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ABSTRACT. In this paper, we design a novel impulsive control law to stabilize a new class of
chaotic systems. Using a non-quadratic Lyapunov function candidate and a stability theorem in
[10], we derive some algebraic sufficient conditions which ensure the asymptotical stability of the
chaotic system under the impulsive control strategy. Finally, a numerical example is presented to

illustrate the validity of our results.
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1. INTRODUCTION

Study of chaotic systems has been an active research area since the discovery of
the Lorenz chaotic attractor in 1963 [3]. New chaotic attractors have been discovered,
for example, those reported in [4], [5] and [6]. In particular, the family of chaotic
systems obtained in [6] covers those reported in [4]-[6] as special cases. This new

chaotic system is described by

(1.1) T(t)=Az(t)+ ¢ (z) +w(t),
where
-6, 0, 0 0
A= fi(01,05) fo(01,60) 0 |,0(x)=| —mz3 |,
0 0 —03 12

w1 (t) T
w(t)=| we(t) |, and x = | xy | is the state vector. 6; > 0, f > 0 and 63 > 0

Ws (t) T3

are system parameters, fi : R X R — R and fy : R Xx R — R are linear functions,
and w (t) is a bounded exogenous disturbance. Consider system (1.1) with w (t) = 0,
f1(01,62) =0 and f; (01,02) = 6;. Then, the corresponding system reduces to the Lii
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chaotic system. System (1.1) with w () =0, fi (61,02) = 0 — 61 and f5 (0y,65) = 05
becomes the Chen chaotic system. The original Lorenz chaotic system can also be
represented as system (1.1) with w (t) = 0, f1 (01, 602) = 02 and f5 (61,602) = —1.

For a practical control system, the design of a control law which stabilizes the
controlled system is fundamentally important ([1] and [2]). In the literature, various
design methods, such as those proposed in [6] and [11], have been proposed to con-
trol respective chaotic systems. The impulsive control method proposed in [7] has
attracted a considerable attention because impulsive control laws have fast response
time, low energy consumption, good robustness and resistance to disturbance. They
have been used to stabilize different classes of chaotic systems in [8] and [9]. Finding
a quadratic Lyapunov function is a common approach to derive sufficient conditions
for stability and stabilization of chaotic systems. See, for example, [7] and [9]. Con-
sequently, these sufficient conditions are in the forms of linear matrix inequalities or
Riccati equations. They tend to be computationally expensive in practical applica-

tions.

In this paper, we derive some algebraic sufficient conditions, which ensure asymp-
totical stability of the new chaotic system (1.1) under an impulsive control law. These
algebraic sufficient conditions are derived by using a non-quadratic Lyapunov func-
tion expressed in terms of [; norm of the state vector. The results are highly reliable,

easy to use, and computationally inexpensive.

2. PRELIMINARIES

Let ||| denote the {; norm in R3, and let K denote the set of all continuous real
valued functions ¢ such that ¢ are strictly increasing and ¢(0) = 0. C' (R3, R®) denotes
the set of all continuous functions defined on R?* with values in R3. C'(Ry x R3 R?)is
defined similarly. Let p: R, — R, be a function, which is continuous on R, except
possibly at the time points in the sequence {7} }, and is left-continuous and has right

limit at 7, for all k. Let PC' (R, R, ) denote the set of all such piecewise continuous
3

functions p. For each p > 0, define S, = {z eR: |z () = |xil < p}. Let
i=1

V(-,-) : Rx xS, — R, be a function which is continuous on R, X .S,, except possibly

at the time points in the sequence {74}, and satisfies the following two conditions:

1) For each = € S,, where k =1,2,..., it holds that ( %I(n )V (t,y) =V (Tk_,x);
6y) 1 (7k,T
2) V (t,x) is locally Lipschitz in x.

Let Vj denote the set of all such functions V' (-, ).
For (t,z) € (Th_1, 7] x R, k=1,2,..., define

DV (t3) = fllii%sup% V(t+ha+hf(ta) -V (5o).
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3. IMPULSIVE STABILIZING CONTROL LAW

Definition 3.1. Let the sequence {7}, u (x (7))} be an impulsive control law for
system (1.1). If system (1.1) is asymptotically stable under such a control law, then
system (1.1) is said to be impulsively stabilizable and the corresponding control law

is called an impulsive stabilizing control law.

3
Assumption 3.2. There exists a positive constant h such that |w ()| = > |w; ()] <

Bl ()]

In this section, we shall devise a new impulsive stabilizing control law {7y, ux. (z)}
for system (1.1), where uy, (z) = [c121, Cos, czas]” with the superscript 7' denoting

transpose. Substituting such a control law into system (1.1), we obtain

(3.1a) T(t)=Ar+ ¢ (z) +w(t), t #m,
(3.1b) Ax(t)=Bx,t=1, k=1,2,...,
(3.1c) z (t7) = o,

where B = diag (c1, 2, ¢3).
The main result of the paper is presented in the following theorem.
Theorem 3.3. Consider system (3.1), i.e., system (1.1) under the impulsive control

law {Tk,uk (x) = [clxl,c2m2,cgm3]T}. Suppose that Assumption 3.2 is satisfied and

that the following inequality holds,

(3.2) 0<(m1+m2—|—h)€§—ln1r£1a<>§|1—|—c,-|,

where

my = max {|fi| — 01, fo + 01, —03} ,mo = sup|zy (t)|, and e = sup {7 — 7x_1}. Then,
£>0

the impulsive control law is an impulsive stabilizing control law for the chaotic system

(1.1), meaning that the controlled system (3.1) is asymptotically stable.

Proof. Consider the following non-quadratic Lyapunov function candidate
(3.3) Vit x) =[xy (8)] 4 22 ()] + |2s (£)]
Clearly, it satisfies condition (i) of Lemma A.1 in Appendix A. At impulsive time
points t =7, k =1,2,..., we have
V(7,2 (k) + e (2 (7)) = 14 el [ (7)) | + [1 4 cof [ ()| + [1 + ¢s| [ (7c) |

< max 1+ ([ (7)] + a2 (70)] + [ (7))

(3.4) = max |1 +¢| V (7, x).

1<i<3
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Thus, condition (iii) of Lemma A.1 is satisfied with

(3.5) g(s) = max |1+ ¢ s.

3
Since ||z + ux (z)| = Z |1+ ¢ |x;], it is clear from (3.2) that ||z + ug (2)]| < > |z,

i=1
which shows that x —l— uk( ) € S, for all k. Thus, condition (ii) of Lemma A.1 is

satisfied as well.

Now, by taking the upper Dini derivative of Lyapunov function (3.3) along the
trajectory of system (3.1) it follows that when t # 7, k=1,2,...,

DYV (t, z(t ngn 2 ()]s (8) = sgnlzy ()] (=012 () + O125(t))

+ 59”[552 ()] (frwi(t) + foxa(t) — z1(t)23(t))

(3.6) + sgnlas ()] (—Osws(t) + 21 (t)a(t)) + Z sgnlz; ())w;
Clearly,
(3.7) sgnlxy (8)] (=0121(t) + O129(t)) < =01 |21 (8)] + 01 |z2(2)],

sgnlza ()] (i1 (t) + fara(t) — 21(t)5(t))

(3.8) < fil lz1 ()] + fa |22 (t)| = sgnlw2(t)]z (t)25(t),
and
(3.9) sgnlzs ()] (—0sz3(t) + z1(t)22(t)) < —bO3 |x3(t)| + sgnlzs]x (t)x2(t).

Combining (3.7)—(3.9), we obtain
DYV (t,2(t)) < (Ifal = 00) |1 ()] + (fo + 01) |2(t)| + (—03) |3(t)]

+ |z ()s()] + |2 (H2()] + hZ |2 (2)

3
< max {|f1| — 01, fo + 61,03} Y _ |z (1)

+ [z (O] (Jza ()] + [22()] + |23 (@)]) + AV (£, 2(2))
= max {|fi] = b1, fo + 01, =03} V (£, 2(2)) + (lz2(8)[ + h) V (¢, z(2))
(3.10) < (my+mo+h)V(t,x(t)).
Thus, condition (iv) of Lemma A.1 is satisfied with
(3.11) p(s) =my +mg+h,

and

(3.12) v(s) =s.
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From (3.5) and (3.12), we have, for ¢ < oo,

ds
(3.13) / ) :ln(fg%'““ci')
q
and from (3.11), we obtain
Tk+1
(3.14) / p(s)ds < (my+mg+h)e.

Tk

Combining (3.13) and (3.14), it follows that

9 (@) g Th+1
s
. < 1) <
(3.15) / 7(S)%—/p(s)als_(ml+7’n2+h)z€+hr1(11r1[<12a<>%|1+cl|)_O,
q Tk

which shows that condition (v) of Lemma A.l is satisfied. Now, we see that all
the conditions of Lemma A.1 are satisfied. Therefore, by virtue of Lemma A.1,
system (3.1) is asymptotically stable under the designed impulsive control law. This

completes the proof. O

The following corollary follows from Theorem 1 for the case when ¢; = ¢ = ¢3 =

C.

Corollary 3.4. Consider system (3.1), i.e., system (1.1) under the impulsive control
law {Tk, ug (z) = [cxy, cxg, Cl’g]T}. Suppose that Assumption 3.2 is satisfied and that

the following inequality holds,
(3.16) 0<(my+mag+h)e<—In|l+¢,

where

my = max {|fi| — 01, fo+ 01, =03} ,me = Sgg |1 ()],
(24

and ¢ = sup {7y — 7_1}. Then, the impulsive control law is an impulsive stabilizing

control law for the chaotic system (1.1).

To illustrate the applicability of our results, we present a numerical example

below.

Example 3.5. Consider the disturbed chaotic system (1.1) with the following spec-
ifications: 01 = 1, 0 = 2, 03 = 3, f1(01,02) = 05 — 01, f2(01,605) = Oy, w(t) =
0.2z (), —0.225 (), —0.225 ()], x(0) = [2,—3,1]". This system is Chen chaotic
system with disturbance. The time sequence and phase charts for both the undis-
turbed and disturbed chaotic systems are shown in Figures 1-4. From Assumption 3.2,
we can choose h = 0.2 and m; = 3. ms, the upper bound of the absolute value of vari-
able 1, needs to be estimated. An approximate value of my is obtained through sim-
ulations, giving msy ~ 30.4089. Let ¢ = 74,1 — 7 = 0.01, k =1,2,..., and ¢; = —0.35,
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i =1,2,3. Then, it can be verified that (m; +my+ h)e +In|l + ¢|] = —0.0947 < 0.
By virtue of Corollary 3.4, this disturbed chaotic system is impulsively stabilizable
under the impulsive control law {Tk,uk (x) = [-0.3521, —0.35x4, —O.35x3]T}. The
time sequence and phase charts of the controlled Chen chaotic system are given in
Figures 5 and 6, respectively. We observe that the state of the system reaches the
equilibrium point after 0.4 second. From this example, it clearly indicates that the
algebraic stability condition (3.16), and, in general, (3.2), are highly reliable and
effective and it is easy to use.
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F1GURE 1. Time sequence chart for Chen chaotic system.
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FIGURE 4. Phase chart for Chen chaotic system with disturbance.
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FIGURE 6. Phase chart for the controlled Chen chaotic system.

4. CONCLUSION

In this paper, we proposed a novel impulsive stabilizing control law for a new
class of chaotic system. Based on Lyapunov stability theory and a non-quadratic
Lyapunov function, we derive some algebraic sufficient conditions for asymptotical
stability of the controlled chaotic systems. An example was solved using the results

obtained, so as to illustrate its effectiveness and applicability.

APPENDIX A

The main result of the paper is based on a result obtained in [10]. This result is
recalled in this appendix for ease of references. Here, K, C(-,-), PC(-,-) are defined

similarly as in Section 2. Consider the following impulsive controlled system with

disturbance:

(A.la) z(t)=f(t,x(t) +wl(t),t#
(A.1b) y=v¢ (@), t #m

(A.lc) Ax (t) =uk (y), t =T,
(A.1d) z(t§) =z0, k=1,2,...,

where © € R" is the state vector, y € R™ is the output vector, ¢ € C (R", R™),

up € C(R™R"), fe C(Ry xR"R"),0< 1 <+ <7 <+, with 7, — 00 as

k— o0, Az () =2 (rf) —a(ry) =2 (7f) —a(m), with z (7}) = Iltimx(t) and
Tk

z (7)) =limz (¢).

7k
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Lemma A.1 ([10]). Assume that there ezist o, 3, v, g € K, p € PC(Ry,Ry),
V (t,x) € Vo and o > 0, such that the following conditions are satisfied.

i) Blel) <V (¢ 2) <allz]]), V(Ez) € Ry X S,

ii) There exists a p1 € (0,p), such that x € S,,, i.e., x +uy (x) € S, for all k;
i) V (T, x +ug (o (2) < g (V(mh,2)), k=1,2,...,;

i) DYV (t,z) < p(t)y(V (t,x)), fort # 1, and v € S,;

9x(q) Tht1

v) [ % + [ p(s)ds < =l Vg € (0,0), for all I € (0,+00), k =1,2,...,
q Tk

and

k=1
Then, system (A.1) is asymptotically stable.
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