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ABSTRACT 

Although most rocks are complex multi-mineralic aggregates, quantitative interpretation 

workflows usually ignore this complexity and employ Gassmann equation and effective stress 

laws that assume a micro-homogeneous (mono-mineralic) rock. Even though the Gassmann the-

ory and effective stress concepts have been generalized to micro-inhomogeneous rocks, they are 

seldom if at all used in practice because they require a greater number of parameters, which are 

difficult to measure or infer from data. Furthermore, the magnitude of the effect of micro-

heterogeneity on fluid substitution and on effective stress coefficients is poorly understood. In 

particular, it is an open question whether deviations of the experimentally measurements from 

theoretical predictions of the effective stress coefficients for drained and undrained elastic modu-

li can be explained by the effect of micro-heterogeneity. In an attempt to bridge this gap, we con-

sider an idealized model of a micro-inhomogeneous medium: a Hashin assemblage of double 

spherical shells. Each shell consists of a spherical pore surrounded by two concentric spherical 

layers of two different isotropic minerals. The elasticity problem for spherically symmetric de-

formation for this geometry allows for an exact analytical solution. By analyzing this solution, 

we show that the results are exactly consistent with the equations of Brown and Korringa (which 

represent an extension of Gassmann’s equation to micro-inhomogeneous media). We also show 

that the effective stress coefficients for bulk volume , for porosity n and for drained dry

Kn  and 

undrained ud

Kn  moduli are quite sensitive to the degree of heterogeneity (contrast between the 

moduli of the two mineral components). For instance, while for micro-homogeneous rocks the 

theory gives n = 1, for strongly micro-inhomogenous rocks n may span a range of values from 

–∞ to ∞ (depending on the contrast between moduli of inner and outer shells). Furthermore, con-

trary to a popular view, the effective stress coefficient for pore volume (Biot-Willis coefficient) 

 can be smaller than the porosity . Since in the double shell geometry the minerals form a reg-

ular and ordered geometric pattern (so that the fluid is always in touch with the material of the 



inner shell and never with the material of the outer shell), the effect of heterogeneity in this ge-

ometry is probably amplified compared to random mineral assemblages. Thus our results can be 

considered as a kind of upper bound for these effects. Although the exact results are limited to 

the idealized and unrealistic concentric sphere geometry with isolated spherical pores, simple 

intuitive arguments suggest that the main conclusions are applicable to more general geometries 

with interconnected pore space. Further studies are required to understand the applicability of the 

results to realistic rock geometries. 
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INTRODUCTION 

Real rocks are complex heterogeneous materials consisting of a solid matrix and pore 

space filled with a fluid. Effect of pore pressure Pfl and fluid bulk modulus Kfl on physical prop-

erties of rocks are important issues for many practical purposes such as pore pressure prediction 

(Zhang, 2011; Dutta, 2002), seismic reservoir characterization (Avseth et al., 2005) and quantita-

tive interpretation of time-lapse seismic data.  

Consider a physical property of the rock, denoted F, which depends only on the current 

stress state irrespective of the stress history and stress path. This means that the property is a 

function of confining stress (tensor of the second rank) C and pore pressure F(C, Pfl). Its dif-

ferential can be written 
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where “:” denotes the final product of the second rank tensors. 

Usually, confining stress and fluid pressure have a similar effect but with the opposite 

signs on a given rock property (e.g. porosity, permeability, elastic constants etc.), and thus, every 

property is controlled by some linear combination of a form  

 
e C F flP P n P  ,  (2) 

where PC = - 1/3 Tr[C] is called confining pressure and nF is so-called effective stress coeffi-

cient for the property.  

Use of such a linear combination (2) with a constant effective stress coefficient is strictly 

valid only for small perturbations of the pressures. In general, effective stress coefficient nF is a 

nonlinear function of and PC and Pfl and can be defined as follows: 
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An in-depth analysis of the general concept of effective stress has been performed by 

Robin (1973), Carroll and Katsube (1983), Zimmerman (1991), and Berryman (1992) among 

others. These studies show that there is no universal effective stress coefficient for all rock prop-

erties, and different values apply for different physical quantities F. In particular, a simple theo-

retical analysis for rocks with a homogeneous, isotropic and linearly elastic frame, gives nF=1 

for all scale independent properties (that is, properties that don’t change when the sample with 

all its pore space is subjected to a uniform (self-similar) deformation), see e.g., Wyllie et al. 

(1958), Berryman (1992), Gurevich (2004). This means that differential pressure Pd = PC – Pfl is 

the only controlling factor for such properties including porosity and drained elastic constants 

but excluding such scale-dependent properties as permeability or density. The result nF=1 for 

scale independent properties is derived under the following assumptions: 

 the dry frame of the porous rock behaves as a linear elastic solid within the considered 

range of confining pressures PC; with bulk moduli Kdry and Kud; 

 the solid constituent of the porous material is microhomogeneous and isotropic (consists of 

one isotropic mineral); 

 the fluid pressure is equilibrated inside the pore space; 

 no chemical or physical interactions between solid and fluid take place during the process 

of deformation. 

The simple result nF=1 for porosity and elastic moduli is often used in applications, but is 

in variance with some laboratory measurements, which often show values of nF smaller than 1. 

This raises the question as to which of the assumptions behind the result nF=1 is violated in real 

rocks (or measurements). An obvious candidate is violation of the assumption of micro-



homogeneity – almost all real rocks are heterogeneous, as they consist of a number of minerals. 

To explore the effect of micro-heterogeneity on effective stress coefficients, we analyse defor-

mations of a simple double shell model depicted in Figure 1 (in composite mechanics such a 

model is also known as a doubly coated sphere (Milton, 2002), but we prefer the term double 

shell because coating a pore, which may be empty, sounds awkward). A double shell is the sim-

plest example of an inhomogeneous porous sample, and is amenable to exact analysis of the elas-

ticity problem. Such an analysis was previously performed by Ciz et al. (2008). Here we expand 

on that study, present an explicit analytical solution for the bulk deformation of the double shell, 

and explore implications for effective stress coefficients.  

A closely related to the problem of effective stress coefficients is a problem of fluid sub-

stitution – finding an effective bulk modulus of the saturated rock as a function of its fluid modu-

lus. For rocks satisfying the assumptions listed above, the bulk modulus is given by Gassmann 

equation, which expresses the bulk modulus of the saturated rock as a function porosity and 

compressibilities of the dry frame, solid grain material (of which the frame is made)and fluid. If 

the rock is not homogeneous, Gassmann equation is no longer valid. Brown and Korringa (1975) 

extended the Gassmann theory to the case of an inhomogeneous matrix. However the theory of 

Brown and Korringa (BK) finds little use in practice, since it requires the knowledge of parame-

ters, which are difficult to measure or infer from data Furthermore, there are experimental meas-

urements of undrained modulus that deviate from theoretical predictions, which give ground to 

theoretical investigations about their validity (Bennethum, 2006; Sahay, 2013). For this case too, 

double shell model, which allows for the exact solution, is useful in exploring consistency with 

predictions of poroelasticity theory. 

THEORETICAL BACKGROUND 

To make the presentation more consistent and clear, here we give brief a derivation of the 

basic equations of static linear poroelasticity and define the main parameters, which are neces-

sary for utilizing the exact solution for the double shell model. 



Brown and Korringa (1975) showed that the following four compressibilities fully define 

volume deformation of porous material subjected to confining and pore pressures: 
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where V0 and V stand for total and pore space volumes of the porous sample. For the analysis of 

the values of these parameters in different rock structures, see Berryman and Milton (1991), 

Berge and Berryman (1995); Makarynska et al. (2007), and Mavko and Mukerji (2013).   

Deformations caused by an increment of fluid pressure while differential pressure is held 

constant can be conceived as a volumetric strain of either bulk or pore volume when the sample 

is fully plunged into the fluid with constant pressure. That is why such conditions are called un-

jacketed. 

KP is not independent and could be expressed through Kdry and KM with the use of the rec-

iprocity theorem of linear elasticity: 
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where  

 V V    (9) 

is the porosity of the rock. Proof of this theorem for inhomogeneous linear elastic bodies could 

be found in Lomakin (1973). The study also concerns with the particular case of the radially het-

erogeneous sphere 



The four compressibilities help define effective stress coefficients for various rock char-

acteristics. They are also key parameters for the fluid-substitution technique. This is a method to 

evaluate the dependency of the bulk volumetric strain on the fluid compressibility if the pore flu-

id is restricted to flow through the boundary of the porous sample – undrained experiment. Ap-

parent bulk modulus corresponding to such boundary conditions reads 
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where subscript fl designates that the fluid mass is held constant during compression. 

In particular, we can find an expression for the porosity effective stress coefficient n. To 

this end, we write a general expression for the differential of V: 

 
0 0dV dV V d    . (11) 

Differentiating equation (9) and using (4)-(7) we can write an equation for the porosity 

variation 
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If the porosity is constant then left-hand side of (12) is zero. Using some elementary Ja-

cobian technique (e.g., Weber and Arfken, 2004) we could express the effective stress coefficient 

defined by equation (3) as follows: 

 
 

 
 
 

,,
1

, ,

fl CC C d

fl flfl C fl

P PP P P
n

P PP P P


 





      
               

,  (13) 

Equation (13) makes it possible to express n.in terms of introduced compressibilities 

(see e.g., Berryman, 1992) 

: 

 

1 1

1
1 1

M

p dry

K K
n

K K







 



. (14) 



For self-similar deformations, from the definitions (5) and (6) we get 
1 1

MK K

  and re-

cover the result n=1.  

Another important parameter for poroelasticity is an effective stress coefficient for over-

all volume of the micro-inhomogeneous sample - ’which appears explicitly in Biot’s theory of 

poroelasticity (e.g., Biot and Willis, 1957). Writing a differential of bulk volume dV0 as a func-

tion of applied pressures and expressing corresponding partial derivatives with the use of (4)-(5), 

we obtain 
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so that 
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The parameters introduced above are enough to evaluate effect of fluid compressibility 

on the effective bulk compressibility during undrained deformation of the rock. To this end, we 

write an equation similar to (15) for the pore volume change 
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where ' 1 PK K   is the effective stress coefficient for pore volume. At the same time, the 

pore space is fully saturated with the fluid. Thus, we can relate dVto the volume change of fluid 

that has already been trapped inside the porous sample plus additional volume of the fluid due to 

exchange with the surrounding medium. If the fluid is not allowed to flow through the bounda-

ries of the sample, then the volumetric strain in the fluid is given by  
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Using equations (17)-(18) we can define a ratio of dPfl to dPC under undrained condi-

tions, so-called, Skempton coefficient (Detournay and Cheng, 1993): 
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Coefficient B makes it possible to express the increment of the fluid pressure through the 

change of confining pressure, specifically: dPfl=B dPC and dPd=d(PC–Pfl)=(1-B)dPC. Substitut-

ing these expressions into equation (15) we can obtain an expression for the undrained bulk 

modulus (10). In this way, we recover the result of Brown and Korringa - the equation for Kud 

through Kdry, KM, K and bulk modulus of the fluid Kfl. For the sake of simplicity we write this 

equation with the use of concise notation proposed by Berryman and Milton (1991): 

 2

ud dryK K M   , (20) 

where M is the fluid storage coefficient: 

 
1 1 1

fl MM K K K



  

      

,  (21) 

In the following sections, we explore the behavior of the parameters defined above for a 

particular case of a double shell. 

 

ANALYTICAL SOLUTIONS 

As discussed above, there are several assumptions in the theoretical derivations of un-

drained bulk modulus and effective stress coefficients for velocities. One possible factor that 

may cause deviations from the Gassmann theory is micro-inhomogeneity. To analyse this effect, 

we compute effective stress coefficients for a simple spherical shell configuration, where a 

spherical pore is surrounded by spherical shells of two linear elastic and isotropic minerals - a 

double-shell model, Figure 1.  

Ciz et al. (2008) presented an analytical solution for the deformation of double-layered 

spherical shell subjected to different pressures PIN on internal (radius Rp) and PC on external (ra-

dius ROUT) surface; boundary between layers has radius – RIN; material of the layers is linear 



elastic; moduli of the inner layer – KIN,  , outer layer – KOUT, OUT. Unfortunately, the paper 

by Ciz et al. (2008) contains a number of typos, which makes it impossible to analyse their re-

sults. Thus in Appendix A we present a brief derivation of the solution for the displacement field 

inside the model. Using the solution, we are able to calculate the bulk moduli defined in (4)-(6) 

which are sufficient for calculation of the effective stress coefficients and undrained bulk modu-

lus. 

The deformation of a double shell is totally the same as for an assemblage of the identical 

shells of different sizes and effective bulk modulus of such structure corresponds to the Hashin-

Shtrikman bounds (Hashin, 1962; Milton, 2002). Hence, we are able to consider fluid pressure 

being equilibrated inside the pore volume and the experiment being held under the undrained 

conditions, despite the fact that the pores are not connected (the fluid-substitution method does 

not require interconnected pore system). In addition, macrohomogeneity of the porous sample is 

not required in the BK approach. 

Firstly, we check analytically coincidence between the undrained bulk moduli calculated 

according to the BK method and the exact analytical expression for linearized volumetric strain 

of the fluid-filled double shell spherical pore. To do this, we substitute equations (A-10)-(A-12) 

into (16), (20) and (21) and then find that the result is equal to the exact one - the expression 

(10). Single-shell model yields the expected results for microhomogeneous porous volume: the 

Gassmann equation for fluid-substitution and unit effective stress coefficients for porosity and 

Kdry. 

 

EFFECTIVE STRESS COEFFICIENTS 

If fluid pressure and confining pressure acting on a double shell are increased by the same 

amount, deformations of the inner and outer shell can be significantly different from each other. 

We illustrate this with a simple thought experiment. Assume that the inner layer of the double-

shell is made of fluid (IN=0) meaning the pressure PIN is constant throughout this layer and 



equals to the one applied on the internal surface. This means that outer layer is subjected to PIN 

on the inner boundary. If the differential pressure Pd = 0 then the actual pressure throughout the 

sample is PIN. At the same time deformation is different due to the difference of bulk moduli, 

thus, volume fractions of the components will change. This means that, in general, the porosity 

has changed and, at the same time, response to the subsequent pressures increments will be dif-

ferent from the initial one. Thus, we see that differential pressure is no longer the controlling fac-

tor for the porosity and compressibilities of the model. 

The explicit expressions for the ‘apparent’ compressibilities are cumbersome (neverthe-

less, they are listed in Appendix – equations (A10)-(A-12)), and thus, are best analysed numeri-

cally. In the following subsections we compare these results with existing theoretical analyses 

and attempt to give them a physical interpretation. 

 

Effective stress coefficient for porosity 

In Figure 2 we present a typical dependence of the porosity, bulk and pore volume effec-

tive stress coefficients The model parameters used for calculations presented in the Figures 2-4 

are following:  

 one of the spherical shells (inner or outer) has moduli K0 = 37 GPa,  = 43GPa corre-

sponding to quartz; 

 the other shell has the same ratio K1/as the first shell; this means that it has the 

same constant Poisson ratio  ≈ 0.081 and variable shear modulus 1 . The effective 

stress coefficients are plotted against the normalized shear modulus  1

0

ˆ





 ; 

 radii of the shells are shown in captions to the figures, We use dimensionless length param-

eters, expressing all the radii in units of RP, this corresponds to unit pore radius; 



The value ˆ 1   corresponds to a case where inner and outer shell materials are the same, 

that is, we have a single homogeneous shell. We have found that the plots for different Poisson’s 

ratios look similar.  

The most interesting feature of the curves is a singularity, which occurs for a particular 

combination of the parameters when the outer shell material is softer than the inner one. On the 

face of it, such behavior appears to be unphysical (Müller and Sahay, 2013b). Yet this result has 

a rather simple physical explanation. Equation (12) can be rewritten in a form 
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If a material is such that the drained pore and bulk moduli PK and 
dryK  are equal then an 

increment of the confining pressure does not change the porosity of the medium and the fluid 

pressure is the only factor affecting the porosity:  

    ,c fl flf P P f P   , (23)  

and its weight in the linear combination Pe , and effective stress coefficient become infinite. Note 

that the standard definition of effective stress 
e C flP P n P   is not applicable in this case be-

cause 
C flP n P  is not equal 

flP  for any n , and it is more convenient to use an alternative defi-

nition of effective stress 'e i C flP n P P  , where 1

in n 

 . When 
P dryK K , 0in   and n   .  

But is the case 
P dryK K , which gives 0in   realistic? Consider the following thought 

experiment. First, let the inner and outer shell be made of the same material (so that effectively, 

we have a single shell). If for this shell, confining and pore pressure are increased by the same 

(small and positive) amount dP, then the shell experiences a uniform (self-similar) stretch. It fol-

lows that if the pore pressure is kept constant, and only confining pressure increased, then the 

porosity will decrease. Now let us gradually increase bulk and shear moduli of the inner shell 

(keeping the Poisson’s ratio constant). When these inner shell moduli become very large, the in-

crement dP of the confining pressure will only compress the outer shell, but will not deform the 



inner shell appreciably. Hence the pore volume will remain (almost) the same, while the total 

volume will decrease. Hence, the porosity will increase. Since for such a shell both pore pressure 

and confining pressure tend to increase the porosity, the effective stress coefficient is negative. 

Furthermore, we see that the (relative) effect of confining pressure on porosity will vary gradual-

ly as the bulk and shear moduli increase. Thus 
in  will change gradually from 1 to a negative 

value and at some point will cross the point where 

fl
C P

P

 
 
 

=0, 0in   and n  has a singularity 

of 1/x type.  

As can be seen from Figure 2, n could be smaller than unity and even becomes nega-

tive. This result is in contradiction to the conclusion of Sahay (2013) where the author asserts 

that the effective stress coefficient should obey the condition 
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where solK  is an ‘apparent’ bulk modulus of the solid frame in the unjacketed experiment: 
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Our results show that the condition (24) is not a rigorous bound for n. A probable reason for this 

is that the numerator of the right-hand-side of (24) is not a true Voigt bound because Ksol is not a constitu-

ent modulus but some effective parameter, which depends not only on constituent moduli but also on the 

geometry of the pore space. We should mention that our results are consistent with the general relations 

between effective stress coefficients presented in Berryman (1992) (his section 4, e.g. equation (35)). Al-

so, we see that the singularities occur at ̂  corresponding to ′=as follows from the equation (21) from 

Berryman (1992). 

 



Effective stress coefficient for drained and undrained bulk moduli 

As discussed, compared to homogeneous porous media, calculation of the undrained bulk 

modulus for a micro-inhomogeneioous rock involves two more compressibilities, which charac-

terize the unjacketed response of the porous medium. These values are rarely available for real 

rocks, which creates an obstacle in practical use of the BK approach. A double shell gives us an 

opportunity to compare the effective stress coefficient for drained dry

Kn  and undrained ud

Kn  bulk 

moduli. 

To calculate analytical values of these coefficients we should express them through the 

known displacement field inside the double shell. Since we consider the materials to be linearly 

elastic, the moduli of the model constituents are constant during the deformation process. Hence, 

pressures increments dPfl and/or dPC affect only the radii of the layers 
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where Rk corresponds to subscripts Rp, RIN, ROUT; all partial derivatives are calculated on the 

boundary specified by the superscript. For convenience, we introduce new coefficients ck and fk. 

Kud and Kdry depend explicitly on the geometry of the double shell (equation (A-10) etc.) which, 

in turn, is a function of applied pressures (see equation (26)). Thus, effective stress coefficient 

can be computed by evaluating the partial derivatives in equation (3) using the chain rule  
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Typical behavior of dry

Kn  and ud

Kn  is plotted on the Figure 3-4. The structure of the com-

posite matrix has a significant effect on the effective stress coefficients: if the outer shell (load-

bearing material) is soft then both coefficients are sufficiently smaller than in the opposite case. 

Another notable feature is proximity of dry

Kn  and ud

Kn  within a wide range of values except for a 

very compliant inner layer in the water-saturated case. Since the double-shell model is a structure 



with the strongest effect of the micro-inhomogeneity, for more realistic cases the difference 

should be expected to be even smaller.  

Deviation of dry

Kn  from ud

Kn  appears to be roughly linear-dependent on the type of the 

pore-filler (Kfl). In principle, this feature can be useful for identifying the type of pore-filling ma-

terial from seismic data.  

 

FLUID-SUBSTITUTION 

As was discussed by (Borwn and Korringa, 1975), their theory could be deduced from 

some of the results of Biot’s theory (e.g. Geertsma and Smit, 1961). Berryman and Milton (1991) 

presented the constitutive equations corresponding to the BK theory. These equations are the 

same as the Biot equations (Detournay and Cheng, 1993). Sahay (2013) proposed a linear theory 

of porous media deformation different from Biot’s theory. The difference is due to a different 

treatment of porosity perturbation in the process of deformation. This fact leads to introduction 

of new fluid storage coefficient M* and effective stress coefficient for overall volume of the po-

rous sample . The expression for the undrained bulk modulus 
udK   in terms of these parame-

ters takes the form: 

 * *ud dryK K M   ,  (28) 

where the parameters are introduced as follows: 
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Müller and Sahay (2013a, b) and Sahay (2013) claim that the BK approach is in error and 

should not be used. They give some theoretical substantiation to this end and assert that equation 

(7) of the BK is incorrect. In addition to theoretical arguments, Müller and Sahay (2013a) 



demonstrate that their approach is in better agreement with experimental data of Hart and Wang 

(2010).  

We do not find the arguments of Müller and Sahay (2013a) convincing. The equation (7) 

seems to us correct too. It is instructive to compare this solution to the exact solution for an ex-

actly solvable example, such as the double shell. For simplicity, we consider a particular case of 

the double shell such that the bulk modulus of the inner solid constituents equals the bulk modu-

lus of the fluid. In Figure 5 the undrained bulk modulus of such a shell computed from equation 

(28) (blue line) along with the exact solution (red line) is plotted against the shear modulus of 

the inner layer. Substituting IN =fl into boundary conditions on the shell interfaces (A-8) we 

see that the deformation of the considered model is the same as of a single shell (with a modified 

porosity). Hence, Gassmann equation should apply and the exact solution for ud does not de-

pend on the shear modulus of the inner layer. However *ud computed with equation (28) differs 

from the exact solution significantly. Furthermore, for a certain combination of the model pa-

rameters 
udK    corresponding to infinite M*. 

Another argument of Müller and Sahay (2013b) is that Kud calculated using the BK ap-

proach violates Voigt upper bound (Hill, 1963) for the mixture of solid and fluid constituents. 

However, the for the micro-inhomogeneous porous solids, the expression given by Müller and 

Sahay (2013b) as the Voigt upper bound is not a rigorous bound, because it involves the ‘appar-

ent’ bulk modulus of the solid frame - Ksol. The latter depends not only on the elastic moduli of 

the constituents and their volume fractions but also on the structure of the material.  

To understand qualitatively the reason why ud solK K  for some configurations consider 

the case of the double shell with a very soft inner and virtually incompressible outer layers. Cal-

culation of Ksol requires application of equal pressures to both surfaces of the shell. Then the soft 

material is subjected to the same pressure as the stiff one and thus the resultant volumetric 

change is dominated by the compression of the soft shell. Under undrained conditions fluid pres-

sure is defined by the Skempton coefficient (see equation (19)). This coefficient could be signifi-



cantly smaller than unity. Hence, compliant material of the inner layer and the fluid are virtually 

not compressed at all and thus the porous volume is nearly constant and Kud tends to infinity to-

gether with KOUT exceeding Ksol. In Figure 6 we show that such configuration is realizable. An 

interesting feature of the plot is that the ud solK K occurs nearly simultaneously for the shells 

with the soft material inside and outside.  

 

DISCUSSIONS AND CONCLUSIONS 

At the beginning of the study, we have formulated the basics of linear poroelasticity for 

the case of micro-inhomogeneous solid frame. This allowed us to show why the BK approach is 

not widely used in practice: the values of the constants KM and Kare rarely available. In their 

original paper, Brown and Korringa (1975) proposed a hypothesis that quantitative difference 

between the Gassmann and their theories is negligible when ‘a constituent with a markedly dif-

ferent-from-average compressibility is not preferentially in positions in the elastic framework 

where this constituent would be subjected to more or less stress than it would in the average po-

sitions in the elastic framework’. The double-shell model represents very strong deviation from 

such a situation yet it satisfies all of the assumptions and limitations of the BK theory. Thus the 

double shell model makes possible to judge how crucial the error of keeping to the homogeneous 

frame assumption is. 

The double shell model allowed us to obtain an exact analytical solution for displace-

ments under hydrostatic confining and fluid pressures presented in Appendix A. Thus, the double 

shell is a good test example for a range of concepts of linear static poroelasticity. 

We have presented application of the proposed model to several problems: effective 

stress coefficients for porosity, drained and undrained bulk moduli and fluid-substitution tech-

nique. The most important results are: 

1. Effective stress coefficient can take any value n    . Analysis of equations (12)-

(13) makes it possible to understand physical reasons for such behavior. Because of the 



singularity, a reciprocal of effective stress coefficients 1/nis a more convenient parame-

ter for practical use than n. 

2. Effective stress coefficients dry

Kn  and ud

Kn  are quite close to each other over a wide range of 

reasonable model parameters. The difference between them is controlled by the fluid 

compressibility. Absolute values of the coefficients usually lies between 0 and 1 but 

some configurations have dry

Kn  and ud

Kn  a little bit larger than 1 or even negative for some 

unrealistic cases. 

3. The exact expression for Kud of the assemblage of the identical double-shell spherical 

pores coincides with the BK result. At the same time, Sahay’s (2013) equation gives re-

sult different from the exact ones. Usually this discrepancy is relatively small but for spe-

cial cases as shown on Figure 4 it could be rather significant. 

There are a number of possible applications of the proposed model being beyond the 

scope of the present paper. We only aimed to present the exact result for double-shell model and 

show its validity as a test example for some concepts of poroelasticity. However, there is still a 

question concerning validity of the obtained results to the case of general porous medium. In par-

ticular, we are interested to explore if similar results can be obtained for media with intercon-

nected pore space.  

The somewhat unexpected results are the range of possible values of n and violation of 

‘Voigt-like’ bound. To analyse whether these results are unique to concentric sphere geometry, 

we recall the case of the double shell with an outer material much stiffer than inner one. This ex-

ample can be extended to a solid frame of arbitrary shape whose internal surface is covered with 

a soft material (so that the pore fluid is in contact with the soft matter only). Then, all the consid-

erations that describe the case of a double shell with soft inner shell (giving Kud > Ksol for some 

combinations of parameters) are applicable here. Confining pressure is borne by rigid skeleton 

while Ksol is mostly affected by the compression of the inner soft shell (see equation (25)). 



Considering the singularity in the porosity effective stress coefficient, we can perform a 

thought experiment similar to the one used to illustrate this singularity for a double shell: we 

again use a double shell with a soft outer shell and much stiffer inner shell but assume that the 

spherical pores are now connected to each other by a matrix micro-porosity of a small volume 

fraction. This model roughly corresponds to carbonates where relatively large vugs with, say, v 

~5-10% are connected to each other through microcracks with porosity c ~0.1%. Even though 

matrix porosity may partially close under confining pressure, v will not be affected because of 

the very stiff inner shell. This means that the relative pore volume strain is small dV/V ~ 0.01 

which could be equal or even less than the volumetric strain dV0/V0 of the bulk volume due to an 

additional compression of the soft outer shell. In such a way, we can imagine the case where 1/n 

= 0 

These intuitive arguments suggest that the main findings of this paper should be applica-

ble to some porous materials with interconnected pore space. Although these materials may be 

too complex for a direct analytical solution, quantitative analysis may be possible using approx-

imate approaches. For instance, the effect of microporosity can be estimated using perturbation 

theory. This quantitative analysis is beyond the scope of this paper. Also, while these more gen-

eral geometries are less restrictive than the concentric sphere geometry, they are still idealised. 

Further studies are required to understand the applicability of the results of this study to realistic 

rock geometries. 
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APPENDIX A 

DERIVATION OF SOLUTION FOR THE DOUBLE-SHELL/PORE 

MODEL 

The equation for the stress equilibrium in elastic medium without body forces reads: 

 0 σ , (A-1) 

where ∇ is a conventional notation for Hamilton differential operator and ‘⋅’ is a scalar product. 

For a perfect contact between elastic solids boundary conditions consist of continuities of dis-

placements u and surface forces (⋅n), where n is a normal vector to the external surface of the 

body.  

Keeping to the assumptions of linear elasticity, we can hold only first-order terms of the 

strain tensor -  
1

2
   ε u u . Hooke’s law represents stress-strain relationship: 
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3
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σ ε g ε , (A-2) 

where Tr() denotes a trace of the strain tensor; g – is a unit tensor of second rank. 

Combining (A-1) - (A-2) and expression for  we obtain a familiar form of Navier’s 

equation: 
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K+ 0
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u u , (A-3) 

where ‘×’is a cross product. 

The double-shell model and configuration of applied forces are characterized by point 

symmetry relative to the center of the model. This fact leads to a conclusion that the field of elas-

tic displacements u will be spherically symmetric – only radial component ur ≠ 0. Hence, the 



displacements field is curl free (∇×u=0). Thus, using spherical coordinates, we can rewrite (A-

3): 

    2
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0, 3 constrr u A

r r


      


u u . (A-4) 

The general solution to equation (A-4) yields: 
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where A and B are integration constants. These constants can be obtained from the boundary 

conditions: 
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where superscripts ‘+’ and ‘-‘ are used to distinguish the values on the different sides of the in-

terface. Expression for radial component of stress reads: 
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, (A-7) 

Writing out the solution (A-5) for each layer and substituting into (A-7) and then (A-8) 

gives an exact system of linear equations  
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 (A-8) 

Calculations of effective stress coefficients for different physical properties require the 

solution for double shell subjected to fixed pressures on internal and external surfaces. In this 



case, the first equation from (A-8) is omitted and the right-hand side of the second one equals to 

Pf.  

It is instructive to remind that we keep to linearity assumptions throughout the manu-

script. Thus, we should use a linearized volumetric deformation of the body instead of exact one: 
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. (A-9) 

Using definitions (4)–(6) and setting RP to unity, we obtain following equations for ap-

parent compressibilities: 
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By substituting these moduli into equations (14) and (16), we obtain effective stress coef-

ficients for total volume and porosity for the double-shell model. Undrained bulk modulus can be 

calculated using either the BK equation (20) or by evaluation the displacements of external sur-

face of fluid-filled double shell under unit pressure. 
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