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ABSTRACT  

In this thesis, several significant contributions have been made towards the 

understanding of the flow behaviour of viscoplastic fluids and the settling 

behaviour of particles in these fluids. The attainment of this knowledge is highly 

crucial for the development of large-scale simulations of the movement of particles 

in tertiary grinding circuits, through which effective cost and resource saving 

strategies for the design and operation of these highly resource-demanding unit 

processes could be developed.  

To achieve the underlying objective of this thesis, the settling-sphere problem was 

approached using both experimental and numerical techniques. Experimentally, 

the flow behaviour of the viscoplastic slurries was represented by viscoplastic 

(aqueous) solutions of polyacrylamide. The settling behaviour of two spheres, using 

two different configurations of initial sphere positions, was then examined. In the 

first configuration, the two spheres are vertically-aligned, i.e. one sphere is released 

following the flow path of another sphere that has been released some time earlier 

into the fluid medium. In the second configuration, the two spheres are horizontally 

aligned, with a set distance apart, and released simultaneously into the viscoplastic 

solution. One of the major accomplishments achieved during the design of these 

experiments was the development of a stereo-photogrammetry sensor system, 

through which the 3D movement of spheres falling through the fluid could be 

determined to within ~ 1.5 mm accuracy. 

The numerical part of this study was conducted using Computational Fluid 

Dynamics (CFD) technique. Based on the Volume of Fluid (VOF) method, the 

settling particles were represented by fluids of very high viscosity (~ 400 – 1000 

Pa.s). By implementing appropriate discretisation and approximation methods, the 

effects of numerical smearing and diffusion, as well as the level of deformation in 

the settling particles, could be minimised. A time-dependent estimation of the flow 

behaviour of the test fluids was then developed and implemented into this 

numerical scheme, using a series of User Defined Functions (UDFs). 
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The development of the UDFs in the CFD analysis was based on the results of the 

rheometric assessment of the test fluids, through which it was found that these 

solutions possess a level of time dependency resulting from both thixotropy and 

elasticity. A new fluid model was thus developed, based on a scalar parameter that 

represents the integrity of the structural network configuration, resulting from the 

hydrogen bonding between the polyacrylamide and water molecules in the fluid. 

Although the resulting fluid model does not exclusively feature a yield stress value, 

the results of a series of dynamic analyses conducted on this model were found to be 

similar to those found experimentally, in which fluids that were initially 

‘undisturbed’ or intact in structure have been found to require the application of 

stresses that are significantly larger in magnitude for the initiation of its 

deformation than in cases where the structure of the fluid is already deformed. Due 

to these dynamic characteristics, in which the fluid model seems to feature yield 

stress-like quality that dissipates once the ‘structure’ of the fluid has been deformed 

due to the application of shear, this fluid model was termed ‘semi-viscoplastic’.  

Using the analytical techniques outlined above, two significant contributions were 

made towards the understanding of the settling behaviour of particles in 

viscoplastic fluids. First, the settling velocity of particles falling in the fluid medium 

was found to be highly dependent on the structural condition of the fluid, i.e. 

whether it has recently been subjected to shear or whether sufficient time has been 

allowed for the fluid to recover its original viscous parameters. Based on this 

finding, a new generalised correlation was developed, through which predictions of 

the settling velocity of particles falling in fluids of various structural conditions can 

be made with much greater accuracy than before. The second contribution was in 

the understanding of the interaction tendencies between spheres that are settling 

in close proximity to each other. Through experimental and numerical analyses, it 

was found that the interaction tendencies of the particles are highly dependent on 

the elastic properties of the fluids. Correlations relating the tendencies of the 

spheres to interact with the elastic and viscous properties of the fluid were then 

developed. Through both of these contributions, aspects that are critical for the 

understanding of the motion of solid bodies in grinding circuits have been 

addressed.
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Chapter 1 Introduction 

1.1 Background 

In the mineral processing industry, one of the customary stages of processing is the 

grinding and milling of mineral ores. At this stage, mined rocks, which have been 

primarily reduced in size through a series of crushing processes, undergo further 

reductions in size as they go through several stages of grinding and milling. 

Depending on the characteristics of the ores and rocks, as well as the required 

product size, equipment of various configurations and capacity can be used for this 

operation, most common of which are the rod, ball and stirred mills. In these pieces 

of equipment, rock particles, which are mixed with a suspending fluid medium 

(normally water), are subjected to compression, chipping and abrasion forces, as 

particles fall and collide with each other during the tumbling motion of the milling 

equipment. 

The process of grinding has generally been accepted to be highly effective in 

reducing the sizes of mineral rocks and particles. Herbst et al. (2003) have noted 

that products as fine as 300 µm can be obtained from a primary grinding circuit, 

whereas product sizes of a few microns can be obtained after several stages of 

grinding and milling. However, these processes have also been known to have very 

low levels of efficiency and are highly demanding in both energy and resource 

requirements, e.g. in water consumption. Energy requirements of 5 – 25 kWh/tonne 

for a primary grinding circuit have been noted by Herbst et al. (2003), whereas in 

processes where very fine product sizes are required (± 1-2 µm), the energy 

consumption can be as high as 50 kWh/tonne. In turn, the efficiency of these 

processes generally ranges from 1 – 15% (Herbst et al., 2003). The improvement of 

the efficiency of these processes, therefore, is an imperative endeavour, which, if 

accomplished, can lead to significant reductions in the costs involved with the 

processes of the recovery and refinement of minerals.  
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To improve the efficiency of grinding processes, a detailed understanding of the 

motion of rocks and particles falling in the slurry medium is necessary. This is, 

therefore, the general aim of this research. Through this knowledge, the forces 

produced through the collision of particles, and the subsequent reduction in particle 

size, can be determined. Effective design of the milling equipment, as well as the 

control of its operational parameters, can then be developed based on the results of 

these calculations. 

Most of the slurries and suspensions of fine particles that are utilised in mineral 

processing plants possess viscoplastic flow characteristics. The viscoplastic flow 

behaviour is unique in that a critical or minimum amount of force is required to 

deform the structure of the medium before it starts to flow. This condition of 

criticality is commonly termed as the yield stress. A typical example of this fluid 

flow behaviour can be seen in Figure 1-1, in which the rate of deformation exhibited 

by a sludge-type of material, as a function of the shear forces applied to it, has been 

presented. As can be seen in this graph, when the material is subjected to relatively 

low values of shear stress (τ < 13.0 Pa), no significant levels of deformation 

(represented here by shear rate) was produced. At higher values of shear stress, the 

material starts to flow and undergoes significantly higher rates of deformation.  

To illustrate this flow behaviour, numerous fluid models have been proposed in the 

past, the most prominent of which include those of Bingham (1922), Herschel and 

Bulkley (1926), as well as Casson (1959). All of these models feature a constant 

value of yield stress, i.e. in cases where the fluid is subjected to shear stresses that 

are below this yield value, the rate of deformation is set to zero. The use of these 

fluid models for the analysis of pumped slurry pipelines has been examined by 

Slatter (1997), who found that the Herschel-Bulkley fluid model generally provides 

the best representation of the flow behaviour of the slurries. In the rheogram 

presented in Figure 1-1, the correspondence of the Herschel-Bulkley model towards 

the experimental data has been illustrated.  
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Figure Figure Figure Figure 1111----1111: The typical rheogram of : The typical rheogram of : The typical rheogram of : The typical rheogram of a a a a viscoplastic material (adapted froviscoplastic material (adapted froviscoplastic material (adapted froviscoplastic material (adapted from Slatter  m Slatter  m Slatter  m Slatter  (1997)(1997)(1997)(1997)).).).).    

In the flow problem involving the settling motion of particles in slurries and 

suspensions, the presence of a yield stress tends to hinder the motion of the 

particles that are falling in the fluid medium. This is such that if the net weight of 

the particle is insufficient to overcome the vertical component of the force caused by 

the yield stress of the fluid acting over the particle surface, the particle should 

theoretically stay suspended in the fluid for an indefinite length of time, and vice 

versa. The hindered motion of particles in slurries can thus be significantly affected 

by the magnitude of the yield stress.  

Despite the fact that this settling problem has been studied relatively extensively in 

the past (prominent studies in this area include those of Ansley and Smith (1967), 

Atapattu et al. (1990), amongst many others), the prediction of the hindered motion 

of particles in viscoplastic fluids is a field that is full of uncertainties. In his 

extensive review of this flow problem, Chhabra (2007) has attributed these 

uncertainties towards the inaccuracies involved in the characterisation of the fluid 

flow behaviour. Particularly, the exact characterisation of the fluid flow close to the 

value of the yield stress has been found to be highly intricate and difficult to 
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measure accurately (Barnes & Walters, 1985; Nguyen & Boger, 1992). Moreover, 

the viscous parameters of viscoplastic materials have also been noted to be highly 

dependent on its shear history. This is demonstrated by the study of Atapattu et al. 

(1995), in which it was noted that the settling velocity of spheres falling in solutions 

of Carbopol tends to vary, depending on the number of preceding spheres that has 

been released into the fluid. Atapattu et al. (1995) observed that the settling 

velocity of the spheres only becomes constant after the fluid has been sheared by 

the movement of 4-10 spheres. These observations suggest that in the study of the 

steady settling behaviour of particles in viscoplastic fluids, particular attention 

needs to be given towards the shear history of the fluids. These factors therefore 

contribute towards the uncertainties associated with the analysis of the hindered 

motion of particles in viscoplastic fluids. 

A satisfactory solution to the problem involving the effects of yield stress on the 

terminal (or steady-state) settling behaviour of spheres in viscoplastic fluids have 

recently been suggested by Wilson et al. (2004; 2003). By introducing the term 

‘equivalent viscosity’, which can be determined directly from the rheogram of the 

fluid, Wilson and co-workers overcome the problems associated with the 

characterisation of the fluid flow behaviour that is normally calculated through 

idealised flow equations. Therefore, the terminal settling velocity of the particles 

can now be predicted relatively accurately based on the rheogram of the fluid.  

Additional difficulties, however, still exist with the characterisation of the unsteady 

settling behaviour of the particles. In agreement with the observations of Atapattu 

et al. (1995), Gumulya et al. (2007) have determined that the falling motion of 

particles in viscoplastic fluids depends largely on the state of the fluid. This aspect 

of the fluid characteristics depends highly on the amount of time that has passed 

since the structure of the fluid was last disrupted by the motion of another particle. 

As a result, a particle that is released following the flow path of another particle 

tends to possess significantly higher settling velocities than the preceding one. This 

discrepancy in settling velocity has been attributed to the changes in the viscous 

parameters of the polyacrylamide solution as it undergoes a process of relaxation 
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and returns to its original configuration of viscous parameters, after it is sheared by 

the motion of the preceding sphere.  

The changes in the viscous parameters of the fluid as suggested by Gumulya et al. 

(2007) imply that the fluid solutions used in their study possessed time-dependent 

rheological characteristics. This flow characteristic indicates that the fluid solutions 

may exhibit elasticity and/or thixotropy in addition to the viscoplastic behaviour. 

This is in agreement with the statement of Barnes (1999) as well as Møller et al. 

(2006), both of whom have indicated that most yield-stress fluids tend to possess 

elasticity as well as thixotropy, causing the shear response of the fluid to depend 

not only on the magnitude of the currently-applied shear forces, but also on the 

shear history of the fluid. The time frame associated with this phenomenon tends to 

vary widely, ranging from a few seconds to several days, depending on the 

relaxation characteristics of the fluid solutions after being subjected to shear forces.  

Based on the discussion presented above, it can be seen that in order to fulfil the 

objectives of this project, a thorough examination of the flow behaviour of 

viscoplastic fluids, both under steady and unsteady conditions, is needed. 

Furthermore, numerous gaps still exist regarding the knowledge of the settling 

behaviour of particles in viscoplastic fluids. Particularly, aspects such as the 

unsteady motion of these particles, as well as the interaction of particles that are 

settling in close proximity to each other, are still largely unknown. In the following 

section, the strategy that has been adopted in tackling this flow problem, along 

with the framework and objectives that have been set to implement this strategy 

will be outlined.  

1.2 Motivation 

In this thesis, the focus of the study will be on the motion of two spheres that are 

settling in close proximity to each other. Through this study, it is hoped that more 

insights on the effects of inter-particle interaction and fluid recovery on the settling 

behaviour of the particles can be gained. The results of this study are hoped to 
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contribute towards the understanding of the hindered motion of particles in slurries 

commonly encountered in the mineral processing industry. The attainment of this 

knowledge will pave the way for large-scale simulations of the flow field in milling 

processes to be conducted, through which significant cost and energy saving 

strategies of these highly resource-demanding processes can be developed. 

In performing the experiments, the flow characteristics of the slurries will be 

represented by dilute aqueous solutions of polyacrylamide that are commercially 

known as Floxit 5250L. These solutions have previously been identified to possess a 

significant yield-stress value as well as shear-thinning behaviour (Horsley, Horsley, 

& Wilson, 2004; Wilson & Horsley, 2004; Wilson et al., 2003), presenting typical 

flow characteristics of viscoplastic fluids. The use of these solutions in the 

sphere-settling experiments overcomes the problems posed by the opaque 

appearance of slurries, enabling the motion of the spherical particles to be observed 

through optical measuring devices (see Chapter 3). One of the measuring devices 

that have been utilised in this study include a stereo-photogrammetry system, 

through which the 3D movement of the particles can be measured at regular 

intervals during the experiment with an accuracy of ~ 1.5 mm (see Section 3.4.3 

and Lichti et al. (2009)).   

From the discussion presented in Section 1.1, it can be seen that the study of the 

settling behaviour of spheres in viscoplastic fluid needs to be preceded by a 

thorough examination of the fluid rheology. Furthermore, a fluid model that is able 

to present a closer representation of the true flow behaviour of the fluid solutions, 

including the time-dependent response of the fluids towards changes in the applied 

shear forces, needs to be implemented. The effects of these rheological 

characteristics on the settling behaviour of the spheres can then be examined. In 

doing so, the revised drag correlation suggested by Wilson et al. (2004; 2003), which 

enables the fall velocity of the particles to be directly predicted for a given value of 

shear Reynolds number, can be used as the basis of this analysis.  

In examining the influence of the fluid rheological properties on the fall behaviour 

of the particles, two different configurations of initial sphere positions will be 
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considered. In the first configuration, the two spheres are vertically-aligned, i.e. one 

sphere is released following the flow path of another sphere, which has been 

released some time earlier, at the centre-line of the test column. This experimental 

work is a continuation of the work previously presented by Horsley et al. (2004) and 

Gumulya et al. (2007), where the examination has been confined to the settling of 

two identical spheres. In this study, spheres of varying densities and diameters will 

be incorporated to assess the effects of the shear history of the fluid on the particle 

settling behaviour. In the second configuration, the two spheres are 

horizontally-aligned and released simultaneously into the viscoplastic solution. 

Several different values of initial distance between the two spheres will be 

examined. This study is conducted in order to determine the effects of the fluid 

rheological properties on the interaction between the settling spheres.  

To complement the analysis of the experimental data, a numerical study of the 

settling experiment will be conducted. The results of this approach are hoped to 

facilitate the resolution of many questions that cannot be found experimentally, 

such as the extent and shape of the region of moving fluid and the details of the 

velocity and stress fields surrounding the settling spheres.  

Finally, in conducting this study, it should always be remembered that the 

rheological characteristics of polymeric solutions are often highly complex and 

intricate. As will be demonstrated later in Chapter 4, this complexity is such that 

the flow characteristics of the fluid solutions cannot be entirely captured by any of 

the fluid models available currently, regardless of their complexity and 

comprehensiveness in representing the rheometric results. As a result, in 

developing the fluid model, some degree of simplification of the actual flow 

behaviour has to be implemented. An example of this simplification is the use of a 

(non-elastic) viscoplastic fluid model to represent the flow behaviour of fluids that 

have been identified to possess low levels of elasticity. This is the case with the 

current study, as well as many other studies conducted in the field of a viscoplastic 

fluid. The appropriateness of this simplification for the flow problem being 

considered in this study, as well as the repercussions of this assumption on the 
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integrity of the experimental analysis, will be assessed by comparing the results of 

the numerical analysis with the observations of the experiments. Further 

comparisons will also be made with the results of other studies published in the 

literature.  

The results of the analyses outlined above will be used towards the development of 

a set of correlations that are capable of relating the motion of particles settling in 

close proximity to each other, with the rheological characteristics of the fluid 

solutions. Through these correlations, predictions of the settling motion of spheres 

in viscoplastic fluids can be made with higher certainty than in the past. 

1.3 Objectives 

The primary objective of this thesis is to advance the understanding of the settling 

behaviour of spherical particles in viscoplastic fluids and determine the effects of 

fluid rheological properties on the motion of these particles. In summary, the major 

goals of this research project are: 

1. To conduct a thorough examination of the rheological characteristics of the 

test fluid solutions used for this study, i.e. aqueous solutions of 

polyacrylamide (Floxit 5250L), and develop a suitable rheological model that 

can be appropriately implemented into the flow problem being considered in 

this research project. 

2. To develop a system of experimental equipment and methodology, through 

which the settling motion of several particles falling from two different 

initial configurations (vertically-aligned and horizontally-aligned) can be 

examined accurately and reliably. In particular, in examining the settling 

behaviour of two horizontally-aligned spheres, the 3D positions of the 

spheres need to be determined at regular intervals during the experiment. 

As a result, a stereo-photogrammetry procedure, capable of measuring the 

positions of the spheres to within 1.5 mm level of accuracy, has to be 

developed and integrated into the settling-spheres experiment. 



Chapter 1: Introduction 

  9 

 

3. To experimentally investigate the settling behaviour of two 

vertically-aligned spheres with various configurations of densities and 

diameters. Several solutions of different Floxit concentrations will be tested, 

and the time difference, set between the releases of the spheres into the 

viscoplastic fluid, will also be varied. 

4. To experimentally investigate the settling behaviour of two 

horizontally-aligned spheres with identical density and diameter. Several 

solutions of different Floxit concentrations will be tested, and the initial 

distance between the spheres will also be varied. 

5. To develop a numerical formulation (CFD) for the study of the settling 

behaviour of spherical particles in a fluid medium. The efficiency and 

validity of this numerical method will be examined by considering the case of 

spherical particles settling in Newtonian fluids. The predicted values of 

terminal settling velocity will be compared with those predicted through the 

correlations of Clift et al. (1978). 

6. To perform a numerical analysis of the settling-sphere experiments 

conducted in the aqueous polyacrylamide solutions. This is conducted by 

formulating a numerical representation of the rheological model developed 

in step (1) and implementing this model into the numerical strategy 

developed in step (5). The results of this study will be compared with those 

obtained experimentally. 

7. To develop a set of correlations for the settling behaviour of particles in 

viscoplastic fluids based on the experimental observations obtained in steps 

(3) and (4) and the numerical results obtained from step (6). 

1.4 Thesis organisation 

In Chapter 1, the aim and objectives of this research project have been outlined. 

The challenges associated with these objectives have then been highlighted and the 

framework that has been set for the achievement of these objectives presented. 
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A comprehensive literature review and background on the terminologies commonly 

used in rheology and the associated mathematical equations will be presented in 

Chapter 2. The issues associated with the measurement of viscoplastic fluids will 

then be discussed, and an evaluation of the results that have been obtained and 

published in the literature surrounding the settling behaviour of spheres in various 

types of fluids will be presented.  

Chapter 3 presents the apparatus and methodology used for the experiments, 

including the stereo-photogrammetry procedure that has been developed for this 

research project.  

In Chapter 4, the rheological characteristics of the fluid solutions used in this 

research project will be discussed. The fluid model developed to represent the flow 

behaviour of these solutions will then be presented, followed by a discussion on the 

elastic properties of the fluids. 

The details of the numerical study (CFD) conducted for this research will be 

outlined in Chapter 5, following a brief overview of the methods and techniques 

involved in the development of the numerical scheme. The numerical 

approximation of the fluid model developed in Chapter 4 will then be presented, 

along with the User Defined Functions (UDFs) that have been developed for the 

implementation of this model into the numerical scheme. The results of this study, 

both in Newtonian and the polyacrylamide solutions, will then be compared and 

validated against the experimental data.  

Chapter 6 presents the results of the first category of experiments, i.e. the settling 

behaviour of two vertically-aligned spheres. The observations resulting from this 

experiment as well as the results of the numerical analysis will be used for the 

development of a set of correlations for the settling velocity of particles in 

viscoplastic fluids.  

The results of the second category of experiments, i.e. the settling behaviour of two 

horizontally-aligned spheres, will be presented in Chapter 7. The effects of the fluid 



Chapter 1: Introduction 

  11 

 

rheological characteristics on the interaction between two spheres settling 

side-by-side will be examined. A set of correlations will then be developed based on 

these results, as well as those of the numerical analysis.  

In Chapter 8, the conclusions of the work that has been conducted in this research 

project will be presented. This discussion will be followed with a list of 

recommendations of future work. 

Finally, the appendices of this thesis contain the detailed description of the 

experimental apparatus and methodology, along with their respective error 

analyses. The UDFs developed for the flow behavioural representation of the 

experimental fluids have also been included in this section.  
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Chapter 2 Background and literature review 

The flow behaviour of various types of fluids that are frequently encountered in 

industry, such as polymeric fluids, emulsions, slurries and suspensions, are often 

quite intricate and therefore require various specialised rheological terms and 

definitions for their characterisation. In this chapter, a brief introduction of the 

various terms commonly used in rheology, as well as their associated mathematical 

models will be discussed, with special emphasis on viscoplastic fluids. The 

discussion will then be continued with a review on the methods of rheology 

measurement, more commonly termed as rheometry. The issues associated with the 

measurement of viscoplastic fluids and the techniques and methodologies that have 

been used in the past to overcome these difficulties were identified.  

The viscoplastic fluid used for the examination of the particle settling behaviour in 

this thesis is a polyacrylamide solution in water. Thus, a review on the rheological 

examination of similar solutions conducted in the past is required. The rheological 

examination of the polyacrylamide solutions, which will be presented in detail in 

Chapter 5, is based on the findings discussed in this section. 

A review on the extensive literature on the study of the settling of particles in 

various types of fluid, with emphasis on the effects of the factors that may 

contribute to the experiments involved with this study, such as yield stress, time 

effects, and elasticity, is presented.  

2.1 Rheology 

2.1.1 Rheology definitions 

The study of rheology concerns the deformation of matter while subjected to shear 

forces. It recognises that each matter has distinctive deformation behaviour 

depending on its structural composition. At the most basic level, the deformation 
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behaviour of various materials when subjected to simple shear forces can be 

described by the following equation: 

1212τ γµ= &                                     ((((2222----1111))))    

where τ12 is the shear stress, 12γ&  the rate of deformation (or shear), and µ the 

apparent viscosity. µ is usually a function of the rate of deformation:  

( )γ=µ &f                                     ((((2222----2222))))    

where γ&  is the magnitude of the shear tensor, 12γ& . In general, the rheology of fluids 

can be classified into two categories: Newtonian and non-Newtonian. Newtonian 

fluids deform at a rate that is proportional to the shear stress applied to them, i.e. 

they have constant viscosity 

( ) Nµ=γµ &                                     ((((2222----3333))))    

Where µN is a constant, and is a function of temperature and pressure. This 

characteristic makes Newtonian fluids have easily-predicted flow behaviour. 

Non-Newtonian fluids are defined as those fluids that cannot be described by 

Newtonian behaviour, or by a single constant viscosity. Thus, rather than using the 

term viscosity, rheologists prefer to use the term apparent viscosity, which is the 

ratio of shear stress over shear rate, to further classify various non-Newtonian 

fluids. 
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The most common behaviour of non-Newtonian fluids is shear-thinning, or 

pseudo-plasticity, where the apparent viscosity decreases with increasing rate of 

deformation. The opposite effect, i.e. increase in apparent viscosity with increasing 

rate of deformation, has also been encountered, although much less frequently. This 

behaviour is termed as shear-thickening. Both of these phenomena can normally be 

described sufficiently over a limited range of shear rates by a power-law model: 









γ=µ
⇒<−

⇒=−

⇒>−

thinningshear11m

Newtonian11m

thickeningshear11m

ifwhere1-mk&             ((((2222----4444))))    

where k and m are constants that can be easily determined from experimental data. 

Other models also exist and some are listed in Table 2-1.  

Viscoplastic fluids are broadly defined as fluids that possess a yield point. When 

subjected to low shear stresses, the fluid appears to behave like a solid, i.e. ideally 

not experience any deformation, but once the applied shear exceeds a critical value, 

it behaves as a fluid with finite viscosity. The critical value of shear stress is 

commonly termed as the yield stress (τY). The earliest model for viscoplastic fluid 

was suggested by Bingham (1922), who presented this ideal case of viscoplasticity: 

YY
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                        ((((2222----5555))))    

The apparent viscosity in this model is presented as a constant, representing 

Bingham’s ideal that once the fluid is sheared past its yield point, its structure 

breaks down completely, and thus its deformation behaviour is proportional to the 

shear stress that is applied to it.  

In reality, this linearity is normally only encountered at high values of shear rates. 

This observation was also acknowledged by Bingham, who noted that there is a 

“curved part” that is often encountered at low values of shear rates (see Figure 1-1 

for a typical plot of shear stress as a function of shear rate for viscoplastic fluids). 
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Thus, Bingham suggested that experimental conditions be chosen carefully so as to 

keep the shear rates of the experiments in the linear region of the Rheogram. 

In practice, viscoplastic fluids generally exhibit a combination of yield stress 

behaviour with either shear thinning (more common) or dilatancy behaviours. This 

is because of the nature of the yield material itself, as the presence of a yield stress 

indicates that the material has a 'structure', which has to be overcome before it 

starts to behave as a fluid. As the material is sheared, its structure breaks down 

gradually, leading to a non-constant viscosity. Various equations have been 

proposed in order to accommodate to this reality (see Table 2-1). 

The concept of yield stress itself has proved to be controversial, especially in the 

late 1980s to early 1990s. With improving instrument capabilities, it has been 

observed that despite the idealistic concept of yield stress presented by Bingham, 

even at stress values lower than the yield stress, a continual steady deformation 

occurs when the viscoplastic material is stressed for a long time. This contradiction 

with the concept of yield stress, where the material was thought to have a 'solid-

like' behaviour below yield stress, caused various researchers to doubt the very 

existence of yield stress (Barnes & Walters, 1985). 
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Table Table Table Table 2222----1111: Well: Well: Well: Well----known rheological equations for pseudoplastic and viscoplastic fluidsknown rheological equations for pseudoplastic and viscoplastic fluidsknown rheological equations for pseudoplastic and viscoplastic fluidsknown rheological equations for pseudoplastic and viscoplastic fluids    
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Nevertheless, over the past few decades, it has been proven that yield stress is a 

very important concept in rheology. While its existence is still highly debatable, 

modern rheologists have generally resolved at defining the yield phenomenon as a 

mathematical concept, where the yield stress is used to signify a critical value of 

shear stress over which a material appears to undergo a rapid and significant 

decrease in viscosity. Thus, it is appropriate that the term yield stress is referred to 

more generally as ‘apparent yield stress’, in order to emphasis the fact that it is 

more of a mathematical concept than a physical one. 

A phenomenon that occurs frequently with the existence of yield stress is 

thixotropy. Barnes (1999) reported that the term “thixotropy” was firstly introduced 

by Peterfi (1927), followed by Freundlich (1935), who defined the phenomenon as 

the reversible change of a material from a solid-like elastic gel to a flow-able fluid 

through the process of shaking or stirring. This definition, although still currently 

widely accepted in various communities, has been expanded further, encompassing 

any materials that undergo reversible reduction in the magnitude of its rheological 

properties (this can include elastic modulus, yield stress, and viscosity) as it is 

subjected to shear forces under isothermal conditions (Bauer & Collins, 1967). This 

reduction is caused by the breakdown of the microstructure within the material 

(attributed by various properties, such as the alignment of fibres, the favourable 

spatial distribution of particles or drops, flocculated particles, entanglement of 

polymers, the existence of the Van der Waals forces, etc.) as it is subjected to shear 

forces. Upon the removal of shear, the association between particles re-forms, and 

thus the material regains its initial properties.   

As a result of the definition above, the term thixotropy is commonly confused with 

shear thinning (Scott-Blair, 1943). In reality, the similarities between shear 

thinning and thixotropy behaviours may be much more than once assumed, due to 

the fact that both phenomena are caused by the destruction and reconstruction of 

structures upon shearing. Thus, in comparing the rheological behaviour of various 

fluids, special attention needs to given in distinguishing the effects of 
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shear-thinning and the memory of shear thinning (e.g. Joseph et al., 1994), as the 

latter term generally implies thixotropic behaviour. 

Apart from the various types of rheological behaviour discussed above, many 

polymeric materials and other rheologically complex fluids also exhibit non-zero 

normal stresses, i.e. stresses that are at right angles to the direction of shearing. 

The result is a combination of an elastic response, which conserves the energy of 

the system (E', or storage modulus G'), with the typical, energy-dissipating viscous 

behaviour that have been seen so far in this discussion (E'', or loss modulus G''). 

The ratio between E'' and E' is termed as the loss tangent, tan δ. Fluids that 

possess both elastic and viscous components are termed viscoelastic. 

In practice, one of the earliest signs of viscoelasticity is termed as the Weissenberg 

effect, which is also known as the ‘rod-climbing’ effect, where a liquid that is stirred 

with a rod begins to coil the rotor and climb it. As a viscoelastic fluid is sheared by 

the rod, it undergoes large elastic deformations, resulting in normal stresses, i.e. 

stresses in the vertical direction. As the liquid gets wrapped around the rod, the 

normal stresses cause the liquid to ‘climb’ up the rod, resulting in the Weissenberg 

effect. 

The existence of normal stresses (denoted τ11, τ22, and τ33 in the Cartesian 

coordinates) in viscoelastic fluids are normally quantified as normal-stress 

differences, as it is virtually impossible to measure all non-zero components of the 

stress tensor. These differences are termed as the first and second normal-stress 

differences (N1 and N2, respectively), which are usually also presented as the first 

and second normal-stress coefficients (ψ1 and ψ2). In the Cartesian coordinates, 

these stress differences can be written as follows: 
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The first normal-stress difference can generally be measured simultaneously with 

the shear viscosity in commercial rheometers. The second normal stress difference, 

on the other hand, is more difficult to measure accurately and is commonly very 

small in magnitude (Chhabra, 2007); its effect on fluid flows is therefore normally 

ignored.  

The relaxation time, φ, is an important characteristic of a viscoelastic fluid, as it 

represents the time required for the fluid to dissipate the energy stored due to its 

elasticity. The dimensionless forms of this parameter, i.e. Weissenberg and the 

Deborah numbers, are widely used to compare the viscous and elastic forces of 

various types of flows. 

d

V
We

ϕ=                                     ((((2222----8888))))    

t
De

ϕ=                                         ((((2222----9999))))    

where V, d, and t are the characteristic velocity, linear size, and time of flow, 

respectively. While highly similar, the Weissenberg number is generally used to 

characterise steady flows and Deborah number for time-dependent flows. At small 

values of De and We numbers (De or We << 1), the viscous behaviour 

pre-dominates. Conversely, high values of De or We (>> 1) indicate strong 

viscoelastic behaviour. 

The presence of relaxation time can be demonstrated clearly by the creep 

experiments, where a constant stress is applied on the sample, with the time 

variation of strain (γ) and strain rate ( γ& ) being measured (Figure 2-1).  
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Figure Figure Figure Figure 2222----1111: Creep experiment with the shear strain and shear rate response.: Creep experiment with the shear strain and shear rate response.: Creep experiment with the shear strain and shear rate response.: Creep experiment with the shear strain and shear rate response.    

The resulting shear stress and strain response are measures of the elastic and 

viscous components of the system.  

( )γµ+= &tEγτ                                     ((((2222----10101010))))    

where E is the elastic modulus of the fluid.  

Therefore, 

γϕ+= &γ
E

τ
                                    ((((2222----11111111))))    

where the relaxation time, φ, is
( )
E

tµ
.  

Another widely-accepted method of measuring viscoelasticity is the measurement of 

G′ and G″ (storage and loss modulus respectively) as a function of angular 

frequency, ω, under an oscillatory-type of movement. This experiment is known as 

the Small-Amplitude Oscillatory Shear (SAOS) experiment, which is conducted 

within the Linear Visco-Elastic (LVE) region. The LVE region can be determined 

through a range of oscillation amplitude (equivalent of strain) values at a constant 

frequency and is a range where the stress generated is linear to strain, which is 

normally encountered at the lower range of strain rates. 
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The SAOS experiment is frequently conducted by rheology researchers as a way of 

determining the structure of the material. Ferry (1980) has provided an extensive 

discussion of the shape of rheological functions in the LVE region for a wide variety 

of polymers. Experimental data from the SAOS experiment can provide in depth 

information on the dominance of the storage and loss moduli over a range of shear 

frequencies, as well as the characteristic relaxation time of the fluid. Furthermore, 

other viscoelastic material functions, such as the response of the material to step 

shear strain and steady uniaxial elongation, can also be determined through the 

fitting of these data with one of the constitutive equations (e.g. Maxwell, 

Kelvin-Voigt, etc.) for linear viscoelasticity.  

Finally, it should be noted that most polymeric materials and solutions possess a 

combination of the types of rheological behaviour discussed above. As a result, they 

are generally classified as rheologically-complex fluids. Many polymeric liquids, for 

example, exhibit shear thinning behaviour as well as thixotropy and viscoelasticity. 

In fact, the vast progress in knowledge that has been achieved in the past few 

decades on the effects of elasticity on flow processes can be attributed to the 

discovery of Boger fluids, which have the unique quality of having significant 

elastic properties while maintaining Newtonian (constant) viscous properties. The 

interlocking of rheological behaviour poses a lot of challenges in the development of 

rheological models, as will be seen in section 2.1.2, because of the need for 

researchers to consider all of these behaviours for a realistic model to be achieved. 

However, it should be noted that there is generally no universal solution in 

rheology, and that in selecting or developing rheological models, the degree of 

accuracy and reality needs to be considered based on the application of the rheology 

model itself. Some problems may require a very complex and detailed model, while 

some can be sufficiently described by a simple model.  

2.1.2 Modelling aspects of rheology 

As can be seen from the list of mathematical models presented in Table 2-1, various 

equations are available to describe viscoplasticity. However, numerous difficulties 
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arise, such as the non-differentiability of most of these equations, as well as the 

general complexity of the fluids themselves, which have been discussed previously, 

often exhibit other types of rheological behaviour, such as shear thinning and 

thixotropy. As a result, more and more mathematical models have been suggested 

over time, with various degrees of complexity and applicability. Some of these 

models will be discussed in this section. 

2.1.2.1 Yield Stress 

The viscoplastic equations that have been discussed so far (see Table 2-1) possess 

discontinuity over the yield stress region, causing the equations to be 

non-differentiable and very difficult to solve numerically. To overcome this problem, 

many researchers have employed the idea of a regularisation equation, which was 

firstly suggested by Glowinski et al. (1981) by modifying the Bingham equation 

using the following apparent viscosity: 

γ+
+µ=µ

&ε

τY
A                                     ((((2222----12121212))))    

where µA is the apparent viscosity, to be substituted into the rheology equation as 

per equation 2-2, and ε is the regularisation parameter. As expected, ε is normally 

set to a very small number (<< 1) to approximate the exact Bingham behaviour. 

Bercovier and Engleman (1980) also suggested another (more popular) equation: 
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Papanastasiou (1987) also suggested another frequently-used regularisation form: 

γ
+µ=µ
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τ                                 ((((2222----14141414))))    

The above models can be implemented relatively easily in standard numerical 

solvers, and although iteration is required due to the non-linearity of the viscosity 
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function, convergence is normally easily obtained. Frigaard and Nouar (2005) 

conducted a comparative numerical study on the three regularisation procedures 

and concluded that the regularisation method suggested by Papanastasiou provides 

a better approximation than the other two methods. However, it was also noted the 

large errors that can be encountered over the stable and unstable regions caused by 

the yield stress parameters, which depend highly on the selected value of ε.  

Another method of overcoming the numerical difficulties of the yield stress 

phenomenon is the bi-viscosity model: 
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Typically µr is approximated to be 100µ0 to represent a true Bingham fluid 

behaviour (Beverly & Tanner, 1992).  

2.1.2.2 Thixotropy 

Numerous models have been suggested in the past in order to fully describe the 

phenomenon of thixotropy. Over time, however, it has been found that this 

phenomenon is very difficult to describe mathematically, due to the fact that 

thixotropy is very difficult to measure (as will be discussed in Section 2.1.3) and 

that this phenomenon normally occurs together with other types of rheological 

behaviour, such as the yield stress and viscoelasticity. As a result, different 

approaches of modelling have been suggested.  

The first approach is based on a non-constant yield stress, termed as the sliding 

yield stress (τsliding), which is a function of shear rate and time (Slibar & Palsay, 

1964): 

( ) restsliding τfor τγµt,γττ >+= &&                             ((((2222----16161616))))    
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The overlap between viscoelasticity with thixotropy has also been explored by some 

researchers based on this approach. Elliott and Green (1972) and Elliott and Ganz 

(1977), for example, have suggested a modification of the Slibar and Palsay 

thixotropic model by incorporating a Hookean elastic behaviour before yielding. 

Acierno et al. (1976) have also developed a set of equations describing both 

viscoelasticity and thixotropy satisfactorily. Suetsugu and White (1984) introduced 

a transient yield stress term that is applicable both at rest and during flow, 

whereas Phan-Thien et al. (1997) recently recommended a model consisting of 

hyperelastic, viscoelastic, and purely viscous terms. 

The second approach, which has been classified by Barnes (1999) as the ‘direct 

microstructural’ or ‘kinetic’ approach, attempts to connect thixotropy with the basic 

process responsible for structural changes. An important variable in this method is 

the number of bonds or links between the particles, n. The rate of change for n as 

the structure is subjected to shear is normally written as:  

( ) ( )( )b
02

a
1 γnnkγnk

dt

dn
&& −−=−                             ((((2222----17171717))))    

where n0 is the number of bonds in an undisturbed structure, k1 and a the rate 

constant and exponent for the rate of structure breakdown, and k2 and b the rate 

constant and exponent for the structure build-up. Examples of this type of model 

are: Cross (1965), who postulated the Cross model (see Table 2-1) at steady-state 

condition, Lapasin et al. (1996), and Chan Man Fong and De Kee (1994), who 

extended the thixotropic treatment to materials with yield stresses: 

crit
2

1

crit0
Y

nk
k

nn
τ









−=                                     ((((2222----18181818))))    

where n0 is the initial structure parameter of the fluid and ncrit is a critical value of 

structural parameter n, above which no flow can occur.  
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A similar approach to the direct microstructural approach is an indirect one, where 

a scalar parameter, λ, is used in place of n, representing the extent of structural 

breakdown. A value of unity for λ represents a fully built structure, whereas a 

completely broken structure is represented as λ = 0. A similar kinetic equation is 

used to express the rate of structural breakdown and build-up as that used for n in 

equation 2-17, except that an upper limit of unity is placed on the structure 

variable. Examples of this approach include: Moore (1959), Baravian et al. (1996) 

and De Kee et al. (1983). Recently, Mujumdar et al. (2002) proposed a model based 

on this approach that features a smooth transition from an elastically dominated 

flow to a viscous one without discontinuity. Assuming that the viscous deformation 

of the fluid can be modelled after the power-law equation (see equation 2-4), the 

following equation was obtained:  

( ) ( ) 1-m
e γkλ1Gγλτ &−+=                                 ((((2222----19191919))))    

Where γe is the elastic strain associated with the flowing structure, whereas G is 

the elastic (Hookean) modulus of the material.  

Recently, another microstructural-related thixotropy model has also been proposed 

by Møller et al. (2006). This method addresses yield stress and thixotropy 

simultaneously with the observation that the two behaviours generally occur 

together, caused by the destruction and reconstruction of structure in the system as 

it is being sheared. Møller and co-workers suggested a set of equations that 

combines the two phenomena, by considering the rate of change of λ, which is a 

scalar variable that represents the extent of structural breakdown in the fluid: 
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Where θ is the characteristic relaxation time of the liquid and κ is a constant. 

Møller and co-workers combined the above equation with two possible non-

Newtonian equations for viscosity: 

mλ
0 eµ=µ                                         ((((2222----21212121))))    

( )m
0 λk1+µ=µ                                     ((((2222----22222222))))    

This set of equations successfully combines the phenomena of thixotropy and yield 

stress and will be reviewed further in this thesis. 

2.2 Rheometry 

An effective rheology model requires a set of rheological data that represents the 

reality of the fluid behaviour, at least to within the parameters of the intended 

application. This is important, as the types of rheometers and methods of 

measurements that are available are numerous, yielding a potentially diverse 

range of experimental data with various levels of accuracy. Furthermore, 

rheologically-complex fluids such as polymeric solutions and suspensions have been 

shown in the previous section to have viscosities that are a function of temperature, 

shear rate, as well as the shear history or time. Thus, in order to obtain meaningful 

rheological data, the appropriate rheometers, as well as measurement method, need 

to be identified, and their limitations need to be addressed. 

2.2.1 Rheometers 

As has been mentioned previously, the measurement of rheology parameters varies 

widely from the type of measurement instrument to the procedures of its use. 

Depending on the required degree of accuracy, rheological measurements can be 

conducted using simple viscometers, such as flow cups, capillary, rotational, and 

bubble viscometers, to the more sophisticated rheometers which have added 

controlled environment for measurement and versatility. Due to their simplicity 

and user-friendliness, viscometers are frequently used in industry. However, their 
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measurement range is limited to several flow conditions only (sometimes only one), 

and as a result, they are not suitable for measuring non-Newtonian fluid properties. 

Rheometers, on the other hand, are generally used as research equipment, as they 

are generally more expensive and less user-friendly. Using rheometers, the fluid 

can be subjected to a large range of flow conditions and temperature, making it 

suitable for measuring non-Newtonian fluid properties. 

While rheometers can generally be classified into two groups, shear and elongation, 

the shear rheometers, which applies shear forces on the sample as opposed to 

extensional forces for the elongational rheometers, are generally more common. 

These rotational rheometers are currently available with highly-advanced 

technology, allowing for the instruments to be robust, sensitive, and versatile, able 

to apply both rotational and oscillatory movements with control over the applied 

stress, rate, and degree of shear. Standard measurements can be done using a cone 

and plate, parallel plate, or concentric cylinder geometries, which are connected to a 

spindle which is driven via a non contact induction motor supported by a high 

quality porous carbon air bearing. This results in a virtually frictionless movement 

for the measurement process. Other geometries such as the vane and helical screw 

rheometers are also available, but are much less common. 

The cone-and-plate viscometer consists of a rotating cone with a small angle (0 < α 

< 4o) and a stationary plate. The cone can either be fully extended or slightly 

truncated and the gap between the cone and the plate is normally set to be a very 

small distance (0.139 mm). Unlike the concentric cylinder and parallel-plate 

geometries, the cone-and-plate viscometer has the advantage in that the shear rate 

throughout the sample can be assumed to be uniform, provided that the cone angle 

is kept small and fluid inertia negligible.  

Rotational rheometers differ from other more commonly-used rheology devices 

(such as the rotational viscometer), in that it directly measures viscosity. 

Traditional instruments generally measures viscosity in comparison to other 

standard fluids of known viscosity in a calibration process, which has to be done 

frequently and consistently for accurate results to be obtained. Rotational 
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rheometers, on the other hand, directly quantify viscosity by the measurement of 

shear stress and velocity gradient. Thus, in its measurement process, there are 

three possible sources of error: the measurement of shear stress, velocity gradient, 

and the temperature at which all of these measurements are taken (Marquardt & 

Nijman, 1993). 

The quantification of shear stress is performed by the measurement (or 

specification, in the case of Controlled Stress measurement, see section 2.3.2) of 

torque, of which measurement errors can stem from inertia effects, alignment 

errors, and linearity errors during the determination of the motor current. In cone-

and-plate rheometers, inertial effects up to Re ~ 40 have been estimated by Turian 

(1967), who stated that the actual torque, Tact, can be predicted from the rotational 

Reynolds number: 

( )
4900

sinαRe3
1

T

T 2
Ract +=                              ( ( ( (2222----23232323))))    

where T is the torque due to the basic viscometric flow, α the cone angle, and ReR 

the rotational Reynold’s number: 
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ρΩR
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2

R =                                     ((((2222----24242424))))    

where Ω  is the rotational speed of the spindle and R the radius of the cone. 

Therefore, care should be taken during the measurement process that the upper 

limit of the Reynolds number for the inertial effects estimation not be exceeded. 

Errors arising from misalignment have been minimised in modern rotational 

rheometers, due to the fact that they are mostly self-aligning. However, geometrical 

imperfections and linearity errors can still exist, and therefore care should be taken 

to characterise these imperfections. These characterisations are normally conducted 

during the calibration stage, which is performed by the manufacturer and as a 

result, built-in corrections are normally implemented once the instrument is placed 

online.  
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Errors in the measurement of the velocity gradient in modern rotational 

rheometers are generally quite low (< 0.5%). These are normally more prevalent at 

low rotational speeds because of the very small voltages involved during the 

measurement. Furthermore, errors caused by changes in temperature during the 

measurement are generally minimised by the use of a temperature-controller, 

which can control the temperature of the measurement to within 0.02oC.  

 

Figure Figure Figure Figure 2222----2222: Effective radius error in cone: Effective radius error in cone: Effective radius error in cone: Effective radius error in cone----andandandand----plate rheometer.plate rheometer.plate rheometer.plate rheometer.    

Further errors in measurement can arise from the geometry of the instrument. In 

cone and plate rheometers specifically, errors in the geometry characterisation of 

the cone, such as its radius and angle, as well as in the gap settings, can lead to 

detrimental effects, as explained by Marquardt and Nijman (1993). Another 

possible source of error from this measurement is the edge effects (see Figure 2-2), 

as the mathematical formulation surrounding this geometry has been developed 

based on the assumptions that the free surface is spherical and the velocity field is 
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maintained up to the edge. Errors arising from imperfections in the profile of the 

fluid edge can be estimated as follows: 

( )3

3

RδR

R
1error

−
−=                                 ((((2222----25252525))))    

Thus, care must be taken during the loading of the sample to avoid over or 

under-filling.  

2.2.2 Measurement technique 

Aside from the various geometries available in rheometry, there are also a myriad 

of flow conditions that can be applied to the fluid to generate various interpretation 

on the flow properties of the fluid. In general, these flow conditions can be classified 

into two: rotational and oscillatory tests.  

The rotational test is generally used to determine the viscous parameters of the 

fluid. In this type of experiment, the fluid is sheared at a set condition, which can 

be controlled either through the rate of shear (Controlled Rate), the amount of 

shear deviation (Controlled Strain), or the amount of stress applied (Controlled 

Stress). Modern rheometers are generally equipped with various modes of 

measurement: 

� Rotation ramp (CS/CR): The preset shear stress/shear rate is continuously 

altered (can be increased or decreased) without waiting for the material to reach 

equilibrium conditions. This test is traditionally used to test for shear thinning 

and yield stress effects 

� Rotation steps (CS/CR): A constant shear stress/shear rate is applied for a fixed 

amount of time. This test is used to determine the time required for the 

material to reach equilibrium conditions. Alternatively, a series of rotational 

steps at different shear stress/shear rate can also be used to determine the 

viscous properties of the fluid during equilibrium. 
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� Creep and Recovery test (CS): This measurement procedure is conducted to 

determine the viscoelastic properties of the fluid, as well as its characteristic 

relaxation time. 

Contrary to the rotational tests, the oscillatory tests generally focus on the small 

strain properties of the fluid. The most commonly used test in this category has 

been discussed in section 2.1.1, i.e. the SAOS experiment. In this test, the fluid is 

subjected to small oscillatory strain at various oscillation frequencies. The 

experiment is normally conducted within the linear viscoelastic limit of the 

material. This range can be determined by conducting a strain amplitude-controlled 

sweep oscillatory test at the frequency range in which the SAOS experiment is to be 

conducted.  

In conducting tests on the rheological behaviour of a fluid, various factors that may 

detract from the accuracy of the experiment need to be identified. While errors 

arising from instrumental and setup imperfections have been discussed in section 

2.2.1, errors arising from the nature of the fluid needs to be discussed.  

Without the presence of yield stress, the viscous properties of time-independent 

fluids are generally easy to classify, either by performing CR or CS rotational 

ramps. However, with the presence of yield stress, measurement procedures are 

generally much more complicated and various errors can result from the presence of 

the yield stress itself. An example of this is a case where the gap in a 

cone-and-plate viscometer is set by lowering the upper cone, which rests on the 

surface of the solid-like test fluid. As the shearing is commenced, the yield stress is 

exceeded and the sample starts to behave as a liquid and flow out of the gap 

(Wildemuth & Williams, 1985). This affects the measurement of normal stresses in 

yield stress fluids. 

Furthermore, the interpretation of rheological measurements has so far been 

derived based on the assumption of negligible slip at the wall. While this 

assumption has been proven to be effective for most cases, it has been detrimental 
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for some fluid systems, especially those involving high apparent viscosity and yield 

stresses (Mewis & Moldenaers, 1999). Examples of these systems include 

particulate suspensions, emulsions and systems involving two (or more) phases, 

and concentrated solutions of high molecular weight polymers. Various solutions to 

this problem have been proposed, such as the use of a different geometry that 

minimises the effects of wall slip (yield vane), the use of abrasive paper attached to 

the surface of the geometry, and the use of optical visualisation techniques to 

examine the slip plane during the rheology measurement. 

Furthermore, yield stress fluids are also more prone towards ‘shear banding’ or 

localisation effects, where, due to the plasticity of the fluids, uneven distribution of 

velocity across the gap of the rheometer is obtained. This causes the rate-of-shear to 

be non-homogeneous and in some cases, can adversely affect the accuracy of the 

rheometric analysis. The effect of shear banding is generally encountered in 

plastic-like materials, such as power-law fluids with very small power-law index or 

yield stress fluids that are sheared at approximately its yield value (Mewis & 

Moldenaers, 1999). In his review on the methods of measuring the flow properties of 

yield stress fluids, Nguyen and Boger (1992) have observed that the effects of shear 

banding can be minimised by keeping the cone angle and the gap between the cone 

and the plate as small as possible. Furthermore, some modern rheometers are also 

equipped with optical visualisation techniques that can characterise these effects 

during the rheological measurements. 

Another factor that may contribute towards the accuracy of the measurement of 

rheologically-complex fluids is its sensitivity towards time and shear history. An 

extreme example of this phenomenon has been demonstrated by (Ourieva, 1999) 

using weakly flocculated suspensions of sterically-stabilised poly-(methyl 

metacrylate) (PMMA) particles. In this study, it was found that PMMA solutions 

that have been left to rest for 17 hours tend to possess viscosity parameters that are 

several orders higher than those that have not been ‘rested’ after its period of 

preparation. This suggests that rheometric properties of these solutions are highly 

dependent on the time that has been allowed for the solutions to rest and recover in 
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structure after being subjected to shear forces. Mewis and Moldenaers (1999) have 

thoroughly discussed various factors that may contribute towards these 

sensitivities. Furthermore, the problem was classified into several categories, 

depending on the reversibility and homogeneity of the structural and rheological 

changes in the fluid. Thus, in conducting rheological measurement of these 

rheologically complex fluids, the transient behaviour of the fluid in response to time 

and shear should be considered and examined.  

2.3 Rheology of polyacrylamide solutions 

Kulicke et al. (1982) have done a comprehensive review on the properties of 

polyacrylamide solutions, including the preparation method, molecular structure, 

methods in rheological experiments, as well as their rheology and viscoelastic 

properties.  

Various factors can affect the viscosity of a polyacrylamide solution, such as its 

molecular weight, the length of the molecules, coil size, and its thermodynamic 

interaction with the solvent. Furthermore, it has been suggested that the energetic 

interactions (hydrogen bonding) between the polymer and the solvent strongly 

influences the rheological behaviour of the solution (see Kulicke et al. 1982; Sastry 

et al. 1999). Due to its dependence on these factors, the rheology of polyacrylamide 

solutions can seldom be accurately predicted and comparisons between solutions 

with different preparation methods can rarely be made.  

In 1998, Ghannam and Esmail conducted a series of tests on various 

polyacrylamide solutions with molecular weight of 5x106 (concentrations ranging 

from 0.25 to 1.0%). It was concluded that polyacrylamide solutions display strong 

yield shear-thinning behaviour, with power-law index of approximately 0.5 and 

yield stress values of 0.34 – 1.10 Pa. At higher values of shear rate (above 200 s-1), 

shear thickening behaviour was detected. Ghhanam and Esmail (1998) also 

performed a series of dynamic (SAOS) tests on the polyacrylamide solutions and 

found that the solutions inhibit viscoelastic properties. The elastic behaviour of 
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these solutions was found to be more prominent at the lower range of test frequency 

(ω < 6 Hz). At higher frequency values, the flow behaviour of the solutions was 

found to be generally dominated by viscous behaviour. 

Upon conducting yield and transient tests, which were carried out by examining the 

stress developments as a function of time for various values of constant shear rate, 

it was found that the solutions display the typical responses of viscoelastic and 

thixotropic fluids. For example, some increase in stress (termed by the authors as 

rheopexy) was detected over time (~ 50 s) as a pre-sheared sample is subjected to a 

lower shear rate of approximately 50 s-1. According to the authors, this behaviour is 

caused by the recovery and reformation of the molecule network structures after 

the disruption caused by the preshearing. The yield stress test, which was 

conducted by examining the change in shear rate as increasing/decreasing values of 

shear stress is applied (i.e. CS ramp), also reveals that the samples have lower yield 

stress values when subjected to the decreasing curve of applied shear stress. Again, 

this suggests that during this time, the full structure of the fluid has not fully 

recovered, thus indicated by the lower value of yield stress. 

The viscoelasticity of the polyacrylamide solutions were tested by Ghannam and 

Esmail (1998) by conducting creep and dynamic SAOS tests. The creep tests reveal 

typical viscoelastic response, with time-dependent reduction in the compliance (a 

function of strain) of the sample upon the removal of shear stress, when the test is 

conducted within the linear viscoelasticity limit of the sample. Beyond this region, 

no reduction in strain is detected, thus suggesting a complete viscous character. It 

was also found that, through a series of dynamic tests, the solutions display higher 

complex viscosity than shear viscosity. That is, the solutions display some disparity 

with the Cox-Merz rule, which states that the complex dynamic viscosity should be 

identical to the shear viscosity at the same values of shear rate. This is in 

agreement with the findings of Kulicke and co-workers (1982), who have attributed 

the discrepancy to the energetic effect of the hydrogen bonds between the 

polyacrylamide and water molecules. 
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2.4 The settling of a particle in a fluid 

2.4.1 Newtonian 

The settling of a spherical particle in an incompressible fluid under isothermal 

condition is governed by the continuity and momentum equations: 

0V =⋅∇                                         ((((2222----26262626))))    

[ ] ρgp.τ
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DV
ρ +∇−∇=                                 ((((2222----27272727))))    

where V and p are the velocity and pressure fields of the system.  

In a Newtonian fluid, the viscosity term is a constant, thus simplifying the flow 

problem considerably. By considering the appropriate boundary conditions, 

typically no-slip condition with free velocity stream at regions far away from the 

sphere, the velocity and pressure fields can theoretically be determined directly 

from equations 2-26 and 2-27. Problems, however, arise from the non-linear inertial 

terms present in the momentum equation, which makes even the simpler 

Newtonian flow problems difficult to solve.  

In 1851, Stokes proposed a solution for the flow problems as presented in equations 

2.26 and 2.27 by assuming negligible inertial forces. This condition is encountered 

at extremely low values of Reynolds numbers (Re << 1), typically where the fluid 

velocities are very low and the viscosities very high. Equation 2-27 thus simplifies 

to: 

Vµp 2∇=∇                                     ((((2222----28282828))))    
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By solving for the velocity and pressure fields, Stokes hypothesised that the drag 

force (FD), which is the summation of the form drag experienced by the particle 

caused by pressure downstream of the sphere and the viscous drag, can be written 

as: 

RV6πFD µ=                                 ((((2222----29292929))))    

The dimensionless form of the drag force is known as the drag coefficient (CD): 
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where AP is the projected area. In the case of a spherical particle of diameter D, this 

parameter is customarily equated to 4D2π . Thus, for cases where the inertia 

effects are negligible in comparison to the viscous effects, the drag coefficient is: 

Re

24
CD =                                         ((((2222----31313131))))    

The hypothesis of Stokes, although highly limited, has been the basis of many 

numerical analyses in the prediction of the settling behaviour of spheres in both 

Newtonian and non-Newtonian fluids. This is reflected by the numerous numerical 

solutions and correlations available today, most of which attempt to correlate the 

drag forces experienced by the particle with the Reynolds number of the flow. 

Notable solutions for this flow problem include those suggested by Oseen (1927) as 

well as Ockendon and Evans (1972) for creeping flows, Jenson (1959), LeClair et al. 

(1970), Fornberg (1988), Heider and Levenspiel (1989) for flows well outside the 

creeping region. Clift et al. (1978) and Khan and Richardson (1987) have done a 

comprehensive review on these solutions.  

2.4.2 Non-yield stress fluids 

Similar to the case with the Newtonian fluids, the theoretical analysis in the 

creeping flow regime is centred on the solution of momentum equation with the 
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inertial terms neglected. Additional difficulties were encountered, simply due to the 

fact that the viscosity in this case is a variable.  

The power law fluid model is used widely in the early studies of this field, mainly 

due to the fact that it is relatively simple compared to the other models. The power 

law index, m, is normally viewed as a gauge in the importance of shear thinning 

effects in flow problems (Chhabra, 2007). The theoretical analysis of studies using 

this model usually uses the following expression for the drag on the sphere: 

24

ReC
Y PLD=                                  ( ( ( (2222----32323232))))    

Where Y is a drag correction factor and the Reynolds number is defined as follows: 
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Various researchers have conducted dimensional analysis on Y, and concluded that 

this variable can be related directly to m. Notable correlations include that of 

Acharya et al. (1976), who evaluated the viscosity term by assuming the Newtonian 

flow field, as well as Kawase and Moo-Young (1986), who used the standard 

perturbation method to solve the momentum equation.  

In the past few years, some efforts have been put forward in expanding the 

available correlations to the non-creeping flow region. The standard approach is to 

use a CD-Re relationship that has already been well-established for Newtonian 

fluids (e.g. Heider & Levenspiel, 1989) and introduce various modified forms of the 

Reynolds equation, such as that in equation 2-33. An example of this approach is 

presented by Kelessidis and Mpandelis (2004).  In another publication, Kelessidis 

(2004) has also proposed a more implicit form of the prediction of the settling 

velocity in this type of fluid based on the approach proposed by Turton and Clark 

(1987) for Newtonian fluids. Ceylan et al. (1999), on the other hand, presented a 

more theoretical approach, where the Y-m correlations used in calculating the drag 

coefficient are derived by using a stream function and by solving the energy 
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dissipation equation. It is claimed that the proposed correlation is valid for power 

law values of 0.5 < m < 1 and Reynolds number of 10-3 < RePL < 103. Alternatively, 

several modifications of the CD-Re relationship itself have also been proposed. An 

example of this method is Shah et al. (2007) whose suggested correlation is 

reportedly valid for a wide range of power law flow behaviour index m (0.281-1) and 

particle Reynolds number (0.001-1000). 

Despite the wide-range of work surrounding the power-law model, it has been 

criticised due to the fact that it does not predict the viscosity of the fluid at 

conditions of very low shear rates ( 0→γ& ). The flow field generated by a moving 

sphere is characterised by a shear rate which varies from zero to a maximum value 

on the sphere surface, and thus this aspect of the model is relatively important. 

Chhabra (2007) also noted that conflicting results and poor reproducibility 

displayed by the large number of experimental data surrounding the analysis of the 

creeping motion of spheres in pseudoplastic fluids has been caused by the use of 

inadequate power-law models and the fact that the fluid model does not provide a 

good estimation of the fluid viscosity at shear rates of nearing zero (termed as 

zero-shear viscosity). Several notable studies featuring the analysis of the creeping 

motion of spheres in pseudoplastic fluid models with zero-shear viscosity include 

Hopke and Slattery (1970), who used the Ellis fluid model, and Chhabra and 

Uhlherr (1980), Bush and Phan-Thien (1984), and Machac et al. (2000), who used 

the Carreau model (see Table 2-1). 

The theoretical analysis of the motion of a sphere in a power-law fluid has also been 

enhanced by the use of computational fluid dynamics (CFD) methods. Crochet et al. 

(1984) have solved the continuity and momentum equations for the creeping motion 

of a spherical particle in power law fluids, and were able to present some details 

about the velocity field around the sphere. Their conclusion upon conducting this 

analysis was that as the value of the power law index decreases, the disturbance in 

the flow field caused by the presence of a sphere is felt over shorter distances. This 

theory was found to be consistent with the experimental observations of Sigli and 

Coutanceau (1977). More recently, Missirlis et al. (2001) conducted both finite-
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element (FE) and finite-volume (FV) analysis on the wall effects on the creeping 

motion of a sphere in a power-law fluid. The wall effects established through this 

series of simulation was found to agree relatively well with the experimental data, 

and the influence of tube/sphere diameter ratio as a function of the shear-thinning 

character of the fluid can be established. Through this study, it was found that in 

fluids with strong shear-thinning character (m ~ 0 for equation 2-4), the effects of 

the sphere-to-tube diameter on the terminal settling velocity of the sphere is less 

pronounced than in cases where Newtonian fluids are used. This finding suggests 

that particles that are settling through highly shear thinning fluids would 

experience less significant wall effects than those settling through fluids of weaker 

shear thinning characteristics. 

Chhabra (2007) also noted that some of the experimental data that has been 

published in the past (Chhabra and Uhlherr 1980; and Dunand et al. 1984) have 

used liquids with significant viscoelastic properties. The experimental data from 

these studies show considerable agreement with the theoretical results based on 

purely viscous models (e.g. Carreau and Ellis fluid models, see Table 2-1). Based on 

this finding, it was concluded that the dynamics of the settling particle is largely 

dependent on the viscous properties of the fluids and that their elastic properties do 

not contribute significantly towards the settling velocity of the particles.  

2.4.3 Yield-stress fluids 

While there have been many studies done on the motion of spheres in fluids without 

yield stresses, not as many have been done for viscous fluids with a yield stress. 

Theoretically, it is clear that yield stress is one of the most influential factors that 

determine the settling behaviour of particles. A particle that is suspended in a yield 

stress fluid would theoretically have to have a gravitational stress that exceeds the 

stresses that are caused by the buoyant effects and the yield stress of the fluid for it 

to settle. 

Yield stress also plays an important role in the flow field surrounding a settling 

particle. While it has been established that the flow field surrounding a sphere 
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settling in fluids without any yield stress extends several radii (theoretically 

extending to infinity), earlier analytical studies in viscoplastic fluids have identified 

a zone with flow restrictions around the sphere, outside of which shear is not 

transmitted and only elastic deformation exists (Volarovich & Gutkin, 1953; 

Tyabin, 1953). Furthermore, an “envelope” region adhering to certain parts of the 

sphere was also identified by Rae (1962) and later supported by Whitemore and 

Boardman (1962). This phenomenon is mainly attributed to the presence of the 

yield stress.  

The shape and size of the “envelope” region have been studied and debated in 

several studies, with notable works including Ansley and Smith (1967), Yoshioka et 

al. (1971), and Beris et al. (1985) (see Figure 2-3). In 1989, Atapattu 

(1989)calculated the radial and angular velocities for a sphere moving at constant 

speed on the axis of a cylindrical tube, thereby obtaining velocity profiles at 

different angular positions for various sphere-to-tube diameter ratios. The results of 

this calculation were then confirmed by optical experimental techniques. The shape 

of the sheared zone obtained by this method resembled that of Ansley and Smith 

(1967) and Beris et al. (1985). However, Atapattu also stated that a different 

sheared zone may be obtained with differing Bingham numbers and yield stresses. 

The results of this study were further confirmed, at least qualitatively, in 

subsequent numerical studies by Beaulne and Mitsoulis (1997), Blackery and 

Mitsoulis (1997), and Liu et al. (2002).  

 

Figure Figure Figure Figure 2222----3333: Flow field of : Flow field of : Flow field of : Flow field of a viscoplastic fluida viscoplastic fluida viscoplastic fluida viscoplastic fluid around a spherical particle  around a spherical particle  around a spherical particle  around a spherical particle (Chhabra, 2007)(Chhabra, 2007)(Chhabra, 2007)(Chhabra, 2007): (a) : (a) : (a) : (a) 

Ansley and Smith Ansley and Smith Ansley and Smith Ansley and Smith (1967)(1967)(1967)(1967); (b) Yoshioka et al. ; (b) Yoshioka et al. ; (b) Yoshioka et al. ; (b) Yoshioka et al. (1971)(1971)(1971)(1971); (c) Beris et al. ; (c) Beris et al. ; (c) Beris et al. ; (c) Beris et al. (1985)(1985)(1985)(1985)....    
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Over the years, researchers have used a dimensionless parameter, YG, in order to 

quantify the critical buoyant weight that a particle has to have for it to settle in a 

yield stress fluid: 

( )fs
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ρρgd

τ
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−
=                                     ((((2222----34343434))))    

Theoretically, by equating the two forces involved in the movement of the particle, a 

critical YG can be calculated. In 1960, Andres postulated that this critical value is 

0.212. This theory is known as the criterion for the initiation of motion. 

Many researchers have since studied the critical value of YG for various types of 

viscoplastic fluids. Chhabra (2007) has presented a comprehensive comparison 

between the various values of critical YG that have been suggested in the past, 

highlighting the fact that there has been a wide range of suggested values, ranging 

from 0.04 to 0.2. Furthermore, Broadman and Whitmore (1961) have also pointed 

out the flaws of the YG theory, commenting that at a “no-motion” condition, neither 

the shear stress nor the normal stress distributions are known over the sphere 

surface. Furthermore, it has also been suggested that the distribution of pressure 

and shear stress in the fluid medium surrounding the sphere has not been 

characterised thoroughly. This causes some uncertainties in the analysis of the 

buoyant forces experienced by the settling sphere (Chhabra, 2007). Nevertheless, 

the dimensionless parameter YG has been used by various researchers to compare 

various experimental results and theoretical analyses (Atapattu, Chhabra, Tiu, & 

Uhlherr, 1986; Uhlherr, 1986) although its wide-ranging value indicates that there 

is still a fundamental mechanism that is largely unaccounted for. 

The differences in the critical values of YG can be attributed to the uncertainties 

involved with the value of the yield stress itself, as well as its method of 

determination, which is still not yet well-established. Furthermore, other factors 

such as the elasticity of the fluid and the dependency of the fluid viscous 

parameters on its shear history (these factors will be discussed further in Section 

2.4.4) are also possibly unaccounted for during those earlier experiments. 
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Theoretical work in the solution of the field equations describing the motion of 

particles in a viscoplastic fluid has been relatively limited so far. Beris et al. (1985) 

presented a comprehensive solution for the creeping flow region, albeit treating the 

yield surfaces as unknown boundaries. Blackery and Mitsoulis (1997) followed the 

work of Beris et al., this time using the regularisation technique of Papanastasiou  

(1987)(see equation 2-14). This technique allowed the equations of both solid- and 

fluid-like regions to be solved, and hence the location of the yield surfaces can be 

determined as part of the solution. As a result of this approach, the location of the 

fluid and solid-like domain suggested by Blackery and Mitsoulis (1997) differ 

significantly to that of Beris et al. (1985), although the resulting prediction of drag 

differ only slightly. Liu et al. (2002) revised the fluid problem devised by Blackery 

and Mitsoulis, this time using the regularisation formulation suggested by 

Bercovier and Engleman (1980) (see equation 2-13), and examined the effects of the 

regularisation parameter on the numerical solution. It was found that the position 

and shape of the yield region depend highly on the value of the regularisation 

parameter PB, which is the inverse of ε in equation 2-13, and that the use of very 

high regularisation parameter would eventually lead to numerical error. It has 

since been suggested that the use of PB > 1000 is satisfactory for this flow problem 

(Chhabra, 2007). Other similar studies in this area include Beaulne and Mitsoulis 

(1997), who used the regularised Herschel-Bulkley equation and de Besses et al. 

(2004), who examined the effect of slip on the drag coefficient. Under no-slip 

conditions, de Besses et al. (2004) found their results highly comparable to those of 

Liu et al. (2002) and Blackery & Mitsoulis (1997). Under slip conditions, de Besses 

et al. (2004) noted that the drag coefficient is reduced by about 30%. 

While theoretical studies in this area have been relatively limited, plenty of 

empirical correlations have been suggested in the past in order to correlate the drag 

coefficient with the Reynolds number. Notable studies of this class include those by 

Pazwash and Robertson (1971), duPlessis and Ansley (1967), and Ansley and Smith 

(1967). 
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Furthermore, there has also been a drive towards the construction of a single drag 

curve, which would not only imitate the correlations for Newtonian fluids, but also 

incorporate Newtonian limits into a single, generalised correlation. Unfortunately, 

as can be seen later, this has been found to be extremely hard to achieve. This is 

due to the fact that the drag coefficient is extremely sensitive to small values of the 

dimensionless yield parameter (YG, see equation 2-34), which makes it difficult to 

accurately include results for fluids without a yield stress as a limit in the 

correlations for viscoplastic media. Furthermore, the dimensional groups that are to 

be correlated to the drag coefficient are also fluid model-dependent, making it 

difficult to compare one model to the other. An example of this approach is the 

correlation suggested by Atapattu et al. (1995), who based their analysis on the 

Herschel-Bulkley model: 
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where QA is the modified dynamic parameter: 
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where RePL is the particle Reynolds number as defined in equation 2-33 and BiHB is 

the Herschel-Bulkley Bingham number: 
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This correlation is reportedly valid for 9.6x10-5 ≤ RePL ≤ 0.36; 0.25 ≤ BiHB ≤ 280 and 

0.43 ≤ m ≤ 0.84.   

All of the aforementioned empirical correlations have focused on the attainment of 

accurate predictions of the drag coefficient CD. Unfortunately, these correlations 

have been found to be very difficult to apply in the calculation of particle terminal 

settling velocity, mainly due to the fact that this variable affects both CD and Re, 
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thus requiring an extensive number of iterations. Furthermore, the iterations are 

generally further complicated by the fact that the apparent viscosity of the fluid is 

dependent on the shear rate applied to it. This dramatically lowers the chance for 

the iteration to converge.   

To ease the calculation for terminal velocity of a settling particle, another pair of 

dimensionless variables was suggested by Wilson et al. (2004; 2003) These authors 

adapted the pipe-flow analysis of Prandtl (1933) and Colebrook (1938-1939) to the 

system of falling particles. The first adaptation that was made was the concept of 

shear velocity, which in the pipe-flow analysis is defined as the square-root of the 

shear stress at the inner surface of the pipe divided by the fluid density. Thus, for 

the case of falling spheres, this can be written as: 
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Furthermore, one of the variables used in the pipe flow method is the dimensionless 

form of the fluid velocity in the pipe, which is the ratio between the mean velocity 

and the shear velocity V*. A similar approach is taken for the analysis of a falling 

ball in viscoplastic fluids, in which one of the dimensionless variables is defined as 

the ratio between the terminal velocity of the particle (Vt) with the shear velocity 

(V*).  

The other dimensionless variable that was suggested by Wilson et al. is the shear 

Reynolds number: 
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where D is the particle diameter and µeq is the equivalent Newtonian viscosity.   

µeq is defined as the calculated viscosity of a Newtonian fluid (with the same density 

as the medium) that would produce the same terminal fall velocity for a particle of 
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this type (Horsley et al., 2004). This variable can be obtained directly from the 

rheogram of the material. Furthermore, on the basis of experimental data, it was 

recommended that the equivalent viscosity be obtained at the following point of 

reference (Wilson et al., 2003): 

τ0.3τ =                                         ((((2222----40404040))))    

Where τ is the shear stress caused by the submerged weight of the particle, and τ is 
the mean surficial shear stress: 
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In relating the two dimensionless variables, Wilson et al. (2003) have based their 

analysis on the customary CD-Re graph, by transforming numerous CD and Re 

values into Vt/V* and Re* values. From these calculations, a new curve with Vt/V* 

versus Re* co-ordinates was plotted (see Figure 2-4). In practice, this plot can be 

used in a similar manner to the CD-Re curve. Furthermore, unlike the CD-Re curve, 

it allows the terminal velocity of particles to be determined directly without 

requiring iterations.  

 

Figure Figure Figure Figure 2222----4444: Plot of Vt/V* as a function of shear Reynolds number : Plot of Vt/V* as a function of shear Reynolds number : Plot of Vt/V* as a function of shear Reynolds number : Plot of Vt/V* as a function of shear Reynolds number (Wilson et al., 2003)(Wilson et al., 2003)(Wilson et al., 2003)(Wilson et al., 2003)....    
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The correlation suggested by Wilson et al. (2003) has been tested against various 

types of non-Newtonian fluids, as well as various densities and diameters of 

spherical particles. It also can be applied for both Newtonian and non-Newtonian 

medium (Wilson et al., 2003), and therefore is very versatile in determining the 

terminal velocity of the gravitational flow of particles in fluids.  

2.4.4 Effects of fluid elasticity 

The effects of elasticity on the settling behaviour of particles in a fluid have been 

briefly discussed in Sections 2.4.2 and 2.4.3. This field of rheology has garnered a 

lot of interest in the past few decades, especially due to the recent improvements in 

rheometry, which greatly facilitate the identification and quantification of 

viscoelasticity. Furthermore, this flow problem or more specifically the study of 

fluid flow over a spherical particle has been used as a benchmark problem for the 

testing of new solution procedures for the computation of viscoelastic flows. Notable 

studies in this area include Keunings (2000), Reddy and Gartling (2001), McKinley 

(2002), Owens and Phillips (2002), and Petera (2002), who all have successfully 

developed numerical algorithms for computing viscoelastic flows.  

The study of the effects of elasticity on the flow behaviour of a fluid over an 

obstructive object (either a sphere or cylinder) has earlier been dominated by 

theoretical analysis. Several limiting conditions would generally be assumed, 

mainly due to the fact that it is impossible to consider all factors in the flow 

problem, i.e. 
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Where φ is the characteristic relaxation time of the fluid, µsolvent is the viscosity of 

the solvent that is used to prepare the polymer solution, D is the diameter of the 

sphere, d is the diameter of the column, and El (~ De/Re) is the elasticity number. 



Chapter 2: Background and literature review 

  47 

 

Similar to the theoretical analyses conducted in Newtonian, shear thinning, and 

yield stress fluids, a limiting condition of creeping flow (Re ~ 0) is generally 

assumed. Various studies with a number of fluid models in this region have 

established that very slight drag reduction exists at low to moderate values of 

Weissenberg number (We < 1.5) when compared to Newtonian flows with the same 

value of Reynolds number (Crochet et al. 1984; Chilcott and Rallison 1988; Gervang 

et al. 1992 for unbounded flows; Luo 1998; Jin et al. 1991; Warichet and Legat 

1997; Baaijens 1998; Sun et al. 1999 for D/d = 0.5). At higher values of Weissenberg 

number, some disagreement still exists, with some studies suggesting that the 

pattern of drag reduction continues (Luo, 1998). The majority of the findings, 

however, suggested that a slight drag increase occurs, at least up to Weissenberg 

value of 2.5-3.5 (Gervang et al., 1992; Debbaut and Crochet, 1988; Harlen et al., 

1990). It has been suggested that this increase in drag is caused by the increasing 

significance of elongation in the viscoelastic fluid, resulting in the existence of a 

thin region of highly extended molecules on the downstream side of the sphere. It is 

also because of this elongation that the velocity in the wake region decays much 

more slowly in viscoelastic fluids than in Newtonian fluid.  

At even higher values of Weissenberg numbers, convergence has been found to be 

difficult to achieve. This is again caused by the increasing effect of elongation in the 

molecules of the fluid material, resulting in sharp stress gradients in the fluid 

medium. As a result, the effects of elasticity in this flow region are still largely 

unknown. 

A very limited number of studies have been conducted on the effects of fluid inertia 

on the motion of the spherical particle moving in a viscoelastic fluid. The studies of 

El Kayloubi et al. (1987) and Sigli and Kaddioui (1988) concluded that there are 

significant discrepancies on the rate of deformation and stress fields caused by the 

effects of fluid inertia, although no shifts in streamlines were detected. It has also 

been suggested that different rheological models be used for different values of D/d 

(Yang & Khomami, 1999). 
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Experimentally, the effects of elasticity on the settling behaviour of a sphere in a 

viscoelastic fluid have been harder to determine. Up to the recent development of 

Boger fluids, which possesses shear rate independent viscosity properties (at least 

over an extended range of shear rates); it has been difficult for researchers to 

separate the effects of elasticity from shear thinning. In fact, several researchers 

(Kato et al. 1972; Chhabra and Uhlherr 1980, Bush and Phan-Thien 1984) have 

observed that there is a high agreement between the values of drag coefficients in 

viscoelastic and purely viscous media (in the creeping region), prompting the 

conclusion that shear-thinning effects are much more dominant and determining in 

the particle’s settling behaviour than viscoelastic effects. Beyond the creeping 

region, Acharya et al. (1976) have suggested a correlation featuring a drag 

reduction with increasing values in Weissenberg number. Through flow 

visualisation studies, Acharya et al. (1976) also observed that different size and 

shape of wakes were encountered with different magnitudes of viscous, inertial, and 

elastic forces. By performing drag measurements for shear-thinning viscoelastic 

medium, Mena et al. (1987) concluded that at low shear-rate region elastic effects 

are the dominant factor in drag reduction. At higher shear-rate region, however, 

shear-thinning effects become more dominant and are the primary cause for further 

drag reduction. 

Experiments in Boger fluids have been numerous, with various results and 

conclusions. Chhabra (2007) have compiled the various correlations of drag 

correction factor (Y) as a function of the Weissenberg number that have been 

suggested in the past by Jones et al. (1994), Chmielewski et al. (1990), and 

Tirtaatmadja et al. (1990). From this compilation, it was concluded that there is 

little agreement between the correlations. Furthermore, the experimental results 

do not match the theoretical predictions of a decrease in drag force with increasing 

value of Weissenberg number. Instead, the experimental results, although with 

very little quantitative agreement, generally indicate a plateau region of drag over 

the low range of Weissenberg number. This is followed by a negative slope and a 

second plateau, before increasing significantly with increasing Weissenberg 

number. This disagreement led to the conclusion that the drag on a sphere in a 
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purely elastic fluid is determined by various factors, including the interplay 

between shear and extensional rheological characteristics, which in turn are 

strongly influenced by the molecular architecture, the quality of the solvent, 

polymer conformation, and hysterisis of the fluid (McKinley, 2002). Thus, the 

numerical simulation of a purely elastic fluid needs to completely incorporate its 

shear and elongational properties for the accurate prediction of the settling 

behaviour of spheres in this type of fluid.  

An interesting observation that has been made in experiments on the settling 

behaviour of a sphere in an elastic fluid is the existence of a velocity overshoot, and 

in some cases, negative velocity or “sphere bouncing” (Walters & Tanner, 1992). It 

was observed that a distance of approximately 20D is required for the sphere to 

reach a terminal velocity, unlike other experiments featuring non-elastic fluids. 

Furthermore, Walters and Tanner (1992) also reported on a velocity overshoot that 

is nearly three times higher than the terminal velocity. Similar and more detailed 

observations were outlined by Jones et al. (1994) and Becker et al. (1994) in a Boger 

fluid, as well as Arigo and McKinley (1998) in a shear thinning elastic fluid. King 

and Waters (1972) have outlined a scheme for evaluating viscoelastic material 

parameters from these transient properties.  

Another interesting aspect that is associated with the effects of fluid elasticity on 

the settling behaviour of a sphere in a viscoelastic fluid is a phenomenon termed as 

the negative wake, where a flow reversal is observed, sometimes up to 30 radii 

downstream (Chhabra, 2007). This phenomenon was firstly recorded  by Hassager 

(1979), who studied the rising of bubbles in shear-thinning viecoelastic fluids.  

Since then, similar observations have been reported by Bisgaard (1983), Maalouf 

and Sigli (1984), and Putz et al. (2008). Interestingly, several researchers reported 

the absence of negative wake in Boger fluids (Arigo, Rajagopalan, & McKinley, 

1995; Bush, 1993). Based on these observations, Owens and Phillips (2002) 

concluded that the phenomenon of negative wake is the result of the interaction of 

shear and extensional flow in the wake of the sphere. This is a conclusion that 

supports the observation of Maalouf and Sigli (1984), who stated that the 
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phenomenon of negative wake was only observed in the case of shear-thinning 

viscoelastic fluids and only when the elasticity number exceeds a critical value. This 

critical value was found to be highly dependent on the dimensions of the 

experiment, i.e. the sphere and the column, in addition to the elastic and 

shear-thinning properties of the fluid. 

2.4.5 Inter-particle interaction 

2.4.5.1 Tandem formation 

The settling behaviour of a number of spheres in a fluid medium has been 

extensively investigated, especially in the area of viscous Newtonian flow. In 1960, 

Happel and Pfeffer's assessment on the settling of two spherical particles arranged 

in a tandem formation in a viscous fluid found that the terminal velocity of the two 

spheres is greater than that of an isolated sphere. It should be noted at this point 

that the exact rheological nature of the fluid is not clear, as it is only described as 

'viscous'. Nevertheless, the reduction in drag force leads to the conclusion that 

inter-particle interaction is significant in this type of flow problem.  

The study of Lee et al. (2003), which uses Particle Image Velocimetry (PIV) to 

visualise the flow field formed as the fluid flow over a tandem arrangement of 

spherical particles, revealed that fluid inertia is a highly determining factor in the 

particle-particle interaction. As a result, the motion of particles in suspension is not 

reversible even in Newtonian fluids. This conclusion is in line with the 

experimental study of Tsuji et al. (1982), who observed that with two tandem 

spheres, the vortex behind the upstream sphere undergoes some changes, whereas 

the vortex behind the downstream sphere is similar to that of a single sphere. 

Furthermore, this conclusion is also supported by the recent numerical study of 

Prahl et al. (2007) using a Newtonian fluid at relatively high Reynolds numbers 

(50, 100, and 200), which reveals that the drag reduction for a secondary particle in 

tandem arrangement can be as high as 60-80%.  
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The extent of inter-particle interaction in a viscous Newtonian fluid was studied by 

Chen and Wu (2000), who measured the drag force experienced by two spheres with 

varying distance apart (here represented by the variable l ). Similar to the case 

with Prahl et al. (2007), Chen and Wu discovered that a reduction of up to 80% in 

drag, in comparison to that experienced by a singular sphere, is possible, especially 

at small distances. The interaction effect reduces significantly as the distance 

between the two spheres increases (CD/CD0 increases from 0.2 to 0.6 as the l /D 

value varies from 1/3 to 3 for flow with Re = 54). This result is similar to the results 

of Tsuji et al. (1982), who observed that the drag reduction effect from the sphere 

interaction disappears at l /D > 5 to 10.  

The effects of shear thinning on inter-particle interaction were studied by Zhu et al. 

(2003), who conducted their experiment in a power-law fluid. At moderate values of 

Reynolds number (0.7 < Re < 23), Zhu et al. reported a decrease of up to 40% in the 

drag coefficient, which was obtained when the two spheres are touching, i.e. 

l /D = 0. An exponential correlation, where the drag reduction is shown to increase 

with increasing particle Reynolds number and decreasing separation distance 

(0 < l /D < 3.5), was then proposed. Furthermore, the results of Zhu et al. shows 

that the reduction in drag forces becomes relatively negligible (CD/CD0 ~ 1) at l /D 

value of 3.5, especially at the lower range of particle Reynolds number (Re < 3.2). 

Zhu et al. also demonstrated that the dependency of inter-particle interaction on 

the shear-thinning nature of the fluid is relatively weak compared to the particle 

Reynolds number and the distance between the particles. 
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In their study of two tandem spheres in a viscoplastic fluid, Gumulya et al. (2007) 

suggested a correlation for the settling velocity of two interacting spheres that have 

collided with each other, as the result of the second sphere settling faster than the 

first one (due to time effects, as will be discussed in Section 2.4.6). To take into 

account the interaction between the two spheres, Gumulya et al. introduced a new 

variable, β, which takes into account the different surficial stress of the combined 

spheres. This variable was used in conjunction with the correlation for the terminal 

settling velocity of a sphere in a viscoplastic fluid suggested by Wilson et al. (2003): 
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where 12τ  is the mean surficial stress and 1τ  is the individual surficial stress 

calculated as per equation 2-41. β was found to be a function of the particle 

Reynolds number, Re* (see equation 2-39), as well as the rheogram shape factor, α: 

203.92214.32Ω56.04Ωβ 2 −+−=                             ((((2222----44444444))))    

where 

0.065*ReαΩ =                                     ((((2222----45454545))))    

The shape factor of the rheogram, α, is a measure of the viscoplasticity of the fluid. 

It is calculated as the ratio of the total area beneath the rheogram (to the left of the 

representative value of shear rate produced due to the motion of the sphere) to the 

triangle beneath the same rheogram section. A value of 1.0 represents a fully 

Newtonian fluid, whereas a value of 2.0 represents a pure plastic material. 

Lee et al. (2003) also studied the effect of elasticity on inter-particle interaction, by 

comparing the flow fields formed by a Newtonian fluid with that of a Boger fluid. 

Through this study, it was concluded that in addition to fluid inertia, normal stress 

differences and elongation also have important effects on the inter-particle 

interaction. This is reflected by the conflicting inter-particle interaction effects 
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(both drag reduction and enhancement have been reported with increasing We 

number) that have been suggested in past literature, as highlighted by Solomon 

and Muller (1996). It was thus suggested that the conflicting results is caused by 

the different extensional characteristics of the fluid. 

2.4.5.2 Parallel (horizontally-aligned) formation 

The interaction of two parallel spheres in a Newtonian fluid has been studied by 

Wu and Manasseh (1998). Through experiments at various Reynolds numbers, it 

was concluded that the separation distance between the two spheres is highly 

dependent on the value of the Reynolds number. At low values of Re (Re < 0.1), no 

separation occurs, whereas at higher values, the particles tend to repel each other. 

Furthermore, Wu and Manaseh also observed that the two particles experience 

counter-rotating spinning in the range of 0 < Re < 10 and that the settling velocity 

of the two spheres is approximately 30% higher than a single particle for cases 

where the Reynolds number is low (< 2). At higher Reynolds number, due to the 

separation of the two particles, no drag reduction was observed.  

Chen and Wu (2000) also conducted their study in a Newtonian fluid (30 < Re < 

200) and observed that there is a drag increase for two parallel spheres. This result 

is in agreement with the observations of Tsuji et al. (1982), who reported a drag 

increase at distances of l /D < 2  3 at Re ~ 400. This increase in drag forces was 

found to be caused by the nozzle effect that occurs between the two spheres at small 

distances as well as the increasing effect of form drag as the distance increases. The 

inter-particle interaction of spheres arranged at various other orientation angles 

was also examined by Chen and Wu (2000), who found that the trend for the drag to 

increase occurs with all the arrangements. This increase in drag was found to reach 

a maximum when the spheres are located at an angle of 45o to each other, with the 

sphere that is placed upstream experiencing the maximum drag effects. The 

downstream sphere, on the other hand, has been shown to experience a slight drag 

reduction due to the wake of the other sphere.  
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In 1994, Joseph and co-workers (1994) observed that in viscoelastic fluids, spheres 

that are horizontally-aligned tend to attract when the initial separation distance 

between them is small. Upon converging, the two spheres tend to undergo a 

re-orientation motion, where one of the spheres slightly decelerates and move 

towards the flow path of the other sphere. This continues to occur until the two 

spheres touch and aggregate, with their line of centres oriented vertical. The 

attraction between closely-distanced spheres in viscoelastic fluid was found to be 

contrary to the effects found in Newtonian fluids, where closely-distanced spheres 

experience repulsion effects rather than attraction. 

2.4.6 Transient effects in the experiment of vertic ally-aligned 

spheres 

The effects of a surrounding particle on the settling behaviour of a downstream 

particle have been discussed in the previous section. However, in yield-stress fluids, 

the experiment of vertically-aligned spheres is further complicated as the effects of 

inter-particle interaction is compounded with transient effects. This difficulty is 

highlighted due to the low reproducibility of the seemingly simple sphere-drop 

experiment in yield stress fluids, as noted by Chhabra (2007) and Atapattu et al. 

(1995). Atapattu et al. (1995), who conducted their experiments in viscoplastic 

solutions of Carbopol, mentioned that a good reproducibility of the result is only 

obtained after 4-10 releases of spheres, and that the first release generally has a 

much slower settling velocity. As more spheres are released, the settling velocity 

increases, until an asymptotic value is reached. This conclusion is in agreement 

with the findings of Hariharaputhiran et al. (1998), who suggested that the changes 

in the terminal velocity of particles settling in viscoplastic fluids can be explained 

by the hypothesis of network damage caused by shear and subsequent healing, 

similar to the hypotheses of Cho et al. (1984) and Ambeskar and Mashelkar (1990) 

for viscoelastic fluids. Thus, it is clear that whereas inter-particle interaction effects 

are significant in all types of fluid rheology, in yield stress fluids the extent of 

interaction effects appear to last over a longer time frame and over much larger 

distances. 
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The transient effects in the experiment of vertically-aligned spheres have been 

studied further by Horsley et al. (2004) using a polymeric solution. It was shown 

that the difference in the velocity of the two spheres diminishes as the time interval 

between releases is increased, and that the reduction in the velocity difference 

generally follows asymptotic behaviour.  

In 2007, Gumulya and co-workers (2007) presented a correlation between the 

settling velocity of a sphere that follows the flow-path of another sphere in a 

viscoplastic fluid with the dimensionless form of the time interval between releases 

and the shape factor of the rheogram of the fluid. The dimensionless form of the 

time interval was assigned as: 

tt γ=∗ &                                         ((((2222----46464646))))    

where t is the time interval between the releases of the spheres and γ&  is the shear 

rate produced by the flow of the sphere if it was travelling in an undisturbed fluid 

medium. The suggested correlation was as follows: 

( )[ ]1.8930.0

t12 1α4.94t1.0VV −+= −∗                             ((((2222----47474747))))    

where α is a measure of the fluid viscoplasticity (see Section 2.4.5.1). The 

correlation was found to have good agreement with the experimental data involving 

two spheres with identical diameter and density.  

Transient effects are also commonly encountered in viscoelastic fluids, despite the 

existence of some studies that did not recognise its effects at all (Tirtaatmadja et 

al., 1990). Bisgaard (1983) showed that a sphere that is released in a Boger fluid 

(with a characteristic time of 12s) 10 minutes after the first release can have a 

velocity that is 30% higher than the first sphere. Cho et al. (1984) studied this 

phenomenon in viscoelastic fluids, and observed that the time interval effect is 

reduced with a reduction in the viscoelasticity of the solution.  
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Based on these observations, Cho et al. (1984) concluded that the dependence of the 

steady settling velocity on the time interval between successive releases of spheres 

is due to the local rupture of the polymer network, thus leading to the formation of 

a "cavity", as the spheres move through the solution. The rupture of the polymer 

network leads to reduced viscosity parameters, thus resulting in the sphere that is 

released some time after the first one to have a higher settling velocity. This view, 

however, was contradicted by the experiments of Ambeshkar and Mashelkar (1990) 

who measured the concentration of the polymer molecules behind the settling 

spheres, and did not observe any changes in the fluid concentration. This 

phenomenon was later examined by Gheissary and van den Brule (1996), who noted 

that a sphere that is released in a Carbopol solution two hours after the first one 

has a much larger velocity than the previous sphere, indicating that the solutions 

that were used in this study tend to require very long periods of relaxation (after 

being sheared) for the original viscous parameters to be recovered. The slow rates of 

relaxation found in this study seem to contradict the theory of cavity formation 

suggested by Cho et al. (1984). Based on this finding, Gheissary and van den Brule 

(1996) suggested that other factors, such as shear-thinning and elasticity, may be 

responsible for the differences in the settling velocity of the two spheres.  

The effects of fluid elasticity on the settling behaviour of two vertically-aligned 

spheres was examined by Bot et al. (1998), who found that the two spheres tend to 

form a ‘stable distance’ between them. That is, although the velocity of a sphere 

following another along the same line-of-centre would be higher than the first one, 

when the distance between the two spheres diminishes, the velocity of the first 

sphere increases, thus forming a stable distance between the two. Furthermore, Bot 

et al. also found that the stable distance between the two spheres increases with 

increasing Deborah number. This finding was therefore in agreement with the 

findings of Gheissary and van den Brule (1996). Through comparing the effects of 

shear-thinning with elasticity on the stable distance between the two spheres, it 

was concluded that particle aggregation always occurs in shear-thinning fluids. The 

stable distance that has been observed for Boger fluids has therefore been 
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attributed to the extent of particle-particle interaction that is highly dependent on 

inertia and elongation. 

Thus, from the discussion in this section, it is clear that the experiment of 

vertically-aligned spheres settling in a rheological solution is still full of 

uncertainties and that the behaviour of the downstream particle is dependent on 

various factors, such as the transient behaviour of the fluid itself, as well as inertia 

and elasticity as effected by the surrounding particle.  

2.5 Conclusion 

A comprehensive review has been conducted on the study of the settling behaviour 

of particles in various types of fluids. Through this review, it is apparent that a 

problem that seems simple at first is actually quite intricate, due to the 

interweaving effects of the various rheological attributes of the fluid solutions. 

Based on this knowledge, it is apparent that the study of the settling of particles in 

fluids requires thorough characterisation of their flow behaviour. 

In the past few decades, a large body of work has been dedicated towards the 

prediction of the steady settling behaviour of particles, or similarly, the flow of 

various fluids through obstructive objects. Numerous correlations and numerical 

solutions have been suggested, with varying degree of success. The effects of yield 

stress on the terminal settling behaviour of spheres in viscoplastic fluids have been 

effectively captured by Wilson et al. (2004; 2003). Furthermore, the author and 

co-workers (Gumulya et al., 2007) have also attempted, with a degree of success, to 

determine the transient nature of the yield stress fluids through the study of the 

settling behaviours of two identical spheres settling co-linearly. In this study, it was 

found that a sphere that follows the flow path of another sphere settles at a much 

higher velocity, often causing the subsequent sphere to catch-up and collides with 

the previous one. The effects of yield stress on the interaction of particles while 

settling in a non-co-linear configuration, however, are still largely unknown. This 
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thesis, therefore, aims to resolve this problem through the use of experimental and 

numerical techniques. 

Through conducting this literature review, it was also revealed that the solution of 

polyacrylamide, which is the fluid medium selected for this study, may exhibit 

elasticity, thixotropy, as well as viscoplasticity.  

It is therefore important to start this study with a careful and precise 

characterisation of the rheological behaviour of the fluid solutions. In doing so, 

however, it should be kept in mind that the complexity of the rheological behaviour 

of the fluid solutions can present numerous errors during the measurement. 

Factors such as wall slip, fluid inertia, and secondary flow, which can cause uneven 

stress distribution, are commonly found in the rheometry of viscoplastic and 

viscoelastic fluids, and can affect the accuracy of measurement considerably. In 

such cases, a study of CFD has been found to be effective in identifying such errors 

and anomalies.  
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Chapter 3 Experimental apparatus and methodology 

3.1 Introduction 

The literature review presented in Chapter 2 reveals that the rheological nature of 

polymeric fluids, such as one that is used in this study, can be very complex. As a 

result, the study of the settling behaviour of spheres in this type of fluid, while may 

have seemed relatively simple at first, can become highly intricate, involving a 

large number of factors and variables.  

Firstly, the most obvious factors are the viscosity of the fluid and the drag force of 

the particles on the fluid material. These are influenced by the densities of both the 

fluid and the solid materials, as well as the diameter of the particles. Thus, to 

examine the effects of these factors, several fluid solutions of slightly different 

rheology will be used.  The details of the sphere and the fluid solutions are 

presented in sections 3.2.2 and 3.2.3, respectively.  

Secondly, two types of experiment are planned for this study: 

� Category I: Experiment involving two vertically-aligned spheres, where one 

sphere is released into the fluid following the flow path of another sphere 

� Category II: Experiment involving two horizontally-aligned spheres, where two 

spheres of known initial distance are released simultaneously into the fluid. 

Through the first category of experiments, it is expected that the dependence of the 

particle settling behaviour on the shear history of the fluid can be examined. This is 

an extension of the study conducted by Horsley et al. (2004) and Gumulya et al. 

(2007), in which the examination has been confined to the settling of two identical 

spheres. In this study, spheres of varying densities and diameters will be 

incorporated to assess the effects of the shear history of the fluid on the particle 

settling behaviour. 
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In the second category of experiments, an aspect of the viscoplastic fluid that is still 

largely unknown, which is the influence of the yield stress on the interaction 

between two particles settling in close proximity to each other, will be examined. It 

is expected that this study can give an understanding on the flow field surrounding 

the settling particles. 

The two experiments described above require a slightly different experimental 

procedure. In the first category of experiments, the design of the particle-release 

mechanism ensures that the two spheres are consistently dropped at the centre of 

the column. As a result, a relatively simple set of optical sensors can be used to 

determine the position of the spheres down the column. The second category of 

experiments involved the study of two spheres that are horizontally-aligned. This 

required the 3D position of the spheres to be determined at various times during 

the experiment. A more complex sensor system is needed and a 

stereo-photogrammetry procedure was incorporated. The details of the 

particle-release mechanisms and the respective sensor systems are presented in 

this chapter. 

Throughout the experiments, a standardised ‘resting’ time of 15 minutes between 

each experiment was established. This was to allow the fluid solution to 

reconstitute itself and to regain its original viscous properties. By employing such a 

procedure, repeatable values of a steady-settling velocity can be obtained (Gumulya 

et al., 2007). 

3.2 Main apparatus: design and preparation 

3.2.1 Column 

The main experimental apparatus consists of a straight-walled column with square 

cross section and closed bottom. The dimensions of the column are 0.2m x 0.2m x 

1.2m. These dimensions have been selected based on the rheology of the fluid 

solutions, such that particles having diameter of less than 10 mm can fall through 
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the fluid solutions without experiencing significant wall effects (Atapattu et al., 

1990). The walls of the column are made of clear Perspex, allowing measurements 

to be carried out by optical sensing devices. 

The ball dropper is located at the centre of the upper enclosing cover. This can be 

removed to charge a fresh solution and can be relocated to its original position by 

using locating pins (see Figure 3-2 and Figure 3-5). 

 

Figure Figure Figure Figure 3333----1111: Schematic diagram of the discharge mechanism installed at the bottom of the : Schematic diagram of the discharge mechanism installed at the bottom of the : Schematic diagram of the discharge mechanism installed at the bottom of the : Schematic diagram of the discharge mechanism installed at the bottom of the 

column.column.column.column.    
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The lowest section of the column is inclined towards a central discharge point. The 

retrieval mechanism consists of two valves, which ensure that any air bubbles are 

caught in the lower section and never enter the column (see Figure 3-1).  

3.2.2 Spheres 

Three different ball materials (bronze, chrome-plated steel and stainless steel) with 

different diameters (6.35, 7.95, and 9.95 mm) are used during all the experiments. 

The densities of these spheres are 8876.0, 7792.2, and 7638.0 kg/m3, respectively.  

3.2.3 Fluid solutions 

The viscoplastic fluid used in the experiments are aqueous solutions of Floxit 5250L 

(supplied by Ciba Specialty Chemicals, Perth, WA), which is an acrylamide/acrylic 

copolymer used widely in various industries as a viscosity modifying additive. 

The solutions were prepared using a standardised procedure as recommended by 

the manufacturer. Based on the required final concentration, a known mass of 

Floxit 5250L powder was added gradually to 60.0 L of tap water, which was stirred 

continuously. The Floxit 5250L powder is then added slowly to ensure even 

dispersion, while the stirring speed of the agitator is adjusted such that a stable 

vortex is created in the solution. Once all of the solids have been added, the solution 

is allowed to stabilise (3 days), whilst the agitation is continued to ensure a 

homogeneous mixture. 

The solution is then transferred to the column and is left for 1 week to allow for all 

of the air bubbles to escape. Samples from various parts of the column were then 

taken periodically throughout the experiments to ensure that the rheology of the 

fluid is consistent. 

The solutions used in this experiment were 0.9%, 1.0%, and 1.1% (w/w) Floxit 

5250L concentrations. These solutions have been found to be stable (Horsley et al., 

2004). Therefore, they were seldom replaced due to a change in rheometry. The 
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resulting solution is also clear and highly transparent, thus allowing for optical 

sensors to be used for the monitoring of settling velocities of particles falling 

through the fluid. 

3.2.4 Rheometer 

The rheology of the fluid solutions is periodically tested using a rheometer from 

HAAKE (Thermo Electron Corporation, Karlsruhe, Germany) (HAAKE MARS II) 

that features the use of a set of air bearings for the minimisation of motor inertia 

and the maintenance of axial stiffness of the rotor during measurement. Numerous 

modes of measurements are available, including controlled stress (CS), controlled 

shear rate (CR), and controlled deformation (CD), as well as rotational and 

oscillation testings. The rheometer is connected to a temperature control unit, 

which is automatically driven by the computer through HAAKE’s RheoWin 

software. This software also controls the rheometry process. 

The cone-and-plate geometry (C35/4Ti from Thermo Electron Corporation, 

Karlsruhe, Germany) is used for all rheological testings at a standardised 

temperature of 23.5oC. The diameter of the cone is 35.007 mm with an angle of 

3.99o. The tip of the cone is truncated and a gap of 0.139 mm with the metal plate is 

set before each measurement.  
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3.3 Category I: the settling of two vertically-alig ned spheres 

This experiment studies the settling behaviour of two spheres falling one after the 

other in the Floxit solutions at three concentrations (0.9, 1.0, and 1.1%). This is a 

continuation of the work conducted by Horsley et al. (2004) and Gumulya et al. 

(2007), where the study was limited to the case of two identical spheres falling one 

behind the other with the second sphere falling at variable time gaps after the first 

sphere. The experimental work being considered for this study involved several 

different sphere parameters: 

� Case A: two spheres with identical density and diameter 

� Case B: two spheres with identical diameter, with the second sphere having 

greater density than the first one (ρs1 < ρs2) 

� Case C: opposite of case B (ρs1 > ρs2) 

� Case D: two spheres with identical density, with the second sphere having 

greater diameter than the first one (D1 < D2) 

� Case E: opposite of case D (D1 > D2) 

� Case F: two spheres of different densities and diameters 

The resulting flow and velocity profiles obtained from each type of these 

experiments will be discussed briefly in Section 3.3.2 and with more detail in 

Chapter 6. 

3.3.1 Apparatus 

3.3.1.1 Initial ball dropping mechanism 

The ball dropper was designed based on a two-gate system, which makes it able to 

drop two balls, one behind the other, at specific time intervals. The design of the 

gates was such that no rotational movement or initial velocity is induced during the 
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release of the spheres into the solutions. A ball is positioned above each gate and as 

the motor is started, both gates open. The lower gate releases the first ball into the 

solution, whereas the upper gate releases the second ball to the lower one. After a 

specified time delay, the motor would then be activated again, and the second ball 

is then released into the solution. The schematic diagram for the ball dropper is 

presented in Figure 3-2. 

 

Figure Figure Figure Figure 3333----2222: : : : Schematic diagram of the ball dropper mechanism for the experiment of Schematic diagram of the ball dropper mechanism for the experiment of Schematic diagram of the ball dropper mechanism for the experiment of Schematic diagram of the ball dropper mechanism for the experiment of 

verticallyverticallyverticallyvertically----aligned spheresaligned spheresaligned spheresaligned spheres (Category I) (Category I) (Category I) (Category I)    

To accurately drop each ball at the specified time difference, the activation time of 

the gates is controlled by developed software (Devenish, 1998). To minimise 

splashing and externally induced rotation, the lower gate needs to be adjusted such 

that it is immersed in the fluid. The upper gate, however, should not be immersed, 

as the buoyancy of the fluid may impede the gravitational acceleration of the upper 

sphere, causing a delay in its movement to the lower gate. In some extreme cases, 
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the movement of the upper sphere may become very slow, such that it gets ‘caught’ 

while settling through the upper gate, causing the ball dropper to be congested.  

3.3.1.2 First optical system 

The fall velocity of the spheres is recorded by taking advantage of the transparency 

of the fluid and the Perspex column walls. The column is equipped with a number of 

optical sensors, which are distributed evenly along the length of the column. Each 

sensor consists of an infra-red light source and a detector, which detects the 

infrared beam that is located on the other side of the column. Figure 3-3 shows the 

setup of the optical sensor system fitter to the Perspex column. 

 

Figure Figure Figure Figure 3333----3333: : : : SSSSchematic diagram of the optical sensor system employed for the experiment of chematic diagram of the optical sensor system employed for the experiment of chematic diagram of the optical sensor system employed for the experiment of chematic diagram of the optical sensor system employed for the experiment of 

verticallyverticallyverticallyvertically----aligned spheresaligned spheresaligned spheresaligned spheres (Category I). (Category I). (Category I). (Category I).    

As each sphere was released from the ball-dropping mechanism located at the top of 

the column and falls down the centre-line, it interrupted each of the light beams 
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generated by the light source. The interruption of these light beams was detected 

by the sensors and thus, the position of the sphere, as well as the time of this 

interruption, was recorded. The location and time data obtained was transmitted to 

a computer using custom written data-collection software. 

3.3.2 Methodology 

The experiments were conducted in a laboratory with a controlled temperature of 

23.5oC (± 1o).  

The settling velocities of the spheres are approximated by considering the amount 

of time required for the spheres to travel from one sensor to the other. The typical 

result for this analysis for a case of two identical spheres falling one behind the 

other (case A) is presented in Figure 3-4. The first sphere, which travels through 

the undisturbed fluid, reaches a constant velocity shortly after it enters the column. 

On the other hand, the second sphere, which travels in-line with the first sphere a 

few seconds later, travels at a much higher velocity. Furthermore, the velocity of 

the second sphere also increases as the gap between the first and the second sphere 

decreases. The second sphere eventually catches up with the first one, and the two 

spheres collide. After the collision, the two spheres attach and travel at the same 

velocity.  
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Figure Figure Figure Figure 3333----4444: : : : VVVVelocity trace of 6.35 mm bronze spheres travelling in a 0.9% Floxit 5250L elocity trace of 6.35 mm bronze spheres travelling in a 0.9% Floxit 5250L elocity trace of 6.35 mm bronze spheres travelling in a 0.9% Floxit 5250L elocity trace of 6.35 mm bronze spheres travelling in a 0.9% Floxit 5250L 

solution, with 2.5 s time difference.solution, with 2.5 s time difference.solution, with 2.5 s time difference.solution, with 2.5 s time difference.    

The constant velocity attained by the first sphere shortly after it enters the solution 

and prior to its collision with the second sphere is considered to be a terminal 

settling velocity (Vt). The same consideration can be applied to the settling 

condition after the two spheres collide, where the combined spheres, as can be seen 

in Figure 3-4, tend to maintain a steady settling velocity. The second sphere, on the 

other hand, tends to continually accelerate towards the first sphere, and therefore 

is not considered to have reached a terminal settling condition.  

3.3.3 Error estimation 

The error involved with this experiment is caused mainly from the approach of 

taking the average ball settling velocity between the sensors. The level of 

percentage error, therefore, is a strong function of the settling velocity of the 

particles themselves (~ 0.05 – 0.6 m/s), as well as the distance between the sensors. 
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The average distance between the sensors is 90.6 mm (± 5%). The measurements 

have been conducted up to an accuracy level of 1 mm. The sensors are capable of 

measuring time fractions with up to 0.01 s degree of accuracy.  

For this experiment, the percentage error involved with the measurement of 

terminal settling velocity is considerably lower than that for cases where the 

terminal velocity is not reached. For the case presented in Figure 3-4, for instance, 

the terminal settling velocity of the first sphere is calculated by taking the average 

value of the settling velocities over sensors 2 to 9. Similarly, the terminal settling 

velocity of the combined spheres is calculated by taking into account data from 

sensors 11 to 15. As the second sphere does not reach a terminal velocity and 

undergoes continual acceleration towards the first sphere, such calculation 

procedures cannot be applied. The instantaneous settling velocity of the second 

sphere, therefore, utilises data acquired from two adjacent sensors only.  

Based on the considerations stated above, it is estimated that the maximum 

percentage errors, estimated at a maximum settling velocity of 0.6 m/s, are 1.8% 

and 6.7% for Vt and the transient velocity of the second sphere, respectively. The 

details of this calculation are presented in Appendix A.1. 

Shortly before the two spheres collide, there is a significant decrease in the velocity 

of the second sphere, as well as an increase in the velocity of the first sphere (see 

the settling velocities over sensors 9 and 11 in Figure 3-4). This stage of the 

experiment is referred to as the 'critical condition', where the interaction between 

the two spheres causes some changes in the velocity pattern. With the current 

experimental configuration, it is very difficult to obtain an accurate depiction of the 

fluctuations in the settling velocities during this critical condition, as these 

fluctuations normally occur over a very short distance and time frame. The effects 

of inter-sphere interaction in this experiment, therefore, are very difficult to 

determine. The implications of the high uncertainties involved with this stage of 

the experiment will be discussed in more detail in Chapter 6.  
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3.4 Category II: the settling of two horizontally-a ligned 

spheres 

To determine the effects of sphere interaction on the settling behaviour of particles 

in viscoplastic fluids, two spheres having the same terminal velocities (i.e. identical) 

are released side-by-side, with a horizontal gap between them, into the fluid. The 

trajectories of the spheres along the length of the column, as well as their settling 

velocities, are monitored using a stereo photogrammetry sensor system. The initial 

distance (d0) between the spheres is varied (25, 37.5 and 50 mm), giving an 

initial-distance-to-diameter ratio (d0/D) range of 2.5 to 7.9. 

3.4.1 Apparatus 

3.4.1.1 Second ball dropping mechanism 

Similar to the ball dropper used for the experiment of vertically aligned spheres, 

the ball dropper in this configuration uses a system of gates that are opened and 

closed through the activation of a motor. The design of the gates was such that no 

rotational movement or initial velocity is induced during the release of the spheres 

into the solutions. A set of four gates is used to release up to four balls 

simultaneously. These gates are opened and closed through the vertical movement 

of a set of inverted cones (see Figure 3-5), which are evenly distributed and 

attached on a steel plate with uniform thickness. To ensure that the gates are 

opened and closed at the same time, the movement of the plate is controlled at its 

centre by a spring-supported cylinder, which in turn is connected to the motor.  
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Figure Figure Figure Figure 3333----5555::::    SSSSchematic diagram of the ball dropper mechanism for the experiment of chematic diagram of the ball dropper mechanism for the experiment of chematic diagram of the ball dropper mechanism for the experiment of chematic diagram of the ball dropper mechanism for the experiment of 

horizontallyhorizontallyhorizontallyhorizontally----aligned spheresaligned spheresaligned spheresaligned spheres (Category II). (Category II). (Category II). (Category II).    

The position of the gates along their axes can be adjusted such that the distance 

between the spheres can be varied (0.025 – 0.050 m). The gate system is 

schematically described in Figure 3-5. 

3.4.1.2 Second optical system 

The 3D position of the spheres as they settle in the column is measured with a 

stereo-photogrammetry system. The components involved with this measurement 

system have been listed in Appendix A.2.2, whereas the schematic setup of this 

equipment can be seen in Figure 3-6. Two progressive scan video cameras having 

1300 × 1030 effective pixels and a pixel size of 6�7 µm in both dimensions were 

used, allowing the capture of high quality images of fast moving objects. The two 

cameras were synchronised and set to capture images at a rate of 10 Hz. This frame 

rate has been found to allow for sufficient number of samples along each sphere's 

trajectory to be captured. 
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Figure Figure Figure Figure 3333----6666: Setup of : Setup of : Setup of : Setup of stereostereostereostereo----pppphotogrammetry Sensor systemhotogrammetry Sensor systemhotogrammetry Sensor systemhotogrammetry Sensor system    

The cameras were oriented towards different sides of the column with a 

convergence angle of ~ 90o.  The optical axes of the cameras were orthogonal to the 

side of the wall column that they are facing, thus allowing the column walls to be 

considered as plane-parallel interfaces for the refraction modelling, which will be 

discussed later in Section 3.4.2.2. Because of dimensional limitations, the cameras 

had to be rotated by ~ 90o to allow for the largest dimension of the image format to 

be parallel to the column. 
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3.4.2 Methodology 

3.4.2.1 Calibration of cameras 

Prior to the implementation of each camera, a calibration process needed to be 

conducted to determine its focal length as well as the distortion effects caused by 

the imperfections of the lenses.  

The calibration method used for this study was the Self-Calibration Bundle 

Adjustment method, where multiple images of a 3D target field were taken from a 

variety of perspectives and rotational angle. The 3D target field used for this study 

was made up of 70 target points, which were essentially flat circles of highly 

reflective material with precise dimensions and reflectivity, as well as 

adhesive-tape backing (RTR – 0.25 Dot Diameter x 1.00 Spacing supplied by Hubbs 

Machine & Manufacturing Inc. ®). These target points were attached to various 

objects with flat surfaces within the field-of-view of the cameras. The target field 

was captured at various viewing and camera rolling angles, as well as distances, 

resulting in a total of 10 images for each camera. 

These frames were then evaluated using close-range photogrammetry software, 

Australis (Photometrix, 2004), which has the capability of identifying and 

measuring the centroid of the target points in each image and performing a Bundle 

Adjustment calculation for the calibration process. In the Bundle Adjustment 

calculation, a Least Squares Estimation (LSE) method is employed to analyse the 

target points based on the collinearity equations: 
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−=                 ((((3333----1111))))    

where X, Y are the photo-coordinates in the image frame, x, y, z the 3D coordinates 

of the object, c the focal length of the camera, x0, y0, z0 the 3D coordinates of the 
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camera’s perspective centre in the image frame, and XP, YP the photo-coordinates of 

the projection of the perspective centre to the image plane. Rij represents element ij 

of the rotation matrix R: 

( )κ,ω,fR ijij ϕ=                                     ((((3333----2222))))    

where ω, φ, and κ are the rotational angles of the perspective centre around the x, y, 

and z axes, respectively. Using this calculation procedure, the positions of each 

target point, the location and orientation of the camera for each exposure, as well as 

the calibration parameters of the camera were determined. Furthermore, the 

distortion characteristics of the cameras due to imperfections in the lenses, 

characterised by radial and decentring constants, k1, k2, k3, P1, and P2, were also 

determined. More details of this aspect of the calculation are presented in Appendix 

A.2.1. As this procedure does not require prior knowledge of the target points, the 

self-calibration method is used extensively in the field of close-range 

photogrammetry (Fraser, 1997). 

The results of the calibration are described in Appendix A.2.2. The accuracy and 

reliability of this process was reviewed by the root-mean-square values of the 

resolved target field, which were found to be ±0.034 and ±0.045 pixels for cameras 1 

and 2, respectively (Lichti et al., 2009), indicating that the quality of the self-

calibration process is satisfactory for both cameras. 

3.4.2.2 Correction for refraction effects 

From the perspective of photogrammetry, the settling-sphere experiment is 

multi-media in nature, due to the difference in the refractive indices for air, 

Perspex, and the Floxit solution. Some adjustment in the calculation procedure, 

therefore, needs to be incorporated to include the effects of refraction.  
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The refraction correction equation used in this study was a modified version of that 

suggested by Li et al. (1997): 

( ) ( ) 
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= 32C
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where L is the distance from the camera perspective centre to the outside of the 

column, tC the column wall thickness, and H the distance from the inside face of the 

column to the object point, as shown in Figure 3-7. r is the 2D radial position of the 

point of interest from the principal point: 

( ) ( )2
p

2
p
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The parameters θ2 and θ3 in equation 3-3 represent the angles between the object 

point ray and the surface normal at the interface between the Perspex with the 

Floxit solution, as shown Figure 3-7.  These angles are related through Snell’s law 

of refraction: 

332211 sinθnsinθnsinθn ==                             ((((3333----5555))))    

where θ1 is the angle between the object point ray and the surface normal at the 

interface between the Perspex and air. A value of 1.0003 was used for the index of 

refraction for air. Indices of 1.333 and 1.583 were determined for the Floxit and the 

Perspex, respectively, using a Carl Zeiss Jena Abbe refractometer (Carl Zeiss, 

Oberkoschen, Germany). 
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FFFFigure igure igure igure 3333----7777: Media interface geometry (Left) and refraction angles at the media interfaces : Media interface geometry (Left) and refraction angles at the media interfaces : Media interface geometry (Left) and refraction angles at the media interfaces : Media interface geometry (Left) and refraction angles at the media interfaces 

(Right). Adapted from Lichti et al. (Right). Adapted from Lichti et al. (Right). Adapted from Lichti et al. (Right). Adapted from Lichti et al. (2009)(2009)(2009)(2009)    

Purpose-built software, incorporating the triangulation of points observed in the 

calibrated and oriented images from the two cameras, as well as the corrections for 

the refraction effects resulting from the multi-media nature of the experiment, have 

been written by Lichti (Lichti et al., 2009).  

The validity of the calculation algorithm was tested and verified using a trial 

involving a smaller column (0.22 x 0.22 x 0.22 m) of the same Perspex material as 

that used for the falling-ball experiment. In this trial, a rigid plastic board with a 

set of 33 retro-reflective targets was suspended inside the column. The position of 

these targets was determined by conducting the spatial intersection (also known as 

triangulation) calculation procedure, where the collinearity equations using data 

taken from the perspectives of the two cameras were solved simultaneously. The 

procedure was repeated with the column filled with the test solution. The 

intersection calculation was then reiterated, this time with the incorporation of the 

refraction correction model. A comparison of the calculated target coordinates 

obtained from the empty-column data set with those obtained from the 

column-filled data, both corrected and uncorrected by the refraction model, reveals 

that the refraction model significantly improves the accuracy of the measurement. 

Thus, the refraction model was deemed as highly effective for the purpose of this 
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experiment. Through this study as well as some primary testings on the full-scale 

column, it was found that the accuracy of this measuring system is better than ± 

1 mm. More details of the verification of this experimental procedure have been 

reported by Lichti et al. (2009). 

3.4.2.3 Orientation of cameras 

Once calibrated, the cameras were fitted on tripods and fixed to stable positions as 

outlined in Figure 3-6. A network of retro-reflective targets, consisting of 30 target 

points, was attached to the column and surrounding walls. This target field, once 

co-ordinated, was then used to assist with the determination of the positioning and 

orientation angles of the cameras throughout the process of falling-ball experiment. 

Through this method, any slight changes in the positions and orientation angles in 

the cameras could be detected.  

The co-ordinates of the target field surrounding the column were determined by a 

similar process to the Self-Calibration procedure, i.e. by capturing images of the 

target field at various different angles and distances using the calibrated cameras. 

The resulting Bundle Adjustment calculation yielded a set of target field 

co-ordinates with a confidence factor of ± 1.59 µm (± 0.24 pixels).  

With the cameras calibrated and their positions and orientation angles readily 

available, the 3D positioning of the spheres throughout the sphere-settling 

experiment could then be determined.  

3.4.2.4 Experiment and data analysis 

Similar to the experiments of category I, the experiments of this category were 

conducted in a laboratory with a controlled temperature of 23.5oC (± 1o).  

The cameras and all other equipment included in the stereo-photogrammetry 

system are initiated 15 minutes prior to the commencement of the experiments, to 

ensure that all components are warmed up during the measurement process. The 
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target fields relevant to the field-of-view of each camera are then illuminated and a 

series of 20 images are captured for each camera. This procedure is repeated 

several times throughout the experimental session, to be used for the orientation of 

the cameras. Any changes in the positioning and orientation of the cameras during 

the experiment can therefore be detected and incorporated into the calculation 

process. 

The 2D positions of the spheres with respect to each camera are determined using 

commercial image processing software, OPTIMAS 6.51 (Media Cybernetics, 1999). 

The combination of the data sets resulting from the two cameras is then used to 

calculate the 3D positioning of the spheres at each time frame by considering the 

orientation of both cameras as well as the refraction effects using the purpose-built 

software written by Lichti (2009).  
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Figure Figure Figure Figure 3333----8888: Result: Result: Result: Resultssss of the stereo of the stereo of the stereo of the stereo----photphotphotphotogrammetry calculation with refraction correction for ogrammetry calculation with refraction correction for ogrammetry calculation with refraction correction for ogrammetry calculation with refraction correction for 

two two two two chrome steel spheres (7.95 mm) in chrome steel spheres (7.95 mm) in chrome steel spheres (7.95 mm) in chrome steel spheres (7.95 mm) in a a a a 0.9% Floxit solution with 0.9% Floxit solution with 0.9% Floxit solution with 0.9% Floxit solution with iiiinitial nitial nitial nitial separation separation separation separation 

distance of distance of distance of distance of 37.537.537.537.5 mm. mm. mm. mm.    
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The results of this calculation can be seen in Figure 3-8, where the refraction 

corrected trajectory of the spheres from the point-of-view of the two cameras is 

displayed. The case presented here clearly shows two spheres that slightly repel 

each other as they settle through the column. Throughout the experiments, several 

different types of particle trajectory were obtained, some of which shows strong 

inter-particle interaction to the extent that inter-sphere collision occurs. These 

trajectories will be discussed in further detail in Chapter 7.   

Based on the values obtained from the photogrammetry calculation, the horizontal 

distance between the spheres at each time step was evaluated as follows: 

( ) ( )2
BA

2
BAH yyxxd −+−=                             ((((3333----6666))))    

where (xA, xB) and (yA, yB) are the co-ordinates of spheres A and B from the 

perspective of cameras 1 and 2, respectively.  

The settling velocity of the spheres is calculated by numerically differentiating the 

vertical component of the sphere co-ordinate data (z) with respect to time (t). A 

five-point-stencil calculation procedure is employed to minimise the noise resulting 

mainly from the 2D photo frame analysis: 

( )
∆t12

zz8z8z
tV 2t1t1t2t ++−− +−+−=                             ((((3333----7777))))    

3.4.3 Error estimation 

Errors arising from the measurement system associated with this experiment can 

be sourced from several elements: the manual 2D determination of the sphere 

positions with respect to each camera using OPTIMAS, the triangulation and 

refraction correction calculations, and the timing error associated with the trigger 

for the cameras. The level of uncertainty associated with the 

stereo-photogrammetry calculation system has been estimated by Lichti et al. 

(2009) to be less than 1 mm. On the other hand, the maximum error in the 
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synchronisation between the computer and the two cameras is estimated to be 

relatively small, in the order of 0.001 s. Of the three error-contributing elements, 

therefore, only the level of uncertainty associated with the point-by-point 

determination using OPTIMAS is still unknown. The errors associated with this 

stage of the analysis are discussed below. 

Considering a settling experiment involving spheres of the smallest available 

diameter (6.35 mm), the error associated with the point-by-point measurement 

using OPTIMAS in this experiment is estimated to be a quarter of the sphere 

diameter, i.e. ± 1.5875 mm. An assessment on the effects of this uncertainty on the 

results of the triangulation and refraction correction calculation indicates that this 

uncertainty translates to ± 0.8 mm and 0.6 mm in the vertical and radial directions 

of the resolved 3D co-ordinates, respectively (see details in Appendix A.2.3).  

Based on the considerations outlined above, it was concluded that the uncertainties 

associated with the stereo-photogrammetry measurement system is ± 1.5 mm. This 

level of accuracy was deemed to be acceptable for the objectives of the current 

experiment. The implications of this uncertainty on the analysis of the settling 

behaviour of side-by-side spheres will be discussed further in Section 7.4.1.  

3.5 Conclusions 

The details of two experiments to be conducted for this study, i.e. the settling of two 

spheres along their line-of-centres (vertically-aligned, category I) and two spheres 

placed side-by-side (horizontally-aligned, category II), have been discussed 

thoroughly. In considering the requirements for these experiments, new designs, 

specifically for the experiment of horizontally-aligned spheres, were developed and 

incorporated. Through careful examination of the methodology and equipment 

design, it was determined that the error associated with the measurement of 

settling velocities is 6.7% for experiments of category I. In the second category of 

experiments, the main sources of error have been identified to be the 2D 

frame-by-frame analysis conducted using OPTIMAS (Media Cybernetics, Inc.) as 
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well as the set of triangulation calculations that were required to interpret this set 

of two-dimensional data. The errors associated with this measurement have then 

been estimated to be ± 1.5 mm. Based on this figure, it was concluded that the 

measurement system developed for this analysis is able to yield three-dimensional 

data of the positions of the spheres with sufficient accuracy for the objectives of the 

current research.  
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Chapter 4 Rheology of fluid 

4.1 Introduction 

Most of the slurries and suspensions that are utilised in the mineral processing 

industry exhibit viscoplastic fluid behaviour. This rheological term identifies the 

presence of yield stress in the fluid flow behaviour. Viscoplastic fluids that are 

subjected to shear stresses lower than their yield stress would ideally behave as 

solids and do not undergo any significant deformation. Above the critical yield 

stress value, deformation starts to occur and the viscoplastic material would start 

to behave as a fluid. A number of fluid models can be used for the description their 

flow characteristics, such as the Bingham, Herschel-Bulkley, and Casson models, 

all of which include constant values for the incorporation of yield stress. The use of 

these models for the analysis of the flow behaviour of slurries and suspensions at 

conditions of high shear rates, e.g. in pumped pipeline, has been proven to be highly 

effective (Slatter, 1997; Wilson, Addie, Sellgren, & Clift, 2006).  

The flow problem presented in this thesis involves the settling behaviour of 

particles falling through quiescent viscoplastic fluids. In contrast to the example 

given above (i.e. the pumped slurry pipelines), where the level of deformation in the 

fluid is relatively uniform throughout the control volume, the present flow problem 

involves a fluid medium that undergoes deformation of various degrees of severity. 

In regions close to the surface of the settling particle, the level of the fluid 

deformation is relatively severe in comparison to regions several radii away from 

the sphere. In conducting this analysis, therefore, the fluid flow behaviour while 

being subjected to various levels of shear forces needs to be thoroughly examined. 

In addition, a fluid model that is suitable for the description of this flow behaviour 

needs to be incorporated.  

Frequently, the flow behaviour of many viscoplastic fluids has also been associated 

with other rheological phenomena, such as thixotropy and elasticity. The effects of 

these rheological aspects on the settling behaviour of particles have been 
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thoroughly discussed in Chapter 2. In conducting this study, therefore, the 

contribution of these rheological phenomena on the flow behaviour of the 

experimental fluids needs to be thoroughly assessed. The fluid model that is 

adopted for the analysis of the flow problem should therefore accommodate these 

rheological properties. 

In this thesis, to overcome the problems associated with the opaque appearance of 

slurries, the flow behaviour of these materials has been represented by aqueous 

solutions of polyacrylamide (commercially known as Floxit 5250L). The 

incorporation of these solutions into the sphere-settling experiment enables the 

motion of spherical particles to be observed through optical measuring devices (see 

Chapter 3). Furthermore, these solutions have previously been identified to possess 

a significant yield-stress value as well as shear-thinning behaviour (Horsley et al., 

2004; Wilson & Horsley, 2004; Wilson et al., 2003), thus presenting typical flow 

characteristics of viscoplastic fluids. 

The rheometric assessments of the experimental fluids were conducted using the 

HAAKE MARS II rheometer (Thermo Electron Corporation, Karlsruhe, Germany), 

under a standardised temperature of 23.5oC. Furthermore, the cone-and-plate 

geometry has been selected for these measurements, due to its versatility and 

suitability towards various modes of rheology testing for a wide variety of fluids.  

In this Chapter, the flow behaviour of the experimental fluids will be firstly 

examined using the standard method of rheometry, in which the fluids are 

subjected to varying degrees of deformation using the controlled-rate (CR) ramp 

testing. The results of this assessment will then be compared with the outcomes of 

other tests, through which the deformations of the fluids around the value of the 

yield stress, as well as the time dependency of their viscous parameters, can be 

determined. The limitations of the standard viscoplastic models will then be 

established through this analysis. An alternative testing regime and fluid model 

will then be formulated and performed. Finally, an analysis on the elastic 

properties of the fluid solutions will be presented and the transient properties of the 

fluids discussed. 
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4.2 The standard approach – Controlled Rate (CR) ra mp 

experiment 

4.2.1 Herschel-Bulkley fluid model 

A standard approach to the rheology measurement of liquids is to subject the liquid 

sample to shear stresses at various rates of deformation. This is commonly done by 

the ramp-up and ramp-down experiments, in which the fluid is subjected to shear 

rates that are continually increased or decreased over a specified range and 

timeline. The response of the fluid solutions used for this study towards this testing 

regime is presented in Figure 4-1. 

 

Figure Figure Figure Figure 4444----1111: The stress response of the FLOXIT solutions while bein: The stress response of the FLOXIT solutions while bein: The stress response of the FLOXIT solutions while bein: The stress response of the FLOXIT solutions while being subjected to CR ramp g subjected to CR ramp g subjected to CR ramp g subjected to CR ramp 

testings. The acceleration in shear (testings. The acceleration in shear (testings. The acceleration in shear (testings. The acceleration in shear (dddd γ& /dt/dt/dt/dt) is ) is ) is ) is 0.833 s0.833 s0.833 s0.833 s----2222. The continuous lines show the fitted . The continuous lines show the fitted . The continuous lines show the fitted . The continuous lines show the fitted 

HerschelHerschelHerschelHerschel----Bulkley model (see Table 2Bulkley model (see Table 2Bulkley model (see Table 2Bulkley model (see Table 2----1). The discontinuous lines indicate the response of the 1). The discontinuous lines indicate the response of the 1). The discontinuous lines indicate the response of the 1). The discontinuous lines indicate the response of the 

fluid at the start of tfluid at the start of tfluid at the start of tfluid at the start of the rheometric testing.he rheometric testing.he rheometric testing.he rheometric testing.    
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Figure 4-1 shows that the Floxit solutions tend to display typical viscoplastic 

characteristics, as indicated by the very high slopes (i.e. absolute viscosity) at the 

low-shear-rate regions, followed by a significant decrease in viscosity once a critical 

value has been exceeded. This critical value is often used to indicate the presence of 

a yield point. As the shear rate is further increased, more decrease in viscosity is 

observed. Based on this observation, it was concluded that the Floxit solutions 

exhibit significant yield stress and shear thinning behaviour. 

The effects of increasing concentrations of Floxit in the solutions can also be seen in 

Figure 4-1. In this graph, it is shown that solutions with higher concentration 

values require more shear stress to yield the equivalent rate-of-shear to those with 

lower concentration of Floxit. Thus, it can be concluded that Floxit concentrations 

result in higher yield stress values as well as viscosity in general. It can also been 

seen in Figure 4-1 that the rheograms can be satisfactorily fitted with a 

Herschel-Bulkley equation over a wide range of shear rate values. These 

parameters are presented in Table 4-1.  

Table Table Table Table 4444----1111: Herschel: Herschel: Herschel: Herschel----Bulkley fit parameters for the Floxit solutions (see Table 2Bulkley fit parameters for the Floxit solutions (see Table 2Bulkley fit parameters for the Floxit solutions (see Table 2Bulkley fit parameters for the Floxit solutions (see Table 2----1)1)1)1) under  under  under  under 

shearshearshearshear----rate range of 2.5 to 150 srate range of 2.5 to 150 srate range of 2.5 to 150 srate range of 2.5 to 150 s----1111....    

 

4.2.2 Stress overshoot 

Figure 4-1 shows that some discrepancies exist in the up- and down- curves of the 

rheogram. Stress overshoots can be seen in the up-curves, whereas in the 

down-curves, more steady stress development is obtained. Over time, it has also 

been observed that in cases where the fluid sample has previously been subjected to 

shear forces or deformation, no overshoot in the ramp-up curve would be obtained 

and that the rheogram obtained through this mode of testing closely resembles that 

obtained from the down-curve of the Controlled Rate (CR) ramp experiment. 
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The discrepancy in the up- and down- curves in the rheogram is traditionally 

attributed towards the inertia caused by the start-up motion of the rheometers. In 

the flow behavioural analysis of the fluid samples, therefore, the stress overshoot 

observed in the start-up curve is generally neglected, as has been the case with the 

analysis presented in Section 4.2.1. Within the context of the current experiment, 

however, the validity of this assumption has to be re-examined, mainly due to the 

fact that the measurement was conducted using a rheometer with very low levels of 

motor inertia (~ 10 µNms-2, Thermo Fisher Scientific (2009)). The stress overshoot 

observed in Figure 4-1 may therefore have been caused by factors other than 

inertial effects during start-up, such as flow instabilities caused by the collapse of 

particle network structure, as suggested by Heymann and Aksel (2007) in their 

study of suspensions with yield stress characteristics.  

The absence of stress overshoots in the down-curve of the rheogram, as well as in 

cases where the fluid sample has previously been sheared or deformed, suggests 

that this phenomenon only occurs in cases where the structure of the fluid is intact 

or undeformed. Furthermore, the presence of a yield stress, as has been discussed 

previously in Section 2.1.1, signifies a critical condition in which the material 

possesses both solid-like and liquid-like behaviour. The occurrence of a stress 

overshoot that is close to the starting point of the up-curve therefore represents 

solid-like behaviour, which is then followed by fluid-like behaviour once the fluid is 

sheared beyond its critical point. The absence of this overshoot in cases where the 

fluid has previously been subjected to shear forces (and consequently has 

undergone some deformation), suggests that the fluid requires some time to recover 

its original viscous parameters as well as its yield stress characteristics after being 

subjected to shear. Based on the considerations stated above, it was concluded that 

the stress overshoots observed in the rheograms of the fluids are caused by the 

yield stress of the fluids. More specifically, they represent the transition of the 

materials from being ‘solid-like’ to ‘liquid-like’ during the application of shear. This 

is in agreement with the hypothesis of Heymann and Aksel (2007) in their study of 

the rheological characteristics of viscoplastic suspensions.  
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The occurrence of stress overshoot is examined further in Figure 4-2, where a 

comparison of the rheometric response of the fluid when subjected to different 

values of acceleration in shear (d γ& /dt) is presented. In this figure, it can be seen 

that the presence of the stress overshoot depends highly on the rate of acceleration. 

As the value of d γ& /dt is decreased, a noticeable shift in the stress overshoot is 

obtained, with the overshoot occurring at lower values of shear rates and with 

considerable decrease in severity. 

 

Figure Figure Figure Figure 4444----2222: Shear stress response of: Shear stress response of: Shear stress response of: Shear stress response of the the the the 0.9% Floxit solution as it is subjected to CR ramp  0.9% Floxit solution as it is subjected to CR ramp  0.9% Floxit solution as it is subjected to CR ramp  0.9% Floxit solution as it is subjected to CR ramp 

with different with different with different with different dddd γ& /dt/dt/dt/dt values. values. values. values.    

The shift of the stress overshoot as seen in Figure 4-2 suggests that the fluids used 

for the experimental study in this project possess a certain level of time 

dependency. The nature of this dependency, i.e. whether it is due to elasticity or 

thixotropy, as well as the significance of this dependency on the flow behaviour of 

the fluids with respect to the settling-sphere experiment, cannot be determined 

with the current mode of testing. In Section 4.3, several other modes of rheometric 

testings will be conducted to further identify these aspects of the fluid rheology. 
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4.3 Further experiments – a more detailed study of the fluid 

rheology 

4.3.1 Controlled-stress (CS) ramp experiment 

The shift of the position and magnitude of stress overshoots as seen in Figure 4-2 

suggests that a detailed study of the flow behaviour of viscoplastic fluids close to 

the value of the yield stress cannot be based solely on the results of the rheometric 

test procedure presented in Section 4.2 (i.e. the CR ramp test method). A different 

testing procedure has been suggested by Kutschmann (1997), in which the fluid 

sample is subjected to gradually increasing value of shear stress (Controlled Stress, 

or CS, test). The resulting strain from the applied shearing motion is measured, 

and the log-log plot of the applied stress and deformation should ideally, for 

viscoplastic fluids, reveal two regions of linearity with considerably different slopes. 

Figure 4-3 depicts the deformation response for a 0.9% Floxit solution under this 

mode of testing.  

In Figure 4-3, it can be seen that the yield stress of the fluid lies at shear stress 

value of 9.0 ± 0.1 Pa. This is in close agreement with the shear rate-stress curves of 

0.9% Floxit solution presented in Figure 4-2, in which it is shown that the stress 

overshoot occurs at shear stress value of ~ 11 Pa when a deformation acceleration 

rate of d γ& /dt ~ 0.2 s-2 is applied. This supports the suggestion presented above that 

the stress overshoot observed in Figure 4-1 and Figure 4-2 are caused by the yield 

stress of the fluids, which marks the transition of the materials from being 

‘solid-like’ to ‘liquid-like’ during the application of shear.  
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Figure Figure Figure Figure 4444----3333: The deformation of 0.9% Floxit solution while being subjected to CS ramp : The deformation of 0.9% Floxit solution while being subjected to CS ramp : The deformation of 0.9% Floxit solution while being subjected to CS ramp : The deformation of 0.9% Floxit solution while being subjected to CS ramp 

testingtestingtestingtesting    

4.3.2 CR step experiment 

Besides indicating the presence of yield behaviour, the different curves and stress 

overshoots obtained in the ramp-up and ramp-down experiment featured in Figure 

4-1 and Figure 4-2 can also indicate the presence of thixotropic behaviour. In fact, 

this type of measurement has previously been used to indicate the level of 

thixotropy (or transient response) on various fluid solutions, based on the 

hysteresis-loop technique introduced by Green and Weltmann (1943). This test, 

however, has been criticised due to its dependency on the shear history prior to the 

start of the experiment, the maximum value of shear rate, and the rate of 

acceleration (Mewis & Wagner, 2009), and therefore cannot be used exclusively to 

indicate the thixotropic nature of the fluid solution. The dependency of the 

hysteresis loop on the acceleration rate of shear can be seen in Figure 4-2, where 

different ‘positions’ and severity of stress overshoot is obtained when different 

values of shear acceleration is applied on the fluid samples. 
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The transient response of the fluid towards changes in the applied shear forces can 

be examined further in Figure 4-4. In this Figure, the fluid sample is subjected to a 

sudden decrease, or step-down, in shear rate. Upon the application of this change, a 

nearly instantaneous drop in stress is obtained, followed by a gradual relaxation 

towards a steady-state stress value. This response indicates that the fluid solution 

exhibits both thixotropic and viscoelastic tendencies (cf. the various types of 

response towards a sudden reduction in shear rate listed by Mewis and Wagner 

(2009)).  
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Figure Figure Figure Figure 4444----4444: Stress response of the 0.9% Floxit solution tow: Stress response of the 0.9% Floxit solution tow: Stress response of the 0.9% Floxit solution tow: Stress response of the 0.9% Floxit solution towards ards ards ards CRCRCRCR step step step step----down experiment. down experiment. down experiment. down experiment. 

The shear rate is decreased instantaneously from 5sThe shear rate is decreased instantaneously from 5sThe shear rate is decreased instantaneously from 5sThe shear rate is decreased instantaneously from 5s----1111 to 0.1s to 0.1s to 0.1s to 0.1s----1111. . . .     

The results presented above were as expected, as it has been established that many 

viscoplastic fluids also exhibit transient effects resulting from thixotropy and 

elasticity (Barnes, 1999; Mewis & Wagner, 2009; Møller et al., 2006). In this study, 

the prominence of these transient effects is demonstrated in the experiment of 

vertically-aligned spheres, where a sphere that is released following the flow path 

of another sphere is shown to have a much higher settling velocity than the 

preceding one. Gumulya et al. (2007) has attributed the discrepancy in the settling 
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velocity to the change in the viscous parameters of the fluid as a particle flows 

through and shears its structure. It is due to this structure that the fluid attains its 

yield stress properties. After being sheared by the settling movement of a sphere, 

the Floxit solution takes some time to regain its original structure, and hence, when 

another particle flows through the same path way, the partially-recovered fluid 

displays different apparent viscosity. 

Based on the considerations presented above, it is clear that the rheological 

behaviour of the Floxit solutions depends highly on the integrity of its ‘structure’, as 

well as the tendency of this structure to breakdown and recover over time and 

under various shear conditions. The standard approach in rheometry and its 

associated viscoplastic fluid models, therefore, cannot capture the true yield stress 

and transient aspects of the test fluid solutions used for this study. Based on these 

considerations, another fluid model, which takes into account the structural nature 

of the fluid, as well as the time and force required to destroy or recover this 

structure, has been developed. The processes of analysis involved with the 

development of this fluid model, as well as the details of its characteristics, have 

been outlined in Section 4.4. 

4.4 A new approach – the ‘semi-viscoplastic’ fluid model 

The association between the ‘structure’ of a fluid with its rheological behaviour has 

been established relatively well in various models of thixotropy, some of which have 

been discussed in section 2.1.2.2. Of the various models that attempt to correlate 

the rheological behaviour of fluids to their ‘structure’, two different approaches 

have been encountered: microstructural and structural kinetics models. 

Microstructural-based models attempt to correlate rheological behaviour from 

accurate descriptions of processes that are responsible for structural changes. This 

approach can potentially give a highly accurate representation of the rheological 

behaviour of various rheologically-complex system (Barnes, 1997). However, it 

requires prior knowledge of the underlying mechanism behind these structural 

changes, which is very difficult to identify in most practical cases (Dullaert & 



Chapter 4: Rheology of fluid 

  92 

 

Mewis, 2006). Structural kinetics models, on the other hand, generally rely on 

structural parameters that are more abstract. Most models of this class use a scalar 

structural parameter, λ. A fluid medium with a fully intact structure can be 

represented by a  λ value of 1.0. On the other hand, a λ value of 0.0 represents of a 

fluid medium where its internal structure has been completely destroyed. 

An example of the structural kinetics model is one that has been suggested by 

Møller et al. (2006), which has been reviewed in Section 2.1.2.2 (see equations 2-20 

to 2-22). The development of this model was based on the flow behaviour of clay 

suspensions, featuring the description of a thixotropic behaviour based on a 

structural rate equation. The yield stress characteristics of the suspensions are 

implicitly included within the model and is classified as the stress below which no 

permanent flow occurs (Møller et al., 2006):  

0
τ ss <
γ∂

∂
&

                                        ((((4444----1111))))    

where τss is the steady-state value of shear stress for a given shear rate. This 

variable can be evaluated by solving the structural-rate equation (see equation 

2-20), such that: 

0
t

=
∂
λ∂

                                        ((((4444----2222))))    

In this thesis, this definition of yield stress will be used to evaluate the fluid model 

that has been developed to describe the flow behaviour of the experimental fluids 

(see Section 4.4.4).  

4.4.1 Rate equation 

The rheological properties of polyacrylamide solutions in water has long been 

identified to be highly dependent on the level of entanglement of the polymer chain, 

as well as the inter- and intra- molecular interactions resulting from the hydrogen 

bonding between the polyacrylamide and water molecules (Kulicke et al., 1982). 
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The structural parameter, λ, therefore, is expected to reflect these parameters, 

which in turn affects the viscosity of the solutions.  

For this study, the rate equation suggested by Møller et al. (2006) has been 

modified to a more bounded form, similar to that suggested by Mujumdar et al. 

(2002), where the value of λ is limited to vary between 0 and 1: 

λ
θ

λ1

t

λ γκ−−=
∂
∂

&                                 ((((4444----3333))))    

The definitions of the parameters θ and κ have been retained from the rate model 

suggested by Møller et al. (2006), with θ representing the characteristic relaxation 

time of the liquid and κ the rate of structural destruction.  

At steady state conditions, equation 4-3 can be written as follows: 

γκ+
=⇒=

∂
λ∂

&θ1

1
λ0

t ss
ss                             ((((4444----4444))))    

The zero-shear value of λ at steady state condition is thus 1.0.  

The bounded equation for λ is coupled with an equally bounded form of viscosity 

equation: 

( ) m
0 λµµµµ ∞∞ −+=                             ((((4444----5555))))    

where µ0 is the theoretical maximum viscosity of the fluid and ∞µ  is the minimum 

viscosity to be fitted by the experimental data. Under steady-state conditions, the 

above viscosity equation can be rewritten as follows: 

( )( )-m

0ss θ1µµµµ γκ+−+= ∞∞
&                         ((((4444----6666))))    

The evaluation of the parameters contained in the rheological equations discussed 

above requires several steps, comprising the examination of the flow behaviour of 
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the fluid at both steady and transient states. These steps will be discussed in the 

next two sections. 

4.4.2 Steady-state conditions  

A primary assessment on the parameters for the rate equation, namely the 

viscosity parameters (µ0 and µ∞), the lumped version of κ and  θ, κθ , as well as the 

power constant, m, can be conducted based on the steady-state viscosity equation 

(see equation 4-6). This assessment, however, requires prior knowledge of the 

rheological properties of the fluid at steady-state condition. Due to this 

requirement, the standard approach of measuring rheological properties, such as 

the testing procedure outlined in Section 4.2, where the fluid is subjected to 

continual increase/decrease in shear rate, cannot be applied, as it does not allow the 

fluid to reach steady-state during the testing period.  

The steady-state conditions required for the assessment of µ0, µ∞, m and  κθ can be 

examined experimentally using the ‘step-ramp’ test settings on the HAAKE 

rheometer. This test setting basically contains a series of step tests, where a 

sequence of set values for shear stress or shear rate is applied on the fluid sample. 

Each shear step is held for a length of time, which can either be directly specified or 

set according to the results of the measurement. In the second option, the applied 

shear rate or shear stress is held constant until a steady value of measured 

viscosity (± a specified uncertainty factor) is reached. Through this testing regime, 

the steady-state viscosity of the fluid at various rates of shear can be determined. 

In this work, the controlled-stress step-ramp setting was used, where the set values 

for step-ramp are in the form of shear stress. An uncertainty factor of 5% of the 

measured shear rate, which is to be held for a minimum of 10 s before the next 

stress-step is applied, was imposed. The total measurement time was limited to 5 

minutes to avoid the effects of solvent evaporation from affecting the accuracy of 

the measurement. The resulting rheogram, shown in Figure 4-5, is considerably 
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smoother than that shown in Figure 4-1. No noticeable difference was obtained with 

the up and down curves resulting from this test. 
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Figure Figure Figure Figure 4444----5555: Rheogram of Floxit solutions: Rheogram of Floxit solutions: Rheogram of Floxit solutions: Rheogram of Floxit solutions, measured, measured, measured, measured u u u under steadynder steadynder steadynder steady----state conditions (state conditions (state conditions (state conditions (CS CS CS CS 

stepstepstepstep----ramp testramp testramp testramp testinginginging, , , , conducted underconducted underconducted underconducted under    the the the the condition that the resulting shear rate should be condition that the resulting shear rate should be condition that the resulting shear rate should be condition that the resulting shear rate should be 

constant (±5%) for at least 10 s before a new value of shear strconstant (±5%) for at least 10 s before a new value of shear strconstant (±5%) for at least 10 s before a new value of shear strconstant (±5%) for at least 10 s before a new value of shear stress is appliedess is appliedess is appliedess is applied)))). . . .     

The best fit settings for equation 4-6 can be determined by examining plots of the 

ratio of the viscosity parameters, 








−
−

∞

∞
µµ

µµ
log

0
, as a function of ( )γκ+ &θ1log  

resulting from the step-ramp testing. The power constant, m, can be obtained by 

directly measuring the slope of the graph, provided that a constraint of zero at the 

x-axis is imposed on the line-of-best-fit. To conduct this analysis, the degree of 

freedom of the fit equation was firstly minimised by assigning a value of 

1 x 10−4 Pa.s for the parameter ∞µ . Through a series of trial-and-error, it was found 

that this level of ∞µ  yields good regression between the logarithmic values of the 

viscosity ratio and the rate-of-shear. This level of ∞µ was also found to generate 

good correspondence between the calculated and observed viscosity values, as will 
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be seen in Table 4-2. The resulting logarithmic plots of the viscosity ratio as a 

function of the rate-of-shear are presented in Appendix B.1. 

The corresponding values of µ0 and κθ  were then obtained by minimising the 

sum-of-squared-error (SSE) between the calculated and observed values of 

steady-state viscosity, µss, calc and µss, respectively: 

( )∑
=

−=
N

1i

2
calcss,ss µµSSE                                 ((((4444----7777))))    

where N is the number of assigned steps in the step-ramp testing.  

The resulting fit parameters obtained through the calculation method discussed 

above can be seen in Table 4-2. The high values of root-mean-square obtained using 

the optimised fit parameters support the validity of this analysis. 

Table Table Table Table 4444----2222: : : : Fit parameters foFit parameters foFit parameters foFit parameters for the semir the semir the semir the semi----viscoplastic fluid model under steadyviscoplastic fluid model under steadyviscoplastic fluid model under steadyviscoplastic fluid model under steady----state conditions state conditions state conditions state conditions 

(see equation 4(see equation 4(see equation 4(see equation 4----6).6).6).6).    

 

4.4.3 Transient conditions 

The discussion on the rheological behaviour of the Floxit solution so far has only 

covered the steady state behaviour of the solutions and the distinction between the 

parameters of κ and θ is yet to be made. To determine these parameters, the 

transient response of the solutions towards step testing in either shear stress or 

shear rate has to be examined.  

It should be noted at this stage that within the scope of this study, the parameter 

representing the shear relaxation time of the fluid (θ) has been assumed to be 
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constant. While there is a possibility that θ is not a constant and is a function of the 

rate of shear, the major utilisation of θ in this work is as the accounting parameter 

for the fluid structure recovery behind a settling sphere. In the development of this 

work, which will be explained in more detail in Chapter 6, it is assumed that the 

region above a settling sphere does not experience any further disturbance ( γ&  ~ 0), 

unless it is sheared again by the motion of another settling sphere. Thus, the 

assumption of a constant θ, which is measured at low rates of shear is considered to 

be appropriate. The implications of this assumption will be examined later through 

more step experiments (Section 4.4.5) and CFD simulations (Chapter 5). 

When subjected to a constant shear rate, the structural-rate equation presented in 

equation 4-3 can be solved as follows: 

( ) ( )









γ+
−⋅
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& κθ1

1
λ
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κθ1t
exp

κθ1

1
tλ

0t
                ((((4444----8888))))    

where 
0t

λ  is the value of the structural parameter at the time the change in shear 

rate is applied. Under ideal circumstances, a Floxit solution that is subjected to a 

step testing in shear rate should then give an exponential response that is similar 

to that described by equation 4-8.  

Figure 4-6 presents the typical changes in the viscosity of a Floxit solution towards 

sudden changes in shear rate. As can be seen from this figure, an abrupt change in 

viscosity is obtained when the rate of applied shear is suddenly changed from 0.1 to 

5.0 s-1. On the other hand, the response of the Floxit solution as the rate of shear is 

reversed back to 0.1 s-1 approximately follows an exponential pattern, with 

apparent compatibility to the response predicted by equation 4-8. The response 

time to the first change in shear rate is only a few seconds, as compared to the 60 -

 70 s of response time obtained from second change of shear rate.  
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Figure Figure Figure Figure 4444----6666: : : : The response of 0.9% Floxit solution when subjected to a series of CR step The response of 0.9% Floxit solution when subjected to a series of CR step The response of 0.9% Floxit solution when subjected to a series of CR step The response of 0.9% Floxit solution when subjected to a series of CR step 

experiments. experiments. experiments. experiments. The sample was subjected to a shear rate of 0.1 sThe sample was subjected to a shear rate of 0.1 sThe sample was subjected to a shear rate of 0.1 sThe sample was subjected to a shear rate of 0.1 s----1111 for 300s, followed by 5 s for 300s, followed by 5 s for 300s, followed by 5 s for 300s, followed by 5 s----1111    

for 60 sfor 60 sfor 60 sfor 60 s, and 0.1 s, and 0.1 s, and 0.1 s, and 0.1 s----1111 for 150 s.  for 150 s.  for 150 s.  for 150 s. The continuous line at the bottom graph indicates the The continuous line at the bottom graph indicates the The continuous line at the bottom graph indicates the The continuous line at the bottom graph indicates the 

predicted fluid respopredicted fluid respopredicted fluid respopredicted fluid response, calculated based on the seminse, calculated based on the seminse, calculated based on the seminse, calculated based on the semi----viscoplastic viscoplastic viscoplastic viscoplastic fluid model.fluid model.fluid model.fluid model.    

Through comparisons of various experimental data resulting from step testings 

conducted at several rates of shear, it was found that the value of θ  can be 

consistently estimated by considering the transient response of the fluid as it is 

subjected to step-down experiments from relatively-high to low rates of shear (e.g. 

5 − 10 s-1 to 0.1 s-1), as well as step-up experiments from very-low to moderate 

values of shear rate (e.g. 0.01 s-1 to 1 s-1). The considerable amount of time required 

for the sample to reach equilibrium or steady-state conditions at these low to 

moderate values of shear rates enables the collection of sufficient experimental data 

at transient conditions.  
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According to equation 4-8, the estimation of θ  based on the transient change in 

viscosity (and hence the structural parameter, λ) in a controlled-rate step 

experiment can be calculated as follows: 

( )( )
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0                             ((((4444----9999))))    

where t0 is the time where the change in shear rate is applied. An initial deduction 

of the value of θ  can then be obtained by considering the time taken for the fluid to 

reach 25, 50, 75, 90, and 95% of the steady-state viscosity at shear rates of 0.1 and 

1.0 s-1. This value is then fine-tuned and optimised by the minimisation of the 

sum-of-square error (SSE) between the calculated and observed values of the 

structural parameter, λ: 

( )∑
=

−=
N

1i

2
calc i,i λλSSE                                 ((((4444----10101010))))    

where N is the number of measurements taken during the controlled-rate step 

testing. 

The calculated values of θ  based on measurements conducted at 0.1 and 1 s-1 are 

then compared and averaged. The results of this calculation can be seen in Table 

4-3 and the correspondence of the resulting rate models with the experimental data 

can be seen in Figure 4-7 and Figure 4-8. The similarities between the calculated 

values of θ  obtained from the measurements conducted at 0.1 and 1 s-1 and the 

good correspondence between the experimental and calculated rheological 

responses displayed by all three Floxit solutions (see Figure 4-7 and Figure 4-8), 

substantiate the assumption discussed above that the value of θ can be assumed to 

be constant at low rates of shear, along with the suggested calculation method.  
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Table Table Table Table 4444----3333: Fit parameters for the semi: Fit parameters for the semi: Fit parameters for the semi: Fit parameters for the semi----viscoplastic model under unsteadyviscoplastic model under unsteadyviscoplastic model under unsteadyviscoplastic model under unsteady----state conditstate conditstate conditstate conditions ions ions ions 

(see equations 4(see equations 4(see equations 4(see equations 4----3, 43, 43, 43, 4----5, and 45, and 45, and 45, and 4----9). 9). 9). 9).     

 

10

15

20

25

30

35

40

45

50

55

0 20 40 60 80 100 120 140 160

Time (s)

V
is

co
si

ty
 (

P
a.

s)

0.9% Floxit 1.0% Floxit 1.1% Floxit
 

Figure Figure Figure Figure 4444----7777: : : : The response of 0.9% Floxit solution when subjected to CR stepThe response of 0.9% Floxit solution when subjected to CR stepThe response of 0.9% Floxit solution when subjected to CR stepThe response of 0.9% Floxit solution when subjected to CR step----down down down down 

experiment (from 5experiment (from 5experiment (from 5experiment (from 5ssss----1111 to 0.1 to 0.1 to 0.1 to 0.1ssss----1111))))....    The continuous line indicates the predicted fluidThe continuous line indicates the predicted fluidThe continuous line indicates the predicted fluidThe continuous line indicates the predicted fluid response,  response,  response,  response, 

calculated based on the proposed fluid model.calculated based on the proposed fluid model.calculated based on the proposed fluid model.calculated based on the proposed fluid model.    
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Figure Figure Figure Figure 4444----8888::::    The response of 0.9% Floxit solution when subjected to CR stepThe response of 0.9% Floxit solution when subjected to CR stepThe response of 0.9% Floxit solution when subjected to CR stepThe response of 0.9% Floxit solution when subjected to CR step----down down down down 

experiment (from 0.1sexperiment (from 0.1sexperiment (from 0.1sexperiment (from 0.1s----1111 to 1.0s to 1.0s to 1.0s to 1.0s----1111).).).).    The continuous line indicates theThe continuous line indicates theThe continuous line indicates theThe continuous line indicates the predicted fluid response,  predicted fluid response,  predicted fluid response,  predicted fluid response, 

calculated based on the proposed fluid model. calculated based on the proposed fluid model. calculated based on the proposed fluid model. calculated based on the proposed fluid model.     

4.4.4 Yield stress 

Under steady-state conditions, the derivative of the shear stress with respect to the 

shear rate can be written as follows: 
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An examination of the parameters determined by the procedures outlined above 

reveals no region of shear rates at which 0τss <γ∂∂ & . Thus, it can be concluded that 

there is no region where a permanent unstable flow occurs, which according to 

Møller et al. (2006), is the definition of yield stress. 

However, upon conducting a simple numerical study using MATLAB under 

conditions of continually-increasing shear rate similar to the shear ramp testing of 
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Figure 4-1, it was found that a region of temporary negative slope (indicating 

absolute viscosity) does exist, following an overshoot, as can be seen in the 

numerical results presented in Figure 4-9. Furthermore, the magnitude of the 

overshoot decreases with decreasing acceleration in shear. This result is interpreted 

to be analogous to the stress overshoot observed in the Ramp-up curve in the 

standard Rheometry approach displayed in Figure 4-1 and Figure 4-2. Similar to 

the results of the ramp-down experiment, no such overshoot was obtained with the 

calculated Ramp-down curve. 

 

Figure Figure Figure Figure 4444----9999: : : : An estimate of the response of the 0.9% Floxit solution toAn estimate of the response of the 0.9% Floxit solution toAn estimate of the response of the 0.9% Floxit solution toAn estimate of the response of the 0.9% Floxit solution towards CR ramp wards CR ramp wards CR ramp wards CR ramp 

experiment (dexperiment (dexperiment (dexperiment (d γ& /dt = 0.02 s/dt = 0.02 s/dt = 0.02 s/dt = 0.02 s----2222)))), calculated using, calculated using, calculated using, calculated using the ODE45 method in MATLAB. For  the ODE45 method in MATLAB. For  the ODE45 method in MATLAB. For  the ODE45 method in MATLAB. For 

comparison, the experimental data for the steadycomparison, the experimental data for the steadycomparison, the experimental data for the steadycomparison, the experimental data for the steady----state rheogram was included.state rheogram was included.state rheogram was included.state rheogram was included.    

Figure 4-10 presents the results of another numerical study, where the fluid is 

subjected to a controlled-stress ramp testing, parallel to that suggested by 

Kutschmann (1997) for the testing of yield point. As can be seen in this graph, the 

numerical results indicate two regions of linearity with different slopes in the 
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log-log plot of shear stress and deformation, comparable to the experimental result 

for 0.9% Floxit solution presented in Figure 4-3.  
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Figure Figure Figure Figure 4444----10101010: : : : An estimate of the respoAn estimate of the respoAn estimate of the respoAn estimate of the response of the 0.9% Floxit solution towards CS ramp nse of the 0.9% Floxit solution towards CS ramp nse of the 0.9% Floxit solution towards CS ramp nse of the 0.9% Floxit solution towards CS ramp 

experiment (dexperiment (dexperiment (dexperiment (dττττ/dt = /dt = /dt = /dt = 0.1 Pa/s0.1 Pa/s0.1 Pa/s0.1 Pa/s)))), calculated using the ODE45 method in MATLAB. For , calculated using the ODE45 method in MATLAB. For , calculated using the ODE45 method in MATLAB. For , calculated using the ODE45 method in MATLAB. For 

comparison, the corresponding experimental data has been included (cf. Figurecomparison, the corresponding experimental data has been included (cf. Figurecomparison, the corresponding experimental data has been included (cf. Figurecomparison, the corresponding experimental data has been included (cf. Figure    4444----3).3).3).3).    

The numerical results presented above suggest that the proposed rheological model 

presents a temporary yield-stress behaviour that dissipates once the structure of 

the fluid has been destroyed due to the application of shear forces. This 

characteristic was found to be similar to the characteristics of the viscoplastic 

solutions used for this study. Due to the temporary nature of the yield stress 

behaviour posed by this fluid model, it is referred to as ‘semi-viscoplastic’ model 

from this point onwards. The details of the MATLAB codes for the numerical 

testings presented in this section are available in Appendix B.2.  
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4.4.5 Characteristics of the semi-viscoplastic mode l at higher rates 

of shear 

Having evaluated the values of θ for each solution, the applicability of these fitted 

rate equations on other rates-of-shear was then tested. In Figure 4-11, the response 

of the 0.9% Floxit solution to changes from a shear value of 0.1 s-1 to several 

different rates-of-shear is compared to that calculated by the semi-viscoplastic fluid 

model. From this Figure, it can be seen that there is a good correspondence between 

the observed and calculated values of viscosity when shear values of 5 and 10 s-1 are 

used. However, experiments using higher rates-of-shear, such as the step-up 

experiment from 0.1 to 20 s-1, shows significant levels of undershoot, where the fluid 

temporarily exhibits lower viscosities from the steady-state value (usually for 

several seconds) before reaching its steady-state viscosity. The graph presented in 

Figure 4-11 shows that the proposed rate equation cannot predict such unusual 

behaviour.  

Figure 4-12 and Figure 4-13 also present comparisons of the fluid responses for 

1.0% and 1.1% Floxit solutions, respectively, towards several different step-up 

experiments from a shear rate value of 0.1 s-1. As can be seen from these figures, 

the undershoot behaviour occurs at even lower values of shear rate and is featured 

prominently in both fluids. This behaviour is also overlooked by the numerical 

results of the proposed rate equation. 
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Figure Figure Figure Figure 4444----11111111: The response of the 0.9% Floxit solution when subjected to a series of CR step : The response of the 0.9% Floxit solution when subjected to a series of CR step : The response of the 0.9% Floxit solution when subjected to a series of CR step : The response of the 0.9% Floxit solution when subjected to a series of CR step 

experiment, with an initial shear raexperiment, with an initial shear raexperiment, with an initial shear raexperiment, with an initial shear rate of 0.1ste of 0.1ste of 0.1ste of 0.1s----1111. The calculated response based on the . The calculated response based on the . The calculated response based on the . The calculated response based on the 

semisemisemisemi----viscoplastic fluid model is indicated by the continuous lines.viscoplastic fluid model is indicated by the continuous lines.viscoplastic fluid model is indicated by the continuous lines.viscoplastic fluid model is indicated by the continuous lines.    

The existence of such undershoot in step-up experiments could be caused by the 

abrupt nature of the step-test itself. Such sudden change in shear rate may have 

induced wall slip effects as well as non-uniform shear gradients, where fluid near 

the surface of the rotating cone may have experienced higher shear rates than fluid 

near the stationary plate. In the case of yield-stress fluids, the extent of such 

non-uniformity can be expected to be much more significant than in Newtonian 

fluids, due to the large differences in viscosity obtained at different shear 

conditions. That is, fluid near the rotating cone would have much lower viscosity 

than that near the stationary plate. Furthermore, such sudden change in shear rate 

may also induce an abrupt change in the fluid structure, causing some of the 

yield-stress fluid to be ejected from the cone-and-plate geometry. All of the factors 

mentioned above contribute towards the stress-undershoot observed in the step-up 

experiments. Some time after the imposed change in shear rate, the fluid stabilises, 

and a gradual relaxation towards the steady-state value of viscosity is effected. 
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Figure Figure Figure Figure 4444----12121212: The response of the 1.0% Floxit solution when subjected to a series of CR step : The response of the 1.0% Floxit solution when subjected to a series of CR step : The response of the 1.0% Floxit solution when subjected to a series of CR step : The response of the 1.0% Floxit solution when subjected to a series of CR step 

experiment, with an initial shear rate of 0.1sexperiment, with an initial shear rate of 0.1sexperiment, with an initial shear rate of 0.1sexperiment, with an initial shear rate of 0.1s----1111. The calculated response based on the . The calculated response based on the . The calculated response based on the . The calculated response based on the 

semisemisemisemi----viscoplastic fluid model is indicated by thviscoplastic fluid model is indicated by thviscoplastic fluid model is indicated by thviscoplastic fluid model is indicated by the continuous lines.e continuous lines.e continuous lines.e continuous lines.    

Despite the errors indicated above, Figures 4-11 to 4-13 indicate that the 

semi-viscoplastic fluid model is able to predict relatively closely the time required 

for the Floxit solution to respond to changes in shear rates and reach its 

steady-state viscosity. As a result, it can be concluded that the model is able to 

provide adequate description of the data of fluid structural breakdown resulting 

from step-up experiments conducted at various shear rates. This substantiates the 

assumption stated earlier in Section 4.4.3, where the relaxation parameter, θ, is 

assumed to be constant for all values of shear rate. 
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Figure Figure Figure Figure 4444----13131313: The response of the 1.1% Floxit solution when subjected to a series : The response of the 1.1% Floxit solution when subjected to a series : The response of the 1.1% Floxit solution when subjected to a series : The response of the 1.1% Floxit solution when subjected to a series of CR step of CR step of CR step of CR step 

experiment, with an initial shear rate of 0.1sexperiment, with an initial shear rate of 0.1sexperiment, with an initial shear rate of 0.1sexperiment, with an initial shear rate of 0.1s----1111. The calculated response based on the . The calculated response based on the . The calculated response based on the . The calculated response based on the 

semisemisemisemi----viscoplastic fluid model is indicated by the continuous lines.viscoplastic fluid model is indicated by the continuous lines.viscoplastic fluid model is indicated by the continuous lines.viscoplastic fluid model is indicated by the continuous lines.    

4.5 Fluid viscoplasticity 

The rheogram shape factor, α, which has been discussed previously in Section 

2.2.5.1, is a measure of the level of viscoplasticity of a fluid. This parameter is 

defined as the ratio of the total area beneath the rheogram to the triangular area 

beneath the same rheogram sections (see Figure 4-14). A α value of 1.0 represents a 

fully Newtonian fluid, whereas a value of 2.0 represents a pure plastic material. 
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Figure Figure Figure Figure 4444----14141414: Calculation of : Calculation of : Calculation of : Calculation of αααα....    

Another parameter, P, has also been used to describe the level of plasticity of a 

material (Horsley et al., 2004): 

α2

1α
P

−
−

=                                         ((((4444----12121212))))    

P corresponds to a value of 0 for a Newtonian fluid. On the other extreme, which is 

a fully plastic material, the value of α increases to 2.0 and P becomes an 

indefinitely large number. 

For a rheological model based on a structural rate equation, the values of α and P 

are calculated based on the steady-state condition. The calculated shear stress 

based on equation 4-6 is integrated numerically as a function of the shear rate, 

using the trapezoidal method of integration. The results of this calculation are 

presented in Table 4-4. 
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Table Table Table Table 4444----4444: Viscoplasticity of the Floxit solutions: Viscoplasticity of the Floxit solutions: Viscoplasticity of the Floxit solutions: Viscoplasticity of the Floxit solutions    

 

4.6 Fluid elasticity 

The elasticity of the fluids in comparison to their viscous characteristics was 

examined using a series of dynamic SAOS test, which has been discussed in 

Chapter 2. A region of linear viscoelasticity was firstly established, by subjecting 

the samples to an oscillatory motion of a range of amplitudes at a fixed frequency of 

1.0 Hz. This region is defined as that in which the stress generated is linear to the 

degree of strain. For the fluids being used in this study, it was found that the upper 

limit of the region of linear viscoelasticity is ~ 1.8 to 5.4 Pa (see Figure 4-15). As 

expected, higher upper limits were found with the solutions containing higher 

concentrations of Floxit.  

Based on the findings of the amplitude sweep, a frequency sweep within the limits 

of the LVE was conducted. The results of this test can be seen in Figure 4-16. As 

can be seen from this graph, both the 0.9 and 1.1% Floxit solutions seem to have a 

storage modulus (G′) that is approximately 2-3 times higher than their loss 

modulus (G″), indicating a definite viscoelastic behaviour.  
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Figure Figure Figure Figure 4444----15151515: SAOS amplitude sweep test, conducted a: SAOS amplitude sweep test, conducted a: SAOS amplitude sweep test, conducted a: SAOS amplitude sweep test, conducted at a frequency of 1.0 Hz, of t a frequency of 1.0 Hz, of t a frequency of 1.0 Hz, of t a frequency of 1.0 Hz, of the the the the 0.9 and 0.9 and 0.9 and 0.9 and 

1.1% Floxit solutions. 1.1% Floxit solutions. 1.1% Floxit solutions. 1.1% Floxit solutions.     
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Figure Figure Figure Figure 4444----16161616: SAOS frequency test at a shear rate of 1.0 Pa of : SAOS frequency test at a shear rate of 1.0 Pa of : SAOS frequency test at a shear rate of 1.0 Pa of : SAOS frequency test at a shear rate of 1.0 Pa of the the the the 0.9 and 1.1% Floxit 0.9 and 1.1% Floxit 0.9 and 1.1% Floxit 0.9 and 1.1% Floxit 

solutions.solutions.solutions.solutions.    
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The quantification of elasticity with respect to the inertial forces of viscoelastic 

fluids is commonly done through the calculation of relaxation time. This is done by 

considering the viscosity of the solution in comparison to its recoverable element 

(Marin, 1998): 

00Jηφ=                                         ((((4444----13131313))))    

where η0 is the zero-shear viscosity: 

( )
ω

ωG"
limη

0ω
0 →

=                                     ((((4444----14141414))))    

and J0 is the recoverable compliance: 

( )
20ω2
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η

1
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→
=                                     ((((4444----15151515))))    

The limiting values were estimated by interpolating their corresponding 

logarithmic value to the zero axis of ( )1ωlog + . The resulting relaxation times for 

all the fluids are 1.63, 2.15, and 2.99 s, for the 0.9, 1.0, and 1.1% Floxit solutions, 

respectively. 

The values of the fluid relaxation times listed above were compared to the values of 

θ, which is the characteristic relaxation time that was obtained from the shear 

viscosity data. In Table 4-3, it can be seen that the values of θ for all of the Floxit 

solution generally range around 11 – 27 s, indicating that the time required for the 

fluid to regain its original structure due to the application of shear is considerably 

longer than the time required for the fluid to dissipate the energy stored due to its 

elasticity. This is consistent with the assessment of Gheissary et al. (1996), who 

upon studying the settling behaviour of two vertically-aligned spheres in a 

viscoelastic shear-thinning polyacrylamide solution, concluded that the memory 

effects of the fluid (termed as a ‘hole’) are enough to overcome the effects of 

elongation resulting from the elasticity of the fluid.  
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The Weissenberg number, commonly formulated for the settling-sphere experiment 

as a function of the sphere settling velocity and its diameter (see equation 2-8), is 

also widely used to compare the characteristic relaxation time-scale of the fluid 

with the time-scale of the experiment. Interestingly, as the settling velocity of the 

spheres is very large (~ 0.05 – 0.5 m/s) in comparison to the diameters of the 

spheres (~ 0.00635 – 0.01 m), very large Weissenberg numbers were obtained (in 

the order of 70-100), suggesting that the elasticity of the fluid solutions is highly 

prominent and cannot be neglected in the fluid models (Winter, Mours, & 

Baumgartel, 1998). Based on the comparison of the relaxation time to the shear 

relaxation of the fluid (θ), however, the comparative method based on the 

Weissenberg number is perceived as non-representative of the level of fluid 

elasticity. In later chapters, it will be demonstrated that this view is supported by 

the observed velocity profiles of the settling spheres through the fluid solutions (see 

chapters 5 and 6). 

An alternative presentation of the Weissenberg number has been suggested by 

Arigo and McKinley (1997) based on the shear-rate-dependent parameters of the 

fluid rheology: 

( ) ( )
( ) γ
γ
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=γ &
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We 1                                     ((((4444----16161616))))    

where ( )γψ &
1  is the first normal stress coefficient at shear rate of γ& : 
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&                                     ((((4444----17171717))))    

and ( )γ&1N  the first normal stress difference of the fluid at shear rate of γ& .  

The first normal stress difference of the fluid solutions can be directly measured 

using the HAAKE rheometer. Its variation with the shear rate, in comparison to 

the shear viscosity, in the 0.9% Floxit solution, can be seen in Figure 4-17. From 
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this figure, it can be seen that the first normal stress can be correlated 

satisfactorily according to the power-law fit equation: 

( ) 2m
N1

Nkψ
−γ=γ &&                                     ((((4444----18181818))))    

where kN and mN are the fit parameters determined through the rheological data. 

The corresponding values of these parameters for all the test fluid solutions are 

presented in Table 4-5. 
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Figure Figure Figure Figure 4444----17171717: : : : VVVViscosity and first normaliscosity and first normaliscosity and first normaliscosity and first normal----stress coefficient stress coefficient stress coefficient stress coefficient ((((ψψψψ1111) ) ) ) of of of of the the the the 0.9% Floxit solution.0.9% Floxit solution.0.9% Floxit solution.0.9% Floxit solution.    

Table Table Table Table 4444----5555: Fit parameters of the f: Fit parameters of the f: Fit parameters of the f: Fit parameters of the first normal stress coefficientirst normal stress coefficientirst normal stress coefficientirst normal stress coefficient, , , , ψψψψ1111 (see equation 4 (see equation 4 (see equation 4 (see equation 4----18).18).18).18).    
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4.7 Conclusion 

Upon conducting a study on the rheological characteristics of the fluids used for this 

work, it was found that the standard assessment of viscoplastic fluids cannot 

adequately describe their flow behaviour. Through a series of tests, the fluids were 

identified to possess thixotropic (or time-dependent) characteristics in combination 

with their viscoplasticity. This combination of rheological behaviour has been 

attributed to the strong inter- and intra- molecular interactions resulting from the 

hydrogen bonding between the polyacrylamide and water molecules. This strong 

interaction imparts a structural network configuration in the fluid solutions, 

requiring the application of stress for its breakdown. Upon the removal of stress, 

the molecules gradually relax back to their original configuration and the fluid 

regains its original rheological behaviour. 

A new viscoplastic fluid model based on the structural kinetics equation proposed 

by Møller et al. (2006) for thixotropic fluids was thus developed. This model 

features the inclusion of a scalar structural parameter (λ), of which the rate of 

change is dependent on the amount of shear applied on the fluid. As the apparent 

viscosity of the fluid is a direct function of λ, this enables the mathematical 

modelling of a fluid whose yield stress is highly dependent on its shear history. The 

rheological parameters of the proposed structural-rate equation were determined 

based on the behaviour of the fluid solutions at steady and transient states.  

Although the proposed fluid model does not feature a constant yield-stress value, a 

simple numerical study on its transient response towards a variety of changes in 

shear conditions, namely the controlled-rate (CR) step and controlled-stress (CS) 

ramp testings, suggests that the fluid model is able to reflect the actual transient 

response of the fluids under similar testing conditions. In particular, the fluid 

model is able to reflect the instability of the fluids when subjected to CR ramp 

testings. In these tests, it was found that fluids that initially possess fully-intact 

structures tend to exhibit stress overshoot at the beginning of the ramp-testing, 

followed by a temporary region of negative slope, indicating the temporary 
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existence of unstable flow. This flow instability was not encountered in cases where 

the structure of the fluid has previously been destroyed due to the application of 

shear.  

The flow instability discussed above was compared to the definition of yield stress 

suggested by Møller et al. (2006), who proposed that this parameter be defined as 

the critical stress value below which no permanent (stable) flow occurs. The 

presence of a temporary negative slope in the numerical response of the fluid when 

subjected to CR ramp testings indicates that the fluid model features temporary 

yield-stress characteristics that dissipate once the structural network of the fluid is 

destroyed due to the application of shear. Once the structure is destroyed, the fluid 

model features very prominent shear-thinning flow behaviour. Due to these 

characteristics, the term ‘semi-viscoplastic’ has been adopted to describe this fluid 

model. 

The level of elasticity of the fluid solutions are examined through a series of small 

amplitude oscillation (SAOS) tests. The resulting profiles on the storage and loss 

moduli are then analysed to yield the characteristic relaxation time of the fluid 

solutions, which are then compared to the characteristic parameters of the 

experiment. Through this analysis, it was found that the elastic response of the 

fluid is relatively short in comparison to the measurement time of the experiment, 

as well as the shear relaxation parameter (θ) of the fluid solutions. This indicates 

that the elastic properties of the fluids should not significantly affect the dynamics 

of the sphere-settling experiment. The resulting normal-stresses due to the 

elasticity of the fluids were characterised through the measurement of first 

normal-stress difference (N1), which was then correlated with the rate-of-shear 

through a power-law equation. 
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Chapter 5 Computational Fluid Dynamics 

5.1 Introduction 

In an effort of developing a greater understanding of the movement of mineral 

particles in tertiary grinding circuits, a series of experiments have been performed 

for the analysis of the settling behaviour of spheres in fluids of similar flow 

behaviour to those normally found in these unit processes, i.e. viscoplastic slurries 

and suspensions. In this thesis, the flow behaviour of the slurries has been 

represented by aqueous solutions of polyacrylamide (commercially known as 

FLOXIT 5250L), which have previously been identified to possess significant yield 

stress and shear-thinning characteristics (Horsley et al., 2004; Wilson & Horsley, 

2004; Wilson et al., 2003). In conjunction with these experiments, the settling 

motion of the spheres in these types of fluids is also analysed using numerical 

(CFD) methods. Through this analysis, the flow fields surrounding the sphere can 

be further characterised, and the factors affecting the settling behaviour of these 

spheres can be identified. 

In Chapter 4, a thorough examination of the rheological characteristics of the fluid 

solutions used for the experimental study has been presented. Through a series of 

rheological tests, it was discovered that in addition to the flow characteristics 

mentioned above, the solutions also possess a degree of time-dependency, resulting 

from thixotropy as well as elasticity. To describe the viscous characteristics of the 

fluid solutions, a new fluid model termed ‘semi-viscoplastic’, based on the scalar 

representation of the ‘structure’ of the fluid (λ), was developed. The term ‘structure’ 

in this case loosely refers to the network of structure in the fluid resulting from the 

existence of hydrogen bonding between polyacrylamide and water molecules in the 

aqueous solutions (Kulicke et al., 1982). This fluid model, which was developed 

based on the structural kinetics approach commonly used to describe the flow 

behaviour of thixotropic fluids, directly relates the viscosity of the fluid with λ. In 

turn, the rate-of-change in λ is dependent on the magnitude of shear that the fluid 

experienced. Upon examining the dynamic properties of the fluid model, it was 
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found that a fluid medium that is fully intact in structure requires the application 

of stresses that are significantly larger in magnitude for the initiation of its 

deformation than in cases where the structure of the fluid is already 

partially-deformed. Due to this dynamic characteristic, in which the fluid model 

seems to exhibit a yield stress-like quality that dissipates once the ‘structure’ of the 

fluid has been deformed due to the application of shear, the term ‘semi-viscoplastic’ 

has been adopted to describe this fluid model.  

In this chapter, Computational Fluid Dynamics (CFD) methods will be used to 

examine the flow field surrounding spheres settling in a fluid medium modelled 

with the proposed semi-viscoplastic equation. Through this study, it is hoped that 

the effects of the transient viscoplastic characteristics and fluid ‘structure’ on the 

settling sphere can be determined. The results of this study will be compared with 

experimental data, as well as the results of several numerical and visualisation 

studies available in the literature. The outcomes of this analysis are hoped to aid 

the development of correlations for the prediction of particle settling velocity, as 

will be discussed later in chapter 6. 

Aside from the viscous characteristics discussed above, the results of the rheometric 

analysis also reveal that the fluid solutions possess low to moderate levels of 

elasticity, with Deborah numbers of 0.2 – 0.75. As can be seen from the discussion 

presented in Chapter 4, the development of the semi-viscoplastic fluid model was 

based on the sole consideration of shear viscosity measurements, i.e. the normal 

stresses arising from the inherent elasticity of the fluids have been assumed to be 

negligible. Through the implementation of the semi-viscoplastic fluid model to the 

CFD analysis and comparisons of the predicted settling velocities with the 

experimental data, it is hoped that the implications of the assumptions stated above 

can be examined.  

To conduct this study, a numerical formulation that is relatively simple to use and 

accessible through a well-established CFD code needs to be developed. In Section 

5.2, a brief overview of CFD methods will be discussed, followed by a discussion on 

the numerical approaches that have been used in the past for the study of the 
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settling behaviour of particles in various types of fluid media (Section 5.3). The 

selection of the numerical approach used in this study was based on the 

considerations outlined in Section 5.3. The details of the numerical formulation, as 

well as the methods of approximations and solutions used to solve the problem will 

then be discussed in Sections 5.4 and 5.5. The resulting numerical method was then 

tested against cases of a sphere settling in Newtonian fluids (Section 5.6). Potential 

problems and pitfalls of such numerical formulation were then identified, and a set 

of numerical strategies developed to avoid these problems. The final formulation for 

the numerical analysis was then used to obtain a description of the flow field 

surrounding spheres settling in semi-viscoplastic fluid solutions. The results of this 

analysis will be discussed in Section 5.7. 

5.2 Computational Fluid Dynamics: an overview 

In this section, a brief overview of CFD will be presented. A more thorough 

overview, particularly of the capabilities and characteristics of FLUENT 6.3, which 

is the computational code used for the CFD analysis in this research, can be seen in 

the FLUENT 6.3 User’s Guide (2006). 

The concept of CFD revolves around the Navier-Stokes equation as outlined in 

equations 2-26 and 2-27. These equations involve several partial differentials 

components, making them very difficult to solve analytically. CFD employs 

approximation methods to solve these equations. These approximations are applied 

over small domains in space and/or time, resulting in numerical solutions at 

discrete locations within the specified space and time.  

The process of CFD analysis comprises several steps (see Figure 5-1). Initially, a 

mathematical model needs to be formulated with an appropriate set of initial and 

boundary conditions. This is a crucial phase, as often a solution method needs to be 

selected based on the mathematical problem itself. The computational domain is 

then defined and assigned with a series of discrete points (numerical grid or 

elements for finite element analysis), in each of which numerical calculations and 
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approximations of the formulated mathematical model are to be performed. As can 

be seen in Figure 5-1, this process is commonly known as discretisation. The 

resulting set of algebraic equations is then solved through numerical methods, often 

requiring a number of iterations, and analysed through flow visualisation 

techniques. Some of these methods will be discussed in Section 5.5.  

 

Figure Figure Figure Figure 5555----1111: Development process of CFD analysis.: Development process of CFD analysis.: Development process of CFD analysis.: Development process of CFD analysis.    

Based on the above description, it can be seen that discretisation, which is 

essentially a process of replacing the governing equations with a series of 

approximations over discrete points over the whole computational domain, is 

crucial for the accuracy of the CFD analysis. Not surprisingly, many methods of 

discretisation are available. The most common methods being used currently are: 

� Finite Difference (FD): based on the approximation of differential equations 

using the Taylor series expansion or polynomial fitting methods. It is highly 

simple and effective, although its use is generally limited for structured grids. 
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This method, therefore, is normally reserved for problems involving very simple 

geometries (Ferziger & Perić, 1999). 

� Finite Element (FE): revolves around the method of weighted residuals, which 

is used to reduce the second order partial derivatives to first order terms. The 

solution is approximated by a function, the simplest of which is a linear-shape 

function, in such a way that continuity is assured across the element 

boundaries. The approximated solution is then substituted into the weighted 

integral of the problem equation and the solution is obtained by requiring the 

derivative of the integral to be zero. This method is highly suitable for complex 

geometries and is slowly gaining popularity in the CFD community.  

� Finite Volume (FV): based on the integral form of the conservation equations, 

which are then applied into smaller control volumes (CVs). Approximation 

methods, such as first-order upwinding and central differencing, are used to 

approximate the variable values involved with the integrals. Similar to the FE 

method, quadrature formulae (e.g. Gauss) is applied to approximate the surface 

and volume integrals.  

Due to its numerical formulation of the conservation equation, the FV method 

inherently ensures the conservation of various properties in a control volume. It is 

therefore very versatile and is applicable to many different types of numerical grids 

and mathematical models. As a result, it is the most commonly used numerical 

technique for the solution of partial differential equations and is the basis of many 

numerical codes (FLUENT, OPENFOAM, etc.).  

Once discretisation is applied, a large system of non-linear algebraic equations is 

produced. Numerous solution schemes are available for solving these equations, 

including those involving direct methods, such as the Gauss elimination and cyclic 

reduction. The iterative methods, however, are used much more often in the CFD 

community, as they are less sparse, i.e. require less memory space in storing the 

matrix problem, and can be used to solve non-linear equations. A set of convergence 

criteria is normally enforced during the calculation process to optimise the balance 

between accuracy and efficiency of the numerical analysis. 
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As can be seen from the discussion above, there are many choices of calculation 

methodology in CFD. Some of these methods, with an emphasis to those used in 

this thesis, are outlined in Section 5.5. Depending on the fluid model, discretisation 

methods, solution strategy, and the numerical capabilities of the computing system, 

different levels of accuracy, convergence, and stability can be obtained from a 

common mathematical model. A CFD practitioner, therefore, needs to study the 

characteristics of the mathematical problem at hand and be aware of the errors 

stemming from each aspect of the CFD process, such as the assumptions made 

during the model development, the inaccuracies initiated during the discretisation 

process, as well as the errors involved due to the limitation of the calculation 

procedure itself (e.g. round-off errors). Through this knowledge, methods that 

minimise these errors can be implemented.  

A crucial part of the CFD analysis is therefore the determination and verification of 

its validity. This step is shown in Figure 5-1, where various aspects of the 

numerical analysis are examined. More specifically, these aspects can be listed as 

follows: 

� The conservation of mass, momentum, and energy across the whole 

computational domain. 

� The consistency of the discretisation method: the discretised equations should 

theoretically approach the exact solution of the governing partial differential 

equations when the mesh spacing and step size verge towards zero. 

� Stability considerations: the tendency of the system of numerical equations to 

converge/diverge due to the magnification of errors over the calculation process. 

� Solution convergence: the results of the CFD analysis should tend towards the 

exact solutions of the governing partial differential equations when the mesh 

spacing and step size verge towards zero. This is normally examined by 

successively refining the numerical grid and the time step size. 
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While all of the criteria stated above can theoretically be achieved through careful 

formulation and robust solution procedure, it should be noted that currently most 

CFD analyses are still not able to provide quantitative agreement with 

experimental data. Most commonly, this is caused by difficulties in the replication 

of exact experimental boundary conditions, which may require very complex models 

that can render the mathematical problem to be very computationally expensive. 

Nevertheless, many CFD analyses have been shown to be able to produce numerical 

results that qualitatively agree with experimental data, and the results of these 

analyses have in turn been crucial in advancing the understanding of various flow 

developments in many experiments where these flow structures may be 

undetectable. In many studies, therefore, numerical approaches can be highly 

complementary towards obtaining a comprehensive analysis of experimental 

observations and results (Reizes & Leonardi, 2005). In this thesis, similar benefits 

can be obtained from the numerical analysis of the sphere-settling experiment. 

5.3 CFD modelling approaches for fluid-particle dyn amics 

problem 

Several different approaches have been used to study the motion of solids in a fluid 

medium. In this section, an overview of these approaches will be presented, along 

with a discussion of their advantages and disadvantages. The suitability of these 

methods towards the problem presented in this thesis has been considered and the 

selection of the numerical method used for the current CFD analysis has been 

selected based on these considerations. 

The most common approach for the analysis of the flow field surrounding a settling 

object involves the representation of the settling object as a stationary solid body 

that acts as an obstruction to flow. The resulting flow field and drag force 

experienced by the fluid should mirror that of a settling particle in the same fluid. 

The discretisation of this flow problem is normally conducted using the finite 

element (FE) method, mainly due to the suitability of this numerical scheme 

towards flow problems with complex geometries, as well as flow problems that lack 



Chapter 5: Computational fluid dynamics 

  123 

 

‘smoothness’, i.e. involving large or abrupt changes in flow parameters, such as 

those involved in the interface between the sphere surface and the fluid.  

The applicability of this technique with respect to various rheological fluid models 

has been varied. Successful simulations of this type in viscoplastic and shear-

thinning fluids include Blackery and Mitsoulis (1997), Beaulne and Mitsoulis 

(1997), deBesses et al. (2004), and Hsu et al. (2005). Missirlis et al. (2001) have 

conducted a comparative study on the efficiency of the FE and FV discretisation 

methods for such mathematical problem, and found that while the two methods 

yielded similar results, the FE method requires more space for its computation. The 

application of this numerical technique for the simulation of viscoelastic fluid flows, 

however, has been found to be challenging. Simulations involving high values of 

Deborah numbers (De > 1.0) have generally encountered convergence problems, 

with some early numerical works demonstrating such difficulties (Delvaux & 

Crochet, 1990; Pilate & Crochet, 1981; Townsend, 1980). In 1987, Marchal and 

Crochet have developed an effective model based on the streamline-upwind Petrov-

Galerkin (SUPG) FE method to overcome this problem. The resulting numerical 

scheme, however, requires high computational costs. Mendelson et al. (1982) also 

suggested another technique, termed the elastic viscous split stress (EVSS) finite 

element method, which is more computationally economic, by splitting the 

extra-stress into viscous and elastic terms, yielding an extra elastic-stress term. 

Debae et al. (1994) suggested a combination of the two methods, termed as 

EVSS/SUPG finite element, which has been successfully applied to the sphere-flow 

problem by Wu et al. (2003). 

While it has been found that the method outlined above is useful for illustrating the 

flow fields around a sphere settling at a constant terminal velocity, the 

disadvantage of this setup is that no transient effects can be considered. It is 

therefore unsuitable for the purpose of this thesis. 

Another approach has been suggested by Liu et al. (2002; 2003), who  applied a 

fixed velocity on a spherical particle and calculated the velocity field of the 

viscoplastic fluid around the sphere using the biquadratic penalty FE method. 



Chapter 5: Computational fluid dynamics 

  124 

 

Their findings were in agreement with the numerical analyses of Beris et al. (1985) 

and Blackery and Mitsoulis (1997). This simulation procedure, however, requires 

prior knowledge of the particle settling velocity and is therefore unsuitable for the 

study of the dynamic behaviour of spheres settling in a fluid medium.  

Bodart and Crochet (1994) presented a numerical analysis based on the 

moving-mesh technique, in which the mesh surrounding the sphere ‘moves’ along 

with the motion of the sphere. The surrounding mesh regions are re-adapted each 

time, either by stretching or compressing in an accordion-like movement. While it is 

likely that this method can yield relatively accurate results, it is computationally 

expensive. The re-meshing process can also be another source of error, where the 

new mesh does not necessarily yield accurate results. Therefore, it requires 

considerable experience by the researcher to continually check the quality of mesh. 

Furthermore, in numerical simulations involving two or more particles, as will be 

the case with some of the simulations conducted for this study (see the numerical 

study presented in section 5.7.3), the re-meshing process could potentially be much 

more complicated. In such cases, to maintain the accuracy of the calculation 

procedure, the re-meshing process has to be done over much shorter time step, 

potentially escalating the costs of the computation process. Small gaps between the 

particles may also lead to extreme skewness in meshing, causing divergence in the 

iteration process. 

A new finite volume-based method has recently been suggested by Agrawal et al. 

(2004), termed as the Macroscopic Particle Model (MPM). This method has 

specifically been designed for the modelling of particles in fluids where factors such 

as the hydrodynamic effects and inter-particle interaction are important. In this 

method, the particle is treated in a Lagrangian frame-of-reference and is assumed 

to span over several computational cells. Furthermore, every cell that contains at 

least one node within the region occupied by the particle is considered to be in 

contact with the particle. The flow field of the cells surrounding the sphere is then 

calculated by considering the volumetric average of the velocity field: 

( ) ( ) ( ) ( )( ) ( )tVtα1tVtαtV fixingbeofref,pppfixingafterf, −+=             ((((5555----1111))))    
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Where αp is the particle volume fraction, Vf the velocity of touched fluid cell, and VP 

the average velocity of the phase representing the particle. The resulting 

momentum, hydrodynamic force, and the fluid flow around the particle, are then 

calculated based on the calculated velocity before and after the ‘fixing’ (Vf, after fixing 

and Vf, before fixing). Upon conducting a study on the settling behaviour of a spherical 

particle in a Newtonian fluid using this method, Ookawara et al. (2005) found that 

this method tends to over-estimate the settling velocity of the sphere. Another 

disadvantage of using this method is that the flow field surrounding the sphere as 

affected by the assumptions stated in equation 5-1 is still largely unknown. 

In 1998, Chen et al. presented the study of the settling of a spherical object in a 

viscoplastic fluid using the Volume-of-Fluid (VOF) method. This method was 

initially developed to study the flow between two (or more) immiscible fluids and 

has since been extensively used for the simulation of the upwards flow of bubbles 

through a fluid (L. Chen et al., 1998; Gaston, Reizes, & Evans, 2002). The VOF 

method revolves around an indicator scalar function α, which represents the 

volumetric fraction of one of the fluids. The VOF method incorporates an additional 

conservation equation for α, as well as modified conservation equations for mass, 

momentum and energy balances. As a result, the whole velocity field can be 

evaluated based on the changing values of α and the interface between the two 

liquids can be determined with reasonable accuracy. In their study of solid-fluid 

interaction in 1998, Chen et al. have represented the solid material with an 

extremely viscous fluid (~103 x µf) and “reconstructed” the shape of the solid body at 

the end of each time step. It was found that this method is appropriate for the 

simulation of such flow problems, requiring much less computational time in 

comparison to the moving mesh simulations, and that it gives reasonable 

predictions of the settling behaviour of the sphere in a viscoplastic fluid.  

A modification of the VOF method has recently been developed, termed as the 

Volume of Solid (VOS) method (Lörstad & Fuchs, 2001). As the name suggests, this 

method has specifically been developed for the simulation of solids in a fluid 

medium. The “second fluid”, which is the solid body, is assumed to have an infinite 
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viscosity. By considering that viscous forces are dominating close to the solid 

surface, the shear stresses can be assumed to be constant. Thus, the averaged 

viscosity is: 

fluid

f

α

µ
µ=                                         ((((5555----2222))))    

where µf is the dynamic viscosity of the liquid phase. Since there is no flow in the 

solid body, cells containing the solid phase are blocked and no computations are 

carried out for these cells. Prahl et al. (2007) has conducted a study using this 

method, examining the interaction between two fixed particles in a fluid. Through 

this study, it was found that this method can satisfactorily resolve the flow field 

around the particles and calculate the drag forces experienced by the particles.  

The applicability of VOS on the sphere-settling problem in this thesis is still 

relatively unknown. As has been mentioned above, the study of Prahl et al. (2007) 

involve the simulation of two particles in fixed locations. Thus, the interface 

between the primary and secondary phases does not need to be reconstructed at 

each time step. The flow problem presented in this thesis requires that dynamic 

simulation be conducted, and as a result, it is likely that the VOS method is still 

inapplicable, at least until a suitable algorithm for the accounting of partially filled 

cells is developed.  

Based on the above considerations, the VOF method was selected for the numerical 

study of the settling-sphere problem in this thesis. 

5.4 Mathematical formulation 

Consider an initially stationary metal sphere in a rectangular column filled with a 

fluid medium (see Figure 5-2). The metal sphere exerts a downward shear force on 

the fluid medium due gravitational effects. Part of the fluid medium, which is 

modelled with the semi-viscoplastic equation (see equations 4-3 and 4-5), undergoes 
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changes in viscosity and flows as the shear forces induced by the weight of the 

sphere overcomes the yield stress of the fluid.  

 

Figure Figure Figure Figure 5555----2222: A schematic description of the problem: A schematic description of the problem: A schematic description of the problem: A schematic description of the problem    

To develop a mathematical representation of the problem stated above, the metal 

sphere is firstly likened to a fluid with very high viscosity (200 – 1000 Pa.s). The 

sphere-settling problem thus reduces down to a dual-phase flow problem, with the 

two phases possessing vastly different values of density and viscosity.  

The momentum equation as outlined in equation 2-33, can be re-written as follows: 

→→→→→→→
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where 
→
V  is the velocity vector, p the pressure, 

→
g  the gravity vector. The terms g

r
ρ  

and 
→
F  account for the gravitational and external body forces, respectively. 

The above equation is applied and solved throughout the whole problem domain. 

Thus, the resulting velocity field is shared among the phases. The properties in the 

transport equations, such as density (ρ) and viscosity (µ) are determined by the 

volume fraction of the phases in each control volume: 

∑= qqραρ                                     ((((5555----4444))))    

∑= qqµαµ                                     ((((5555----5555))))    

where αq is the volumetric fraction of the qth phase. A value of unity for α indicates 

that the cell is full of the qth fluid. The opposite is true for α = 0.  

As isothermal conditions have been assumed in the formulation of the problem, the 

energy equation has been neglected in the calculation process. 

Using the equation for the conservation of mass, the volume fraction of the 

secondary phase, or in this case the phase representing the metal sphere, can be 

calculated, hence effectively tracking the interface between the phases: 
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The variable pqm&  represents the mass transfer from phase p to q, whereas qpm& the 

mass transfer from phase q to p.  
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The volume fraction of the primary phase, which in this case represents the fluid 

medium, is then calculated by enforcing the following equation of conservation: 

∑
=

=
VOFn

1q
q 1α                                         ((((5555----7777))))    

where nVOF is the total number of phases in the flow problem (nVOF = 2 for the 

current case). 

5.5 Numerical method 

Having specified a mathematical formulation for the basis of the CFD analysis, the 

problem can now be completed with suitable initial and boundary conditions and 

solved with an appropriate numerical method.  

5.5.1 Numerical grid generation 

As the Finite Volume (FV) method has been selected for the numerical analysis of 

this problem, control volumes (CVs) within the 3D computational domain as defined 

in Section 5.4.1 need to be constructed. This was conducted by creating a numerical 

grid consisting of uniform hexahedral mesh using commercial meshing software 

package, GAMBIT 2.3. The differential equations are integrated over each control 

volume and all variables are defined at the centre of the control volume. This 

storage arrangement for the flow variables is commonly known as the ‘collocated’ 

grid arrangement (see Figure 5-3). 
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Figure Figure Figure Figure 5555----3333: Collocated grid arrangement: Collocated grid arrangement: Collocated grid arrangement: Collocated grid arrangement    

The utilisation of the collocated grid arrangement has been recommended by Chen 

et al. (1998) in their numerical study of two-phase flow using VOF formulation. 

Although the collocated arrangement of the grid may reduce the accuracy of the 

diffusive terms of the governing equations, the advantage of this arrangement is 

that accurate representation of flux and source terms can be obtained (see Section 

5.5.2). The inaccuracies induced by the use of the collocated grid arrangement and 

the utilisation of appropriate numerical schemes for the minimisation of these 

errors will be discussed in further detail in Section 5.5.2.  

5.5.2 Discretisation methods: general equations 

The FV method of discretisation is based on the integral form of the governing 

equations. For example, for a scalar quantity φ over a control volume v, the 

conservation of momentum equation can be written as follows: 

∫ ∫ ∫∫ +⋅∇=⋅+
∂

∂ →→→

v φφv
dvSAdφΓAdVρφdv

t

ρφ
                    ((((5555----8888))))    

where 
→
A  is the combined form of the direction vector and the surface area of the 

control volume, φΓ is the diffusion coefficient for φ, and φ∇  the gradient of φ. The 



Chapter 5: Computational fluid dynamics 

  131 

 

last term, Sφ accounts for any sources or sinks (per unit volume) that either create 

or destroy φ. The integrals in equation 5-8 are approximated as follows: 

vSAφΓAφVρv
t

ρφ facesfaces N

f

ffφ

N

f
ffff ϕ

→→→
+⋅∇=⋅+

∂
∂

∑∑                     ((((5555----9999))))

        

 

where Nfaces is the number of faces enclosing control volume v, whereas f refers to 

any face of this particular cell. φf is the value of φ convected through face f, 
→

fA  is 

the combined form of the direction vector of φf with the surface area of face f, and 

fφ∇  is the gradient of φ at face f. The term 
→→

⋅ fff Avρ  thus accounts for the mass 

flux through face f. 

In order to evaluate equation 5-9, the face values of φ, φf, need to be evaluated for 

the convection term. This is conducted by interpolating the field variables stored at 

the cell centres to the faces of the control volumes. In FLUENT 6.3, various 

interpolation methods are available for this purpose, including the first- and 

second- order upwind methods, power law, quadratic upwind (QUICK), as well as 

the central-differencing method. For this thesis, the central-differencing method 

has been implemented to minimise the effects of numerical diffusion. With respect 

to the notations outlined in Figure 5-3, this numerical method can be written as 

follows: 
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where the indices P and E refer to the cells that share face e. Pφ  and Eφ  hence 

refer to the values of φ stored at the centres of cells P and E. Pφ∇  and Eφ∇  are the 

gradients of φ at the centres of these cells, whereas 
→
r  is the displacement vector 

from the upstream cell centroid to the face centroid. 

UNSTEADY CONVECTIVE DIFFUSION SOURCE 



Chapter 5: Computational fluid dynamics 

  132 

 

The gradient of φ at the centre of the cell, φ∇ , is evaluated using the Green-Gauss 

theorem: 

∑
→

=∇
f

ff Aφ
v

1
φ                                     ((((5555----11111111))))    

where v is the volume of the cell. The variable fφ represents the value of φ at the 

centroid of the cell-face. This variable is evaluated as the average between the φ 

values at the centre of the adjacent cells (e.g. the value of eφ is the average of Pφ  

and Eφ  in Figure 5-3) 

In equation 5-8, it can also be seen that an additional gradient form of φ needs to be 

evaluated for the approximation of the diffusion term. In this case, the gradient of φ 

at the face of the cell is needed, i.e. fφ∇ . By default, FLUENT 6.3 evaluates this 

variable through a central differencing method based on the values of the cell-

centre gradient at the adjacent cells, thus ensuring second-order accuracy.  

In addition to these approximation methods, several other numerical adjustments 

need to be incorporated, mainly due to the nature of calculation involved with the 

collocated arrangement of the grid. Due to this arrangement, a pressure field that is 

interpolated linearly would effectively be dependent on alternate nodal pressure 

values rather than adjacent ones. This can cause the pressure field to attain a 

‘checker-board’ effect, where, in each of the dimension, alternate grid points would 

have the same value in pressure, but not adjacent ones. This can be seen in 

equation 5-12, where the one-dimensional pressure gradient in cell P is shown to be 

dependent on the cell-centre pressure values at cells W and E, according to the grid 

arrangement outlined in Figure 5-3: 
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where pw and pe are the pressure values at the face between cells W-P and P-E, 

respectively, and pW, pP, and pE the cell-centre pressure values of cells W, P, and E.  
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While the use of this numerical scheme (equation 5-12) may be acceptable for 

systems involving minimal variations in pressure, this calculation procedure can 

lead towards instability if there are large fluctuations in the pressure field. During 

the momentum calculation, these fluctuations would translate to large gradients in 

the source terms, often leading to overshoots/undershoots in the calculated velocity 

field. In this study, this difficulty was overcome by the incorporation of the 

PRESTO! (PREssure STaggering Option) scheme into the discretisation of the 

momentum equation. Using this scheme, the discrete continuity equation is applied 

to a ‘staggered’ cell whose cell-centre is incident with the face of the collocated cell. 

This scheme allows for the pressure field at the cell-face to be determined according 

to the values of adjacent cells, thus avoiding the ‘checkerboard’ effect (S. V. 

Patankar, 1980).  

To further minimise the checkerboard effect associated with the use of the 

collocated grid arrangement, FLUENT 6.3 also employs an interpolation technique 

that was proposed by Rhie and Chow (1983) for the discretisation of the continuity 

equation. In this method, the face value of the velocity field is averaged using 

momentum-weighted factors. Both of the numerical schemes mentioned above are 

used widely in CFD analyses and have been found to be effective in ensuring mass 

conservation throughout problem domains that has been assigned with collocated 

grids.  

Finally, a first-order approximation of the time integral is applied for any variable, 

φ, over a control volume P (Fluent, 2006): 
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Where φn is the φ value at the current time level, t, and φn+1 is the value at the next 

time level, t + ∆t. The interface between the phases is calculated based on equation 

5-6, using the volume fraction values that were computed at the previous time step. 

For all other variables, the implicit temporal discretisation scheme is used, with all 
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of the convective, diffusion and source terms being evaluated at the future time 

level, n+1. 

5.5.3 Discretisation methods: Fluid viscosity model 

The fluid model used in the following sections is based on the semi-viscoplastic fluid 

model outlined in Section 4.4. To incorporate this model, a User Defined Function 

(UDF) had to be generated and loaded with the FLUENT solver.  

The UDF used for the current study was based on the DEFINE_PROPERTY macro 

in FLUENT 6.3. In this macro, the fluid structure parameter (λ) is firstly calculated 

based on the numerical approximation of equation 4-3: 

λκ
θ

λ1

∆t

∆λ γ−−≈ &                                     ((((5555----14141414))))    

where θ  is characteristic relaxation time of the fluid viscous parameters, κ  is a 

constant that reflects the rate of break-down in the fluid structure, and γ& is the 

shear rate. The following approximation can thus be applied:  
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and 

    ttttt ∆λλλ ∆+∆+ +=                                 ((((5555----16161616))))    

where the subscript t indicates the time step of the simulation. The calculation then 

progresses to calculate the resulting viscosity based on equation 4-5. At the start of 

the simulation, a starting value of unity is assigned for the λ values across the 

domain filled with the fluid phase.  

In this study, the solutions of the discretised governing equations were obtained 

through the utilisation of the segregated pressure-based solver, which will be 
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discussed in more detail in section 5.5.5. At each iteration step, this calculation 

algorithm requires that the fluid properties be updated before the momentum 

equations are solved for the velocity and pressure fields. As a result, the 

DEFINE_PROPERTY UDF is effectively ‘called’ and updated at the beginning of 

each iteration step. To prevent FLUENT from updating the values of λ at each 

iteration step, another UDF, DEFINE_EXECUTE_AT_END, has to be 

incorporated. This macro is basically a general-purpose macro that is executed at 

the end of a time step in a transient run. In this macro, the values of λ across the 

fluid domain as well as the strain rate used in the calculation for the new values of 

λ, are updated. 

The UDF code used in this study is presented in Appendix C.1. 

5.5.4 Interface reconstruction scheme 

One of the issues that are associated with the VOF model is the reconstruction of 

the interface between the phases. Since the development of the VOF method by 

Hirt and Nichols in 1981, many methods have been suggested for the reconstruction 

of interfaces in VOF problems, based on the α field at the face of a control volume. 

This process is commonly known as ‘advection’. In the simplest form of VOF 

(SOLA-VOF), Hirt and Nichols used a scalar volume-fraction field representing the 

averaged volume fractions of fluids within each control volume (see Figure 5-4(b)). 

A cell is identified as a donor of an amount of fluid from one phase, while a 

neighbouring cell acts as the acceptor of the same amount of fluid, thus preventing 

numerical diffusion at the interface (Donor-Acceptor scheme). This method is 

remarkably simple to use and is effective in modelling flows with complex free-

surface geometries. However, this method does not readily provide information 

about the interfaces between the fluids. As a result, the user of this method has to 

be cautious in advecting the volume fraction fields so as to preserve the sharpness 

of the interfaces.  
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An improvement of the Donor-Acceptor scheme was suggested by Youngs (1982), 

termed as the Piecewise Linear Interface Construction (PLIC), which has since 

been generalised for unstructured mesh and known as the Geometric 

Reconstruction Scheme. This method is able to reconstruct the interfaces more 

effectively, although it does require more computational time than the previous 

method. In this scheme, the interface between the fluids is assumed to have a linear 

slope within each cell. With this assumption, the position of the interface can be 

calculated based on the values of the volume fraction and its derivatives. Using this 

information and the normal and tangential velocity distribution on the face, the 

advection calculation for the fluid through the cell faces can then be conducted. The 

volume fraction in each cell can then be updated. The typical results of this method 

in comparison to the SOLA-VOF algorithm can be seen in Figure 5-4(c). 

Improvements on the PLIC method have also been recently suggested by Pillod and 

Puckett (2004) using least-square procedure and Lopez et al. (2004) using splines 

instead of linear slopes.  
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Figure Figure Figure Figure 5555----4444: Comparison of Inter: Comparison of Inter: Comparison of Inter: Comparison of Interfffface Reconstruction Schemes ace Reconstruction Schemes ace Reconstruction Schemes ace Reconstruction Schemes (Martinez, Chesneau, & (Martinez, Chesneau, & (Martinez, Chesneau, & (Martinez, Chesneau, & 

Zeghmati, 2006)Zeghmati, 2006)Zeghmati, 2006)Zeghmati, 2006): (a) True interface; (b) SOLA: (a) True interface; (b) SOLA: (a) True interface; (b) SOLA: (a) True interface; (b) SOLA----VOF; (c) PLIC.VOF; (c) PLIC.VOF; (c) PLIC.VOF; (c) PLIC.    

Other advection schemes have also recently been developed recently, including 

CICSAM (Ubbink & Issa, 1999) and HRIC (Muzaferija & Peric, 1999), which are 

based on high resolution differencing scheme. Özkan et al. (2007) have conducted a 

comparative study between several CFD codes and advection schemes for the 

interfacial simulation of bubble-train flow in a narrow channel. From this study, it 

was found that the VOF method with PLIC and donor-acceptor schemes that are 

offered by FLUENT 6.3 generally yield satisfactory results, whereas high-order 

difference schemes such as CICSAM and HRIC were found to give a higher level of 

smearing, resulting in alterations in the flow patterns. 
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Due to the above finding and the well-established nature of the PLIC method, this 

advection scheme was selected for the basis of the VOF calculation in this thesis. 

5.5.5 Solving procedure 

Once discretisation is applied, a large system of non-linear algebraic equations is 

produced. Numerous solution schemes are available for solving these equations, 

including those involving direct methods, such as the Gauss elimination and cyclic 

reduction. The iterative methods, however, are used much more commonly in the 

CFD community, as they are less sparse, require less memory space in storing the 

matrix problem, and can be used to solve highly non-linear equations. A set of 

convergence criteria, which will be discussed in Section 5.5.6, is then enforced 

during the calculation process, to optimise the balance between accuracy and 

efficiency of the calculation. 

For the current study, the series of algebraic equations resulting from the 

discretisation of the governing equations were solved using the segregated 

pressure-based solver algorithm. As the name suggests, this algorithm considers a 

single variable (φ) at a time, over all cells simultaneously. The solution of each 

variable is found through a point implicit (Gauss-Seidel) linear solver in 

combination with the algebraic multi-grid (AMG) method. The calculation 

procedure involved with this calculation algorithm can be seen in Figure 5-5. 
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Figure Figure Figure Figure 5555----5555: Segregated pressure: Segregated pressure: Segregated pressure: Segregated pressure----based solver with SIMPLE pressurebased solver with SIMPLE pressurebased solver with SIMPLE pressurebased solver with SIMPLE pressure----velocity coupling velocity coupling velocity coupling velocity coupling 

scheme. U, V, and W represent the velocity vector in the xscheme. U, V, and W represent the velocity vector in the xscheme. U, V, and W represent the velocity vector in the xscheme. U, V, and W represent the velocity vector in the x----, , , , yyyy----, and z, and z, and z, and z---- directions. A and C  directions. A and C  directions. A and C  directions. A and C 

represent the matrix resulting from the system of linearised equations obtained represent the matrix resulting from the system of linearised equations obtained represent the matrix resulting from the system of linearised equations obtained represent the matrix resulting from the system of linearised equations obtained fromfromfromfrom    

considerations of the convection (F), diffusion (D) and source terms of each element of the considerations of the convection (F), diffusion (D) and source terms of each element of the considerations of the convection (F), diffusion (D) and source terms of each element of the considerations of the convection (F), diffusion (D) and source terms of each element of the 

calculation. Fcalculation. Fcalculation. Fcalculation. F1111, F, F, F, F2222, and F, and F, and F, and F3333 represent the moment represent the moment represent the moment represent the momentumumumum----weighted factors for the correction of weighted factors for the correction of weighted factors for the correction of weighted factors for the correction of 

the velocity field. the velocity field. the velocity field. the velocity field.     
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As can be seen in Figure 5-5, the pressure-based segregated solving algorithm 

involves the initial solution of the momentum equations, yielding a first ‘guess’ of 

the velocity field and mass-flux. A pressure correction equation is then applied, 

resulting in the ‘corrected’ values of face mass fluxes, pressure, and velocity field. 

Other scalars, such as turbulent quantities, energy, species and radiation intensity 

are then evaluated using the corrected pressure and velocity fields. Due to this 

segregated approach towards the solution of the governing equations, which are in 

fact highly coupled, a pressure-velocity coupling algorithm is required to ensure 

that the calculated pressure and velocity fields comply with the continuity equation. 

In this thesis, the SIMPLE pressure-velocity coupling algorithm (S. V. Patankar & 

Spalding, 1972), which has been developed based on the discretised continuity 

equation, has been implemented for the calculation of the pressure correction term. 

5.5.6 Stability and convergence 

Convergence criteria of 1x10−3 and 1x10−6 were enforced for the continuity and 

momentum equations, respectively, with a maximum number of iterations of 50 per 

time step. 

For all of the governing equations, under-relaxation factors were incorporated in 

order to control the update of computed variables at each iteration step. For 

example, in the pressure-correction stage, an under-relaxation factor is 

incorporated to avoid large fluctuations in the pressure field: 

p'pp p0 ε+=                                         ((((5555----17171717))))    

where p0 is the initial guess of the pressure field, εp the under-relaxation factor for 

pressure, and p'  the pressure-correction.  

As can be seen from equation 5-17, higher values of under-relaxation factor 

(0 < ε <1) allow for more aggressive calculation progression, resulting in possibly 

faster convergence. However, larger fluctuations in the calculation procedure may 

lead to unstable results and vice versa. Balance of the two aspects can lead to 
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optimum level of under-relaxation. In this thesis, under-relaxation factors of 0.3 

and 0.7 have been assigned for the pressure and momentum calculations. The 

selection of these parameters were based on the recommendations of FLUENT 

(Fluent, 2006) and were found to give a good balance between solution stability and 

convergence.  

FLUENT 6.3 also provides an optional "implicit body force" treatment for 

multiphase calculations, which is recommended for flows involving large body 

forces such as gravity and surface tension forces. In these cases, often the body 

force and pressure gradient terms in the momentum equation are nearly in 

equilibrium, with the contributions for convective and viscous terms minimal. This 

reduces the ability for segregated solvers to converge, and as a result the 

equilibrium between the pressure gradient and body forces needs to be taken into 

account. In the implicit body force mechanism, FLUENT introduces additional 

terms involving corrections to the body force, allowing the flow to achieve a realistic 

pressure field very early in the iterative process (Fluent, 2006). This numerical 

scheme was incorporated for the VOF-based simulations conducted for this study. 

The stability of a numerical procedure is also highly dependent on the time step 

selected. In VOF calculations, where numerical diffusion has to be avoided as much 

as possible, the highly-unstable central differencing discretisation method for the 

momentum equation has to be used. Furthermore, as the sharpness of the interface 

is highly important, very fine uniform mesh is normally required. The 

Courant-Friedrichs-Lewy (CFL) criterion states that in the simulation of a wave 

crossing a discrete grid, for example, the selected value for time step should be less 

than the time for the wave to travel adjacent grid points: 

CFL
∆x

tV. ≤∆
                                    ((((5555----18181818))))    

Where ∆x is the size of the grid. Therefore, the smaller the grid size, smaller time 

steps should be used to maintain stable solutions. 
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The time step used in the simulations conducted for this thesis was selected based 

on the above considerations, and a maximum courant number (CFL) of 0.1 is 

enforced at all times during the calculation process.  

5.5.7 Summary of numerical scheme 

Overall, the features of the proposed numerical method for the mathematical 

problem presented in Section 5.4 can be summarised as follows: 

� A 3D numerical grid consisting of uniform hexahedral control volumes has been 

constructed over the computational domain 

� The motion of the sphere through the fluid medium was tracked through the 

PLIC interface-tracking scheme based on VOF method suggested by Youngs 

(1982) 

� The semi viscoplastic fluid model discussed earlier in section 4.4 has been 

discretised. A code was written for the implementation of this equation into the 

solution procedure through the utilisation of the User Defined Functions (UDFs) 

available in FLUENT 6.3 

� An implicit differencing scheme was used for the time derivative term of the 

governing equations 

� The convective and diffusion terms of the governing equations were discretised 

using the standard central differencing scheme.  

� The interpolation for the pressure field for the momentum equation was 

conducted using the PRESTO! Scheme (S. V. Patankar, 1980) 

� The SIMPLE method (S. V. Patankar & Spalding, 1972) was adopted for the 

pressure-velocity coupling in conjunction with the segregated pressure-based 

solver used for the solution of the discretised equations. 

In the development of this numerical formulation, careful consideration has been 

given for the minimisation of errors during the discretisation process. The solution 
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procedure, such as the selection of time step (CLF ≤ 0.1) and under relaxation 

factors, has been developed in such a way to attain good stability as well as rapid 

convergence during the calculation stage. The suitability and validity of this 

numerical scheme will be examined in the following section. 

5.6 Newtonian results 

In order to accurately represent the settling behaviour of solid particles in a fluid 

medium using the VOF method, careful consideration needs to be given towards the 

preservation of the interface between the liquid phase and the phase representing 

the solid material (i.e. the secondary or ‘solid’ phase), both in its shape and its 

sharpness, throughout the discretisation and numerical processes. Therefore, the 

level of deformation in the spherical profile of the ‘solid’ phase has to be adequately 

minimised so as not to affect the accuracy of the flow profile surrounding the 

sphere. Based on the mathematical formulation of the problem, this deformation is 

obviously highly dependent on the selection of a viscosity value assigned for the 

phase representing the solid sphere. As this parameter is unmeasurable in reality, 

its quantification has to be done through a process of trial and error. In this thesis, 

this process was conducted through a simulation study in Newtonian fluids, and 

will be discussed later in Section 5.6.2. 

In addition to the selection of the ‘solid’ viscosity, the preservation of the shape and 

sharpness of the interface is also dependent on the formulation of the numerical 

scheme, particularly in the advection of the α (or volume fraction) field. The 

discretisation of the α equations in both the transient and spatial domains has to 

incorporate sufficient level of accuracy so as to minimise the effects of interface 

smearing associated with numerical diffusion. The formulation of the numerical 

scheme, as has been discussed previously in section 5.5, was developed with this 

concept in mind. The applicability of this numerical scheme and the capability of 

the interface-tracking method in reconstructing the interface for the specified 

discretised domain and numerical problem will be evaluated in Sections 5.6.2 and 

5.6.3, using numerical simulations conducted in Newtonian fluids.  
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The parameters selected for the numerical study conducted in Newtonian fluids 

were assigned such that similar values in Reynolds number as those to be done in 

the semi-viscoplastic fluid model could be obtained. With the rate-of-shear 

estimated to be DVR =γ&  (Bot et al., 1998; Kemiha, Frank, Poncin, & Li, 2006), the 

Reynolds number for the rate equation, here represented by the steady-state form 

of the semi-viscoplastic model of equation 4-5, can be written as: 
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Equation 5-19 can be simplified by neglecting the term ∞µ , which has been found to 

be very small for all of the fluid solutions (~ 0.0001 Pa.s, see Table 4-2): 
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where ρf is the density of the fluid, V the settling velocity of the sphere, and D the 

diameter of the sphere. For Newtonian fluids, the power-index m of the rate 

equation is zero. The Reynolds number for this case then becomes: 

N

f VD
Re

µ
ρ=                                      ( ( ( (5555----21212121))))    

where µN is the Newtonian viscosity. The range of µN was thus selected such that 

the resulting Reynolds number is similar to those conducted experimentally using 

the viscoplastic fluids (0.1 < Re < 7.0). For a spherical object ofρs = 8000 kg/m3 and 

D = 0.01 m, this corresponds to fluid viscosity (µN) of 0.7 – 5.3 Pa.s (see Appendix 

C.2 for details of calculation).  
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5.6.1 Domain description 

The geometry of the column has been selected such that the smallest distance 

between the ball and the wall is 4.5 D.  

In VOF-based calculations, the efficiency of the numerical scheme depends highly 

on the effectiveness of the advection scheme for the α fluxes, which in turn is highly 

dependent on the position of the interface within each computational cell. As a 

result, VOF-based numerical schemes generally require the discretisation process 

to be conducted over highly structured (square) grids. In this study, to ensure the 

consistency of the advection scheme over all of the simulations, the size of the 

numerical mesh was related to the diameter of the spherical particle, rather than 

the intended dimensions of the column. As a result, simulations involving larger 

spheres would require less degree of finesse in grid dimensions than those involving 

smaller spheres. From the convergence study presented in Section 5.6.3, it will be 

shown that the number of mesh nodes required across the diameter of the sphere is 

approximately 11 for a grid independent solution.  

In the numerical study involving the semi-viscoplastic fluid model, some 

consideration will be given towards the recovery characteristics of the fluid medium 

after it has been sheared by the motion of a settling sphere. As will be seen in 

Section 5.7.3, this aspect of the fluid characteristic can be examined by considering 

the flow field surrounding a sphere settling through a fluid medium that has 

previously been sheared by the movement of another sphere some time earlier. Any 

changes in the viscous parameters of the fluid in this region could then be 

identified. The results of this study are expected to be comparable to the set of 

experiments conducted in the Floxit solutions. In these experiments, a sphere that 

is released following the flow path of another sphere was found to exhibit much 

higher settling velocity than the preceding one.  

The consideration stated above is highly relevant towards the architecture of the 

numerical grid for the CFD study. For the recovery of the viscous parameters to be 
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accurately simulated, the symmetry of the flow field as well as the accuracy of the 

advection scheme need to be sustained and conserved throughout the discretised 

domain. As a result, a uniform cubic mesh has to be assigned throughout the 3D 

column. The details of the resulting grid configurations have been outlined in Table 

5-1. As can be seen in this Table, the simulations conducted for this study generally 

require large numbers of nodes. These calculations, therefore, are relatively 

computationally expensive. 

Table Table Table Table 5555----1111: Grid configuration: Grid configuration: Grid configuration: Grid configuration over the computational domain. over the computational domain. over the computational domain. over the computational domain.    

 

5.6.2 ‘Solid’ viscosity 

To examine the level of ‘solid’ viscosity required to maintain the sharpness of the 

interface between the ‘solid’ and liquid phases, simulations using a Newtonian fluid 

of µN = 1.0 Pa.s were conducted. The results of this study have been shown in 

Figure 5-6. From this Figure, it can be seen that the all three simulations show 

minimal deformation in the shapes of the spheres as they settle over a distance of ~ 

70 mm from rest. Furthermore, it can also be seen that all three simulations yield 

relatively similar predictions in the settling progression of the sphere. Based on 

these observations, it was concluded that for µN value of 1.0 Pa.s and a ‘solid’ 

viscosity value ranging from 100 to 400 Pa.s, the proposed numerical scheme is able 

to preserve the spherical shape of the secondary phase throughout the iteration 

process relatively satisfactorily. Moreover, the similarities in the settling 

progression of the solid phase also indicate that within the parameters of these 

simulations, the level of viscosity in the secondary or ‘solid’ phase does not greatly 

influence the flow field development of the primary phase. Therefore, given that the 

level of ‘solid’ viscosity is adequately high for the preservation of the sphericity of 
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the ‘solid’ phase, the selection of this parameter is not expected to greatly influence 

the prediction of the settling velocity of the particle. 

 

Figure Figure Figure Figure 5555----6666: Translation of a sphere (D = 10mm, : Translation of a sphere (D = 10mm, : Translation of a sphere (D = 10mm, : Translation of a sphere (D = 10mm, ρρρρssss = 8000 Kg/m = 8000 Kg/m = 8000 Kg/m = 8000 Kg/m3333) in a Newtonian fluid (1 ) in a Newtonian fluid (1 ) in a Newtonian fluid (1 ) in a Newtonian fluid (1 

Pa.s): (a) Pa.s): (a) Pa.s): (a) Pa.s): (a) µµµµssss////µµµµffff = 100; (b)  = 100; (b)  = 100; (b)  = 100; (b) µµµµssss////µµµµffff = 200; = 200; = 200; = 200;    (c) (c) (c) (c) µµµµssss////µµµµffff = 400. The sphere at the top indicates the  = 400. The sphere at the top indicates the  = 400. The sphere at the top indicates the  = 400. The sphere at the top indicates the 

original position of the sphere, whereas the lowest sphere indicates itsoriginal position of the sphere, whereas the lowest sphere indicates itsoriginal position of the sphere, whereas the lowest sphere indicates itsoriginal position of the sphere, whereas the lowest sphere indicates its position after 800  position after 800  position after 800  position after 800 

iterations (miterations (miterations (miterations (mesh spacing = 0.9 mmesh spacing = 0.9 mmesh spacing = 0.9 mmesh spacing = 0.9 mm;;;;    indicatedindicatedindicatedindicated distances are in mm distances are in mm distances are in mm distances are in mm)))). . . .     

From the observations outlined above, it was concluded that for the simulation of 

the settling behaviour of metal spheres in a fluid medium using the VOF model, a 

‘solid’ to liquid viscosity ratio (µs/µf) of 100-400 is appropriate. All of the subsequent 

simulations conducted for this study were performed using µs/µf = 200.0.  

5.6.3 Convergence study 

A grid independence test was performed by comparing the predicted settling 

velocity after 800 iteration time steps for spheres (D = 0.01 m; ρs = 8000 kg/m3) 

settling in Newtonian fluids of several different values in viscosity (0.72, 1.0, 2.5, 

and 5.3 Pa.s). The results of this analysis were illustrated in Figure 5-7 with four 

different grid sizes as outlined in Table 5-1.  
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Figure Figure Figure Figure 5555----7777: : : : TTTTerminal settling velocity of spheres predicted by the simulation using the VOF erminal settling velocity of spheres predicted by the simulation using the VOF erminal settling velocity of spheres predicted by the simulation using the VOF erminal settling velocity of spheres predicted by the simulation using the VOF 

method, as a function of method, as a function of method, as a function of method, as a function of grid sizegrid sizegrid sizegrid size. . . .     

From this Figure, it can be seen that notable differences in the values of the 

predicted settling velocity could be obtained by successively refining the numerical 

grid from 1.1 mm to 0.9 mm.  This dependence on the grid size was found to be 

significantly reduced for cases where the fluid viscosity is relatively high (µN ~ 5.2 

Pa.s). When the size of the grid was further decreased to 0.8 mm, minimal 

differences were obtained for all of the µN values being tested. Through this 

observation, it was concluded that the results generated by the 0.9 mm numerical 

grid were approximately grid independent. This grid size was therefore used in the 

following simulation runs. 

Furthermore, the predicted settling velocities were then compared with the 

literature values, here calculated through the correlation suggested by Clift et al. 

(1978), incorporating the wall correction factors suggested by Francis (Francis, 

1933) and Kehlenbeck and DiFelice (1999) (See details of calculation in Appendix 

C.3). The results of this comparison can be seen in Figure 5-8, where the predicted 
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values of settling velocity, here in the form of the drag coefficient (CD), as a function 

of the Reynolds number, have been presented. 

 

Figure Figure Figure Figure 5555----8888: : : : PPPPredicted values of the drag coefficient (Credicted values of the drag coefficient (Credicted values of the drag coefficient (Credicted values of the drag coefficient (CDDDD), ), ), ), obtainedobtainedobtainedobtained through the VOF through the VOF through the VOF through the VOF----basbasbasbased ed ed ed 

numerical scheme, in comparison to those obtained through the correlation suggested by numerical scheme, in comparison to those obtained through the correlation suggested by numerical scheme, in comparison to those obtained through the correlation suggested by numerical scheme, in comparison to those obtained through the correlation suggested by 

Clift et al. (1978). The wallClift et al. (1978). The wallClift et al. (1978). The wallClift et al. (1978). The wall----correction factors suggcorrection factors suggcorrection factors suggcorrection factors suggeeeested by Francis sted by Francis sted by Francis sted by Francis (1933)(1933)(1933)(1933) and Kehlenbeck  and Kehlenbeck  and Kehlenbeck  and Kehlenbeck 

and DiFelice and DiFelice and DiFelice and DiFelice (1999)(1999)(1999)(1999) were incorporated (see Appendix C.3). An error band of 10% on the  were incorporated (see Appendix C.3). An error band of 10% on the  were incorporated (see Appendix C.3). An error band of 10% on the  were incorporated (see Appendix C.3). An error band of 10% on the 

VOFVOFVOFVOF----based settling velocity has been based settling velocity has been based settling velocity has been based settling velocity has been included.included.included.included.    

Based on the comparison presented in Figure 5-8, it was concluded that the 

VOF-based numerical scheme is able to emulate the prediction of drag experienced 

by a sphere settling through Newtonian fluids to within 10% accuracy of the values 

predicted through established correlations available in the literature. At lower 

values of Reynolds numbers, it can be seen that the VOF simulation tends to 

slightly under-predict the drag coefficient of the spheres when it is compared to the 

respective values calculated from the correlations. At the other end of the scale, i.e. 

at Re > 2.0, the predicted drag force was slightly higher than these calculated 

values. However, the difference between the predicted drag correlation and those 
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calculated based on the correlation suggested by Clift et al. (1978) were minimal 

and well within any experimental or numerical errors.  

The relatively small margin of uncertainty (< 10%) shown in Figure 5-8 indicates 

that the proposed VOF-based numerical scheme presents a promising avenue for 

the prediction of the settling velocity of spheres in Newtonian fluids. In the 

following section, this numerical scheme will be used in conjunction with the 

discretised semi-viscoplastic fluid model, and the results of these simulations will 

be compared with the experimental data for aqueous polyacrylamide solutions. 

5.7 Semi-viscoplastic results 

Having established a VOF-based method for the simulation of the settling 

behaviour of spherical particles in fluids, the study can now be extended towards 

the implementation of the semi-viscoplastic model into the liquid phase. In doing 

so, it is hoped that a better understanding regarding the flow field surrounding a 

sphere settling in fluids exhibiting this flow behaviour can be obtained and factors 

affecting the settling velocity of the spheres can be determined.  

The results of the numerical study conducted in Newtonian fluids indicate that for 

the simulation of the settling behaviour of spherical particles in a fluid medium, the 

use of a hypothetical parameter representing the viscosity of the solid material, 

which is approximately 200 times the viscosity of the fluid medium, is necessary. 

This parameter was selected such that the deformation of the interface between the 

liquid phase and the phase representing the solid particle is minimised.  
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To incorporate this approach in the numerical study of semi-viscoplastic fluids, the 

maximum fluid viscosity surrounding a sphere settling in this type of fluid needs to 

be estimated. This was conducted by estimating the particle terminal settling 

velocity (Vt), using the correlation suggested by Wilson et al. (2004; 2003). The 

minimum rate-of-shear resulting from the motion of the sphere is then estimated as 

follows: 

D

t
min W

V
=γ&                                     ((((5555----22222222))))    

where WD is the hydraulic diameter of the column. 

The maximum viscosity of the fluid phase is then estimated based on the 

steady-state form of the rate equation (see equation 4-5). Based on this analysis 

(see Appendix C.4 for full details on the calculation), it can be seen that to minimise 

the level of deformation between the two phases, the range of solid viscosity that 

should be applied is 680 – 1940 Pa.s.  

5.7.1 The effects of yield stress and fluid plastic ity 

The contours of the relative vertical velocity from simulations with the 

semi-viscoplastic fluid model are shown in Figure 5-9. In this Figure, the profiles of 

axial velocity distribution along the horizontal axis have been compared to the 

corresponding profiles from simulations with Newtonian fluids of similar Reynolds 

value. In this Figure, it can be seen that simulations with the semi-viscoplastic 

model tend to yield ‘flatter’ velocity profiles than those with the Newtonian models. 

This flatness indicates that in regions away from the sphere, the flow fields of 

semi-viscoplastic fluids have lower velocity gradients. This was expected, as the 

semi-viscoplastic model features high values of viscosity at the lower range of shear 

forces. Since the regions further away from the settling sphere generally experience 

much lower values of shear stresses than those closer to the settling sphere, the 

high values of viscosity in these regions causes a more severe reduction in the 

velocity gradients than in the case of the Newtonian fluids. 
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Figure Figure Figure Figure 5555----9999: Distribution of the relative vertical velocity along the horizontal axis, at the : Distribution of the relative vertical velocity along the horizontal axis, at the : Distribution of the relative vertical velocity along the horizontal axis, at the : Distribution of the relative vertical velocity along the horizontal axis, at the 

crosscrosscrosscross----section of section of section of section of the spherethe spherethe spherethe sphere. The viscous parameters of the semi. The viscous parameters of the semi. The viscous parameters of the semi. The viscous parameters of the semi----viscoplastic fluids A and B viscoplastic fluids A and B viscoplastic fluids A and B viscoplastic fluids A and B 

are those are those are those are those of 0.9% and 1.0% Floxit solutions, respectively (see Tables 4of 0.9% and 1.0% Floxit solutions, respectively (see Tables 4of 0.9% and 1.0% Floxit solutions, respectively (see Tables 4of 0.9% and 1.0% Floxit solutions, respectively (see Tables 4----2 and 42 and 42 and 42 and 4----3).3).3).3).    D = 10.0 D = 10.0 D = 10.0 D = 10.0 

mm, mm, mm, mm, ρρρρffff////ρρρρssss = 8.016. = 8.016. = 8.016. = 8.016.    

To further analyse the flow field of the semi-viscoplastic fluid, the distribution of 

relative axial velocity along the vertical axis has been presented in Figure 5-10. As 

can be seen in this Figure, all of the simulations show slower decay in the axial 

velocity in the region above the sphere (here indicated by negative values in vertical 

distance) than in the region below it. In the simulations with the semi-viscoplastic 

models, fluid regions below the sphere generally reach a near-constant velocity at a 

distance of approximately eight times the radius of the sphere, i.e. 8.0 R. This 

indicates that the fluid medium beyond this distance can be considered to be 

relatively undisturbed by the settling motion of the sphere. In the simulations with 

the Newtonian fluid model, on the other hand, the decay in the axial velocity in the 

region below the sphere continues to occur beyond a vertical distance of 9.0 R. This 

indicates that the disruption in the fluid medium caused by the settling motion of 

the sphere in Newtonian fluids extends over a longer vertical distance than in the 

case of semi-viscoplastic fluid of the same Reynolds value. 
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Figure Figure Figure Figure 5555----10101010: Distribut: Distribut: Distribut: Distribution of the relative vertical velocity along the vertical axis. ion of the relative vertical velocity along the vertical axis. ion of the relative vertical velocity along the vertical axis. ion of the relative vertical velocity along the vertical axis. The origin The origin The origin The origin 

of the xof the xof the xof the x----axis indicates the centre of the sphereaxis indicates the centre of the sphereaxis indicates the centre of the sphereaxis indicates the centre of the sphere. The region above the sphere is represented . The region above the sphere is represented . The region above the sphere is represented . The region above the sphere is represented 

by the negative values of vertical coby the negative values of vertical coby the negative values of vertical coby the negative values of vertical co----ordinates, and vice versa.ordinates, and vice versa.ordinates, and vice versa.ordinates, and vice versa.    The viscous parameters oThe viscous parameters oThe viscous parameters oThe viscous parameters of the f the f the f the 

semi viscoplastic fluids A and B are those of 0.9% and 1.0% Floxit solutions, respectively semi viscoplastic fluids A and B are those of 0.9% and 1.0% Floxit solutions, respectively semi viscoplastic fluids A and B are those of 0.9% and 1.0% Floxit solutions, respectively semi viscoplastic fluids A and B are those of 0.9% and 1.0% Floxit solutions, respectively 

(see Tables 4(see Tables 4(see Tables 4(see Tables 4----2 and 42 and 42 and 42 and 4----3).3).3).3).    D = 10.0 mm, D = 10.0 mm, D = 10.0 mm, D = 10.0 mm, ρρρρffff////ρρρρssss = 8.016. = 8.016. = 8.016. = 8.016.    

Based on the observations stated above, it can be seen that the incorporation of the 

semi-viscoplastic fluid model generally causes a decrease in the distribution of 

velocity in the flow field surrounding a settling sphere. This decrease in velocity 

could be caused by the transient yield stress characteristics of the fluid model. In 

turn, this aspect of the fluid model is expected to induce the presence of distinct 

yielding and unyielding regions in the flow field surrounding the settling sphere, as 

observed by Atapattu (1989) and suggested by Beris et al. (1985)  and Yoshioka et 

al. (1971) in their numerical studies of traditional viscoplastic fluid flows. The 

distinction of the yielding and unyielding regions is due to the yield stress of the 

viscoplastic model. Due to the presence of the yield stress, fluid regions 

experiencing pressure forces that are less than the yield stress essentially behave 

as elastic solids and do not experience any form of permanent deformation, and vice 

versa. In the studies discussed above, this unyielding phenomenon is generally 
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encountered in regions several radii away from the settling sphere (~ 3.0 – 4.0 R 

from the visualisation study conducted by Atapattu et al. (1989)), as well as in fluid 

zones immediately attached to the surface of the sphere, e.g. at the polar ends of the 

sphere (polar caps).  

In the studies mentioned above, the transition between the yielding and unyielding 

regions surrounding a settling sphere has generally been depicted as relatively 

abrupt. This is due to the use of the idealised viscoplastic equations, such as 

Bingham and Herschel-Bulkley fluid models, which enable the location of the 

unsheared regions to be defined clearly. In comparison, as the semi-viscoplastic 

fluid model displays yield stress values that are temporary and variable in nature, 

the distinction between the yielding and unyielding regions is generally harder to 

determine.  

The categorisation of the yielding and unyielding zones in the semi-viscoplastic 

fluid model can be performed by considering the magnitude of force or pressure that 

is required to overcome the ‘structure’ of the fluid. Based on the rate equation of the 

scalar parameter representing the structure of the fluid (λ), the yield process of the 

fluid can be defined as: 

0γλκ
θ

λ1

dt

dλ <−
−

= &                                 ((((5555----23232323))))    

The rate-of-change in structure at each time-step can thus be approximated as: 
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= &                                 ((((5555----24242424))))    

In fluid regions where yielding occurs, negative values in ∆λ/λ would be 

encountered, and vice versa. 

Figure 5-11 shows the development of the yielding region around a sphere settling 

in a viscoplastic fluid. The extent of the yielding zone in this case has been defined 

as regions where the existing rate-of-shear induces a relative change of at least 
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0.05% in comparison to the fluid-structure parameter during the imposed time step. 

As can be seen in this Figure, the yielding region tends to expand as the flow field 

surrounding the settling sphere develops. This continues to occur, until a steady 

settling velocity is obtained. In the case presented in Figure 5-11, it can be seen 

that the yield zone of the fully-developed flow field, obtained after 400 iteration 

time steps, extends at approximately 4-5 times the sphere diameter in the vertical 

direction.  

 

Figure Figure Figure Figure 5555----11111111: The development of yielded and unyielded zones in the flow field surrounding a : The development of yielded and unyielded zones in the flow field surrounding a : The development of yielded and unyielded zones in the flow field surrounding a : The development of yielded and unyielded zones in the flow field surrounding a 

settling sphere settling sphere settling sphere settling sphere (D = 10.0 mm, (D = 10.0 mm, (D = 10.0 mm, (D = 10.0 mm, ρρρρssss = 8000 kg/m = 8000 kg/m = 8000 kg/m = 8000 kg/m3333, Re = 1.5). The fluid medium is modelled , Re = 1.5). The fluid medium is modelled , Re = 1.5). The fluid medium is modelled , Re = 1.5). The fluid medium is modelled 

using the semiusing the semiusing the semiusing the semi----viscoplastic equation (viscoplastic equation (viscoplastic equation (viscoplastic equation (ρρρρffff = 998.0 kg/m = 998.0 kg/m = 998.0 kg/m = 998.0 kg/m3333, , , , µµµµ0000 = 54.9 Pa.s,  = 54.9 Pa.s,  = 54.9 Pa.s,  = 54.9 Pa.s, µµµµ∞∞∞∞    ====    0.0001 Pa.s, 0.0001 Pa.s, 0.0001 Pa.s, 0.0001 Pa.s, κκκκ =  =  =  = 

0.234 1/s, 0.234 1/s, 0.234 1/s, 0.234 1/s, θθθθ = 48.48 s, m = 0.7794): (a) after 200 iterations; (b) 300 iterations; (c) 400  = 48.48 s, m = 0.7794): (a) after 200 iterations; (b) 300 iterations; (c) 400  = 48.48 s, m = 0.7794): (a) after 200 iterations; (b) 300 iterations; (c) 400  = 48.48 s, m = 0.7794): (a) after 200 iterations; (b) 300 iterations; (c) 400 

iterations; (d) 500 iterations.iterations; (d) 500 iterations.iterations; (d) 500 iterations.iterations; (d) 500 iterations.    

The shape of the yielding region surrounding the settling sphere is highly 

comparable to that suggested by Yoshioka et al. (1971) (cf. the flow fields of 

viscoplastic fluids presented in Figure 2-3). Furthermore, Figure 5-11 also shows 

the presence of high-shear regions with prominent yielding tendencies at the sides 

of the sphere. At the polar ends of the sphere, on the other hand, the flow fields 

seem to feature unyielding regions that are attached directly above and below the 

sphere. This is similar to the hypotheses of Yoshioka et al. (1971) and Beris et 

al.(1985), both of whom suggested the presence of ‘polar caps’, which are regions of 

unyielding fluids that are attached to the surface of the polar ends of the sphere.  
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In the current study, the polar-cap regions discussed above actually correspond to 

regions of sheared fluid that have very low values of fluid-structure parameters 

(λ ~ 0.01, see Figure 5-12(b)). The highly-sheared character of the fluid structure in 

this region causes the recovery term in the rate equation, i.e. ( )[ ]θλ1− , to become 

very large. As a result, very high values of shear-rate are required to further 

disrupt or yield the structure of the fluid in these regions. As the existing 

rate-of-shear is insufficient to overcome the rate of recovery of the fluid structure, 

the fluid structure in this region tends to recover (or increase in λ) rather than 

deteriorate. These fluid zones should therefore be termed more appropriately as 

‘apparently unyielding regions’, due to the insufficiency of the pressure forces in 

these regions to further yield and destroy the structure, and hence decrease the 

viscous parameters of the fluid. 

 

Figure Figure Figure Figure 5555----12121212: Profile: Profile: Profile: Profile of (a) shear rate and (b) fluid structure parameter ( of (a) shear rate and (b) fluid structure parameter ( of (a) shear rate and (b) fluid structure parameter ( of (a) shear rate and (b) fluid structure parameter (λλλλ) surrounding a ) surrounding a ) surrounding a ) surrounding a 

settling sphere (D = 10.0 mm, settling sphere (D = 10.0 mm, settling sphere (D = 10.0 mm, settling sphere (D = 10.0 mm, ρρρρssss = 8000 kg/m = 8000 kg/m = 8000 kg/m = 8000 kg/m3333, Re = 1.5). The fluid medium is modelled , Re = 1.5). The fluid medium is modelled , Re = 1.5). The fluid medium is modelled , Re = 1.5). The fluid medium is modelled 

using the semiusing the semiusing the semiusing the semi----viscoplastic equation (viscoplastic equation (viscoplastic equation (viscoplastic equation (ρρρρffff = 998.0 kg/m = 998.0 kg/m = 998.0 kg/m = 998.0 kg/m3333, , , , µµµµ0000 = 54.9 Pa.s,  = 54.9 Pa.s,  = 54.9 Pa.s,  = 54.9 Pa.s, µµµµ∞∞∞∞ = 0.0001 Pa.s,  = 0.0001 Pa.s,  = 0.0001 Pa.s,  = 0.0001 Pa.s, κκκκ    = = = = 

0.230.230.230.234 1/s, 4 1/s, 4 1/s, 4 1/s, θθθθ = 48.48 s, m = 0.7794). = 48.48 s, m = 0.7794). = 48.48 s, m = 0.7794). = 48.48 s, m = 0.7794).    

Contrary to the high-shear conditions evident in the region of the polar caps, the 

flow profiles presented in Figure 5-12 suggest that the region of unyielding fluid at 

the sides of the sphere is coincident with a region of fluid that is actually unsheared 

(λ ~ 0.95, see Figure 5-12(b)). This region occurs at a distance of ~ 4.0 R. The 

presence and location of this unyielding zone was found to be highly comparable to 
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the results of the visual study presented by Atapattu et al. (1989), who observed 

that the yielded region surrounding a sphere settling in a viscoplastic fluid extends 

to approximately 3.5 to 4.0 R in the horizontal direction from the centre of the 

sphere. Further away from the sphere, the structure parameter begins to decline 

slightly, as the fluid segment that is displaced due to the movement of the sphere 

recirculates back up to the top of the sphere. 

Based on the observations stated above, it can be concluded that under conditions of 

a fully-developed velocity field, the flow patterns due to the transient yield-stress 

characteristics in the semi-viscoplastic fluid model are similar to those caused by 

the presence of permanent yield stress in traditional viscoplastic fluid models. The 

presence of unyielding regions around the sphere causes a decrease in the 

magnitude of velocity distribution in the flow field, as observed earlier in the 

comparisons of axial velocity distributions in semi-viscoplastic and Newtonian 

fluids (of similar Reynolds numbers), presented in Figure 5-9 and Figure 5-10.  

5.7.2 Terminal settling velocity of spherical parti cles in 

semi-viscoplastic fluids 

In Section 5.6.3, it has been demonstrated that within the parameters of the 

numerical study, the proposed numerical scheme is able to effectively predict the 

fall velocity of a sphere settling through Newtonian fluids to within 10% of the 

experimental values available in the literature. In this section, this analysis will be 

repeated using the semi-viscoplastic fluid model. The results of this analysis are 

expected to provide an understanding on the validity of the proposed fluid model in 

comparison to the rheological behaviour of the actual Floxit solutions used in the 

sphere-settling experiment.  

To test the validity of the proposed fluid model, comparisons between the values of 

the predicted settling velocity from the numerical study to those obtained 

experimentally were conducted, using various combinations of viscous parameters 

(as listed in Table 4-2 and Table 4-3), sphere densities (6000, 7000, and 8000 
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kg/m3), and diameters (5.94, 7.92, and 9.9 mm). This is presented in Figure 5-13, 

where, in the manner of the correlation suggested by Wilson et al. (2004; 2003), the 

variability of dimensionless velocity ration, Vt/V*, with respect to the shear 

Reynolds number (Re*, see equation 2-45) for both the VOF and experimental 

results were shown.  
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Figure Figure Figure Figure 5555----13131313: Graph of Vt/V* vs. Re* calculated based on the values of V: Graph of Vt/V* vs. Re* calculated based on the values of V: Graph of Vt/V* vs. Re* calculated based on the values of V: Graph of Vt/V* vs. Re* calculated based on the values of Vtttt obtained  obtained  obtained  obtained 

experimentally and numerically (VOexperimentally and numerically (VOexperimentally and numerically (VOexperimentally and numerically (VOF). The inset shows the directF). The inset shows the directF). The inset shows the directF). The inset shows the direct    comparison of Vcomparison of Vcomparison of Vcomparison of Vtttt between  between  between  between 

the values obtained numerically and those calculated from the correlation of Wilson et al. the values obtained numerically and those calculated from the correlation of Wilson et al. the values obtained numerically and those calculated from the correlation of Wilson et al. the values obtained numerically and those calculated from the correlation of Wilson et al. 

(2003).(2003).(2003).(2003).    

In Figure 5-13, it can be seen that the VOF-based numerical scheme tends to 

under-predict the settling velocity of the spheres. As expected, the same trend of 

under-prediction was encountered upon the direct comparison between the 

predicted values of Vt with those calculated from the correlation of Wilson et al. 

(2004; 2003) (see inset of  Figure 5-13). However, the direct comparison also shows 

that there is a very strong regression between the two data sets (R2 = 0.9816).  
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The excellent correspondence between the experimental and numerical results, as 

indicated by the high value of regression, suggests that the proposed 

semi-viscoplastic fluid model is able to adequately represent the rheological 

behaviour of the Floxit solutions. Furthermore, as the three Floxit solutions display 

slightly different levels of elasticity (as indicated by the differences in the 

relaxation times of the fluid solutions, see Section 4.6), this correspondence between 

the experimental and numerical results for all three fluid solutions indicates that 

the prediction of the settling behaviour of a single sphere in these solutions can be 

done by considering the shear viscosities alone. This suggests that within the 

parameters selected for this study, the elasticity of the Floxit solutions does not 

significantly contribute towards the settling behaviour of a sphere in the fluid 

solutions. 

The poor quantitative agreement between the experimental and numerical results, 

despite the apparently high regression between the two data sets, indicates that 

such deviation in accuracy could be caused by the errors in the rheometric 

measurements used to determine the viscous parameters of the fluid solutions. 

Although great care has been employed during the rheometric measurement to 

uphold its accuracy and repeatability, it should be noted that such measurement 

involves a number of assumptions in flow profiles that may cause deviation in 

accuracy if the conditions are not met. In the cone-and-plate equipment, which was 

the rheometric geometry used in this study, an assumption of primary laminar flow 

across the whole geometry has been considered as the basis for the numerical 

formulations of shear stress and deformation rates. Additionally, the numerical 

formulations for these measurements were also developed under the assumptions of 

negligible edge effects and isothermal flow. Any deviations from these assumptions, 

therefore, could significantly reduce the accuracy of the rheological measurement. 

The assumptions stated above are often not satisfied in actual rheometry, as have 

been noted by various researchers in the field (Cheng, 1966; Mewis & Moldenaers, 

1999). Furthermore, the effects of yield stress and viscoelasticity on such 

measurement geometry are still not well established. In 1995, Petera and Nassehi 
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conducted a study on the flow patterns of shear-thinning fluids in cone-and-plate 

rheometers using finite element techniques. Through this examination, the 

researchers found that non-Newtonian fluids with relatively low viscosities have 

the tendency to develop secondary flows in cone-and-plate geometries even at shear 

rate values of 1 s-1. This irregularity in flow was then found to significantly affect 

the uniformity of the stress distribution within the geometry. This is in agreement 

with the visual findings of Kulicke and Porter (1979) on the flow behaviour of 

polyacrylamide solutions in cone-and-plate geometries. In their study, Kulicke and 

Porter reported the formation of vortices at shear rates as low as 1-5 s-1, which is 

considerably lower than the Newtonian transition from laminar to turbulent flows 

that normally occurs at shear rate values of about 1200 s-1. Kulicke and Porter 

(1979) also reported that this behaviour is not noticeable on the rheogram of the 

tested material. The non-uniformity of the flow of viscoplastic/viscoelastic materials 

in the rheometer has also been reinforced in the report of Britton and Callaghan 

(1997), who used NMR techniques in combination with cone-and-plate rheometer to 

establish the velocity distribution across the cone-and-plate geometry. Based on 

these findings, Britton and Callaghan (1997) suggested that the use of NMR 

microscopy for the accurate velocity profiling is essential for a precise interpretation 

of rheometric data. Petera and Nassehi (1995), on the other hand, suggested 

corrective techniques that combine the utilisation of experimental data with finite 

element modelling in order to attain accurate rheometric data. 

Based on the discussion above, it is clear that errors in the estimation of rheology 

parameters are the leading cause of the poor quantitative agreement between the 

numerical predictions of the settling velocity of spheres from the experimental data 

as seen in Figure 5-13. However, based on the high regression between the 

numerical predictions of Vt with those obtained experimentally, it can be concluded 

that the proposed VOF based numerical scheme can satisfactorily handle the highly 

non-linear nature of the governing equations for the semi-viscoplastic model.  
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5.7.3 The effects of viscous recovery 

Having analysed the characteristics of the flow field surrounding a sphere settling 

in the semi-viscoplastic fluid under fully-developed conditions (see Section 5.7.1), 

another aspect of the proposed fluid model, i.e. the gradual recovery of the structure 

parameter after it is sheared by the movement of the sphere, can now be examined. 

In the experimentations conducted using the Floxit solutions, this aspect of the 

fluid characteristic is evident in the settling behaviour of two spheres settling one 

after the other in the same flow path. After being sheared by the movement of a 

preceding sphere, the fluid medium takes some time to regain its structure. As a 

result, when another sphere shears through the same fluid region, it is subjected to 

a fluid region that has lower values of viscous parameters, and hence settles at a 

higher velocity than the preceding sphere. 

In the numerical study, this aspect of the fluid model is examined further by 

observing the flow field surrounding two spheres that are placed one above the 

other, but with a set distance apart, along the centre-line of the column (see Figure 

5-14). The recovery of the fluid parameter can be examined as the upper sphere 

(sphere 2 in Figure 5-14) passes a region that has previously been passed by the 

lower sphere (sphere 1).  
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Figure Figure Figure Figure 5555----14141414: A schematic description of the problem involving two spheres settling along the : A schematic description of the problem involving two spheres settling along the : A schematic description of the problem involving two spheres settling along the : A schematic description of the problem involving two spheres settling along the 

centrecentrecentrecentre----line of the column.line of the column.line of the column.line of the column.    

While the same column and grid configurations as that outlined in section 5.6.1 are 

used in this numerical study, the height of the column has to be considerably larger 

than that used for the study of the settling behaviour of a single sphere. This aspect 

of the problem domain has to be assigned such that the two spheres have sufficient 

path way to settle through and complete the development of the flow field that 

surrounds them. For two spheres (D = 9.9 mm) having an initial gap of 49.5 mm, for 

example, the required minimum height of the column was found to be 180 mm. As 

the VOF-based numerical formulation requires the use of a numerical grid 

consisting of a uniform fine mesh of 0.9 mm width, this height requirement causes 

the numerical analysis to be very computationally demanding. Using the case 

stated above as an example, a uniform grid of 112 x 112 x 200 node points is 

required. As a result of this high computational requirement, considerably smaller 

values of initial distance than those used experimentally (~ 5.0 – 7.0 D in 

comparison to 50 – 110 D in the settling-sphere experiments) had to be assigned.  
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For the solution of this numerical problem, the same discretisation and solving 

procedures as that outlined in section 5.5 are applied. Furthermore, comparable to 

the analysis of the experimental data, which will be presented later in chapter 6, 

the time difference between the two spheres, ∆t, is defined as the time lapse since 

the preceding sphere passes through and shears the fluid medium that is currently 

occupied by the trailing sphere (see Figure 5-14).  

As a result of the values of the initial distance between the two spheres being much 

smaller than those used experimentally, direct comparison between the results of 

this analysis with the experimental results would require the movement of the 

spheres to be tracked and measured over very small increments of space and time. 

This could be accomplished through two different approaches, with the first being 

the use of motion tracking photogrammetry system with much higher frame 

frequency than that used in the current experiment. This approach however 

requires major modifications to the current experimental setup and is highly 

expensive in practice. Modifications to the current experimental parameters can 

also be incorporated such that much slower settling movements are obtained. This 

can be accomplished either by using fluids with much higher values of apparent 

viscosity, or by using particles with much lower values of density and/or diameter. 

However, rheological analyses of viscoplastic fluids over very low values of shear 

rate have been known to be highly inaccurate, due to the effects of wall slip and 

elastic deformation (see Sections 4.2 and 4.3). These uncertainties may therefore 

significantly decrease the validity of the analysis of these experiments. Due to these 

difficulties, the two approaches mentioned above could not be incorporated in the 

current thesis. The incorporation of these approaches has been considered for the 

future development of this research project (see Section 8.2).  

Additionally, the difficulties associated with the direct comparison between the 

numerical results with the experimental observations were also caused by the fact 

that the width of the column used in the numerical study is actually smaller than 

that used experimentally (0.2 m x 0.2 m in comparison to 0.1 m x 0.1 m for the 

numerical domain). Due to these dimensional differences, it is expected that the 
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settling velocity of the trailing sphere is heavily affected by the upwards velocity 

resulting from the flow recirculation that exists at the sides of the settling spheres, 

near the walls of the column. The upwards motion of this flow region is expected to 

impede the settling motion of the trailing sphere.  

Nevertheless, although the results of this study are not expected to be 

quantitatively comparable to the experimental investigation, this numerical study 

is expected to provide a qualitative description of the flow field surrounding a 

sphere settling through a partially-recovered fluid and assist in the determination 

of important parameters that affect the settling velocity of the spheres in 

semi-viscoplastic fluids.  

The typical distribution of axial velocity along the horizontal axis for various values 

of ∆t has been presented in Figure 5-15. For comparison, the velocity field in the 

fluid medium surrounding a single sphere settling in a similarly-configured fluid 

model has been included. As can be seen in this Figure, the variation in the relative 

axial velocity in the fluid medium surrounding the leading sphere, denoted as 

sphere 1 in Figure 5-15, at ∆t of 0.469 s generally resembles that of a single sphere 

settling through the same fluid medium. This similarity indicates that in an 

experiment involving two spheres settling one above the other in this type of fluid, 

the leading sphere (sphere 1) tends to possess a settling velocity that is comparable 

to the terminal settling velocity of a single sphere. The flow field surrounding the 

corresponding trailing sphere (or sphere 2), on the other hand, is shown to possess 

higher values in relative axial velocity than the fluid medium surrounding sphere 1. 

This pattern in axial velocity indicates that the trailing sphere possesses a settling 

velocity that is approximately 13.3% higher than the preceding sphere.  
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Figure Figure Figure Figure 5555----15151515: The variation of axial velocity, relative to the settling velocity of the spheres, : The variation of axial velocity, relative to the settling velocity of the spheres, : The variation of axial velocity, relative to the settling velocity of the spheres, : The variation of axial velocity, relative to the settling velocity of the spheres, 

along the horizontal axis of the column. The spheres (D = 10.0 mm, along the horizontal axis of the column. The spheres (D = 10.0 mm, along the horizontal axis of the column. The spheres (D = 10.0 mm, along the horizontal axis of the column. The spheres (D = 10.0 mm, ρρρρssss = 8000 kg/m = 8000 kg/m = 8000 kg/m = 8000 kg/m3333) were ) were ) were ) were 

settling through a semisettling through a semisettling through a semisettling through a semi----viscoplastic fluidviscoplastic fluidviscoplastic fluidviscoplastic fluid ( ( ( (ρρρρffff = 998.0 kg/m = 998.0 kg/m = 998.0 kg/m = 998.0 kg/m3333, , , , µµµµ0000 = 54.9 Pa.s,  = 54.9 Pa.s,  = 54.9 Pa.s,  = 54.9 Pa.s, µµµµ∞∞∞∞ = 0.0001 Pa.s,  = 0.0001 Pa.s,  = 0.0001 Pa.s,  = 0.0001 Pa.s, 

κκκκ = 0.234 1/s,  = 0.234 1/s,  = 0.234 1/s,  = 0.234 1/s, θθθθ = 48.48 s, m = 0.7794) with an initial inter = 48.48 s, m = 0.7794) with an initial inter = 48.48 s, m = 0.7794) with an initial inter = 48.48 s, m = 0.7794) with an initial inter----sphere distance of 50.0 mm.sphere distance of 50.0 mm.sphere distance of 50.0 mm.sphere distance of 50.0 mm.    

The observations outlined above suggest that the results from the simulation at ∆t 

value of 0.469 s are qualitatively similar to the settling pattern obtained from the 

experiments conducted in the Floxit solutions. As shown in the velocity trace 

presented in Figure 3-4, a sphere that falls through a properly-rested fluid medium 

tends to maintain a steady terminal settling velocity as it settles through the 

column, while another sphere that follows its path tends to possess a significantly 

higher settling velocity, leading to an eventual collision between the two particles. 

Interestingly, at smaller values of ∆t, Figure 5-15 shows that the values of the 

relative axial velocity increases dramatically, for both the preceding and trailing 

spheres. While the values of relative vertical velocity in the flow field surrounding 

sphere 2 is still generally higher than that of sphere 1 for both ∆t values of 0.317 

and 0.283 s, the flow fields surrounding sphere 1 at this stage of the experiment are 

considerably higher than those resulting from ∆t of 0.469 s. This change in velocity 
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pattern indicates that at smaller separation distances, the leading sphere ceases to 

maintain its steady settling velocity and begins to accelerate. 

In comparison with the experimental data, this increase in the settling velocity of 

sphere 1 at smaller values of ∆t has been found to be comparable to the acceleration 

of the leading sphere that is commonly observed shortly before its collision with the 

sphere that follows behind it (see Figure 3-4). This increase in settling velocity 

could be caused by the acceleration of the trailing sphere, which induces a ‘pushing’ 

motion on the particle beneath it as the gap between the two spheres decreases, 

causing sphere 1 to accelerate considerably from its steady settling velocity.  

The cause of the discrepancies in the magnitude of the flow field surrounding two 

spheres settling one after the other can be examined further by observing the 

fluctuations in the fluid-structure parameter (λ) as the two spheres settle through 

the fluid medium. In Figure 5-16, the variation of λ along the horizontal axis in the 

fluid medium surrounding the two spheres has been illustrated. As expected, the 

variation in the λ field surrounding sphere 1 at ∆t of 0.469 s closely resembles that 

of a single sphere settling through a fluid medium of the same viscous parameters. 

In the flow field surrounding the corresponding trailing sphere, on the other hand, 

significantly lower values of λ in regions close to the surface of the sphere were 

evident. This observation enforces the hypothesis stated previously, that the 

acceleration evident in the fall behaviour of the trailing sphere is caused by the 

incomplete recovery of the fluid structure, after it is sheared by the motion of the 

sphere preceding it.  



Chapter 5: Computational fluid dynamics 

  167 

 

 

Figure Figure Figure Figure 5555----16161616: The variation of : The variation of : The variation of : The variation of λλλλ along the horizontal axis of the column, for the numerical  along the horizontal axis of the column, for the numerical  along the horizontal axis of the column, for the numerical  along the horizontal axis of the column, for the numerical 

results presented in Figure 5results presented in Figure 5results presented in Figure 5results presented in Figure 5----15151515. . . .     

At even smaller values of ∆t, the fluid medium has less time to recover its 

structure. This is indicated by the values of theλ field surrounding sphere 2 at∆t of 

0.283 s, which were significantly lower than those obtained after the fluid has been 

rested for 0.469 s.  

The ‘pushing’ effect that is assumed to cause the acceleration of the leading sphere 

as the gap between the two spheres decreases is also evident in the figures 

presented in Figure 5-16. The fluid-structure parameter along the horizontal axis of 

sphere 1 can be seen to be considerably lower in the instance of ∆t = 0.283 s in 

comparison to when the gap between the two spheres is larger (∆t = 0.469 s). Based 

on this observation, it is considered that this change in settling pattern is caused by 

the extra shear forces induced by the acceleration of the particle settling above the 

flow field surrounding sphere 1. This additional force causes further structural 

damage to the velocity field surrounding the lower sphere, initiating a decrease in 

the magnitude of the viscous parameters in the fluid medium. This change in 
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viscous parameters results in the acceleration of the leading sphere when the two 

spheres are very close to colliding. 

Another aspect of the velocity field that is apparent in the graphs presented in 

Figure 5-16 is that the flow fields surrounding the spheres show local maxima in λ 

values at a distance of ~ 4.5 R from the centre of the spheres. This suggests the 

presence of unsheared regions at the sides of the settling spheres. This observation 

is consistent with that stated in Section 5.7.1, where the presence of unyielded (and 

apparently unsheared) regions at the sides of a settling sphere has been noted (see 

Figure 5-11 and Figure 5-12). The existence of this region is characteristic of the 

flow field surrounding a particle settling in yield-stress fluids. As a result of this 

phenomenon, the decrease in the λ values in this area is significantly less than in 

any other area surrounding the settling sphere. 

Figure 5-16 also shows that in the case of the trailing sphere, the increase in λ 

values with increasing horizontal distance is even steeper. This development is 

such that at a distance of 3.2 to 6.0 R, higher values of λ were obtained in the flow 

field surrounding sphere 2 than those of the corresponding leading sphere. This 

development in flow field enforces the hypothesis stated above that the fluid in this 

region is relatively unaffected by the shearing motion of the sphere. The fluid 

medium in this area thus continues to recover in structure, despite the existence of 

shear effects due to the settling movement of the sphere a few radii away. This 

causes the unyielding region surrounding the trailing sphere to possess even higher 

values of maxima in λ than in the case of the preceding sphere.  

5.8 Conclusions 

A numerical study of the settling behaviour of spheres in viscoplastic fluids has 

been performed and the resulting patterns in flow fields with the factors affecting 

the settling behaviour of the spheres have been determined and analysed.  
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The numerical scheme formulated for this study was based on the VOF (Volume of 

Fluid) model with finite volume (FV) method of discretisation. In doing so, the solid 

particle was likened to a fluid material with very high viscosity, ± 100 – 200 times 

the viscosity of the fluid medium. The discretisation process of the resulting 

mathematical problem was performed in such a way that the effects of numerical 

smearing and diffusion can be minimised. Furthermore, the advection of the field of 

volumetric fraction of the secondary (solid) phase was conducted using the PLIC 

method, such that the deformation of this phase throughout the calculation process 

can be kept to a minimum. Uniform fine grid was assigned throughout the problem 

domain to enhance the accuracy of the VOF-based numerical scheme.  

The validity of the calculation and discretisation procedure was examined through 

a study of the settling behaviour of a sphere in Newtonian fluids. The viscous 

parameters of the Newtonian fluids were selected such that similar values in 

Reynolds number to the simulations to be conducted with the semi-viscoplastic fluid 

model were obtained. Through this assessment, it was found that within the 

parameters of the assessment, the proposed numerical and discretisation procedure 

was able to reasonably sustain the spherical shape of the particle throughout the 

iterative procedure. Furthermore, the resulting predictions in settling velocity were 

found to be within 10% of the experimental values available in the literature. Based 

on these observations, it was concluded that the proposed numerical scheme is able 

to provide adequate representation of the settling motion of spheres in fluids of 

0.1 < Re < 7.0. 

A time-dependent estimation of the proposed rheological fluid model presented in 

section 4.3 was then developed and implemented into the numerical scheme. This 

was conducted through the implementation of a series of UDF (User Defined 

Function) codes into the numerical solver (FLUENT 6.3).  

The results of this study suggest that the flow field surrounding a sphere settling in 

this fluid medium are comparable to the flow field reported in the literature for 

viscoplastic and yield-stress fluids. This suggests that the settling behaviour of 
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spheres in semi-viscoplastic fluids is highly dependent on the yield stress 

characteristics of the fluid model.  

The hypothesis stated above was further supported through the examination of the 

settling behaviour of two spheres falling one behind the other. Through this study, 

it was found that a sphere that falls through a fluid medium that has earlier been 

sheared by the movement of another particle tends to possess a settling velocity 

that is greater than the preceding sphere. The motion of the preceding sphere 

causes the fluid medium in that region to temporarily lose its structure (λ). As the 

fluid medium is again sheared through the motion of the trailing sphere, the 

recovery in the fluid structure is still incomplete. As a result, the trailing sphere 

falls through a fluid medium with considerably weaker λ field, transpiring into 

considerably lower values of viscous parameters. 

In comparing the numerical predictions of this study with those found 

experimentally, it was found that although the quantitative agreement with the 

experimental data was generally poor, the correspondence of the numerical results 

with the experimental data was found to be excellent (R2 = 0.9816). This deviation 

from the experimental data could be caused by the errors involved with the 

rheological measurements of viscoelastic fluids and the uncertainties associated 

with the irregularities of flow patterns existing within the geometry of the 

rheometer. Nevertheless, the excellent correspondence between the numerical and 

experimental data suggests that the proposed numerical scheme is able to handle 

the non-linearity of the mathematical problem satisfactorily. Furthermore, it also 

suggests that within the parameters of this study, the settling behaviour of the 

spheres in the Floxit solutions can be modelled through considerations of the 

changes in structural parameters in the fluid medium and the effects of such 

changes on the viscous parameters of the fluid.  
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Chapter 6 The settling behaviour of two 

vertically-aligned spheres 

6.1 Introduction 

In this chapter, the results of experiments involving two vertically-aligned spheres, 

where one sphere is released into a fluid medium following the flow path of another 

(Category I, see Section 3.1), will be discussed. The details of the experimental 

procedures and equipment, along with the different parameters being tested (see 

discussion on cases A to F, classified based on the differences in the diameter and 

density of the two spheres being tested in Section 3.3), have been discussed in 

Chapter 3.  

The settling behaviour of particles in viscoplastic fluids has been researched 

extensively in the past, but still presents many uncertainties. One of these 

uncertainties include the transient aspects, where the motion of a particle falling 

through a fluid that has previously been sheared by the motion of another particle 

was found to be significantly different to the settling behaviour of the preceding 

particle (Gumulya et al., 2007; Horsley et al., 2004). In this thesis, this phenomenon 

has been demonstrated in Section 3.3.2, where the typical settling behaviour of two 

identical spheres was discussed (see Figure 3-4). It was demonstrated that a sphere 

released into a viscoplastic medium that has been ‘rested’ for a set period of time 

(~ 15 minutes) attains a constant velocity almost immediately after it enters the 

solution. This constant velocity is considered to be equivalent to the terminal 

settling velocity, which is a unique value that depends on the viscous 

characteristics of the fluid solution and the configuration of the particle. On the 

other hand, a sphere that is released following this sphere shortly afterwards (~ 2 

to 60 s), was found to possess a much higher settling velocity. Moreover, this sphere 

continues to accelerate as the gap between the two spheres decreases, until a 

collision between the two occurs. Due to this continual acceleration, it was 

concluded that the second sphere does not reach a terminal settling condition. 
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The fluid media used for the current experimental study are three aqueous 

solutions of polyacrylamide of different concentrations (0.9, 1.0, and 1.1% w/w). 

These solutions have previously been identified to possess significant yield stress 

and shear thinning characteristics (Horsley et al., 2004; Wilson & Horsley, 2004; 

Wilson et al., 2003). In the current study, these aspects of the fluid flow behaviour 

have been confirmed in the rheometric analysis presented in Chapter 4. Upon 

conducting a more thorough study of the rheometric characteristics of the 

experimental fluids, it was found that a level of time dependency, resulting from 

thixotropy (as well as elasticity), also exists in the flow behaviour of the fluids. To 

describe the viscous characteristics of these fluids, therefore, a new fluid model 

termed ‘semi-viscoplastic’, based on the scalar representation of the ‘structure’ of 

the fluid (λ), was developed. Although λ is not a direct measure of actual ‘structure’ 

existing within the fluid medium, it is expected that this variable reflects the level 

of hydrogen bonding that exists between the polyacrylamide and water molecules, a 

phenomenon that is believed to contribute significantly to the rheological 

characteristics of the solutions (Kulicke et al., 1982). The results of the rheology 

experiments using various different shear conditions suggest that there is a good 

correspondence between the experimental data and the proposed fluid model, which 

has been demonstrated to exhibit yield-stress-like behaviour that dissipates once 

the ‘structure’ of the fluid has been deformed due to the application of shear. Due to 

this feature, the fluid model is termed as semi-viscoplastic.  

The rheological tests also revealed that the fluid solutions possess low to moderate 

levels of elasticity. Comparisons of the characteristic maximum relaxation times 

due to elastic deformation (~ 1.5 to 3 s), obtained based on the results of 

small-amplitude oscillation (SAOS) tests, with the average total measurement time 

of each experiment (t ~ 4-10 s), suggest that the contribution of the fluid elastic 

components (De ~ 0.2 to 0.75) should be relatively minor towards the dynamics of 

the sphere-settling experiments. Furthermore, these relaxation times were also 

found to be considerably lower than the values of the relaxation time parameter of 

the shear viscosity (θ  ~ 44-53 s). Based on these figures, it is expected that the 

changes in the viscous parameters observed in the experiment of vertically-aligned 
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spheres is mainly caused by the thixotropy characteristics of the fluid and that the 

effects of the elastic deformations are overwhelmed by the effects of shear-thinning. 

This hypothesis was supported by the excellent qualitative agreement between 

results of the CFD analysis – conducted using the semi-viscoplastic fluid model 

under the assumption of zero normal stresses (representing the effects of elasticity) 

– with the experimental data obtained from the Floxit-based solutions (see 

Chapter 5).  

In this study, the accuracy of the above statement and the implications of such 

assumption will be examined further through comparisons of the experimental data 

with the results of similarly-configured experiments that have been published in 

the literature (Section 6.2). A set of correlations that can be used to predict the 

settling behaviour of spheres in viscoplastic fluids will then be developed based on 

the results of this analysis. 

6.2 Preliminary data analysis 

The typical velocity profile obtained from an experiment involving two identical 

spheres settling in the same flow path in the test fluid solutions has been shown in 

Figure 3-4. As can be seen in this graph, a sphere that follows the flow path of 

another sphere exhibits much higher settling velocity than the preceding one. 

Furthermore, as the gap between the two spheres decreases, the trailing sphere 

continues on accelerating. This condition remains until a ‘critical region’ is 

obtained, where the interaction between the two spheres becomes highly significant 

that the movement of the trailing (or second) sphere seems to ‘push’ the leading (or 

first) sphere, resulting in the increase and decrease in the velocity of the first and 

second sphere, respectively. This condition, however, only occurs briefly and over a 

very short distance. A collision between the two spheres occurs, after which the two 

spheres attach and travel at the same velocity. This velocity profile is identical to 

that described by Gumulya et al. (2007) as well as Horsley et al. (2004). 
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Despite the simplicity of the experiment, several interesting fall patterns associated 

with the settling of consecutive spheres in viscoelastic and viscoplastic fluids have 

been reported in the literature, some of which seem to correspond well with the 

results of the experiments outlined above while some seem to contradict these 

observations. In a number of studies, for example, the formation of a stable distance 

between the two spheres has been reported (Bot et al., 1998), whereas others have 

observed a ‘repulsion’ effect, where the trailing sphere exhibit a lower settling 

velocity than the preceding one (Gheissary & van den Brule, 1996; Riddle, Narvaez, 

& Bird, 1977). These fall patterns and their associated causes will be discussed 

below. 

In 1977, Riddle and co-workers conducted a study on the settling of 

vertically-aligned spheres in shear thinning viscoelastic fluids. Riddle et al. (1977) 

observed that an ‘aggregation’ tendency exists between two spheres that settle one 

after the other in the same path, given that their initial distance is less than a 

critical value. This implies that the second sphere, which travels through a fluid 

region that has been sheared some time earlier by the movement of another sphere, 

travels at a higher velocity than the preceding sphere, causing a considerable 

decrease in the gap between the spheres. This is similar to the results obtained 

from the solutions of polyacrylamide used for this study. Above the critical value of 

initial distance, however, the aggregation tendencies disappear and Riddle et al. 

(1977) commented that the two spheres tend to ‘diverge’ or increase in gap size. No 

such diverging effects were encountered with the current experimental parameters.  

Gheissary and van den Brule (1996), who conducted their study in both shear 

thinning and constant viscosity elastic (Boger) fluids, did not observe any diverging 

effects in their shear thinning fluids and noted that a decrease in the distance 

between the two vertically-aligned spheres is always in effect. In their experiments 

using Boger fluids, however, Ghessary and van den Brule (1996) observed that the 

two spheres that are close to each other tend to display diverging effects, similar to 

that reported by Riddle et al. (1977). In this instance, the trailing sphere, which is 
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caught in the wake of the leading sphere, was found to move ‘further away’ from the 

leading sphere. 

The observation of Gheissary and Van den Brule (1996) in Boger fluids is supported 

by the findings of Bot et al. (1998), who observed the formation of a ‘stable distance’ 

during the settling experiment, which prevents the two spheres from colliding. That 

is, although a higher settling velocity is initially obtained with the trailing sphere, 

resulting in a reduction from the initial gap size, a critical gap size is soon reached, 

at which point the fall velocity of the leading sphere starts to increase. The settling 

velocity of the two spheres soon become identical and a ‘stable distance’ is observed. 

Similar results have also been reported by Won and Kim (2004), who conducted 

their experiments in Xanthan solutions that possess typical rheological behaviour 

of Boger solutions. 

Based on the studies discussed above, it becomes clear that the fall profiles 

obtained from an experiment involving two vertically-aligned spheres is highly 

dependent on the wake development behind the leading sphere. In Boger fluids, a 

significant increase in the drag experienced by a settling sphere has been 

associated with the development of ‘birefringent strands’ (Harlen, 1990). This is a 

phenomenon commonly observed in highly elongational polymers, where the 

application of shear forces changes the orientation of the polymer molecules from 

being isotropic to anisotropic. In optical experiments, this change in orientation is 

visible through the formation of bright birefringent lines over the severely 

elongated regions. In experiments involving two vertically-aligned spheres, where 

one sphere is in the wake of the sphere below it, the wake development of the 

leading (or lower) sphere becomes obstructed. This results in a decrease in the drag 

experienced by the leading sphere, causing it to accelerate and maintain a ‘stable 

distance’ with the trailing sphere (Bot et al., 1998).  

Chhabra (2007) has noted that the ‘stable distance’ effect is generally nonexistent 

in fluids that inhibit the ‘negative wake’ effect (e.g. polymeric fluids), based on the 

observations of Liu and Joseph (1993) and Patankar and Hu (2000; 2001). The 

negative wake effect is a phenomenon that is commonly encountered in 
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shear-thinning elastic fluids, where a flow reversal behind a settling sphere is 

encountered, sometimes up to distance of 30 radii downstream. In agreement with 

the results of Gheissary and Van den Brule (1996) for their experiments in 

shear-thinning elastic fluids, the researchers listed above observed that despite the 

presence of a flow reversal, a sphere that trails the flow path of another sphere in 

these types of fluids still tends to maintain a higher velocity than the leading 

sphere. Based on these observations, it can be concluded that the phenomenon of 

‘stable distance’ developed between two spheres that are settling consecutively in 

the same flow path only occurs in fluids with constant viscosity (Boger fluids), and 

that in shear-thinning fluids, the two spheres always tend to aggregate and 

combine. Gheissary and Van den Brule (1996) have suggested that the absence of 

stable distances in their experiments could be caused by the dominance of the ‘hole’ 

(or memory) effects in the shear thinning fluid over the elongation properties that 

causes the presence of the wake above the spheres. 

The effects of negative wake on the settling behaviour of the spheres has recently 

been examined by Gueslin et al. (2006b; 2006a), who utilised the optical PIV 

(Particle Image Velocimetry) technique to characterise the flow fields surrounding 

spheres that are settling in aqueous suspensions of clay. In this study, spheres of 

two different specific gravities were used (SG = 2.7 and 8.7 for the aluminium and 

brass spheres, respectively). Interestingly, Gueslin et al. (2006a) reported that the 

presence of a negative wake is only encountered in cases where the heavier sphere 

is used. Furthermore, in their experiment on the aggregation tendencies of two 

spheres settling one above the other (Gueslin et al., 2006b), it was found that the 

presence of this negative wake tends to influence the lateral movement of the 

spheres. Through this study, it was found that in cases where the spheres possess 

tendencies to develop negative wakes, the lateral movement of the spheres causes 

them to settle slightly ‘off-centre’ with respect to each other. For cases where the 

negative wake effects are absent, no such lateral movement was detected and the 

trailing sphere tends to settle directly above the leading one. Nevertheless, Gueslin 

et al. (2006b) did not observe any effects of the presence of negative wakes on the 

development of the sphere settling velocities, as both cases (with and without 
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negative wake) demonstrate considerable reduction in gap size, causing the two 

spheres to collide.   

In Figure 6-1, a series of snapshots taken before and after the collision of two 

spheres falling in the test fluid solutions used for this study has been presented. 

This figure represents the typical settling progression obtained from this 

experiment. As can be seen in this Figure, the spheres settling in the 

polyacrylamide solutions do not appear to possess any lateral movement, 

suggesting the absence of negative wake above the leading sphere (cf. snapshots of 

PIV experiment presented by Gueslin et al. (2006b)). Based on these observations, 

it can be concluded that within the parameters of the current experiment, the 

elastic characteristics of the fluid solutions do not appear to be determining factors 

in the settling behaviour of the spheres and that the acceleration of the trailing 

sphere appears to be largely dependent on the shear-thinning (or memory) effects of 

the fluid.  This supports the evaluation stated earlier on the comparison of the 

characteristic relaxation times of the fluid solutions, as well as the observations of 

flow fields resulting from the numerical analysis of the settling-sphere experiment 

in semi-viscoplastic fluids (Chapter 5). As a result of the conclusion stated above, it 

was deduced that the fluid solutions for this experiment can be modelled based on 

considerations of their shear characteristics only.   
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Figure Figure Figure Figure 6666----1111: 2: 2: 2: 2DDDD pictorial capture of an experiment involving two vertically pictorial capture of an experiment involving two vertically pictorial capture of an experiment involving two vertically pictorial capture of an experiment involving two vertically----aligned bronze aligned bronze aligned bronze aligned bronze 

spheres (7.94 mm) in 1.1% Floxit spheres (7.94 mm) in 1.1% Floxit spheres (7.94 mm) in 1.1% Floxit spheres (7.94 mm) in 1.1% Floxit solution. The trailing sphere, which travels at a much solution. The trailing sphere, which travels at a much solution. The trailing sphere, which travels at a much solution. The trailing sphere, which travels at a much 

higher velocity than the leading one, appears in a more distorted form than the lower higher velocity than the leading one, appears in a more distorted form than the lower higher velocity than the leading one, appears in a more distorted form than the lower higher velocity than the leading one, appears in a more distorted form than the lower 

sphere. Tsphere. Tsphere. Tsphere. The snapshots were captured at he snapshots were captured at he snapshots were captured at he snapshots were captured at time interval of 0.1 s. time interval of 0.1 s. time interval of 0.1 s. time interval of 0.1 s.     

6.3 Correlation for the settling velocities of sphe res in a 

viscoplastic fluid 

The discrepancies observed in the settling behaviour of two spheres falling one 

above the other in a viscoplastic fluid have previously been attributed to the 

transient changes in the viscous parameters of the fluid solutions, which, as termed 

by Gheissary and van den Brule (1996), can also be known as the ‘hole’ or memory 

effects found in experiments involving shear-thinning fluids. Over the years, 

various correlations have been developed to predict the settling behaviour of these 

spheres. However, most of these were based on traditional viscoplastic correlations 

that do not incorporate the dynamic properties of the fluid. As a result, different 

correlations were required for the settling behaviour of the two spheres to account 

for the different fluid conditions (see correlations suggested by Wilson et al. (2004; 

2003) and Gumulya et al. (2007)). By considering the dynamic properties of the 

fluid, which is achievable with the use of the semi-viscoplastic fluid model, it is 

hoped that more generalised correlations can be developed for the prediction of the 

settling behaviours of these spheres. 
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In this section, considerations of the changes in rheological properties due to the 

shearing motion of a sphere, as well as the recovery of the fluid region above the 

settling sphere, will be discussed. The effects of these changes on the settling 

behaviour of the spheres will then be examined, and a correlation will then be 

formulated based on these observations. 

6.3.1 Rheology considerations 

For a fluid solution modelled with the semi-viscoplastic rheology model depicted by 

equations 4-3 and 4-5, its fully-rested (or stabilised) state is represented by a 

structure parameter (λ) of 1.0. This condition of complete stabilisation occurs after 

the fluid has been left ‘undisturbed’ for some time. For the experiments conducted 

in this study, it has been assumed that this stabilised state can be achieved by 

‘resting’ the fluid for 15 minutes in-between experiments (see Section 3.1). This 

assumption was based on the experimental results reported by Horsley et al. 

(2004), who conducted their experiments in a similar fluid solution (1.15% Floxit 

solution) as those used in the current study. In their experiment, it was observed 

that a sphere that is released 15 minutes after the release of another sphere 

possesses a settling velocity that is ~ 5.0 % higher than that released with a 100 

minutes time-gap. This figure is noticeably lower than the ~ 15.7 % difference in 

settling velocity when a time gap of 5 minutes is set between the releases of the 

spheres. Based on this observation, it was concluded that a time gap of 15 minutes 

would be sufficient to attain a reliable representation of the terminal settling 

behaviour of a sphere falling through a fully stabilised Floxit solution.  

The breakdown in the structure of the fluid medium, as it is sheared by the motion 

of the settling sphere, is represented by a decrease in the values of λ throughout the 

affected areas in the fluid medium. According to equations 4-3 and 4-4, the decrease 

in λ depends on the magnitude of the disturbance, quantified here by the 

rate-of-shear, γ& . Some time after the disturbance, the fluid recovers and regains its 

structure. This is accompanied by a general increase in the values of λ.  
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Through the considerations stated above, it can be seen that a large variation in the 

value of λ in the fluid medium surrounding a settling sphere can be expected. The 

region immediately above the sphere should theoretically feature the lowest values 

of λ in comparison to the whole region occupied by the fluid, due to the immediate 

impact of the shearing motion applied by the settling sphere on the fluid medium. 

Above this region, the fluid medium recovers, and thus higher values of λ can be 

expected. Furthermore, for a sphere is settling through a fluid medium that has 

previously been stabilised or ‘rested’, the values of λ below the sphere should be 

considerably higher than those above the sphere. Any deformation in this region 

could be caused by the dispersion of pressure exerted by the weight of the sphere on 

the fluid medium. 

The variability in the values of λ around a settling sphere is evident in the results 

of the numerical analysis presented in Chapter 5 (see the illustrations presented 

Figure 5-13 and Figure 5-17). In these figures, the value of λ in the flow field 

surrounding a settling sphere can be seen to vary from 0.001 to 0.95 within a 

distance of ~ 4 sphere radii in the horizontal direction.  

The theoretical distribution of λ in the fluid medium surrounding the sphere can be 

inspected further through the plot presented in Figure 6-2. In this Figure, the 

variability of λ along the vertical axis, in the regions above and below the spheres, 

has been illustrated. The origin of the x-axis indicates the centre of the settling 

sphere.  
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Figure Figure Figure Figure 6666----2222: The variation of fluid structure parameter along the vertical axis of the column. : The variation of fluid structure parameter along the vertical axis of the column. : The variation of fluid structure parameter along the vertical axis of the column. : The variation of fluid structure parameter along the vertical axis of the column. 

The sphere (D = 10.0 mm, The sphere (D = 10.0 mm, The sphere (D = 10.0 mm, The sphere (D = 10.0 mm, ρρρρssss= 8000 kg/m= 8000 kg/m= 8000 kg/m= 8000 kg/m3333) is settling through a semi) is settling through a semi) is settling through a semi) is settling through a semi----viscoplastic fluid (viscoplastic fluid (viscoplastic fluid (viscoplastic fluid (ρρρρffff    = = = = 

998.0 kg/m998.0 kg/m998.0 kg/m998.0 kg/m3333,,,,    µµµµ0000= 54.9 Pa.s, = 54.9 Pa.s, = 54.9 Pa.s, = 54.9 Pa.s, ∞µ  = 0.0001 Pa.s,  = 0.0001 Pa.s,  = 0.0001 Pa.s,  = 0.0001 Pa.s, κκκκ    = 0.234 1/s, = 0.234 1/s, = 0.234 1/s, = 0.234 1/s, θθθθ    = 48.48 s, m = 0.7794).= 48.48 s, m = 0.7794).= 48.48 s, m = 0.7794).= 48.48 s, m = 0.7794).    

Figure 6-2 shows that due to the mechanism of breakdown and recovery of the fluid 

structure, the values of λ in the fluid region above the sphere are considerably 

lower than those below the sphere. Furthermore, in the region below the sphere, 

the disturbance in the structure of the fluid due to the weight of the sphere extends 

to a distance of ~ 10.5 radii. Beyond this region, the fluid medium is practically 

undisturbed, as represented by λ values of 1.0. The variability of λ in the region 

below the sphere as shown in Figure 6-2 indicates that the disturbance in the fluid 

medium extends relatively extensively below the settling sphere. This deformation 

in structure that occurs even before the fluid medium gets directly sheared by the 

movement of the sphere is due to the recirculation motion of the fluid as it becomes 

displaced by the settling sphere.  

Due to the variability of the viscous parameters throughout the problem domain, 

representative values that signify the average fluid structure parameter in the fluid 
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medium surrounding the spheres need to be selected and defined. These 

representative variables are symbolised by ssλ  and 0λ  for the regions above and 

below the sphere, respectively. In the following few paragraphs, the estimation 

methods of these parameters and the associated assumptions required to obtain 

these estimates will be discussed. 

The variable ssλ  represents the structure of the fluid immediately after it has been 

sheared by the motion of the sphere. Thus, its value is quantifiable by the 

application of equation 4-4, which is the steady-state form of the structural rate 

equation represented by equation 4-3. In this study, the rate of deformation ( γ& ) has 

been calculated by considering the reference point of shear-stress suggested by 

Wilson et al. (2004; 2003), as represented by equation 2-47.  

Beneath the settling sphere, the representative fluid structure parameter is 

symbolised by 0λ . For the preceding sphere, a value of unity has been assigned for 

this parameter ( 0λ  = 1.0), representing the fact that this sphere is settling through 

a completely stabilised fluid medium. The effects of fluid deformation due to the 

recirculation of fluid beneath the sphere as shown in Figure 6-2 have therefore been 

disregarded in this calculation. This assumption considerably simplifies the basic 

representation of the fluid rheology that is required for the development of a 

correlation for the settling velocity of particles in viscoplastic fluids. It will be 

demonstrated in the following sections that the implementation of this assumption 

provides an adequate platform for the representation of the changes in the viscous 

parameters in the fluid medium as it is sheared by the movement of the spheres.  

To estimate the representative fluid structure parameter beneath the trailing 

sphere (sphere 2), the rate of recovery of the fluid structure after it has been 

sheared by the settling motion of the preceding sphere needs to be considered. This 

rate of recovery can be estimated by assuming that the fluid structure does not 

experience any form of disturbance unless it is subjected to the shear force of 

another (or trailing) sphere, i.e. γ&  = 0.0. Therefore, by applying the rate equation 
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presented in equation 4-3, the recovery in the fluid region between the two spheres 

can be estimated as follows:  

∫∫ θ
=

λ−
λ∂−

−

λ

λ

t

0

t

1

20

1ss

                                ((((6666----1111))))    

where subscripts 1 and 2 have been assigned to indicate the representative fluid 

structure parameters of the leading and trailing spheres, respectively. 20−λ  

therefore is the representative fluid structure parameter below sphere 2, whereas 

1ss−λ  is the representative fluid structure parameter above sphere 1. t represents 

the amount of time lapse since the fluid was last sheared by the settling movement 

of the leading sphere. 20−λ  can therefore be estimated by the integration of 

equation 6-1: 

( )1λ
θ

t
exp1λ 1-ss2-0 −







 −+=                             ((((6666----2222))))    

Similar to the case with the preceding sphere, i.e. in the estimation of 10−λ , the 

deformation of the fluid structure below the sphere caused by the recirculation of 

fluid has been neglected in the estimation of 20−λ .  

6.3.2 The effective fluid structure parameter 

In the previous section, the parameters representing the level of structural 

integrity in the fluid medium surrounding the settling spheres have been defined. 

Furthermore, by defining these parameters, it became apparent that the disparity 

observed in the settling behaviour of two spheres settling one above the other in the 

test fluid solutions is due to the changes in the viscous parameters of the fluid 

surrounding the spheres. Any changes in these parameters are expected to be 

reflected in the settling velocities of the spheres.  
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In the study presented by Wilson et al. (2004; 2003), the settling velocity of the 

spheres has been correlated against a figure of equivalent viscosity (µeq). This 

parameter represents a calculated figure of Newtonian viscosity that would produce 

the same settling velocity as a particle (of the same density and dimensions) 

settling through a non-Newtonian fluid medium (see Section 2.4.3 and Figure 2-4). 

In the current analysis, this correlation has been used to examine the viscous 

parameters of the fluids as reflected by the settling velocities of the spheres. The 

observed values of µeq were used to determine the average value of λ in the fluid 

medium surrounding the spheres, represented here by the variable effλ . The details 

of this calculation have been presented in Appendix D.1. The results of this analysis 

can be seen in Figure 6-3, where the observed values of effλ  as a function of the 

representative fluid structure parameters above and below the spheres ( 0λ  and 

ssλ ), have been illustrated.  

 

Figure Figure Figure Figure 6666----3333: : : : OOOObserved values of fluid structure parameter based on the experimental data of bserved values of fluid structure parameter based on the experimental data of bserved values of fluid structure parameter based on the experimental data of bserved values of fluid structure parameter based on the experimental data of 

verticallyverticallyverticallyvertically----aligned identical spheres in 0.9, 1.0, 1.1% Floxit solutions, as a function of the aligned identical spheres in 0.9, 1.0, 1.1% Floxit solutions, as a function of the aligned identical spheres in 0.9, 1.0, 1.1% Floxit solutions, as a function of the aligned identical spheres in 0.9, 1.0, 1.1% Floxit solutions, as a function of the 

representative fluid structure parameters above and below the spheres.representative fluid structure parameters above and below the spheres.representative fluid structure parameters above and below the spheres.representative fluid structure parameters above and below the spheres.        
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As expected, Figure 6-3 shows that there is a strong dependency between effλ  and 

the estimated fluid structure parameters at the polar ends of the spheres, 

represented here by the variable ( ) ( )[ ]ss0 λlogλlog − . Furthermore, Figure 6-3 also 

shows that the values of ( ) ( )[ ]eff0 λlogλlog −  for 1.0% Floxit solution are generally 

the lowest in comparison to those of 0.9% and 1.1%. The corresponding values 

resulting from the 1.1% Floxit solution, on the other hand, are the highest. This 

variability was found to reflect the degree of plasticity in the fluid media. This 

rheological parameter, as has previously been discussed in Section 4.5, is 

represented by the variable P. It describes the degree of viscoplasticity of the fluid 

medium and is dependent on the ‘shape’ of the rheogram, i.e. fluids that exhibit 

completely Newtonian flow characteristics has a P value of zero, whereas a 

completely plastic material has a P value of infinity. The values of P for each of the 

fluid solution used in this study have been presented in Table 4-4. In this Table, it 

was shown that the 1.1% Floxit solution possesses the lowest level of viscoplasticity 

(P = 1.632) in comparison to the other test solutions, whereas the 1.0% Floxit 

solution the highest (P = 1.837). This variation in P thus appears to be inversely 

proportional to the dependency of ( ) ( )[ ]eff0 λlogλlog −  on the concentration of Floxit 

in the fluid media.  

Based on the comparative analysis outlined above, it can be concluded that the 

dependency of ( ) ( )[ ]eff0 λlogλlog −  on ( ) ( )[ ]ss0 λlogλlog −  is also a function of the level 

of fluid plasticity. This is in agreement with the hypothesis of Horsley et al. (2004), 

who suggested that for the prediction of the settling velocities of spheres falling 

consecutively in a viscoplastic solution, the level of fluid plasticity (this variable 

was also represented by the variable P in this study) needs to be considered. It also 

agrees with the correlation suggested by Gumulya et al. (2007), in which the 

settling velocity of the spheres is correlated with the degree of fluid plasticity, 

represented in this case by the variable α . The relation of P with α  can be seen in 
equation 4-12.  
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In Figure 6-4, the variability of ( ) ( )[ ]eff0 λlogλlog −  with the plasticity of the fluid 

solutions, as well as the values of ( ) ( )[ ]ss0 λlogλlog − , has been illustrated. In this 

graph, it can be seen that by considering the plasticity of the fluid in this manner, 

the differences in the effective structure parameter ( effλ ) in the three fluid 

solutions can be minimised, thus permitting the development of a generalised 

correlation for all the fluids.  

 

Figure Figure Figure Figure 6666----4444: : : : : : : : OOOObserved values of bserved values of bserved values of bserved values of the the the the fluid structure parameter based on the exfluid structure parameter based on the exfluid structure parameter based on the exfluid structure parameter based on the experimental perimental perimental perimental 

data of verticallydata of verticallydata of verticallydata of vertically----aligned identical spheres in 0.9, 1.0, 1.1% Floxit solutions, as a function of aligned identical spheres in 0.9, 1.0, 1.1% Floxit solutions, as a function of aligned identical spheres in 0.9, 1.0, 1.1% Floxit solutions, as a function of aligned identical spheres in 0.9, 1.0, 1.1% Floxit solutions, as a function of 

the representative fluid structure parameters above and below the spheresthe representative fluid structure parameters above and below the spheresthe representative fluid structure parameters above and below the spheresthe representative fluid structure parameters above and below the spheres, as well as the , as well as the , as well as the , as well as the 

plasticity of the fluid solutions. plasticity of the fluid solutions. plasticity of the fluid solutions. plasticity of the fluid solutions.     



Chapter 6: The settling behaviour of two vertically-aligned spheres 

  187 

 

From Figure 6-4, it can be seen that the following equation is able to reflect the 

changes in the effective fluid structure parameters as a function of 0λ  and ssλ : 

( ) ( ) ( ) ( )[ ]N

2ss01eff0 CλlogλP.logCλlogλlog +−=−                 ((((6666----3333))))    

where C1, C2, and N are constants.  

The constants C1, C2, and N were evaluated by using 662 experimental data points 

obtained from consecutive drops of spheres with the same diameter and density 

(case A). A linear regression evaluation method was used, and the results of this 

analysis are C1 = 0.81, C2 = 1.5 and N = 0.685. Thus, equation 6-3 can be rewritten 

as: 

( ) ( ) ( ) ( )[ ] 0.685
ss0eff0 1.5λlogλP.log0.81λlogλlog +−=−                 ((((6666----4444))))    

The results of equation 6-4 are evaluated in Figure 6-5 and Figure 6-6, where the 

predicted settling velocities of the first and second spheres are compared to the 

observed values. In Figure 6-5, it can be seen that there is a good correspondence 

between the calculated and observed values of terminal settling velocity of the first 

sphere. High regression and proportionality between the calculated and observed 

settling velocity of the second sphere is also evident in Figure 6-6. This suggests 

that the considerations and assumptions discussed above are valid and that 

equation 6-4 can be used for the prediction of the settling velocities of two identical 

spheres falling consecutively in Floxit solutions with concentrations of 0.9 – 1.1%.  
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Figure Figure Figure Figure 6666----5555: : : : CCCCalculated values of the terminal settling velocity (Valculated values of the terminal settling velocity (Valculated values of the terminal settling velocity (Valculated values of the terminal settling velocity (V1111) as a function of the ) as a function of the ) as a function of the ) as a function of the 

observed values in 0.9, 1.0, and 1.1% Floxit solutions. observed values in 0.9, 1.0, and 1.1% Floxit solutions. observed values in 0.9, 1.0, and 1.1% Floxit solutions. observed values in 0.9, 1.0, and 1.1% Floxit solutions.     

The uncertainties of the proposed correlation as reflected by the standard error 

between the calculated and the observed values of settling velocity were found to be 

0.0149 (over 37 data points) and 0.0317 (over 625 data points) for the fall velocity of 

the leading and trailing spheres, respectively, equivalent to 9.3% and 11.8% 

relative to the mean value of settling velocities. Higher uncertainties in the settling 

velocity of the trailing sphere were generally found in cases where the amount of 

time lapse between the two spheres, represented by the variable t in equation 6-2, 

is small (t < 1 s). Based on this observation, it is suspected that one of the major 

contributors to error is the uncertainties involved in taking the average velocity 

between the sensors. This view is supported by the fact that the discrepancy 

between the level of uncertainties in the prediction for the fall velocities of the 

leading and trailing spheres reflects the estimated % errors in the settling-sphere 

experiment (1.8% and 6.7% for the terminal and second-sphere settling velocities, 

respectively. See the experimental error analysis presented in Section 3.3.3). 

Additionally, the difference between the levels of uncertainties involved with the 

proposed correlation and the settling-sphere experiment may have been due to 
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errors in rheometry, which, as has been discovered in the numerical (CFD) study 

presented in Chapter 5, are often inevitable due to the complexity of the shear 

behaviour of viscoplastic and viscoelastic fluids. Nevertheless, the level of 

uncertainties presented by the proposed correlation was deemed to be highly 

satisfactory.  
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Figure Figure Figure Figure 6666----6666: : : : CCCCalculated values of the settling velocity of the second sphere (Valculated values of the settling velocity of the second sphere (Valculated values of the settling velocity of the second sphere (Valculated values of the settling velocity of the second sphere (V2222) as a function ) as a function ) as a function ) as a function 

of the observed vaof the observed vaof the observed vaof the observed values in 0.9, 1.0, and 1.1% Floxit solutions.lues in 0.9, 1.0, and 1.1% Floxit solutions.lues in 0.9, 1.0, and 1.1% Floxit solutions.lues in 0.9, 1.0, and 1.1% Floxit solutions.        

It should also be noted that the Reynolds number (Re*) of the experiments 

conducted for this study (calculated based on the terminal velocity of the spheres) 

ranges from 0.5 to 5.0. Beyond this region of Re*, the accuracy of this correlation is 

still unknown. It is speculated that the accuracy of the correlation would decrease 

significantly beyond this region, due to difficulties in obtaining accurate rheology 

measurements at high rates of shear.  
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6.4 Characteristics of correlation: its applicabili ty and 

limitations 

The basis of the proposed method for the prediction of the settling velocity of a 

sphere with a given time lapse since the fluid was sheared by the movement of 

another sphere some time earlier is the integrated form of the rate equation, which 

is presented by equation 6-2. In Section 6.3, it was demonstrated that by applying 

this equation, the level of structural recovery of the fluid medium as a function of 

time can be quantified, and therefore, a successful prediction of the fall behaviour of 

a sphere moving through this partially-recovered fluid medium can be obtained. 

However, the proposed correlation has so far only been applied on cases where the 

two spheres have identical parameters, i.e. diameter and density, and the velocity 

profiles associated with two vertically-aligned spheres of different densities and 

diameters are yet to be examined. 

The different parameters of the spherical particles being tested for this study have 

been outlined in Section 3.3. By conducting these experiments, the effects of 

different levels of shear stresses asserted by the trailing sphere on a 

partially-recovered fluid structure can be examined. In this study, this 

investigation will be performed by firstly considering the effects of differences in 

sphere densities on the fall velocity of the trailing sphere, using results from 

experimental cases B and C. The effects of differences in sphere diameters will then 

be examined by considering results from experimental cases D and E.  

6.4.1 Effects of the density of the spheres on flui d-structure 

recovery 

In Figure 6-7, the velocity profiles resulting from several experiments featuring 

different levels of discrepancies in sphere densities (representing cases A, B, and C) 

have been presented. In this Figure, the settling velocities of the two spheres 

(V2/Vt1) have been presented in comparison to the amount of time lapse between the 

two spheres (t). As can be seen in this Figure, the experiment where the density of 
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the trailing sphere is higher than that of the leading sphere (case B, 21 ρ<ρ ), the 

velocity of the trailing sphere is significantly higher than that of the leading sphere. 

High values of velocity ratio in comparison to cases where 21 ρ=ρ  were obtained. 

On the contrary, for the experiment classified under case C, which features lower 

trailing-sphere density ( 21 ρ>ρ ), significantly lower values of velocity ratio were 

displayed. In general, this class of experiment features velocity ratios exceeding 1.0, 

unless the initial distance between the spheres is very large (t > 15 s). Based on this 

observation, it can be concluded that in experiments where the trailing sphere 

possesses a lower density than the leading sphere, a collision between the two 

spheres can still occur, provided that the time lapse between the releases of the two 

spheres is relatively short. This critical figure was found to be ~ 1.5 s for the 

parameters of the current experiment. 
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Figure Figure Figure Figure 6666----7777: The p: The p: The p: The profile of the rofile of the rofile of the rofile of the variations in variations in variations in variations in settling velocity, as a function of the time lapse settling velocity, as a function of the time lapse settling velocity, as a function of the time lapse settling velocity, as a function of the time lapse 

since the fluid was sheared by another sphere (t).since the fluid was sheared by another sphere (t).since the fluid was sheared by another sphere (t).since the fluid was sheared by another sphere (t). Data acquired from the 0.9% Floxit  Data acquired from the 0.9% Floxit  Data acquired from the 0.9% Floxit  Data acquired from the 0.9% Floxit 

solution was used.solution was used.solution was used.solution was used.    



Chapter 6: The settling behaviour of two vertically-aligned spheres 

  192 

 

In contrast to the experiment involving two identical spheres, the differences in the 

density of the two particles involved with experiments of cases B and C are 

expected to cause an inequality in the amount of stress applied to the fluid medium. 

As a result, different levels of breakdown in the fluid structure surrounding the two 

spheres would be generated i.e. 2ss1ss −− λ≠λ . To obtain an appropriate 

representation of the settling conditions of the two spheres, therefore, care must be 

implemented in assigning the appropriate figure of shear stresses, represented by 

the variable τ  (or ( )[ ]gD/6ρρ fs −  as represented by equation 2.47), as well as ssλ . 

The details of this calculation are presented in Appendix D.1.  

The resulting outline of the effective structural parameter, effλ , calculated based on 

the observed settling velocities obtained from experimental cases B and C, in 

comparison with the predicted values of effλ  predicted through equation 6-4, is 

presented in Figure 6-8. From this Figure, it can be seen that a good 

correspondence between the observed and predicted values of structural parameter 

exists for both cases B and C, indicating that the proposed correlation can be 

applied for both cases. 
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Figure Figure Figure Figure 6666----8888::::    OOOObserved values of fluid structure parameter based on the experimental data of bserved values of fluid structure parameter based on the experimental data of bserved values of fluid structure parameter based on the experimental data of bserved values of fluid structure parameter based on the experimental data of 

verticallyverticallyverticallyvertically----aligned spheres in aligned spheres in aligned spheres in aligned spheres in thethethethe Floxit solutions, as a function o Floxit solutions, as a function o Floxit solutions, as a function o Floxit solutions, as a function of f f f thethethethe representative fluid  representative fluid  representative fluid  representative fluid 

structure parameters above and below the spheres, as well as the plasticity of the fluid structure parameters above and below the spheres, as well as the plasticity of the fluid structure parameters above and below the spheres, as well as the plasticity of the fluid structure parameters above and below the spheres, as well as the plasticity of the fluid 

solutions. solutions. solutions. solutions. In case B,In case B,In case B,In case B,    ρρρρ1111 < < < <    ρρρρ2222, whereas in case C,, whereas in case C,, whereas in case C,, whereas in case C,    ρρρρ1111 > > > >    ρρρρ2222. . . .     

The applicability of equation 6-4 on cases B and C is further enforced in Figure 6-9, 

where strong regression and proportionality between the calculated and observed 

values of the settling velocity of the second sphere are evident. The level of 

uncertainty involved with this calculation, as reflected by the standard error 

between the observed and predicted values of settling velocities was found to be 

0.0490 over 399 data points (or 20.0% relative to the mean value of settling 

velocity). Although the standard error in this case is slightly higher than those 

found for the case of identical spheres, this figure is still deemed to be highly 

satisfactory, indicating that the proposed correlation applies for cases where the 

ratio of the density of the two spheres ( )1s2s ρρ  varies by a factor of 0.86 to 1.16. 

Similar to the case of identical spheres discussed previously, higher level of 

uncertainties was found in cases where the time difference between the spheres is 

small (t < 1 s).  
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Figure Figure Figure Figure 6666----9999: : : : CCCCalculatalculatalculatalculated values of the settling velocity of the second sphere (Ved values of the settling velocity of the second sphere (Ved values of the settling velocity of the second sphere (Ved values of the settling velocity of the second sphere (V2222) as a function ) as a function ) as a function ) as a function 

of the observed values from experiments of cases B and C in the Floxit solutions.of the observed values from experiments of cases B and C in the Floxit solutions.of the observed values from experiments of cases B and C in the Floxit solutions.of the observed values from experiments of cases B and C in the Floxit solutions.    

6.4.2 Effects of the diameter of the spheres on flu id-structure 

recovery 

The typical velocity profiles obtained from experiments of cases D and E were 

presented in Figure 6-10. In this Figure, it can be seen that for cases where the 

trailing sphere has a larger diameter than the leading sphere (case D, D1 < D2), 

very high ratios in the settling velocities of the two spheres were encountered.  On 

the contrary, experiments of case E (D1 > D2) presents much lower values of velocity 

ratios, although their values are still greater than 1.0, indicating that the gap 

between the two spheres reduces over time. At larger values of initial distances, 

lower trailing sphere velocity could be obtained, i.e. V2/V1 < 1.0, as demonstrated in 

the velocity trace presented in Figure 6-11. In this Figure, the settling velocity of 

the trailing sphere is shown to be significantly lower than that of the leading 

sphere, although conditions at the start of the experiment show a slightly higher 
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trailing-sphere velocity. As the gap between the two spheres increases, the trailing 

sphere continues to decelerate as it settles through the column. 
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Figure Figure Figure Figure 6666----10101010: : : : Profile of the settling velocity, as a function of the time lapse since the fluid Profile of the settling velocity, as a function of the time lapse since the fluid Profile of the settling velocity, as a function of the time lapse since the fluid Profile of the settling velocity, as a function of the time lapse since the fluid 

was sheared by another sphere (t).was sheared by another sphere (t).was sheared by another sphere (t).was sheared by another sphere (t). Data acquired from t Data acquired from t Data acquired from t Data acquired from the 1.1% Floxit solution was used.he 1.1% Floxit solution was used.he 1.1% Floxit solution was used.he 1.1% Floxit solution was used.    
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Figure Figure Figure Figure 6666----11111111: : : : VVVVelocity trace of a elocity trace of a elocity trace of a elocity trace of a stainlessstainlessstainlessstainless sphere ( sphere ( sphere ( sphere (7.957.957.957.95 mm) followed by a mm) followed by a mm) followed by a mm) followed by anothernothernothernother    stainless stainless stainless stainless 

steelsteelsteelsteel sphere ( sphere ( sphere ( sphere (6.25 mm) with approximately 2 s release time difference 6.25 mm) with approximately 2 s release time difference 6.25 mm) with approximately 2 s release time difference 6.25 mm) with approximately 2 s release time difference travelling itravelling itravelling itravelling in a n a n a n a 1.01.01.01.0% % % % 

Floxit 5250L solution.Floxit 5250L solution.Floxit 5250L solution.Floxit 5250L solution.    

Similar to the experiments involving spheres of different densities (see previous 

section), an accurate description of the settling experiment of cases D and E, where 

two spheres of different diameters are used, requires a careful assignment of 

figures in the calculation for shear stresses and structural parameters. The details 

of this calculation are shown in Appendix D.1. The resulting outline of effλ , 

calculated based on the observed settling velocities obtained from experimental 

cases D and E, in comparison with the corresponding values of effλ  predicted based 

on equation 6-4, is presented in Figure 6-12.  
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Figure Figure Figure Figure 6666----12121212: : : : OOOObserved values of fluid structure parameter based on the experimental data bserved values of fluid structure parameter based on the experimental data bserved values of fluid structure parameter based on the experimental data bserved values of fluid structure parameter based on the experimental data 

of verticallyof verticallyof verticallyof vertically----aligned spheres in aligned spheres in aligned spheres in aligned spheres in thethethethe Floxit solutions, as a function of the representative fluid  Floxit solutions, as a function of the representative fluid  Floxit solutions, as a function of the representative fluid  Floxit solutions, as a function of the representative fluid 

structure parameters above and below the spheres, as well as the plasticitstructure parameters above and below the spheres, as well as the plasticitstructure parameters above and below the spheres, as well as the plasticitstructure parameters above and below the spheres, as well as the plasticity of the fluid y of the fluid y of the fluid y of the fluid 

solutions. solutions. solutions. solutions. In case D, In case D, In case D, In case D, DDDD1111 <  <  <  < DDDD2222, whereas in case E, , whereas in case E, , whereas in case E, , whereas in case E, DDDD1111    > D> D> D> D2222....    

The comparison of fluid structure parameters presented in Figure 6-12 suggests 

that there is a good agreement between the correlation and the experimental data. 

This view is further reinforced by the strong correspondence and satisfactory 

regression displayed in Figure 6-13, where a comparison between the calculated 

values of the trailing sphere velocity with the corresponding observed values is 

presented. Figure 6-13, however, also shows that the correlation slightly tends to 

under-estimate the second ball velocity. The level of uncertainty of this calculation 

as reflected by the standard error between the observed and calculated values of 

settling velocity was found to be 0.0717 over 202 data points, equivalent to 21.6% 

relative to the average value of settling velocity. Although this figure is slightly 

higher than that for the case of identical spheres, it is still deemed to be highly 

satisfactory, indicating that the proposed correlation applies for cases where the 

diameter of the spheres differ by ± 3.7 mm.  
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Figure Figure Figure Figure 6666----13131313: : : : CCCCalculated values of the settling vealculated values of the settling vealculated values of the settling vealculated values of the settling velocity of the second sphere (Vlocity of the second sphere (Vlocity of the second sphere (Vlocity of the second sphere (V2222) as a function ) as a function ) as a function ) as a function 

of the observed values from experiments of cases D and E in the Floxit solutions.of the observed values from experiments of cases D and E in the Floxit solutions.of the observed values from experiments of cases D and E in the Floxit solutions.of the observed values from experiments of cases D and E in the Floxit solutions.    

6.4.3 Effects of inter-sphere interaction  

In earlier discussions on the velocity profiles obtained from the experiments of 

vertically-aligned spheres (see Sections 3.3.2 and 6.2.1), the presence of a critical 

sphere-to-sphere distance, below which there is a marked decrease in the velocity of 

the trailing sphere accompanied by an acceleration of the leading sphere, was 

noted. A more apparent depiction of this condition is presented in Figure 6-14, 

where the variation of the velocity ratio between the two spheres (V2/V1), as a 

function of the ratio between the inter-sphere distances with the diameter of the 

spheres (d/D), is shown. From this Figure, it can be seen that as the distance 

between the two spheres decreases, the velocity of the trailing sphere continues to 

increase. This occurs until a d/D ratio of ~ 10 is reached, upon which the velocity 

ratio starts to decrease, indicating the start of the critical condition. 
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Figure Figure Figure Figure 6666----14141414: The variation of the velocity ratio between the leading and trailing spheres: The variation of the velocity ratio between the leading and trailing spheres: The variation of the velocity ratio between the leading and trailing spheres: The variation of the velocity ratio between the leading and trailing spheres    

(V(V(V(V2222/V/V/V/Vt1t1t1t1)))), as a function of the distance, as a function of the distance, as a function of the distance, as a function of the distance----totototo----diameter ratdiameter ratdiameter ratdiameter ratio for experimental results of Case A io for experimental results of Case A io for experimental results of Case A io for experimental results of Case A 

(identical spheres) in 0.9%, 1.0%, and 1.1% Floxit solutions.(identical spheres) in 0.9%, 1.0%, and 1.1% Floxit solutions.(identical spheres) in 0.9%, 1.0%, and 1.1% Floxit solutions.(identical spheres) in 0.9%, 1.0%, and 1.1% Floxit solutions.    

In the error analysis presented in Section 3.3.3, the accuracy of data collected 

during this critical condition has been noted to be relatively low. As a result, 

accurate values of distance-to-diameter ratio, upon which the onset of the critical 

condition occurs, could not be evaluated. A critical distance-to-diameter ratio of 

10.0, based on the velocity profiles presented in Figure 6-14, is generally accepted 

for the experimental configurations used for this study. 

In Figure 6-15, the hypothetical variation of the velocity ratio of two spheres 

settling through solutions of 0.9, 1.0, and 1.1% Floxit, calculated based on the 

proposed correlation outlined in Section 6.3, was presented as a function of the 

distance between the spheres. As can be seen from this Figure, the correlation 

appears to predict the decline in the settling velocity of the trailing sphere as it 

draws near to the leading one, and the resulting velocity profiles are similar to 

those presented in Figure 6-14. The proposed correlation, however, is not able 

predict the increase in the velocity of the leading sphere. This was as expected, as 
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this phenomenon is likely to be dominated by the interaction between the spheres, 

rather than changes in the structural parameter in the fluid medium. The 

momentum of the trailing sphere induces a ‘pushing’ effect on the leading sphere, 

which results in a temporary acceleration of the leading sphere, prior to the 

collision. 
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Figure Figure Figure Figure 6666----15151515: The hypothetical velocity : The hypothetical velocity : The hypothetical velocity : The hypothetical velocity ratio ratio ratio ratio of two verticallyof two verticallyof two verticallyof two vertically----aligned bronze spheres aligned bronze spheres aligned bronze spheres aligned bronze spheres 

(6.35mm), with an initial dis(6.35mm), with an initial dis(6.35mm), with an initial dis(6.35mm), with an initial distance of 0.9 m, settling through a 0.9% Floxit solution.tance of 0.9 m, settling through a 0.9% Floxit solution.tance of 0.9 m, settling through a 0.9% Floxit solution.tance of 0.9 m, settling through a 0.9% Floxit solution.    

The predicted critical distance for the sphere parameters presented in Figure 6-15 

are approximately 4.0 – 6.0 D. Considering the level of accuracy involved with the 

analysis of the critical condition in the settling-sphere experiments, combined with 

the inability of the correlations to predict the onset of acceleration in the fall 

behaviour of the leading sphere, these values can be considered to be in relatively 

good agreement with the experimental data presented in Figure 6-14. This suggests 

that the proposed correlation can be used as a predictive tool for the estimation of 

the extent of inter-sphere interaction in the study of the settling of 

vertically-aligned spheres. 
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6.5 The settling velocity of aggregated spheres 

Figure 3-4 and Figure 6-1 show that after colliding, the two spheres combine and 

travel at the same velocity. As the fluid region underneath the spheres is 

undisturbed, the aggregated spheres soon reach a terminal velocity. In this work, 

the correlation represented by equation 6-4 will be used as the basis for the 

development of a correlation for the prediction of this terminal settling velocity. 

In a similar manner to the analysis conducted by Wilson et al. (2003), the stress 

asserted by the aggregated spheres on the fluid medium is represented by the mean 

surficial shear stress ( τ ).This parameter is a function of the submerged weight of 

the aggregated spheres (FW12): 

( ) ( )[ ]fs2
3
2fs1

3
112 ρρDρρD

6

π
gFW −+−=                         ((((6666----5555))))    

The effective surface area of the combined spheres ( 12A ) should be less than the 

total surface area because of the path interference between the two spheres: 

2112 β.AAA +=                                     ((((6666----6666))))    

where A1 and A2 are the surface areas of the first and second spheres and β  is a 

variable that is less than unity. The variable β  takes into account the path 

interference of the two spheres as they combine. 

The mean surficial shear stress caused by the combination of the spheres can be 

then be calculated as follows: 
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For an experiment involving two identical spheres (i.e. case A), equation 6-7 can be 

simplified to: 

β1

τ2
τ12

+
=                                      ( ( ( (6666----8888))))    

By calculating the mean surficial stress of the combined spheres, the effective shear 

stress can be calculated by considering the reference point of shear-stress suggested 

by Wilson et al. (2003) (see equation 2.46). The structural parameter above the 

aggregated spheres ( 12−ssλ ) can then be calculated, followed by the averaged 

effective structural parameter ( effλ ), which is estimated by equation 6-4. This can 

then be used to determine the shear Reynolds number, and hence the ratio of the 

settling velocity to the shear velocity (Vt/V*). 

Based on the experimental results of case A, the average value of β was found to be 

0.541 ± 30%. Using this averaged value, the settling velocities of the combined 

spheres were calculated, and the comparison with the experimental values can be 

seen in Figure 6-16. In this graph, it can be seen that there is a good agreement 

between the calculated and observed values of the terminal settling velocity. The 

standard error of this correlation was found to be less than 0.0247 over 40 data 

points, equivalent to 11.6% relative to the average value of settling velocity. 

Furthermore, no trends in error have been detected with this correlation.  
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Figure Figure Figure Figure 6666----16161616: : : : CCCCalculated values of the terminal settling velocity of two aggregated spheres alculated values of the terminal settling velocity of two aggregated spheres alculated values of the terminal settling velocity of two aggregated spheres alculated values of the terminal settling velocity of two aggregated spheres 

(V(V(V(V12121212) as a func) as a func) as a func) as a function of the observed values from experiments of case A in the Floxit solutions. tion of the observed values from experiments of case A in the Floxit solutions. tion of the observed values from experiments of case A in the Floxit solutions. tion of the observed values from experiments of case A in the Floxit solutions. 

AAAA    ββββ factor of 0.541 was used in the calculation.  factor of 0.541 was used in the calculation.  factor of 0.541 was used in the calculation.  factor of 0.541 was used in the calculation.     

A similar calculation procedure was applied to the observed settling velocities 

obtained from experiments involving two spheres of different densities (Case B). 

The average value of β in this case was found to be 0.521 ± 20%. The similarity of 

the averaged β values between case A and B was expected, as the considerations 

presented by equations 6-5 to 6-8 appear to suggest that β should only be a function 

of the difference in the diameters of the two aggregated spheres.  

Thus, by combining the results of case A and B, a new averaged β value of 0.534 

was obtained. The results of this calculation can be seen in Figure 6-17. Similar to 

the previous calculation, a good agreement between the calculated and observed 

values of the terminal settling velocity is obtained. The standard error of this 

correlation was found to be 0.0246 over 62 data points, comprising of results from 

experiments of cases A and B, equivalent to 10.8% relative to the average value of 

settling velocity. This indicates that within the limits of the experimental 
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conditions, the average value of 0.534 for β can be used for an effective prediction of 

the settling velocity of two aggregated spheres of identical dimensions. 
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Figure Figure Figure Figure 6666----17171717: : : : CCCCalculated values of the terminal settling velocity of two aggregated spheres alculated values of the terminal settling velocity of two aggregated spheres alculated values of the terminal settling velocity of two aggregated spheres alculated values of the terminal settling velocity of two aggregated spheres 

(V(V(V(V12121212) as a function of the observed) as a function of the observed) as a function of the observed) as a function of the observed values from experiments of cases A and B in the Floxit  values from experiments of cases A and B in the Floxit  values from experiments of cases A and B in the Floxit  values from experiments of cases A and B in the Floxit 

solutions. Asolutions. Asolutions. Asolutions. A    ββββ factor of 0.534 was used in the calculation.  factor of 0.534 was used in the calculation.  factor of 0.534 was used in the calculation.  factor of 0.534 was used in the calculation.     

The dependency of β on the dimensional differences of the first and second spheres 

was evaluated using the experimental data of cases D and F, which are 

experiments that involve spheres of different diameters (as well as density for 

case F). For these experiments, several possibilities exist for the calculation of the 

parameter representing the effective diameter of the two spheres (Deff), which in 

turn is used in the calculation of the shear Reynolds number (Re*). The first 

possibility is to use the diameter of the first sphere (D1) and regard β as an 

adjustment parameter for the difference in the diameter of the second sphere. 

Another possibility is to use the average diameter of the two spheres (Dave) and 

regard β as an adjustment parameter for the difference in the diameters of the first 

and second spheres. Based on the experimental data obtained from cases D and F, 

it was found that a stronger correlation can be obtained when the shear Reynolds 
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number is based on the second option, i.e. Deq ~ Dave. This correlation is presented 

in Figure 6-18, which shows the dependence of [ ]
identical
ββ  on 
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Figure Figure Figure Figure 6666----18181818: : : : CCCCalculated values ofalculated values ofalculated values ofalculated values of    ββββ as  as  as  as a function of fluid plasticity (P) and the difference in a function of fluid plasticity (P) and the difference in a function of fluid plasticity (P) and the difference in a function of fluid plasticity (P) and the difference in 

the diameters of the spheres (Dthe diameters of the spheres (Dthe diameters of the spheres (Dthe diameters of the spheres (D1111 and D and D and D and D2222). ). ). ). ββββ w w w wasasasas calculated based on the observed settling  calculated based on the observed settling  calculated based on the observed settling  calculated based on the observed settling 

velocity ofvelocity ofvelocity ofvelocity of aggregated spheres of cases D and F, and the average diameters of the spheres  aggregated spheres of cases D and F, and the average diameters of the spheres  aggregated spheres of cases D and F, and the average diameters of the spheres  aggregated spheres of cases D and F, and the average diameters of the spheres 

were used to calculate Re*. were used to calculate Re*. were used to calculate Re*. were used to calculate Re*.     

Based on this finding, a correlation of β as a function of the dimensional differences 

between the first and second sphere can be obtained: 
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The results of this calculation can be seen in Figure 6-19, where a high 

proportionality and regression between the calculated and observed values of 

settling velocities can be observed. The relative standard error of this calculation 

was found to be 15.8% and no trends were found in the calculation error. This 
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promising result suggests that equation 6-9 can be used to effectively predict the 

settling velocity of two aggregated spheres, within the parameters of the 

experiment. 
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Figure Figure Figure Figure 6666----19191919: : : : CCCCalculated values of the settling velocity of aggregated spheres for cases D and alculated values of the settling velocity of aggregated spheres for cases D and alculated values of the settling velocity of aggregated spheres for cases D and alculated values of the settling velocity of aggregated spheres for cases D and 

F, as a function of the corresponding observedF, as a function of the corresponding observedF, as a function of the corresponding observedF, as a function of the corresponding observed values. Equation 6 values. Equation 6 values. Equation 6 values. Equation 6----9 was used to calculate 9 was used to calculate 9 was used to calculate 9 was used to calculate 

the path interference between the two spheres as they combine and form an aggregate. The the path interference between the two spheres as they combine and form an aggregate. The the path interference between the two spheres as they combine and form an aggregate. The the path interference between the two spheres as they combine and form an aggregate. The 

average average average average valuevaluevaluevaluessss    of the of the of the of the sphere sphere sphere sphere diameters wdiameters wdiameters wdiameters wereereereere used  used  used  used to calculate to calculate to calculate to calculate Re*.Re*.Re*.Re*.    

6.6 Conclusions 

In this chapter, an experimental study of the settling behaviour of spherical 

particles in aqueous solutions of polyacrylamide has been presented. In particular, 

the effects of the dynamic properties of the fluid viscous parameters were examined. 

The parameters of the experiment were carefully controlled such that prior the 

commencement of each test, sufficient time is allowed for the fluid to recover its 

original viscous parameters after being disrupted by the movement of the spheres 

in the previous test. It was found that a sphere that falls through this fluid medium 

is able to attain a constant (terminal) settling velocity almost instantaneously upon 
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its release. On the other hand, a sphere that is released into the same flow path 

shortly afterwards tends to travel at a velocity that is much higher than the 

preceding sphere. Furthermore, the trailing sphere tends to continually accelerate 

as the gap between the two particles decreases. This decrease in gap leads to a 

collision between the two spheres, after which they combine and travel at the same 

(constant) velocity. 

The results of these experiments were compared with those of other studies, namely 

the works of Gheissary and van den Brule (1996) and Gueslin et al. (2006b). The 

determining parameters of the fluid rheology on the settling experiment were then 

identified based on this analysis. The settling behaviour of the spheres was found to 

be highly dependent on be the shear characteristics of the fluids. Furthermore, 

within the parameters of the experiment, the elasticity of the fluids was not found 

to greatly influence the settling velocity of the spheres. This view was supported by 

the results of the numerical studies (see Chapter 5). It also agrees with the dynamic 

analysis discussed earlier in Chapter 4, in which it was found that the 

characteristic relaxation times of the fluids due to elastic deformation were 

relatively short in comparison to the relaxation times due to viscous deformation. 

The discrepancy in the settling behaviour of the two spheres can therefore be 

attributed towards the changes in the structure of the fluid, which, as has been 

discovered earlier in Chapter 4, correlates directly with the fluid viscous 

parameters. The presence of this structure has been attributed to the inter- and 

intra- molecular interactions in the fluid, resulting from the hydrogen bonding 

between the polyacrylamide and water molecules. In the fluid model developed in 

Chapter 4, i.e. the semi-viscoplastic model, a correlation was made between the 

viscous properties of the fluids with the integrity of this fluid structure, here 

represented by the scalar variable, λ. The fluctuation of λ depends highly on the 

amount of shear that the fluid is subjected to. Therefore, in the settling-sphere 

experiment, the shearing movement of the spheres induces processes of breakdown 

and recovery in the fluid structure, resulting in large fluctuations in the values of 

the λ . Based on this fluid model, two new parameters, ssλ  and 0λ , were developed 
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to represent the structural conditions of the fluid medium above and below the 

spheres, respectively. 

Using a set of 662 data points, comprising of the settling velocities of both the 

leading and trailing spheres, a correlation was developed between the 

representative figures of fluid structure parameter ( ssλ  and 0λ ), the plasticity of 

the fluid solutions (P), and the average fluid structure parameter surrounding the 

spheres ( effλ ). The latter variable determines the equivalent viscosity of the fluid 

(µeq), which, as has been proposed by Wilson et al. (2004; 2003), represents a 

calculated figure of Newtonian viscosity that would produce the same settling 

velocity for a particle settling in a non-Newtonian medium.  

The resulting correlation can therefore be viewed as an extension to the correlation 

suggested by Wilson et al. (2004; 2003). Through this correlation, the settling 

velocity of spherical particles falling through fluid media of various structural 

conditions, i.e. whether it is completely stabilised or is undergoing processes of 

recovery after being subjected to shear, can be predicted with much higher accuracy 

than previously. It is also more widely applicable than the correlation proposed by 

Gumulya et al. (2007), in which different equations were used for fluids of different 

structural conditions. Subsequent tests indicate that this generalised correlation is 

capable of providing satisfactory predictions for the settling velocity of spheres in 

experiments where the two spheres possess different diameter and/or density. 

Furthermore, in cases where two spheres have collided and aggregated, a 

satisfactory prediction of the value of their terminal settling velocity can be 

obtained, by considering the effects of path interference induced by the 

arrangement of the spheres and calculating the effective shear stress resulting from 

this settling orientation. The applicability of the correlation towards these cases 

supports the validity of the analysis outlined in this study.  
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Chapter 7 The settling behaviour of two 

horizontally-aligned spheres 

7.1 Introduction 

Having developed a suitable correlation for the settling behaviour of spheres in 

viscoplastic fluids (see discussion in Chapter 6), the focus of the work now turns 

towards the nature of interaction that exists between spheres that are settling in 

close proximity to each other in the test fluids. By conducting this study, it is hoped 

that the settling behaviour of spheres in these types of fluids can be further 

characterised and the parameters influencing this behaviour can be determined.  

In Chapter 4, a detailed study on the rheology of the test solutions, which are 

essentially polyacrylamide (commercially known as Floxit) solutions in water (0.9, 

1.0, and 1.1 % w/w), have been presented. Through this study, it was established 

that the fluid solutions exhibit thixotropic and elastic characteristics in addition to 

their viscoplasticity. To describe the shear properties of the test solutions, a fluid 

model that correlates the viscosity of the fluid with a scalar variable that represents 

its ‘structure’ was developed. Although this variable is certainly not a direct 

measure of the actual ‘structure’ that exists within the fluid medium, it is 

considered to reflect the level of hydrogen bonding that exists between the 

polyacrylamide and water molecules. It is this phenomenon of hydrogen bonding 

that is believed to contribute significantly to the rheological characteristics of the 

solutions (Kulicke et al., 1982). The resulting fluid model, which was developed 

based on the structural kinetics approach commonly used to describe the flow 

behaviour of thixotropic fluids, was found to be able to satisfactorily describe the 

steady and time-dependent shear properties of the fluid. Furthermore, upon 

examining the dynamic properties of the fluid model, it was found that a fluid 

medium that is fully intact in structure requires the application of stresses that are 

significantly larger in magnitude for the initiation of its deformation than in cases 

where the structure of the fluid is already partially-deformed. Due to this dynamic 

characteristic, in which the fluid model seems to exhibit a temporary yield 
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stress-like quality, the fluid model becomes known as the ‘semi-viscoplastic’ model. 

The first normal stress differences arising from the elasticity of the fluids have been 

correlated with the rate-of-shear through a set of power-law equations.  

To examine the effects of inter-sphere interaction on the settling behaviour of 

spheres in viscoplastic fluids, experiments involving the simultaneous release of 

two identical spheres positioned side-by-side, but with a set distance apart (25.0, 

37.5, and 50.0 mm), were conducted. The equipment and procedures surrounding 

this study have been discussed in detail in Chapter 3. In this chapter, the trajectory 

of the particles resulting from this experiment will be discussed. Possible factors 

that may affect the interaction of the particles will then be identified, and the 

results of a numerical study conducted using the semi-viscoplastic fluid model will 

be compared to those obtained experimentally. Finally, a correlation between the 

parameters of the experiments and the interaction tendencies of the particles, 

based on the observations resulting from the experiment and the CFD simulations, 

will be developed. 

7.2 Analysis of experimental data 

7.2.1 Primary observations: flow profiles 

In Figure 7-1, the typical flow profiles obtained from experiments of side-by-side 

spheres in the test fluid solutions have been presented. In this Figure, the variation 

of the polar coordinates of the horizontal axis, i.e. 22 yxr += , of each sphere as 

they settle through the column can be inspected.  
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Figure Figure Figure Figure 7777----1111::::    Typical settling trajectories of Typical settling trajectories of Typical settling trajectories of Typical settling trajectories of two two two two horizontallyhorizontallyhorizontallyhorizontally----aligaligaligaligned spheres, with an ned spheres, with an ned spheres, with an ned spheres, with an 

example for each case: (a) slight repulsion between the spheres [example for each case: (a) slight repulsion between the spheres [example for each case: (a) slight repulsion between the spheres [example for each case: (a) slight repulsion between the spheres [ρρρρssss    = 7792.2 kg/m= 7792.2 kg/m= 7792.2 kg/m= 7792.2 kg/m3333, D = 7.95 , D = 7.95 , D = 7.95 , D = 7.95 

mm, 0.9% Floxit, initial separation distance (dmm, 0.9% Floxit, initial separation distance (dmm, 0.9% Floxit, initial separation distance (dmm, 0.9% Floxit, initial separation distance (d0000) = 25) = 25) = 25) = 25    mm]; (b) strong intermm]; (b) strong intermm]; (b) strong intermm]; (b) strong inter----sphere attraction sphere attraction sphere attraction sphere attraction 

[[[[ρρρρssss    = 7638 kg/m= 7638 kg/m= 7638 kg/m= 7638 kg/m3333, D = 6.35 mm, 1.1% Floxit, d, D = 6.35 mm, 1.1% Floxit, d, D = 6.35 mm, 1.1% Floxit, d, D = 6.35 mm, 1.1% Floxit, d0000    = 25 mm]; (c) weak inter= 25 mm]; (c) weak inter= 25 mm]; (c) weak inter= 25 mm]; (c) weak inter----sphere attraction [sphere attraction [sphere attraction [sphere attraction [ρρρρssss    

= 7638 kg/m= 7638 kg/m= 7638 kg/m= 7638 kg/m3333, D = 9.95 mm, 1.1% Floxit, d, D = 9.95 mm, 1.1% Floxit, d, D = 9.95 mm, 1.1% Floxit, d, D = 9.95 mm, 1.1% Floxit, d0000 = 25 mm]. = 25 mm]. = 25 mm]. = 25 mm].    

Three general types of flow profile were obtained in this experiment. In the first 

type of the flow profile, represented here by Figure 7-1(a), the two spheres tend to 



Chapter 7: The settling behaviour of two horizontally-aligned spheres 

  212 

 

repel very slightly as they settle. In Figure 7-1(b), on the other hand, the two 

spheres tend to strongly attract. This interaction results in a collision between the 

two spheres, after which, much like the flow path obtained for the experiment 

involving two vertically-aligned spheres, the two particles appear to become 

attached and settle at the same pace. In the third type of flow trajectory (Figure 

7-1(c)), the two spheres can be seen to display similar tendencies to attract as that 

shown in Figure 7-1(b). In this case, however, the reduction in the horizontal 

distance between the two spheres appears to be less rapid than that shown in 

Figure 7-1(b). As a result, the two spheres do not undergo any collision within the 

duration of the settling experiment. 

Interestingly, in both cases where the two spheres show tendencies to attract and 

converge (see Figure 7-1(b) and Figure 7-1(c)), non-symmetrical flow trajectories 

were obtained. For example, in Figure 7-1(b), it can be seen that ball B travels more 

towards ball A than vice versa. As a result, the path travelled by ball B prior to the 

collision appears to be longer than that of ball A. Similar non-symmetrical pattern 

is also evident in the interaction between the spheres in the case presented in 

Figure 7-1(c). 

The non-symmetrical trajectory of the two particles can be further inspected in 

Figure 7-2, where snapshots of the paths taken by the two particles as they interact 

and collide are presented. In this Figure, it can be seen that although ball B 

appears to possess more side-movement than ball A, it also settles at a slightly 

lower pace. In fact, at this particular instance, the settling velocity of ball B has 

been found to be ~ 5.4% lower than that of ball A. This results in ball B emerging 

towards the flow path of ball A, with ball B placed slightly higher than ball A. As 

the flow paths of the two spheres converge, ball B starts to behave much like the 

second sphere in the experiment of two consecutive releases in the fluid, where the 

trailing sphere starts to increase in velocity and collides with the leading sphere.  
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Figure Figure Figure Figure 7777----2222: : : : SSSSnapshots of the experiment of two horizontallynapshots of the experiment of two horizontallynapshots of the experiment of two horizontallynapshots of the experiment of two horizontally----aligned stainless steel spheres aligned stainless steel spheres aligned stainless steel spheres aligned stainless steel spheres 

(6.35 mm) in 1.1% Floxit solutio(6.35 mm) in 1.1% Floxit solutio(6.35 mm) in 1.1% Floxit solutio(6.35 mm) in 1.1% Floxit solutionnnn with initial distance of 25 mm. with initial distance of 25 mm. with initial distance of 25 mm. with initial distance of 25 mm.    

The re-orientation between two interacting spheres as they settle through the 

Floxit solution is likely to be caused by the interaction of the wakes behind them, as 

well as the effects of shear thinning in the region surrounding the spheres. 

Unfortunately, this aspect of the settling experiment cannot be examined with the 

current experimental setup, as its investigation would require the flow fields 

surrounding the spheres to be visualised. This examination would therefore require 

the incorporation of flow-visualisation techniques, such as Particle Image 

Velocimetry (PIV), into the sphere-settling experiment. This development of the 

experimental technique has been considered for future studies (see Section 8.2). 

7.2.2 Velocity profile 

Except for cases where the two spheres rapidly converge and are about to collide, 

upon which the trailing sphere would start to accelerate towards the leading 
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sphere, no significant deviations in the settling velocity of the spheres from the 

value of their terminal velocity (± 6 %) were detected. The interaction between the 

spheres, therefore, does not appear to significantly affect their settling velocities.  

The onset of the acceleration observed in the settling behaviour of the trailing 

sphere as the horizontal distance between the two spheres diminishes can be 

examined further in Figure 7-3 and Figure 7-4. In these Figures, the orientations of 

two interacting spheres with respect to each other, as indicated by their separation 

distance, have been presented. To aid this analysis, the separation distance 

between the two spheres has been divided into two components: horizontal (dH) and 

vertical (dV). At the beginning of the side-by-side sphere-settling experiment, i.e. 

time = 0 s, the value of dV is zero, reflecting the fact that two spheres are 

horizontally-aligned. The value of dH at this point equals to d0, which is the set 

value of initial separation distance between the two spheres. 

In Figure 7-3, the typical fluctuation in the separation distance between the 

spheres in experiments that feature weak inter-sphere attraction (an example of 

this is the experiment featured in Figure 7-1(c)) has been presented. In this Figure, 

the fluctuations in dH and dV, starting from the commencement of the experiment 

(time = 0 s) to the instance at which the two spheres exit the column (time = 3.6 s) 

have been shown. As can be seen in this Figure, the decrease in dH is relatively 

slow, with the final value of dH being found to be ~ 0.0032 m. Interestingly, Figure 

7-3 also shows that this decrease in dH is accompanied by significant increase in dV. 

This reflects the observation stated earlier in Section 7.3.1, where the tendency of 

the spheres to ‘re-orientate’ while converging towards each other has been noted. 



Chapter 7: The settling behaviour of two horizontally-aligned spheres 

  215 

 

0

0.01

0.02

0.03

0.04

0.05

0.06

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

Time (s)

D
is

ta
nc

e 
(m

)

Horizontal distance (d  ) Vertical distance (d  )H V  

Figure Figure Figure Figure 7777----3333: : : : VVVVariation of the horizontal and vertical distances between two ariation of the horizontal and vertical distances between two ariation of the horizontal and vertical distances between two ariation of the horizontal and vertical distances between two stainlesstainlesstainlesstainless steels steels steels steel    

spheres (spheres (spheres (spheres (9.959.959.959.95 mm) released side by si mm) released side by si mm) released side by si mm) released side by side with an initial distance of 25.0de with an initial distance of 25.0de with an initial distance of 25.0de with an initial distance of 25.0 mm in a 1. mm in a 1. mm in a 1. mm in a 1.0000% Floxit % Floxit % Floxit % Floxit 

solution, as a function of the time of the experiment since their time of release.solution, as a function of the time of the experiment since their time of release.solution, as a function of the time of the experiment since their time of release.solution, as a function of the time of the experiment since their time of release.    

In Figure 7-4, the fluctuations in the separation distance between the spheres for 

cases where strong inter-sphere attraction, such as that shown in Figure 7-1(b), 

have been presented. As expected, the decline in dH for this case is more rapid than 

in the case presented in Figure 7-3. Due to this strong interaction, the two spheres 

converge and collide at time ~ 5.2 s, prior to the two spheres exiting the column at 

time ~ 6.0 s. Similar to the case presented in Figure 7-3, Figure 7-4 also shows 

increasing trends in dV that occurs in conjunction with the decrease in dH. This 

reflects the re-orientation motion that occurs as the two spheres converge, where 

one sphere appears to possess a slightly higher settling velocity than the other, 

forcing the slower sphere to trail behind. In Figure 7-4, this increase in dV continues 

to occur, until a dH value of ~ 0.0015 m is reached, upon which the trailing sphere 

starts to accelerate and catches up with the leading sphere.  
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Figure Figure Figure Figure 7777----4444: : : : VVVVariation of the horizontal and vertical distances between two chrome steel ariation of the horizontal and vertical distances between two chrome steel ariation of the horizontal and vertical distances between two chrome steel ariation of the horizontal and vertical distances between two chrome steel 

spheres (6.35 mm) released sidespheres (6.35 mm) released sidespheres (6.35 mm) released sidespheres (6.35 mm) released side----bybybyby----side with an initial distance of 25 mm in a side with an initial distance of 25 mm in a side with an initial distance of 25 mm in a side with an initial distance of 25 mm in a 1.0% Floxit 1.0% Floxit 1.0% Floxit 1.0% Floxit 

solution, as a function of the time of the experiment since their time of release.solution, as a function of the time of the experiment since their time of release.solution, as a function of the time of the experiment since their time of release.solution, as a function of the time of the experiment since their time of release.    

The patterns of fluctuation in dH and dV as described above, in which the vertical 

separation distance between the two spheres increases as they rearrange their 

orientation towards each other, were observed in all of the cases that display 

convergent behaviour between the two spheres. In cases where the interaction 

between the two spheres is relatively strong, the two spheres may converge 

significantly such that their horizontal separation distance reduces to ~ 1−2 mm. At 

this instance, the sphere that is positioned behind the leading sphere would start to 

accelerate, causing a collision between the two. This behaviour is viewed to be 

similar to the settling behaviour of spheres settling one behind the other, i.e. 

vertically aligned. The parameters affecting the settling pattern of these spheres 

have been discussed thoroughly in Chapter 6, where the acceleration observed in 

the settling pattern of the trailing sphere was found to be caused by the changes in 

the viscous parameters of the fluid solutions. 
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7.2.3 Comparison with other flow profiles 

Several studies that examine the interaction of spheres that are settling close-by 

each other in different types of fluids have been conducted in the past. These 

studies include those of Wu and Manasseh (1998) and Joseph et al. (1994) (see 

review in Section 2.4.5.2), through which it has been discovered that the interaction 

of spheres settling in Newtonian fluids always tend to produce an effect of repulsion 

between the spheres. Furthermore, Joseph et al. (1994), who conducted their 

experiments in a variety of fluids (namely Newtonian, non-elastic shear-thinning, 

Boger, and viscoelastic fluids), reported that the tendencies of spheres attract and 

converge were only found in fluids that exhibit elastic properties. Joseph et al. 

(1994) also noted that this tendency to attract and converge is only obtained in 

cases where the set value of initial separation distance between the two spheres is 

relatively small. Through this observation, Joseph et al. (1994) suggested that a 

critical parameter of initial separation distance should be used for the analysis of 

this experiment. That is, in cases where the d0 values are below this critical 

parameter, convergent sphere behaviour would be observed, whereas beyond this 

region of criticality, the two spheres would appear to slightly diverge. As will be 

demonstrated later in Section 7.4, this analytical approach of the sphere-settling 

experiment has been adopted and developed further in this thesis. 

In agreement with the observations obtained from the current project, Joseph et al. 

(1994) also noted that in cases where the two spheres do attract and converge, the 

interaction between the spheres tend to be non-symmetrical. Furthermore, the 

re-orientation motion of the two spheres, where one of the spheres tends to move 

towards the flow-path, i.e. behind, the other sphere, was also observed. No 

explanations were given towards flow mechanisms responsible for this behaviour. 

Based on this comparative analysis, it was concluded that the interaction of 

particles settling in the Floxit solutions depends highly on the elasticity of the fluid 

and that the attraction between two settling spheres as observed earlier in Section 

7.2.1 is mainly caused by the elasticity of the test fluids. The accuracy of this 
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statement and the effects of other rheological properties of the fluids in the current 

study will be assessed in the next section. 

7.2.4 Parameters governing the extent of inter-sphe re interactions 

The tendency of spheres to attract and converge has previously been identified by 

Joseph et al. (1994) to be highly dependent on the initial separation distance that 

has been set between them. In this thesis, the tendency of spheres to attract and 

converge has been quantified through the parameter Cl , which signifies the 

vertical distance that has to be travelled by the spheres prior to their convergence. 

This point of convergence has been defined as the instance where the trailing 

sphere starts to accelerate towards the leading one, i.e. when the horizontal 

separation distance between the spheres reaches levels that are below 0.002 m. 

According to this definition, the point of convergence in the case presented in 

Figure 7-4 occurs at experimental time of ~ 4.6 s. In Table 7-1, the values of Cl  

resulting from some selected data points have been presented. The values of Cl  in 

this Table has been normalised against the terminal settling velocity and 

shear-rate of the spheres. In this Table, the tendencies of the spheres to diverge or 

slowly converge (in which cases no collision would be observed) can also be 

inspected, as symbolised by (x) and (-), respectively. 
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Table Table Table Table 7777----1111: : : : The The The The effects of sphere diameter on the tendency of spheres to interact and attract, effects of sphere diameter on the tendency of spheres to interact and attract, effects of sphere diameter on the tendency of spheres to interact and attract, effects of sphere diameter on the tendency of spheres to interact and attract, 

as indicated by the as indicated by the as indicated by the as indicated by the dimensionless vertical distances that have to bdimensionless vertical distances that have to bdimensionless vertical distances that have to bdimensionless vertical distances that have to be travelled by the spheres e travelled by the spheres e travelled by the spheres e travelled by the spheres 

prior to their collision. Data resulting from bronze spheres was used.prior to their collision. Data resulting from bronze spheres was used.prior to their collision. Data resulting from bronze spheres was used.prior to their collision. Data resulting from bronze spheres was used.    

 

As expected, Table 7-1 shows that strong interaction between spheres generally 

occurs in cases where the set values of initial separation distance are small (25.0 

mm). As the value of initial separation distance is increased, the tendencies of 

spheres to attract and collide appear to decrease rapidly. This trend is clearly 

demonstrated in the comparison of the interaction of bronze spheres of 7.95 mm 

diameter that are settling in the 1.1% Floxit solution.  

Table 7-1 also shows that the tendencies for spheres to attract and converge are 

more prominent in the solutions containing higher concentrations of Floxit, i.e. 

spheres settling in the 1.1% Floxit solution would show higher tendencies to 

converge and collide than those settling in the 0.9% Floxit solution. Moreover, Table 

7-1 also shows that the value of the interaction parameter ( )[ ]γ&l tC V  generally 

decreases with increasing Floxit concentration. This suggests that for the same 

configurations of settling experiment, spheres settling in 1.1% Floxit solution would 

require shorter travelling distance to converge than those settling in 1.0% and 0.9% 

Floxit solutions. 
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The tendency of spheres to attract and converge while settling in the more 

concentrated Floxit solutions was compared to the elastic properties of the fluids. 

The contribution of the fluid elasticity on the settling-sphere experiment has earlier 

been assessed based on the values of their characteristic relaxation times (due to 

elastic deformations). Through this analysis, it was discovered that the 1.1% Floxit 

solution possesses the longest relaxation time among the three test solutions, while 

the 0.9% Floxit solution the shortest (1.63, 2.15, and 2.99 s, for the 0.9, 1.0, and 

1.1% Floxit solutions, respectively, see discussion in Section 4.6). The tendency of 

the spheres to interact and attract, therefore, appears to reflect the elastic 

properties of the test fluids. It was thus concluded that for the interaction of 

spheres to be examined thoroughly, the elastic properties of the fluid needs to be 

taken into consideration. 

The interaction parameters presented in Table 7-1 also suggest that the tendencies 

of spheres to attract and converge decreases significantly with increasing particle 

size (or sphere diameter). Moreover, in cases where the spheres do attract, higher 

values of interaction parameters are obtained in the case of the larger spheres, 

suggesting that the spheres have to travel over longer distances prior to their 

convergence.  

In Table 7-2, the dependency of the inter-sphere interaction on the density of the 

spheres has been assessed. From this Table, it can be seen that lower interaction 

parameters are generally encountered in cases where lighter spheres were used 

( bronzechromesteel ρ<ρ<ρ ). This suggests that, with respect of the settling velocities of 

the spheres, interacting particles with lower values of specific gravity would require 

shorter travelling distance to converge. Based on this observation and the 

observation stated earlier regarding the dependency of the sphere interaction on 

the diameter of the sphere, it was concluded that spheres having lower values of 

shear stress, which is a parameter that is determined by the density and diameter 

of the sphere (see equation 2-47), would have higher tendencies to attract and 

converge while settling side-by-side.  



Chapter 7: The settling behaviour of two horizontally-aligned spheres 

  221 

 

Table Table Table Table 7777----2222: : : : The effects of sphere The effects of sphere The effects of sphere The effects of sphere densitydensitydensitydensity on the tendency of spheres to interact and attract,  on the tendency of spheres to interact and attract,  on the tendency of spheres to interact and attract,  on the tendency of spheres to interact and attract, 

as indicated by the dimensionless vertical distances that have to be travelled by the spheres as indicated by the dimensionless vertical distances that have to be travelled by the spheres as indicated by the dimensionless vertical distances that have to be travelled by the spheres as indicated by the dimensionless vertical distances that have to be travelled by the spheres 

prior toprior toprior toprior to their collision. Data resulting from bronze spheres was used. their collision. Data resulting from bronze spheres was used. their collision. Data resulting from bronze spheres was used. their collision. Data resulting from bronze spheres was used.    

 

7.3 Numerical study 

In Section 7.2, the settling behaviour of spheres positioned side-by-side in the test 

fluid solutions has been studied and parameters that influence the movement of the 

spheres have been identified. Complete assessment of the factors influencing the 

divergent and convergent flow profiles obtained during the experiment, however, 

could not be conducted based solely on these observations. This is mainly caused by 

the rheological complexity of the fluid solutions, which, as have been discussed 

thoroughly in Chapter 4, possess elastic characteristics in addition to their 

viscoplasticity and thixotropy. This combination of flow characteristics makes it 

difficult to isolate the effects of each contributing element, i.e. viscous and elastic, 

on the experiment. 

Traditionally, the contribution of the rheological characteristics mentioned above 

can be determined by conducting a series of comparative experiments, which are 

performed in various types of fluids, such as Newtonian, viscous, and Boger fluids. 

An example of this approach is the study conducted by Joseph et al. (1994), where 

the effects of shear thinning and fluid elasticity on the interaction of spheres 

settling side-by-side were evaluated by conducting the experiments in fluids of 

various elasticity and viscous characteristics.  
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In the current study, a different approach has been adopted for this analysis, i.e. 

through numerical methods (CFD). The basis of this approach has been discussed 

thoroughly in Chapter 5, where the settling behaviour of a sphere in fluid solutions 

modelled with a non-elastic shear thinning fluid model that features a temporary 

yield stress-like characteristics, i.e. the semi-viscoplastic fluid model, was studied 

numerically. Through this examination, it was found that an excellent qualitative 

agreement exists between the values of settling velocity predicted numerically with 

those obtained experimentally in all three Floxit solutions. Given that the three 

Floxit solutions actually exhibit slightly distinct levels of elasticity (as evident in 

the fit parameters for the normal stresses outlined in Table 4-5), the findings stated 

above indicate that the fall behaviour of these spheres is largely dependent on the 

viscous parameters of the fluid solutions, and that the elasticity of the fluid 

solutions does not greatly affect the settling velocity of the particles. 

Using the approach previously outlined in Chapter 5, it is hoped that similar 

assessments on the contributions of the various rheological elements can be 

conducted for the analysis of the fall behaviour of spheres settling side-by-side in 

the Floxit solutions. This numerical approach will be discussed briefly in the next 

section, followed by the resulting flow profiles predicted through this numerical 

analysis. 

7.3.1 Mathematical formulation and solving strategy  

The numerical strategy employed for this study is based on the particle-tracking 

method, in which the Volume-of-Fluid (VOF) algorithm is used. In this numerical 

scheme, the spherical particles are represented by a ‘solid’ phase, which in turn is 

represented by a highly viscous fluid material (~ 1000-2000 Pa.s). These spherical 

particles settle through a primary fluid phase that represents the viscosity of the 

test fluid solutions. To minimise the deformation of the ‘solid’ phase, in addition to 

assigning a very high value of the viscosity of the secondary ‘solid’ phase (~ 200 

times the liquid viscosity), appropriate methods of discretisation have to be 
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employed. The methods of approximation and discretisation utilised for this study 

have been discussed in detail in chapter 5.  

The numerical grid used for the current study follows the same dimensioning and 

meshing principles as that described in section 5.6.1. A structured grid was 

employed to minimise the level of interface smearing, and the size of the mesh was 

determined based on the diameter of the sphere, such that there are 12 or more 

node points across its diameter. As this problem involves two spheres that are 

settling side-by-side, the numerical domain has to be wider than that used in 

section 5.6.1, to allow for the spheres to settle freely with minimum wall effects. As 

a result, simulations involving horizontally aligned spheres generally require more 

node points and are more computationally expensive.  

7.3.2 Results and discussion 

Figure 7-5 shows the typical settling trajectory predicted numerically for two 

spheres settling side-by-side in a fluid solution modelled with the semi-viscoplastic 

equation. As can be seen, divergent sphere behaviour is evident, with the horizontal 

distance between the spheres increasing throughout the settling process. This 

behaviour was observed in all of the simulations, which were conducted under 

various values of initial-distance-to-sphere-diameter ratio (d0/D = 1.5, 2.0, and 2.5), 

as well as three different viscous parameters, modelled after solutions of 0.9%, 

1.0%, and 1.1% Floxit.  
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Figure Figure Figure Figure 7777----5555: : : : The sThe sThe sThe settling trajectory of sideettling trajectory of sideettling trajectory of sideettling trajectory of side----bybybyby----side spheres (D = 9.90 mm) in a 0.9% Floxit side spheres (D = 9.90 mm) in a 0.9% Floxit side spheres (D = 9.90 mm) in a 0.9% Floxit side spheres (D = 9.90 mm) in a 0.9% Floxit 

solution, with a dsolution, with a dsolution, with a dsolution, with a d0000/D value of 1.5. /D value of 1.5. /D value of 1.5. /D value of 1.5.     

The interaction between the spheres under different values of initial distances and 

Reynolds numbers can be inspected further in Figure 7-6. In this figure, it can be 

seen that simulations involving higher values of Re, here calculated as per equation 

5-20, generally predict stronger inter-sphere repulsion than those involving lower 

values of Re. This is similar to the observations of Wu and Manasseh (1998), who 

conducted their experiments in Newtonian fluids. In their study, it was observed 

that for cases where Re > 0.1, spheres that are placed in close proximity to each 

other always tend to repulse and diverge. For cases where Re < 0.1, on the other 

hand, no interaction tendencies were detected, and the spheres tend to maintain a 

constant distance between each other. 
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Figure Figure Figure Figure 7777----6666: Development of inter: Development of inter: Development of inter: Development of inter----sphere distance as the spheres settle through the sphere distance as the spheres settle through the sphere distance as the spheres settle through the sphere distance as the spheres settle through the 

semisemisemisemi----viscoplastic fluid. In the simulations featuring Re ~ 0.3, the viscous parameters viscoplastic fluid. In the simulations featuring Re ~ 0.3, the viscous parameters viscoplastic fluid. In the simulations featuring Re ~ 0.3, the viscous parameters viscoplastic fluid. In the simulations featuring Re ~ 0.3, the viscous parameters 

resulting from the 1.1% Floxit solution were utilised. On the other hand, in cases where Re resulting from the 1.1% Floxit solution were utilised. On the other hand, in cases where Re resulting from the 1.1% Floxit solution were utilised. On the other hand, in cases where Re resulting from the 1.1% Floxit solution were utilised. On the other hand, in cases where Re 

~ 1~ 1~ 1~ 1.25, the viscous parameters of 0.9% Floxit were used..25, the viscous parameters of 0.9% Floxit were used..25, the viscous parameters of 0.9% Floxit were used..25, the viscous parameters of 0.9% Floxit were used.    

The repulsive behaviour predicted through this numerical study can also be 

examined by observing the development of velocity field in the fluid medium 

surrounding the spheres. This is presented in Figure 7-7, where the development of 

the relative axial velocity along the horizontal axis has been illustrated. The origin 

of the x-axis in this figure indicates the centre line of the computational domain. 

The positions of the spheres in this Figure can be determined through the values of 

relative velocity, with V/Vt values of 1.0 indicating regions that are occupied by the 

spheres. In this Figure, the repulsion between the two spheres is evident in the 

widening of the gap between the two spheres as the simulation progresses from 

t = 0.10 s to t = 0.75 s. 
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Figure Figure Figure Figure 7777----7777: The distribution of axial velocity, relative to the terminal settling velocity of the : The distribution of axial velocity, relative to the terminal settling velocity of the : The distribution of axial velocity, relative to the terminal settling velocity of the : The distribution of axial velocity, relative to the terminal settling velocity of the 

spheres. The spheres. The spheres. The spheres. The originoriginoriginorigin of the  of the  of the  of the horizontal axis horizontal axis horizontal axis horizontal axis indicates the centre line of the computational indicates the centre line of the computational indicates the centre line of the computational indicates the centre line of the computational 

domaindomaindomaindomain. . . .     

In Figure 7-7, it can be seen that there is a negative shift, both in terms of position 

and magnitude, in the point of local velocity minimum in the gap between the two 

settling spheres. This negative shift continues to occur as the simulation is 

extended from simulation times of 0.10 to 0.75 s. It thus reflects the widening of the 

gap between the two spheres during the course of the simulation. The decrease in 

the magnitude of the minimum velocity in this region indicates that the 

inter-sphere repulsion evident in this numerical study is caused by the effects of the 

dynamic pressure between the two spheres. Due to the inability of the fluid medium 

in this region to deform elastically, the minimisation of pressure in this case occurs 

through the widening of the gap between the two spheres, which in turn decreases 

the magnitude of velocity within the gap.  

Outside this region of interaction, i.e. in the area encompassing the outer side of the 

sphere and the walls of the column (0.5 – 4.7R), the changes of the distribution of 

velocity were found to be minimal throughout the simulation process. The local 
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velocity maximum that can be observed at a distance of ~ 3.2R to the right of the 

sphere is due to the recirculation of flow, as the region of fluid that has been 

displaced by the movement of the sphere recirculates back to regions above the 

settling spheres. 

Based on the observations outline above, it can be concluded that the decrease in 

the horizontal distance between two spheres that are settling closely side-by-side in 

the Floxit solutions are largely caused by the elastic properties of the fluid 

solutions, which is an aspect of the fluid rheology that has not been captured by the 

semi-viscoplastic fluid model. To develop a method of predicting the interaction 

between the spheres being studied in this experiment, therefore, considerations 

need to be given towards the elastic characteristics of the fluid solutions. 

7.4 Correlation for the prediction of inter-particl e interaction 

So far in this discussion, it has been demonstrated that the experimental and 

numerical observations of the fall behaviour of spheres settling side-by-side 

generally agree with the findings presented by other studies, namely those by 

Joseph et al. (1994) and Wu and Manasseh (1998) for the settling behaviour of 

spheres in viscoelastic and non-elastic fluids, respectively. Based on this agreement, 

it was concluded that the unique interactive behaviour of spheres observed in the 

current experiment, in which two spheres that are initially placed in close 

proximity to each other demonstrate tendencies to attract and converge, are due to 

the elastic properties of the fluids that the spheres are released into.  

To develop a correlation for the prediction of the interaction tendencies of the 

settling spheres, therefore, the extent of elastic deformation in the fluid medium 

during this experiment needs to be examined. In this section, a parameter that 

represents the interactive tendencies of the spheres will be firstly developed, 

followed by an assessment on the factors influencing these interactions. A 

correlation will then be developed and assessed based on these observations.  
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7.4.1 Interaction parameter 

The tendency of two settling spheres to interact and attract can be quantified by 

considering the distance required for the spheres to converge, Cl . The 

dimensionless form of this parameter was developed by considering the terminal 

settling velocity of the spheres (Vt), as well as the effective rate-of-shear ( γ& ) due to 

the effective shear stress of the spheres ( τ , see equations 2-46 and 2-47): 

γ
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                                     ( ( ( (7777----1111))))    

Another form of quantification for the tendency of the spheres to interact can be 

derived by estimating the rate of convergence between the two spheres, VH: 
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=                                         ((((7777----2222))))    

As can be seen in the above equation, the rate of convergence has been estimated by 

taking the average rate-of-change in the horizontal component of the separation 

distance between the spheres, dH.  

Based on the approximated value of VH, the vertical distance that needs to be 

travelled by spheres placed side-by-side with an initial spacing of d0 can be 

estimated as follows: 
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The dimensionless form of VH can thus be written as: 
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In order to obtain a complete representation of the interactive behaviour of spheres 

settling side-by-side in the fluid solutions, the two forms of dimensionless 

interaction parameter presented in equation 7-4 are used in conjunction with each 

other for the analysis of the experimental data. In doing so, the first form of the 

dimensionless parameter is generally regarded to be more reliable, as the 

uncertainties involved with the calculation of the variables involved in this 

parameter are lower (~ 2%, see Appendix D.2) than those involved with the second 

form of the dimensionless parameter. In the second form, uncertainties arose with 

the estimation of VH, in which the rate-of-change in dH has been assumed to be 

approximately constant. Based on the variance of the experimental data, the level 

of uncertainty associated with VH has been approximated to be ~ 3%, causing the 

total level of uncertainty for the second form of dimensionless parameter to be ~ 9% 

(see Appendix D.2).  

As a result of the discrepancy in the level of uncertainties involved with the 

calculations of the dimensionless interaction parameter, the first form of this 

parameter was implemented for cases where a collision between the two spheres 

occurs. Additionally, in analysing the experimental data, the discrepancies in the 

level of uncertainties involved with the calculation of the dimensionless interaction 

parameter had to be taken into consideration. This aspect of the calculation 

procedure will be addressed in detail in Section 7.4.4. 

7.4.2 Effects of fluid elasticity 

To estimate the extent of elastic deformation that occurs during the sphere-settling 

experiment, the average rate-of-shear experienced by the fluid medium in the 

region between the spheres needs to be approximated. This is done by considering 

the amount of fluid displaced due to the movement of one sphere, Q: 
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Chapter 7: The settling behaviour of two horizontally-aligned spheres 

  230 

 

Assuming that the fluid flow rate is independent of the size of the gap (~ Hd ), the 

average shear rate within this gap, Gγ& , can then be approximated: 
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Based on this equation, it can be seen that an increase in the effective shear rate 

can be expected as the gap between the spheres is decreased.  

Having approximated the representative value of shear rate in the fluid region 

between the two settling spheres, the level of elastic deformations that are 

associated with this shear rate can be estimated. As has been discussed previously 

in chapter 2, the development of normal stresses in fluid solutions is often 

associated with the elastic characteristics of the fluid rheology. Therefore, the 

quantification of fluid elasticity is often accomplished through the measurement of 

the development of normal-stress differences when the fluid is subjected to shear 

forces. In this study, this aspect of the fluid rheology is quantified through the first 

normal-stress difference (N1), as well as its corresponding coefficient (ψ1). The 

development of first normal-stress difference due to the settling movement of two 

closely-situated spheres is therefore quantified using the power-law fit for the first 

normal-stress growth coefficient (ψ1) presented in equation 4-15 and Table 4-5, with 

the shear rate approximated through equation 7-6.  

Using the formulation of the average shear-rate across the gap presented in 

equation 7-6, it can be seen that at low values of inter-sphere distance, an increase 

in N1 is predicted, indicating that the level of elastic deformation at this stage is 

higher than in cases where the inter-sphere gap is wider. This is in agreement with 

the experimental observations presented earlier in section 7.2.1, in which it was 

noted that in experiments where the initial separation distance between the 

spheres is small (d0 ~ 25 mm), there is a higher probability that the spheres would 

converge and collide than in experiments that feature larger values of initial 

separation distances (d0 > 37.5 mm).  
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The influence of other parameters on the interaction between spheres settling in 

the test fluid solution has been examined earlier in section 7.2.4, where the 

variation of the interaction parameter ( )[ ]γ&l tC V  for various configurations of 

spheres and fluid solutions was presented. The results of this analysis show the 

dependency of the inter-sphere interaction on the density and diameter of the 

spheres, which are parameters that largely determine the level of stress exerted by 

the spheres on the fluid medium. For example, the values of ( )[ ]γ&l tC V  presented 

in Table 7-2 have been shown to be generally smaller for lighter spheres, or spheres 

having lower values of sρ . This indicates that in cases where these spheres exhibit 

convergent interactive behaviour during their settling process, the lighter spheres 

would have to travel over shorter distances than in cases where the heavier spheres 

are used. That is, the lighter spheres tend to possess higher rate-of-convergence 

than the heavier spheres. Similar observations could be made in comparing the 

values of critical initial distances in experiments using different sphere diameters. 

The dependence of the inter-sphere interaction on the density and diameter of the 

spheres indicates that a complete assessment of the interactive behaviour of 

spheres in the fluid solution requires the elastic effects of the fluid to be compared 

with the corresponding viscous effects. This can be examined by considering the 

viscosity of the fluid in the region immediately above the settling spheres, ssµ , 

which can be calculated based on the rate of deformation caused by the mean 

surficial stress of the sphere ( τ ). In this study, the reference point of shear-stress 

suggested by Wilson et al. (2004; 2003) (see equations 2-46 and 2-47) were 

incorporated for the completion of this calculation. Due to the similarity of the 

comparison between ψ1 with the viscous properties of the fluid to the Weissenberg 

analysis presented by Arigo and McKinley (1997), the figure of comparison in this 

study is termed as WeG: 
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where ( )G1 γψ &  is the coefficient of first normal-stress, evaluated based on the 

average value of shear-rate across the gap between the spheres. The terms ( )ssλµ  

and ssγ&  represent the fluid viscosity and shear rate, respectively, above the settling 

sphere. These terms are therefore calculated based on the mean surficial stress of 

the sphere, τ . 

7.4.3 Effects of initial separation distance 

In Figure 7-8, the development of the dimensionless interaction parameter 

( )γdV 0H &  with WeG for several different configurations of Dd0  has been 

presented. In this figure, it can be seen that ( )γdV 0H &  tends to decay rapidly with 

increasing values of WeG. Furthermore, a general decrease in ( )γdV 0H &  was also 

obtained with increasing values of Dd0 . 

 

Figure Figure Figure Figure 7777----8888: : : : VVVVariation of the interaction parameter as a function of Weariation of the interaction parameter as a function of Weariation of the interaction parameter as a function of Weariation of the interaction parameter as a function of WeGGGG and the ratio of the  and the ratio of the  and the ratio of the  and the ratio of the 

initial sphereinitial sphereinitial sphereinitial sphere----totototo----sphere distance (dsphere distance (dsphere distance (dsphere distance (d0000) to the diameter of the spheres () to the diameter of the spheres () to the diameter of the spheres () to the diameter of the spheres (DDDD)))), d, d, d, d0000/D/D/D/D....    



Chapter 7: The settling behaviour of two horizontally-aligned spheres 

  233 

 

Based on the experimental observations outlined in Section 7.2.4, the dependence of 

the interaction parameter on WeG and Dd0  as seen in Figure 7-8 was as expected. 

With a reduction in the size of the gap between the two spheres, an increase in the 

value of Gγ& , and hence also in the effective first normal-stress difference (N1), can 

be expected. This increase in N1 causes an apparent decrease in the growth 

coefficient of the normal stress, 1ψ  (see equation 4-17). As a result, WeG tends to 

decrease with the size of the gap between the spheres. The increase in ( )γdV 0H &  

with decreasing values of WeG thus agrees with the experimental observations, 

where probability of spheres to attract and converge has been noted to be higher in 

cases where the initial value of separation distance (d0) is small.  

7.4.4 Assessment of the proposed correlation 

The downward shift of the ( )γdV 0H & - WeG curves with increasing values of Dd0  as 

shown in Figure 7-8 suggests that the following form of generalisation can be 

applied: 
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N is a generalisation constant for the ( )γdV 0H & - WeG curves shown in Figure 7-8 

and f is a WeG-based function that can be evaluated through regression analysis. 

The efficiency of this method of generalisation can be inspected in Figure 7-9, where 

a value of N = 1.5 has been applied on the experimental data. As can be seen from 

this Figure, the variation of ( )γdV 0H & - WeG with Dd0  appears to have been 

minimised. This indicates that a fit parameter of N = 1.5 is appropriate for the 

implementation of equation 7-8. This figure has therefore been adopted for the 

evaluation of function f.  
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Figure Figure Figure Figure 7777----9999: The variation of the generalised interaction parameter: The variation of the generalised interaction parameter: The variation of the generalised interaction parameter: The variation of the generalised interaction parameter as a function of We as a function of We as a function of We as a function of WeGGGG and and and and    

dddd0000/D/D/D/D. Fit equation 7. Fit equation 7. Fit equation 7. Fit equation 7----11 has been included in the plot.11 has been included in the plot.11 has been included in the plot.11 has been included in the plot.    

Figure 7-9 also shows that the following equation of fit can be implemented on the 

experimental data: 
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The constants of equation 7-9, i.e. a, b, and c were evaluated using 72 experimental 

data points through a multiple linear regression evaluation method. To highlight 

the discrepancies in the levels of uncertainty between the two calculation methods 

presented for the interaction parameter (see the discussion presented in section 

7.4.1 and equations 7-1 and 7-4), weighted formulations of the sum-of-squared 

errors (SSE) were used: 
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The parameter wi represents the ‘weight’ value applied to data point i, i.e. it 

indicates the level of uncertainties that are associated with the measurement of a 

particular data point (Mosteller & Tukey, 1977). The values of this parameter were 

determined iteratively. First approximations of these values were obtained through 

the use of the Ordinary Least Squares method (i.e. wi = 1.0) over data points where 

the first form of interaction parameter, i.e. equation 7-1, has been applied. The 

weight parameters, here defined as the inverse of the resulting variance in 

residuals, were then calculated for all of the remaining data points. These 

parameters were substituted into equation 7-9, upon which the minimisation 

calculation of the SSE can be repeated, and better values of the fit parameters can 

be obtained. The results of this analysis were: a = 10.48, b = − 0.931, and c = 310x3 − . 

Equation 7-9 can thus be rewritten as follows: 
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The fit correlation as outlined in equation 7-11 has been featured in Figure 7-9, 

where its satisfactory agreement with the experimental data is highly apparent. 

Furthermore, in this Figure, it can also be seen that the fit correlation crosses the 

x-axis at WeG ~ 6310, indicating that the predicted values of ( )γdV 0H &  beyond this 

point tend to become negative. As a result, it can be expected that attraction and 

convergence between the settling spheres beyond this value of WeG would cease to 

occur. The limiting value of ( )γdV 0H &  as WeG tends towards infinity is -0.003, 

indicating that spheres settling in conditions of high WeG would possess very slight 

tendencies to repel each other during the course of the experiment. 

The shift in the interaction tendencies of the spheres as discussed above was 

considered to be analogous to the condition of critical initial separation distance 

that have been suggested by Joseph et al. (1994) in their analysis of the settling 

behaviour of side-by-side spheres. In their analysis, this critical parameter was 

found to determine the types of interaction that occurs between spheres that are 

settling side-by-side, i.e. if the initial separation distance between the two spheres 
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is less than this critical figure, the two spheres would possess tendencies to attract 

and converge. If the opposite is true, the two spheres would either diverge very 

slightly or do not undergo any significant interaction. In the current study, such 

conditions of criticality have been generalised based on the rheology of the fluid, i.e. 

through the calculation of WeG. Using this parameter, as well as the correlation 

outlined in equation 7-11, critical values of initial separation distance below which 

the spheres would possess tendencies to interact and attract (and vice versa) can be 

predicted.  

The correspondence of the correlation presented above can be examined by testing 

their applicability towards the prediction of whether certain configurations of 

spheres would attract or repel under various parameters of fluid rheology. 

Furthermore, in cases where the two spheres do attract, the rate of their 

convergence predicted through equation 7-11 can be compared with the 

experimental data. The results of these analyses can be seen in firstly in Figure 

7-10, where comparisons of the estimated values of interaction parameters with 

those observed experimentally have been presented, and also in Figure 7-11, where 

the estimated distances required for two settling spheres to attract and converge 

(LC) have been compared with the experimental data.  
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Both Figure 7-10 and Figure 7-11 show that the correspondence and regression 

between the observed and calculated values of interaction parameters were 

excellent. This suggests that by using the proposed correlation, predictions of 

whether two spheres that are released side-by-side into a viscoelastic fluid would 

attract or repel can be made with high level of accuracy.  

The standard error resulting from the analysis outlined above was found to be 

~ 0.1 m, which is equivalent to 16% of the mean value of Cl . This figure suggests 

that the proposed correlation is able to provide a relatively good indication of the 

level of inter-sphere interaction that occurs in an experiment of two spheres 

released side-by-side into viscoplastic fluids possessing low to medium levels of 

elasticity. The simplicity of the correlation, in combination with the straightforward 

method of measurement of the first normal-stress difference and shear viscosity, 

makes this method easily applicable for the prediction of whether two spheres 

would attract or repel in the fluid solution.  
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7.5 Conclusion 

Through an examination of the settling behaviour of spheres released 

simultaneously in a side-by-side arrangement – but with a set distance apart – into 

dilute solutions of polyacrylamide, it was found that two different types of settling 

trajectory could be obtained. In the first type, the two spheres show strong tendency 

to attract and converge. This behaviour contrasts with that found in the second 

type of trajectory, where the horizontal separation distance between the spheres 

was found to undergo minimal level of changes throughout the experiment. 

Interestingly, in the first type of settling trajectory, it has been observed that one of 

the spheres tend to decelerate slightly while their horizontal separation distance 

decreases. This causes a re-orientation in the position of the spheres, with the 

slower sphere showing tendencies to settle towards the flow path of the faster 

sphere. Upon converging, which is an instance where the horizontal distance 
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between the two reaches a very low level (~ 0.001 – 0.002 m), the trailing sphere 

starts to experience the shear-thinning effects induced by the shearing movements 

of the leading sphere, causing it to accelerate towards the leading sphere and 

collide. This motion of re-orientation was found to be comparable to that reported 

by Joseph et al. (1994) in their study of viscoelastic fluids. The cause of this 

phenomenon, however, could not be determined with the current experiment, and a 

flow visualisation study, e.g. Particle Image Velocimetry, would be required to 

further assess this behaviour. 

Upon comparing the interaction tendencies of the settling spheres in three different 

aqueous solutions of polyacrylamide (0.9, 1.0, and 1.1 w/w %), it was found that 

higher incidence of convergence, i.e. inter-sphere attraction, tends to occur in the 

solution of highest polymer concentration, i.e. 1.1%. The opposite is true with the 

0.9% polyacrylamide solution. This trend of inter-sphere interaction was found to 

reflect the elastic properties of the fluids, which, as indicated by the values of 

characteristic relaxation time of the fluids (see Chapter 4), are the most severe in 

the 1.1% polyacrylamide solution. This observation was found to agree with the 

results presented by Joseph et al. (1994).  

Comparisons were also made with the results of the numerical study (CFD) 

conducted using the semi-viscoplastic fluid model. In this fluid model, the changes 

in the viscous parameters of the fluid solutions are described to be a function of λ , 

which is a scalar variable that reflects the integrity of the structural network 

configuration of the fluid solutions due to the existence of hydrogen bonding 

between the polyacrylamide and water molecules. The normal stresses arising from 

the elasticity of the fluids have been assumed to be negligible, i.e. this fluid model 

represents purely viscous flow behaviour. In an earlier CFD study (see Chapter 5), 

it has been demonstrated that this fluid model is able to represent the viscous 

characteristics of the experimental fluid solutions, as indicated by the close 

agreement of the terminal settling behaviour of spheres predicted numerically to 

that observed experimentally. In the current study, however, the simulations 

conducted using this fluid model did not detect any inter-particle interaction that 
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results in convergent sphere behaviour. This was as expected due to the absence of 

elastic effects in the fluid model.  

Based on the findings discussed above, it was concluded that the tendencies of 

spheres to attract and converge are highly influenced by the elastic properties of 

the fluids. A correlation was thus developed between the observed interaction 

tendencies of the spheres with the viscous and elastic properties of the fluids. The 

latter figure was quantified through the coefficient of first normal stress differences 

( 1ψ ) determined through rheometric analyses (see Chapter 4). The result is a 

parameter that compares the normal stresses of the fluid medium within the gap 

between the spheres with the viscous parameters that exist above the settling 

spheres, WeG. Through this correlation, the attraction tendencies of spheres settling 

through the fluid solutions can be predicted based on the rheology of the fluids. 
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Chapter 8 Conclusions and recommendations 

In an effort of improving the efficiency of tertiary grinding circuits, a fundamental 

study of the fall behaviour of solid bodies in these highly resource-demanding unit 

operations have been conducted. In most grinding circuits, the fine mineral 

particles are suspended in a fluid medium, thus forming slurries and suspensions 

that typically have viscoplastic flow characteristics. The work in this thesis has 

therefore been focused on the settling behaviour of particles (specifically spheres) in 

fluids with this type of flow behaviour.  

Viscoplastic flow behaviour is characterised by the presence of a yield stress, which 

denotes a critical level of stress that is required to deform the structure of the 

medium before it starts to flow. The influence of this flow behaviour on the terminal 

settling of spherical particles has recently been captured by the correlation 

suggested by Wilson et al. (2004; 2003). A further review of past studies, however, 

revealed that many aspects of this flow problem are still unsolved. These include 

the interaction of spheres settling in close proximity to each other, as well as the 

effects of the fluid recovery on the viscous parameters of the fluid (Gumulya et al., 

2007). Both of these aspects are critical for the understanding of the motion of solid 

bodies in grinding circuits.  

Three studies have been performed in accordance to the objective of this thesis: 

1. To experimentally and numerically study the settling behaviour of two 

vertically-aligned spheres, i.e. one sphere following the flow path of another 

sphere. 

2. To experimentally and numerically study the settling behaviour of two 

horizontally-aligned spheres, with a set distance apart, released 

simultaneously into the fluid. 

The experiments were performed in aqueous solutions of polyacrylamide (0.9 – 1.1 

w/w Floxit 5250L), which have been known to possess viscoplastic fluid behaviour. 
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The conclusions obtained from these studies are addressed in the following section, 

followed by recommendations for future work. 

8.1 Conclusions 

This thesis makes a significant contribution to the understanding of the effects of 

fluid rheological properties on the settling behaviour of particles.  

The first contribution goes to the systematic analysis of the rheological properties of 

the test fluid solutions, through which a new rheological model that can provide 

better characterisation of the changes in the viscosity, both as functions of shear 

and time, was developed.  

The second contribution was the development of the stereo-photogrammetry 

measurement system. In this system, two low-cost video cameras and a 

combination of commercially-available and custom-built software were assembled 

for the measurement and tracking of spheres settling in clear viscoplastic fluids. 

Through an extensive testing regime, it was found that the resulting measurement 

system is able to track the 3D motion of spheres to within 1 mm accuracy. 

The third contribution was the development of a VOF-based numerical (CFD) 

scheme, through which a detailed analysis of the flow fields surrounding the 

settling particles can be obtained. In the future, this numerical scheme can be used 

as the basis of the analysis of flow fields affecting the movement of solid bodies in 

grinding circuits.  

Fourthly, by using the newly-developed fluid model to highlight the changes in the 

structural conditions of the fluid throughout a settling-sphere experiment, 

predictions of the settling velocity of spheres in fluids of various structural 

conditions (e.g. disturbed or undisturbed), can be made with far greater accuracy 

than before.  



Chapter 8: Conclusions and recommendations 

  243 

 

Finally, contributions were also made towards the knowledge of the interaction 

tendencies between spheres that are settling in close proximity to each other. 

Correlations were developed in order to relate the elastic and viscous properties of 

the fluid solutions with the tendencies of the spheres to attract and converge.  

8.1.1 Fluid rheology 

� The new fluid model includes a scalar structural parameter (λ). This parameter 

reflects the integrity of the structural network configuration that exists in the 

fluid solutions due to the existence of hydrogen bonding between the 

polyacrylamide and water molecules (Kulicke et al., 1982). The viscosity of the 

fluid is directly correlated with λ. The rate-of-change in λ is dependent on the 

magnitude of shear that the fluid experienced.   

� Under steady-state conditions, the new fluid model resembles the model 

suggested by Cross (1965) for pseudo-plastic fluids, i.e. it does not explicitly 

feature a yield stress value. Instead, the model features very prominent 

shear-thinning behaviour, where significant reduction in viscosity is obtained 

with increasing values of shear stress. This reflects the changes in viscosity 

observed experimentally when the fluids are subjected to shear forces that 

exceed the apparent yield stress value.  

� The response of the fluid model predicted numerically under conditions of 

continually-increasing shear rate (i.e. ramp testing) was found to reflect the 

experimental observations of the fluid rheometry. Under this testing condition, 

fluids that initially possess fully-intact structures were found to exhibit stress 

overshoot at the beginning of the ramp-testing. This was followed by a 

temporary region of negative slope, indicating the temporary existence of 

unstable flow. This flow instability was not encountered in cases where the 

structure of the fluid has previously been destroyed due to the application of 

shear.  

� The flow instability discussed above was compared to the definition of yield 

stress suggested by Møller et al. (2006), who proposed that this parameter be 
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defined as the critical stress value below which no permanent (stable) flow 

occurs. The presence of a temporary negative slope in the numerical response of 

the fluid indicates that the fluid model features temporary yield-stress 

characteristics that dissipate once the structural network of the fluid is 

destroyed due to the application of shear. Once the structure is destroyed, the 

fluid model features shear-thinning flow behaviour only. 

� As the fluid model used in this thesis does not explicitly feature a yield stress 

value, and due to the fact that the yield stress characteristics dissipates once 

the fluid has been sheared, the term ‘semi-viscoplastic’ was used to describe the 

fluid model. 

� The elastic properties of the fluids were examined using a series of Small 

Amplitude Oscillatory Shear (SAOS) testings. The resulting values of the 

characteristic relaxation time were found to be relatively short in comparison 

with the measurement time of the experiments, as well as the values of 

relaxation parameter (θ) in the semi-viscoplastic fluid model. This indicates that 

the elasticity of the fluid solutions should be of low consequence to the dynamics 

of the settling-sphere experiments and that the fluids may be modelled as 

viscous liquids.  

� The resulting normal-stresses caused by the elasticity of the fluids were 

characterised through the measurement of first normal-stress difference (N1), 

which was then correlated with the shear rate through power-law equations. 

8.1.2 Numerical modelling 

� A numerical scheme based on the VOF (Volume of Fluid) model, in which the 

solid particle is likened to a fluid material with very high viscosity (~ 400 –1000 

Pa.s), has been formulated and developed. By implementing appropriate 

discretisation strategies and approximation methods, the effects of numerical 

smearing and diffusion, which are issues that are particularly relevant in 

VOF-based calculations, can be minimised. A time-dependent estimation of the 
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semi-viscoplastic fluid model was developed and implemented into the 

numerical scheme using a series of User Defined Functions (UDF). 

� The numerical scheme was validated through a study conducted in Newtonian 

fluids (0.1 < Re < 7.0).  

� The flow field of the semi-viscoplastic fluid surrounding a settling sphere in this 

fluid medium was found to be comparable to the flow fields reported in the 

literature for viscoplastic and yield-stress fluids.  

� Excellent qualitative agreement (R2 ~ 0.98) was found between the results of the 

numerical analysis with the experimental results. This suggests that the 

settling behaviour of the spheres in these experiments can be modelled through 

considerations of the changes in the structural parameters of the fluid, and the 

effects of such changes on its viscous parameters. It also confirms the 

assumption stated earlier that the elastic properties of the Floxit solutions are 

of low consequence to the dynamics of the settling experiment. 

� The quantitative agreement between the numerical predictions and 

experimental data was found to be generally poor. This deviation, in addition to 

the excellent qualitative agreement, indicates that the rheological analyses of 

the fluids are subject to large errors. These errors are likely to be caused by the 

irregularities of flow patterns within the geometry of the cone-and-plate 

rheometer. In future work, the impact of these flow irregularities may be 

addressed by incorporating computational techniques into the rheometric 

analysis. Nevertheless, these results show that, through the incorporation of a 

calibration factor, the proposed numerical scheme can be used for the prediction 

of terminal settling velocity of spheres settling in viscoplastic fluids. 

8.1.3 The settling behaviour of two vertically-alig ned spheres 

� In this experiment, a sphere that falls through an undisturbed medium was 

found to attain a constant (terminal) settling velocity almost instantaneously 

upon its release. The sphere that follows this initial release tends to possess a 

much higher settling velocity. It also continues to accelerate as the gap between 
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the two particles decreases, leading to a collision between the two, after which 

they combine and travel at the same (constant) velocity.  

� The structural changes of the fluid as it is sheared by the movement of the 

spheres were considered. A correlation of the settling velocities of the leading 

and trailing spheres was then developed based on this consideration. In this 

correlation, the representative structural parameter above the sphere was 

calculated based on the mean surficial stress of the sphere (see equations 2-40 

and 2-41). Below the sphere, the representative structural parameter was 

estimated through the integration of the rate equation of λ, over the time that 

has lapsed since the fluid was sheared by the movement of the previous sphere 

(see equation 6-2).  

� Through consideration of 662 data points, comprising of the settling velocities of 

the leading and trailing spheres in the experiment of vertically-aligned spheres, 

a correlation was developed, relating the changes in the structure of the fluid 

with a figure of equivalent viscosity (µeq). This parameter represents a 

calculated figure of Newtonian viscosity that produces the same settling velocity 

for a particle (of the same density and dimension) that falls through a 

non-Newtonian fluid medium (Wilson & Horsley, 2004; Wilson et al., 2003). The 

resulting correlation (see equation 6-4) can be viewed as an extension of the 

correlation suggested by Wilson et al. (2004; 2003), enabling the settling velocity 

of spheres falling through fluid media of various structural conditions and shear 

history to be predicted with much greater accuracy than before.  

� Subsequent tests using data points resulting from experiments using two 

spheres of different diameter and/or density revealed that the new correlation 

was able to satisfactorily predict the settling velocity of both the leading and 

trailing spheres. The applicability of this correlation towards these cases 

supports the validity of the presented analysis. 

� After the collision, the effective shear stress induced by the settling motion of 

the combined or aggregated spheres can be examined by considering the effects 

of path interference induced by the settling arrangement of the spheres. The 
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same correlation as that outlined above applies for the prediction of the 

terminal settling velocity of these aggregated spheres. 

8.1.4 The settling behaviour of two horizontally-al igned spheres 

� Two different types of settling trajectory were obtained from this experiment:  

Firstly, the two spheres show strong tendency to attract and converge. Secondly, 

the two spheres show minimal level of interaction and the horizontal distance 

between them changes very slightly throughout the settling experiment.  

� In cases where the two spheres tend to interact, one of the spheres tends to 

undergo slight deceleration. This causes the two spheres to re-orientate their 

position towards each other, i.e. the slower sphere tending to settle towards the 

flow path of the faster sphere. When the horizontal distance between the two 

reaches a very low level (~ 0.001–0.002 m), the trailing sphere starts to 

accelerate and collide with the leading sphere. This acceleration is due to the 

same effects as those that cause the acceleration of the trailing sphere in the 

experiment of two vertically-aligned spheres, i.e. structural deformation. 

� With the current experimental setup, the cause of the re-orientation motion 

observed in cases where the two spheres converge could not be determined. A 

flow visualisation study, e.g. Particle Image Velocimetry, would need to be 

conducted to characterise this phenomenon.  

� The results of the numerical analysis indicates that in the non-elastic 

semi-viscoplastic fluid model, two spheres settling side-by-side always tend to 

diverge and repulse, regardless of the value of initial separation distance. This 

indicates that in cases where the interactions between the particles are of 

primary concern, the elasticity of the fluid medium needs to be considered. This 

finding was supported by the experimental data and the results of other studies, 

e.g. Joseph et al. (1994) 

� A correlation was developed between the interaction tendencies of the spheres 

with the viscous and elastic properties of the fluid (see equations 7-7 and 7-11). 

The latter figure was quantified through the coefficient of first normal-stress 
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differences (ψ1). The result of this analysis is a parameter (WeG) that compares 

the normal-stresses of the fluid medium within the gap between the spheres, 

with the viscous parameters surrounding the spheres. Through this correlation, 

the tendencies of settling spheres to attract and converge can be predicted based 

on the rheology of the fluid. 

8.2 Recommendations 

By thoroughly examining the settling behaviour of spheres of two different initial 

configurations in viscoplastic fluids, the effects of the recovery of fluid structure 

after being sheared by the motion of the sphere have been characterised, along with 

the effects of the presence of a neighbouring particle on the settling behaviour of 

the spheres. Aided by this knowledge, the motion of spheres falling through 

viscoplastic fluids can be predicted with much higher certainty than previously. The 

objectives of this research, as outlined in Section 1.3, have therefore been 

completed. 

Despite this progress, considerable amount of work is still required towards the 

accomplishment of the fundamental aim of this research project, which is to attain 

a greater understanding of the motion of solid bodies in tertiary grinding circuits. 

The tasks that need to be completed for the achievement of this goal have been 

outlined in the following sections. 

8.2.1 The extension of the current experimental wor k 

The experiment involving the settling behaviour of two side-by-side spheres has so 

far been confined to the study of spheres having identical diameter and density. 

This can be extended towards the study of the motion of horizontally-aligned 

spheres having different diameter and/or density. 

The scope of the settling experiment can then be extended by studying the settling 

behaviour of three (or more) spheres of various initial configurations in viscoplastic 
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fluids. In particular, experiments involving the simultaneous release of two 

side-by-side spheres followed by another simultaneous release of two side-by-side 

spheres can be seen as the direct extension of the current experimental 

configurations. 

Similar experiments can also be conducted using other viscoplastic fluids, e.g. 

solutions of Carbopol and Separan, as well as some Newtonian fluids with high 

viscosity, e.g. Silicone oils. In doing so, greater overview of the effects of the fluid 

rheology on the settling behaviour of the spheres can be obtained. 

8.2.2 Flow visualisation study 

Further insights of the flow field surrounding the settling sphere, as well as the 

interaction between the spheres as they settle through the fluids, can be gained by 

the utilisation of flow-visualisation techniques, such as Particle Image Velocimetry 

(PIV), in conjunction with the sphere-settling experiments.  

8.2.3 Numerical study 

The value of numerical analysis on the study of the settling behaviour of spheres in 

viscoplastic fluids has been demonstrated in this thesis. In conducting the 

experiments outlined in Section 8.2.1, therefore, it is expected that valuable 

insights can be obtained by conducting numerical analyses that are analogous to 

these experiments. 

Furthermore, it has also been demonstrated that rheometric analysis involving 

viscoplastic and viscoelastic fluids are highly prone to measurement errors. This is 

due to the fact that the interpretation of rheometric measurements using 

cone-and-plate geometry has generally been based on several assumptions, e.g. 

primary laminar flow across the flow geometry and negligible edge effects, which 

are often not met with the measurements of these non-Newtonian fluids. In the 

current study, the effects of these errors can be observed by the lack of quantitative 

agreement between the numerical predictions of the settling behaviour of spheres 
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in semi-viscoplastic fluids with those observed experimentally, despite the fact that 

the two data sets show excellent qualitative agreement. To overcome the difficulties 

associated with the attainment of accurate rheometric data, such measurements 

need to be conducted in conjunction with a study in computational rheometry. In 

this field of rheometry, simulations of the rheometric experiments are conducted, 

with the aim of attaining better understanding of the flow and velocity fields that 

are developed during the measurement process. The attainment of this knowledge 

will aid the development of better methods of translating the measurement data 

(forces, torques, and deformations) into useful rheological information (shear stress, 

shear rate, first normal-stress, etc.) (Keunings, 2000).  

8.2.4 Settling experiments in slurries 

With the successful completion of the tasks outlined above, simulations of the 

settling behaviour of solid bodies in slurries can be commenced. Two different 

approaches can be adopted in conducting this study. First, the simulations can be 

conducted using the VOF-based particle tracking scheme that has been developed 

in this thesis. While this approach allows the flow problem to be analysed through 

fundamental principles of fluid mechanics, it possesses a drawback in being very 

computationally expensive. As a result, with the current computational resources, 

the large-scale simulations that would be required for the flow analysis of milling 

processes would be unachievable. This approach should therefore be used in 

conjunction with a second approach, in which the simulations are conducted using 

the empirical equations and correlations, such as ones that have been developed in 

this thesis. The utilisation of this approach will allow for large-scale simulations of 

the milling process to be conducted using less computational resources.  

The simulations outlined above have to be conducted in conjunction with a series of 

experimentations conducted in industrial slurries, through which the validity of the 

models can be assessed and confirmed. 
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Appendix A. Experimental setup and data analysis 

A.1 First Optical system 

The settling velocity of the spheres in this experiment is measured by considering 

the average velocity between the sensors. The maximum % error, therefore, should 

be encountered at the high range of velocity values. The settling velocities obtained 

through the experiment ranges from 0.05 – 0.6 m/s.  

Consider a sphere settling at a terminal velocity of 0.6 m/s. The average distance 

between the optical sensors is 0.0906 ± 0.001 m. The time taken for the sphere to 

travel this distance is then 0.151 s. The uncertainties involved with the time 

measurement is 0.01s.  

The percentage error involved with the estimation of settling velocities over two 

optical sensors is thus: 
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In comparison, the % error of a sphere settling at 0.3 m/s is 3.49%.  

In the estimation of the terminal settling velocity, an average velocity value over a 

set of optical sensors is normally taken, thus considerably reducing the maximum 

potential percentage error. Considering a velocity measurement over a set of 15 

sensors, the maximum % error of a sphere settling at 0.6 m/s is thus: 
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A.2 Second optical system 

A.2.1 Principles of photogrammetry 

The set of collinearity equations presented in equation 3-1 represents an 

idealisation of the actual optical geometry found in real cameras. In the equation, 

no accounts of the distortions caused by the imperfections of the lenses were 

provided. The main distortions in cameras can generally be classified into 2 

categories: radial and decentring (or tangential).  

In close-range photogrammetry, these imperfections are typically signified by the 

use of analytical correction models: 

( ) ( ) YaXaXYp2X2rprkrkrkXX 212
22

1
6

3
4

2
2

1 +++++++=∆     

( ) ( ) XYp2Y2rprkrkrkY∆Y 1
22

2
6

3
4

2
2

1 +++++=     

where k1, k2, and k3 are the radial lens distortion parameters, p1 and p2 the 

decentring distortion parameters, a1 the x-axis scale term, and a2 the shear term. 

The variables X  and Y  represent the distance between the photo-coordinates in 

the image frame from the perspective centre: 

pXXX −=     

pYYY −=     

The variable r represents the radial distance between the photo-coordinates in the 

image from perspective centre: 

222 YXr +=         

The constants for this model have been characterised for each camera during the 

calibration process. This analytical model is then incorporated into the calculation 

algorithm written by Lichti (Lichti et al., 2009). 



Appendix A 

  270 

 

It should also be noted that other forms of distortion exist, namely instabilities in 

interior orientation, out-of-plane distortion, and in-plane distortion, however their 

significance are generally very low that their effects are normally omitted from 

general close-range photogrammetry applications not requiring triangulation 

accuracies of beyond 1:100,000 (Fraser, 1997). In this study, the satisfactory results 

of the calibration indicate that these effects can be disregarded. 

A.2.2 Details of stereo-photogrammetry system 

The stereo-photogrammetry measurement system consists of: 

� 2 x Jai CVM4+CL cameras (see details in Table A-1) 

� 2 x PC-Camlink PCI frame grabbers 

� 2 x CL cables 

� 2 x Camera power supplies 

� 2 x Tamron 25-HB/12 lenses 

� Labjack U12 (sync generator) 

The two video cameras were synchronised and triggered through a USB-based 

automation device (LabJack U12), capable of acquiring digital input from the 

computer and generating low voltage differential signals for the automated start-up 

and triggering of the cameras. The cameras feature the Camera Link standardised 

interface, allowing the use of a PC-CamLink PCI Frame Grabber, which are plug-in 

boards for a computer’s expansion slots, used for the acquisition and storage of 

individual, digital still frames recorded by the video cameras. The details of the 

parameters obtained from the calibration of the cameras have been listed in Table 

A-1. 
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Table ATable ATable ATable A----1111: The cal: The cal: The cal: The calibration parameters of the cameras used for the stereoibration parameters of the cameras used for the stereoibration parameters of the cameras used for the stereoibration parameters of the cameras used for the stereo----photogrammetry photogrammetry photogrammetry photogrammetry 

system.system.system.system.    

 

A.2.3 Error analysis 

The contribution of the uncertainties associated with the manual 2D measurement 

of sphere positions from the perspectives of the two cameras was examined by 

considering the settling experiment of two chrome steel spheres (6.35 mm diameter) 

with an initial distance of 25.0 mm in 1.0% Floxit solution. The level of uncertainty 

in the 2D measurement is estimated to be a quarter of the sphere diameter, 

± 1.5875 mm. To determine the maximum level of error obtained from this 

uncertainty, the X- and Y- co-ordinates of one of the spheres (sphere A) from both 

cameras are alternately combined with the uncertainty figure. The resulting 

discrepancy of the triangulation results (x, y, z) is then used as a gauge for the 

effects of this uncertainty on the integrity of the experimental results. The results 

of this calculation are presented in Tables A-2 to A-4. 
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Table ATable ATable ATable A----2222: The resolved 3D co: The resolved 3D co: The resolved 3D co: The resolved 3D co----ordinates ordinates ordinates ordinates (x, y(x, y(x, y(x, y, z, z, z, z) of one of the spheres (sphere A) in ) of one of the spheres (sphere A) in ) of one of the spheres (sphere A) in ) of one of the spheres (sphere A) in anananan    

experiment involving two chrome steel spheres (6.35 mm diameter) in 1.0% Floxit solution. experiment involving two chrome steel spheres (6.35 mm diameter) in 1.0% Floxit solution. experiment involving two chrome steel spheres (6.35 mm diameter) in 1.0% Floxit solution. experiment involving two chrome steel spheres (6.35 mm diameter) in 1.0% Floxit solution. 

((((XXXX1111, , , , YYYY1111) and () and () and () and (XXXX2222, , , , YYYY2222) represent the 2D co) represent the 2D co) represent the 2D co) represent the 2D co----ordinates of sphere A from the perspectives of ordinates of sphere A from the perspectives of ordinates of sphere A from the perspectives of ordinates of sphere A from the perspectives of 

cameras 1 and 2, respectively.cameras 1 and 2, respectively.cameras 1 and 2, respectively.cameras 1 and 2, respectively.    

 

Table ATable ATable ATable A----3333::::    Error analysis of the stereoError analysis of the stereoError analysis of the stereoError analysis of the stereo----photogrammetry system, indicated by tphotogrammetry system, indicated by tphotogrammetry system, indicated by tphotogrammetry system, indicated by the he he he 

discrepancies in the resolved 3D codiscrepancies in the resolved 3D codiscrepancies in the resolved 3D codiscrepancies in the resolved 3D co----ordinates ordinates ordinates ordinates presented in Table Apresented in Table Apresented in Table Apresented in Table A----1 with the co1 with the co1 with the co1 with the co----ordinates ordinates ordinates ordinates 

calculated based on: (I) (calculated based on: (I) (calculated based on: (I) (calculated based on: (I) (XXXX1111+1.5875, +1.5875, +1.5875, +1.5875, YYYY1111) and ) and ) and ) and (X(X(X(X2222, Y, Y, Y, Y2222); ); ); ); (I(I(I(IIIII) (X) (X) (X) (X1111, Y, Y, Y, Y1111) and (X) and (X) and (X) and (X2222+1.5875+1.5875+1.5875+1.5875, , , , YYYY2222); (I); (I); (I); (IIIIIIIII) ) ) ) 

((((XXXX1111+1.5875, +1.5875, +1.5875, +1.5875, YYYY1111) and () and () and () and (XXXX2222+1.5875, Y+1.5875, Y+1.5875, Y+1.5875, Y2222).).).).    
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Table ATable ATable ATable A----4444::::    Error analysis of the stereoError analysis of the stereoError analysis of the stereoError analysis of the stereo----photogrammetry system, indicated by the photogrammetry system, indicated by the photogrammetry system, indicated by the photogrammetry system, indicated by the 

discrepancies in the resolved 3D discrepancies in the resolved 3D discrepancies in the resolved 3D discrepancies in the resolved 3D cocococo----ordinates ordinates ordinates ordinates presented in Table Apresented in Table Apresented in Table Apresented in Table A----1 wit1 wit1 wit1 with the coh the coh the coh the co----ordinates ordinates ordinates ordinates 

calculated based oncalculated based oncalculated based oncalculated based on: (I) (: (I) (: (I) (: (I) (XXXX1111, , , , YYYY1111+1.5875+1.5875+1.5875+1.5875) and () and () and () and (XXXX2222, , , , YYYY2222); (II) (); (II) (); (II) (); (II) (XXXX1111, , , , YYYY1111) and () and () and () and (XXXX2222, , , , YYYY2222+1.5875+1.5875+1.5875+1.5875); (III) ); (III) ); (III) ); (III) 

((((XXXX1111, , , , YYYY1111+1.5875+1.5875+1.5875+1.5875) and () and () and () and (XXXX2222, , , , YYYY2222+1.5875+1.5875+1.5875+1.5875).).).).    

 

Based on the data presented in Tables A-3 and A-4, it was concluded that the 

largest discrepancy in the resolved 3D co-ordinates resulting from this uncertainty 

is 1.50 mm. 
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Appendix B. Rheology of test fluids 

B.1 Steady-state rheological properties of Floxit s olutions 

 

Figure BFigure BFigure BFigure B----1111: Determination of the power constant, m, using the steady: Determination of the power constant, m, using the steady: Determination of the power constant, m, using the steady: Determination of the power constant, m, using the steady----statestatestatestate viscosity data of  viscosity data of  viscosity data of  viscosity data of 

0.9% Floxit solution.0.9% Floxit solution.0.9% Floxit solution.0.9% Floxit solution.    

 

Figure BFigure BFigure BFigure B----2222: : : : DetermDetermDetermDetermination of the power constant, ination of the power constant, ination of the power constant, ination of the power constant, mmmm, using the st, using the st, using the st, using the steady state viscosity data of eady state viscosity data of eady state viscosity data of eady state viscosity data of 

1.01.01.01.0% Floxit solution% Floxit solution% Floxit solution% Floxit solution....    
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Figure BFigure BFigure BFigure B----3333:::: Determination of the power c Determination of the power c Determination of the power c Determination of the power constant, onstant, onstant, onstant, mmmm, using the st, using the st, using the st, using the steady state viscosity data of eady state viscosity data of eady state viscosity data of eady state viscosity data of 

1.11.11.11.1% Floxit solution% Floxit solution% Floxit solution% Floxit solution....    

B.2 MATLAB numerical codes 

B.2.1 Controlled-rate ramp 

 

B.2.2 Controlled-stress ramp 
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B.3 More results of oscillatory (SAOS) testings 
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Figure BFigure BFigure BFigure B----4444: : : : SAOS amplitude sweep tesSAOS amplitude sweep tesSAOS amplitude sweep tesSAOS amplitude sweep test, conducted at a frequency of 1.0 Hz, of t, conducted at a frequency of 1.0 Hz, of t, conducted at a frequency of 1.0 Hz, of t, conducted at a frequency of 1.0 Hz, of 1.0% Floxit 1.0% Floxit 1.0% Floxit 1.0% Floxit 
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Figure BFigure BFigure BFigure B----5555: : : : SAOS frequency testSAOS frequency testSAOS frequency testSAOS frequency test, conducted, conducted, conducted, conducted at a shear stress at a shear stress at a shear stress at a shear stress of 1.0 Pa of  of 1.0 Pa of  of 1.0 Pa of  of 1.0 Pa of 1111....0% Floxit 0% Floxit 0% Floxit 0% Floxit 

solution.solution.solution.solution.    
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B.4 First normal stress difference 
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Figure BFigure BFigure BFigure B----6666: : : : Shear viscosity and first normal stress coefficient of Shear viscosity and first normal stress coefficient of Shear viscosity and first normal stress coefficient of Shear viscosity and first normal stress coefficient of 1.01.01.01.0% Floxit solution.% Floxit solution.% Floxit solution.% Floxit solution.    

y = 62.645x-1.1673

R2 = 0.9967
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Figure BFigure BFigure BFigure B----7777: : : : Shear viscosity and first Shear viscosity and first Shear viscosity and first Shear viscosity and first normal stress coefficient of 1.1normal stress coefficient of 1.1normal stress coefficient of 1.1normal stress coefficient of 1.1% Floxit solution.% Floxit solution.% Floxit solution.% Floxit solution.    
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Appendix C. CFD analysis 

C.1 UDF code for the semi-viscoplastic fluid model 
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C.2 Selection of the viscous parameters for the num erical 

study in Newtonian fluids 

Using equation 5-20, the Reynolds numbers of all the experiments conducted in the 

Floxit solutions were calculated. These values were found to range from 0.13 to 5.0.  

In the case of spheres settling in a Newtonian fluid, the following CD-Re correlation 

for 0.01 ≤ Re ≤ 20 was applied (Clift et al., 1978): 

[ ]Relog05.082.0
D Re1315.01

Re

24
C −+=                     ((((CCCC----1111))))    

 where CD is the drag coefficient: 

( )
2

f

fs
D

V3

Dg4
C

ρ
ρ−ρ

=                                 ((((CCCC----2222))))    

Based on the drag correlation suggested by Clift et al. (1978), the drag coefficient 

corresponding to the range of Reynolds number obtained experimentally is thus 
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7.1 ≤ CD ≤ 186.9. The corresponding settling velocities could then be calculated, and 

were found to be 0.36 and 0.07 m/s for the minimum and maximum values of drag 

coefficient, respectively. Based on these figures, the values of µN were determined to 

be 0.72 ≤ µN ≤ 5.33 Pa.s (using equation 5-21). 

C.3 Theoretical settling velocities of particles in  Newtonian 

fluids 

In calculating the terminal settling velocity of spheres in Newtonian fluid, the 

correlation presented in equation C-1 was applied. Furthermore, to account for the 

effects of the bounding walls in the simulation, the following correlations were 

applied for spheres settling under creeping conditions (Re < 1.0, Francis (1933)): 

4

D

Dw

WD0.4751

WD1

V

V









−
−

=             

where VW is the settling velocity of the sphere, taking into account the effects of the 

walls surrounding it, V the velocity of sphere settling in an unbounded 

environment, and WD the hydraulic diameter of the column.  

Beyond the creeping region (Re > 1.0), the correlation for wall correction factor 

suggested by Kehlenbeck and DiFelice (1999) was used:  
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where p and ( )0DWD were calculated as follows: 
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C.4 ‘Solid’ viscosity for the numerical study in se mi-

viscoplastic fluids 

The estimated values of maximum fluid viscosity for each configuration of the 

numerical simulation conducted, using the proposed semi-viscoplastic fluid model, 

have been listed in Table C- 1. The terminal settling velocities of the spheres were 

approximated using the correlation suggested by Wilson et al. (2004; 2003) (see 

details of calculation in Section D.1) and the minimum values of the shear-rate 

experienced by the fluid were then estimated as per equation 5-22. Equation 4-6 

was applied to determine the corresponding values of fluid viscosity. The 

representative value of viscosity for the phase representing the solid sphere is then 

calculated as follows: 

fs 200µ=µ             

Table CTable CTable CTable C----    1111: The estimated values of maximum fluid viscosity: The estimated values of maximum fluid viscosity: The estimated values of maximum fluid viscosity: The estimated values of maximum fluid viscosity, as well as the required values , as well as the required values , as well as the required values , as well as the required values 

of ‘solid’ viscosity,of ‘solid’ viscosity,of ‘solid’ viscosity,of ‘solid’ viscosity, for each configuration of numerical simulations for each configuration of numerical simulations for each configuration of numerical simulations for each configuration of numerical simulations (see equation 5 (see equation 5 (see equation 5 (see equation 5----22)22)22)22). . . .     
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Appendix D. Data analysis 

D.1 Analysis of particle settling velocity 

The equivalent viscosity of the fluid surrounding a settling sphere was calculated 

based on the correlation suggested by Wilson et al. (2004; 2003): 
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where V* is the shear velocity of the particle (see equation 2-38) and Re* the 

particle Reynolds number (equation 2-39).  

The representative fluid structure parameter above a settling sphere ( ssλ ) was 

calculated based on the shear stress caused by the submerged weight of the 

particle, as defined by Wilson et al. (2004; 2003) (equations 2-40 and 2-41). Below 

the sphere, the representative fluid structure parameter ( 0λ ) was calculated based 

on the amount of time that has lapsed since the fluid was sheared by the preceding 

sphere (t) (see equation 6-2).  
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For two spheres of different densities, the following calculation procedure was 

utilised: 

� Sphere 1:  ρs = 7792.2 kg/m3; D = 0.00635 m 

� Sphere 2:  ρs = 8876.0 kg/m3; D = 0.00635 m 

� Fluid (0.9% Floxit solution): ∞µ  = 0.0001Pa.s, µ0 = 54.9 Pa.s; m = 0.7749, 

θ = 48.48 s, κ = 0.2343 s-1, α = 1.625, P = 1.667 

� Time lapse between the two spheres: t = 4.56 s. 

Table DTable DTable DTable D----1111::::    Mean surficial shear stress of the spheresMean surficial shear stress of the spheresMean surficial shear stress of the spheresMean surficial shear stress of the spheres....    

 

The representative fluid structure parameter below the first sphere is 1.0. On the 

other hand, the representative fluid structure parameter below the second sphere 

is: 

( )1λ
θ

t
exp1λ 1-ss0 −







 −+=  = 9.147 x 10 = 9.147 x 10 = 9.147 x 10 = 9.147 x 10----2222    

Equation 6-4 can then be used to determine the effective fluid structure parameter, 

and hence also the equivalent viscosity, of the fluid surrounding each sphere: 

� Sphere 1:  effλ  = 4.833 x 10-3, µeq = 0.8813 Pa.s 

� Sphere 2:  effλ  = 1.907 x 10-3, µeq = 0.4287 Pa.s 

Sample results of this calculation have been presented in Tables D-2 to D-4.  
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Table DTable DTable DTable D----2222: Selected data points of the settling velocity of the first sphere in an experiment of : Selected data points of the settling velocity of the first sphere in an experiment of : Selected data points of the settling velocity of the first sphere in an experiment of : Selected data points of the settling velocity of the first sphere in an experiment of 

two verticallytwo verticallytwo verticallytwo vertically----aligned spheres.aligned spheres.aligned spheres.aligned spheres.    

 

Table DTable DTable DTable D----3333: Selected data points of the settling velocity of the combined spheres in an : Selected data points of the settling velocity of the combined spheres in an : Selected data points of the settling velocity of the combined spheres in an : Selected data points of the settling velocity of the combined spheres in an 

experiment of two verticallyexperiment of two verticallyexperiment of two verticallyexperiment of two vertically----aligned spheres.aligned spheres.aligned spheres.aligned spheres.    
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TableTableTableTable D D D D----4444: Selected data points of the settling velocity of the second sphere in an experiment of two vertically: Selected data points of the settling velocity of the second sphere in an experiment of two vertically: Selected data points of the settling velocity of the second sphere in an experiment of two vertically: Selected data points of the settling velocity of the second sphere in an experiment of two vertically----aligned spheres.aligned spheres.aligned spheres.aligned spheres.    
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D.2 The interaction of two horizontally-aligned sph eres 

The horizontal distance between the two spheres, dH, was calculated as follows: 

( ) ( )2
AB

2
ABH yyxxd −+−=     

where (xA, yA) and (xB, yB) are the co-ordinates of sphere A and sphere B, 

respectively, according to the horizontal axes. The results of this calculation for one 

of the experiments have been shown in Table D-5.  

The distance required for the spheres to converge, Cl , is defined as the vertical 

distance that has to be travelled by the spheres prior to their convergence. This 

point of convergence has been defined as the instance where the trailing sphere 

starts to accelerate towards the leading one, i.e. when the horizontal separation 

distance between the spheres reaches levels that are below 0.002 m. In the sample 

results presented in Table D-5, this point of convergence occurs at time of 9.6 s. 

Therefore, Cl  = 0.4518 m. 

The rate of convergence between the two spheres, VH,, is estimated by taking the 

average rate-of-change in dH, prior to the convergence of the spheres:  

t

d
V H

H ∂
∂

≈     ====    ----    0.002380.002380.002380.00238    

The regression of this linear fit, i.e. the Pearson correlation coefficient (R2), was 

found to be 0.9737. The error involved with this analysis can therefore be estimated 

as follows (Higbie, 1991): 

( ) ( )( )
2N

Rcostan
slopeslopelinearinerror

21

−
=

−

 = 7.94 x 10 = 7.94 x 10 = 7.94 x 10 = 7.94 x 10----5 ~ 3.3%5 ~ 3.3%5 ~ 3.3%5 ~ 3.3%    

where N is the number of data points used to determine the slope. 
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Table DTable DTable DTable D----5555: Sample results of an experiment involving two horizontally: Sample results of an experiment involving two horizontally: Sample results of an experiment involving two horizontally: Sample results of an experiment involving two horizontally----aligned spheres (6.35 aligned spheres (6.35 aligned spheres (6.35 aligned spheres (6.35 

mm stainless steel spheres in 1.1% Floxit solution). All distances are in meters. mm stainless steel spheres in 1.1% Floxit solution). All distances are in meters. mm stainless steel spheres in 1.1% Floxit solution). All distances are in meters. mm stainless steel spheres in 1.1% Floxit solution). All distances are in meters.     
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Sample results of an experiment involving two horizontallySample results of an experiment involving two horizontallySample results of an experiment involving two horizontallySample results of an experiment involving two horizontally----aaaaligned spheres (continued)ligned spheres (continued)ligned spheres (continued)ligned spheres (continued)    

 

Considering that the level of uncertainty involved with the measurement of 

terminal settling velocity, Vt, is 2.0% (this was calculated based on the difference in 

the average settling velocity of the two spheres), the total uncertainty of the first 

dimensionless interaction parameter (see equation 7-1) can be calculated as follows: 

t

t

C

C

V

V
parameterensionlessdimfirstinerror

∆
+

∆
=

l

l
 = 2 % = 2 % = 2 % = 2 %    

In comparison, the total uncertainty of the second dimensionless interaction 

parameter (see equation 7-4) is: 

H

H

0

0

V

V

d

d
parameterensionlessdimfirstinerror

∆
+

∆
=  = 9 %  = 9 %  = 9 %  = 9 %     

Sample results of this analysis have been presented in Table D-6. 
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Table DTable DTable DTable D----6666::::     Select data of the interaction between two horizontally Select data of the interaction between two horizontally Select data of the interaction between two horizontally Select data of the interaction between two horizontally----aligned spaligned spaligned spaligned spheresheresheresheres    

    



 

  290 

Appendix E. Photos of the experimental apparatus an d 

equipment 

 

Figure EFigure EFigure EFigure E----1111: Setup of column.: Setup of column.: Setup of column.: Setup of column.    
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Figure EFigure EFigure EFigure E----2222: Assembled ball dropper: Assembled ball dropper: Assembled ball dropper: Assembled ball dropper    
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Figure EFigure EFigure EFigure E----3333: The bottom part of the ball dropper, showing its ball: The bottom part of the ball dropper, showing its ball: The bottom part of the ball dropper, showing its ball: The bottom part of the ball dropper, showing its ball----release mechanism.release mechanism.release mechanism.release mechanism.    


