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Abstract. One of the problems arising in the differentiation of functionals of random diffusion
processes in domains with absorbing boundaries is to compute parametric derivatives for the func-
tionals containing the first exit time τ from the domain for the underlying diffusion process. Earlier
work [S. A. Gusev, Numer. Anal. Appl., 1 (2008), pp. 314–331] proposed a method for solving this
problem under some condition of existence of mean square derivatives for τ with respect to the
parameter; this condition was restrictive and difficult to verify. In this paper, we show that this
condition can be waived under some mild assumptions.
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1. Introduction. Differentiation of functionals of random processes with respect to
parameters is commonly used for solving stochastic optimization problems. These problems
are complicated for functionals containing the first exit time τ of the random process from
a domain. It is known, for example, that the first exit time for a smooth process is not
continuous with respect to the small deviations of parameters. On the other hand, there
is some pathwise regularity of the first exit times of random diffusion processes [1], [2].
However, this regularity is insufficient to ensure regularity and existence for the corresponding
derivatives of τ .

For diffusion processes, the differentiation of the functionals containing τ is possible
in principle through the differentiation of the solutions of the Kolmogorov equations with
respect to corresponding parameters. However, practical calculation of these derivatives is
difficult.

Currently, there are not many works on the problem of differentiation of a functional
containing the first exit time from the domain with respect to parameters. On the other
hand, calculation of these derivatives is required in a variety of applications. For example,
calculation of parametric derivatives of the solutions of parabolic equations arises in optimal
selection of these parameters via gradient methods. For this aim, the probabilistic repre-
sentation and the differentiation of stochastic processes containing τ can be used. Further,
calculation of parametric derivatives for functionals of diffusion processes is used in financial
mathematics. For example, evaluation of parametric derivatives of the option prices was
studied in [3], [4] using the Malliavin stochastic calculus. Technically, the functionals consid-
ered in these papers were of a different type than those considered below in functional (2),
but the task can be reduced to the calculation of (2) for problems of barrier-type options
pricing.

In [5], a representation of the derivatives of functionals containing τ was suggested.
This representation was based on Itô’s formula applied to the function that vanishes on the
boundary along with its first derivatives. This result was obtained under the condition that

∗Received by the editors March 12, 2012; revised December 11, 2013. This work was supported
by Russian Leading Science Schools Programme grant 5111.2014.1, Russian Foundation for Basic
Research grant 14-01-00340-a, and Australian Research Council grant DP120100928.

http://www.siam.org/journals/tvp/59-1/T98696.html
†Institute of Computational Mathematics and Mathematical Geophysics, Siberian Branch of Rus-

sian Academy of Science, Novosibirsk, Russia (sag@osmf.sscc.ru).
‡Department of Mathematics and Statistics, Curtin University, Perth, Australia (n.dokuchaev

@curtin.edu.au).

136

D
ow

nl
oa

de
d 

03
/2

9/
15

 to
 1

34
.7

.5
7.

21
6.

 R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

ON DIFFERENTIATION OF FUNCTIONALS 137

there exist mean square derivatives of τ with respect to the parameters. This condition is
difficult to verify; moreover, we do not know of any examples where this condition is satisfied.

We show in this paper that the formula obtained in [5] is valid without this restrictive
condition if coefficients of the equation are sufficiently smooth.

2. Problem statement. We assume that we are given a connected bounded domain
G ⊂ Rd with some regular enough boundary ∂G, a complete probability space (Ω,F ,P), and
a nondecreasing sequence of σ-algebras Ft ⊆ F , t � 0. We are given a d-dimensional Wiener
process W that is progressively measurable with respect to Ft; the difference Ws −Wt is
independent on σ-algebra Ft for s > t.

Let U ⊂ Rm be an open set. For x ∈ G and t ∈ [0, T ), consider a d-dimensional random
process Xs = Xs(θ), which depends on a vector parameter θ ∈ U and is described by the
stochastic differential equation (SDE)

(1) Xs(θ) = x+

∫ s

t

a(v,Xv(θ), θ) dv +

∫ s

t

σ(v,Xv(θ), θ) dWv,

with measurable functions a : [0,∞)×Rd ×U → Rd and σ : [0,∞)×Rd ×U → Rd×d. We
assume that the coefficients of (1) satisfy the following condition.

(A) The functions a and σ are bounded. There exists a constant K such that, for all
θ ∈ U , v � 0, x, y ∈ Rd, i, j ∈ {1, . . . , d}, the following holds:

|ai(v, x, θ)− ai(v, y, θ)|+ |σij(v, x, θ)− σij(v, y, θ)| � K|x− y|,
where ai and σij are components of the vector a and matrix σ. These assumptions on a, σ
ensure that, for any θ ∈ U , there exists an Fs-measurable process Xs such that (1) holds for
all s � 0 with probability 1 (see, e.g., [6]).

Symbol Et,x will denote the expectation relative to the probability measure Pt,x that
corresponds to the process outgoing at the time t from the point x. The definition of Pt,x
can be found, for example, in [7, p. 381].

In applications, it is common to consider expectations of the form

(2) u(t, x, θ) = Et,x

[
ϕ(XT (θ), θ)χτ>T +

∫ T∧τ

t

f(v,Xv(θ), θ) dv

]
,

where τ = inf{v : v > t, Xv /∈ G} is the first exit time of the process X out of the domain
G, and χA in the indicator function of a set A.

Let QT = (0, T ) × G. It is known that, under some mild restrictions on ϕ and f ,
the value of (2) at (t, x) ∈ QT coincides with the solution of the following boundary value
problem for parabolic equation:

Lu+ f(t, x, θ) = 0, t ∈ (0, T ), (t, x) ∈ QT ,(3)

u(T, x, θ) = ϕ(x, θ), x ∈ G,(4)

u(t, x, θ) = 0, x ∈ ∂G.(5)

The operator L = L(θ) in (3) is defined as

(6) L ≡ ∂

∂t
+

1

2

d∑
i,j=1

bij(t, x, θ)∂
2
xi,xj +

d∑
i=1

ai(t, x, θ)∂xi ,

where bij are the components of the matrix B ≡ σσ∗.
The functional defined by (2) contains τ . In this paper, we study the possibility of

differentiating the value (2) with respect to θ. To do this, we need to make the following
assumptions in addition to assumption (A).

(B) The matrix B(t, x, θ) = {bij(t, x, θ)} is uniformly nondegenerate, i.e.,

B(t, x, θ) � α0I
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138 S. A. GUSEV AND N. G. DOKUCHAEV

for some α0 > 0.
(C) The boundary ∂G is C4-smooth, and the derivatives

∂a

∂x
,
∂2a

∂x2
,
∂a

∂θi
,

∂2a

∂x ∂θi
,
∂σ

∂x
,
∂2σ

∂x2
,
∂σ

∂θi
,

∂2σ

∂x ∂θi
,
∂a

∂t
,
∂σ

∂t

are continuous and bounded in [0,∞)×Rd × U .
(D) For all (x, θ) ∈ Q× U , there exist derivatives ∂ϕ/∂x and ∂ϕ/∂θ.
(E) For all θ ∈ U , the function f is continuous on [0, T ] × QT , and it has continuous

derivatives ∂f/∂x and ∂f/∂θ for all (t, x, θ) ∈ QT × U .
In (E) and in what follows, D̄ means the closure of a set D.
We denote by Gδ the set of all points G located on the distance greater than δ > 0 from

∂G. In [8], some existence theorems for boundary problems for parabolic equations are given.
The type of a functional space containing solutions depends on particular specifications
of the boundary value problem. For the purposes of this paper, we need a solution that
has continuous derivatives ∂u/∂x at the points of all nonempty sets (0, T − δ) × Gδ. For
problem (2)–(5), the required property is ensured by [8, Chap. III, Theorem 4.2; Chap. IV,
Theorems 5.2 and 9.1] given that free terms of problem (2)–(5) satisfy the conditions listed
in these theorems for existence of the solutions.

3. The main result: The calculation of ∂u/∂θ. Throughout the paper we assume
for simplicity that θ is scalar and U ⊂ R is an interval. Extension on the case of vector
valued θ is straightforward.

The formal differentiation of (2) gives

∂u

∂θ
(t, x) = Et,x

[(
∂ϕ

∂x
(T,XT , θ)ZT +

∂ϕ

∂θ
(T,XT , θ)

)
χτ>T

+

∫ T∧τ

t

(
∂f

∂x
(v,Xv, θ)Zv +

∂f

∂θ
(v,Xv , θ)

)
dv

]
+ Φ(θ),(7)

where

Φ(θ) := lim
Δθ→0

Et,x

(
τ (θ +Δθ)− τ (θ)

Δθ
f(τ, Xτ )χτ<T

)
(if the limit exists). The process

(8) Zs(θ) =

∫ s

t

(
∂a

∂x
Zv(θ) +

∂a

∂θ

)
dv +

∫ s

t

(
∂σ

∂x
Zv(θ) +

∂σ

∂θ

)
dW (v)

is the mean-square derivative of ∂X·/∂θ with respect to the parameter of the solution of (1).
It is known (see, e.g., [9]) that the assumptions listed above ensure the existence of the
mean-square derivative Zs(θ) = ∂X·/∂θ that can be obtained as the solution of (1) and (8).

To determine the first term in (7), we need to know the process (X·(θ), Z·(θ)), which
is Markov, since system (1), (8) satisfies conditions for existence of a strong solution. For a
numerical application of the formula obtained below for ∂u/∂θ, the pair (X·(θ), Z·(θ)) can
be obtained using numerical methods [5].

To calculate the second term in (7), we have to consider dependence of τ on θ. Here the
difficulties arise, as was mentioned in the introduction.

Therefore, the key problem in finding the derivative ∂u/∂θ by formula (7) is calculation
of Φ(θ). Following [5], we propose the formula to determine Φ(θ), obtained on the basis of
transition to the limit as Δθ → 0. In the present paper, we will not use the value ∂τ/∂θ.

To prove the formula for Φ(θ) given below, we use the estimate [2] for the expectation
of the difference of the first exit times of two diffusion processes described by (1). In [2,
Theorem. 2.3], it was shown that, for two different sets of coefficients a(1), σ(1) and a(2),
σ(2) in SDE (1), given that these coefficients are bounded along with their derivatives with
respect to x on the infinite cylinder Q∞ ≡ (0,∞)×G, the corresponding processes and their
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ON DIFFERENTIATION OF FUNCTIONALS 139

first exit times are such that

(9) Et,x

[
1

λ

(
exp (λ|τ1 − τ2|) − 1

)]
� max
k=1,2

sup
(t,x)∈Q∞

∣∣∣∣dvkdx
∣∣∣∣Et,x∣∣X(1)

τ1∧τ2 −X
(2)
τ1∧τ2

∣∣.
Here λ > 0 is some constant defined by d, G, supQ∞ a(k) (k = 1, 2), and α0. For the purpose

of our paper, the coefficients a(k), σ(k) (k = 1, 2) represent the coefficients of (1) for different

values of θ = θk, i.e., a(k)(t, x) ≡ a(t, x, θk), σ
(k)(t, x) ≡ σ(t, x, θk). In (9), X

(k)
· is the

random process obtained from SDE (1), where a and σ are replaced by a(k) and σ(k), and

τk is the first exit time for X
(k)
· from G, and vk denotes the solution of the boundary value

problem in Q∞

L(k)vk + λvk + 1 = 0,(10)

vk(t, x)
∣∣
x∈∂G = 0,(11)

ess sup
t>0

‖vk(t, ·)‖L2(G) <∞,(12)

where L(k) is operator (6), where the coefficients for the first and second order derivatives
with respect to x are components of the vectors a(k) and matrices B(k) ≡ σ(k)(σ(k))�,
respectively. By Theorem 2.1 from [2], supx,t,θk |∂vk/∂x| < +∞.

For the value under the expectation on the left-hand side of (9), we have, obviously, that

(13) |τ1 − τ2|p � p!λ−p
(
exp

(
λ|τ1 − τ2|

)− 1
)

for p = 1, 2, . . . .

We will use inequalities (9), (13) below, with X
(1)
· , X

(2)
· replaced with the processes

X·(θ+Δθ), X·(θ), and with the value maxk=1,2 sup(t,x)∈Q∞ |dvk/dx| replaced with the value
sup(t,x,θ)∈Q∞×U |dv/dx|, where v is the solution of problem (10)–(12) with operator (6).

Lemma 1. For any integer p � 1,

(14) Et,x|τ (θ +Δθ)− τ (θ)|p → 0 as Δθ → 0.

Proof. We observe that the solution of SDE (1) is continuous in mean-square in θ. We
denote τ̃ (θ,Δθ) = τ (θ) ∧ τ (θ + Δθ). Applying (9) and (13) to X·(θ + Δθ) and X·(θ), we
obtain the estimate of the expectation for |τ (θ +Δθ)− τ (θ)|p,

(15) Et,x|τ (θ +Δθ)− τ (θ)|p � C(p)Et,x|Xτ̃(θ,Δθ)(θ +Δθ)−Xτ̃(θ,Δθ)(θ)|,

where C(p) = p!λ−p sup(t,x,θ)∈Q∞×U |dv/dx|.
Since the process X·(θ) is continuous in θ in mean-square, we have that

Et,x|Xτ̃(θ,Δθ)(θ +Δθ)−Xτ̃(θ,Δθ)(θ)| → 0 as Δθ → 0.

This completes the proof of the lemma.
Lemma 2. There exists a constant K > 0 such that, as Δθ → 0,

(16) Et,x

∣∣∣∣ τ (θ +Δθ)− τ (θ)

Δθ

∣∣∣∣ < K.

Proof. We know that the solution of SDE (1) is differentiable in mean-square in θ. Let
us divide both parts of inequality (15), where p = 1, by Δθ,

(17) Et,x

∣∣∣∣ τ (θ +Δθ)− τ (θ)

Δθ

∣∣∣∣ � C(1)Et,x

∣∣∣∣ΔXτ̃(θ,Δθ)(θ)Δθ

∣∣∣∣ ,
where ΔXτ̃(θ,Δθ)(θ) = Xτ̃(θ,Δθ)(θ + Δθ) − Xτ̃(θ,Δθ)(θ). Further, applying the Cauchy–
Bunyakovsky inequality and the mean-square differentiability of X· with respect to θ, we
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140 S. A. GUSEV AND N. G. DOKUCHAEV

obtain that, as Δθ → 0,

Et,x

∣∣∣∣ΔXτ̃(θ,Δθ)(θ)Δθ

∣∣∣∣ � [
Et,x

(
ΔXτ̃(θ,Δθ)(θ)

Δθ

)2]1/2

� sup
0�v�T

[
Et,xχv�τ∧TZ

2
v(θ)

]1/2
,(18)

where Z· is the mean-square derivative of X with respect to θ. The value Et,xZ
2
v(θ) is

bounded, since the conditions of Theorem 4 from [9, p. 48] holds for (8). This completes the
proof of the lemma.

For an arbitrarily selected function r(x, θ) such that r ∈ C1(Rd+1 → R), we will use
the notation

d

dθ
r(X·(θ), θ) =

∂r

∂x

∂X·(θ)
∂θ

+
∂r

∂θ
,

where ∂X·(θ)/∂θ is the mean-square derivative.
The following theorem presents our main result.
Theorem 1. Assume that the coefficients of (1) and functions ϕ and f satisfy conditions

(A)–(E). Then formula (9) holds. The limit Φ(θ) exists and can be represented as

Φ(θ) = −Et,x
[
χτ<T

f(τ, Xτ )

(Lg)τ

(∫ τ

t

d

dθ
(Lg)v dv

+

∫ τ

t

d

dθ

∑
l,j

(
∂g

∂xl
σlj

)
v

dWj(v)

)]
(19)

for any g ∈ C4(Rd → R) that vanishes on ∂G along with its first partial derivatives, and
such that the values Lg are nonzero on ∂G for all θ ∈ U .

Remark. For any bounded domain G in Rd with Cd-smooth boundary ∂G, d � 2, one
can construct a Cd-smooth function g(x) that vanishes on ∂G along with the first partial
derivatives, and such that its second derivatives at the border do not vanish. Such a function
can be obtained, for example, as an integer positive power of the distance to the boundary
∂G, which is defined in a neighborhood of ∂G as follows: ρ(x) = miny∈∂G |x− y|. Typically
function ρ(x) is defined in such a way that it is positive for the points inside the domain
and negative for the points outside the domain. The function ρ(x) can be extended to Rd

with its smoothness preserved. Construction of functions of this type is described in [10].
Respectively, a function g with the required properties exists under our assumption that the
boundary of C4-smooth.

Proof of Theorem 4. For ψ ∈ C1(R×Rd → R), we denote

Rψj (v,Xv, θ) =
∑
l

∂ψ(Xv(θ))

∂xl
σlj(v,Xv(θ), θ).

Since g vanishes on the boundary, we obtain from the Itô’s formula that

(20) 0 = g(x) +

∫ τ(θ)

t

Lg(v,Xv(θ), θ) dv +

∫ τ(θ)

t

∑
j

Rgj (v,Xv(θ), θ) dWj(v).

Similarly to the proof of Lemma 1, we use the notation τ̃(θ,Δθ) = τ (θ)∧ τ (θ+Δθ). Apply-

D
ow

nl
oa

de
d 

03
/2

9/
15

 to
 1

34
.7

.5
7.

21
6.

 R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

ON DIFFERENTIATION OF FUNCTIONALS 141

ing (20) for θ and θ +Δθ, we obtain

0 =
1

Δθ

[∫ τ̃(θ,Δθ)

t

(
Lg(v,Xv(θ +Δθ), θ +Δθ)− Lg(v,Xv(θ), θ)

)
dv

+

∫ τ(θ+Δθ)

τ̃(θ,Δθ)

Lg(v,Xv(θ +Δθ), θ +Δθ) dv −
∫ τ(θ)

τ̃(θ,Δθ)

Lg(v,Xv(θ), θ) dv

+

∫ τ̃(θ,Δθ)

t

∑
j

(
Rgj (v,Xv(θ +Δθ), θ +Δθ)−Rgj (v,Xv(θ), θ)

)
dWj(v)

+

∫ τ(θ+Δθ)

τ̃(θ,Δθ)

∑
j

Rgj (v,Xv(θ +Δθ), θ +Δθ) dWj(v)

−
∫ τ(θ)

τ̃(θ,Δθ)

∑
j

Rgj (v,Xv(θ), θ) dWj(v)

]
.(21)

Let us multiply (21) by χτ<T f(τ,Xτ )/(Lg)τ , where τ is defined for the parameter value θ.
Let us consider the limit of the expectation of the resulting inequality as Δθ → 0.

Let us show that

lim
Δθ→0

Et,x

[
χτ(θ)<T

f(τ,Xτ )

(Lg)τ

×
∫ τ̃(θ,Δθ)

t

Lg(v,Xv(θ +Δθ), θ +Δθ)− Lg(v,Xv(θ), θ)

Δθ
dv

]
= Et,x

[
χτ(θ)<T

f(τ, Xτ )

(Lg)τ

∫ τ(θ)

t

d

dθ
Lg(v,Xv(θ), θ) dv

]
.(22)

For this aim, let us state the following inequality, using the fact that the value Lg is separated
from zero on ∂G and χτ(θ)<T

f(τ,Xτ )
(Lg)τ

is a.e. bounded:∣∣∣∣Et,x[χτ(θ)<T f(τ,Xτ )(Lg)τ

×
(∫ τ̃(θ,Δθ)

t

Lg(v,Xv(θ +Δθ), θ +Δθ)− Lg(v,Xv(θ), θ)

Δθ
dv

−
∫ τ(θ)

t

d

dθ
Lg(v,Xv(θ), θ) dv

)]∣∣∣∣
� C

∫ T

t

∣∣∣∣Et,x[χv<τ̃(θ,Δθ)(Lg(v,Xv(θ +Δθ), θ +Δθ)− Lg(v,Xv(θ), θ)

Δθ

− d

dθ
Lg(v,Xv(θ), θ)

)]∣∣∣∣ dv
+C

∣∣∣∣Et,x[∫ τ(θ)

τ̃(θ,Δθ)

d

dθ
Lg(v,Xv(θ), θ) dv

]∣∣∣∣,(23)

where C = sup(v,x,θ)∈[0,T ]×∂G×U |f(v, x, θ)/(Lg)(v, x, θ)|.
Since the derivatives of Lg with respect to x and θ are continuous and bounded in G, it

can be shown that, as Δθ → 0,

Lg(v,Xv(θ +Δθ), θ +Δθ)− Lg(v,Xv(θ), θ)

Δθ
→ d

dθ
Lg(v,Xv(θ), θ)

in probability. Hence the first term on the right-hand side of (23) converges to zero as
Δθ → 0.
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In addition, continuity and boundedness of the derivatives of Lg in G imply that the
value (d/dθ)Lg(v,Xv(θ), θ) is bounded. Hence the second term on the right-hand side of (23)
converges to zero as Δθ → 0, by Lemma 1:∣∣∣∣Et,x[∫ τ(θ)

τ̃(θ,Δθ)

d

dθ
Lg(v,Xv(θ), θ) dv

]∣∣∣∣ � C1Et,x|τ (θ)− τ̃(θ,Δθ)|

� C1Et,x
∣∣Δτ ∣∣ → 0 as Δθ → 0,(24)

where

C1 = sup
(v,x,θ)∈[0,T ]×∂G×U

∣∣∣∣ ddθ Lg(v,Xv(θ), θ)
∣∣∣∣, Δτ = τ (θ +Δθ)− τ (θ).

Let us prove that, as Δθ → 0,

Et,x

[
χτ(θ)<T

f(τ, Xτ )

Δθ(Lg)τ

(∫ τ(θ+Δθ)

τ̃(θ,Δθ)

Lg(v,Xv(θ +Δθ), θ +Δθ) dv

−
∫ τ(θ)

τ̃(θ,Δθ)

Lg(v,Xv(θ), θ)dv

)]
−Et,x

[
χτ(θ)<T f(τ, Xτ )

Δτ

Δθ

]
→ 0.(25)

The structure of the integrals in (25) implies that∫ τ(θ+Δθ)

τ̃(θ,Δθ)

Lg(v,Xv(θ +Δθ), θ +Δθ) dv −
∫ τ(θ)

τ̃(θ,Δθ)

Lg(v,Xv(θ), θ) dv

=

∫ τ(θ+Δθ)

τ(θ)

Lg(v,Xv(θ + ηΔθ), θ + ηΔθ) dv,(26)

where

η =

{
1 if τ (θ) < τ (θ +Δθ),

0 if τ (θ +Δθ) < τ (θ).

Let us denote C2 = sup(v,x,θ)∈[0,T ]×∂G×U |f(v, x, θ)/(Lg)τ |. Applying the Itô’s formula
to Lg(v,Xv(θ+ ηΔθ), θ+ ηΔθ), and taking into account (26), we derive the estimate for the
value presented in (25):∣∣∣∣Et,x[χτ(θ)<T f(τ,Xτ )

Δθ(Lg)τ

∫ τ(θ+Δθ)

τ(θ)

(
Lg(v,Xv(θ + ηΔθ), θ + ηΔθ)− (Lg)τ

)
dv

]∣∣∣∣
� C2Et,x

[
χ(τ(θ)<T )&(η=1)

Δτ

Δθ

∣∣Lg(τ,Xτ (θ +Δθ), θ +Δθ)− Lg(τ,Xτ (θ), θ)
∣∣]

+C2

∣∣∣∣Et,x[χτ(θ)<T 1

Δθ

∫ τ(θ+Δθ)

τ(θ)

dv

∫ v

τ(θ)

L2g(s,Xs(θ + ηΔθ), θ + ηΔθ) ds

]∣∣∣∣
+C2

∣∣∣∣Et,x[χτ(θ)<T 1

Δθ

∫ τ(θ+Δθ)

τ(θ)

dv

×
∫ v

τ(θ)

∑
j

RLgj (s,Xs(θ + ηΔθ), θ + ηΔθ) dWj(s)

]∣∣∣∣.(27)

Clearly, the second and third terms on the right-hand side of (27) converge to zero as Δθ → 0.
Let us consider Et,x[χ(τ(θ)<T )&(η=1)(Δτ/Δθ)|ΔLg|], where ΔLg := Lg(τ,Xτ (θ + Δθ), θ +
Δθ) − Lg(τ,Xτ (θ), θ). As was mentioned above, ΔLg → 0 in probability as Δθ → 0. Let
ε1 > 0, ε2 > 0. Let δ > 0 be such that P{|ΔLg| > ε1} < ε2 if Δθ < δ. In this case, for
Δθ < δ,

Et,x

[
χ(τ(θ)<T )&(η=1)

Δτ

Δθ
|ΔLg|

]
< 2KMε2 +Kε1,
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where K is the constant from (16), and M = sup[0,T ]×∂G×U Lg. Therefore, (25) is proved.
Let us consider stochastic integrals with respect to the Wiener process in (21). Let us

show that

lim
Δθ→0

Et,x

[
χτ(θ)<T

f(τ,Xτ )

(Lg)τ

×
∫ τ̃(θ,Δθ)

t

∑
j

Rgj (v,Xv(θ +Δθ), θ +Δθ)−Rgj (v,Xv(θ), θ)

Δθ
dWj(v)

]

= Et,x

[
χτ(θ)<T

f(τ, Xτ )

(Lg)τ

∫ τ(θ)

t

∑
j

d

dθ

(
Rgj (v,Xv(θ), θ)

)
dWj(v)

]
.(28)

For this, we consider the following inequalities:∣∣∣∣Et,x[χτ(θ)<T f(τ, Xτ )(Lg)τ

×
(∫ T

t

χv�τ̃(θ,Δθ)
∑
j

(
Rgj (v,Xv(θ +Δθ), θ +Δθ)−Rgj (v,Xv(θ), θ)

Δθ

− d

dθ
Rgj (v,Xv(θ), θ)

)
dWj(v)

)
−

∫ τ(θ)

τ̃(θ,Δθ)

∑
j

d

dθ

(
Rgj (v,Xv(θ), θ)

)
dWj(v)

]∣∣∣∣
� C2

∫ T

t

(∑
j

Et,x

(
Rgj (v,Xv(θ +Δθ), θ +Δθ)−Rgj (v,Xv(θ), θ)

Δθ

− d

dθ
Rgj (v,Xv(θ), θ)

)2)1/2

dv

+C2Et,x

∣∣∣∣ ∫ τ(θ)

τ̃(θ,Δθ)

∑
j

d

dθ

(
Rgj (v,Xv(θ), θ)

)
dWj(v)

∣∣∣∣.(29)

The function Rgj (v,Xv(θ + Δθ), θ + Δθ) and its derivatives with respect to x and θ are

bounded in G. Hence, it can be shown that

Rgj (v,Xv(θ +Δθ), θ +Δθ)−Rgj (v,Xv(θ), θ)

Δθ
→ d

dθ
Rgj (v,Xv(θ), θ)

in probability as Δθ → 0. It follows that the first term on the right-hand side of (29)
converges to zero as Δθ → 0. Since the function (d/dθ)Rgj (·, X·, θ) is bounded, it follows
that the second term on the right-hand side of (29) also converges to zero as Δθ → 0.

To complete the proof of the theorem, it suffices to show that

lim
Δθ→0

1

Δθ
Et,xχτ(θ)<T

f(τ,Xτ )

(Lg)τ

[ ∫ τ(θ+Δθ)

τ̃(θ,Δθ)

∑
j

Rgj (v,Xv(θ +Δθ), θ +Δθ) dWj(v)

−
∫ τ(θ)

τ̃(θ,Δθ)

∑
j

Rgj (v,Xv(θ), θ) dWj(v)

]
= 0.(30)

The multiplier after Et,x was missing. The proof of (30) follows from the fact that the
function Rgj vanishes on the boundary of the intervals [τ̃ , τ (θ)] and [τ̃ , τ (θ+Δθ)]. Applying
the Itô’s formula to this function under the integrals in (30), we obtain that (30) holds. This
completes the proof of Theorem 1.
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Corollary 1. Theorem 1 allows us to obtain a formula for ∂u/∂θ that does not contain
∂τ/∂θ:

∂u

∂θ
(t, x) = Et,x

[(
∂ϕ

∂x
(XT , θ)ZT +

∂ϕ

∂θ
(XT , θ)

)
χτ>T

+

∫ T∧τ

t

(
∂f

∂x
(v,Xv)Zv +

∂f

∂θ
(v,Xv)

)
dv

−χτ<T
f(τ, Xτ )

(Lg)τ

(∫ τ

t

d

dθ
(Lg)v dv +

∫ τ

t

d

dθ

∑
l,j

(
∂g

∂xl
σlj

)
v

dWj(v)

)]
.
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