Random Oper. Stoch. Equ. 20 (2012), 69-102
DOI 10.1515/rose-2012-0003 © de Gruyter 2012
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Abstract. Regularity of solutions is studied for backward stochastic parabolic Ito equa-
tions. An analog of the second fundamental inequality (second energy estimate) and the
related existence theorem are obtained for domains with boundary. This result leads to a
representation theorem for non-Markov processes in bounded domains and other applica-
tions.
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1 Introduction

The paper studies stochastic partial differential equations (SPDEs) in a cylinder
D x[0, T with a Dirichlet boundary condition on dD, for aregion D C R”. We in-
vestigate regularity properties of the backward SPDEs, i.e., equations with Cauchy
condition at the final time 7. The difference between backward and forward equa-
tions is not that important for the deterministic equations since a deterministic
backward equation can be converted to a forward equation by a time change. It
cannot be done so easily for stochastic equations, because we look for solutions
adapted to the driving Brownian motion. That is why the backward SPDEs re-
quire special consideration. The most common approach is to consider backward
Bismut-Peng equations where the diffusion term is not given a priori but needs
to be found. These approach was introduced first by Bismut [3] for ordinary lin-
ear backward stochastic equations and extended by Pardoux and Peng [26] on
more general non-linear equations. The backward SPDEs with similar features
were widely studied (see, e.g., Hu and Peng [18], Dokuchaev [7, 9], Yong and
Zhou [31], Pardoux and Rascanu [27], Ma and Yong [23], Hu, Ma and Yong [17],
Confortola [5], and the bibliography given there). Backward parabolic SPDEs rep-
resent analogs of backward parabolic Kolmogorov equations for non-Markov Ito
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70 N. Dokuchaev

processes, including the case of bounded domains, so they can be used for charac-
terization of distributions of the first exit times in non-Markovian setting, as was
shown by the author [7,13]. A different type of backward equations was described
in Chapter 5 of Rozovskii [28]. Forward SPDEs were also widely studied (see,
e.g., Alés, Leon and Nualart [1], Bally, Gyongy and Pardoux [2], Chojnowska-
Michalik and Goldys [4], Da Prato and Tubaro [6], Gyongy [16], Krylov [20],
Maslowski [24], Pardoux [25], Rozovskii [28], Walsh [30], Zhou [33], Dokuchaev
[8-10], and the bibliography given there).

For linear PDEs, existence and uniqueness at different spaces is expressed tra-
ditionally via a priori estimates, when a norm of the solution is estimated via a
norm of the free term. For the second order equations, there are two most impor-
tant estimates based on the L-norm: so-called “the first energy inequality” or “the
first fundamental inequality”, and “the second energy inequality”, or “the second
fundamental inequality” (Ladyzhenskaya [21]). For instance, consider a boundary
value problem for the heat equation

up=uy, +o, 9= fi+g, 0
u|s=o = 0, ulap =0, (x,) e =Dx[0,1, DCR.

The first fundamental inequality for this problems is the estimate

el 0+ Il = comst LS 17,0) + gl 00

Respectively, the second fundamental inequality is the estimate

||u||%2(Q) + ||u;||1%2(Q) + ||“¥x||22(Q) = const ||‘P||22(Q)-

Note that the second fundamental inequality leads to an existence theorem in the
class of solutions such that uy, € L,(Q). On the other hand, the first fundamen-
tal inequality leads to an existence theorem in the class of solutions such that
u'. € Ly(Q), i.e., with generalized distributional derivatives u”, . only. For the case
of one-dimensional x € D = R (i.e., for the state domain without boundary), the
second fundamental inequality can be derived from the first fundamental inequal-
ity; it suffices to apply the first fundamental inequality for the parabolic equation
that can be derived for v/, (given that the coefficients are smooth). For the vector
case of x € D = R”, it would be more difficult since v/, is a vector satisfying a
system of n parabolic equations. For the case of a state domain with boundary, this
approach does not work even for one-dimensional case, since the boundary values
for u’, on dD are unknown a priori. That is why the second fundamental inequality
has to be derived separately using special methods.

For forward parabolic SPDEs, analogs of the first and the second fundamental
inequalities are known. These results are summarized in Lemma 3.5 below. The
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Backward parabolic Ito equations 71

first fundamental inequality for forward SPDEs in bounded domains with Dirichlet
boundary condition was known for a long time (see, e.g., Rozovskii [28]). More-
over, similar results are also known for forward SPDEs of an arbitrary high order
2m > 2; in this setting, the analog of “the first fundamental inequality” is an esti-
mate for E|ju(-, t)||%Vm (D) (Rozovskii [28]). In addition, a priori estimates with-
out Dirichlet COHditiOIzlS, i.e., in the entire space, are known for a general setting
that covers both first and second fundamental inequalities (Krylov [20]). On the
other hand, “the second fundamental inequality” for the problem with boundary
conditions was more difficult to obtain. Related complications were discussed in
Krylov [20, p.237] and in Dokuchaev [10]. Kim [19] obtained a priori estimates
for forward parabolic SPDEs for special weighted norms devaluating the solution
and free term near the boundary. For the case of L;-norms, these estimates can
be interpreted as analogs of “the second fundamental inequality”’; they are similar
to the estimate ||ru’; ||z, (o) < const |[r2¢]|,(o) for problem (1.1), where r; are
some weight functions such that r; (x) — 0 for x approaching dD. For the stan-
dard non-weighted Sobolev norms, the second fundamental inequality for forward
SPDEs in domain was obtained in Dokuchaev [10].

For the backward parabolic equations with Dirichlet boundary conditions, an
analog of the first fundamental inequality is known (Zhou [33], Dokuchaev [7]).
In fact, the duality relationship between forward and backward equations makes it
sufficient to prove the first fundamental inequality for any one type of these two
types of equations. (By the duality we mean equations (6.1) below connecting the
solutions of SPDEs (3.2) and (3.3) respectively.) However, this approach does not
work for the second fundamental inequality in a domain D with a boundary, since
it requires to study an adjoint equation with the free term taking values in the
space (W, (D))* which is too wide. It was unknown if the second fundamental
inequality holds in this case.

In the present paper, we study again existence, uniqueness, and a priori esti-
mates for solutions for backward SPDEs. As was mentioned above, the first and
the second fundamental inequalities for the forward SPDEs had been proved, as
well as the first fundamental inequality for the backward SPDEs, so we concen-
trate our efforts on the remaining problem: to investigate if an analog of the second
fundamental inequality holds for the backward equations. We found sufficient con-
ditions that ensure that the second fundamental inequality and the related existence
theorem hold (Theorem 4.3). To ensure this regularity, we required additional Con-
dition 4.1.

As an examples of applications, a robustness property is established for back-
ward SPDEs in Section 5. In addition, the second fundamental inequality leads to
the representation theorem for non-Markov processes in bounded domains (Doku-
chaev [14]).

Brought to you by | Curtin University of Technology (Curtin University Library)
Authenticated | 172.16.1.226
Download Date | 5/4/12 5:43 AM



72 N. Dokuchaev

This paper represents a revised version of the working paper [11]. We are happy
to note that, using a different approach, Du and Tang [15] obtained recently an
analog of Theorem 4.3 without Condition 4.1.

2 Definitions

2.1 Spaces and classes of functions

Assume that we are given an open domain D C R” such that either D = R” or
D is bounded with C2-smooth boundary dD. Let T > 0 be given, and let

0 =D x(0,T7).

We are given a standard complete probability space (2, ¥, P) and a right-con-
tinuous filtration ¥; of complete o-algebras of events, ¢ > 0. We are given also
an N-dimensional process w(t) = (w1 (z), ..., wy(¢)) with independent compo-
nents such that it is a Wiener process with respect to 7.

We denote by || - ||x the norm in a linear normed space X, and we denote by
(-, -)x the scalar product in a Hilbert space X .

Below, we list some notations for spaces of real-valued functions.

Let G C R¥ be an open domain. Then W7 (G) denotes the Sobolev space of
functions that belong to L,(G) with the distributional derivatives up to the mth
order, g > 1.

We denote by | - | the Euclidean norm in R, and we denote by G the closure of
aregion G C R¥.

Let HO 2 L(D), and let H! =S I/fle (D) be the closure in the WZI(D)-norm
of the set of all smooth functions # : D — R such that u|3p = 0. Let

H? =Ww(D)N H'!

be the space equipped with the norm of W22(D). The spaces H k are Hilbert spaces
and H¥ is a closed subspace of Wzk (D), k=1,2.

Let H ™! be the dual space to H !, with the norm | - || ;1 such that if u € H?,
then ||u|| 71 is the supremum of (u, v)zo over all v € H! such that ||v|z1 < 1.
The space H ! is a Hilbert space.

We will write (1, v)go foru € H™! and v € H'!, meaning the natural exten-
sion of the bilinear form fromu € H% andv € H!.

Denote by £ the Lebesgue measure in R¥ and denote by B} the o-algebra of
Lebesgue sets in R¥.

We denote by P the completion (with respect to the measure {1 x P) of the
o-algebra of subsets of [0, 7] x 2, generated by functions that are progressively
measurable with respect to 7.
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Backward parabolic Ito equations 73

Let Qs 2 Dx [s, T]. For k = —1,0, 1,2, we introduce the spaces

XK, 1) = L2([s, T) x Q, P, 0, x P; H¥),

(1>

zk 2 12(Q, 7, P; HY),

€k (s, T)

C (s, T); Z%).
Furthermore, we introduce the spaces
Yk, T) 2 X*Gs, T)NE* (s, T), k>0,

. A
with the norm [[u[|y s 7y = [[ull xx 5, 7) + uller—1(5,7)-
In addition, we will be using the spaces

WE = 1[0, T] x Q, 2,6, x P, WF(D)), k=0,1,..., 1<r < 4o0.

r

The spaces X kand Z f are Hilbert spaces.

2.2 Stochastic integrals

Proposition 2.1. Let £ € X°, and let {£¢};/25 € L°°([0.T] x Q.1 x P;C(D))
be a sequence such that all & (-, t, w) are progressively measurable with respect
to ¥z, and let || — &g |lyo — 0. Lett € [0,T] and j € {1,..., N} be given. Then
the sequence of the integrals fot Er(x,s,0) dw;j(s) converges in Z2 as k — oo,
and its limit depends on &, but does not depend on {&; }.

Proof. The proposition follows from the completeness of X and from the equal-
ity

t
Ef 166(-25.0) — (-5, 0) %0 ds
0 2

t
:f de(/ (Ek(x,s,a))—Sm(x,s,w))dwj(s)) . |
D 0
Definition 2.2. Let £ € X% e [0,T],j €{1,...,N}. Then we define
t
/0 E(x,s,w)dw;(s)

as the limit in Z? as k — oo of a sequence f(; &k (x, s, ) dwj (s), where the se-
quence {&; } is as in Proposition 2.1.

Sometimes we will omit w in equations.
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74 N. Dokuchaev

3 Review of existence theorems for forward and backward SPDEs

Let (x,¢) € O, w € Q. Consider the functions

b(x,t,w):R" x[0,T] x Q — R"™*",
fx,t,0) :R" x[0,T] x 2 — R",
Ax,t,w) :R" x[0,T] x 2 - R,
Bj(x,t,w) :R" x[0,T] x 2 — R",
B;(x.t,w) :R"x[0,T] x 2 - R

that are progressively measurable for any x € R” with respect to %;.
Consider the differential operators defined on functions v : D — R

n 82
AV = l-,z;l W(bij(x,t,w)v(x))

29
=3 (Al L) @) + A L) v,
i=1 !

n

9 _
Byv = —Zg(ﬂk(xth) v(x)) + Br(x.t,w)v(x), k=1,....N.

i=1

Here b;j, fi, x; are the components of b, f, x.
In addition, consider the operators being formally adjoint to the operators 4
and B;:

n
0%v
bij(x,t,
Z Y (x a)) 8x,~ axj'
i,j=1

>

AV

(x)

+Zﬁ(x,t,a));—;(x) +A(x, 1, @) (), G.1)

i=1

|>

Biv = Z—i(x)ﬁk(x,t,w) + Br(x.t,w)v(x), k=1,...,N.

To proceed further, we assume that Conditions 3.1-3.2 remain in force through-
out this paper.

Condition 3.1 (Coercivity). The matrix » = b is symmetric, bounded, and pro-
gressively measurable with respect to #; for all x, and there exists a constant § > 0
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Backward parabolic Ito equations 75

such that
| N
Yt w)y =5 3 1y pix. o) = 8yl
i=1
forall y e R”, (x,t) € D x[0,T], w € Q.
Condition 3.2. The functions A(x, 7, w) and Ei (x,t,w) are bounded. The func-
tions
b(x,t,w) : R" xR x Q — R™",
flx,t,0) :R" xR x Q — R”,
Ax,t,0) R xR xQ — R,
Bi(x,t, ) and Bi (x,1, w) are differentiable in x and bounded in (x, ¢, ), and
ab
esssup(‘a—(x,t,w)‘ ‘ f(x t, a))‘ ‘ %bi
X

X,t,w

(x,t, a))D <400, i=1,...,N.
We introduce the set of parameters

P2 (n,D, TS,

esssup|:|b(x,t,a))| + | f(x,t,w)| + '%(x,t,a))' +

X,t,w

|

esssup|:|,8i(x,t,a))| + |B,-(x,t,w)| + '%(x,t,w)”).

X,t,w,i

Boundary value problems for forward and backward equations

Lets €[0,T), o € X1 hj € X% and ®, ¥ ¢ Z?. Consider the boundary value
problem in D x [s, T]

N
diu = (Au + @) di + Y (Biu+ hi)dw;(1), 1>, 32)
i=1 )
u|t=s:q)v u(xvtvw)|x€3D = 0.

Here u = u(x,t, ), (x,t) € Q, w € Q. The corresponding SPDE is a forward
equation.

Inequality (3.1) means that equation (3.2) is coercive or superparabolic, in the
terminology of Rozovskii [28].
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76 N. Dokuchaev

Foré € X! and W € Z?, consider the boundary value problem in Q

N N
dip + (A*p—FZBi*)(,' +E) dt =Z)(,~dw,~(t), t <T,

i=1 i=1 (3-3)
p|t=T = \I’, P(xataa))lxeaD = 0.
Here p = p(x,t,w), xi = xi(x,t,w), (x,t) € Q and w € Q. The corresponding
SPDE is a backward equation.
The definition of solution
Definition 3.3. Let 2; € X% and ¢ € X ~!. We say that equations (3.2) are satisfied
foru e Y1if
t
u(-,1) = q>+/ (AuC.r) +o(-.r)) dr
)
N . (3.4)
+ 30 [ Bt + b du)

i=17%
for all # such that s < ¢ < T', and this equality is satisfied as an equality in Z L

Definition 3.4. We say that equation (3.3) is satisfied for p € Y1, W € Z% and
Xi € X 0 if

T N
pet) = ‘“/, (A*p(~,s) 3 B i) +s<-,s)) ds

i=1
N .1
- Z/ xi (. 8) dwi(s)
i=171
forany ¢ € [0, T']. The equality here is assumed to be an equality in the space Z7. 1
Note that the condition on dD is satisfied in the following sense:
u(-,t,w) € H'! and p(-.t,w) € H' forae.t,w.

Further, u, p € Y1, and the value of u(-,t)or p(-,t) is uniquely defined in Z%
given ¢, by the definitions of the corresponding spaces. The integrals with dw; in
(3.4)—(3.5) are defined as elements of Z %. The integrals with ds are defined as
elements of Z. ! (Definitions 3.3-3.4 require for (3.2)—(3.3) that these integrals
are equal to elements of Z % in the sense of equality in Z ;1 J)
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Backward parabolic Ito equations 77

Existence theorems and known fundamental inequalities

The following lemma combines the first and the second fundamental inequalities
and related existence result for forward SPDEs. It gives analogs of the so-called
“energy inequalities”, or “the fundamental inequalities” known for deterministic
parabolic equations (Ladyzhenskaya et al. [22]).

Lemma 3.5. Let either k = —1 or k = 0. In addition, assume that if k = 0, then
Bi(x,t, ) =0 forxedD,i=1,...,N,

and
2

esssup sup (x,t,w)| < +o0.

©  (x,)eQ
Let o € X*(s,T), hi € X**1(s,T), and ® € Z*¥*1. Then problem (3.2) has an
unique solution u in the class Y (s, T), and the following analog of the first fun-
damental inequality is satisfied:

0X 0X,

N
lullyr+2(s,m) < ¢ (II«JIIXk(s,T) + 1Dl gx+r + ) ”hi”Xk-H(s,T)) N EN))

i=1
where ¢ = c¢(P1) is a constant that depends on Py only.

The statement of Lemma 3.5 for kK = —1 corresponds to the first fundamental
inequality; it is a special case of Theorem 3.4.1 from Rozovskii [28]. The statement
for k = 0 corresponds to the second energy inequality; for domains with boundary,
it was obtained in Dokuchaev [10].

The following lemma gives the first fundamental inequalities and related exis-
tence results for backward SPDEs.

Lemma 3.6 (Dokuchaev [7,13]). Forany £ € X ' and ¥ € Z %, there exists a
pair (p, y) suchthat p € Y, xy = (y1,.... xn), xi € X°, and (3.3) is satisfied.
This pair is uniquely defined, and the following analog of the first fundamental
inequality is satisfied:

N
Iply + ) lxillxo < cClElx— + ¥l zo), (3.6)

i=1
where ¢ = c¢(P1) > 0 as a constant that does not depend on & and V.

Thus, only the second fundamental inequality for backward SPDEs is missed.
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78 N. Dokuchaev

4 The main result: The second fundamental inequality for
backward equations

Starting from now, we assume that the following addition conditions are satisfied.

Condition 4.1. There exists a constant §; > 0 such that

N LN 2 N
Zy?b(x,r,w)yi—i(Zy?ﬂi(x’t,w)) >80y yil> @D

i=1 i=1 i=1

forall {y;}}¥., CR", (x,1) € D x[0,T], » € Q.

For an integer M > 0, we denote by O (M) the class of all matrix functions b
such that all conditions imposed in Section 3 are satisfied, and there exists a set

ity = (M)},
suchthat0 =ty <t; <--- <ty =T and

mlilx|tk —tr—1| >0 asM — +o0,

and that the function b(x, t, ) = b(x, w) does not depend on ¢ for t € [t ty4+1).
In particular, this means that the function b(x, t, - ) is ¥, -measurable for all x € D
and t € [tg, try1)-
Set
O = | J 0p(M).
M=>0
The following Condition 4.2 is rather technical.

Condition 4.2. The matrix b is such that all conditions imposed in Section 3 are
satisfied, and that there exists a sequence {bM )}]tlo:ol C ®p such that at least one
of the following conditions is satisfied:

@ [16M) — b1 — 0as M — +oo.

(ii) Condition 4.1 is satisfied for b replaced by 5M)_ with the same §; > 0 for
all M, and |bM)(- 1, w) — b(-,t,a))||Wolo(D) — 0 for a.e. (almost every)
(t,w) as M — +o0.

We denote by ©}, the class of all functions b such that Condition 4.2 is satisfied.

To proceed further, we assume that Conditions 4.1-4.2 remain in force starting
from here and up to the end of this paper, as well as the previously formulated
conditions.

Let P = {:7)1, 81}
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Backward parabolic Ito equations 79

Theorem 4.3. For any £ € X° and ¥ ¢ Z}, there exists a pair (p, x) such that
peY? x=(x1.....xN) xi € X' and (3.3) is satisfied. This pair is uniquely
defined, and the following analog of the second fundamental inequality holds:

N

Iplly2 + D lxillxr < elgllxo + 19l 2), 4.2)
i=1
where ¢ > 0 is a constant that depends only on P.

Repeat that estimate (4.2) represents an analog of the second fundamental in-
equality.

On Condition 4.1

Let us discuss the properties of Condition 4.1 and compare it with Condition 3.1.
First, let us note that it can happen that Condition 3.1 holds but Condition 4.1 does
not hold. It can be seen from the following example.

Example 4.4. Assume thatn =2, N = 2,

() (i)

where I, is the unit matrix in R2%2, Obviously, Condition 3.1 holds. However,
Condition 4.1 does not hold for this b; to see this, it suffices to take y; = B; and

y2 = Ba.

1
E(ﬁlﬁ]— + B2BT) +0.011, = 0.5115,

The following theorems clarify the relations between Conditions 4.1 and 3.1.
Theorem 4.5. If Condition 4.1 holds, then Condition 3.1 holds.

Let us give some useful criterions of validity of Condition 4.1.
Theorem 4.6. If n = 1 and Condition 3.1 holds, then Condition 4.1 holds.

Theorem 4.7. Condition 4.1 holds if there exist No € {1, ..., N} and 3 > 0 such
that B; = 0 fori > Ny and

No
Y b n @)y =y Bilx ) = Syl (43)
forally e R®, (x,t) e Dx[0,T], we Q,i =1,..., Np.
Corollary 4.8. If N = 1 and Condition 3.1 holds, then Condition 4.1 holds.

As was mentioned before, Du and Tang [15] obtained an analog of Theorem 4.3
without Condition 4.1.
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80 N. Dokuchaev

5 Applications: Robustness of the solutions

Theorem 4.3 helps to establish robustness of the solution of (3.3) with respect to
disturbances of the coefficients that are small in L oo-norm.
Consider problem (3.3), with coefficients

(b, f’/\,S,,Bi,Bi,‘IJ) — (b(k), f(k)’)“(k)’E(k)’ﬂl‘(k)73§k), \p(k))’ k=12,

such that Conditions 3.1-3.2 and 4.1-4.2 are satisfied for both sets of functions.
Let %) be the corresponding sets of parameters. Let (p&), ng)’ cee, )(%C)) be the
corresponding solutions of problem (3.3), k = 1, 2.

Theorem 5.1. There exists a constant ¢ = ¢(PD, |u®@ lly,) such that

N
1D = p@lly2 + 3 1x” = 1P lxr < e,

i=1

where

X, lw

M 2 ess sup(|b(1)(x,t,a)) b, t,0) + | fV(x,t,0) — fP(x,1,0)]

+ AV (x,1,0) = 2P (x,1,0)|

N
+ Y 1BVt w) = P (x 1 w)|

i=1

N
+ B ot w) = B (xut, w)|)

i=1
169 =@y + [0 =¥ @) .

Note that the first fundamental inequality can help to establish robustness only
with respect to disturbances of b that are small together with their derivatives in x,
and this restriction is necessary even for robustness in X . Theorem 5.1 establishes
robustness in Y 2 for the disturbances of the coefficients that are small in L o-norm
only. For instance, if b is replaced for b, where

esssup |be(x,t,w) —b(x,t,w)| <e¢
X,t,w
for a small ¢ > 0, then Theorem 5.1 ensures that the corresponding solution of
(3.3) is close in Y2 to the original one.

It can be added that the most important application of the second fundamen-

tal inequality for backward SPDEs is the representation theorem for functionals
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Backward parabolic Ito equations 81

of non-Markov processes and their first exit times from bounded domains, when
these functionals are represented via solutions of backward parabolic SPDEs. The
previously known results about regularity of the solution of the backward SPDE
were insufficient for the case of domains with boundary and, respectively, the rep-
resentation result was never before obtained for this case. In Dokuchaev [14], it
was done using the additional regularity given by the second fundamental inequal-
ity from Theorem 4.3. This representation opens ways to a systematic study of first
exit times of non-Markov processes.
The rest part of the paper is devoted to the proofs of the results given above.

6 Auxiliary facts used for the proofs

In this section, we list some facts that will be used for the proof of Theorem 4.3.
Lemmas 6.1-6.5 given below were obtained in Dokuchaev [13], where their proof
can be found.

6.1 Decomposition of operators L and A(;
Introduce operators
L(s.T): X Y5, T) > Y'(s.T),
Mi(s,T): X, T) - Y(s, T),
£(5,T): 2% - Y'(s5,T)
such that
N
u=L(s.T)g+L(s.T)®+ > Mi(s.T)h,
i=1
where u is the solution of problem (3.2) in Y ! (s, 7). These operators are linear and
continuous; it follows immediately from Lemma 3.5. We will denote by L, M;,

and £, the operators L(0,T), M;(0,T), and £(0, T), correspondingly.
For t € [0, T'], define operators 6; : C([0, T]; Z’Y‘W) — Z;‘ such that

Siu =u(-,1).
Lemma 6.1. In the notation of Lemma 3.6, the following duality equation is satis-
fied:
p=L"+ (@rL)"V,
xi = M7E+ BT Mi)*Y, (6.1)
p(-.0) = L¥ + (SrL)* VY,
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82 N. Dokuchaev

where
L*:x ' — x!, M X X0
GrL)*:Z3— X',  @rM)*:2)—X°  (Srd)*:Z) — Z9,
are the operators that are adjoint to the operators
L:Xx !> x! M X0 —> X1,
StMi i XV — 729 Sr M X° — Z2, SrE:z) - 70,
respectively.

Our method of proof of the fundamental inequalities is based on decomposition
of the operators to superpositions of simpler operators.

Definition 6.2. Define the operators

K:Z0—-Y' Q:Xx"'>v! @:x°=>v! i=1,..,N,
as the operators

£:23 v, L: X'yl M :X°>Y! i=1,...,N,
considered for the case when B; = O for all ;.

By Lemma 3.5, these linear operators are continuous. It follows from the defi-
nitions that

N
KO+ Qon+ Y Qb =V.
i=1

wheren € X -1 oe Zg ,andh; € X 0 and where V is the solution of the problem

N
diV = (AV +n)dt + Y hi dw; (1),
=1 (6.2)
V|[=() = ®7 V(x7[7a))|xe8D = O
Define the operators
N N
P=>"QiBi. P*2) B (6.3)

i=1 i=1
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Backward parabolic Ito equations 83

By Lemma 6.1 and the definitions, the operator P : X! — X! is continuous, and
P*: X~! — X~ is its adjoint operator. Hence the operator P* : X1 — X!
is continuous. Let

N

N
Po =87 @B, Py=) Bf(Sr@)*.

i=1 i=1

By the definitions, the operator Py : X' — Z2 is continuous and P : Z9 — X!
is its adjoint operator. Hence the operator Pj : Z77 X ~1 is continuous.

Lemma 6.3. The operator (I — P)~' : X! — X is continuous, and
L=(-P)'Q,
M= (I -P)"'a,

(6.4)
S7L = Po(I — P)~' Qo + 870
SrMi = Po(I — P)' Qi + 674,
i =1,...,N. The operator (I — P*)~! : X~! — X~ is also continuous, and
L* = Qi — P71,
MF=@Qf (1 - P, 65

GrL)* = Q5 — P*)7' Py + (57Q0)",
ST Mi)* = QF(I — P*)T P + (51@)*.
In fact, Lemma 6.3 allows us to represent solution (3.3) via solution of a simpler

problem with B; = 0 and an inverse operator (I — P*)~!. It can be illustrated as
the following.

Corollary 6.4. (i) For V¥ = 0, the solution (p, x1,- .., xN) of problem (3.3) can
be repres}evnted as p = Q5g, xi = Qfg, where g = £ + ZzN=1 B[ xi, and
where ) i Biyi = P*g.

(ii) For general \V, the solution (p, x1,..., XN) of problem (3.3) can be repre-
sented as

p=Q5g+ (BrQ)*V, xi=Qfg+ (rQ)*V,

where g = £+ YN | B[ xi, and where YN  Biyi = P*g+PyV. Inother
words, g = (I — P*)~1& + (I — P*)"1PJW.

It appears that this representation helps to establish the second fundamental
inequality.
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84 N. Dokuchaev

6.2 Semi-group property for backward equations
It is known that the forward SPDE is casual (or it has the semi-group property): if
u=~Lp+ LD wherep € X!, ® e Z, then

uleero,s] = L(0.5)g + L(6, s)u(-,0). (6.6)

To proceed further, we need a similar property for the backward equations.

Lemma 6.5 (Dokuchaev [13]). Let0 < 0 < s < T, and let p = L*&, y; = M;E,
where £ € X~V and ¥ € Z%. Then

Pleefo,s] = L(6,5) | refo,5] + 6sL(0.5)* p(-.5). (6.7)
p(-.0) = (8g£(0.5)* p(-.5) + £(0.5)E, (6.8)
Xkltero,s] = Mi(0.5) Elrefo.s] + s Mi(0,5)* p(-.5), k=1,...,N. (6.9)

Note that this semi-group property implies causality for backward equation
(which is a non-trivial fact due the presence of y).

6.3 A special estimate for deterministic PDEs

. A T .
We use the notation Vu = (;T"l, 5’7”2, e 387”) for functions u : R” — R. In ad-
n

dition, we use the notation

n

(u,v)go = > i ui)go

i=1

for functions u, v : D — R”, where u = (u1,...,u,) and v = (v,...,vy).
Foru € H!, let

2 (Vu,b(-,t,0)Vu)'/?

n 1/2
ou ou
= (Z /D_axi (x)bij(X,l,w)gj(X)dx) _

i,j=1

el 1 0)
(6.10)

For K > 0, introduce the operator A% = A* — K1, i.e., Axu = A*u — Ku.
Lemma 6.6. Let 6, t € [0, T] be given, 0 < 6 < t < T. Let the function
b(x,t,w) = b(x,w)

be constant in t € [0, t] for a.e. x, w. Let h = h(x,t,w) € Ly(D x [0, t]), and
let u=u(x,t,w): D x[0,7] x 2 = R be the solution of the boundary value
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Backward parabolic Ito equations 85

problem

ou
b Atu=—h te(0,
ar KN e (6.11)

M(X,T) :07 M(X,Z)|x€3D :07
Then for any ¢ > 0, M > 0, there exists K = K(e, M, P) > 0 such that
2 2
7 +M Sup ||u(7t7w)|| 0
Hl(t0) relb.1] "
1+¢
<

T
2
— 2 /0 ”h(',t,(l))”Hod[ a.s.

This lemma follows immediately from Dokuchaev [12, Theorem 1 and Corol-
lary 1]; it first appeared in Dokuchaev [11].

sup [lu(-,7, o)
telf,7]

7 The proof of Theorem 4.3

By Lemma 6.1, it suffices to show that the operators
L*: X% > Y% (@rL)*:Z; —>Y?
and
MEXO - XY Sr M) ZE - X!

are continuous, and that their norms are less or equal than a constant ¢ = c¢().

We define the operators L*(s, T'), M (s.T), (7L(s,T))*, (67 M;i(s,T))*,
similarly to L*, M*, (§7L)*, (§7M;)*, with the time interval [0, T'] replaced by
[s, T]. o B

We denote by #7 the completion (with respect to the measure £; x P) of the
o-algebra of subsets of [0, Z] x €2, generated by functions that are progressively
measurable with respect to 81 x Fr. Let

X2 L2((0.7]x Q. Pr. Ty x P HF).

Let & be the operator of projection of X' onto X 1.
Forf ¢ X%and ¥ € Z ;, let p be the solution of the boundary value problem
in Q
a—p+A*—:—$, t =T,
at (7.1)
Pli=r =V, Pp(x.t,0)|xeap =0.
By the second fundamental inequality for deterministic parabolic equations, it fol-
lows that the solution of (7.1) is such that p € YZ N €1, (7.2) holds and

1Pl + I7ller < c(l€lxo + Wl 29). (7.2)
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86 N. Dokuchaev

where ¢ = ¢(#) > 0 is a constant. If the function b(x, ¢, w) is almost surely con-
tinuous in (x,t), then inequality (7.2) follows from Theorem IV.9.1 from Lady-
zenskaya et al. [22]. Since the derivative db/0dx is bounded, the condition that b is
continuous can be lifted; this fact is well known. In particular, (7.2) follows in this
case from Dokuchaev [10, Theorem 3.1].

By the Martingale Representation Theorem, there are functions y; (-, f,-) € X°
such that

N T
P(x.t,w) =E{p(x.t,0)|Fo} + Z/o vi(x,t, s, w)dw;(s). (7.3)

i=1
Lemma 7.1. Assume the function u = (b, f, A) is such that u(x, t, w) is Fo-meas-
urable forall x € D. Let £ € X°, W € Z}, let p be the solution of (7.1), and let
v;j be the processes presented in (7.3). Let p, x1, ..., x2 be defined as
PEED. 1i(x.s5,0) 2 yi(x,s,5,0). (7.4)

Then p € Yl Xi € XY and

N
Iplly2 + Y llxillxr < c(l€lxo + 191 20). (7.5)

i=1
where ¢ = ¢(P) > 0 is a constant. In addition,
p=Q56+(rQo)"Y, xi=@Q¢+ (rQi)*V. (7.6)
Proof. By the Martingale Representation Theorem, there exist functions
i+ t,) € X0 ygi(-r,) € X0 and pgi(-) € X,
such that (7.3) holds as well as

LAY
£0x,n,0) = BE o)) + 3 [yt o)dun o)

i=1

N .T
W(r.0) = EWr o)l % + Y [ pwirs.ondu ).
i=1"0
Moreover, it follows that
i)gi('7t7') € XO’
where either Dy = dy/dt or Dy = A*y, and

N T
D7(r.t.0) = BLOF(x.1.0)|Foh + 3 [ Dyixutos.0)dur 0,

i=1
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By (7.1), it follows that

a .
B—J;l(-,t,s,a)) + Ay (15, 0) = =i (- t5,0), 1€(0,T), a7

Vi(X,T,S,CU):V\IJi(x,S»w)v yi(x’[’s’a))leaD =0.

Again, it follows from the second fundamental inequality for deterministic pa-
rabolic equations that

T
Sup ”Vl'("tvs’w)”ill 56(/ ||)/$,~(-,t,S,w)||12L10dt+||y\yi(-,s,a))||ill),
tels, T K

where ¢ = ¢(T,n, D) > 01is a constant. Hence
T
i (.58, 0) 1%, < C(/ lyei (- 1.5, @) 50dt + IIV\w(-,S,w)II,qu)-
R

This estimate together with (7.2) ensures that (7.5) holds for p and y; defined by
(7.4).
Let us show that (7.6) holds. Clearly,

N T
P(x,t,w) = p(x,t,0) + Z/ vi(x.1,s, )dwi(s),
i=1"1

and
T
p(-.1) =/t (A*?(~,s) —{—E(-,s))ds.

Hence

T
p(’t)ij—i_/t (,A*p(’s)+§:(’s))ds
N T T
+§1[‘“£[N”“&”+wﬂmﬂwmm
T
—/t Vi(',l,s)dwi(s)]

T
= \I'—I-/; (A*p(-.5) +&(-,5))ds

N

T r
+Z|:/l dwi(r)/t [A*yi(-.s.7) + vei(-,s.r)]ds

T
-[ w«nxﬂw@ﬂ
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88 N. Dokuchaev

T
= \I'—I-/t (A*p(-.5) +E(-.5))ds

N T s
+Z/; dwl(s)[\/; [‘A )’l(s”ss)-l-)’gz(”"S)]d”_yz(,t,s):|

i=1

By (7.7),

m-,t,s)—/t (A i (. r25) + yer (- )ldr = 1i(-5.9).

By (7.4), we have selected y; (-, s,5) = xi(-,s). It follows that

T N .1
e =0t [ W ECods =Y [t dw.

t Pl
Finally, we obtain (7.6) from Lemma 6.1 applied to the operators @5, @, (7 @¢)*
and (67@;)*,i = 1,..., N, considered as special cases of L*, M}, (§7Lo)* and

(87 M;)*, respectively. This completes the proof of Lemma 7.1. |

In the following proof, we will explore the following observation. Assume that
A is replaced by

A (x,1,0) = Ax.1,0) + K,

i.e., A isreplaced by Ax = Av+ K. In this case, the solution u of problem (3.2)
has to be replaced by the process

u(x,t, a))e_Kt.
Respectively, the solution (p, x1, ..., yn) of problem (3.3) has to be replaced by
the process

K(T—1) K(T-1) K(T—t))_

(p(x,t,a))e ,x1(x,t, w)e L XN(x, t,w)e

Therefore, it suffices to prove theorem for any case when A is replaced for
A(K)(x,t,a)) = Ax,t,w)+ K

with some K > 0, and this K can be taken arbitrarily large.
For linear normed spaces X and ¥, we denote by [|7 || x,y the norm of an op-
erator 7 : X — ¥.

Lemma 7.2. Let 0 < s < T, and assume that the function i = (b, f,A) is such
that w(x,t,-) is Fs-measurable for all x € D, t € [s, T). Moreover, we assume
that b(x,t,w) = b(x,w) does not depend on t € [s, T]. Then there exists K > 0
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Backward parabolic Ito equations 89

such that if A is replaced by A(x,t,w) + K, then

IG5 T lxogs. .20,y + T LG T 21y 1)

n n
+ D IME G Dllxoge,ry.xt + D 16T Mils, TN 23 x1¢5,7) < €
i=1 i=1

where ¢ € (0, +00) depends only on K and .

Proof. To simplify the notations, we consider only the case when s = 0.

By (6.1) and (6.5), it suffices to show that the operator ( — P*)~1 : X% — x©
is continuous. For this, it suffices to show that there exists K > 0 such that if A is
replaced for A(x, 7, w) + K, then || P*|[xo0 xo < 1.

Let £ € X9, let D be the solution of (7.1), and let y;j be the processes presented
in (7.3) with W = 0. Let p, x1,..., x2 be defined by (7.4) with ¥ = 0. In this
case,

dyi
(-, t,8,0) + ATy (-, 1,5, 0) = —ve; (-, 1,8, 0), te(0,T),
o ( ) vi( ) Yei( ) 0,T) (7.8)

yi(x,T,s,0) =0, vyi(x,t,5,0)|xeap = 0.

By Lemma 6.6 applied to boundary value problem (7.8), forany ¢ > 0, M > 0,
there exists K = K(e, M, $) > 0 such that

sup [1yi (- 1.5.0) 151, oy + M sup lyi(.1.5.0) 70

tels,T] t€ls,T]
1+e (T
=20 s oled as
S
Here || - ”I?l(t ) is defined by (6.10). Hence
T 2 T 2
IG5 0By s+ M [ 50 pods
1+¢ [T r
=0 s [t s o) B
0 K}
Note that
N .T T 5 5
BY [ ar [ vt 0)lBods < €10,
i=170 0
Hence

T

T
1+«
E/o ||yi<-,s,s,w)||§;l(,,w)ds+ME/0 7155, 0)Fods < 1813
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90 N. Dokuchaev

By (7.6), it can be rewritten as

T T
B[00 gydt + ME [t 0) s
0 0 (7.9)
1+ €
1€ 11%0-
Remind that
N
P*6 =Y "By,
ji=1
By Condition 4.1, there exists M = M(J) > 0 such that
2 N
< 22 1051+ 2M 2 2310
HO J j=1
(7.10)

N
=261 ) Vil V0o
j=1
By (7.9) and (7.10), it follows that a small enough ¢ > 0 and a large enough

K > 0 can be found such that
2

N
Z B} i

i=1

|P*E| 50 = < clgl%,
XO

for this K with some ¢ = ¢(#, K) < 1. Hence

IP*Elxo < Vell§lxo-

Therefore, we have proved that there exists K = K(#) > 0 such that if A is re-
placed for A(x,t,w) + K, then | P* ||Xo’Xo < 1, and, therefore, the operator

(I-pP%H 1. x%- x°

is continuous. By the first equation in (7.6), the operator @} : X° — Y2 is contin-
uous. In addition, it follows from (7.6) and (7.9) that the operators (,‘21* : X0 - x!
are continuous. Then the proof of Lemma 7.2 for the special case of ¥ = 0 follows
from the first equations for adjoint operators in (6.5).

To complete the proof of Lemma 7.2 for general W, we note that by (7.5) and
(7.6), it follows that it suffices to show that the operators (§7Q0)* : Z1. — Y? and
(87@;)* : Z}. — X! are continuous, i = 1,..., N. In addition, the upper bound
of the norms of these operators depends on & only. Then the proof follows from
the last two equations for the adjoint operators in (6.5). This completes the proof
of Lemma 7.2. |

Brought to you by | Curtin University of Technology (Curtin University Library)
Authenticated | 172.16.1.226
Download Date | 5/4/12 5:43 AM
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For an integer M > 0, denote by ® (M) the class of all functions i = (b, f, 1)
such that all conditions imposed in Section 3 are satisfied and that there exists a
finite set {z;} o such that

1=
e 0=ty<ty<---<ty=T,

s the function p(x,7,-) = (b(x,t,-), f(x,1,-),A(x,1,-)) is F;-measurable
forallx € D,t € [t;, tix1),

* the function b(x,, w) = b(x, ) does not depend on ¢ for ¢t € [t;, ti41).

Let © 2 (0 O(M).

Lemma 7.3. Let (b, f, 1) € ©(M) for some M > 0. Then there exists K > 0 such
that if A is replaced by A(x,t,w) + K, then

n n
IL* xo,pt + D 1M xo x1 + 1GT L) 21 1 + Y 16T M) 21 x1 < e,

i=1 i=1
where ¢ € (0, +00) does not depend on M and depends only on K and P.

Proof. The proof of this lemma follows immediately from Lemma 6.5 and from
Lemma 7.2 applied consequently for all time intervals from the definition of ® (M)
backward from terminal time. |

Corollary 7.4. Under the assumption of Lemma 7.3, Theorem 4.3 holds and there
exists K > 0 such that the operators

L*: X% > v?, M X0 > X
GrL)*:ZL - Y2 (SrM)*:Z}— X', j=1,...,N,
are continuous, and their norms do not depend on M.

Up to the end of this section, we assume that A is replaced for A(x,?,w) + K
such that the conclusion of Lemma 7.3 holds.

Now we are in a position to prove Theorem 4.3 for the case of (b, f, 1) of the
general kind.

LetM =1,2,..., M — 4o00.Lete 2 M1 By Condition 4.2, there exists
a subsequence of M such that there exists b, € (M) for any M with the cor-
responding sets {t;} = {tx (M)} with0 = fp < --- < ty < tpy = T such that
maxg |ty —tg—1| > 0as M — +o0, be(x,t,w) = b(tg,t,w), t € [tg,tr+1), and
that there exist g, r € [1, +o¢] such that

apl
be >b in'W,, ase—0.
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Further, we introduce functions f;, A, such that

fé‘(x’t’w) = E{f(x7t7w)|3‘;tk}v
Ae(x,t,w) = E{A(x,t,w)|Fy },  t € [tg, ths1).

Proposition 7.5. Let us show that Condition 4.1 implies the following:
(a) Condition 4.1 is satisfied for b replaced by bg, with the same §1 > 0 for all ¢,

(b) without a loss of generality, we can assume that sup,-.q ||be ”Wéo < 4o00.

Proof. 1Tt suffices to show that Condition 4.1 (i) implies (a) and Condition 4.1 (ii)
implies (b).

Let us show that Condition 4.1 (i) implies (a). Let A = A(x, ¢, w) € R*N*1N
be the symmetric matrix that defines the quadratic form on the vectors

Y =(O1.....yn) €R™Y

in (4.1), and let A, be the similar matrix defined for & = b,. By Condition 4.1,
the minimal eigenvalue of A is positive and is separated from zero uniformly over
&, X, t,w. By the definitions, it follows that

1A = Allyg, 0.

Since the minimal eigenvalue of a matrix depends continuously on its coefficients,
it follows that the minimal eigenvalue of A, is positive and is separated from zero
uniformly over ¢, x, f, ®. Hence Condition 4.1 (i) implies (a).

Let us show that Condition 4.1 (ii) implies (b). Let R = ”b”Wéo , and let y be
the supremum over x, 7, w of the maximal eigenvalue of b(x, ¢, w). It suffices to
show that, without a loss of generality, we can assume that

sup [|be 1 < ny +2R+ 1. (7.11)
&

Suppose that (7.11) does not hold, i.e., that there exists some M such that for
e = M~ andsome t; = t;(M) thereexists ' C Q suchthatT e F,., P(I') > 0,

bS('ataw)Ebé‘(tkaxva))v te[tk7tk+1)’

and
bs(- .tk )1 (py >ny +2R+1 iff wel.

In this case, one can replace be (-, 1)|refr 11 41) BY

be(x,1,0) = be(x, 1, 0)Ig\r (@) + YIalr (@), 1 € [t tr11),

Brought to you by | Curtin University of Technology (Curtin University Library)
Authenticated | 172.16.1.226
Download Date | 5/4/12 5:43 AM



Backward parabolic Ito equations 93

where I is the indicator functiop, and where [, is the unit matrix in R”. Obviously,
Condition 4.1 is satisfied for b, replacing b., with the same §; > 0 for all . In
addition, we have that

16M — bl iy < 161y oy + I1bllwa oy <nv + R, €T,

and

1B — b1 oy = 1B Ny oy = 181w ()
>ny +2R—R=ny+R, wel

It follows that Condition 4.2 holds for the new selection bg. This completes the
proof of Proposition 7.5. |

Further, it follows from Proposition 7.5 and from the definitions that

sup (|b8(x,t,a))| + ‘%(x,t,w)' + | felx,t,w)| + ‘%(x,t,w)'

ol (7.12)
+ |)Lg(x,t,a))|) < +o00.
Let us consider a subsequence ¢ = ¢; — 0 such that
be — b, Je = 1. Ae = A,
ob db d 0 (7.13)
== 5 = £—>—f in X% and a.e. as ¢ — 0.
ox ox ox ox
Let
A A
Pe = L:S + (STis)*\pv Xie = M:E + (8TMi8)*LD7
and let

pPEL%+Gre)* W, xi = MIE+ S M)W

The operators LY : X~! — Y! etc. are defined similarly to L* : X~! — Y! etc.
with substituting (b, f,A) = (be, fe, Ae).

By Lemma 7.3, the sequences {p¢} and {y;¢} belong to the closed balls in the
spaces X2 and X! respectively with the centers at the zero and with the radius
c(Ellxo + ||\I/||er), where ¢ = ¢(#) > 0 does not depend on ¢. The balls men-
tioned are closed, concave, and bounded. It follows that these balls are weakly
closed and weakly compact in the reflexible Banach spaces X2 and X! respec-
tively. It follows that the sequences {p.} and {y;.} have subsequences with weak
limits p and y; in the corresponding balls, i.e.,

N
15lx> + Y I7illxr < clElxo + 1%l y).

i=1
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Assume that we can show that 5, — p weakly in X2 and y;. — y; weakly in
X1 foralli. It follows that = p and j; = y; and

N
Iplxz + Y llxillx < c(lElxo + Ml z1)- (7.14)

i=1

It follows that
N

ZBi*Xi

i=1

< c1(ll€llxo + 1%l 1)
X0

where ¢; = ¢1 () is a constant. Hence g 2 £+ ZIIV=1 B xi is such that
lgllxo < c2(llEllxo + Wl z1),
where ¢, = ¢() is a constant. Remind that, by Lemma 6.3 and Corollary 6.4,
g=U =P+ —P)TIPIV. p=Q5g+ (5rQ)"V.
By Lemma 7.1, it follows that p € Y2 and

N
ZBi*Xi

i=1

Iplly2 + = es(liglxo + 1%l z1)

X0

where ¢3 = c3(P). By (7.15), it follows that p € Y2 and

N

ZBi*Xi

i=1

Iplly2 + =< ca(llElixo + 1%l 21)

X0

where c4 = c4(J) is a constant. Then the proof of Theorem 4.3 follows provided
that the weak convergence of the sequence { y;¢} to x; is established.
Therefore, it suffices prove this weak convergence, i.e., it suffices to show that

I. 2 (pe— p.h)yo >0 ase—0 VheXO, (7.15)
Je = (Yis— ish)yo >0 ase—0 VheX% ie{l,....N}. (7.16)

Let us show that (7.15) holds. Set u, 2 Lich and u 2 L; h, where the oper-
ators Lis : X0 — Y'! are defined similarly to the operators L; : X? — Y1 with
substituting (b, f,A) = (b, fe, A¢). By the definitions of the corresponding ad-
joint operators,

I, = (L?EE — L;-kf, h)yo + ((STL,'E)*‘-IJ — (5TL,')*‘-IJ, h)yo
= (§ue —uyo + (W,ue (-, T) —u(-, 7)) z0.
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Backward parabolic Ito equations 95

Let the operators #4. be defined similarly to 4 with substituting

(b, f:A) = (be, fe, Ae)-
By the definitions, it follows that there exist functions
?g(x,z,a)) R xRy x Q2 — R" and /)L\g(x,t,a)) R'"xRy xQ—R

such that R R
supess sup(| 7 (x. 1, )| + [Le(x.1,0)]) < +oc,

e>0 x,t,w
and that A.u — Au is represented as

n n
a 31/{ -~ au ~
AU — Au = | E a—xi([bija — bjj] E) + E fiea—xi + Aeut.
i,j=1 i=1
By (7.12)—(7.13), it follows that

?3—>0 and 1\8—>0 a.e.and in X°.

The function U, =8 ¢ — u is the solution in Q of the boundary value problem

N
diUsg = (AUg + Fe(u)) dt + Z BiUg dw;(t),
i=1

Ué‘(-x’o) =0, Ué‘(x’t)|x€3D = O’

and where the linear operator Fg(-) is defined as

Fo(u) = re(u) + qe (),
"9 [~ du
re(u) = —([b -»—b~-]—),

ou
qe(u) = _3
X

Fe+ Aeut.
Here Zgi ; are the components of the matrix ?)\8. By Lemma 3.5, it follows that
[Uellyr = CliFe()lx—1.

for a constant C; = C1 (). It follows that there exists a constant C = C(#) > 0
such that

(el < CllUellyr(Elx—1 + Wl z7) < CllFe@)lx—1 (IEllxo + [l z7)-
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96 N. Dokuchaev

‘We have that

T &y 8~ o\ |’
el =8 [ 50 o (B bl )| ar
i,j=1 J /g1
n 2
<C b —| dt,
= 1..2_: / H[ eij — lj] x 7o
i,j=1
for a constant C = C(n). The functions b, and b are bounded, hence
~ ou ou
[beij —bij]gj <C; a(?@l,w)

for a constant C; = C1(#). We have that u € X!. By Lebesgue’s Dominated
Convergence Theorem, it follows that

Further, the functions }‘\s and 1\8 are bounded, hence

~

ou
[bsij bl]] Bx]

— 0.
X0

Hence ||re(u)||x—1 — O.

2—Z(x,t,w)

ge) (.1, )] < cl(

+ |u(x,t,a))|)

for a constant C; = C»(#) > 0. By Lebesgue’s Dominated Convergence Theo-
rem again, it follows that ||gc(¢)||xo — 0. Therefore, we obtain ||Ug ()| xo — O.
By (7), it follows that (7.15) holds.

Let us show that (7.16) holds. Set v, 2 M;ieh and v 2 M; h, where the oper-
ators M, : X — Y1 are defined similarly to the operators M; : X — Y'! with
substituting (b, f,A) = (b, fe, A¢). By the definitions of the corresponding ad-
joint operators,

Je = (MELE — MFE D)o + (57 Mie)*W — 37 Mi)* W, h)xo
= (6.6 — V)yo + (W ve(-. T) = v(-. T)) 20..

The function V; =S vg — v is the solution in Q of the boundary value problem

N

diVe = (Ve + Fe(v))dt + Y BiVe dw; (1),
i=1

VS(X,O) = 07 Vs(xvt)|x€aD = 07

where the operator F,(-) is defined as above. The remaining part of the proof of
(7.16) repeats the proof of (7.15). This completes the proof of Theorem 4.3. o
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8 The proof of Theorems 4.5-4.7 and 5.1
Proof of Theorem 4.5. Assume that Condition 4.1 holds. Let
N 1/2
SNé{az(al,...,aN)TeRN:|a|=(Z|a,~|2) 51}.
i=1

Let y € R” be fixed and let y; = y; (@) 2 a;y, where o € Sy. Let y; 2 a;y and
zi =zi(y) = ﬂl.Ty, z=12(y) = (z1,...,z5)". By Condition 4.1,

2
N
Zy,Tbyz > (nyﬁz) +81 ) |yil?
i=1 i=1 i=1
foralla € Sy, (x,1) € D x[0,T] and w € 2. Hence

N
yTby =Y a?yThy

i=1

Al 2 N
3 (Zainﬂi) +81 ) o7 lyl?

i=1 i=1

A%

LN 2 N
= (Zaizi@)) +811yP Y of

i=1 i=1
1
= 5@ z())* + 8ilyP?

for any o € Sy . Hence
1 2 1
y'hy = sup =(a'z(3)" +8ilyl> = Sz +8ilyI*
a€eSN 2 2

On the other hand,

=z = Z|zl(y)|2 ZMW

i=1 i=1
Hence
y'by=>< Z v TBil> + 81lyI>.
1—1
Hence Condition 3.1 holds with § = §;. This completes the proof. ]
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98 N. Dokuchaev

Proof of Theorem 4.6. We have that
2b =y + R,
where y = Y7 fZ and R = R(x,1,w) > 26. Let

D=BBT ={iB}N,_;. where B = (By.....BN)".
It suffices to show that there exists §; > 0 such that
y(x.t,0) Iy — D(x,t,0) = 0

for all x, ¢, w, where Iy is the unit matrix in RV *VN . Let A = A(x, ¢, w) be the
minimal eigenvalue of the matrix y(x, ¢, w) Iy —D(x, t, w). It suffices to show that
A > 0. Letz = z(x,t,w) be a corresponding eigenvector such that |z| = |B| # 0
(for the trivial case | B| = 0, we have immediately that A = 0). We have that

z=cB+ B,

where ¢ € [—1,1] and B’ = B'(x,t, ) is a vector such that BT B’ = 0. By the
definitions, we have that y = |B|? and

Az = (yIy — D)z = (yIy — BBT)(cB + B')
=y(cB + B')—¢|B|?B = ycB + yB' —cyB = yB'.

Hence A(cB + B’) = yB’. It follows that either B’ # 0,¢ = 0,and A = y > 0,
or A = 0 and B’ = 0. This completes the proof. o

Proof of Theorem 4.71. By Holder’s inequality, we have that

2 No

No
ZyiT,Bi =< No Z(J’i—rﬂi)z'

i=1 i=1

Hence
N (X 2 N 1 {No 2
> sl 3(Em) = XoTo - 327
i=1 i=1 i=1 i=1
No N, No )
T 0 T
> Zyi byi — TZ(y,- Bi)
i=1 =1
N
> 5zz|yi|2~
i=1
This completes the proof. |

Brought to you by | Curtin University of Technology (Curtin University Library)
Authenticated | 172.16.1.226
Download Date | 5/4/12 5:43 AM



Backward parabolic Ito equations 99

Proof of Theorem 5.1. Let

(1) ) n (2)

A
p=rp a2 X_Xl )

and let A ®)* Bi(k)* be the corresponding operators (3.1), k = 1, 2. We have that

N
dep + AV p+y)yde + 3 BV yidt + ¥ = gidwi(r), 1 <T.
i=1

p(x.0,0) = ¥V (x,0) - VD (x,0), p(.t.0)|cesp = 0.
Here
N
" éé(l)—é(z)+=>4)(1)*P(2)_<’4’(2)*P(2)+Z(B,~(l)* @) B(2)* .2))'
i=1

By Theorem 4.3, it follows that there exists a constant Co = Cp(P (1)) such that

N
1Ply2 + 3 il = Co(I¥llxo + 19 — W)nzé). (8.1)
i=1

Further, we have Y = )", _ o { 5 ¥m, Where

Vo = 5(1) _ 5(2)’

n n
92 p@ ap'

¥ & Z[bi(jl) b(z)]axpa "‘Zf(l) f(2)]P +[A(1) 221,

i,j=1 Y4

X

w2=Z(Z[ﬂ‘“ B +[ﬂ“) BPly (2))

i=1 \i=1
Clearly,

N
IWollxo < M. [¥1lxo < CM[pP |y, Iv2llxo < CM + > 1Py
i=1

where C = C(n) is a constant. Finally, we obtain

N
2
1V llxo < c1M<||p<2)||Y2 + 3 1Pl + 1),
i=1
where C; = Cy(n) is a constant. By (8.1), the desired estimate follows. This com-
pletes the proof. o
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