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ABSTRACT 

Three-phase power transformers continue to be an important fixture in modern power 

systems since their initial development in the 1880s.  While transformer design has 

fundamentally remained the same, the operating environment has significantly 

changed. This is apparent through new flexible network operations (e.g., integration 

of renewable energy sources), growing network complexities (e.g., deployment of 

micro-grids, smart grids, etc.) and increasing use of nonlinear power electronic 

equipment (e.g., power converters and motor drives). Thus the issue of power quality 

in power systems has become an important consideration to utilities and industries as 

the performance of electrical machines and devices could be adversely affected. This 

doctoral thesis focuses on the performance of three-phase power transformers under 

various nonlinear and dynamic electromagnetic disturbances in distorted power 

networks.   

The first part of this work is devoted to the development and improvement of 

nonlinear electromagnetic models of three-phase multi-leg transformer cores for the 

study of steady-state and transient electromagnetic disturbances. This is mainly 

achieved by developing new detailed magnetic models for ferromagnetic 

nonlinearities (e.g., hysteresis) as well as considering core asymmetry and magnetic 

couplings of core-leg fluxes in three-phase multi-leg iron-core structures. These 

combined effects have not been considered in conventional electromagnetic transient 

studies of transformers and are shown in this work for the first time to have a 

significant impact on predicted steady-state and transient electromagnetic behaviour.  

In subsequent parts of this thesis, the developed models are applied to the 

examination of selected nonlinear electromagnetic phenomena such as transformer 

operation in harmonically distorted power systems (e.g., terminal voltage distortions 

and nonlinear loads), dc bias caused by geomagnetically induced currents, 

ferroresonance, and no-load magnetisation and inrush current effects.  Furthermore, 

based on the new modelling approaches, improved methods are presented for 
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estimating transformer aging with wider applicability to three-phase transformers 

considering load and source imbalances with harmonic distortions. 

With the advent of newly emerging smart grids, the last part of this thesis is devoted 

to exploring future transformer operation in new smart grid operating conditions such 

as plug-in electric vehicle charging. Transformer loading patterns with random 

uncoordinated PEV charging compared to coordinated charging activity in smart 

grids is investigated.  The investigation highlights the notion of harnessing future 

smart grid technologies to better manage transformer health and performance. 
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Chapter 1.  Introduction 

1.1 POWER QUALITY AND ELECTROMAGNETIC DISTURBANCES 

For over a century, power transformers have been vital ubiquitous links in 

transmission and distribution networks throughout the world [1]. Virtually all 

generated ac electrical power must pass through transformers in order to reach the 

many load centres.  In the past couple of decades, extensive application of power 

electronics and other nonlinear components and loads has resulted in a marked 

change in the transformer operating environment. This has been brought about by 

new loading patterns, power conversion technologies for motor drives, renewable 

energy sources and distributed generation, and most recently, smart grid operations 

such as battery charging of plug-in electric vehicles.  As a result, there has been a 

measurable rise in the occurrence of transient and steady-state electromagnetic 

disturbances contributing to distortions in power system voltages and currents.  This 

creates problems for many power components such as rotating electrical machinery 

and transformers which are only designed for sinusoidal ac operation. Therefore, 

transformer performance under degraded power quality in transmission and 

distribution systems has come under further scrutiny in recent times since their 

service life, reliability, performance and economic operation could be adversely 

affected [2].  

Over the years, a range of electromagnetic disturbances have been noted in power 

systems that have contributed to performance degradations and premature failures in 

transformers.  The IEEE have broadly classified these disturbances in the IEEE-1159 

standard as categorised in Table 1.1 [3].  The effects of these disturbances on 

transformers have been steadily investigated over the past 2 decades since power 

quality has gradually become a major issue in industry [4].  However, nonlinear 

modelling approaches, especially in the area of three-phase transformers, have so far  
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Table 1.1 
Electromagnetic disturbance categories for  

power systems as classified by IEEE-1159 [3] 

 

been very limited thus preventing the full extent of symptoms from some of these 

disturbances to be thoroughly assessed. Some of the detrimental effects on 

transformers symptomatic of degraded power quality in power systems have been 

observed in the past as follows: 

• additional fundamental and harmonic power losses in the iron-core 
(hysteresis and eddy currents) and copper losses in the winding conductors 
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• increased winding conductor and iron-core hot-spot temperatures due to 
higher than rated loss dissipation 

• possibility of premature insulation and conductor failure  

• higher than usual acoustic noises and mechanical vibration stresses 

• nonlinear increase in flux density and core saturation 

• reduction in operational energy efficiency 

• age reduction in service life time 

• derating of nominal transformer load capacity 

• decreases in power factor 

• possibility of dangerous harmonic resonances and ferroresonance 

 

One of the main goals of this thesis is to develop and improve nonlinear transformer 

modelling approaches in three-phase multi-leg transformers and carry out new 

investigations into serious power quality disturbances currently affecting 

transformers operation.  The selected power quality disturbances for study cover a 

variety of categories listed in IEEE-1159.  Moreover, this thesis focuses on transient 

and steady-state waveform distortion effects from nonlinear loads, terminal voltage 

harmonics and internally generated harmonics due to transformer nonlinearities. Also 

investigated are transient inrush current behaviour, hysteresis effects, (sub)harmonic 

and chaotic ferroresonance, dc bias from geomagnetically induced currents, as well 

as the aging of transformers operating in distorted and unbalanced power networks. 

 

1.2 THESIS AIMS, MOTIVATION AND RESEARCH OBJECTIVES 

Prior studies indicate that the research and industry community could benefit from 

improved electromagnetic transient and steady-state models for three-phase multi-leg 

transformers.  Until recent times, the majority of transformer studies were performed 

only with simplified single-phase transformer models because of the complexity of 

properly including the magnetic interactions of multi-leg cores. In the last two 

decades, computing power has notably advanced making it possible to implement 
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and numerically solve complex high-level models necessary for three-phase 

transformers.   In the present context of growing network complexity and usage of 

nonlinear power electronic devices, the need for improved nonlinear models of 

transformers for evaluating power quality impacts is clearly a priority.  In lieu of this, 

the following research activities and objectives were defined for this thesis: 

• Review of nonlinear electromagnetic models of three-phase power 

transformers and power quality issues impacting transformer performance. 

• Development of a new nonlinear electromagnetic model for power 

transformers applicable to asymmetric three-phase multi-leg transformer core 

structures, (un)balanced non-sinusoidal excitations and (un)balanced 

(non)linear loading. 

• Initiate a study into ferromagnetic hysteresis effects and their impacts on 

transformer magnetisation current behaviour, input/output current/voltage 

waveforms, losses and aging including experimental validation. 

• Application of model to the study and prediction of three-phase transformer 

ferroresonance in multi-leg iron cores substantiated by experimental testing. 

• Investigate symmetrical and unsymmetrical dc bias effects from 

geomagnetically induced currents (GICs) in three-phase transformers. 

• Application of model for improved accuracy in estimating transformer aging. 

• Study possible future smart grid operations impacting transformer 

performance (e.g., electric vehicle charging) and the application of smart grid 

technologies for transformer health management. 

Generally, the research activities described above are organised to first develop and 

improve upon existing nonlinear models in order to carry out a series of 

investigations into selected power quality disturbances. The improvement of 

nonlinear models is necessary to enable ensuing studies of more complex and 

dynamic electromagnetic disturbances such as ferroresonance.  The last few steps are 
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aimed at demonstrating other applications of the developed modelling tools in 

predicting transformer stresses and evaluating performance (e.g., transformer aging). 

 

1.3 THESIS FORMAT AND OUTLINE 

This thesis is organised into 8 chapters comprising of this introduction chapter 

followed by large chapters carrying out investigations into various transformer power 

quality issues. The main chapters individually address each topic with an 

introduction, analysis of simulation and experimental results, and the conclusions for 

each major investigation. 

Thesis chapters are organised as follows: 

Chapter 1 (this chapter) introduces the topics investigated in this thesis as well as 

providing an overview of the motivation, aims and research objectives. 

Chapter 2 provides an overview of transformer modelling methodologies for 

transient and steady-state electromagnetic disturbances.  The deficiencies in existing 

three-phase transformer models are particularly emphasised. A novel enhanced 

nonlinear model is proposed in this chapter that is applicable to three-phase 

transformers with asymmetric multi-leg core structures.  The development details of 

the new ferromagnetic core models with hysteresis nonlinearities are given together 

with their implementation into multi-leg magnetic circuits of three-phase transformer 

cores. 

Chapter 3 initiates a study into steady-state and transient electromagnetic 

disturbances affecting three-phase power transformers.  The developed nonlinear 

model detailed in Chapter 2 is used to carry out the investigation with supporting 

experimental tests. Specifically, no-load magnetisation and inrush current effects in 

three-leg transformer cores are analysed which also forms the basis for the validation 

testing of the proposed model.  

Chapter 4 continues the study into a more serious and destructive electromagnetic 
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disturbance known as ferroresonance. Inadequate approaches with deficient magnetic 

core models of three-phase transformers have largely limited the study of 

ferroresonance. This chapter focuses on the three-phase transformer ferroresonance 

phenomenon with special emphasis on the combined effects of capacitor switching, 

hysteresis nonlinearities and multi-leg magnetic circuits so far ignored in prior 

studies. This chapter also provides additional validation of the proposed model by 

testing its ability to predict ferroresonance modes measured in the laboratory. 

Chapter 5 initiates an investigation into the very serious and widespread phenomenon 

of geomagnetically induced currents (GICs). A new study into GIC effects on 

asymmetric multi-leg transformer cores is carried out with the developed model. This 

chapter also provides a detailed theoretical derivation of magnetic circuit fluxes in 

three-leg transformers cores with symmetrical and unsymmetrical dc biases injected 

by GICs. More importantly, a possible means in suppressing dc bias effects and 

harmonics in three-leg transformer cores is demonstrated and verified through 

simulation and experimental studies. 

Chapter 6 presents a new method of estimating transformer aging in three-phase 

transformers which for the first time considers core nonlinearities, multiple fluxes 

coupling in multi-leg cores, and nonlinear loads in unbalanced distorted networks.  

The aging estimation is demonstrated for several practical transformer operational 

scenarios and is compared to conventional aging estimation approaches. 

Chapter 7 begins a study into possible transformer loading issues considering future 

smart grid operations. Various battery charging scenarios are investigated for 

multiple plug-in electric vehicles (PEVs) randomly plugging into large distribution 

systems. Based on power flow studies for a distribution system, the effects on 

distribution transformers with random uncoordinated PEV charging are simulated.  

Finally, the benefits of adopting smart coordinated PEV charging on transformer 

performance are simulated and evaluated. 

Chapter 8 provides an overview of the thesis contributions, main conclusions and a 

summary of topics suitable for further research. 
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Chapter 2.  Dynamic modelling of three-phase 

power transformers 

2.1 INTRODUCTION 

This chapter provides an overview of existing three-phase transformer modelling 

approaches and culminates in the proposal of a new enhanced nonlinear model for 

three-phase multi-leg transformer cores.  The proposed new model will be the basis 

for the transient and steady-state investigations performed in the latter parts of this 

thesis.  The current state-of-the-art of electromagnetic modelling for three-phase 

transformers is discussed as well as the deficiencies and short-comings of existing 

transformer transient studies.   

2.1.1 Magnetic circuit modelling of transformers 

Despite significant advancements in transformer computer models over the last two 

decades, three-phase transformer modelling techniques have not progressed as far as 

their single-phase counterparts. This is mainly due to the additional complexities 

introduced by multiple flux paths in multi-leg iron-core structures (Fig. 2.1) and their 

associated ferromagnetic nonlinearities. Furthermore, determination of nonlinear 

electromagnetic parameters in multi-leg cores is also a significant challenge [5, 6].   

The majority of three-phase transformer studies are based mainly on single-phase 

transformer models that only amount to a “per-phase” representation. Inherent in this 

approach is the assumption of isolated magnetic cores for each phase that do not 

exhibit any flux interaction with one another. For three-phase transformers, this 

approximation would only be valid for a three-phase transformer “bank” or triplex 

core (i.e., three single-phase transformers) that have isolated cores possibly sharing a 

tank [5, 7]. A simple consequence of the magnetic circuit fluxes in multi-leg cores is 

that if a single-phase ac voltage is connected to only one of the coil windings,  
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voltages will still be induced in all other disconnected phases due to ac fluxes 

“spilling over” into adjacent core-legs.  The magnetic flux interactions in multi-leg 

cores are very slowly being introduced into main stream three-phase transformer 

models. Virtually all commercial computer simulation tools have yet to adopt such 

models into their libraries and opt for the simpler per-phase equivalent models. 

Therefore, emerging three-phase transformer models attempting to include multi-leg 

core topologies must be custom developed by researchers. An overview of multi-leg 

transformer core structures is depicted in Fig. 2.1. 

2.1.2 Modelling of ferromagnetic core nonlinearities 

In addition to core topology considerations is the issue of accurate modelling of the 

ferromagnetic iron-core nonlinearities. Traditionally, the core behaviour has been 

modelled with simplified single-value nonlinear functions (e.g., polynomials, 

arctangent, exponential) or multi-segment piece-wise linear expressions to 

approximate the nonlinear B-H characteristics. This is usually sufficient for steady-

state analysis [8]; however, most dynamic and transient disturbances such as dc 

biasing, voltage sag/swell, inrush and ferroresonance [9, 10] require more accurate 

methods. Thus, the impetus is therefore to now to improve core model accuracy by 

incorporating the complicated hysteresis nonlinearities with their major and minor 

loop trajectories into transformer core representations [10-12]. This to some degree 

has recently been considered in single-phase transformers models [9, 13-15] proving 

beneficial in more accurately modelling single-phase electromagnetic disturbances. 

However, including these core nonlinearities into three-phase multi-leg transformer 

models has been exceptionally challenging in the past due to numerical solution 

complexities and lack of adequate computing power.   

Three-phase transformer modelling complexity arises in the need to model each 

segment of multi-leg cores which carry different time-varying fluxes interacting with 

one another under three-phase excitation. The solution is further complicated when 

attempting to include hysteresis nonlinearities into the magnetic core environment.  

Hence, in the past this has led to compromises of using simplified non-hysteretic 
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core models or ignoring the multi-leg magnetic circuit completely.  To address this, 

in the following sections a new approach to modelling hysteresis behaviour in multi-

leg cores is proposed to improve the dynamic modelling of three-phase transformers. 

2.1.3 Physical hysteresis models 

A variety of hysteresis models are already available in literature [16, 17] for studying 

the physical properties of ferromagnetism. Jiles-Atherton [18] and Preisach [19, 20] 

based models are perhaps the most renowned. However, core model identification 

methods in these approaches require highly extensive measurements. The Preisach 

based model requires a set of first order descending curves of minor hysteresis loops 

to be measured. Jiles-Atherton equations use five parameters difficult to measure 

accurately requiring a laborious trial and error approach. An alternative approach 

was sought in this study where fewer tests are needed to characterise three-leg 

transformer cores. Tellinen [21] proposed a scalar hysteresis model with proven 

accuracy in recreating both major and minor hysteresis loops. Only the major 

hysteresis loop needs to be measured from which minor loop effects are dynamically 

estimated.  Thus, this model is an ideal candidate for developing a suitable three-

phase transformer core representation which is later described in depth. 

2.1.4 Hysteresis modelling in three-phase transformers 

There are very few three-phase transformer models which, to certain degrees, 

consider hysteretic effects.  Reference [22] proposes a theoretical transformer model 

based on a series of exponential curves, however, no experimental validation was 

given. A five-leg transformer model for transient studies is developed in [23] based 

on nonlinear voltage dependent core-loss resistors. This approach does not account 

for dynamic hysteresis behaviour in which core flux amplitudes more directly impact 

core-losses than the applied voltage. A three-phase transformer model using a 

simplified Preisach based [19] hysteresis model is proposed in [24]. Unfortunately, 

there is limited agreement with experimental results. More recently, a finite element 

model for three-phase transformers using a Jiles-Atherton hysteresis approach [18] is 

developed in [12].  High accuracy is demonstrated for steady-state no-load behaviour 
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but requires intensive calculations and detailed knowledge about the core structures 

dimensions and magnetic properties. In [11, 25], three-phase transformer models 

including hysteresis and eddy current effects are developed for steady-state and 

transient operation. None of these models consider core asymmetry in the geometry 

with unique dynamic leg hysteresis nonlinearities for multi-legged cores. 

A new approach to modelling three-phase multi-leg transformers is proposed in this 

PhD research [26]. Unlike previous methods, this model offers reduced complexity, 

easier core characterisation tests, and accurate representation of core asymmetry with 

magnetically coupled hysteresis nonlinearities in each core leg. Furthermore, 

hysteresis functions are developed as modular PSPICE [27] subcircuit components 

for flexible implementation for system studies and other core topologies. In 

subsequent chapters, the model performance is tested under several conditions such 

as no-load, inrush, ferroresonance and dc bias with full experimental validation. 

 

2.2 NEW APPROACH TO HYSTERESIS MODELLING FOR  

                       THREE-PHASE TRANSFORMER CORE STRUCTURES 

The essential attributes which classify the capability of three-phase transformer 

models are (1) electrical coupling due to winding connections, (2) magnetic coupling 

and core flux interaction due to core topologies (e.g., three-leg, five-leg designs [5]), 

(3) nonlinear core representation and (4) lossy behaviour due to the ohmic, hysteresis 

and eddy current losses. Considering these effects, a novel three-phase transformer 

core model with integrated dynamic hysteresis nonlinearities for each magnetic leg is 

proposed (Fig. 2.2). Asymmetrical iron-core structures with different hysteresis 

behaviour are considered by employing individual PSPICE subcircuits for each 

magnetic core segment. 

The model development is covered in three main stages: (1) selection of model 

topology, (2) integration of an appropriate nonlinear hysteresis core model and (3) 

model implementation into a suitable time-domain simulation environment. 
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aφ bφ
cφ

0φi

λ λ λ

i i

Fig. 2.2. Proposed three-phase multi-leg transformer model concept with 

integrated asymmetric hysteresis nonlinearities for each core-leg. 

 

2.2.1 Three-phase three-leg transformer model topology 

The most distinguishing feature of three-phase transformer models is the need to 

account for the mutual magnetic coupling amongst the core legs.  Furthermore, core 

asymmetry due to differing leg and yoke reluctances requires special attention in 

some core structures.  This issue of asymmetry has rarely been considered, and then 

only, with non-hysteretic models [6, 28]. Research indicates that perhaps the most 

promising approach is to adopt a duality-based topological representation for three-

phase transformer core structures [5, 29, 30]. The duality-based approach considers 

the classical electrical equivalent circuit coupled with a magnetic equivalent circuit 

(Figs. 2.2-2.3).  The duality principle also allows magnetic fluxes to be represented 

as currents, mmfs as voltages and reluctances as resistances [5, 31-33] which obey 

established electrical circuit laws that can be more easily solved. 

Electric circuit topology 

The developed model uses the classical electric equivalent circuit (Fig. 2.3) 

considering winding connections (e.g., wye/wye) and transformer losses. Linear 

resistances account for the ohmic, hysteresis and eddy current losses while linear 

inductors represent leakage fluxes inductances. Three-phase open and short-circuit 

tests were performed to evaluate the electric circuit parameters (see Appendix A). 
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Fig. 2.3. Three-phase three-leg electric equivalent circuit (wye/wye).  

 

Assuming wye/wye winding connections, the governing circuit equations describing 

the electrical behaviour can be stated as 

( ) ( )
( ) ( )

( ) ( )
( ) ( )

( )cbax
dt

td

dt

tdi
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dt
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dt
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LtiRtv
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,,
,,

,,,,

,,
,,,,

=++=

++=

λ

λ

   (2.1) 

where vp,x, vs,x, ip,x, is,x, λp,x and λs,x are the primary/secondary terminal voltages, 

winding currents and flux linkages, respectively, and x denotes the corresponding 

phase a, b or c. The respective primary and secondary phase winding resistances and 

inductances are Rp,x, Rs,x, Lp,x and Ls,x. The induced voltages are generated by a 

controlled voltage source based on the derivative of magnetic flux (Faraday’s Law) 

as determined by the magnetic circuit.  Other winding configurations (e.g., 

wye/delta) present no restrictions on model implementation. 

Magnetic circuit topology 

The full three-leg core magnetic circuit (Fig. 2.4a) consists of nonlinear reluctance 

terms for the three leg ( aℜ , bℜ , cℜ ) and the four yoke ( abℜ , cbℜ , baℜ , abℜ ) segments, as 
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well as three additional reluctances for the magnetic tank and air flux paths 

( aaℜ , bbℜ , ccℜ ).  Ordinarily, determination of these individual reluctances requires 

detailed manufacturer data of core dimensions and saturation characteristics which 

are not usually available and almost impossible to measure accurately.  

Therefore, for this work, the individual reluctances for the full magnetic circuit are 

reduced to three reluctances ( *
aℜ , *

bℜ , *
cℜ ) by lumping the yoke segments into 

respective leg reluctances. Furthermore, air gap reluctances aaℜ , bbℜ  and ccℜ  are 

very large compared to the remaining reluctances and can be either neglected or 

lumped into a single linear reluctance. This reluctance approximates the flux paths 

through air gaps or the magnetic tank structure which is obtained from the zero-

sequence tests described in [6]. The mmfs developed in the primary windings (Fp,a,  

abℜ cbℜ

aℜ bℜ cℜ

aaℜ
bbℜ

baℜ bcℜ

ccℜ
apF , bp

F , cpF ,

asF ,
bs

F ,
csF ,

 

(a) 

*
aℜ *

bℜ *cℜ

0ℜ

apF , bp
F , cpF ,

asF , bs
F , csF ,

aφ b
φ

cφ
0φ

af
b

f cf

 

(b) 

Fig. 2.4.  (a) Full magnetic equivalent circuit and (b) reduced approximate equivalent 

circuit for three-leg three-phase transformer. 
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Fp,b, Fp,c) and secondary windings (Fs,a, Fs,b, Fs,c) are also shown where Fp = Npipm 

and Fs=Nsis assuming the current directions indicated in Fig. 2.3.  Fig. 2.4b shows 

the reduced approximate magnetic circuit and emphasises the fact that magnetic 

hysteresis effects takes place in all ferromagnetic core segments which should be 

accounted for in core models. This approximate equivalent circuit permits simple 

laboratory tests for determination of each of the legs magnetising characteristics and 

provides acceptable results [28, 32-35].  

The nonlinear leg reluctances are realised by controlled current sources dependent on 

their developed leg mmf potential xf .  In this work, these current sources are part of a 

hysteresis subcircuit block specially designed to model dynamic hysteresis 

nonlinearities as discussed in the next section. The magnetic circuit accounts for 

interphase flux interactions in the core and the effect of zero-sequence air or tank 

flux paths. Therefore, the following relationship must hold true for the magnetic 

circuit model of Fig. 2.5. 

00 =+++ φφφφ cba                   (2.2) 

 

2.2.2 Inclusion of hysteresis models for three-leg cores 

To account for core asymmetry, each core leg is modelled with its own customisable 

hysteresis nonlinearity. The magnetic circuit allows the hysteretic behaviour of the 

legs to interact with one another as is true in real three-phase multi-leg core 

structures. The scalar hysteresis model formulated in [21] is selected and modified 

for use in three-leg cores. The main variables are magnetic flux density B and applied 

field intensity H.  However, in this work, the equations (hereafter referred to as the 

‘hysteresis equations’) are modified such that magnetic flux and magnetomotive 

forces are computed instead of B and H (i.e., φ→B  and fH → ). These quantities are 

easier to measure and allow the hysteresis models to be directly integrated into the 

iron-core magnetic equivalent circuit. The modified hysteresis equations are 
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Fig. 2.5. Magnetic equivalent circuit for three-leg three-phase transformer. 
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where +
xφ , −

xφ  and xφ  are the limiting ascending, descending curve functions and 

instantaneous leg fluxes, respectively, for each phase x, dependent on the developed 

leg mmfs xf . xρ  is the slope of the fully saturated region along the limiting hysteresis 

curves.  
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From a magnetics standpoint, the modified hysteresis equations are based on domain 

wall motion theory of ferromagnetic material which governs B-H characteristic 

behaviour. This core model assumes domain wall motion densities (Barkhausen [36] 

jumps) vary proportionally to the growth or recession of domain regions 

corresponding to changes in field strength [21]. This is a departure from other 

hysteresis models used in transformer studies that typically approximate minor 

hysteresis loops with scaled versions of the major loop.  These existing models 

cannot account for arbitrary hysteresis loop formations that occur under transient 

disturbances leading to discrepancies in predicted transformer behaviour.  It is 

therefore important to note that because the developed hysteresis model is based on 

true physical ferromagnetism behaviour, it is capable of estimating magnetic 

response for arbitrary (non)sinusoidal and transient transformer operation (e.g., 

inrush, ferroresonance and harmonic distortion). 

In order to compute the hysteresis equations (2.3), the ascending and descending 

limiting curves ( ( )xx f+φ , ( )xx f−φ ) must first be defined and evaluated. The following 

nonlinear function is proposed 

( ) ( ) ( )1logsgn +⋅= fff e βαφ
                             (2.4) 

This function has the advantage of only requiring two fitting parameters ( xx βα , ) to 

shape the curve to measured data. xα  and xβ  influence the vertical and horizontal 

scaling of ( )fφ , respectively. By shifting the function (2.4) to the right (or left) by xσ , 

the limiting ascending (or descending) curve function enclosing the major hysteresis 

loop can be defined. Therefore, xσ  effectively controls the width of the major 

hysteresis loop. This approach of uniquely specifying ( )xx f+φ  and ( )xx f−φ  allows 

flexibility in defining and fitting of nonsymmetrical hysteresis loops. The transposed 

functions are 

( ) ( ) ( )
( ) ( ) ( ) ( )cbaxfff

fff

xxxexxxxx

xxxexxxxx

,,1logsgn

1logsgn

=++⋅+=

+−⋅−=

−

+

σβασφ

σβασφ

                         (2.5) 
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In this study, the limiting curves ( )xx f+φ  and ( )xx f−φ  were fitted to measured major 

hysteresis curves for each core-leg obtained from the test procedures of [6] (see 

Appendix A for function parameters). xρ  was estimated from the slope of measured 

leg characteristics in the saturated region. The influence of the ascending and 

descending curve functions on hysteresis behaviour can be seen in Fig. 2.6. 

 

 

Fig. 2.6. Proposed limiting ascending and descending functions ( ( )f
+φ , ( )f

−φ )  

for defining hysteresis nonlinearities (Eq. 2.5) in magnetic core legs. 

 

The remaining terms in (2.3) are the slope functions ( ) xxx dffd /±φ of the ascending and 

descending loop curve segments for each core leg. These are determined by 

differentiation of (2.5) with respect to mmf (fx). 

( ) ( )cbax
fdf
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xxx

xx

x

xx ,,
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=
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m
                                  (2.6) 

The hysteresis equations (2.3) can now be evaluated for each time step by the 
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substitution of (2.4)-(2.6). It should be noted that the core-loss resistance Rc in the 

electric equivalent circuit provides another degree of freedom in influencing the 

hysteresis loops.  In this study, the role of Rc is effectively replaced by the hysteresis 

functions. Though not the objective here, if so desired, Rc could be adjusted to 

accurately reflect the breakdown of core losses into their hysteresis and eddy-current 

components if these can be determined from measurements.  

2.2.3 PSPICE implementation of hysteresis nonlinearities 

A PSPICE computer program is developed to solve the combined nonlinear 

hysteresis and electromagnetic circuit equations for the three-leg core (Appendix C). 

PSPICE is selected due to its robustness in transient analysis and relative ease in 

defining custom nonlinear models. The nonlinear differential equations are solved 

numerically by variable time step integration using the Newton-Raphson algorithm. 

For defining a self-contained modular hysteresis component model, PSPICE’s 

subcircuit feature was employed. Once developed, the subcircuit can be instantiated 

into any part of the magnetic circuit which exhibits hysteresis. The complete PSPICE 

electromagnetic circuit model including a detailed exposition of the hysteresis 

subcircuit mechanism is shown in Fig. 2.7.  

The basis for the hysteresis subcircuit is the current source which is controlled by the 

hysteresis equation (2.3). The mmf drop fx across the hysteresis subcircuit block is 

used to compute (2.3) based on (2.4)-(2.6) as previously discussed.  At every time 

step, an “IF statement” selects one of the equations (2.3a) or (2.3b) based on the sign 

of the induced voltage or the derivative of flux (i.e., whether magnetisation is 

increasing or decreasing).  An arbitrary capacitor-current source circuit loop is 

implemented to perform the integration of equation (2.3) to compute flux (Fig. 2.7). 

This approach was found to be more numerically stable compared to using the 

standard integration function.  The current source and capacitor loop equation is 

 

1where === C
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Thus, the voltage across the capacitor directly equates to flux and the capacitor 

current i is equal to dt/d xφ  generated by the current source based on (2.3).  The 

capacitor voltage Vc is used to drive a controlled flux (current) source to inject flux 

into the magnetic circuit for each leg. The capacitor current i also generates the 

induced phase voltage in the electric circuit (Faraday’s Law) via a controlled voltage 

source. A large resistor (1012 
Ω) is placed in parallel with the integrator circuit to 

avoid floating node conditions in PSPICE. This resistance must be large enough to 

not affect the transformer model behaviour. For this work, three subcircuits in the 

manner described above are implemented for the three-leg hysteresis nonlinearities. 

The same subcircuit principles can be used to accommodate other core topologies. 

 

2.3 CONCLUSION 

In response to the prevalent need in power research communities for improved 

dynamic models for carrying out power quality studies, a newly developed time-

domain model of a three-phase multi-leg transformer core is proposed in this chapter.  

While recent advances and technological innovations have led to more flexible 

power system operations, the corresponding dynamics and stresses imposed on 

transmission and distribution grids have led to a decline in overall power quality and 

stability.  Hence, there has been a concerted effort in recent years toward improving 

dynamic models of power components such as transformers.  Much like enhanced 

optics in magnifying glasses reveals finer details in images, improved nonlinear 

models could potentially allow one to closely examine electromagnetic behaviour in 

further detail that are otherwise unclear or overlooked with simplified core models.  

In the following chapters, the merits of improved nonlinear models in properly 

diagnosing and predicting transformer performance issues in distorted power 

networks will be evaluated.  For the first time in an integrated manner, the proposed 

model takes into consideration dynamic magnetic hysteresis effects with major and 

minor loop formation, asymmetric core structures and magnetic cross-coupling of the 

legs.  New nonlinear mathematical formulations have been developed to effectively 
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characterise magnetic hysteresis behaviour in multi-leg transformer cores.  The 

modelled hysteresis nonlinearities are integrated for the first time into the magnetic 

circuits for iron-core structures based on the electromagnetic duality principle. 

The proposed electromagnetic model is a departure from previous works that largely 

take on a single-phase per-phase assumption not considering multiple fluxes and 

coupled hysteresis nonlinearities interacting under three-phase excitation.  

Furthermore, the model is based on modular subcircuit implementation for hysteresis 

nonlinearities which is designed to be easily customisable for other applications and 

magnetic circuits. 

In subsequent chapters, the validity of this model in predicting several transient and 

steady-state disturbances will be evaluated through a series of extensive simulations 

and experimental testing with a three-phase three-leg transformer core. The 

consequences of ignoring three-phase transformer core effects as well as 

oversimplifying core nonlinearities in models will be examined in detail.  

Furthermore, new applications of this model will be presented for its usefulness in 

predicting several destructive power quality disturbances and transformer stress 

effects (e.g., aging). 



Chapter 3: Influence of magnetic hysteresis on no-load and inrush currents…   

© Paul Moses 2012 28 

Chapter 3.  Influence of magnetic hysteresis  

on no-load and inrush currents  

in three-phase transformers 

3.1 INTRODUCTION 

In the previous chapter, a newly developed and improved three-phase multi-leg 

transformer model was proposed for electromagnetic transient and steady-state 

studies of transformer operation.  One of the main features of this model is the 

inclusion of magnetic hysteresis nonlinearities for each of the core-legs in the 

magnetic circuit of the transformer core. In this chapter, the impacts of hysteresis 

nonlinearities on the formation of no-load magnetisation and inrush currents as well 

as the consequences of ignoring such effects are examined with the developed 

transformer model.  Simulation and experimental tests are performed to study inrush 

current waveforms subjected to different initial conditions as well as comparing the 

effect of traditional single-value non-hysteresis models versus the proposed 

hysteresis based three-phase transformer model. 

 

3.2 EXPERIMENTAL VALIDATION AND SIMULATION RESULTS  

Laboratory tests and simulations are performed to test the validity of the developed 

model and demonstrate impacts of magnetic hysteresis on no-load and inrush current 

behaviour. The laboratory setup consists of a dry-type three-phase three-leg 

transformer apparatus with rated primary and secondary voltages of 440 3  V and 

55 3  V (10 A), respectively, operated at 50 Hz. The transformer is supplied from a 

variable three-phase power source using an autotransformer. Excitation currents and 

voltage waveforms were captured on two synchronised digital oscilloscopes and 
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processed on a computer. The transformer is connected in wye-G/wye configuration 

for three-phase no-load and inrush current tests. 

3.2.1 Core identification 

Magnetic leg hysteresis characteristics for fitting model parameters Eqs. (2.3)-(2.6) 

were determined using procedures developed in [6]. Each phase of the low voltage 

winding was separately excited with single-phase voltages up to twice the rated 

voltage and the exciting currents and induced secondary voltages waveforms were 

recorded digitally. The corresponding hysteresis loops ( exp i−λ ) are computed by 

integrating the induced voltages and the limiting hysteresis curve functions were 

fitted to the measurements of the core-leg hysteresis loops.  

3.2.2 Impact of hysteresis on no-load currents 

Steady-state no-load excitation currents and hysteresis loop formation for the three-

leg transformer is examined. In the first case, the transformer phase windings are 

separately excited with single-phase excitations such that magnetic coupling of the 

phases is suppressed (Fig. 3.1). In the next case, full magnetic leg coupling is 

enforced by subjecting the transformer to three-phase excitation (Fig. 3.2).  Both 

cases are performed with and without the developed hysteresis model and are excited 

at twice the rated voltage to emphasise the core nonlinearity for experimental 

validation. For comparison, the non-hysteretic core model makes use of the nonlinear 

single-value function of (2.4) for each leg (essentially setting the hysteresis loop 

width to zero). 

Results show that the measured single-phase excitation tests for magnetising current 

and hysteresis loops can be accurately reproduced in simulations. In particular, the 

hysteresis model improved the accuracy near the zero-crossings. The simulated leg 

hysteresis loops with the proposed model show similar behaviour to the measured 

hysteresis loops when full magnetic coupling is in effect for three-phase excitation 

(Fig. 3.2).  The small discrepancies are attributed to high sensitivity to small errors 

introduced by the modelled saturation region that are amplified under
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three-phase excitation. Furthermore, the three-phase supply contained small amounts 

of low order harmonics and slight imbalances which could not be accurately 

duplicated in simulations. Nevertheless, these results conclusively show that the 

proposed hysteresis models in each core leg are functioning correctly with proper 

magnetic cross-coupling interactions taking place within the magnetic circuit. 

3.2.3 Impact of hysteresis on inrush currents 

Simulations and measurements of inrush currents are performed and compared under 

different starting conditions to show the significance of including hysteresis 

nonlinearities in the transformer model. Power transformers typically operate at 

voltages with corresponding fluxes peaking near the knee-point saturation region of 

the magnetizing characteristic. At the moment of energisation, the developed core 

flux can further be driven into saturation resulting in large magnetising currents 

possibly causing significant voltage dips and malfunctioning protective relays. The 

models ability to perform under such severe dynamic disturbances and the significant 

impacts of hysteresis on inrush peak magnitudes and settling times for different 

starting conditions are examined and summarised in Table 3.1. 

Three-phase voltages were applied to the model with rated fundamental magnitude 

and varying initial voltage phase angle ψ  with respect to switching instant. The 

impact of hysteresis on inrush currents was examined by comparing initial maximum 

peak current magnitudes ( peak
exi ) and settling time to half the maximum amplitude 

( min
settle

t ) with and without hysteresis (Table 3.1). Findings indicate that the inclusion of 

hysteresis nonlinearities in the modelling of inrush currents results in larger initial 

peak currents (up to 78% increase) and longer settling times in some of the phase 

currents compared to results obtained from the single-value non-hysteretic core 

model. The computed and measured inrush hysteresis formation and magnetising 

current waveforms for °= 0ψ  and °= 90ψ  are shown in Figs. 3.3 and 3.4. These 

results demonstrate the formation of asymmetric leg hysteresis minor loops and 

diminishing unipolar half-wave peaks for magnetising currents as the inrush dc 

component decays toward the steady-state condition. 
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   (a)            (b) 

Fig. 3.3.  Transformer inrush with starting voltage phase angle ψ = 0°; (a) simulated 

dynamic hysteresis loop formation, (b) measured (solid line) and simulated (dashed 

line) magnetising inrush current waveforms in each phase. 
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                               (a)                     (b) 

Fig. 3.4.  Transformer inrush with starting voltage phase angle ψ = 90°; (a) simulated 

dynamic hysteresis loop formation, (b) measured (solid line) and simulated (dashed 

line) magnetising inrush current waveforms in each phase. 
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Table 3.1 

Impact of hysteresis on initial peak magnitude and settling time  

of inrush currents at different starting voltage phase angles  

corresponding to different moments of energisation 

 

 

*) initial voltage phase angle influencing the moment of energisation. 
**) settling time to half of the maximum peak inrush current amplitude. 
***) settling time to steady-state conditions (for final amplitudes greater than half of the maximum 
peak amplitude). 

 

  Initial maximum peak    
of inrush current 

Settling time to half the 
maximum amplitude 

ψ*  

(deg) 
Phase 

peak
hysnoex

i
−

 

(pu) 

peak
hysex

i
−

(pu) 

**min
hysnosettle

t −

(A) 

**min
hyssettle

t −

(A) 

a 0.090 0.085 0.79 0.05*** 

b 0.128 0.148 0.83 1.19 0° 

c 0.207 0.228 0.77 0.97 

a 0.145 0.178 1.11 1.87 

b 0.126 0.126 0.91 1.41 45° 

c 0.054 0.096 1.55 3.50*** 

a 0.285 0.323 0.55 0.73 

b 0.127 0.124 0.55 0.49 90° 

c 0.156 0.190 0.63 1.01 

a 0.169 0.183 0.67 1.13 

b 0.109 0.116 0.57 1.47 135° 

c 0.275 0.254 0.55 0.83 

a 0.090 0.066 0.79 1.50*** 

b 0.128 0.129 0.83 1.59 180° 

c 0.207 0.191 0.77 1.27 
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3.3 CONCLUSION 

In this study, the effectiveness of the proposed three-phase transformer model in 

reproducing steady-state and transient current effects such as no-load and inrush 

current conditions has been explored. Model based simulations have been compared 

with experimental results obtained from a laboratory three-phase test transformer in 

order to verify the validity and accuracy of the proposed model. The main 

conclusions of this analysis are: 

• Comparisons of simulated and measured no-load transformer current waveforms 

including hysteresis loops (single and three-phase excitations) confirm the correct 

operation of the proposed model (Figs. 3.1-3.2). The small discrepancies are due 

to the high sensitivity to small errors introduced by the modelled saturation 

region and omission of imbalances and harmonic magnitude differences in each 

phase that could not be accurately measured with the available equipment. 

• The proposed three-leg magnetic core model shows reasonable accuracy under 

dynamic excitation as shown by comparisons of simulated and measured inrush 

current waveforms with different starting voltage conditions (Figs. 3.3-3.4). 

• For a variety of point-on-wave starting voltage conditions, the inclusion of 

hysteresis nonlinearities and core asymmetry are shown to impact inrush 

behaviour by significantly increasing initial peak current amplitudes (up to 78% 

increase) in some of the phases (Table 3.1, cols. 3-4). 

• For most of the observed inrush current waveforms, the settling time of dc offset 

with hysteresis nonlinearities is considerably longer compared to results obtained 

with the single-value non-hysteretic core model (Table 3.1, cols. 5-6). 

• The proposed hysteresis limiting ascending and descending curve functions with 

two fitting parameters (α, β) are a trade-off between simpler parameter evaluation 

from measurements, model complexity and precision. There is flexibility in the 

model and potential for improved performance by permitting more accurate (and 

complex) mathematical representation of limiting hysteresis curves provided 
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their functions are differentiable as required by the hysteresis models.  

• The proposed method of defining hysteresis nonlinearities as subcircuit 

components in circuit simulation software is general and could be expanded for 

the study of inrush currents in other electrical machines based on their magnetic 

circuit topologies (e.g., four-leg and five-leg transformer cores, induction 

machines). 

• The presented findings and model are applicable to protection design where a 

more realistic evaluation of transformer stress from inrush and transient current 

behaviour is required for overcurrent and differential relay coordination. 

Furthermore, the developed core model could potentially improve accuracy in 

steady-state (e.g., (non)linear loading, dc biasing and harmonic distortion) and 

dynamic (e.g., ferroresonance) conditions that will be further examined in 

following chapters. 
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Chapter 4.  Impacts of hysteresis and magnetic 

couplings on the stability domain of ferroresonance 

in asymmetric three-phase three-leg transformers 

4.1 INTRODUCTION 

Many investigations of ferroresonance phenomena in power and instrument 

transformers have been performed in the past, spanning nearly a century of 

accumulated research [5, 37]. Much progress has been made in the modelling and 

understanding of single-phase transformer ferroresonance. However, one of the 

weakest areas in ferroresonance research remains in the modelling of three-phase 

transformers [38, 39] which is the focus of the investigation in this chapter. 

4.1.1 Description of ferroresonance 

Ferroresonance is a complex oscillatory interaction of energy exchanged between 

nonlinear magnetising inductances of ferromagnetic cores and system capacitances 

(e.g., series compensated lines) [37, 39, 40]. These oscillations manifest as large 

distorted voltages and currents potentially leading to excessive heating and insulation 

failure in transformers as well as significant disruptions to power networks [41-48].  

Unlike ordinary RLC circuit resonance, oscillations involving nonlinear magnetising 

inductances can exhibit multiple modes with no definite resonant frequency. These 

modes typically come in four types. The fundamental mode oscillates at the power 

system frequency f and usually contains harmonics. The subharmonic mode is 

periodic and oscillates at 1/n multiples of the system frequency (f/n). Quasi-periodic 

modes exhibit irregular patterns of near periodicity due to incommensurable 

frequencies nf1+mf2 where f1/f2 is irrational with integer n and m. These modes are 

strictly non-periodic and produce a discontinuous frequency spectrum. Chaotic 
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modes exhibit no periodicity and produce a continuous frequency spectrum 

resembling broadband noise. Sudden jumps (bifurcations) to different modes are also 

possible due to gradual system variations and perturbations (e.g., switching 

transients) [40]. 

4.1.2 Historical review of ferroresonance research 

Ferroresonance research has its origins in ordinary transformer resonance studies 

performed as early as 1907 [49] (Fig. 4.1). It was not until 1920 that the vernacular 

‘ferroresonance’ was first documented by Boucherot [50] describing the unusual 

coexisting operating points in a series resistor, nonlinear inductor and capacitor 

circuit. Much early experience in ferroresonance was gained through extensive field 

observations when digital computer models and analytical methods were in their 

infancy. Notable examples are the studies conducted in [51-54] on distribution 

systems exhibiting ferroresonance with voltage regulation capacitors, and the 

triggering of ferroresonance in three-phase systems from single-pole switching. 

Analytical approaches based on simple graphical solutions were proposed early on 

[55, 56] to predict particular bifurcations in single-phase ferroresonant circuits. It 

was not until the late 1980s that significant breakthroughs were made in nonlinear 

transformer models and analytical techniques. This was largely driven by 

advancements in computing power and the foundation of nonlinear dynamics and 

chaos theory which Kieny [57] and Mork [58] first proposed as a suitable framework 

for ferroresonance study. Henceforth, new useful analytical approaches have 

emerged (e.g., bifurcation, phase-plane and Poincaré techniques [59-63]) which are 

now the benchmark for modern ferroresonance analyses.  

Toward the end of the 20th century, the study area has branched into four main 

directions: (i) practical system level case studies [43, 64-66], (ii) ferroresonance 

identification methods [67, 68] (iii) development of ferroresonance mitigation 

approaches [69-76], and most prominently, (iv) the improvement of analytical 

techniques and the modelling of electromagnetic transients in transformers, which is 

one of the main contribution of this research.   
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4.1.3 Modeling of three-phase ferroresonance phenomena 

There have been very few attempts at studying three-phase transformers under 

ferroresonance conditions. This is owing to the lack of adequate three-phase 

transformer models and the complexity of many scenarios associated with three-

phase switching induced ferroresonance (see Appendix B). References [38, 77-79] 

implement models considering core topology and employ single-value nonlinear 

functions for core effects. Analytical and numerical approaches are developed in [80-

82] to calculate ferroresonance modes. However, these approaches do not consider 

dynamic hysteresis effects with core asymmetry and associated magnetic core-leg 

couplings. Furthermore, these models lack experimental validation.  

As previously alluded to, a new class of single and three-phase transformer models is 

emerging with the inclusion of hysteresis nonlinearities into core representations. 

Recent studies have shown that accurate representation of ferromagnetic iron-core 

nonlinearities (e.g., saturation, hysteresis and eddy-currents) is important in 

ferroresonance. Hysteresis formation significantly impacts the stability domain of 

ferroresonance, especially for subharmonic and chaotic modes in single-phase 

transformer core models [9, 10, 13, 14]. The common approach of approximating 

core nonlinearities with non-hysteretic single-value functions (e.g., piece-wise, 

exponential and polynomials) has proven to be inadequate for ferroresonance studies 

in single-phase transformers. The impacts of dynamic hysteresis nonlinearities (e.g., 

major and minor loops) and magnetically coupled asymmetric legs on three-phase 

transformer ferroresonance have not been explored. 

For the first time, this work studies ferroresonance in asymmetric three-phase 

transformers using a newly developed and detailed nonlinear electromagnetic circuit 

model for multi-leg transformer cores. A variety of analytical techniques from 

nonlinear and dynamics chaos theory are invoked for this study.  Experimental 

validation tests are performed with a laboratory test setup of a three-phase 

transformer with capacitor switching to demonstrate the models high accuracy in 

duplicating ferroresonance behaviour in three-phase transformers.   
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4.2 FERRORESONANCE SYSTEM CASE STUDY 

The ferroresonance study in this work is performed for an unloaded wye/wye three-

phase three-leg transformer supplied by a three-phase source (Fig. 4.2). The 

transformer primary and secondary windings are rated at 440 and 55 V (10 A), 

respectively, and operate at a nominal frequency of 50 Hz. The ferroresonance circuit 

consists of series and shunt capacitances interacting with the magnetising 

inductances of the wound transformer core legs. The origin of Cshunt and Cseries can 

typically be from circuit breakers equipped with grading capacitors, shunt and series 

capacitive couplings in transmission lines (overhead and underground cables), 

reactive power compensation capacitor banks, and lumped stray capacitances in 

transformer windings, bushings, bus bars and feeders.  

shuntC

seriesC

( )tVa

( )tVb

( )tVc

 

Fig. 4.2.  Ferroresonance in an unloaded or lightly loaded transformer fed through 

series and shunt capacitors (e.g., cable capacitance). The blue lines indicate the 

ferroresonance circuit path when phase b circuit breaker is suddenly opened (red). 

 
In order for ferroresonance to occur, a system perturbation (e.g., switching transient) 

with initial conditions conducive to ferroresonance is usually necessary.  For the 

studied system, phase b circuit breaker is used to impose switching transients to 

initiate ferroresonance. There have been many such practical occurrences where 

unsynchronised three-phase switching or single-phase circuit breaker operations 

resulted in one or two phases suddenly lost while the transformer is unloaded or 

lightly loaded, giving rise to ferroresonance [40]. For example, feeders employing 
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single-phase circuit breakers or fuses can suddenly develop faults causing one or 

more of the phases to de-energise. The switching transient and resulting unbalanced 

excitation of the transformer can lead to a ferroresonance path involving magnetising 

inductances in series with capacitances (see Appendix B). Furthermore, in unloaded 

or lightly loaded systems (e.g., rural distribution feeders), there may be insufficient 

system damping to extinguish ferroresonance modes. The resulting large distorted 

currents and over-voltages have been known to cause severe damage to network 

equipment including transformers [41-45]. 

 

4.3 SIMULATION RESULTS 

Detailed time-domain simulation analysis based on the developed three-phase three-

leg transformer model is carried out for the system described in Section 4.2. 

Simulations are performed in PSPICE using the Newton-Raphson numerical 

algorithm with a variable time step limited to 50 µs. At the start of each simulation, 

the voltage is ramped linearly from 0 volts to its rated value to reach steady-state 

conditions and to avoid transformer inrush effects. Ferroresonance considering 

different combinations of Cseries and Cshunt parameters (Fig. 4.2) with single-phase 

switching actions are tested. The initial conditions of the system must be considered 

as they highly influence ferroresonance behaviour. Unless otherwise stated, the 

reported simulation results maintain the same initial values (e.g., point-on-wave of ac 

voltage when the circuit breaker is opened, residual fluxes and capacitance charge). 

At t = 0s, the simulated core is assumed to have zero residual flux and all capacitors 

have no initial charge. The initial phase angle between the switch opening instant 

with respect to the phase a voltage peak is stated in degrees as ψ .   

For selected cases, time-domain waveforms of primary voltages and currents 

including core leg fluxes are computed. Furthermore, bifurcation diagrams, Poincaré 

maps, phase-plane trajectories and hysteresis formations are plotted to better analyse 

the complicated stability domain of ferroresonance modes.  In Section 4.4, 

experimental tests are performed to verify simulated results and model accuracy. 
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4.3.1 Bifurcation analysis 

A useful and effective approach for identifying system parameters conducive to 

ferroresonance is carried out through bifurcation analysis. The shunt capacitance is 

chosen as the bifurcation parameter and the primary phase voltages are studied. Tests 

are repeated for Cshunt ranging from 0.1 µF to 10 µF under the same single-phase fault 

clearing condition. 

The bifurcation diagram is constructed from each Cshunt parameter change by 

sampling at the power system frequency (50 Hz) the primary voltage for the open 

phase b.  The transient period is ignored in the sampling process to only analyse the 

subsequent stable ferroresonance oscillations. Poincaré maps [58, 59] are constructed 

in a similar way by sampling the phase-plane trajectory orbits. The resulting patterns 

can be interpreted for visual classification of ferroresonance modes [59].   

Fig. 4.3 illustrates the existence of multiple ferroresonance modes in the bifurcation 

diagram based on the developed hysteresis core model.  For Cshunt = 0.1 µF to 0.5 µF, 

there is a small jump (bifurcation) in the operating point from normal conditions to 

fundamental ferroresonance mode. Fundamental ferroresonance mode is shown in 

Fig. 4.4 for Cshunt = 200 pF.  The circuit breaker transient is indicated by the large 

orbit excursions which eventually settle to a stable attracting limit cycle.  The 

distorted noncircular orbit indicates the presence of harmonics in the voltage 

waveforms. 

For Cshunt = 3.6 µF, another bifurcation occurs where the transformer enters period-3 

type ferroresonance mode as indicated by the branching into a three line trajectory 

(Fig. 4.3).  This mode is stable up to Cshunt = 5.5 µF.  Simulated time-domain 

waveforms and hysteresis formation for this mode are shown for Cshunt = 4 µF in Fig. 

4.5.  The voltages, fluxes and currents exhibit highly distorted waveforms reaching in 

excess of 1.2 pu, 2 pu and 0.4 pu of rated peak values, respectively. The phase-plane 

trajectory of this mode indicates multiple competing solutions (known as attractors) 

which influence the trajectory orbits to form subharmonic oscillations. 
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(a) 

 

 

 (b)  

Fig. 4.3.  Bifurcation diagram of ferroresonance modes (phase b voltage) for fixed 

Cseries (=30pF) and different Cshunt values; (a) considering hysteresis using the 

proposed three-phase three-leg transformer model and (b) without hysteresis using 

single-value magnetising curves. Note the absence of chaotic ferroresonance modes 

and the generation of false period-3 modes in the lower diagram when using single-

value (non-hysteretic) core models. 

Period-1  
mode 

Period-3  
mode 

Normal operation 
(no ferroresonance) 

Chaotic and quasi-
periodic modes 

Period-1  
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Normal operation 
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(c)  

Fig. 4.4.  Time domain waveforms of transformer primary voltages, winding currents 

and core fluxes for fundamental ferroresonance mode (Cseries = 200 nF, Cshunt = 

200pF). (b) Phase-plane trajectory and (c) hysteresis loop (phase b) shows the circuit 

breaker transient perturbing the system oscillations which then settle to a stable 

attracting limit cycle.  The circuit breaker is opened at an initial phase angle of 

°= 90ψ  w.r.t. peak phase a voltage.  

Distorted hysteresis loops 

during fundamental 
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(c)  

Fig. 4.5 (a) Time domain waveforms of transformer primary voltages, winding 

currents and core fluxes for period-3 subharmonic ferroresonance mode (Cshunt = 4 

µF). (b) Phase-plane trajectory and (c) hysteresis loop (phase a) clearly indicates the 

transient caused by circuit breaker operation and the existence of competing 

attractors in the system orbits. The circuit breaker is opened at an initial phase angle 

of °= 90ψ  w.r.t  peak phase a voltage.   

Distorted hysteresis 

loops during period-3 

ferroresonance mode 
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(a) 

 

(b)  

Fig. 4.6.  (a) Time domain waveforms of transformer voltages, winding currents and 

fluxes for unstable ferroresonance. (b) Phase-plane trajectory indicates the 

transitory period and damping of ferroresonance in the steady-state.  The circuit 

breaker is opened at an initial phase angle of °= 60ψ  w.r.t. peak phase a voltage. 

Damped 
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Beyond Cshunt = 5.5 µF, a bifurcation from period-3 into chaotic ferroresonance 

modes is detected.  This is indicated by the non-repeating structure of the bifurcation 

diagram corresponding to the sampling of chaotic voltage waveforms. This 

behaviour is due to the existence of a strange attractor in the stability domain. 

4.3.2 Sensitivity of ferroresonance to initial conditions 

The previous simulation studies have assumed fixed circuit parameters for a varying 

Cshunt. To illustrate the sensitivity of ferroresonance to initial conditions, the circuit 

breaker opening instant for the previous case (Fig. 4.5) is now changed to °= 60ψ . 

The resulting waveforms and phase-plane trajectories in Fig. 4.6 now indicate a 

momentary ferroresonant oscillation which loses its stability and dampens out. 

4.3.3 Impact of hysteresis on three-phase 

 three-leg transformer ferroresonance 

The bifurcation diagram of Fig. 4.3b demonstrates the estimated ferroresonance 

modes based on a non-hysteretic core model.  A single-value nonlinear saturation 

curve based on (2.4) with zero hysteresis width in each core leg is implemented for 

the previous case study. The predicted stability domain of ferroresonance is 

significantly different when compared to Fig. 4.3a.  The bifurcation transition into 

period-3 ferroresonance occurs at a lower Cshunt value (3.1 µF) without hysteresis 

compared to Cshunt = 3.6 µF with hysteresis, and extends for a wider range of 

capacitance. More importantly, when hysteresis is neglected, the model does not 

detect the chaotic modes and falsely replaces them with extended period-3 

subharmonic modes. These findings are consistent with the single-phase transformer 

study performed in [10] in which chaotic modes were also misrepresented in non-

hysteretic core models. The bifurcation diagram of Fig. 4.3a has been confirmed 

through extensive measurements.   

4.3.4 Impact of magnetic couplings on three-phase  

three-leg transformer ferroresonance 

In order to assess the impact of magnetic leg couplings on three-phase transformer 

ferroresonance, a transformer bank (i.e., three single-phase transformers) was 
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(a) 

 

(b)  
Fig. 4.7.  Comparisons of simulated ferroresonance oscillations for Cshunt = 5 µF 

considering core leg magnetic couplings (thin lines) versus three single-phase 

transformer bank with no magnetic couplings (thick lines). Time domain waveforms 

(a) for voltages, currents and fluxes are shown (see Fig. 4.10 for model comparison 

to measurements) and (b) phase-plane trajectories (drawn in 2 dimensions to 

highlight differences). Both models indicate period-3 subharmonic modes, however, 

wave shapes are incongruent and phase-plane trajectories diverge to different orbits. 
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simulated under the same conditions described in Section 4.2 (Fig. 4.2). This type of 

transformer has no magnetic core leg couplings because the magnetic cores of each 

phase are physically isolated. The developed model can approximate this behaviour 

by setting the zero-sequence reluctance to a very small value, effectively eliminating 

magnetic leg couplings. The corresponding bifurcation diagram is very similar to 

Fig. 4.3 (not shown) and similar ferroresonance modes are predicted. However, on 

closer examination of time-domain waveforms (e.g., Cshunt = 5 µF), ignoring inter-

phase magnetic couplings results in significant differences in the predicted 

waveforms when compared to the proposed model (Fig. 4.7).  Furthermore, the 

computed phase-plane trajectories (drawn in 2 dimensions to highlight incongruities) 

assume different orbit trajectories. 

 

4.4 EXPERIMENTAL RESULTS AND MODEL VALIDATION 

Further investigations of three-phase transformer ferroresonance were carried out 

through experimental tests for the system of Fig. 4.2.  The validity of the developed 

transformer model under ferroresonance conditions is examined by comparing 

simulations of ferroresonance with measurements obtained from a dry-type three-leg 

440 3 /55 3  V laboratory test transformer (Fig. 4.8). The transformer electrical 

parameters have been previously determined from three-phase open and short-circuit 

tests. The nonlinear asymmetric core magnetising characteristics were measured by 

single-phase sinusoidal excitations of each leg. Based on the parameters given in the 

Appendix, the core models for each magnetic leg closely agree with measured 

hysteresis loops for a wide range of excitations (Fig. 4.9). 

4.4.1 Measurement apparatus and method 

The three-phase experimental setup (Fig. 4.8) consists of an autotransformer source, 

isolation transformers, three single-phase circuit breakers for imposing unbalanced 

switching transients, capacitor banks and a 440 3 /55 3  V three-phase three-leg 

transformer. Each circuit breaker has a fixed measured open-circuit capacitance of  
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Fig. 4.8.  Experimental test setup for ferroresonance measurements.  The setup 

consists of two synchronised oscilloscopes to capture three-phase voltages and 

currents waveforms, three-phase three-leg isolation and test transformers, single-

phase circuit breaker switches and switchable capacitor banks. 

 

approximately 30 pF.  The switchable capacitor banks operate in the microfarad 

range and are connected in shunt arrangement as in Fig. 4.2. Two synchronised 

oscilloscopes were setup to capture the transformer primary phase-to-neutral voltages 

and phase winding currents.   

In order to obtain good comparisons of measured and simulated waveforms, the 

initial conditions (i.e., the instant of voltage phase angle the circuit breaker operates) 

at the onset of ferroresonance must be determined precisely.  The slightest phase 

mismatch can lead to large discrepancies. The two oscilloscopes were triggered 

simultaneously at the moment of circuit breaker operation to capture initial 

conditions and subsequent ferroresonance oscillations. Measurements of 

ferroresonance were obtained with different shunt capacitance values and switching 

of phase b circuit breaker.   
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(a) 

 

(b) 

Fig. 4.9. Measured (solid line) versus modelled (dashed line) core magnetisation 

hysteresis loops (major and minor) for outer (a) and centre (b) legs at different 

excitation levels.   

Characteristics 

of Leg A and C 

Characteristic of Leg B 
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4.4.2 Experimental results 

Fig. 4.10 displays the measured and model computed period-3 subharmonic 

ferroresonance modes in the primary voltage waveforms (Cshunt = 5 µF).  Close 

agreement is shown for the transition period (bifurcation) from normal conditions to 

ferroresonance as well as the subsequent steady-state oscillations in all three phases.  

Note that the wave shapes are not identical amongst all phases. The wave shape of 

the faulted phase b is markedly different to phases a and c, but is still period-3 mode.  

This is because the ferroresonance path of the centre leg is not identical to the other 

legs due to the open phase b condition. The centre phase magnetising inductance has 

a direct path to the shunt capacitance compared to the other two phases (Fig. 4.2). 

Furthermore, the core is asymmetric because the centre leg (phase b) has a shorter 

flux path length.  Since phase b winding is open, its voltage is not being supplied by 

the source, but is developed by induction from magnetic flux couplings of the core.  

Comparisons of measured and simulated waveforms for Cshunt = 7 µF are shown in 

Fig. 4.11. It is interesting to note that phases a and c exhibit subharmonic 

ferroresonance oscillations while phase b waveforms are chaotic. This has not been 

documented in prior studies. This behaviour is due to the complicated 

electromagnetic phase couplings in the core. The developed transformer model 

accurately duplicates this behaviour under the same conditions. Further experimental 

tests revealed more chaotic modes for larger Cshunt values.  

Fig. 4.12 depicts the measured and simulated phase voltages and winding currents 

Cshunt = 9 µF. Chaotic ferroresonance modes are observed in phase b, however, 

phases a and c waveforms resemble period-3 mode but are strictly non-repeating 

(quasi-periodic). The maximum peak voltage is approximately 1.5 pu for Cshunt 

between 8.0 µF and 9.5 µF. These high overvoltages can degrade winding insulation 
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Fig. 4.10.  Comparison of measured (solid line) versus simulated (dashed line) 

ferroresonance oscillations in transformer primary voltage (vp) waveforms (Cshunt = 5 

µF). Transition (bifurcation) from normal operation to stable period-3 subharmonic 

ferroresonance (bifurcation) is shown.  The circuit breaker is opened at an initial 

phase angle of °−= 137ψ  w.r.t. peak phase a voltage. 
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Fig. 4.11.  Comparison of measured (solid line) versus simulated (dashed line) 

chaotic ferroresonance oscillations in transformer primary voltage (vp) waveforms 

(Cshunt = 7 µF). Stable subharmonic period-3 (phases a and c) and chaotic 

ferroresonance oscillations (phase b) are shown.  The circuit breaker is opened at an 

initial phase angle of °−= 74ψ  w.r.t.  peak phase a voltage. 
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(a) 
 
 

 

(b) 

Fig. 4.12.  Comparison of measured (solid line) versus simulated (dashed line) chaotic 

ferroresonance oscillations for primary (a) terminal voltages (vp) and (b) winding currents 

(ip) for Cshunt = 9 µF. The waveforms exhibit chaotic behaviour in phase b and quasi-periodic 

mode resembling subharmonic (Period-3) ferroresonance in phases  a and c. The circuit 

breaker is opened at an initial phase angle of °= 60ψ  w.r.t. peak phase a voltage. The errors 

are due to the sensitivity of chaos to mismatching of initial conditions. 
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(a) 
 

 

(b) 
Fig. 4.13.  Measured transformer waveforms for primary (a) terminal voltages (vp) 

and (b) winding currents (ip).  The previous case (Fig. 4.12) is repeated for the same 

Cshunt (9 µF) but at a different circuit breaker opening time which results in 

momentary unstable chaotic ferroresonance. The circuit breaker is opened at an 

initial phase angle of °= 66ψ  w.r.t. peak phase a voltage. 
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Table 4.1 
Observed ferroresonance modes and peak phase voltage values: 

 Cseries = 30 pF and Cshunt = 2 to 10 µ F 

 Ferroresonance Modes* Cshunt 

( µ F) 
Phase a Phase b Phase c 

peak
aV  

(pu) 

peak
b

V  

(pu) 

peak
cV  

(pu) 

2.0 I I I 1.16 0.82 1.16 

3.0 I I I 1.17 1.04 1.29 

4.0 III III III 1.25 1.17 1.40 

5.0 III III III 1.20 1.05 1.37 

5.5 III III III 1.21 1.09 1.37 

6.0 III C III 1.29 1.30 1.43 

6.5 III C III 1.35 1.25 1.45 

7.0 III C III 1.27 1.27 1.40 

7.5 III C III 1.38 1.35 1.46 

8.0 III C III 1.45 1.45 1.49 

8.5 III C III 1.43 1.37 1.49 

9.0 Q-III C Q-III 1.45 1.43 1.48 

9.5 Q-III C Q-III 1.40 1.49 1.45 

10.0 Q-III C Q-III 1.43 1.45 1.45 

*) Ferroresonance  modes-   I: Period-1  fundamental,   III:  Period-3 

subharmonic, Q: Quasi-periodic, C: Chaotic, Q-III: quasi-periodic 

modes  resembling period-3 type ferroresonance. 

 
and cause excessive harmonic distortions and losses. Note that after a few cycles, the 

simulated chaotic waveforms tend to diverge away from measurements due to 

sensitivity to small unaccounted for perturbations (e.g., supply harmonics) and 

differences in initial conditions (e.g., precise switching instant). A summary of the 

measured ferroresonance modes and peak phase voltages is shown in Table 4.1.    

Lastly, the influence of circuit breaker switching time on resulting ferroresonance 

behaviour was examined experimentally (Fig. 4.13). The case for Cshunt = 9 µF (Fig. 

4.12) was repeated for a different switching angle with respect to phase a voltage 

peak.  By changing the circuit breaker opening instant from °= 60ψ  to °= 66ψ , the 

previously stable chaotic modes became unstable and dampened out. 
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4.5 CONCLUSION 

A new analysis into the stability domain of three-phase transformer ferroresonance in 

multi-leg core structures is presented in this chapter.  For the first time, a newly 

developed three-leg core model considering dynamic leg hysteresis nonlinearities, 

core topology and asymmetric leg structures is applied to ferroresonance. Extensive 

experimental tests of transformer ferroresonance have been performed to confirm the 

accuracy of model predictions.  The main conclusions are: 

•••• The study results indicate that the stability domain of ferroresonance modes and 

electromagnetic oscillations (e.g., voltages, currents and fluxes) are highly 

dependent on the correct modelling of magnetic couplings and nonlinearities of 

the iron-core structure. 

•••• Likewise, the magnetic couplings in the legs are shown to significantly impact 

the accuracy of predicted wave shapes and trajectories of ferroresonance 

oscillations.  

•••• For the first time, measured and modelled ferroresonance oscillations are shown 

to exhibit different behaviour in each phase.  For particular conditions, chaotic 

voltage waveforms were observed in the open-circuited phase while exhibiting 

subharmonic or quasi-periodic modes in the other phases. Therefore, extending 

per-phase modelling approaches and analysis techniques to the study of three-

phase transformer ferroresonance behaviour can lead to incorrect results. 

• Predicted ferroresonance modes (e.g., subharmonic and chaotic modes) are shown 

to be misrepresented in three-phase transformer models that neglect hysteresis 

nonlinearities (e.g., using single-value functions). False ferroresonance modes and 

the omission of more severe chaotic modes are shown for non-hysteretic core 

models. 

• The developed three-leg core model correctly predicted ferroresonance modes 

observed in laboratory tests.  Results show that the model duplicates the three-
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phase terminal voltage waveforms with high accuracy under transient and steady-

state ferroresonance conditions.   

• Moreover, for stable periodic modes (e.g., subharmonics), the model accurately 

predicted their existence for the range of capacitance values observed 

experimentally.  For non-periodic modes (e.g., quasi-periodic and chaotic), the 

model can reproduce waveforms accurately for a few cycles after the bifurcation 

point if initial conditions are known precisely. However, due sensitivity of chaos 

to minute differences in initial conditions (e.g., switching transient) and small 

unaccountable perturbations (e.g., supply harmonics), long term behaviour under 

chaotic conditions cannot be predicted. 

• The proposed three-leg transformer modelling approach is general and expandable 

to the study of ferroresonance and other transient disturbances in different 

electrical machines, transformer types and configurations (e.g., five-leg 

transformers, induction machines, etc.). The modelling approach is useful for 

evaluating transformer stresses (e.g., insulation) and testing dynamics of multi-leg 

core designs. 
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Chapter 5.  Impacts of geomagnetically induced 

currents (GICs) on balanced and unbalanced dc 

bias in three-phase transformers 

5.1 INTRODUCTION 

The occurrence of dc bias in ac power networks has received considerable attention 

due to its detrimental impact on power quality. Geomagnetic disturbances (GMDs) 

are the most renowned source of dc bias in ac power systems. The electrical effects 

of GMDs were first observed in early telegrapher cables before the establishment of 

power systems [83, 84]. GMDs are associated with solar phenomena such as sun spot 

and flare activity which cause charged solar particles (solar winds) to interact with 

the earth’s magnetic field producing surface electric fields [32, 37, 85, 86] (Fig. 5.1). 

During severe geomagnetic storms, these surface electric fields can form in regions 

with low earth conductivity (e.g., igneous rock geology of the Rocky Mountains) and 

force geomagnetically induced currents (GICs) through the network via transformer 

grounding connections. GICs are typically quasi-dc events (0.001 to 0.1 Hz) with 

magnitudes up to several hundreds of amperes [87]. Severe power system 

instabilities and blackouts have been attributed to GICs such as those documented in 

[88-90].  

There are, however, other sources of dc bias usually with much less severity than 

GICs. For example, the employment of electronic switching devices (rectifiers or 

switched-mode power supplies) can draw currents with large dc components.  It has 

also been shown that the dc earth return currents in HVDC systems can induce dc 

bias in nearby ac power networks [91-94].  
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Fig. 5.1. Solar electromagnetic activity (e.g., solar flare and sun spot activity) 

contributing to geomagnetic disturbances (GMDs) and geomagnetically induced 

currents (GICs) on the earth surface.  

 

A dc bias can offset magnetic fluxes in ac machines and transformers resulting in a 

number of serious symptoms such as: 

•••• half-wave core saturation of magnetic fluxes 

•••• increased even and odd current harmonics 

•••• additional fundamental and harmonic frequency power losses 

•••• insulation, windings and core thermal stresses 

•••• mechanical vibrations and sound 

•••• increased reactive power flow 

•••• capacitor overloading 

•••• voltage stability problems 

•••• malfunctioning protection relays.  
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Three-phase wye-connected transformers with earthed neutrals are particularly 

susceptible to dc bias.  Such configurations are commonly found in step-up/step-

down transformers at opposite ends of long distance high voltage transmission lines 

where GICs have sometimes occurred. 

This investigation explores the impact of balanced and unbalanced dc biasing on the 

harmonic distortions generated by three-phase transformers. Imbalances may arise 

from poor line transpositions, unbalanced loads and transformer core asymmetry. 

Preliminary experiments performed in [95] reveals that harmonic distortions in three-

phase three-leg transformers can increase significantly if the dc bias currents and 

developed magnetomotive forces (mmfs) in each phase winding are unbalanced.  A 

related study [96, 97] also experimentally shows the impact of dc bias imbalance on 

reactive power demand. To date, no theoretical analysis or transformer model 

considering core asymmetry has been applied to this phenomenon.  

The main contribution of this investigation is an exposition of the findings in [95] 

with full theoretical derivation based on electromagnetic theory. The mechanism 

behind dc flux imbalance and its impact on transformer operation is demonstrated 

mathematically and simulated with the developed model.  Furthermore, supporting 

experimental results are presented to study three-phase transformer dc bias.  Finally, 

a method for suppressing dc bias induced harmonics in three-phase transformers is 

presented.  In particular, it is revealed why balancing dc magneto-motive forces in 

three-leg cores can suppress the dc offsets in flux waveforms and reduce the level of 

unipolar flux saturation and current distortions. 

 

5.2 THEORETICAL ANALYSIS OF DC BIAS IN THREE-PHASE 

THREE-LEG TRANSFORMER CORES 

Preliminary experiments [95] on a three-phase three-leg transformer for the first time 

demonstrated that harmonic currents can be suppressed if the applied dc bias in each 

leg or phase winding is precisely balanced. On the other hand if a small degree of 
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imbalance exists, large dc fluxes can develop in the legs resulting in increased 

unipolar saturation as well as even and odd harmonic current generation. Until now, 

no theoretical explanation or simulation model of this phenomenon has been 

described in literature. This section presents a new theoretical analysis based on 

electromagnetic theory to shed some light on the characteristics of this behaviour.  It 

is shown that power system symmetry and phase balance play an important role in 

the suppression of dc fluxes and harmonics.   

5.2.1 Mathematical derivation of magnetic circuit fluxes 

The dc bias currents flowing through three-phase transformer windings will generate 

unopposed dc mmfs in the magnetic legs of three-leg cores. The corresponding 

impact on developed transformer fluxes is best understood by first deriving the 

electromagnetic circuit relationships using the approximate equivalent magnetic 

circuit [6, 35] of a three-leg core as shown in Figs. 2.4 and 2.5. For the moment, 

calculations can be greatly simplified by assuming that the nonlinear leg reluctances 

are constants, yielding a system of linear equations that can readily be solved and 

understood. Thus, the developed leg fluxes in each phase as a function of winding 

mmf potentials will be derived. 

By assigning arbitrary loop fluxes 1φ , 2φ  and 3φ  (Fig. 5.2), mesh analysis can be 

applied to form the system of linear equations below, 
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where ℜa, ℜb and ℜc are magnetic reluctances of the three legs with leakage flux 

path reluctance ℜ0 (which is influenced by the magnetic path provided by air gaps 

and tank structure). The respective leg fluxes are φa, φb, and φc with zero-sequence 

leakage flux φ0. The developed leg mmfs are fa, fb and fc, respectively.  The 

relationships between the loop fluxes and leg fluxes are  
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Fig. 5.2.  Three-phase three-leg transformer magnetic circuit under dc bias including 

circulating magnetic fluxes of the iron-core structure.  

 

0and

,,

0

23121

=+++

−=−==

φφφφ

φφφφφφφφ

cba

cba

                                                      (5.2) 

Using Cramer’s determinant method to solve the system of equations (5.1), the leg 

flux functions are, 
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and the zero-sequence leakage flux is 
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5.2.2 Influence of balanced and unbalanced dc leg mmfs 

By decomposing the mmfs into their dc and periodic components ~fDCff +=  and 

substituting into (5.3)-(5.5), the leg dc flux components ( )dt

0

1
t

T

T
DC ∫= φφ  as a function of 

dc leg mmfs in each leg are, 

( )

000

0,0,00,
,

ℜℜℜ+ℜℜℜ+ℜℜℜ+ℜℜℜ

ℜℜ−ℜℜ−ℜℜ+ℜℜ+ℜℜ
=

cbcabacba

bDCccDCbcbcbDCa

DCa

fff
φ          (5.7) 

( )

000

0,0,00,
,

ℜℜℜ+ℜℜℜ+ℜℜℜ+ℜℜℜ

ℜℜ−ℜℜ−ℜℜ+ℜℜ+ℜℜ
=

cbcabacba

aDCccDCaacacDCb
DCb

fff
φ

                    (5.8) 

( )

000

0,0,00,
,

ℜℜℜ+ℜℜℜ+ℜℜℜ+ℜℜℜ

ℜℜ−ℜℜ−ℜℜ+ℜℜ+ℜℜ
=

cbcabacba

aDCbbDCababaDCc
DCc

fff
φ                      (5.9) 

with the dc leakage flux  
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Equations (5.7)-(5.9) show the dc fluxes in each leg are dependent on interrelated dc 

mmfs developed in all magnetic branches.  In the following, it will be shown how 

these equations apply to balanced dc biases by forcing the dc mmfs in each leg to be 

equal 

DCcDCbDCaDC ffff === ,,,                (5.11) 

The dc flux components under applied balanced dc mmfs can then be written as 
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If an idealised symmetric core is considered, then 

legcba ℜ=ℜ=ℜ=ℜ             (5.16) 

and (5.12)-(5.15) can be reduced to 
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Equations (5.12)-(5.15) and (5.17)-(5.18) are a special (balanced) case of (5.7)-

(5.10). Furthermore, (5.17) reveals that if the zero-sequence reluctance is much 

larger than the leg reluctances (e.g., large air gap between tank and iron-core), the 

impact of balanced dc bias currents on dc flux generation is small and should not 

significantly increase current harmonic distortion.  This is in complete agreement 

with experimental observations of [35, 96] where the influence of tank air gaps was 

investigated under dc bias. 

To further understand the implications of these equations, consider the following 

examples.  In this example, the zero-sequence high reluctance is assumed to be 100 

times that of leg reluctances.  A symmetrical transformer is assumed with equal 

reluctances as in (5.16). According to (5.17), if there is a 1% balanced increase in dc 

mmfs in all three phases, the corresponding leg dc fluxes would increase by the same 

proportion (assuming linear core conditions). 

Now consider unbalanced increases (and/or decreases) in leg mmfs. From the 

balanced dc bias state, if one of the leg dc mmfs is now increased by 1% and the 

other leg dc mmfs are kept constant, the corresponding leg dc fluxes change by up to 

200% based on (5.7)-(5.9). This is similar to the problem of paralleling three 

batteries with slightly different terminal voltages.  Large currents would flow 
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between the unbalanced batteries.  In the case of a transformer, the unbalanced dc 

mmfs force large circulating dc fluxes superimposed with ac fluxes through the core 

structure. The zero-sequence high reluctance path impacts this behaviour 

significantly.  If 0ℜ is increased (e.g., by variation of tank design through larger air 

gaps), the percentage changes (sensitivities) in dc fluxes would further increase.   

This is expected because the zero-sequence path is the only other path available for 

imbalance fluxes to flow in three-leg cores.  Therefore, limiting this path with a 

larger 0ℜ  would otherwise force the dc flux to redistribute itself within the three-leg 

core. 

From this analysis, it is concluded that the generation of dc fluxes in the core-legs is 

highly sensitive to unbalanced dc biases. However, in practice, even if balanced dc 

bias currents could be achieved precisely, there is still the problem of inherent core 

asymmetry, nonlinearity and residual magnetism including hysteresis in the leg 

reluctances, which are not considered in this mathematical treatment. Thus, these 

inherently small imbalances can still give rise to small dc fluxes in the legs and 

increase current harmonic distortion. Therefore, in theory, balancing dc mmfs and 

the use of symmetric core designs could significantly suppress effects of dc bias 

(e.g., harmonic currents and reactive power demand).   

5.2.3 Transformer models for dc bias 

Transformer simulation models for dc bias have been demonstrated for single-phase 

[98-100] and balanced three-phase transformers [101].  However, the crucial 

asymmetric multi-leg core behaviour with mutual leg flux interaction is not 

addressed in dc bias studies. The time-domain computer model of an asymmetric 

three-phase three-leg transformer as previously described is employed for this study.  

The electromagnetic equivalent circuits are modified to include dc bias by including 

an independent dc voltage source placed in situ with the transformers neutral-earth 

connection to mimic dc bias conditions (e.g., GICs). The model is used to analyse the 

distortions in voltage, current and flux waveforms under (un)balanced dc bias and 

verify predicted theoretical findings.  
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5.3 EXPERIMENTAL AND SIMULATION RESULTS 

Measurements were performed on a small-scale laboratory three-phase transmission 

line system designed for dc bias tests. The setup consists of an autotransformer 

source, step-up source-side transformer (wye/wye 55 3  / 440 3  V), transmission 

line model, step-down load-side transformer (wye/wye 440 3  / 55 3  V) and 

resistive load network (Fig. 5.3) operating at 50 Hz. The two transformers are of 

identical types with three-phase three-leg core structures (see Appendix A 

specifications). Rheostats are used as transmission line and load impedances and are 

varied as a means of investigating the impact of imbalances in dc biases. For dc 

biased conditions, the influence of transmission line reactances (e.g., capacitances) is 

negligible and is therefore omitted from the analysis.  Likewise, the measured source 

impedance of the grid (e.g., |Zs| ≈ 0.62 ± 0.09 ohms at the Electrical Machine 

Laboratory, Curtin University of Technology, WA, Australia) has no noticeable 

impact on simulations. A laboratory dc power supply is used as a controlled dc bias 

current source. A Fluke 434 three-phase power quality meter is used to measure the 

waveforms and harmonics data for the load-side transformer primary (Table 5.1).   

5.3.1 Case 1: DC bias and balanced operation 

In this test, the transmission line system was configured for nominal balanced 

operation by setting the line impedances in each phase to be approximately equal (1 

Ω per phase). This is deemed sufficient to represent the scaled down cable 

resistances in a typical transmission line. The load-side transformer serves a balanced 

wye-connected resistive load (15 Ω per phase).  Fig. 5.4 demonstrates primary 

current waveforms and harmonics for nominal operation with no dc bias input. The 

total harmonic distortion (THD) of the load-side transformer primary currents and 

terminal phase voltages range from THDi = 4 to 5.3% and THDv = 2.2 to 2.8%, 

respectively, due to nominal levels of saturation and small supply voltage harmonics. 

In order to generate dc bias effects similar to practical situations in power systems 

(e.g., GICs), a dc supply is connected between the neutrals of both transformers on 

the high voltage side (Fig. 5.3).  The transmission system is operating under the same 
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(a) 

(b) 

Fig. 5.3.  (a) Experimental setup and network diagram (b) of a three-phase 

transmission system under dc bias. A dc potential difference can be induced in the 

ground (e.g., due to GMDs) between earthed neutrals of transformers at opposite 

ends of long transmission lines.  The resulting dc bias current (e.g., GICs) is forced 

through each phase conductor of the transmission line and transformer windings 

giving rise to (un)balanced three-phase dc mmfs in the iron core structure.  A dc 

supply is connected between the neutrals of the star windings for the load-side and 

source-side transformers to inject dc bias currents. 
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(a)  

 
(b) 

Fig. 5.4.  Case 1 (no dc bias): Transformer is operating under nominal balanced 

conditions (symmetrical line and load impedances) with no dc bias; (a) Measured 

and simulated primary winding currents of the load-side transformer; (b) Measured 

current harmonic spectra (fundamental values are 100% in each phase) showing the 

presence of harmonics mainly due to nonlinearity from the core and small low order 

harmonics in supply voltage. 
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balanced line and loading conditions as before; however, dc bias current of 6 

amperes is now injected into the transformer neutrals corresponding to 

approximately equal dc bias currents (~2A) in each phase.  The 6 ampere dc is 

selected to mimic GICs as it is the maximum current that can be safely generated in 

the laboratory without seriously damaging equipment. In practice, GICs from several 

amperes to over hundreds of amperes have been reported.  Hence, for this small-scale 

setup, the lower end currents are deemed sufficient enough to mimic practical 

conditions seen in a true power system.  The peak value of the biased line currents 

reaches 1.5 pu of rated peak transformer current. This results in approximately 

balanced dc mmfs in the three core legs.   

The impact on transformer primary current waveforms and harmonics is shown in 

Fig. 5.5. The harmonic distortions have increased slightly (THDi,max = 5.7% and 

THDv,max = 2.9%). Low order even harmonics were also observed indicating small 

components of dc leg fluxes causing unipolar saturation. Therefore, it is concluded 

here that while current harmonics still exist, the application of balanced dc biases 

does not significantly contribute to an increase in distortions.  This is in complete 

agreement with theory predicting less sensitivity to dc bias for a balanced system. 

Furthermore, it is observed that power factors remain close to unity despite the 

presence of dc bias (Table 5.1), which is consistent with the observations reported by 

[96]. 

5.3.2 Case 2: Impact of unbalanced transmission system 

In general, transmission networks strive to operate in a state of near balance.  

However, sources of imbalances typically impractical to control may arise.  For 

example, the presence of unbalanced load currents with dc components (e.g., 

unbalanced rectifiers and power electronic devices in separate phases) and imperfect 

line transpositions can impact transformers under dc bias.  The three-leg core 

structure itself is also a source of imbalance with different centre and outer leg 

(phase) nonlinear reluctances. As shown theoretically, such small imbalances can 

cause the three-phase three-leg transformer to be highly sensitive to dc bias.   
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(a)  

 

(b) 
Fig. 5.5.  Case 1 (dc bias): Transformer is operating under balanced conditions 

(symmetrical line and load impedances) with a dc bias of 6 amperes corresponding to 

Ia= Ib= Ic= 1.5 pu of rated peak transformer current; (a) Measured and simulated 

primary winding currents of the load-side transformer; (b) Measured current 

harmonic spectra (fundamental values are 100% in each phase) showing a small 1-

2% increase in even harmonics (in comparison to no dc bias of Fig. 5.4) indicating 

the presence of small dc biased core leg fluxes causing minimal unipolar core 

saturation. 
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Table 5.1 
Measurements of harmonics and power factors at  

the primary of the load-side transformer. 

DC Bias THDi,a THDi,b THDi,c THDv,a THDv,b THDv,c PF,a PF,b PF,c 
Cases 

[A] [%] [%] [%] [%] [%] [%]    

0 4.0 5.3 5.0 2.2 2.8 2.8 0.99 0.98 0.98 Case 1:  Balanced 

Line and Load 6 4.7 5.7 5.2 2.3 2.9 2.8 0.99 0.99 0.99 

0 2.9 3.6 3.7 2.2 2.7 2.6 0.99 0.99 0.98 Case 2a: 

Unbalanced Line #1 6 31.9 7.0 10.8 4.7 3.0 2.6 0.69 0.97 0.83 

0 4.6 5.5 6.8 2.6 3.0 2.9 0.99 0.98 0.97 Case 2b: 

Unbalanced Line #2 6 42.7 10.5 15.5 4.8 2.6 2.4 0.58 0.94 0.68 

0 5.1 5.1 3.6 2.1 2.8 2.6 0.97 0.98 1.00 Case 3a: 

Unbalanced Load 6 6.6 5.3 3.5 2.1 2.8 2.6 0.97 0.99 1.00 

0 6.4 3.9 5.4 2.2 2.6 2.6 0.89 1.00 0.99 Case 3b: 

Unbalanced Load 6 8.9 3.9 5.5 2.1 2.7 2.7 0.92 1.00 0.98 
 

Case 1: Zline, a = Zline, b = Zline, c = 1.0 Ω,  Zload, a = Zload, b = Zload, c = 15.0 Ω. 
Case 2a: Zline, a = 10.0 Ω, Zline, b = 1.1 Ω, Zline, c = 1.4 Ω.   
Case 2b: Zline, a = 1.1 Ω, Zline, b = 5.5 Ω, Zline, c = 6.2 Ω. 

Case 3a: Zload, a = 24.5 Ω, Zload, b = 10.1 Ω, Zload, c = 5.0 Ω.   
Case 3b: Zload, a = 26.0 Ω, Zload, b = 10.0 Ω, Zload, c = 23.0 Ω. 

 

The impact of unbalanced dc bias currents imposed on the transformer was explored 

by unbalancing the transmission line impedances using rheostats. By doing so, the 

excitation voltages, dc bias levels and developed mmfs at the load-side transformer 

become unbalanced. The impact on transformer primary current waveforms is shown 

for two different transmission line imbalances (Figs. 5.6 and 5.7, Table 5.1). The dc 

bias currents flow asymmetrically in magnitude through the windings resulting in 

unbalanced leg dc mmfs.  The corresponding dc fluxes and primary currents behave 

as predicted by magnetic circuit theory and are closely matched in simulations.  In 

contrast with the balanced scenario (Case 1), the power quality of the input voltages 

and currents has deteriorated substantially (over 30% increase in THDi) mostly due 

to the generation of second-order current harmonics. Furthermore, the transformer is 

severely overloaded reaching 2 pu of rated peak current and reactive power flow has 

increased significantly as indicated by the low power factors.   

The impact of winding configurations was tested by repeating Case 2b with  
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(a)  

 
(b) 

Fig. 5.6.  Case 2a (dc bias): Transformer is operating under unbalanced conditions 

with a dc bias source current of 6 amperes (Ia= 1.5, Ib= 1.7 Ic= 1.4 pu of rated peak 

transformer current). System imbalance is achieved by mismatching the transmission 

line phase impedances (Zline,a = 10.0 Ω, Zline,b = 1.1 Ω, Zline,c = 1.4 Ω) which affect 

the load-side transformers leg mmfs; (a) Measured and simulated primary current 

waveforms; (b) Measured current harmonic spectra (fundamental values are 100% in 

each phase) indicating a large increase in harmonic distortion (over 30% THDi) 

mostly due to even harmonics generated by large dc biased fluxes and unipolar half-

wave saturation of the transformer core. 
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(a)  

 
(b) 

Fig. 5.7.  Case 2b (dc bias): Transformer is operating under a different set of 

unbalanced conditions (Zline,a = 1.1 Ω, Zline,b = 5.5 Ω, Zline,c = 6.2 Ω) with a dc bias 

source current of 6 amperes (Ia= 1.9, Ib= 1.3 Ic= 1.1 pu of rated peak transformer 

current); (a) Measured and simulated primary current waveforms of the load-side 

transformer; (b) Measured current harmonic spectra (fundamental values are 100% in 

each phase) which also show  a large increase in current harmonics (up to 42.8% 

THDi). 
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(a)  

 
(b) 

Fig. 5.8.  Case 2c (dc bias): Transformer is operating under the same unbalanced 

conditions as Case 2b (Fig. 5.7) except the transformer connections have been 

modified to delta/wye-grounded (source-side transformer) and wye-grounded/delta 

(load-side transformer) with a dc bias source current of 6 amperes; (a) Measured 

primary current waveforms of the load-side transformer; (b) Measured current 

harmonic spectra indicating severe current harmonic generation (THDi,max = 94.4%). 
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delta/wye-grounded and wye-grounded/delta connections for the source-side and 

load-side transformers, respectively (Fig. 5.8).  It is well known that delta/wye 

transformers, used for stepping up generator voltages, can block dc bias currents 

from entering the generation equipment by virtue of having no zero-sequence path to 

ground [102].  Nevertheless, as demonstrated in Fig. 5.8, unbalanced dc bias currents 

may still result in a significant increase of current harmonic distortions (over 90% 

THDi) due to unipolar core flux saturation compared to the balanced dc bias case. 

This can potentially cause severe damage to generator equipment. 

5.3.3 Case 3: Impact of unbalanced transformer loading 

The influence of unbalanced loads on transformer operation under dc bias was 

examined. Many combinations of load imbalance were tested by changing the phase 

impedances of the wye-connected load with rheostats. The results for two different 

unbalanced load conditions are shown in Table 5.1. Measurements and simulations 

indicate very small changes in distortion (up to 2% change in THDi) with and 

without the 6 ampere dc bias. Thus, based on these results, unbalanced loads appear 

to have less of an impact on power quality in the presence of dc bias compared to 

unbalanced transmission line operation. 

5.4 CONCLUSION 

This study presents a new analysis based on electromagnetic circuit theory, 

simulation and experimental results to explore the impacts of (un)balanced dc bias on 

the operation of three-phase three-leg transformers. In particular, the significance of 

power system symmetry in suppressing harmonic distortion in a dc biased three-leg 

transformer is studied. A detailed asymmetric three-phase three-leg transformer 

model suitable for dc bias investigations has been implemented. Theoretical 

predictions are confirmed by simulation results which are further corroborated with 

experimental tests.  The main conclusions are: 

• The link between unbalanced transformer operation and the generation (and 

suppression) of dc fluxes in three-leg cores is analytically shown for the first time 
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using electromagnetic circuit theory. The possibility of unbalanced dc leg mmfs 

leading to dangerously biased dc core leg fluxes is demonstrated. 

• Large zero-sequence reluctances (e.g., due to tank structure and air gaps) can 

amplify the impact of unbalanced dc bias currents and further increase harmonic 

distortions. However, these effects can largely be mitigated if precisely balanced 

conditions exist as shown in theory and by experimentation. 

• Furthermore, experimental and simulation results confirm that regardless of dc 

bias current magnitude, the impact on harmonics and reactive power flow 

generated in three-leg transformer cores is insignificant provided the dc mmfs in 

the core legs are balanced (Figs. 5.4 and 5.5 and Table 5.1, rows 3, 4). 

• On the other hand, unbalanced leg dc leg mmfs invariably lead to excessive peak 

currents, even and odd current harmonics and increased reactive power flow (Figs. 

5.6 to 5.8 and Table 5.1, rows 6, 8, 10, 12) due to large dc biased fluxes 

circulating in the core resulting in unipolar and asymmetric saturation. 

• Moreover, under dc bias it was observed that unbalanced transmission line 

impedances more significantly upset the balance in the net leg dc mmfs compared 

to unbalanced loads (Table 5.1, rows 6, 8, 10, 12), thereby causing large dc leg 

fluxes to appear. 

• The presented time-domain modelling approach is based on a true and accurate 

representation of an asymmetric three-phase transformer. It is well suited for 

protection studies where accurate prediction of transformer behaviour and stress 

under dc bias is beneficial for over-current and differential relay coordination 

studies.  

• This study shows its importance in establishing design and operational guidelines 

for power system operators to consider system imbalances and its impact during 

dc bias events (e.g., GICs). Furthermore, the analysis highlights the importance 

and potential benefits of seeking out alternative transformer core designs with 

reduced core asymmetry which could assist in suppressing dc bias effects. 
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Chapter 6.  Aging of three-phase transformers in 

distorted power systems 

6.1 INTRODUCTION 

Transformer performance under degraded power quality of transmission and 

distribution systems has come under further scrutiny which could adversely impact 

the transformer service life [37, 103-105]. The vast majority of transformer aging 

publications study the loss of life effect from insulation and dielectric breakdown 

relating to temperature rise above rated operation [106-110]. However, there are very 

limited studies which attempt to relate the effect of voltage and current harmonic 

distortions to temperature rise and aging. Through a series of studies [111-116] it has 

been shown that even and odd harmonic distortions present in the power system 

voltage resulted in increased ohmic and iron-core losses in transformers leading to a 

temperature rise. In most situations, it is the low order odd harmonics that are more 

common and problematic in power systems having the greatest impact on electric 

machine aging [37]. The possibility, however, exists for even order harmonics to 

contribute to aging with unsymmetrical waveform distortions (e.g., dc bias from half-

wave diode rectifier loads, half-cycle transformer saturation due to geomagnetically 

induced currents or proximity to HVDC return currents [32]).    

Reference [111] introduced a relatively simple approach for estimating transformer 

aging based on the weighted harmonic factor (WHF) defined as the ratio of total 

harmonic losses to the fundamental losses [37]. However, WHF is computed using a 

simplified transformer harmonic model and superposition theorem. In addition, past 

transformer aging studies have mainly been restricted to sinusoidal, single-phase or 

balanced symmetric operation of transformers. This is seldom true as transformers 

often operate in a state of power system imbalance and distortion. Furthermore, 
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three-phase transformer core structures exhibit inherent asymmetry in their designs 

(e.g., three-leg and five-leg cores) which have not been considered in prior aging 

studies.  

The main contribution of this study is an improved method of estimating transformer 

aging based on the recently developed and validated nonlinear model of a three-

phase asymmetric three-leg transformer (Chapter 2) [26, 32, 39, 117]. Unlike 

existing approaches, the proposed method is applicable to three-phase asymmetric 

multi-leg transformer cores operating with (un)balanced and (non)linear loads and 

considers the harmonic interactions between the load, transformer and grid source 

nonlinearities. The model improves upon the conventional WHF approach [37, 111-

113] of aging estimation by direct evaluation of additional fundamental and 

harmonic losses generated by the iron-core, nonlinear loads and terminal voltage 

distortions. The nonlinear model is implemented in time-domain and considers core 

topology, magnetic couplings of the legs, as well as nonlinearities and asymmetries 

in the iron core structure. Furthermore, accurate dynamic hysteresis nonlinearities 

including major and minor loop effects are incorporated in each magnetically 

coupled core-leg. Based on this new approach, aging estimations are carried out for 

different operating conditions and the results are compared against the conventional 

WHF approach. 

 

6.2 TRANSFORMER AGING BASED ON WEIGHTED HARMONIC 

FACTOR AND ARRHENIUS THERMAL REACTION THEORY  

The lifetime of magnetic devices such as transformers is largely related to their 

operating temperature which has been known to rise in the presence of terminal 

voltage harmonics. Transformer parts (e.g., insulation and core material) and their 

cooling systems are normally manufactured to accommodate a maximum allowed 

temperature rise (Trise, rated) for continuous rated sinusoidal operating conditions [2]. 

The resulting transformer operating temperature considering worst-case ambient 

temperature (e.g., Tamb = 40º C) can be expressed as 
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      ratedriseambrated TTT ,+=        (6.1) 

The voltage harmonics and their phase shifts can lead to additional fundamental and 

harmonic losses within the transformer leading to increases in operating temperatures 

beyond Trise, rated (6.1) and thermal stresses on the insulation [37]. If the rated 

temperature is exceeded over any period of time, the service life can be significantly 

reduced due to breakdown in insulation dielectrics and thermal fatiguing of 

components. A method of estimating temperature rise and resulting aging due to 

system voltage harmonics has been previously developed through the use of 

weighted harmonic factors and Arrhenius thermal reaction theory [37, 111-113]. 

6.2.1 Weighted harmonic factor (WHF) 

Prior studies have found that the harmonic spectra of voltages supplying magnetic 

devices have a noticeable impact on the operating temperature that can be quantified 

by the weighted harmonic factor (WHF). WHF for transformers is derived from their 

electric equivalent circuits which accounts for the effect of additional transformer 

losses (fundamental and harmonics) due to voltage harmonics. The complete 

derivation of WHF is omitted for the sake of brevity and can be found in [37, 111]. 

WHF is defined as the ratio of the sum of transformer losses for all harmonic orders 

to total transformer losses at the fundamental frequency.  According to [37, 111], it 

was found that the WHF could be approximated as  
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where, ∑htotal
W ,  and 1,totalW  are the total harmonic and fundamental losses, 

respectively, h is the harmonic order, Vph and Vp1 are the hth harmonic and 

fundamental rms phase terminal voltages, respectively, and K1 is a proportionality 

constant. In the original study, parameters k and l were found to fall within a certain 

range depending on the type of magnetic device [37].  

Based on experimental data [112, 113], Table 6.1 shows the range of exponents k 
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and l assume for single-phase and three-phase transformers as well as rotating 

electrical machines. These parameters represent the various sensitivities in 

temperature-rises that occur for different electrical machines in the presence of 

terminal voltage harmonics.  In this study, the values used for the conventional aging 

estimations are 0.6 ≤ k ≤ 1.2 and 1.5 ≤ l ≤ 2 which correspond to transformer type 

devices. Therefore, minimum (best-case) and maximum (worst-case) aging is 

computed with this method. 

As can be inferred from the right hand side of (6.2), WHFs are approximated from 

the terminal voltage harmonic spectra and each harmonic order has a different 

weighting in its effect on additional losses and aging. Low order harmonic 

components have the highest impact. Based on empirical data, it is then possible to 

deduce the temperature rise in Celsius from the WHF for a given magnetic device. 

An inaccuracy associated with (6.2) is the application of superposition.  

Table 6.1 

Evaluation of weighted harmonic factor exponents  

k and l based on measured temperature rises [112, 113]. 

Apparatus k kaverage l laverage 

Single-phase transformer 0.6 ≤ k ≤ 1.2 0.90 1.5 ≤ l ≤ 2.0 1.75 

Three-phase transformer 0.6 ≤ k ≤ 1.2 0.90 1.5 ≤ l ≤ 2.0 1.75 

Single-phase induction machine 0.7 ≤ k ≤ 1.2 0.85 1.0 ≤ l ≤ 1.8 1.40 

Three-phase induction machine 0.7 ≤ k ≤ 1.2 0.95 1.2 ≤ l ≤ 2.0 1.60 

Universal machine 0.8 ≤ k ≤ 1.2 1.00 1.5 ≤ l ≤ 2.5 2.00 

 

6.2.2 WHF and temperature rise in transformers 

For small additional temperature rises compared with the rated temperature rise, the 

cooling conditions are not significantly altered and therefore it can be assumed that 

the additional losses (quantified by the WHF) are proportional to additional 

temperature rise. Based on measurement data given in [37], the graph of Fig. 6.1 is 

used to translate WHF into temperature rise.  Knowing the temperature rise, the final  
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Fig. 6.1.  Additional temperature rise versus WHF [37]. The blue-dotted line is 

selected for the study as it represents the median characteristics for the three-phase 

transformer part of the graph.  

 

step relies on Arrhenius’ thermal reaction rate theory in order to relate temperature 

rise to an estimated value of loss in operating service life. 

6.2.3 Transformer aging estimation with Arrhenius  

thermal reaction rate theory 

The thermal aging of electromagnetic devices is mostly related to the strength of 

insulation material which can be of organic or inorganic origin.  The additional 

heating caused by loss dissipation in the machine can cause mechanical weakening 

or a breakdown in dielectric behaviour in the insulator. In addition to thermal 

stresses, harmonics can produce mechanical vibrations that can further cause 

mechanical stresses. 

Thermal degradation has long been studied and can be modelled using the rate 
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reaction law derived by Swedish scientist Svante Arrhenius. The reaction rate can be 

represented in differential equation form as follows 

KTEAe
dt

dR /−=          (6.3) 

where dR/dt is the property experiencing thermal aging reduction with respect to 

time t, A is an integration constant, K is the Boltzmann gas constant, T is the 

absolute temperature in Kelvins and E is the activation energy of the aging reaction.  

After some manipulation [37], the integration of (6.3) can be expressed as  

TK

E
AtR

1
lnlnln 








−=−        (6.4) 

which can be written in the form of a log scale linear equation  

B
TK

E
t +








=

1
ln         (6.5) 

On a logarithmic scale, equation (6.5) produces a straight line which is known as the 

Arrhenius plot. The slope of the Arrhenius plot determines the aging of the insulation 

material and can be used to measure the aging in transformers.  From two points of 

this line for temperature (T1, T2) and lifetime (t1, t2), the following can be written, 
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where t2 is the rated lifetime, t1 is the reduced life time, T2 is the rated temperature 

(T2=Trated=Tamb+Trise,rated) and T1 is the new temperature.  The ambient temperature 

is typically considered to be at the most Tamb = 40º C and a commonly permitted 

rated temperature rise value of Trise,rated = 80º C is used. Given that the new elevated 

temperature is T1 = T2 + ∆T, substituting this into (6.6) results in 
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After some manipulation of (6.7), and given rated operating temperatures T2, rated 
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service life t2, and ∆T computed from WHF, the new service lifetime of the device is 

estimated as 

( ) 
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=
TTT
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21            (6.8) 

and loss of transformer life can be expressed as a percentage 

%1001
2

1 ×









−

t

t
        (6.9) 

6.2.4 Deficiencies associated with WHF approach 

While the WHF method is moderately simple to apply, it does however suffer from 

several significant drawbacks:  

•••• Different transformer loading levels cannot be included in the calculation since 

the conventional WHF is based mainly on the composition of the terminal 

voltage waveform. 

•••• Current harmonics injected by nonlinear loads are not directly considered as well 

as their interactive effects with power system induced harmonics and transformer 

nonlinearities. 

•••• WHF is derived from a linear single-phase transformer equivalent circuit for each 

harmonic frequency. Superposition for the harmonic component effects for WHF 

are used which is not strictly valid for nonlinear systems. Thus, coupling effects 

amongst the harmonics are not properly considered. 

•••• WHF method cannot be applied for unbalanced three-phase transformer and 

power system operation. 

•••• When applied to three-phase transformers, WHF assumes the loss distribution in 

multi-leg cores to be symmetric. The magnetic circuit with coupling effects and 

asymmetry in the core-legs are therefore omitted. 

•••• Dynamic hysteresis nonlinearities (major and minor loop formations) impact 
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core-losses and aging which are not considered in WHF 

•••• WHF only considers the effect of terminal harmonic voltage magnitudes but 

ignores the phase-shifts of the harmonics 

•••• Errors and difficulty in determining k and l for (6.2) result in a large uncertainty 

in the projected aging estimation. 

In order to address these deficiencies, a new enhanced transformer aging estimation 

method is proposed based on detailed and accurate nonlinear modelling of three-

phase multi-leg transformers. 

 

6.3 PROPOSED ENHANCED AGING ESTIMATION BASED ON ACCURATE 

NONLINEAR THREE-PHASE TRANSFORMER MODEL 

This section describes the proposed aging estimation method and improvement over 

the conventional WHF approach. An overview of the computational method for 

transformer additional losses based on the nonlinear three-phase multi-leg 

transformer core model used for estimating aging is described. The model features 

accurate representation of seldom considered hysteresis nonlinearities (major and 

minor loops) with core asymmetry and magnetic cross-coupling effects in the core-

leg fluxes. These effects have so far been ignored in conventional transformer aging 

studies. 

An improvement to the WHF computation is made possible through detailed loss 

analysis enabled by the three-phase nonlinear transformer model. According to the 

definition, WHF is the ratio of the total harmonic losses to the fundamental losses in 

the transformer. As an alternative to using the right-hand-side of (6.2) which only 

considers terminal voltage characteristics, the model can be used to directly evaluate 

fundamental and harmonic losses for the WHF as follows: 

1,total

,total
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where primary and secondary phase currents h
kp

I ,  and h
ks

I ,  as well as hysteresis and 

eddy loss currents h
k

I ,eddyhys+  are computed from the nonlinear model at each harmonic 

h for each phase k=(a, b, c).   

The formulation of losses from the electromagnetic circuit includes the effect of core 

nonlinearities, hysteresis and eddy current losses, as well as load current 

(fundamental and harmonic) ohmic losses in the windings. The asymmetric loss 

distribution exhibited in multi-leg core structures is also considered with different 

hysteresis functions (2.4)-(2.5) defined for each core-leg. Furthermore, the 

electromagnetic solution fully considers the harmonic couplings and interactions 

with system harmonics, load and transformer nonlinearities currently ignored in the 

conventional WHF calculation (6.2). Through direct evaluation of WHF in (6.10)-

(6.11), subjective machine dependent parameters k and l of (6.2) no longer need to be 

determined since the model mimics the electric machine characteristics.  Thus, it is 

then possible to carry out the rest of the aging calculation based on Arrhenius’ 

thermal reaction rate theory as described in Section 6.2.  Fig. 6.2 depicts the 

augmented nonlinear transformer model for the purpose of aging estimation with 

terminal voltage distortions and (un)balanced nonlinear loads. 
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6.4 RESULTS AND DISCUSSION 

Extensive simulation tests are performed for four types of three-phase transformer; 

T1: 1.65 kVA ( 355/3440  V), T2: 7.5 kVA (380/220 V), T3: 60 kVA (380/220 V) 

and T4: 2 MVA (25000/575 V) with three-leg cores (Appendix A) operating under 

(un)balanced (non)linear conditions. WHF and transformer aging are compared for 

the proposed aging calculation method and the conventional estimation approach 

under various operating conditions as shown in Table 6.2. The selected case studies 

depict practical scenarios of transformer operation under degraded power quality 

conditions. Therefore, case studies have been performed at different load levels, 

harmonic distortions and unbalanced conditions in order to test the validity of the 

different aging estimation methods. Time-domain waveforms of transformer currents 

and voltages are shown for selected cases in Figs. 6.3 to 6.4 and 6.6 to 6.7. 

Table 6.2 

Effect of degraded power quality on three-phase distribution transformer aging. 
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Table 6.2 (Continued) 
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6.4.1 Sinusoidal voltage and linear loads 

The transformers were simulated under ideal conditions with pure sinusoidal 

terminal voltages and resistive loads. As expected, the predicted aging based on the 

model and conventional WHF approach showed no loss of life due to no additional 

transformer losses and temperature rise in the absence of harmonic distortions (Table 

6.2, row 2). 

6.4.2 Terminal voltage distortions and linear loads 

The effect of terminal voltage distortions on WHF and transformer aging is 

investigated for a balanced resistive load. The commonly occurring 5th voltage 

harmonic was simulated at the transformer primary terminals with phase angles of 0 

and 180 degrees at 5, 10 and 20% magnitude of the rated voltage. For harmonic 

magnitudes less than 5%, the aging estimation based on the nonlinear transformer 

model is predicted to be up to 1.1% loss of the rated life while the conventional 

approach predicts between 1 to 4% aging.  

Higher harmonic levels greater than 10% result in significant increases in aging 

based on the conventional approach, but not so severe increases using the 

transformer model (up to 4.1% loss of life with 20% of 5th harmonic). In these cases, 

the phase angle of the voltage harmonic has negligible impact (Table 6.2, rows 3-4). 

6.4.3 Sinusoidal voltage and nonlinear loads 

The previous case is repeated for pure sinusoidal terminal voltages with two different 

nonlinear loads connected at the transformer secondary.  The loads consist of a 6-

pulse diode rectifier and 12-pulse diode rectifier. The 12-pulse diode rectifier 

consists of two 6-pulse rectifiers connected in series which must be supplied from 

secondary and tertiary windings with star and delta connections in order to produce 

two 30-degree phase shifted three-phase voltage sets for the 12-pulse action.  

Results indicate that under rated load currents with the 6-pulse rectifier load, the 

model based aging approach predicts approximately up to 6% loss of life (Table 6.2, 

row 5). The 12-pulse load results in a smaller loss of life (~3.5%) due to the load 
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current exhibiting less distortion (Table 6.2, row 6). On the other hand, for both cases 

the conventional WHF calculation shows negligible aging. This highlights a 

significant shortcoming of the conventional approach which in this case is only 

considering the sinusoidal terminal voltage and ignores the additional fundamental 

and harmonic losses caused by the nonsinusoidal load currents.   

6.4.4 Terminal voltage distortions and nonlinear loads 

The effect of terminal voltage distortions combined with the transformer serving the 

same nonlinear loads as before is investigated (Table 6.2, rows 7-10). Compared to 

the previous case, the predicted model based aging significantly increases to 

approximately 7% loss of life for rated loading with the 6-pulse rectifier with 10% of 

5th voltage harmonic.  Again, the aging is not so severe for the 12-pulse rectifier load 

since the load current more approximates a sine wave versus 6-pulse rectifier (Figs. 

6.3 and 6.4). 

Unlike previous cases, the voltage distortions (magnitudes and phase shifts) have a 

noticeable interaction with the current harmonics generated by the nonlinear loads.  

This is indicated by the variation of the model based WHF which responds to 

changes in transformer losses when the phase angle of the 5th harmonic is changed. 

The conventional WHF approach is much less sensitive to these changes as it does 

not consider the harmonic couplings and interactions of load, transformer and source 

distortions. The sensitivity of WHF for linear and nonlinear loads to phase angle of 

harmonics is depicted in Fig. 6.5. 

Moreover, the conventional WHF calculations are insensitive to voltage harmonic 

phase-angles according the conventional WHF definition of (6.2).  For the same 

reasons, the conventional WHF does not respond significantly to changes in load 

level which leads to false aging prediction for lighter loads. The proposed aging 

method accurately factors in load levels, transformer nonlinearities and current-

voltage harmonic interactions in the loss computations of the transformer model. 
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Fig. 6.3.  Transformer waveforms for terminal voltage harmonics (5% of 5th 

harmonic at a phase angle of 0 degrees) with nonlinear load (6-pulse rectifier).  

Primary and secondary winding voltage and currents as well as core-loss currents are 

shown in per-unit of peak rated values. 
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Fig. 6.4. Transformer waveforms for terminal voltage harmonics (5% of 5th harmonic 

at 0 degrees phase shift) with nonlinear load (12-pulse rectifier).  Primary/secondary 

voltages and currents are shown in per-unit of peak rated values. Secondary and 

tertiary windings are necessary for the 12-pulse rectification action and therefore 

exhibit different harmonic contents due to the 30 degree phase shift in the star and 

delta connected windings. 
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Fig. 6.5.  Influence of voltage harmonic phase angle for 10% of 5th harmonic on 

WHF computed by conventional and nonlinear modelling approaches for linear and 

nonlinear loads. The large variances in WHF under nonlinear loads indicate a notable 

interaction between the terminal voltage and load current harmonics which impact 

the overall transformer additional losses. 

 

Fig. 6.6.  Transformer primary winding currents for unbalanced sinusoidal voltages 

(phase b voltage is 5% above nominal) and 12-pulse rectifier load. 
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Fig. 6.7.  Transformer primary (solid lines) and secondary (dashed lines) winding 

currents for unbalanced linear and nonlinear loads (phase a: half-wave rectifier, 

phase b: half-wave rectifier and phase c: resistive load). 

 

6.4.5 Unbalanced supply with nonlinear load 

Voltage imbalance in power systems is a common occurrence due to unbalanced 

single-phase loads, poor transmission line transpositions, unsymmetrical capacitor 

bank switching and single-phase faults. Furthermore, the three-leg core structure 

itself is also a source of imbalance with different centre and outer leg (phase) 

nonlinear reluctances. Such operation can unbalance the voltages and mmfs 

developed in the transformer electromagnetic circuit which leads to a nonuniform 

loss distribution in the transformer windings and core. Unbalanced voltage condition 

is simulated by increasing phase b voltage to 5% above nominal while the 

transformer is supplying a 12-pulse rectifier load. This results in unbalanced line 

currents and harmonic distortions in each phase as shown in Fig. 6.6. The resulting 

aging is computed to be over 3% loss of service life at full continuous load. In such a 

case, the conventional WHF approach is invalid as there is no consideration for 

multi-leg asymmetric core geometries, non-uniform core losses and phase imbalance 

of transformer mmfs. 

6.4.6 Asymmetric nonlinear loads 

An asymmetric load condition is simulated with unbalanced linear and nonlinear 

loads that result in the propagation of different harmonic currents in each phase. This 
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is of significance for new loading patterns expected for example by Plug-in Electric 

Vehicles (PEVs) which are growing in popularity [118, 119].  PEVs will employ 

single-phase ac/dc converters for battery chargers that may cause unbalanced single-

phase distortions in residential networks. This was investigated by placing two 

single-phase half-wave diode rectifiers on phases a and b with a resistive load on 

phase c. The full-load transformer current waveforms are shown in Fig. 6.7 which 

contributes to a drastic increase in WHF and transformer aging (over 9% loss of life) 

as predicted by the nonlinear model. As in the previous case, the conventional WHF 

aging calculation is not applicable for asymmetric transformer operating conditions. 

 

6.5 CONCLUSION 

This study presents a new approach to the calculation of transformer aging in 

asymmetric three-phase three-leg transformer cores with (un)balanced 

(non)sinusoidal excitation and (non)linear (a)symmetric loading. The proposed 

approach improves upon the accuracy of calculating weighted harmonic factor 

(WHF) through accurate transformer loss modelling considering (un)balanced 

(non)linear loads, terminal voltage imbalances and harmonics. The loss modelling is 

based on a nonlinear three-phase three-leg transformer model which features the 

inclusion of magnetic flux couplings and dynamic core hysteresis effects in 

asymmetric multi-leg core structures.  For comparison, aging estimations are carried 

out for four types of three-phase three-leg transformers. The main conclusions are: 

• The proposed aging technique is applicable to a wider range of transformer 

operation versus the conventional WHF aging estimation that only considers rated 

single-phase and rated balanced three-phase conditions. 

• The proposed model based aging calculations properly consider the internal 

transformer nonlinearities combined with the operating environment that includes 

grid disturbances (e.g., odd and even harmonics with imbalances) and load 

characteristics (e.g., (non)linear (un)balanced behaviour). 
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• The loss behaviour and resulting aging are shown to not only be influenced by the 

magnitude of the voltage harmonic, but also the phase angle. The effect is more 

pronounced for nonlinear loads as there is a crucial interaction between the 

voltage and current harmonic magnitudes with phase-shifts that is not considered 

in the conventional WHF definition. 

• Results indicate that unbalanced nonlinear loads with different harmonic levels in 

each phase can cause a significant rise in transformer aging. This is of concern for 

new unbalanced single-phase loading conditions such as Plug-In Electric Vehicles 

now appearing in distribution systems and smart grids which employ 

nonsinusoidal ac/dc battery chargers circuitry. 

• Based on the premature aging results for four types of transformers (Table 6.2), it 

is recommended to perform more frequent maintenance and monitoring of 

distribution transformers with (non)sinusoidal terminal voltages with imbalances 

and asymmetric linear/nonlinear loading conditions. An evolving situation is the 

loading of power transformers in smart grid configurations with unbalanced 

(single-phase) charging of plug-in electric vehicles (PEV) in residential feeders 

and three-phase nonlinear PEV charging stations in distribution networks 

• The modelling approach relies on electric and magnetic equivalent circuits that 

could be modified to perform aging estimations for other electrical machines (e.g., 

five-leg transformer core and induction machines). 
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Chapter 7.  Transformer operational issues in 

future smart grids with plug-in electric vehicles 

7.1 INTRODUCTION 

The power networks industry is on the verge of a revolutionary transformation that 

has not been experienced since the founding of the electricity system in the late 

1800s.  Reminiscent of the “War of Currents” debate [120-126] that took place over 

a century ago about the merits of ac versus dc transmission systems, a massive 

network overhaul toward a “smart grid” is currently being considered [127-132]. 

This debate is very much apparent in industry and research communities through 

many recent conferences held and new research journals opened on this subject over 

the last 3 years.   

Indeed, many governments are allocating significant resources in exploring this new 

frontier as the electrical energy market is fundamental to many countries economic 

growth. In lieu of these new developments, it is worthwhile to investigate possible 

future smart grid operational scenarios and the corresponding demands imposed on 

power system components operating within a smart grid system.  To that end, this 

chapter looks at the importance of transformer performance considering smart grid 

related operations such as coordinated and uncoordinated PEV battery charging. 

7.1.1 Smart grids 

The smart grid is a new term that refers to a broad collection of technologies aiming 

to transform the electricity network to become more flexible, economic, reliable, 

secure and efficient [133]. It is being heralded as the new paradigm for future designs 

of power transmission and distribution systems for the 21st century. While aiming to 

improve energy efficiency and reliability [134, 135], it is also to function toward 

improving security of customer supply with self-healing and automatic 
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reconfiguration of the grid in response to electrical disturbances, natural disasters, or 

malicious activity [130, 136].   

Traditional distribution grids based on century old design philosophies must be 

updated to contend with flexible grid operations and new energy requirements of the 

future [128, 131, 132]. This is particularly relevant in the current trend toward 

deregulating power industries, promoting new energy marketing opportunities, 

increasing integration of renewable energy sources, and new loading patterns 

expected such as battery charging of multiple Plug-In Electric Vehicles (PEVs) in 

residential networks.  Due to these new challenges, it must be expected that the 

transition to smart grids will likely lead to new transformer operational performance 

issues as investigated in this study.  

The backbone of a smart grid is envisaged to be a bi-directional communications 

network providing the framework for real-time monitoring and control of 

transmission, distribution and end-user consumer assets. This includes demand-side 

management functions with smart metering, sensors and load control of smart 

appliances for effective coordination and usage of available energy resources [118, 

137, 138]. Although these functions are the core of future smart grid operations, it 

should be noted that concepts such as automation in load management and extending 

SCADA monitoring and control to the distribution and consumer level have already 

been developing as early as the 1980s [139, 140]. These efforts are now being 

accelerated with renewed interest and momentum under the smart grid mantra. To 

that end, this research explores some of these new developments for its potential in 

affecting distribution transformer lifecycle performance. 

7.1.2 Utility challenges in smart grids and plug-in electric vehicles 

PEV charging is likely to take place in public or corporate car parks, electric 

charging stations, or at a customer’s premises [141].  From the utilities point of view, 

the adoption of PEVs into distribution systems represents a number of challenges and 

potential network reliability issues [131, 142].  Many questions arise such as to 

whether or not the infrastructure is capable of supporting mass PEV charging and 
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what the alternatives are to costly upgrades of network assets. Even without PEVs, 

many countries distribution systems are frequently overloaded (e.g., hot climate areas 

with increased air-conditioned usage).  Adding PEVs to this already fragile situation 

may severely stress the distribution system beyond their capacities. Smart grid 

technologies such as coordinated smart charging are being explored as a possible 

solution to managing the PEV charging problem [118, 141].   

The main problem from the utilities perspectives is that PEV battery chargers 

represent a sizeable and unpredictable load.  As PEV battery capacities continue to 

increase, so do the ratings of the PEV chargers.  In great numbers, PEV chargers 

could significantly stress local neighbourhood distribution circuits. Distribution 

transformers, which are the weakest link in residential grids, could become the 

bottleneck for network congestion thereby becoming heavily loaded thus increasing 

the likelihood of equipment failure potentially blacking out entire suburbs.  A quite 

plausible scenario is that numerous PEV owners will arrive home from work within a 

narrow time period and immediately plug-in their vehicles to charge during a time of 

already high peak demand. These uncoordinated and random charging activities 

could significantly stress the distribution system causing severe voltage fluctuations, 

suboptimal generation dispatch, degraded system efficiency and poor economy.  In 

view of these future loading patterns, this study focuses on the impacts of 

uncoordinated and coordinated PEV charging with particular emphasis on 

transformer loading issues. 

 

7.2 STUDIED SMART GRID DISTRIBUTION SYSTEM 

A smart grid system study considering coordinated and uncoordinated PEV charging 

is carried out in the steady-state using modified load flow algorithms coded in a 

MATLAB programming environment [143]. Different types of PEV battery charging 

scenarios are programmed to evaluate the corresponding power flow patterns and 

their impacts on transformer operation.  In the following case studies, extensive 

simulations have been performed for a large and realistic distribution system 
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topology with varying penetrations and random plugging in of PEVs. This section 

describes the implemented test system configuration simulating a smart grid as well 

as PEV battery and charger characteristics, system loads and the justifications for the 

assumptions necessary for the analysis. 

7.2.1 System under study 

A large test system consisting of a main high voltage feeder (23 kV) with several low 

voltage networks (415 V) is implemented in the study. The high voltage feeder is a 

30 bus test system [144] combined with several low voltage sections based on a 

typical 53 node 415 V residential system in Western Australia (WA) [145]. Each 

node of the low voltage networks represents individual households where vehicles 

 

Fig. 7.1.  The 1200 node smart grid distribution system consisting of a 23 kV 30 bus 

test system connected to low voltage 415 V networks (53 nodes each) through 22 

distribution transformers (DT-10 to DT-31) populated with PEVs.   
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may plug in for charging (Fig. 7.1). There are a total of 22 low voltage residential 

networks supplied from the main 23 kV high voltage buses via 100 kVA distribution 

transformers. This system has a total of 1200 nodes which is implemented using the 

MATLAB software package.  The data for this system is listed in Appendix D. 

7.2.2 Load profile for residential households 

Typical household load profiles without PEV loads (Fig. 7.2) are simulated over the 

course of a day based on actual recordings from a distribution transformer in Western 

Australia’s South-West Interconnected System (SWIS). A constant power factor of 

0.9 is assumed with an average house peak demand of 1.5 kW.   

 

Fig. 7.2. Typical daily load curve for Western Australian residential networks for 

modelling household daily load variations (without PEVs). 

 

7.2.3 Plug-in electric vehicles charger load profile 

Based on currently available PEVs on the market, each PEV battery is assumed to 

have a maximum storage capacity of 10 kWh [9]. A depth of discharge of 70% of the 
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rated battery capacity is assumed as is typically expected for prolonging charging 

cycles and battery life expectancy.  Therefore, 8 kWh of energy is required per PEV 

battery bank, given a typical charging efficiency of 88% [10].  

7.2.4 Ratings of PEV chargers 

A 4 kW rating for internal PEV battery chargers that can be plugged into residential 

household supply is assumed with a unity power factor. This charger rating is within 

the capability of most modern day residential circuits and wiring standards (e.g., in 

Western Australia) which can typically carry 10 to 20 amps from a single phase 230 

V supply. Therefore, next to air-conditioning, PEV charger loads are expected to be 

one of the most dominant loads in PEV owner households [11]. Rapid charging is a 

feature also offered in some PEV models, but it is not considered in this analysis as it 

would require reinforcement of household wiring and an external battery charger 

connection with a significantly higher power rating (e.g., from rapid-charge stations 

or three-phase connections). 

7.2.5 PEV penetrations and priority charging time zones 

Random and uncoordinated PEV charging for different PEV penetration levels of 

17%, 31%, 46% and 62% are simulated which reflects different charging power 

levels and loading patterns in the near or long-term future.  The PEV penetration 

level is defined as the ratio of the total number of PEV nodes to the total number of 

low voltage nodes (households).  

7.2.6 Distribution transformers 

The loading patterns of the multiple 100 kVA 22kV/415V distribution transformers 

supplying neighbourhoods with PEVs in the test system are of interest in this study. 

The selected transformer ratings and impedance values are representative of 

presently in-service distribution transformer types used in Western Australia.  The 

system and transformer impedance data are listed in Appendix D. A small 

inconsistency is noted here in that the implemented 30 bus test system [144] is a 23 

kV feeder whereas in Western Australia, similar type feeders operate at a lower 
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nominal voltage of 22 kV, hence the 22 kV/415 V transformer. This difference in 

voltage level should not have a noticeable impact on the study results and hence 23 

kV voltage level is maintained throughout the simulations in accordance with the 30 

bus test system in [144]. 

 

7.3 DISTRIBUTION TRANSFORMER LOADING WITH MULTIPLE 

UNCOORDINATED PEV CHARGING ACTIVITY 

In the following case study, random and uncoordinated plugging in of PEVs for 

charging is simulated.  The random arrivals and plugging-in times follow a normal 

distribution simulated for three different time spans throughout the day as follows:  

1800h-2200h: This time zone is representative of PEV owners who immediately, or 

after some fixed time delay, plug-in their electric vehicles to charge on arrival from 

work at the end of the day. This is a realistic time span which coincides with most of 

the residential on-peak demand period.   

1800h-0100h: Rewards and incentives schemes (e.g., cheaper electricity prices 

during off-peak hours) could persuade PEV owners to charge their electric vehicles 

later in the evening at partially off-peak times. Therefore, a wider range of 

uncoordinated and randomised time distribution of PEV charging is considered in 

this time span.  

1800h-0800h: This case investigates a highly dispersed time distribution of random 

PEV charging where night time off-peak charging also occurs. 

Based on 24 hour load flow analysis with simulated random PEV plug-in activity, 

the resulting system loading patterns, voltage profiles and individual distribution 

transformer load currents are computed (Figs. 7.4-7.11 and Tables 7.3-7.4). 
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Fig. 7.3.  System demand with random uncoordinated PEV charging (47 % PEV 

penetration) occurring between 1800-0800 hrs (thick line: no PEV curve). 

 

Fig. 7.4.  Voltage profile at worst node (17-R48) for random uncoordinated PEV 

charging (47 % PEV penetration) occurring between 1800-0800 hrs. 

 

without PEVs 

with PEVs 
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Fig. 7.5.  Daily load currents in all 22 distribution transformers with random 

uncoordinated PEV charging occurring between 1800-0800 hrs. 

 

Fig. 7.6. System demand with random uncoordinated PEV charging (47 % PEV 

penetration) occurring between 1800-0100 hrs (thick line: no PEV curve). 
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Fig. 7.7. Voltage profile at worst node (15-R48) for random uncoordinated PEV 

charging (47 % PEV penetration) occurring between 1800-0100 hrs. 

 

Fig. 7.8.  Daily load currents in all 22 distribution transformers with random 

uncoordinated PEV charging occurring between 1800-0100 hrs. 

without PEVs 

with PEVs 
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Fig. 7.9.  System demand with random uncoordinated PEV charging (47 % PEV 

penetration) occurring between 1800-2200 hrs (thick line: no PEV curve). 

 

Fig. 7.10. Voltage profile at worst node (15-R48) for random uncoordinated PEV 

charging (47 % PEV penetration) occurring between 1800-2200 hrs. 

without PEVs 

with PEVs 
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Fig. 7.11. Daily load currents in all 22 distribution transformers with random 

uncoordinated PEV charging occurring between 1800-2200 hrs. 

Table 7.1 
Transformer load currents with random uncoordinated 

charging for different PEV penetrations and time spans. 

PEV (%) Imax (pu)* Imin (pu)* Iavg (pu)** 

No PEVs 

0 1.00 (DT-15 @ 18:15 hrs) 0.3192 (DT-29 @ 04:00 hrs) 0.6560 

Random Uncoordinated PEV Charging occurring between 1800-0800hrs 

17 1.1017 (DT-17 @ 19:00hrs) 0.3192 (DT-29 @ 04:00hrs) 0.6905 

31 1.1528 (DT-26 @ 19:45hrs) 0.3216 (DT-17 @ 04:15 hrs) 0.7179 

46 1.3147 (DT-19 @ 21:30 hrs) 0.3220 (DT-14 @ 04:00 hrs) 0.7489 

62 1.4587 (DT-20 @ 19:45 hrs) 0.3659 (DT-20 @ 04:30 hrs) 0.7804 

Random Uncoordinated PEV Charging occurring between 1800-0100hrs 

17 1.2240 (DT-13 @ 19:30 hrs) 0.3192 (DT-29 @ 04:00 hrs) 0.6913 

31 1.3624 (DT-31 @ 20:30 hrs) 0.3192 (DT-31 @ 04:00 hrs) 0.7196 

46 1.7230 (DT-15 @ 20:00 hrs) 0.3192 (DT-29 @ 04:00 hrs) 0.7515 

62 1.8819 (DT-12 @ 21:00 hrs) 0.3192 (DT-29 @ 04:00 hrs) 0.7845 

Random Uncoordinated PEV Charging occurring between 1800-2200hrs 

17 1.3773 (DT-12 @ 19:30 hrs) 0.3192 (DT-29 @ 04:00 hrs) 0.6919 

31 1.7385 (DT-11 @ 19:45 hrs) 0.3192 (DT-29 @ 04:00 hrs) 0.7212 

46 2.1684 (DT-13 @ 19:45 hrs) 0.3192 (DT-29 @ 04:00 hrs) 0.7542 

62 2.5788 (DT-14 @ 19:45 hrs) 0.3192 (DT-29 @ 04:00 hrs) 0.7891 
 

      *) Load currents in per-unit of peak rms transformer load with no PEVs 
      **) Daily average of all transformer load currents 
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Table 7.2 
Voltage performance with random uncoordinated 

charging for different PEV penetrations and time spans. 

PEV (%) Vworst (pu) Vavg *(pu) Worst Node Worst Time** 

No PEVs 

0 0.9225 0.9729 15-R33 18:15 hrs 

Random Uncoordinated PEV Charging occurring between 1800-0800hrs 

17 0.88362 0.97134 14-R48 18:30 hrs 

31 0.87091 0.97035 16-R14 18:30 hrs 

46 0.88543 0.96955 17-R48 21:30 hrs 

62 0.86302 0.96852 11-R52 18:30 hrs 

Random Uncoordinated PEV Charging occurring between 1800-0100hrs 

17 0.88004 0.97129 14-R48 20:00 hrs 

31 0.86213 0.97025 12-R14 19:00 hrs 

46 0.85499 0.9694 15-R48 20:00 hrs 

62 0.82929 0.96828 12-R52 20:45 hrs 

Random Uncoordinated PEV Charging occurring between 1800-2200hrs 

17 0.87315 0.97126 15-R48 19:45 hrs 

31 0.83628 0.97016 15-R14 20:00 hrs 

46 0.83336 0.96926 15-R48 19:45 hrs 

62 0.79416 0.96803 14-R52 19:45 hrs 
 

    *) Daily average of all node voltages 
    **) Time at which worst voltage occurs (to the nearest 15 minutes) 
 

Uncoordinated multiple PEV charging patterns and their effects on individual 

distribution transformer load currents and network voltage profiles are shown in 

Figs. 7.3-7.11 and summarised in Table 7.1. For multiple PEV charging activity 

occurring randomly within the time period 1800-0800 hrs, transformer load peaks up 

to 15% above the nominal no-PEV current for PEV penetrations up to 31%. This 

highly diversified random charging pattern is a possible but unlikely scenario unless 

some form of control or reward incentives is implemented to encourage night time 

charging.  Nevertheless, it is worthwhile considering these effects if PEV chargers 

could conceivably be programmed to randomise their activation, having the 

advantage of not requiring smart grid communications infrastructure. As indicated in 

Table 7.1, such randomisation could diversify the PEV charger loads enough to 

avoid severe transformer stresses for low PEV penetrations.  However, for higher 

PEV penetrations, even with diversified random charging over a wide time 

distribution of 1800-0800 hrs, transformer rms currents peak to over 45% above 

nominal no-PEV currents.  
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A more realistic uncoordinated PEV plugging-in scenario is simulated where 

charging occurs within a narrower time distribution of 1800-0100 hrs. This less 

diversified pattern is because PEV owners are expected to arrive home after work 

hours with the bulk of PEVs plugging in during peak time and gradually decreasing 

in plug-in rate toward the late evening (Figs 7.6-7.8 and Table 7.1).  Results indicate 

that transformer peak load currents increase from 22 to 88% for PEV penetrations 

from 17 to 62%, respectively, and significant voltage drops become apparent in the 

low voltage networks.  Further narrowing the time distribution of random PEV plug-

in events to 1800-2200 hrs results in even more network congestions and severe 

loading conditions.  For low PEV penetrations of 17% to 31%, the transformer load 

current varies significantly from 37 to 74% above nominal no-PEV transformer load 

currents because the uncoordinated PEV charging coincides more with the peak 

residential load demand. This raises grave concerns of significant stress on 

distribution circuits and transformers with the prospect of more frequent and costly 

network upgrades. 

 

7.4 DISTRIBUTION TRANSFORMER LOADING WITH 

COORDINATED PEV CHARGING ACTIVITY 

Several recent studies over the past two years have proposed novel methods of 

coordinating multiple PEV battery chargers in residential systems as opposed to 

allowing PEVs to charge immediately upon connection in an uncoordinated manner. 

These methods consider the performance of the system as a whole based on heuristic 

and optimisation methods. A recently proposed PEV charging coordination approach 

offers to minimise network congestions, operational costs and power losses based on 

maximum sensitivities selection (MSS) optimisation [119, 141, 146-148].  This MSS 

smart charging coordination approach is implemented in this study to decide which 

PEVs begin charging and at what time [119, 147]. Unlike other methods, this 

approach considers PEV owner subscriber charging priorities in the coordination 

problem and can be applied to very large systems. The focus of this analysis is on 
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transformer operation with multiple PEV charging activity over a 24 hour period. 

This section gives a brief overview of the implemented smart charging approach; 

however the finer details of the coordination algorithm are omitted for the sake of 

brevity but can be found in recently published related articles [119, 147, 149, 150]. 

7.4.1 PEV charger coordination constraints 

An important factor in distribution system operation is the regulation of voltages 

within acceptable limits. The implemented charger coordination strategy has 

included the voltage limits as a constraint in the algorithm. The voltage limits are set 

to ± 10% ( puV 9.0min =  and puV 1.1max = ) which is typical of many distribution 

systems, 

.n...,,1kfor     VVV max
k

min =≤≤         (7.1) 

where k is the node number and n is the total number of nodes.  

A second constraint is to prevent the occurrence of a system overload condition that 

may be caused by PEV charging.  Therefore, the total maximum system demand of 

the distribution system is specified such that total power consumption at each time 

step h (∑Demand
h) is limited to the peak demand level (Dmax) that would normally 

occur without any PEVs charging in the residential networks.   

.24,...,1hfor     ,DPDemand max

n

1k

h
load,k

h =≤= ∑∑
=

    (7.2) 

This has a direct impact on the loading of the main substation transformer supplying 

the 1200 node smart grid distribution system. 

7.4.2 Coordination objectives 

The minimisation of system demand and total system power losses for the PEV 

charging time is the main objective of this coordination algorithm. This also has a 

direct impact on maximising distribution system economy by limiting the cost of 

energy that would otherwise be expended on cable and transformer losses. In order to 

achieve this, the following objective function is used: 
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=       (7.3a) 

where hstart and hend correspond to the starting and ending charging times within the 

selected charging time zone, respectively and  h
load,kP  is the load demand of node k at 

time step h. The loss minimisation objective is defined as the minimisation of 

incremental system losses over 24 hours:  

∑
=

=
24

1h

h
lossloss PW  min          (7.3b) 

Based on Newton-based power flow outputs, the power losses of the distribution 

system are computed from line losses in sections between nodes k and k+1 is  

2

1k,kk1k,k1k,k)1k,k(loss
yVVRP 
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and the total power loss is 

∑
−
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PP           (7.5) 

7.4.3 PEV penetrations and priority charging time zones 

Four PEV penetration levels of 17%, 31%, 46% and 62% are simulated. For each 

penetration level, PEVs are grouped into three priority time zones (e.g., red, blue and 

green zones) which PEV owners can subscribe to depending on how soon they want 

their vehicles charged: 

• Red charging zone (1800h-2200h)-  is for high priority PEV owners wanting 

to charge their PEVs as soon as possible upon return from work in order to 

have their vehicles ready for use later in the evening. As this charging zone is 

coinciding with most of the on-peak period, PEV owners that wish to 

subscribe for high priority on-peak charging will pay a higher tariff rate.  

• Blue charging zone (1800h-0100h)- is offered for medium priority PEV 

owners that prefer to charge their vehicles at partially off-peak periods and 
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pay a lower tariff rate than the red zone. 

• Green charging zone (1800h-0800h)- is the low priority period that most 

PEV charging is expected to take place since most (low priority) consumers 

will require their vehicles fully charged for use throughout the next day.  PEV 

charging during this zone covering off-peak periods will be highly 

encouraged by setting the cheapest tariff rate. 

In this study, the priority groups and residential nodes designated with PEVs are 

randomly allocated. 

7.4.4 Newton-based power flow approach 

The implemented PEV charger coordination approach makes use of a modified 

Newton-based load flow routine to assess the state of the distribution system subject 

to PEV charging.  This includes the evaluation of voltage profile and power losses, 

which is necessary for the computation of the objective function and checking of 

constraints.  Constant power load models are used with their real and reactive powers 

updated through a load curve for each time interval of the day the load flow is 

computed.  In a real smart grid system, it is anticipated that sophisticated state 

estimation techniques and smart metering will obtain the necessary inputs for 

implemented coordination algorithms. 

7.4.5 Smart coordinated PEV charging algorithm 

This study assumes a smart grid communication infrastructure is in place to sense 

PEV connections to the grid and transmit control signals to individual chargers with 

the devised real-time coordination strategy. The algorithm attempts to charge PEVs 

as soon as possible based on their designated priorities while considering network 

operational criteria (e.g., maximum system load, voltage regulation and loss 

minimisation) through the defined objective functions and constraints. 

The coordination algorithm searches from the highest priority group of PEVs (e.g., 

red) and finds the ideal time to schedule PEV charging such that system losses are 

minimised (Eq. 3). The order of vehicle charging is selected based on the maximum 
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sensitivity selection (MSS) optimisation approach [119, 151].  This approach checks 

the sensitivity of each PEV nodes voltage and power loss behaviour to PEV charger 

activation.  The PEV node for each priority group corresponding to the least impact 

on power losses and voltage deviation is selected for charging. This search process 

continues from high to low PEV priorities until all PEV chargers have been 

scheduled.   

PEV nodes whose charging results in out of tolerance conditions (e.g., violating 

voltage and/or generation limits) will be rescheduled until the constraints are 

satisfied. Therefore, not all PEV owners may be able to charge in their preferred 

charging zones and some might be deferred to the next time intervals. Further details 

and explanation of the proposed real-time PEV coordination algorithm are omitted 

for the sake of brevity and can be found in related published articles [119, 147, 149]. 

7.4.6 Coordinated PEV charging results 

The results presented in Figs. 7.12-7.23 and Tables 7.3-7.4 show the simulated 

impacts of various coordinated charging scenarios for multiple PEVs in the 1200 

node test system.  Daily system load curves are computed with voltage profiles and 

individual transformer loads supplying each low voltage residential system.  The 

priority grouping of PEVs can be seen in the coloured system load curves indicating 

that the algorithm is scheduling PEVs to be prioritised within their designated time 

zones.  Most notably, this has the effect of significantly curtailing the system peak 

demand which is more favourable from a standpoint of generation dispatch and 

preventing overloads (e.g., Fig. 7.18 for 46% PEV penetration). This also has the 

effect on limiting the main substation transformer load and improving the system 

efficiency by reducing I2R losses in cables and transformer impedances. The PEV 

coordination algorithm is also maintaining all node voltages within specified 

regulatory limits, even under high PEV penetration levels (Table 7.4).   

The 22 individual distribution transformers that supply the low voltage networks 

show some variability in their daily load cycles depending on PEV penetration level. 

For low to medium PEV penetrations (e.g., 17-46%, Figs. 7.12-7.20), this 
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coordination approach effectively diversifies the PEV charging load such that 

network congestion is largely avoided and the load surges on distribution 

transformers is relatively low (Table 7.3). This is an important consideration as 

distribution transformers will be the weakest link in residential networks and newly 

developing smart grids populated with PEVs. For many of the uncoordinated random 

charging scenarios (Section 7.3), distribution transformers experienced significant 

increases (e.g., over 200%) in peak loading which can affect reliability and expected 

service life.  With the coordination smart charging algorithm, transformer currents 

are significantly reduced by at least 40% when compared to the worst case 

uncoordinated PEV charging.  However, for very large PEV penetrations (e.g., 63%, 

Figs. 7.21-7.23), which could represent long-term future PEV loading patterns, the 

coordination approach begins to show its limitations as the rms current in several 

distribution transformers surges significantly. Nevertheless, these findings 

demonstrate the possibility of deferring and reducing the frequency of costly 

upgrades in distribution transformers if PEV charger coordination measures are 

employed.  

The potential for this type of load control in optimising distribution transformer 

performance is likely to become increasingly important as smart grid technologies 

gain acceptance. Coordination strategies could be extended to other large domestic 

loads such as regulating air-conditioner compressors, dishwashers, washing 

machines and clothes dryers.  Furthermore, there are many other factors that could be 

considered in the development of future coordination strategies that affect 

transformer performance.  For instance, power quality criteria such as THD, 

harmonic power losses and imbalances generated by single-phase nonlinear smart 

appliance loads could be considered in the coordination problem to better manage 

transformer health and improve service life.   
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Fig. 7.12.  System load curve for coordinated charging considering PEV owner 

priorities with 17% PEV penetration.  Solid black line is the system load with no 

PEVs. Stacked colour lines are PEV load lines for designated priorities. 

 

Fig. 7.13. Voltage profile at worst node (10-R48) with coordinated charging (17% 

PEV penetration). 

without PEVs 

with coordinated 

PEV charging 

Maximum demand limit (Eq. 7.2) 
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Fig. 7.14. Load currents for all 22 distribution transformers with coordinated 

charging (17 % PEV penetration). 

 

Fig. 7.15.  System load curve for coordinated charging considering PEV owner 

priorities with 31% PEV penetration.  Solid black line is the system load with no 

PEVs. Stacked colour lines are PEV load lines for designated priorities. 

Maximum demand limit (Eq. 7.2) 
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Fig.7.16.  Voltage profile at worst node (31-R14) with coordinated charging node 

(31% PEV penetration). 

 

Fig. 7.17.  Load currents for all 22 distribution transformers with coordinated 

charging (31 % PEV penetration). 

without PEVs 

with coordinated 

PEV charging 
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Fig. 7.18.  System load curve for coordinated charging considering PEV owner 

priorities with 46% PEV penetration. Solid black line is the system load with no 

PEVs. Stacked colour lines are PEV load lines for designated priorities. 

 

Fig. 7.19. Voltage profile at worst node (12-R48) with coordinated charging (46% 

PEV penetration). 

without PEVs 

with coordinated 

PEV charging 

Maximum demand limit (Eq. 7.2) 
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Fig. 7.20.  Load currents for all 22 distribution transformers with coordinated 

charging (46 % PEV penetration). 

 

Fig. 7.21. System load curve for coordinated charging considering PEV owner 

priorities with 62% PEV penetration. Solid black line is the system load with no 

PEVs. Stacked colour lines are PEV load lines for designated priorities. 

Maximum demand limit (Eq. 7.2) 
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Fig. 7.22.  Voltage profile at worst node (13-R48) with coordinated charging (62% 

PEV penetration). 

 

Fig. 7.23.  Load currents for all 22 distribution transformers with coordinated 

charging (63% PEV penetration). 

without PEVs 

with coordinated 

PEV charging 
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Table 7.3 
Transformer load currents with coordinated charging for different PEV penetrations. 

PEV (%) Imax (pu)* Imin (pu)* Iavg (pu)* 

0 1.000 (DT-15 @ 18:15hrs) 0.3192 (DT-29 @ 04:00hrs) 0.6560 

17 1.0492 (DT-28 @ 20:00hrs) 0.3269 (DT-19 @ 05:00hrs) 0.6907 

31 1.0902 (DT-15 @ 19:15hrs) 0.3657 (DT-19 @ 04:15hrs) 0.7180 

46 1.2035 (DT-15 @ 22:15hrs) 0.4119 (DT-11 @ 04:45hrs) 0.7487 

62 1.4560 (DT-15 @ 21:45hrs) 0.4208 (DT-18 @ 06:45hrs) 0.7803 
 

*) Load currents given in per-unit of peak transformer loading with no PEVs 

 

 

Table 7.4 
Voltage performance with coordinated charging for different PEV penetrations. 

PEV (%) Vworst (pu) Vavg (pu) Worst Node Worst Time* 

0 0.9225 0.9729 15-R33 18:15hrs 

17 0.90025 0.97132 10-R48 21:30hrs 

31 0.90013 0.97035 31-R14 21:30hrs 

46 0.90022 0.96957 12-R48 23:00hrs 

62 0.90025 0.96853 13-R48 23:15hrs 
 

*) Time at which worst voltage occurs (to the nearest 15 minute) 
 
 
 

7.5 CONCLUSION 

Future transformer loading issues concerning PEV charger activity within smart 

grids is explored.  Specifically, the impacts of uncoordinated and coordinated PEV 

charging on low voltage distribution systems were simulated and compared.  A 

recently developed PEV charging coordination strategy was implemented to study 

the benefits of smart charging on reducing stress on distribution transformers with 

different levels of PEV penetration. The coordination algorithm includes PEV owner 
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designated charging priorities, system demand constraints, voltage regulation and 

loss minimisation functions.  The following main conclusions are drawn from this 

study: 

• There is a high probability that uncoordinated PEV charging activity will coincide 

with much of the on-peak demand period since PEV owners are expected to 

charge their vehicles in the evening on arrival from work.  This is shown to cause 

significant transformer load surging issues even under low PEV penetrations. 

• Simulated uncoordinated PEV charging results indicate that the load on local 

distribution transformers for PEV penetrations from 17% to 31% result in a 

significant rise transformer currents (e.g., from 37% to 74% increases).  This is 

indicative of the near future PEV loading patterns expected in some countries as 

PEVs become more popular over conventional fuel based vehicles. 

• Even low PEV penetrations under the most diversified loading conditions (e.g., 

charging distributed over 1800-0800 hrs with overnight charging) can still result 

in significant voltage deviations exceeding tight regulatory limits often imposed in 

low voltage systems.  

• If smart coordinated charging capabilities are not ready in the near future, utilities 

may be faced with the prospect of costly and more frequent distribution 

transformer upgrades until smart grid and coordinated charging facilities become 

available. 

• Simulation results demonstrate the significant benefits of coordinated smart PEV 

charging for diversifying the PEV charging activities such that severe substation 

and distribution transformer load surges are minimised.  A significant reduction in 

the rms current loading was observed versus uncoordinated random charging 

which results in less losses and thermal stress on transformers thereby improving 

component reliability. 

• The implemented coordinated PEV charging approach resulted in all system node 

voltages successfully maintained within specified regulatory limits, even under 
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high PEV penetrations. 

• However, under very high PEV penetrations, e.g., 63% and large systems, 

coordinated charging approach may not fully mitigate from severe increases in 

transformer loading as shown.  However, it can nevertheless defer and reduce the 

frequency of costly distribution transformer upgrades. 
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Chapter 8.  Conclusions 

A range of transformer operational issues and abnormalities covering several types of 

transient and steady-state electromagnetic disturbances have been explored in this 

thesis.  Particularly, new dynamic disturbance effects related to three-phase 

transformer operation have been brought to light especially in the areas of inrush, 

geomagnetically induced currents, harmonic distortion, ferroresonance, and 

transformer aging.  Through the course of these studies, new and improved 

modelling tools have been proposed for accurate electromagnetic transient models of 

three-phase multi-leg transformer cores.  Finally, this thesis extends transformer 

research into the domain of newly emerging smart grids by examining transformer 

performance under coordinated and uncoordinated PEV charging activity in 

distribution grids.   

At the outset of this research, the first stage was to identify short comings of existing 

three-phase transformer modelling studies as summarised in Chapter 2. Through an 

extensive literature review, it became apparent that three-phase transformer models 

had not progressed as far as single-phase transformer models. There was an 

overwhelming tendency in existing transient studies to oversimplify three-phase 

transformer models.  The majority of investigations were based on models that (1) 

ignored magnetic effects of multiple fluxes interacting in different multi-leg core 

geometries, (2) made the assumption of per-phase single-phase transformer models 

approximating three-phase transformer behaviour and (3) oversimplified 

ferromagnetic nonlinearities to the degree of ignoring complicated effects such as 

dynamic magnetic hysteresis (major and minor loop formations).   In order to address 

these shortcomings, Chapter 2 outlined the development of a new three-phase 

transformer model considering detailed effects of magnetic core hysteresis, core-leg 

topology including core structure asymmetry with cross-coupling effects of multiple 
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magnetic core flux paths. 

In Chapter 3, the importance of considering dynamic hysteresis effects into 

electromagnetic transient and steady-state simulations of three-phase transformers 

was shown for no-load and inrush current predictions.  Firstly, a comparison was 

made between using traditional magnetic core models using single-valued nonlinear 

functions versus the proposed model that includes hysteresis nonlinearities.  When 

compared with experimental data for steady-state no-load currents, the proposed 

hysteresis model was shown to agree satisfactorily by being able to reproduce 

measured hysteresis loops and current waveforms.  Following this, the proposed 

model was tested under dynamic electromagnetic conditions by comparing simulated 

waveforms of inrush currents to measurements obtained from a laboratory three-leg 

transformer core. Good agreement was observed under inrush conditions and the 

results indicated that failure to include magnetic hysteresis effects may lead to 

inaccurate peak current estimations and inrush dampening times. These results 

constituted the first successful validation of the proposed transformer model for 

steady-state and transient electromagnetic disturbances.   

Chapter 4 extends the study into a more unpredictable and dynamic electromagnetic 

disturbance known as ferroresonance.  Extensive simulation and experimental studies 

were carried out for a three-phase transformer undergoing ferroresonance initiated by 

unbalanced switching with capacitors. The influence of traditional ferromagnetic 

core modelling assumptions in the creation of false ferroresonance modes as well as 

the omission of more severe chaotic modes were highlighted when hysteresis effects 

and magnetic flux couplings are ignored.  This work demonstrated for the first time 

that ferroresonance oscillations can exhibit different behaviour in each phase as was 

shown experimentally which the model was able to reproduce. For instance, it was 

observed that chaotic voltage waveforms were observed in the open-circuited phase 

while subharmonic or quasi-periodic modes appeared in the other phases. Hence, as 

was typically done in the past, extending per-phase modelling approaches and 

analysis techniques to the study of three-phase transformer ferroresonance behaviour 

can lead to incorrect predictions. 
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Chapter 5 takes the study to one of the largest scale electromagnetic disturbances that 

impact power networks across the world. Geomagnetically induced currents (GICs) 

effects on three-phase transformers were investigated with the aid of the developed 

transformer model together with an experimental test setup designed to mimic GIC 

events.  Noteworthy of this study compared to previous work is the explanation for 

the significance of power system symmetry in suppressing harmonic distortion in a 

dc biased three-leg transformer. Until now, the explanation and theoretical proof for 

this phenomenon had yet to be given.  It is shown through theoretical studies, 

simulation and experimental results why unbalanced GICs in each phase amplify the 

dc components in the fluxes causing half-cycle saturation and highly distorted 

currents in three-phase three-leg transformers.  However, on the hand, when the dc 

biases in the currents and mmfs in each phase are balanced, then the transformer is 

shown to exhibit much less sensitivity to dc bias from GICs because the dc 

components in the core fluxes are suppressed. 

The issue of transformer aging in distorted and unbalanced power networks is 

studied in Chapter 6. There is very limited work currently done on estimating 

transformer aging in the presence of harmonic distortions and system imbalances.  

This chapter details a new enhanced method of transformer aging estimation based 

on the proposed nonlinear transformer model and Arrhenius thermal aging reaction 

equations. The approach significantly expands on previous methods which were only 

applicable to sinusoidal and balanced transformer operation.  Through extensive case 

studies, it is shown that the proposed technique can estimate the loss of life effect 

based on additional fundamental and harmonic losses computed by the proposed 

model.  Moreover, it is shown that unbalanced nonlinear loads such as single-phase 

rectification can cause significant additional power losses and temperature rises 

contributing to loss of life.   

The final part of this thesis looks at future transformer operational issues in smart 

grids with multiple PEV battery charging. This chapter firstly focuses on random 

uncoordinated PEV battery charging in residential networks that might be expected 

from PEVs randomly plugging in at different times of the day. The transformer 
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loading side effects from uncoordinated PEV charging are simulated and discussed 

based on a modified load flow algorithm. The study highlights significant network 

congestion issues where the distribution transformer could become the bottleneck for 

significant overloads, even with low PEV penetrations. The potential benefits of 

coordinated smart charging in averting transformer overloads is also investigated 

using a recently proposed PEV charger coordination strategy. The study results 

indicate the potential for significant benefits of coordinated smart charging in 

alleviating transformer stresses and maximising transformer life.  In general, it is 

concluded that in the wake of smart grid deployment, there is significant potential for 

harnessing smart grid technology to better manage transformer health and service 

life. 

 

8.1 RESEARCH CONTRIBUTIONS 

The main results of this doctoral thesis have been documented and published in 8 

journal articles and over 20 conference papers as listed in Section 1.5. The primary 

research contributions are summarised as follows. 

1. A new and accurate dynamic model of a three-phase transformer is proposed 

which unlike previous models considers the detailed magnetic effects of multiple 

flux paths interacting in asymmetric multi-leg core.  Furthermore, the model goes 

into higher detail for modelling ferromagnetic core nonlinearities by considering 

the multiple hysteresis loop trajectories (major and minor loops) that can be 

generated under distorted nonsinusoidal steady-state and transient conditions. 

2. The transient response of three-phase transformers under inrush conditions are 

studied through comprehensive simulation and experimental tests cases.  For the 

first time, the importance of magnetic hysteresis nonlinearities with their major 

and minor loop trajectories as well as core asymmetry is shown to significantly 

influence no-load magnetisation and inrush current predictions. 

3. A new investigation into the largely unexplored three-phase transformer 
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ferroresonance phenomenon was carried out with the newly proposed nonlinear 

model.  For the first time, new ferroresonance behaviour was identified with 

more accurate mode prediction shown for asymmetric three-phase transformer 

cores with the proposed model.  It was concluded that the common practice of 

oversimplifying transformer models with single-valued non-hysteretic core 

models and ignoring magnetic flux couplings in multi-leg cores results in false 

ferroresonance modes or the omission of more dangerous chaotic modes.  The 

newly proposed transformer model considering hysteresis nonlinearities and core 

topology was able to duplicate measurements of ferroresonance oscillations with 

good accuracy. 

4. Based on improved transformer modelling techniques, new operating conditions 

of three-leg transformers in the presence of geomagnetically induced currents 

(GICs) were uncovered.  It was shown how three-leg transformer cores were 

more prone to current harmonic distortions and half-cycle saturation from 

unbalanced GICs in each phase.  On the other hand, if the GIC dc biases in each 

phase are exactly balanced, the transformer is much less sensitive to the 

damaging effects of GICs since the dc components in fluxes causing saturation 

are minimised.  This was demonstrated through theoretical and simulation studies 

which were successfully confirmed by measurements of a dc biased three-leg 

transformer core. 

5. A novel method of estimating transformer aging in three-phase transformers 

operating in distorted and unbalanced power networks was proposed.  For the 

first time, the aging effects considering voltage-current harmonic interactions, 

three-phase transformer core nonlinearities and unbalanced nonlinear loads are 

included in the aging estimation.  Results indicated that transformer operation 

under unbalanced nonlinear loads resulted in significant transformer aging where 

previous aging methods were not applicable. 

6. This thesis carries out new transformer studies of smart grids and plug-in electric 

vehicle operation impacting transformer operation. The study concluded that 
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uncoordinated PEV charging may result in detrimental transformer performance 

degradation issues that could impact reliability and service life.  A possible 

alternative to alleviate transformer stress was investigated through coordinated 

smart charging of multiple PEV chargers to better manage transformer health. 

 

8.2 FUTURE WORK 

The following research avenues are suggested for future study in continuation of this 

work. 

1. Several of the studied electromagnetic disturbances that impact transformers such 

as inrush, harmonic distortion and unbalanced operation are also known to affect 

rotating machines. This should be further investigated with improved transient 

electromagnetic models. The proposed transformer model has scope to be 

expanded for the study of other electromagnetic devices such as induction 

machines employing similar electric equivalent circuit models. 

2. This thesis covers several transformer electromagnetic disturbances with an 

improved nonlinear model. In continuation of this work, other disturbances could 

be investigated with the proposed model such as the effects of voltage sags and 

swells. 

3. With the deployment of smart grids, transformers will undoubtedly become the 

focal point and weakest links in terms of the reliability of distribution systems.  

Thus, more research is warranted in assessing the future demands and constraints 

of distribution transformers operating with different smart grid functions. 

Examples of this are the integration and coordination of renewable energy 

sources (e.g., rooftop solar photovoltaics) and distributed generation into smart 

grids which, together with PEVs, could further affect distribution transformer 

performance. 

4. As shown in this study, future smart grid functions such as demand response load 

control of smart appliances and PEV battery charging may impact distribution 
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transformer performance. Development of coordination approaches for 

scheduling loads to improve transformer performance (e.g., reducing 

fundamental plus harmonic losses, THD and temperature rises) is a worthwhile 

research topic. 

5. Transformer research into smart grids could further be extended by considering 

the effects of ancillary services of PEVs that are currently being proposed such as 

energy storage, vehicle-to-grid (V2G) discharging and frequency regulation 

support. This may considerably impact distribution transformer loading patterns 

and should be investigated to determine how power quality, transformer service 

life and economic running performance may be affected.   
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Appendix A – Three-phase transformer electric and 

magnetic circuit model parameters 

Electromagnetic circuit parameters for the four studied transformers (T1-T4): 1.65 

kVA ( 355/3440  V), 7.5 kVA (380/220 V), 60 kVA (380/220 V) and 2 MVA (25 

kV/575 V) three-phase three-leg transformers (Tables A1- A2).  Model parameters of 

these transformers have been determined from data available in [26, 28, 39, 152] 

including B-H characteristics, open and short-circuit tests performed in this work. 

Table A1 
Hysteresis and magnetic core model data. 

 

Ascending function ( )xfx
+φ  Descending function ( )xfx

−φ  

Transformer #1 (T1) 

2.0,300,73.0

1.0,1400,65.0

2.0,300,73.0

===

===

===

ccc

bbb

aaa

σβα

σβα

σβα

 

1.0,300,73.0
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σβα
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At/Wb15000 =ℜ , 1.0,0.1,1.0 === cba ρρρ  

Transformer #2 (T2) 
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Table A2 
Transformer data and electric equivalent circuit parameters 

Data 
Description 

T1 T2 T3 T4 

Primary voltage 3440 V 380 V 380 V 25 kV 

Secondary voltage 355  V 220 V 220 V 575 V 

Operating frequency 50 Hz 50 Hz 50 Hz 50 Hz 

Rated power 1.65 kVA 7.5 kVA 60 kVA 2 MVA 

Primary winding 
resistance per phase 

9.4229 Ω 
(0.0268 pu) 

0.313 Ω 
(0.0163 pu) 

0.0036 Ω 
(0.0015 pu) 

0.2604 Ω 
(0.05 pu) 

Secondary winding 
resistance per phase 

0.1472 Ω 
(0.0268 pu) 

0.105 Ω 
(0.0163 pu) 

0.0012 Ω 
(0.0015 pu) 

0.147 Ω 
(0.05 pu) 

Primary leakage 
inductance per phase 

6.3411 mH 
(0.00566 pu) 

0.996 mH 
(5.186e-5 pu) 

0.1524 mH 
(6.332e-5 pu) 

0.138 mH 
(0.025 pu) 

Secondary leakage 
inductance per phase 

0.0991 mH 
(0.00566 pu) 

0.334 mH 
(5.186e-5 pu) 

0.0511 mH 
(6.332e-5 pu) 

0.0013 mH 
(0.025 pu) 

     
Zp, base = N2⋅Zs, base = N2⋅vs, (rated) / is, (rated) (primary referred) 
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Appendix B – Three-phase ferroresonance circuits 

Further system configurations resulting in unbalanced three-phase switching with 

different ferroresonance paths are shown in Fig. A-1. Different combinations of 

three-phase single-pole switching together with delta and star (grounded or 

ungrounded) transformer primary winding connections can result in a ferroresonant 

circuit involving system capacitances in series with nonlinear magnetising 

inductances of the transformer magnetic core 

 

 

Fig. A-1.  Examples of unbalanced three-phase switching resulting in different 

ferroresonance paths (shown in dashed red lines).   
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Appendix C – PSPICE computer program code listing 

Listed here is an example of the developed base code implementation of the 

proposed nonlinear three-phase transformer model programmed in PSPICE syntax 

[27].  Several variations of this code were used and built upon in order to carry out 

different investigations for this thesis.  Although the underlying code for electric and 

magnetic circuit model remains static in all simulation code versions, the transformer 

environment is custom modified to mimic each power quality disturbance for each 

study (e.g., nonsinusoidal functions for load and source behaviour, capacitors and 

switching for ferroresonance, dc sources for GICs, etc.).   

 

********************************************************** 

***** Three-Phase Three-Leg Transformer Model ************ 

***** Rated primary/secondary winding voltage 440/55 V *** 

***** Secondary winding rated at 10 Amps ***************** 

***** Source Code Programmer: Mr. Paul S. Moses  

*****.Date of base version: 1 OCT 2010 ***************************** 

************************************************************** 

 

* Transient analysis settings 

.TRAN 0.2ms 5s 0.0s 0.2ms SKIPBP 

 

* Constants 

.PARAM PI=3.14159265 FSEQ={2*PI/3} FREQ = 50 W0={2 * PI * FREQ}  

+ PHASEDEG = {0} PHASE = {PHASEDEG * PI/180}  

 

* Electrical open and short-circuit test parameters 

.PARAM NP = 1 NS = {1/(440/55)} 
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+ RPRI = 9.4229 RSEC = 0.1472 LPRI = 6.3411m LSEC = 0.0991m 

+ RCORE = 14308  RZERO = 150  

 

* Define nonlinear magnetising characteristic function 

.FUNC H(X,K1,K2) {SGN(X)*(K1*LOG10(K2*ABS(X)+1))} 

 

* Primary phase voltage values (RMS and peak) 

.PARAM URMS = {440} UMAX = {URMS*SQRT(2/3)} 

 

* Magnetising reluctance characteristic function 

+ K1A = 0.92     K1B = 0.7       K1C = 0.92 

+ K2A = 100     K2B = 1000       K2C =  100 

 

* Ramping initial voltage 

ERAMP 1 0 VALUE {TABLE(TIME, 1m, 0, 0.5, 1)} 

 

* Single-phase switching transients 

.MODEL Smod VSWITCH(Ron=1m Roff=1MEG Von=1V Voff=0V) 

Sw1 810 10 501 0 Smod 

Sw2 820 20 502 0 Smod 

Sw3 830 30 503 0 Smod 

ESW1   501 0 VALUE    {1};   {TABLE(TIME,   0, 1,   2.600,1,    2.600000001,0 )} 

ESW2   502 0 VALUE           {TABLE(TIME,   0, 1,    1.0000,1,    1.00000001,0 )} 

ESW3   503 0 VALUE    {1};   {TABLE(TIME,   0, 1,    2.130,1,    2.130001,0 )} 

 

******************************* 

* Electric equivalent circuit * 

******************************* 

* Three-phase voltage source functions connected to transformer primary 

EGA 810 0 VALUE {UMAX*V(1)*COS(W0*TIME  +PHASE)} 

EGB 820 0 VALUE {UMAX*V(1)*COS(W0*TIME-FSEQ+PHASE)} 

EGC 830 0 VALUE {UMAX*V(1)*COS(W0*TIME+FSEQ+PHASE)} 
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* CB grading capacitor 

.PARAM Cseries = 0.03n  

CGA 810 10 {Cseries} 

CGB 820 20 {Cseries} 

CGC 830 30 {Cseries} 

 

* Shunt capacitance 

.PARAM Cshunt = 30.6u 

CPA 10 0 {Cshunt} 

CPB 20 0 {Cshunt} 

CPC 30 0 {Cshunt} 

 

* Primary impedances and winding connections (Star) 

RPRIA  10 12 {RPRI}   ; Winding resistance 

LPRIA 12 14 {LPRI}                   ; Leakage flux inductance 

RCOREA 14 NP {RCORE}                 ; Core loss resistance 

EPRIA  14 NP VALUE {NP*DDT(-I(EFA))} ; Induced voltage 

 

RPRIB  20 22 {RPRI}   ; Winding resistance 

LPRIB 22 24 {LPRI}    ; Leakage flux inductance 

RCOREB 24 NP {RCORE}   ; Core loss resistance 

EPRIB  24 NP VALUE {NP*DDT(-I(EFB))} ; Induced voltage 

 

RPRIC  30 32 {RPRI}   ; Winding resistance 

LPRIC 32 34 {LPRI}    ; Leakage flux inductance 

RCOREC 34 NP {RCORE}   ; Core loss resistance 

EPRIC  34 NP VALUE {NP*DDT(-I(EFC))} ; Induced voltage 

 

* Primary neutral connection 

* VNP NP 0 0; Solidly grounded 

RNP NP 0 {1/0}; Non-grounded 
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* Secondary impedances and winding connections (Star) 

RSECA  40 42 {RSEC} 

LSECA 42 44 {LSEC} 

ESECA  44 NS VALUE {NS*DDT(-I(EFA))}; esa=Ns_dphi_a/dt 

 

RSECB  50 52 {RSEC} 

LSECB 52 54 {LSEC} 

ESECB  54 NS VALUE {NS*DDT(-I(EFB))}; esb=Ns_dphi_b/dt 

 

RSECC  60 62 {RSEC} 

LSECC 62 64 {LSEC} 

ESECC  64 NS VALUE {NS*DDT(-I(EFC))}; esc=Ns_dphi_c/dt 

 

* Secondary neutral connection 

* VNS NS 0 0; Solidly grounded 

RNS NS 0 {1M}; Non-grounded 

 

* Secondary load (open-circuit) 

.PARAM RLOAD = {1/0} 

RLA 40 NS {RLOAD} 

RLB 50 NS {RLOAD} 

RLC 60 NS {RLOAD} 

 

****************************************************** 

***** Magnetic equivalent circuit for three-leg topology ******** 

****************************************************** 

 

EFA 102   0 VALUE {NP*I(EPRIA)+NS*I(ESECA)}; Fa = Np_Ipea+Ns_Isa 

GFA 102 115 VALUE {H(V(102, 115), K1A, K2A)}; phi_a 

 

EFB 202   0 VALUE {NP*I(EPRIB)+NS*I(ESECB)}; Fb = Np_Ipeb+Ns_Isb 

GFB 202 115 VALUE {H(V(202, 115), K1B, K2B)}; phi_b 
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EFC 302   0 VALUE {NP*I(EPRIC)+NS*I(ESECC)}; Fc = Np_Ipec+Ns_Isc 

GFC 302 115 VALUE {H(V(302, 115), K1C, K2C)}; phi_c 

 

* Zero-sequence reluctance 

RD 115 0 {RZERO} 

 

* Flux measurements 

EFLUXA FLUXA 0 VALUE {-I(EFA)} 

EFLUXB FLUXB 0 VALUE {-I(EFB)} 

EFLUXC FLUXC 0 VALUE {-I(EFC)} 

 

******************* 

*** Output plotting *** 

******************* 

 

.PROBE V(10,NP) V(20,NP) V(30,NP) V(40,NS) v(50,NS) v(60,NS); 
primary/secondary phase voltages 

+  I(LPRIA) I(LPRIB) I(LPRIC)                      ; primary winding currents 

+  I(LSECA) I(LSECB) I(LSECC)                   ; secondary winding currents 

+  I(RCOREA) I(RCOREB) I(RCOREC)        ; core loss current 

+  I(EPRIA)  I(EPRIB)  I(EPRIC)               ; magnetising current 

+  V(EPRIA)  V(EPRIB)  V(EPRIC)              ; primary induced voltage 

+  V([FLUXA]) V([FLUXB]) V([FLUXC])  ; flux linkage waveforms 

 

.END 
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Appendix D – 1200 node smart grid test system data 

Table A1 contains the system impedances and branch connections for the simulated 

low voltage 415V residential networks for the PEV smart grid study of Chapter 7.  

The original data is compiled from actual system data for a selected low voltage 

distribution system in the South West Interconnected System (SWIS) of Western 

Australia.  The data is provided by courtesy of Western Power electric utility, Perth 

Western Australia. 

Table A1 

Parameters of the typical low voltage 415V residential systems (Fig. 7.1).   

The 23 kV high voltage 30 bus test system is available in [144]. 

 


