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ABSTRACT

One of the main causes of azimuthal anisotropy in sedimen-

tary rocks is anisotropy of tectonic stresses in the earth’s crust.

We have developed an analytic model for seismic anisotropy

caused by the application of a small anisotropic stress. We first

considered an isotropic linearly elastic medium (porous or

nonporous) permeated by a distribution of discontinuities with

random (isotropic) orientation (such as randomly oriented

compliant grain contacts or cracks). The geometry of individ-

ual discontinuities is not specified. Instead, their behavior is

defined by a ratio B of the normal to tangential excess compli-

ances. When this isotropic rock is subjected to a small com-

pressive stress (isotropic or anisotropic), the number of cracks

along a particular plane is reduced in proportion to the normal

stress traction acting on that plane. This effect is modeled

using the Sayers-Kachanov noninteractive approximation. The

model predicts that such anisotropic crack closure yields ellip-

tical anisotropy, regardless of the value of the compliance ratio

B. It also predicts the ratio of Thomsen’s anisotropy parame-

ters e=c as a function of the compliance ratio B and Poisson’s

ratio of the unstressed rock. A comparison of the model pre-

dictions with the results of laboratory measurements indicates

a reasonable agreement for moderate magnitudes of uniaxial

stress (as high as 30 MPa). These results can be used for dif-

ferentiating stress-induced anisotropy from that caused by

aligned fractures. Conversely, if the cause of anisotropy is

known, then the anisotropy pattern allows one to estimate

P-wave anisotropy from S-wave anisotropy.

INTRODUCTION

One of the main causes of azimuthal anisotropy in sedimentary

rocks is the anisotropy of tectonic stresses in the earth’s crust.

Stresses affect elastic properties of rocks due to the presence of

discontinuities such as cracks and compliant grain contacts. Non-

hydrostatic stress can cause elastic anisotropy because the effect

of a stress field on a discontinuity depends on the orientation of

the discontinuity with respect to the stress field. Knowledge of

the pattern of stress-induced anisotropy (expressed, for example,

by the ratio of anisotropy parameters) can be useful for distin-

guishing stress from other causes of anisotropy, such as the pres-

ence of aligned fractures. Such patterns can also be used to esti-

mate, say, P-wave anisotropy from S-wave anisotropy estimated

from S-wave splitting. Here and below, we use the word “crack”

to describe compliant grain contacts, which display a multitude of

different orientations, whereas the word “fracture” is used to

describe larger-scale features, which form aligned patterns. Math-

ematically, the orientation distribution function is a smooth func-

tion for cracks and a discrete function (a linear combination of a

small number of delta functions) for fractures. The term disconti-

nuity is used to describe both cracks and fractures.

Some authors have modeled stress-induced anisotropy by assum-

ing the rock to contain a random distribution of penny-shaped

cracks, and by considering the variation of this distribution due to

applied stress (see, e.g., Nur, 1971; Sayers, 1988). However,

penny-shaped-crack geometry might not give an adequate quantita-

tive description of grain contacts in rocks (Sayers and Han, 2002;

Angus et al., 2009; Gurevich et al., 2009b). Alternatively, Mavko

et al. (1995) and Sayers (2002, 2007) develop modeling approaches

that do not restrict the shape of discontinuities but instead infer

their parameters from measurements; see also Verdon et al. (2008).

These approaches require numerical calculations to obtain an

insight into anisotropy patterns.
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To obtain a simpler and more intuitive insight into these pat-

terns, we make some simplifying assumptions that allow us to

compute the anisotropy parameters analytically. Our main assump-

tion is that a rock containing an (initially) isotropic distribution of

discontinuities is subjected to a small uniaxial stress (or uniaxial

strain) so that the result is a weak anisotropy of the discontinuity

orientation distribution, and weak elastic anisotropy.

THEORETICAL MODEL

Compliance tensor of a cracked solid

We first consider an isotropic elastic medium (porous or nonpo-

rous). We then assume that this medium at ambient stress is per-

meated by a distribution of cracks with random (isotropic) orienta-

tion. For instance, in a granular rock, these cracks might represent

randomly distributed and randomly oriented compliant grain con-

tacts. The exact geometry of individual cracks is not specified.

Instead, the behavior of cracks is defined by a ratio B of the normal

BN to tangential BT excess crack compliances. All cracks are

assumed to be identical; thus B is the same for all cracks.

When this isotropic rock is subjected to a small compressive

stress (isotropic or anisotropic), the number of cracks along a

particular plane is reduced in proportion to the normal stress

traction acting on that plane. In particular, if the stress is a uni-

axial compression along the x-axis, then the number of cracks

normal to the x-axis will reduce most, whereas the number of

cracks parallel to the x-axis will not reduce at all. We modeled

this effect using the Sayers-Kachanov (Sayers and Kachanov,

1995) noninteractive approximation. According to Sayers and

Kachanov (1995), the compliance tensor Sijk‘ of a rock with a

given distribution of linear-slip cracks (Schoenberg, 1980) can

be written as

Sijk‘ ¼ S0
ijk‘ þ aijk‘ þ bijk‘; (1)

with

aijk‘ ¼
1

4
dikaj‘ þ di‘ajk þ djkai‘ þ dj‘aik

� �
: (2)

Here, S0
ijk‘ is the compliance tensor of the intact rock (no

cracks), and aij and bijk‘ are second- and fourth-rank tensors

defined by

aij ¼
1

V

X
r

B
ðrÞ
T n
ðrÞ
i n
ðrÞ
j AðrÞ; (3)

bijk‘ ¼
1

V

X
r

�
B
ðrÞ
N � B

ðrÞ
T

�
n
ðrÞ
i n
ðrÞ
j n
ðrÞ
k n
ðrÞ
‘ AðrÞ; (4)

where B
ðrÞ
N and B

ðrÞ
T are the normal and shear compliances of the

rth crack in volume V, n
ðrÞ
i is the ith component of the normal

to the crack, and AðrÞ is the area of the crack. The expression

B
ðrÞ
N characterizes the normal displacement jump across the

crack produced by a unit normal traction, and B
ðrÞ
T characterizes

the shear displacement jump produced by a unit shear traction.

The cracks are assumed to be rotationally symmetrical; that is,

B
ðrÞ
T is assumed to be independent of the direction of the shear

traction within the plane of the crack. In equations 1 through 4,

the cumulative effect of many cracks is assumed to be additive.

In other words, the interaction between cracks is neglected (the

so-called noninteractive approximation, which is valid for a

dilute concentration of cracks).

Effect of stress on crack distribution

To model the closure of cracks due to the application of ani-

sotropic stress, we assume that B
ðrÞ
N and B

ðrÞ
T are the same for all

cracks, whereas the total area S ¼
P

AðrÞ of cracks of a particu-

lar orientation (and specific area s ¼ S=V of cracks with that

orientation) varies with the direction of the crack normal, and is

an exponential function of the normal stress acting in that

direction,

s ¼ s0 exp rn=Pcð Þ; (5)

where s0 is the specific area of all of the cracks before the appli-

cation of anisotropic stress, rn ¼ rijninj is normal stress traction

acting on the crack surface, and Pc is a characteristic crack clos-

ing pressure (Schoenberg, 2002; Shapiro, 2003; Shapiro and

Kaselow, 2005; Vlastos et al., 2006). We will now assume that

normal stresses are small compared to Pc. This assumption is

equivalent to the assumption of third-order elasticity (Rasolofo-

saon, 1998; Prioul et al., 2004; Fuck and Tsvankin, 2009) and

results in linear variation of elastic compliances with stress.

With this assumption, the exponential expression in Equation 5

can be approximated by a linear expression

s ¼ s0 1þ rn=Pcð Þ: (6)

For uniaxial stress applied along the x1-axis, we have

rij ¼ r0di1dj1; (7)

so that

rn ¼ r0n2
1 ¼ r0 cos2 #; (8)

and

s ¼ s0 1þ b cos2 #
� �

; (9)

where # is the angle between the crack normal and x1-axis, and

b ¼ r0=Pc is the normalized stress magnitude.

Evaluation of crack compliance tensors

To calculate tensors aij and bijk‘, it is convenient to adopt a

spherical coordinate system with the polar axis xi (because both

tensors are symmetrical with respect to their indices, we can

assume that i is the smallest index) and with transverse angle /
measured from any axis that is neither xi nor x1. Note that this

coordinate system will be different for different components of

the tensors. Then, tensor aij can be written as

aij ¼
BT

4p

ð ð
s #ð Þninj dX ¼ ZT0

4p

ð ð
1þ bn2

1

� �
ninj dX;

i; j ¼ 1;…3 (10)

where dX ¼ sin h dhd/ is a body angle element and ZT0

¼ s0BT. The double integral in equation 10 can be written in

spherical coordinates h, / as
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aij ¼
ZT0

4p

ð2p

0

ðp

0

1þ b sin2m / sin2m h cos2�2m h
� �

� cosn / sinnþ1 h cos2�n h dhd/ (11)

where m ¼ 0 if at least one of the indices i or j is 1 and m ¼ 1

otherwise; n ¼ 0 if i ¼ j and n ¼ 1 if i 6¼ j. This gives

a11 ¼ ZT0

1

3
þ b

5

� �
; a22 ¼ a33 ¼ ZT0

1

3
þ b

15

� �
(12)

and a12 ¼ a23 ¼ a13 ¼ 0, which means that tensor aij is diago-

nal. It follows that

a1111 ¼ a11; a2222 ¼ a3333 ¼ a22; and

aijij ¼
1

4
aii þ ajj

� �
:

for i 6¼ j (no summation implied). All other components of ten-

sor a are zero.

It then follows that in two-index 6� 6 notation 11!1,

22!2, 33!3, 23!4, 13!5, 12!6, matrix aij is diagonal with

the components

a11 ¼ a11; a22 ¼ a33 ¼ a22; (14)

a44 ¼ a22 þ a33 ¼ 2ZT0

1

3
þ b

15

� �
; (15)

and

a55 ¼ a66 ¼ a11 þ a22 ¼ 2ZT0

1

3
þ 2b

15

� �
(16)

(see Sayers, 2002). A similar approach can be used to evaluate

the fourth-rank tensor bijk‘. For uniaxially stressed material, all

components i 6¼ j or k 6¼ ‘ vanish, and the remaining compo-

nents can be written as

biijj ¼ bij ¼
BN � BT

4p

ð ð
s #ð Þn2

i n2
j dX

¼ ZN0 � ZT0

4p

ð ð
1þ bn2

1

� �
n2

i n2
j dX; i; j ¼ 1;…; 3; (17)

with ZN0 ¼ s0BN, or

biijj ¼ bij ¼
ZN0 � ZT0

4p

ð2p

0

ðp

0

1þ b sin2m / sin2m h cos2�2m h
� �

� cos2n / sin2nþ1 h cos4�2n h dhd/ (18)

where in the four-index version biijj no summation is implied,

whereas the two-index bij version refers to 6� 6 notation. The

remaining nonvanishing components of the 6� 6 matrix are

(Sayers, 2002) b44 ¼ b23, b55 ¼ b66 ¼ 4b12 ¼ 4b13. The result-

ing matrix bij can be written as a sum of isotropic and aniso-

tropic parts,

b ¼ ZN0 � ZT0ð Þ bis þ banb
� �

(19)

with

bis ¼

1
5

1
15

1
15

0 0 0
1

15
1
5

1
15

0 0 0
1

15
1

15
1
5

0 0 0

0 0 0 4
15

0 0

0 0 0 0 4
15

0

0 0 0 0 0 4
15

2
666666664

3
777777775
; (20)

and

ban ¼

1
7

1
35

1
35

0 0 0
1

35
1
35

1
105

0 0 0
1

35
1

105
1

35
0 0 0

0 0 0 4
105

0 0

0 0 0 0 4
35

0

0 0 0 0 0 4
35

2
666666664

3
777777775
: (21)

Similarly, for tensor a,

a ¼ ZT0 ais þ aanb
� �

; (22)

where

ais ¼

1
3

0 0 0 0 0

0 1
3

0 0 0 0

0 0 1
3

0 0 0

0 0 0 2
3

0 0

0 0 0 0 2
3

0

0 0 0 0 0 2
3

2
666666664

3
777777775

(23)

and

aan ¼

1
5

0 0 0 0 0

0 1
15

0 0 0 0

0 0 1
15

0 0 0

0 0 0 2
15

0 0

0 0 0 0 4
15

0

0 0 0 0 0 4
15

2
666666664

3
777777775
: (24)

Elasticity tensors and anisotropy parameters

Then, equation 1 for the overall compliance tensor can be

written in the form

S ¼ S0 þ DSis þ DSanb; (25)

where

DSis ¼ ZT0a
is þ ZN0 � ZT0ð Þbis (26)

is the excess compliance contribution of the original (isotropic)

distribution of cracks in the unstressed rock, and

DSan ¼ ZT0a
an þ ZN0 � ZT0ð Þban (27)
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is the excess compliance contribution of cracks created (or

closed) due to the application of the anisotropic stress. To iso-

late the effect of anisotropic stress, we rewrite equation 25 in

the form

S ¼ Sis þ DSanb; (28)

with Sis ¼ S0 þ DSis defining the (isotropic) compliance of the

unstressed rock. By taking an inverse of the total compliance,

we can obtain the stiffness tensor, which can also be expressed

in powers of b,

C ¼ S�1 ¼ Cis þ DCanbþ � � � ; (29)

where Cis ¼ Sis
� ��1

is the stiffness tensor of the unstressed

rock. From the stiffness tensor, we can estimate the anisotropy

parameters (Thomsen, 1986):

e ¼ c33 � c11

2c11

; (30)

c ¼ c44 � c55

2c55

; (31)

and

d ¼ ðc13 þ c55Þ2 � ðc11 � c55Þ2

2c11ðc11 � c55Þ
: (32)

Retaining only the leading (linear) terms in the small parameter

b ¼ r0=Pc, we obtain

e ¼ d ¼ 2

105

ð6þ 2mÞBN þ ð1� 2mÞBT

1� m
ls0r0=Pc

¼ 2

105

2mBþ 6B� 2mþ 1

1� m
lZT0r0=Pc; (33)

c ¼ 1

105
3BT þ 4BNð Þls0r0=Pc

¼ 1

105
3þ 4Bð ÞlZT0r0=Pc; (34)

where l and m are the shear modulus and Poisson’s ratio of the

unstressed rock (with an isotropic distribution of cracks), and

B ¼ ZN0=ZT0 ¼ BN=BT is the ratio of normal to tangential com-

pliances of individual cracks. Thus we see that to the first order

in the applied stress, expressions for e and d are identical. This

shows that anisotropic crack closure yields elliptical anisotropy,

regardless of the value of the compliance ratio B. More pre-

cisely, we have shown analytically that if the application of

small uniaxial stress results in ellipticity e and anellipticity

e� d, then

lim
e!0

e� d
e
¼ 0 (35)

for any values of the compliance ratio B and host rock’s Pois-

son’s ratio m. Equations 33 and 34 also show that the ratio e=c
is fully defined by two independent parameters: Poisson’s ratio

of the unstressed rock and B ¼ ZN0=ZT0 ¼ BN=BT,

e
c
¼ 2

2mBþ 6B� 2mþ 1

1� mð Þ 3þ 4Bð Þ : (36)

Figure 1a and b shows the anisotropy parameter e and ratio e=c
versus Poisson’s ratio m for different values of compliance ratio

B. One important thing about these plots is that they are not

examples: plot 1b is completely universal (within the assump-

tions of the model). Plot 1a is universal subject to a change of

vertical scale according to the magnitude of applied stress. Of

course, the results are restricted to small stresses and the result-

ing weak anisotropy.

In these plots, it is assumed that the shear modulus of the

unstressed rocks is the same. If we instead assume constant bulk

modulus or, say, constant compressional velocity, the depend-

ency on Poisson’s ratio would be somewhat different. However,

it is clear that the anisotropy parameters depend only mildly on

Poisson’s ratio in a range typical for dry consolidated rocks

(say, 0.1 to 0.3).

In Figure 1b, we also show (as circles) the values of the e=c
ratio for uniaxial stress and uniaxial strain experiments on Berea

sandstone, reported by Scott and Abousleiman (2005). These

values plot near the B¼ 0.4 line, which is within the typical

range for sandstones (Sayers, 2002; Gurevich et al., 2009b).

This is despite the fact that the anisotropy reported by these

authors is not weak and significantly deviates from ellipticity,

particularly for the uniaxial stress experiment. Possible causes

of this are rock damage under nonhydrostatic stress (confirmed

by strong acoustic emissions) and the resulting heterogeneity of

the sample, as well as difficulties in accurately measuring ultra-

sonic velocities at oblique angles of incidence.

LABORATORY EXAMPLE

To illustrate the analytic model derived above, we use the

laboratory data of Nur and Simmons (1969) on a sample of

Barre Granite. This data set was used previously to test the

modeling approach of Mavko et al. (1995) and is attractive

because velocities were measured for a range of angles to the

axis of symmetry, instead of for only 0�, 45�, and 90�, as often

is the case.

To test our model against the laboratory data of Nur and Sim-

mons (1969), we first need to determine the parameters of the

model. Although a number of parameters were involved in

deriving the anisotropy model, all of them can be grouped into

four independent parameters: bulk and shear moduli of the

unstressed rock K and l, and the ratio of normal to tangential

compliance B and stress sensitivity of P-wave anisotropy

ZT0=Pc. It is clear from equations 33 and 34 that these four pa-

rameters are sufficient to describe the stress-induced anisotropy

taking into account that the Poisson’s ratio of the unstressed

rock is given by m ¼ ð3K � 2lÞ=½2ð3K þ lÞ�.
Similarly to the work of Mavko et al. (1995), our approach is to

determine the four model parameters from a hydrostatic stress

test, and then use our model to predict the velocity variations in a

uniaxially stressed rock without any adjustable parameters. Nur

and Simmons (1969) did not report any measurements of their

sample under hydrostatic stress; however, such a test on a differ-

ent sample of Barre Granite was performed by Coyner (1984).

The four parameters were determined by fitting Shapiro’s (2003)

stress sensitivity model to the Coyner data, which consist of P-

and S-wave velocities measured as functions of hydrostatic (iso-

tropic) confining stress. The fitting procedure is described in

WA128 Gurevich et al.
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Gurevich et al. (2009b); see also Angus et al. (2009). The values

of the parameters obtained are K ¼ 13:8 GPa, l ¼ 18:3 GPa, B ¼
1.76, Pc ¼ 18:2 MPa, and ZT0 ¼ 0:024 GPa–1.

The predictions of the stress-induced anisotropy model against

the experimental data of Nur and Simmons (1969) are presented

in Figures 2 and 3. Figure 2 shows a comparison between pre-

dicted and measured P- and S-wave velocities as functions of

uniaxial stress for three directions. Figure 3 shows the corre-

sponding velocities as functions of the angle of incidence for

some pressure levels. The predictions follow the trend of the ex-

perimental data for uniaxial stresses as high as 30 MPa, after

which, as expected, the linear approximation breaks down (note

that, strictly speaking, the predictions are expected to work only

for stresses smaller than Pc ¼ 18:2 MPa). The predictions

capture the main trends of the experimental data but underesti-

mate the magnitude of the P-wave anisotropy, probably due to

the opening of cracks parallel to the axis of applied stress, the

phenomenon described by Sayers (1988).

Figure 2. Measured velocities of P-waves (solid symbols) and SH-
waves (open symbols) and model predictions (lines) for a sample
of Barre Granite. The squares correspond to the hydrostatic tests of
Coyner (1984), which have been used to extract model parameters
using the nonlinear fit of Shapiro (2003), indicated by a solid line.
The dashed and dotted lines are predictions of the current anisot-
ropy model for uniaxial stress, and the circles and triangles denote
the corresponding measurements of Nur and Simmons (1969).

Figure 3. Comparison of angle dependencies of measured veloc-
ities of P-waves (solid symbols) and SH-waves (open symbols)
and model predictions (lines) for a sample of Barre Granite sub-
jected to different levels of uniaxial stress.

Figure 1. (a) Anisotropy parameter e, and (b) ratio e=c, as func-
tions of Poisson’s ratio for different values of the compliance ratio
B. The circles in Figure 1b show the values of the e=c ratio for
uniaxial stress and uniaxial strain experiments on Berea sand-
stone, respectively, reported by Scott and Abousleiman (2005).

WA129Stress-induced anisotropy of dry rocks

Downloaded 24 May 2011 to 134.7.248.132. Redistribution subject to SEG license or copyright; see Terms of Use at http://segdl.org/



To explore further the consistency of our model with the

measured data, we estimated Thomsen’s anisotropy parameters

for Barre Granite from angle dependencies of P-, SH-, and SV-

wave velocities measured by Nur and Simmons (1969). The

sample was assumed to be transversely isotropic with a symme-

try axis along the direction of uniaxial stress. First, five inde-

pendent elements of the stiffness matrix were estimated by

least-squares fitting of the measured data by exact analytic

expressions for angle-dependent phase velocities. The resulting

components of the stiffness matrix were then used to compute

Thomsen’s parameters (equations 30 through 32). These param-

eters as a function of uniaxial stress are shown in Figure 4.

Shown also is the prediction (denoted cp) of Thomsen’s c from

e obtained by dividing e by a constant ratio e=c ¼ 2:41 predicted

by our model, equation 36.

Figure 4 shows that parameters e and d are quite close for

each stress level. This indicates that, in accordance with our

model as well as earlier studies, the rock is close to elliptical.

Furthermore, the prediction of c from e is in good agreement

with c values estimated directly from measurements. Note that

the crack closing pressure for this rock was estimated to be 18.2

MPa. Even at higher pressures, the predictions of our model are

reasonable. Thus it appears that predictions concerning relative

magnitudes of anisotropy parameters may hold at higher pres-

sures than the linear stress-dependency model behind those

predictions.

ASSUMPTIONS

The simple model presented in this paper has been designed

to provide entirely analytic formulas and physical insight into a

problem that until now has been treated mostly numerically.

This has been achieved at a price of certain simplifying assump-

tions that have been stated throughout the derivation. Clarity

about these assumptions is crucial for understanding the mean-

ing and range of applicability of the results. Thus it will be use-

ful to list these assumptions here and discuss the rationale

behind them and their validity.

1) The rock deformation is assumed to be elastic, that is, fully

reversible. Any anelastic and irreversible deformations, such

as compaction, pressure solution, plasticity, damage, swel-

ling, and hysteresis are excluded. This elasticity assumption

is common to many rock physics models, and it is widely

used in quantitative modeling and analysis of seismic and

acoustic data. It is well known that this assumption does not

hold exactly for real rocks. However, for well-consolidated

rocks, this assumption usually is considered to be applicable

when applied stresses, and, in particular, deviatoric stresses,

are not too large, say, below 10 to 30 MPa.

2) In an unstressed state, or under hydrostatic stress, all proper-

ties of the rock (linear and nonlinear) are assumed to be iso-

tropic. Few, if any, rocks are exactly isotropic, but the goal of

this paper is to analyze the anisotropy of rocks due to the

application of stress. Thus it is logical to assume that there is

no other cause of anisotropy; that is, in the unstressed state

the rock is isotropic. In practice, this assumption will apply to

rocks whose anisotropy in the unstressed state is much

weaker than that caused by the application of uniaxial stress

of, say, 20 MPa.

3) The rock is assumed to be dry; that is, all cracks and pores (if

any) are considered to be empty voids. This assumption

appears to be self-explanatory but obviously very restrictive. It

is not immediately obvious from our derivation why this

assumption is needed. Indeed, it would not be necessary for

those rocks wherein all cracks are hydraulically isolated: in

such rocks, the fluid saturation of cracks affects only the com-

pliance ratio B. However, in nearly all sedimentary and many

crystalline rocks, most of the void space is interconnected, and

when saturated with fluid this connectivity causes hydraulic

interaction between cracks. Because we use the Sayers-Kacha-

nov noninteractive approximation for cracks (see below), we

have to exclude hydraulic interaction between them.

In practice, we almost always deal with rocks saturated with

some fluid. The question then arises if our model would apply

to rocks saturated with, say, air or hydrocarbon gas. This can be

answered by quantifying the largest permissible value of the

fluid bulk modulus Kf . This value can be calculated by assum-

ing that the fluid bulk modulus should be sufficiently small not

to cause any noticeable change to the crack stiffness

Kf � al; (37)

where a is a characteristic aspect ratio of cracks, usually

assumed to be between 10–4 and 10–3; and l is the shear mo-

dulus of the host rock (see, e.g., Hudson, 1981). Although the

aspect ratio parameter is not used in our model, it is this param-

eter that determines the magnitude of fluid effects. For a typical

rock with l of, say, 10 GPa, the fluid modulus should not be

larger than 1 MPa. It follows that for typical rocks, air at ambi-

ent conditions would fulfill condition 37, but a hydrocarbon gas

at reservoir pressure might not.

Figure 4. Thomsen’s anisotropy parameters e (solid line), d
(dashed line), and c (dashed-dotted line) versus uniaxial stress for
Barre Granite as estimated from angle dependencies of P-, SH-,
and SV-wave velocities measured by Nur and Simmons (1969).
The dotted line shows values of c predicted by dividing e by a
constant e=c ratio predicted by our model (equation 36).

WA130 Gurevich et al.

Downloaded 24 May 2011 to 134.7.248.132. Redistribution subject to SEG license or copyright; see Terms of Use at http://segdl.org/



The results of our model can also be extended to fluid-satu-

rated rocks, as discussed below.

4) Individual grain contacts are assumed to be adequately repre-

sented by “infinitely thin” linear-slip cracks (Schoenberg,

1980). This assumption is consistent with the fact that the

strain caused by pressures as high as 50 MPa usually is small

compared to the relative change of elastic properties. It is

thus commonly assumed that all of the stress dependency of

rock properties is caused by these compliant pores or cracks

at grain-contact areas (see also Shapiro, 2003; Shapiro and

Kaselow, 2005; Pervukhina et al., 2010).

5) The cracks representing compliant grain contacts are assumed

to be rotationally symmetrical. This does not mean that cracks

are circular in shape, but just that on average, all of the cracks

aligned parallel to a certain plane are randomly oriented in

that plane (see, e.g., Schoenberg and Sayers, 1995).

6) The cracks are assumed to be sufficiently sparse to allow the

use of the noninteractive approximation of Sayers and Kacha-

nov (1995). This approximation means that the combined

effects of all cracks on the overall rock compliance is a sum

of the effects of individual cracks. It has been shown that this

approximation is valid for quite significant crack densities so

that they can change the elastic moduli of the rock by a factor

of 2 (Grechka and Kachanov, 2006). Thus we think this

assumption is approximately valid up to pressures that change

the moduli by the same factor. Moreover, if parameters such

as B and ZT0 are obtained by inverting experimental data,

then these parameters will include crack interactions (see

Sayers, 2010).

7) We assume that the number of cracks (or, more generally, the

specific surface of cracks) aligned along a particular plane is

reduced in proportion to the (compressive) normal stress trac-

tion acting on the plane. In other words, the application of

stress normal to the crack tends to close that crack. We are

not the first to introduce this assumption; see Schoenberg

(2002) and Vlastos et al. (2006). This assumption is clearly

not universally valid. One effect not covered by this assump-

tion is an increase of the number of cracks parallel to the

direction of uniaxial compression (see, e.g., Sayers, 1988;

Scott and Abousleiman, 2005). It is still a matter of debate

whether such crack opening occurs at all stresses or only

above a certain threshold. We think that this is a significant

weakness of the model, and we intend to study this effect in

the future.

8) The dependence of the number of cracks along a particular

plane on normal stress is assumed to be exponential. This

assumption, which was based originally on empirical obser-

vations, has now found a theoretical justification in the works

of Shapiro (2003) and his colleagues.

9) Finally, a crucial simplifying approximation was the lineari-

zation of this exponential relationship. This approximation

assumes that the applied (static) stress is small compared to

the crack closing pressure. This means that the model is lim-

ited to stresses that close (or open) only a small portion of all

cracks that exist in the unstressed state. By making this

assumption, we restrict ourselves to describing only the first

(linear) term in the variation of elastic compliances (and,

approximately, of the stiffnesses and elastic wave velocities)

with stress. This is equivalent to the assumption of third-order

elasticity (Rasolofosaon, 1998; Prioul et al., 2004; Fuck and

Tsvankin, 2009). In our laboratory example, the model is

approximately consistent with the data up to stresses almost

twice the closing pressure.

DISCUSSION

The result concerning the ellipticity of stress-induced anisot-

ropy is consistent with a theoretically proven fact: elastic anisot-

ropy arising from the application of anisotropic stress to an elas-

tic medium that can be described by isotropic third-order

elasticity (so that both second- and third-order elasticity tensors

are isotropic) is always elliptical (see Rasolofosaon, 1998; Fuck

and Tsvankin, 2009). Our model is a particular case of isotropic

third-order elasticity. The third order is the result of the linear

dependency of the compliance tensor on stress, which is a con-

sequence of the assumption of small stresses (compared to the

crack closing pressure). The isotropy of the second-order elastic-

ity tensor is directly assumed (when we say that the unstressed

medium is isotropic). The isotropy of the third-order elasticity

tensor is the consequence of the isotropic distribution orientation

of cracks in the unstressed medium. The prediction of ellipticity

at small stresses is illustrated experimentally by Becker et al.

(2007).

At the same time, it is known that an isotropic medium per-

meated by a set of aligned identical fractures is elliptical if, and

only if, the fractures are scalar; that is, their compliance ratio

B ¼ ZN=ZT is 1. Some experimental and theoretical studies sug-

gest that for real fractures in dry rocks, parameter B is most of-

ten significantly smaller than 1. Typical values for sandstones

are between 0.2 and 0.6 (Baltazar et al., 2002; Biwa et al.,

2005; Lubbe et al., 2008). This opens up the possibility of dif-

ferentiating between stress- and fracture-induced azimuthal ani-

sotropy by estimating the degree of anellipticity. Conversely, if

the cause of anisotropy is known, then the patterns discussed

above allow one to estimate P-wave anisotropy from S-wave an-

isotropy, by assuming or measuring a value of parameter B.

The model presented here is quite similar in concept to the

model of Mavko et al. (1995). However, there is one major dif-

ference: Mavko et al. (1995) used crack parameters inferred

from hydrostatic stress data at each pressure to predict the ani-

sotropy at the same pressure but applied uniaxially. In contrast,

we predict the anisotropy using only four parameters for all

stress levels. This is achieved by describing the effect of crack

closure in both hydrostatic and uniaxial stress tests using a sin-

gle exponential dependency as proposed by Schoenberg (2002),

analytically proven by Shapiro (2003), and verified on experi-

mental data by Pervukhina et al. (2010). The possibility of

describing the stress-induced anisotropy by four parameters with

clear physical meaning is useful for a number of applications,

such as stress estimation from seismic data and the prediction of

P- from S-wave anisotropy derived from shear-wave splitting.

Our model also is consistent with the third-order nonlinear

elasticity model of Prioul et al. (2004) and provides physical

meaning to its parameters. Similarly to the model of Prioul

et al. (2004), our current model predicts only the linear depend-

ency of anisotropy on stress. This is the result of the lineariza-

tion of the exponential in equation 5. Without this linearization,

the integrals in equations 10 and 17 will involve exponentials of

trigonometric functions, and will no longer allow analytic
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integration. However, these integrals can be computed numeri-

cally (Sayers, 2007).

Our model has been designed for a rock subjected to a small uni-

axial stress. However, its prediction of ellipticity is valid also for

anisotropy caused by the application of a small uniaxial strain

because the state of stress corresponding to a uniaxial strain can be

achieved by a superposition of an isotropic stress and a uniaxial

stress. On the other hand, the prediction of e=c (equation 36; Figure

1b) will be slightly different because it depends on the Poisson’s ra-

tio of the medium, which can be affected by the isotropic stress.

The analysis in this paper is valid for cracks in an elastic me-

dium (porous or nonporous) and assumes that interaction

between cracks can be neglected. This is a reasonable assump-

tion for dry rocks and for fluid-saturated rocks if the fluid-filled

cracks are hydraulically isolated. For interconnected cracks at

sufficiently low frequencies, the effect of fluid saturation can be

computed using anisotropic Gassmann equations (Gassmann,

1951; Brown and Korringa, 1975; Gurevich, 2003). For higher

frequencies, dispersion due to wave-induced flow between

cracks and pores may need to be taken into account. Flow

between compliant grain contacts and equant pores can be mod-

eled with an anisotropic version of one of the known squirt-flow

models (see, e.g., Jones, 1986; Murphy et al., 1986; Chapman

et al., 2002; Pride et al., 2004; Gurevich et al., 2010). Flow

associated with larger-scale fractures can be modeled using a

mesoscopic model based on the theory of poroelasticity (Gure-

vich et al., 2009a). A detailed analysis of the effect of saturation

on anisotropy patterns will be the subject of a separate paper.

CONCLUSIONS

We have developed an analytic model for seismic anisotropy

caused by the application of a small anisotropic stress to an iso-

tropic linearly elastic medium permeated by an isotropic distri-

bution of discontinuities such as randomly oriented compliant

grain contacts or cracks. The behavior of cracks is defined by a

ratio B of the normal to tangential excess compliances.

The model predicts that such anisotropic crack closure yields

elliptical anisotropy, regardless of the value of the compliance

ratio B. The model also gives an analytic expression for the ra-

tio to Thomsen’s anisotropy parameters e=c as a function of the

compliance ratio B and Poisson’s ratio of the unstressed rock.

Comparison of the model predictions with the results of a labo-

ratory experiment shows a reasonable agreement for small mag-

nitudes of uniaxial stress (as high as 30 MPa). These results can

be used for differentiating stress-induced anisotropy from that

caused by aligned fractures. Conversely, if the cause of seismic

anisotropy is known, then the anisotropy pattern allows one to

estimate P-wave anisotropy from S-wave anisotropy.
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