosphere-float, ionosphere-

weighted and ionosphere-fixed single-baseline RTK func-
tional models. The corresponding stochastic and dy-

namic models are given as well. In Section 3 the GNSS

data and baselines are described, followed by the stochas-

tic/dynamic model settings. In Section 4 we present em-
pirical single- and dual-frequency instantaneous RTK

results for short and medium baselines. This is followed

by formal long baseline RTK results in Section 5, which

involves ambiguity dilution of precisions (ADOPs), boot-

strapped success rates, ambiguity/positioning conver-
gence times, and the positioning performance. In Sec-

tion 6 the corresponding empirical positioning conver-

gence times and positioning performance are analyzed,

based on real data collected in Perth, Australia. We end
this contribution with some conclusions in Section 7.

2 Single-baseline RTK functional, stochastic

and dynamic models

2.1 Ionosphere-float functional model

We assume that we track from r = 1, 2 receivers, at

the same instance, the satellites s∗ = 1∗, . . . ,m∗ on fre-

quencies j∗ = 1∗, . . . , f∗, where m∗, f∗ is the number

of satellites and frequencies respectively. The symbol ∗

equals G for GPS and B for BDS. We omit time stamps

in the equations for brevity and for satellite orbits stan-

dard broadcast ephemerides are used. We further per-
form between-receiver single-differences (SDs) and the

satellite delays common to both receivers are then elim-

inated, and we assume that any remaining satellite orbit

errors can be neglected as well. The description of the
notations used in this Section are given in Table 2.

Table 2 Definition of commonly used symbols

Symbol Definition Description
r = 1, 2 receivers used
s∗ = 1∗, . . . ,m∗ tracked satellites
∗ = G or B systems tracked, with G for GPS and B for BDS
j∗ = 1∗, . . . , f∗ tracked frequencies
(·)

12
= (·)

2
− (·)

1
between-receiver SDs

(·)1s∗ = (·)s∗ − (·)1∗ between-satellite SDs
p
s
∗

12,j
∗

, φ
s
∗

12,j
∗

SD code and phase observables respectively

g
s
∗
T

r = (xs∗
−xr)

T

||xs∗−xr||
line-of-sight unit vector

(.)T transpose of vector
||.|| norm
xs

∗ , xr vector of satellite and receiver coordinates respectively
λj

∗
wavelength for frequency j∗

m
s
∗

r mapping function to get a station-wise (wet) ZTD
μj

∗
= f2

1G
/f2

j
∗

conversion of ionospheric delay from GPS L1 to j∗
Δxr receiver r coordinate increments
τr ZTD for receiver r

dt∗r receiver r clock with respect to GPS time or
BeiDou navigation satellite system time (CSNO, 2013)

d∗r,j
∗

receiver r hardware (HW) code delays on frequency j∗
for system ∗

δ∗r,j
∗

receiver r HW phase delays on frequency j∗ for system ∗

ι
s
∗

r slant ionospheric delays for receiver r and satellite s∗
z
s
∗

r,j
∗

ambiguity for receiver r on frequency j∗ and satellite s∗

The system of observation equations is not of full-rank

after the SDs. The number of rank deficiencies is the

number of linear combinations of the column vectors of

the design matrix that produces the zero vector, and
can be eliminated through S-system theory (Teunissen,

1985; Teunissen et al, 2010). This implies null-space

identification, S-basis constraining and interpretation

of the estimable parameters. The number of rank de-
fects and S-basis choice for the SD ionosphere-float,

ionosphere-weighted and ionosphere-fixedmodel are given

in Table 3.

Table 3 Single-epoch single-baseline RTK ionosphere-float,
ionosphere-weighted and ionosphere-fixed S-basis choice/# of
rank deficiencies for SD GPS+BDS

Model S-basis choice # of rank defects

Iono-float dG
12,1G

, dG
12,2G

, z
1G

12,jG
, 2 + fG+

dB
12,1B

, dB
12,2B

, z
1B

12,jB
+2 + fB

Iono-weighted/fixed dG
12,1G

, z
1G

12,jG
, 1 + fG+

dB
12,1B

, z
1B

12,jB
+1 + fB

The number of rank deficiencies for the SD ionosphere-

weighted model in Table 3 is equivalent as for the ionosphere-
fixed one, and the difference in rank deficiencies be-

tween the ionosphere-float and ionosphere-weighted/fixed

models are further described in the following Section.
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The rank deficiency for the ionosphere-float model of

size 2 between the columns of the receiver clock and

the hardware (HW) code/phase delays, are solved by

fixing the HW code delay on j∗ = 1∗ for each system(
d∗12,1∗

)
. Then we have the rank defects of size 2 be-

tween the columns of the clocks, HW code/phase delays

and ionosphere, which are solved by fixing the HW code

delays on j∗ = 2∗ for both systems
(
d∗12,2∗

)
. Finally we

have the rank deficiency of size fG + fB between the
columns of the HW phase delays and ambiguities, which

are solved by fixing the ambiguities on j∗ = 1∗, . . . , f∗
and s∗ = 1∗ for both systems

(
z1∗12,j∗

)
.

Once the rank defects in Table 3 have been solved,
we have the following full-rank dual-system of obser-

vation equations for ∗ = G for GPS and B for BDS.

This model (1) is referred to as the ”ionosphere-float”

model since the slant ionospheric delays are considered

completely unknown,

psG12,jG = −gsGT
2 Δx12 +msG

2 τ̃12 + dt̃G12 + d̃G12,jG + μjG ι̃
sG
12

φsG
12,jG

= −gsGT
2 Δx12 +msG

2 τ̃12 + dt̃G12 + δ̃G12,jG − μjG ι̃
sG
12

+ λjG z̃
1sG
12,jG

psB12,jB = −gsBT
2 Δx12 +msB

2 τ̃12 + dt̃B12 + d̃B12,jB + μjB ι̃
sB
12

φsB
12,jB

= −gsBT
2 Δx12 +msB

2 τ̃12 + dt̃B12 + δ̃B12,jB − μjB ι̃
sB
12

+ λjB z̃
1sB
12,jB

(1)

The Saastamoinen troposphere model has been used to
correct the dry part of the troposphere (Saastamoinen,

1972) in (1), and we refrain from carrying through SD

random observation noise and other systematic effects

such as multipath for notational convenience. The es-

timable unknowns in (1), denoted with a ’tilde’, are
given in Table 4. The shared parameters between the

two systems are the receiver Δx12 coordinates and rela-

tive (wet) ZTD τ̃12. Note that the ambiguities in Table 4

are double-differenced, thus also integers. Remark also
that in case the frequencies would overlap between the

systems (Table 1), inter-system bias (ISB) calibration

is possible that allows for further strengthening of the

model and the use of a common pivot satellite when pa-

rameterizing the double-differenced ambiguities (Odijk
and Teunissen, 2013; Odolinski et al, 2014a,b).

2.2 Ionosphere-weighted functional model

For the ionosphere-weighted model we have ionosphere

pseudo-observables available that can provide us with
stochastic information of the ionospheric delays between

stations, which increases the redundancy and thus strength-

ens the model (see Table 6). The rank deficiencies for

the ionosphere-weighted model given in Table 3 changes

as compared to the ionosphere-float model. The differ-

ence is that the rank defects in Table 3 of size 2 be-

tween the receiver clocks, HW code/phase delays and

ionosphere, for both systems, gets eliminated by the
additional pseudo-observables.

After the rank deficiencies in Table 3 have been

solved, the ”ionosphere-weighted” full-rank dual-system

of observation equations read,

psG12,jG = −gsGT
2 Δx12 +msG

2 τ̃12 + d˜̃tG12 +
˜̃
dG12,jG + μjG

˜̃ιsG12

φsG
12,jG

= −gsGT
2 Δx12 +msG

2 τ̃12 + d˜̃tG12 +
˜̃
δG12,jG − μjG

˜̃ιsG12

+ λjG z̃
1sG
12,jG

˜̃ιsG12 = ιsG12

psB12,jB = −gsBT
2 Δx12 +msB

2 τ̃12 + d˜̃tB12 +
˜̃
dB12,jB + μjB

˜̃ιsB12

φsB
12,jB

= −gsBT
2 Δx12 +msB

2 τ̃12 + d˜̃tB12 +
˜̃
δB12,jB − μjB

˜̃ιsB12

+ λjB z̃
1sB
12,jB

˜̃ιsB12 = ιsB12
(2)

The estimable unknowns in (2) that are different from

the ionosphere-float model (1) are denoted with a dou-

ble ’tilde’, and given in Table 5. The differences in inter-
pretation of the ionosphere-weighted unknowns in com-

parison to the ionosphere-float counterpart in Table 4

are: the receiver clock and HW phase delays are now

only biased by the HW code delay on j∗ = 1∗; the

receiver HW code delays, or Differential Code Biases
(DCBs), are now also estimable on j∗ ≥ 2 (instead of

j∗ ≥ 3), and the relative slant ionospheric delays are

free from HW code delays.

2.3 Ionosphere-fixed functional model

Provided that we have a baseline length of at most a

few km, the relative (wet) ZTD τ12 and the relative
slant ionospheric delays ιs∗12 can be taken as zero to

strengthen the model. The number of rank defects and

the S-basis choice are then equivalent to the ionosphere-

weighted model in Table 3. The full-rank ”ionosphere-
fixed” model follows as,

psG12,jG = −gsGT
2 Δx12 + d˜̃tG12 +

˜̃
dG12,jG

φsG
12,jG

= −gsGT
2 Δx12 + d˜̃tG12 +

˜̃
δG12,jG + λjG z̃

1sG
12,jG

psB12,jB = −gsBT
2 Δx12 + d˜̃tB12 +

˜̃
dB12,jB

φsB
12,jB

= −gsBT
2 Δx12 + d˜̃tB12 +

˜̃
δB12,jB + λjB z̃

1sB
12,jB

(3)

where we have the same interpretation of the unknowns

as for the ionosphere-weighted model (2) in Table 5. We
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Table 4 Estimable unknown parameters and their interpretation for SD GPS+BDS ionosphere-float, ZTD-float model (1)

Notation and interpretation Estimable parameter Conditions
Δx12 = Δx2 −Δx1 relative receiver coordinates r ≥ 2
τ̃12 = τ2 − τ1 relative (residual) wet ZTD r ≥ 2
dt̃∗

12
= dt∗

12
+

μ2∗

μ2∗
−μ1∗

d∗
12,1

∗

−
μ1∗

μ2∗
−μ1∗

d∗
12,2

∗

relative receiver clock with HW code delays on j∗ = 1∗, 2∗ r ≥ 2

d̃∗
12,j

∗

= d∗
12,j

∗

−
μ2∗

−μj∗

μ2∗
−μ1∗

d∗
12,1

∗

+
μ1∗

−μj∗

μ2∗
−μ1∗

d∗
12,2

∗

relative receiver HW code delays j∗ ≥ 3∗, r ≥ 2

δ̃∗
12,j

∗

= δ∗
12,j

∗

−
μ2∗

+μj∗

μ2∗
−μ1∗

d∗
12,1

∗

+
μ1∗

+μj∗

μ2∗
−μ1∗

d∗
12,2

∗

+ λj
∗
z
1
∗

12,j
∗

relative receiver HW phase delays j∗ ≥ 1∗, r ≥ 2

ι̃
s
∗

12
= ι

s
∗

12
+ 1

μ2∗
−μ1∗

(
d∗
12,2

∗

− d∗
12,1

∗

)
relative slant ionospheric delays biased by relative receiver r ≥ 2, s∗ ≥ 1

Differential Code Biases (DCBs)

z̃
1s

∗

12,j
∗

= z
s
∗

12,j
∗

− z
1
∗

12,j
∗

double-differenced integer ambiguities j∗ ≥ 1∗, r ≥ 2, s∗ ≥ 2

Table 5 Estimable unknown parameters and their interpretation for SD GPS+BDS ionosphere-weighted model (2)

Notation and interpretation Estimable parameter Conditions
Δx12 = Δx2 −Δx1 relative receiver coordinates r ≥ 2
τ̃12 = τ2 − τ1 relative (residual) wet ZTD r ≥ 2

d˜̃t∗
12

= dt∗
12

+ d∗
12,1

∗

relative receiver clock with HW code delays on j∗ = 1∗ r ≥ 2
˜̃
d∗
12,j

∗

= d∗
12,j

∗

− d∗
12,1

∗

relative receiver Differential Code Bias (DCB) j∗ ≥ 2∗, r ≥ 2
˜̃
δ∗
12,j

∗

= δ∗
12,j

∗

− d∗
12,1

∗

+ λj
∗
z
1
∗

12,j
∗

relative receiver HW phase delays j∗ ≥ 1∗, r ≥ 2
˜̃ιs∗

12
= ι

s
∗

12
relative slant ionospheric delays r ≥ 2, s∗ ≥ 1

z̃
1s

∗

12,j
∗

= z
s
∗

12,j
∗

− z
1
∗

12,j
∗

double-differenced integer ambiguities j∗ ≥ 1∗, r ≥ 2, s∗ ≥ 2

finally remark that the interpretation of the estimable

unknown parameters in case the receiver clock is shared

among the systems have been shown in Odolinski et al

(2014a) for the ionosphere-fixed model, and in Odolin-
ski et al (2014b) for the ionosphere-float model, re-

spectively. The redundancies by doing so are however

also shown equivalent to the full-rank RTK models pre-

sented in this contribution.

2.4 Stochastic models

The variance-covariance (VCV) matrix for the SD code

and phase observables of the single-system ionosphere-

float and ionosphere-fixed model is given as,

Q∗yy = blkdiag
(
C∗p , C

∗
φ

)
⊗

(
DT

nDn ⊗W−1
m∗

)
(4)

where the code and phase observable a priori variance
factors are given in the sub-matricesC∗p = diag(σ2

p,1∗
, . . .

, σ2
p,f∗

) and C∗φ = diag(σ2
φ,1∗

, . . . , σ2
φ,f∗

) respectively, ’blk-

diag’ and ’diag’ denotes a blockdiagonal and diagional

matrix respectively. Here we assume no cross-correlation

between code and phase as well as between frequen-
cies, otherwise the non-diagonal elements of C∗p and C∗φ
would be populated accordingly with covariances be-

tween the observables. Further ⊗ is the Kronecker prod-

uct (Rao, 1973), DT
n is the between-receivers SD opera-

tor (Teunissen, 1997), and W−1
m∗

contains the elevation-
dependent weighting function as given by Euler and

Goad (1991). The combined GPS+BDS ionosphere-float

(1) and ionosphere-fixed (3) VCV-matrix reads,

Qyy = blkdiag
(
QG

yy, Q
B
yy

)
(5)

The single-system ionosphere-weighted VCV-matrix is

given as,

Q
∗

yy = blkdiag
(
Q∗yy, σ

2
ι
s∗
12

⊗W−1
m∗

)
(6)

where σ2
ι
s∗
12

is the SD variance factor of the slant iono-

spheric delays that can be modeled as a function of the

baseline length (see Section 3). The combined GPS+BDS

ionosphere-weighted (2) VCV-matrix then follows as,

Qyy = blkdiag
(
Q

G

yy, Q
B

yy

)
(7)

2.5 Dynamic model for the Kalman filter

The unknowns in the observation equations for the ionosphere-
float (1), ionosphere-weighted (2) and ionosphere-fixed

(3) models can be estimated using an extended Kalman

filter with a dynamic model. The state vector for which

we will use a dynamic model can be expressed in vector

form for epoch i = 1, . . . , k as follows,

x (i) =
[
τ̃12 (i) , z

T
12 (i)

]T
(8)

where we have τ̃12 (i) the relative (wet) ZTD and the

ambiguities in a vector z12 (i) =
[
zG T
12 (i) , zB T

12 (i)
]T

,

with z∗12 (i) =
[
z∗ T
12,1∗ (i) , . . . , z

∗ T
12,f∗

(i)
]T

and z∗12,j∗ (i) =
[
z̃12∗12,j∗

(i) , . . . , z̃1m∗

12,j∗
(i)

]T
.

The dynamic model used for the Kalman filter fol-

lows as,

xk = Φk|k−1xk−1 + dk,

D (dk) = Qdk

(9)
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where xk is the state vector at epoch k connected with

the state vector xk−1 at previous epoch k−1 by Φk|k−1

the transition matrix, dk the zero-mean process noise

with VCV-matrix Qdk
, and D (·) is the dispersion. The

transition matrix follows as,

Φk|k−1 = blockdiag(1, In) (10)

where 1 corresponds to the ZTD and In is the identity

matrix of the size n = fG (mG − 1) + fB (mB − 1) cor-

responding to the ambiguities. The process noise VCV-
matrix follows as,

Qdk
= blockdiag(Δt · qτ̇ , 0n) (11)

where Δt is the time-interval between adjacent epochs,
qτ̇ is the spectral density for the relative (wet) ZTD

that is modeled as random walk, and 0n is the zero

matrix of dimension n used for the ambiguities since

they are treated as time-constant. All other parameters

in Tables 4 and 5 are assumed unlinked in time.

2.6 The multi-epoch redundancy

The redundancy is computed as the number of observa-

tions minus the number of estimable unknowns. In Ta-

ble 6 we give the number of observations, the number of
estimable unknowns and the redundancy for the single-

baseline RTK models that we have presented in equa-

tions (1)-(3). The last column represents the solvability

condition for instantaneous RTK, which is the number
of satellites required to solve the models. We give the

redundancy based on the temporal constraints in (9),

i.e. the ambiguities are considered as time-constant and

the relative ZTD is modeled as random walk. Note that

setting k = 1 in Table 6 gives the single-epoch redun-
dancies, as shown in the 4:th column.

As an example from Table 6, consider the single-

system ionosphere-floatmodel number of unknowns k(2+

2f∗+m∗)+ 1+ f∗ (m∗ − 1), which consists of 3k (rela-
tive) receiver coordinates, 1k receiver clock, k (f∗ − 2)

receiver HW code delays estimable on the third and

more frequencies, kf∗ receiver HW phase delays, km∗
slant ionospheric delays, 1 relative ZTD and f∗ (m∗ − 1)

ambiguities. The ambiguities and the relative ZTD do
not have any k multiplied with them since they have a

dynamic model. The number of observations moreover

reads 2kf∗m∗, which gives us the multi-epoch redun-

dancy as,

[f∗ (m∗ − 1)−m∗ − 3] + (k − 1) [2f∗ (m∗ − 1)−m∗ − 2]

(12)

The part on the left hand side within square brackets in

(12) is the single-epoch redundancy, whereas the part

on the right hand within square brackets and multiplied

by (k − 1) is the contribution of the f∗ (m∗ − 1) time-

constant ambiguities, 1 relative ZTD, and the single-

epoch redundancy for each epoch k − 1. Most impor-

tantly we see in Table 6 that the ionosphere-fixed model
is the strongest and the ionosphere-float is the weakest

model, respectively, and that the largest redundancy is

obtained when combining GPS and BDS.

We give in Figure 1 and at top the positioning avail-
ability for a ZTD-float RTK model for a station in

Perth, as a function over one day of real data. This

is given in local Perth time, February 19, 2014 and for

an elevation cut-off angle of 25◦, as to illustrate an en-

vironment with obstructed satellite visibility. At bot-
tom we plot the corresponding dual-frequency (single-

epoch) ionosphere-weighted (thick line) and ionosphere-

float (thin line) redundancy, as to illustrate the reliabil-

ity of the models. Reliability is a measure of the ability
of the system to test the observations for modeling er-

rors, where zero redundancy gives infinitely poor relia-

bility as testing is then not possible. Note in Figure 1

that redundancy is absent when the number of satellites

to solve the model (Table 6) is not sufficient.
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Fig. 1 # of satellites for GPS and GPS+BDS using a cut-off
angle of 25◦ (top) in Perth. February 19, 2014. Percentages
given of the total # of epochs above or equal to the required
# of satellites to solve the models (Table 6). Light green and
dark blue represent GPS and BDS above or equal to five satel-
lites respectively, light red are for GPS below five satellites,
and black is for the combined system above six satellites. At
bottom the redundancies of the dual-frequency ionosphere-
float and ionosphere-weighted instantaneous RTK models are
given as well

Note in Figure 1 the significant difference in redundan-
cies between the dual-frequency ionosphere-weighted and

ionosphere-float model. Figure 1 also illustrates that

GPS+BDS and BDS separately allow for positioning
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Table 6 Single-baseline multiple-epoch RTK: # of SD observations, unknowns and redundancy for the ionosphere-float (1),
ionosphere-weighted (2) and ionosphere-fixed (3) model and epoch i = 1, . . . , k. Note: the relative ZTD is assumed estimated
for the ionosphere-float and ionosphere-weighted model, and a dynamic model is used for the ambiguities (time-constant) and
relative ZTD (random walk)

Model (Eq.) # of SD # of SD Redundancy Solvability
observations unknowns k = 1 k > 1 condition

Iono-float: f∗ ≥ 2
Single-system 2kf∗m∗ k (2 + 2f∗ +m∗) + 1 + f∗ (m∗ − 1) f∗ (m∗ − 1)−m∗ − 3 + (k − 1) (2f∗ (m∗ − 1)−m∗ − 2) m∗ ≥ 5
GPS+BDS (1) 2kfGmG+ k (1 + 2fG +mG) + 1 + fG (mG − 1) fG (mG − 1) −mG +(k − 1) (2fG (mG − 1) −mG mG +mB ≥ 6

+2kfBmB +k (2fB +mB) + fB (mB − 1) +fB (mB − 1)−mB − 2 +2fB (mB − 1)−mB − 1)
Iono-weighted: f∗ ≥ 1
Single-system 2kf∗m∗ + km∗ k (3 + 2f∗ +m∗) + 1 + f∗ (m∗ − 1) f∗ (m∗ − 1)− 4 + (k − 1) (2f∗ (m∗ − 1)− 3) m∗ ≥ 5
GPS+BDS (2) 2kfGmG + kmG+ k (3 + 2fG +mG) + 1 + fG (mG − 1) fG (mG − 1) + (k − 1) (2fG (mG − 1) mG +mB ≥ 6

+2kfBmB + kmB +k (2fB +mB) + fB (mB − 1) +fB (mB − 1)− 4 +2fB (mB − 1)− 3)
Iono-fixed: f∗ ≥ 1
Single-system 2kf∗m∗ k (3 + 2f∗) + f∗ (m∗ − 1) f∗ (m∗ − 1)− 3 + (k − 1) (2f∗ (m∗ − 1)− 3) m∗ ≥ 4
GPS+BDS (3) 2kfGmG+ k (3 + 2fG) + fG (mG − 1) fG (mG − 1) + (k − 1) (2fG (mG − 1) mG +mB ≥ 5

+2kfBmB +k2fB + fB (mB − 1) +fB (mB − 1)− 3 +2fB (mB − 1)− 3)

with ZTD-estimation during the entire day, whereas for

GPS this is possible 90.5% of the time. Moreover, we

have ionosphere-float redundancy 100% of the time for

a combined system, whereas for GPS separately we have
it only 57.1% of the time. This thus indicates the pos-

sibility of using higher satellite elevation cut-off angles

when combining the systems, and still allow for retained

redundancy.

3 GNSS data collection and

stochastic/dynamic model settings

The Trimble NetR9 receivers/antennas used to form

the short, medium and long baselines are depicted in

Figure 2. A map over the Asia-Pacific region with the

ground tracks of the BDS constellation is further de-
picted in Figure 3, with the satellites’ location denoted

with a dot at 15:00 local Perth time, February 19, 2014.

The baselines that will be analyzed and the number of

satellites for a GPS+BDS system is presented in Fig-

ure 3 as well. We see double the number of satellites for
a combined GPS+BDS system in comparison to GPS

separately.

The GNSS data was collected on April 19-21, 2013

for CUTT (Bentley) to form a 1 km baseline with CUTA

(using the ionosphere-fixed model), on May 21, 2013
for KALT (Kalamunda) to form a 17 km baseline with

CUTA (ionosphere-weighted model), and on February

19, 2014 for MURT (Muresk) to form a 80 km base-

line with CUT0 (ionosphere-float model). The stations

CUT0 and CUTA are both continuously operating ref-
erence stations located at Curtin University in Bent-

ley. For all of the following analyzes we use a measure-

ment interval of 30 seconds, the Detection, Identifica-

tion and Adaptation (DIA) procedure to detect, iden-
tify and adapt for outliers (Teunissen, 1990), and the

LAMBDA method (Teunissen, 1995) for integer ambi-

guity resolution.

In Table 7 we present the functional models that are in-

vestigated and the corresponding dynamic model (11)

used in case of the Kalman filter solutions. A random

walk process noise of 2 mm/
√

hour is used for the rel-
ative (residual) wet ZTD, which was predicted simi-

larly to the approach in Chapter 3.4.3 in Schüler (2001),

based on data independent from the data analyzed in

this contribution.

Table 7 Models processed. Epoch-by-epoch (ebe) denotes
no linkage in time when estimating the parameters

Model Mode Dynamic model Process noise
Iono-fixed/weighted Single-epoch All parameters: ebe -
Iono-float Kalman filter Ambiguities time-constant: 0

Relative ZTD random walk: 2 mm/
√
hour

Other parameters: ebe -

The stochastic model settings are depicted in Table

8. This is based on the exponential elevation weight-

ing function by Euler and Goad (1991) and zenith-
referenced a priori code and phase standard deviations

(STDs) respectively for undifferenced observations. In

the last column we depict the between-receiver SD STD

of the slant ionospheric delays as well, as used in the

stochastic model of the ionosphere-weighted model (6).
We follow the rule of thumb by Schaffrin and Bock

(1988), where the between-receiver ionospheric STD can

be modeled as a function of the baseline length as 0.96

mm/km.

Table 8 Zenith-referenced code and phase STDs for the
Trimble NetR9 receivers in Figure 2. Last column represents
the a priori SD STD for the relative slant ionospheric delays
as used in the ionosphere-weighted model (6)

System Frequency Code σp,j∗
Phase σφ,j∗

Iono σι
s∗
12

[cm] [mm] [mm/km]
GPS L1 30 2 0.96

L2 30 2 0.96
BDS B1 30 2 0.96

B2 30 2 0.96
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(a) CUTA (left),
CUT0 (right)

(b) CUTT, April 19-21, 2013 (c) KALT, May 21, 2013 (d) MURT, February 19, 2014

Fig. 2 GNSS Trimble NetR9 receivers and antennas for GPS+BDS single-baseline RTK

60 80 100 120 140 160

−50

−40

−30

−20

−10

0

10

20

30

  C01  C02   C03   C04  C05

  C06

  C07

  C08

  C09

  C10

  C11

  C12

Longitude [deg]

La
tit

ud
e 

[d
eg

]

CUT0/CUTA
CUTT
KALT
MURT

116 116.2 116.4 116.6
−32.1

−32

−31.9

−31.8

−31.7

08:00 14:00 20:00 02:00 08:00
0

10

20

30

Local time [hh:mm]

# 
sa

te
lli

te
s

total # sat.
# GPS sat.
# BDS sat.

Fig. 3 BDS constellation (February 19, 2014) with satellites location depicted as a dot at 15:00 local Perth time (left), the
three baselines analyzed with reference stations CUT0/CUTA denoted as a green triangle (top right), and the # of satellites
at Muresk station MURT using an elevation cut-off angle of 10◦ (bottom right)

4 Instantaneous single-baseline RTK for short

and medium baselines

4.1 Single/dual-frequency ionosphere-fixed RTK

In the following results we will illustrate what is achiev-

able for instantaneous RTK when one is allowed to use

the ionosphere-fixed model. We depict in Figure 4 the

ionosphere-fixed (3) single-frequency L1 GPS (left col-
umn), and L1+B1 GPS+BDS (right column) instan-

taneous RTK positioning results for an elevation cut-

off angle of 25◦ (April 19-21, 2013). The higher eleva-

tion cut-off angle is used as to simulate conditions in

an urban canyon environment or open pit mine. The
correctly fixed solutions are given in green, incorrectly

fixed solutions in red and the ambiguity-float solutions

in gray color, in local North (N), East (E) and Up (U).

The correctly fixed solutions are determined from a ref-
erence set of ambiguities. These reference ambiguities

were estimated by using a dual-frequency combined sys-

tem with fixed precise benchmark coordinates, making

use of a 10◦ elevation cut-off angle and treating the am-
biguities as time-constant in a Kalman filter over the

entire 3 day observation time span. At bottom we give

the number of satellites above or equal to 8 as green

otherwise as red, as to illustrate the relation between

the number of satellites and the wrongly fixed solutions.

In Figure 4 we can see the two-order of magnitude

improvement when going from the ambiguity-float and
incorrectly fixed solutions at dm-meter level positioning

precision, to ambiguity-fixed positioning with mm-cm

level precisions. It moreover shows the excellent per-

formance of the L1+B1 GPS+BDS system. The single-

frequency combined system has namely an integer least-
squares (ILS) success rate (SR) of 100% that allows for

continuous ambiguity-fixed precise positioning during

all three days. When using L1 GPS separately, how-

ever, we can only achieve an ILS SR of 33% related
to the few number of satellites tracked for this cut-off

angle. There are also a few gaps in the GPS position-

ing time-series when the number of satellites is below
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Fig. 4 Top ionosphere-fixed (3) single-frequency instanta-
neous RTK using cut-off angle 25◦: horizontal (N,E) scatter-
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4 and hence we cannot solve the model (see solvability

condition in Table 6).

As Figure 4 illustrated, making use of a single-frequency
for continuous, successful and instantaneous GPS-only

RTK positioning is not feasible. This holds true even

when using an elevation cut-off angle of 10◦ and/or

the L2 frequency, see e.g. Teunissen et al (2014). Thus
we depict in Figure 5 the corresponding dual-frequency

L1,L2 GPS and L1,L2+B1,B2 GPS+BDS single-epoch

RTK positioning results, but now for an elevation cut-

off angle of 40◦ to simulate a more challenging urban

canyon environment. The number of satellites is pre-
sented in black together with the positional dilution of

precision (PDOP) in cyan, as to illustrate how large

excursions in the positioning errors are related to the

poor receiver-satellite geometry.

Although we increased the elevation cut-off angle

from 25◦ in Figure 4 to 40◦ in Figure 5, we can see that

adding L2 to single-frequency L1 GPS increases the ILS
SR significantly, from 33% to 95.4%. However this does

not mean that all the GPS ambiguity-fixed positions

are very precise, as the poor receiver-satellite geometry,

illustrated by the PDOPs, spoils the positioning perfor-

mance. This thus shows that the performance of ambi-
guity resolution and positioning do not always go hand-

in-hand, as also demonstrated and explained in (Teu-

nissen, 1997; Teunissen et al, 2014). In addition since

the number of satellites decreases to below 4 for many
epochs due to the very high cut-off angle of 40◦, we also

have larger gaps in the GPS positioning time-series in

Figure 5 in comparison to Figure 4. More importantly
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Fig. 5 Top ionosphere-fixed (3) dual-frequency instanta-
neous RTK using cut-off angle 40◦: horizontal (N,E) scat-
terplots and vertical (U) time-series for L1,L2 GPS (left col-

umn) with 95.4% ILS SR and L1,L2+B1,B2 GPS+BDS (right
column) with 99.9% ILS SR. At bottom corresponding # of
satellites in black and PDOP in cyan. April 19-21, 2013

one can see in Figure 5 that when adding B1,B2 BDS
to GPS, the poor receiver-satellite geometry and thus

positioning performance is significantly improved, the

positioning availability is increased to 100%, and the

ILS SR reaches a value of 99.9%. Thus the combined

GPS+BDS system does not only allow for higher SRs
but also significantly better positioning in comparison

to GPS, particularly when using higher elevation cut-

off angles. In conclusion we have shown that for the

ionosphere-fixed model the use of dual-frequencies are
needed when using GPS separately, whereas when com-

bining GPS and BDS successful instantaneous single-

frequency RTK is also possible.

4.2 Single/dual-frequency ionosphere-weighted RTK

In the previous section it was illustrated that single-
frequency GPS+BDS successful instantaneous RTK is

possible, provided that the baseline is so short so that

one is allowed to use the ionosphere-fixed model. In the

following we will predict by means of the ambiguity

dilution of precision (ADOP) whether single-frequency
instantaneous RTK is also successfully achievable when

one needs to use the ionosphere-weighted model. The

ADOP is a formal scalar measure of the model strength

for ambiguity resolution, introduced by Teunissen (1997),
and is defined as,

ADOP = |Qââ|
1/(2n) [cycles] (13)

The ADOP is computed as the determinant | · | of the

VCV-matrix of the ambiguities Qââ raised to the power
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of 1/(2n), where n is the dimension of the ambiguity

vector, and is expressed in cycles. The ADOP measures

the intrinsic precision of the ambiguities, and is also

a measure of the volume of the ambiguity confidence

ellipsoid (Teunissen et al, 1996).

In Figure 6 we depict for an elevation cut-off angle of

10◦, the ionosphere-weighted (2) instantaneous ADOP

for single-frequency L1 GPS and L1+B1 GPS+BDS

(May 21, 2013). The relative ZTD is, however, not pa-
rameterized as to strengthen the model. An ADOP-

level of 0.12 cycle is indicated by a dashed red line since

it corresponds to an ambiguity SR larger than 99.9%

(Odijk and Teunissen, 2008). The number of BDS satel-
lites is depicted in magenta and GPS in blue color at

bottom.
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Fig. 6 Ionosphere-weighted (2): single-frequency ADOP
time-series (blue) for single-baseline instantaneous RTK, us-
ing 10◦ cut-off angle. The relative ZTD is not parameterized
in the model. May 21, 2013. a GPS, b GPS+BDS, c total #
of satellites in light green

In Figure 6 one can see larger ADOP time-series for

GPS with more variability in comparison to the com-

bined GPS+BDS system, because of the fewer number
of satellites. However the daily mean ADOP of 0.27

cycles for single-frequency GPS+BDS is still not suffi-

cient to expect successful instantaneous ambiguity res-

olution. Thus it is deemed necessary to also use dual-

frequencies for the combined system when one has to

rely on the ionosphere-weighted model.

In Figure 7 we therefore depict the dual-frequency

L1,L2 GPS and L1,L2+B1,B2 GPS+BDS instantaneous

RTK positioning results for an elevation cut-off angle
of 25◦, using the ionosphere-weighted (2) model (May

21, 2013). The number of satellites equal or above 5

is depicted in green color, otherwise as red. The dual-

frequency L1,L2 GPS model achieves an ILS SR of

91.2%, and the system obtains more wrongly fixed so-
lutions at the same time instances as when there are a

few number of tracked satellites (depicted in red color).

However, the improvement is significant for the dual-

frequency GPS+BDS system, with the larger number
of satellites, since we get successful instantaneous dual-

frequency RTK over the entire day.
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Fig. 7 Top ionosphere-weighted (2) dual-frequency instan-
taneous RTK using cut-off angle 25◦: horizontal (N,E) scat-
terplots and vertical (U) time-series for L1,L2 GPS (left col-

umn) with 91.2% ILS SR and L1,L2+B1,B2 GPS+BDS (right
column) with 100% ILS SR. At bottom corresponding # of
satellites above/equal 5 as green otherwise as red. The rela-
tive ZTD is not parameterized in the model. May 21, 2013

We summarize our findings of the number of required

frequencies for the ionosphere-fixed and ionosphere-weighted

instantaneous RTK models in Table 9. It was concluded

that for GPS dual-frequencies are needed for the ionosphere-
fixed case, whereas for the corresponding GPS+BDS

model single-frequency RTK is also possible (Figure 4).

For the ionosphere-weighted case it was further pre-

dicted that both models need dual-frequencies (Figure
6), but that only the combined system can then ob-

tain continuous successful ambiguity resolution for the

cut-off angle of 25◦ (Figure 7).
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Table 9 Ionosphere-weighted (2) and ionosphere-fixed (3)
instantaneous RTK capabilities

Model System Min # of req. freq.
Ionosphere-fixed GPS L1,L2

GPS+BDS L1+B1
Ionosphere-weighted GPS L1,L2
(ZTD un-modeled) GPS+BDS L1,L2+B1,B2

5 Formal analysis of GPS+BDS long baseline

RTK model

5.1 Ambiguity Dilution of Precision

In the previous Section it was concluded that single-

frequency GPS+BDS instantaneous RTK is possible

when one is allowed to use the ionosphere-fixed model.

Whereas when the ionosphere-weighted counterpart is
needed dual-frequencies are required.

Because of the promising results in the previous Sec-
tion, we want to predict whether the dual-frequency

ionosphere-float, ZTD-float model (1) also can achieve

successful instantaneous ambiguity resolution. The cor-

responding instantaneous ADOP time-series (February
19, 2014) is thus depicted in Figure 8, at the first row for

L1,L2 GPS and third row for L1,L2+B1,B2 GPS+BDS,

respectively. We use an elevation cut-off angle of 10◦ to

increase the number of satellites, since the ionosphere-

float model is much weaker than the ionosphere-weighted
model (see Table 6). This is due to the necessity to es-

timate the slant ionospheric delays without any a priori

knowledge about their stochastic behavior. The GPS-

only ADOPs are larger and have a higher variability in
comparison to when GPS+BDS is combined in Figure

8. The single-epoch ionosphere-float model is however

shown too weak to expect successful instantaneous am-

biguity resolution for both models, as the ADOPs ex-

ceed levels of one cycles for GPS and 0.5 cycles for
GPS+BDS.

Nevertheless, by using a Kalman filter and treating
the ambiguities as time-constant in the dynamic model

(Table 7), we can achieve better ADOPs, as also de-

picted in Figure 8 at the second and fourth rows for

GPS and GPS+BDS, respectively. The random walk
process noise for the relative ZTD is used as well. Note

that the ADOP is computed based on the Kalman fil-

tered VCV-matrix of the ambiguities, thus as more time

passes the stronger the model becomes (see Table 6)

and the more precise the float ambiguities become. We
therefore give a zoom-in for the first 60 epochs (30 min-

utes) to illustrate the time required to reach an ADOP

level of 0.12 cycles.

The combined GPS+BDS system in Figure 8 reaches

an ADOP level of 0.12 cycles quicker than GPS due to
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Fig. 8 Ionosphere-float, ZTD-float (1): single-epoch ADOP
time-series at first and third row, Kalman filter based ADOP
(blue) at second and fourth row, all for single-baseline RTK
and using 10◦ cut-off angle. February 19, 2014. a GPS, b
GPS+BDS, c total # of satellites in light green

larger redundancy of the model. This is thus a promis-

ing first indication that faster successful ambiguity res-
olution is possible for the ionosphere-float model when

using a combined system and as compared to GPS sep-

arately.
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5.2 Bootstrapped success rate, time to first fix and

positioning

In the previous section it was concluded that a Kalman

filter with a dynamic model is needed for the ionosphere-

float model to achieve successful ambiguity resolution.

The formal bootstrapped success rate (SR) is an accu-
rate lower bound to the integer least-squares (ILS) SR

(Teunissen, 1998a, 1999). The SR criterion we will use

follows as,

P [žIB = z] =

n∏

i=1

[

2Φ

(
1

2σẑi|I

)

− 1

]

≥ P0 (14)

where P [žIB = z] is the probability of correct integer
estimation of the integer bootstrapped estimator žIB,

Φ (x) =
∫ x

−∞
1√
2π

exp
(
−

1
2v

2
)
dv is the cumulative nor-

mal distribution, σẑi|I with i = 1, . . . , n, I = 1, . . . , (i − 1)

the conditional STD of the decorrelated ambiguities,

and P0 a user-defined bootstrapped success criterion.
In the following we will use P0 = 99.9% as criterion to

fix the ambiguities to integers, and if it is not fulfilled

we take the float solution instead. The same criterion

(14) is adopted before fixing the newly risen satellite’s
ambiguities to integers, to allow the float ambiguities to

converge. The satellite is considered to rise when its el-

evation exceeds the user-defined elevation cut-off angle

(e.g. 10◦).

In the following results we will compute the time
to first fix (TTFF) to fulfill the criterion in (14) for

the dual-frequency ionosphere-float, ZTD-float model.

The Kalman filter is initialized at the first-epoch, and

for each additional epoch included in the Kalman filter
the bootstrapped SR criterion is used. Once it reaches

99.9% we obtain the TTFF. Then we re-initialize the

filter at the second epoch and the whole procedure is

repeated again. The times given in Table 10 are the

mean of all these TTFFs over February 19, 2014 and
for a 10◦ elevation cut-off angle. The corresponding for-

mal STDs in local North (N), East (E), Up (U) of the

float and fixed solutions are also given. Since we use

a dynamic model for the Kalman filter (Table 7), the
ambiguity-float position STDs improve with respect to

time.

Table 10 shows the improvement when going from

ambiguity-float solutions with dm-level precision, to ambiguity-

fixed solutions with mm-cm level precision, as well as
the improvement which a combination of the systems

brings. There is however no improvement for the ambiguity-

float North and Up components in comparison to GPS.

This is because the TTFFs in Table 10 are also differ-
ent between GPS and GPS+BDS, with a value of 42

epochs vs 24 epochs, respectively, as required to obtain

a bootstrapped SR of 99.9%. Thus when combining the

Table 10 Formal STDs for ionosphere-float, ZTD-float (1)
dual-frequency RTK and a cut-off angle of 10◦, ambiguity
float/fixed solutions in North, East and Up. The STDs are
mean values of all formal STDs based on re-initializations of
the Kalman filter during February 19, 2014 and when the
bootstrapped SR criterion in (14) of 99.9% is fulfilled. The
corresponding # of epochs needed is depicted as well

System/frequency Formal STDs float/fixed # epochs
N [cm] E [cm] U [cm] [30 s]

L1,L2 GPS 6/1.0 14/0.9 17/2.6 42
L1,L2+B1,B2 GPS+BDS 6/0.7 11/0.6 17/2.1 24

systems we can potentially achieve faster availability to
reliable ambiguity-fixed positioning precisions. Note fi-

nally in Table 10 that the East component experience

larger improvements in comparison to the North and

Up components when integer ambiguity fixing is ap-

plied, which is consistent with, e.g., Melbourne (1985)
and Blewitt (1989).

5.3 On the ambiguity-float positioning and the

precision improvement by integer ambiguity resolution

The purpose of integer ambiguity resolution is to im-
prove the other parameters, e.g., the receiver positions,

by the integer constrains. However once the float am-

biguities have converged to deterministic values, the

ambiguity-float positions can also start to take advan-

tage of the precise phase measurements. Thus the faster
we are allowed to do integer ambiguity resolution the

more will the other parameters be improved.

In Figure 9 the ambiguity-float (full lines) and ambiguity-

fixed (dashed lines) formal position STDs are given, as
a function of time. The procedure is similar to how

the STDs in Table 10 were obtained, but instead of

the bootstrapped SR criterion (14) to re-initialize the

Kalman filter, a fixed window size of 10, 20, 40, 80,

120 epochs (30 s measurement interval), respectively,
is used. The initialization of the filter is started at the

first epoch and once the window size is reached the fil-

ter is re-initialized at the second epoch, and so on. This

is done as to obtain information on how the ambiguity-
float and ambiguity-fixed STDs vary as a function of the

time accumulated in the Kalman filter. The presented

STDs in Figure 9 are the mean of all these formal STDs

over February 19, 2014. The North component is given

as red, East as green, Up as blue color, and an elevation
cut-off angle of 10◦ is used. The thin lines corresponds

to the dual-frequency GPS ionosphere-float, ZTD-float

model, and thick lines to the corresponding GPS+BDS

model.
The ambiguity-float STDs in Figure 9 improve with

respect to time. The STDs are also a factor of approx-

imately square root of two more precise for GPS+BDS
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Fig. 9 Ionosphere-float, ZTD-float formal position STDs
using a cut-off angle of 10◦. The formal STDs are taken
as a mean over all formal STDs computed based on re-
initializations of the Kalman filter during February 19,
2014. Ambiguity-float STDs are depicted as full lines and
ambiguity-fixed STDs as dashed lines

in comparison to GPS-only, since double the number
of satellites is then used (Figure 3). It is also illus-

trated that the faster one is allowed to do successful

ambiguity resolution, the more will the precision of the

positions improve. For example consider the 20 epoch
case where the ambiguity-float STDs (full lines) of the

Up-component is approximately 0.5 meter for GPS and

slightly below 0.2 meter for GPS+BDS, which improve

to approximately 3 cm and 2 cm respectively for the

ambiguity-fixed STDs (dashed lines). However when
considering the TTFF in Table 10, only the combined

GPS+BDS system have bootstrapped SRs of 99.9% af-

ter a convergence time of 24 epochs, whereas GPS-only

requires 42 epochs. Moreover as time passes on, the
less the improvements become. For example after 120

epochs (1 hour) are reached the ambiguity-float STDs

are of almost similar magnitude to the ambiguity-fixed

ones for both systems. Most importantly we can con-

clude from Figure 9 in combination with Table 10 that

GPS+BDS can provide for shorter ambiguity-float po-

sitioning precision convergence times, and faster avail-

ability of reliable ambiguity-fixed positioning precisions,
in comparison to GPS separately.

6 Empirical analysis of GPS+BDS long

baseline RTK model

6.1 Positioning

In this section we compute empirically determined po-

sitioning errors by comparing the estimated positions

to precise benchmark coordinates. The GEO satellites’

ambiguities were not estimated as integers but kept as
float parameters to still improve the model strength,

due to site-dependent multipath effects in combination

with the satellites being stationary (Wang et al, 2014).

Systematic effects from the GEO satellites can thus not
be mitigated over time and was shown to negatively af-

fect the ambiguity resolution performance.

Table 11 provides the empirical float and correctly

fixed ionosphere-float, ZTD-float positioning STDs for

dual-frequency GPS-only and GPS+BDS. This is given
for February 19, 2014 and a 10◦ elevation cut-off angle.

The STDs were obtained by the re-initializations of the

Kalman filter and the bootstrapped SR criterion (14),

similar to the formal STDs in Table 10. The correctly
fixed solutions are determined from a reference set of

ambiguities. The reference ambiguities were estimated

by using a dual-frequency combined GPS+BDS sys-

tem, the ionosphere-float, ZTD-float model, fixed pre-

cise benchmark coordinates and an elevation cut-off an-
gle of 10◦. A Kalman filter over the entire observation

time-span assuming the ambiguities time-constant and

using the random walk process noise for the relative

ZTD in Table 7 as dynamic model, was used.

Table 11 Empirical STDs for ionosphere-float, ZTD-float
(1) dual-frequency RTK and an elevation cut-off angle of 10◦,
ambiguity float/correctly fixed solutions in North, East and
Up. The STDs are based on re-initializations of the Kalman
filter during February 19, 2014 and when the bootstrapped
SR criterion in (14) of 99.9% is fulfilled. The corresponding
# of epochs needed is depicted as well

System/frequency STDs float/correctly fixed # epochs
N [cm] E [cm] U [cm] [30 s]

L1,L2 GPS 7/0.8 18/0.9 20/3.4 42
L1,L2+B1,B2 GPS+BDS 8/0.7 19/0.7 22/3.4 24

The empirical STDs in Table 11 are overall in reason-

able agreement with the formal precisions given in Ta-

ble 10, with somewhat more optimistic formal STDs.



149 

 

Combined GPS+BDS for short to long baseline RTK positioning 13

Note that the reason for the lack of improvements in

the ambiguity-float positioning STDs when combining

the two systems is the shorter TTFF.

6.2 Positioning for higher elevation cut-off angles

Since we found in Section 4 that higher than custom-

ary elevation cut-off angles can be used when com-
bining the two systems, we will in the following focus

on positioning results using a cut-off angle of 25◦ for

the ionosphere-float model. We first depict in Figure

10 a snapshot of the formal ADOP time-series (blue)
at top and the horizontal/vertical dilution of precision

(HDOP/VDOP) (gray and black respectively) at bot-

tom, all in support to better understand the empiri-

cal RTK positioning results in Figure 11. The L1,L2

GPS ionosphere-float, ZTD-float RTK model is given in
the left column, and the corresponding L1,L2+B1,B2

GPS+BDS model is given in the right column. The

number of satellites equal or above 5 is depicted in

green, otherwise in red color, and is given at bottom.
The Kalman filter is re-initialized at 15:30 local time

as to illustrate two different convergence time periods,

which is also the reason to the very large ADOPs at this

time instance. We denote local times between 18:00-

02:00 with a black rectangle as the time when GPS is
deemed to have a reasonably good receiver-satellite ge-

ometry in comparison to other time instances over the

day, as shown by the DOPs. The single gap in the GPS-

only DOPs just after the re-initialization at 15:30 are
due to a few instances when the number of satellites is

smaller than four.

Note in Figure 10 the larger variation in the DOPs

(particular the GPS VDOPs) as compared to the ADOPs

that become more and more precise with respect to

the time accumulated in the Kalman filter. This is be-
cause the ambiguities are assumed time-constant in the

dynamic model, whereas the receiver positions are un-

linked in time (Table 7). In Figure 10 we also see some

fluctuations at the beginning of the day for the GPS
ADOPs, due to the rising/setting and few number of

satellites, whereas the combined GPS+BDS model is

much less sensitive to these occurrences because of the

larger redundancy. The Figure moreover illustrates some

large excursions for the GPS VDOPs, particularly af-
ter 14:00 local time and before the Kalman filter is

re-initialized (at 15:30). This is due to the poor GPS

receiver-satellite geometry. The results in Figure 10 thus

show, similar to Figure 5, that the performance of ambi-
guity resolution and positioning are not always united,

since the ADOPs are well below the level of 0.12 cycles

during this time. However once the number of satellites
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Fig. 10 Ionosphere-float, ZTD-float ADOP time-series
(blue) at top, HDOP (gray) and VDOP (black) together with
the # of satellites at bottom, using 25◦ cut-off angle. L1,L2
GPS is given in the left column and L1,L2+B1,B2 GPS+BDS
in the right column. The Kalman filter is re-initialized at 15:30
local time. February 19, 2014. The time period denoted with
a black rectangle is when the receiver-satellite geometry is
deemed reasonably good for GPS

increases after the second (re-)initialization, the GPS-

only DOPs in Figure 10 become overall smaller. More

importantly, we see significant improvements when BDS

is added to GPS, because of the increase in the number
of satellites and improved receiver-satellite geometry.

We namely obtain a positioning availability of 100%,

smaller DOPs and much faster times to reach ADOPs

below 0.12 cycles.

How the formal measures in Figure 10 translates
into the corresponding empirical RTK positioning er-

rors are depicted in Figure 11, where L1,L2 GPS is

given in the left column and L1,L2+B1,B2 GPS+BDS

in the right column. The correctly fixed solutions in

green color were determined from the reference set of
ambiguities, whereas the float solutions are depicted in

gray color. Since ambiguity resolution is only attempted

once the bootstrapped SR criterion (14) of 99.9% is ful-

filled, we present the corresponding SR time-series in
blue at bottom. The empirical RTK positioning results

for GPS between 18:00-02:00 local time corresponding

to the period of smaller DOPs in Figure 10, are given

in Figure 12.

One can particularly see the large excursions of the
GPS Up-component positioning errors in Figure 11 af-

ter 14:00 and before the Kalman filter is re-initialized

at 15:30 local time, corresponding to the period with

the largest VDOPs in Figure 10. When looking into
Figure 12 we see that the GPS-only RTK positioning

results are indeed better in comparison to other time

periods of the day, because of the overall larger num-
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Fig. 11 Top ionosphere-float, ZTD-float (1) RTK using cut-
off angle 25◦: horizontal (N,E) scatterplots and vertical (U)
time-series for L1,L2 GPS (left column) and L1,L2+B1,B2
GPS+BDS (right column). At bottom corresponding # of
satellites and the bootstrapped (BS) SR in blue. The Kalman
filter is re-initialized at 15:30 local time. February 19, 2014.
The time period depicted in Figure 12 is denoted by a black

rectangle for GPS. The TTFF to reach the bootstrapped SR
criterion in (14) of 99.9% (2:nd initialization in brackets):
160.5 (70.5) min for GPS, and 21 (15) min for GPS+BDS
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ZTD-float (1) RTK using the cut-off angle 25◦: horizontal
(N,E) scatterplots and vertical (U) time-series for L1,L2 GPS.
February 19, 2014

ber of satellites and better receiver-satellite geometry.
Note also in Figure 12 that the precision of the fixed

solutions resembles the precision of the float solutions

because of the long time span that has been accumu-

lated in the Kalman filter for this time period, allowing

the ambiguity-float positions to also take advantage of
the very precise phase measurements.

When combining GPS and BDS in Figure 11 the
empirical positioning precisions are improved (signifi-

cantly for the Up-component) in comparison to GPS

separately, as also predicted by the DOPs in Figure 10.

Moreover the ambiguity-float positions obtain a shorter
convergence time, and the precise ambiguity-fixed po-

sitions become available earlier. We namely need 160.5

and 70.5 minutes as TTFF for GPS to reach a boot-

strapped SR of 99.9%, for the first and second initializa-

tion respectively. Whereas the GPS+BDS RTK model

only need 21 and 15 minutes respectively. The TTFF

improvements for the second initializations are because

of the overall larger number of tracked satellites as com-
pared to the first initialization. In conclusion we have

shown that higher than customary elevation cut-off an-

gles can be used when combining the two systems.

7 Conclusions

In this contribution we studied the combination of single-
/dual-frequency GPS with BDS for short (ionosphere-

fixed), medium (ionosphere-weighted) and long (ionosphere-

float) single-baseline RTK. The analysis was based on

real GNSS data collected in Perth, Australia. We demon-
strated that higher than customary satellite elevation

cut-off angles can be used when combining the systems.

This is of particular benefit in urban canyon environ-

ments or when low-elevation multipath is preferably

avoided.

The analysis was divided into three parts. First we

concluded by real data that single-frequency instanta-

neous RTK positioning is possible when one is allowed
to use the ionosphere-fixed model and combine the two

systems, whereas for GPS-only or the ionosphere-weighted

model dual-frequencies are needed. The second part

consisted of a formal analysis of the ionosphere-float
model, consisting of instantaneous and Kalman-filter

based ambiguity dilution of precisions (ADOPs), inte-

ger bootstrapped success rates, and positioning preci-

sions. Their improvements with respect to the increas-

ing number of epochs accumulated in the Kalman filter
were illustrated as well. It was predicted that success-

ful instantaneous RTK is not possible when using the

ionosphere-float model, and thus a Kalman filter with a

dynamic model is needed. The third part was an empir-
ical analysis based on real GPS+BDS data. This anal-

ysis consisted of the empirical positioning precisions,

as determined by comparing the estimated positions to

precise benchmark coordinates.

The time to first fix (TTFF) was computed as the

accumulated time necessary in the Kalman filter to

reach an integer bootstrapped success rate of 99.9%. It

was found that GPS+BDS can provide for significantly
shorter TTFFs in comparison to GPS, and thus faster

availability to reliable ambiguity-fixed positioning pre-

cisions at the mm-cm level. We also demonstrated that

the combined system can give shorter convergence times
for the ambiguity-float positions to reach a dm-level

precision. The empirical positioning precisions were then

shown to be in overall reasonable agreement with these
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formal precisions, with the somewhat more optimistic

formal standard deviations.

When looking into the use of an elevation cut-off an-
gle of 25◦, we demonstrated that GPS-only suffer from

poor receiver-satellite geometries that can significantly

spoil the empirical RTK positioning performance. By

adding BDS to GPS, however, the overall positioning
availability and performance was significantly improved,

because of the increase in the number of satellites and

stronger receiver-satellite geometry. It was finally con-

cluded for the cut-off angle of 25◦ that the combined

system also allows for shorter convergence of the ambiguity-
float positions and much faster availability of precise

ambiguity-fixed positioning.

Acknowledgements This work has been executed in the
framework of the Positioning Program Project 1.01 ”New car-
rier phase processing strategies for achieving precise and reli-
able multi-satellite, multi-frequency GNSS/RNSS positioning
in Australia” of the Cooperative Research Centre for Spatial
Information (CRC-SI). The second author is the recipient of
an Australian Research Council (ARC) Federation Fellowship
(project number FF0883188). All this support is gratefully
acknowledged.

References

Blewitt G (1989) Carrier phase ambiguity resolution for the
global positioning system applied to geodetic baselines up
to 2000 km. J Geophys Res 94(B8) pp 10,187–10,203

Cao W, O’Keefe K, Cannon M (2008) Evaluation of COM-
PASS ambiguity resolution performance using geometric-
based techniques with comparison to GPS and Galileo. In:
Proc of the 21st Int Technical Meeting of the Satellite Di-
vision, Savannah, GA

Chen H, Huang Y, Chiang K, Yang M, Rau R (2009)
The performance comparison between GPS and BeiDou-
2/COMPASS: A perspective from Asia. Journal of the Chi-
nese institute of engineers 32(5):679–689

CSNO (2013) BeiDou navigation satellite system signal in
space interface control document: open service signal, ver-
sion 2.0, China satellite navigation office. Tech. rep., avail-
able on the internet

Euler HJ, Goad CG (1991) On optimal filtering of GPS dual
frequency observations without using orbit information.
Bull Geod 65:130–143

Grelier T, Ghion A, Dantepal J, Ries L, DeLatour A, Issler
JL, Avila-Rodriguez J, Wallner S, Hein G (2007) Compass
signal structure and first measurements. In: Proc of ION
GNSS-2007, Fort Worth, TX, pp 3015–3024

Melbourne W (1985) The case for ranging in GPS-based
geodetic systems. In: Proceedings of 1st International Sym-
posium on Precise Positioning with the Global Positioning
System, Rockville, MD, USA, pp 373–386

Montenbruck O, Hauschild A, Steigenberger P, Hugentobler
U, Teunissen PJG, Nakamura S (2013) Initial assessment
of the COMPASS/BeiDou-2 regional navigation satellite
system. GPS Solutions 17(2):211–222

Nadarajah N, Teunissen PJG, Sleewaegen JM, Montenbruck
O (2014) The mixed-receiver BeiDou inter-satellite-type

bias and its impact on RTK positioning. GPS Solutions
doi:10.1007/s10291-014-0392-6

Odijk D (2002) Fast precise GPS positioning in the pres-
ence of ionospheric delays. PhD dissertation, Netherlands
Geodetic Commission, Publications on Geodesy 264 pages

Odijk D, Teunissen PJG (2008) ADOP in closed form for a
hierarchy of multi-frequency single-baseline GNSS models.
J Geodesy 82:473–492

Odijk D, Teunissen PJG (2013) Characterization of between-
receiver GPS-Galileo inter-system biases and their effect on
mixed ambiguity resolution. GPS Solutions 17(4):521–533

Odolinski R, Teunissen PJG, Odijk D (2013) Quality analysis
of a combined COMPASS/BeiDou-2 and GPS RTK posi-
tioning model. In: International Global Navigation Satel-
lite Systems Society IGNSS symposium, Golden Coast

Odolinski R, Teunissen PJG, Odijk D (2014a) Combined
BDS, Galileo, QZSS and GPS single-frequency RTK. GPS
Solutions doi:10.1007/s10291-014-0376-6

Odolinski R, Teunissen PJG, Odijk D (2014b) Combined
GPS+BDS+Galileo+QZSS for Long Baseline RTK Posi-
tioning. In: ION GNSS, Tampa, Florida, USA

Rao CR (1973) Linear statistical inference and its applica-
tions, 2nd edition. Wiley, New York

Saastamoinen J (1972) Contributions to the theory of atmo-
spheric refraction. Bull Geod 105(1):279–298

Schaffrin B, Bock Y (1988) A unified scheme for processing
GPS dual-band phase observations. Bull Geod 62:142–160
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