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Abstract

Prediction of the time-lapse seismic signal caused by CO2 saturation effects re-
quires knowledge about the geospatial distribution of fluids and the elastic prop-
erties of the storage formation. The distribution of fluids in the subsurface can be
obtained from multi-phase flow simulations and information about elastic subsur-
face properties can be obtained from several different sources such as core, well
log and seismic measurements. These data sets provide effective properties of the
rock and describe the average physical behaviour of the generally heterogeneous
rock on a certain scale. The variability of physical properties, the measurement
scale and the resolution of the simulation grid have to be taken into account to
obtain consistent relations between the various properties on the same scale. This
is crucial for meaningful predictions of the time-lapse seismic response.

The thesis focus is the effect of scale and CO2 saturation on effective proper-
ties of the porous rocks in a time-lapse seismic study. First, the time-lapse seismic
response is predicted from reservoir simulations for two different reservoir types a
saline aquifer and a depleted gas reservoir. The modelling results show that the
challenge for the detection of a time-lapse signal in the depleted gas reservoir is
the small contrast in fluid properties and the challenge for the saline aquifer is a
thin gas plume that is below the resolution of the seismic data.

Next different methods to parameterise the elastic model of the subsurface are
analysed. To build an elastic model of the subsurface consistent and calibrated
elastic property - porosity relations are crucial. Though, the different approaches
reproduced the data trends of the log data quite well, they differed regarding
their predictions of the TL seismic signal. These differences are mainly caused
by different estimations of the dry rock compressibility. The dry compressibility
is difficult to estimate. Laboratory measurements on rock samples are the only
way to measure this property directly. Another pathway to improve the estima-
tion of this parameter might be rock physics modelling constrained by geological
information.

The case studies illustrate that the magnitude of changes in elastic properties
is strongly controlled by the properties of the reservoir, resulting in very different
velocity-saturation relations. However, if the pore space of a rock is saturated
with two immiscible fluids, such as brine and CO2, the velocity- saturation re-
lation also depends on the distribution of the fluids in the pore space and the
frequency of the measurement. A velocity-saturation relation at reservoir depth
is retrieved from time-lapse sonic and neutron porosity logs from the Nagaoka
CO2 sequestration experiment. It is shown that the mechanism of wave-induced
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fluid flow can explain this velocity-saturation relation. At seismic frequencies,
different fluid distributions (obtained from reservoir simulation) lead to different
magnitudes of the predicted time-lapse seismic signal. However, wave-induced
fluid flow has only minor effects. These differences can be explained by multiple
scattering.

The frequency regime in which wave-induced fluid flow occurs depends not
only on the length scales, but also on the hydraulic conductivity of the medium.
The hydraulic conductivity can vary significantly and dependence on the fre-
quency of the measurement itself. Finally, a model for a frequency-dependent
effective hydraulic conductivity is proposed, that takes strong fluctuations in
conductivity into account. Furthermore, it is shown that these fluctuations in
hydraulic conductivity influence the velocity-saturation relation.



Acknowledgments

Firstly I would like to thank sincerely my supervisors Boris Gurevich and Tobias
M. Müller for their outstanding supervision. Without their invaluable input and
support my time as a PhD student would not have been the same. I have greatly
benefited from their knowledge, ideas and physical insights through plentiful dis-
cussions.

I would like to thank Roman Pevzner for his assistance with seismic mod-
elling, for providing me with matlab codes and improving the performance of
my codes. I have enjoyed our discussions and collaborations. I am grateful to
Maxim Lebedev and Milovan Urosevic for their support. And I would like to
thank Maxim for his insights into experimental measurements.

I am grateful to German Rubino for providing us with numerical simulations
of the slow P-wave for a 2D water saturated rock sample with hydraulic conduc-
tivity fluctuations.

I wish to acknowledge the funding provided by the Australian government
through the CRC Program to support CO2CRC research and Curtin University
for financial support through a CIPRS scholarship, CSIRO for a top-up scholar-
ship and the Curtin Reservoir Geophysics Consortium (CRGC).

My PhD was done in collaboration with other researchers from the CO2CRC
Otway project. This gave me the great opportunity to work on a field scale
project and I greatly benefited from the insights and input of other researchers
in various fields. A special thanks goes to Tess Dance, Jonathan Ennis-King
and Yildiray Cinar for providing me with their modelling results and for their
patience explaining me the basics of geological and dynamic modelling. Further,
I would like to thank CO2CRC for giving me the opportunity to attend several
conferences and workshops.

I am greatful to Olivia Collet, Robert Galvin and Elmar Strobach for proof-
reading my thesis.

My final thanks goes to all of my colleagues and friends.

V



Contents

1 Introduction 1
1.1 Prediction of the time-lapse seismic response . . . . . . . . . . . . 2
1.2 Scales and measurements of porous media . . . . . . . . . . . . . 5
1.3 Objectives and thesis outline . . . . . . . . . . . . . . . . . . . . . 7

2 Theoretical background 9
2.1 Mathematical models of seismic wave propagation . . . . . . . . . 9

2.1.1 Convolutional model . . . . . . . . . . . . . . . . . . . . . 10
2.1.2 Elastic wave equation . . . . . . . . . . . . . . . . . . . . . 12
2.1.3 Poroelastic wave equation . . . . . . . . . . . . . . . . . . 14

2.2 Attenuation and heterogeneity . . . . . . . . . . . . . . . . . . . . 16
2.3 Effective elastic properties . . . . . . . . . . . . . . . . . . . . . . 19

2.3.1 Bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.3.2 Inclusion model . . . . . . . . . . . . . . . . . . . . . . . . 21
2.3.3 Granular medium model . . . . . . . . . . . . . . . . . . . 23

2.4 Velocity-Saturation relations . . . . . . . . . . . . . . . . . . . . . 26
2.4.1 Biot-Gassmann theory . . . . . . . . . . . . . . . . . . . . 27
2.4.2 Partially saturated rocks . . . . . . . . . . . . . . . . . . . 29
2.4.3 Fluid substitution in shaly sediments . . . . . . . . . . . . 34

2.5 Fluid properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
2.5.1 Reservoir simulation . . . . . . . . . . . . . . . . . . . . . 36

3 Forward modelling of the seismic response of CO2 injection 37
3.1 CO2CRC Otway project . . . . . . . . . . . . . . . . . . . . . . . 38
3.2 CO2 injection into a depleted gas reservoir . . . . . . . . . . . . . 41

3.2.1 Saturation and pressure effects . . . . . . . . . . . . . . . . 41
3.2.2 Time-lapse seismic response from reservoir simulations . . 45
3.2.3 Comparison of synthetic and time-lapse field data . . . . . 48

3.3 CO2 injection into a saline aquifer . . . . . . . . . . . . . . . . . . 50
3.3.1 Detectability of a thin gas plume . . . . . . . . . . . . . . 51
3.3.2 Injection volumes and geological realisations . . . . . . . . 66

3.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

4 Parameterisation of the elastic model of the subsurface 78
4.1 Scale differences between the seismic and engineering domain . . . 79

4.1.1 Elastic models at different scales . . . . . . . . . . . . . . . 81
4.1.2 Influence on the seismic response . . . . . . . . . . . . . . 83
4.1.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

4.2 Elastic property - porosity relationships . . . . . . . . . . . . . . . 85

VI



CONTENTS VII

4.2.1 Geostatistical modelling . . . . . . . . . . . . . . . . . . . 89
4.2.2 Deterministic rock physics modelling . . . . . . . . . . . . 91
4.2.3 Comparison of geostatistical and rock physics modelling . 109

4.3 Discussion and conclusions . . . . . . . . . . . . . . . . . . . . . . 112

5 Velocity - saturation relations 114
5.1 Velocity-saturation relation from time-lapse log data of the Na-

gaoka CO2 project . . . . . . . . . . . . . . . . . . . . . . . . . . 116
5.1.1 Time-lapse log data analysis . . . . . . . . . . . . . . . . . 117
5.1.2 Velocity-saturation relation in random media . . . . . . . . 119
5.1.3 Velocity-saturation relation at Nagaoka . . . . . . . . . . . 121
5.1.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . 124
5.1.5 Implications for seismic frequencies . . . . . . . . . . . . . 124

5.2 Numerical simulation of the effect of fine-scale saturation distribu-
tion on the seismic response . . . . . . . . . . . . . . . . . . . . . 125
5.2.1 Saturation scales which play a role at seismic frequencies . 126
5.2.2 Saturation scenarios and formation properties . . . . . . . 128
5.2.3 1.5D poroelastic and elastic modelling . . . . . . . . . . . 129

5.3 Discussion and conclusions . . . . . . . . . . . . . . . . . . . . . . 132

6 Dynamic equivalent hydraulic conductivity 135
6.1 Frequency-dependent effective hydraulic conductivity of strongly

heterogeneous media . . . . . . . . . . . . . . . . . . . . . . . . . 137
6.1.1 Diffusion equation from Biot’s theory of poroelasticity . . . 140
6.1.2 Numerical simulations of the diffusion process in a medium

with conductivity heterogeneities . . . . . . . . . . . . . . 144
6.1.3 Diffusion equation for a heterogeneous medium . . . . . . 146
6.1.4 Statistical approach . . . . . . . . . . . . . . . . . . . . . . 149
6.1.5 Analysis of frequency dependence . . . . . . . . . . . . . . 154
6.1.6 Comparison between weak- and strong-contrast methods . 157
6.1.7 Discussion and Conclusions . . . . . . . . . . . . . . . . . 161

6.2 Influence on velocity-saturation relations . . . . . . . . . . . . . . 163

7 Conclusions 165

References 171

List of Tables 182

List of Figures 184

A Copyright consent 190



Nomenclature

Abbreviations

CCT Contact cement model

DEM differential effective medium (DEM)

GH Gassmann-Hill

GW Gassmann-Wood

HS Hashin-Shtrikman

V SR velocity-saturation relationship
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α Biot-Willis coefficient

∆1,∆2 dimensionless coefficients

η fluid shear viscosity

λ wavelength

λd diffusion length

ν Poissons’s ratio

ν pore-space tortuosity

ωB Biot’s characteristic frequency

ωD characteristic frequency of the diffusion process

ϕ porosity

ϕ volume fraction

ϕc critical porosity

ϕclay porosity within the clay

ϕe effective porosity

ρ density

σ total stress tensor
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σ2
MM normalized variance of the fluid storage modulus

τn normal stiffness

τt tangential stiffness

Indices, Sub- and Superscripts

d drained or dry

f pore fluid

s solid phase (grain material)

u undrained

Roman

a pore size parameter

a radius of contact area

AI acoustic impedance

C coordination number

D diffusivity

d characteristic length scale (correlation length)
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f volume fraction

G shear modulus

G shear modulus

H P-wave modulus
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K bulk modulus

k hydraulic permeability
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L dry P-wave modulus

M fluid storage coefficient

N poroelastic parameter
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P,Q geometrical factors

R radius of the sphere

R reflectivity

S cement saturation of the pore space

s degree of inhomogeneity of the medium

u total displacement field

vp P-wave velocity

W wavelet
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Chapter 1

Introduction

Carbon Dioxide Capture and Storage (CCS) has the potential as a greenhouse

gas reduction technology to capture and store CO2 from industrial facilities in

suitable rock formations such as depleted hydrocarbon reservoirs, deep saline

formations and unmineable coal seams. CCS research, pilot and demonstration

projects have been undertaken (Table 1.1), e.g., in Norway at the Sleipner Field an

offshore saline aquifer (Chadwick et al., 2010), in Japan at Nagaoka an onshore

saline aquifer (Xue and Ohsumi , 2004; Xue et al., 2006), at the Otway Basin,

Australia an onshore depleted gas field (Underschultz et al., 2011; Jenkins et al.,

2011) and the Canadian Weyburn-Midale CO2 Project for enhanced oil recovery

(White et al., 2004) to understand the processes and develop effective monitoring

networks. The first worldwide CCS project at the Sleipner Field has shown that

time-lapse 3-D seismic can provide valuable information about reservoir char-

acteristics and CO2 migration pathways in the reservoir (Arts et al., 2004). In

principle, an understanding of the detected changes in geophysical measurements

due to CO2 injection is necessary to facilitate safe storage and reliable monitoring.

Seismic surveys are routinely used in the petroleum industry to obtain infor-

mation about the subsurface. The primary aim of seismic data interpretation

is to image the subsurface to infer structural features of the geology and detect

potential reservoirs. In recent years time-lapse seismic methods have been devel-

oped to monitor and to better plan hydrocarbon production from such reservoirs.

The goal of these techniques is to infer information about the migration path-
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1. Introduction 2

Table 1.1: Geological storage projects

Project Country Type Injection
start

Storage type

Sleipner Norway Commercial 1996 Saline formation
Weyburn Midale Project Canada Commercial 2000 CO2-EOR*
Minami-Nagoaka Japan Demo 2002 Saline formation
Qinshui Basin China Pilot 2003 CO2-ECBM*
In Salah Algeria Commercial 2004 Saline formation
K12B Netherlands Demo 2004 CO2-EGR***
Frio USA Pilot 2004 Saline formation
Ketzin Germany Demo 2006 Saline formation
Snohvit Norway Commercial 2008 Saline formation
Otway Stage 1 Australia Pilot 2008 Depleted gas reservoir

* EOR: Enhanced Oil Recovery; ** ECBM: Enhanced Coal Bed Methane; *** EGR: Enhanced
Gas Recovery

ways and distribution of fluids (hydrocarbon) from changes between subsequent

3D seismic surveys. In order to achieve this, relationships between the in-situ

rock properties of the reservoir and the seismic response have to be established,

this is the field of seismic rock physics.

The same technique can be applied to monitor the distribution of CO2 in

storage formations. Successful time-lapse seismic monitoring has been reported at

various measurement scales including sonic well logs, crosswell seismic and surface

seismic surveys (Xue et al., 2006; Ajo-Franklin et al., 2013; Chadwick et al., 2010).

The ability to monitor CO2 in the subsurface with seismic methods depends

on several factors, i.a. the geometrical size of the gas plume, rock and fluid

properties at in-situ conditions as well as data resolution, quality and repeatability

of measurements. Therefore, before a CO2 project is undertaken, site-specific

seismic modelling is important to assess the feasibility of a seismic monitoring

program. Further predictive modelling helps to understand measured time-lapse

effects and improves the interpretation of time-lapse data.

1.1 Prediction of the time-lapse seismic response

Prediction of the time-lapse seismic response of CO2 injection requires an elastic

model of the subsurface as well as the geospatial distribution of CO2 in the stor-

age formation (Figure 1.1). Information regarding elastic subsurface properties

can be obtained from several different sources such as core, well log and seismic
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measurements. The distribution of fluids in the subsurface, dissolution of CO2

in formation fluids and changes of in-situ conditions e.g. pressure and tempera-

ture can be modelled using multi-phase flow simulations. Reservoir simulations

predict the migration pathways of injected CO2 based on a reservoir flow model,

which in turn utilizes the static geological model of the storage formation. In

order to employ reservoir simulation results for predictions of the time-lapse seis-

mic response, we have to link the reservoir flow model and the elastic model of

the subsurface. This requires on one hand that all parameters are on the same

scale and integrated on one modelling grid and on the other hand that the petro-

physical properties are consistent with each other. A consistent integration of

the two domains, the seismic and reservoir engineering domain (Figure 1.1), is

an on-going research topic to improve 4D time-lapse seismic studies. One inte-

grated approach is geostatistical inversion (Dubrule, 2003) of seismic data, which

provides elastic and petrophysical reservoir properties on a vertical scale suitable

for reservoir simulations, constrained by seismic data and geological information

(Sams et al., 2011). Another possibility is the transformation of porosity infor-

mation in the static geological model into elastic properties using rock physics

relations. This step is sometimes called the petro-elastic model. Amini et al.

(2012) stressed the importance of a proper parameterisation of the model with

a special focus on porosity and scaling effects. In both workflows it is crucial to

have calibrated relationships between the elastic properties and the petrophysical

properties of the reservoir to obtain meaningful modelling results.

Changes in elastic properties of the rock due to the presence of CO2 in the

pore-space can be caused by various physical mechanisms depending on the in-

situ conditions. These mechanisms include saturation and pressure effects as well

as geochemical reactions between the rock and CO2. Vanorio et al. (2010) demon-

strated in laboratory experiments that geochemical reactions between the rock

and fluids such as precipitation and dissolution affect the rock microstructure,

which in turn changes the transport and elastic properties of the rocks. Injec-

tion of CO2 into brine-saturated sandstone caused precipitation of salt, which

stiffened the rock matrix, while dissolution was observed in carbonates which
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Figure 1.1: Steps to predict the time-lapse seismic response

increased the compressibility of the rock. In large scale projects such as the In

Salah CO2 project a significant increase in pore pressure due to the injection of

CO2 has been observed. Wang et al. (1998) report that velocity changes in a

CO2-EOR (McElroy field, West Texas) project could not be explained by satura-

tion effects alone. They conclude that the additional decrease in P-wave velocity

is caused by pore pressure build up in the reservoir during CO2 flooding. Satu-

ration effects, where in-situ fluids are replaced by CO2, are probably the primary

effect on the elastic properties in most storage formations. While velocities as

a function of CO2 saturation have been directly measured at a laboratory scale

(Lei and Xue, 2009; Lebedev et al., 2013), petrophysical relationships between the

seismic properties and the saturation of the rock at the reservoir scale are more

difficult to obtain. These velocity-saturation relations depend on the frequency

of the measurement as well as on the distribution of the fluids in the pore-space.

It is still a matter of debate what are adequate velocity-saturation relations at

seismic frequencies. The main focus of this thesis will be on saturation effects in

time-lapse seismic modelling.

Once an elastic model of the subsurface and changes in elastic properties due

to CO2 injection are computed, one can calculate synthetic seismic data sets.
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Various workflows exist to calculate synthetic seismograms which take in to ac-

count different aspects of seismic wave propagation. In general, seismic wave

propagation in the first 2 km of the subsurface is a complex physical process.

Depending on structural features of geological formations and heterogeneities of

the rock, different physical aspects will control the propagation of seismic waves

and the measured seismic signatures.

The various data sources, interpretation tools and modelling approaches uti-

lized in a 4D seismic study describe the average physical behaviour of the generally

heterogeneous rock on a certain scale. Thus, the success of modelling the time-

lapse seismic signal depends on a sound understanding of the physical processes

on various scales and their scaling effects.

1.2 Scales and measurements of porous media

Heterogeneities of the subsurface on various scales will influence the seismic signa-

ture. Though natural porous media are heterogeneous on many length scales, it is

common to classify spatial variability at three different scales, pore-scale (micro-

structure of the rock), formation scale and regional scale (Dagan, 1986; Gelhar ,

1986). As the formation scale heterogeneity is intermediate between pore-scale

heterogeneities and regional scale heterogeneities it is sometimes referred to as

mesoscopic heterogeneity. This means that the characteristic length scale ℓmeso

of these heterogeneities obeys the relation

ℓpore ≪ ℓmeso ≪ ℓregional , (1.1)

where ℓpore represents pore scale heterogeneity such as grain size or pore throat

diameter and ℓregional is a proxy for the volume of investigation (support volume)

such as the sample size or the seismic wavelength. Mesoscopic heterogeneities

include e.g. thin layering of the formation, clay inclusion embedded in a sand

matrix or two or more fluids occupying the same rock.

Physical properties of porous rocks are defined by the properties of its com-
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ponents, the solid grain material and fluids, and the microstructure of the rock.

The microstructure of the rock is determined by the structure of the pore-space

and grain matrix. If all micro-structural information and the grain and fluid

properties are known the overall elastic and transport properties of the porous

rock can be calculated (Guéguen and Palciauskas , 1994). Obviously, this is im-

practical and impossible to achieve at a reservoir scale. Commonly porous rocks

are described by measurable quantities such as velocity, density, porosity (vol-

ume of the pore-space) and hydraulic conductivity (ability of the pore-space to

transmit a fluid). These measured quantities are effective properties of the rock

and describe the average physical behaviour of the rock at a certain measurement

scale. Effective properties of a porous rock can be obtained e.g. from laboratory

measurements on core samples, well log data and seismic data. These data sets

are measured at different frequencies and hence provide a different level of detail

of the subsurface properties. Information from surface seismic measurements at

frequencies up to 100Hz resolve structural features and geological layers of the

reservoir in the order of tens of meters, crosswell seismic tomography can resolve

thin reservoir layers of 1-10 m, whereas sonic well log data at around 10 kHz can

provide a high resolution of several centimetres and ultrasonic-measurements at

100Mhz might be sensitive to pore-scale structures.

The complexity of heterogeneous porous media and the spatial variability of

physical properties as well as the resolution of the measurement have to be taken

into account in a seismic time-lapse study. For example micro structural features

of the rock, such as cementation of grain contacts determine the compressibility

of the rock. This in turn affects the sensitivity of the rock to changes in pore

fluid and thus the magnitude of the time-lapse seismic response. On the other

hand the proper choice of a velocity saturation relationship depends on the length

scale of saturation heterogeneities compared to the measurement frequency. The

frequency range at which a velocity-saturation relation is applicable also depends

on the hydraulic conductivity of the medium. Hydraulic conductivity of natural

porous rocks is, in earth science, one of the parameters with the highest variabil-

ity. Its values vary over several orders of magnitude. In general, the choice of
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an appropriate up-scaling method to obtain effective rock properties for a reser-

voir model depends on the contrast of the material properties, the size of the

heterogeneities as well as the time-dependence of the physical mechanism.

1.3 Objectives and thesis outline

The objective of this thesis is to analyse which scales, properties and physical

processes have to be considered in a time-lapse seismic study to predict the seismic

response caused by saturations effects. The thesis is structured as follows

Chapter 2: This chapter contains a summary of theoretical models which will

be used throughout the thesis. It includes mathematical models of seismic

wave propagation, effective medium models to calculate effective elastic

properties of the rock and velocity-saturation relations to predict changes

in elastic properties caused by fluid injection. The aim is to provide an

overview of the basic concepts and physical mechanisms. Since these models

are well-established and their derivations are published, they will not be

repeated.

Chapter 3: In chapter 3 two case studies are presented with different workflows

to predict the time-lapse seismic signal based on reservoir simulator results.

These approaches consider different aspects that can influence the mag-

nitude of the time-lapse seismic signal. The aim is to assess the ability to

detect injected gas with the time-lapse seismic reflection imaging method for

two different reservoir types, a depleted gas reservoir and a saline aquifer.

The two examples are investigated on the data sets acquired within the

CO2CRC Otway project.

Chapter 4: The elastic models of the subsurface for the previous case studies are

analysed in more detail. The first part of this chapter is concerned with

practical problems arising from scale differences of various input data sets

utilized to build an elastic model of the subsurface. The second part of

the chapter focuses on consistent relationships between elastic and petro-

physical properties of the reservoir and the importance of the dry rock
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compressibility for predictions of the time-lapse seismic response.

Chapter 5: Velocity-saturation relations are investigated at different measure-

ment frequencies. First time-lapse logs of the Nagaoka CO2 project are

analysed. This provides insight into the characteristic length scales of sat-

uration heterogeneities at sonic frequencies. Then a sensitivity study is

performed for the data of the CO2CRC Otway project to study the influ-

ence of fluid distribution at seismic frequencies.

Chapter 6: The frequency range at which velocity-saturation relations are valid

is not only determined by the length scales of saturation heterogeneities

but also by the hydraulic conductivity of the medium. In this chapter

a model for a frequency-dependent effective hydraulic conductivity with

strong fluctuations in this material property is derived. This model can

be utilized in the velocity-saturation relations of the previous chapter to

investigate the effect of variations in hydraulic conductivity.



Chapter 2

Theoretical background

This chapter contains a summary of the theoretical concepts that will be used

throughout the thesis. The chapter is structured as follows. First mathematical

models that describe seismic wave propagation through the subsurface and the

basic mechanisms of wave attenuation are summarized. In the following, models

are introduced to estimate the parameters of these wave equations (the elastic

properties of the subsurface). These rock physics models can be divided into

groups. The first group so-called effective medium models, link the effective

elastic behaviour of a rock to its micro-structure. The second group provides

effective elastic properties of the rock as a function of fluid saturation, so-called

velocity-saturation relations.

In the following, the basic concepts, the physical mechanisms and associated

model parameters are summarized as well as the conditions at which these models

are applicable. Since these models are well-established and their derivations are

published in reviews and text books, they will not be repeated here. Multiple

rock physics model equations used in this chapter are conveniently summarized

in the “Rock Physics hand book” of Mavko et al. (1995).

2.1 Mathematical models of seismic wave prop-

agation

Seismic wave propagation through the first kilometers of the subsurface is a com-

plex physical process. Depending on the structural features of the geological

9
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formation and heterogeneities of the rock on various scales, different physical

phenomena control the propagation of seismic waves and the recorded seismic

signatures. Several physical models exist to predict the seismic response of the

subsurface. In this thesis, acoustic, elastic and poro-elastic models are utilized.

The fundamental difference between them is the response of the material to an

external force (constitutive relations). The acoustic approximation of a rock as-

sumes that the coupling between compressional and shear waves can be neglected

and the dominant wave type is the compressional wave. The elastic model on the

other hand takes shear waves into account. For a poro-elastic material, the in-

teraction between the porous rock and the fluid in the pore space are considered.

The wave equations for these three material types can be solved analytically in

some simple cases. For instance the response of an infinite homogeneous medium

to an impulse is known exactly. This impulse response is the solution of the wave

equation for a point source, the so called Green’s function solution. However to

solve the wave equations for complex geological structures, numerical methods

are necessary, which can be computationally expensive.

Due to their genesis, physical properties of sedimentary rocks often vary

strongly with depth, while they are laterally more or less homogeneous. There-

fore, a common idealization of sedimentary rocks is a stacked sequence of homo-

geneous layers. This simplification allows to use computationally fast algorithms

to generate synthetic seismograms. In the following the basic concepts, the re-

quired parameters and the considered wave types and physical phenomena are

briefly discussed.

2.1.1 Convolutional model

The seismic response can be interpreted as a convolution of the impulse response

of the subsurface with the wavelet of the seismic source. Convolution is the

process of applying a stationary linear filter to an input signal. For the seismic

response, stationarity means that the source wavelet does not change with time

as it travels through the subsurface. Since the filter is assumed to be linear,

the final synthetic seismogram is a superposition of the individual responses of
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Figure 2.1: Wave types in an acoustic, elastic and poroelastic medium and their
respective material properties

different interfaces in the subsurface.

1D convolution model

The simplest synthetic seismogram can be obtained from the impulse response of

a 1D layered acoustic medium. The acoustic wave equation in a 1D medium is

given by

ρ ∂2
t uz = v2p∂

2
zuz , (2.1)

where uz, vp, ρ denote the vertical displacement field, P-wave velocity and density.

The solution of the acoustic wave equation with appropriate boundary conditions

is characterized by reflection and transmission coefficients of the interfaces in the

subsurface. These coefficients specify the amount of reflected and transmitted

energy (Aki and Richards , 1980). The reflectivity series of the layered medium is

given by

Rn+1 =
AIn+1 − AIn
AIn+1 + AIn

, with AIn = Vpnρn , (2.2)

where AIn, vpn and ρn are the acoustic impedance, P-wave velocity and density

of the nth-layer, respectively. Such a reflectivity series R(z) in depth can be easily

obtained from sonic and density well log data. With the velocity information of

the sonic log and check shots, R(z) can be converted into a time series R(t) of

two-way travel time (TWT). Then R(t) is convolved with the seismic wavelet W



2. Theoretical background 12

to simulate the bandlimiting (limited frequency content) imposed by the seismic

source. Thus a single seismic trace S(TWT ) is calculated by

S(TWT ) = R(t) ∗W . (2.3)

This seismogram takes the primary P-wave reflections of each layer at normal

incident into account. The 1D convolution model can be a reasonable approxi-

mation of the reflection amplitude of post-stack seismic data. This is the case for

an approximately layered subsurface with a small contrast between layers, so that

multiples are negligible, or if they have been eliminated in the processing. To ob-

tain a realistic seismogram a representative wavelet of the processed seismic data

has to be chosen for convolution. This model will be referred to as convolutional

model.

2.1.2 Elastic wave equation

For a non-normal incident P-wave at an interface in an elastic medium, mode

conversion occurs, which means that reflected and transmitted shear-waves are

coupled. To account for coupling between these wave types the elastic wave

equation has to be solved. The equation of motion for an elastic medium can be

written as

ρ ∂2
t u+∇·σ = −F , (2.4)

where u is the total displacement field, σ is the total stress tensor and F is a

source term. The constitutive equation for an isotropic linear elastic medium is

given by Hooke’s law, which relates the total stress tensor to the deformation

of the medium. Then the stress tensor can be expressed in terms of the total

displacement as follows

σ = [(H − 2G)∇·u]I+G[∇u+ (∇u)T ] , (2.5)

where H is the P-wave modulus defined as H = K + 4/3G with K and G being

the bulk and shear modulus of the medium, respectively, and I denotes the unit
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tensor. Combined, these two equations describe elastic wave-propagation. To

solve the elastic-wave equation for a 3D model with complex geometry, numerical

methods such as finite difference modelling are required.

For a horizontally stratified elastic earth model and plane waves, the equations

governing reflection and transmission at an interface are known exactly (Aki and

Richards , 1980). These Zoeppritz equations (Zöppritz , 1919) give the complete

solution of the amplitudes for transmitted, reflected and converted waves. The

approximations of these equations and the estimation of the approximate pa-

rameters from field data provide insight into the amplitude variation with offset

(AVO). AVO analysis is important for lithology and fluid interpretation.

Full waveform synthetic seismogram

To obtain a full waveform synthetic seismogram, the effect of all multiples has

to be included. To model full waveform synthetics we use the OASES software

(Schmidt and Tango, 1986). The program provides numerical solutions for elas-

tic wave propagation in a horizontally stratified medium for homogeneous and

isotropic layers. The numerical solution for the full elastic wave-field is based on

a Green’s function approach, where the depth-dependent Green’s function for the

layered subsurface is determined by a direct global matrix method (Schmidt and

Tango, 1986). This depth-dependent Green’s function depends on the boundary

conditions between the layers. The Green’s function solution in the Laplace do-

main, so called transfer functions are calculated for each receiver by wavenumber

integration.

For an appropriate choice of parameters the numerical solution includes all

arrivals, direct, reflected, refracted, converted waves and multiples as well as sur-

face seismic waves and trapped modes. The 1.5D modelling code also accounts

properly for 3D wave propagation effects, such as geometrical spreading. How-

ever, all propagation effects caused by structurally complex features such as steep

dipping horizons and faults, which can lead to diffractions and side reflections,

are not considered due to the simplified layered earth model.
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2.1.3 Poroelastic wave equation

Biot’s theory of dynamic poroelasticity (Biot , 1956a,b, 1962) describes wave prop-

agation in a porous rock saturated with a single pore fluid by a system of two

coupled wave equations. The theory predicts one S-wave and fast and slow P-

waves. The fast P-wave behaves similar to the compressional wave in an elastic

medium. The characteristics of the slow P-wave differ at low and high frequencies.

At high frequencies the slow wave behaves like an acoustic wave propagating in

fluid, while at low frequencies this wave becomes a diffusion wave and is strongly

attenuated.

Biot’s theory is valid if (a) the pore-space of the rock is fully connected, (b) the

porous medium is statistically isotropic, (c) the wavelength is much larger than

the microstructure of the medium and (d) deformations are small to ensure linear

elastic material behaviour of the rock matrix. Then, the constitutive relations for

a porous medium can be obtained by extending the elastic expression as follows

σ = [(H − 2G)∇·u+ αM∇·w]I+G[∇u+ (∇u)T ] (2.6)

−p = αM∇·u+M∇·w , (2.7)

where w is the relative fluid-solid displacement given by w = ϕ(U − u) with ϕ,

U, u denoting the porosity and the macroscopic fluid and solid displacements,

respectively. The parameter p is the pore fluid pressure. In a poroelastic medium,

the moduli G and H represent the shear wave modulus of the porous material

and the undrained, low-frequency P-wave modulus. The undrained P-wave mod-

ulus is defined as H = L+α2M with the dry P-wave modulus L, the Biot-Willis

coefficient α and the fluid storage coefficient M . The parameters α and M can

be related to the bulk moduli of the drained frame Kd, the solid phase Ks and

the fluid phase Kf . These moduli are described in more detail in section 2.4.1

Biot’s equations of motion for a fluid saturated porous medium can be written
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as

∇·σ =ρ ∂2
t u+ ρf ∂

2
tw

∇p =ρf ∂
2
t u+

ρfν

ϕ
∂2
tw + Y

η

k
∂tw , (2.8)

where k is the hydraulic permeability, η is the fluid shear viscosity and ν is the

pore-space tortuosity. The parameter ρ is the bulk density given by

ρ = ϕρf + (1− ϕ)ρs , (2.9)

where ρs and ρf denote the density of the solid grains and the density of the

pore fluid, respectively. The viscodynamic operator Y describes the frequency-

dependence of viscous drag between the fluid and rock (Mavko et al., 1998) and

is given by

F (ξ) =
1

4

(
ξT (ξ)

1 + 2iT (ξ)/ξ

)
ξ = a

√
ωρf
η

(2.10)

T (ξ) =
ei3π/4J1(ξe

iπ/4)

J0(ξeiπ/4
(2.11)

where Jn() are Bessel functions of nth order and a denotes the pore-size parame-

ter. The pore-size parameter depends on the shape of the pore-space.

The frequency dependence of the viscodynamic parameter can be divided into

a high and low frequency regime. In the high-frequency regime inertial forces

acting on the fluid are dominant and the slow P-wave is a propagating wave,

while in the low-frequency regime viscous forces are dominant and the slow P-

wave becomes a diffusion type wave (Biot , 1956b). The transition between these

two regimes is determined by Biot’s characteristic frequency

ωB =
ηϕ

kνρf
. (2.12)

Attenuation of the fast P-wave in a homogeneous porous medium has a maximum

at this frequency. The propagating compressional wave causes pressure gradients

between the troughs and peaks of a wave, which result in relative fluid and solid
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movement accompanied by internal friction (Biot , 1956a). The relaxation process,

that is the equalization of these pressure gradients, is called Biot’s global flow

mechanism. The mechanism is termed global flow since it occurs at the scale

of the wavelength λ. Biot’s characteristic frequency is typically on the order

of 100 kHz to a couple of MHz. Thus, Biot attenuation is negligible at seismic

frequencies.

2.2 Attenuation and heterogeneity

Attenuation describes an exponential decay of wave amplitude with distance and

can be caused by a variety of physical phenomena. The principal of causality

requires that attenuation is always accompanied with dispersion (Figure 2.2).

Dispersion is the variation of propagation velocity with frequency.
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Figure 2.2: Velocity and attenuation as function of frequency

Wave attenuation can be divided in two classes, apparent and intrinsic at-

tenuation. Apparent attenuation refers to elastic processes, in which energy is

redistributed from the primary wavefield while the total energy of the wavefield

is conserved (e.g. elastic scattering). This kind of seismic wave amplitude loss

can be caused by layer-related phenomena such as transmission, multiples and

converted waves and is described by elastic wave propagation.

In contrast, intrinsic attenuation is caused by non-elastic energy losses, where
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wave energy is converted into heat. This kind of attenuation is a property of the

material itself. For instance, dissipation of energy can occur due to thermoelastic

effects, solid friction and fluid effects.

Loss of wave 

amplitude

Geometrical 

spreading

Attenuation

apparent

Attenuation

intrinsic

Attenuation

layer effects

random 

scattering

fluid effects

thermoelastic

solid friction

converted  waves

multiples

Biot’s global flow

squirt flow

local flow

transmission loss

Figure 2.3: Classification of mechanisms that cause a loss in seismic wave amplitude.
The grey boxes mark the mechanisms which are considered in the modelling approaches
for the following data examples.

One way to account for energy dissipation, which results in decay of the wave

amplitude, is the phenomenological concept of linear viscoelastic material be-

haviour (Aki and Richards , 1980). In contrast to elastic material behaviour, a

viscoelastic material has a time-dependent strain rate associated with a relax-

ation process. A measure for energy dissipation associated with viscoelasticity

is the so called quality factor Q. The inverse quality factor (attenuation factor)

describes the relative dissipated energy per one cycle of oscillation (Mavko et al.,

1998). In time-lapse seismic studies, where one fluid is replaced by another fluid,

the interest is in attenuation related to the presence of fluids in the pore-space.

Though, this can be modelled with the theory of linear viscoelasticity, the phe-

nomenological character of this theory is not suitable for the interpretation of

measurements in terms of rock properties (Müller et al., 2010). A theory which

relates this kind of attenuation directly to the physical properties of the rock and

pore fluid is Biot’s theory of dynamic poroelasticity (Biot , 1962).
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Heterogeneity

The elastic and poroelastic models are continuum mechanic models that describe

a homogeneous or a piecewise homogeneous medium, such as a layered earth

model. However, natural porous rocks are inhomogeneous on many length scales.

To properly predict the seismic response, representative values for the layer prop-

erties are required, which describe an average physical behaviour at the length-

scale of the layer thickness. Such properties can for example be directly obtained

from log measurements. However, the sampling of log data is quite fine and would

result in models that are computationally expensive. A proper method to upscale

sonic log data is Backus averaging (Backus , 1962).

In order to predict changes in elastic properties caused by CO2 injection, yet

another parameter, the compressibility of the dry solid rock frame, is required.

This parameter cannot be measured directly in-situ and depends i.a. on the mi-

crostructure of the medium. One way to estimate such properties are effective

medium theories, which make certain assumptions about the micro-structure of

the rock. The use of effective medium models is valid as long as the volume of

investigation (measurement scale) is much larger than the micro-structure. These

models are static approximations and described in the next section. If the time-

dependence (frequency of the measurement) of the physical mechanism becomes

important, effective properties of the medium become a frequency-dependent

quantity and attenuation has to be taken into account.

This kind of attenuation may occur in a poroelastic medium in the presence

of (mesoscopic) heterogeneities due to mode conversion between fast and slow P-

waves. The phenomenon is different to ordinary elastic scattering, since the slow

P-wave is a diffusive wave and strongly attenuated in the vicinity of its origin

(Gurevich and Lopatnikov , 1995). Thus, it causes dissipation of the wavefield

energy. This loss-mechanism can be interpreted in a layered porous medium, as

equilibration process of pore pressure gradients that occur across each interface,

resulting in fluid flow between layers until pressure gradients are equilibrated.

The slow diffusive P-wave is a proxy for the relaxation process of these local pore
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pressure gradients. The characteristic frequency of the process depends on the

length-scale of the heterogeneities ℓmeso and is given by

ωD =
D

ℓ2meso

(2.13)

where D is the pressure diffusivity. This attenuation mechanism takes place on

the so-called mesoscale and does not account for pore-scale heterogeneities. To

cause significant attenuation the degree of heterogeneity, or equivalently, the con-

trast between two porous layers has to be large. An example are water and gas

saturated porous layers. The attenuation mechanism might play a role in time-

lapse seismic studies, since it can cause attenuation in a broad frequency-range

(Pride et al., 2004; Müller et al., 2010). To model poroelastic effects in a layered

medium the Biot module of the OASES software code is employed. A theoretical

model to estimate the effect of random saturation heterogeneities in a 3D porous

medium is described in section 2.4.2.

2.3 Effective elastic properties

A crucial parameter for time-lapse seismic studies is the compressibility of the

dry rock, which itself depends on the porosity, the compressibility of the solid

grain material and the micro-structure of the rock. The compressibility of the

dry rock can not be measured directly in-situ. Laboratory measurements on rock

samples are the only way to measure the dry rock compressibility directly, thus

available information on that property is typically limited to few samples.

However, models exist to estimate the dry rock compressibility. These models

provide relations between the effective elastic behaviour of a heterogeneous rock

and its micro-structure. Although, these models are idealized approximations,

they capture certain aspects of the micro-structure and may provide some insight

in the elastic behaviour of the porous medium.
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2.3.1 Bounds

The effective elastic properties of a rock depend on all geometrical details of the

micro-structure. If only the volume fractions of the different components and

their elastic moduli are known, the best prediction are upper and lower bounds

(Mavko et al., 1998). For an isotropic elastic medium these limits are given by

the upper and lower Hashin-Shtrikman (HS+ and HS−) bounds (Hashin and

Shtrikman, 1963), which correspond to the stiffest and softest arrangement of

the medium components, respectively. The effective moduli for N components

(Berryman, 1995) can be written as follows

K∗ =

(
N∑
i=1

ϕi

Ki +Gm

)−1

− 4

3
Gm

G∗ =

(
N∑
i=1

ϕi

Gi + z

)−1

− z with z =
G

6

9Km + 8Gm

Km + 2Gm

HS+ : Km = max(Ki) & Gm = max(Gi) (2.14)

HS− : Km = min(Ki) & Gm = min(Gi) (2.15)

where K denotes the bulk modulus, G the shear modulus and ϕi the volume

fraction of the ith component. In case that one component is a fluid with zero

shear modulus, the lower Hashin-Shtrikman bound of the bulk modulus becomes

identical to the Reuss bound (Reuss , 1929) given by,

K∗ =

(
N∑
i=1

ϕi

Ki

)−1

. (2.16)

The Reuss average, describes the effective elastic properties of a suspension of

grains in a fluid. If only the bulk modulus is different and both components have

the same shear modulus, the upper and lower HS-bound coincide and the effective

bulk modulus yields

K∗ =

(
N∑
i=1

ϕi

Ki + (4/3)G

)−1

− 4

3
G , (2.17)
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which is the so-called Hill average (Hill , 1963).

To improve the predictions, one can include assumptions on the geometry

and arrangements of the components into the model. In the following, three

different models are presented, representing a rock with isolated pores, an uncon-

solidated sand and a cemented sandstone (Figure 2.4). The first model belongs to

the group of inclusion models, while the other two are granular medium models.

Inclusion models are characterized by a solid matrix containing isolated pores

and cracks, whereas a granular medium is composed of individual solid grains

in contact (Berryman, 1995). To obtain the effective properties, so-called mean

field or effective medium theories are applied. The fundamental assumption of

effective medium theory is that the volume of investigation, that is the sample

size or seismic wavelength, is much larger than the scale of the heterogeneities.
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Figure 2.4: Increase of elastic moduli due to diagenetic effects and schematic of rock
physics models, which describe different states of compaction and cementation.

2.3.2 Inclusion model

The basic idea of the derivation of effective elastic properties of an inclusion

model is to treat the isolated pores as scatterers of elastic wave-energy. If a plane

P-wave encounters a pore, scattered waves are created, since the strain of the
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pore differs from the solid matrix which in turn generates local stress gradients

(Avseth and Johansen, 2012). These gradients are sources of scattered elastic

waves. If the wavelength is much larger than the single pore (long-wavelength

approximation), the scattered waves have the same wavelength as the incident

wave. In the far field of the scatterer, the resulting wavefield can be described

as a superposition of the incident and scattered wavefields. In this framework, it

is assumed that a scattered wave created by a single inclusion does not interact

with other inclusions. This is the so-called first order scattering approximation,

which holds true for a sparse distribution of inclusions.

Kuster and Toksöz (1974) derived an effective medium model for a sparse

distribution of inclusions based on first order scattering. The starting point is a

large sphere with a small amount of embedded inclusions. The wavefield outside

of the sphere is evaluated in two ways, 1) for a homogeneous large sphere with

effective elastic properties and 2) as a superposition of scattered waves from the

embedded inclusions. Equating these two solutions leads to the final expressions

for the effective elastic properties. Berryman (1980) provide a collection of ex-

pressions for a variety of inclusions geometries.

To overcome the limitation of a small amount of inclusions, multiple scattering

has to be considered. Another way to incorporate higher volume fractions of

inclusions is the differential effective medium (DEM) scheme (Norris , 1985). The

basic idea is that a small amount of inclusion is embedded incrementally into the

homogeneous matrix. The procedure is as follows (Avseth and Johansen, 2012):

a: A small concentration of pores is added to the matrix and the effective

properties are calculated by the Kuster-Toksöz model.

b: These effective properties (K∗(y), G∗(y)) build the new homogeneous matrix

in which a new concentration of pores is embedded.

c: The procedures is repeated until the desired amount of pores is reached
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The differential equations for this process are given by (Berryman, 1992)

(1− y)
d

dy
[K∗(y)] = (K2 −K∗)P 2∗(y)

(1− y)
d

dy
[G∗(y)] = (G2 −G∗)Q2∗(y) , (2.18)

where K2 and G2 are the moduli of the inclusion and P 2∗(y) and Q2∗(y) are

geometrical factors depending on the shape of the inclusions. The parameter y

gives the probability of replacing inclusion material by embedding a new inclusion,

whereas 1− y is the probability to replace matrix material.

2.3.3 Granular medium model

To obtain effective elastic properties of a granular medium, so-called contact

models can be employed. Contact models start with an aggregate composed of

individual solid grains in contact with each other. The idea behind these models

is that the elastic properties of a granular medium, are determined by the stiffness

of the grain to grain contact. Digby (1981) derived effective elastic properties for

a random pack of identical solid spheres as a function of average number of grain

contacts (coordination number C), porosity ϕ of the rock and normal τn and

tangential τt stiffness of the contacts. The effective elastic properties of a random

sphere pack are given by

K∗
CM =

C(1− ϕ)

12πR
τn

G∗
CM =

C(1− ϕ)

τn + 1.5τt
, (2.19)

where R is the radius of the sphere. The stiffnesses of the grain to grain contacts

are estimated by micro-mechanical contact models of two spherical spheres.

Several different schemes exist. The Hertz-Mindlin theory (Winkler , 1983)

assumes that the tangential force is much smaller than the normal force, which

yields the following stiffnesses

τn =
4aG

2− ν
τt =

8aG

2− ν
, (2.20)
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Figure 2.5: Schematic representation of micromechanical models (reproduced after
Mavko et al. (1998))

where ν is Poissons’s ratio an a denotes the radius of the contact area between

two spheres. The contact area is derived to be

a = R

(
3π(1− ν)

2C(1− ϕ)G
P

)
(2.21)

where P is the applied hydrostatic confining pressure. The predicted pressure

dependence works quite well for the bulk modulus at low pressures (less than 10

MPa), however it cannot explain the behaviour of the shear modulus satisfacto-

rily (Makse et al., 2004). Makse et al. (2004) lists possible reasons why the shear

modulus might be different as predicted from the Hertz-Mindlin theory. Never-

theless, in the remainder of the thesis it is assumed that the theory still provides

a reasonable approximation for the effective elastic properties of the rock.

The theory describes a precompacted rock and can be used in combination

with the lower Hashin-Shtrikman bound to model porosity reduction in an unce-

mented sandstone (Dvorkin and Nur , 1996). The uncemented sand model heuris-

tically interpolates between the mineral point, the solid matrix of the rock without

porosity and the high-porosity end-member given by the Hertz-Mindlin theory at

critical porosity ϕc. The critical porosity is the porosity at which the transition

from grains in a fluid suspension to grains in a loadbearing matrix occurs (Avseth

et al., 2005).

Another scheme is the contact cement model (Dvorkin et al., 1994), in which
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the micromechanical model of two spheres is extended by a thin cement layer

at the contact area. Hence, the stiffnesses of the contact area depend on the

elastic properties of the cement and grain material as well as on the amount of

cement. The expressions for these stiffnesses become quite complicated and have

to be solved numerically (Dvorkin et al., 1994). A statistical approximation of

the cementation theory suggested by Dvorkin and Nur (1996) leads to closed-

form expressions. The effective elastic moduli of the contact cement model can

be written as

K∗
CCT =

1

6
C(1− ϕc)Hcτ̂n

G∗
CCT =

3

5
K∗

CCT +
3

20
C(1− ϕc)Gcτ̂t , (2.22)

where Hc and Gc are the P-wave and shear wave modulus of the cement, respec-

tively. The parameters τ̂n and τ̂t are proportional to the stiffnesses of a cemented

grain contact and given by the following expressions (Dvorkin and Nur , 1996):

τ̂n = anα
2 + bnα + cn (2.23)

an = −0.024153λ−1.3646
n

bn = 0.20405λ−0.89008
n

cn = 0.00024649λ−1.9864
n

λn =
2Gc

πGg

(1.0− νg)(1− νclay)

1− 2νclay

τ̂t = atα
2 + btα + ct (2.24)

at = −0.01(2.26ν2
g + 2.07νg + 2.3)λ

0.079ν2g+0.1754νg−1.342

t

bt = (0.0573ν2
g + 0.0937νg + 0.202)λ

0.0274ν2g+0.0529νg−0.8765

t

ct = 0.0001(9.654ν2
g + 4.945νg + 3.1)λ

0.01867ν2g+0.4011νg−1.8186

t

λt =
Gc

πGg

where νg and νc are Poisson’s ratio of the cement and grain mineral, respectively

and Gg denotes the shear modulus of the grain mineral. These relations depend
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on the amount of contact cement α as well as the arrangement of the cement.

By assuming that porosity reduction occurs due to cementation, the amount of

cement is linked to the porosity of the granular medium. Two different schemes

for the arrangement of the cement (deposition) have been suggested (see Fig-

ure 2.5) by Dvorkin and Nur (1996). In the first scheme all cement is deposited

at the grain contacts, while in the second scheme the cement forms a shell around

the quartz grains and the contact point of two cement layers builds the contact

cement. The formula for the second scheme is given by

α =

√
2Scϕc

3(1− ϕc)
(2.25)

where S is the cement saturation of the pore space. The model describes how the

effective elastic properties of the porous rock change due to porosity reduction

by precipitation of cement at grain contacts. Dvorkin et al. (1994) found that to

first order the amount and arrangement of cement determines the stiffness. The

effect of the cement moduli itself is much smaller.

2.4 Velocity-Saturation relations

To predict saturation effects on seismic velocities, we have to understand the de-

pendence of seismic velocities (elastic properties) on pore fluids. If a mixture of

two or more immiscible fluids occupies the same pore space, one speaks about

partial saturation. This is the case when CO2 is injected into a reservoir and

replaces the in-situ fluids. Since the in-situ fluid will not be completely replaced

by CO2, patches of the two fluids can occur on several length-scales. If a seismic

wave passes through such a medium, pore pressure gradients are created between

the regions of different fluids, which in turn result in wave-induced fluid flow until

the pressure gradients are equilibrated (Johnson, 2001; Tserkovnyak and John-

son, 2002; Müller et al., 2010). The slow P-wave in the low-frequency regime of

Biot’s theory of dynamic poroelasticity is a proxy for this pore pressure diffusion

process. Note, that this does not include squirt flow (Mavko and Jizba, 1991),

which occurs due to grain-scale inhomogeneities (e.g. microcracks and loose grain
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contacts) and is therefore a microscopic effect. In the following squirt flow effects

will not be considered and the focus is on partial saturation on the mesoscale (i.e.

heterogeneities larger than the pore-scale).

If the porous rock itself is homogeneous and the only heterogeneities are caused

by the spatial variability of saturation, exact theoretical limits are available for the

effective elastic properties of the fluid saturated rock. These limits are given by

the well-known velocity-saturation relationships (VSRs), the uniform and patchy

saturation models (Mavko and Mukerji , 1998). These two relationships give the

low (uniform) and high (patchy) frequency limits of VSRs, respectively, and rep-

resent lower and upper bounds such that the velocity lies within these bounds

for any given measurement frequency. Both of the limiting cases can be modelled

by the Biot-Gassmann theory and their effective elastic properties are frequency-

independent (real valued).

2.4.1 Biot-Gassmann theory

The Biot-Gassmann relation (Gassmann, 1951) is contained in Biot’s dynamic

theory of poroelasticity in the static limit. The theory describes the relationship

between the elastic properties of a saturated rock with a single pore fluid and

the elastic properties of the dry rock frame Kd, the solid grain material Ks and

the porosity ϕ. The dry rock frame is assumed to be statistically isotropic and

microscopically homogeneous with a fully connected pore space. In this context

microscopically homogeneous means that the solid grain material is characterized

by a single bulk (Ks) and shear modulus (Gs).

Then, in a quasi-static deformation experiment a small increment of compres-

sion of the rock causes an incremental change in pore pressure which in turn resists

the compression and stiffens the rock (Gassmann, 1951). This deformation ex-

periment can be performed under drained and undrained conditions (Figure 2.6),

which results in two limiting cases of material behaviour. The undrained condi-

tion correspond to the state where the fluid is trapped in the porous medium,

while under drained condition the fluid can flow freely and the pore pressure is
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zero (or equivalently equilibrated). The relationship between theses undrained

(saturated) and drained (dry) elastic moduli is described by Gassmann’s equa-

tions as follows

Ku = Kd + α2M

Gu = Gd . (2.26)

The shear modulus is not affected by the pore fluid and the saturated bulk mod-

ulus Ku can be obtained from the dry properties of the rock. The Biot-Willis

coefficient α = 1−Kd/Ks is a measure of the ratio of pore volume to bulk volume

change at a constant pressure (Mavko et al., 1998). The fluid storage coefficient

M is given by M = [(α−ϕ)/Ks+ϕ/Kf ]
−1 and the parameters Kd, Ks, Kf denote

the drained frame, the solid phase and the fluid phase bulk moduli, respectively.

ިܭ ܭ ܩ
Figure 2.6: Schematic of drained Kd and undrained Ku deformation experiment and
shear G deformation reproduced after Wang (2000)

Gassmann’s equations are valid if fluid pressure induced by a passing wave

has time to equilibrate throughout the pore space during the time-scale of wave-

propagation. Therefore they are applicable at low frequencies. These equations

are widely used in petroleum industry to estimate how the elastic properties of

a rock change with a change in fluid properties - the so-called fluid substitution

problem (Smith et al., 2003). The sensitivity of the rock to changes in fluid

properties is to first order determined by the dry bulk modulus and porosity.
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2.4.2 Partially saturated rocks

In a rock with partial saturation, different fluid pressures are induced within

fluids with different compressibilities upon compression of the rock. Chandler

and Johnson (1981) have shown that the fluid pressure equilibration process is

governed by a diffusion equation contained in Biot’s equation of poroelasticity.

The diffusion length λd of this process is given by

λd =

√
D

ω
with D =

kN

η
, (2.27)

where N is a poroelastic parameter defined as N = ML/H. If the characteristic

length scale d of the saturation heterogeneities is much smaller than the diffusion

length d ≪ λd pore-pressure differences between adjacent fluid regions can equi-

librate within the half-period of the wave and an isostress situation is reached

(Mavko and Mukerji , 1998). In this case, Wood’s mixing rule (Wood , 1955) can

be applied to calculate an effective fluid bulk modulus

KW =

(
N∑
i=1

Si

Ki
f

)−1

, (2.28)

where Si denotes the saturation of the ith fluid. Then, the effective elastic prop-

erties of the rock can be obtained from the Gassmann-Wood (GW) relation given

by

K∗
GW = Kd + α2M(KW ) . (2.29)

Contrary, if the characteristic length scale of the heterogeneities is much larger

than the diffusion length d ≫ λd there is no-communication between the re-

gions with different fluids, and fluid effects can be ignored. Then, Gassmann’s

equation can be applied to each fluid region separately. Since the shear modulus

remains the same, the effective bulk modulus of the rock is given by Hill’s average

(Johnson, 2001)

K∗
GH =

(
N∑
i=1

Si

Ki
u + 4/3G

)−1

− 4

3
G , (2.30)
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where Ku is the saturated bulk modulus calculated for a single fluid region. The

Gassmann-Wood and Gassmann-Hill (GH) relations are the so-called uniform

and patchy saturation models, respectively. At all intermediate frequencies, at-

tenuation and dispersion occurs due to wave-induced fluid flow and the effective

moduli of the saturated rock become frequency dependent. White (1975) first

analysed these effects for a medium with periodic layering of gas- and liquid sat-

urated layers in a homogeneous rock matrix. Dutta and Odé (1979) derived a

more general solution based on Biot’s equation of poroelasticity. A more general

model for 3D regular patch distributions for arbitrary shapes of fluid patches has

been proposed by Johnson (2001). This model is based on a branching function

approach. Gurevich and Lopatnikov (1985) noted the importance of random sat-

uration heterogeneities, in particular random layering of a porous medium. To

calculate frequency-dependent effective moduli in a medium with random inho-

mogeneities, the continuous random media models of Müller and Gurevich (2004)

and Toms et al. (2007) can be used. These models, will be utilised in the case

studies of chapter 5 and are described in the following.

Figure 2.7: Classification of velocity-saturation relations
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Continuous random media model

The continuous random media (CRM) models are based on the idea that attenua-

tion is caused by conversion scattering from fast P-waves into slow P-waves, which

in Biot’s low frequency regime leads to dissipation of wavefield energy. Gurevich

and Lopatnikov (1995) derived closed-form dispersion relations for the fast P-

wavenumber in a porous medium with random layering. These expressions yield

effective frequency-dependent moduli for the fast P-wave and the corresponding

attenuation. The theory has since been extended to 3D CRM by Müller and

Gurevich (2005).

The starting point of the CRM models are Biot’s equations (low-frequency

approximation) with spatially varying poroelastic coefficients c(r). These coeffi-

cients can be seen as random parameters describing the inhomogeneities of the

medium and can be expressed as follows

c(r) = ⟨c(r)⟩+ c̃ , (2.31)

where ⟨c(r)⟩ is a constant background value and c̃ denotes the fluctuations of

the material properties around the background value. The spatial variations of

the physical properties are described statistically. In principle, all statistical mo-

ments of the medium properties are needed to characterize the random medium

completely. However, approximations based on lower order truncated statisti-

cal moments can provide good estimates of the effective properties. The CRM

models take into account the volume concentration of the properties and the au-

tocorrelation function Bcc of the material inhomogeneities. This function reflects

the extent to which properties at two points are correlated in the system and de-

fines the characteristic length scale of fluid patches. Toms-Stewart et al. (2009)

showed how this characteristics length scale can be obtained from CT images of

partially saturated pore samples.

A solution of Biot’s equation with variable coefficients is obtained by the

method of statistical smoothing, the so-called Bourret approximation (Karal Jr
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and Keller , 1964). Contrary to the Kuster-Toksöz model in section 2.3.2, the vol-

ume fractions of the material components are not limited. However, only small

variations of material properties from the background value are allowed. Hence,

the resulting dispersion relations for the fast P-wave number are valid for weak

contrasts between material properties.

For the case that inhomogeneities within the medium are only caused by

partial saturation of the rock, the effective frequency-dependent P-wave modulus

for a system of alternating layers with different fluid saturations and random

thicknesses (Müller and Gurevich, 2004) can be expressed as

H∗
1D(ω) = H0

(
1− iskD

∫ ∞

0

BMM(r)eikDrdr

)
. (2.32)

The effective slow P-wave number kD is given by

kD =

√
iω

k

∑2
i=1

√
ηiNiSi∑2

i=1NiSi

, (2.33)

whereNi and Si are the poroelastic coefficient and saturation of the ith fluid phase,

respectively. The function BMM(r) is the normalized autocorrelation function

of the fluctuating fluid storage modulus M and s characterizes the degree of

inhomogeneity of the medium

s = HGH/HGW − 1. (2.34)

HGW and HGH denote the P-wave modulus defined by the Gassmann-Wood and

Gassmann-Hill theory, respectively.

The effective frequency-dependent P-wave modulus for random saturation het-

erogeneities (Toms et al., 2007) in a 3D porous medium can be written as

H∗
3D(ω) = H0

(
1−∆2 −∆1k

2
D

∫ ∞

0

rBMM(r)eikDrdr

)2

. (2.35)
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The dimensionless coefficients ∆1 and ∆2 are given by

∆1 =
L

H
∆2 with ∆2 =

α2Mσ2
MM

2H
, (2.36)

where σ2
MM is the normalized variance of the fluid storage modulus. The effective

P-wave modulus in Eq. (2.35) is only valid for weak contrast in fluid moduli. How-

ever, since the exact limits for a partially saturated rock are known, Toms et al.

(2007) derived an effective P-wave modulus based on Eq. (2.35) by introducing

the following scaling function

H∗
SC = HGW

[
1 +

HGH −HGW

Hh −Hl

Heff −Hl

HGW

]
, (2.37)

where Hl and Hh are the low and high frequency limits derived from Heff . They

are given by the expressions

Hl = H0(∆2 − 1)2, Hh = H0(1−∆2 +∆1)
2 . (2.38)

This scaled P-wave modulus is now consistent with the exact bounds for large

contrast in fluid moduli.

Permeability

The frequency range, in which dispersion and attenuation of the fast P-wave oc-

curs, is not only determined by the length-scale of saturation heterogeneities but

also by the diffusivity D of the medium. Pressure diffusion in a porous medium

will be dominated by the permeability of the medium. Müller et al. (2007) have

shown that in the presence of random fluctuations of permeabilities, a frequency

shift of the attenuation and dispersion curves occurs. Permeability or hydraulic

conductivity of natural porous rocks is one of the parameters with the highest

variability in earth science. In chapter 6 a model for a two-component medium

with strong fluctuations of hydraulic conductivity (mesoscopic heterogeneities)

based on Biot’s equations is derived. This random two-component medium can

be thought of as a ‘double conductivity structure’.
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2.4.3 Fluid substitution in shaly sediments

The fluid substitution models of the previous section are only valid for a rock con-

sisting of one mineral type. For a clean sandstone the elastic properties of quartz

are a good approximation for the moduli of the solid grain material. However,

in clay rich sandstone, the basic assumption of Gassmann’s equation, namely,

that the pore pressure is equilibrated within the pore-space, may be violated due

to immobile bound water in clay minerals, which is not in hydraulic equilibrium

with the rest of the pore fluids (Carcione et al., 2000).

Dvorkin et al. (2007) suggested a fluid substitution scheme for shaly sediments

to overcome this problem. In their model, the wet porous clay forms a part of the

solid rock matrix. Hence, the porosity within the clay ϕclay is excluded from the

total porosity ϕ, so that the porosity accessible to the injected fluid is an effective

porosity ϕe. This effective porosity can be written as

ϕe = ϕ− fclayϕclay
1− ϕ

1− ϕclay

, (2.39)

where fclay is the volume fraction of the clay mineral in the solid matrix. The

volume fraction of the porous clay in the solid matrix is given by

fPclay =
fclay

1− ϕclay + ϕclayfclay
. (2.40)

The effective modulus of the solid material Kse, consisting of quartz and porous

clay, can for example be obtained by one of the bounds described in section 2.3.1.

Then, Gassmann’s equation for the saturated bulk modulus is given by

K∗
ϕe

= Kd(Kse, ϕe) + α(Kse)
2M with M =

(
α(Kse)− ϕe

Kse

+
ϕe

Kfe

)−1

,

(2.41)

where Kfe is the effective fluid bulk modulus. The saturation of the injected fluid

S2 in the effective pore-space is

Se =
ϕ(1− S2)

ϕe

. (2.42)
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Note, that the largest difference between the standard Gassmann and the modified

version occurs at small porosities and high clay content. This is due to the fact

that in the latter method, the volume fraction, for the same amount of injected

fluid in the accessible pore-space ϕe, is much higher than in the pore-space of the

standard scheme (Dvorkin et al., 2007).
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Figure 2.8: Bulk modulus and density of a gas mixture with 80% CO2 and 20%
CH4. The white crosses indicate the in-situ temperature and pressure conditions of
two reservoir zones which will be analysed in depth later in the thesis.

2.5 Fluid properties

For many storage reservoirs, CO2 will be in supercritical state having a complex

and highly variable physical and chemical behavior. The critical pressure of CO2

is 7.38MPa and the critical temperature is 31.1◦C (Span and Wagner , 1996). At

the transition from a gaseous state to a supercritical state, a significant change in

density and compressibility occurs. The properties of CO2 can be even more com-

plicated, if the gas contains impurities like methane. To calculate these properties

we use the equation of state of the GERG 2004 model (Kunz et al., 2006). In

the following case studies a gas mixture of 80% CO2 and 20% CH4 is considered.

Figure 4.28 shows the density and bulk modulus for a range of temperatures and

pressures for this gas mixture.
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The properties of in-situ brine are calculated by the formula of Batzle and

Wang (1992). These formulas predict the bulk modulus and density of brine

as function of pressure, temperature and salinity. In principle, these relations

also account for the effect of dissolved gas into brine. However, they predict a

decrease in the bulk modulus when gas dissolves in brine, which is the case for

most natural gases. But it is contrary to experimental results for brine saturated

with CO2, which indicate an increase in the bulk modulus (Liu, 1998). Therefore,

we calculate the brine bulk modulus in the following for gas free brine. The

density of brine is taken from the output of reservoir simulations.

2.5.1 Reservoir simulation

Reservoir simulations predict the distribution of fluids in the subsurface, dissolu-

tion of CO2 in formation fluids and changes of in-situ conditions e.g. pressure and

temperature. These simulations are based on the multiphase flow extension of

Darcy’s law, describing the displacement of the in-situ fluid by the injected fluid

(Donaldson and Alam, 2008). Further, capillary effects determine the motion of

the injected fluid as it flows through a medium initially occupied by the in-situ

fluid. These effects are taken into account by relative permeability and capillary

pressure functions (J-functions). Relative permeability describes the reduction of

the effective permeability due to the presence of the second fluid (Donaldson and

Alam, 2008). The capillary pressure describes the difference in pressure in the

two fluids as a result of surface tension (Bear , 2013).

In the next chapter, predictions of reservoir simulations, fluid distributions

and saturation, are utilized to estimate the time-lapse seismic response of CO2

injection. The predictions utilized in the following case studies are compositional

simulations. In these simulations the phase behaviour of the fluid is computed

either by the GERG 2004 model (Kunz et al., 2006) or the Peng and Robinson

equation of state (Peng and Robinson, 1976).



Chapter 3

Forward modelling of the seismic

response of CO2 injection

The applicability of seismic monitoring depends on the effect of CO2 injection on

the seismic response. Time-lapse (TL) seismic signals are influenced by several

factors, including the geological setting, the geospatial distribution of the CO2

plume, the formation properties and their changes due to gas injection as well as

the seismic acquisition parameters (e.g. distribution of offsets) and the repeata-

bility of the measurement.

The geometrical size of the plume, thickness and lateral extent, depends on

the structure, heterogeneity and permeability of the reservoir. For instance, in a

small closed system we can expect a more compact and thicker gas plume than in

an open system. High formation permeability results in strong buoyancy effects

and the injected gas migrates upwards to the top seal. In an open-system this

may lead to a thin gas layer below the seal.

The ability to resolve the gas plume (top and bottom) with surface seismic

data, depends on the impedance contrast of the gas plume to the surrounding

formations and the vertical resolution of seismic data. The vertical resolution

of seismic data can be defined as the ability to distinguish between the top and

bottom of a thin bed (Yilmaz , 2001). The vertical resolution depends on the

dominant frequency of the measurement, or equivalently, the seismic wavelength.

37
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If the thickness of the layer is larger than the seismic wavelength, the top and

bottom are resolved by two events. For a thickness of less than one-quarter of

the wavelength, reflections interfere constructively and produce a single event of

high amplitude. This is the so-called tuning thickness (Widess , 1973). Below this

thickness two events become indistinguishable in time. However, the amplitude

of the monitoring seismic signal will still change due to a change in the impedance

contrast between the seal and reservoir layer containing CO2, resulting in a TL

signal. Further, the change in velocity caused by CO2 injection leads to misalign-

ment of reflections between TL surveys, so called velocity push down phenomena,

which are a part of the TL signal.

The detection of the gas plume in the subsurface depends on the strength of

the TL seismic signal compared to the noise level of the seismic data. Therefore,

to simulate a field experiment adequately, the noise level of the data has to be

estimated and compared to the TL signal with noise. Hence, accurate “noise

polluted” synthetic datasets are required to identify whether modelled changes

caused by the injected CO2 can be detected with the data quality that can rea-

sonably be expected in a field experiment.

3.1 CO2CRC Otway project

In the following, the ability to detect injected CO2 with the TL seismic reflec-

tion imaging method is assessed for two different reservoir types, a depleted gas

reservoir and a saline aquifer. These two examples are investigated on data sets

acquired within the CO2CRC Otway project. The CO2CRC Otway project is

located on-shore in Victoria (Figure 3.1).

Stage 1 of the Otway project consisted of injection of a CO2/CH4 mixture

into the depleted Naylor gas field. The gas reservoir was produced in 2002 - 2003.

A free gas cap at the top of the reservoir and immobile residual gas saturation

remained in the formation. This Waarre-C formation is fault-bounded on three

sides and the overlaying low permeability Flaxmans formation builds the seal
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Figure 3.1: Location map of the CO2CRC Otway Project, showing the injection
wells CRC-1 (Stage 1), CRC-2 (Stage 2) and the production well Naylor-1 (Copyright
by CO2CRC).

(Dance et al., 2009). The complex faulting forms a structural trap for injected

gas (closed system). For Stage 1 the injected gas mixture was produced from

the nearby CO2 rich Buttress gas field (Figure 3.2). The gas consists of approxi-

mately 80% CO2 and 20% CH4. Injection of the Buttress gas into the Waarre-C

formation started in 2008 and finished in 2009. Three surface seismic surveys

and two 3D VSP surveys were acquired with similar acquisition parameters and

an additional seismic data set from a large scale seismic survey in 2000 is available.

In Stage 2 of the Otway project, injection of a small amount of Buttress gas

in an open saline aquifer with no local structural closure is planned. The se-

lected Paaratte formation comprises heterogeneous reservoir sections that vary

from clean, high porosity sandstone to shaly sandstone; the clean intervals often

contain stiff rocks strongly cemented by diagenesis. These reservoir sections are

interspersed with shale layers, which act as possible flow barriers for the injected

CO2/CH4 (Dance et al., 2012).

In both case studies, we estimate the TL seismic signal from results of reservoir

simulations, which in turn are based on the static geological model. The petro-

physical properties in the static geological models are stochastically distributed
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Figure 3.2: Concept of the Otway project (Copyright by CO2CRC).

Table 3.1: Data sets

Pre-production Pre-Injection during injection Post-injection
2000 2007/2008 2009 2010

Surface seismic x x x x
3D VSP - x - x
Naylor-1 x - - -
CRC-1 - x - -
CRC-2 - - - x

Reservoir
simulations - x x x

based on the interpreted depositional environments, core and log analysis, and

various other parameters and algorithms. A detailed description of the models

can be found in Dance et al. (2012) and Dance et al. (2009). The reservoir sim-

ulations are described in detail in (Ennis-King et al., 2011) and (Watson et al.,

2012). The times to which different measurements and modelling results corre-

spond are listed in Table 3.1.

The case studies described in this chapter, were conducted together with other

researchers from the CO2CRC Otway project and are not solely my own work. My

contribution to these case studies mainly involves the rock physics modelling and

some of the seismic forward modelling. Most of the presented results are published
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in CO2CRC reports (Watson et al., 2012; Pevzner et al., 2011a) and conference

papers (Caspari et al., 2012; Pevzner et al., 2012, 2013). These references are not

cited in the following.

3.2 CO2 injection into a depleted gas reservoir

In the first case study, we investigate and model the seismic TL signal from

CO2/CH4 injection into the depleted Naylor gas field. Stage I of the Otway

project consisted of the injection of 66,000 t of a CO2/CH4 mixture into a depleted

gas reservoir located at a depth of ∼2 km. It is a relatively small, heterogeneous,

dipping formation surrounded by complex faulting (Figure 3.3). Two wells, 300

m apart, intersect the reservoir (Waarre-C formation), the injection well CRC-1

and the production/monitoring well Naylor-1. After gas production, a gas cap at

the top of the formation around the Naylor-1 well was formed, and approx. 20%

residual gas saturation remained in the rest of the reservoir.

Figure 3.3: Static geological model of the WaarreC reservoir and the result of reservoir
simulation for the condition pre-injection.

3.2.1 Saturation and pressure effects

Depending on the in-situ conditions and elastic properties of the geological site,

different mechanism can alter the elastic properties of the reservoir in a CO2

sequestration project. These mechanisms include saturation effects, pressure ef-

fects and geochemical reactions of the rock with CO2. In this study, geochemical
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reactions of the rock are not taken into account since the produced gas of the

Naylor field contained small amounts of CO2, so that it is assumed that possible

geochemical reactions already took place. As a first step, we estimate the effects

of pressure and saturation changes using core measurements and well log infor-

mation.

To estimate the effect of gas saturation on the elastic properties of the Waarre-

C formation, we compare elastic property - saturation curves for the fluid mix-

tures of CH4/brine and CO2/CH4/brine. These relationships are calculated us-

ing Gassmann’s fluid substitution workflow (Smith et al., 2003). This workflow

requires knowledge of the dry compressibility of the rock frame, the solid grain

material and fluid mixtures as well as the porosity of the reservoir. Characteristic

formation properties of the Waarre-C reservoir are inferred from well data. All

values are summarized in Table 3.2. In-situ gas properties are calculated from

the equation of state of the GERG 2004 model (Kunz et al., 2006) and in-situ

brine properties are computed from the empirical formula of Batzle and Wang

(1992). This formula predicts a decrease in the bulk modulus when gas dissolves

in brine, which is the case for most natural gases. However, this is contrary to

experimental results for brine saturated with CO2, which indicate an increase in

the bulk modulus (Liu, 1998). Therefore, the brine bulk modulus is calculated

for gas free brine. To estimate the fluid bulk modulus of the gas/brine mixtures,

we apply Wood’s mixing rule (Eq. (2.28)), given by

Kfluid =

(
Sbrine

Kbrine

+
Sgas

Kgas

)−1

. (3.1)

The use of Wood’s equation assumes a uniform saturation of the rock (Mavko

and Mukerji , 1998). This assumption is valid if the two immiscible fluids (brine

and free gas) are mixed on the finest scale so that during the time scale of seismic

wave propagation, wave-induced pressure gradients between the two fluids have

time to equilibrate. Consequently, the choice of a mixing rule depends on the

scale of saturation heterogeneities and the seismic measurement frequency. For

the remainder of the chapter, Gassmann’s fluid substitution with Wood’s mixing

rule (Eq. (2.29)) is applied and it is assumed that its conditions are fulfilled. The
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effect of scale-dependence will be analysed in Chapter 5.
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Figure 3.4: Bulk modulus, density, P-wave velocity and acoustic impedance as func-
tion of gas saturation. The used rock properties are listed in Table 3.2.

Figure 3.4 displays the behaviour of the bulk modulus, density and acoustic

impedance (AI) as functions of gas saturation. The elastic property - saturation

relations are quite similar for the two gas types. It can be observed that the

change of the bulk modulus for any gas saturation larger than 20% (residual gas

saturation) is negligible. On the other hand, the density exhibits some sensitivity

to the different gas types. Consequently, the differences in P-wave velocity and

acoustic impedance are caused by a density effect. This indicates that due to the

residual gas in the reservoir, changes in elastic properties caused by saturation

effects and in turn, the TL seismic response will be small.
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Table 3.2: Petrophysical properties Waarre-C formation

Rock properties Kg (GPa) Kd (GPa) µ (GPa) ρg (g/cm
3) ϕ

35 15.5 10.7 2.64 0.20

In-situ conditions T (◦C) P (MPa)
85 17.6 (2008) / 20 (2010)

Fluid properties K (GPa) ρ (g/cm3) Salinity (ppm)
Brine (2008/2010) 2.557 / 2.575 0.992 / 0.993 21000
CH4 0.0283 0.102
CO2(80%)/CH4(20%) 0.0442 0.339

Changes in pore pressure due to gas injection will also affect the TL seismic

signal. Reservoir simulations predict a pore pressure increase in the reservoir of

around 2 - 3MPa between 2008 (pre-injection) and 2010 (post-injection). Siggins

et al. (2010) measured ultrasonic velocities as a function of pressure on core

samples for different saturation conditions in the laboratory. The measurement

results for a core sample from the target zone are summarized in Figure 3.5. The

results indicate that an increase in pore pressure (decrease in effective pressure)

might additionally lower the seismic velocities in the reservoir. This effect on

the velocities is less than half the effect of saturation on velocity. For simplicity,

pressure effects are not considered in the following modelling. However, they may

lead to a stronger TL signal as predicted.
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3.2.2 Time-lapse seismic response from reservoir simula-

tions

The purpose of this modelling study is to evaluate whether the injection of

CO2/CH4 into the depleted Waarre-C gas reservoir produced a TL signal that can

be detected with the acquired seismic data. Therefor, the TL seismic response

is modelled based on predictions of reservoir simulations. These results are then

compared to the achieved level of repeatability of the field data.

Elastic model of the subsurface

The first step in a 4D seismic modelling study is to build an elastic model of the

subsurface. In this study, the elastic model is based on the porosity of the static

geological model and log data. To assign elastic properties to each cell of the

static geological model (Figure 3.3), log data from the wells CRC-1 and Naylor-1

are interpolated and extrapolated by collocated cokriging, using the ChronoSeis c⃝

software package (Ikon Science). This geostatistical interpolation technique uti-

lizes spatial information from an auxiliary property to guide the interpolation

process. Since we are interested in an elastic model that is consistent with the

porosity of the static geologic model, porosity is used as a guide for the inter-

polation. The underlying assumption is that porosity and elastic properties are

correlated with each other. A problem arises for low porosities in the geological

model. The interpolated elastic values and low porosity values are not consistent

in some cells of the reservoir model since low porosity values are not represented

in the log data, which are used for the correlation process. This causes the break-

down of Gassmann’s fluid substitution workflow. Therefore, porosities below 6%

are not considered in fluid substitution modelling. However, the reservoir simula-

tions predict that only a very small amount of the injected gas enters these rock

types and hence, the effect on the seismic modelling results should be small.

The seismic response is calculated by simple convolutional modelling, which

only requires an acoustic impedance model of the reservoir. Therefore, the reser-

voir model is subsequently populated with acoustic impedance values and P-wave

moduli of the grain material from the well data. The P-wave modulus of the solid
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grain material is assumed to be a mixture of clay and quartz and its effective prop-

erties are computed by averaging of the upper (Eq. (2.14)) and lower (Eq. (2.15))

Hashin-Shtrikman bounds. Since the logs in CRC-1 and Naylor-1 are measured

at different times post- and pre-production, respectively, we perform fluid substi-

tution so that the AI values correspond to the same gas saturation (20% residual

gas saturation) in both wells. After interpolating the log data, fluid substitution

is applied to the 3D reservoir model to match the gas saturation pre-injection

(2008) using the prediction of the reservoir simulations. Outside of the reservoir

the acoustic impedance model consists of the acoustic impedance inversion vol-

ume of the seismic baseline data (Asgharzadeh et al., 2010). A cross section of

the model at reservoir depth is shown in Figure 3.6A.

Changes in elastic properties

The effect of CO2/CH4 injection on the 3D acoustic impedance model, is calcu-

lated using an approximate method for solving Gassmann’s equation suggested

by Mavko et al. (1995) which is based on the P-wave modulus without the use

of shear-wave velocity. The reason for using an approximate method is twofold.

First the measured shear wave velocities in the wells CRC-1 and Naylor-1 differ

quite significantly. Further, even though the values in CRC-1 seemed to be more

reliable they lead to negative Poisson ratios for a few data points. A second rea-

son is that we want to compare this elastic model in the next chapter to a model

based on AI inversion results.

In the utilized fluid substitution workflow the P-wave modulus of a rock sat-

urated with a fluid 2 is computed from the P-wave modulus of a rock saturated

with fluid 1, the P-wave moduli of the fluid mixtures and the solid grain material

as well as porosity. In the Waarre-C reservoir, fluid 1 is a mixture of formation

brine and residual gas (mainly CH4), and fluid 2 is a mixture of brine, CO2 and

CH4. The in-situ brine properties are computed from the empirical formula of

Batzle and Wang (1992). The gas saturations (Figure 3.6) and gas properties are

obtained from the reservoir simulation results (GERG 2004 model).
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We perform fluid substitution modelling for the following conditions: pre-

injection (2008), injection of 35 kt (2009) and 65 kt (2010) of the CO2/CH4

mixture. Figures 3.6 (B) and(C) display the difference in AI between the years

2009 - 2008 and 2010 - 2008, respectively. It can be observed that the AI in the

reservoir decreases since brine is replaced by CO2/CH4. In both cases, the abso-

lute values in AI differences are of the same order. However, the thickness of the

gas plume increases as the injected gas fills up the reservoir below the gas cap.

The reservoir simulations do not predict any migration of the injected gas into

the gas cap, located at the top of the reservoir near the Naylor-1 well. Therefore,

the largest changes in the seismic response are expected to occur approximately

half-way between the wells Naylor-1 and CRC-1, where the gas cap does not mask

the effect of CO2/CH4 injection.
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3.2.3 Comparison of synthetic and time-lapse field data

The modelled scenarios correspond to the monitoring surface seismic data in 2009,

2010 and to the 3D VSP data in 2010. To compare the modelling results to the

seismic data, zero offset synthetics are computed by convolving the obtained AI

volumes with a statistical wavelet, extracted from the surface seismic data (2008).

Figure 3.7 presents a comparison between the synthetic and surface seismic data

in 2008 and the TL signal 2008 - 2010. For comparison, the amplitudes of the field

and synthetic data are calibrated. The left column shows a synthetic seismic sec-

tion (A) compared to the field data (C) in 2008. The differences in the amplitude

distribution along the Waarre-C horizon are discussed in detail in Section 4.1.

However, these differences do not affect the principal outcome of the study. The

right column shows the predicted TL response (B) and a slice through the TL

difference volume obtained from the seismic data (D). The modelled signal level

is significantly smaller than the TL noise in the surface seismic data.
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Figure 3.7: Synthetic data (A,B) and field data sections (C,D) on an inline along the
wells CRC-1 and Naylor-1; A and C show the data in 2008 and B and D are the TL
signals for 2010-2008. The black box indicates the reservoir between the two wells.
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For further comparison, the NRMS (normalized root mean square) difference

(Kragh and Christie, 2002) of the data set 2010 - 2008 is computed over all dif-

ferences related to changes in the reservoir level (60 ms window). The NRMS

difference is a measure of the relative strength of the signal (noise). The resulting

maps are displayed in Figure 3.8. Comparing the predicted signal strength to the

NRMS map of the surface seismic data shows that the repeatability of the sur-

face seismic data is too low to detect the signal (Figure 3.8). For the time-lapse

3D VSP data, the achieved NRMS difference is also below the level required to

detect the signal robustly. However, in this case the predicted signal has at least

a similar order of magnitude as the TL noise.

Figure 3.8: NRMS difference (2010-2008) computed over the Waarre C horizon in a
60 ms window for surface seismic (left), 3D VSP (middle) surveys and synthetic data;
Histograms of NRMS values are shown below the maps.

Gas injection into a depleted gas reservoir does not provide favourable con-

ditions for seismic monitoring since changes in elastic properties caused by sat-

uration effects are small. In general, the seismic modelling study confirms that

the TL signal is too small or the TL noise too high to detect a signal robustly

with the acquired surface seismic data. However, the predicted signal has the

same order of magnitude as the repeatability of the 3D VSP datasets. Further,

a previous repeatability study of the surface seismic data showed a significant

increase in repeatability between the first (2009/2008) and the last (2009/2010)

pair of surveys due to an increase in the CMP fold and a more powerful seismic
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source (Pevzner et al., 2011b). Hence, we can speculate that if a similar improve-

ment in the repeatability of the 3D VSP data could be achieved, the 4D VSP

method would probably be applicable to monitor the injection of CO2/CH4 in

the depleted Waarre-C gas reservoir. Further, the modelled signal might slightly

underestimate the TL response since pressure effects are not considered.

3.3 CO2 injection into a saline aquifer

A key objective of Stage 2 of the CO2CRC Otway Project is to explore the abil-

ity of geophysical methods to detect and monitor injection of greenhouse gas into

a saline formation. For this purpose, injection of some 10,000 - 30,000 t of gas

mixture (80%CO2 / 20%CH4 in supercritical state) into the Paaratte formation,

a saline aquifer located at a depth of about 1400m is planned. Before such an

injection experiment is undertaken, a seismic modelling study was performed to

investigate whether the TL seismic reflection imaging methods can detect changes

of the seismic response caused by injection of a small amount (10,000 - 30,000 t)

of CO2/CH4 gas into the Paaratte Formation.

Two possible perforation intervals in the Paaratte formation are investigated.

Zone-1 is a thin 7m high porosity clean sandstone interval and Zone-2 is more

heterogeneous with a thickness of approx. 15 - 20m (Figure 3.9). The results of

reservoir simulations reveal that the gas plume in both zones will have a rela-

tively small thickness with 2 - 4m and up to 15m, respectively. Thus, the main

challenge of the seismic program is the detection of a very thin plume. There-

fore, the modelling of the seismic response is based on well log data, which have

the highest vertical resolution. Further, we assess if different injection volumes

and realisations of the geological model and the corresponding varying geospatial

distribution of fluids will have a significant effect on the detectability of the gas

plume.
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Figure 3.9: North-south cross section through the static geological model of the lower
Paaratte formation. Facies are shown for the base realisation R1.

3.3.1 Detectability of a thin gas plume

To assess the detectability of a thin gas plume for the two injection zones, we take

into account three main aspects which influence the magnitude of the TL seismic

signal: the thickness of the gas plume, changes in elastic properties caused by

saturation effects and a realistic acquisition geometry for a surface seismic survey.

Since the predicted gas plume is very thin, numerical modelling requires very

small grid sizes, thus making full 3D seismic simulations unfeasible in terms of

modelling cost and duration. To overcome this problem a fast 1.5D full waveform

modelling workflow is applied, which still accounts for a variable plume thickness

(obtained from reservoir simulations) as well as a realistic acquisition geometry.

This modelling workflow is summarized in Figure 3.10. First, a 1 dimensional

model of the subsurface based on well logs is created and the changes in elastic

properties for different plume thicknesses are estimated. For these models accu-

rate and efficient 1.5D full-waveform modelling is performed to predict the seismic

signal. Then, for each lateral location of the reservoir simulation grid, an effec-
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tive thickness of the plume is calculated as the sum of the thicknesses of those

cells which reach a certain threshold in changes in elastic properties (”seismic

thickness”). Afterwards, the 1.5D full-waveform modelling results for different

plume thicknesses, the effective thickness maps and the offset distribution of the

actual 3D seismic data set are merged to generate synthetic seismic volumes that

reflect the offset distribution of the 3D seismic field data. This, in turn, makes it

possible to facilitate actual TL seismic noise, inferred from the TL 3D field data

of Stage 1 of the Otway project, to produce realistic “noise polluted” data sets.

Figure 3.10: Workflow: Modelling of the TL seismic signal using 1.5D full waveform
modelling (grey charts) and comparison to TL noise realisations based on TL seismic
data (blue charts).

Elastic properties of the subsurface

Since the calculation of the seismic signal is based on the log data, a 1D model

of the subsurface is built at the CRC-2 well location. The CRC-2 well logs start

at a depth of 500 m. Hence, for the shallow part of the model, we complement

the model with data from the CRC-1 well. A problem is that in several cases

the P-wave velocities derived from the sonic log of the CRC-2 well have very low
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Table 3.3: Petrophysical properties Paaratte formation

Rock properties Kg (GPa) Gg (GPa) ρ (g/cm3)
Quartz* 37 44 mineral 2.72
Clay* 11.3 3 brine 0.9876

* literature value Mavko et al. (1998)

velocity readings, leading to negative Poisson’s ratios, instead of the expected

very high velocities for thin cemented layers. This is corrected by calculating the

P-wave velocities at these points from S-wave velocities using a representative

Poisson’s ratio of 0.2.

The estimation of saturation effects using Gassmann’s fluid substitution work-

flow requires additional parameters. The dry compressibility of the rock frame is

obtained from the sonic velocities in the CRC-2 well (fully brine-saturated condi-

tions) by solving the inverse Gassmann equation. This involves knowledge of the

grain material. Given that the considered perforation intervals vary from clean

high porosity sandstone to shaly sandstone, we assume that the rock matrix is a

composite of clay and quartz (Table 4.1). The effective properties of the compos-

ite material are calculated from an average of upper and lower Hashin-Shtrikman

bounds (Eqs. (2.14) and (2.15)).

To obtain the thickness of the gas plume for each location in the actual 3D

seismic data, we utilize reservoir simulation results. As in the previous example

(depleted gas reservoir), P-wave and S-wave velocities are assigned to each cell

of the static geological model by collocated co-kriging. Figures 3.11 and 3.12

display the log data (P-wave velocity, S-wave velocity, density and porosity) from

the wells CRC-1 and CRC-2, on which the elastic models for the two injection

zones are based. To estimate the post injection velocities using Gassmann’s fluid

substitution workflow, the additional parameters are obtained in the same way as

for the log data. Further, the calculation of the effective properties of the grain

material requires information of the clay content for each cell in the simulation

grid. Therefore, we obtain empirical porosity - clay relations from the log data for
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each zone. Then, the clay content is given by

Vclay = −2.36ϕ+ 0.84 (Zone 1) , (3.2)

Vclay = −1.44ϕ+ 0.57 (Zone 2) .
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The density is directly calculated from porosity values using (Table 4.1)

ρ = (1− ϕ)ρg + ϕρbrine , (3.3)

where ρg and ρbrine denote the density of the grain material and brine, respectively.
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Figure 3.13: Histograms of formation properties of the perforation Zone-1 for the log
data of the CRC-2 well (red) and the 3D reservoir model (blue).

Figures 3.13 and 3.14 display histograms of the formation properties, namely

porosity, clay volume, grain and dry bulk moduli, for the log data and the 3D

reservoir models of both perforation intervals. For the reservoir models, only grid

cells with gas saturation are displayed. The perforation Zone-1 in the CRC-2

well is a very high porosity clean sandstone interval. However, the formation

properties of this reservoir zone encountered in other wells show more variability.

Therefore, the formation properties of the 3D model exhibit a greater variability

than the properties of the log data (Figure 3.13). In particular, the high porosity

values and low clay content associated with a higher grain bulk modulus lead

on average to lower dry bulk moduli for the log data. Perforation Zone-2 is a

more heterogeneous section at the CRC-2 well location than zone 1. Yet, the

histograms of the log data are shifted to higher porosities, lower clay content and
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Figure 3.14: Histograms of formation properties of the perforation Zone-2 for the log
data of the CRC-2 well (red) and the 3D reservoir model (blue).

consequently, to lower dry bulk moduli compared to the histograms of the 3D

model. This is due to the fact that the 3D geological model incorporates facies in

this zone which are not present in the CRC-2 well. However, the discrepancies are

compensated for by choosing appropriate cut-offs for the seismic plume thickness

maps in the next section.

Changes in elastic properties

Pressure changes in the reservoir during injection might play a role in TL seismic

studies. However, pore pressure changes in the Paaratte formation predicted by

reservoir simulations are only around 0.2MPa. Such small pressure changes will

have a negligible effect on the elastic properties. This is supported by effective

pressure vs. ultrasonic velocity measurements on dry core samples, shown in Fig-

ure 3.15 (Lebedev et al., 2013).

Hence, the chosen modelling approach considers only changes in elastic prop-

erties caused by variations in fluid saturation. In order to perform Gassmann
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Figure 3.15: Dry core measurements: ultrasonic P- and S-wave velocities at different
effective pressures; the red line indicates approx. the effective reservoir pressure before
injection.

fluid substitution modelling, information regarding the fluid properties at in-

situ conditions is necessary. The fluid properties are inferred from the reservoir

simulation results. The simulations provide predictions of gas distribution, gas

saturation, gas dissolution into brine and gas composition in the free gas as well

as predictions of pore pressure. From the predicted gas composition and pressure

values, we compute the elastic properties of the free gas for each cell of the flow

simulation grid using the GERG 2004 model (Kunz et al., 2006). The temper-

ature is assumed to be constant. The brine density is obtained from the flow

simulation results, which employ the Peng and Robinson (1976) equation of state

and the in-situ brine bulk modulus is calculated from the empirical formula of

Batzle and Wang (1992).

Fluid substitution modelling is performed for the reservoir simulation results

of 30.000 t of injected CO2/CH4 at the end of injection. For each grid cell of

the reservoir zones, we compute the relative changes in acoustic impedance. The

resulting histograms are shown in Figure 3.16. Since modelling of the seismic

response is based on the log data, the effect of CO2/CH4 injection on the sonic

and density logs in CRC-2 is estimated for both injection intervals. This requires

saturation values for the log data. To represent the relative changes in acoustic

impedance of the 3D models as adequately as possible a saturation value that

recreates a similar distribution of the relative changes in AI is chosen instead

of an average gas saturation for the reservoir simulations. The chosen gas sat-

urations are 15% and 5% for the injection intervals 1 and 2, respectively. The
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resulting histograms are shown in Figure 3.16. Note that for Zone-2 30% gas sat-

uration leads to a better representation of the 3D model. However, large values

in relative changes in AI are slightly over represented.
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Figure 3.16: Histograms of relative changes in acoustic impedance for 30,000 t of
injected CO2/CH4 for the 3D reservoir model and for gas saturations of 30%, 15% and
5% for the log data.

In the next step, plume thickness maps are calculated. Since changes in AI

below 5% and 8% are not represented by the histograms of the log data, they are

not taken into account for the calculation of the plume thickness. Subsequently,

for each lateral location of the reservoir simulation grid, the effective thickness

of the gas plume is calculated as the sum of the thicknesses of those cells that

have more than 8% change in AI for Zone-1 and more than 5% change in AI for

Zone-2. Figure 3.17 shows the “effective seismic thicknesses” in map view. The

perforation Zone-2 provides a thicker gas plume, but the average relative changes

of AI are smaller with 6% compared to 10% in injection interval 1. Figure 3.18

displays the distribution of the original gas saturation in the 3D model compared

to the distribution with the AI cut-off. These histograms illustrate that quite a

substantial part of the gas plume with low gas saturation values is not considered

in the estimation of the “seismic plume thickness”. Most of the low gas satu-

rations accumulate at the bottom of the gas plume, the so called “diffuse gas”

(Chadwick et al., 2005).

Then, we perform 1D modelling for different plume thicknesses, 1 - 7m and

1 - 17 m for Zone-1 and 2, respectively (Figures 3.19 and 3.20). These 1D-velocity
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greater than 8% and 5%, respectively (reproduced after (Pevzner et al., 2013)).
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Figure 3.18: Histograms of gas saturation from reservoir simulations and after the
acoustic impedance cutoff.

models are the input for the 1.5D seismic modelling.

Seismic signal

A 1.5D full wave-form modelling workflow was developed to generate synthetic

seismic volumes that mimic the offset/angle distribution of the Otway field data

(Pevzner et al., 2011a). This method considers the full wavefield (reflected, re-

fracted and converted waves as well as multiples) and takes AVO effects properly

into account. These effects can play an important role in the case of gas injection.

The workflow is illustrated in Figure 3.10 and includes three main steps:

• Generation of synthetic seismograms for the 1D velocity models with dif-

ferent plume thicknesses
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Figure 3.19: 1D elastic models (column 1-3) for the perforation interval 1 for different
plume thicknesses and a gas saturation of 15%. The last column shows the relative
changes in AI.
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Figure 3.20: 1D elastic models (column 1-3) for the perforation interval 2 for different
plume thicknesses and a gas saturation of 5%. The last column shows the relative
changes in AI.

• Simulation of the Otway 3D seismic acquisition geometry by computing a

3D volume for each synthetic seismogram of the previous step that corre-

sponds to a gas plume with infinite lateral extent and a constant thickness

• Generation of synthetic seismic volumes, that correspond to a plume with

finite lateral extent and variable thicknesses, by combining the synthetic

volumes of the previous step so that the plume geometry (plume thickness

maps) for different injection volumes is matched
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1.5D full waveform forward modelling is performed using the OASES c⃝ soft-

ware package (Schmidt and Tango, 1986). Parameters of the forward modelling

are designed to produce seismograms similar to the actual field data. The syn-

thetic seismograms are generated with a central frequency of 45Hz and an offset

range of 0 - 3000m with 5m receiver spacing. The source is located 1 m below

the surface to suppress surface waves. The results are convolved with a Ricker

wavelet with a central frequency of 45Hz to mimic the vertical resolution of the

Otway 3D surface seismic data.

Figure 3.21: Otway 3D seismic acquisition geometry and total fold map (Watson
et al., 2012). The colour scheme corresponds to the total fold.

To simulate a reasonable acquisition geometry, the 2010 3D seismic data set

of the Otway project is utilized. Figure 3.21 shows the acquisition geometry

and the corresponding fold map. For each synthetic seismogram, a synthetic

volume, which simulates the acquisition geometry of the field data, is produced.

This is done by substituting every trace of the 3D field survey by a trace with

the same absolute offset from the 1.5D reflectivity modelling. The procedure is

performed pre-stack for all different plume thickness scenarios. Then, stacked
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volumes corresponding to different plume thicknesses and the baseline data are

obtained from the generated synthetic 3D volumes. The following processing

steps are applied:

• F-K filter in a cone window to suppress strong P-S reflected waves with

T0 > 700 ms

• Amplitude correction

• Normal moveout correction (stretch mute 30%)

• Mean CMP ensemble stack

Vertical sections of the stacked volumes for the two perforation intervals and

different plume thicknesses are presented in Figure 3.22. The TL signal produced

by a gas layer of 2 - 4m, is already quite significant. Gas layers with larger thick-

nesses produce one of the strongest reflected events in the sections. However,

this analysis does not address two important issues: the finite lateral size of the

plume and the presence of non-repeatable noise in the data.
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Figure 3.22: Stacked volumes for Zone-1 and 2 for varying plume thicknesses (0 - 6m
and 0 - 16m) with gas saturations of 15% and 5%, respectively.

In the final step, synthetic seismic volumes are generated which correspond

to a CO2/CH4 plume with finite lateral extent and variable thickness. These

seismic volumes are computed by combining different volumes with a constant
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plume thickness according to the plume thickness maps shown in Figure 3.17. In

order to achieve this, each CMP stacked trace of the resulting synthetic volume

is calculated by linear interpolation between traces with the same CMP number

but a different plume thickness to match the plume thickness map. Vertical

sections of the results along an inline direction near the CRC-2 well are shown in

Figures 3.23 and 3.24. Both injection scenarios produce a TL signal comparable

to other visible reflections in the section.
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Figure 3.23: Perforation Zone-1: Stacked synthetic baseline and monitor data along
an inline direction near the CRC-2 well and the difference volume for the gas plume
with finite lateral extent.

Time-lapse seismic noise

The ability to detect and analyse the TL signal is always limited by the noise

level of the data. For TL seismic monitoring this noise level is determined by

the data repeatability of subsequent surveys. The 3D seismic surveys acquired

in Stage 1 of the Otway project provide the opportunity to account for actual

data repeatability (TL noise) since no signal-related changes are expected in the

part of the record that corresponds to the potential injection intervals. Hence,

TL noise, obtained from the field data, can be added to the modelled TL signal.

The resulting “noise polluted” data sets for both injection intervals are shown in

Figure 3.25. For the shallower injection interval the signal slightly exceeds the
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Figure 3.24: Perforation zone 2: Stacked synthetic baseline and monitor data along
an inline direction near the CRC-2 well and the difference volume for the gas plume
with finite lateral extent (reproduced after Pevzner et al. (2013)).

noise level, whereas the deeper zone creates a much stronger and clearly visible

signal.

A workflow to quantify the uncertainty of plume detection related to TL noise

was developed for the feasibility study. The basic concept is summarized in the

following. First a large number of noise realisations with the same spatial and

temporal characteristics and amplitudes as the field TL noise are created. For

each noise realisation, the traces that exceed a certain signal to noise ratio N

RMS(signal + noise)

RMS(noise)
> N , (3.4)

and possess an amplitude that is 10% greater than the global maximum amplitude

of the target reflection are counted. From these traces an effective plume diam-

eter for each noise relation is estimated. Then a mean plume diameter and its

standard deviation is computed for a couple of signal to noise ratios. Figure 3.26

displays the effective plume diameter for both injection zones as a function of

the signal to noise ratio defined in Eq. (3.4). For a ratio of 1 the effective plume

diameter is slightly larger for Zone-1 than for Zone-2. This is not surprising since
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Figure 3.25: Synthetic difference volumes contaminated with the actual TL noise
of the field. The last column shows the TL noise of the field data (reproduced after
Pevzner et al. (2013)).

the lateral extent of the plume is larger. However, with increasing ratios corre-

sponding to TL seismic signals that can be detected more robustly, the effective

diameter of the plume in the second perforation zone becomes larger. The reason

is that the gas plume in the first zone is thinner than for the second zone.

In summary, the deeper perforation interval provides a thicker plume, but

the average relative changes of AI are smaller with 6% compared to 10% in the

shallower injection interval. Combining actual TL noise from the field data and

the TL signal of the synthetic data, suggests that the injection of 30 kt into

the perforation Zone-2 is likely to be detected by the surface seismic reflection

method using the Otway 3D acquisition geometry. The detectability of the gas

plume in Zone-1 seems to be a bit more challenging. Although the changes in

elastic properties are on average higher for Zone-1, the crucial factor for the

detectability of the gas plume in the two perforation intervals is the thickness of

the plume.



3. Forward modelling of the seismic response of CO2 injection 66

0 1 2 3 4 5 6
0

100

200

300

400

500

600

RMS(signal+noise)/RMS(noise)

E
ff

ec
ti

ve
 d

ia
m

et
er

 [
m

]

 

 

Perforation zone 1
Perforation zone 2

Figure 3.26: Comparison of the effective plume diameter for the first and second
perforation zone as function of the signal to noise ratio.

3.3.2 Injection volumes and geological realisations

This section focuses on the effect of different injection volumes and geological

realisations, which in turn result in different geospatial distributions of the gas

plume, on the seismic response. A similar workflow as in the case of the depleted

gas reservoir is utilized. The main difference is that calibrated rock physics models

are employed to assign elastic properties to the reservoir simulation grid since

this allows a faster evaluation of several scenarios. The rock physics models

are described in detail in Section 4.2.2. The elastic model outside of the flow

simulation grid is based on log data from the CRC-1 and CRC-2 wells. For the

resulting elastic models, we perform computational fast convolutional modelling

with a statistical wavelet estimated from the seismic field data to generate zero-

offset (simulating a migrated stack) synthetic volumes. Finally, the detectability

of the TL seismic signal is evaluated using the noise model described in the

previous section. This workflow accounts for all changes related to gas saturation

on the elastic properties and takes into account the spatial fluid distribution as

predicted by reservoir simulations. The analysis is done for the perforation Zone-2

and the modelled scenarios are summarized in Table 3.4.
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Table 3.4: Scenarios perforation zone-2

Geological realization R1 R1-R5 R1
Injection volume 10 000 t 15.000 t 30.000 t
Time step 90 days, 1 yr, 2 yrs 135 days, 1 yr, 2 yrs 270 days , 1 yr, 2 yrs

Injection volume

For the base realization (R1) of the geological model, we investigate if different

injection volumes (10 kt, 15 kt and 30 kt) have an influence on the prediction of

the magnitude and effective diameter of the TL seismic signal. Three time steps

are selected the end of injection, 1 year and 2 years after the injection started.

Figures 3.27 and 3.28 display the results of the reservoir simulations as gas col-

umn heights and plume thickness maps, respectively. Note, that gas saturations

below 1% are not considered in the calculation of the maps.

The reservoir simulations predict that the gas plume spreads out in the reser-

voir with time, predominantly in a thin layer below the reservoir seal (Fig-

ure 3.28). The plume thickness in the immediate area around the injection well

CRC-2 changes only slightly with time, while the gas content in this region de-

creases between the end of injection and 1 year after the injection started. Only

minor changes can be observed for the following year. For an injection volume

of 30 kt, the gas plume reaches the greatest lateral extent, but the area around

the CRC-2 well with a considerable thickness of 10 - 20m is similar to the case of

15 kt gas injection.

Changes in elastic properties For each grid cell of the reservoir zone relative

changes in AI are calculated and the resulting histograms are shown in Figure

3.29. These histograms indicate that the plume spreads out (more grid cells con-

tain gas) in the reservoir section with time without affecting the obtained values

of relative changes in AI. The reason is that for the assumption of uniform sat-

uration, the acoustic impedance saturation curve decreases steeply at small gas

saturations, whereas changes with higher gas saturations are small (Figure 3.30).

The peak around 10% at the time steps 1 year and 2 years for the 30 kt scenario

is caused by the thin layer of CO2 that spreads out below the seal of the per-
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Figure 3.27: Gas column height for the injection volumes 10 kt, 15 kt and 30 kt at the
time steps end of injection, 1 year and 2 years.

foration interval (Figure 3.27). Even though, this high porosity layer with high

gas saturations produces large changes in AI, the layer is not expected to con-

tribute significantly to the TL signal since the layer thickness is too small to be

detectable. Note that the thickness of the plume is considerably larger than for

the previous modelling workflow, since small gas saturations above 1% (diffusive

gas) are taken into account and no cut-offs are set for relative changes in AI.

Comparison of the time-lapse seismic signal with noise The seismic re-

sponse for the different scenarios is computed by simple convolutional modelling.

Gas injection into a saline aquifer substantially reduces the compressional wave

velocity. This, in turn, causes a time-shift between the baseline and monitor
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Figure 3.28: Plume thickness for the injection volumes 10 kt, 15 kt and 30 kt at the
time steps end of injection, 1 year and 2 years.

surveys for seismic events below the reservoir top. Misalignments of reflections

between TL surveys, so called velocity push down phenomena, are an essential

part of the TL signal and taken into account in the modelling. Figure 3.31 shows

cumulative push-down maps, which account for all time-shifts from the bottom of

the reservoir. For all three cases an area of approx. 200m in diameter underneath

the gas plume will be affected by a pull down exceeding 1ms. This should be

visible in the field data.

To quantify the amplitude of the TL seismic signal RMS amplitude difference

volumes with a sliding window of 30ms are computed. In order to compare the

predicted TL signal to the measured TL field data of Stage 1, the amplitudes
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Figure 3.29: Histograms of relative changes in AI for the injection volumes 10 kt,
15 kt and 30 kt at the time steps end of injection, 1 year and 2 years.
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are calibrated with each other. For the central part of the gas plume, the RMS

amplitudes of the signal are on average larger than the recorded TL noise of the

target horizon (Figure 3.32). The portion of the plume which exceeds the TL

noise is slightly larger for 30 kt gas injection.

The detectability of the gas plume is evaluated by calculating the effective

diameter of the plume for different signal to noise ratios based on the workflow

described in Section 3.3.1 (Figure 3.33). Injection of 15 kt creates a sufficiently

larger plume straight after the injection compared to 10 kt, however, the difference

in the effective diameter decreases with time. It is also apparent that a further

increase of the injection volume to 30 kt will not improve the detectability of the
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Figure 3.31: Push down maps for the injection volumes 10 kt, 15 kt and 30 kt at the
time step of 1 year.
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Figure 3.32: RMS amplitudes of the predicted seismic signal for the injection volumes
10 kt, 15 kt and 30 kt at the time step of 1 year and the TL difference of the field data.

gas plume significantly since most of the gas spreads out in a thin layer. Moreover,

the strength of the signal is not decaying substantially in the first two years.

Geological Realizations

The main uncertainty in the static geological model associated with geological

heterogeneity is the distribution and the lateral extent of the cement baffles.

These thin cement layers, interbedded in the reservoir formations, have poten-

tially the greatest impact on the spatial distribution of the injected gas because
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Figure 3.33: Effective diameter for the injection volumes 10 kt, 15 kt and 30 kt as a
function of the signal to noise ratio at different time steps.

of a strong contrast in porosity and permeability. Five equi-probable geologi-

cal realisations are considered with cement layers that have a lateral extent over

300m. To evaluate the influence of the gas distribution on the seismic response

the scenario of 15 kt gas injection is investigated at the end of injection as well

as 1 year and 2 years after the injection started.

Figures 3.27 and 3.28 display the results of the reservoir simulations as gas

column heights and plume thickness maps, respectively. These predictions show

different spatial distributions of the gas in the reservoir, which are reflected in the

shape of the gas plume in the maps. However, the obtained plume thicknesses

are comparable for all five realisations. Furthermore, in all cases a thin layer of

gas spreads out at the top of the reservoir as predicted for the base realisation

(R1).

Changes in elastic properties The different geological realisations produce

similar results in terms of relative changes in AI (Figure 3.36). Nevertheless,

the distribution of the data in the AI histograms varies slightly, especially for

scenario R1 at the end of injection. For R1, the gas plume reaches the largest

lateral extent, which causes a higher peak around 10% in the AI histogram. This

difference is more pronounced at the end of injection and reduces to some extent
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Figure 3.34: Gas column height for 5 geological realisations with an injection volume
of 15 kt at the time step of 1 year.
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Figure 3.35: Plume thickness for 5 geological realisations with an injection volume of
15 kt at the time step of 1 year.

with time since for all cases, the gas spreads out below the seal of the reservoir in

a thin layer of 1 - 2m thickness. This part of the gas plume will be very difficult
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to detect with the surface seismic reflection method.
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Figure 3.36: Histograms of relative changes in AI for 5 geological realisations at the
time steps end of injection, 1 year and 2 years.

Comparison of the time-lapse seismic signal and noise Figures 3.37 and

3.38 display cumulative push-down maps and the RMS amplitudes of the TL

signal. The plume area with a pull down around 1ms is larger for R1 than

for the other realisations as well as the region which exceeds the amplitude of

the noise significantly. To assess the uncertainty of detection related to uncer-

tainties of the geological models, we apply the same signal/noise analysis as in

Section 3.3.1. The largest difference in the effective plume diameter occurs at the

end of injection for a S/N threshold of 1. The effective diameter of the plume

for the S/N threshold of 2 varies between 180 to 210m and for the threshold of

3 between 87 to 136m. All these values indicate a high likelihood of successful

plume detection even with the current surface 4D seismic acquisition geometry.

However, this does not necessarily mean that the TL amplitude response does

not vary with time.

In summary, the analysis of different injection volumes shows that there is an

increase in the signal level due to an increase of the injection volume. However,

after 1 year and for S/N ratios over 1, a higher injection volume of 30 kt does

not provide a significant improvement for the seismic detectability of the gas
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Figure 3.37: Push down maps for 5 geological realisations with an injection volume
of 15 kt at the time step of 1 year.
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Figure 3.38: RMS amplitudes of the predicted seismic signal for 5 geological realisa-
tions with an injection volume of 15 kt at the time step of 1 year and the TL difference
of the field data.

plume. Using 15 kt as the injection scenario, we computed TL seismic signals for

five different realisations of the geological model and three time steps, namely,
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Figure 3.39: Effective diameter of the predicted seismic signal for 5 geological reali-
sations as a function of the signal to noise ratio.

end of injection, one and two years after the injection started. For all scenarios,

the injection will cause a substantial change in the shape and amplitude of the

reservoir reflection leading to an area of approx. 200m in diameter, for which the

signal exceeds the noise of the field data.

3.4 Conclusions

The ability of the seismic reflection imaging method to detect a CO2/CH4 gas

plume was assessed for two different reservoir types, a depleted gas reservoir and

a saline aquifer. The modelling studies emphasise the importance of site-specific

modelling before an injection experiment is undertaken since every storage site

has unique challenges. The challenge for seismic monitoring in the depleted gas

reservoir is the small change in elastic properties due to a low contrast in fluid

properties. This case study confirmed that the TL signal is too small or the TL

noise too high to detect a signal robustly with the acquired surface seismic data.

On the other hand the feasibility study for the saline aquifer indicates that the

main challenge will be a thin gas plume. The analysis of two different zones in

the Paaratte formation showed that a thicker and more heterogeneous formation

might be more favourable for seismic monitoring than a thin very permeable clean

sandstone interval. In the latter case, strong buoyancy effects may lead to a thin
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gas layer at the top of the formation which is more difficult to detect.

Furthermore, the influence of different injection volumes and geological real-

isations were investigated. Though an increase in the injection volume resulted

in a spatially larger signal, after one year of injection and S/N ratios larger than

1, the modelling results do not predict a significant improvement for the seismic

detectability of the gas plume. The reason is that most of the additional gas

volume is predicted to spread out below the reservoir seal in a thin layer. The

layer thickness is close to the detection limit of the seismic method. Different

realisations of the static geological model resulted in different geospatial distri-

butions of the fluids. Though, this caused spatial variations in the predicted TL

signals, in all cases a substantial signal, which exceeded the TL seismic noise of

the field data was obtained.

For the modelling of CO2/CH4 injection into the saline aquifer, two workflows

were utilized. The first workflow considers the full wavefield and represents the

offset/angle distribution of the field seismic data. The second workflow is based

on the reflectivity series of the subsurface and considers only vertical wave prop-

agation (zero offset). However, in contrast to workflow-1 which relies basically on

a 1D saturation profile, workflow-2 takes the spatial distribution of fluids into ac-

count as predicted by reservoir simulations. A comparison of the two approaches

shows that the predicted effective plume diameter for 30 kt gas injection at the end

of injection matches for both approaches quite well. The effective plume diameter

is ∼255 m for workflow-1 compared to ∼240m for workflow-2. It is likely that

the convolutional modelling (workflow-2) approach gives a slightly larger signal as

we use the gas saturation as predicted by reservoir simulations and not its lower

limit as in workflow-1. However, in the convolutional modelling (workflow-2) we

are probably still underestimating the signal strength by ignoring the AVO effect.



Chapter 4

Parameterisation of the elastic

model of the subsurface

A key part of a 4D seismic feasibility study described in Chapter 3 is to build an

elastic model of the subsurface. To calculate changes in elastic properties caused

by CO2 saturation effects, it is necessary to populate the elastic model with a

consistent data set including velocities of the saturated rock, porosity and dry

rock and grain material compressibilities.

Information on elastic properties of the subsurface comes from core samples,

well log and seismic data (VSP and surface seismic). These data sets possess

different vertical resolution, spatial coverage and information about the physi-

cal properties of the rock. Though the spatial coverage of surface seismic data

is quite dense compared to well log data, the vertical resolution is much lower.

Well log data is at best available at a couple of locations in the area of interest

and core samples are only available from some points in the well. On the other

hand, post-stack inversion results of seismic data will at most provide acoustic

and elastic impedance properties. Contrary, well log data might provide P- and

S-wave velocities and density data of the saturated rock at in-situ conditions as

well as information about porosity, saturation, lithology and mineral composition.

However, the dry compressibility of the rock, a crucial parameter to estimate the

effect of CO2 saturation on the elastic properties, can only be measured directly

on core samples in the laboratory.

78
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An additional scale comes into play if the modelling of the time lapse signal

is based on the results of reservoir simulations. The grid of the reservoir sim-

ulator has in most cases/our examples a finer vertical scale than the resolution

of the seismic data, but a coarser scale compared to the log data. This causes

some practical issues since the reservoir simulation results, which are based on the

static geological model, have to be linked to the elastic model of the subsurface.

The first part of this chapter illustrates practical problems arising from these

scale differences. The second part of the chapter focuses on consistent relations

between the different parameters and the estimation of the dry rock compress-

ibility for fluid substitution modelling. The chapter is based on an expanded

abstract “Caspari, E., J. Ennis-King, R. Pevzner, and B. Gurevich (2012), Pre-

diction of the seismic time-lapse signal of CO2/CH4 injection into a depleted gas

reservoir - Otway project, in ASEG Extended Abstracts, (1), 1-4“ and a report

for the CO2CRC Otway project “Watson, M., Y. Cinar, T. Dance, R. Pevzner,

E. Tenthorey, E. Caspari, J. Ennis-King, V. Shulakova, M. Bunch, M. Urosevic,

R. Singh, B. Gurevich, L. Paterson, C. Jenkins, and M. Raab (2012), Otway Stage

2C Science Report - Verification of CO2 Storage in a Saline Formation (Paaratte)

Using Time Lapse Seismic., (Publication Number RPT12-4109)”, which will not

be cited again in the following text.

4.1 Scale differences between the seismic and

engineering domain

This section illustrates scale differences between data domains using the data ex-

ample of CO2/CH4 injection in the depleted Naylor gas reservoir. The following

data sets were available to build a 3D elastic model of the reservoir: the acoustic

impedance inversion result of the seismic baseline data acquired in 2008 (As-

gharzadeh et al., 2010), the static geological model (Dance et al., 2009) on which

the reservoir simulations (Ennis-King et al., 2011) are based, and log data. These

data sets are in different domains, e.g. the acoustic impedance inversion is in time
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and the geological model in depth, and on different scales. To combine the data

sets, the RokDoc Chronoseis c⃝ package (Ikon Science) is utilized. The software

package provides a platform to integrate seismic data, log data and reservoir sim-

ulation results and facilitates rock physics modelling to estimate CO2 saturation

effects on the seismic response.

The workflow is as follows: first, a model framework in time is built from seis-

mic time-horizons of the 2008 data set which were used in the acoustic impedance

inversion. To convert the time framework into a depth model, a simple layer-cake

method is applied. In this approach, the depth surfaces are computed from pseudo

interval velocities based on well tops and time horizons. The created depth sur-

faces are fixed to the well tops in the CRC-1 and Naylor-1 well. To fit the flow

simulation grid, which is in depth, into the RokDoc depth model, the top and

bottom horizons of the Waarre-C reservoir are replaced by the corresponding

depth surfaces of the reservoir simulation grid (geological grid). The software

package matches the two property sets in a grid less approach.

In principle, all data sets can be loaded into the model framework once this

first step is achieved: acoustic impedance from the seismic inversion, porosity

from the geological model, saturation predictions from the reservoir simulations

and well log data. However, the static geological model, which provides poros-

ity estimates, has a much finer vertical scale than the vertical resolution of the

acoustic impedance inversion result (Figure 4.1). To compare these scales, two

models with different levels of detail in the reservoir properties are built, a fine

scale and a coarse scale model.
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Figure 4.1: Slice through the porosity model and acoustic impedance inversion result.
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4.1.1 Elastic models at different scales

The fine scale model (Model 1) is based on the porosity of the static geological

model and is already described in Section 3.2. In this case, the reservoir model

was subsequently populated with calculated AI values and P-wave moduli of the

grain material from the well data by applying collocated kriging with the porosity

model as a guide for the interpolation. The P-wave modulus of the solid grain ma-

terial was computed by averaging the upper and lower Hashin-Shtrikman bounds

of the clay and quartz volume fractions obtained from the well logs. Since the logs

in CRC-1 and Naylor-1 are measured at different times post- and pre-production,

respectively, for the interpolation process fluid substitution is performed so that

the AI values correspond to the same saturation (20% residual gas saturation).

Afterwards, fluid substitution is applied to the 3D reservoir model to match the

pre-injection (2008) gas saturation using the prediction of the reservoir simula-

tions. Outside the reservoir, the AI model is built from the AI inversion volume

of the seismic baseline data (2008).

In the coarse scale model (Model 2), the AI volume from the inversion of the

seismic baseline data (2008) is utilized. The seismic baseline data was inverted

using a model based inversion algorithm based on the convolutional model (Rus-

sell and Toksöz , 1991). In this case, we smooth the static porosity model, which

shows structures on a much smaller scale by applying a simple low-pass filter.

The porosity model is smoothed to obtain a model with data sets on the same

scale. The P-wave modulus of the grain material is set to the value for quartz.

Figure 4.2 presents a comparison between the AI and porosity values of Model

1 and Model 2. It is apparent that Model 1 is much more detailed than Model 2,

but the average values of AI and porosity in both models are of the same order of

magnitude. In summary, Model 1 honours the static geological model and Model

2 honours the inversion result of the seismic data.
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Figure 4.2: The top figures show a slice through the porosity model and the bottom
figures show the acoustic impedance inversion result.

Change in elastic properties

To estimate changes in elastic properties, reservoir simulation results for the

injection of 65 kt of CO2/CH4 (2010) are utilized. Then, fluid substitution mod-

elling is performed for both models by employing an approximate method to solve

Gassmann’s equation (Mavko et al., 1995). The method is based on the P-wave

modulus without the use of shear-wave velocity. For the remaining parameters,

the same methods/values as in section 3.2 are used. The results of the modelling

are shown in Figure 4.3. The absolute difference in AI between the baseline and

monitor models are of the same order of magnitude for the fine and coarse scale

model. However, the values for the fine scale model show more variability.
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Figure 4.3: Absolute difference in AI for the fine and coarse scale model



4. Parameterisation of the elastic model of the subsurface 83

4.1.2 Influence on the seismic response

In a next step, zero incident synthetics are computed by convolving the obtained

AI volumes with a statistical wavelet, extracted from the 2008 surface seismic

data.

As expected, the coarse scale model represents the amplitude distribution of

the field data better since it is directly based on the inversion of the field data.

The fine-scale model does not reproduce the amplitude distribution between the

wells: the amplitudes in this area are higher than in the field data (Figure 4.4).

The mismatch is not surprising since the geological model is a statistical model

based on spatially sparse well and core data. The only information from seis-

mic data incorporated in the model stems from structural interpretation, such as

seismic horizons and faults, and hence the geological model is not conform with

seismic amplitude information.

Fine scale model Coarse scale model Field data

Top 

Waarre C

Top

Waarre B

CRC-1

Naylor-1

Figure 4.4: Comparison of synthetic data sets and field data with calibrated ampli-
tudes on a line along the wells CRC-1 and Naylor-1. The black arrow indicates the
largest differences in amplitudes.

On the other hand, the simple averaging of the porosity model is not a proper

up-scaling to the resolution scale achieved in the AI inversion. First, it does not

assure that the two data sets are consistent in each point of the reservoir grid.

More precisely, a proper up-scaling would require that the model is more or less

consistent with the porosity -AI relationships observed in the well data. Second,

the porosity of the geological model determines the volume of the fluids in the

flow simulation results so every proper up-scaling of porosity would have to pre-
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serve the volume of fluids. Another option would have been to down-scale the

AI inversion result to the grid scale of the porosity model: however, in this case,

consistent porosity -AI relations have to be assured as well. A simple workaround

might be to calculate the effect of CO2/CH4 on the fine scale model and then,

to subtract the estimated time-lapse effect from the AI inversion baseline model

(coarse scale model).

Fine scale model Coarse scale model Field data

Figure 4.5: Comparison of time-lapse signal from the synthetic and field data on a line
along the wells CRC-1 and Naylor-1. The black arrow indicates the largest differences
in amplitudes.

Figure 4.5 displays the time-lapse signal compared to the noise level of the

surface seismic field data. In both cases, the magnitude of the signal is smaller

than the time-lapse noise. A comparison of the NRMS difference calculated over

all differences related to changes in the reservoir level shows that the relative

signal strength for the coarse scale model is slightly higher than for the fine scale

model.

4.1.3 Discussion

The model obtained from the seismic inversion result reproduced the amplitude

distribution of the seismic data better. However, the drawback of this model was

that either the AI inversion result has to be downscaled or the porosity has to

be up-scaled. Further, it is crucial that the model reflects the elastic property -

porosity relation in the well data.
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Therefore, to properly integrate seismic inversion results into a 4D feasibility

study, a more unified approach should be attempted. One way is geostatistical

inversion of the seismic data. Such an approach has not been tested in this study

but the basic concepts are outlined in the following. The basic idea is to uti-

lize geostatistical methods, such as collocated kriging, to create multiple local

realisations of acoustic impedance traces on a 3D model from log data. These

impedance traces are then convolved with a wavelet from the seismic data set

and compared to the actual seismic trace. The process is repeated until a rea-

sonable match is obtained. The results are multiple equi-probable realisations

of acoustic impedance volumes on a vertical scale suitable for reservoir simula-

tions constrained with seismic data. Since the vertical scale is below the seismic

bandwidth (resolution), the solution remains non-unique and several models can

explain the seismic data (Dubrule, 2003). The same parameters as in a stan-

dard geostatistical study, such as variograms etc. can be utilized to constrain

the model. That allows to integrate geological principles, well log and core data,

as well as seismic amplitude information. Petrophysical properties can then be

obtained by joint simulation of e.g. lithology and AI or porosity and AI.

The relationships between the elastic properties and the petrophysical prop-

erties, e.g. AI - porosity relations are crucial for a joint approach. Such relation-

ships can be obtained by analysing log data with rock physics modelling. The

next section focuses on elastic property - porosity relationships and illustrates the

importance of the dry rock and solid grain material compressibilities for fluid

substitution modelling.

4.2 Elastic property - porosity relationships

Feasibility analysis of seismic monitoring of CO2 sequestration involves modelling

changes of elastic properties of rocks caused by saturation effects. To estimate the

changes in elastic properties by CO2 saturation effects from reservoir simulations,

the simulation grid has to be populated with elastic properties. It is crucial to

populate the reservoir simulation grid with a consistent set of parameters, includ-
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ing velocities of the rock saturated with in-situ fluids and porosity as well as the

bulk modulus of the dry rock and solid grain material. In order to achieve this,

relations between the different rock properties have to be established. In this

section, we test and compare two different workflows designed to establish such

relationships on the data example of the Paaratte formation (CO2CRC Otway

project). One relies on statistical correlations between parameters and the other,

on deterministic rock physics modelling. The prediction of changes in elastic

properties in both methods is based on the Biot-Gassmann theory (Gassmann,

1951) which describes the dependence of velocities on saturating fluid properties.

Elastic property - porosity trends of the reservoir can vary considerably, de-

pending on lithology, mineralogy and diagenesis (Avseth et al., 2005). The

Paaratte formation comprises heterogeneous reservoir sections that vary from

clean, high porosity sandstone to shaly sandstone; the former often hosting stiff

intervals strongly cemented by diagenesis. These reservoir sections are inter-

spersed with shale layers, which act as possible flow barriers for the injected

CO2/CH4 (Dance et al., 2012). The first perforation interval is a thin 7m high

porosity clean sandstone interval. The second perforation interval is much more

heterogeneous with a thickness of approximately 15 - 20 m (Figures 4.7 and 4.8).

In such a reservoir, the seismic sensitivity to changes in pore fluids can vary sig-

nificantly.

Five key geological facies are identified in the lower Paaratte formation (Dance

et al., 2012):

• Distal mouthbar (DM) and delta front (DF): shales

• Proximal mouthbar (PM) and distributary channel (DC): clean sandstone

to shaly sandstone

• Cements (CM): cemented by diagenesis

These three groups exhibit distinct elastic property - porosity trends, shown in

Figure 4.6. The gentle P-wave modulus porosity trend of the sandstones (proxi-

mal mouthbar and distributary channel) is characteristic of variations in sorting
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and clay content. Much steeper trends are representative of porosity variations

controlled by diagenesis; such behaviour can be found for the cement facies.
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Figure 4.6: Crossplot of P-wave modulus against porosity for the log data shown in
Figure 4.7 and 4.8. Colour-codes are the different geological facies.

To capture the observed trends in an elastic model, two different approaches

to populate the static geological model with elastic properties are tested. The

first approach is based on geostatistical interpolation (collocated cokriging). The

second approach is based on deterministic rock physics modelling. The advan-

tage of the geostatistical method is that the trends and the variability of the log

data can be captured. In contrast, deterministic rock physics modelling relies on

the data trends. The purpose of rock physics modelling in this study is to gain

a better understanding of the physical properties of the reservoir, such as the

compressibility of the dry rock frame and the solid grain material. These two pa-

rameters are crucial to estimate the effect of fluid saturation on elastic properties

of rocks, and hence to predict the time lapse seismic response as accurately as

possible. Figures 4.7 and 4.8 display the log data (P-wave velocity, S-wave veloc-

ity, density and porosity) from the wells CRC-1 and CRC-2 on which the elastic

models are based. In the following, we analyse the second perforation zone.
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4.2.1 Geostatistical modelling

In order to assign P-wave and S-wave velocities to each cell of the static geologi-

cal model, we interpolate and extrapolate the well data of CRC-1 and CRC-2 by

collocated cokriging using the Petrel c⃝ software package. Since the interest is a

velocity model that is consistent with the porosity of the static geologic model,

porosity is used as a guide for the interpolation. The underlying assumption is

that porosity and velocity are correlated with each other (in a linear manner).

Given that the different facies are characterised by distinct velocity - porosity

trends, the correlation process is performed for each facies separately. More pre-

cisely, for each facies, a correlation coefficient between porosity and velocity is

estimated from upscaled well logs. The spatial variation of velocities in the 3D

model is defined by variograms of the static geological model. Then, away from

the wells, velocities are estimated using velocity information at well locations in-

corporating porosity information at other locations (spatial distribution) and the

correlation between both variables.

In Figure 4.9, the final porosity - acoustic impedance trend of the 3D model is

compared to the log data. The 3D velocity model reproduces the log data quite

well, except for the high porosities of the cement facies. A possible reason is, that

not enough data points were available for the correlation process to capture the

trend of the high porosities of the cement facies adequately after upscaling the log

data. Therefore, we exclude the cement facies from fluid substitution modelling.

This is a reasonable approximation since the expected changes in elastic properties

of the cement facies due to CO2/CH4 injection, are small. This is because first,

it is not likely that the gas will enter the pore-space (low permeability) and sec-

ond, the porosity is low and the rock is very stiff (low sensitivity to fluid changes).

Calculation of post-injection velocities from the 3D velocity model using Gass-

mann’s fluid substitution workflow requires additional elastic parameters. The

dry compressibility of the rock frame is obtained from the 3D velocity model by

solving the inverse Gassmann equation. This, in turn, involves knowledge of the

solid grain material. Given that the considered perforation intervals vary from
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Figure 4.9: AI vs. porosity crossplot Comparison of log data (circle) and computed
values for the static geological model (squares).

clean high porosity sandstone to shaly sandstone, the rock matrix is assumed to be

a composite of clay and quartz. The effective properties of the composite material

are calculated by an average of upper and lower Hashin-Shtrikman bounds. A

principle problem is the estimation of elastic properties of clay, which can vary

significantly. For the current workflow, literature values for wet porous clay are

used (Table 4.1). The effect of clay and its properties are investigated in more

detail in the next section. The clay content in each cell of the simulation grid

is estimated by an empirical porosity - clay relation obtained from the log data

(Figure 4.10):

Vclay = −2.36ϕ+ 0.84 .

Alternatively, net to gross estimations from the geological model can be used if

available. The density of the rock is directly calculated from the porosity values

assuming a matrix density of 2.72 g/cm3 and a brine density of 0.9876 g/cm3

(before injection of CO2/CH4).
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Table 4.1: Petrophysical input parameters

Geostatistical model

Rock properties Kg (GPa) Gg (GPa) ρg (g/cm
3)

Quartz* 37 44 2.72
Clay* 11.3 3 2.72

* literature value Mavko et al. (1998)

4.2.2 Deterministic rock physics modelling

Three different rock physics models are calibrated to the log data of the CRC-1

and CRC-2 wells for the key facies in the lower Paaratte formation. The rock

physics models are chosen to reflect the main trends of the log data and to be

consistent with the Biot-Gassmann theory of poroelasticity, while having a min-

imum number of input parameters.

The main focus of the rock physics modelling is to gain a better understanding

of the compressibilities of the dry rock frame and grain material. In principle,

the compressibility of the dry rock can be obtained from well-log velocity data

using the inverse Gassmann equation. However, this involves information about

the elastic properties of the solid grain material which are difficult to estimate

and can vary significantly in sand-shale environments. Consequently, models

that provide an explicit relationship between the elastic properties of the dry and

saturated rock, the components of the solid grain material and pore fluid are

desirable, so that unknown parameters can be calibrated with the log data in a

consistent manner. The calibration process for the following rock physic models

is based on simple least square fitting:

S =
1

N

N∑
i=1

(mi − di)
2 ,

where mi are the calculated moduli and di the measured values from the log data.

No weighting functions are used; however, the parameter ranges are constrained

to make the fitting process more stable.

Another aspect that plays a role in clay rich rocks is the effect of clay in the

rock matrix on fluid substitution modelling. A basic assumption of Gassmann’s
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equation is that pore pressure variations, induced by propagating seismic waves,

are equilibrated throughout the rock. This might be violated in clay rich rocks

since bound water in clays is immobile and thus, it might not be in equilibrium

with the rest of the pore space (Carcione et al., 2000). To overcome this problem,

we utilize the fluid substitution scheme of Dvorkin et al. (2007). This workflow

is based on the concept of effective rather than total porosity. Effective porosity

considers only the pore volume which is accessible to injected fluids and thus

makes Gassmann’s equation applicable to shaley sediments.

A challenge for rock physics modelling are the cement layers, since they cover

a wide range of velocities and porosities. These varying properties are analysed in

more detail and a rock physics model reproducing a part of the steep diagenetic

trend is proposed.

Clean sandstone to shaly sandstone

Comparing the log data for the proximal mouthbar and distributary channel fa-

cies to known effective medium models for unconsolidated sandstone (Dvorkin

and Nur , 1996) and quartz contact cemented sandstones (Dvorkin et al., 1994)

shows that the data points fall between these two trends (Figure 4.11). One pos-

sible explanation is that some grain contacts are cemented in the sandstone and

further porosity reduction occurred due to clay filling up the pore space. The

later mechanism is in agreement with the porosity - clay trend of the log data

(Figure 4.10) where total porosity linearly decreases with increasing clay content,

while the P-wave velocity increases. Marion et al. (1992) report such a depen-

dence of porosity, clay and P-wave velocity for the transition from clean sandstone

to shaly sandstone and explain the data trend by clay progressively filling up the

pore space of the clean sandstone.

To model these observations, we employ the contact cement model (CCT)

with clay as contact cement. To take into account the clay content in fluid

substitution modelling, the CCT model is combined with the fluid substitution

scheme in shaly sediments (Dvorkin et al., 2007). This fluid substitution method
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assumes wet porous clay to be part of the solid grain material.

The conceptual idea of the combined rock physics model is illustrated in Fig-

ure 4.12. The starting framework, which defines the initial matrix of the dry rock,

is a random pack of spherical quartz grains. The total porosity reduces from the

initial porosity of the rock through deposition of clay cement at grain contacts, in

which clay forms a layer around each quartz grain and the contact points of the

layers are defined as contact cement (Mavko et al., 1998). The contact cementa-

tion causes an increase of the effective elastic rock properties. To incorporate the

fluid substitution method in the CCT model, we assume that the cement is wet

porous clay and builds a part of the dry rock matrix. Hence, the porosity within

the clay is excluded from the total porosity, so that the porosity accessible for

the injected fluid is the effective porosity. This, in turn, means that the model

is only applicable until the wet porous clay fills up the whole pore space of the

initial clean sand.

The effective moduli of the CCT model (Eq. (2.22)) are given by

K∗
CCT =

1

6
C(1− ϕc)Hclay τ̂n

G∗
CCT =

3

5
K∗

CCT +
3

20
C(1− ϕc)Gclay τ̂t ,

where Hc and Gc are now the P-wave and shear wave modulus of the wet porous

clay and ϕc is the initial porosity of the dry sand pack without clay. The param-

eters τ̂n and τ̂t are proportional to stiffnesses of the cemented grain contact and

given by the following expressions:

τ̂n = anα
2 + bnα+ cn ,

τ̂t = atα
2 + btα + ct .

The coefficients an, bn, cn, at, bt and ct are given in Eqs. (2.23) and (2.24). The

amount of clay α can be related to the reduction of porosity by assuming a certain

deposition scheme. If the clay forms a layer around the grain mineral, α can be
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written as

α =

√
2(ϕc − ϕe)

3(1− ϕc)
,

where ϕe is the effective porosity of the pore-space. The effective porosity is the

porosity accessible to the injected fluid and is given by

ϕe = ϕ− fclayϕclay
1− ϕ

1− ϕclay

.

The parameter fclay denotes the volume fraction of the clay mineral in the solid

matrix and ϕclay is the porosity within the clay. The effective modulus K∗
CCT is

the dry bulk modulus of the rock with wet porous clay as cement. This modulus

can be inserted in Gassmann’s equation for shaly sediments (Eq. 2.41).

K∗
ϕe

= K∗
CCT (K

∗
s , ϕe) + α(K∗

s )
2M with M =

(
α(K∗

s )− ϕe

K∗
s

+
ϕe

K∗
f

)−1

.

The effective modulus of the solid material K∗
s is obtained by the lower Hashin-

Shtrikman bound

K∗
s =

(
fPclay

Kclay +Gclay

+
1− fPclay

Kg +Gclay

)−1

− 4

3
Gclay ,

where fPclay is the volume fraction of the wet porous clay in the solid matrix

(Eq. (2.40)). The effective fluid modulus using Wood’s mixing rule is

K∗
f =

(
Sgas

Kgas

+
1− Sgas

Kbrine

)−1

with Sgas =
ϕ(1− Sbrine)

ϕe

.

The cement or equivalently clay volume is estimated from the total porosity

using an empirical relationship (black line in Figure 4.10), given by

fclay = −2.14ϕ+ 0.78 .

Other input parameters are the grain and wet clay properties (bulk and shear

modulus), the intrinsic porosity of the clay and the coordination number of the
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Figure 4.12: Conceptual illustration of the combined rock physics model: Contact
cement model (CCT) and fluid substitution in shaly sediments.

initial dry rock. The grain material of the clean sand is assumed to be pure

quartz and the intrinsic porosity of the clay is approximated from clay bound

water estimations. Wet clay properties and the coordination number are fitting

parameters. The coordination number gives the average number of contacts of

a grain with its surrounding grains. The higher the coordination number, the

stiffer the dry rock frame. Four different trends are fitted to the log data with

varying coordination numbers.

Note that the fitted coordination numbers (C=5.2-7) have quite low values

which might be unrealistic for cemented sandstone. It was not possible to fit the

data with higher coordination numbers in the combined approach of the CCT

model and fluid substitution in shaly sediments. However, Makse et al. (2004)

report in experiments with glass beads and computer simulation that such low

numbers are possible under certain conditions. Further, the data plots above the

unconsolidated sand model for the whole range of reasonable coordination num-

bers (5 - 9) for unconsolidated sediments. All final values are listed in Table 4.2.

For these parameters, clay fills up the effective pore space at a minimum total

porosity of ∼13% and the predicted clay content reaches 50%. For smaller to-

tal porosities, the model breaks down and the water saturation becomes negative.

Figures 4.13, 4.14 and 4.15 compare the four fitted models for various proper-

ties with the log data (P-wave modulus, S-wave modulus as function of porosity

and P-wave velocity as function of density). Colour code is the clay content

of the log data and the predicted clay content of the rock physics model. The
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Table 4.2: Petrophysical input parameters

Proximal mouthbar & distributary channel: CCT model + fluid sub. in shaly sediments

Rock properties Kg (GPa) Gg (GPa) intrinsic porosity
Quartz 37* 44*
Clay 11.4 5.32 0.2

Initial porosity Coordination number Shear reduction num.
CCT model 0.38 5.7, 6 0.7

* literature value Mavko et al. (1998)

rock physics model explains the elastic property - porosity trends and fit the clay

content of the log data quite well. In Figure 4.15 the two black lines are Gard-

ner’s empirical velocity - density relations (Gardner et al., 1974) for sandstone

and shale. A single empirical relation cannot describe the density variations of

the log data. This is because the data shows a transition from clean sandstone

to shaly sandstone. However, for a fixed clay content the increase in density and

velocity is broadly consistent with Gardner’s relation.
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Figure 4.13: Comparison of P-wave modulus - porosity crossplot (log data) with rock
physics model predictions. Black lines denote the fitted models with increasing coordi-
nation number from bottom to top and the coloured diamonds indicate the predicted
clay volume. Coloured squares and circles show the clay volume for the log data of the
wells CRC-1 and CRC-2, respectively.
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Validation of the rock physics model with laboratory measurements

A crucial parameter for time-lapse studies is the compressibility of the dry rock

frame since this parameter determines the sensitivity of the rock to fluid changes
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within the pore space, e.g. replacing brine with CO2/CH4. To validate the cal-

culated dry compressibility of the rock physics model, we compare the modelled

dry properties to dry properties obtained from ultrasonic dry core measurements.

Four core samples from the CRC-2 well, which are located in the reservoir sec-

tions of interest, have been measured. Samples 1 to 3 are classified as proximal

mouthbar and distributary channel sandstones, while sample 4 is a cemented

sandstone. The samples can be described as follows (Lebedev et al., 2013):

Sample 1 (1442.1 m) consists of a homogeneous sandstone with only a few lam-

inations parallel to the bedding plane. This highly porous and permeable

sandstone contains well sorted, fine to medium, rounded grains of predom-

inately quartz, minor feldspar and mica matrix with kaolinite and chlorite

clay as weak cement.

Sample 2 (1500.83 m) is a fine-grained and well-sorted quartz sandstone, but

with the occasional mottled structure from bioturbation (sand filled bur-

rows) and small quartz pebbles. It exhibits some gradational bedding and

fine cross-bedded lamination.

Sample 3 (1509.6 m) contains a distinct wavy carbonaceous lamination within a

medium- to very course-grained cross-stratified sandstone. Mica-rich clays

and coaly flakes are common within the quartz, feldspar and sandstone

matrix.

Sample 4 (1513.82 m) is of a cemented sandstone. The original fabric is a

very fine to fine-grained clean quartz sandstone, but dolomite pervades

throughout the pore space coating grains and reducing the porosity.

Ultrasonic compressional and shear wave velocities of the dry samples were

measured at a temperature of 45◦C and several confining pressures. For the com-

parison, we chose the measurements with effective pressures between 15 - 19 MPa

as the effective pressure (difference between confining and pore pressure) of the

Paaratte formation is approximately 17 MPa. Figure 4.16 compares the dry bulk

modulus, dry P-wave modulus, S-wave modulus and vp/vs ratio from the mea-

surement of the core samples with calculated values of the rock physics models for
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Figure 4.16: Comparison of dry properties obtained from ultrasonic core measure-
ments (red crosses) and predicted dry property trends from rock physics modelling
(lines) for different coordination numbers.

different coordination numbers. The computed dry bulk moduli are higher than

the measured values for sample 1 and 2, while the bulk modulus of sample 3 is in

the same range as the predicted values. The calculated dry P- and S-wave moduli

of sample 1 and 2 fit the laboratory data better. There might be several reasons

for this behaviour. One aspect is that the vp/vs ratio of the lab measurements for

samples 1 - 3 is lower and for sample 4 higher than in the predicted data trends.

This, in turn, can cause the mismatch between the different moduli.

For the final 3D elastic model, we use the rock physics models with coordina-

tion number 5.7 and 6. These models predict a stiffer rock than inferred from core

measurements and thus predict a smaller response due to changes in fluid satura-

tion. The dry measurements of the cemented sandstone can be fitted by models

with different coordination lines for different elastic properties, but cannot be

explained by one model. However, the dry bulk and P-wave moduli plot between

the models with coordination number 6 and 7. Therefore, we choose to model

grid cells that are classified as cement facies in the geological model and have

porosities greater than 15%, with the trend corresponding to the coordination
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number of 7.

Cement facies

The formation intervals classified as cement facies exhibit a wide range of elastic

properties. Two clusters of data points can be identified in the elastic property -

porosity crossplots (Figures 4.17 to 4.19). For the first cluster, the stiffness of the

rock increases moderately with porosity reduction and follows roughly the trend

of the shaly sandstones, while for the second cluster at porosities around 14% the

stiffness of the rock increases considerably. Thin sections of this rock type reveal

the pervasive nature of the carbonate (Calcite/Dolomite) cements (Dance et al.,

2012). An example is shown in Figure 4.20.
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Figure 4.17: Comparison of P-wave modulus porosity crossplot (log data) with rock
physics model predictions. Black lines denote the fitted models. In the porosity range
from 14% - 35%, the black line correspond to the conceptual model shown in Figure 4.12
and the black line at lower porosities correspond to the cement model.

A single rock physics model cannot describe these two trends. Here, we choose

a rock physics model that reflects the steep trend of the second data cluster. Such

a steep trend is typical for porosity variations controlled by diagenesis (Avseth

et al., 2005), e.g. cementation. In order to model this trend, we utilize the
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physics model predictions.
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modified differential effective medium (DEM) theory with critical porosity con-

straints (Mukerji et al., 1995). The DEM approach (Eq. (2.18)) can be thought of
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as a physical analogue of incrementally embedding inclusions into a background

medium (Dræge et al., 2006). The process is as follows: we start with a back-

ground matrix (mineral point) consisting of 40% cement (calcite or dolomite) and

60% quartz and gradually embed inclusions of a second material until the desired

material composition is reached. In each step, the effective properties of the

composite medium are calculated and the background matrix for the next step

is formed by the composite medium of the previous step. In this original DEM

scheme, the initial background medium stays connected until 100% of the second

material is reached. In contrast, in the modified approach, a critical porosity is

introduced at which the medium consists completely of the second material. For

material two or equivalently the inclusions, we choose a quartz contact cemented

rock. To calculate the elastic properties of the inclusions we apply the CCT the-

ory (Eq. (2.22)). The brine saturated rock properties are obtained by applying

Gassmann’s fluid substitution (Eq. (2.26)) in each step of the modelling. The

conceptual model is illustrated in Figure 4.20. In principle, saturated inclusions

could be embedded in the matrix in each step. However, the inclusions are iso-

lated with respect to flow and do not account for pressure equilibration (Mavko

et al., 1998). This might be true at very low porosities or high frequencies, but

does not explain the behaviour of the rock at moderate porosities and seismic

frequencies. For porosities below 5% we embed inclusions which are water satu-

rated as suggested in Dræge et al. (2006).

Input parameters are the properties of quartz and cement, the critical poros-

ity of the DEM model and the coordination number of the CCT model. The

critical porosity is set to 14%, where the transition from a moderate to a steep

increase in elastic properties with a decrease in porosity can be observed. The

cement properties and coordination number are fitting parameters and the final

values are listed in Table 4.3. The fitted cement values are in the same range

as literature values for calcite. To calculate the effective elastic properties of the

initial background matrix (mineral point) we use the upper Hashin-Shtrikmann

bound (Eq. (2.14)) which is the stiffest arrangement for an isotropic rock matrix.
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Figure 4.20: Conceptual illustration of the combined rock physics model: modified
differential effective medium model and contact cement model.

Table 4.3: Petrophysical input parameters

Cement facies: Modified DEM + CCT model

Rock properties Kg (GPa) Gg (GPa)
Quartz 37* 44*
Cement 75 35.32

Initial porosity Coordination number Shear reduction num.
CCT model 0.34 9.86 0.5

* literature value Mavko et al. (1998)

In Figures 4.17 - 4.19 the rock physics model is compared with the log data.

For the P-wave modulus, the model captures the main trend of the data quite well.

However, a problem is to fit a trend simultaneously to the same data points for

the P-and S-wave modulus. This is due to the fact that shear and compressional

data show a slightly different behaviour, with decreasing porosity. Nevertheless,

since the crucial parameter is the acoustic impedance in our forward modelling,

we did not investigate the problem further.

Shales

The shale layers are considered to act as possible flow barriers for the injected

CO2/CH4. Therefore, we assume in our modelling that no changes in elastic

properties due to gas injection will occur in these layers.
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Table 4.4: Petrophysical input parameters

Distal mouthbar & delta front: VPC model

Rock properties Kg (GPa) Gg (GPa) Krief exponent
Quartz 37* 44* 3.2
Clay 18.5 7

* literature value Mavko et al. (1998)

Given that these two facies possess only moderate clay contents (between 30%

and 60%), we apply the semi-empirical velocity - porosity - clay model (Goldberg

and Gurevich, 1998) which is suitable for sand-shale environments. In a first

step, the effective properties of the solid grain material, consisting of clay and

quartz, are calculated using the lower Hashin-Shtrikman bound (Eq. (2.15)). This

corresponds to a composite medium in which clay is the load bearing material.

The dry properties of the rock are obtained from the empirical relation of Krief

et al. (1990), which is a function of the effective properties of the solid grain

material (Kg) and porosity (ϕ), expressed as

Kd = Kg(1− ϕ)mϕ ,

where m is an empirical constant. Finally, the saturated compressional and shear

wave velocities are calculated using Gassmann’s equation (Eq. (2.26)). The clay

properties and the empirical coefficient in Krief’s relation are fitting parameters

(Table 4.4). Note that the clay properties differ from the previously obtained

values for the proximal mouthbar and distributary channel facies. The reason

is that in the latter approach, the properties are estimated for porous wet clay.

Figure 4.21 to 4.23 demonstrate that the model fits the log data reasonably well.

Discussion

Before building the elastic model, we verify that the calibrated porosity - elastic

property transforms are in agreement with the log data by plotting the predic-

tions of all three rock physics models against the measured log data (Figures 4.24

and 4.25). Overall, the predicted P-wave velocities of the shale and sandstone

facies show a reasonably good match with the observed velocities and confirm

that the derived transforms do not systematically over- or underestimate the ob-
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physics model predictions.

served data. However, the variability of the clean and shaly sandstones is not

captured by the corresponding rock physics model, since the elastic properties
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are not only controlled by porosity reduction. Other factors that might play a

role include different types of contact cement, different degrees of cementation or

varying numbers of grain contacts. As shown in Figures 4.13, 4.14 and 4.15, the

variability of the data could be modelled by varying the coordination numbers in

the rock physics model. Nevertheless, given that the porosity is the only input

parameter (from the static geological model) the variability of elastic properties

at a certain porosity value, can only be taken into account in a statistical man-

ner. As expected, the P-wave velocities of the cement facies are overestimated

for several data points since we only tried to model the steep diagenetic trend of

the data. The predicted density values are in good agreement with the measured

values (Figure 4.25).

Finally, we apply the calibrated rock physics models to obtain the elastic prop-

erties for the static porosity model. All parameters are summarised in Table 4.5.

A comparison of the computed acoustic impedance model for the base realisation

of the geological model with the log data shows that the main data trends are

captured in the 3D model, shown in Figure 4.26. This approach was employed
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in the previous chapter to compute the time-lapse acoustic impedance volumes,

which were needed as input for the convolutional modelling.
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lines) and computed values for the static geological model (squares).

4.2.3 Comparison of geostatistical and rock physics mod-

elling

In the next step, the two 3D elastic models are compared regarding their pre-

dictions of changes in elastic properties caused by CO2/CH4 injection. For the

geostatistical model and the cement facies of the rock physics model, we employ

Gassmann’s fluid substitution workflow. For the proximal mouthbar and dis-

tributary channel facies of the rock physics model, we apply the modified fluid

substitution for shaly sediments. To assume realistic fluid saturations and prop-

erties, the flow simulation results for 30.000 t of injected CO2/CH4 at the end of

injection are employed.

Figure 4.27 displays histograms of the computed relative changes in acoustic

impedance for both models. It can be observed that relative changes in AI are

larger for the rock physics approach than for the geostatistical approach. This

can be explained by the fact that for the latter model the dry bulk modulus on

average is larger than for the former model. For porosities from 20% to 33%,

the mean dry bulk modulus for the geostatistical model is 10.1 GPa ± 0.5 GP,
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Table 4.5: Summary of petrophysical input parameters

Geostatistical model

Rock properties Kg (GPa) Gg (GPa) ρg (g/cm
3)

Quartz* 37 44 2.72
Clay* 11.3 3 2.72

Proximal mouthbar & distributary channel: CCT model + fluid sub. in shaly sediments

Rock properties Kg (GPa) Gg (GPa) intrinsic porosity
Quartz 37* 44*
Clay 11.4 5.32 0.2

Initial porosity Coordination number Shear reduction num.
CCT model 0.38 5.7, 6 0.7

Cement facies: Modified DEM + CCT model

Rock properties Kg (GPa) Gg (GPa)
Quartz 37* 44*
Cement 75 35.32

Initial porosity Coordination number Shear reduction num.
CCT model 0.34 9.86 0.5

Distal mouthbar & delta front: VPC model

Rock properties Kg (GPa) Gg (GPa) Krief exponent
Quartz 37* 44* 3.2
Clay 18.5 7

* literature value Mavko et al. (1998)
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Figure 4.27: Histograms of relative changes in acoustic impedance for the geostatis-
tical and rock physics model.

which is significantly larger than the dry bulk modulus derived from laboratory

measurements and predicted by rock physics modelling (Figure 4.16). Figure 4.28

shows histograms for the dry bulk modulus and porosity for both models. Note,

that the porosity is different since we have used an effective porosity for the rock

physics model. Another aspect is that for small porosities and high clay con-

tent the fluid substitution methods for shaly sediments predict somewhat larger
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changes in the P-wave impedance than standard Gassmann fluid substitution

(Dvorkin et al., 2007). However, this effect has only a minor contribution to our

results.
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Figure 4.28: Histograms of porosity and dry bulk modulus for the geostatistical and
rock physics model.

Finally, we compute the time-lapse seismic response using convolutional mod-

elling. Figure 4.29 shows the RMS amplitude for both models. As expected, the

TL signal for the geostatistical model is smaller. However, the signal strength

has the same order of magnitude.
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4.3 Discussion and conclusions

In order to predict the time-lapse seismic response based on reservoir simula-

tions, various data sets have to be integrated on one modelling grid. To obtain

meaningfull predictions of the time-lapse seismic response, the data sets have to

be on the same scale and consistent with each other. Two elastic models with

a different level of detail were build for the Waarre-C reservoir. The fine scale,

model based on the static geological model, honoured the well data and reservoir

simulation results. The coarse scale model, based on the acoustic impedance in-

version, honoured the seismic data. The disadvantage of the latter model is that

it cannot capture properly the elastic property - porosity trends observed at well

locations. These relationships are crucial in time-lapse studies.

The second part of the chapter analysed two different workflows to obtain such

relationships for the Paaratte formation. The first method was based on geosta-

tistical interpolation and takes the variability of the log data into account. The

second method, deterministic rock physics modelling, relied on the data trends.

However, the latter approach allows to calibrate all necessary parameters based

on explicit relations in a consistent manner. Though both approaches reproduced

the data trends of the log data quite well, they differed regarding their predic-

tions of the TL seismic signal. These differences are mainly caused by different

estimations of the dry rock compressibility.

The dry compressibility of the rock, which itself depends on the porosity,

the bulk modulus of the solid grain material and the microstructure of the rock,

cannot be measured directly in-situ. One way to constrain this parameter are

measurements on core samples. Another possibility to improve the predictions

are calibrated rock physics models. These models make some assumptions about

the microstructure of the rock. To justify these assumptions, geological informa-

tion and information from thin sections of rock samples can be included in the

modelling process. For instance, a detailed classification scheme of rock physics

models to describe diagenetic trends of the rock is given in Dræge et al. (2006).

In the presented rock physic modelling, an attempt was made to include some ad-
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ditional information about the microstructure of the rock. The dry bulk moduli

predicted by the rock physics model matched the measurements on core samples

quite well. However, that might not be enough information to conclude that the

rock physics model reproduces the reservoir properties better than the geostatis-

tical model.

Nevertheless, the modelling study illustrates that the dry compressibility of

the rock is a crucial parameter for TL seismic studies. In this sense, even the

microstructure of the rock can have a significant influence on the TL seismic

signal. A friable sandstone will always predict a very different 4D signal than a

well cemented sandstone.



Chapter 5

Velocity - saturation relations

So far, only the influence of varying rock properties on the velocity-saturation

relations has been considered. In the previous case studies, we assumed that

the rock was uniformly saturated or, equivalently, that the fluid phases were in

hydraulic equilibrium within the cell size of dynamic modelling. For instance,

for a gas saturation of 5 %, Gassmann’s equation with Wood’s mixing rule was

applied to each 0.1m interval of the log data in the CRC-2 well (Section 3.3.1).

Figure 5.1 a displays the obtained velocity-saturation relations (VSRs) for the

second possible perforation interval in the Paaratte formation. This illustrates

that VSRs strongly depend on the properties of the rock. However, if the pore

space of a rock is saturated with two immiscible fluids, such as brine and CO2,

the VSR also depends on the distribution of the fluids in the pore space.
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Figure 5.1: Velocity-saturation-relations: a) Variation of the Gassmann-Wood rela-
tion with rock properties (log data CRC-2). b) Theoretical VSRs compared to time-
lapse log data from the Nagaoka CO2 project.s
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This is due to the fact that passing seismic waves induce pressure gradients

between regions of the reservoir with different gas saturation levels. The charac-

teristic length scale of saturation heterogeneities compared to the measurement

frequency determines if there is enough time for pressure gradients to relax dur-

ing the time-scale of wave propagation. Depending on this length-scale, differ-

ent VSRs are applicable. The two well-known VSRs, the uniform (GW) and

patchy saturation (GH) relationships give the low and high-frequency limits of

VSR, respectively. They represent lower and upper bounds such that, at a finite

frequency, the velocity must lie in between these bounds. The variation of ve-

locity with frequency (and corresponding attenuation) can be explained in terms

of wave-induced fluid flow on mesoscopic saturation heterogeneities. Mesoscopic

refers to a length scale that is large compared to a typical pore size but small com-

pared to the wavelength. This dependence of velocity on saturation, frequency

and geometrical distribution of fluids, in particular the characteristic length scale

of fluid patches, can be modelled by the continuous random media (CRM) models

(Section 2.4.2) suggested by Müller and Gurevich (2004) and Toms et al. (2007).

Figure 5.1b) shows an example of the time-lapse log data from the Nagaoka CO2

project compared to theoretical VSRs.

Knowledge of the characteristic length scale of fluid patches is necessary to

predict the time-lapse seismic response. Conversely, knowledge of the acoustic

response of a partially saturated medium provides a pathway to estimate the

characteristic length scale of CO2 distribution. CO2 patch size estimates have

been reported on the basis of laboratory ultrasound measurements on partially

saturated rock samples (Lei and Xue, 2009; Lebedev et al., 2009). However, in-

situ estimates remain elusive.

In the first part of the Chapter VSRs of the Nagaoka time-lapse log data are

analysed using the CRM models and in-situ CO2 patch sizes are estimated from

these VSRs. This provides an insight into characteristic length scales at sonic

frequencies. However, it is still not clear which saturation scales play a role at

seismic frequencies. In the second part of the chapter, a sensitivity study is per-
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formed for the Paaratte formation. The aim is to analyse if poroelastic effects

play a role at seismic frequencies for the Paaratte formation and therefore, have

to be included in the modelling of the time-lapse seismic response. To analyse

poroelastic effects, we perform 1.5D poroelastic modelling at seismic frequencies

(Biot’s theory) based on realistic saturation scenarios from reservoir simulations.

The chapter includes the paper “Caspari, E., T. Müller, and B. Gurevich

(2011), Time-lapse sonic logs reveal patchy CO2 saturation in-situ, Geophysical

Research Letters, 38 (13) ” published by AGU (Copyright 2011 by the American

Geophysical Union) and a sensitivity study published in the report”Watson, M.,

Y. Cinar, T. Dance, R. Pevzner, E. Tenthorey, E. Caspari, J. Ennis-King, V. Shu-

lakova, M. Bunch, M. Urosevic, R. Singh, B. Gurevich, L. Paterson, C. Jenkins,

and M. Raab (2012), Otway Stage 2C Science Report - Verification of CO2 Stor-

age in a Saline Formation (Paaratte) Using Time Lapse Seismic., (Publication

Number RPT12-4109).” by CO2CR. These two references are not cited anymore

in the following.

5.1 Velocity-saturation relation from time-lapse

log data of the Nagaoka CO2 project

Time-lapse sonic and neutron logs of the Nagaoka CO2 sequestration experiment

(Konishi et al., 2009) provide an opportunity to study the VSR at in-situ condi-

tions in the sonic log frequency band. These logs have been analysed in previous

studies. However, conclusions about the saturation state and corresponding fluid

distribution are still a matter of debate (Xue et al., 2006; Konishi et al., 2009).

Xue et al. (2006) perform history matching with the sonic logs using the uniform

saturation model. On the other hand, Konishi et al. (2009) show that the VSR

follows a linear trend broadly consistent with the patchy saturation model. How-

ever, their VSR trends are rather broad due to strong vertical heterogeneity of

the injection interval and random errors in log measurements.

The aim of this study is to analyse VSRs from the Nagaoka time-lapse logs and
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to estimate in-situ CO2 patch sizes from these VSRs. To eliminate the effect of

heterogeneity, we analyse the time-lapse log data separately for two thin reservoir

intervals. We then model the VSR with the 1D and 3D continuous random media

(CRM) theories of patchy saturation (Müller and Gurevich, 2004; Toms et al.,

2007).

5.1.1 Time-lapse log data analysis

At the Nagaoka CO2 test site, 10400 t of 99.9% pure CO2 were injected in an

onshore saline aquifer at a depth of around 1100m. The target is a 12m thin

permeable zone of porous sandstone. The initial temperature and pore pressure

of the formation were 48◦C and 10.8MPa, respectively, so that CO2 was in su-

percritical state at reservoir conditions. An extensive monitoring program was

performed including time-lapse log measurements in 3 observation boreholes. A

summary of the results is given in Xue et al. (2006). In this study, we analyse

the time-lapse data of the observation well OB2 located 40m down dip from the

injection well.

In the observation well OB2, time-lapse sonic and neutron porosity logs were

recorded; 23 logs during a 18 months CO2 injection period and 14 logs after

the injection stopped (Xue et al., 2006). The averages of the first 13 sonic and

neutron porosity logs recorded before the CO2 breakthrough are used as baseline

data and the logs 17 to 26 as monitoring data (Figure 5.2). Sato et al. (2011)

report that the log responses vary with depth in the reservoir zone (1112-1118m)

indicating that this zone is heterogeneous. Therefore, a VSR inferred from log

responses of the whole reservoir zone is probably influenced by variations of rock

properties with depth and will mask the true VSR. To eliminate the ambiguity

caused by this effect, we analyse only two 0.5m thick intervals with relatively

small depth variations.

The CO2 saturation is estimated from differences in the time-lapse neutron

logs. Given that the neutron log is sensitive to the water content, changes in water

saturation caused by CO2 injection can be used to calculate the CO2 saturation
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Figure 5.2: a) Sonic and neutron porosity baseline logs 1 - 13 (gray lines), averaged
baseline log (black line) and the corresponding standard variation (dashed blue line).
b) Sonic and neutron porosity monitoring logs 17 - 26 (colored lines) and averaged
baseline log (black line). Gray boxes indicate the chosen depth intervals (data from
Konishi et al. (2009))

as follows:

SCO2 = (ϕb − ϕm)/ϕb , (5.1)

where ϕb and ϕm denote the baseline and monitoring neutron porosity, respec-

tively (Konishi et al., 2009).

The baseline logs exhibit strong fluctuations between subsequent runs (Fig-

ure 5.2). Such non-repeatability produces random variations in P-wave velocity

and CO2 saturation with time (Sato et al., 2011). To minimise the problem of

random fluctuations in the monitoring logs, the TL data points are approximated

by smooth functions of time t for each individual depth. More precisely, we use

SCO2 = Smax(1− e−αt) , (5.2)

vP = vPmax −∆vP (1− e−βt) , (5.3)

where Smax and vPmax are respectively the maximum saturation and P-wave

velocity, and ∆vP denotes the difference between the maximum and minimum P-

wave velocity. The coefficients α and β are fitting parameters. Figure 5.3 shows
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the P-wave velocity and CO2 saturations for each depth sample as function of

time (subsequent log runs) and the corresponding smoothed functions.
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Figure 5.3: P-wave velocity and CO2 saturation as a function of time (subsequent log
runs) for the first (a) and second (b) depth interval. Red squares denote samples from
the log data, while the black lines are the fitting functions.

We note that the use of fitting functions is a simplification as it implies a

constant CO2 supply into the reservoir. This is not necessarily guaranteed as the

injection rate was not constant during the injection period (Xue et al., 2006).

However, from Sato et al. (2011) we infer that fluctuations in CO2 saturation and

velocity are uncorrelated. This indicates the presence of random fluctuations and

justifies the smoothing approach.

5.1.2 Velocity-saturation relation in random media

The behaviour between the two frequency limits of uniform and patchy saturation

can be explained in terms of the mechanism of wave induced fluid flow between

mesoscopic fluid heterogeneities. At these intermediate frequencies, wave attenu-

ation and velocity dispersion occurs and produces a specific VSR. The latter can

be modelled by the 1D and 3D continuous random media models (Müller and

Gurevich, 2004; Toms et al., 2007) .

The 1D model represents a system of alternating CO2 and brine layers of ran-

dom thicknesses while the 3D model represents a system of randomly distributed

fluid patches in space. These random variations are described by a normalised au-
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tocorrelation function of the fluid bulk moduli. In particular, for an exponential

correlation function, the dynamic-equivalent P-wave modulus for the 1D model

is

H1D(ω) = HGW

[
1 +

s

1 + 2i
kDd

]
, (5.4)

with the slow P-wave number

kD =

√
iω

κ

√
ηwNwSw +

√
ηCO2NCO2SCO2

NwSw +NCO2SCO2

.

The degree of inhomogeneity is given by the parameter s = HGH/HGW − 1,

where HGW and HGH respectively denote the P-wave modulus defined by the

Gassmann-Wood and Gassmann-Hill theory. The correlation length d describes

a characteristic patch size of the medium. The P-wave modulus for the 3D model

can be written as

H3D(ω) = HGW

[
1 +

HGH −HGW

Hh −Hl

Heff −Hl

HGW

]
, (5.5)

where Heff is the effective complex P-wave modulus and Hl and Hh are the low

and high frequency limits derived from Heff . This effective P-wave modulus for

an exponential correlation function is defined as

Heff = H0

(
1−∆2 −

∆1k
2
Dd

2

(ikDd− 1)2

)2

with (5.6)

kD =

√
iωη

κN
, ∆1 =

L∆2

H
, ∆2 =

α2Mσ2
MM

2H
.

The parameter σ2
MM is the normalised variance of the fluid storage modulus. The

average background P-wave modulus H0 is calculated from Gassmann’s equation

using an average fluid modulus. The low and high frequency limits of Heff are

given by

Hl = H0(∆2 − 1)2, Hh = H0(1−∆2 +∆1)
2 .
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Table 5.1: Petrophysical properties of the rock and fluids

Rock Kg (GPa) Kd (GPa) µ (GPa) ρg (g/cm
3) ϕ κ (mD)

Nagaoka (OB2) 27.74 2.5 - 3.3* 2.4 - 3.3* 2.5 0.23 10
Tako sandstone 38 6 6 2.5 0.25 15
Fluids K (GPa) ρ (g/cm3) η (Pa s)
Brine (Nagaoka) 2.5 1 1e-3
Brine (Tako) 2.25 0.997 8e-4
supercritical CO2 (Nagaoka) 0.0465 0.623 4.4e-5
supercritical CO2 (Tako) 0.046 0.62 7e-5

Rock and fluid properties are taken from Konishi et al. (2009), Xue et al. (2006) and Lei and
Xue (2009)
* calculated properties
**Han et al. (1986)

The real parts of the P-wave moduli (Eq. (5.4)) and (Eq. (5.6)) yield the VSRs.

They are a function of the wave frequency, the fluid patch size, and the ratio

of the permeability and the fluid shear viscosity. The 1D and 3D CRM models

constitute two end-member scenarios with respect to the patch geometry. Fluid

patches are not expected to be perfect layers nor fully isotropic in 3D space but

more likely something in between.

5.1.3 Velocity-saturation relation at Nagaoka

VSR modelling requires the knowledge of the elastic properties of the dry rock

frame. Since the reservoir shows vertical heterogeneity, we calculate the dry bulk

modulus Kd from the sonic baseline data for each depth rather than using an av-

erage value for the whole reservoir. As no S-wave velocity is available, we choose

a vp/vs ratio of 1.52 from literature data (Han et al., 1986). This ratio is substi-

tuted into Gassmann’s equation which is then solved for Kd. The computed dry

bulk moduli (2.5 - 3.3GPa) are comparable to the values derived by Xue et al.

(2006) and Konishi et al. (2009) using the unconsolidated sand model. Xue et al.

(2006) report that the dry properties could not be measured due to the friable

nature of the rock. Such a soft rock is favorable for seismic monitoring purposes

as then strong time-lapse signals can be expected (Lumley , 2010). The rock and

fluid parameters are summarized in Table 5.1 .

The GW and GH bounds for the Nagaoka data are shown in Figure 5.4. It can

be observed that most raw data points (red squares) fall between the uniform and
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patchy saturation bounds. That is still true if we take into account the standard

variation of the baseline logs (σstd(BL)) indicated by gray lines. Compared to

the raw data, the smoothed data points (black circles) exhibit less scatter and

allow us to define a distinct velocity-saturation trend.
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Figure 5.4: Comparison between theoretical bounds (GW and GH) and log data for
the (a) first and (b) second depth interval. The gray lines show the deviations of the
GW and GH bounds, obtained from the standard variation (non-repeatability) of the
repeated baseline logs (dashed blue lines in Figure 5.2).

In the next step, we model the VSR employing the CRM models. Using a

typical sonic log frequency and the known permeability and fluid viscosities (Ta-

ble 3.2) yield velocity-saturation predictions based on Eqs. (5.4) and (5.6) which

depend on the correlation length d. For d = 0.1mm, the predictions converge to

the GW bound whereas for d = 3 cm, the prediction is close to the GH bound.

The velocity-saturation trend of the smoothed data follows the predictions of the

CRM models for a range of correlation lengths (Figure 5.5). This in turn allow us

to infer characteristic patch sizes of CO2 by fitting a 1D and 3D CRM model to

each point of the smoothed data. The resulting correlation lengths are between

1-5mm. Figure 5.5 shows the corresponding VSRs for 1mm and 5mm.

One difficulty in modelling the VSRs for partially saturated rocks lies in the

fact that the VSR, is controlled by the characteristic patch size, which itself can

depend on saturation (Toms-Stewart et al., 2009). However, the VSR trend in

Figure 5.5 appears to be parallel to the CRM lines, indicating no distinct vari-

ation of the patch size with saturation. The fluid patch sizes inferred from the
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Figure 5.5: Comparison between CRM models and smoothed log data for the (a) first
and (b) second depth intervals at sonic frequencies.

3D CRM model are consistently larger compared to the 1D CRM model. This

is explained by the slightly larger velocity of the 1D CRM model at intermediate

frequencies and accounts for the fact that wave-induced flow in 1D heterogeneous

media occurs in a broader frequency range compared to the 3D situation (Müller

and Gurevich, 2004). Furthermore, in the first depth interval, patches are slightly

larger than in the second one, which demonstrates that the patch sizes are likely

to vary from one layer to the other (Figure 5.6). These layer-dependent patch

size variations can originate from variations of other poroelastic parameters (e.g.

porosity) across the depth interval. Another possible explanation is that lower

CO2 saturations (first depth interval) are more prone to patchiness than higher

CO2 saturations. This highlights the importance of analysing the VSR indepen-

dently for different depth intervals.
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5.1.4 Discussion

The estimated characteristic size of fluid patches is on the order of a few mil-

limeters. Comparing these estimates with the pore-scale features of a reservoir

thin section (Xue et al., 2006) demonstrates that the patch sizes are indeed much

larger than a typical pore size. This indicates that wave-induced fluid flow be-

tween mesoscopic inhomogeneities may occur at sonic frequencies and therefore

strongly controls the velocity-saturation behaviour.

Our patch size estimates are consistent with those from Lei and Xue (2009)

inferred from laboratory ultrasound measurements on Tako sandstone using the

White-Dutta-Odé model (Dutta and Odé, 1979) for patchy saturation (1.3 - 1.5mm).

The petrophysical properties of Tako sandstone and the Nagaoka reservoir are

quite comparable (Table 5.1). The main difference is that the Tako sandstone

is well cemented in contrast to the friable reservoir samples from the well OB2.

However, the fluid diffusion lengths λd = 0.25mm (Tako - ultrasonic frequen-

cies) and λd = 0.65mm (Nagaoka - sonic frequencies) are of the same order of

magnitude. This indicates that similar patch sizes can play a role in laboratory

ultrasound and sonic log measurements. It shows an intriguing possibility that

laboratory fluid injection experiments may be used to simulate in-situ conditions

in the sonic frequency band.

5.1.5 Implications for seismic frequencies

In order to understand if heterogeneities of this length scale have any effect in

the seismic frequency band, we model the VSR for a frequency of 50Hz and a

correlation length of 3mm (Figure 5.7). The 3D CRM model coincides with the

GW limit, whereas the VSR for the 1D CRM model converges slower to this

bound as attenuation and dispersion occur in a broader frequency range. Thus,

for patch sizes in the millimeter range, the GW limit can be used as a first order

approximation.

We analysed two small depth intervals using wireline logging data. Hence, the

VSR results are limited by the penetration depth of the log measurements and
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Figure 5.7: Comparison between CRM models and smoothed log data for the (a) first
and (b) second depth interval at seismic frequencies.

do not permit any conclusion on fluid distribution on a larger scale. To analyse

if attenuation and dispersion play a role at seismic frequencies, we estimate a

characteristic length scale of the depth variations. First, the depth trend from

the sonic monitoring data is removed. Then, the autocorrelation of the remaining

fluctuations is calculated for each run and a characteristic correlation length of

25 cm is inferred. Figure 5.7 shows the VSR for a seismic frequency of 50Hz and

a patch size of 25 cm. It can be seen that heterogeneities of this size could cause

dispersion and attenuation at seismic frequencies according to the CRM models.

Nevertheless, it has to be further investigated whether the magnitudes of the fluc-

tuations reflect random variations of layer properties rather than random noise

associated with measurement errors.

In the next section, we investigate poroelastic effects on the example of the

Paratte formation based on reservoir simulation results.

5.2 Numerical simulation of the effect of fine-

scale saturation distribution on the seismic

response

In a heterogeneous reservoir with different rock types, adjacent layers can have

very different gas saturations. These saturation heterogeneities are mainly con-
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trolled by the permeability of different rock types. The aim of the sensitivity

study is to analyse if such permeability variations and corresponding satura-

tion heterogeneities have an influence on the time-lapse seismic response of the

Paaratte formation. In order to do that, we utilise reservoir simulation results.

In addition to the reservoir simulation results used in chapter 3 for the deeper

perforation interval of the Paaratte formation, radial reservoir simulation with

a refined grid (grid resolution of 0.34m) have been performed (Watson et al.,

2012). The refined simulations are more suitable for the sensitivity study since

they capture saturation variations on a finer scale. These simulations are based

on a 1D vertical cross-sectional model at the CRC-2 location. Figure 5.8 shows

a representative profile of the modelled gas saturation, vertical permeability, and

rock type (facies). The gas is injected in a high permeability layer at the bottom

of the reservoir and migrates upwards through clean and shaly sandstone sections

to the reservoir top. The varying permeabilities of the different rock types result

in a distinct gas saturation profile. These saturation heterogeneities are below

the resolution of the seismic method (Figure 5.8). Nevertheless, the distribution

of fluids, as well as the properties of the rock, will affect the velocity-saturation

relationship and thus the response of the time lapse seismic signal.

5.2.1 Saturation scales which play a role at seismic fre-

quencies

In the previous section, it has been shown that non-uniform (patchy) saturation

can play a role at well logging frequencies but it is still not clear if it will affect

the signal at seismic frequencies. To get a first idea which saturation scales could

play a role at seismic frequencies in the Paaratte formation, we utilize the 1D

random medium model of Müller and Gurevich (2004). This model represents a

system of alternating CO2 and brine saturated porous layers of random thickness

and takes the mechanism of wave-induced fluid flow into account. As an input,

we use the measured petrophysical properties of the rock sample 1444.2 V (see

description in Section 4.2.2). The modelling is performed with a frequency of
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Figure 5.8: Petrophysical properties for the second perforation interval and a gas
saturation profile from the refined reservoir simulations. The arrow on the right side
indicates the resolution of the seismic method

45Hz for different length scales and the results are shown in Figure 5.9b. Note,

that these results do not consider heterogeneities in the rock properties; however

they include layers with 100% gas and water saturation. This corresponds to the

largest possible contrast between porous layers (with the same elastic parameters)

due to fluid distribution and thus it has a significant effect on the VSRs for length

scales greater than 0.2 m.
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Figure 5.9: Velocity saturation relations for a) varying rock properties (second injec-
tion interval CRC-2) and b) for different fluid distributions with characteristic length
scales of 0.01- 10 m at a frequency of 45 Hz (rock sample 1444.2 V)

In order to model a more realistic scenario, we perform 1.5D poroelastic mod-

elling (Biot’s theory) based on the log data from the CRC-2 well and the satu-

ration profile obtained from reservoir simulations. In contrast to non-dispersive
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elastic modelling, poroelastic modelling accounts for dispersion and attenuation

of fast seismic P-waves as a result of mode conversion between slow and fast

P-waves at interfaces and heterogeneities. The slow P-wave is a diffusive wave

in the seismic frequency regime and describes the process of wave-induced fluid

flow. These poroelastic effects will be large for interfaces with high contrast, such

as 100% water and gas saturated porous layers.

5.2.2 Saturation scenarios and formation properties

Different scenarios are analysed: a constant gas saturation of 15.58% (S1), a

saturation profile (S2) obtained from reservoir simulations (radial modelling) and

a profile with an enhanced variability in saturation (S3) to exaggerate poroelastic

effects. The constant saturation is chosen so that the gas column height of the

original saturation profile from the reservoir simulator is preserved. Then, the

constant saturation (S1) can be calculated by

S1 =

∑N
i=1 ϕ

i
simS2

i∆izsim∑N
j=1 ϕ

j
log∆

jzlog
(5.7)

where the sum in the numerator is the gas column hight of the profile S2, ∆zsim

and ∆zlog are the grid resolution of the simulator and the sampling rate of the

log data, respectively. The indices i and j denote the ith layer of the simualtor

grid and jth sample of the log data, respectively. An enhanced variability in

gas saturation is introduced somewhat heuristically and is not based on multi-

phase flow principals. The aim is to increase poroelastic effects. This is done

in two steps. First a running average (S2av) of the simulator saturation profile

is calculated. Afterwards the variability of the gas saturation is enhanced by a

factor n. The final profile S3 is calculated by the following formula

S3 = S2av + (S2− S2av)n. (5.8)

The factor n is determined iteratively with the condition that the gas column

height of the original profile is preserved. The resulting saturation profiles are

shown in Figure 5.10.
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Figure 5.10: Saturation scenarios for seis-
mic forward modelling:

S1: 15.8% gas saturation,

S2: Profile from reservoir simulator,

S3: Enhanced variability of saturation.

From these saturation profiles an effective fluid bulk modulus is calculated

by Wood’s mixing rule for each 0.1 m thin layer, assuming that the fluid phases

within these intervals are equilibrated. The assumption is based on the results

shown in Figure 5.9b which illustrates that significant effects can be expected for

saturation inhomogeneities larger than 0.2 m. The dry bulk modulus and grain

properties of the rock are obtained as described for the 1D elastic modelling

in Section 3.3.1. All parameters required for poroelastic modelling are listed in

Table 5.2. The pore-size parameter is calculated by a = ϕd/(3 − 3ϕ) (Hovem

and Ingram, 1979), where d is the diameter of a spherical grain. However, the

pore-size parameter and tortuosity of the rock will only effect the signal above

Biot’s critical frequency. Since the seismic frequency regime is far below Biot’s

critical frequency, inertial effects acting on the fluid are negligible.

5.2.3 1.5D poroelastic and elastic modelling

For these layered porous medium models, we perform 1.5D modelling using the

Biot module (poroelastic) of the OASES software (Schmidt and Tango, 1986),

which accounts for all poroelastic effects at the interfaces between layers. We

also perform elastic modelling for these profiles, which are based on equivalent

elastic models obtained by the Gassmann-Wood relation. The effective elastic
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Table 5.2: Petrophysical properties of the rock and fluids (Paaratte formation)

Rock properties Kg (GPa) Gg (GPa)
Quartz 36.6 45
Clay 11.4 3

In-situ conditions T (◦C) P (MPa)
57 14.6

Fluid properties K (GPa) ρ (g/cm3) η (Pa , s) Salinity
(ppm)

Brine* 2.465 0.9876 0.5 1e-3 750
CO2(80%)/CH4(20%)** 0.0289 0.359 4.6 1e-05

* Batzle and Wang (1992) (gas free)
** Kunz et al. (2006)

properties are calculated for each 0.1 m thin layer. For the forward modelling,

the same seismic parameters and basic processing steps as in Section 3.3.1 are

employed.
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Figure 5.11: Elastic and poroelastic modelling results for the saturation profile S2
and the corresponding difference. The red box indicates the alternative perforation
interval.

Figure 5.11 and 5.12 compare the poroelastic and elastic modelling results.

The difference between poroelastic and elastic modelling for the saturation pro-

file from the reservoir simulator (S2) is approximately 1000 times smaller than



5. Velocity - saturation relations 131

1000

1400

1200T
W

T
 (

m
s
)

Offset 0 500 1000 1500 0 500 1000 1500 0 500 1000 1500

Elastic model (S2)Elastic model (S2) Poroelastic model (S2)Poroelastic model (S2) DifferenceDifference

Figure 5.12: Elastic and poroelastic modelling results for the saturation profile S3
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the seismic signal and as expected even smaller for the constant saturation profile

(not shown here). For profile S3, with an enhanced variability of gas saturation,

there are some visible differences between the two modelling approaches. How-

ever, these differences are still significantly lower than the computed seismic signal

(approximately 100 times).

Next, we compare the magnitude of the time-lapse seismic response of the

elastic modelling for scenarios S1, S2 and S3 with the time-lapse response of

poroelastic modelling for scenarios S2 and S3 Figure 5.13. All three saturation

cases contain approximately the same amount of gas. The seismic response for

all scenarios looks quite similar. To quantify the differences, we compute the

RMS amplitude of the time lapse signal in a 30ms window around the reflection

event indicated in Figure 5.13. Interestingly, the time-lapse signal at near off-

sets has the largest magnitude for the saturation profile (S2) directly obtained

from the flow simulator (Figure 5.14), whereas at far offsets the largest magni-

tude is obtained for the saturation scenario S1 (constant gas saturation of 15.8%).
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Figure 5.13: Time lapse seismic signal for elastic and poroelastic modelling with
different saturation profiles. Red curve indicates the reflection for the calculation of
the RMS amplitudes.

The differences between scenarios S1 - S3 are most likely due to constructive and

destructive interference (stratigraphic filtering). Further, there are minor differ-

ences between the elastic and poroelastic cases for the enhanced variability of

saturations. Overall, we can conclude that for the modelled scenarios, the dis-

tribution of the fluids and the resulting impedance contrasts between the layers

affect the TL seismic response more than the obtained poroelastic effects. Sat-

uration heterogeneities below the grid size of the reservoir simulator might have

some additional effects on the seismic response and will be analysed in the future.

Finally, we compare these results to the elastic modelling with a constant gas

saturation of 5% (Section 3.3.1). Note that the gas saturation (5%) is 3 times

smaller than for the constant saturation case S1 and thus, we expect the signal

to be smaller. Figure 5.14 demonstrates that this leads to the smallest time-

lapse signal with an RMS amplitude which is approximately 20% smaller than

for scenario S2.

5.3 Discussion and conclusions

Based on time-lapse logs, a velocity-saturation relation at reservoir depth is re-

trieved. It does not coincide with either of the end-member models of uniform

and patchy saturation but falls in between even if realistic error estimates for
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Figure 5.14: RMS amplitudes of elastic and poroelastic forward modelling for the
different saturation scenarios.

the host rock properties are considered. Assuming a random distribution of CO2

patches, it is shown that the mechanism of wave-induced flow can explain this

velocity-saturation relation. Characteristic CO2 patch size estimates range from

1 to 5 mm. Such mesoscopic heterogeneity can be responsible for attenuation and

dispersion in the well logging frequency band. However, at seismic frequencies for

these patch sizes the GW limit can be used as a first order approximation. Due

to the limited penetration depth of the log measurements, fluid distributions on

a larger scale could not be investigated. Using the characteristic length scale of

depth variations as a measure for fluid heterogeneities indicated that patch sizes

of 25 cm could cause attenuation and dispersion at seismic frequencies.

In the second case study (Paaratte formation), larger fluid heterogeneities

were investigated based on reservoir simulation results. A rough estimation of

length scales that could cause attenuation and dispersion showed that, in this

case, for patch sizes of 0.25m, the GW limit might be still applicable. This is

due to the fact that in the former case, the diffusion length at seismic frequen-

cies is around 0.15m, while for the Paaratte formation the diffusion length varies

between 0.05−0.8m. Especially, the clean sandstone sections have very high per-
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meabilities, which in turn result in a large diffusion length. Hence, within these

layers, pressure gradients can quickly equilibrate. In this respect, it is not surpris-

ing that the differences between poroelastic and elastic modelling were negligible.

Larger poroelastic effects can be expected for low permeable rocks and a series

of layers with a strong contrast.

However, different distributions of the fluids (saturation profiles) resulted in

different contrasts between layers and thus lead to different magnitudes of the TL

seismic signal. These differences can be explained by multiple scattering (strati-

graphic filtering) and are not due to intrinsic attenuation (local fluid effects).

Though the variations in layer properties are below the resolution of the seismic

method, they affect the TL signal and have to be taken into consideration. Sen-

gupta et al. (2003) already noted that subresolution saturation scales might affect

TL seismic data. They reported that by downscaling very coarse reservoir sim-

ulator results to more realistic fluid distributions, a better match with measured

TL seismic data could be obtained.

Further, the two case studies illustrate that the frequency range, in which dis-

persion and attenuation of the fast P-wave occurs is not only determined by the

length-scale of saturation heterogeneities and the contrast of the fluid, but also by

the diffusion length scale of the medium. The major factor controlling pressure

diffusion is the permeability of the medium. It has been shown in previous stud-

ies that the effective flow permeability depends on the observation scale. Shapiro

and Müller (1999) noted that the exact flow permeability might be not the per-

meability controlling seismic attenuation and dispersion related to wave-induced

fluid flow in a layered medium. Further, Müller et al. (2007) demonstrated that

random fluctuations of permeabilities influence the frequency regime in which

attenuation and dispersion occurs. In the next chapter, a model which takes into

account the effect of strong fluctuations of hydraulic conductivity (mesoscopic

heterogeneities) on the diffusivity of the medium is derived.



Chapter 6

Dynamic equivalent hydraulic

conductivity

Effective properties of heterogeneous porous rocks represent the average physical

behaviour of the medium at a certain scale. If the effective properties are not

only controlled by the spatial distribution of the medium components but also by

the time-dependence of the physical mechanism, spatial and temporal upscaling

is required. Therefore, proper upscaling is frequency-dependent. For instance,

for the fast P-wave of a partially saturated rock the GW relation provides the

low-frequency limit, while the GH relation provides the high-frequency limit. For

poroelastic parameters most of the existing statistical effective medium methods

are limited to low contrast. However, in many instances the contrast in proper-

ties is high, e.g. inhomogeneities in hydraulic conductivity, CO2 injection in an

aquifer or fractured rocks. In this chapter we investigate the applicability of a

strong contrast approximation, suggested in the context of the dynamic dielec-

tric constant (Rechtsman and Torquato, 2008), to poroelastic parameters. For

simplicity we focus on a porous medium with strong fluctuations in hydraulic

conductivity at mesocopic scales.

Determining transport properties of heterogeneous porous rocks, such as an

effective hydraulic conductivity, arises in a range of geoscience problems, from

groundwater flow analysis to hydrocarbon reservoir modelling. In the presence

of formation-scale heterogeneities, non-stationary flows, as induced by pumping

135
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tests or propagating elastic waves, entail localized pressure diffusion processes

with a characteristic frequency depending on the pressure diffusivity and size of

the heterogeneity. Then, on a macroscale, a homogeneous equivalent medium

exists, which has a frequency-dependent effective conductivity.

The frequency-dependence of the conductivity can be analysed with Biot’s

equations of poroelasticity. In the quasi-static frequency regime of this frame-

work the slow compressional wave is a proxy for pressure diffusion processes. This

slow compressional wave is associated with the out-of-phase motion of the fluid

and solid phase, thereby creating a relative fluid-solid displacement vector field.

Decoupling of the poroelasticity equations gives a diffusion equation for the fluid-

solid displacement field valid in a poroelastic medium with spatial fluctuations

in hydraulic conductivity. The presence of spatial heterogeneities in hydraulic

conductivity can be understood as a perturbation of the micro-structure of the

medium, which affects the dissipation behaviour in Biot’s equations. This, in

turn, influences seismic attenuation and dispersion related to wave-induced fluid

flow in a partially saturated rocks.

The chapter combines the journal paper “ Caspari, E., B. Gurevich, and

T. Müller (2013), Frequency-dependent effective hydraulic conductivity of strongly

heterogeneous media, Physical Review E, 88 (4), 042119, “ published by APS

(Copyright 2013 by the American Physical Society) and a conference paper “Cas-

pari, E., T. Müller, J. Rubino, and B. Gurevich (2013), Biot’s slow wave and ef-

fective hydraulic conductivity in random media, in Poromechanics V: Proceedings

of the Fifth Biot Conference on Poromechanics, pp. 217–226, ASCE” published

by ASCE (Copyright 2013 by the American Society of Civil Engineers). In the

first part of the chapter a theoretical model for a frequency-dependent effective

conductivity is derived. In the last section, the influence of a frequency-dependent

effective conductivity on the VSR of Sec. 5.2.1 is estimated.
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6.1 Frequency-dependent effective hydraulic con-

ductivity of strongly heterogeneous media

Computing an effective hydraulic conductivity is an integral part for the charac-

terization of flow in heterogeneous porous media. If, in addition to the spatial

heterogeneity, the temporal variation of the flow field is of importance, then the

effective conductivity becomes time-dependent (Dagan, 1982), or equivalently,

its Fourier transform will be a frequency-dependent quantity (Indelman, 1996).

Oscillating flow, or generally, transient flows arise in hydrogeology and reservoir

engineering in a number of contexts. Examples include diurnal variations (tides

in surface water bodies affecting contiguous groundwater), seasonal variations

(winter-summer variations in rainfall recharge) and pumping tests (Sanchez-Vila

et al., 2006). On a much shorter time-scale oscillating flows can be induced by

seismic waves and may affect seismic signals (Müller et al., 2007).

Though natural porous media are heterogeneous on many length scales, it is

common in hydrogeology to classify spatial variability at three different scales:

pore, formation, and regional (Dagan, 1986; Gelhar , 1986). In this paper we

focus on the local or formation scale. As this local scale, heterogeneity is inter-

mediate between pore-scale heterogeneities and regional scale heterogeneities; it

is sometimes referred to as mesoscopic heterogeneity. Variability of the hydraulic

conductivity at this mesoscopic scale in sedimentary aquifers occurs over lengths

on the order of meters in the horizontal direction and on the centimeter scale

in the vertical direction (Murphy et al., 1984; Gelhar , 1986). It means that the

characteristic length scale ℓmeso of these heterogeneities obeys the relation

ℓpore ≪ ℓmeso ≪ ℓregional , (6.1)

where ℓpore represents pore scale heterogeneity such as grain size or pore throat

diameter and ℓregional is a proxy for the volume of investigation (support volume)

such as the sample size or the seismic wavelength.

The definition of effective conductivity in the context of transient flow in ran-
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dom media is problematic in general. This is because, in a strict sense, a true ef-

fective conductivity only exists if the support volume is infinite (Nötinger (1994);

Indelman (1996); see also discussion in Sanchez-Vila et al. (2006)). Conversely,

for a finite inhomogeneous medium, a pseudo-effective conductivity can be defined

that depends on the spatial coordinates. Indeed, as shown by Tartakovsky and

Neuman (1998), expressions for the pseudo-effective flow conductivity depend on

the boundary conditions given at the surfaces of the support volume and hence on

the relative proximity to these boundary surfaces. Only in the limit of an infinite

support volume, their results converge to the results for an effective conductivity

earlier presented by Dagan (1982). Then, the transient effective conductivity is

expressed in terms of a frequency-dependent function. Recently, Rabinovich et al.

(2013) analysed at which frequencies and conductivities dynamic effects become

significant for a simple geometry and periodic time-variations.

There is at least one physical system in which low- and high-frequency regimes

for dynamic-equivalent effective conductivity are meaningful. This is the case for

oscillatory flows induced by propagating elastic waves (Müller et al., 2007; Müller

et al., 2010). Such a system can be modelled using the theory of dynamic poroe-

lasticity (Biot , 1962). In the low-frequency regime of this theory, propagating

elastic waves couple with a diffusion wave, the so-called Biot slow compressional

wave. This diffusion wave is a proxy for the fluid pressure diffusion process initi-

ated at the interfaces of the mesoscopic heterogeneity. The wavelength λ of the

propagating wave takes on the role of the support scale and, with Eq. (6.1), it

is understood that λ ≫ ℓmeso. In order to have a physically meaningful effective

conductivity, the diffusion length has to be significantly smaller than the support

scale, i.e.

λD ≪ λ . (6.2)

This is always fulfilled in Biot’s low-frequency regime. Given that the diffusion

and elastic wavelengths can be represented as λD ∝
√

D/ω and λ ∝ c/ω with

the pressure diffusivity D, propagation velocity c and circular frequency ω, Eq.

(6.2) implies that

ω ≪ c2/D . (6.3)
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The latter relation yields a restriction on the largest frequency compatible with

Eq. (6.2). Note, however, that c2/D for fluid-saturated consolidated rocks is on

the order of 105 Hz and is therefore not considered to be a severe limitation, even

in the sonic frequency band, say 20 kHz. It is important to note that pore-scale

heterogeneities are also responsible for a frequency-dependent conductivity. This

phenomenon, however, is related to the cross-over from the viscosity- (Biot’ low-

frequency regime) to inertia-dominated regime (Johnson et al., 1987; Müller and

Sahay , 2011) and is outside the scope of our analysis.

A low-frequency regime for the effective hydraulic conductivity can then be

defined in the sense that the wavelength of the diffusion wave λD is much larger

than the characteristic heterogeneity size: λD ≫ ℓmeso. A high-frequency regime

exists if λD ≪ ℓmeso. Then, the question about the meaning of spatial averag-

ing arises given that the random media approach developed below makes use of

the ergodicity assumption when replacing ensemble averages by spatial averages.

However, as the wave propagates through the medium, local oscillatory flows are

induced in different spatial domains such that the averages over these domains

are representative of the ensemble average even in this high-frequency regime.

Previous works on effective conductivity in transient flow include Indelman

(1996); Dagan (1982); Müller and Gurevich (2006). These results are based on

weak-contrast perturbation theories and therefore limit their application to mate-

rials with weak permeability fluctuations. Indelman (2002) introduced a general

mathematical model of average flow in media of random conductivity and stora-

tivity and analysed for which flow conditions an average flow model exists. The

results of this study are not limited to weak heterogeneities. However no explicit

solutions are given for the effective conductivity and storativity. Tartakovsky and

Neuman (1998) used the residual flux theory to derive a second order approxima-

tion for the effective hydraulic conductivity which is valid for mildly heterogeneous

media with a log conductivity variance of σ2 < 1. Improved perturbation theories

for steady state flow have been reported by Hristopulos and Christakos (1997)

based on variational methods and by Teodorovich (1997) based on Feynman path

integrals.
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In this paper, we derive analytical expressions for a two-component medium

with strong-contrast mesoscopic heterogeneities using the strong-contrast expan-

sion method suggested in the context of the dynamic-equivalent dielectric con-

stant (Rechtsman and Torquato, 2008). In the case of hydraulic conductivity, such

a medium can be used to describe low-conductivity inclusions such as silt-clay

deposits in a sandy aquifer or the opposite sand lenses embedded in a clayey-silty

deposit (Sanchez-Vila et al., 2006; Revil and Cathles , 1999). We further restrict

our analysis to transient flow in a statistically isotropic, unbounded and station-

ary composite medium. The outline of the paper is as follows. First, we derive

a diffusion equation for the relative fluid-solid displacement from Biot’s equation

of poroelasticity. To gain a better understanding of this diffusion mechanism,

we perform numerical simulations for a 2D rock sample with strong fluctuations

in hydraulic conductivity. Then, we formulate an integral equation for the case

where the hydraulic conductivity exhibits a randomly fluctuating component. We

then analyse this integral equation using the formalism suggested by Rechtsman

and Torquato (2008) and derive strong-contrast expansions for the effective hy-

draulic conductivity in 1D and 3D. Finally, we give closed form expressions for

some special cases and compare the results to the weak contrast expansion derived

by Müller and Gurevich (2006).

6.1.1 Diffusion equation from Biot’s theory of poroelas-

ticity

Time-dependent flow in fluid-saturated porous media caused by transient effects

of the head gradient can be analysed by a diffusion equation for the pore fluid pres-

sure or head gradient. Various methods exist to estimate an effective hydraulic

conductivity for unsteady flow based on an averaged Darcy’s law in conjunction

with the time-dependent continuity equation. Chandler and Johnson (1981) have

shown that an equivalent diffusion equation is contained in the quasistatic limit

of Biot’s equations of poroelasticity.
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Derivation

We start our analysis from Biot’s equations (Biot , 1962) and derive a diffusion

equation in terms of the relative fluid-solid displacement w = ϕ(U−u), where ϕ

is the porosity, U and u are the macroscopic fluid and solid displacements, respec-

tively. In the low-frequency regime, inertial coupling between the solid and fluid

motion can be neglected and dissipation of energy can be attributed to viscous

coupling only. In this case, Biot’s slow P-wave is a pressure diffusion wave and

the pressure diffusivity D depends on the fluid shear viscosity η, the permeability

k and the poroelastic parameter N . The diffusivity is given by D = κN , where

the hydraulic conductivity κ is the ratio of permeability and fluid shear viscosity.

Ignoring inertial effects and sources, Biot’s equation of motion (2.8) in the qua-

sistatic limit can be written in the frequency domain (the time-harmonic depen-

dence e−iωt is omitted) as

∇ ·σ =0, (6.4)

∇p =
iω

κ0

w . (6.5)

The constitutive relations are given by

σ = [(H − 2G)∇·u+ αM∇·w]I+G[∇u+ (∇u)T ] (6.6)

−p = αM∇·u+M∇·w , (6.7)

where σ is the total stress tensor, p is the pore fluid pressure and I denotes the

unit tensor. G and H are the shear wave modulus of the porous material and the

undrained low-frequency P-wave modulus. The undrained P-wave modulus is de-

fined as H = L+α2M with the dry P-wave modulus L, the Biot-Willis coefficient

α = 1−Kd/Ks and the fluid storage coefficient M = [(α−ϕ)/Ks+ϕ/Kf ]
−1. The

parameters Kd, Ks, Kf denote the drained frame, the solid phase and the fluid

phase bulk moduli, respectively.

Substituting the constitutive relations into the equilibrium condition for the

total stress field (6.4) and Darcy’s law (6.5) leads to a closed system of equations
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for the displacement fields

∇ ·σ = ∇· [(H − 2G)(∇·u)I+ αM∇( ·w)I] +∇·G[∇u+ (∇u)T ] = 0 (6.8)

∇[αM∇·u+M∇·w] = − iω

κ0

w − f . (6.9)

We further assume an irrotational displacement field (∇ × u = 0) in an infinite

domain and only pressure gradient sources f in the fluid phase, so that the system

of Eqs. (6.8)-(6.9) reduces to

∇· σ = ∇· [(H(∇·u)I+ αM(∇·w)I] = 0 (6.10)

∇[αM∇·u+M∇·w] = −iω

κ0

w − f . (6.11)

Using the vector identity ∇· (∇·u)I = ∇∇ · and eliminating the solid displace-

ment field u yields an inhomogeneous diffusion equation for the relative fluid-solid

displacement field

N∇∇·w +
iω

κ0

w =− f (6.12)

with N = ML
H

. This longitudinal vector Helmholtz equation can be interpreted

as a diffusion equation for the slow P-wave. The slow P-wave is then a diffusion

wave with the wave number k0 =
√

iω/κ0N in a homogeneous medium.

Green’s function solution

The formal solution of Eq. (6.12) for the relative fluid-solid displacement can be

written as an integral equation

w(r) = w0(r) +

∫
V

dV ′G0(r, r
′;ω) · (−f) , (6.13)

where w0 is the solution of the homogeneous equation (Eq. (6.12) with f=0) and

the volume integral is the particular solution with −f being a pressure gradient

source. The Green’s function G0(r, r
′;ω) has to fulfill the tensor differential
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equation

N∇∇·G0(r, r
′;ω) +

iω

κ0

G0(r, r
′;ω) =δl(r− r′)I . (6.14)

where δl(r−r′)I is the longitudinal part of the dyadic Dirac delta function (Morse

and Feshbach, 1953) with r′ and r being the position vectors of the source and

the observation points, respectively. The corresponding infinite space Green’s

function G0(r, r
′;ω) for a homogeneous isotropic medium outside of the source

region (r ̸= r′) is given by (Müller and Gurevich, 2006; Karpfinger et al., 2009)

G0(r, r
′;ω) =− κ0

iω
∇∇eik0r

4πr
(6.15)

=− κ0

iω

[
k2
0r

2 e
ik0r

4πr3
r̂r̂+ (1− ik0r)

eik0r

4πr3
(I− 3r̂r̂)

]
.

In the second line, the Green’s function is represented as the sum of the longitudi-

nal far field (polarisation: r̂r̂)and near field (polarisation I− 3r̂r̂). In the source

region r = r′, care has to be taken when interchanging the differential operator

and integration to obtain the integral equation (6.13). The singularity of the

Green’s function at r = r′ has to be properly taken into account by excluding

an infinitesimal volume around the singularity (Torquato, 2002). This leads to a

Dirac delta contribution in the dyadic Green’s function of the form (Belinfante,

1946)

Gδ(r, r
′;ω) =− 2

3

κ0

iω
δ(r− r′)I . (6.16)

This source dyadic accounts for the depolarisation of the excluded volume and, in

general, depends on the shape of the specified exclusion volume. Eq. (6.16) cor-

responds to a spherical exclusion volume. The resulting dyadic Green’s function

is valid for all r including the source region and can be expressed as

G(r, r′;ω) = Gδ(r, r
′;ω) +GH(r, r

′;ω) , (6.17)

where the regular part GH(r, r
′;ω) is given by Eq. (6.15).
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In the 1D case, the Green’s function does not possess a singularity, and has a

simple form

G0 =
eik0|x|

2k0i
. (6.18)

In the following sections, we analyse the diffusion process for the slow P-wave

in the presence of strong fluctuations in hydraulic conductivity. As a first step,

we perform numerical simulations to elucidate the characteristics of the diffusion

wave (Biot’s slow wave) in an inhomogeneous medium.

6.1.2 Numerical simulations of the diffusion process in a

medium with conductivity heterogeneities

Rubino et al. (2012) have shown that the influence of hydraulic conductivity

fluctuations on the fast P-wave signatures can be analysed using oscillatory com-

pressibility simulations based on Biot’s quasi-static poroelastic equations. In this

work, we follow a similar approach to study the influence of these kinds of hetero-

geneities on slow P-waves. We consider a 2D water-saturated rock sample contain-

ing mesoscopic hydraulic conductivity fluctuations. The spatial distribution of

the logarithm of the hydraulic conductivity is obtained by using a von-Karman

spectral density function with a correlation length a of 10 cm and a Hausdorff

fractal dimension D = 2.5 (Figure 6.1a). The fractal dimension D = E + 1−H

depends on the Euclidean dimension E and the roughness and complexity of the

random process described by the parameters H (Tronicke and Holliger , 2005).

The spectral density function is given by

Sd(kx, ky) = S0(1 + k2
xa

2
x + k2

ya
2
y)

−(H+E)/2, (6.19)

where kx,ky and ax,ay are the horizontal and vertical wavenumbers and correlation

length, respectively and the parameter S0 is a normalization constant (Rubino and

Holliger , 2012). All other physical properties of the rock are spatially constant

and summarized in Table 6.1.
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Table 6.1: Rock and fluid properties for the numerical example

Ks (GPa) ρs (g/cm
3) Km (GPa) G (GPa) ϕ Kf (GPa) η (Pa s)

37 2.65 12.1 14.4 0.2 2.25 0.003
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Figure 6.1: a) Hydraulic conductivity and fluid pressure fields for a frequency of b)
1Hz, c) 31.6 Hz and d) 1kHz. The arrows indicate the relative solid-fluid displacement
field.

At the top of the sample a plane diffusion wave is generated, and the quasi-

static poroelastic equations are solved to obtain the behaviour of the slow P-wave.

In order to study the characteristics of such fluid pressure perturbation, the sim-

ulations are repeated for three different frequencies (1 Hz, 31.6 Hz and 1 kHz).

Figures 6.1 b), c) and d) show the fluid pressure and relative fluid-solid displace-

ment fields obtained in each case.

For the lowest frequency (Figure 6.1 b), the pressure differences are rather

small. This is expected, as the diffusion wavelength is comparable to the size of

the sample and, therefore, much larger than the typical size of the heterogeneities.

Consequently, there is enough time during each half-cycle for the pore fluid pres-

sure to equilibrate and thus the relative solid-fluid displacement field points in

the main flow direction.
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At a frequency of 31.6 Hz (Figure 6.1c), elevated pressure regions occur in the

high conductivity channel (x = 20 cm, y = 15 cm) and at the same time pressure

sinks are created in the low conductivity regions (x = 7.5 cm, y = 25 cm). This

results in local pressure gradients with orientations different from the main flow

direction. The relative solid-fluid displacement adjusts accordingly with upward

pointing components. This local, upward pointing field can be understood as

a poroelastic polarisation field since the local relative displacement fields have

components opposite to the plane diffusion wave.

For 1kHz (Figure 6.1 d) the diffusion wave senses only the immediate vicinity

of the top of the sample. In this case the diffusion wavelength is smaller than the

typical heterogeneity size and local flows (i.e. polarisation fields) occur at spatial

scales smaller than the characteristic correlation length.

These snapshots illustrate that the induced polarisation field depends on the

frequency. Therefore, a corresponding effective hydraulic conductivity for a het-

erogeneous conductivity field should be frequency-dependent. The presence of

heterogeneities in hydraulic conductivity can be understood as a perturbation

of the microstructure of the medium, which affects the dissipation behaviour

(diffusivity of the medium). In the next section, we analyse the diffusion equa-

tion in a medium with strong fluctuations in hydraulic conductivity and apply a

perturbation theory to derive closed form expressions for an effective hydraulic

conductivity.

6.1.3 Diffusion equation for a heterogeneous medium

In a heterogeneous medium, the diffusion wave (slow P-wave) will be attenuated

and dispersed due to multiple scattering at inhomogeneities. In such a random

medium, the poroelastic coefficients vary spatially and, therefore, they can be

seen as random parameters describing the inhomogeneities of the medium. We

consider the random parameter q(r) = iω/κ(r), in which only the hydraulic con-

ductivity varies spatially while all other poroelastic parameters are constant.
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Since we assume in the following analysis a random two-component medium,

the perturbed microstructure can be thought of as a ‘double conductivity struc-

ture’ with constant porosity. Locally, the ‘double conductivity structure’ is de-

fined by q(r) = q1I
(1)(r) + q2I

(2)(r), where I(1)(r) and I(2)(r) are indicator func-

tions for component one and two, respectively. The indicator function I(j)(r) for

a component j can be written as

I(j)(r) =

 1 r in Ωj

0 otherwise,

where the domain Ωj is occupied by the component j = 1, 2. Ensemble averaging

of the indicator functions leads to n-point probability functions

S(j)
n = ⟨I(j)(r1)I(j)(r2)....I(j)(rn)⟩ (6.20)

which contain micro-structural information of the random heterogeneous medium

(Torquato, 2002). The angular brackets denote ensemble averaging and ergod-

icity (ensemble averaging and spatial averaging are equivalent) is assumed. The

complete statistical information about a random medium is needed to evaluate

its properties (Brown Jr , 1955). However, approximations based on lower- order

truncated statistical moments can provide good estimates of the effective hy-

draulic conductivity. In the following, we take into account only the one-point

S
(j)
1 and two-point S

(j)
2 probability functions. S

(j)
1 gives the probability that a

randomly chosen point belongs to component j, which is equivalent to the vol-

ume concentration of this component, whereas S
(j)
2 reflects the extent to which

properties at two points are correlated in the system.

Following the formalism suggested by Rechtsman and Torquato (2008), we as-

sume that the random medium is embedded in an infinite homogeneous reference

medium. Hence, the random medium can be regarded to cause perturbations

with respect to the reference medium. This is expressed by a perturbing operator

l̃. This operator contains fluctuations of the reciprocal hydraulic conductivity
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and is given by

l̃ = q(r)− q0 = iω

(
1

κj

− 1

κ0

)
I(j)(r) =

iω

κ0

(
κ0 − κj

κj

)
I(j)(r), (6.21)

where the conductivity κj is either associated with component one or two and κ0

is the conductivity of the reference medium. In general, the reference medium can

be freely chosen and defines about which microstructure the expansion perturbs.

For example, if the reference medium is chosen to be one of the components

of the composite medium, then the effective conductivity can be interpreted to

perturb about the optimal microstructure of the two-phase Hashin-Shtrikman

bounds (Pham and Torquato, 2003).

The homogeneous diffusion equation in the presence of the random parameter

field q(r) is

N∇∇·w(r) + q(r)w(r) = 0 . (6.22)

Substituting Eq. (6.21) into Eq. (6.22) leads to

N∇∇·w(r) +
iω

κ0

w(r) =− l̃w(r) . (6.23)

The left hand side of Eq. (6.23) is a partial differential equation with constant

coefficients and the right hand side can be interpreted as a source term due to

the presence of random fluctuations. Then, the formal solution to Eq. (6.23) can

be written as

w(r) = w0(r) +

∫
V

dV ′G(r, r′;ω)P(r) (6.24)

with P(r) = l̃w(r) , (6.25)

where P can be interpreted as a poroelastic polarisation field caused by induced

local pressure gradients relative to the reference medium, which in turn, induce

local oscillatory flows. These local sources occur only in the embedded random

medium and hence the polarisation field is zero in the reference medium. The
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displacement field w0 is an external field acting as an external source term on the

total displacement field (Ramshaw , 1984) equivalent to the plane diffusion wave

generated in the numerical experiment. Note that the integral is taken over the

volume of the embedded random medium and therefore the solution depends on

the boundary condition at the surface of the random medium volume.

6.1.4 Statistical approach

To derive a perturbation expansion for the effective hydraulic conductivity, we

apply the formalism described by Rechtsman and Torquato (2008) to the integral

equation (6.24). Instead of obtaining an expansion for the total field w, an

auxiliary field is introduced in this formalism. It consists of the field outside

of the source regions (r ̸= r′). We call this field the cavity displacement field

in analogy to the cavity intensity field in the dielectric context (Rechtsman and

Torquato, 2008). The perturbation expansion leads to expressions for the effective

conductivity in 1D and 3D that only depend on the choice of the reference medium

and the statistical properties of the medium.

Strong contrast expansion in 3D

Cavity displacement field The integral in Eq. (6.24) for the total field can

be further divided into

w(r) = w0(r) +

∫
Vδ

dV ′Gδ(r, r
′;ω)P(r) +

∫
V−Vδ

dV ′GH(r, r
′;ω)P(r) , (6.26)

where Vδ is the exclusion volume. The first integral is the contribution of the

field inside the source region in the limit r → r′ (self-depolarisation), whereas the

second integral denotes the scattered field outside of the source regions. From

Eq. (6.26), we define the cavity displacement field, i.e. the total field without the

field inside of the source regions as

wc(r) ≡ w(r)−
∫
Vδ

dV ′Gδ(r, r
′;ω)P(r). (6.27)
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Then, from Eq. (6.26) it follows that this cavity displacement field is given by

wc(r) = w0(r) +

∫
V−Vδ

dV ′GH(r, r
′;ω)P(r) . (6.28)

Here the integral is the principal value of the integral in Eq. (6.24) in the limit that

the exclusion volume shrinks to zero (Torquato, 2002). Comparing the expressions

(6.27) and (6.28) and using Eqs. (6.16) and (6.21) yields the relationship between

the total field and cavity displacement field

w(r) =

(
3κj

2κ0 + κj

)
I(j)(r)wc(r) . (6.29)

From Eq. (6.25) and Eq. (6.29), it follows that the cavity displacement field is

directly related to the polarisation field by

P(r) =
3iω

2κ0︸︷︷︸
c

κ0 − κj

κ0 + (1/2)κj

I(j)(r)︸ ︷︷ ︸
L̃

wc(r) ≡ cL̃wc(r) , (6.30)

where the constant parameter c contains the reciprocal of the depolarisation factor

(2/3) and the wave number. L̃ can be understood as a generalized polarisability

of the medium. Both the cavity displacement field and the polarisability depend

on the geometry of the exclusion volume (Torquato, 2002).

Effective operator We aim to replace the random medium by a homogeneous

medium with an effective operator L∗. In order to achieve this, we take an

ensemble average of Eq. (6.30). If such an effective homogeneous medium exists

then the average polarisation field is related to the averaged cavity displacement

field by

⟨P(r)⟩ = cL∗⟨wc(r)⟩ . (6.31)

We further assume that L∗ is of the same functional form as the polarisabilities

L̃:

L∗ =
κ0 − κ∗

κ0 + (1/2)κ∗ , (6.32)
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where κ∗ denotes the searched-for effective hydraulic conductivity.

Expression for L∗ In order to find an expression for the effective perturbing

operator L∗, or equivalently, the effective hydraulic conductivity, we seek a sec-

ond relation between the averaged polarisation field ⟨P⟩ and the averaged cavity

displacement field ⟨wc⟩.

Eq. (6.28) with Eq. (6.30) leads to an implicit integral equation for the cavity

displacement field

wc(r) = w0(r) +

∫
V−Vδ

dV ′GH(r, r
′;ω) cL̃wc(r)︸ ︷︷ ︸

P(r)

, (6.33)

Multiplying this equation by the perturbing operator cL̃ and iteratively substitut-

ing it in itself leads to a solution for the polarisation field in form of a scattering

series S. Ensemble averaging of this scattering series yields in operator form

(integral signs are omitted)

⟨P⟩ = c⟨L̃⟩w0 + c2⟨L̃GHL̃⟩w0 + c3⟨L̃GHL̃GHL̃⟩w0... ≡ ⟨S⟩w0 . (6.34)

Since we are interested in a solution for an infinite random medium, the Sommer-

feld radiation condition applies. This condition requires that the field P has no

sources at infinity. A problem arises when the external field w0 does not vanish

as r → ∞. Consequently, the infinite random medium will depend on the chosen

geometry of the embedded medium (Ramshaw , 1984). To avoid this problem,

we replace the external field with fields that are only non-zero in the embedded

random medium. Such an expression is obtained by solving the scattering series

for w0 by successive substitution in itself (Brown Jr , 1955). Considering only

terms to second order we obtain

w0 =
⟨P⟩

c⟨L̃(r)⟩
− ⟨L̃(r)GHL̃(r

′)⟩
⟨L̃(r)⟩⟨L̃(r′)⟩

⟨P⟩.... = ⟨S⟩−1⟨P⟩ . (6.35)

Substituting the scattering series for w0 back into Eq. (6.28) and ensemble av-

eraging provides the final relation between the averaged cavity displacement and
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polarisation field

⟨wc⟩ =[⟨S⟩−1 +GH ]⟨P⟩ (6.36)

=
⟨P(r)⟩
c⟨L̃(r)⟩

−
∫
V

dV
⟨L̃(r)L̃(r′)⟩ − ⟨L̃(r)⟩⟨L̃(r′)⟩

⟨L̃(r)⟩⟨L̃(r′)⟩
⟨P(r, r′)⟩GH(r, r

′;ω) .

In expression (6.36), we can take the integral over the infinite volume and hence it

becomes independent of the geometry of the embedded random medium. ⟨L̃(r)⟩

and ⟨L̃(r)L̃(r′)⟩− ⟨L̃(r)⟩⟨L̃(r′)⟩ are the one-point and two-point correlation func-

tions. Assuming an isotropic two-component medium, we obtain the following

relations

⟨L̃(r)⟩ = L1ϕ1 + L2ϕ2 ≡ L̄ with L1 =
(κ0 − κ1)

κ0 + (1/2)κ1

, L2 =
(κ0 − κ2)

κ0 + (1/2)κ2

(6.37)

⟨L̃(r)L̃(r′)⟩ − ⟨L̃(r)⟩⟨L̃(r′)⟩
⟨L̃(r)⟩⟨L̃(r′)⟩

=
(L1 − L2)

2ϕ1ϕ2

(L1ϕ1 + L2ϕ2)2
S2(r) = σ2

LL S2(r) , (6.38)

where S2(r) denotes the two-point probability function and κ1, κ2 are the hy-

draulic conductivities of the medium components. Expression (6.37) is the mean

value (L̄) and σ2
LL (in Eq. (6.38)) is the normalized variance of the polarisability

L. The parameters L1 and L2 denote the polarisabilities of one component, κ1

or κ2, with respect to the reference medium.

A comparison between the term ⟨S⟩−1 + GH in Eq. (6.36) and L∗−1 in Eq.

(6.31) results in the searched-for expression for the effective operator L∗:

1

L∗ =
1

L̄
− σ2

LLc

∫
V

dV ′S2(r)GH(r, r
′;ω) . (6.39)

The normalized variance σ2
LL determines the magnitude of the perturbation, while

the integral describes the spatial correlation of the heterogeneities. Eq. (6.39) can

be solved for the effective hydraulic conductivity. Since we assume a statistically

isotropic medium, the integral in Eq. (6.39) simplifies to

∫ ∞

−∞
dV ′S2(r)

Tr(GH(r, r
′;ω))

3
= − 1

3N

∫ ∞

0

dr S2(r) re
ik0r , (6.40)
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where we have taken the trace of the dyadic Green’s function and integrated over

angular coordinates. The simplified integral Eq. (6.39) for the effective operator

L∗ given by

1

L∗ =
1

L̄
+

1

2
k2
0σ

2
LL

∫ ∞

0

dr S2(r) re
ik0r (6.41)

is the central result of the paper. It shows how L∗ in a three- dimensional random

two-component medium can be obtained from the statistical properties of the

medium. In the next section, we derive a similar expression for the effective

operator in 1D.

Strong contrast expansion in 1D

The derivation in 1D is simpler since the Green’s function does not contain a

singularity. Instead of finding an expression for the average cavity displacement

field wc(r), we seek a solution of the average fluid-solid displacement field w in

1D from the integral equation

w(x) = w0(x) +

∫
d(x− x′)G0(x− x′;ω)P with P = k2

0 l̃w(x) (6.42)

where l̃ is given by

l̃ =

(
κ0 − κj

κj

)
I(j)(x) (6.43)

and the effective operator l∗ is defined as

l∗ =

(
κ0 − κ∗

κ∗

)
. (6.44)

Following the steps in Section 6.1.4 to eliminate the external filed w0(x) yields a

similar integral equation for the effective operator l∗ in 1D

1

l∗
=
1

l̄
− σ2

llk
2
0

∫ ∞

−∞
S2(x− x′)G0(x− x′;ω)d(x− x′) . (6.45)

In the remaining sections of the paper, we give closed-form expressions for the

effective conductivity in 3D and 1D for a specific correlation function and analyse
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the frequency dependence of the effective conductivity in detail. Further, we

compare the new results with the results obtained byMüller and Gurevich (2006).

6.1.5 Analysis of frequency dependence

We considered Biot’s equation of poroelasticity in the quasi-static limit by neglect-

ing the inertial terms and derived a strong contrast expansion for the effective hy-

draulic conductivity. Another requirement for the validity of our results is that the

characteristic length of the heterogeneities is small compared to the wavelength of

the propagating wave (support scale). However, even under these conditions, the

effective hydraulic conductivity κ∗ is frequency-dependent. This can physically

be attributed to the fact that local oscillatory flow occurs due to accumulation

and depletion processes at randomly spaced inhomogeneities (Sec.6.1.2). The re-

laxation time of this process depends on the characteristic size of the medium

heterogeneities compared to the diffusion wavelength λD = 2π
√
D/ω.

Exact results of the frequency limits are known for the effective hydraulic

conductivity κ∗ in 1D which is bounded by the arithmetic and harmonic average

in the high and low-frequency limits (Matheron, 1967), respectively. In general,

the low-frequency limit in a 3D heterogeneous medium depends on all details of

the microstructure of the medium (Indelman, 1996). The exact low-frequency

limit of effective conductivity in a 3D heterogeneous medium is known only for

certain optimal micro structures.

Low- and high frequency limits - strong contrast expansion

In order to analyse the frequency limits of the strong contrast expansion in 1D

and 3D, we choose an exponential correlation function e(−|(r−r′)/d|) for S2 in Eq.

(6.45) and (6.39). Here d is the correlation length describing the characteristic

size of heterogeneities. A free parameter in the above theory is the reference

medium conductivity.

A natural choice in 1D for a two-component random medium is either compo-

nent one or two. This leads to a closed form expression for the effective hydraulic
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conductivity

κ∗ =
κ2κh + κaκhk0d

κ2 + κhk0d
, (6.46)

where k0, κa, κh are the wave number of the reference medium with κ0 = κ1, the

arithmetic average and the harmonic average, respectively. The low - and high

frequency limits of Eq. (6.46) are

κ∗(ω → 0) = κh, κ∗(ω → ∞) = κa

which agree with the exact bounds in 1D. In fact, the strong contrast expansion

converges to the low-frequency limit for arbitrary contrasts and regardless of the

choice of the reference medium. This is because in a 1D medium there is only one

realisable two-phase microstructure, since in the low-frequency limit, the effective

conductivity does not depend on the sequence of the layers and their thicknesses.

The 3D effective hydraulic conductivity for an exponential correlation function

S2(r) = e(−|(r−r′)/d|) can be obtained from Eq (6.41) as follows

1

L∗ =
κ0 + (1/2)κ∗

κ0 − κ∗
=

1

L1ϕ1 + L2ϕ2

− (L1 − L2)
2

(L1ϕ1 + L2ϕ2)2
A , (6.47)

where the frequency dependence is contained in

A = −1

2
ϕ2ϕ1

k2
0d

2

k2
0d

2 + 2ik0d− 1
.

The conductivity of the reference medium κ0 is kept as a free parameter and

k0 =
√

iω/κ0N is the wave number for the respective reference medium.

In the low-frequency limit, the term A vanishes and in the high frequency

limit, A reduces to −1/2ϕ1ϕ2. Using Eqs. (6.37), (6.38) and (6.47) the limits of
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the effective hydraulic conductivity can be expressed as

κ∗(ω → 0) = κ0

(
1− 3

2

⟨L⟩
1 + 1

2
⟨L⟩

)
(6.48)

κ∗(ω → ∞) = κ0

(
1− 3

2

⟨L⟩
1 + 1

2
⟨L2⟩
⟨L⟩

)
. (6.49)

In both cases, κ∗ is a real number. Further, from Eqs. (6.49) and (6.48), it di-

rectly follows that κ∗(ω → ∞) ≥ κ∗(ω → 0), independently of the choice of the

reference medium, since the variance ⟨L2⟩ − ⟨L⟩2 is always positive.

If we choose the reference medium to be component one or two, it can be

shown, after some algebra, that the high-frequency limit of the effective hydraulic

conductivity yields

κ∗(ω → ∞) = ϕ1κ1 + ϕ2κ2 = κa . (6.50)

In the low-frequency limit, the effective hydraulic conductivity can be written as

κ0 − κ∗

κ∗ + 2κ0

=
κ0 − κ1

κ1 + 2κ0

ϕ1 +
κ0 − κ2

κ2 + 2κ0

ϕ2 . (6.51)

This coincides with the generalized Maxwell approximation (Benveniste, 1987a).

The low-frequency limit depends on the choice of the reference medium, since

the expansion is constructed in the sense that it perturbs around a certain mi-

cro structure. For a reference medium choice with κ0 > max(κ1, κ2), the low

frequency limit coincides with the upper multiphase Hashin Shtrikman bound

and for κ0 < min(κ1, κ2) with the lower multiphase Hashin Shtrikman bound

(Torquato, 2002). In case that the reference medium is chosen to be component

one, the result leads to the lower (HS−) or upper (HS+) Hashin-Shtrikman bound

κ∗(ω → 0) = κa +
ϕ1ϕ2(κ2 − κ1)

2

3κ1 − ϕ1(κ2 − κ1)
(6.52)

HS− : κ1 < κ2 HS+ : κ1 > κ2

These are the narrowest bounds for a macroscopically isotropic two-component
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medium if only the volume fractions are specified (Markov and Preziosi , 2000).

For optimal microstructures such as the coated sphere model or coated laminates,

the bounds provide the exact effective conductivity values. These optimal com-

posites have the property that for the lower (upper) bound, the medium with

the smaller (larger) conductivity is the connected percolating component. Such a

choice of the reference medium means in turn that the strong-contrast expansion

at the two-point level is a good approximation, only if the reference medium is

the connected component. The reason is that the two-point correlation function

does not incorporate information about the connectivity of the medium compo-

nents and thus does not account for their percolation behaviour. In this sense,

the strong-contrast expansion yields reliable predictions only for a small number

of inclusions (low volume fraction) below the percolation threshold, which do not

build large clusters (Torquato, 2002). Rechtsman and Torquato (2008) suggest a

practical way to circumvent this problem by interpolating between the expres-

sions, that attain the lower and upper bound, around the percolation threshold.

However, to account for the percolation behaviour higher-order microstructural

information is necessary, which will lead to narrower bounds on the low-frequency

limit (Markov and Preziosi , 2000). For real materials, such detailed information

is rarely available.

6.1.6 Comparison between weak- and strong-contrast meth-

ods

Several approximations exist for the effective hydraulic conductivity for transient

flow in an unbounded isotropic and stationary domain. Indelman (1996) has

derived a local expression for the effective hydraulic conductivity in the Fourier-

Laplace domain. The results are in agreement with the weak contrast expansion

derived by Müller and Gurevich (2006) based on Biot’s equation of poroelasticity.

We compare the results obtained from the strong contrast expansion to the results

obtained by Müller and Gurevich (2006). The weak contrast expansions in 1D
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and 3D for an exponential correlation function are given by

κe = κa

(
1− σ2

κκ + σ2
κκ

k0d

k0d+ i

)
(1D) , (6.53)

κe = κa

(
1− σ2

κκ

3
− σ2

κκ

3

(k0d)
2

1− (k0d)2 − 2ik0d

)
(3D) . (6.54)

Here k0 denotes the wave number of a homogeneous background medium with

κ0 = κa and σ2
κκ is the normalized variance of κ.

A principal difference between the strong contrast expansion and the method

of statistical smoothing applied by Müller and Gurevich (2006) is the underlying

medium parameterisation. While the former approach is based on a discrete two-

component random medium, the latter is based on a continuous random medium

(Figure 6.2). However, the two methods can be compared if equivalent values for

the medium parameters are chosen. Note that the weak-contrast expansion is an

approximation for small variances (σ2
κκ ≪ 1). The normalized variance calculated

from a two-component medium is given by

σ2
κκ =

ϕ1 + (κ2

κ1
)2ϕ2(

ϕ1 +
κ2

κ1
ϕ2

)2 − 1

and thus depends on the conductivity contrast as well as on the volume fractions

of the components.

 E
ffective co

n
d

u
ctivity  κ

e

Reference medium κ
0
= κ

1

κ
2

κ
1

Local conductivity κ(x)

Reference medium κ
0
= κ

1

Two-component random medium Continuous random medium

Figure 6.2: Comparison between a discrete two-component and a continuous random
medium

A comparison of the two expansion methods for a 1D random medium is
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shown in Figure 6.3. It can be observed that the weak contrast expansion vio-

lates the low-frequency limit for the chosen contrast, while the strong contrast

expansion coincides with the exact bound. In Figure 6.4, the low-frequency limit

of the effective hydraulic conductivity is plotted as a function of the conductivity

contrast. For low contrasts (κ2/κ1 ≤ 2), the two approximations are in good

agreement, as expected, and coincide with the exact low-frequency limit (κh),

but for larger conductivity contrast, they increasingly diverge. Interestingly, if

ϕ1 = ϕ2 = 0.5 the weak-contrast expansion coincides with the harmonic average

even for high contrasts. Indeed, for a two-component medium at this particular

volume fraction the low-frequency limit for the weak-contrast expansion, given

by

κ∗(ω → 0) = κ0(1− σ2
κκ)

= 2ϕ2(κ1 + κ2)−
ϕ(κ2

1 + κ2
2)

(κ1 + κ2)
=

κ1κ2

κ1 + κ2

= κh, (6.55)

attains the harmonic average.
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Figure 6.3: Normalized effective
conductivity of a randomly layered
medium (1D) vs. dimensionless
frequency kRd, where kR is the real
part of k0. The blue The blue lines
indicate the 1D frequency limits.

Figure 6.5 shows a comparison of the weak- and strong-contrast expansions in

3D for two examples. In the first example, the reference medium (κ1) is chosen

to be the less conducting component (κ1 < κ2) and in the second, it is the more

conducting component (κ1 > κ2) with a volume fraction of 0.8 in each case.

For the former, the strong-contrast expansion coincides with the lower HS-bound

and for the later with the upper HS-bound, whereas the weak-contrast expansion



6. Dynamic equivalent hydraulic conductivity 160

0 2 4 6 8
−0.5

0

0.5

1

1.5

2

2.5

3

R
e(

κ e)/
κ 1

κ
2
/κ

1

 

 

φ
2
 = 0.3

φ
2
 = 0.5

φ
2
 = 0.6

weak−contrast exp.
strong−contrast exp.
harmonic average

Figure 6.4: a) Normalized effec-
tive conductivity (1D) in the low
frequency limit (f = 0.01Hz) as
a function of conductivity contrast
for volume fractions of 0.3, 0.5 &
0.6. The circles denote the exact
low frequency limit.

violates these bounds. In Figure 6.6, the low-frequency limit of the effective

conductivity is plotted as a function of conductivity contrast for several volume

fractions. For small contrast the two approximations are in good agreement, but

afterwards for most volume fractions they increasingly diverge. Interestingly, the

weak-contrast expansion attains the HS-bounds for volume fractions of 0.25 and

0.75 and falls between the bounds for volume fractions between 0.25 and 0.75

even for high contrasts. This is because the variance does not exceed a value of

3 if

σ2
κκ(κ2/κ1 → ∞) =

ϕ1

ϕ2

< 3 ⇒ ϕ1 < 0.75

σ2
κκ(κ1/κ2 → ∞) =

ϕ2

ϕ1

< 3 ⇒ ϕ1 > 0.25

and thus the low-frequency limit given by κ∗(ω → 0) = κ0 (1− (1/3)σ2
κκ) remains

physical. However, this is merely a characteristic of calculating the variance from

a two-component medium. As expected, the low-frequency limit of the strong-

contrast expansion remains physical for high contrast and all volume fractions

and coincides either with the upper or lower HS-bound since the expansion is

constructed in this way. However, note that for the whole frequency range the

strong-contrast expansion is only meaningful for small volume fractions of κ2,

since the chosen Debye random medium (exponential correlation function) ex-

hibits a percolation threshold. As discussed in the previous section, percolation

behaviour is not captured by the two-point approximation. To account for this

effect, higher correlation functions are necessary.
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6.1.7 Discussion and Conclusions

The application of the strong-contrast expansion method of Rechtsman and Torquato

(2008) leads to closed-form expressions for the effective hydraulic conductivity in

a 1D and 3D two-component media, depending on the choice of the reference

medium and on the second order statistics. We find that this method coincides

with the exact bounds for arbitrarily high contrasts in 1D, i.e. the harmonic and

arithmetic averages. Furthermore, the strong-contrast expansion method attains

the low-frequency limit for all volume fractions and any choice of the reference

medium in 1D. It is therefore superior to the weak-contrast approximation that

diverges at high contrasts.

The strong-contrast expansion method applied to 3D media yields in the low-

frequency limit the generalized Maxwell approximation and depends on the choice
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of the reference medium. A comparison with the weak-contrast expansion (Müller

and Gurevich, 2006) has shown that the low-frequency limit for both expansions

converge for small contrasts. Further, the derived expansion attains the HS-

bounds, which incorporate two-point information and does not diverge for high

contrast. However, the truncated expansion at the two-point level does not cap-

ture percolation behaviour and therefore is only a good approximation for small

volume fractions of inclusions below the percolation threshold. To obtain nar-

rower bounds on the steady-state effective conductivity, the expansion has to be

extended to higher-order correlation functions, which we plan to do in the future.

As can be seen from Eq. (6.51), the steady-state value of the effective hy-

draulic conductivity does not depend on the size of the heterogeneities (the cor-

relation length), since the term A (Eq. (6.47)) incorporating the correlation

structure vanishes at low frequencies. However, the size of the heterogeneities

plays a role for the frequency-dependence of the effective hydraulic conductivity

since this measure determines at which frequencies the low-frequency (λd ≫ a)

or high-frequency limits (λd ≪ a) are obtained. Larger heterogeneities will shift

the dispersion curve to lower frequencies, which means that it will take longer

for pressure gradients to equilibrate. This pressure diffusion process controls the

dissipation behaviour of Biot’s equation in the low frequency regime and thus it

depends on a dynamic-equivalent effective conductivity.

It is understood that higher-order corrections will improve the estimation of

the low-frequency limit, however it is not clear how they will affect the dispersion

curve itself. We plan to apply the same approach to the coupled problem of

poroelasticity. The aim is to derive a model for effective seismic properties,

which is valid for high contrast in fluid properties. This is related to the problem

of estimating effective seismic properties of porous formations saturated with a

mixture of fluids such as CO2 and brine. In this special case, the high- and low-

frequency limits are known and it would be interesting to understand if higher-

order terms play a significant role on the frequency-dependence.



6. Dynamic equivalent hydraulic conductivity 163

6.2 Influence on velocity-saturation relations

The numerical example illustrated that the presence of heterogeneities in hy-

draulic conductivity affect the dissipation behaviour (diffusivity) of the medium.

The derived frequency-dependent effective conductivity for a medium with a

“double conductivity structure” takes this effect into account. To understand

the influence of a heterogeneous conductivity field on the VSR in a partially sat-

urated rock, we introduce the effective conductivity into the slow P-wave number

of the 1D CRM model (Eq. (2.33)) as follows:

k =

√
iω

κ∗(ω)

√
ηwNwSw +

√
ηCO2NCO2SCO2

NwSw +NCO2SCO2

.

The approach is somehow heuristically, since both theories are based on different

medium parameterisations and coupling effects of saturation and permeability

heterogeneities are neglected. However, to first order the results should reflect

the influence of conductivity fluctuations on the dissipation behaviour.
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Figure 6.7: Normalized effective conductivity as a function of frequency.

We construct a simple example using the petrophysical properties of the rock

sample 1444.2 V (see description in section 4.2.2). We assume that the medium
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is characterized by two permeabilities, κ1 = 10−13 m2 and κ2 = 10−15 m2. The

frequency-dependence of the effective hydraulic conductivity is shown in Fig-

ure 6.7. The correlation length for saturation and permeability heterogeneities

is chosen to be d = 0.25m and the gas saturation Sg and volume fraction of

κ1 is 30%. Three cases are considered the harmonic average and the arithmetic

average of the conductivities and the effective conductivity. The harmonic and

arithmetic average correspond to the low- and high-frequency limits for the effec-

tive conductivity, respectively.
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Figure 6.8: a)Frequency dependence of P-wave velocity and b)velocity saturation
relations with varying permeabilities. The double arrow in a) indicates the seismic
frequency range.

Figure 6.8a) shows the resulting dispersion curves for the fast P-wave. It can

be observed that the dispersion curve with a frequency-dependent effective con-

ductivity, interpolates between the two limiting cases and hence the slope of the

dispersion curve is smaller. This, in turn, results in less attenuation, however,

attenuation occurs over a broader frequency range. The same behaviour was ob-

served by Rubino and Holliger (2012). They performed numerical simulations

in a medium with random fluctuations in elastic parameters and hydraulic con-

ductivity. Finally, we calculate the VSRs for a frequency of 45Hz (Figure 6.8b)).

In this case the VSR for the effective conductivity is close to the VSR for the

arithmetic average. The examples illustrates that the presence of conductivity

fluctuations has an influence on the VSRs.



Chapter 7

Conclusions

The objective of the thesis was to analyse which scales, properties and physical

processes have to be considered in a time-lapse seismic study to predict the seis-

mic response caused by CO2 saturations effects. Crucial factors for the prediction

of the signal strength are the distribution of fluids and the in-situ properties of the

reservoir. To investigate these factors case studies using data examples of Stage

1 and Stage 2 of the Otway project and the Nagaoka CO2 project were performed.

In the Paaratte case (Otway Stage 2) study the influence of different fluid

distributions on the seismic response was investigated. Two different zones in

this formation were analysed, a very permeable clean sandstone interval and a

thicker and more heterogeneous interval. Though the predicted changes in elas-

tic properties were larger for the former interval, the determining factor for the

strength of the TL seismic signal was the thickness of the gas plume. In the high

permeable zone, strong buoyancy effects lead to a thin gas plume at the top of the

formation. This makes the detection of the gas plume with surface seismic imag-

ing more challenging. For the second zone a more compact and thicker plume

was predicted leading to a more robust TL seismic signal. For this zone different

injection volumes and distributions of the reservoir properties (geological reali-

sations), which in turn resulted in different geometrical sizes of the plume, were

investigated. A larger injection volume did not necessarily lead to a significant

improvement of the seismic detectability. This is due to the fact that most of

the additional gas volume was predicted to spread out below the reservoir seal
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in a thin layer, close to the detection limit of the seismic method. The different

geological realisations resulted in spatial variations of the TL signals. However,

all cases produced a substantial signal, which exceeded the TL seismic noise of

the field data.

The changes in elastic properties due to saturation effects are controlled by

the compressibility of the dry rock, the porosity and compressibility contrast of

the saturating fluids. Rocks with a large compressibility and a large compressibil-

ity contrast between saturating fluids, cause a strong TL seismic signal (Lumley,

2010). The WaarreC modelling study (Otway Stage 1) showed that the chal-

lenge for seismic monitoring in the depleted gas reservoir was the small change

in elastic properties due to a low contrast in fluid properties. The case study

confirmed that the TL signal is too small or the TL noise too high to detect a

signal robustly with the acquired surface seismic data.

In a 4D seismic feasibility study it is crucial to build a model of the subsur-

face with a consistent set of porosity and elastic properties. Therefore, calibrated

elastic property - porosity relations are needed. For the Paaratte model two work-

flows were tested to obtain such relations calibrated with available well log data.

Though, both approaches reproduced the data trends of the log data quite well,

they differed regarding their predictions of the TL seismic signal. These differ-

ences were mainly caused by different estimations of the dry rock compressibility.

The dry rock compressibility is difficult to estimate in a TL seismic study since it

cannot be measured directly in-situ. Laboratory measurements on rock samples

are the only way to measure the dry rock compressibility directly, thus available

information on that property is typically limited to a few samples. Another path-

way to improve the estimation of this parameter might be rock physics modelling

constrained by geological information. This involves certain assumptions about

the microstructure of the rock. For instance, a friable sandstone will always pre-

dict a very different TL signal than a well cemented sandstone. In this sense even

the microstructure can have a significant influence on the TL seismic signal.
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The Paaratte and WaarreC case studies illustrated that the magnitude of

changes in elastic properties is strongly controlled by the properties of the reser-

voir, resulting in very different velocity-saturation relations. However, if the pore

space of a rock is saturated with two immiscible fluids, such as brine and CO2, the

VSR also depends on the distribution of the fluids in the pore space. Depending

on the length scale of saturation heterogeneities and the measurement frequency,

intrinsic attenuation due to the mechanism of wave-induced fluid flow may take

place and lead to smaller TL signals. A VSR at reservoir depth was retrieved from

time-lapse sonic and neutron porosity logs from the Nagaoka CO2 sequestration

experiment. It was shown that the mechanism of wave-induced flow can explain

this velocity-saturation relation. Characteristic CO2 patch sizes were estimated

to be in the range from 1 to 5 mm and hence, mesoscopic heterogeneities can

be responsible for attenuation and dispersion in the well logging frequency band.

For the Paaratte formation fluid heterogeneities were investigated at seismic fre-

quencies based on reservoir simulation results. In this case wave-induced fluid

flow between layers with different saturations had only a minor effect on the TL

seismic response. The main reason is the high permeability of the clean sandstone

sections. However, larger poroelastic effects can be expected for low permeable

rocks and a series of layers with a strong contrast in fluid properties. Neverthe-

less, different distributions of the fluids (saturation profiles) resulted in different

impedance contrasts between layers and thus lead to different magnitudes of the

TL seismic signal. These differences can be explained by multiple scattering

(stratigraphic filtering) and are not due to intrinsic attenuation (local fluid ef-

fects). Though, the variations in layer properties are below the resolution of the

seismic method, they affect the TL signal and have to be taken into consideration.

The frequency regime in which mesoscopic flow (wave-induced fluid flow) oc-

curs depends not only on the length scale of saturation heterogeneities but also

on the diffusivity of the medium (hydraulic conductivity). The effective hydraulic

conductivity of a medium is a function of frequency itself and can vary quite sig-

nificantly at seismic to ultrasonic frequencies from the flow permeability used in

reservoir simulations. The dissipation behaviour of Biot’s equation in the low fre-
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quency regime depends on this dynamic-equivalent effective conductivity. In the

last chapter a model was proposed for such a dynamic-equivalent effective con-

ductivity for a “double conductivity medium”. This theory leads to closed-form

expressions for the frequency-dependent, effective conductivity as a function of

the one- and two-point probability functions of the conductivity fluctuations. In

1D, these expressions are consistent with exact solutions in both low- and high-

frequency limits for arbitrary conductivity contrast. In 3D, the low-frequency

limit depends on the details of the microstructure. However, the derived approx-

imation for the effective conductivity is consistent with the Hashin-Shtrikman

bounds. This effective conductivity was utilized to estimate the influence of fluc-

tuations in hydraulic conductivity on VSRs. However, the model does not account

for the coupling between saturation and hydraulic conductivity heterogeneities.

Therefor, the coupled problem of poroelasticity has to solved.

For the WaarreC case study a workflow was tested to integrate the inversion

result of the surface seismic data and results from the reservoir simulator on one

modelling grid. The main problem was that these two data sets were on different

scales and not consistent with each other, since the static geological model could

not reproduce the amplitude distribution of the surface seismic data. Therefore,

to take all information of available data sets into account an integrated approach

such as geostatistical inversion is necessary. This method relies on calibrated re-

lations of rock properties. The thesis focused on such effective elastic properties

for the prediction of the TL seismic signal. Further, we considered the frequency

dependence of the effective properties due to heterogeneities in saturation and

hydraulic conductivity. However in principle, proper upscaling of all properties

depends not only on the spatial distribution but also on the frequency of the

process.

Outlook

In this work different scales and mechanisms that can influence the TL seismic

response were analysed. The main focus of this study was on the effect of sat-
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uration and fluid distribution and the influence of elastic properties on the TL

seismic signal. VSRs were investigated at sonic and seismic frequencies for two

data examples. However, to obtain conclusive results about adequate VSRs at

in-situ conditions a more comprehensive study on several data examples is nec-

essary. Furthermore, the VSRs might be influenced by additional mechanisms

which were not considered in this thesis. In the following, a way to retrieve VSRs

at in-situ conditions by comparing measurements of different data sets is briefly

outlined and additional mechanisms that influence VSRs are summarized.

Comparing data with data

A main aspect of this study was the analysis of VSRs. The TL neutron and sonic

logs of the Nagaoka CO2 project provided the opportunity to study VSRs at in-

situ conditions in the sonic log frequency band. However, at seismic frequencies

we relied on saturation predictions from reservoir simulations. On one hand this

approach neglects inhomogeneities on smaller scales than the reservoir simula-

tion grid and on the other hand this does not provide effective properties of the

reservoir at the resolution of surface seismic data. To achieve this the reservoir

model has to be upscaled to the resolution of the seismic data. At this scale

a representative VSR for a reservoir with e.g. interbedded very low permeable

layers might be rather the patchy saturation model than the uniform saturation

model. This is due to the fact that for very low permeabilities there is no pressure

communication between the different layers during the time-scale of seismic wave

propagation.

However, probably the biggest drawback is that reservoir simulations are based

on the static geological model and hence, we obtain only conclusive results from

4D seismic data about an appropriate VSR at in-situ conditions if the geologi-

cal model is well calibrated with seismic amplitude data. Another pathway to

evaluate VSRs at in-situ conditions might be a comparison of seismic data with

a second independently measured property; e.g. electric resistivity. Electric re-

sistivity can be measured at various scales and is sensitive to the saturation of

the rock. For instance, within the Cranfield and Nagaoka CO2 projects TL re-
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sistivity and seismic tomography data is acquired. Furthermore, TL resistivity

and sonic logs are available for the Nagaoka CO2 project and at the Ketzin CO2

test site electric resistivity is measured in the laboratory and at the field scale.

By comparing these TL data sets to theoretical VSRs, one might get a better

understanding which VSRs are appropriate at a certain scale and frequency.

Other aspects which influence VSRs

In chapter 6 of this thesis it was shown that heterogeneities of hydraulic con-

ductivity affect the VSR. However, the approach was somehow heuristically and

did not consider coupling effects of saturation and hydraulic conductivity hetero-

geneities. To take these effects properly into account the strong contrast expan-

sion has to be applied to the coupled problem of poroelasticity. In principle, the

frequency dependence of all poroelastic parameters has to be considered. Fur-

thermore, laboratory measurements of Lebedev et al. (2009) indicated that the

patch size itself can depend on the saturation. This might be related to percola-

tion behaviour of two fluids occupying the same pore space.

But there are even more saturation mechanisms, which might affect the seis-

mic response and are not taken into account by Biot’s theory of poroelasticity; e.g

multi phase flow and capillary forces. Multi-phase flow results in a reduction of

the effective permeability due to the presence of a second fluid. Recently, (Azuma

and Chisato Konishi , 2013) suggested considering this effect by including the ir-

reducible water saturation into VSRs. The modified VSR has as an end-member

a mixture of irreducible water saturation and injected gas instead of 100% gas

saturation. Further, (Qi et al., 2013) noted that a rock stiffening effect can be

caused due to membrane tension between saturation heterogeneities, which is a

macroscopic expression for capillary forces.

Aside from saturation effects, there are many other mechanisms which affect

the TL seismic signal of CO2 sequestration; e.g. pressure changes in the reservoir

and geochemical reactions of CO2 with the reservoir rock.
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