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ABSTRACT
This paper reviews (without equations) the varidaBnitions of height systems and vertical
geodetic datum surfaces, together with their prattrealisation for users in Australia.
Excluding geopotential numbers, a height systema gne-dimensional coordinate system
used to express the metric distance (height) obiatdrom some reference surface. Its
definition varies according to the reference swefabosen and the path along which the
height is measured. A vertical geodetic datunhéspractical realisation of a height system
and its reference surface for users, nominally tibechean sea level. In Australia, the normal-
orthometric height system is used, which is embeduahe the Australian Height Datum
(AHD). The AHD was realised by the adjustment df95,000 km of spirit-levelling
observations fixed to limited-term observationsnoéan sea level at multiple tide-gauges.
The paper ends by giving some explanation of thablpms with the AHD and of the
differences between the AHD and the national gemidiel, pointing out that it is preferable
to recompute the AHD.
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INTRODUCTION
This paper was, in part, inspired by a review @ights’ conducted in the USA (Meyer et al.,
2004; 2005) as part of its so-called height modation programme (NGS, 1998;
http://www.ngs.noaa.gov/heightmod/). Since the d#alian] Intergovernmental Committee
on Surveying and Mapping (ICSM) has also embarked beight modernisation programme



(e.g., Johnston and Luton, 2001), it is instructvelarify the various definitions of ‘heights’
in the Australian context. As well as in the USAdaAustralia, numerous other countries are
now revisiting the definition and realisation okthrespective height systems and vertical
datums (e.g., Christie, 1994; Benciolini et al.020Véronneau et al., 2001; Amos et al.,
2005, Kingdon et al., 2005, among several others).

This review paper also builds upon previous studstated to ‘heights’ in Australia
(e.g., Gilliland, 1986; Holloway, 1988; Mitchell9&88; 1990; Kearsley et al., 1988; 1993;
Morgan, 1992; Steed and Holtznagel, 1994; Feathregset al., 2001). It starts with the
fundamental definitions of the various height syse classifying them into two principal
groups: geometrical height systems that are natte@lto the Earth’s gravity field; and
physical/natural height systems that are fundanigmgated to the Earth’s gravity field. It
simultaneously reviews the various vertical datwn Zero level) surfaces for these height
systems and their practical point-wise realisafcinVanicek, 1991; Zilkoski, 2001). Finally,
the practical realisation of both the height systemd vertical datum used in Australia (i.e.,
the Australian Height Datum (AHD); Roelse et a@71%) is critically reviewed, with the long-
term view of providing an improved vertical spatiaita infrastructure to Australians.

We shall not deal with the unification of verticktums, which has been discussed for
the global case (e.g., Colombo, 1980; Rapp, 1983411995; Rummel and Teunissen, 1988;
Rapp and Balasubramania, 1992; Xu, 1992; Balasudm@mn1994; Rummel and Ik, 1995;
Kumar and Burke, 1998; van Olsen and van Geldet888; Heck and Rummel, 1989;
Pouttanen, 1999; BurSa et al., 2004) and in thetrAlisn context (e.g., Rizos et al., 1991;
Featherstone, 2000; 2002a). Nor shall we deal thightime variation of sea level, gravity,
height systems and vertical datums (e.g., Bir6 31®kman, 1989). All these topics will be
the subjects of future studies in the Australiantegt; once more information about the time-
variability of the Earth’s gravity field comes frothhe new dedicated satellite gravity missions
(e.g., Rummel et al., 2002; Featherstone, 2002pleVaet al., 2004).

HEIGHT SYSTEMS
A height system is a one-dimensional coordinatéesysised to define the metric distance of
some point from a reference surface along a weiheé path, termed simply the height of
that point. While seemingly simple, the heighteopoint can be defined in many subtly
different ways, each of which gives a differentgieicoordinate for the same point. As such,

the definition and use of the term ‘height’ needsagj care.



The largest influence on the adopted height isctiwce of the datum surface, but it
seems to be less well known that the path thatlidtance [height] is measured over is also a
significant contributing factor. Essentially, thesire two classes of height system: ones that
ignore the Earth’s gravity field and thus use giidine paths; and those that are naturally
linked to the equipotential surfaces and plumblioiethe Earth’s gravity field and thus follow
curved paths.

The latter are of most practical and intuitive us@ake the following instructive
example: height differences are used in enginegymgects to determine the flow of fluids
(e.g., a drainage system), where water is expdotéidw down hill from a higher to lower
height. However, it is actually the force of gtsvthat governs fluid flow, not height.
Therefore, selection of a height system that neéglgcavity, or does not use it rigorously,
allows the possibility of fluids appearing to floup hill'. Clearly, such a system is counter-
intuitive, thus reminding us that only heights prdp related to the Earth’s gravity field are
natural and physically meaningful for most (but albt applications.

In recent years, some authors (e.g., SteinbergPamb, 1998; Kumar, 2005) have
become proponents of purely ellipsoidal heighteayst, which neglect the effect of gravity.
Clearly, these are unsuitable for any applicatioat involves fluid flow in any way, among
other reasons (e.g., V&ek, 1998). However, there are cases where theofustlipsoidal
heights alone may suffice, such as the verticalpmmnt of an airborne mapping project or
marine navigation where the hull/keel of a GPS-gatéd ship has to clear seabed depths
expressed in ellipsoidal heights. This aside,utheontrolled use of ellipsoidal heights raises
the issue of compatibility of datasets, where lagra may incorrectly integrate them with
other types of height.

Throughout the sequel, all heights will be reckopeditively away from the Earth’s

centre of mass, with zero values at their respeaatum surfaces, and negative values below.

L evelling loop closures
Historically, the most commonly used techniquetfa practical determination of heights is
spirit levelling. This technique measures the (gewical) height difference between two
points (staves), where the reference surface idotted horizon defined by the set-up of the
levelling instrument. Both staves and the levgllinstrument are aligned with the direction
of the local plumbline (specifically, the gravitgstor) at each respective point.

Using spirit-levelling loop closures is a commord atandard field-check, where the

closure of the observations (e.g., the sum of ‘asd fall' height differences) is usually



expected to indicate the quality of the observatiand help detect gross errors. As well as
the use of levelling loop closures being flawedo(®gual and opposite gross errors in a loop
will still allow that loop to close), a zero missk® is never expected in theory unless the
Earth’s gravity field is properly taken into accourFurthermore, the theoretical loop closure
using spirit-levelling data depends on the routeeta(e.g., Heiskanen and Moritz, 1967,

Chapter 4).

This can be conceptualised as follows. For eathisethe levelling instrument and
staves are aligned with respect to the directiotheflocal gravity vector at each respective
point using spirit bubbles (recall the earlier aggl of fluid flow). Each fore- and back-sight
observation is essentially a geometrical measurer{tere we shall ignore atmospheric
refraction). Since the direction of the gravityctar varies as a function of three-dimensional
position, each set up will use a slightly differgettical alignment.

These different instrumental alignments accumulaigether with the geometrical
observations along the levelling loop, resultinganmisclosure. Moreover, due to the
irregular mass distribution inside the Earth, theoretically expected misclosure will change
depending on the levelling route chosen. In otdeavoid this situation, it is necessary to
apply corrections (described later) for the gravithated misalignment of the instrument and
staves in order for the loop to theoretically cl¢geder the assumption of no measurement
errors). However, this is not necessary for pugggmetric heights (see ellipsoidal heights
below) that do not relate to the Earth’ gravitydie As such, zero loop closures for ellipsoidal
heights derived from GPS surveys can be expectédeiory, but not in practice because of
the intrinsically weaker height measurement fronSGie., larger errors).

In the Australian context, it is worth commentingat most spirit-levelling

observations have been or are conducted to Australiass LC tolerances (ICSM, 2002),

which permit a loop misclose of 1 mm, wherek is the distance levelled in kilometres.
These are also called third-order tolerances (kappert, 1967; Morgan, 1992). This class
LC tolerance is greater than the error that wowdrtroduced by neglecting the corrections
for gravity (especially in the east-west directionlit these corrections cannot be neglected
for class L1A observations (ICSM, 2002). A poirftamncern in this regard is that the
formulas to be used in Australia for these coraetiare not routinely supplied, leaving the
surveyor to decipher and apply the gravity-relatedection in Roelse et al. (1975). It is also
worth noting that the gravity-related corrections aystematic, whereas closure tolerances

tend to assume random errors.



Height Systems Not Related to Gravity: Ellipsoidal Heights

It is conceptually simpler to first deal with purejeometrical height systems, where the
heights are measured along straight lines. Thet mm®ymon geodetic height system not
directly related to gravity is the ellipsoidal heigsystem. We say not directly because
sometimes the reference ellipsoid is defined tcegee its own gravity field (described later).
However, this plays no role in the purely geomatridefinition of the ellipsoidal height

system.

[
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Figure 1. The ellipsoidal height a straight-line distance reckoned along the sdiigal normal from

the pointQ¢" on the surface of a reference ellipsoid to thetpoi interesP

The ellipsoidal height is a straight-line distameekoned along the ellipsoidal normal

from the geometrical surface of a reference ellghso the point of interest (Figure 1). Since



this is a one-to-one mapping, this height is unigueach 2D point (latitude and longitude on
the same ellipsoid), thus permitting a unique 30n\|dinear] coordinate system. This is the
well-known geodetic coordinate system. The gear®tsurface of the ellipsoid provides the
height reference surface by definition, on which éflipsoidal heights are zero. As such, the
numerical value of the ellipsoidal height of a gasa function of the location, orientation,
size and shape of the reference ellipsoid usediceSihere are several ellipsoids in use,
classifiable as global and local/regional (e.gatRerstone, 1996), the same point can have
different ellipsoidal heights on different ellipdsi just as it can have different latitudes and
longitudes. Accordingly, it is important to spgcifhe ellipsoid used when dealing with
ellipsoidal heights.

In the Australian context, ellipsoidal heights gafer to the old Australian National
Spheroid (ANS; Bomford, 1967) or the Geodetic Rerfiee System 1980 (GRS80; Moritz,
1980) reference ellipsoid, which is equal to therM/dGeodetic System 1984 (WGS84;
NIMA, 2004) reference ellipsoid at the 0.1 mm levelmportantly, ANS and GRS80
ellipsoidal heights are not equal, and can difeerthe same point by up to as much as ~75m
because of the different size, shape and orient@teggional or geocentric) of these ellipsoids.
The value of 75m is estimated from the geoid-GR&88psoid separation (Featherstone et al.,
2001) assuming that the ANS is coincident withdlkeid, which it is to less than ~10m. As
such, Australian users dealing with ellipsoidalghes need to know to what reference surface
they apply: the ANS or GRS80/WGS84. Later, it ik shown that the datum is also
essential information that must accompany ellipslongights.

Height Systems Related to Gravity: Natural or Physical Heights

These height systems come in several forms, depgnglincipally on the treatment of
gravity and thus the curved path over which the-dineensional metric distance (height) is
defined. They also depend on the choice of thereate surface used, though this is not as
noticeable as it is for the ellipsoidal heightsg(emaximum differences of ~2 m). As a
primer on natural/physical height systems in therttEa gravity field, the more
mathematically inclined reader is referred to Harsn and Moritz (1967, Chapter 4), Heck
(1995) and Jekeli (2000). Other geodetic textbofkg., Bomford, 1980; Vaégk and
Krakiwsky, 1986; Torge, 2001) also give explanatioh natural/physical height systems.

Geopotential Numbers Strictly, all natural or physical height systemssinbe based on

geopotential numberS. A geopotential number is the difference betwdnenEarth’s gravity



potential at the point of intere¥¥ and that on the reference geopotential surfaceertitg
(i.e., C=W-Wp). Unrestricted fluids flow from points with highgotential energy to points
with lower potential energy, where the potentiargry is converted to kinetic energy (i.e., the
speed of the fluid’'s flow). The same principle Bgg more noticeably, to a skydiver! As
such, geopotential numbers govern fluid flow, thosning the logical basis for physically
meaningful and conceptually sensible heights.

However, the use of geopotential numbers aloneuster-intuitive because they have
the dimensions of length-squared divided by timegasgd. As such, it is preferable to express
them in the more intuitive terms of height in dimems of length. This is achieved by
dividing the [negative value of the] geopotentiamber by some value of gravity (dimension
of length divided by time-squared). All the followy natural/physical height systems are
based on this principle. Another objection to tise of geopotential numbers alone is that
they cannot be observed directly: there is curyemdl field instrument that directly measures
gravity potential.

Instead, spirit-levelling measurements have to hepkemented by gravity
observations along the traverses to determine rdnatyg potential differences, and hence the
geopotential numbers. Obviously, this increasekl{fsurvey effort and cost. Nevertheless,
geopotential numbers (essentially gravity poterdifierences) strictly govern fluid flow and
are thus a truly rigorous expression of ‘heightgth the only objection being that they do not
represent metric distances. Finally, geopotent@hbers provide a theoretical zero misclose
regardless of what spirit-levelling route has bésken. As such, height systems based on
them and with the proper treatment of gravity wiléo theoretically close (with error-free
measurements); see Sanso and 8&d4n{2005) for a theoretical discussion on this poin

From the above discussion, the key elements tanidgfia natural/physical height
system are the definitions of gravity and the mfiee geopotential surfa¥d. Over the past
two centuries, three natural height systems haea Ipeoposed (e.g., Heiskanen and Moritz,
1967, Chapter 4dynamic heights, orthometric heights and normaghts More recently, a
fourth height system has been introducgokmal-orthometric heightswhich combine some
of the concepts of orthometric and normal heiglitsr the practical realisation of each height
system, various levels of approximation and hengeur have been used, which will be
discussed next.

The Dynamic Height System The dynamic height system is most closely relatedhe

system of geopotential numbers. Prior to the duaodion of the geopotential number, the



dynamic height system proposed by Helmert (1884 imause. Dividing the geopotential
number by a constant gravity value (for a certagian, or even globally) yields the dynamic
height (e.g., Heiskanen and Moritz, 1967, Chapjer Mlost often, a gravity value at mid-
latitude ¢45°) has been taken as the global value, such agydmarated by the reference
ellipsoid.

Since the geopotential number is divided by a @nistalue, dynamic heights retain the
same characteristics except that they have therdiime of length. Importantly, the flow of
fluids is guaranteed from a greater to a lower ligignd the theoretical loop closure is zero
regardless of the chosen path. However, the dynagight system is not always preferable
as a practical height system because it has no gfecal meaning, being a purely physical
guantity (e.g., Heiskanen and Moritz, 1967; Jek2@iD0). This objection to the dynamic
height is because the height changes with varigtiorgravity, as indeed it should, and the
unit of length measurement is not generally theesas) for instance, the metre as endorsed
by the ISO (international standards organisation).

Furthermore, the dynamic height corrections to pplied to spirit-levelled height
differences can become very large (several metifeshhe chosen gravity value is not
representative for the region of operation (e.@rg€, 2001), which would be the case for a
continent the size of Australia. As such, it iefprable to use a better approximation for

practical applications.

The Orthometric Height System The orthometric height is given by the geopotential
number divided by the integral mean value of gsataken along the plumbline. Unlike the
dynamic height, the orthometric heightq) has a clearer geometrical interpretation. thés
curved-line distance reckoned along the plumblifield¢line of the Earth’s gravity field)
from the geoid to the point of interest (Figure Zhe geoid reference surface is also unique,
being the single equipotential surface of the Eartravity field that broadly corresponds

with mean sea level in the open oceans. Moretlgtrimowever, it is defined bWws=constant.
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Figure 2. The orthometric height: a curved-line distance reckoned along the plumebliom the
point Py on the surface of the geoid to the point of irdeRe The geoid heightl: a straight line
distance reckoned along the ellipsoidal surfacenabfrom the poin©), on the surface of the ellipsoid
to the pointP, on the surface of the geoi@Note that the curvature of the equipotential stefaand

plumblines has been exaggerated)

The orthometric height system is hard to realis#epdy in practice, because we need
to know the exact path of the plumbline within ttepography and the Earth’s gravity
acceleration at all points along the plumbline.isTiequires knowledge of gravity variations
(cf. Strange, 1982) or mass-density distributioin $tinkel, 1986; Allister and Featherstone,
2001) inside the topography. It is therefore esskmo realise that a completely ‘pure’
orthometric height system cannot yet be achieved,is unlikely to be so in the foreseeable



future. This is because the mass-density distabuwill not be completely known and it is
not practical/possible to measure gravity alongaleenbline within the topography.

Most countries that claim to use an orthometrighesystem actually use Helmert’s
(1890) approximation, where a number of simplifyimgpotheses are made concerning the
gravity field inside the topography. To determmeHelmert orthometric height, a surface
gravity observation at the point of interest is @xmately converted to an integral-mean
value along the plumbline using the simplified Rairé-Prey reduction (e.g., Heiskanen and
Moritz, 1967, Chapter 4). This reduction crudgbpeximates the vertical gravity gradient
by the linear free-air gradient and models the ¢gogphy by a spherical shell with a constant
mass-density of 2670 kgfm The Helmert mean value of gravity along the giline uses the
Poincaré-Prey reduction to reduce surface gravity helf the station height.  This
approximated integral-mean gravity value can belieggpto the geopotential number (if
available) to give the Helmert orthometric heigh¥lore practically, a Helmert orthometric
correction can be calculated (e.g., Heiskanen aodt&] 1967, Chapter 4; Torge, 2001) and
applied to spirit-levelled height differences, whialso requires that gravity observations be
made along the spirit-levelling traverses.

Several refinements have been proposed to the Hebrtometric height system,
where improved models for the value of integral-mgeavity along the plumbline are used.
These models essentially use more refined tertzpes data to give refined estimates of the
internal gravity field (e.g., Niethammer, 1932; Mad1954). They may also use simplified
mass-density models of the topography (e.g., Suriled6; Allister and Featherstone, 2001,
Tenzer et al., 2005). Using a simulated Everestesimountain of constant mass-density,
where the gravity field was completely known, Denand Featherstone (2003) show that the
Mader and Neithammar heights are superior to Helmghometric heights (they did not
consider Tenzer et al. (2005)). Notably the ddferes between refined and Helmert
orthometric heights can amount to more than 10rcmauntainous regions (Kingdon et al.,
2005). However, these refined models of the orttoin height system are very rarely used
in practice. Instead, the Helmert orthometric hegystem is still in wide use, probably due
to its relative ease of implementation.

Finally, since a ‘pure’ orthometric height cannoe lpractically realised, the
approximation given by the Helmert orthometric é$gis most commonly used. As such,
users should be wary when presented with so-caltdtbmetric heights; they will not be.
Instead, the supplier should be asked to more Iglelfine the height system used (e.g.,
which approximations have been used). Indeed, im®rrect terminology has been

10



proliferated in Australia, where AHD heights hawvacarrectly been called orthometric
heights; simply they are not. They do not relateny field observations of the Australian
gravity field.

The Normal Height System To circumvent the problem of determining the inggégnean
value of actual gravity along the plumbline, in B9l olodensky [cf. Molodensky et al.
(1962)] introduced the concept of the normal hegystem. The key differences from the
orthometric height system are: the avoidance ofothgses to determine the gravity field
inside the topography; the theoretical replacenoénihe Earth’s surface by the telluroid; and
the use of a reference ellipsoid with associatevity field (e.g., Heiskanen and Moritz,
1967, Chapter 8; Vaték and Krakiwsky, 1986; Jekeli, 2000; Torge, 2001As the
mathematical derivations of Molodensky’s theory i@ther complicated (e.g., Heiskanen and
Moritz, 1967), only the most important propertidsttte normal height system are reviewed
below. The more interested reader is referretiéabove-cited references.

The telluroid is an auxiliary surface obtained bg point-wise projection of point3
on the Earth’s surface along the straight-lingoethiidal normal to point® that have the same
gravity potential value in the normal gravity fidlth as the original point® in the Earth’s
gravity field We, i.e., Ug = We (Figure 3). As such, the telluroid ot an equipotenial
surface. The normal gravity field is an approximation of the real Earth’s gravitgldiW
and conceptually generated by masses within aemterellipsoid (e.g., Moritz, 1980, 1992).
Furthermore, the surface of the reference ellipseidhosen in the way that it is a normal
equipotential surface and has the same normaltgrpeiential value as the geoid surface
with respect to the Earth’s gravity field, ilég = Wy (Figure 3).

11
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Figure 3. The normal height": a curved-line distance reckoned along the nogrality plumbline
from the pointQ}' on the surface of the reference ellipsoid to thi@tQ on the surface of the
telluroid. The normal-orthometric height"°: a curved-line distance reckoned along the normal
gravity plumbline from the poinPy'° on the surface of the quasigeoid to the pBioh the surface of
the Earth. The quasigeoid heighthe straight-line distance reckoned along thesdidal surface
normal from the poinQ{"° on the surface of the ellipsoid to the poift° on the surface of the

quasigeoicdas, by definition, the same length as the heigbialy(: the straight-line distance
reckoned along the ellipsoidal normal from the p&ilon the Earth’s surface to the pofpon the

surface of the telluroid.

The distance (measured along the straight-linpsaldal normal) between the Earth’s
surface and the telluroid is called the height aalgr{t) and, the distance (measured along the
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curved normal gravity plumbline; Jekeli, 2000) beén the ellipsoid surface and the
projected point on the telluroid is the normal ieigH"). For illustrative purposes, this
relation is usually reversed (Figure 3). In thimceptualisation, the height anomaly becomes
the separation between the ellipsoid and the qeaslg(measured along the ellipsoidal
normal) and the normal height is now the distanewgveen the quasigeoid and the point of
interest (measured along the normal gravity plun@)li Note that the height anomaly and
quasigeoid height are the same, but the differembinology is used to reflect the different
conceptualisations in Figure 3.

The quasigeoid is a non-equipotential surface & Harth’'s gravity field that
coincides reasonably closely with the geoid; ualbout 3.4m in the Himalayas (e.g., Rapp,
1997). In the Australian context this may reach5th (Featherstone and Kirby, 1998).
However, in order to avoid confusion with the nokoidhometric height (defined next) the
former telluroid-based interpretation is retainedhe following discussion.

Applying the general concept of a natural/physiba@ight system (geopotential
number divided by a gravity value) the normal heighobtained by using the integral-mean
value of normal gravity taken along the normal gilime between the ellipsoid surface and
the projected point on the telluroid, which is slengo compute and does not use any
topographic mass-density data. Furthermore, hesegeopotential number is the gravity
potential difference between the potential valuesttee ellipsoid surface and the telluroid.
Due to the special selection of the normal grafiéld (see above), this is exactly the same as
the geopotential number obtained for the poinntérest C = We — W, = Ug — Ug), and thus
it can be derived from actual gravity observatiomsiportantly, the normal plumbline is the
[curved] field line of the normal gravity field andoes not coincide with the ellipsoidal
normal (see the Introduction of Jekeli, 1999). Tleemal gravity field lines are curved only
in the meridian plane because of the rotationalmsgiry of the normal gravity field.

Dealing now with the conceptual problems associatithl the normal height system,
the spatial variations in the Earth’s gravity vecoe only modelled very simplistically by the
normal gravity field generated by the referencgsdlid (e.g., Moritz, 1980, 1992). As such,
the normal height system is less applicable tardla¢ Earth than, say, the orthometric height.
While the actual gravity vector varies as a functod 3D position, normal gravity only varies
as a function of ellipsoidal height and geodetidude (Moritz, 1980). It cannot accurately
model the real gravity field of the Earth, with fdifences amounting to a few hundred
milliGal. On the other hand, as the normal gravigyd is well defined, the integral-mean

value of normal gravity along the normal plumbliren be determined knowing the position
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(notably only the latitude) of the point of interesHowever, due to the dependency on the
normal height itself (the point on the telluroid isitially unknown) the determination
becomes iterative (e.g., Heiskanen and Moritz 1@%iapter 4).

In practice, like orthometric heights, normal heggare computed from spirit-levelled
height differences using the normal correction.(eHgiskanen and Moritz, 1967, Chapter 4;
Torge, 2001). Importantly, this also requires tlgmavity observations be made at a
sufficiently dense spacing along the spirit-levagliraverse. Over short distances, the normal
corrections are usually very small and may be mtgie depending on the precision of the

spirit-levelling data.

The Normal-Orthometric Height System Both orthometric and normal height systems
require actual gravity observations to be takemglihe levelling traverse in order to derive
the geopotential numbers (or the orthometric omabdrcorrections). Due to the lack of
precise gravimeters (before the 1950s), as wethasrelatively labour-intensive nature of
making gravity observations in the field, the nokmdhometric height system was
introduced and adopted as a surrogate. This hejgiiém uses only the normal gravity field
as an approximation of the Earth’s gravity fieldderive all necessary gravity-field-related
guantities. Principally, actual geopotential numsbare replaced by differences in the
corresponding normal potential (called normal-geeptial or spheropotential numbers) and
actual gravity is replaced by normal gravity. Tgreat advantage is the avoidance of making
gravity observations, but this is at the expendesihg information of the real Earth’s gravity
field. Another, albeit lesser, benefit is thatyolatitudes are needed along the levelling line.

The geometric interpretation of the normal-orthameteight is analogous with that
of the normal height, except that the relationsraxeersed (Figure 3). The height anomaly
becomes the separation between the referenceadilipeid the quasigeoid (measured along
the ellipsoid normal) and the normal-orthometriagghe is now the distance between the
quasigeoid and the point of interest (measuredgatba normal plumbline). Following this
interpretation, the reference surface for the néomdiometric height is the quasigeoid and it
can be seen that the normal-orthometric heightoddl exactly the same principles of
orthometric heights, except that all quantitieshe Earth’s gravity field are replaced by the
corresponding quantities of the normal gravity djehence the name normal-orthometric
height.

Following this approach, the normal-orthometricghiis obtained by the normal-

geopotential (spheropotential) number divided kg ititegral-mean value of normal gravity
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taken along the normal plumbline between the qeasigand the point of interest. Note the
distinction from the normal height, where the img#¢gnean normal gravity is taken between
the ellipsoid and telluroid and the spheropotemniiainber replaces the geopotential number.
Finally, normal-orthometric heights can be computegractice from spirit-levelled height
differences using the normal-orthometric correctem., Heck, 1995; Torge, 2001). Because
of the rotational symmetry of the reference elligsomormal-orthometric corrections only
apply to north-south levelling lines, and are Zeroeast-west levelling lines. Once again, the
normal-orthometric corrections are usually negligitbor spirit-levelling data over short

distances.

Summary

This section has defined and described varioushheigstems. Of them, only the dynamic
height system is physical-geodetically rigorousduse it accurately describes fluid flow in
the Earth’s gravity field. The other height systeare successive approximations, starting
from orthometric heights and ending with uncorrdctpirit-levelled heights. Note that
dynamic, orthometric and normal heights use theggtmtial number. Therefore, from the
theoretical point of view, these heights will hagezero misclosure irrespective of the
levelling path taken, provided that rigorous grawabrrections are used. This, however, does
not hold for any approximations of these heightg.(eHelmert orthometric heights), nor does
it hold for the normal-orthometric heights that uke spheropotential number instead of the
actual geopotential number. Thus, these approenaeights will always have a theoretical
loop misclosure and, more importantly, are dependenthe levelling route taken.

VERTICAL GEODETIC DATUMS
Once the height system has been selected, whialsually the mandate of the national
mapping agency, and the appropriate ‘correctioradento spirit-levelling observations, it is
necessary to perform a least-squares adjustmethieoforrected height differences so as to
minimise the impact of random errors. Ideally, #tgustment should be performed on the
geopotential numbers or height systems that hakieaetical zero misclosure (cf. Sanso and
Vanicek, 2005). Otherwise, the least squares adjustmiinhot be applicable because it is
based on the assumption of random errors, wheieastheoretical misclosures of an
imperfect height system are systematic, thus viajathe principles upon which a least-

squares adjustment is based.
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The results of the least-squares adjustment foen‘'définitive’ height values of all
ground-monumented benchmarks. It is these adjimsigght coordinates and benchmarks that
then define the vertical datum. As such, it isompwise realisation of the vertical datum, as
opposed to the definition of a reference surfatmugh the latter is often used for
conceptualisation. Obviously, the vertical datui e different depending on the choice of
height system and reference surface adopted. dtuend‘surface” will be discussed later.

This adjustment results in a vertical geodetic ohatwhere the heights of the
benchmarks are adopted at a particular epoch afsadent, as for a horizontal geodetic
datum (cf. Featherstone, 1996). Recall that hexeneglect temporal changes in sea level,
height and gravity. In the case of the AHD, nobhswariations were assumed and the
observations collected over the preceding yeaesl(Bees (1992) and Rolese et al. (1975) for
the time-evolution of the spirit-levelling coverageere implicitly assumed to refer to a single
epoch. The epoch of the AHD is effectively 5 M&871 (Roelse et al., 1975), though the
date is rarely appended (i.e., AHD71) because Wds the only nation-wide adjustment
conducted. Other localised adjustments have besmatersince to correct for gross errors,
when detected, but these are still generally deseghAHD. Of course, if a new AHD is
realised, which these authors are strong proporatthen a different acronym should be
adopted (e.g., VDAO8), together with some logicgstem for identifying localised
readjustments.

The selection of the height system used in a \&@rtiatum can be somewhat arbitrary,
and seems to have depended on the proponents artieufar height system at the time in
each country. The selection was also governed higy existing or likely future data
availability at the time. For instance, to estsibla Helmert orthometric height system, spirit-
levelling, 2D positional and gravity observatioreed to be conducted; to establish a normal
height system, spirit-levelling, 1D positional {tatle) and gravity observations are needed; to
establish a normal-orthometric height system, aplyit-levelling and latitude observations
are needed; to establish an ellipsoidal heightegysbnly space-geodetic observations (e.g.,
GPS) are needed. As argued earlier, the latteotimdvised because of the very compelling
arguments in favour of managing fluid flow (who @dwant a sewerage system designed
based on an ellipsoidal height datum?)

Associated with the selection of the height sysierthe selection of the compatible
reference surface on which the height is zero. aRétat the orthometric height system uses
the geoid, the normal height system the tellurthe, normal-orthometric height system the

guasigeoid, and the ellipsoidal height system tskerence ellipsoid. The latter further
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depends on the use of a local or global ellipseid.(ANS or GRS80; Featherstone, 1996), as
well as when the ellipsoid was defined. For insé&rthere are the GRS67 (IAG, 1967) and
GRS80 (Moritz, 1980) global geocentric referendg®bids with different geometries (as
well as different normal gravity fields). The cbeiof reference ellipsoid is simple to make,
but the epoch of the adjustment to form the eligsloheight datum still needs to be defined,
which will be described later. In the case of thmsigeoid and geoid, these datum levels

have to be observed indirectly, which will be désed next.

Vertical Geodetic Datums Related to Gravity: Geoid and Quasigeoid

A key problem in realising the datum (zero heightyface for the natural/physical height
systems is the practical determination of the gemidquasigeoid. Recall that there is
currently no instrument that can directly measubsolute values of the Earth’s gravity
potential. Instead, we have to make assumptioostahe relationship between the geoid and
mean sea level (MSL), hence assuming a valu&pdbr the particular vertical datum. Over
the oceans, the geoid and quasigeoid are coincimedéfinition, so the following discussion
will only concentrate on the practical realisatiminthe geoid as the zero point for the local
vertical datum. Recalling the loose definitiontloé geoid as the equipotential surface of the
Earth’s gravity field that generally correspond$hmMSL in the open oceans, the most logical
choice has been to make tide-gauge observatioesaofevel. However, this introduces two
further issues: 1) the determination of MSL in {ve@sence of tides and other temporal
changes in sea level, and 2) the effect of seacitopography (SSTop) and related biases;
all are particularly problematic in the coastal eqe.g., Merry and Vabdék, 1983; Hipkin,
2000).

To correctly determine MSL at a coastal tide-gangeds regular and uninterrupted
observation of the full tidal signature. While tb@mbination [superposition] of the relative
motion of the Sun and Moon with respect to the itaguse noticeable tides at the coast, the
[smaller] effects of the precession and nutatiomthef Earth-Sun-Moon system cause the so-
called luni-solar tide, which has a full period1&.6 years (e.g., Melchior, 1981). As such, it
is necessary to make regular (e.g., hourly) tideggaobservations of sea level over at least
the entire 18.6-year period of this luni-solar tidgcle. However, this length of observation
is rarely practical in relation to the demand foreatical datum (e.g., Lines, 1992; Roelse et
al., 1971). Depending on the time period over Whibe tide-gauge observations were
averaged, this luni-solar tidal effect may reackesal centimetres, also depending on position

because tides are not everywhere equal in phasamaplkitude.
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Even if the full tidal cycle were to have been okied, a more problematic effect is
the departure of the observed MSL from the clab3ageoid (e.g., Ekman and Makkinen,
1991; Ekman, 1994). This departure is due to tB@dp (cf. land topography), which
combines the [time-averaged] effects of changes s@awater temperature, salinity,
atmospheric pressure, prevailing winds and watereats (e.g., ocean circulation). SSTop
causes the mean sea surface to depart from tr@celageoid by as much as 2m in the open
oceans (e.g., Rapp, 1983; 1994; 1995; Mitchell 3t®7 Moreover, accurate determination of
the SSTop becomes patrticularly problematic in @astas (e.g., Merry and Véak 1983;
Hipkin, 2000), where, for instance, the outflow fodshwater from estuaries causes further
departure from the classical geoid. Most tide-gsugsed for a local vertical datum are
located in or near estuaries because they are wded to monitor tides for shipping
clearances. Other non-SSTop effects include itaegancreases in sea level due to storm
surges.

The combination of time-limited observation of thél tidal signature, SSTop and
other related factors mean that tide-gauge obsensmtf MSL do not coincide with the
classical equipotential\p geoid at that point. Moreover, this offset varéssa function of
position. Acknowledging these problems, many coest— or even continents — have
adopted a single tide-gauge as the zero pointhrealisation of their local vertical datum.
This gives rise to offsets among various vertiaucs on a global scale (e.g., Rapp, 1994;
BurSa et al., 2004). While this does not posechlpm when all users adopt the same [local]
vertical datum, it does when trying to integratéeghe data from different vertical datums,
which will not be considered here. In a few caskesational vertical datums (including the
AHD), more than one tide-gauge is used, which cauBstortions because the tide-gauge
datum points refer to different levels due to thgalt aliasing and SSTop-induced offsets.

This will be elaborated upon later for the AHD.

Vertical Geodetic Datums Not Related to Gravity: Reference Ellipsoid

The choice of the vertical datum for ellipsoidaldigs is simpler than for the gravity-related
vertical datums. However, this must not be mispreted as meaning that they are superior
for all purposes. Once the appropriate referenigeseid has been chosen, the ellipsoidal
vertical datum is defined point-wise by a readjustinof the then-available observations. In
practice, several complementary space-geodetiigaebs are used, such as in the definition
of the International Terrestrial Reference Fram&RH) 2000 (Altamimi et al., 2002).
However, local ellipsoidal height datums can baldshed that are tied to ITRF using GPS,
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such as the Australian National Network (e.g., S1w1998), which is tied to the ITRF94
(epoch 1994.0). More recently, the ellipsoidalgheéidatum for Australia has been set as
ITRF2000 (epoch 2000.0) (Johnston, 2005 pers comwhich differs from the Geocentric
Datum Australia 1994 (GDA94) by several centimetredically.

As with a gravity-based vertical datum or a horiabrgeodetic datum, an epoch is
specified with an ellipsoidal height datum. Tha only accounts for the observations used,
but also accounts for changes in ellipsoidal hedfylet to geodynamic and other effects. Once
the epoch is specified, subsequent positions ofotrechmarks can be predicted from the
velocity vectors associated with their ITRF posigo Alternatively, a seven- or 14-parameter
transformation (which is the standard seven-paranceinformal transformation with rates of
change for each parameter) can be used to trangtipeoidal heights between ellipsoidal
height datums. As pointed out by Featherstone\éamdcek (1999), however, the standard
seven-parameter transformation is intrinsically kvieaheight, so these results should be used

with caution; a readjustment is preferable.

Summary

This section has summarised the practical readisadf vertical datums, where the height
system is chosen first, the appropriate correctiosle to the geodetic observations, the
datum point(s) chosen, and then a least-squarasstatgnt is performed to establish a
nationwide set of monumented benchmarks that puise- define the vertical datum at a

certain epoch. Users of the vertical datum thenneot their measurements to these
benchmarks in order to propagate heights to otbertp of interest, while remembering to

apply the appropriate corrections to the new olsems. There are some intricacies in
defining the reference “surface” for the verticatums, which mean that the point-wise
practical realisations are offset from one anotued distorted from a single equipotential

surface of the Earth’s gravity field if multipledlg-gauges are used

THE AUSTRALIAN HEIGHT DATUM (AHD)
With the above preliminaries of height systems aedical datums complete, it is now

possible to explain and discuss the AHD in a mofermed sense.

Height System
The height system used in the AHD is actually a ifrexti version of the normal-orthometric

height system (e.g., Holloway, 1988), where a tabed form of Rapp’s (1961) normal-
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orthometric correction was applied to the spiniteing observations (Roelse et al., 1975).
Importantly, no gravity observations were delibelkaimade along the AHD spirit-levelling
traverses, so the AHD is not rigorously based gysical/natural height system. Instead,
normal gravity from the GRS67 reference ellipsdil@, 1967) — noting that the updated
GRS80 ellipsoid (Moritz, 1980) is now the interoatally adopted standard — was used to
compute the truncated normal-orthometric correstion

These truncated normal-orthometric corrections wagwplied to the spirit-levelled
height differences, which then demonstrated impiieit non-zero, as to be expected) loop-
closures, showing that even simplified gravity ections were needed (Roelse et al., 1975).
Theoretically, these loops would never close bexanfsthe high level of approximation
inherent in the truncated normal-orthometric cdroec Mitchell (1973a) later computed
some geopotential numbers for the AHD, but obviptisese were not adopted in the 1971
realisation of the AHD.

The GRS67 normal gravity used in the AHD was comgufor the horizontal
coordinates of the benchmarks along the levellimgsl These coordinates were often scaled
from aerial photographs, and are estimated to beigg to one mile (Johnston, 2005 pers
comm). We assume that they refer to the Austraiandetic Datum 1966 (AGD66), which
was the only horizontal geodetic datum in use at thme. Since GRS67 is a geocentric
reference ellipsoid, geocentric coordinatesist be used to compute normal gravity (cf.
Featherstone, 1995). Though the ANS is the same amd shape as GRS67 (Bomford,
1967), the ANS is not a normal ellipsoid so doesgemerate a normal gravity field. As well
as using an outdated model for normal gravity,eéhera bias introduced due to the north-
south difference of ~150m between the AGD66 anceacegntric horizontal datum. It is
acknowledged that this bias is probably small,dhatuld be considered even if the AHD is to
be redefined in terms of normal-orthometric heighta addition, the more recent GRS80
reference ellipsoid should be used.

The imprecision of the horizontal coordinates & &HD benchmarks will also cause
problems for the future implementation of a momgorous physical/natural height system
based on observed gravity in a revised AHD. Fetaince, to compute Helmert orthometric
corrections requires gravity at the benchmarks,samce this has not been observed, it will be
necessary to interpolate values from the Austratiaonal gravity database (Murray, 1997).
The ~1.7-km (one mile) uncertainty in the benchmbx&ations will cause interpolation
errors, especially in areas of steep horizontalityragradients. Alternatively, new more

rigorous orthometric corrections can be computednfisurrounding gravity observations, a
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digital density model and a digital elevation mo@etnzer et al., 2005; Kingdon et al., 2005),
and then interpolated to the benchmarks. Of cotingecurrent uncertainty in the horizontal
position of the benchmarks will also affect thipagach.

From Western Australian experience, an increasimgnber of existing AHD
benchmarks are being upgraded in that horizontsitipas are now being determined using
differential GPS. As such, many are now known ébMeen 1m and 5m horizontally on a
geocentric datum. This will allow the improved eletination of normal-orthometric
corrections, as well as the interpolation of neaytavity observations in order to implement a
natural/physical height system. In addition, iasiag numbers of gravity observations have
been made at AHD benchmarks for geophysical surveysch would allow the direct
computation of the natural/physical heights. Ashsuthe infrastructure is (perhaps
inadvertently) being developed to allow the upgradea more rigorous natural/physical
height system in the AHD. It is recommended th& tipgrade of benchmarks be extended
to all other Australian States and Territoriest i not occurring already.

Tide-gauge Observations

As stated, MSL should be determined over the f8l6dyear luni-solar cycle. However, the
32 tide-gauges used as the zero points in thesatiain of the AHD (30 on the Australian
mainland and two in Tasmania) only observed MSLrave-3 year period (Roelse et al.,
1975). As such, they are aliased by the spatatying tidal effects. That is, the tidal range
and tidal frequency content is different at eade-jauge, thus a limited observation period
cannot determine the true MSL at each. This agiffect is difficult to quantify, but is
crudely estimated here to be as much as 10 cnaddition, equipment failure and noise in
the tide-gauge measurements used for the AHD magech0-15 cm offsets from true MSL at
each tide-gauge (Coleman et al., 1979; Mitchelr,3Lf).

As well as incorrect MSL determination, tide-gaugesnot directly sense the classical
geoid because spatially varying SSTop and othesebiact to offset the observed MSL from
the classical geoid. Long-wavelength SSTop chelrtsv that there is a general north-south
trend of ~1m in the deep oceans around AustrafiaHgatherstone, 2001). However, this
varies as a function of position and is particylgstoblematic in the coastal zone (e.g.,
Hipkin, 2000; Merry and Vagék, 1983). Many of the tide-gauges used in thésad@on of
the AHD were located in or near estuaries and laus subject to the systematic offset of
MSL due to the different equipotential surface qued by the relatively lighter freshwater,

as well as the back-up of this outflow constraibgdthe many reefs surrounding Australia,
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notably in Queensland. These effects are also diffigult to quantify, but may reach 10-20
cm.

Suffice it to say, there are several effects tlatse the tide-gauge estimates of local
MSL, which were held fixed to zero height in the7r19ealisation of the AHD, to be offset
from one another and from true MSL. Therefore, neva the case of error-free
natural/physical heights, they would not agree witie tide-gauge observations. This is
exacerbated when the observed normal-orthometricattrected spirit-levelling is used.

Indeed, this may have contributed to numerous ssudn the apparent sea level slope
(e.g., Hamon and Greig, 1972; Mitchell, 1973b; Aswyieppan, 1975; Leppert et al., 1975;
Coleman et al., 1979; Macleod et al., 1988), thatughmore likely that gross levelling errors
along the New South Wales and Queensland coasts tlvermain cause (Morgan, 1992;
NMC, 1986). More importantly, fixing the tide-gagyto zero height introduces distortions
of approximately 1.5m in the AHD, which was recagu at the time (Roelse et al., 1975).
Finally, even if only one tide-gauge had been usieel the AHD would still be offset from
the classical geoid, which however is less critmatause all Australian users adopt the same
vertical datum.

Since the realisation of the AHD, most of the orajitide-gauges have either been
removed or moved vertically, usually due to equiptmepgrades. Recall that we do not
consider geodynamic effects, nor shall we consatemges in MSL due to the effects of
global warming. As such, it is probably impossitdeuse these tide-gauges to determine a
full 18.6-year MSL estimate. However, several rigg-gauges have now been placed under
the auspices of the National Tidal Facility andAastralia’s contribution to monitoring MSL
in the Asia-Pacific region. As such, it may nowgmessible to observe the full 18.6-year luni-
solar tidal cycle, albeit at other locations.

Provided that spirit-levelling observations are m#éulthese new tide-gauges along the
shortest-possible distance from the primary lengllines of the AHD, this will permit a
better determination of the tidal aliasing effeetowever, as most of the original tide-gauges
are missing, it will not be possible to apply thisectly to the 1971 realisation of the AHD.
In a future determination of the zero point of theD, we recommend that a single well-
placed tide-gauge that has observed the full 18a8-ytidal cycle, as well as the latest
available models of the SSTop and other quant#idlhses, is used. Tide-gauge monitoring,
say by GPS, should also be used to separate atigal¢ide-gauge motion from the MSL

estimate.
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Spirit-levelling Observations

Approximately 195,000 km of spirit-levelling obsations were used in the AHD (Roelse et
al., 1975). Though some first-order (Class L1AYl aecond-order (Class L2A) traverses
were used in the adjustment, the majority of oletgzms were to class LC tolerances. See
ICSM (2002) for the Australian definitions of clagEspirit-levelling observations. Morgan
(1992) concluded that, overall, the AHD is a thomier datum, which reflects the
‘downgrading’ of the higher class observationshey lower ones.

In the least-squares adjustment of the spirit-lede[truncated] normal-orthometric
height differences, a free-net or fixed-net adjusttrcan be applied. Usually, a free-network
adjustment is used to establish vertical datumgrevbne tide-gauge measurement of MSL is
held fixed (minimum constrained) to zero heighyshdefining the datum point. However,
the AHD fixed the time-limited MSL height to zerbraultiple tide-gauges. The problem that
this fixed-net adjustment caused on the 1971 wversiothe AHD is that distortions were
introduced, which was acknowledged at that timee(R®oet al., 1975).

The general north-south trend in the SSTop alsdaexp most, but not all, of the
north-south-trending departure of the AHD from gnaetric geoid models, but this is
equivocal (e.g., Featherstone, 2004; Baran e@05). Additional distortions remain that
cannot be completely explained by the fixed-netistijent strategy. These are most likely to
be a combination of spirit-levelling errors (e.4ngus-Leppan, 1975; Pelzer and Niemeier,
1984; Kasser and Becker, 1999), the omission oérmesl gravity, tidal effects on levelling,
and systematic heating of the northern side ofrtsieuments used, among others.

We are currently working on the evaluation of theffects with a view to ultimately
providing a revised AHD. This also fits in with 381's height modernisation programme,

and we will continue to work in collaboration wieoscience Australia on this.

THE AHD AND THE NATIONAL GEOID MODEL

We have repeatedly shown that there are systenthfierences between the current
Australian geoid model, AUSGeo0id98 (Featherstonal.et2001), and GPS-AHD data (e.qg.,
Featherstone and Guo, 2001; Featherstone, 200delaas with global geoid models (e.g.,
Featherstone and Stewart, 1998). Due to the dafigrgproblem of not being able to

determine whether the cause is solely in the AHIAOGSGeoid98 (cf. Featherstone, 2004),
this remains an open question, but there is noweasing evidence of the problem lying
mostly in the AHD (Baran et al., 2005).
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It is also worth noting that AUSGeo0id98 is techiiicanore correctly termed a
guasigeoid (perhaps we should have termed iauQsigeoid98!). This is because
Molodenskian theories were embedded (albeit notptetely) in its computation, and no
topographic mass-density information was used.s Tiakes it theoretically more compatible
with the AHD, because a quasigeoid should be usexmnjunction with normal-orthometric
heights (described earlier).

However, due to the plethora of errors in both thElD and AUSGeo0id98,
discrepancies remain. This requires that GPS garsédhave to routinely occupy surrounding
AHD benchmarks so as to apply an additional transédion surface to account for these
differences in their work area (cf. Featherstonalgt1998). Since the ICSM has decided to
retain the AHD for the “foreseeable future”, it Haescome necessary to produce a surface for
the direct transformation of GPS heights to the A@D Featherstone, 1998). This could be
termed an AHDoid? Featherstone and Sproule (208%¢ completed this for AUSGeoid98
using least squares collocation (LSC) predictios,have Soltanpour et al. (2005) using
second-generation wavelets. Both studies show thate is a dominant north-south
difference of 1.5 m, together with regional distmms, which sometimes correspond with the
differences between the free- and fixed-networlustdjents of the AHD in Roelse et al.
(1975); cf. Featherstone and Stewart (1998).

As geoid determination theories and source datireento improve, notably with the
GRACE (Gravity Recovery And Climate Experiment) a8@CE (Gravity field and steady-
state Ocean Circulation Explorer) dedicated s#étefiravimetry missions, the problems in the
AHD will become more apparent. Rummel et al. (90p@stulate that the combination of
these missions will deliver 1 cm geoid models fatahces greater than 100 km. However,
one has to be careful not to be misled that, becaes are now forced to use the surface-
fitting technique, there are no problems in the AHBstead, the surface fitting only serves to
mask the errors in the AHD.

Instead, we recommend that the AHD is redefined raadjusted, probably with the
inclusion of improved GPS and gravimetric quasigamoid data and making use of new
levelling, horizontal coordinates and gravity olsgions along the levelling lines, so as to

define a theoretically more rigorous vertical datieamAustralia.

CONCLUDING REMARKS
This paper has briefly reviewed the concepts ofitesystems and vertical datums, without

mathematical detail. Given this background, it baen possible to discuss some of the
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physical-geodetic intricacies of the AHD. The disibns in the AHD are causing problems
in that improved gravimetric quasigeoid models a®@w revealing the fundamental
inconsistencies between these two vertical referenafaces, to the point at which GPS
surveys are incompatible with the AHD. Until thélB is redefined and readjusted, it has
become necessary to warp the gravimetric quasigeoidel to better fit the AHD. These
procedures will be used in the next release of ABBE but these authors remain firm

proponents of a redefined AHD.
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