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Abstract

The adjoint approach has proven effective in studying the properties and distribution
of coupler curves of crank-rocker linkages and the geometry of a rigid object in spatial
motion. This paper extends the adjoint approach to a general surface and investigates
kinematics of relative motion of two rigid objects that maintain sliding-rolling contact. We
established the adjoint curve to a surface and obtained the fixed-point condition, which
yielded the geometric kinematics of an arbitrary point on the moving surface. After time was
taken into consideration, the velocity of the arbitrary point was obtained by two different
ways. The arbitrariness of the point results in a set of overconstrained equations that give the
translational and angular velocities of the moving surface. This novel kinematic formulation
is expressed in terms of vectors and the geometry of the contact loci. This classical approach
reveals the intrinsic kinematic properties of the moving object. We then revisited the classical
example of a unit disc rolling-sliding on a plane. A second example of two general surfaces

maintaining rolling-sliding contact was further added to illustrate the proposed approach.

Keywords: adjoint, contact, rolling, sliding, kinematics, differential geometry
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1 Introduction

In classical differential geometry, the adjoint approach is used to study the properties of
a curve or a surface via its companion curve or surface [1, 2]. For example, the properties of
an involute and evolute of a curve are studied using the geometry of the initial curve. Another
example is the Bertrand curves that have common principal normal lines [3]. The famous
cycloid is the locus of points traced out by a point on a circle that rolls without sliding along a
straight line, where the circle is said to be adjoint to the straight line.

The adjoint approach has been applied to mechanical engineering, for example gear
mesh [4]. Wang et al [5] extended the adjoint approach to investigating the coupler-curve
distribution of crank-rocker linkages. The study of the moving centrode adjoint to the fixed
centrode concisely revealed the distribution law of various shapes of coupler curves. They
also applied the approach to the moving axodes adjoint to the fixed axodes, revealing the
intrinsic properties of a point trajectory, a line trajectory, and characteristic lines on the
moving body [6-8].

The sliding-spinning-rolling motion occurs naturally in many systems such as a robotic
hand manipulating an object [9-11], the interaction between wheeled vehicles and the ground
[12, 13], gear and cam transmission [14-16], and biomechanics [17, 18]. Developing the
kinematic relation between the relative objects facilitates the subsequent dynamics or control
of the systems.

The relative motion between two rigid objects that maintain sliding-rolling contact is a
five degrees-of-freedom (DOFs) sliding-spinning-rolling motion, which can be decomposed
into two translational sliding DOFs, v; and v,, at the contact point and three rotational DOFs,

w1, w2, and w3, about the contact point, as in Fig. 1.
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Fig. 1 The two translational sliding DOFs, v; and v», at the contact point and three

rotational DOFs, w1, @2, and w3, about the contact point

Previous literature on sliding-spinning-rolling motion either restricted the shapes of
objects to flat, sphere, or restricted the types of relative motion to rolling contact [19-21].
Sliding motion was sometimes singled out for dexterous manipulation [22]. For general
sliding-spinning-rolling motion, the two contact points have different rates and directions,
making the derivation process complicated and unintuitive. Two formulations [23, 24] have
far-reaching effects on later development. The former defined one moving point trajectory
and two contact trajectories to derive first- and second-order kinematics of sliding-spinning-
rolling motion via Taylor series expansion. The latter derived a set of first-order kinematic
equations through the velocity relation between three coordinate frames.

The results were applied to manipulations, control, and motion planning. Li, Hsu and
Sastry [25] developed a computed torque-like control algorithm for the coordinated
manipulation of a multifingered robot hand based on the assumption of point contact models.
Sarkar, Kumar and Yun [26] extended Montana’s work to include acceleration terms. By

using intrinsic geometric properties for the contact surfaces, they showed the explicit
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dependence on the Christoffel symbols and their time derivatives. Chen [27-31] coined the
term “conjugate form of motion” for kinematics of point contact motion between two
surfaces and developed a geometric form of motion representation. Han and Trinkle [32]
showed all systems variables needed to be included in the differential kinematic equation
used for manipulation planning and further studied the relevant theories of contact kinematics,
nonholonomic motion planning. Marigo and Bicchi [33] derived analogous equations with
Montana’s contact equations, but with a different approach that allowed an analysis of
admissibility of rolling contact.

It is natural to apply the adjoint approach to study the kinematics of the moving object,
since one contact trajectory curve exists on each of the two objects. While the curve on the
moving object is produced solely by rolling motion, the one on the fixed object is generated
by both sliding and rolling motion. In addition, sliding motion and rolling motion are
independent. Hence, there is in general an angle between these two curves.

This paper extends the adjoint approach to a curve adjoint to a general surface by
adopting a purely geometric approach based on the moving-frame method [34-36]. The
velocity of an arbitrary point is derived in two different ways, which yield a set of eight
equations with five variables. Solving this system of overconstrained equations gives the two
linear velocities and the three angular velocities.

The paper is organized as follows. Section 2 extends the adjoint approach to a general
surface. Section 3 derives geometric Kinematics of the moving surface in terms of
contravariant vectors and geometric invariants. Section 4 derives the velocities of arbitrary
point in two different ways and the arbitrariness of the point leads to the translational and
angular velocities of the moving surface. Section 5 revisits the classical example of a unit
disc rolling-sliding on a plane. Section 6 applies the proposed approach to general surfaces.

Section 7 concludes the paper.
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2 The Adjoint Approach to a General Surface

The approach of a curve adjoint to a curve and to a ruled surface has been applied to the
research of the properties of coupler curves for a crank-rocker linkage [5] and the
instantaneous kinematic geometry of spatial motions [6-8].

This paper extends the adjoint approach to a general surface S. A point M traces a curve
I'v on the surface S and a frame (M-e;eze3) moves with the point M, where the vector e; is
tangent to the curve, e; is the normal vector of the surface S at the point M, and ey, e, e; are

row vectors and form a right-handed orthonormal frame, as in Fig. 2.

Fig. 2 The curve I'p adjoint to the curve Iy on the surface S

The moving-frame equations [34, 35] give the variations of the attached frame

following the point M

dr,,, /ds=¢,
e 0 k k || e
d| oo 1)
—l&|=|-k, 0 z,]le
ds
& |k, -7, 0]|e&

where rowm represents the vector from O to M with respect to (w.r.t.) the fixed frame (O-ijk), s
represents the arc length of the curve I'w, kg, ki, and zy represent the geodesic curvature,

normal curvature, and geodesic torsion of the frame (M-e;e,e3) respectively.
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A point P, meanwhile, traces a curve s w.r.t. the same frame (O-ijk). If each position
of P corresponds to a position of M, the curve I is said to be adjoint to the curve I'v. Hence

the vector equation of 7 w.r.t. the frame (O-ijk) is
Tor = Tom TUi€ +U,€; +Us€, 2)

where rop is the vector from O to P w.r.t. the frame (O-ijk), (u1, Uz, u3) are the coordinates of
the point P w.r.t. the frame (M-eieze3). The derivative of the rop w.r.t. the arc length s of the
locus I'v can be obtained by substituting the derivatives in Eq. (1) into Eq. (2) as

dr,
dosp = A.Lel + Azez + Asez (3)

where

A =1+%—u2kg —uk

du
A, :d—32+u1kg —U,7,
A= %4‘ UK, +U,7,
The above equation is defined as the adjoint equation [4].

In particular, if the point P is a fixed point w.r.t. the fixed frame (O-ijk), the derivative

drop/ds equals 0. Consequently the values of A;, A,, and Az are 0. It follows that

du

dsl = Uk, +uk ~1

du

_d32 = UK, +U,7, (4)
du

d_s3 =-Uk, —U,7,

The point P in this case is called a fixed point and Eq. (4) is defined as the fixed point

condition.
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3 Geometric Kinematics of Sliding-Rolling Contact

Geometric kinematics studies the time-independent kinematics and the parameter
actually being made use of is irrelevant [37]. The freedom to choose parameters results in a
simplified analytic description of the motion. In this section, the arc lengths of the contact

loci are chosen as the parameters to study the geometrical properties of the motion.

3.1 The Moving Frames on the Contact Loci

Assume that a fixed surface S and a moving surface S' maintain sliding-rolling contact at
any moment. Attach the frames (O-ijk) and (O'-i’j'k") to the surface S and S' respectively. Let

I"and I" represent the contact loci on the surface S and the surface S respectively, as in Fig. 3.

Fig. 3 The moving frames associated with the contact loci

Note that the contact locus 7" on the moving surface S' is solely produced by rolling
motion and the contact locus 7" on S is generated by both sliding and rolling motion.

Let M and M' represent the contact point on the surface S and S' respectively. These two
points coincide when the two surfaces maintain point contact. We will use M to denote the

contact point from now on.
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Set up two right-handed orthonormal moving frames (M-eiexes) and (M- ejeje; )

associated with the contact loci /" and 7 respectively, where e; is the unit tangent vector of 7,

es is the unit normal vector of the surface S, e; is the unit tangent vector of 77, e; is the unit

normal vector of the surface S'.
Generally the direction of sliding is different from that of rolling. This gives an angle ¢

between the vectors e; and e;. The unit normal vectors e; and e; can always be made to

coincide when the two surfaces maintain rolling-sliding contact, as in Fig. 3.

3.2 The Fixed Point of the Moving Surface

Let P represent an arbitrary point on the moving surface S', as in Fig. 3. The position

vector rop W.r.t. the frame (O'-i'j'k") can be written as
IA! I A! [N
lop = Fom +UE] +UsE) +Uges (5)

where (u;,u;,u;) are the coordinates of the point P w.r.t. the frame (M-ejeje;). Since the

point P is fixed w.r.t. the frame frame (O'-i'j'k"), the fixed point condition in Eq. (4) gives

du;

oy : =ugk; +uzk) -1
S

du’

5 2 =—uk; +Uu,z; (6)
S

du

Y 2 =—uk —usz;
S

where s' is the arc length of the locus 7. The physical meaning of s' is the distance of the

contact point M travels due to rolling motion. The scalars k;,k;,z; are the geodesic curvature,

g’ ™ny

normal curvature, and geodesic torsion of the frame (M-e/eje;) respectively.
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3.3 The Adjoint Curve to the Fixed Surface

The point P generates a curve I'p when the moving surface S' maintain rolling-sliding
contact with the fixed surface S, as in Fig. 3. Hence the curve 7 is adjoint to the contact

locus 7. The adjoint equation (3) gives the geometric velocity of the curve /s as

dr,
dosp = A.Lel + Azez + Asez (7)

where

A =1+%—u2kg —uk,
du

A, =d—sz+u1kg —U,7,
du

A, =d—s3+u1kn +U,7,

and s is the arc length of the contact locus I". The physical meaning of s is the distance of the
the contact point M travels due to sliding-rolling motion. The scalars (ui, u;, u;) are the
coordinates of the point P w.r.t. the frame (M-e1e2e3) and kg, kn, and z4 represent the geodesic

curvature, normal curvature, and geodesic torsion of the frame (M-e;e,e3) respectively.

3.4 The Relation between u and u*

The frame (M-ejeje;) can be obtained by rotating the frame (M-ese.e3) by an angle of

@ about the e; axis, as in Fig. 4.

10
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Fig.4 The coordinates of the point P in the two frames

It follows that

e, = COS @e, +Sin ge,
!
e, =—Sin ge, +cosge, (8)

!

eB eS
This leads to the coordinates (ui, ui, uy) and (uj,u;,u;) being related by the following
equation:
U, =U, COS@p—U,Sing
U, = U, Sin @+ U, COS @ 9)
U, = U,

Differentiating Eq. (9) w.r.t. the arc length s of the contact locus I” yields:

du, ds’ d

—(u; cosp—u,sing) = /l(z—ucow) u smgpd—(p—du sing—u Cosgpd_wj
S

ds ~ ds ds’ ds’ ds’ ds’

du, ds' d du; . de du, . dgoj
u;sing+u;, cose)=A| —=sin@+u; coSp——+—=2C0S @ —U,Sinp —— 10

O g gy isine ?) (ds’ PHUCOSQ g COSP T sing | (10)

ds ds ds’ ds’

du, _ds' du; _ , d;

where A represents the ratio of rolling rate ds' to sliding-rolling rate ds. Substituting the fix

point condition du//ds’ in Eq. (6) into Eq. (10) yields

11
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du, _ g((ké —d—?)uz +(kicp—7; sing)u, —cosgoj

ds ds

du, _, (_k’ 3 ’jul+(k'sin(p+r' Cos @)U, —Sin (11)
ds °ds’ " ’

du,

3.5 The Geometric Velocity of the Point P

Substituting Eq. (11) into Eq. (7) yields the geometric velocity of the point P as

drOP
ds

=Ag +Ag, + Ag, (12)

where

A :1—1C05¢+(/1(ké —%j—kgjuz +(A(k,§ cosp -7, sin(p)—kn)u3

A, :-Asin(p{i(—ké + 3§j+ kgjul+(ﬂ,(k;sin(p+ré cos<o)—rg)u3

A, =(/1(—k'005gon +7505ing)+ kn)u1+(}t(—k,: sing—7; COS(p)+rg)u2
This gives the geometric velocity of an arbitrary point P w.r.t. the arc length of the contact

locus 7, in the frame (O-ijk).

4 The Velocity of the Moving Surface: a Velocity of Two Ways

4.1 The General Form of the Velocity of the Moving Surface

An object has six DOFs, including three translational and three rotational DOFs, in
three-dimensional space. When two objects maintain rolling-sliding contact, the constraint
reduces one translational DOF about the direction parallel to the normal vector at the contact

12
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point. Hence the moving surface has five DOFs, including two translational and three
rotational DOFs. These five DOFs can be expressed in the frame (M-eiees) via a

translational velocity v and a rotational velocity e (see Fig. 1) as

V=Ve, +V,e, (13)

w=we +n,e, + e,
4.2 A Velocity of Two Ways

Now the velocity of the point P can be obtained in two ways. The geometric velocity
in Eq. (12) gives one form of the velocity

_ drop _ ds drp

= =o(Ae, +Ag, +Ag, ) (14)

where ¢ = ds/dt represent the sliding-rolling rate and the values A; to As are identical as those

in Eq. (12).

The translational and the angular velocities of the moving surface give another form

of the velocity

Vop =V+0XHy =v+(me +me, +oe;)x(Ue +U,e, +Use, ) (15)
=V,e, +V,8, +(—U,@; +U;m, )&, + (U0, — U, ) €, +(—Um, + U, )€,

These two forms are equal, since they represent the velocity of the same point P. Hence, three
scalar equations can be obtained by equalling Egs. (14) and (15) along each of the e;, e, and

ez directions:

13
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1—/1cos(p+(/1(k§'J ——?]—kgjuz
ds =V, +(—U,0; + U,0,)

+(,1(k;cos¢—fé5i”(”)_k“)u3
o {1(-4+22) ok
) Al -k k
smqo+[ ( 9+ds’ T |t :v2+(u1a)3—usa’1)
(ksne s 00)- )

+(/1(—kn’ sing -7, COSQ)+7, )u2

d

(xl(—k'COSgon +7'sing, )+k, )u1

=-Uw, +U,m,

(16)

Since the point P is an arbitrary point, its coordinates, ui, U, and us can take arbitrary values.

Thus, the coefficients of uj, u, and uz on both sides of Eq. (16) must be equal. It follows that

the first equation gives

The second equation gives

The third equation gives

v, =0 (1-4cosgp)
w, za(l(k; Cosp—1, singo)—kn)

, :G(—ﬂ(ké —%j+kgj

v, =—0oASing

o, = 0'(—/1(kr’] sinp+7, COS(D)+T9)

o, = a(—/l(k; sing+7, c03¢)+r9)

@, =G(ﬂ.(kr'] cosp—1, Sin(p)—kn)

14

(17)

(18)

(19)



237

238

239

240

241

242

243

244

245

246

247

248

249

250

251

252

253

254

255

256

It can be checked that the angular velocity w; in Eq. (18) equals that in Eq. (19), w; in Eq.
(17) equals that in Eg. (19), ws in Eq. (17) equals that in Eq.(18). This completes the

derivation of the velocity of the moving surface.

4.3 The Translational and Rotational Velocities of the Moving Surface

Substituting the components of translational and rotational velocity components in
Egs. (17) to (19) into Eq. (13) gives the translational and rotational velocities of the moving

surface as

v=(c(1-Acosp))e, —(aAsinp)e,

o= (0(—/1(kr'] sinp+7, COSg0)+rg ))el +(0'(ﬂ,(kr: CoS ¢ — 17, Sin gp)— kn))e2 (20)
+(o-(—/1(ké —%)+ nge3

There are five terms in the above equation. The two terms of the translational velocity,
which are (a(l—/ICOSgo))el—(a/Isin @)e,, give the sliding velocity of the contact point M

on the tangent plane.

The first two terms of the angular velocity @, which are along the directions of e; and e,
respectively, give the pure-rolling motion of the moving object. The third term of the angular
velocity @ along the direction of e; gives the velocity of spinning motion about the normal
direction at the contact point M.

The angular and translational velocities in Eq. (20) are coordinate invariant, since all the

entities involved are either scalars or contravariant vectors.

15
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5. The Classical Example Revisited

Consider the classic example of a disc S' of unit radius maintaining sliding-rolling
contact with a plane S while keeping the upright orientation. The contact loci are the circle 7"
of the disk and 7" on the plane. Let ¢ represent the angle between the curve /" and 7" at the
contact point M; let o represent the magnitude of the rolling-sliding rate, i.e., the arc length of
I, let 1 represent the ratio of rolling rate to sliding-rolling rate, as in Fig. 5.

Attach the moving frames frame (M-eieze3) and (M-ejeje;) to the contact loci /" and 7™

respectively, where e; is the tangent vector of I, e is the upward normal vector the plane S,

e, is the tangent vector of the circle of the disc, and e; is the normal of the circle, pointing to

the center of the disc.

Fig. 5 Adisc of unit radius sliding-rolling on a plane

5.1 The Moving-Frame Equations of the Two Loci

Let s represent the arc length of the contact locus 77 on the plane S. The moving-frame

equations of the frame (M-e;e,e3) can be calculated as below.

16
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e 0 k Ofle

d

o e, |=|-k 0 0fe, (21)
€, 0 O Ofle

where k is the curvature of the plane locus 7.
Let s' represent the arc length of the contact locus /™ on the plane S'. The moving-frame

equations of the frame (M-ejeje;) is

e 0 0 1je
d
3 -1 0 0f e

where 1 in the matrix represent the curvature of the unit circle 7.

5.2 The Velocity Formulation of the Disc

Substituting the curvatures of the two contact curves in (21) and (22) into the first

equation in (20) yields the translational velocity of the disc as

v=(o(1-Acosp))e, —(cAsing)e, (23)

where ¢ is the rolling-sliding rate and A the ratio of rolling rate ds' to sliding-rolling rate ds.

Substituting the curvatures of the two loci in Egs (21) and (22) into the second equation

in (20) gives the angular velocity of the disc as

do

w=(—oAsinp)e +(oicosg)e, +[E+ije3 (24)

At first sight, the above equation appears violating the geometric constraints of the
disc’s maintaining upright, since the angular velocity in the direction of e; is not 0. However,

the above angular velocity can be expressed in the frame (M- ejese; ) via coordinate

17
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transformation by multiplying a rotation matrix:

o' =(oh)e, +((:j—(tp+0'kjeé (25)

It can be seen that the angular velocity is O in the direction of e, and thus it does not

violate the constraint of the disc’s being upright.
The coordinates of the centre point P in the frame (M-ejeze3) is (0, O, 1). The velocity of

the point P can be obtained as

Vo =V+owx(le,)=oe, (26)

It is clear that the velocity of the circle center P is only affected by the sliding-rolling rate and

the direction of it is parallel to the tangent vector of the locus 7.

5.3 Numerical Simulation

Suppose the contact locus 7" on the plane S is a circle of curvature 0.25, the rolling-
sliding rate o is 1, the ratio of rolling rate to the sliding-rolling rate 1 is 0.8, the angle ¢

between rolling and sliding is a constant z/6, as in Fig. 6.

18
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Fig. 6 A unit disk rolling-sliding along a circle of curvature 0.25

Set up a fixed frame (O-ijk) in such a way that the k-axis is perpendicular to the plane, as
in Fig. 6. Suppose the angle between the i-axis and OM is # and at the starting time t, = 0 the

disc is at the intersection between the circle and the i-axis. The angle € can be obtained as
0@ =sk =t/4, where s = ot is the arc length covered in the period of time t and k is the

curvature of the curve 7.

It follows that the vectors ey, e,, and e3 w.r.t. the fixed frame (O-ijk) are

D
o
I
[

—sin(t/4) cos(t/4) 0]
—cos(t/4) —sin(t/4) 0] (27)

D
N
Il
[

The angular velocity of the disc and the velocity of the centre point P can be obtained

from Egs. (24) and (26) w.r.t. the frame (O-ijk). The velocity components are plotted in Fig. 7.
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Angular velocity components along i-, j-, and k- axes

0.8+ B
0.6 &

0.4+ B

0.2+

rad/sec
o

Angular velocity along i-axis

-0.8 Angular velocity along j-axis
i ; Angular velocity along k-axis ;
"o 1 2 3 4 5 6
o: rad

Fig. 7(a) Angular velocity components along the i-, j-, and k-axes

Translational velocity components along i-, j-, and k- axes
1 —— Translational velocity along i-axis 3
Translational velocity along j-axis
0.8 —— Translational velocity along k-axis
0.6
0.4 g
0.2F B
8
) 0
€
-0.2}+ el
-0.41 -
-0.6
-0.8
At 2
1
0 1 2 3 4 5 6

o: rad

Fig. 7(b) Translational velocity components of the centre point P along the i-, j-, and k-

axes

6 Application to Contact Trajectory Curve with Variable Curvatures

The proposed approach can be applied to curves and surfaces with variable geometric
invariants. Consider a ball of radius r maintaining sliding-rolling contact with a paraboloid

along a small circle on the sphere and a meridian on the paraboloid as in Fig. 8.

20
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Fig. 8 A sphere sliding-rolling on a paraboloid

Suppose the paraboloid is formed by rotating a parabola z=1/2y* around z axis. A
convenient reference frame can be chosen to parameterize the surfaces and contact trajectory

curves. The meridian /" can be parameterized as

r(u,v0)=(u,v,%(u2+voz)) (28)

Attach the moving frames frame (M-e1eze3) and (M-e/ese;) to the contact loci 7" and /™

respectively, where e; is the tangent vector of I', e; is the outward normal vector of the
surface S, e/ is the tangent vector of the locus 7™, and e; is the normal of the sphere, pointing
to the sphere center.

The geodesic curvature, normal curvature, and geodesic torsion of the locus 7" can be

computed [38] as

21
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k =
g (u2+1)§«/u2+v02+1

1
k = 29
" (u2+1)\/u2+v02+l )
o uv,

T (U 1)(uP vy +1)

The geodesic curvature, normal curvature, and geodesic torsion of the locus /™ can be

computed as

_cot5

k, = (30)

where ¢ is the half cone-angle as in Fig. 8. Substituting the curvatures of the two loci in Egs.

(29) and (30) into (20) yields the motion of the sphere as

v=(o-olcosp)e,—(alsinp)e,

w =

_0'_/18 N ouv,
ro7 (u? +1)(u® +v, +1)

e+

ol o
R C —

®
r (U7 +1)Ju? +v,? +1
3—V00 ol coto +d_g0

(u2+1)5«fu2+v02+1 rood

(31)

e, +

3

This example once again illustrates the coordinate-invariant nature of the proposed

approach. It can be seen from Eq. (28) that first a convenient frame is chosen to parameterize

the paraboloid and the meridian. From this local frame, the curvatures of the contact curve

can be readily computed. Then the curvatures of the two contact curves are used to generate

the coordinate-invariant kinematic formulation of the moving object.
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7 Conclusions

This paper presented the kinematic formulation when two objects maintain sliding-
rolling contact. Starting from a curve adjoint to a general surface, the paper first established
the velocity of the curve and presented the fixed point conditions in terms of the arc lengths
and curvatures. This adjoint approach was subsequently applied to the kinematics of two
objects maintaining sliding-rolling contact. Two moving-frames were attached to the contact
loci respectively, leading to the geometric velocity of an arbitrary point on the moving object.
Then the velocity of this arbitrary point was derived in two various ways: one was from the
previously derived geometric velocity and the other was from the translational and rotational
velocity of the object. The arbitrariness of the point required these two forms of velocity to be
equivalent, yielding an overconstrained system of eight equations with five variables. The
angular and translational velocities were subsequently obtained by solving this
overconstrained system of equations. The paper ended with two examples presented to

demonstrate the proposed approach.
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