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Abstract 

The load-displacement curve in indentation is widely used to extract 

elastoplastic properties of materials. It is believed that such a measurement is 

non-unique and a full stress-strain curve cannot be obtained with a sharp indenter or 

even plural and spherical indenters. By introducing a ratio of the additional residual 

area to the area of a profile indenter, we proposed a new set of dimensionless 

functions. Based on these functions and finite element simulations, analytical 

expressions were derived between indentation data and elastoplastic properties. It is 

shown that this method can effectively distinguish highly elastic and plastic solids 

(Cheng and Cheng, 1999) and mystical materials (Chen et al., 2007), which provides 

a useful guideline for properly using the indentation technique to measure 

elastoplastic properties of materials with conical and pyramidal indenters. 
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1. Introduction 

Over nearly a century, indentation tests have been widely applied to obtain 

mechanical properties of materials (Tabor, 1996). Based on methods proposed by 

Doerner and Nix (1986), Oliver and Pharr (1992), Cheng and Cheng (1998), and Ma 

et al. (2012), hardness and elastic modulus of a material can be calculated from 

loading-unloading curves. According to the concept of self-similarity, the results 

obtained from an elastoplastic indentation response are very simple but not general. 

For example, Hill et al. (1989) developed a self-similar solution of a power-law 

plastic material under spherical indentation, where the rigorous theoretical basis is 

Meyer’s law. Recently, self-similar approximations of sharp (e.g., Berkovich and 

Vickers) indentation were obtained for an elastoplastic material by Giannakopoulos et 

al. (1999) and Larsson et al. (1996). Scaling functions were also applied to study bulk 

(Cheng and Cheng, 1998a,b; Cheng and Cheng, 1999) and coated materials (Tunvisut 

et al., 2001; Huber et al., 2002). Here, Kick’s law (i.e., P = Ch
2 during loading, with P 

the indentation load, h the indentation depth, and the loading curvature C being a 

material constant) is a natural outcome of the dimensional analysis on sharp 

indentation (Cheng and Cheng, 1998a). It is shown that, by matching loading and 

unloading curves obtained from finite element simulations with measurements, the 

stress-strain relationship of a material can be extracted (Myers et al., 1998; Dao et al., 

2001; Ogasawara et al., 2005). For most metals and alloys, their stress-strain (σ−ε) 

relationships can be expressed by a power-law as 

y yfor  /    and     for  /n
E E R Eσ ε ε σ σ ε ε σ= ≤ = ≥              (1) 
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where E is the elastic modulus, n is the work-hardening exponent, σy is the yield 

strength, and y y( / )n
R Eσ σ≡  is the work-hardening rate. For metals and alloys, the 

value of Poisson’s ratio ν is in the range of 0.25 to 0.35 and here, ν = 0.3 is chosen. 

To fully characterize the elastoplastic properties of a power-law stress-free 

material, three independent parameters (E, σy, n) are needed. In recent years, how to 

obtain these parameters has been a research focus (Huber and Tsakmakis, 1999a,b; 

Cheng and Cheng, 2004; Swaddiwudhipong et al., 2005; Chen et al., 2007; Luo and 

Lin, 2007). For instance, the indentation load-displacement relationship of an 

elastic-plastic material was supposed to be a linear combination of elastic and 

elastic-perfectly plastic response (Swaddiwudhipong et al., 2005; Luo and Lin, 2007), 

and then an optimization method was introduced in reverse analysis. Further, several 

fundamental problems in the reverse analysis were studied such as the sensitivity 

(Bucaille et al., 2003; Chollacoop et al., 2003; Cao and Lu, 2004; Zhao et al., 2006; 

Lan and Venkatesh, 2007) and uniqueness of reverse solutions (Cheng and Cheng, 

1999; Capehart and Cheng, 2003; Alkorta et al., 2005; Chen et al., 2007). In 

indentation techniques, however, the existence of a solution requires that the 

indentation response be unique for a given material. That is, there is a one-to-one 

correspondence between the shape factors of load-displacement curves and 

elastoplastic properties. In the work of Dao et al. (2001), a computational study was 

undertaken to identify the extent to which the elastoplastic properties of ductile 

materials could be determined by instrumented sharp indentation and to quantify their 

sensitivity to variations of indentation data. They concluded that the unique properties 
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can be obtained by a sharp indentation curve. However, when the apex angle of a 

sharp indenter is fixed, it is shown that a set of materials with distinct elastoplastic 

properties may yield almost the same indentation curve (Cheng and Cheng, 1999; 

Capehart and Cheng, 2003; Tho et al., 2004; Alkorta et al., 2005). It implies that the 

mechanical properties of these materials cannot be uniquely determined by using one 

sharp indenter. Therefore, it is believed that the dual (or plural) sharp indentation 

analyses would obtain a unique solution because, when another sharp indenter is used, 

it is unlikely that they exhibit the same indentation characteristics (Futakawa et al., 

2001; Bucaille et al., 2003; Capehart and Cheng, 2003; Chollacoop et al., 2003; 

DiCarlo et al., 2003; Cao and Lu, 2004; Cheng and Cheng, 2004; Tho et al., 2004; 

Alkorta et al., 2005; Cao and Huber, 2006; Luo and Lin, 2007; Le, 2008; Le, 2009). 

Recently, the unique solution in reverse analysis with dual indenters was 

investigated by Chen et al. (2007). They demonstrated the existence of mystical 

materials that experience almost identical P-h curves for different indenters with half 

included angles ranging from 60° to 80°. They have also indicated that two mystical 

materials associated to dual indenters must exhibit a fair difference in elastic modulus, 

which is within 10% for all pairs of mystical materials (Chen et al., 2007) and rapidly 

reduces when increasing the difference between the apex angles of dual indenters. For 

specific dual indenters with θ1 = 70.3°, θ2 = 80° and θ1 = 70.3°, θ2 = 63.14°, only low 

strain hardening materials (n ≤ 0.2) with σy/E ≈ 0.01 might be mystical. For the 

common dual indenters (θ1 = 70.3° and θ2 = 60°), there are few useful mystical 

materials. Hence, the material properties (e.g., E, σy, n) cannot be uniquely 
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determined by a P−h curve with a sharp indenter (Cheng and Cheng, 1999; Chen et al., 

2007) and even a sphere indenter (Lee et al., 2005; Liu et al., 2009). Until now, to the 

best of our knowledge, there is no effective method to extract the unique material 

properties from one indentation response. Therefore, it is necessary to find out a new 

parameter that is independent of the indentation P−h curve. According to recent 

studies, the geometrical shape relevant to indentation imprint is considered as an 

important experimental information, which is supplementary to the usual one such as 

indentation depths at various maximum loads (Bolzon et al., 2004; Bocciarelli et al., 

2005; Bocciarelli and Bolzon, 2007; Lu et al., 2007; Bocciarelli et al., 2008; Bolzon et 

al., 2010). Thus, the elastic-plastic material parameters could be uniquely determined 

with an innovative provision of measuring the imprint geometry besides 

load-displacement curves in indentation tests. 

In this paper, by introducing an additional dimensionless function of pile-up 

area, we present a new method for extracting the elastoplastic properties of materials 

from sharp indentation. The uniqueness of a reverse problem is analyzed in Section 2 

and an improved indentation model is established in Section 3. Based on the conical 

indenter (θ = 70.3°), Section 4 discusses two groups of special materials (Cheng and 

Cheng, 1999) and a group of mystical materials (Chen et al., 2007). With a true 

triangular pyramid indenter, a finite element model is built up and its effectiveness is 

evaluated by indentation tests in Section 5. Finally, a brief summary is given in 

Section 6. 
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2. Uniqueness of indentation curves 

In the P−h curve obtained from a bulk material, there are three commonly used 

independent shape parameters: the loading curvature C = P/h2, the contact stiffness 

m

unloadingd / d h hS P h == , and the ratio between the residual penetration and maximum 

indentation depths hr/hm (Giannakopoulos and Suresh, 1999; Dao et al., 2001; Zeng 

and Chiu, 2001; Casals and Alcalá, 2005). Based on the dimensional analysis of a 

given indenter, the following dimensionless quantities are suggested to characterize 

the shape of a P−h curve (Cheng and Cheng, 1999; Cheng and Cheng, 2004; Alkorta 

et al., 2005), that is 
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where Wp and Wt are the plastic work and the total work, respectively, b is the 

exponent of a power-law fitting to the unloading curve, and ( )r=
b

P C h h′ −  with 

( )2
m m r= /

b
C Ch h h′ − (Alkorta et al., 2005). For two different materials, the P-h curves 

may be indistinguishable if their shape factors in Eqs. (2a-2d) are sufficiently close. 

According to finite element simulations on a large range of materials, Alkorta et al. 

(2005) and Tho et al. (2004) found out that the exponent b of an unloading curve is 

dependent on p t/W W . Therefore, only two are independent of the four shape factors 
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in Eq. (2). That is, it seems impossible to extract the mechanical properties (E, σy, n) 

by using a sharp indentation. Numerical studies have also shown that the P−h curves 

for a special group of materials (with different values of E, σy, and n) are visually 

indistinguishable (Alkorta et al., 2005). To obtain additional information, therefore, a 

dual (or plural) indenter is used in indentation. Due to the lack of unique solutions, 

however, it is shown that, by available techniques, several mystical materials are 

unable to be distinguishable (Chen et al., 2007; Liu et al., 2009). Thus, there is still 

not a method that can uniquely extract the mechanical properties (E, σy, n) from one 

indentation P-h curve measured with a sharp indenter because there are only two 

independent parameters. 

 

3. A new theoretical framework 

3.1.  Pile-up effect 

Let us consider whether an indentation profile that is sensitive to plastic 

deformation can be introduced as another independent variable (Bolshakov and Pharr, 

1998; Tunvisut et al., 2001; Matsuda, 2002; Tunvisut et al., 2002; Mata and Alcalá, 

2003; Smith et al., 2003; Taljat and Pharr, 2004; Wang et al., 2004; Gao, 2006; Lee et 

al., 2007). For elastic-plastic materials, the indentation pile-up or sink-in depends on 

their strain-hardening characteristics (Norbury and Samuel, 1928; Tabor, 1951; 

Barnett and Tetelman, 1966; Matthews, 1980; Hill et al., 1989; Biwa and Storakers, 

1995; Field and Swain, 1995; Bellemare et al., 2007). Matthews (1980) suggested an 

empirical relationship between the contact depth hc and the maximum depth h, which 
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can be represented as 

( )2 1 /

c 1 2

2 2
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                         (3) 

Based on the plastic deformation theory (Hill et al., 1989), the relationship 

between n and hc/h for a power-law hardening material can be approximated as 
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Fig. 1 shows a comparison of theoretical analyses (Hill et al., 1989; Biwa and 

Storakers, 1995) and experimental data for a variety of metals (Norbury and Samuel, 

1928). It is seen that the degree of pile-up or sink-in, as defined by a normalized 

parameter hc/h, depends on the strain hardening exponent n and the ratio Eyσ . The 

smaller the strain hardening exponent n and the ratio Eyσ , the easier the pile-up 

appears. Thus, an indentation residual profile is sensitive to plastic deformation. The 

uniqueness of reverse analysis could be solved by introducing a new parameter 

relative to the indentation residual profile, which can be determined by atomic force 

microscope or scanning probe microscope. It is worth noting that, however, more 

complicated experimental techniques are required to exactly measure indentation 

residual profiles at nano-scales.  

 

3.2.  A dimensionless function /A A∆  

Due to the difficulty in measuring hc in indentation during loading, an additional 

residual area is introduced, which is related to the plastic deformation A∆  after 

unloading, as illustrated in Fig. 2. In the case of pile-up, A∆  is positive, and in 
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sink-in, it is negative. Here, A is the area of an indentation profile (relative to the 

original surface) at hm. Then, a new dimensionless function /A A∆ , independent of 

the indentation P−h curve, can be defined. Combining it with two independent 

dimensionless functions in Eq. (2), we can obtain 
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Solving Eq. (5) by using the software MATLAB 6.5, the mechanical properties 

(E, σy, n) can be extracted from one sharp indentation. 

 

4. Case study with a conical indenter 

4.1.  Finite element model 

In a two-dimensional model for an axisymmetric conical indenter (θ = 70.3°), a 

total of 9,100 four-node bilinear axisymmetric elements are used to model 

semi-infinite substrate with the ABAQUS STANDARD (ABAQUS, 2005) finite 

element solver, as shown in Fig. 3. The indenter is approximated as a perfectly rigid 

sharp tip. In finite element simulations, the von Mises yield criterion is chosen and 

large deformation formulations are included. As shown in Fig. 3(a), the specimen is 

fixed in the vertical direction but it can freely slide or deform in the horizontal 

direction. In order to simulate elastic-plastic properties of metals, the elastic modulus 

E ranges from 30 to 300 GPa, the yield strength σy is from 30 to 3000 MPa, and the 
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strain hardening exponent n is from 0 to 0.5. 

 

4.2.  Dimensionless functions 

In Fig. 4(a), 1Ψ  increases with the increase of the hardening exponent n and 

the ratio y / Eσ . Oppositely, 2Ψ  decreases with the increase of n and y / Eσ , see Fig. 

4(b). 3Ψ  can be more or less than zero, corresponding to pile-up or sink-in profiles 

after unloading, as shown in Fig. 4(c). By fitting the simulation results in Fig. 4 and 

minimizing the error within ±2.01%, we have 
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Then, solving these three dimensionless functions, the elastoplastic properties of an 

indented material can be inversely determined. 

 

4.3.  Materials from Cheng and Cheng (1999) 

According to Cheng and Cheng (1999), there are two groups of materials that 

exhibit the same load-displacement curve. The first group of materials is highly 

plastic solids with the elastoplastic properties (E, σy, n) of (200 GPa, 2.36 GPa, 0), 

(200 GPa, 2.00 GPa, 0.1), and (200 GPa, 1.24 GPa, 0.3), respectively, see solid lines 
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in Fig. 5(a). It is obvious that their loading and unloading curves in indentation are 

indistinguishable, as shown in Fig. 5(b). Therefore, with just a sharp indenter, the 

elastoplastic properties cannot be uniquely determined by Eq. (2). Fig. 5(c) illustrates 

a significant difference of their pile-up effects after unloading, where A∆  is equal to 

0.033, 0.0253 and 0.014 µm2, respectively, as listed in Table 1. With the improved 

method or Eq. (6), their elastoplastic properties (E, σy, n) are determined as (198.73 

GPa, 2.26 GPa, 0.0056), (197.75 GPa, 1.99 GPa, 0.099), and (226.48 GPa, 1.26 GPa, 

0.295), which are consistent with input data (see Table 1), as shown in Fig. 5(a).  

The other group of materials is highly elastic solids with the elastoplastic 

properties (E, σy, n) of (200 GPa, 19 GPa, 0), (200 GPa, 15 GPa, 0.3), and (200 GPa, 

12 GPa, 0.5), respectively (Cheng and Cheng, 1999), see solid lines in Fig. 6(a). 

Although the mechanical properties of these three materials are remarkably different, 

their indentation behaviors are indistinguishable from loading and unloading curves, 

see Fig. 6(b). Similarly, with the improved method, their elastoplastic properties (E, σy, 

n) are determined as (203.47 GPa, 18.65 GPa, 0.000), (199.87 GPa, 15.19 GPa, 0.295), 

and (200.00 GPa, 13.17 GPa, 0.414), which are also consistent with input data. All 

deviations are less than 4% except for the modulus E of the third highly plastic solid 

and the n value of the third highly elastic solid, as shown in Fig. 7.  

 

4.4.  Mystical materials from Chen et al. (2007) 

Chen et al. (2007) exhibited several pairs of mystical materials, as listed in Table 

2. The first pair of mystical materials appears when using two different indenter 
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angles (70.3° and 65°). Their elastoplastic properties are, respectively, E1 = 100.00 

GPa, σy1 = 793.15 MPa, n1 = 0.02 and E2 = 103.75 GPa, σy2 = 600.68 MPa, n2 = 

0.15046. The loading and unloading curves have a good match for each other with the 

deviation less than 0.5% for all shape factors, as shown in Fig. 8(a). The values of Pm, 

Wp and Wt are the same for two materials. However, there is a significant difference of 

∆A with the values of 0.00648 and 0.0048 µm2. Then, the elastoplastic properties of 

these mystical materials can be obtained by using Eq. (6), as shown in Fig. 8(b). The 

identified uniaxial stress-strain curves from reverse analysis are well agreement with 

their input data. 

The second pair is called as extreme mystical materials with the elastoplastic 

properties of E1 = 100.00 GPa, σy1 = 872.47 MPa, n1 = 0.0 and E2 = 103.75 GPa, σy2 = 

715.61 MPa, n2 = 0.10663, respectively. They lead to almost the same indentation 

loading-unloading behaviors when the indenter angle changes from 60° to 80° (Chen 

et al., 2007), as shown in Fig. 9(a). That is, the existing dual (or plural) indentation 

methods fail to distinguish them. However, based on the difference of ∆A as shown in 

Fig. 9(a), we can obtain the elastoplastic properties of these mystical materials by 

using Eq. (6), as shown in Fig. 9(b). It is obvious that input data are agreement with 

the reverse analysis results, as listed in Table 2, and thus the method can effectively 

measure the plastic properties of ductile metals and alloys. All errors (n1 in the second 

pair of mystical materials cannot be counted since their true values are 0.0) are less 

than 3% except for n1 that is about 50% for the first pair of mystical materials, as 

shown in Fig. 10.  
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5. Case study with a Berkovich indenter 

It is worth noting that, in the case of different indenters and friction between 

indenter and material, the dimensionless functions in Eq. (5) are various (Bolshakov 

and Pharr, 1998; McElhaney et al., 1998; Taljat and Pharr, 2004). Therefore, a new 

form of functions in Eq. (5) is required for a three-dimensional model of a Berkovich 

indenter. 

 

5.1.  Finite element model 

There are three symmetry planes for a Berkovich indenter. Therefore, only 

one-sixth of the indenter is studied in a three-dimensional indentation model, as 

illustrated in Fig. 11. A typical mesh comprises about 28,000 8-node elements with 

the reduced integration. The rigid contact surface is supposed and the finite 

deformation is applied. The Coulomb’s friction law is used between contact surfaces 

and the friction coefficient is 0.15, which has a minor influence in indentation (Cheng 

and Cheng, 2004; Chen et al., 2007). The strain gradient effect is ignored because the 

indentation depth is sufficiently deep the same as the continuum mechanics applies to 

a bulk specimen. To simulate the elastic-plastic properties of metals, the elastic 

modulus E is chosen from 30 to 300 GPa, the yield strength σy is from 30 to 3000 

MPa, and the strain hardening exponent n is from 0 to 0.5. As shown in Fig. 12, 

simulations are agreement with experiments by using a Berkovich indenter (Dao et al., 

2001), where E = 66.8 GPa, σy = 284 MPa and n = 0.08 for Al6061. 
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5.2.  Dimensionless functions 

As shown in Fig. 13(a), 1Ψ  increases with the increase of the hardening 

exponent n and the ratio y / Eσ . Oppositely, 2Ψ  decreases with the increase of n 

and y / Eσ , see Fig. 13(b). In Fig. 13(c), 3Ψ  can be more or less than zero, which 

corresponds to pile-up or sink-in profiles after unloading. By fitting the simulation in 

Fig. 13 and minimizing the error within ±2.56%, we have 
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To verify the effectiveness of these three dimensionless functions, the reverse 

analysis is carried out on indentation experiments for single crystal aluminum. The 

nanoindentation tests are conducted by using a TriboIndenter with a three-sided 

pyramidal Berkovich diamond indenter. The load and displacement resolutions are 

100 nN and 0.1 nm, respectively. The single crystal aluminum is tested under the 

maximum load Pmax = 8000 µN with the loading time of 20 s and the unloading time 

of 10 s. To reduce noise of the creep curves, 8 measurements are repeated and their 

average value is taken. Before testing, the shape function of an indenter tip and the 

machine compliance are calibrated using a standard sample of fused quartz. The P−h 

response and indentation profile after unloading are shown in Fig. 14(a). Based on Eq. 
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(7), the mechanical properties of single crystal aluminum are calculated as, E = 82.39 

± 1.38 GPa, σy = 108.77 ± 2.01 MPa, and n = 0.00, which are well agreement with 

that measured by uniaxial tensile experiments, as shown in Fig. 14 (b). In this case, 

the deviations of E and σy obtained from the reverse analysis are 9.86% and 2.61% in 

comparison with the uniaxial tension results. Here, it is worth noting that, in terms of 

pile-up or sink-in surface shapes due to local plastic deformation, whether the 

indentation solution is uniqueness is still an unsolved problem. 

 

6. Conclusions 

In this paper, by introducing another dimensionless function of /A A∆  in the 

reverse analysis, we have established the relationships between the indentation 

response and mechanical properties of materials. Based on a case study of indentation 

by an indenter with the half-apex angle 70.3θ = ° , it is shown that the improved 

method is efficient and accurate in characterizing the elastoplastic properties of 

materials. For highly plastic and elastic solids from Cheng and Cheng (1999) or 

mystical materials from Chen et al. (2007), we can successfully extract or distinguish 

the elastoplastic properties of these materials. In engineering applications, an 

improved model for a three-dimensional Berkovich indenter has been built up by 

numerical simulations. The results obtained by the reverse analysis are well 

agreement with tensile experiments. 
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Figure captions 

Fig. 1.  Dependence of the pile-up parameter on the strain-hardening exponent n and 

the ratio Eyσ . For comparison, experimental and modeling results are also 

shown (Norbury and Samuel, 1928; Matthews, 1980; Hill et al., 1989; Biwa 

and Storakers, 1995). 

Fig. 2.  Schematic of pile-up and sink-in phenomena after unloading in a sharp 

indentation. 

Fig. 3.  Finite element meshing of an axisymmetric indentation: (a) the overall mesh 

design for a conical indentation and (b) a close-up of the region below the 

indenter tip. 

Fig. 4.  Relationships between dimensionless functions and mechanical properties 

(σy/E and n) for (a) F/Eh2, (b) Wp/Wt and (c) ∆A/A. Symbols are numerical 

results from finite element simulations, and dash lines represent the fitting 

functions by using Eq. (6). The data of Wp/Wt are from Cheng and Cheng 

(1999). 

Fig. 5.  Mechanical behaviors of three highly plastic materials: (a) stress-strain 

curves (symbols represent results from the reverse analysis), (b) P−h curves 

(where We is the elastic work and Wp is the plastic work), and (c) indentation 

profiles after unloading. 

Fig. 6.  Mechanical behaviors of three highly elastic materials: (a) stress-strain 

curves (symbols represent results from the reverse analysis) and (b) P−h 

curves (where We is the elastic work and Wp is the plastic work). 
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Fig. 7.  Error analysis on the elastic modulus, yield strength and hardening exponent. 

Fig. 8.  A pair of mystical materials with E1 = 100.00 GPa, σy1 = 793.15 MPa, n1 = 

0.02 (solid line) and E2 = 103.75 GPa, σy2 = 600.68 MPa, n2 = 0.15046 (dash 

line). (a) The P−h curves of mystical materials and the pile-up curves (see 

inset at top-left corner) and (b) the σ−ε curves of mystical materials (symbols 

represent results from the reverse analysis). 

Fig. 9.  A pair of extreme mystical materials with E1 = 100.00 GPa, σy1 = 872.47 

MPa, n1 = 0.0 (solid line) and E2 = 103.75 GPa, σy2 = 715.61 MPa, n2 = 

0.10663 (dash line). (a) The P−h curves of mystical materials and the pile-up 

curves (see inset at top-left corner) and (b) the σ−ε curves of mystical 

materials (symbols represent results from the reverse analysis). 

Fig. 10.  Error analysis on the elastic modulus, yield strength and hardening 

exponent for two pairs of mystical materials. 

Fig. 11.  Schematic diagram of a triangular pyramid indenter with three symmetry 

planes and the symmetry model for three-dimensional finite element 

analysis. 

Fig. 12.  Comparison of the P−h curves between finite element simulations and 

experimental data from Dao et al. (2001) for Al6061. 

Fig. 13.  Relationships between dimensionless functions and mechanical properties 

(σy/E and n) for (a) F/Eh
2, (b) Wp/Wt and (c) ∆A/A. Symbols are numerical 

results from finite element simulations of a three-dimensional Berkovich 

indenter, and dash lines represent the fitting functions by using Eq. (6).  
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Fig. 14.  Mechanical behaviors of a single crystal aluminum material: (a) the P−h 

curve and indentation profile after unloading and (b) stress-strain curves 

(symbols represent results from the reverse analysis). 
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Table 1.  Results obtained from the reverse analysis on the materials in Cheng and Cheng (1999). 

 

Input data Parameters from indentation Reverse results 
Materials 

E/GPa σy/GPa n ∆A/µm2 A/µm2
 Wp/J

−9 Wt/J
−9 hm/µm P/mN E/GPa σy /GPa n 

200 2.36 0.0 0.0330 0.349 5.319 6.463 0.5 38.66 198.73  2.26 0.006 

200 2.00 0.1 0.0253 0.349 5.319 6.463 0.5 38.66 197.75  1.99 0.099 

Highly 

plastic 

solids 200 1.24 0.3 0.0140 0.349 5.319 6.463 0.5 38.66 226.48  1.26 0.295 

200 19.00 0.0 0.0058 0.349 4.875 15.59 0.5 94.42 203.27 18.65 0.000 

200 15.00 0.3 0.0110 0.349 4.875 15.59 0.5 94.42 199.87 15.19 0.295 

Highly 

elastic 

solids 200 12.00 0.5 0.0165 0.349 4.875 15.59 0.5 94.42 200.00 13.17 0.414 

 

 

Table 2.  Results obtained from the reverse analysis on the mystical materials in Chen et al. (2007) 

 

Input data Parameters from indentation Reverse results 
Materials 

E/GPa σy/GPa n ∆A/µm2 A/µm2
 Wp/J

−9 Wt/J
−9 hm/µm P/mN E/GPa σy /GPa n 

100.00 0.79315 0.02000 0.00684 0.0559 0.14169 0.16443 0.2 2.466 103.76 0.807 0.010 
First pair 

103.75 0.60068 0.15046 0.00480 0.0559 0.13868 0.16109 0.2 2.426 103.92 0.642 0.133 

100.00 0.87247 0.00000 0.00686 0.0559 0.14587 0.17076 0.2 2.560  98.62 0.871 0.000 
Second pair 

103.75 0.71561 0.10663 0.00481 0.0559 0.14587 0.17076 0.2 2.560  97.56 0.750 0.100 
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� A new method is proposed for solving the uniqueness of reverse analysis in indentation. 

� The method is based on an additional dimensionless function. 

� The so-called mystical materials can be successfully distinguished. 

 




