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ABSTRACT

Porous reservoirs with aligned fractures exhibit frequency-
dependent seismic anisokopy because of wave-induced fluid flow
between pores and fractures. To relate the elastic properties of
porous rocks with aligned fractures at low frequency, we use the
Iinear slip model of fractures and anisotropic Gassmann fluid
substitution. We combine this low-frequency anisotropic
Gassmann model with a dispersion relationship, based on a penny-
shaped crack model of fractures, trj account for frequency-
dependent anisotropy.

The combined model is validated using experimental
measurements of angle-dependent wave velocities of synthetic
porous sandstone with aligned disc-shaped cracks. For the low-
frequency anisotropic Gassmann model, the agreement between
the measured and predicted velocities is reasonably good for both
S-wave velocities, but P-wave anisouopy is overestimated by
approximately 25Vo. Tltis quantitative difference can be explained
by fluid diffusion effects occurring at the relatively high
frequencies used in the experiment (100 kHz), which are not
accounted for by the low-frequency assumption of anisotropic
Gassmann theory. The predictions of the combined frequen-y-
dependent model, which considers this effect, give very good
agreement with measured velocities.

INTRODUCTION

Natural fractures often control permeability and fluid flow, and
hence the distribution and recovery of reserves, in fractured
reservoirs. The elastic properties and seismic characteristics of
fluid-saturated porous rocks with aligned fractures may be used to
locate fractured areas with high permeability in a reservoir. Such
reservoir characterisation requires expressions relating the
properties of the fractures and pore fluid to the elastic properties of
the fractured reservoir rock.
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The effect of fractures on the elastic properties of fluid
saturated porous reservoirs differs from their effect in non-porous
elastic media through two mechanisms: wave-induced fluid flow
between the pores and fractures, and seismic scattering. porous
rocks with aligned fractures therefore exhibit frequency-dependent
anisotropy, and hence require expressions for the elastic properties
as functions of frequency.

At low frequencies, the elastic properties of a saturated
isotropic (non-fractured) porous rock are commonly determined
using the isotropic Gassmann equations. However, rocks with
aligned fractures are anisotropic, and thus require a fluid
substitution model that accounts for anisotropy. To model the
elastic properties of porous media with aligned fractures, Gurevich
(2002) proposed a combination of the linear slip interface model of
fractures (Schoenberg and Douma, 1988; Schoenberg and Sayers,
1995) combined with anisotropic Gassmann (1951) equations.

Similarly to the isotropic Gassmann equations, this approach
assumes pressure equilibration between pores and fractures, and
thus is only valid in the low-frequency limit. A model for
frequency-dependent elastic properties of porous rocks with
aligned cracks was proposed by Hudson et al. (1996, 2001).
However, since this model is based on the analysis of wave
interaction with a single crack, its low-frequency predictions are
not consistent with anisotropic Gassmann theory.

To model frequency-dependent anisotropy in saturated porous
rocks with aligned fractures, we combine the anisotropic
Gassmann model (Gurevich, 2002) with the dispersion
relationship of Hudson et al. (1996). We analyse the validity of
both the low-frequency model and the combined frequency-
dependent model by comparing predicted velocities to measured
velocities from the ultrasonic experiment ofRathore et al. (1995).

THEORY

Low-frequency theory

The model proposed by Gurevich (2002) assumes that the dry
rock is a spatially homogeneous and isotropic porous rock (host
rock) permeated by a set of parallel fractures. The host rock is
assumed to be made up of a single isotropic elastic grain material
with bulk modulus {. The host rock is characterized by porosity
Q and Lam6 constants l, and p. The host rock is permeated by a
set of parallel fractures, which are defined using the linear slip
model (Schoenberg and Douma, 1988). According to this modei,
an elastic medium permeated by a single set of parallel fractures
can be characterized by the compliance matrix

S o = s r * s r ,  ( l )

where s, is the compliance matrix (inverse of stiffness matrix) of
the host rock and s" is the excess compliance matrix associated
with the fractures, which for rotationally invariant fractures
parallel to )-e plane is
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where the following notation has been used for compactness,

l t t

K = L + -

L =  L + Z p  ,(2)

The non-zero elements Z* and Z, of the matrix s.. are the normal
and shear excess compliances that relate the displacements and
stresses applied to the fractures in the normal and tangential
directions. An isotropic medium with rotationally invariant
fractures is traasversely isotropic (TI), with a symmetry axis
perpendicular to the fracture plane. General TI media are defined
by five independent elastic parameters (c,,, cr, c,r, c44, ard c5s=
cou). In the stiffness domain, equation (1) yields the following
expressions for the five independent elements of the stiffness
matrix co :

c $ = 1 ( 1 - 4 . ) "  c ' L = u ,
and c!, =pit-a,),

where L=h+21l, while \ and A, are dimensionless fracture
weaknesses eiven bv

0+Zu\ uz-
A - = - - * . a n d  A - = -' '  1+ \L+2p)Z^ '  1+  t tZ ,  ( r+ l

(Schoenberg and Douma, 1988).

The isotropic Gassmann equations, commonly used to
determine the elastic properties of isotropic porous medium, do not
account for anisotropy and therefore cannot be applied to fractured
media. However, Gassmann (1951) presented similar equations
for an anisotropic medium composed of a single isotropic grain
material, which allow us to determine the effect of a saturating
fluid on the elastic properties of fractured porous rock. These
equations were later generalised by Brown and Korringa (1975)
for rocks with heterogeneous grain material.

When stiffness components inverted from the dry rock
compliance matrix are substituted into the anisotropic Gassmann
equations, they yield expressions for the stiffness of the saturated
rock in terms of host rock moduli, fracture weaknesses, and fluid
bulk modulus { (Gurevich, 2002)

, r = Lolo,e . fu(t. - T * ^,)),

,r; = L,la,e. fu(r. - t* ^,)), (6)

ci, = 4r- a"). .1, = r(r- #^-),
r?)

C . .  -  C "€ = -

(5)

The anisotropy parameters are determined by substituting the
fluid saturated rock stiffness components from equations (5)-(8)
into equations (9).

FREQUENCY-DEPENDENT TIIEORY

Anisotropic Gassmann theory assumes fluid pressure
equilibrium between the pores and fractures, and is therefore only
valid in the low-frequency limit. To satisfu this condition, the fluid
diffusion lensth J

I=",{ORrKW, (10)

must be much larger than fracture size and spacing (Hudson et al.,
2001). In equation (10), ro is frequency, r is permeability of rhe host
roch and n is dynamic fluid viscosity. At higher frequencies, when
fracture size is larger than fluid diffusion length, the fluid does not
have sufficient time to flow between the pores and fractures.

A model for frequency-dependent elastic properties of porous
rocks with aligned penny-shaped cracks was proposed by Hudson
et al. (1996), based on the analysis of fluid pressure relaxation
befween a single penny-shaped crack and the porous host rock.
According to this model, for a medium with aligned penny-shaped
cracks with crack density e, thickness c and diameter a, Thomsen's
(1986) anisotropy parameters can be rewritten as

(7)

cff = tr, and cj{ ' =/r(1-Ar),

D='.&(,"-r-.W),

o = 1 - { L  '
K " '

a ' = a ^ +  
K  

A , ,  .
"  K r L  " '

u= x, +1p ,8 3 .

t , = x " - ? p ,
" J

4 = 1 - A "  ' a n d

7 2
d,=r - iL*  .

Equations (5)-(8) provide explicit expressions for the elastic
properties of a saturated porous rock with aligned fractures.

The degree of anisotropy of a TI medium is defined by
Thomsen's (1986) anisotropy parameters e, 6, and y, which
describe the variation of P- and S-wave velocities as a function of
angle to the symmetry axis:

, =T?^d 6= G,,.r';;'l;:!'::j'")' (e)
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In equation (1 l), v-' is Poisson's ratio of the saturated host rock
and F is a frequency factor defined as

, t '

r -- !t[ tir* zP 
l&tt * 3(t - i\ J I c:,-'

E c ( 2 ' ' * 1 ,  ) P ' " ' ' '  
' t " t - J  '  ( 1 2 )

where 1,"' is the Lam6 coefficient of the saturated host rock. As
shown in equation (10), for the case of infinitely low frequencies
o -+ 0, diffusion length is much larger than fracture size
J>> a>> c. Substituting this resultinto equation (12) gives a small
frequency factor F << 1, and hence according to equation (l 1), lhe
anisotropy parameter e of the saturated medium is e={e.
Therefore, in the low-frequency limit, the predicted anisotrdpy
parameter € of the saturated medium is equivalent to that of the dry
medium (see equations (11) and (12) with K= 0 ). Therefore, as
explained by Hudson et al. (2001), the equint porosiry model of

.Hudson et al. (1996) is not consistent with anisotropic Gassmann
theory (Gassmann, l95l; Brown and Korringa, 1975), and is not
strictly valid in the low-frequency limit.

To model frequency-dependent anisotropy in fractured porous
rocks over a broad frequency range, we combine the dispersion
relationship of Hudson et al. (1996) with the low-frequency
anisotropic Gassmann model of Gurevich (2002). The frequency
factor F given in equation (12) is used to scale the stiffness
coeffrcients between their minimal and maximal values in the low
and high frequency limits respectively.

At low frequencies F = 0, and the low-frequency stiffness
coefficients cf are given by anisotropic Gassmann theory
according to equations (5) to (8). At high frequencies, the low_
frequency terms cancel, and the high-frequency stiffness
coeffrcients c; are given by well-known theory for isolated cracks
in elastic media. To validate this combined frequency-dependent
model, we compare its predictions to results from the experiment
ofRathore et al. (1995).

EXPERIMEN'TA L VALIDATION

Description of the experiment

Rathore et al. (1995) conducted an experiment allowing effective-
medium theories to be tested on a synthetic porous rock with cracks
of known geometry. Synthetic sandstone was constructed usins sand
grains cemented with an epoxy resin, and thin metal discs of f,rown
size, shape, orientation and distribution were emplaced during
construction. The metal discs were later extracted by chemical
leaching, resulting in residual disc-shaped cracks in a consolidated
porous rock. Two synthetic rock samples, dummy sample 901D
with no cracks and sample 901C with cracks, were manufactured to
detennine anisotropy associated with the fractures.

The sandstone host rock had a porosity of 0.346 and a density
of l7l2 kg *t. The circular cracks were 0.02 inm thick and
5.5 mm in diameter (aspect ratio of 0.0036), with a crack density
of 0.10 and crack porosity of 0.0023.

The velocities of the quasi P-wave (V"), vertically polarised
quasi S-wave (%"), and the horizontally polarised S-wave (V)
were measured at different incident angles to the symmetry axis of
the cracks. The dummy (uncracked) sample showed uniform
arrival times for all angles, while the cracked sample showed
variation of arrival times with angle because of crack induced
anisotropy (Rathore et al., 1995). The P-wave anisotropy, defined
by the difference between the maximum and minimum p-wave
velocity, was much larger in the dry cracked sample than in the
saturated cracked sample.

Previous studies

Rathore et al. (1995), Thomsen (1995) and Hudson et al. (2001)
fitted velocities measured in the direction parallel to the fractures
and used the penny-shaped crack model of fractures to predict
angle-dependent velocities. This method independently predicted
the elastic properties of the dry and saturated samples by fitting the
corresponding velocities measured on the dry and saturated
samples. The elastic properties of the saturated sample were not
directly related to the properties of the dry sample during these
studies.

The anisotropic Gassmann model predicts the elastic properties
of a saturated porous rock with aligned fractures from the
independent properties of the host rock, fractures and fluid. To
relate the properties of the saturated rock to the properties of the
dry rock, we use an altemative method that does not require any
fitting to measurements made on the saturated fracfured samole.

Method

The properties of the dry rock and fractures were fitted to
measurements made on the dry dummy and dry cracked samples.
The properties of the saturated fractured rock were then predicted
from the properties of the dry rock, fractures, and fluid, using
anisotropic Gassmann fluid substitution.

The anisotropic Gassmann model required the elastic moduli K
and ;r of the dry host rock, normal and tangential fracture
weaknesses \ and A, and bulk moduli ofthe solid grains K, and
fluid K, These input parameters, excluding fluid bulk modllus,
were predicted using the following procedure.

. Dry host moduli K and p were fitted to the p- and S-wave
velocities measured on the dry dummy (uncracked) sample,
and density p.

. The bulk modulus of the grain material K" was estimated
using the isotropic Gassmann equation, and p-wave
velocities measured on the dry and saturated dummy sample.
The predicted bulk modulus of 30 Gpa is reasonable for
quartz sandstone with 4Vo addedepoxy.

. Normal 4, and tangential A, fracture weaknesses were
estimated by fitting dry P and S velocities predicted from
equations (3) to the velocities measured on the dry fractured
sample in the symmetry directions (0" and 90.) (Figure 1).

The fit between the measured and fitted velocities, as shown in
Figure 1, is not very good at intermediate angles away from tl.re
symmetry directions. While we model only phase velocities, the
measurements represent a mixture ofphase and group velocities of
mixed modes in an anisotropic medium. The misfit is relatively
Iarge in this case because the anisotropy is stronger in dry fractured
rocks. Since phase and group velocities coincide in symmehy
directions, we fitted to velocities measured in these directions, and
allowed the discrepancy at other angles.

92
e- ,= ] ( t+F ) ,

--. 8e ( 1- v'' )
r"-  =71*n 

) ,aa

6'' = z(t - zv".' \r'^ - z( t- z'l'' 
1

\  r -v-  . /

( l l )

ca(a)=cl.ki";)(r-$) (r3)
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Fig. 1. Fitting ofmeasured (symbols) and predicted (lines) velocities for

dry fractured sample using linear slip model'

The parameters above define the stiffness matrix describing the

elastic pioperties of the dry frachrred rock. The angle-dependent P-

and S-wave velocities were predicted using components of the dry

and saturated stifftiess matrices, related by (Mavko et al'' 1998)'

v" = (crrsin26+ crre6'o+c** a)%{zP1-% ,

v* = (c* sin2 g + c,r cos2 d + c,o - rr)k (rd-%

(c-sin2o+cr" 
"*"e\ht l  - t :,*=l___ p _ 

)

where

u = 
[("r, 

- 
"*) 

sin2 e - (c,, - 
"*)"os' 

o]' + (" r, + 
" *)"'in' zelh,

and 0 is the angle of incidence relative to the axis of symmetry'

The additional input parameter required for the frequency

correction was the permeability of the samples, not supplied by

Rathore et al. (1995). Hudson et al. (2001) predicts permeability

using a least square fit, however, the permeability value obtained

(-0.4 D) is relatively low considering the grain size and porosiry

of the samples. The actual measured permeability of the synthetic

samples, as supplied by E. Fjar of IKU, was 11.4 D, substantially

higher than the fitted permeability of Hudson et al. (2001)'

The measured permeability of 11.4 Darcy may seem much

higher than usually reported for natural rocks' However, the rock

ot"d in the experiments of Rathore et al- (1995) is not natural, but

rather a synthetic sandstone composed of clean, coarse grained and

well-sorted sand. Considering the properties of the sand, and the

unusually high porosity of the synthetic samples (0'35)' the

measured permeability is within the realistic range for such rocks'

For example, Figure 1.9 from Bourbie et al. (1987) shows that for

well-sorted, coarse grained, clean sandstones with porosity of

0.35, permeability is in the order of 10 D.

Results

Figure 2 compares the angle dependent P- and S-wave

velocities predicted using the anisotropic Gassmann model, to the

Fig. 2. Comparison of measured (symbols) and predicted velocities
(liies) for saiurated fractured sample using low'frequency anisotropic

Gassmann model.

80 lq, 120
lncids@ ogb (d€g)

Fig. 3, Comparison of measured (symbols) and predicted velocities
(liies) for s]aturated fractured sample using frequency'dependent
model.

velocities measured on the saturated cracked sample' There is a

good qualitative fit with the measured velocities, but P-wave

anisotropy is overestimated by approximately 25Vo' The

quantitative difference is thought to result from high-frequency

fluid diffusion effects measured on the saturated cracked sample'

The Rathore et al. (1995) experiment was conducted at

ultrasonic frequencies using a pulse with a central frequency of

100 kHz. Substituting this frequency into the expression for the

diffusion length, equation (10), we obtain

For the low-frequency anisotropic Gassmann theory to be valid,

this diffirsion length must be much larger than the diameter of the

cracks (5.5 mm). This is clearly not the case for the given

experimental parameters, therefore a frequency-dependent model,

such as the combined model we propose' is required.
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Figure 3 compares the angle-dependent P- and S-wave
velocities measured on the saturated cracked sample to the
velocities predicted using the combined frequency-dependent
model. There is a very good quantitative fit between the predicted
and measured velocities for both P- and S-waves, implying that the
combined model accounts for fluid diffusion effects at relatively
high frequencies.

CONCLUSIONS

In the low-frequency limit, diffusion length is large compared
to fracture size and spacing, and the fluid has sufficient time to
flow between the pores and fractures, equilibrating hydraulic
pressure. In such a relaxed fluid flow regime, the effect of fluid
saturation on the elastic properties of a porous rock with aligned
fractures can be predicted using anisotropic Gassmann fluid
substitution. At higher frequencies, however, fluid diffusion length
decreases relative to the fracture size and spacing, and wave-
induced fluid flow occurs between the pores and fractures. This
wave-induced fluid flow causes frequency-dependent seismic
anisotropy in fractured porous rocks, a result that is not modelled
by low-frequency anisotropic Gassmann theory.

The experimental velocity measurements of Rathore et al.
(1995) were made using ultrasonic frequencies much higher than
allowed by the low-frequency assumption of anisotropic
Gassmann theory. Therefore, because of the significant velocity
dispersion in the ultrasonic measurements, the P-wave anisotropy
predicted using anisotropic Gassmann theory was higher than
measured in the experiment. To predict the elastic properties of a
fractured porous rock as a function of frequency, a frequency-
dependent model of elastic properties of porous fractured rock is
required. Such a model was proposed in this paper by modifying
the equant porosity model of Hudson et al. (2001). The proposed
model not only accounts for wave-induced fluid flow between the
pores and fracfures but, unlike the frequency-dependent equant
porosity model, is also consistent with anisotropic Gassmann
equations in the low-frequency limit. The velocities predicted
using our frequency-dependent model yield very good agreement
with velocities measured by Rathore et al. (1995).
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