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1 Introduction

Solutions of partial differential equations have attracted significant interest in the lit-
erature. Exact traveling wave solutions, in particular, are useful both in practice and
for verifying the accuracy and stability of popular numerical schemes such as the finite
difference and finite element methods. By employing a computer algebra software such
as Maple or Mathematica, the large amounts of tedious working required to verify
candidate traveling wave solutions can be avoided. The capability and power of these
softwares has increased dramatically over the past decade. Hence, a direct search for
exact solutions is now much more viable.

Several effective direct search methods have been proposed in the literature. These
include the tanh method [15,16], Exp-function method [6,20], Jacobian elliptic function
method [12,18], Weierstrass’s elliptic function method [17], reduction of order methods
[9,10], and cosh/sinh ansatz I-IIT method [19]. In this paper, we extend the generalized
expansion method developed in references [2, 3]. More specifically, we develop some
new Jacobian elliptic and exponential solution classes for the same auxiliary ordinary
differential equation (ODE) considered in these papers. The solutions of the ODE are
then used to construct candidate traveling wave solutions. Our new results ensure that,
when applied to the classical Boussinesq and modified KdV equations, this generalized
expansion method not only recovers all of the solutions reported in [6, 12,18, 19, 22],
but also discovers many new ones. Furthermore, this approach is flexible as well as
powerful — it is easily adapted in Section 6 to handle the system of shallow long wave

approximate equations.

2 Preliminary results

The Jacobian elliptic functions are discussed thoroughly in [1, 5]. Since these special
functions play an important role in the sequel, we will briefly introduce them here. We

will also discuss some preliminary results that form the basis for our work in Sections
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3-6. Note that we will follow the usual convention and let i denote the complex number

satisfying i = —1. Moreover, for the remainder of this paper, m € (0,1) is arbitrary.

To begin, consider the integral

0
I= N\ an

o 1—m2sin’(n)

Here, the constant m is referred to as the modulus and the upper limit p is called the

amplitude of ¢, which we denote as

p =am({).
On this basis, the first three Jacobian elliptic functions are defined as

sn({) := sinfam({)] = sin(p),
cn({) :=cos[am({)] =cos(p),

and

i_ i_
dn():= 1-m?sin’[am(Q)]= 1— m?sin%(p).

As m — 1, we have
sn({) — tanh ({), cn () — sech (), dn({) — sech ().

Similarly, as m — o,

sn({) — sin (), cn (0 — cos(Q), dn({) — 1.

Nine additional Jacobian elliptic functions can be defined in terms of these first three



— see references [1,5] for details.

In [2,3], the following auxiliary ODE was introduced:

[F(OF =d +a F@+a [FOF+a [FOI +q [FOI, (2.)

where gk, k = 0,..., 4, are given coefficients. Various solutions of ODE (2.1) were con-
structed using the Jacobian elliptic functions, and these results were exploited in the
design of a systematic procedure for generating solutions of non-linear partial differen-

tial equations. We will follow a similar approach in this paper. In our work, ODE (2.1)

will be considered assuming @, /= 0. We will need to determine more general
solution
classes of ODE (2.1) than those reported in [2,3]. This is the motivation behind the
preliminary results that follow.

Recall that m is an arbitrary real number satisfying 0 < m < 1. With this in
mind, for any (possibly complex) number y, define the constants pjk(y),j =1, ...,12,

k=o0,...,4,according to the following table.

i Pj,0(Y) Pj,1 (V) pj,2 (V) Pj,3(Y) Pj,4 (V)
1 m? — | 4y(1 —m?) 2-6y% +6y*m? —m? 2y2y? —2+m? —2y?m?) vim? 4 2y% —yt —1—yZm?
2 1 —4y 6y? —1—m? 2y(1 +m? —2y?) vt +m? —y2 —yZm?
3 1 —m? 4y(m? — 1) 2m? —6y?m? +6y% — 1 2y2y?m? —2y? + 1 —2m?) 2y2m? 4yt —m? —ytm? — 2
1 — 2. — 2 R —
2 T v aviri—2m veam?2 +y2 — 1) =y —l—dy m +2y
5 _} v 1—3y§+m5 V(2 — 1 —m2) 2vZ+2m? —y3-1+2y?ZmZ2-m?% 2y m|-y m -m -
2 _3vZ m2 — 2 Z 4 2 2 2
6 _mT ym? me =Sy me =2 v(y2m? —m? 4+ 2) 4
7 0 m2Z —1 3y+2 —3ym? —m? 3y2m?2 4 2ym? —3y2 —4y — 1 vy + D(y+1 — ym?)
8 0 2 T —m2 6 T—-m2y—4am2+5 | BmMZ—10y—6y2+4) 1-—m2 | @y+2y>) 1 -m2 + 1+ (5 —4m2)y2
9 1 T 1
4 M— 1 -_m + o m—m 1 4
10 m2 2m4-3m2+4 : m2
4(1-m2) m2-1 2(1-m2) m2-1 4(1-m2)
1-m 1+m 1-m
11 4 1 0 " 2 1— 0 -+ 4
12 LAY T =71 37 m_—a -1 3z T I
4(1-m2) m2-1 2(m2-1) m2-1 4(1-m2)
Table 1. Definition of the constants pj,k(y),j=1,...,12, k=0,...,4.

Furthermore, let the functions ¢;«(-,y), j = 1,...,12, K = 1,...,4, be defined as

follows:
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Through lengthy calculation, we can readily verify the following result. Note that

Maple can be used to help us for the calculation.

Theorem 1. Let y be arbitrary. Then, for each j =1,...,12, ODE (2.1) with

coefficients gk = pjk(y), k =0, .. .,4, has solutions ¢;«(-,y), k=1,...,4.

Remark 1. Theorem 1 can be generalized further. In fact, it remains valid even

if cn(¢), sn(é) and dn(§) are replaced, respectively, by +cn(€), +sn(é) and +=dn(¢) in

the expressions for ¢ given above.

In some cases, the solutions of ODE (2.1) can be used to generate additional solu-
tions. This observation is furnished precisely in Theorems 2 and 3 below. Again,

Maple can be used to conveniently verify these results.

Theorem 2. Suppose that ¢ is a solution of ODE (2.1) with coefficients qx = &,
k=o0,...,4,where § = § =0, and ¢, ¢ and ¢, are given constants such that ¢, /=
0. Then, 1

g4l

®» ¢

=+

is a solution of ODE (2.1) with coefficients

=y

[

Go=8n+4r q,=0, ga=0T 60 @ =0, G=6.

<

Theorem 3. Suppose that ¢ is a solution of ODE (2.1) with coefficients qx = &,

k=o0,...,4,where §,k =0,...,4, are given constants such that §, /= 0 and g, &



Then,

G, 1
¢+
G ¢ (o)
is a solution of ODE (2.1) with coefficients
405 (2000 — Gicp) 60 . .
qo:_(hig%_cagl_, Q|=—4ﬁ,';, QQZQ— %%7 Gs =G, Qqa=0@
1

Remark 2. From Table 1 and Theorem 1, the reader will notice that, for any y,

Theorem 3 can be invoked with ¢j«(-,y), j € {10,12}, k=1,...,4.

We would also like to consider non-Jacobian elliptic solutions of ODE (2.1). As such,
to conclude this section, we present the following two results. Both can be proved

easily via direct substitution.

Theorem 4. Let a-, a,, a; and b, be given constants such that a-; /= 0 and

sh) /= a—lbo. Then,
a-1e ¢ +a,+aet

es+Db, + e
a-i

is a solution of ODE (2.1) with coefficients

4a-1a; —a(z) az_1

=T hi_aZ
a0 (@a-1bo - &) .
g1 = 2a-1 —aoa-1bo +8a-1ai _a(z)
@-1bo — a)”
a’ b?+4a-1aoho —24a-1a; +a?
g = —LO ) 0
(a-1bo —ao)
qs = X831 —a-1bg—aobo)
@-1h —ay)’
a-1b?-4a;
a4

_ 0 _
= 5.
a-1(a-1bo—ao)

Theorem 5. Let a-, a;, by and b; be given constants such that a; /= bja-; and



bo(a-1bi+an)t(a-1bi—a)) b=

4by
— 0
ay = B . Then,

a-eé+a)+aef
e $+by+bef

is a solution of ODE (2.1) with

a’ a?

_ 11 )
=(ba_; —a)
la-1a?-2bja? aj

1 —1

= (bra-1—ar)?
a’+4a-1bja; +a? b?
o = L -11
(bra-1—ar)?
- _ 2
qs = 2aib; —2a-1b

(bia-1 —ai)
b2

= .
da (bra-1-a1)?

Note that additional solutions of ODE (2.1) can be constructed using Weierstrass’

elliptic function. The reader is directed to [17] for more details.

3 A generalized expansion method

We will briefly outline a generalized expansion method for constructing traveling wave
solutions. Similar procedures have been developed in references [2, 3]. However, the
new results given in the previous section ensure that our method yields many new
solutions when applied to some classical partial differential equations. This will be
clearly demonstrated in Sections 4-6.

We consider the following non-linear wave equation:
H (ul utl qu uttl uXXl uXt1 LI ') = O! (3'1)

where u := u(x, t) is a real or complex-valued function, H is a given function involving

powers of its arguments and the subscripts denote differentiation. We will consider



candidate traveling wave solutions that take the form

N

ux, D=0 = ¢lF (&7, (3.2)

j=0

where = p(x — vi), 4> 0 is the wave number, v is the traveling wave velocity, N is
an integer, F is a non-trival solution of ODE (2.1) with coefficients qx, k = 0, ..., 4,

and ¢j, j = 0,...,N, are constants with cy /= 0. Depending on the form of H, p

and vwill be determined or remain as free parameters.
Note that ( given by (3.2) is a polynomial function of F. Hence, it is readily seen

that, for each integer k > 1, U is also a polynomial in F. In this case, we use the

degree notation O( -) to denote the index of the highest power of F. Thus,
O(0") =Nk, K=1. (3.3)

The derivatives of F can be obtained by repeatedly differentiating both sides of (2.1).

For example,

0
DFY = 94 qF + PF% +20.F,
" = (qu+39sF + 6q,F HFY,

(3.4)
( ) ( )
%E Flu — 3000 + l%qlq2 + q22+ 9iglq3 +12q0q4 F

( ),
+15 Qs + Qs F? + 20050+ qui) F3 +300:0:F" + 240 F°.

It is not difficult to show that only the even derivatives are polynomials in F. The odd
derivatives also contain terms of the form FJ(F') , where j is a non-negative integer.

In this case, we define O(F!) = 2 and so

OFIFY)Y)=j+2, j=o.
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By differentiating (3.2), we can also deduce the derivatives of 0. For example,

at = (c;+...+NcewFNHFY,
i = (ci+...+NenFVHF™ +[2c; +... + N(N — DenFN2I(FLY,
i = (c;+...+NenFVDF™M 4+ 3[2¢, +... + N(N — 1)eyFN?JFIF™

+[6C; +...+ N(N — D(N — 2)cyFN3I(FH)?,

Gllll = (C] + ...+ NCNFN_l)Fllll (35)
@ +4[2C2+...+N(N B l)CNFN—2]F1F111
% N-2 12
0 +3[2¢c, +...+ N(N — 1)cyF 1(F )
E +6[6C; + ...+ N(N — 1D(N — 2)cyFN3(FH)F !

+[24¢c,+ ...+ N(N — 1)(N — 2)(N — 3)cnFN](F 1),

where the derivatives of F are given in (2.1) and (3.4). Higher order derivatives can
be obtained similarly. Again, only the even derivatives of U are polynomials in F. It

is readily seen that

O (G(K)) =N +K, K=>=>1. (3.6)

When 0 is substituted into (3.1), the original partial differential equation in x and t
is reduced to a non-linear ODE in . We will normally choose N so that the degrees
of the highest order derivative term and highest order non-linear term in this reduced
ODE are balanced. However, this does not always result in an integral value for N.
In this case, it is sometimes possible to proceed by letting 0 = Vrl, where 71 is the
denominator of the fractional value of N (assuming the denominator and numerator
have no common factors), and solving the resulting equation for v. This is illustrated

in the following example.

Example 1. Consider the following Boussinesq-type equation:

Uit — Uxx + Uxxxx + (US - U3)xx = 0.

11



By letting u(x,t) = G(u(x — vt)), the above partial differential equation is reduced to
the following ODE:

VOO — gt u2allll (@ - )M =o.

Integrating twice yields

V- 0+ ot +0° -0’ =o. (3.7)

Here, the highest order non-linear term is °, and the highest order derivative term

is ', Balancing these two terms using (3.3) and (3.6) gives 5N = N +2, or N = 15

Setting G = Vzi, (3.7) becomes

(V — DV + g[zvv“ — (W) + Vv =V =o. (3.8)
4

Now, we can balance (v!)? and v* to yield N = 1. Hence, we can search for traveling

wave solutions of (3.8) which take the form v (u(x — vt)) = ¢y + ¢|F (u(x — vt)), for

constants ¢, and c¢;. If such a v can be determined, then it is easy to derive G. -

It is noted in Example 1 that substituting 0 into (3.1) yields a non-linear ODE in
¢. When the derivatives of { are substituted into this reduced ODE, we will obtain
a linear combination of F/(F')X, where j > 0 is an integer and k € {o0,1}. If v, L,
and ¢, j=0,...,N,and gk, k =0, ...,4, can be chosen to make each coefficient in
this linear combination zero, then the resulting G will satisfy the original partial differ-
ential equation (3.1). However, in this procedure, we sometimes end up with ¢; = o,
j =0,...,N (we encounter this in Section 6). In this case, we can use the following
alternative solution form proposed in [2]:

N

c [FIOF+c [FOI'FYE
2.

0 =cpo+ M [6F (6) + 1] : (3.9)

j=1

12



where ¢, Cxj, K=1,2,j =1,...,N, and 6 are constants.

Notice that each of the Jacobian elliptic solutions of ODE (2.1) reported in [2,13,14]
can be written as a scalar multiple of some ¢jx(-,0), j € {1,...,6}, k € {1,...,4}
Hence, by applying our expansion method with (3.2) and Theorem 1 to a non-linear
partial differential equation, we can replicate every Jacobian elliptic solution obtained
using the methods presented in [13, 14]. Applying our expansion method with (3.9)
and Theorem 1 to a non-linear partial differential equation, we can obtain all Jacobian
elliptic solutions obtained using the method presented in [2]. Similarly, each Jacobian
elliptic solution of ODE (2.1) reported in [3,4] with w = 1 can be written as a scalar
multiple of some ¢x(-,0),j €{1,...,6}, k €{1,...,4}. It is also evident that, for the
special case 6 = 0, using our expansion method with (3.9) and Theorems 1 and 2, we
can recover every Jacobian elliptic solution obtained using the method of [3,21]. Hence,
by virtue of the new results in Section 2, our method is a significant generalization of

the work reported in [2,3,13,14].

4 Traveling wave solutions for the Boussinesq equa-
tion

Consider the well-known Boussinesq equation

)

(o
Uit = Uxx + Usxx + 3 U7, (4.1)

where u := u(x,t) is a real-valued function. Various methods have been used to solve
Boussinesq type equations [7,8,11]. Here, the general expansion method will be used
to derive new traveling wave solutions for (4.1). Letting u(x, t) = G(¢), where € is as

defined in Section 3, (4.1) becomes the following ODE

- N ()
VElt = gt + p2attt 4 g =5 (4.2)

13



1111

Balancing @)" and a gives 2N +2 = N + 4, or N = 2. Hence, we will search for

traveling wave solutions of the form
G(8) = ¢y + ¢ F (O + & [F(OT, (4.3)

where ¢, /= 0 and F satisfies ODE (2.1) with coefficients gk, k = 0,...,4. Substitut-
ing (4.3) into (4.2) and using (2.1) and (3.4)-(3.5), we obtain the following sufficient

conditions for 0 to satisfy (4.1):

) 3H'Q° — 1610 q —4q +4q V2
0 Cy= 3 4 2 4 4
] )
C] = —I_l 93, 24q4
ﬁ (4.4)
1 ¢y = —2plqy
- Y
g (4q;q§£ a0

That is, if a solution F of ODE (2.1) with coefficients satisfying ¢, = %‘ﬂ and

04 /= 0 can be found, then

3u2q§ — 161%G40) — 40 + 474V

aeg) = 20 — WgsF () — 2p’q. [F (O] (4.5)

is a solution of the Boussinesq equation (4.1). Now, we generalize this solution form

further. Note that, if q; = g3 = 0, then (4.5) reduces to

ae) = Vz‘lg‘”‘zqz — 2pq, [F(OT.. (4.6)

If gy /= 0, then using Theorem 2 with (4.6) gives the following solution form for

equation (4.1):

2
(e = A g FGOF - 2L (47)

14



Furthermore, note that (4.5) can be rewritten as

202 2 _ _ (C
a(g)zuqs + Vv 4T -1 P F(E)+ Qs : (4.8)
40 6 44,
The solution forms (4.7) and (4.8) provide motivation for the following, more general,
candidate traveling wave solution:
C -2

- —1 ¢
G = WE+VIHRTL e Y@+ Chd FO+E L (49)
40, 6 404 494

where d is a constant. By substituting (4.9) into (4.2), the value of d can be deter-

mined. We summarize our results in the form of the following theorem.

Theorem 6. For each j = 1,2, let ¢ € {0,1}. Suppose that F is a solution g))f
g3\ 49204—q
ODE (2.1) with coefficients g, j = 0,...,4, satisfying q; /=0 andq, — s

4

Then, for any p and v,

uzqz 2 2 " ( Q32
ux,t) =—=3 , ¥ s 26104 F (u(x - v+ —
494 - ) ; 494
@(16q Qo044 = 50" — 2560 C@
+ e £ 3 4
128¢° F (ux—vDH) + ¢ 2
4 494

is a solution of the Boussinesq equation (4.1).

Remark 3. Note that the solution form given in Theorem 6 includes both (4.5)

and (4.7) as special cases.
Notice that the coefficients of ODE (2.1) in Theorem 5 satisfy the requirements of

Theorem 6. Thus, we can apply Theorem 6 with the solutions reported in Theorem

5 to obtain the following class of traveling wave solutions for the Boussinesq equa-

15



tion (4.1):

( —e Hxvh + \/Aﬂﬁrﬁ+ Jekxvh 2

e HOVh + A + Jenx-vh)
e_l-l(X_Vt)J’_ A+ ﬁeH(X_Vt)

2 2 2
up(x,t) = = g

—§"2
2 —etHevh £ A2 — 49 + Jekxvd

where, for each j = 1,2, & € {0,1}, and A, 9, g and v are arbitrary real constants
such that 3 @A%4.

It should be addressed here that the above class of solutions includes all of those
obtained by combining Theorems 4 and 6. Note that, for some cases, the denominators
in the expression of u; can be equal to zero at certain points, and thus, such a solution
is unbounded. For example, u; with & = ¢, =1 and 4 /= 0 is unbounded. It is also
noted that, for some cases, the solution u; is bounded. For instance, u; with & = 1,
&=0, 0 @3 @AM4 and A ): 0 is bounded. For the bounded case, clearly, the
solution u; gives a single wave that moves in the x-direction with velocity v and as

(X — vE) — oo, uj(X, 1) — (V2 — 1+ 2u)/6 — (g + &)/2.

Choosing 4 = 1 and replacing A by 24, u; becomes

J
(sinh[u x-vi)]+ A=1 2
(

h[u(x — v +A
Cﬁm_vm(x vh] + : (4.10)

u(x,t) = 2l ‘?Zuz -

no
oE ‘N T |

sinh[p(x —vt)] = A*—1

where, for each j = 1,2, ¢ €{0,1}, and A, pand v are arbitrary real constants such

thatA>10rA < —1.

Since u is a real-valued function, the arbitrary constants in u; are generally real.

However, this is actually an unnecessary restriction — these constants can be complex

provided that u; remains real. If p is replaced by ig in (4.10), then we obtain another

16



class of solutions:
C. v
) o osin[u(x—v)] £ +—A= 2

2
_ Ve
u(x,t) = 6 —&ah cos%u(x — V)] +A
s el -1+
1

sinf[p(x — vl = 1— A2

where, for each j = 1,2, § € {0, 1}, and |, v and A are arbitrary real constants such

that —1 < A < 1. Obviously, the solution u, is unbounded.

Remark 4. In [19], the solutions of (4.1) were obtained using the sinh/cosh ansatz I-
II method, the sinh-cosh ansatz III method, the tanh method and the sine-cosine

method. Each of these solutions is a special case of u; or u,.

To apply Theorem 1 in conjunction with Theorem 6, we must choose y so that the
hypotheses of Theorem 6 are satisfied. That is, y should be chosen so that the following

equation holds: ( )
Pis(Y) 4P (VP _ [T’ |

8 [pi4(NT’

P;.1(y) =

Then, the corresponding solutions reported in Theorem 1 can be used with Theorem
6. Applying this procedure, we can obtain periodic solutions of Boussinesq equation
(4.1) in terms of Jacobi elliptic functions. For each j =1,...,12, choosing gk = pjk,
k=o0,...,4, and employing Theorem 6 give solutions uj, j = 3, ...,26. Some of the

solutions are listed below.

VvV —1+42 (M’ +1) 2 2 2 2
us (x,t) = oy em sn (&) + &sn” (&)
v — 1+4|92(m2 —2) +2p2redn2(§)+ 1—m2I
,t = 1 )
us 60 6 dn’(§ |
V2 — 1+ 4> (m? — 2) ,en’(§)  (1—m?)sn?(§)
U 60 = SR A G

6

17



r |
V2 — 1+ 42 (m? +1) ,  ,en¥(§)  dn’(d)

U6(X,t)= - 2| m d—nZ@-i_ Cn2(§) ’I
- v2—1—4|1@(2m2—1) PRI 1-m?
Uy (x,t) = _ _ —
7 Vo1 gb(em? —1) M rdrrl';( & (‘f?nZ(ml;eal)snz(f)l
us (X, 1) = 6 -2 sn2(&) dn?(§) ’
Vv —1+2p2(em?—1) 1 - en(é)]
Uy (x, 1) = 6 "~ 21+en(®]

where, for each j = 1,2, ¢ € {0,1}, and p and v are arbitrary real constants. The

other Jacobi elliptic function solutions are listed in the Appendix.

Remark 5. It follows from Remark 1 that uj, j = 3, .. ., 26, still satisfy the Boussi-

nesq equation (4.1) evenifcen(€), sn(€) and dn(§) are replaced, respectively, by +cn(€),
+sn(¢) and +dn(é).

Remark 6. It is interesting to note that, for each j € {3,...,26}, the solution uy;

becomes a special case of u; as m — 1. Similarly, as m — 0, uj becomes a special case

of up.

Remark 7.The solution u; is identical to the solutions reported in [12,22], and the
solution uy is the same as the solution reported in [23] (for 5:2 =1,a=1and B = 3).
However, all of the other Jacobian elliptic function solutions are new solutions. Fur-
thermore, if the candidate traveling wave solutions of the form (3.9) are considered
and our new results in Section 2 are applied, then many additional solutions can be

obtained.

To show the physical insight of these solutions, here we take u, and u; as exam-

ples. Figure 1 shows the wave profile of the solution u, with m = 0.99, p = 1 and

v = —1. Clearly, the solution is a periodic function describing the traveling of waves

18
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Figure 1: The plot of the solution u, to the Boussinesq equaiton (4.1) with m = 0.99,
M =1and v = —1 and the initial status of u,.

in the negative x-direction. Figure 2 shows the graph of the solution u; for m = 0.9,

—2. Note that u; becomes infinity when cn(u(x — vt), m) = o, that
f 7T/Z( =112
0

M=1and v

1— m?sin’(s) ‘dsand n = 0, *1, ...

is, u(x — vt) = (2n + 1)K, where K =

For instance, in Figure 2, u; becomes negative infinity when the point (x,t) is close

to the lines x + 2t = 2.280549138(2n + 1), where n = 0, %1, ... It is also noted from

the expression of the solutions u; with & = 1, us, ..., Uy that these solutions are

unbounded, since the denominator in the expression can be zero at certain points.

5 Traveling wave solutions for the modified KdV
equation
We consider the following modified KdV equation:

Ui + UZUy + Ugyy = O, (5.1)
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Figure 2: The plot of the solution u; to the Boussinesq equaiton (4.1) with m = 0.9,

M =1and v = —2 and the initial status of u.

where u := u(x,t) is a complex-valued function. Letting u(x,t) = G(¢), where € is as

defined in Section 3, (5.1) is reduced to the ODE
(5.2)

—vit + @?at + pfatt = o.

Balancing (°G* and (! yields N = 1. Thus, we now consider candidate traveling wave

solutions of the form

t(é) = co+c1F (),
where ¢; /= 0, and F satisfies ODE (2.1) with coefficients qx, k = 0,..., 4. Substituting
0 into (5.2), we obtain the following sufficient conditions for 0 to satisfy (5.2):

[——

¢’ + 6p’q = O,
2C(C; + 303 = O,

U _v+ch+ g = 0.

20
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According to (5.3),

3q; '\

u(x,t)= = W— —6qsF (M(X—wvi1)) (5.4)

2 . . . . .
where v, = | @, — 3%1,_4 and pis an arbitrary constant, is a solution of (5.1). Now, if

q: =g = 0 and qy /= 0, then Theorem 2 can be applied with (5.4) to give the

following solution form of (5.1):
N— ( - 1
U D =i 6y b F (RO - vaD) + . (55)

- F(U(X—w)
Qo

( I\
where jj = +1, j = 1,2, v, = ¥ q; — j»6Q9 ¥ and p is an arbitrary constant. In
addition, if q, = q_ojf and 9,9, /= 0, then Theorem 3 can be applied with (5.4) to yield
a;

another solution form of (5.1):
' 39 (q 1 !
1 —— O3
= - _6 _F X - t + 1 (5'6)
u(x,t) = +u Ry L (HX—vD) + £ L= viD)

\

3q2 o o
0 6 and P is an arbitrary constant.
where Vi=H O — gﬁ(?f‘k 30 H ry

We can apply Theorem 4 with (5.4) to obtain the following class of traveling wave
solutions of (5.1):
s

up (X, ) = A+ A :
e—H(X—(HZMZ)t) +19+ ﬂ@ﬁﬁp&e“(x_(uz +A2)t)

where A, 3 and p are arbitrary parameters such that A /= 0. It is noted that, if A, $and
u are all real constants satisfying AJu /= 0, then u, describes a single wave

travelling in the x-direction and u;(x,t) — A, as u(x — (> + A)t) — %00,

We can also apply Theorem 5 with (5.6) to obtain another class of solutions of

21



(5.1):

( v \
=64 g+1  oe PO L IAN(o+1)+ ), A=z50— 1)+ JeH* VD
u (X, t) =j; - 2 2
9~ 2( e Hx-wvi) 1 A + JeHx-vah \
. __6IJO- e_U(X_V4t) + A+ 19e|,l(X—V4t)
—Ji—o—1 .
vV HX—vzt)
ge—H&x—vat) 4 1 1 —-

A+ + )y A —4%(0—-1)+5e

2 2
where j; = 1, j = 1,2, v, = "5 %;and A, 8§ and o are arbitrary constants
such that o0 /= 1. Note that u; is the same as solution (18) in [6], obtained using

the Exp-function method. However, u, is a new solution.

We also can obtain Jacobian elliptic solutions to the modified KdV equation (5.1)

by combining Theorem 1 with (5.4)-(5.6).

1. Fork €{1,...,4},j €{1,...,12} and y arbitrary, (5.4) with F = ¢;«(-,y) and
ai=p;i(y),l=o0,...,4,1s a solution of (5.1).

2. Fork € {1,...,4}and j € {1,2,3,4,5,6,9,11}, (5.5) with F = ¢;i(-,0) and
qi=p;i(0),l=0,...,4,is asolution of (5.1).

3. Fork € {1,...,4} and j € {10,12}, (5.6) with F = ¢;x(-,0) and q = p;i(0),
|=o0,...,4,is asolution of (5.1).

Thus, we can obtain many Jacobian elliptic solutions of (5.1). To keep the details
to minimum, we will not list them all here. Instead, we just select some of them to
compare our results with those reported in [18,22]. Note that our method can also be
applied to the modified KdV equation considered in [18, 22].

Let y be such that y /= +1 and y /= £m. Choosing qx = p,x(y), k=0, ..., 4, from
22



(5.4), it follows that

3y(1+m?—2y?)

"\ o
—6(m2 —yH(1 =) sn [p(x — vst)]

0= ¥
oD = u C -6(m —y)(1 -y
3y(1+m?—2y?)

"\ y sn[p(x — vl +1
—6m—y)a—y-

Us(x, 1) = -
C —6(m’ - -y xEmsnlpx —vshl ©
3y(1+m’—2y?) —&mziyz—}@av%dn[u(x —vst)]
us(x,t) =
C —6(m - P -y)  xdnlukx - vshl+menfp(x - vl
3y(1+m’—2y?) —éémiyl}élav%%n[u(x — vst)]
Us(X, ) = 4 —

—6(m? — y)(1 - y?)

| V ¢n [u(x — vst)] + dn [u(x — vst)] '

where vs = 3y,+m 52y ), , and W is an arbitrary constant, are

6V2 - m—
2m7=yHI=y?)
solutions of (5.1). If y is any real number such that m < |y| <1, then uy, k=3,...,6,

are real and bounded. Moreover, if y = 0, then according to (5.5), we can obtain the

following two unbounded solutions:

- C
1
u(x,t)= —6u , =m sn[p(x — vt)] + ,
1 Cdn e v, mBHt %
D= -6 + !
Us(x.1 U5 - vl dn [ux — ved)]
where v = —p’(1 = 6m + m?) and p is an arbitrary constant.

Similarly, if qx = psk(y), k = 0, ..., 4, where y is an arbitrary constant such that

v /=+1and y /= =it then we get solutions of (5.1) as follows:

3y(1 — 2m? — 2y’ + 2y’m?)
—6(ym? —m2 — (1 - y)
*=6(y’m? —m2 — ?)(1 - y) en[p(x — vit)] !
- v en [p(x — viD)] +1 ’
3y(1 — 2m? — 2y? + 2y’m?)
=6y = m” =y - v |
6(y’m’—m’—y) - y)(a-m’)
yV m2 — 1+ m cn[ux — vit)]
23
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Ug(X, 1) =p

J
upo(x, t) =




3y(1 — 2m? — 2y? + 2y’m?)
=6(ym2 —m? = yI)(1 - p2)
*=6(y2m? — m? — y?)(1 — ) dn [u(x - v,)] !
y dn[u(x — vyt)] +im sn [u(x - v;)]
3y(1 — 2m? — 2y? + 2y’m?)
—6(Pm - m2 — (1 - 1)
*=6(y2m? —m2 = y2)(1 - y2)(1 — m2) sn[u(x — vit)] !
yV1 —m?2 sn[u(x — vit)] + dn [F(X — wit)]

J
up (X, t) =

J
up(x,t) =p

I
where v; = 2 m2 —
2

6y2mM?2 + 62 — 1 — HU2M 2y 5y m), and pis anarbitrary

2(msys—ms=y-)(I-y*)
constant. Moreover, if y = 0, then we have the unbounded solutions

_ C
"\ m
up(x,t) = p 6(m? — 1) £ en[u(x — vi)] +

1
M- nx—vnn BaE Y

\
_ _ == +m ’
U OGO =R 6Q =M Y G- vl dn [ — veD)]

where vg = p’(2m> — 1+ 6m m? — 1) and  is an arbitrary constant.

If gk = psx(y), k = 0,...,4, where y is an arbitrary constant such that m?y* +

m? + 4y> — 2m?y? /= o, then we can obtain another four solutions of (5.1)

J 3y(y’m? — m? + 2)
ups(x, ) = 2\

o(ly'm+ + ms + 4y- — 2y“m¢+)

6(y'm>+m? + gy? — 2y’m?)

\

B 2y +i2 sn[u(x — vot)] + 2 en [U(x — vot)]
Jo spy'm? —m? +2)
ul6(X1 t) =|»l \\

6(y'm? + m? + 442 — 2y’m?)
6(y'm” +mZ+4y> —2y?m?) dn [U(X — vot)]

- 2y dn[p(x — wt)] +i2 en[pu(x —vot)] + 21— m2 sn[u(x — vot)]
o suym? —m?+2)
up(X, ) =g A
6(y'm2y m? + 4y2 — 2y’m?)
6(ymZ+m?+4y?—2y?mZ)msn (X — vot)] !

2ym sn [U(X — wot)] +i2 + i2 dn [u(x — wt)]
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J

: ‘m?> —m? + 2
ug(x, ) =p A sV )

6(y'm” + ({1‘ +4y° — 2y‘m?)
6(y'mZ+m2+4yZ—2y?’m2)im cn[u(x\f vot)] I

i2ym cn [u(x — vot)] + 2 (Iin [MX—wD]+2 1—m2
|
Where Vg = u2 mz _3V2m2_2 + 3V2(Y2 m2 _m2 +2)2
2 2(M2y*+m24+4y2=2m2y?)

and W is an arbitrary constant.

Furthermore, choosing y = o yields that, for any y,

Vv
Upo(X,) =  —6umsn[px+ p’(m? + 0t
v 1
Uo(%, )= —6u sn[px + pu3(m? + 1)t]’
V__ en[px + p3(m? + Dt]
Uy (X, )= —6um dn[px + w3(m? + Dt]’
Vv dn[px + p*(m? + )t]
Un(X, 1) = \/_6“ en[px + p(m? + D]’

Ui, )= 6um en[px — pi(zm? — 1],
L} 1

\ -
Uagx, ) = b 6(m” — 1) en[ux — pw(zm? — 1t] ’

v — dnljx — plem? — 1))
sn[px — w(2m2 — 0t]

- o sn[px — pi(em’ — 1)t]
i = B 00 g e — 1

Ups(X,t) =

are solutions of (5.1).

Remark 8. It follows from Remark 1 that uj, j = 3,..., 26, still satisfy (5.1) even if

cn(-),sn(-)anddn(-)arereplaced, respectively, by +cn( - ), £sn(-) and +dn( -).

Remark 9. If y = 0, then u;, uy and u;s are the same as the solutions reported
in [18] (with a =1 and b = 1), and us, uy; and u; are the same as those reported in [22]
(for a = 1 and B = 1). However, all of the other Jacobian elliptic solutions are new.

More new solutions can be obtained if solution form (3.9) is used.
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Figure 3: The plot of the solution us to the modified KdV equation (5.1) with m = 0.95,
M =1and y = 0.96 and the initial status of ug.

To demonstrate the physical insight of the new solutions, we take us as an exam-
ple. By choosing m = 0.95 and p = 1, the wave profiles of the solution us for two
different values of y, y = 0.96 and y = —0.96, are displayed in Figures 3 and 4, re-
spectively. Clearly, in both cases, the solutions describe the travelling of waves in the

x-direction. Different values of y yield different wave shapes.

6 Traveling wave solutions for the shallow long wave

approximate equations

In this section, we will apply the method discussed in Section 3 to a system of partial

differential equations. Consider the shallow long wave approximate equations

Dut—uux—vx+1§lxx=0, (6.1)

T Vi — VUx — UV — D = 0,

where u := u(x, t) is the horizontal velocity of water and v := v(x, t) is the height that

deviates from the equilibrium position of the water. Substituting u(x,t) = G(¢) and

26



t ' i 20
i 10

=20

Figure 4: The plot of the solution us to the modified KdV equation (5.1) with m = 0.95,
M =1and y = —0.96 and the initial status of ug.

V(x,t) = V(§), where ¢ is as defined previously, into (6.1) and balancing the highest
order derivative and non-linear terms, we obtain Ny, = 1 and N, = 2. If candidate
traveling wave solutions are chosen according to (3.2), then all of the coefficients are
required to be zero. Accordingly, we will use the more general form (3.9) and consider

candidate solutions

- 1
0 ~ A G,1F (©+c F (&)
Ué) =G0+ ™ ore o (6.2)

2 1
1 & _ = G F (16 F (O | G2F (H+02F(OF ()
V) =Co+ " ergn  * OF©+172

where F satisfies ODE (2.1) with coefficients qx, k = 0,..., 4. By substituting (6.2)
into (6.1), we can ascertain the following sufficient conditions for (i and V to satisfy the

shallow long wave approximate equations (6.1):

€
w==y
_ 4(10(31,193 +30,6,16° — 20¢1,160 + 0361,
" =—V+ )
G0 402
6,1 =0,
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¢
g =—Ll129,q,6° - 8q26° — (12000, + 3926" +(1600; +40:9,)6"

00 160 |
— (24000: + 60103)6” + 120,046 + 9’5~ 4004,
¢ ,(46°q0 — 36°q; + 260, — q3)
C,1= 402 )
&
Cpo=— —12*1‘,
&
& =+ LL
Q1 == 50
62,19
Ga=7 oq ’
\

where a = 60" — 416 + 0,6> — ;0 + g, and 6, v, &, are arbitrary constants. Note
that these requirements are the same as those reported in [2]. Note also that there
are no conditions restricting the choice of coefficients gk, k = 0,..., 4, of ODE (2.1).
Using ¢ix(-,0),j =1,...,6,k =1,...,4, from Theorem 1, we can reproduce the
same Jacobian elliptic solutions of (6.1) reported in [2]. We also can deduce many new
solutions by applying Theorems 1-3. These solutions cannot be obtained using the
results in [2]. For example, choosing 6 = 0 and q; = p7;(y),j =0, ...,4, we can obtain

the following solutions for the shallow long wave approximate equations (6.1):

uj(x,t)z—v3%+8¢7,j(u(x—vt)), j=1...,4,
vix,)=—9 n + £¢7,j(u(x - vt)) — 14 (u(x - vt))
pat 402 ogq T

) ( oo
TS50 -V, j=1....4,

where ¢;j,j =1,...,4,areasdefined in Section 2,a = y3(1 —m?) + y2(2 —m?) +y,

B =v(3m?—3)+y(2m? —4) — 1, n = Y/(3m* — 6m* + 3) + y*(4m* — 12m? + 8) +
V(6 —6m?) —1, u=&a, and v, y, # and m (m € (0,1)) are arbitrary. For the other

solutions, we leave it to the reader.

To show the physical insight of these solutions, we take the solution (uj, v;) as an

example. Figures 5 and 6 display the graphs of u; and v; with m = 0.99, v = —2 and
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Figure 5: The plot of the solution u; of the shallow long wave approximate equations
(6.1) with m =0.99, v = —2 and & = y = 1 and the initial status of u;.

? = y = 1. Clearly, the solution describes the propagation of waves with horizontal

velocity u; along the negative x-direction.

7 Conclusion

In this paper, we have presented a generalized expansion method for generating trav-
eling wave solutions of non-linear partial differential equations. This method has been
successfully applied to the Boussinesq equation, the modified KdV equation and the
shallow long wave approximate equations, and many new results have been obtained.
For each equation investigated, we are able to replicate solutions previously derived in
the literature, and discover many new ones. Extensions to two and three dimensional
partial differential equations are possible. Other non-linear partial differential equa-
tions can be tackled if an appropriate transformation can be found. For example, in [6],
the transformation u = Inv was applied to the Dodd-Bullough-Mikhailov equation to

yield a non-linear partial differential equation involving powers of v and its derivatives.
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Figure 6: The plot of the solution v, to the shallow long wave approximate equations
(6.1) with m = 0.99, v = —2 and &4 = y = 1 and the initial status of v;.
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Appendix

Some solutions of the Boussinesq equation (4.1), derived from this work, have been
given in Section 4, and the rest are listed below.
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where, for each j = 1,2, ¢ € {0,1}, and p and v are arbitrary real constants. Note
that the solutions uj, j € {11,14, 15, 16,17, 18, 25,26}, are bounded, while the solutions

u;,j €{12,13,19,20,21,22,23,24},are unbounded.
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