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Abstract

An era of big data has arrived without doubt because of advancements in sensing
and storage technologies and dramatic growth in digital applications. Such growth
in the amount of data, as well as the variety of data, poses huge demand for the
development of automatic data analysis, classification, and retrieval techniques.

Clustering is one of the most active area in the scope of data analysis. Clustering,
also known as cluster analysis, is the formal study of methods and algorithms for
grouping, or clustering, objects according to measured or perceived intrinsic charac-
teristics or similarities. Clustering does not use category labels that tag objects with
prior identifiers. The absence of category information distinguishes data clustering
(unsupervised learning) from classification or discriminant analysis (supervised learn-
ing). This thesis focuses one of the hot areas of clustering: the image clustering.
Specifically, we aim at using clustering method to deal with semantic learning and
manifold learning problems in image analysis.

The goal of image clustering is to gather all images into clusters such that the
images in each cluster provide essentially the same, or highly related, information.
The generated clusters provide a concise summarization and visualization of the image
content that can be used for different tasks, such as image retrieval. Traditionally,
researchers do not care too much about what kind of information is shared in image
clusters, as long as the images appear similar in each cluster. In recent years, there
has been a growing interest in developing effective methods for content-based image
retrieval (CBIR). It reflects the face that a more desirable retrieval system should be
able to deal with semantic query. Instead of using image as a query, a more effective
way from user’s perspective is querying by the nature language description of the
image. The challenge here is to learn high-level semantic concepts from low-level
visual features, which is known as the “semantic gap” problem.

Another problem in image clustering is to define the underlying manifold struc-
tures in a image space. Image data are normally represented by a high-dimensional
feature space, resulting in poor performance of Euclidean space based clustering meth-
ods. Manifold learning has been proven to significantly improve performance in many
image tasks. Since the manifolds are usually of a much lower dimension than the orig-
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inal space in which they lie, many manifold learning algorithms make use of dimension
reduction methods. Spectral clustering is one of the most popular methods among
them. It does not require estimating an explicit model of data distribution, rather a
spectral analysis of the pairwise similarities needs to be conducted. Spectral cluster-
ing makes use of spectral-graph structure of an affinity matrix to project data into
a much lower eigenspace. It requires robust and appropriate affinity graphs as the
input in order to form clusters with desired structures. Constructing such affinity
graphs is a nontrivial task due to the ambiguity and uncertainty inherent in the raw
data. Most existing spectral clustering methods typically adopt Gaussian kernel as
the similarity measure, and employ all available features to construct affinity matri-
ces with the Euclidean distance, which is often not an accurate representation of the
underlying data structures, especially when data is embedded in high dimensional
space.

In this thesis, we first present an axiomatic fuzzy set based clustering method,
namely AFS clustering, for semantic gap problem. By utilizing fuzzy membership
function, we show that the semantic gap between high-level semantic concepts and
low-level visual features has been bridged automatically. Moreover, unlike the con-
ventional fuzzy based approach using the pre-defined membership function, the pro-
posed method automatically constructs membership function derived from data itself,
yielding more objective and robust representation of semantic concepts. We apply the
proposed method on facial component clustering, the results are promising compared
to 𝐾-means and FCM.

Next, we propose a novel unsupervised approach for manifold learning, named
Axiomatic Fuzzy Set-based Spectral Clustering (AFSSC), to generate more robust
affinity graphs via identifying and exploiting discriminative features to improve the
performance of spectral clustering. Specifically, our model assigns a discriminative
fuzzy set for each object as the new representation and derives the pairwise similarities
by the membership degrees belonging to the fuzzy set. Instead of utilizing all available
features blindly, the proposed model is capable of avoiding noisy features by capturing
and combining subtle similarity information distributed over feature subspaces. We
conduct extensive experiments to show the effectiveness of the proposed model, such
as semantic clustering for facial components, UCI data clustering, handwriting digits
clustering, face clustering, etc. The results have shown the superiority of our method
compared to other state-of-the-art methods.

Thesis Supervisor: Ling Li
Title: Associate Professor

Thesis Supervisor: Wanquan Liu
Title: Associate Professor

4



Acknowledgments

I would like to thank those people who helped me in different ways during the period

of the project. Without their help the thesis could not have been possible.

I want to express my sincere appreciation to my supervisors Ling Li and Wanquan

Liu for their constant guidance and encouragement. Thanks for offering me such an

opportunity to be a research student. It is a truly indelible and valuable experience

to work with you.

I am also grateful to my schoolmates, Yi Zhang, Antoni Liang, Yan Ren, Xin

Zhang, Jinglan Tian, Mingliang Xue, and Nadith for many discussions and insightful

suggestions.

Special thanks to my parents for understanding and supporting my project. Also

my love, Xiangmeng Tang, thanks for your warm and constant companion.

5



Contents

1 Introduction 12

1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.2 Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

1.2.1 𝐾-means clustering . . . . . . . . . . . . . . . . . . . . . . . . 16

1.2.2 Fuzzy clustering . . . . . . . . . . . . . . . . . . . . . . . . . . 17

1.2.3 Graph theoretic clustering . . . . . . . . . . . . . . . . . . . . 18

1.3 Significance and contribution . . . . . . . . . . . . . . . . . . . . . . . 19

1.4 Structure of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2 AFS Clustering for Semantic Learning 22

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.2 AFS theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.3 AFS clustering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.3.1 Low-level feature extraction . . . . . . . . . . . . . . . . . . . 29

2.3.2 Fuzzy similarity measure . . . . . . . . . . . . . . . . . . . . . 31

2.3.3 Semantic gap reduction . . . . . . . . . . . . . . . . . . . . . . 37

2.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3 AFS based Spectral Clustering for Manifold Learning 41

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.2 Related work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.3 AFS based spectral clustering . . . . . . . . . . . . . . . . . . . . . . 48

3.3.1 Data representation by fuzzy sets . . . . . . . . . . . . . . . . 48

6



3.3.2 Distance measure by AFS theory . . . . . . . . . . . . . . . . 50

3.3.3 Spectral clustering . . . . . . . . . . . . . . . . . . . . . . . . 50

3.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

4 Experimental Results and Analysis 54

4.1 Experiments for AFS clustering . . . . . . . . . . . . . . . . . . . . . 55

4.1.1 Eye clustering . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.1.2 Nose clustering . . . . . . . . . . . . . . . . . . . . . . . . . . 60

4.1.3 Parameter analysis . . . . . . . . . . . . . . . . . . . . . . . . 63

4.2 Experiments for AFS based spectral clustering . . . . . . . . . . . . . 65

4.2.1 Experimental Settings . . . . . . . . . . . . . . . . . . . . . . 65

4.2.2 Performance Measure . . . . . . . . . . . . . . . . . . . . . . . 66

4.2.3 Experiments on UCI Datasets . . . . . . . . . . . . . . . . . . 67

4.2.4 Experiments on USPS Datasets . . . . . . . . . . . . . . . . . 69

4.2.5 Experiments on Face Data . . . . . . . . . . . . . . . . . . . . 71

4.2.6 Analysis of Feature Selection . . . . . . . . . . . . . . . . . . . 75

4.2.7 Parameter Analysis . . . . . . . . . . . . . . . . . . . . . . . . 78

4.3 Comparison of AFS clustering and AFSSC . . . . . . . . . . . . . . . 79

5 Conclusions 81

5.1 AFS clustering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

5.2 AFS based spectral clustering . . . . . . . . . . . . . . . . . . . . . . 83

5.3 Future work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

7



List of Figures

1-1 Different learning models: red and green points are data with different

labels. Blue points mean unknown labels. . . . . . . . . . . . . . . . . 13

2-1 The flow chart of the framework of our approach. . . . . . . . . . . . 29

2-2 Global features: (a) perimeter; (b) height; (c) centroid distance; (d)

area; (e) width. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

2-3 Local features. There are 12 features for both eye and nose. They

are the Euclidian distances from the center(represents by 𝑂) to the

boundary points, e.g., 𝑓1 = 𝑑𝑂1, 𝑓2 = 𝑑𝑂2, etc. . . . . . . . . . . . . . 32

2-4 An example of feature score voting. . . . . . . . . . . . . . . . . . . . 34

4-1 Selected “local” Features of (a) Multi-PIE (b) and AR. . . . . . . . . 56

4-2 Examples of eyes clustered as “large” by using only the global features

and clustered as “medium” by using both the global and local features. 57

4-3 Examples of large eyes and small eyes. From top row to bottom row,

they are Multi-PIE large, Multi-PIE small, AR large and AR small

respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4-4 Selected features for nose clustering. (a) AR; (b) Multi-PIE. . . . . . 60

4-5 Examples of large noses and small noses. From top row to bottom

row, they are AR small, AR large, Multi-PIE small and Multi-PIE

large respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

4-6 Examples of noses clustered as “large” by using only the global features

but clustered as “medium” by using the global and local features. . . 62

4-7 Effect of parameter k. (a) Multi-PIE eye; (b) AR eye . . . . . . . . . 64

8



4-8 Clustering performance with different number of features. (a) Multi-

PIE eye; (b) AR eye . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4-9 Samples of USPS dataset. . . . . . . . . . . . . . . . . . . . . . . . . 70

4-10 Performance comparison based on CE for the USPS datasets. . . . . . 71

4-11 Performance comparison based on NMI for the USPS datasets. . . . . 72

4-12 CMU-PIE: each row corresponds to one person. . . . . . . . . . . . . 72

4-13 Yale: each row corresponds to one person. . . . . . . . . . . . . . . . 73

4-14 Qualitative comparison of the affinity graphs of CMU-PIE generated

by different methods. The second row shows the closed-up view of the

comparison between RSFC and AFSSC. Better viewed by color and

Zoom-In. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

4-15 NMI curve: comparison of the proposed method against existing meth-

ods on the spectral clustering performance given different scales of

neighborhood 𝑘. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4-16 Comparison of unsupervised feature selection methods on the spectral

clustering performance given different scales of dimension. . . . . . . 76

4-17 Clustering performance of the proposed AFSSC with different 𝑀 and 𝜎. 79

4-18 Comparison of clustering performance of SC and AFSSC with different

𝜎. We fix 𝑀 = 5 for AFSSC on all data sets. . . . . . . . . . . . . . . 79

9



List of Tables

4.1 Comparison of Clustering Algorithms for Eye Clustering . . . . . . . 59

4.2 Comparison of Clustering Algorithms for Nose Clustering . . . . . . . 63

4.3 Description of the UCI datasets. . . . . . . . . . . . . . . . . . . . . . 67

4.4 Comparison of Clustering Error (%) on UCI data sets. . . . . . . . . 68

4.5 Comparison of NMI (%) on UCI data sets. . . . . . . . . . . . . . . . 69

4.6 Description of USPS datasets. . . . . . . . . . . . . . . . . . . . . . . 70

10



Publications

This thesis is based upon several works that have been published over the course

of the author’s Master Degree, listed as follows in chronological order:

∙ Li, Q., Ren, Y., Liu, W., and Li, L. (2015). Semantic facial description via ax-

iomatic Fuzzy Set based clustering. In Fuzzy Systems and Knowledge Discovery

(FSKD), 2015 12th International Conference on (pp. 755-762). IEEE.

∙ Ren, Y., Li, Q., Liu, W., and Li, L. (2016). Semantic facial descriptor extrac-

tion via Axiomatic Fuzzy Set. Neurocomputing, 171, 1462-1474.

∙ Li, Q., Ren, Y., Li, L., and Liu, W. (2016). From Low-level Geometric Features

to High-level Semantics: an Axiomatic Fuzzy Set Clustering Approach. Journal

of Intelligent & Fuzzy Systems. (accepted)

11



Chapter 1

Introduction

1.1 Background

Advancements in sensing and storage technology and dramatic growth in applications

such as Internet search, digital imaging, and video surveillance, etc. have created high-

volume, high-dimensional data. With the growth in the amount of data, the variety of

available data (text, image, and video) has also increased. E-mails, blogs, transaction

data, and billions of Web pages create terabytes of new data every day. Most of

the data is stored digitally in electronic media, thus providing huge potential for

the development of automatic data analysis, classification, and retrieval techniques.

Many of these data streams, however, are unstructured, adding to the difficulty in

analyzing them [1].

The growth in both the size and diversity of data requires progress in methodolo-

gies to automatically summarize, process, and understand the data. Data analysis

can be broadly classified into two major paradigms [2]: (1) exploratory or descrip-

tive, meaning that the investigator wants to understand the latent characteristics or

structure of the high-dimensional data without pre-specified models or hypotheses,

and (2) confirmatory or inferential, which means the investigator wants to confirm

the validity of a hypothesis/model or a set of assumptions given the available data.

Many statistical techniques have been proposed to analyze the data, such as analy-

sis of variance, linear regression, principle component analysis, discriminant analysis,
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multi-dimensional scaling, and cluster analysis to name a few. A useful overview is

given in [3].

In pattern recognition, data analysis is concerned with predictive modeling: given

some training data, we want to predict the behavior of the unseen test data. This

task is also referred to as learning, mining, and knowledge discovery. In fact, the

terms pattern recognition, machine learning, data mining and knowledge discovery

in database (KDD) are difficult to separate, as they largely overlap in their scopes.

Nevertheless, machine learning and pattern recognition are the common terms for

supervised learning method, whereas data mining and KDD have a large focus on

unsupervised models. Supervised learning assumes that a set of training data has

been provided, consisting of a set of instances that have been properly labeled with the

correct output. A learning procedure then generates a model that attempts to predict

correct output for testing data. Unsupervised learning, on the other hand, attempts

to find inherent patterns or latent structures in the data without any training data. A

hybrid setting, called semi-supervised learning, has gained a growing interest recently,

which uses a combination of labeled and unlabeled data (typically a small set of

labeled data combined with a large amount of unlabeled data). In the semi-supervised

classification, the labels of the small portion of the training data are often diffused

to the unlabeled neighbors so that the labeled and unlabeled data are sufficiently

smooth with respect to the intrinsic structure [4]. Fig.1-1 illustrates the spectrum of

different types of learning problems of interest in the scopes.

Fig. 1-1: Different learning models: red and green points are data with different
labels. Blue points mean unknown labels.
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Cluster analysis, known as clustering, is the formal study of methods and algo-

rithms for grouping, or clustering, objects according to measured or perceived intrin-

sic characteristics or similarities. Webster [5] defines cluster analysis as “a statistical

classification technique for discovering whether the individuals of a population fall

into different groups by making quantitative comparisons of multiple characteristics”.

Clustering analysis does not use category labels that tag objects with prior identifier-

s. The absence of category information distinguishes data clustering (unsupervised

learning) from classification or discriminant analysis (supervised learning). Cluster

analysis itself is not a specific algorithm, but the general task to be solved. It can be

achieved by various algorithms that differ significantly in their notion of what consti-

tutes a cluster and how to efficiently find them. As described by [1], an operational

definition of clustering can be stated as: given a representation of 𝑁 objects, find 𝐾

groups based on a measure of similarity such that the similarities between objects in

the same group are high while the similarities between objects in different groups are

relatively low. Two significant questions here are: what is the definition of similarity?

And what is the notion of a cluster? Intuitively, clusters can differ in terms of shape,

size, and density. The presence of noise in the data makes the detection of the clus-

ters even more difficult. Ideal notions of clusters include groups with small distances

among the cluster members, dense areas of the data space, intervals or particular

statistical distributions. Clustering can therefore be formulated as a multi-objective

optimization problem. In reality, on the other hand, a cluster is a subjective entity

that is in the eye of the beholder and whose significance and interpretation requires

domain knowledge. However, while humans are excellent cluster seekers in two and

possibly three dimensions, we need automatic algorithms for high-dimensional data.

As a technique of knowledge exploration, clustering is prevalent in any discipline

that involves analysis of multivariate data, such as biology, psychiatry, psychology,

archaeology, psychiatry, geology, and marketing, etc. The importance and interdis-

ciplinary nature of clustering is evident through its vast literature. It is difficult

to exhaustively list the numerous scientific fields and applications that have utilized

clustering techniques as well as the thousands of published algorithms. Image seg-
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mentation, an important area in computer vision, can be formulated as a clustering

problem [6, 7]. Documents can be clustered to generate topical hierarchies for efficient

information access [8] or retrieval [9]. Clustering is also used to group customers into

different types for efficient marketing [10], to group service delivery engagements for

workforce management and planning [11], as well as to study genome data [12] in

biology. The diversity of clustering on various fields and applications has resulted in

thousands of clustering algorithms that have been published and continue to appear.

1.2 Related Work

The notion of a “cluster” cannot be precisely defined, which is one of the reasons why

there are so many cluster algorithms. Different researchers employ different cluster

models, and understanding their respective “cluster models” is the key to understand

the differences between various algorithms. Typical cluster models include:

∙ Connectivity models: also known as hierarchical clustering, are based on the

core idea of objects being more related to nearby objects than to objects farther

away. For example, single-linkage clustering and complete linkage clustering.

∙ Centroid models: represent each cluster by a single mean vector (cluster

center), and assign the objects to the nearest cluster center. For example, 𝐾-

means clustering.

∙ Distribution models: most closely related to statistics. Clusters can then be

easily defined as objects belonging most likely to the same distribution. For

example, Gaussian mixture models (expectation-maximization algorithm).

∙ Density models: define clusters as connected dense regions in the data s-

pace. For example, density-based spatial clustering of applications with noise

(DBSCAN).

∙ Subspace models: also known as co-clustering. Clusters are modeled with
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both cluster members and relevant features. For example, sparse subspace clus-

tering.

∙ Graph models: also known as spectral clustering, represent data points as

nodes in a weighted graph. For example, normalized cut.

Although clustering methods can be broadly categorized by the above models, it

is still extremely difficult to review all the published approaches. Some of the major

approaches related to this work will be briefly reviewed as follows.

1.2.1 𝐾-means clustering

𝐾-means is the most popular and the simplest clustering algorithm. It was first

published in 1956 [13]. Even though 𝐾-means was proposed over 50 years ago, it is

still one of the most widely used algorithms for clustering. Ease of implementation,

simplicity, efficiency, and empirical success are the main reasons for its popularity.

𝐾-means clustering aims to partition 𝑛 data points into 𝑘 clusters in which each

point belongs to the cluster with the minimum squared error, serving as a prototype

of the cluster. Given a set of data points (𝑥1, 𝑥2, ..., 𝑥𝑛), where each point is a 𝑑-

dimensional real vector, the goal is to cluster these points into a set of 𝐾 (𝐾 ≤ 𝑛)

clusters, 𝐶 = 𝑐𝑘, 𝑘 = 1, 2, ..., 𝐾. Let 𝜇𝑘 be the mean of cluster 𝑐𝑘. The squared error

between 𝜇𝑘 and the points in cluster 𝑐𝑘 is defined as:

𝐽(𝑐𝑘) =
∑︁
𝑥𝑖∈𝑐𝑘

‖ 𝑥𝑖 − 𝜇𝑘 ‖2 (1.1)

The objective is to minimize the sum of the squared errors over all the 𝐾 clusters,

𝐽(𝐶) =
𝐾∑︁
𝑘=1

∑︁
𝑥𝑖∈𝑐𝑘

‖ 𝑥𝑖 − 𝜇𝑘 ‖2 (1.2)

Minimizing this objective function is known to be an NP-hard problem (even for

𝐾 = 2). Thus 𝐾-means, which is a greedy algorithm, can only converge to a local

minimum, even though one study has shown with a large probability 𝐾-means could
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converge to the global optimum when clusters are well separated [14]. 𝐾-means

starts with an initial partition with 𝐾 clusters and assigns patterns to clusters so as

to reduce the sum of squared errors. Since the sum of squared errors always decreases

with an increase in the number of clusters 𝐾 (𝐽(𝐶) = 0 when 𝐾 = 𝑛), it can be

minimized only for a fixed number of clusters.

The drawbacks of 𝐾-means algorithm are evident: (1) convergency to local mini-

ma. One possible way to overcome the local minima is to run 𝐾-means with different

initial partitions and choose the partition with the smallest squared error. (2) user-

specified parameter 𝐾. Poor results can be yielded by an inappropriate choice of 𝐾.

While no perfect mathematical criterion for the choice of 𝐾 exists, a typical heuristics

way is to run 𝐾-means independently for different values of 𝐾 and the partition that

appears to be the most meaningful to the domain expert is selected.

1.2.2 Fuzzy clustering

Fuzzy clustering, also known as soft clustering, assigns each data points to all clusters

with a certain degree of membership [15]. Compared to hard (crisp) clustering, fuzzy

clustering is more suitable to handle problems with vague boundaries of clusters.

Moreover, the memberships may help us to discover more sophisticated relations

between a given data point and the disclosed clusters [16].

The fuzzy 𝑐-means (FCM) [17] is the most popular fuzzy clustering algorithm. The

FCM algorithm attempts to partition a finite collection of 𝑛 data points (𝑥1, 𝑥2, ..., 𝑥𝑛)

into a collection of 𝑐 fuzzy clusters with respect to some give criterion. Given a finite

set of data, the algorithm returns a list of 𝑐 cluster centers 𝐶 = 𝑐1, 𝑐2, ..., 𝑐𝑛 and

a partition matrix 𝑊 = 𝑤𝑖,𝑗 ∈ [0, 1], 𝑖 = 1, .., 𝑛, 𝑗 = 1, ..., 𝑐, where each element 𝑤𝑖𝑗

represents the degree to which element 𝑥𝑖 belongs to cluster 𝑐𝑗. Just like the 𝐾-means

clustering, the FCM aims to minimize an objective function:

argmin
𝐶

𝑛∑︁
𝑖=1

𝑐∑︁
𝑗=1

𝑤𝑚
𝑖𝑗 ‖ 𝑥𝑖 − 𝑐𝑗 ‖2 (1.3)
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where

𝑤𝑚
𝑖𝑗 =

1∑︀𝑐
𝑘=1(

‖𝑥𝑖−𝑐𝑗‖
‖𝑥𝑖−𝑐𝑘‖

)
2

𝑚−1

(1.4)

This differs from the 𝐾-means objective function by the addition of the membership

values 𝑤𝑖𝑗 and the fuzzifier 𝑚 ∈ R, with 𝑚 ≥ 1. The fuzzifier determines the level of

fuzziness. A large 𝑚 results in smaller memberships 𝑤𝑖𝑗 and hence, fuzzier clusters.

At the limit 𝑚 = 1, the memberships 𝑤𝑖𝑗 converge to 0 or 1, which implies a crisp

partition.

Although superior when the boundaries among the clusters are vague and ambigu-

ous, FCM suffers from similar drawbacks with 𝐾-means, e.g., the presence of noise

and outliers, the difficulty to identify the initial partitions, and the choice of 𝑘 [18].

1.2.3 Graph theoretic clustering

Graph theoretic clustering, sometimes referred to as spectral clustering, represents the

data points as nodes in a weighted graph, where the edges connecting the nodes are

weighted by their pairwise similarity. Graph theoretic clustering are gaining increas-

ing popularity over traditional clustering techniques, which are centered around the

notion of “feature”. In many real-world applications, in fact, a feasible feature-based

description of objects might be difficult to obtain or inefficient for learning purposes

while, on the other hand, it is often possible to obtain a measure of the similarity

between objects [19]. Moreover, graph theoretic clustering methods are of significant

interest since they cast cluster as pure graph theoretic problems for which solid theo-

ries and powerful algorithms have been developed. The basic idea here is to partition

the nodes into two subset 𝐴 and 𝐵 such that the cut size, i.e., the sum of the weights

assigned to the edges connecting between nodes in 𝐴 and 𝐵, is minimized.

Initial algorithms solved this problem using the minimum cut algorithm [20], which

often results in clusters of imbalanced sizes. A cluster size (number of data points in

a cluster) constraint was later adopted by the ratio cut algorithm [21]. An efficient

approximate graph-cut based clustering algorithm with cluster size (volume of the

clusters, or sum of edge weights within a cluster) constraint, called Normalized Cut,
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was first proposed by Shi and Malik [7]. Its multi-class version was proposed by Yu

and Shi [22]. Meila and Shi [23] presented a Markov Random Walk view of spectral

clustering and proposed the Modified Normalized Cut algorithm that can handle

an arbitrary number of clusters. Another well-known variant of spectral clustering

algorithm was proposed by Ng et al. [24], where a new data representation is derived

from the normalized eigenvectors of a kernel matrix. Laplacian Eigenmap [25] is

another spectral clustering method that derives the data representation based on

the eigenvectors of the graph Laplacian. Dominant sets algorithm [19] formulate the

pairwise clustering problem by relating clusters to maximal cliques, which can be

solved as a straightforward continuous optimization problem.

1.3 Significance and contribution

In this thesis, we propose a method based on AFS clustering for semantic learning

problem in image clustering. Motivated by the effectiveness of fuzzy set for repre-

senting semantic concepts, Axiomatic Fuzzy Set (AFS) theory is adopted to bridge

the semantic gap between low-level features and high-level semantic concepts. Mem-

bership functions are crucial for all fuzzy based methods. Unlike conventional fuzzy

approach with pre-defined membership functions, such as triangular and Gaussian

membership functions, AFS enables the membership functions to be created based

on information within data, taking both fuzziness (subjective imprecision) and ran-

domness (objective uncertainty) into account. Such superiority is significant when

semantic concepts need to be defined.

Moreover, we embed the AFS framework for similarity measure by taking the fuzzy

membership degree as pairwise similarity. Specifically, we first formulate a unified and

generalized data distance inference framework based on AFS fuzzy theory with two

innovations. Instead of using the complete feature space as a whole, the proposed

model is designed to avoid indistinctive features using fuzzy membership function,

yielding similarity graphs that can better express the underlying structure in data,

which can significantly reduce the number features used in the clustering process.
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On the other hand, the Euclidean assumption for data similarity inference is relaxed

using fuzzy logic operations defined in AFS. The data distance is then smoothed by

Gaussian kernel to enforce locality, resulting final similarity matrix. Motivated by

the natural of mapping similarity matrix to graph (with nodes represent data points,

weighted edges represent similarities), an affinity graph is constructed. Such a model

is capable of capturing and combining subtle similarity information distributed over

discriminative feature subspaces. We conduct standard spectral clustering method

with the constructed affinity graph, and the results have shown the superiority of the

proposed approach compared to other state-of-the-art methods.

1.4 Structure of the thesis

In this thesis, we propose two methods, AFS based clustering and AFS based spectral

clustering, for different problems in image clustering, semantic learning and manifold

learning, respectively.

In Chapter 2, we briefly introduce the AFS framework used in our model and pro-

pose a novel feature selection algorithm based AFS clustering method. Semantic facial

components clustering is used as an example to show that the proposed method can

automatically and objectively bridge the semantic gap between high-level semantic

concepts and low-level visual features.

In Chapter 3, the AFS framework is extended for spectral clustering, and a novel

algorithm named AFSSC is proposed. To this end, we formulate fuzzy membership

functions as the similarity measure and the affinity graph is constructed based on the

fuzzy similarity. The spectral clustering are then used to obtain the final clustering

result.

In Chapter 4, the result of semantic facial component clustering results based

on AFS are first presented. Semantic concepts are automatically extracted and the

clustering results are improved compared to 𝐾-means and FCM. The results for

AFSSC are shown next. Extensive experiments are conducted on various kinds of

data, such as UCI data, USPS handwritten digits, and face data. The results have
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shown the superiority of the proposed AFSSC compared to other state-of-the-art

methods. The relationship of AFS and AFSSC is discussed at the end of the chapter.

Chapter 5 concludes the whole thesis. The entire project is reviewed briefly and

potential future directions are discussed.
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Chapter 2

AFS Clustering for Semantic

Learning

2.1 Introduction

Image clustering aims at gathering all images into several clusters such that the im-

ages in single cluster provide essentially the same, or highly related information. The

generated clusters provide a concise summarization and visualization of the image

content that can be used for various computer vision tasks, such as image retrieval.

Normally. researchers do not care too much about what kind of information is pre-

sented in image clusters, as long as the images are all similar in one cluster. In recent

years, there has been a growing interest in developing effective methods for content-

based image retrieval (CBIR), in which the retrieval problem can be formulated as a

clustering problem [26]. The increasing demand for user interaction motivates us to

build more user-friendly retrieval systems. CBIR aims to find images from an image

database that closely matches a query given by users. Given a query image by users,

the CBIR systems would usually extract visual features, such as color, texture etc.

and re-rank the searched database by the similarities with the query based on the

extracted features. In fact, a more desirable CBIR system from users perspective can

be achieved by improving its capability to process semantic query, since in many cases

the accurate query image may be not available or reliable. The semantic-based image
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retrieval system allows user to input a query in terms of natural language expression

[27]. For example, to query with descriptions such as “a face with large eyes and small

nose” instead of using a facial image. In such cases, the user just needs to extract

semantic concepts from the facial image in their mind, which is more natural and

easier for human being.

Eakins et al. [28] mentioned three levels of queries in CBIR:

∙ Level 1: Query by primitive features such as color, texture, shape or the spatial

location of image elements. Typical query is query by example, “find pictures

like this”.

∙ Level 2: Query of objects of given type identified by derived features, with some

degree of logical inference. For example, “find a picture of a face”.

∙ Level 3: Query by abstract attributes, involving a significant amount of high-

level reasoning about the purpose of the objects or scenes depicted. This in-

cludes retrieval of named events, of pictures with emotional or religious sig-

nificance, etc. For example, “find pictures of a face with large eyes and small

nose”.

Levels 2 and 3 together are referred to as semantic image retrieval, and the gap

between Levels 1 and 2 is the well-known “semantic gap” [29]. More specifically, the

discrepancy between the limited descriptive power of low-level image features and the

richness of human semantics is referred to as the “semantic gap” [30]. Most of the

semantic CBIR systems still focus on Level 2, and limited work has been done for

Level 3. The challenge here is to find a robust and reliable method that automatically

determining the semantic meaning of the images based on low level visual feature by

computer. There is generally no direct connection between the low-level features of

an image that the computers can detect and the high-level semantic concepts that

the human would associate with the image. Therefore, to support query by high-level

concepts, a CBIR system should provide full support in bridging the “semantic gap"

between the numerical image features and the richness of human semantics.
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In the survey of Liu et al. [31], the state-of-art techniques in reducing the “se-

mantic gap” are mainly categorized into five paradigms: 1) using object ontology to

define high-level concepts; 2) using machine learning tools to associate low-level fea-

tures with query concepts; 3) introducing relevance feedback (RF) into retrieval loop

for continuous learning of users’ intention; 4) generating semantic template (ST) to

support high-level image retrieval; 5) making use of both the visual content of images

and the textual information obtained from the Web for WWW image retrieval.

In this work, we focus on the second paradigm in this chapter. Compared to other

models such as relevance feedback, machine learning methods need less interaction

with user. The models try to “learn” the semantic concepts by itself rather than

depending on the feedback from user. This is critical due to the subjectivity of

human perception on semantic concepts.

Machine learning methods could be categorized into supervised learning and un-

supervised learning. Both of them are used to derive high-level semantic features

[32, 33, 34, 35]. Supervised learning methods predict the value of an outcome mea-

sure (for example, semantic category label) based on the training set. For example,

in Ref. [36], SVM is employed for image annotation. In the training stage, a binary

SVM model is trained for each of the 23 selected concepts. In the testing stage, unla-

beled regions are fed into all the models, and the concept from the model giving the

highest positive result is associated with the region. Another widely used learning

method is Bayesian classification. In [34], with binary Bayesian classifier, high-level

image concepts of natural scenes are captured from low-level image feature. Bayesian

network is used for indoor/outdoor image classification in [35].

Unlike supervised learning in which the presence of the outcome variable guides the

learning process, unsupervised learning has no measurements of outcome. Rather, the

task is to find out how the input features are organized or clustered. Image clustering

is the typical unsupervised learning technique for retrieval purpose. It intends to

group a set of image data in a way to maximize the similarity within clusters and

minimize the similarity between different clusters. Each resulting cluster is then

associated with a class label.
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The traditional 𝑘-means clustering and its variations are often used for image

clustering. In [37], 𝑘-means clustering is applied to low-level color features of a set of

training images. The statistics measuring the variation of each cluster are then used

to derive a set of mappings between the low-level features and the optimal textual

characterizations (keywords) of the corresponding cluster. The mapping rules derived

could be used further to index unlabeled images. Another method named “CLUE"

is presented in [30] to reduce the “semantic gap” problem. Instead of retrieving the

top matched images, this method attempts to retrieve semantically coherent image

clusters. Given a query image, a collection of target images similar to the query

image are selected as its neighbors. Based on the hypothesis that images of the same

semantics tend to be clustered together, spectral clustering is then used to cluster

these target images into different semantic classes. Though successful in manifold

data clustering, this method cannot produce an explicit mapping function. To deal

with new data points, similarities between the new points and all training data have to

be measured again, which leads to a large computation cost. To tackle these problem,

a locality preserving clustering (LPC) method [38] is proposed. LPC can provide an

explicit mapping function so that new data can be measured directly.

Face image retrieval (FIR) is a special type of CBIR, where the goal is to find

similar human faces to a query either in the form of an image or semantic descriptions.

Currently only a very limited amount of work has been done on semantic-based FIR

systems due to its difficulty. Among existing FIR systems, one existing approach is

to use a probabilistic method based on local low-level features, such as color, texture,

and high-level semantic labels to re-rank the database [39]. Another approach begins

with 24 manually marked key points and associated keywords that characterize each

face. Singular value decomposition is applied to create a Latent Semantic Space

allowing face images to be retrieved by a semantic query [40]. However such method

is not appropriate for large databases as all face images in the database need to

be annotated manually. Another approach is to utilize fuzzy-based method for the

semantic retrieval of face images. More specifically, it uses fuzzy sets to bridge the

semantic-gap between low level visual features and high level descriptions and the
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fuzzy c-means method (FCM) is used to calculate the similarities between different

subjects [26]. It is a nice idea to use fuzzy sets to narrow the semantic-gap since

it is easier to use fuzzy descriptions to represent high level semantic descriptions,

such as “big eye”, “long nose”, etc. In all these work, the high level semantic concept

descriptions are required and they are given partially or fully as the ground truth

information. Such requirement hinders the applicability of these systems since it is

difficult to obtain the ground truth information for semantic descriptions objectively.

In this chapter, a fuzzy theory, called Axiomatic Fuzzy Set (AFS), is employed

as the machine learning model to deal with the semantic face clustering. We start

with an automatic landmark detection. All facial components are detected using the

landmarks and low-level features are extracted for the components. Each component

is then clustered separately by the AFS clustering method and the semantic concepts

are labeled to each cluster. In our model, one of the main innovations is that the

pairwise similarity is not measured in the commonly used Euclidean space. Rather

it is measured in the AFS fuzzy space with fuzzy membership functions. Another

innovations is that the “semantic gap” is automatically bridged by AFS clustering

and the semantic concepts are represented by fuzzy rules. Hence the subjectivity

commonly associated with human perception is totally avoided.

2.2 AFS theory

The AFS theory was originally proposed in [41] and then extensively developed in

[42, 43, 44],etc. AFS fuzzy sets determined by membership functions and their logic

operations are algorithmically determined according to the distributions of the o-

riginal data and the semantics of the fuzzy sets. The AFS framework enables the

membership functions and fuzzy logic operations to be created based on informa-

tion within the database, by taking both the fuzziness (subjective imprecision) and

randomness (objective uncertainty) into account. Meanwhile, the membership func-

tions and the fuzzy logic operations determined by the observed data drawn from

a probability space will be consistent with those being determined by the proba-
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bility distribution expressed in the probability space. The main idea behind AFS

is to transform the observed data into fuzzy membership functions and implement

their logic operations. Information can then be extracted from the AFS space rather

than the original feature space. The research monograph [45] offers a comprehensive

introduction of AFS theory and its applications.

In this chapter, we attempt to build similarity measure in the AFS space rather

than the normally used Euclidean space for a better extraction of data structure. The

Iris dataset from UCI data repository [46] is used as an illustrative example for part

of the AFS theory used in this chapter. The Iris dataset contains 150 samples with 4

features, namely sepal length (𝑓1), sepal width (𝑓2), petal length (𝑓3) and petal width

(𝑓4). Given a sample 𝑥 = (𝑥1, 𝑥2, 𝑥3, 𝑥4), where 𝑥𝑖 is the 𝑖-th feature of 𝑥. Assume

we have the following fuzzy IF-THEN rules:

∙ Rule ℛ1: If 𝑥1 is short sepal, 𝑥2 is wide sepal and 𝑥4 is narrow petal, then 𝑥

belongs to class1;

∙ Rule ℛ2: If 𝑥2 is wide sepal, 𝑥3 is short petal, then 𝑥 belongs to class1;

∙ Rule ℛ3: If 𝑥1 is short sepal, 𝑥4 is narrow petal, then 𝑥 belongs to class1.

Using 𝑀 = {𝑚𝑗,𝑘|1 ≤ 𝑗 ≤ 4, 1 ≤ 𝑘 ≤ 3} to denote the set of fuzzy concepts,

where 𝑚𝑗,1,𝑚𝑗,2,𝑚𝑗,3 are fuzzy terms “large”, “medium” and “small”, associated with

feature 𝑓𝑗 respectively, the above fuzzy rules can be re-written as:

∙ Rule ℛ1: If 𝑥 is “𝑚1,2 and 𝑚2,1 and 𝑚4,2”, then 𝑥 belongs to class1;

∙ Rule ℛ2: If 𝑥 is “𝑚2,1 and 𝑚3,2”, then 𝑥 belongs to class1;

∙ Rule ℛ3: If 𝑥 is “𝑚1,2 and 𝑚4,2”, then 𝑥 belongs to class1.

For each set of fuzzy terms 𝐴 ⊆ 𝑀 ,
∏︀

𝑚∈𝐴𝑚 represents a conjunction of the

fuzzy terms in 𝐴. For instance, given 𝐴1 = {𝑚1,2,𝑚2,1,𝑚4,2} ⊆ 𝑀 , a fuzzy con-

cept “𝑚1,2 and 𝑚2,1 and 𝑚4,2" with the linguistic interpretation “short sepal and

wide sepal and narrow petal" can be represented as
∏︀

𝑚∈𝐴1
𝑚 = 𝑚1,2𝑚2,1𝑚4,2. Let
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𝐴2 = {𝑚2,,1,𝑚3,2}, 𝐴3 = {𝑚1,2,𝑚4,2} ⊆ 𝑀 , a new fuzzy set as the disjunction of∏︀
𝑚∈𝐴1

𝑚,
∏︀

𝑚∈𝐴2
𝑚,

∏︀
𝑚∈𝐴3

𝑚, i.e., “𝑚1,2𝑚2,1𝑚4,2 or 𝑚2,1𝑚3,2 or 𝑚1,2𝑚4,2”, can be

written as:

3∑︁
𝑢=1

(
∏︁

𝑚∈𝐴𝑢

𝑚) =
∏︁

𝑚∈𝐴1

𝑚+
∏︁

𝑚∈𝐴2

𝑚+
∏︁

𝑚∈𝐴3

𝑚 (2.1)

Hence the three fuzzy rules above can be denoted as:

∙ Rule ℛ: If 𝑥 is
∑︀3

𝑢=1(
∏︀

𝑚∈𝐴𝑢
𝑚), then 𝑥 belongs to class1.

The expressions in rule 𝑅 can be formulated as an algebra system as follows. Let 𝑀

be a set of fuzzy linguistic terms. The set 𝐸𝑀* is defined as:

𝐸𝑀* =
{︁∑︁

𝑖∈𝐼

(
∏︁
𝑚∈𝐴𝑖

𝑚)|𝐴𝑖 ⊆𝑀, 𝑖 ∈ 𝐼, 𝐼 is any nonempty indexing set
}︁

(2.2)

Consequently, 𝐸𝑀 can be defined by 𝐸𝑀* associated with an equivalent relation

[45]. In fact, it is proven that each fuzzy set can be uniquely decomposed as

𝜉 =
∑︁
𝑖∈𝐼

(
∏︁
𝑚∈𝐴𝑖

𝑚), (2.3)

where each 𝐴𝑖 is a subset of 𝑀 .

In order to establish the membership function, the following ordered relation needs

to be defined. Let 𝑋 be a set and 𝑀 be a set of fuzzy terms on 𝑋. For 𝐴 ⊆ 𝑀 ,

𝑥 ∈ 𝑋, it can be written that:

𝐴⪰(𝑥) = {𝑦 ∈ 𝑋 | 𝑥 ⪰𝑚 𝑦 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑚 ∈ 𝐴} ⊆ 𝑋 (2.4)

from a linearly ordered relation “⪰”. For 𝑚 ∈𝑀 , “𝑥 ⪰𝑚 𝑦” implies that the degree of

𝑥 belonging to 𝑚 is larger than or equal to that of 𝑦. 𝐴⪰(𝑥) is the set of all elements

in 𝑋 whose degrees of belonging to set
∏︀

𝑚∈𝐴𝑚 are less than or equal to that of

𝑥. 𝐴⪰(𝑥) is determined by the semantic of the fuzzy terms in 𝐴 and the probability
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distribution of the observed dataset. Let 𝜈 be a fuzzy term on 𝑋. A weight function

can be defined as:

Definition 1 ([45]) 𝜌𝜈 : 𝑋 → 𝑅+ = [0,∞). 𝜌𝜈 is called a weight function of the

fuzzy term 𝜈 if 𝜌𝜈 satisfies the following conditions:

1. 𝜌𝜈(𝑥) = 0⇔ 𝑥 �𝑚 𝑥, 𝑥 ∈ 𝑋;

2. 𝜌𝜈(𝑥) ≥ 𝜌𝜈(𝑦)⇔ 𝑥 ⪰𝑚 𝑦, 𝑥, 𝑦 ∈ 𝑋.

Next, the coherence membership functions can be computed as,

𝜇𝜉(𝑥) = sup
𝑖∈𝐼

inf
𝛾∈𝐴𝑖

∑︀
𝑢∈𝐴⪰

𝑖 (𝑥)
𝜌𝛾(𝑢)𝑁𝑢∑︀

𝑢∈𝑋 𝜌𝛾(𝑢)𝑁𝑢

,∀𝑥 ∈ 𝑋, (2.5)

where 𝑁𝑢 is the number of samples of 𝑢 and 𝜌 is defined in Section 3.3.1.

2.3 AFS clustering

There are three fundamental components in semantic retrieval system: 1) low-level

image feature extraction; 2) similarity measure; 3) “semantic gap” reduction. In this

work, we use detected landmarks to extract low-level features and the feature rep-

resentation of data is then mapped into the AFS fuzzy space. Instead of commonly

used Euclidean space, similarity measure is built in the fuzzy space by fuzzy mem-

bership function, in which the underlying data structure is revealed properly. After

that, AFS clustering is utilized to bridge the “semantic gap” and the semantic label

is assigned to each class. Fig. 2-1 shows the whole framework of the approach.

Fig. 2-1: The flow chart of the framework of our approach.

2.3.1 Low-level feature extraction

Low-level image feature is the basis of a CBIR system. They can be extracted either

from the entire image or from part of the image. Representation of images at region
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level is proven to be closer to human perception [47]. To perform such region-based

CBIR, the first step is normally images segmentation. After that, low-level features

such as color, texture, shape or spatial location can be extracted from the segmented

regions. In our case, we focus on human face image, which has already been segmented

naturally by facial components. Therefore the low-level features are extracted for each

facial components individually.

The low-level feature extraction is based on automatically detected landmarks.

The landmark detector used is proposed by Liang et al. [48] which is extended

from Zhu and Ramanan’s approach [49]. Instead of using only “lines” to represent

facial components, Liang suggested to use “regions” to cover the facial components.

Therefore the total landmarks for each face are increased to 130 from 68. The goal

is to extract semantic concepts of facial components so that more landmarks can

provide more shape information.

Based on the facial landmarks detected, we extract 5 global features, “area”,

“perimeter”, “centroid distance”, “width” and “height” as shown in Fig. 2-2. They

are all defined by Euclidean distances. These five global features represent the overall

size information. With these features, our aim is to categorize facial components into

3 semantic groups, “large”, “medium” and “small”. The experimental results with these

features show that the proposed method could yield much clearer semantic groups

than the traditional clustering methods, such as 𝑘-means and FCM. On the other

hand, it is revealed that the shape of the facial components in the same cluster is

not consistent enough. E.g. “a long but not wide eye” and “a wide but not long eye”

could be grouped into the same cluster.

By noting that all the features are global in terms of size, we argue that global

features are not enough for the consistency of shape in each cluster. We need more

local features that can depict the shape of facial components. Therefor we define

the “star" features for all facial components, which measures the Euclidean distances

between the component’s centers and every or some of the boundary points as shown

in Fig.2-3. Note that the “star" feature is similar to one of the global features,
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Fig. 2-2: Global features: (a) perimeter; (b) height; (c) centroid distance; (d) area;
(e) width.

centroid distance. The difference is that the later is the sum of all features in the

former. It can also be noticed that from Fig.2-3 that the “star" feature for nose is

totally different with the centroid distance of nose. For nose, instead of using every

boundary points, only some key points related to the shape of nose are chosen. With

these local features, the shape in each cluster is guaranteed to be consistent, with all

the global features to guide the clustering process with expectation to cluster each

facial component into three classes eventually with different size. The improvement

from these local features will be presented in Chapter 4.

2.3.2 Fuzzy similarity measure

Similarity measure is another critical point in a CBIR system. Most researchers

employ the Minkowski-type metric to define region distance. Suppose there are two

regions represented by (𝑥1, 𝑥2, ..., 𝑥𝑝), (𝑦1, 𝑦2, ..., 𝑦𝑝). The Minkowski metric is defined

as:
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Fig. 2-3: Local features. There are 12 features for both eye and nose. They are the
Euclidian distances from the center(represents by 𝑂) to the boundary points, e.g.,
𝑓1 = 𝑑𝑂1, 𝑓2 = 𝑑𝑂2, etc.

𝑑(𝑥, 𝑦) =

(︂ 𝑝∑︁
𝑖=1

|𝑥𝑖 − 𝑦𝑖|𝑟
)︂1/𝑟

(2.6)

Particularly, when 𝑟 = 2, it is the well-known Euclidean distance (ℓ2 norm) while it

is the Manhattan distance (ℓ1 norm) when 𝑟 = 1.

An often-used variant version is the weighted Minkowski distance function which

introduces weighting to identify important features:

𝑑(𝑥, 𝑦) =

(︂ 𝑝∑︁
𝑖=1

𝑤𝑖|𝑥𝑖 − 𝑦𝑖|𝑟
)︂1/𝑟

(2.7)

where 𝑤𝑖 is the weight applied to different features.

In this work, we use fuzzy membership to measure pairwise similarity instead of the

Minkowski distance. Besides, rather than manually assigning weights to important

features, we come up with a novel feature ranking method to identify informative

features.

After combining global and local features, it is obvious that there are some redun-

dant features, especially for the 12 “star” features. It can be easily seen that for an
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eye, 𝑓1, 𝑓4, 𝑓7 and 𝑓10 (diagonal) provide a sufficient representation of the its “star”

feature. However it is difficult to identify such a similarly useful subset for nose or

other facial components. An unsupervised feature selection algorithm is hence pro-

posed based on the fuzzy similarity in the AFS theory. For feature 𝛼 and 𝛽, the

similarity between them is defined as follows:

𝑆𝐼(𝛼, 𝛽) =

∑︀
𝑥∈𝑋 𝜇𝛼∧𝛽(𝑥)∑︀
𝑥∈𝑋 𝜇𝛼∨𝛽(𝑥)

(2.8)

where 𝑋 is the set of samples, 𝜇𝛼∧𝛽(𝑥) and 𝜇𝛼∨𝛽(𝑥) are the membership functions

of sample 𝑥 belonging to fuzzy set 𝛼 ∧ 𝛽 and 𝛼 ∨ 𝛽 respectively. The membership

function is defined as Eq.2.5. This idea comes from the Jaccard similarity coefficient,

which measures the similarity between finite sample sets, and is defined as the size of

the intersection divided by the size of the union of the sample sets. Here instead of

using the size of the sample sets, we are using the fuzzy membership function.

The proposed feature selection method mainly consists of two steps: (1) Vote

each feature by all others based on the pairwise similarity, and find the one which

is the most similar to others; (2) Depending on the selected features, iteratively

add one new feature which is the most dissimilar to the existing selected features in.

Intuitively, the first feature we picked contains the most information, just like principal

component. Next, we search the most dissimilar one with the existing features, which

is conceptually similar to the orthogonal principal component.

Assume we have 𝑛 features. For each feature 𝑓𝑖 (1 ≤ 𝑖 ≤ 𝑛), we can compute the

similarity 𝑆𝐼𝑖𝑗 with all features and rank them as 𝑓𝑖𝑗 (1 ≤ 𝑗 ≤ 𝑛) in a descending

order. In fact 𝑓𝑖𝑗 is a re-ordering of {𝑓1, 𝑓2, · · · , 𝑓𝑛}. Let 𝑆𝑖𝑗 be the score of 𝑓𝑗 based

on the index 𝑗 in the list 𝑓𝑖𝑗, i.e.,

𝑆𝑖𝑗 = 𝑗 − 1(1 ≤ 𝑗 ≤ 𝑛) (2.9)

where 0 ≤ 𝑆𝑖𝑗 ≤ 𝑛 − 1 (𝑆𝑖1 = 0, 𝑆𝑖2 = 1, ..., 𝑆𝑖𝑛 = 𝑛 − 1). It is easy to see that the

more dissimilar of two features, the larger the score 𝑆𝑖𝑗. Then we sum the scores of
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Fig. 2-4: An example of feature score voting.

each feature given by others and each feature 𝑓𝑗 is given a total score 𝑆𝑗,

𝑆𝑗 =
𝑛∑︁

𝑖=1

𝑆𝑖𝑗 (2.10)

Note that the score is the “dissimilarity score”. In this case the “base” feature is

defined as the most similar one with all others, which has the lowest score. Now, let

F represent the selected feature set,

𝐹1 = {𝑓𝑗|𝑗 = arg min
1≤𝑗≤𝑛

𝑆𝑗} (2.11)

After we find the “base” feature, the rest is done by a greedy process. Technically,

we can have all features re-scored based the selected feature set F as stated below.

Let 𝑁𝐹 be the size of F, the new score of 𝑓𝑗 is,

𝑆𝑗 =

𝑁𝐹∑︁
𝑖=1

𝑆𝑖𝑗 (2.12)

Then our aim is to select another feature which is the most dissimilar to what we

have already selected, so the new feature 𝑓𝑗 for our selection is,

𝐹𝑗 = {𝑓𝑗|𝑗 = arg min
1≤𝑗≤𝑛

𝑆𝑗} (2.13)

By repeating the above algorithm all features will be selected one by one iterative-
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ly. Eventually a termination criteria is required here. One intuitive choice is that the

score of newly added feature should be larger than the “average score” of the selected

feature set F, i.e.,

𝑆𝑗 ≥ 𝑆𝐹 ; (2.14)

where 𝑆𝐹 = 𝑛𝑁𝐹𝑘(0 ≤ 𝑘 ≤ 1). It is easy to see that the number of selected feature

is controlled by the parameter 𝑘 and in fact 𝑘 is a ratio of the average score to the

total score. The effect of parameter 𝑘 will be further analyzed in Chapter 4. Another

choice for termination is by experimental validation as discussed later in Chapter 4.

To utilize AFS clustering, the first step is to transfer the data in the feature

space to the AFS fuzzy space. 𝐹 , the facial component set, is defined as 𝐹 =

{𝑙𝑒𝑓𝑡𝑒𝑦𝑒, 𝑟𝑖𝑔ℎ𝑡𝑒𝑦𝑒, 𝑛𝑜𝑠𝑒,𝑚𝑜𝑢𝑡ℎ...}, 𝑓 ∈ 𝐹 . Suppose we choose the top 𝑘 features

from the feature ranking in the previous step. Each feature is then divided into 3

fuzzy groups with semantic interpretation, “large”, “medium”, “small”, represented by

fuzzy terms 𝑀 𝑓 = {𝑚𝑓
𝑖,𝑗|1 ≤ 𝑖 ≤ 𝑘, 1 ≤ 𝑗 ≤ 3}, where 𝑚𝑓

𝑖,𝑗 is the 𝑗th fuzzy term

associating with the 𝑖th feature of facial component 𝑓 .

Let 𝐼𝑓𝑘 represent the facial component 𝑓 ∈ 𝐹 on the 𝑘th face image 𝐼𝑘. For

example, 𝐼𝑓1𝑘 is the right eye on the 𝑘th face image 𝐼𝑘. Let 𝜇𝑚(𝐼
𝑓
𝑘 ) be the membership

degree of 𝐼𝑓𝑘 belonging to fuzzy term 𝑚. Salient fuzzy attributes/terms are used

to represent each facial component significantly, which is called fuzzy characteristic

description. For such purpose, a set 𝐵𝐼𝑓𝑘
of fuzzy terms is defined for 𝐼𝑓𝑘 which can

be given as follows:

𝐵𝐼𝑓𝑘
= {𝑚 ∈𝑀 𝑓 |𝜇𝑚(𝐼

𝑓
𝑘 ) = 𝜇∨𝑏∈𝑀 𝑏(𝐼

𝑓
𝑘 )} (2.15)

where 𝜇∨
𝑏∈𝑀𝑓 𝑏(𝐼

𝑓
𝑘 ) = max

𝑚∈𝑀𝑓
{𝜇𝑚(𝐼

𝑓
𝑘 )}, i.e., the membership degrees of 𝐼𝑓𝑘 belonging

to fuzzy terms in 𝐵𝐼𝑓𝑘
should be the largest value among the membership degrees

of 𝐼𝑓𝑘 belonging to fuzzy terms in 𝑀 𝑓 . This set 𝐵𝐼𝑓𝑘
in fact contains all the best

fuzzy terms to characterize this facial component 𝑓 hence the fuzzy facial component

characterization can be given as
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Algorithm 1 Unsupervised Feature Selection based on Similarity
Input:

Feature similarity matrix 𝑀𝑛×𝑛.
Output:

Selected feature set F
1: Let 𝑆𝑖𝑗 represent the score of feature 𝑓𝑗 given by feature 𝑓𝑖, 𝑆𝑗 be the total score

of 𝑓𝑗;
2: Sorting 𝑀 on row by descending order, Scoring each feature based on ranking;
3: for 𝑗 := 1 to 𝑛 do

4: 𝑆𝑗 =
𝑛∑︀

𝑖=1

𝑆𝑖𝑗;

5: end for
6: 𝑖 := 1;
7: 𝐹𝑖 = argmin1≤𝑗≤𝑛 𝑆𝑗;
8: 𝑖← 𝑖+ 1;
9: while 𝑖 ≤ 𝑛 do

10: for 𝑗 := 1 to 𝑛 do
11: if 𝑗 ∈ 𝐹𝑖 then
12: 𝑆𝑗 = 0;
13: else

14: 𝑆𝑗 =
𝑖∑︀

𝑘=1

𝑆𝑘𝑗;

15: end if
16: end for
17: if 𝑆𝑗 ≤ 𝑆𝐹 then
18: break;
19: end if
20: 𝐹𝑖 = argmax1≤𝑗≤𝑛{𝑆𝑗};
21: 𝑖← 𝑖+ 1;
22: end while
Stop.

𝜁𝐼𝑓𝑘
= ∧𝛽∈𝐵

𝐼
𝑓
𝑘

𝛽, (2.16)

where “∨” and “∧” are the fuzzy logic operations in AFS algebra defined in [45], and

the semantic logic expressions of “∨” and “∧” are “or” and “and”. The computation

details for 𝜇𝑚(𝐼
𝑓
𝑘 ), 𝐵𝐼𝑓𝑘

and 𝜁𝐼𝑓𝑘
can be found in [50]. The fuzzy terms in 𝐵𝐼𝑓𝑘

can

be regarded as the most salient characteristics of 𝐼𝑓𝑘 (the facial component 𝑓 of the

face image 𝐼𝑘). Thus, the most salient characteristics are combined to describe 𝐼𝑓𝑘 as

Eq.(2.16).
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Every sample has a fuzzy set as its description. The pairwise similarity then can

be computed by the fuzzy membership degree belonging to those fuzzy sets. More

specifically, the similarity of facial component 𝐼𝑓𝑖 and 𝐼𝑓𝑗 is defined as:

𝑟𝑖𝑗 = min{𝜇𝜁𝐼𝑖∧𝜁𝐼𝑗 (𝐼𝑖), 𝜇𝜁𝐼𝑖∧𝜁𝐼𝑗 (𝐼𝑗)} (2.17)

where 𝑟𝑖𝑗 (0 ≤ 𝑟𝑖𝑗 ≤ 1) represents the similarity between 𝐼𝑓𝑖 and 𝐼𝑓𝑗 . The larger 𝑟𝑖𝑗

is, the more similar 𝐼𝑓𝑖 and 𝐼𝑓𝑗 are. Note that the self-similarity is also defined by

Eq.(2.17), which means it could be less than 1.

2.3.3 Semantic gap reduction

“Semantic gap” is the most difficult problem in semantic retrieval system. In this

work we use the clustering method to tackle this issue. More specifically, after the

pairwise similarities are calculated, we obtain an relation matrix 𝑅 = (𝑟𝑖𝑗)𝑛×𝑛 for

each facial components. The results in [43] guaranteed that there exists an integer 𝑡

such that (𝑅𝑡)2 = 𝑅𝑡, i.e., fuzzy relationship matrix 𝑄 = 𝑅𝑡 = (𝑞𝑖𝑗)𝑛×𝑛 can yield a

partition tree with equivalent classes under a given threshold 𝛼. If 𝑞𝑖𝑗 ≥ 𝛼, 𝛼 ∈ [0, 1],

face image 𝐼𝑖 and 𝐼𝑗 are in the same cluster under facial component f and threshold

𝛼. Note that the number of clusters in the above algorithm is determined by the

threshold 𝛼. The optimal threshold 𝛼 selection for the best clustering is proposed in

[50] based on a validation index ℐ𝛼 (Eq. (2.18)) defined as follows:

ℐ𝛼 =

∑︀
𝑘=1,2,...,𝑛

𝜇𝜁𝑏𝑜𝑢(𝐼
𝑓
𝑘 )∑︀

𝑘=1,2,...,𝑛

𝜇𝜁𝑇𝑜𝑡𝑎𝑙
(𝐼𝑓𝑘 )

(2.18)

where 𝜁𝑏𝑜𝑢 = ∨
1≤𝑖,𝑗≤𝑙,�̸�=𝑗

(𝜁𝐶𝑖
∧ 𝜁𝐶𝑗

), 𝜁𝑇𝑜𝑡𝑎𝑙 = ∨1≤𝑖≤𝑙
𝜁𝐶𝑖

, 𝑙 ≥ 2. Fuzzy set 𝜁𝑏𝑜𝑢 describes

the boundaries among different clusters which shows the clarity of the clusters. The

smaller the degree of an object belongs to 𝜁𝑏𝑜𝑢, the more clearly it is clustered, just like

compactness. Thus the less ℐ𝛼, the clearer the clustering. 𝜁𝑇𝑜𝑡𝑎𝑙 represents the overall

characterization for all clusters, which can be treated as separateness. In practice, the

threshold 𝛼 is between the minimum and maximum values 𝑞𝑖𝑗 defined in the matrix
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𝑄. Let 𝑈 = {𝛼1, 𝛼2, . . . , 𝛼𝑢} = {𝑞𝑖𝑗|1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 𝑛} be the set of all the entries

in 𝑄 and 𝛼1 < 𝛼2 < . . . < 𝛼𝑢. The best 𝛼 is selected based on ℐ𝛼:

𝛼 = arg min
𝛼𝑣∈[𝛼1,𝛼2,...,𝛼𝑢]

{ℐ𝛼} (2.19)

The clusters 𝐶1, 𝐶2, . . . , 𝐶 𝑙, which have more than one face images, can be ob-

tained (i.e., the cluster with one single face image is discarded). In this case, we can

obtain the initial clusters 𝐶1, 𝐶2, . . . , 𝐶 𝑙 for 𝑄 = (𝑞𝑖𝑗).

Remember 𝜁𝐼𝑓𝑘
is a characterization of 𝐼𝑓𝑘 , and also we have obtained an initial

clusters 𝐶𝑖. The best 𝜁𝐼𝑓𝑘 is then selected for constructing the semantic description of

each cluster based on the initial clusters as follows.

Γ𝑖 = {𝜁𝐼𝑓𝑘 |
|{𝑦|𝑦 ∈ 𝐶𝑖, 𝜇𝜁

𝐼
𝑓
𝑘

(𝑦) ≥ 𝜆}|

|𝐶𝑖|
≥ 𝜔, 𝐼𝑓𝑘 ∈ 𝐶𝑖}, 𝑖 = 1, . . . , 𝑙 (2.20)

The elements in Γ𝑖 are some fuzzy characteristic descriptions 𝜁𝐼𝑓𝑘 in the 𝑖th cluster

(𝐶𝑖). The motivation of this selection is that only some representative descriptions

𝜁𝐼𝑓𝑘
can be used to represent the semantic descriptions of 𝐶𝑖, and others are either

not typical enough to represent its cluster or are noises. Therefore, the fuzzy descrip-

tions of some representative face images which can represent their facial component

cluster are collected in Γ𝑖 as Eq.(2.20). The most salient characteristics in Γ𝑖 are com-

bined to describe the initial facial component cluster 𝐶𝑖. Consequently, the semantic

description of each facial component cluster can be defined as follows:

𝜁𝐶𝑖
= ∧𝛾∈Γ𝑖

𝛾, (𝑖𝑓 Γ𝑖 ̸= ∅) (2.21)

As explained previously, this set represents the salient description for each initial

cluster. Obviously the universality and particularity of the semantic description of

𝐶𝑖 can be controlled by 𝜔 and 𝜆. The effects of the variation of parameter 𝜔 and 𝜆

are analyzed in [50], and plenty of experiments illustrate that the algorithm is not

sensitive to the setting of the parameters if the parameters are selected in reasonable

intervals.
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The semantic description 𝜁𝐶𝑖
of each facial component cluster can be regarded

as a classifier, in order to classify all the instances 𝐼𝑓𝑘 , 𝑘 = 1, 2, . . . , 𝑛 again. This

process is called the re-clustering process. Its aim is to revise the initial clusters and

cluster the lost instances whose similarities 𝑟𝑖𝑗 with other instances are lower than 𝛼.

Finally, 𝐼𝑓𝑘 is re-clustered by measuring the membership degrees of 𝐼𝑓𝑘 belonging to

𝜁𝐶1
, 𝜁𝐶2

, . . . , 𝜁𝐶𝑙
as follows:

𝐼𝑓𝑘 ∈ 𝐶𝑞, 𝑖𝑓 𝑞 = arg max
1≤𝑖≤𝑙
{𝜇𝜁𝐶𝑖

(𝐼𝑓𝑘 )}

i.e., if the membership degree of 𝐼𝑓𝑘 belonging to 𝐶𝑞 is the largest among the mem-

bership degrees of 𝐼𝑓𝑘 belonging to 𝜁𝐶1
, 𝜁𝐶2

, . . . , 𝜁𝐶𝑙
, 𝐼𝑓𝑘 ∈ 𝐶𝑞.

Algorithm 2 AFS clustering
Input:

Data X in R𝑛×𝑑 with selected features.
Output:

clusters 𝐶1, 𝐶2, ..., 𝐶𝑞 and cluster’s description 𝜁𝐶1 , 𝜁𝐶2 , ..., 𝜁𝐶𝑞 .
1: Construct three fuzzy terms 𝑚𝑖,1,𝑚𝑖,2,𝑚𝑖,3 for each feature 𝑓𝑖, represent large 𝑓𝑖,

small 𝑓𝑖 and medium 𝑓𝑖 respectively;
2: Calculate membership function 𝜇𝑚∈𝑀(𝑥) for each sample;
3: Find the set of fuzzy terms 𝐵𝜀

𝑥 with 𝐵𝜀
𝑥 = {𝑚 ∈𝑀 |𝜇𝑚(𝑥) ≥ 𝑚𝑎𝑥{𝜇𝑚(𝑥)}}

4: Build the description 𝜁𝑥 for each sample with 𝜁𝑥 =
⋀︀

𝑚∈𝐵𝜀
𝑥
𝑚;

5: Calculate pairwise similarity S based on 𝜁𝑥𝑖
and 𝜁𝑥𝑗

, 𝑆𝑖𝑗 =
min{𝜇𝜁𝑋𝑗

∧𝜁𝑋𝑖
(𝑋𝑖), 𝜇𝜁𝑋𝑖

∧𝜁𝑋𝑗
(𝑋𝑗)};

6: Find the transitive closure Q = S𝑟, where (S𝑟)2 = S𝑟;

7: Find the threshold 𝛼 = arg min
𝛼𝑣∈[𝛼1,𝛼2,...,𝛼𝑢]

{ℐ𝛼}, where ℐ𝛼 =

∑︀
𝑘=1,2,...,𝑛

𝜇𝜁𝑏𝑜𝑢
(𝑥𝑘)∑︀

𝑘=1,2,...,𝑛
𝜇𝜁𝑇𝑜𝑡𝑎𝑙

(𝑥𝑘)
;

8: Apply 𝛼 to Q, get the initial clusters 𝐶1, 𝐶2, ..., 𝐶𝑞;
9: Construct the description for each cluster 𝜁𝐶𝑖

= ∧𝛾∈Γ𝑖
𝛾, where Γ𝑖 =

{𝜁𝑥𝑘
|
|{𝑦|𝑦∈𝐶𝑖,𝜇𝜁𝑥𝑘

(𝑦)≥𝜆}|
|𝐶𝑖|

≥ 𝜔, 𝑥𝑘 ∈ 𝐶𝑖};
10: Obtain the final cluster label by the membership of 𝑥𝑘 belonging to cluster’s

description, 𝑥𝑘 ∈ 𝐶𝑙, where 𝑙 = arg max
1≤𝑖≤𝑞

{𝜇𝜁𝐶𝑖
(𝑥𝑘)}.

Stop.
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2.4 Summary

In this chapter, the semantic learning for image clustering is addressed. We present

a novel fuzzy clustering approach, AFS clustering, which adopts fuzzy sets for da-

ta representation and calculates the similarity information based on the fuzzy logic

operations defined on these fuzzy sets. By the experiments on semantic facial compo-

nents clustering, we show that the semantic gap is well bridged by fuzzy membership

functions. The clustering performance of the proposed method is also improved com-

pared to 𝐾-means and FCM. Besides, a novel feature selection algorithm based on

feature similarity ranking is proposed. The experimental results also demonstrate the

effectiveness of the feature selection method.

In next chapter, we will discuss another crucial problem in image clustering, man-

ifold learning. Using the manifold structure for image-related problems is proven

to significantly improve performance. To this end, we propose another clustering

approach, called AFSSC, to learn the underlying manifold structures of image.
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Chapter 3

AFS based Spectral Clustering for

Manifold Learning

3.1 Introduction

The previous chapter presented a fuzzy method, AFS clustering, for semantic learn-

ing problem of image clustering. However another problem remains, i.e., manifold

learning. AFS clustering yields a multi-scale hierarchical result for better revealing

the natural fuzziness of semantic descriptions. However in many cases, it is often

required to achieve a hard partition of the image set. To this end, we propose an-

other clustering approach, namely AFSSC, to group images into different clusters by

exploring the underlying manifold structures embedded in high-dimensional image

space.

Advancements in digital camera and storage technology have created many high-

resolution images. Nowadays, image data normally lie in a high-dimensional feature

space. Due to the existence of noise and redundant information, however, image data

is actually organized as underlying manifold structures in a much lower dimensional

space, yielding poor performance of Euclidean space based approaches. Using the

manifold structure instead has proven to significantly improve performance in many

vision-related tasks [51, 52]. Since the manifolds are usually of a much lower dimen-

sionality than the space in which they lie, many manifold learning algorithms make
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use of dimension reduction methods, such as ISOMAP [53], LE [54], LLE [55], etc,

to reduce the dimensionality of the feature space. Such dimensional subspaces are

constructed in the hope that the Euclidean distance in the new lower dimensional

subspace can better capture the geodesic distance compared with the original higher

dimensional space.

The AFS framework offers us a useful tool for dimension reduction thereby reveal-

ing the latent manifold structure. However the AFS clustering method introduced in

the last chapter solves similarity matrix by Transitive Closure, in which we apply dif-

ferent thresholds to obtain plenty of clustering results and the optimal result is picked

by another evaluation criteria. Such a process is nontrivial and time-consuming, which

makes it impractical for large-scale clustering problems. An alternative approach that

was shown to handle similarity matrix is spectral clustering, which maps similarity

into a weighted graph where the edges connecting the nodes are weighted by their

pairwise similarity. The clustering is then represented as pure graph theory problems

for which solid theories and powerful algorithms have been developed.

Spectral clustering normally contains two steps: constructing an affinity graph

based on appropriate metric and establishing an appropriate way to “cut” the graph.

Plenty of approaches exist to address the graph cut problem, such as minimul cut [20],

ratio cut [21] and normalized cut [7], etc. For affinity graph construction, there are

mainly three popular categories: (1) The 𝜀-neighborhood graph: This kind of graph

is constructed by connecting all points whose pairwise distances are smaller than a

pre-set constant 𝜀; (2) The 𝑘-nearest neighbor graph: Here the goal is to connect

vertex 𝑣𝑖 and 𝑣𝑗 if 𝑣𝑗 is among the 𝑘-nearest neighbors of 𝑣𝑖 or 𝑣𝑖 is among the 𝑘-

nearest neighbors of 𝑣𝑗; (3) The fully connected graph: Here all vertices are connected

and the edges are weighted by the positive similarities between each pair of vertices.

According to [56], all three types of affinity graphs mentioned above are regularly

used in spectral clustering, and there is no theoretical analysis on how the choice of

the affinity graph would influence the performance of spectral clustering.

For the 𝜀-neighborhood graph, [56] suggested to choose 𝜀 such that the resulting

graph is safely connected. To determine the smallest value of 𝜀 where the graph is
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connected is quite simple: one has to choose 𝜀 as the length of the longest edge in

a minimal spanning tree of the fully connected graph on the data points, which can

be easily solved by any minimal spanning tree algorithm. However, note that when

the data contains outliers, this heuristic will choose 𝜀 so large that even the outliers

are connected to the rest of the data. It also happens when the data contains several

tight clusters which are very far apart from each other (multi-scale data distribution),

which is quite common in real world data. In both cases, 𝜀 could be chosen too large

to reflect the scale of the most important part of the data.

The 𝑘-nearest neighbor graph, on the other hand, can deal with the multi-scale

problem. One can treat the 𝑘-nearest neighbor graph as a special type of the 𝜀-

neighborhood graph, where 𝜀 is a local parameter decided by the distance just to

neighbors, rather than a global constant value. This is a general property of 𝑘-

nearest neighbor graph which can be very useful. When working with the 𝑘-nearest

neighbor graph, 𝑘 should be chosen such that the resulting graph is connected, or at

least has significantly fewer connected components than clusters we want to detect.

The crucial problem of constructing the fully connected graph is to define the

weighting of the edges, which is the pairwise similarities. The notion of data similar-

ity is often intimately tied to a specific metric function, typically the ℓ2-norm (e.g.

the Euclidean metric) measured with respect to the whole feature space. However,

defining the pairwise similarity for effective spectral clustering is fundamentally a

challenging problem [1] given complex data that are often of high dimension and het-

erogeneous, when no prior knowledge or supervision is available. Trusting all available

features blindly for measuring pairwise similarities and constructing data graphs is

susceptible to unreliable or noisy features [57], particularly so for real-world visual

data, e.g. images and videos, where signals can be intrinsically inaccurate and unsta-

ble owing to uncontrollable sources of variations and changes in illumination, context,

occlusion and background clutters, etc. [58]. Moreover, confining the notion of sim-

ilarity to the ℓ2-norm metric implicitly imposes unrealistic assumption on complex

data structures that do not necessarily possess the Euclidean behavior [57].

In this work, we aim to deduce robust pairwise similarity so as to construct more
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meaningful affinity graph, yielding performance improvement of spectral clustering.

To achieve this goal, we first formulate a unified and generalized data distance in-

ference framework based on AFS fuzzy theory [41] with two novel modifications: (1)

Instead of using the complete feature space as a whole, the proposed model is designed

to avoid indistinctive features using fuzzy membership function, yielding similarity

graphs that can better express the underlying semantic structure in data. This will

significantly reduce the number of features used in the clustering process; (2) The

Euclidean assumption for data similarity inference is relaxed using fuzzy logic op-

erations defined in AFS. The data distance is then put into the Gaussian kernel to

enforce locality. It is worth mentioning that the distinctive features used to represent

samples may be different from one another, e.g., every sample could have its own

feature subspace. Accordingly the distance measured is dependent on the pairwise

feature subspace. A similar idea was presented in [59], which states that different

similarities can be induced from a given sample pair if distinct propositions are taken

or different questions are asked about data commonalities. In our proposed model,

the assumption is that there is no optimal feature subspace which works well for all

samples. Each sample pair has its own best feature subspace in terms of distance

measure. In terms of AFS clustering, we propose a new method to solve the similar-

ity matrix instead of using the transitive closure which needs additional evaluation

criteria to obtain clustering result. Extensive experiments have demonstrated that

the proposed method is superior compared to both the original spectral clustering

and the AFS clustering, especially in high dimension due to the high capability of

dimension reduction.

3.2 Related work

Large amount of work has been conducted on spectral clustering [7, 24, 60, 61, 62, 63].

Generally, existing approaches for improving spectral clustering performance can be

classified into two paradigms: (1) How to improve data grouping while the affinity

graph is fixed [7, 24, 62]. For example, Xiang and Gong [62] proposed to identify

44



informative and relevant eigenvectors of a given data affinity matrix; (2) How to

construct appropriate affinity graphs so as to improve the clustering results with

standard spectral clustering algorithms [60, 64, 19, 52, 65, 66]. For example, Chang

and Yeung [65] proposed to use path-based similarity to construct robust affinity

graph. We concentrate on the second paradigm in this work since the AFS is more

related to similarity measure rather than data grouping.

Many approaches have been proposed for improving the robustness of affinity

graphs adapting to the local data structures [7, 64, 67]. Particular attention has

been focused on learning an adaptive scaling factor 𝜎 for the Gaussian kernel exp (−
𝑑𝑖𝑠𝑡2(𝑥𝑖,𝑥𝑗)

𝜎2 ), when computing the similarity between samples 𝑥𝑖 and 𝑥𝑗. For example,

Zelnik-Manor and Perona [60] proposed a local scale similarity measure by adjusting

the scaling factor as follows:

𝐴𝑖𝑗 = exp
(︁
− 𝑑𝑖𝑠𝑡2(𝑥𝑖, 𝑥𝑗)

𝜎𝑖𝜎𝑗

)︁
(3.1)

where 𝜎𝑖 is the distance between point 𝑥𝑖 and its 𝑘-th nearest neighbor. Yang [68]

proposed a similar local scaling factor, which is the mean distance of the 𝑘 nearest

neighbors rather than just considering the 𝑘-th neighbor. These methods, however,

are still susceptible to the presence of noisy and irrelevant features [57], as well as the

choice of 𝑘.

To deal with this issue, Pavan and Pelillo [19] proposed a dominant sets algorithm

for forming tight neighborhoods by selecting the maximal cliques (or maximizing av-

erage pairwise affinity), with the hope of constructing graphs with fewer false affinity

edges between samples. Given an affinity matrix A, and a probabilistic indicator vec-

tor x, dominant sets can be extracted by maximizing a quadratic objective function:

max 𝑓(𝑥) = 𝑥𝑇A𝑥 𝑠.𝑡. 𝑥 ∈ △ (3.2)

where,

△ = {𝑥 ∈ R𝑛 | 𝑥 ≥ 0 ∧ 1𝑇𝑥 = 1} (3.3)
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The above optimization problem can be solved by the so-called replicator dy-

namics, an iterative procedure, which is guaranteed to converge at optimal locations.

However, Premachandran and Kakarala [52] argued that the above process can easily

stuck at a local optima. Even if the dynamics converges at global maxima, there is

no guarantee that the node whose neighborhood are actually being searched is even

part of the maxima clique. This problem is actually quite serious when the objective

is to learn a local neighborhood on the manifold. Another 𝑘NN based graph gener-

ation method was proposed in [52] where the consensus information from multiple

𝑘NN is used for discarding noisy edges and identifying strong local neighborhoods.

The performance of the method turns out to be questionable, especially when a large

quantity of potential noisy edges exist in the given 𝑘NN due to the unreliable input

data, leading to possibly inconsistent neighbor votes from multiple 𝑘NNs.

More recently, a random forest based approach was proposed in [57]. This method

exploits similarity information from the tree hierarchy, leading to a non-linear way of

affinity graph construction. More specifically, all data go through the tree structure

node by node via binary split function until the termination criterion is satisfied.

Intuitively, a sample pair is considered more similar if they travel more nodes together.

Assuming the travel paths of a sample pair (𝑥𝑖, 𝑥𝑗) are 𝑃𝑖 and 𝑃𝑗 on tree 𝑡, their

similarity on this tree is:

𝑎𝑡𝑖,𝑗 =
𝑜𝑣𝑒𝑟𝑙𝑎𝑝(𝑃𝑖, 𝑃𝑗)

max(𝑃𝑖, 𝑃𝑗)− 1
(3.4)

which is the length of the overlapping path of 𝑃𝑖 and 𝑃𝑗 divided by the maximum

path between 𝑃𝑖 and 𝑃𝑗 (except the root node since all paths start from it). With

the property of random forest, they combine multiple decision trees to generate the

final smooth affinity as:

𝐴𝑖,𝑗 =
1

𝑇

𝑇∑︁
𝑡=1

𝑎𝑡𝑖,𝑗 (3.5)

On the other hand, with the random forest framework, the model is capable of re-

moving noisy features. The same idea is proposed in different ways in our approach.
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Instead of blindly trusting all available variables, our proposed graph inference method

exploits discriminative features for measuring more appropriate pairwise similarities.

The affinity matrix created is thus more robust against the noisy real-world data.

AFS theory based clustering has been attempted in [43, 50, 69]. Instead of using

the popular Euclidean metric, AFS clustering approaches capture the underlying data

structure through fuzzy membership functions, and the distances between samples are

represented by the membership degree. Furthermore, by extracting the description

of samples, the methods are able to establish discriminative feature subspaces for

distance measure, which provides a way to deal with commonly existed noise in real-

world data. However, in the original AFS clustering, the similarity matrix 𝑆 =

(𝑠𝑖𝑗)𝑁×𝑁 does not necessarily satisfy the fuzzy transitive condition 𝑠𝑖𝑗 ≥ ∨𝑘(𝑠𝑖𝑘∧𝑠𝑗𝑘),

where ∨, ∧ stand for max and min, respectively. Usually an object is considered

similar to another if and only if the degree of similarity between them is greater than

or equal to a predefined threshold 𝛼. Therefore, the transitive condition states that,

for any three objects 𝑖, 𝑗 and 𝑘, if object 𝑖 is similar to object 𝑘 (𝑠𝑖𝑘 ≥ 𝛼) and object

𝑘 is similar to object 𝑗 (𝑠𝑘𝑗 ≥ 𝛼), object 𝑖 is similar to object 𝑗 (𝑠𝑖𝑗 ≥ 𝛼) as well.

Since the transitive condition is indispensable for clustering, the matrix can always

be transformed into its Transitive Closure (denoted by 𝑇𝐶(𝑆) = (𝑡𝑖𝑗)𝑁×𝑁). 𝑇𝐶(𝑆)

is defined as a minimal symmetric and transitive matrix. Usually, 𝑇𝐶(𝑆) is obtained

by searching for an integer 𝑘 such that (𝑆𝑘)2 = 𝑆𝑘. With a given 𝛼, objects can now

be partitioned into different clusters. The problem here is, each threshold 𝛼 leads

to a particular clustering result therefor an evaluation criteria is necessary to obtain

a crisp result. It is nontrivial to build such criteria especially in fuzzy clustering.

Furthermore, the similarity matrix may not be reflexive (e.g., 𝑠𝑖𝑖 = 1 does not always

hold), which means some samples cannot be clustered with certain 𝛼 (when 𝑠𝑖𝑖 < 𝛼).

Therefore, a re-clustering process is needed for the original AFS clustering [69] (e.g.,

to pick up samples which are not clustered in the previous clustering process). The

above processes are nontrivial and time-consuming.

The problems mentioned above motivate us to use the AFS theory to construct

the affinity matrix, and build affinity graph based on the affinity matrix by applying
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the pairwise similarities as the weighting of the edges in the graph. Standard graph

cut algorithm can then be used to solve the graph problem. We name this approach

as AFSSC.

3.3 AFS based spectral clustering

3.3.1 Data representation by fuzzy sets

Given a set of data points 𝑋 in 𝑅𝑛, and a feature set 𝐹 = {𝑓1, 𝑓2, ..., 𝑓𝑙}, a set of fuzzy

terms 𝑀 = {𝑚𝑖,𝑗|1 ≤ 𝑖 ≤ 𝑙, 1 ≤ 𝑗 ≤ 𝑘𝑖} can be defined, where 𝑚𝑖,1,𝑚𝑖,2, . . . ,𝑚𝑖,𝑙 are

fuzzy terms associated with the feature 𝑓𝑖 in 𝐹 . Usually we set 𝑘 = 3 meaning that

each feature 𝑓𝑖 is associated with 3 fuzzy terms 𝑚𝑖,1,𝑚𝑖,2,𝑚𝑖,3, representing 3 different

semantic concepts (E.g.,“large”, “medium”, and “small” respectively). However if a

certain feature 𝑓𝑖 is a Boolean parameter, 𝑘𝑖 is set as 2 and only two fuzzy terms

𝑚𝑖,1,𝑚𝑖,2 are defined for this feature. The feature dimension is hence expanded from

ℓ to 𝑘ℓ. In this expanded feature space, which is more specific and discriminative, it

is easier to identify the feature subspaces as the description for each sample.

With such explicit feature space, it is unavoidable that noisy features exist for

either the pairwise distance or similarity. As mentioned before, our assumption is

that there is no optimal feature subspace which works well for all samples. Each

sample pair holds its own best feature subspace in terms of distance measure. Hence,

different subspace needs to be found for each sample, in which the sample is the most

discriminative in it. The fuzzy membership function as given in Eq.2.5 is utilized for

such a purpose. With 𝑚𝑖,1,𝑚𝑖,2,𝑚𝑖,3 as the fuzzy terms defined as “large”, “medium”

and “small” respectively on the feature 𝑓𝑖 of data X with N samples, their weight

functions can be defined following the Definition 1. ∀𝑥 ∈ 𝑋,

𝜌𝑚𝑖,1
(𝑥) =

𝑓𝑖(𝑥)− ℎ𝑖,2

ℎ𝑖,1 − ℎ𝑖,2

(3.6)

𝜌𝑚𝑖,2
(𝑥) =

ℎ𝑖,4 − |𝑓𝑖(𝑥)− ℎ𝑖,3|
ℎ𝑖,4 − ℎ𝑖,5

(3.7)
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𝜌𝑚𝑖,3
(𝑥) =

ℎ𝑖,1 − 𝑓𝑖(𝑥)

ℎ𝑖,1 − ℎ𝑖,2

(3.8)

where ℎ𝑖,1 = 𝑚𝑎𝑥{𝑓𝑖(𝑥𝑘)}, ℎ𝑖,2 = 𝑚𝑖𝑛{𝑓𝑖(𝑥𝑘)}, ℎ𝑖,3 =
1
𝑁

∑︀𝑁
𝑘=1 𝑓𝑖(𝑥𝑘),ℎ𝑖,4 = 𝑚𝑎𝑥{|𝑓𝑖(𝑥𝑘)−

ℎ𝑖,3|}, ℎ𝑖,5 = 𝑚𝑖𝑛{|𝑓𝑖(𝑥𝑘)− ℎ𝑖,3|}. The weight functions are actually measures on the

original feature space for semantic concepts “large”, “medium” and “small”. More

specifically, with these weight functions the original feature space can be transformed

to the AFS measure space, where semantic concepts are defined.

Next, in the new measure space, for each sample x, we find a salient fuzzy subset

𝜁𝑥 =
∏︀

𝑚∈𝑀 𝑚, such that 𝜁𝑥, rather than the entire fuzzy set, is good enough to rep-

resent x. This set is called “the description of x”. Here the fuzzy membership function

is used as the measure of goodness of features (fuzzy terms). If the membership of

𝑥𝑘 belonging to 𝑚𝑖,𝑗 is larger than a certain threshold, it means 𝑚𝑖,𝑗 is good enough

to distinguish 𝑥𝑘 from the others. It can be easily seen that the so-called “description

of x” is basically a feature subspace. Instead of using the complete feature space as

a whole, the proposed method is designed to avoid indistinctive features using the

fuzzy membership function, yielding sample representation that can better express

the underlying semantic structure in data. A set 𝐵𝜀
𝑥 can be defined using the “good

enough” fuzzy terms:

𝐵𝜀
𝑥 = {𝑚 ∈𝑀 |𝜇𝑚(𝑥) ≥ 𝑚𝑎𝑥{𝜇𝑚(𝑥)} − 𝜀} (3.9)

where 𝜀 is a small positive number representing error threshold, which is set empir-

ically. 𝐵𝜀
𝑥 is the set of all possible fuzzy terms that can represent x very well. The

description of 𝑥 can be given as:

𝜁𝑥 =
⋀︁

𝑚∈𝐵𝜀
𝑥

𝑚 (3.10)

where
⋀︀

is the fuzzy conjunction logic operations in AFS algebra(refer to Eq.2.1). By

doing so, all desirable fuzzy terms are conjuncted together for the sample represen-

tation. For instance, if 𝑚1 is “a tall man”, 𝑚2 is “an old man”, then the conjunction
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𝑚1

⋀︀
𝑚2, denoted by 𝑚1𝑚2, is “a tall old man”.

3.3.2 Distance measure by AFS theory

The procedure above allows us to represent samples with different fuzzy terms in

the discovered discriminative fuzzy subspaces. These subspaces are selected by fuzzy

membership function with the indistinctive or noise features eliminated. Therefore

they are considered to be able to improve the intra-similarities and reduce the inter-

similarities. Furthermore, the Euclidean assumption is relaxed for data distance infer-

ence by the fuzzy membership and logic operations defined in AFS. More specifically,

we use the membership degree of one sample belonging to another’s description rep-

resented by the fuzzy set as the distance metric. For two samples 𝑋𝑖 and 𝑋𝑗, the

distance between them is defined as:

𝐷𝑖𝑗 = 1−min {𝜇𝜁𝑋𝑗
(𝑋𝑖), 𝜇𝜁𝑋𝑖

(𝑋𝑗)} (3.11)

𝜇𝜁𝑋𝑖
(𝑋𝑗) =

{︁
𝑚𝑘 ∈ 𝜁𝑋𝑖

|
∑︀𝑁

𝑘=1 𝜇𝑚𝑘
(𝑋𝑗)

𝑁

}︁
(3.12)

where 𝜇𝑚𝑘
(𝑋𝑗) (0 ≤ 𝜇𝑚𝑘

(𝑋𝑗) ≤ 1) is the membership of 𝑋𝑗 belong to the fuzzy term

𝑚𝑘, as defined in Eq.2.5. Note that 𝑚𝑘 represents each fuzzy term belonging to 𝜁𝑋𝑖

which is the description of 𝑥𝑖. Clearly, 𝜇𝜁𝑋𝑖
(𝑋𝑗) represents the mean membership

degree of 𝑥𝑗 belonging to the description of 𝑥𝑖. Instead of using the entire feature

space blindly, this distance measure only considers the distinctive features shared by

the pair of samples, yielding pairwise distances that better express the real structure

in data by reducing useless or noisy features.

3.3.3 Spectral clustering

The widely used method to construct affinity graph for spectral clustering is the

Gaussian kernel, which is also employed in the proposed method. However, as shown

in Section 3.2, in order to construct a better affinity graph, the pairwise similarity
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needs to be adaptive to the neighborhood information. Inspired by the 𝑘-nearest

neighbor distances in [60, 68], we use a local adaptive kernel size. The new affinity is

constructed by:

𝐴𝑖𝑗 = exp
(︁
−

𝐷2
𝑖𝑗

𝜎𝛽𝑖𝑗

)︁
(3.13)

𝛽𝑖𝑗 = 𝑚𝑒𝑎𝑛(𝐾𝑁𝑁(𝑋𝑖)) ·𝑚𝑒𝑎𝑛(𝐾𝑁𝑁(𝑋𝑗)) (3.14)

where 𝜎 is the original Gaussian kernel and 𝐾𝑁𝑁(𝑋𝑖) are the distances between

sample 𝑋𝑖 and its 𝑘-nearest neighbors. It can be seen that our kernel is kind of com-

bining the original kernel size 𝜎2 with the self-tuning kernel 𝜎𝑖𝜎𝑗. This is based on the

assumption that an appropriate kernel size needs not only the neighbor information

to enforce locality, but also the global scaling parameter to control how rapidly the

similarity falls off with distance.

Comparing to the widely used Gaussian kernel similarity function, there are three

innovations in our affinity graphs construction:

∙ Instead of using the complete feature space, the proposed model is designed to

avoid indistinctive features using fuzzy membership function, yielding similarity

graphs that can better express the underlying semantic structure in data;

∙ The Euclidean assumption is relaxed for data similarity inference by fuzzy logic

operations defined in AFS, so the metric is not ℓ2-norm anymore;

∙ The distances are still put into the Gaussian kernel, but with a local kernel size

adapted to the 𝑘-nearest neighbors.

After the affinity graph is constructed, the most widely used spectral clustering

from [24], Ng-Jodan-Weiss (NJW) algorithm, is employed. The summary of our

algorithm can be found in Algorithm3.
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Algorithm 3 Spectral Clustering based on Axiomatic Fuzzy Set Similarity
Input:

Data set X in ℛ𝑛×𝑙, number of clusters 𝑘.
Output:

Class labels 𝑦𝑖
1: Construct the fuzzy terms 𝑚𝑖,𝑗 for each feature 𝑓𝑖;
2: Calculate the membership function 𝜇𝑚∈𝑀(𝑥) with Eq.2.5 for each sample;
3: Find the set of fuzzy terms 𝐵𝜀

𝑥 with 𝐵𝜀
𝑥 = {𝑚 ∈𝑀 |𝜇𝑚(𝑥) ≥ 𝑚𝑎𝑥{𝜇𝑚(𝑥)} − 𝜀}

4: Build the description 𝜁𝑥 for each sample with 𝜁𝑥 =
⋀︀

𝑚∈𝐵𝜀
𝑥
𝑚;

5: Calculate the pairwise distance D based on their descriptions using 𝐷𝑖𝑗 = 1 −
min {𝜇𝜁𝑋𝑗

(𝑋𝑖), 𝜇𝜁𝑋𝑖
(𝑋𝑗)};

6: Construct the affinity matrix A with the Gaussian kernel by 𝐴𝑖𝑗 = exp(− 𝐷2
𝑖𝑗

𝜎𝛽𝑖𝑗
)

and 𝛽𝑖𝑗 = 𝑚𝑒𝑎𝑛(𝐾𝑁𝑁(𝑋𝑖)) ·𝑚𝑒𝑎𝑛(𝐾𝑁𝑁(𝑋𝑗));
7: Define Q to be the diagonal matrix whose (i,i) elements are the sum of 𝐴′𝑠 𝑖-th

row, and construct the Laplacian matrix L = Q−1/2AQ−1/2;
8: Find the 𝑘 largest eigenvectors of L (chosen to be orthogonal to each other in the

case of repeated eigenvalues), 𝑒1, 𝑒2, ..., 𝑒𝑘, and form the matrix 𝐸 = [𝑒1𝑒2...𝑒𝑘] ∈
ℛ𝑛×𝑘 by stacking the eigenvectors in columns;

9: Form matrix Y from E by re-normalizing each of E’s rows to have unit length
(i.e. 𝑌𝑖𝑗 = 𝐸𝑖𝑗/(

∑︀
𝑗 𝐸

2
𝑖𝑗)

1/2);
10: Treating each row of Y as a point ℛ𝑘, cluster them into 𝑘 clusters via 𝑘-means;
11: Finally, assign the original point 𝑥𝑖 to cluster 𝑗 if and only if row 𝑖 of matrix Y

was assigned to cluster j.
Stop.

3.4 Summary

In this chapter, we proposed a novel clustering method, AFSSC, to address manifold

learning in image clustering. To this end, we first formulate AFS as a unified and

generalized data distance inference framework with two innovations: (1) Instead of

using the complete feature space as a whole, the proposed model is designed to avoid

indistinctive features by removing the features with low membership degree, yielding

similarity graphs that can better express the underlying structure of data; (2) The

Euclidean assumption for data distance inference is relaxed by fuzzy logic operations

and fuzzy sets. Since the context information is proven to be significantly useful for

pairwise similarity, a novel neighborhood adaptive Gaussian kernel is then proposed

to map the pairwise distance to similarity as well as enforce the locality. Standard

spectral clustering method is finally used to obtain the result. We demonstrate the
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experiments on various of data, such as UCI real-world data, USPS handwritten

digits, face data, etc. The proposed method AFSSC is compared to 𝐾-means, FCM,

AFS, and other state-of-the-art methods. The qualitative comparison of the affinity

graphs shows that AFSSC can better reveal the pairwise similarity by increasing the

intra-class similarity and decreasing the inter-class similarity. The improvement of the

clustering performance based on clustering error and normalized mutual information

also prove the superiority of AFSSC compared to other state-of-the-art methods.
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Chapter 4

Experimental Results and Analysis

In chapter 2 and 3, we present two clustering methods, AFS clustering and AFSS-

C. The AFS clustering is designed for semantic learning problem. By representing

semantic concepts as fuzzy sets, the semantic gap is bridged automatically and ob-

jectively using the AFS clustering. Next AFS is formulated as a similarity measure

and combine with spectral clustering to generate a novel clustering approach, named

AFSSC, in order to learn the manifold structure for image data. AFSSC is funda-

mentally based on the AFS clustering method, especially on the distance/similarity

part. Nevertheless, AFSSC is proposed to reveal the underlying manifold structure.

Instead of a multi-scale hierarchical clustering, the goal of AFSSC is an optimal hard

partition of data. To this end, the similarity measure is improved by a neighborhood

adaptive Gaussian kernel to better reveal pairwise relationship. The measured simi-

larity matrix is mapped onto a weighted graph so that the clustering problem can be

solved by an optimized graph cut method.

The two proposed methods have been applied to various types of datasets in ex-

tensive experiments to evaluate their performances. Firstly AFS clustering is applied

for semantic facial component clustering. Both the extracted semantic concepts and

clustering results are evaluated for detailed comparisons. Next, the AFSSC is ap-

plied on UCI data, USPS handwritten digits, and face data. The results have shown

the improvement of clustering performance compared to AFS clustering and other

state-of-the-art methods.
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4.1 Experiments for AFS clustering

The proposed AFS clustering method is applied for facial components clustering on

Multi-PIE and AR databases. Specifically, 249 frontal faces from 249 subjects in

Session one of Multi-PIE and 134 frontal faces from 134 subjects in Session one of

AR database are used for this experiment. Since the face sizes vary in scale, the

images were scaled so that the Euclidean distance between the pupil centers in every

image tallies with the average distance of the database. The results are illustrated in

two aspects. The first one is the semantic extraction, where the relationship between

semantic concepts and low-level features are demonstrated. Each facial component is

clustered into three groups, “large”, “medium” and “small”. “Medium” is not usually a

useful semantic concept in many applications. It is not so useful to describe a person

with “medium eye” or “medium nose”. Therefore we focus on two salient clusters,

“large” and “small”. For these features, we show that the clustering result by the

proposed approach is better than those obtained by 𝐾-means and FCM in terms of

area of facial components and defined clustering indexes.

4.1.1 Eye clustering

We first evaluate the semantic concepts represented by the low-level features. The

“semantic gap” is well bridged by the relations between them. We start with the

proposed feature selection, and the global feature, centroid distance, plus several

local features are selected as the low level features for these two databases, as shown

in Fig.4-1.

As shown in Fig.4-1, in addition to the centroid distance which is selected as the

global feature, three local features are also selected to represent the shape information.

This is very important, because the global feature can guide the clustering process

while the local features can help to ensure the shape consistency. In our system,

these features are automatically selected by a feature selection algorithm, for both

Multi-PIE and AR data sets. To illustrate the advantage of the feature selection and

eye clustering, the relationships between semantic concepts and the low-level features
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Fig. 4-1: Selected “local” Features of (a) Multi-PIE (b) and AR.

are shown as below after clustering.

∙ Multi-PIE Large Eyes Cluster: 𝜁𝐶𝑙
= 𝑚𝑓1

15,1𝑚
𝑓1
11,1𝑚

𝑓1
1,1, with the semantic

rules: “The eyes in this cluster have large 𝑓15, large 𝑓11 and large 𝑓1”;

∙ Multi-PIE Small Eyes Cluster: 𝜁𝐶𝑠 = 𝑚𝑓1
15,2𝑚

𝑓1
11,2𝑚

𝑓1
3,2, with the semantic

rules: “The eyes in this cluster have small 𝑓15, small 𝑓11 and small 𝑓3”.

∙ AR Large Eyes Cluster: 𝜁𝐶𝑙
= 𝑚𝑓1

15,1𝑚
𝑓1
10,1𝑚

𝑓1
7,1, with the semantic rules: “The

eyes in this cluster have large 𝑓15, large 𝑓10 and large 𝑓7”;

∙ AR Small Eyes Cluster: 𝜁𝐶𝑠 = 𝑚𝑓1
15,2𝑚

𝑓1
10,2𝑚

𝑓1
7,2, with the semantic rules: “The

eyes in this cluster have small 𝑓15, small 𝑓10 and small 𝑓7”.

From the description above, it is easy to see that the characteristic combinations

contain not only the global feature 𝑚𝑓1
15 (centroid distance) but also the local features

which are related to the height and width of the eye. Such features can make the
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clustering better and more consistent. Fig.4-2 shows the improvement of our method

in terms of shape by including local features. Some long and narrow eyes that would

be inappropriately clustered as “large” with only the global features, are correctly

clustered as “medium” with the additional local features.

Fig. 4-2: Examples of eyes clustered as “large” by using only the global features and
clustered as “medium” by using both the global and local features.

In order to show the quality of the clustering visually, Fig.4-3 shows four examples

of facial image with large eye in “large eyes” cluster and four in “small eyes” cluster.

The comparison result is very encouraging in the sense that the eyes in the “large

eyes” cluster are distinctly larger than those in the “small eyes” cluster, and also the

eye shapes are more consistently within the clusters.

Next, we evaluate the clustering performance of the proposed AFS clustering

method. In the available data sets there is no semantic ground truth to evaluate

the accuracy of our results. As we are actually clustering the “size” of the facial

components, the “area” measurement is chosen to be the validity criteria, which is

the closest to human perception (i.e., a larger eye is the one with a larger area). The

area criteria is also adopted in [70]. Three parameters representing class separability

are defined as follows for evaluating the clustering performance,

∙ The average area of small eyes class 𝐴𝑆. 𝐴𝑆 is defined as the mean area of

all subjects in the “small” cluster; a lower value means the eyes in the “small”

cluster are smaller the eye of an average person;
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Fig. 4-3: Examples of large eyes and small eyes. From top row to bottom row, they
are Multi-PIE large, Multi-PIE small, AR large and AR small respectively.
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Table 4.1: Comparison of Clustering Algorithms for Eye Clustering

Data set Method Evaluation Criteria
𝐴𝑆 𝐴𝐿 𝐶𝑆

Multi-PIE

𝐾-means 273 419 0.456
FCM 344 427 0.358
Proposed(global) 293 455 0.363
Proposed(global+local) 177 478 0.760

AR

𝐾-means 523 586 0.417
FCM 523 569 0.349
Proposed(global) 468 623 0.613
Proposed(global+local) 447 635 0.730

∙ The average area of large eyes class 𝐴𝐿. 𝐴𝐿 is the mean area of the “large”

cluster; a higher value means the eyes in the “large” cluster are larger than that

of an average person;

∙ The class separability 𝐶𝑆. 𝐶𝑆 is defined as the quotient of the minimum inter-

class distance and the maximum intra-class distance.

𝐶𝑆 =

min
{︁
𝐷𝑚𝑛|𝐷𝑚𝑛 =

𝑀∑︀
𝑗=1

√︁
(𝑋𝑚,𝑗 −𝑋𝑛,𝑗)2

}︁
max

{︁
𝐷𝑝𝑞|𝐷𝑝𝑞 =

𝑀∑︀
𝑗=1

√︀
(𝑋𝑝,𝑗 −𝑋𝑞,𝑗)2

}︁ (4.1)

where 𝑋𝑝,𝑗 denotes feature value for 𝑝 along the 𝑗𝑡ℎ image, 𝑋𝑚 is the cen-

ter/mean of the 𝑚 cluster, 𝑘 and 𝑀 are numbers of clusters and features.

Our proposed method is compared with the conventional clustering algorithms,

𝐾-means and FCM on the face image data sets Multi-PIE and AR. Due to their

sensitivity to the initial conditions, 𝐾-means and FCM are each performed 100 times

to obtain the average result. The proposed method is applied with global features

only, as well as global and local features combination.

From Table 4.1, it can be seen that compared to 𝐾-means and FCM, our method

performs much better for all three indices in both the Multi-PIE and AR databases.
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Our method can generate much clearer and more reliable clusters in terms of the size

and shape of the eye. In addition, 𝐾-means and FCM can only produce the partition

clusters, but not semantic descriptions which are useful features for semantic FIR

systems. Furthermore, it can be seen that the combination of global and local features

performs significantly better in the Multi-PIE data set and is slightly superior in the

AR data set.

4.1.2 Nose clustering

Fig.4-4 shows us the features selected by our automatic feature selection algorithm

for nose clustering. Two global features, centroid distance and height, with two local

features from “star” are selected for the AR database, while in the Multi-PIE database,

centroid distance and four local features are selected.

Fig. 4-4: Selected features for nose clustering. (a) AR; (b) Multi-PIE.
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To prove the superiority of these feature combinations, the clustering description

is listed below. Note that the clustering description is the representation of low-

level features, and meanwhile in terms of high-level semantics, we can easily know

which one is “large nose” while the other is “small nose”. Hence semantic concepts are

expressed by low-level features and the semantic gap is naturally bridged.

∙ Multi-PIE Large Noses Cluster: 𝜁𝐶𝑙
= 𝑚𝑓2

15,1𝑚
𝑓2
14,1𝑚

𝑓2
1,1𝑚

𝑓2
10,1, with the se-

mantic rules: “The eyes in this cluster have large 𝑓15, large 𝑓14, large 𝑓1 and

large 𝑓10”;

∙ Multi-PIE Small Noses Cluster: 𝜁𝐶𝑠 = 𝑚𝑓2
15,2𝑚

𝑓2
14,2𝑚

𝑓2
1,2𝑚

𝑓2
10,2, with the se-

mantic rules: “The eyes in this cluster have small 𝑓15, small 𝑓14, small 𝑓1 and

small 𝑓10”;

∙ AR Large Noses Cluster: 𝜁𝐶𝑙
= 𝑚𝑓2

15,1𝑚
𝑓2
1,1𝑚

𝑓2
9,1𝑚

𝑓2
12,1, with the semantic rules:

“The eyes in this cluster have large 𝑓15, large 𝑓1, large 𝑓9 and large 𝑓12”;

∙ AR Small Noses Cluster: 𝜁𝐶𝑠 = 𝑚𝑓2
15,2𝑚

𝑓2
6,2𝑚

𝑓2
9,2, with the semantic rules:

“The eyes in this cluster have small 𝑓15, small 𝑓6 and small 𝑓9”.

From the clustering description, it is clear that not only the global features are

used, but also several local features. In this case, different noses are distinctively

grouped into different clusters depends on both their sizes and shapes. In order to

show the quality of the clustering visually, Fig.4-5 shows four examples of facial image

in large nose cluster and four in small noses cluster. The comparison result is very

encouraging in that the noses in the “large noses” cluster are distinctly larger than

those in the “small noses” cluster, and also the shape is kept more consistently.

To show the improvement of the added local features, Fig.4-6 shows some examples

of noses that are inappropriately clustered as “large” when using only the global

features such as “area”. When combing with local features, they are correctly clustered

as “medium” as they are not large enough in terms of the local features used in our

method.
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Fig. 4-5: Examples of large noses and small noses. From top row to bottom row,
they are AR small, AR large, Multi-PIE small and Multi-PIE large respectively.

Fig. 4-6: Examples of noses clustered as “large” by using only the global features
but clustered as “medium” by using the global and local features.
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Table 4.2 presents the performance comparison of different algorithms for nose

clustering. Similar metrics as used for eye clustering are used here as well. It can

be clearly seen that 𝐾-means and FCM produce similar results while the proposed

method with only the global features performs much better on the Multi-PIE but

performs similarly on the AR database. Compared to the traditional approaches 𝐾-

means and FCM, or the proposed method with only the global features, the proposed

method using both the global and local features is superior on both the Multi-PIE

and AR datasets. It proves the superiority of the proposed method as well as the

advantage of the added local features, which is evident in all three evaluation criteria.

The mean area of the “small nose” group is the smallest while the mean area in

the “large nose” group is much larger than those produced by the other methods.

Moreover, the class separability demonstrates that the proposed method produces a

much clearer clustering result.

Table 4.2: Comparison of Clustering Algorithms for Nose Clustering

Data set Method Evaluation Criteria
𝐴𝑆 𝐴𝐿 𝐶𝑆

Multi-PIE

K-means 1679 2143 0.494
FCM 1718 2131 0.406
Proposed(global) 1578 2214 0.818
Proposed(global+local) 1487 2264 0.840

AR

K-means 2564 3169 0.579
FCM 2530 3162 0.583
Proposed(global) 2506 3168 0.561
Proposed(global+local) 2480 3582 0.832

4.1.3 Parameter analysis

In the proposed algorithm, the size of the reduced feature subset and hence the scale

of details of the data representation is controlled by the parameter 𝑘 (refer Eq.(2.14)).

Figure 4-7 illustrates such an effect on two data sets, Multi-PIE and AR. For certain
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range of 𝑘, it is observed that there is no change in the reduced subset, i.e., no

reduction in dimension occurs. However, as expected, the size of the reduced subset

decreases overall with the increment of 𝑘. In this way, the representation of data at

different degrees of details is controlled by the choice of 𝑘. This characteristics is

useful in many areas where multi-scale representation of the data is necessary. Note

that the said property may not always be possessed by other algorithms where the

input is usually the desired size of the reduced feature set. The reason is that changing

the size of the reduced set may not necessarily result in any change in the level of

details. In contrast, for the proposed algorithm, 𝑘 acts as a scale parameter which

controls the degree of details in a more direct manner, making it easier for the user to

have a good control on the final clustering outcome in relation to the level of details.

Fig. 4-7: Effect of parameter k. (a) Multi-PIE eye; (b) AR eye

Some experiments are conducted to show the change of clustering performance

along with the number of selected features. Two validation indices, 𝑉 1 and 𝑉 2 are

used, which are related to the indices used in the previous experiments. 𝑉 1 is defined

as the difference of 𝐴𝐿 and 𝐴𝑆. 𝑉 2 is the class separability 𝐶𝑆. They are normalized

to [0, 1] for clear observation.

Fig.4-8 shows that the clustering performance is sensitive with the change of num-

ber of features. In both the Multi-PIE and AR data set, four features provides the

best clustering performance. With more than four features, the performance would
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actually decrease. It also demonstrates the significance of our feature selection algo-

rithm that can help to reduce computation cost as well as to find the best scale of

details of data representation.

Fig. 4-8: Clustering performance with different number of features. (a) Multi-PIE
eye; (b) AR eye

4.2 Experiments for AFS based spectral clustering

4.2.1 Experimental Settings

The proposed method AFSSC method and the widely used NJW spectral clustering

(SC) [24], self-tuning spectral clustering (STSC) [60], and AFS clustering (AFS) [69]

methods are applied on the same data sets from UCI, USPS handwritten digits and

CMU-PIE, Yale face images. In the experiment, for SC, the value of 𝜎 is obtained

by searching and the one which gives the best result is prcked, as suggested in [24].

With STSC and AFSSC, 𝑀 varies from 1 to 100 (including 7 as suggested in [60])

and the one that gives the best result is chosen. The values of 𝜖 and 𝜎 are set by

searching over the ranges of 0.1 to 0.3 and 0.1 to 1 respectively, and those giving the

best results are used [24].
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4.2.2 Performance Measure

To evaluate the performance of the proposed algorithm, we compare the clustering re-

sults with other clustering methods using two performance metrics: Clustering Error

and Normalized Mutual Information.

Clustering Error [71] is widely used to evaluate clustering performance. For a

clustering result, the permutation mapping function 𝑚𝑎𝑝(·) needs to be built that

maps the generated cluster index to a true class label. The clustering error (CE) can

then be computed as:

𝐶𝐸 = 1−
∑︀𝑛

𝑖=1 𝛿(𝑦𝑖,𝑚𝑎𝑝(𝑐𝑖))

𝑛
(4.2)

where 𝑦𝑖 and 𝑐𝑖 are the true class label and the obtained cluster index of 𝑥𝑖 respectively,

𝛿(𝑥, 𝑦) is the delta function that equals 1 if 𝑥 = 𝑦 and equals 0 otherwise. The

clustering error is defined as the minimum error among all possible permutation

mappings. This optimal matching can be found with the Hungarian algorithm [72],

which is devised for obtaining the maximum weighted matching of a bipartite graph.

Normalized Mutual Information (NMI) is another widely used metric for measur-

ing clustering performance. Vinh et al. [73] reported that some popular metrics do

not facilitate informative clustering comparisons because they either do not have a

predetermined range or do not have a constant baseline value. For those metrics, a

poor clustering could yield a very high performance index, especially when there are

many clusters. However, according to Wu et al. [74], when clustering performances

are hard to distinguish, the normalized variation of mutual information, i.e. NMI,

could still work very well. For fair comparison, we employ NMI as another metric for

comparing clustering performance. For two random variables 𝑋 and 𝑌 , the NMI is

defined as [75]:

𝑁𝑀𝐼(𝑋, 𝑌 ) =
𝐼(𝑋, 𝑌 )√︀
𝐻(𝑋)𝐻(𝑌 )

(4.3)

where 𝐼(𝑋, 𝑌 ) is the mutual information between 𝑋 and 𝑌 , while 𝐻(𝑋) and 𝐻(𝑌 )

are the entropies of 𝑋 and 𝑌 respectively. Clearly 𝑁𝑀𝐼(𝑋,𝑋) = 1, which is the
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maximum possible value of NMI. Given a clustering result, NMI in Eq.4.3 is estimated

as [75]:

𝑁𝑀𝐼 =

∑︀𝑐
𝑙=1

∑︀𝑐
ℎ=1 𝑛𝑙,ℎ log(

𝑛𝑛𝑙,ℎ

𝑛𝑙�̂�ℎ
)√︁

(
∑︀𝑐

𝑙=1 𝑛𝑙 log
𝑛𝑙

𝑛
)(
∑︀𝑐

ℎ=1 �̂�ℎ log
�̂�ℎ

𝑛
)

(4.4)

where 𝑛𝑙 denotes the number of data contained in the cluster 𝐶𝑙(1 ≤ 𝑙 ≤ 𝑐),�̂�ℎ is

the number of data belonging to the ℎ-th class(1 ≤ ℎ ≤ 𝑐), and 𝑛𝑙,ℎ represents the

number of data that are in the intersection between the cluster 𝐶𝑙 and the ℎ-th class.

The larger the NMI, the better the performance.

4.2.3 Experiments on UCI Datasets

We applied our algorithm and the other methods on 9 benchmark data sets from UCI

data repository [46]. Details of the data sets are listed in Table 4.3.

Table 4.3: Description of the UCI datasets.

Data set instances dimensions classes
heart 270 13 2

hepatitis 155 19 2
sonar 208 60 2
wobc 699 9 2
wdbc 569 30 2
iris 150 4 3
wine 178 13 3

protein 552 77 8
libras 360 90 15

Experimental results based on Clustering Error (CE) are presented in Table 4.4.

It clearly shows that the proposed AFSSC outperforms SC, STSC and AFS clustering

methods. Compared to the AFS, our method improves over 10% on several data sets,

such as heart, hepatitis, and wdbc. It proves that utilizing spectral theory to parti-

tion similarity matrix is much better than transitive closure theory used previously.

Considering the validation loop for transitive closure method, our approach is also

relatively faster and easier to implement. It is also observed that AFS clustering is
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easy to fail in multi-cluster cases, such as protein and libras. The reason is that the

original AFS selects the best partition of data based on the boundaries of each cluster.

As the number of clusters increases, so does the difficulty of finding the boundaries.

Compared to the Euclidean distance based methods, SC and STSC, the proposed

algorithm also shows the superiority. Slightly worse results are observed on iris and

wine data sets compared to STSC. Since there are only 150 and 178 samples in these

two data sets respectively, the differences are actually just 1 or 2 samples, while AF-

SSC achieves 6%, 11%, and 7% improvements on heart, hepatitis, and sonar, which

equals to 16, 17 and 14 respectively, compared to STSC. It also can be observed from

Table 4.4 that removing the Gaussian kernel, AFSSC achieves results comparable

to SC and STSC. However, adding kernel consistently improves the performance of

AFSSC. Thus, kernel will always be included with our proposed AFSSC and is used

for all the other experiments.

Table 4.4: Comparison of Clustering Error (%) on UCI data sets.

Method heart hepatitis sonar wobc wdbc iris wine protein libras Average
SC 19.6 29.7 42.3 3.4 9.5 10.0 2.8 53.7 53.4 24.9

STSC 21.1 38.7 42.8 3.3 7.2 7.3 2.8 56.2 53.4 25.9
AFS 29.6 44.1 37.2 2.7 18.1 9.6 3.4 64.6 62.7 30.2

AFSSC(without kernel) 17.4 32.3 38.5 3.6 10.4 11.3 5.1 54.3 54.2 25.2
AFSSC 15.2 27.1 35.6 2.7 6.0 8.8 3.4 51.1 52.3 22.5

The clustering performances measured in Normalized Mutual Information (NMI)

are shown in Table 4.5. The proposed AFSSC outperforms the other methods by

over 5%. It can be seen from the result that STSC is not very robust. It performed

extremely poor on both the hepatitis and sonar datasets in terms of NMI. Since

neighborhood information is used both in STSC and AFSSC, we can conclude that

adopting fuzzy membership with distinctive feature subspace as the distance mea-

sure is more robust in terms of affinity graph construction, compared to using the

Euclidean distance based on the entire feature space.
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Table 4.5: Comparison of NMI (%) on UCI data sets.

Method heart hepatitis sonar wobc wdbc iris wine protein libras Average
SC 28.5 14.5 7.5 77.1 63.3 77.8 89.3 54.4 63.7 52.9

STSC 25.8 4.8 1.6 80.0 61.4 79.2 89.3 46.2 64.9 50.4
AFS 17.6 3.2 17.2 73.8 60.3 78.5 85.5 35.6 38.1 45.5

AFSSC(without kernel) 33.1 8.9 3.9 76.4 52.2 72.7 81.6 57.1 65.2 50.1
AFSSC 38.1 15.8 19.0 81.7 68.9 81.4 86.9 62.1 68.0 58.0

4.2.4 Experiments on USPS Datasets

Next the spectral clustering algorithms are applied on handwritten digits from the

widely used USPS database [76]. The dataset contains numeric data obtained from

the scanning of handwritten digits from envelopes by the U.S. Postal Service. The

original scanned digits are binary and of different sizes and orientations. The images

we used have been size-normalized, resulting in 16 × 16 grayscale images with 256

dimensions. Fig.4-9 shows some samples in this dataset. It contains 7291 training

instances and 2007 test instances (9298 in total). Digit subsets {0,8}, {4,9}, {0,5,8},

{3, 5, 8}, {1,2,3,4} and {0,2,4,6,7} are used to test our algorithm. The details of

these subsets are shown in Table.4.6. Experiments are conducted based on each

subset separately and CE and NMI are used to measure the performance. Note that

AFS is not applied on those datasets, since that when running AFS on these data

sets, the 8GB RAM in our Windows 7 desktop is not big enough. We believe this

shows one of the feasibility limitations of the AFS algorithm. On the other hand,

even if the AFS algorithm could be successfully run for these datasets, we believe

it would still perform poorly. The reason is that given a similarity matrix, AFS

attempts to obtain clustering results by applying different threshold on the matrix.

Each threshold results in one clustering result and a clustering validity index is given

to find the best result among them. With large amounts of samples, there are lots

of entries in the similarity matrix. It is highly unlikely that the best result can be

obtained this way since constructing a reliable clustering validity index is not a trivial

task.

Fig.4-10 shows that, in terms of Clustering Error (CE), AFSSC outperforms STSC

and SC for all cases. In the more challenging cases {3,5,8} and {0,2,4,6,7}, AFSSC
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Fig. 4-9: Samples of USPS dataset.

Table 4.6: Description of USPS datasets.

Data set instances dimensions classes
{0,8} 2261 256 2
{4,9} 1673 256 2

{0,5,8} 2977 256 3
{3,5,8} 2248 256 3

{1,2,3,4} 3874 256 4
{0,2,4,6,7} 4960 256 5

performs more than 10% better compared to SC. STSC performs poorly in most cases.

Our method performs 20% better compared to STSC.

The results on the USPS datasets in terms of NMI are presented in Fig.4-11.

It can be seen that our method outperforms STSC on all datasets. Compared to

SC, AFSSC also shows its superiority, especially for the challenging case {3,5,8} and

multi-classes cases {1,2,3,4},{0,2,4,6,7}.
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Fig. 4-10: Performance comparison based on CE for the USPS datasets.

4.2.5 Experiments on Face Data

Lastly the spectral clustering algorithms are applied on face images from the CMU-

PIE [77] and Yale [78] databases. From the CMU-PIE database which consists of

41368 images of 68 people, 10 different people are randomly chosen, each with 20 im-

ages of near frontal poses and various expressions and lighting conditions, as shown

in Fig.4-12. The whole Yale database is used in our experiment which consists of 165

grayscale images of 15 individuals, each with 11 images of near frontal poses and var-

ious expression, lighting conditions, and configurations, as shown in Fig.4-13. All the

face images are normalized and cropped into 32×32 resolution, and the raw pixel val-

ues are then employed as the representation of the faces. Such kind of representation

is greatly affected by the large variations in illumination, facial expression and head

pose. The proposed algorithm is able to remove less-informative or noisy features and

capture subtle information distributed over discriminative feature subspaces.

In this experiment, we compare the proposed method to the baseline methods, SC

and STSC, and we also compare to another state-of-art method, ClustRF-Strct [57].

ClustRF-Strct (hereby called RFSC) is a structure aware affinity inference model

based on clustering random forest. The model takes into account hierarchical struc-

tures of the whole tree, 𝑖.𝑒. a tree path from the root until leaf nodes traversed by
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Fig. 4-11: Performance comparison based on NMI for the USPS datasets.

Fig. 4-12: CMU-PIE: each row corresponds to one person.

data samples. The assumption is that a sample pair is considered more similar if

they travel more tree nodes together. To implement RFSC, the same setting in [57]

is used. The number of trees in the clustering forest is set to 1000 since the larger

the forest size, the more stable the results are. The random feature subset is set to
√
𝑑 where 𝑑 is the feature dimensionality of the input data.

We first examine the data affinity graphs constructed by SC, STSC, RFSC and

AFSSC, which could qualitatively reflect how effective an affinity graph construction

method is. Fig. 4-14 depicts some examples of affinity matrices generated by all these

methods.

It can be observed that the proposed AFSSC produces affinity matrices with more

distinct block structure and less false edges compared with the other methods. This

suggests the superiority of the proposed method in learning the underlying seman-

tic structures in data, potentially leading to more compact and separable clusters.
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Fig. 4-13: Yale: each row corresponds to one person.

Specifically, SC produces less false edges but the block structure is not clear, which

means the inter-similarities (low) are well estimated while the intra-similarities (high)

are not produced properly. In contrast, STSC produces clear block structure but also

a lot of noisy edges, that means the inter and intra similarities are both high, which

is not correct. RFSC produces a similar graph with STSC, clear block but a lot of

false edges. In Fig. 4-14, it can be clearly seen that AFSSC produces much less false

edges in the inter-class graph, while the intra-class graph is comparable to the one

from RFSC.

Fig. 4-14: Qualitative comparison of the affinity graphs of CMU-PIE generated
by different methods. The second row shows the closed-up view of the comparison
between RSFC and AFSSC. Better viewed by color and Zoom-In.
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We now evaluate the clustering performance using the affinity graphs constructed

above. Note that, instead of constructing the fully connected affinity graph as in the

previous experiments, we utilize the similarity matrix to construct 𝑘𝑛𝑛 affinity graph,

𝑒.𝑔., given similarity matrix 𝑊 , we set 𝑊𝑖𝑗 = 𝑊𝑖𝑗 if 𝑗 ∈ 𝑘𝑛𝑛(𝑖), otherwise 𝑊𝑖𝑗 = 0.

By doing so, we show that the proposed method can construct proper affinity graph

as well as select robust neighborhood. Such a local constraint is also proven to be

more effective than the fully connected affinity graph, especially when there exists a

large quantity of noisy edges [52, 57].

Fig. 4-15: NMI curve: comparison of the proposed method against existing methods
on the spectral clustering performance given different scales of neighborhood 𝑘.

It is observed from Fig.4-15 that the proposed AFSSC outperforms the existing

spectral clustering methods for different settings of neighborhood size 𝑘. Since the

CMU-PIE and Yale data sets have 20 and 11 objects per class respectively, it comes

as no surprise that all methods achieve the best results with a relatively small 𝑘 (4 ≤

𝑘 ≤ 10). As 𝑘 increases, so do the chances of adding in noisy edges, especially for face

images, which are intrinsically ambiguous due to the large variations in illumination

and facial expression, as demonstrated in Fig.4-12 and Fig.4-13. The proposed AFSSC

produces not only the best but also the most robust result. It is observed on the CMU-

PIE data set that after the best results are achieved, the performances of SC, STSC

and RFSC reduce dramatically as 𝑘 increases while the proposed AFSSC still performs

reasonably well. The robustness is quite useful in totally unsupervised scenarios when

there is no pre-knowledge about how many objects exist in each class, or in some cases
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the numbers of objects are different for each class. It is desirable for the clustering

algorithm to be robust given a reasonable range of 𝑘.

The Euclidean-distance-based models, SC and STSC, produce poor results in all

cases. They are more likely to be affected by the large quantity of potentially noisy

edges in the given 𝑘NN when dealing with unreliable input data. Their extracted

features are therefore unreliable. Employing such features to construct affinity ma-

trices with the Euclidean distance, it is understandable that SC and STSC perform

poorly. RFSC attempts to constructs affinity graph using a non-linear adaptive tree

hierarchical model as the neighborhood information embedded in the tree structure

automatically. This approach is proven problematic as well, particularly when a large

quantity of noisy features exist. The main drawback of the tree-structure similarity

is that the first several nodes have too much effect on the whole process. A pair of

samples are considered to be not similar at all if they are split at the root node, no

matter what happens in the other parts of the tree. Since the tree nodes are split

by a single feature selected from a random feature subspace, there is a high possi-

bility that a noisy feature is selected at the very beginning, leading to inappropriate

selection of neighborhoods. Unlike the other methods, the proposed AFSSC could

mitigate the noisy features due to its capability to capture and aggregate subtle data

proximity distributed over discriminative feature subspaces, thereby leading to more

reliable and robust neighborhood construction.

4.2.6 Analysis of Feature Selection

One of the crucial advantages of the proposed AFSSC algorithm, is the capability of

selecting discriminative features. As it is shown in the experiments, AFSSC performs

much better than the other methods for digit images and face images, in which a large

quantity of redundant and/or noisy features exist. In this section, several experiments

are conducted to show the effectiveness of the proposed AFSSC for unsupervised

feature selection. The following four unsupervised feature selection algorithms are

compared against the case where all features are indiscriminately used:
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∙ Max-Variance, which selects features of maximum variances are selected in

order to obtain the best expressive power;

∙ Laplacian Score [79], which selects features that are consistent with the Gaus-

sian Laplacian matrix to best preserve the local manifold structure;

∙ MCFS [80], which selects features based on spectral analysis and ℓ1-norm reg-

ularization to best preserve the multi-cluster structure of the data;

∙ The proposed AFSSC, which selects feature subset distinguishingly for every

single sample to best preserve discrimination.

Fig. 4-16: Comparison of unsupervised feature selection methods on the spectral
clustering performance given different scales of dimension.

Note that the proposed AFSSC integrates feature selection and data representa-

tion into a joint framework. By selecting a distinguishable feature subset for every
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single sample, the discriminative information distributed among samples is best pre-

served. Since we select optimum feature subset separately for each single sample, the

selected features are different between samples. As a result, every individual feature

could be used for some samples, which explains why the performance of the proposed

method is consistent in Fig.4-16.

From Fig.4-16, it can be seen that the proposed AFSSC method outperforms all

other unsupervised feature selection methods on all datasets. For USPS handwritten

digits, it is quite interesting to note that the other feature selection methods can-

not improve the spectral clustering performance based on all features, while AFSSC

improves around 10% on USPS_1234 and 20% on USPS_02467. MCFS and Lapala-

cianScore performs reasonable well with limited dimensions, while MaxVariance does

not work properly in this case.

For face image clustering, it comes as no surprise that spectral clustering utilizing

all features performs the worst due to the large quantities of noisy features. Still, the

proposed AFSSC outperforms other feature selection methods even for their best cas-

es. MaxVariance works quite well in this case which is consistent with the effectiveness

of PCA on face images. Note that PCA shares the same principle of maximizing vari-

ance, but it involves feature transformation and obtains a set of transformed features

rather than a subset of the original features.

Based on their performances, these four unsupervised feature selection methods

can be ranked in the order of AFSSC, MCFS, LaplacianScore, and MaxVariance.

Both AFSSC and MCFS select features by considering feature subsets, while Lapla-

cianScore and MaxVariance select features by features individually. It is proven by

our experiments that unsupervised feature selection method considering features in-

dividually cannot produce an optimal feature subset as they neglect the possible

correlation between different features, which is also claimed by the authors of MCFS

[80]. The advantage of our method compared to MCFS is that instead of selecting

the same feature subset for all samples, we propose to combine feature selection and

data representation into a joint framework, and select different feature subset opti-

mally for each single sample to best preserve their differences. Our assumption is that

77



the optimal feature subsets are different for different samples. By selecting the most

discriminative feature subset for each sample, it is more likely that the samples from

the same clusters will produce the same feature subset as their representation while

those samples from different clusters will be distributed in different feature subspace,

yielding improved performance of spectral clustering.

4.2.7 Parameter Analysis

It is well-known that the kernel size 𝜎 plays a significant role in spectral clustering.

Unfortunately, SC is quite sensitive to this parameter and it is nontrivial to set

it appropriately. In our method, the kernel size is adapted to the local structure

modeled by 𝑀 -nearest neighbors. As showed in Eq.3.13, both the global (𝜎) and the

local structure (𝑀) are taken into account in the proposed approach. The following

experiments demonstrate that the proposed AFSSC is more superior in terms of

parameter robustness.

The wdbc from UCI machine learning repository, digit set {1,2,3,4} of USPS, and

CMU-PIE, Yale databases of face images are used in this experiment. First of all,

the performance of AFSSC is tested with 𝜎 changing from {0.1,0.2,...,1} and 𝑀 from

{5,10,...,50}. As shown in Fig.4-17, the performance of the proposed AFSSC is stable

with different values of 𝜎 and 𝑀 on all data sets. AFSSC achieves consistently good

performance with 𝜎 varying from 0.1 to 1. With respect to 𝑀 , better performances

are observed with relatively small value on USPS-{1234} and CMU-PIE.

Next the performances of SC and AFSSC with reference to 𝜎 values are tested.

Since there is no 𝑀 in SC, we fix 𝑀 = 5 in AFSSC on all these data sets for a fair

comparison. The results are shown in Fig.4-18. It is clear seen that the proposed

AFSSC is far superior to SC in terms of parameter robustness, as well as clustering

performance. For example, for the wdbc data set, AFSSC achieves very good results

with 𝜎 varying from 0.2 to 1, while SC only performs well when 𝜎 is between 0.7 and

1; for the Yale data set, AFSSC achieves much better performances for all 𝜎. Even

though there is a additional parameter 𝑀 , AFSSC can still outperform SC with a

fixed 𝑀 value.
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Fig. 4-17: Clustering performance of the proposed AFSSC with different 𝑀 and 𝜎.

Fig. 4-18: Comparison of clustering performance of SC and AFSSC with different
𝜎. We fix 𝑀 = 5 for AFSSC on all data sets.

4.3 Comparison of AFS clustering and AFSSC

We proposed two clustering methods, AFS clustering and AFSSC, for different pur-

poses, semantic learning and manifold learning, respectively. AFS clustering and

AFSSC share the similar clustering framework. They both focus on deducing proper

pairwise similarity measure and clustering based on the measured similarity. However,

since the motivations are different, AFS clustering aims at learning semantic expres-

sions which cannot be precisely defined, by grouping similar objects into one semantic

cluster. Considering the native fuzziness of natural semantics, it is hard and imprac-

tical to represent semantic concept by a stationary and crisp cluster. Therefore, AFS

clustering adopts transitive closure to update the measured similarity matrix so that

the convergent similarity matrix offers us a multi-scale hierarchical clustering result

by applying different threshold on the matrix. Such a multi-scale representation of

semantic concepts provides a flexible way to adapt the natural fuzziness.

AFSSC is fundamentally based on the AFS clustering method, especially on the

distance/similarity part. Nevertheless, AFSSC is proposed to reveal the underlying
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manifold structure. Instead of a multi-scale hierarchical clustering, the goal of AFSSC

is an optimal hard partition of data. To this end, the similarity measure is improved by

a neighborhood adaptive Gaussian kernel to better reveal pairwise relationship. The

measured similarity matrix is mapped onto a weighted graph so that the clustering

problem can be solved by an optimized graph cut method. The experimental results

show that, considering just hard partition of the data, AFSSC is more efficient and

effective than the AFS clustering.
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Chapter 5

Conclusions

Advancements in sensing and storage technology and dramatic growth in web appli-

cations have created many high-volume, high-dimensional data, especially for images.

Most of images are stored digitally in electronic media, thus providing huge potential

for the development of automatic image analysis, classification, and retrieval tech-

niques. Many of these images, however, are unstructured, adding to the difficulty

in analyzing them. Organizing images into sensible groups then arises naturally for

better managing, understanding, and processing the image data. It is, therefore, not

surprising to see the continued popularity of image clustering.

Conventional image clustering aims at gathering all images into several clusters

such that the images in a single cluster provide essentially the same information. The

question about what the information is, however, is not cared too much. Due to

the growing interest in developing effective methods for content-based image retrieval

(CBIR), which is closely related to image clustering, a more desirable way to group

images from user’s perspective is semantic clustering. In such settings, if we can cast

image data into semantic groups, the user can query by semantic concepts, such as

those used in the natural language, rather than an essential image. The challenge here

is that it is quite difficult to map the low-level visual features to high-level semantics.

Such semantic gap is the crucial obstacle for semantic image analysis.

Another problem for image clustering lies in the high-dimensional feature space

of image data. Such representation is not effective especially when there are a lot of
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redundant and noisy features. Manifold learning offers a solution for the problem.

Using the underlying manifold structure has proven to significantly improve perfor-

mance in many image-related tasks. With the assumption that images lie in a much

lower manifold space, many manifold learning algorithms make use of dimension re-

duction methods to reduce the dimensionality of the feature space. Such dimension

reduction techniques map the features onto a lower dimensional subspace in hope

that the Euclidean distance in this new lower subspace can better capture geodesic

distance than in the original higher feature space.

Spectral clustering is such a method that makes use of Laplacian EigenMaps for

dimension reduction and 𝐾-means for the final clustering. The performance of spec-

tral clustering heavily relies on the goodness of the data affinity graph as it defines

an approximation to the pairwise distances between data samples. In most contem-

porary techniques, the data affinity graph, e.g a 𝑘NN graph, is constructed from a

pairwise similarity matrix measure between samples. The notion of data similarity is

often intimately tied to a specific metric function, typically the ℓ2-norm (or the Eu-

clidean metric) which is measured considering the whole feature space. Trusting all

available feature blindly is susceptible to unreliable and noisy features, particularly

so for image data where signals can be intrinsically inaccurate and unstable owing to

uncontrollable sources of variation, changes in illumination, context, occlusion and

background clutters. Moreover, confining the notion of similarity to the ℓ2-norm met-

ric implicitly imposes unrealistic assumption on complex data structures that do not

necessarily possess the Euclidean behavior.

5.1 AFS clustering

In this thesis, we propose an Axiomatic Fuzzy Set (AFS) based clustering method

for semantic learning problem. To this end, we focus on the semantic facial compo-

nents clustering. The approach starts with an automatic landmark detection and all

the facial components are represented by a bunch of landmarks. Low-level features

are then extracted based on the geometry information derived from the landmarks.
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The challenge is mapping the low-level features to the high-level semantic represen-

tations. Most of the previous approaches either manually assign semantic concepts

to the corresponding features, or manually label some training data and learn the

connection by machine learning techniques. Such manual settings bring in the sub-

jective of human perception, thus leading to inappropriate analysis subsequently. The

proposed approach automatically learns the fuzzy membership functions and repre-

sents the data by fuzzy sets. Pairwise similarity is then defined between the learned

fuzzy sets. Given the similarity matrix, the proposed method iteratively updates the

matrix to its transitive closure form so that the later matrix can be used for data

partition. Since the data have already been represented by fuzzy sets which possess

semantics naturally, after we group data into different clusters, each cluster can au-

tomatically obtain semantic representation based on the data inside it. We conduct

experiments for semantic facial components clustering on both the Multi-PIE and

AR datasets. The evaluation for semantic learning shows that the semantic gap is

bridged automatically without any manually setting, and objectively by data-driven

membership function construction. On the other hand, we compared the clustering

performance and the results have shown significant improvement compared to the

traditional 𝐾-means and FCM clustering methods.

5.2 AFS based spectral clustering

Next, we further extend AFS clustering to AFSSC for another crucial problem, mani-

fold learning, in image clustering. To this end, AFS is first formulated as a generalized

distance measurement with two innovations: (1) Rather than using the entire feature

space to calculate the distance, the proposed model is designed to avoid indistinctive

features by removing those features with low membership degree, yielding affinity

graphs that can better express the underlying structure of data; (2) Instead of using

traditional ℓ2-norm distance, the AFS based fuzzy membership function is adopted

as distance. Since the context information is proven to be significantly useful for

pairwise similarity, a novel neighborhood adaptive Gaussian kernel is then proposed
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to map the pairwise distance to similarity as well as enforce the locality. Standard

spectral clustering method is finally used to obtain the result. Extensive experi-

ments have been conducted on various of data, such as UCI real-world data, USPS

handwritten digits, face data, etc. The proposed method, AFSSC, is compared to

𝐾-means, FCM, AFS clustering, and other state-of-the-art methods. The qualitative

comparison of the affinity graphs shows that AFSSC can better reveal the pairwise

similarity by increasing the intra-class similarity as well as decreasing the inter-class

similarity. The improvement of the clustering performance based on clustering error

and normalized mutual information also prove the superiority of AFSSC compared

to other state-of-the-art methods.

5.3 Future work

Organizing data into sensible groupings arises naturally in many scientific fields, re-

sulting in the continued popularity of data clustering. While numerous clustering

algorithms have been published and new ones continue to appear, there is no sin-

gle clustering algorithm that has been shown to dominate other algorithms across

all application domains. With the emergence of new applications, it has become in-

creasingly clear that the task of seeking the best clustering principle might indeed be

futile. A clustering method that solves one problem may not be able to solve another.

Clustering is in the eye of the beholder so that data clustering must involve the user

or application needs. Thus, the future work on clustering should focus on achieving

a tighter integration between clustering algorithms and the application needs.

On the other hand, as mentioned earlier, an era of big data has arrived so that the

challenging task of large-scale clustering is another promising direction. Considering

that clustering is inherently difficult and supervised classification is impracticable

for large-scale problem, it makes more sense to develop semi-supervised clustering

techniques, making use of side information.
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