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Proof of Theorem 1: Recall that, by construction, �� can be viewed
as the virtual reference that, if injected into the feedback system
������, would reproduce � � ��� ��. Then, provided that the distur-
bances 	� and 	� belong to � � ��, for any index 
 corresponding
to an � -stable feedback system ������, there exist positive reals
��� ��� ��� �� such that

���� � �� ��� � ��� ���� � �� ��� � ��� � � ��

In other words, for indexes corresponding to � -stabilizing controller,
� -stability of the system ������ is always unfalsified by the I/O pair
���� ��, regardless of the switching sequence ���,  � �. As a con-
sequence, by virtue of the second property in Def. 3, one concludes
that ����� remains bounded. Therefore, under problem feasibility, the
HSL Lemma holds. Further, the test functional �� , related to the final
switched-on controller �� , is bounded. This, along with the assump-
tion B2, implies that � -stability of ������ is unfalsified by ��� � ��.
Then, see also (6), there exist finite nonnegative constants ��, ��, ��
and �� such that

���� � �� ��� � ��� ���� � �� ��� � ��� � � �� (23)

As the virtual reference �� converges exponentially to the true refer-
ence �, there exists a finite nonnegative constant � such that

��� � ����� ��� � �� � ����� ��

Consequently, one can conclude that

���� � ����
��� ��� ���� � ����

��� ��� (24)

where �� �� ��� � �� and �� �� ��� � ��, viz. � -stability unfalsifi-
cation of ������ by ��� ��. Thus, as (24) holds for the data from every
possible input, the ASC ��������� turns out to be input-output stable
with respect to the norm � .
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Exponential Stability With -Gain Condition
of Nonlinear Impulsive Switched Systems

Honglei Xu, Member, IEEE, and Kok Lay Teo, Senior Member, IEEE

Abstract—In this technical note, we consider exponential stability and
stabilization problems of a general class of nonlinear impulsive switched
systems with time-varying disturbances. By using the switched Lyapunov
function method, sufficient conditions expressed as algebraic inequality
constraints and linear matrix inequalities are obtained. They ensure that
the nonlinear impulsive switched systems are not only exponentially stable
but also satisfy the -gain condition. Based on the stability results ob-
tained, an effective computational method is devised for the construction
of switched linear stabilizing feedback controllers. A numerical example is
presented to illustrate the effectiveness of the results obtained.

Index Terms—Exponentially stable, linear matrix inequality (LMI), non-
linear impulsive switched systems.

I. INTRODUCTION

Stability issues are fundamentally important for any dynamical sys-
tems, and there is no exception for switched systems. As a conse-
quence, theory and methods for stability of linear switched systems
have been extensively studied by many researchers, leading to the pub-
lication of many research papers (see, for example, [1], [3]–[6], and
references therein). For switched controllers of dynamical systems,
many results are also available in the literature. In particular, a design
method for such control systems is reported in [2]. However, a switched
system often consists of nonlinear subsystems and there may also exist
some impulses and disturbances when the switched system is switching
amongst its subsystems. The existence of impulses, switching events
and disturbances will cause oscillations and instability, leading to poor
performance. Thus, it is important to consider stability problems of

Manuscript received April 01, 2009; revised July 28, 2009, December 16,
2009, and May 22, 2010; accepted June 13, 2010. Date of publication July 19,
2010; date of current version October 06, 2010. Recommended by Associate
Editor H. Ishii.

The authors are with the Department of Mathematics and Statistics, Curtin
University of Technology, Perth 6845, Australia (e-mail: hongleix@gmail.com;
h.xu@curtin.edu.au; k.l.teo@curtin.edu.au).

Digital Object Identifier 10.1109/TAC.2010.2060173

0018-9286/$26.00 © 2010 IEEE



2430 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 55, NO. 10, OCTOBER 2010

nonlinear switched systems with impulsive effects, often called non-
linear impulsive switched systems.

In the past two decades, �� control for various kinds of dynam-
ical systems has received considerable attention, and many papers on
�� control theory (see, for example, [9], [10]) and �� controller de-
sign (see, for example, [11], [12]) have been published. Furthermore,
there are many applications of �� control in practical systems, such
as target tracking systems [13] and networked control systems [14].

In this technical note, we consider a general class of nonlinear im-
pulsive switched systems with nonlinear impulsive increments. This
class of systems cover those considered in [7], [8] and [10] as special
cases, where only linear impulsive switched systems with linear im-
pulsive increments are involved. Clearly, the results obtained as well
as the techniques used in the papers mentioned above cannot be ap-
plied to the nonlinear impulsive switched systems considered in this
technical note. The main contributions of the current technical note in-
clude: (i) new stability results for a much general class of nonlinear
impulsive switched systems with nonlinear impulsive increments, and
(ii) an effective design method for the construction of switched stabi-
lizing feedback controllers.

II. NONLINEAR IMPULSIVE SWITCHED SYSTEM

Consider the following class of nonlinear impulsive switched sys-
tems:

����� � �� ���� � �� ���� � �� ����

�	� ��
 ����� 
 � �� ��,
����� � ������ � � ��
 ����� 
 � � ��,
���� � �� ����


� ��� � ��

(1)

where ���� � �� is the state, ���� � �� is the disturbance input,
���� � �� is the control input, and ���� � �� is the controlled
output. 	� ��
 ����� � ���
�� � �� � ��, which is globally Lip-
schitz continuous, and ���
 ����� � ���
�� � �� � �� are non-
linear functions, and 	� ��
 	� � ���
 	� � 	 for all � � ���
��.
�� � ����, �� � ����, �� � ����, �� � ����, �� � ����

are known matrices. ������ � ����� � � ����� � � ����� � � �����,
with ����� � � 
����� ���� and ����� � ����� � � 
����� ����,
meaning that the solution of the nonlinear impulsive switched system
(1) is left continuous. �� � �
 �
 � � � 
 �	 is a discrete state param-
eter, where � is a nonnegative integer and � is a positive integer. ��,
� � 
 �
 � � �, are impulsive switching time points satisfying 	 � �� �

�� � �� � � � � � �� � � � � � �� � �. Under the control of a
switching signal, coupling with the impulsive effects, system (1) enters
from the ���� subsystem to the �� subsystem at the time point � � ��.

We now introduce the following assumptions and definitions.
Assumption 1: 
���
 �����
 � ��
����
 for all � � ���
��,

where �� � ��� � ���, 
 � 
 denotes the Euclidean norm and ����
is the spectral radius.

Assumption 2: There exist nonnegative scalars ��  	 for � �
���
�� such that 	� ��
 ��		� ��
 �� � �� �	�.

Assumption 3: 
����
� � �
����
� for all � � ���
��, where �

is a positive constant.
From Assumption 3, we see that any bounded measurable function

� from ���
�� into �� satisfying 
����
� � �
����
� is an admis-
sible disturbance. In fact, for the case of parameter uncertainties, it is
commonly assumed that ���� � ������ � �� ��������, where
� 	 ���� ��� � � , while � and � are appropriate known matrices. In
this case, it can be shown that Assumption 3 is satisfied.

Definition 1: Suppose that ��	� � 	. Then, the uncertain nonlinear
impulsive switched system (1) is said to be exponentially stable with
the ��-gain condition of disturbance attenuation if the following condi-
tions are satisfied under any switching law: 1) The nonlinear impulsive

switched system (1) is exponentially stable with ���� � 	; 2) If a posi-
tive constant � is specified as the value of the performance index, then
	

�

����
��� � ��

	

�

����
��� for any � � 	.

For exponential stabilization, we consider a class of switched linear
feedback controllers

���� � �� ���� (2)

where �� � ���� is a constant matrix. Then, we obtain the following
impulsive switched closed-loop system

����� � ��� � �� �� ����� � �� ����

�	� ��
 ����� 
 � �� ��,
����� � ������ � � ��
 ����� 
 � � ��,
���� � �� ����


� ��� � �� 

(3)

Sufficient conditions for exponential stability of the impulsive switched
closed-loop system (3) will be derived, and then be used to construct
feedback gain matrices �� , �� � 
 �
 � � � 
 �, � � ! , such that
the impulsive switched closed-loop system is exponentially stable and
��-gain conditions are satisfied. A computational algorithm, in the
form of solving algebraic inequality constraints and linear matrix in-
equalities, will be devised for the construction of such a stabilizing state
feedback controller.

III. MAIN RESULTS

To present our main results, the following two lemmas are needed.
Lemma 1: ([4]) Let " � 	 be a given scalar and let � � ����

be a matrix such that �	� � � , where � is an identity matrix with
appropriate dimension. Then

��
	�# � "�

	
� � "

��
#
	

# (4)

for all � � �� and # � �� .
Lemma 2: ([7]) Let $ � ���� be a given symmetric positive defi-

nite matrix and let % � ���� be a given symmetric matrix. Then

&����$
��

%����� � ����	%���� � &��	�$
��

%����� (5)

for all ���� � ��, where ���� � ����	$ ����, while &��	��� and
&������ denote, respectively, the largest and the smallest eigenvalues
of the matrix inside the brackets.

For brevity, we introduce the following notations:

%� �$
�
� � �

	
� $� � $� �� � �

��
$� �� �

	
� $�

� �
�
� � �� ��

�&� �&��	 $
��
� �� � ���

	
$� �� � ��� 


�� � 
 �
 � � � 
 �
 � � ! �

'� �&��	 $
��
� %� �

(� � �&� �
&��	 �$� �

&��� $�

�
�
� � � �&�

&��	 �$� �

&��� $�

��� 

We are now in a position to present sufficient conditions to ensure
that the nonlinear impulsive switched system (1) is exponentially
stable.

Theorem 1: Let Assumptions 1–3 be satisfied and ���� � 	. Fur-
thermore, suppose that there exists a symmetric positive definite matrix
$� � ���� such that the following conditions are satisfied:

(a) There exists a constant 	 � ) � ���
� ���




��

��'� 	 such that


� (� � )��� � ����� � 	 (6)
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(b)

�� ����� �� ��
�
���

�
�� �

� �� � � �

� � �� � �

� � � �� �

� � � � ��

� � (7)

where �� � ��
� �� � �� �� and the symbol � represents the ma-

trix’s symmetric part. Then, the nonlinear impulsive switched system
(1) is exponentially stable.

Proof: Define

	 �
� � ��
���� ��
�� (8)

Then, when 
 � ��� ����, evaluating the time derivative of 	 �
�
along the trajectory of the nonlinear impulsive switched system (1) with
��
� � � gives

�	 �
� � ��
�� ��
� �� � �� �� ��
� � 	��
���� �� ��
�

�	��
���� �� �
� ��� (9)

By Lemma 1, it is clear that

	��
���� �� ��
� � �����
���� �� �
�
� �� ��
�

�����
����
� (10)

and

	��
���� �� �
� �� � �� �
� ����� �
� �� � ��
��� �
� ��
�� (11)

Thus, by Assumptions 2 and 3, substituting (10) and (11) into (9) yields

�	 �
� ���
�� � �
� ���

� �� � �� �� � ����� �� �
�
� ��

� ��� � �� � ��
�

���
���� ��
� (12)

where �� � � which, by using Schur complement theorem [7], is
equivalent to (7). By Lemma 2 and (12), we obtain

�	 �
� � �� 	 �
� (13)

where �� � ������
��
� �� �. This leads to

	 �
��	 �� 
��

�

�

�� �� 
���� ����� ���� � 	� � � � �

(14)
At the impulsive switching time point � , by using the Cauchy-Schwarz
inequality [15], we have

	 �� � �������
��� ���� � ���� ��� � ��� ��� ����

� 	 ��� ���������
� �� ��� ���������

� �� ��� ����� �� ��� ��� (15)

Applying (8) and Assumption 1 to (15) yields

	 �� � ���	 ��� � ���� ��� � �������
�����

� 	 ���	 ��� ���� ��� � �������
�����

���	 ���� � � � 	� � � � (16)

where

�� � ��� �
���� ��� �

���� ��
��� � 	 ���

���� ��� �

���� ��
����

For 
 � �	� ��, it follows from (14) that

	 �
� � 	 �	 
��

�

�

�� � �

Thus, by (16), we get

	 �� � ��	 ��� � ��	 �	 
��

�

�

�� � � (17)

For 
 � ��� ��, it follows from (14) and (17) that:

	 �
� �	 �� 
��

�

�

�� �

���	 �	 
��

�

�

�� � �

�

�

�� � �

Similarly, for 
 � ��� ����

	 �
� � 	 �	 �� � � �

�� 
��

�

�

�� � �

�

�

�� � � � � � �

�

�

�� � �

Hence, we have

	 �
� �	 �	 �� � � � �� 
�� ��� �� � 	� � �� �� � ��

� � � � � �� �
� ���

�	 �	 �� � � � �� 
�� �����
� 	��

where �� � ���
� ����


���

���� 	 � �. Thus

	 �
� �	 �	 �� � � � �� 
�� ����
� 	��

� 
�� ����� � ���
� 	��

�	 �	 �� 
�� ����� � 	�� � � �

�� 
�� ����������� 
�� ���������
�	�� � (18)

Since (6) holds, i.e., there exists a constant � � � �
���

� ����


���
���� 	 such that �� �� � ��� � ���� � �, it follows

from (18) that

	 �
� � 	 �	 
�� ����� � ���
� 	�� � 
 
 	�

Thus, for all 
 
 	, by Lemma 2, we have

���
� 	� �	�� � �� ��	� 
�� �

	
��� � ���
� 	� �

where�� � ������� �������������� ����. Therefore, the nonlinear
impulsive switched system (1) is exponentially stable with the conver-
gence rate ��	�� ���

� ����


���
���� 	 � �� under any switching law.

This completes the proof.
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Remark 1: The exponential stability results obtained above are de-
rived by using switched Lyapunov functions [3]. These Lyapunov func-
tions are not required to decrease at the impulsive switching time points
as required in previous works reported in [7] and [8]. Our results allow
the switched Lyapunov functions to decrease during the continuous
portion of the trajectory and can experience a jump increase at the
impulses.

The following result establishes sufficient conditions for exponen-
tial stability with the ��-gain condition of the nonlinear impulsive
switched system (1).

Theorem 2: Let Assumptions 1–3 be satisfied, ���� � �, and
���� � �. Furthermore, for a prescribed � � �, suppose that

���
� ����������

���� �
�
� �� � �

�
	 (19)

and that there exists a symmetric positive definite matrix 
� � ����

such that the following conditions are satisfied:
(a)

� � � � � (20)

(b)
	� ���
� �� 
�

�
	��

�
�� �

� �� � � �

� � �� � �

� � � �� �

� � � � ��

� � (21)

where 	� � ��
� 
� 
 
� �� . Then, the nonlinear impulsive

switched system (1) is exponentially stable with the ��-gain condition
of disturbance attenuation.

Proof: By (9) and Lemma 1, we obtain

�� ��������� �
�
� 
 
 
�� 
 �

��

� �� �

�
� 
� ����


����������� 
 �� ��� ����� ��� �� 
 �����
 �

� ����

������ 

�

� 
 �
�
� 
� 
 
� �� 
 �

��

� �� �

�
� 
�


��
� �� 
 �� � ����� ��� ������


 �
� ������� � (22)

It follows from (21) and Schur complement theorem [7] that:



�

� 
�
�
� 
� 
 
� �� 
 �

��

� �� �

�
� 
� 
 �

�
	
�� ����

(23)
Moreover, (19) and (23) lead to



�

� 
�
�
� 
� 

� �� 
 �

��

� �� �

�
� 
� 
�

�
� �� 
 �� ����

(24)
Thus, substituting (24) into (22) yields

�� ��� � ���� ������ 
 �
� ���������������� 
 �

� �������

i.e.

������� � � �� ��� 
 �
� ������� � (25)

For any given � � ���� �����, integrating both sides of (25) from 0 to
� , we obtain

�

�

������� �� � �
�

�

�� �����
 �
�

�

�

������� �� (26)

where � � ���� �����. From (8) and under zero initial condition, we
see that � ��� � �, � �� � � �.

Since � � � � �, we have
�

�

�� ����� �

�

�

�� �����


�

�

�� �����
    


�

�

�� �����

�
�

�	�

��� ��� ���� 
 � �� � � �� (27)

Thus, from (26) and (27), it follows that:
�

�

������� �� � �
�

�

�

������� ��� � � ���� ������

This is the ��-gain condition of disturbance attenuation. Since (20)
holds, i.e., � � � � �, � � �� ��   , which can lead to ��� �
���� � ����� � �, � � � � ���

� ����������
����	. Thus, by (19)–(21),

it is clear that all the conditions of Theorem 1 are satisfied. Then, the
nonlinear impulsive switched system (1) is also exponentially stable.
This completes the proof.

In what follows, we devise a switched stabilizing controller to ex-
ponentially stabilize the nonlinear impulsive switched system (1) with
the ��-gain condition of disturbance attenuation.

Theorem 3: Let Assumptions 1–3 be satisfied and ���� � �. Fur-
thermore, for a prescribed � � �, suppose that

���
� ����������

���� �
�
� �� � �

�
	 (28)

and that there exist a symmetric positive definite matrix �� and a ma-
trix �� such that the following conditions are satisfied:

(a)

� � � � � (29)

(b)
��� ��� ��
 ��� ���

� �� � � �

� � �� � �

� � � �� �

� � � � ��

� � (30)

where ��� � �� �� 
 �� �� 
 ��� �� 
 �� �� �� , ��� �
����� , ��
 � � , ��� �

�
	��� , ��� �

�
�� �� . Then, the

nonlinear impulsive switched system (1) is exponentially stabilizable
with the ��-gain condition of disturbance attenuation. Moreover, if
(28) holds and there exist feasible matrices �� and�� such that (29)
and (30) are satisfied, then the feedback controller

���� �  � �����  � ��� ��� ��� (31)

exponentially stabilizes the nonlinear impulsive switched system (1)
under the ��-norm condition of disturbance attenuation. In other
words, the corresponding impulsive switched closed-loop system (3)
is exponentially stable with the ��-gain conditions of disturbance
attenuation.

Proof: Let �� � 
��� and �� �  � 

��
� and then substi-

tute them into (30). Then, we obtain the following nonlinear matrix
inequality:

��� ����� �
�
	�
���

�
�� 


��
�

� �� � � �

� � �� � �

� � � �� �

� � � � ��

� � (32)

where

��� � �� 

��
� 
 ��  � 


��
� 
 �� 


��
� 
 ��  � 


��
�

�
�



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 55, NO. 10, OCTOBER 2010 2433

Multiplying ������� � �� �� �� on both sides of the matrix inequality
(32) gives

��� 	���� 
� ��
�
�	�

�
�� �

� �� � � �

� � �� � �

� � � �� �

� � � � ��

� � (33)

where ��� � ��� � � �� ���� � �� ��� � � �� �. Thus,
in addition to (28) and (29), all the conditions of Theorem 2 are satis-
fied. Therefore, the nonlinear impulsive switched system (1) is expo-
nentially stable with the��-gain condition. Since�� � �� �

��
� , the

linear feedback controller (31) can be constructed. This completes the
proof.

We now devise a computational algorithm based on the sufficient
conditions of Theorem 3 for constructing a feedback controller which
exponentially stabilizes the nonlinear impulsive switched system (1)
with the ��-gain condition.

Algorithm 1:
Step 1) Input the matrices�� ,
� ,� ,�� ,�� and nonnegative

scalars �� . Set

	 � ��	
� ����������

���� ��
� �� ���

Step 2) Solve the linear matrix inequality (30) subject to (29) to
obtain �� and �� .

Step 3) Compute �� by substituting �� and �� into (31).
Step 4) Construct the feedback controller ���� � �� ����, where

�� are the computed gain matrices.

IV. A NUMERICAL EXAMPLE

Consider a nonlinear impulsive switched system with arbi-
trary switching laws and two switching status ��� � �
� ���.
When �� � 
 and �� � �, the subsystems’ specifications are:

�� �

 


� 
��
, 
� �

��
 ���

�
�
 �
, � �


� 


� 
��
,

����� ����� � ��	
� �
�

, �� �
��� ���

�
 �
, �� �

� 


� �
,


� �

�� 
��


�� �
, � �


�� ���


 
��
, ����� ����� � ��	
� �

��	
� �
,

�� �
�
 


� ���
, �� � � ���� �

� ����
, ������ ������ �

����	
� 

 ��
����	
� 

 ��

, ����� � ����� � ��	
������
��
������

. From As-
sumptions 1–3, we can choose � � �� � �� � 
. By Algo-

rithm 1, we obtain: 	 � 
���
�, �� �
������ ����
�

����
� ���
��
,

�� �
�����
 �����


�����
 ������
, �� �

������ ������

�
����� ������� ,

�� �
������� 
�������

�
����� ������
 .

Then, the required state feedback gain matrices are

�� �
������ ���

�
��



 �������
 �

�� �
������� 


�
���

�

������ ������ �

We also compute � � �� � ���
�� � 
 and � � �� � ���
�� � 
.
By Theorem 3, the nonlinear impulsive switched system is exponen-
tially stable with the ��-gain condition.

V. CONCLUSION

We have developed a set of readily computable conditions in terms
of linear matrix inequalities for exponential stability with the ��-gain
condition of nonlinear impulsive switched systems. We devised a com-
putational method for the construction of a switched linear feedback
controller, which not only exponentially stabilizes the nonlinear impul-
sive switched systems but also ensures the satisfaction of the ��-gain
condition.
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