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Computing borehole modes with spectral method

Florian Karpfinger*, Boris Gurevich, Curtin University of Technology, Perth and Andrey Bakulin, Shell Int. E&P,

Houston

SUMMARY

We present algorithm and code that solves dispersion equation for
cylindrically layered media consisting of arbitrary number of solid
elastic and fluid ayers. The algorithm is based on the spectral method
which discretises the underlying wave equations with the help of
spectral differentiation matrices and solves the corresponding equa-
tions as an generalized eigenvalue problem. For a given frequency the
eigenvalues correspond to the wavenumbers of different modes. The
advantage of this technique is that it is easy to implement especially
for cases where traditional rvor-finding methods are strongly limited
or hard to realize, i.e. for attenuative, anisotropic and poroelastic
media. We illustrate the application of the new approach using models
of & free solid bar and a fiuid-filled cylinder. The computed dispersion
curves are in good agreement with analytical results,-which confirms
the accuracy of the new method.

INTRODUCHON

Modelling different wave modes propagating along a cylindrical bore-
hole is important for understanding and quantitative interpretation of
borehole sonic and seismic measurements, All these modes are strongly
frequency dependent. Traditionally, mode dispersion was studied by
finding roots of analytical dispersion equations. This method has a
long history. At the end of the 19th century Ludwig Pochhammer
and Charles Chree (e.g. Pochhammer, 1876) independently investi-
gated the wave propagation along an elastic cylindrical bar, The dis-
persion curves for a free cylinder were computed much later by Ban-
croft (1941) and Davies (1948). For the case of a fluid-filled borehole,
with appropriate boundary conditions, analytical solutions were given
by Biot (1952) and Del Grosso and McGill (1968). The case of a hol-
low cylinder either empty or filled with a fluid for different tube wall
thicknesses, was studied e.g. by Gazis (1959) and Rubinow and Keller
(1971).

Root-finding is a direct analytical technique and hence the most nat-
ural method for analysis of the dispersion. However this method be-
comes difficult to implement when the numbers of cylindrical layers
and modes become large and when inelastic effects need 1o be taken
into account, us separation of different roots becomes challenging.

An alternative approach to modelling wave propagation in circular
structures was recently introduced by Adamou and Craster (2004) based
on spectral methods. The problem is solved by numerical interpolation
using spectral differentiation matrices (DMs). The advantage of this
approach is that it is much faster and easier to implement then conven-
tional moor-finding methods, especially for attenuative, poroelastic or
anisotropic structures.

In this paper we introduce the spectral method approach for longitu-
dinal wave propagation along the axis of a free circular cylinder. The
results are compared with the known analytical solutions from Davies
(1948). The approach is then extended to # cylindrical solid and fluid
layers. We illustrate the results with the model of a fiuid filled tube,
which are compared to the results from A. Sidorov (St Petersburg,
State University, Russia) roor-finding program based on the parame-
ters used by Del Grosso and McGill (1968). Finally particle displace-
ment profiles,which result from the eigenvectors, are computed. The
results for the free cylinder are illustrated and discussed for various
frequencies.

THE UNDERLYING EQUATIONS

We introduce the spectral method using the easiest case of longitudi-
nul wave propagation in a free solid bar. Fig. 1 displays the geometry
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and the displacement field. We use cylindrical coordinates (r,0,z). As
longitudinal (axisymmelric) wave propagation in a cylinder is inde-
pendent of 8, the particle motion occurs solely in the r — z plane where
the displacement «, is parallel to the r-axis and 1, to the z-axis. We
consider the propagation of a infinite train of sinusoidal waves along
the z-axis of the cylinder which is a harmonic function of z and r of the
form

Uci(i;:;-e-m:)
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where @ is the angular frequency and &, the angular axial wavenumber,
U and W are the amplitudes which are functions of  and 6. From
egs. 1 it follows that du,/dr = iwn, and du./dz = ik, etc. The bar
is 0 homogeneous, isotropic, elastic body with P- and S-wave velocity
(vp,vs) and density p.

displacement ug vanishes

Figure 1: Geometry of a free solid bar, displaying the coordinate 5Yys-
tem which reduces to (,z) and the displacement field (i¢r,1.) for ax-
isymmeltric wave propagation,

The equations describing such a system are known as the Pochhammer-
Chree-equations (Pochhammer, 1876) which are presented in detail by
Kolsky (1963) and Bancroft (1941). The equations of motion in polar
coordinates using displacement potentials are
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where the scalur potential is ¢ and yy is the 8 component of the vec-
torial potential. The stress-strain relations for axial-symmetric modes
are

o = iatagc @
ar

G = G(ik;u,-lfg"i) : (5)
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where A is the dilatation in cylindrical r — z coordinates. A and G are
the Lame parameter. Stress-free boundary conditions are assumed at
r = a which means G,;|r=q = Or:|p=¢ = 0. G, is the normal stress in
radial direction and o, is the radial shear stress acting in z direction,

In order to complete the set of equations the displacements i, in 1-
direction and i. in z-direction are defined in w — k; domain as

2
u = —a—T—szuln i (6)
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These equations fully describe the problem of any free vibrating cylin-
drical structures in the r— z plane. In the next section a new approach,
based on the spectral method, is introduced in order to solve these
equations.

METHODOLOGY

The roor-finding approach was developed by Pochhammer (1876) and
Chree (1889) in the 19th century. A general solution to eqs. (2)-(3)
is found which is a combination of Bessel functions of different or-
der. Substituting the solution into the boundary conditions yields a
homogenous system of linear algebraic equations. In order to have
non-trivial solutions the determinant of its matrix M must be equal to
zero, detM(w, k) = 0. This is ealled the frequency equation. The
roots of this equation yield the dispersion relation @(;). Since wave
solutions in cylindrical coordinates contain various Bessel functions,
it is often quite difficult to find and separate various roots. This gets
more complicated in the case of leaky modes or lossy structures where
solutions of the dispersion relation should be found in the complex
plane.

The spectral method bypasses these difficulties and solves the under-
lying Helmheltz equations numerically. For elastic wave propagation
this was first implemented by Adamou and Craster (2004) who investi-
gated circumferentinl waves in an elastic annulus (motion independent
of rand z: see Fig. 2). In this study we extend the spectral method to
axisymmetric longitudinal models.

The initial idea by Adamou and Craster (2004) is to use spectral DM’s
to discretise the wave equations and boundary conditions. Then they
can be solved as a matrix eigenvalue problem. The resulting eigenval-
ues correspond to a wavenumber k; for a given frequency w or vice
versa. In the following section we illustrate the process of discretisa-
tion for the case of the free solid bar using eq. (2).

Subsequently the method is straightforwardly extended to the case of
arbitrary n-layered finid-solid media. The eigenvectors correspond to
the potentials ¢ and yg which are finally used to compute the mode-
shapes.

DIFFERENTIATION MATRICES

In order to solve the Helmholtz eq. (2) numerically we use DM’s to
represent the differential operator L,,,. Consider a function f(x) eval-
uated at N interpolation points, which is represented in a vector f of
fength N. This interpolated function f is connected to its mth deriva-
tive f) (hrough the following equation
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This means that an approximation of the m-th derivative of f can be cal-
culated by multiplying f with the N > N matrix DU, which represents
the DM. The DM’s are calculated by using Chebyshev polynomials.
The N interpolation points, which are, in our case, along the radius r
of the cylinder, are the N roots of the Chebyshev polynomial of the
N-th order. The Chebyshev DM’s are calculated using the recursive
formula for the derivatives of Chebyshev polynomials. The advantage
of this approach is that the derivatives of the polynomials can be com-
puted exactly.

The interpolated r vector and the calculated DM’s are now used to
represent the differential operator £, (eq. 2) in form of a ¥ x N matrix

Ly, = D 4 diag (l) pt +diag (%) . 9

r B

In the same way matrix representations for all equations of motion and
boundary conditions are constructed,

FORMULATION OF THE EIGENVALUE PROBLEM

In order to solve the now numerically interpolated equations as an
eigenvalue problem they have to be combined in one matrix equation.
First the equations of motion L, and L,, are combined in the 2N x 2N
matrix

vp

L, 0
P=( Of L.) ; (10)

Vs

The stress components @, and & are grouped in a matrix of the same
size

@ Vo
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where each component is separated in terms of the displacement po-
tentials ¢ and wy.

The last step is to combine the boundary conditions with the equations
of motion in an appropriate way. As the problem is solved for a hollow
cylinder with a very small inner radius which is a limiting case for a
solid cylinder, we have to consider inner and outer boundary condi-
tions. This means that the elements of S representing the interpolation
points of the inner and outer boundary (1, N, N ++ | and 2N) replace
the corresponding rows in the £ matrix which is now referred to as P.
The eigenvalue problem can now be formulated in the form

Pu=IQu , (12)

where the stress-free boundary conditions are set inside the matrix 0.
This is a generalized eigenvalue problem and can be solved,for in-
stance using the MATLAB routine eig(P, Q) .

CYLINDRICAL LAYERING

This approach can be straightforwardly extended to n cylindrical fluid
and solid layers (see Fig. 2). Each of the n layers has P- and S-wave
velocities (vp, ...V, Vy, -.-V5, ) and densities py...p,. For each of these
layers the matrix £, is computed in analogy to eq. (10). These equa-
tions are finally combined in a diagonal matrix of the size n2N x n2N
which has the form
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Figure 2: Geometry of a model with four cylindrical layers. The
layer index is n = |..4 numbered from the center to the surface of the
bar; The layers are either non-viscous fluid (v, psy) or elastic solid

(",mh Vi, Pﬂ)

K0 0
P=| o " 5 : (13)
o 0 A

The same procedure has to be done for the stress components S, (see
eq. 11) of each layer #, which are finally combined in a matrix § of
same size as P. A similar matrix U is computed for the displacement
components.

For the case of layering additional boundary conditiens across the
interface have to be introduced. Both the stress and the displace-
ment components have to be continuous, This means that [G,,]| =

e (1) 8

[ov] e [t17] "

ent layers i = a, b.... The stress-free boundary conditions on the inner
and outer boundary are introduced in the P-matrix the same way as
for a free cylinder in the rows (1, #N, N + 1 and n2N). The interface
conditions are introduced as the vanishing differences of the displace-
ments and stresses between adjncent layers. It is convenient to apply
the continuity stress boundary conditions to the rows N, 2N...nN of the
P-matrix and the continuity displacement conditions to N,2N...uN.

=0, where i are the radii of the differ-

This means that the elements of § and U representing the interpolation
points of the inner and outer boundary and the interfaces replace the
corresponding rows in the P matrix which is now referred to as £. The
cigenvalue problem can now be formulated analogous to eq. 12 and
solved using the MATLAB eigenvalue routine.

DISPERSION CURVES FOR A SOLID BAR AND A FLUID-
FILLED CYLINDER

Let us illustrate the results produced by this approach in the form of
dispersion curves (Fig. 3-4). To compare with previous results ob-
tained by root-finding techniques, we used models presented by Davies
(1948) and Del Grosso and McGill (1968). In Fig. (3) the dispersion
curves for a free solid bar are computed with the parameters shown in
the picture. These curves reproduce in very good agreement the disper-
sion curves shown in Davies (1948,Fig.13) which are calculated ana-
Iytically using root-finding techniques. The fundamental mode (0, 1)
behaves like a pure extensional mode for low frequencies and propa-
gates with the velocity «/E/p where E is the Young’s modulus. For
higher frequencies the mode propagates like a Rayleigh wave on the
cylinder surface, The higher modes (L(0,1)...L(0,n)) have cut-off fre-
quencies, which means they don't exist below these frequencies. For
very high frequencies they tend to propagate close to the Rayleigh ve-
locity.
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The second example (Fig. 4) is a two-layer model: a fluid-filled hol-
low cylinder. The dispersion curves were originally calculated by
Del Grosso and McGill (1968). Here the dispersion curves were com-
puted by A. Sidorov using the roor-finding technique analogous to
Del Grosso and McGill (1968). Again we were able to reproduce these
results accurately using the spectral method. Note that in this case
there exist two fundamental modes starting from a zero frequency: first
one (ET0) is commonly referred to as a tube wave or Stoneley wave,
whereas second (ET1) is an analog of a (longitudinal) plate wave. The
mode ET1 only weakly depends on the fluid properties and disappears
when the thickness of the cylinder wall increases 1o infinity or the outer
boundary of the cylinder becomes rigid (Rn).

1.5

phl\r(J

v, =1618 mis:
v_ =880 m/s .
p =5000 kg/m®, a= 1m
0 0.5

0.5

1
ik i2x)

Figure 3: Dispersion curves of a free solid bar: x-axis: wavenumber-
radius product, y-axis: phase velocity vy, = w/k; normalized by the
bar velocity vi = E/p where E is the Young’s modulus (compare with
Davies, 1948,Sec. 11, Fig.13);

.. ET4

Buis i 6006 ea ol

0.5 = Aluid: v = 1.5 kmfs, v,=0 km/s, p.=1.onnkgim’;
ET0 :  solid; VoS 3.7 kmis, v =2 km/s, p=8500kg/m]
B a=im, b=1.125 m :
0 5 10 15 20
bk,

Figure 4: Dispersion curves for a hollow cylinder filled with non-
viscous fluid, Thickness of the cylinder wall: 0.125m; Modes ETn in
elastic tube with stress-free outer boundary are shown in red, whereas
mode Rn for pipe with rigid outer boundary are shown in blue. Phase
velocity vy, is normalized by the velocity of the fluid (v, ) compare
with Del Grosso and McGill (1968).

MODESHAPES: PARTICLE DISPLACEMENT PROFILES

Solving the eigenvalue problem yields the eigenvalues which allow to
construct the dispersion curves. At the snme time the eigenvectors
are computed representing the potentials ¢ and yp. They allow the
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Figure 5: Particle displacement profiles of the fundamental longitudinal mode £(0,1) for (a) 500 Hz (b) 2000 Hz,(c) 5000 Hz,(d) 10000 Hz; x-axis:
normalized uy = |n;| and ity = i|u,| displacement; y-uxis: bar radius from 0 m (center of bar) to I m (surface of bar).

computation of the modeshapes, that is the distribution of field quan-
tities like displacements, stresses, power flow etc., along the radius of
the cylinder. Exemplarily we illustrate the displacements {u,,1.) here
which can be easily computed using the eigenvectors and eqgs. (4)-
(5). In order to display the particle displacement profiles u, and u, are
calculited along the radius for a certain frequency. These values are
normalized by the maximum absolute value of the u; displacement.
Finally the radial displacement is plotied as u, = |n,| and the longitu-
dinal displacement as u, = fli,|.

DISPLACEMENT PROFILES OF THE L(0,1) MODE

For the illustration of the displacement profiles we have chosen the
fundamental mode L(0, 1) propagating in a free solid cylinder (sce
Fig. 1). The particle motion u, and w; is computed for four differ-
ent frequencies (500 Hz, 2000 Hz, 5000 Hz and 10000 Hz). The insert
plot in Fig. 5:d shows the position of the frequencies on the dispersion
curve. Fig. 5:a-d displays the displacement profiles for 1, and i, for
the different frequencies.

For low frequencies like 500 Hz (Fig. 5:a) the wave propagates like
a longitudinal wave, Consequently the particle motion is in axial di-
rection mainly and uniform throughout the radius of the cylinder. The
radial displacement is very small.

In Fig. 5:b we can see that for 2000 Hz the u, displacement has already
significantly increased all over the cross section. It only remains zero
in the center of the cylinder. At the same lime the . displacement
decreases but keeps its maximum value in the center.

For a higher frequency (5000 Hz; Fig. 5:c) it can be observed that
the shape of the displacement profiles propagates slowly towards the
typical pattern of Rayleigh modes. Close to the surface (r=0.85 — 1m)
the motion is already Rayleigh-like. Only towards the center of the bar
especially the u; component is still relatively strong.

Finally in Fig. 5:d we get the typical particle motion profile of Rayleigh
waves. In contrast to Fig. 5:c obviously the amplitudes of both dis-
placement components decreases significantly for r < 0.8m.

Summarizing we can say that the displacement field for the L(0, 1)
mode can be modeled using the spectral method like expected, which
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is another proof that the approach works properly.

CONCLUSIONS

We extended and implemented the spectral method for propagation of
axisymmetric longitudinal modes in a cylindrical bar. The method was
also generalized to N-layered cylindrical fiuid-solid structures typical
for borehole environment. Dispersion curves for a free solid cylinder
and a fluid filled tube were computed and compared with analytical
solutions. Furthermore the displacement profile for the L(0, 1} were
computed using the eigenvectors and displayed for different frequen-
cies. The advantage of this approach is, that in contrast to traditional
methods, it is easier to implement, especially for cases where root-
finding becomes complicated. For cylindrical geometries the spectral
method is a good alternative as the produced results are accurate and
the computational time is very short. The method is well-suited for ex-
tension o anisotropic, attenuative and poroelastic borehole structures.
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23 September 2007—The SEG Annual Meeting Technical Program begins on Monday afternoon with ~ ®5EG Foundation
a full slate of 646 accepted papers (505 oral and 141 poster).

BSEAM
This year's Technical Program is a strong one, commented Bob Hardage, Technical Program <SEG Hosted Sites
Committee chairman. The committee's task was to pare down the more than 800 abstracts received 4SEG Home
to 646 oral papers and posters. «Searches
aContact Us
“We have to go through a rather rigorous peer review process to go through this,” Hardage said. A e
y \¥hat SEG Does

total of 478 peer reviewers participated.in the ahstract selection process, and combined with the
cochairs and session monitors, that number jumps to about 690 people—more than the number of ... for Members

ccepted papers. 4... for Authors
® B Rap 4... for Students

. ; . . <... for Campanies
“I don't think there is any other SEG activity that gets that many members involved.” s . S
80nline Book Mart

Some more numbers: #MSEG Digital Library
sLookUpstream

2Geophysics

I Accepted papers are from roughly 44 countries around the world. Matketplsce

f More than 200 students submitted papers. . .
Join SEG ,5

f There are 165 accepted student papers, meaning the student is the primary author of the paper
(this number does not include students that may be listed as secondary authors).

A new Special Session has debuted this year and, if it goes well, may be a permanent addition.
Special Session 2, Science and Technologies, the Horizon and Beyond, s similar in scope to the
very popular Special Session 1, Recent Advances and the Road Ahead. They are both suited to a
more general audience and deal with cutting-edge technologies and methods of the future.

The Technical Program consists of 83 Technical Sessions scheduled Monday through Thursday with
a maximum of 11 concurrent Technical Sessions scheduled at any time during the pragram period.
Topic areas that had high abstract submissions, and thus will have several scheduled sessions,
include EM exploration, near-surface and environmental, rock properties, seismic inversion, seismic
processing: migration, seismic processing: multiples, and time lapse,

Poster sessions will be effective this year because the layout of the Henry B. Gonzalez Convention

Center in San Antonio allows us to distribute posters along the major traffic area between the Exhibit
Hall (Floor 1) and the Technical Sessions (Floor 2). It remains to be seen if the expected high rate of
foot traffic through the poster area will aid or disrupt poster presentations, but we are hopeful that this
decision will return a positive response. F.i

When asked if anything about the submissions surprised him, Hardage said he was surprised the
program didn't receive more papers on what he terms multi-azimuth technology. The technology is

new enough that the experts are still working out the proper terms, but in a nutshell, it is a seismic g
acquisition method using more than one source and more than one vessel and involving multiple s
tows in the same area.

“It is a red-hot topic for subsalt imaging—arguably the most challenging imaging problem that the
industry has in the Gulf of Mexico, and in other areas where subsalt is a big part of the subsurface
layers. That's going to control the destiny of subsalt hydrocarbon exploration for the next decade or
so.”

http://www.seg.org/publications/news/TeéhPro gram_preview 09232007 .shtml 7/03/2008
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Hardage said it will be a great session and plans to attend it, but it may take some time for the topic
to atiract a lot of papers because people are probably going to need a little more experience, and
there may be some confidentiality issues this early in the process.

The usual topics got a lot of papers, including rock physics, seismic migration, and imaging, potenfial :

fields (gravity and EM). g

A new no-show policy is being tested this year in San Antonio. The Executive Committee, with
guidance from the Technical Program Committee, has voted that oral paper authors must give
sufficient notice if they cannot present their paper as scheduled. If they do not, they are barred from
consideration for the next two SEG Annual Meeting Technical Programs. SEG leaders are hoping
this will reduce gaps in the program when a paper cannot be presented at the scheduled time.

Incidentally, attendees may notice that the Steering Committee has largely the same makeup as that
of SEG 2001, which also was held in San Antonio but was interrupted by the passenger jet attacks of
11 September 2001. Because they set up a great program in 2001 but were unable to carry it out,
everyone but the general chairman agreed to finish what they started in San Antonio this year. If the
attitude of the Technical Program Chairman is any indication, the 2007 meeting should be very
successful.

Expanded Abstracts

Many of the Expanded Absiracts have been posted to the SEG Technical Program Online site. At the
conclusion of the Annual Meeting, this site will be taken offline, but the Expanded Abstracts will
continue to be available (full text to members and subscribers, and abstract views only to
nonmembers) in SEG's Digital Library. The Technical Program Expanded Abstracts CD is also
available through the Book Mart (booth #659).

Related Link: SEG Annual Meeting 2007 News and Photos lnd;j

SEG Annual Meeting Home Page

http://www.seg.org/ publications/news/TéchPro gram_preview_09232007.shtml
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