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The thermochemical behavior ofα-Al2O3 corundum in the whole temperature range 0-2317 K (melting point) and under pres-
sures up to 12 GPa is predicted by applyingab initio methods based on the density functional theory (DFT), the use of a local
basis set and periodic-boundary conditions. Thermodynamic properties are treated both within and beyond the harmonicapprox-
imation to the lattice potential. In particular, a recent implementation of the quasi-harmonic approximation, in the CRYSTAL

program, is here shown to provide a reliable description of the thermal expansion coefficient, entropy, constant-volume and
constant-pressure specific heats, and temperature dependence of the bulk modulus, nearly up to the corundum melting temper-
ature. This is a remarkable outcome suggestingα-Al2O3 to be an almost perfect quasi-harmonic crystal. The effect of using
different computational parameters and DFT functionals belonging to different levels of approximations on the accuracy of the
thermal properties is tested, providing a reference for further studies involving alumina polymorphs and, more generally, quasi-
ionic minerals.

1 Introduction

Aluminum oxide has been extensively used for decades in a
wide variety of industrial applications due to its remarkable
properties, including high melting point, density, electrical re-
sistivity, hardness, resistance to weathering and low solubil-
ity. 1 Corundum (α-Al2O3, the most stable form of aluminum
oxide, whose atomic structure is sketched in Figure 1) and its
polymorphs (the so-called transitions aluminas) also exhibit
unique surface properties, which make them suitable both
as catalysts for several reactions2–9 and as support for other
catalysts.10–14 Furthermore, the thermodynamic properties of
corundum are of particular interest in calorimetric studies in
that it constitutes a standard reference material (SRM-720) for
the calibration of some calorimeters.15

First-principles techniques based on the density functional
theory (DFT) are becoming an important complementary tool
in the investigation of mineral structure and thermodynam-
ics, as well as surface properties and reactivity, as they allow
to analyse the nature of the fundamental interactions giving
rise to the observed phenomena.16 In this context, the ability
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faces and Surfaces (NIS), Università di Torino, via Giuria5, IT-10125 Torino,
Italy. E-mail: alessandro.erba@unito.it
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to simulate realistic pressure and temperature conditionscan
make the difference between providing a qualitative or a quan-
titative prediction. In general, DFT modeling of solid state
materials is performed at zero temperature and pressure, and
thermodynamic functions are estimated through harmonic lat-
tice dynamics under the assumption of no thermal expansion.
This is certainly a rough approximation, though successfulin
many cases and frequently used.17–21However, this approach
is unable to provide accurate predictions related to high tem-
perature conditions, as well as to phases whose structures and
properties have a significant dependence on temperature and
pressure. Several computational studies on aluminum oxide
polymorphs have been reported in recent years, which mainly
apply standard DFT methods.22–30

In this paper, we apply a recently developed technique
based on the so-called quasi-harmonic approximation (QHA):
a simple and effective method that is able to address the afore-
mentioned issue in the case of corundum.31,32The thermal ex-
pansion coefficient,α(T), heat capacities,CV(T) andCP(T),
entropy,S(T) and bulk modulus,K(T) of corundum are cal-
culated in its entire range of thermal stability (i.e. from 0 K
up to its melting temperature,TM = 2317 K). The depen-
dence of these properties on the level of approximation of the
exchange-correlation functional,Vxc[ρ ], is explicitly explored
by considering six different expressions ofVxc[ρ ], focusing on
those ones that are widely adopted in calculating mineral prop-
erties (local density approximation, LDA; generalised gradi-
ent approximations, GGA; and hybrid functionals). The influ-
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Fig. 1 (color online) Graphical representation of the atomic
structure of corundum (α-Al2O3, space groupR3c): aluminum is
colored in gray, oxygen in red. AlO6 octahedra and lattice
parameters of the conventional cell are also represented.

ence of other crucial computational parameters (e.g. supercell
size in the calculation of phonon dispersion) on the calculated
properties is also assessed.

One of the main reasons of interest in the study of minerals
at simultaneous high-temperatures and high-pressures is the
characterization of their elastic response at geochemicalEarth
mantle conditions. Indeed, a necessary prerequisite to theun-
derstanding of how seismic waves do propagate during earth-
quakes is precisely the knowledge of the elastic response of
all possible constituents of the Earth mantle. Conversely,the
only source of information on the actual composition of the
Earth mantle are seismic data collected during earthquakes;
different compositional models are used to interpret such data
which strongly rely on the characterization of the elastic re-
sponse of individual minerals at high temperature and pres-
sure conditions.33–37While a complete characterization of the
thermo-elasticity ofα-Al2O3 would require the calculation
of its fourth-rank elastic tensor at various temperatures and
pressures (a quite demanding computational task which would
give access to the full anisotropic description of the elastic re-
sponse),38,39 the QHA offers a simplified approach to the in-
vestigation of the high-temperature, high-pressure behavior of
an average elastic property of great geochemical interest:the
bulk modulusK.

Estimations of some thermal properties of corundum, based
on Kieffer’s vibrational model upon experimental frequency
data, have been reported in the literature,40,41 as well as a
couple of DFT studies where the QHA was applied to the in-
vestigation of phase transitions in alumina polymorphs.29,30,42

Mousavi has recently reported some quasi-harmonic thermal

properties of corundum, as computed with a simplified Debye
model (where the lattice dynamics of the crystal is not explic-
itly solved at theab initio level of theory), which are found
to largely disagree with available experimental data.43 To the
best of our knowledge, the present investigation constitutes
the first completeab initio description of thermodynamic and
thermal structural and elastic properties ofα-Al2O3. This pa-
per might then constitute a useful benchmark for undertaking
future investigations involving aluminum oxide and related
materials.

The structure of the paper is as follows: in Section 2 we
briefly recall the main features of the adopted implementation
of the quasi-harmonic approximation and we introduce the uti-
lized computational setup; results on the thermal effects on
structural and thermodynamic properties ofα-Al2O3 are dis-
cussed in Section 3 where the effect of the adopted functional
of the DFT is explicitly investigated; the combined effect of
pressure and temperature on such properties is also quantified;
conclusions are drawn in Section 4.

2 Computational Approach and Details

All calculations are performed using a development versionof
the CRYSTAL program,44,45 where a fully-automated scheme
for computing quasi-harmonic properties of crystals has re-
cently been implemented, which relies on computing and fit-
ting harmonic vibration frequencies at different volumes af-
ter having performed volume-constrained geometry optimiza-
tions.31,32 Such optimizations use analytical energy gradients
with respect to both atomic coordinates and lattice parameters.
Convergence is checked on energy, residual gradient compo-
nents and magnitude of the nuclear displacements: default
criteria are used.45 Harmonic phonon frequencies are com-
puted by diagonalizing the dynamical matrix following a di-
rect space approach. The influence of the adopted supercell
size (equivalent to the sampling of the Brillouin zone in there-
ciprocal space approach) on computed thermodynamic prop-
erties will be analyzed in Section 3. Further details about the
“direct space” approach to phonon dispersion calculation can
be found elsewhere.31,46–48

Constant-volume specific heat,CV(T), and entropy,S(T),
are estimated through standard statistical thermodynamics
from harmonic phonon frequencies as computed at the equi-
librium zero temperature, zero pressure volume. Other prop-
erties (such as the constant-pressure specific heat, the ther-
mal expansion coefficient or the temperature dependence of
the bulk modulus), in order to be properly described, require
to go beyond the simple harmonic approximation (HA) and
are here computed by means of the QHA which is found to
provide a satisfactory description of all of them nearly up to
the melting temperature of corundum. The explored volume
range extends from a -4.3% compression to a +8.6% expan-
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sion with respect to the equilibrium volume and four volumes
are explicitly considered in this interval.

The volumetric,isotropic, thermal expansion coefficient,
αV(T), is obtained by minimizing the isothermal Helmholtz
free energy

FQHA(T,V) = UZP
0 (V)+kBT ∑

kp

[

ln

(

1−e
−

h̄ωkp(V)

kBT

)]

, (1)

with respect to volume at several temperatures, wherekB is
Boltzmann’s constant andUZP

0 (V) is the zero-temperature in-
ternal energy of the crystal which includes the zero-point en-
ergy of the system:EZP

0 (V) = ∑kp h̄ωkp(V)/2. The scheme,
recently developed and implemented into the CRYSTAL pro-
gram,31,32 is here generalized to the case ofanisotropicther-
mal expansions: directional thermal expansion coefficients,
αa(T) and αc(T), corresponding to thea and c symmetry-
independent lattice parameters ofα-Al2O3 are computed
which allow for a finer description of the thermal expansion
mechanism.

One of the powerful advantages of the QHA is that of al-
lowing for a natural combination of pressure and temperature
effects on structural and elastic properties of materials.By
differentiating equation (1) with respect to the volume and
changing sign, the thermal pressure is obtained:

P(V;T) = −

∂FQHA(V;T)

∂V
. (2)

The description of the isothermal bulk modulus of the sys-
tem at simultaneous high-temperatures and high-pressures,
KT(P,T), can be obtained as an isothermal second derivative
of equation (1) with respect to the volume and by exploiting
relation (2):

KT(P,T) = V(P,T)

(

∂ 2FQHA(V(P,T);T)

∂V(P,T)2

)

T
. (3)

Let us finally recall that the QHA allows for computing the dif-
ference between constant-pressure and constant-volume spe-
cific heats as follows:49,50

CQHA
≡CP(T)−CV(T) = α2

V(T)K(T)V(T)T . (4)

All-electron atom-centered Gaussian-type-function basis sets,
of TZVP quality, are adopted.51 Six different formulations of
the exchange-correlation functional of the DFT are consid-
ered, corresponding to some of the most widely used schemes
within the LDA (SVWN52,53), GGA (PBE,54 PW91,55

PBEsol56) and hybrid approaches (B3LYP,57 PBE058).
Thresholds controlling the accuracy of Coulomb and ex-
change series are set to 10−8 (T1 to T4) and 10−16 (T5) for the
integral truncation and to 10−22 and 10−18 for the selection of
bi-electronic integrals that can be approximated by the bipolar

expansion.45 Reciprocal space is sampled using a Monkhorst-
Pack mesh with a shrinking factor of 8, 4 and 2 when per-
forming the calculation on the primitive cell, the conventional
cell or largest cells (like a 2×2×2 or a 3×3×3 expansion of
the primitive cell), corresponding to 65, 14 and 4 independent
k-points in the irreducible portion of the Brillouin zone. A
pruned grid with 1454 radial and 99 angular points is used to
calculate the DFT exchange-correlation contribution through
numerical integration of the electron density over the unitcell
volume.45 The Self-Consistent-Field (SCF) convergence on
energy was set to a value of 10−10 hartree for all geometry
optimizations and phonon frequency calculations.

3 Results and Discussion

3.1 Thermodynamic Properties

When computing thermodynamic properties of crystals, one
has to make sure that the description of the lattice dynamics
of the system is properly converged with respect to the sam-
pling of the dispersion of phonon branches in reciprocal space.
Equivalently, given the direct space nature of the approach
here utilized, convergence of computed properties with the
size of the adopted supercell (SC) has to be carefully checked
for. If harmonic thermodynamic functions, such as entropy
and constant-volume specific heat, show a rather slow conver-
gence (more so forS thanCV), the situation is generally much
more favorable for quasi-harmonic ones. For instance, some
of us have recently shown that for fully ionic systems, such
as MgO and CaO, a SC containing 128 atoms is required to
converge the entropy while a SC containing just 8 atoms al-
ready provides a converged description of all quasi-harmonic
quantities.32 Figure 2 shows such a convergence for entropy
and constant-volume specific heat ofα-Al2O3, as computed
at the PBE0 level. Four SCs of increasing size are considered,
containing 10, 30, 80 and 270 atoms and corresponding to the
primitive cell, the conventional cell, a 2×2×2 expansion of the
primitive cell and a 3×3×3 expansion of the primitive cell. It
is seen that both quantities are practically converged witha SC
containing 80 atoms, more so forCV than forS: atTM, the dif-
ference between the 80 and the 270 atom SCs being just 0.9%
and 1.3% forCV andS, respectively. The SC containing 270
atoms is then expected to give results that are most likely tobe
fully converged. In the figure, we also report accurate experi-
mental data to compare with: empty circles refer toCV values
by Saxena and Shen59 while full circles to S values by Ro-
bie et al.60 For both quantities, the agreement between com-
puted and experimental data is rather satisfactory in the whole
temperature range and makesab initio simulations a reliable
predictive tool for these harmonic properties. Analogously to
what recently documented for fully ionic systems,32 also in
the present case of a mixed ionic/covalent system, the effect
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Fig. 2 (color online) Specific heat,CV , (upper panel) and entropyS
(lower panel) ofα-Al2O3 as a function of temperature, as computed
at PBE0 level with SCs of increasing size: 10 (dots), 30 (dashed), 80
(dot-dashed) and 270 (continuous) atoms. The uppermost line of the
top panel is theCP curve obtained by adding theCQHA

quasi-harmonic contribution (evaluated according to equation 4) to
the convergedCV one. The inset of the upper panel shows theCV as
computed with all the six DFT functionals considered in thisstudy
for the SC containing 30 atoms. Empty circles refer to experimental
CV values from Saxena and Shen,59 full circles are experimentalS
andCP data from Robieet al.60

of the adopted DFT functional on such quantities is almost
negligible as they are both dominated by acoustic modes gen-
erally correctly described by all functionals. In this respect,
the inset of the upper panel of Figure 2 showsCV as computed
with the six DFT functionals considered in this study (LDA,
PBE, PBEsol, PW91, B3LYP and PBE0) for the 30 atom SC;
the six curves are essentially superimposed to each other. In
the upper panel of the figure, the constant-pressure specific
heat is also reported which will be commented on later as it is
a quasi-harmonic and not a simple harmonic quantity.

The effect of the SC size on the convergence of quasi-
harmonic properties is shown in Figure 3 where the differ-
ences between thermal expansion coefficients,∆α, and quasi-
harmonic contribution to the specific heat,∆CQHA, as com-
puted with SCs of different size and those obtained with the
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Fig. 3 (color online) Convergence of thermal expansion coefficient
αV (T) andCQHA (see equation 4) ofα-Al2O3 as a function of the
adopted SC size. Differences,∆α and∆CQHA, are reported with
respect to the SC containing 80 atoms. All results are obtained with
the PBE0 functional.

SC containing 80 atoms are reported. It is clearly seen that if
the primitive cell (10 atoms) is not a suitable model, the con-
ventional SC containing just 30 atoms provides a description
of both quantities which is essentially converged, with an av-
erage deviation of 0.3% forCQHA and 0.9% forαV(T) over
the whole temperature range with respect to the SC with 80
atoms. The effect of the adopted DFT functional on the quasi-
harmonic description will be discussed in Section 3.2. By
adding the convergedCQHA quasi-harmonic term to the con-
vergedCV harmonic contribution, the final constant-pressure
specific heat,CP, is obtained which is reported in the upper
panel of Figure 2 as a continuous line and compared with
available experimental data by Robieet al.60 (full circles).
This comparison shows how forα-Al2O3 the QHA is capable
of correctly describingCP(T) up to its melting point, which
is a remarkable result given that for most systems the validity
domain of the QHA is restricted to temperatures well-below
the melting one.32,61This is a first evidence, to be further con-
firmed below, of the fact thatα-Al2O3 corundum essentially
behaves as an almost perfect quasi-harmonic crystal, with no
particular need for an explicit account of intrinsic anharmonic
effects beyond the QHA.

3.2 Structural Properties

The thermal behavior of structural and elastic properties of α-
Al2O3 is now discussed as determined at the quasi-harmonic
level of theory. The effect on computed properties of the par-
ticular choice of the adopted DFT functional (three different

4 | 1–9



250

260

270

280

290

0 500 1000 1500 2000
140

160

180

200

220

240

260

 PBE
 PW91
 B3LYP
 PBEsol
 PBE0
 LDA

V 
(Å

3 )
K
T (

G
Pa

)

T (K)

Fig. 4 (color online) Dependence of the conventional cell volume,
V, and bulk modulus,K, of α-Al2O3 on temperature, as computed
with different DFT functionals at the quasi-harmonic level. Full and
empty circles correspond to experimental data by Andersonet al.62

and Fiquetet al.,63 respectively.

classes of functionals, LDA, GGA and hybrids, are explic-
itly considered) is discussed, which may serve as a bench-
mark for future studies on aluminum oxides. In Figure 4,
we report the equilibrium volume (of the conventional cell)
and the bulk modulus of corundum as a function of temper-
ature, up to its melting point. Experimental data are by An-
dersonet al.62 (full circles) and by Fiquetet al.63 (empty cir-
cles). From the analysis of the figure, some considerations
can be made: i) different functionals do provide very differ-
ent values of the equilibrium volume and bulk modulus, with
differences among them as large as 5% for the volume and
11% for the bulk modulus; ii) as already observed in previ-
ous studies, the LDA functional provides the lowest volume
and the highest bulk modulus among them while pure GGA
functionals such as PBE and PW91 give the highest volumes
and lowest bulk moduli; iii) despite the very different descrip-
tion of the absolute value of these properties, all functionals
provide a fairly correct description of the temperature depen-
dence ofV and K almost up toTM, with small differences
among them to be discussed below; iv) surprisingly enough,
in this case, the simple LDA functional provides results in
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Fig. 5 (color online) Meanisotropic(α = αV/3) andanisotropic
(αc−αa) thermal expansion coefficient ofα-Al2O3 calculated as a
function of temperature with various DFT functionals. Fullcircles
represent experimental data by Andersonet al.62 for αV/3 and by
Munro72 for αc−αa; empty circles are data from White and
Roberts.73

excellent agreement with the experimental data, followed by
the PBE0 hybrid functional; PBE and PW91, on the contrary,
give the poorest description among those explored; v) PBEsol,
the PBE re-parametrization specifically designed for the solid
state, significantly improves the description of both quantities,
even if not to a sufficient extent to bring its results close tothe
experimental ones; vi) the inclusion of the zero-point motion
on zero-temperature values increases the volume by about 1%
and decreases the bulk modulus by about 1.5% for all func-
tionals (not shown in the figure). The exceptional performance
of LDA in reproducing equilibrium structural features ofα-
Al2O3 has already been discussed in severalab initio stud-
ies.30,64–71

The good description of the temperature dependence of
V(T) and K(T) up to TM, without strong deviations which
are commonly seen in other systems (particularly onK(T))
well belowTM,32 is a strong evidence of the quasi-harmonic
character ofα-Al2O3 corundum.

Let us now analyze the description of the thermal expan-
sion of α-Al2O3 into more detail. The upper panel of Fig-
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ure 5 shows the averageisotropic thermal expansion coeffi-
cient,α = αV/3, of corundum as computed with the six DFT
functionals here considered. Accurate experimental data by
Andersonet al.62 are reported as full circles. Despite an
overall good description of the thermal expansion of corun-
dum by all functionals, this figure allows for a finer discus-
sion. It can be seen that three functionals (LDA, PBEsol
and PBE0) perform better than the other three (PBE, PW91
and B3LYP) that slightly overestimateα. An interesting
feature of the thermal expansion of non-cubic crystals is its
anisotropy. If one considers the conventional cell ofα-Al2O3,
there are two symmetry-independent lattice parameters:a≡ b
and c; the corresponding directional thermal expansion co-
efficients,αa(T) and αc(T), can be computed (the relation
αV = 2αa + αc holds true). In the lower panel of Figure 5
we report theαc − αa difference as a function of tempera-
ture. Experimental data by Munro72 (full circles) and White
and Roberts73 (empty circles) are also reported, the latter be-
ing not as smooth as the former ones. Some remarks can be
made: i) theαc−αa difference is positive both experimentally
and theoretically at all levels of theory thus implying a larger
thermal expansion along thec crystallographic axis than in
the basal planeab; ii) the anisotropy of the thermal expan-
sion amounts to about 10% of the total; iii) the steep behav-
ior of experimental data by White and Roberts73 at tempera-
tures below 250 K seems to be inconsistent with all theoretical
predictions and other experimental data by Munro;72 iv) the
PBE0 hybrid functional describes an anisotropy which is very
close to the experimental one by Munro,72 B3LYP provides
a reasonable description up to about 600 K and then rapidly
increases, while the other functionals seem to systematically
overestimate it by about 20%.

3.3 Effect of Thermal Pressure

While the inclusion of pressure on computed properties of
solids can be considered a relatively simple task,37,77–82the
combined description of temperature and pressure is much
more demanding and seldom reported inab initio studies.
As recalled in Section 2, one of the advantages of the quasi-
harmonic approximation is precisely that of allowing for a nat-
ural combination of both temperature and pressure on ther-
modynamic and structural properties of solids. The so-called
thermal pressure can indeed be computed as a volume deriva-
tive of the isothermal Helmholtz free energy (see equation 2).
The pressure-volume-temperature (P-V-T) equation-of-state
(EOS) is then easily obtained. In Figure 6, we report two dif-
ferent representations (which correspond to constant-pressure
and constant-temperature experiments) of theP-V-T EOS of
α-Al2O3, as computed with the hybrid PBE0 functional that
has been found to reliably describe most of the properties dis-
cussed in the previous paragraphs. In the left panel of the
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Fig. 6 (color online)V/V0 as a function of temperature at 5
different pressures (left panel) and as a function of pressure at 8
different temperatures (right panel), whereV0 is the equilibrium
volume at 300 K and zero pressure ofα-Al2O3. Full circles are
experimental data from Andersonet al.62 (in the left panel) and
from Sato and Akimoto74 (in the right panel), empty circles from
Grevelet al.,75 while full squares and corresponding error bars are
from Dubrovinskyet al.76 All computed values are obtained at the
PBE0 level.

figure, theV/V0 ratio (whereV0 is the equilibrium volume at
300 K and zero pressure) is reported as a continuous func-
tion of temperature, up to corundum melting point, at five
equidistant pressures (0, 3, 6, 9 and 12 GPa). Experimental
data at zero pressure by Andersonet al.62 are given as full
circles while those at about 11 GPa by Dubrovinskyet al.76

as full squares, with corresponding error bars. The effect of
pressure is a non-linear compression of the unit cell volume.
The compression of the cell volume due to pressure is more
pronounced at higher temperatures than at lower temperatures
so that, as a result, pressure clearly reduces the thermal ex-
pansivity ofα-Al2O3 (see below). In the right panel of the
figure, we report the same quantity,V/V0, as a function of
pressure at eight equidistant temperatures (0, 300, 600, 900,
1200, 1500, 1800 and 2100 K). Experimental data are also re-
ported as measured at 300 K at different pressures by Sato and
Akimoto74 (full circles), Grevelet al.75 (empty circles) and
Dubrovinskyet al.76 (full square). We can clearly see that: i)
obviously as temperature increases the cell volume expands;
ii) a given volume (i.e. a given value of theV/V0 ratio) corre-
sponds to higher pressures as temperature increases.

As we have just anticipated, from inspection of the left
panel of Figure 6 one can see how pressure is progressively re-
ducing the thermal expansivity of corundum. In order to give
a more quantitative representation of such effect we introduce
the upper panel of Figure 7 where the volumetric thermal ex-
pansion coefficient,αV , of α-Al2O3 is plotted as a function of
temperature at five equidistant pressures. Experimental data at
zero pressure, from Andersonet al.,62 are in excellent agree-
ment with PBE0 theoretical ones, as already noticed while dis-

6 | 1–9



0

5

10

15

20

25

30

35

0 500 1000 1500 2000
180

200

220

240

260

280

300

V
 (1

0-6
K

-1
)

 (G
Pa

)

T (K)

12 GPa

9 GPa

6 GPa

3 GPa

0 GPa

12 GPa
9 GPa

6 GPa
3 GPa

0 GPa

Fig. 7 (color online) Dependence on temperature, up to 2300 K, and
pressure, up to 12 GPa, of the thermal expansion coefficient (upper
panel) and bulk modulus (lower panel) ofα-Al2O3, as computed at
PBE0 level. Experimental data at ambient pressure from Anderson
et al.62 are reported for comparison. In the lower panel, full circles
refer to the isothermal bulk modulus,KT , while empty circles to the
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cussing Figure 5. It is clearly seen that, as pressure linearly
increases, the thermal expansivity of corundum decreases (not
linearly). As we could not find any high-pressure experimen-
tal data of the thermal expansion coefficient ofα-Al2O3 and
given the excellent description provided by the hybrid PBE0
functional so far, these values are expected to constitute reli-
able predictions of the high-temperature, high-pressure behav-
ior of corundum.

As recalled in the Introduction, the description of the bulk
modulus of minerals at simultaneous high temperature and
pressure conditions is of particular geochemical interest. In
the lower panel of Figure 7, we report the isothermal bulk
modulus,KT , computed as the volume second derivative of
the isothermal Helmholtz free energy (see equation 3). It is
reported as a continuous function of temperature at five dis-
tinct pressures, up to 12 GPa. Pressure is seen to systemat-
ically increase the bulk modulus, more so at higher temper-

atures. Isothermal experimental determinations at zero pres-
sure from Andersonet al.62 are reported as full circles. The
agreement with the PBE0 theoretical description (lowest con-
tinuous line) is remarkable in the whole temperature range.
Some experimental techniques for measuring the bulk modu-
lus of a crystal involve elastic waves and are characterizedby
very short time-scales that prevent the system from reaching a
thermal equilibrium; in these cases, an adiabatic bulk modu-
lus,KS, is measured. Adiabatic and isothermal bulk moduli do
coincide with each other at zero temperature only,KS always
being larger thanKT at any finite temperature. In the figure,
for instance, empty circles do represent adiabatic bulk modu-
lus values as measured at zero pressure by Gotoet al.83 with
the rectangular parallelepiped resonance method. The QHA
also offers a way to compute the adiabatic bulk modulus from
the isothermal one, given that:

KS = KT +
α2

VVTK2
T

CV
= KT ×

CP

CV
, (5)

where the dependence of all quantities on temperature is omit-
ted for clarity sake and in the last equality equation (4) has
been exploited. The computed adiabatic bulk modulus at zero
pressure is reported in the figure as a dashed line; again, the
agreement with the experimental determinations is quite re-
markable and confirms once more how the QHA allows for ac-
curately describing structural and elastic features ofα-Al2O3

up to the melting temperature.

4 Conclusions

The dependence on temperature of a variety of thermody-
namic, structural and elastic properties ofα-Al2O3 has been
accurately determined by means ofab initio simulations ex-
ploiting both the harmonic and quasi-harmonic approxima-
tions. The validity domain of the quasi-harmonic approxi-
mation, being often limited to temperatures much lower than
the melting pointTM, is here found to extend almost up toTM

thus suggesting that corundum essentially behaves as a perfect
quasi-harmonic crystal with negligible intrinsic anharmonic
effects. As other aluminum oxide polymorphs exhibit anal-
ogous structural and chemical features, from present results,
the quasi-harmonic approximation is expected to constitute an
effective and reliable approach to their thermal characteriza-
tion.

The effect of the adopted functional of the density func-
tional theory on thermal properties ofα-Al2O3 has been ex-
plicitly investigated and will prove a useful benchmark forfu-
ture theoretical studies requiring a good thermodynamic de-
scription of aluminum oxides. Six different formulations,
belonging to three different rungs of the “Jacob’s ladder”,
have been considered: i) all functionals accurately describe
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harmonic thermodynamic properties such as entropy and
constant-volume specific heats; ii) the simple LDA functional
fortuitously provides an excellent description of the absolute
values of both cell volume and bulk modulus of corundum; iii)
all functionals are seen to correctly describe isotropic thermal
properties up toTM; iv) the hybrid PBE0 functional gives the
best description of the thermal expansion coefficient (includ-
ing its anisotropy which is overestimated by about 20% by the
other functionals).

The combined effect of temperature and pressure, up to
12 GPa, has been predicted for structural and elastic proper-
ties which has a particular relevance to the field of geochem-
istry where such characterizations are extremely useful infine-
tuning and validating different compositional models for the
Earth mantle.
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