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ABSTRACT

A new method for conducting laboratory measurements of

the velocities and polarizations of compressional and shear

waves in rock samples uses a laser Doppler interferometer

(LDI). LDI can measure the particle velocity of a small (0.03

mm2) element of the surface of the sample along the direction

of the laser beam. By measuring the particle velocity of the

same surface element in three linearly independent directions

and then transforming those velocities to Cartesian coordinates,

three orthogonal components of the particle-velocity vector are

obtained. Thus, LDI can be used as a localized three-component

(3C) receiver of ultrasonic waves, and, together with a piezo-

electric transducer as a source, it can simulate a 3C seismic

experiment in the laboratory. Performing such 3C measure-

ments at various locations on the surface of the sample produces

a 3C seismogram, which can be used to separate the P-wave

and two S-waves and to find the polarizations and traveltimes

of those waves. Then, the elasticity tensor of the medium can be

obtained by minimizing the misfit between measured and pre-

dicted polarizations and traveltimes. Computation of the polar-

izations and traveltimes of body waves inside a sample with a

given elasticity tensor is based on the Christoffel equation. The

predicted polarizations on the surface then are obtained using

the anisotropic Zoeppritz equations. The type of velocity meas-

ured (phase or group velocity) depends on the acquisition geom-

etry and the material properties. This is taken into account in

the inversion procedure. A “walkaway” laboratory experiment

demonstrates the high accuracy of this method.

INTRODUCTION

An estimation of the elastic anisotropy of rocks from labora-

tory measurements is important for calibration of seismic and

acoustic studies of subsurface rocks. Traditionally, the anisotropy

of rock samples is determined by measuring wave velocities

using the “time-of-flight” method. The compressional- and shear-

wave velocities of the samples are measured in various directions;

from those measurements the density-scaled stiffness tensor is

estimated. The wave velocities are determined from the travel-

times of waves generated and recorded by ultrasonic piezoelectric

transducers (e.g., Pros and Babuska, 1967; Jech, 1991; Rasolofo-

saon and Zinszner, 2002). Despite the versatility of piezoelectric

transducers as sources and receivers in ultrasonics, however, such

experiments have at least two problems: (1) uncertainty in deter-

mination of the time of shear-wave arrivals, and (2) uncertainty

regarding whether phase or group velocity is measured. In partic-

ular, if the size of the wave source is small compared with the

dimensions of the sample, the measured velocity is the group ve-

locity. If the size of the source is comparable to the size of the

sample, the velocity of a wave propagating in the direction per-

pendicular to the surface of the source is the phase velocity (also

called the wavefront velocity). In intermediate situations, which

are typical for ultrasonic experiments, unambiguous interpretation

of velocity measurements is difficult (Dellinger and Vernik, 1994;

Vestrum, 1994; Siggins and Dewhurst, 2007).

In seismic field measurements, the size of the receivers (geo-

phones, hydrophones) is much smaller than the wavelength of

the measured waves. This simplifies estimation of the polariza-

tion and, thus, determination of the wave type. Use of wave

polarizations as well as velocities provides a robust method for

estimating anisotropy in situ (Dewangan and Grechka, 2003).

The use of a similar approach in the laboratory requires

receivers that are small relative to the wavelength. In this paper,
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we propose a method for measuring anisotropy in laboratory

experiments using a laser interferometer.

Laser interferometery has been used for decades to register

acoustic wave arrivals in the laser ultrasonics techniques. Those

techniques use a pulse laser as a source of elastic waves and a

laser interferometer as a receiver (Dainty, 1975; Ennos, 1978;

Monchalin, 1986; Monchalin et al., 1989; Scruby and Drain,

1990; Jacquot and Fournier, 2000). Such a technique has been

applied to measurements of the elastic properties of isotropic

materials (Aussel and Monchalin 1989, Pouet and Rasolofosaon,

1993) and anisotropic materials (Guilbaud and Audoin, 1999,

Ogi et al., 2003). In particular, Pouet and Rasolofosaon (1990),

Martin et al. (1994), and Rasolofosaon et al. (1994) use laser

interferometry to measure polarizations of quasi-S-waves.

Nishizawa et al. (1997) proposes a method of shear-wave detec-

tion in the laboratory using laser Doppler interferometry (LDI).

That method is based on measurement of the wave-induced move-

ment of a small area of the surface of the sample. To separate

P- and S-waves, those authors performed measurements in two

directions and then found projections of the displacement onto

directions perpendicular to and parallel to the surface. Bayón and

Rasolofosaon (1996) demonstrated that laser speckle interferome-

try can be suitable for measuring the displacement in normal and

tangential directions. They also discuss the fidelity of particle-dis-

placement measurements induced by ultrasonic waves. Fukushima

et al. (2003) used LDI to investigate the polarization of the shear

waves in rock samples. The main advantages of using LDI instead

of piezoelectric transducers are that (1) the area of the measure-

ment is much smaller than the wavelength and (2) the full parti-

cle-velocity vector can be recorded.

The objective of this paper is to enhance the estimation of an-

isotropy using laser interferometry, by including measurements

of the ultrasonic wave polarizations. The aim of using polariza-

tions is twofold: first, they aid in distinguishing between the

measured waves, and second, they are considered alongside

wave velocities in the inversion process. This extra information

helps one to constrain the estimation of the anisotropy better

than the other methods that rely on traveltime only.

THEORETICAL BACKGROUND

The propagation of elastic waves within a rock sample is de-

termined by the stiffness tensor and the density of the material.

The polarizations of these waves, as well as their phase (wave-

front) velocities, are related by the stiffness tensor through the

Christoffel equations (e.g., Červený, 2001):

cijk‘pjAkp‘ ¼ qAi; (1)

where c is the stiffness tensor, p is the phase slowness, A is the

polarization, and q is the density. The direction of the phase ve-

locity v is always perpendicular to the wavefronts and is the

wave speed in this direction. The phase slowness has the same

direction as does the phase velocity and has the magnitude of

the reciprocal of the phase velocity. The Christoffel equations

can be written as an eigenvalue problem for the Christoffel ma-

trix along direction n, C nð Þik ¼ cijk‘njn‘, where a polarization A

is the eigenvector and qv2 is the eigenvalue (v is the magnitude

of the phase velocity). The matrix can have three different

eigenvalues corresponding to the three body waves propagating

in an elastic material. Because of the symmetry of the Christof-

fel matrix, the polarizations corresponding to the three waves

are mutually orthogonal.

We note that in general the group (ray) and phase velocities

are different, and they are related by the expression

Vi ¼ piv
2 þ p2v

ov

opi
; (2)

where V is the group velocity, v is the magnitude of the phase

velocity, and p is the phase slowness. The group velocities and

the polarizations are related by the expression (e.g., Červený,

2001; Bóna et al., 2008)

CðC�1ðAÞ � VÞ � A ¼ A: (3)

A thorough discussion of wave propagation in anisotropic media

can be found in, for example, Helbig (1994).

Particle displacement on an interface between two materials is

given by a superposition of the displacements of the incoming,

reflected, and transmitted waves. These displacements are func-

tions of the elastic properties of the two materials and of the

direction of the incoming wavefront. The directions of the

reflected and transmitted waves can be found by considering

Snell’s law. The polarizations of the waves are the eigenvectors

of the Christoffel matrix in the direction of the wave propagation.

The amplitudes of the waves can be found by solving the aniso-

tropic Zoeppritz equations. Combining all this information will

produce the displacement direction of a point on the interface.

EXPERIMENT

Sample and experimental setup

To measure the wave polarizations and velocities for use in esti-

mating anisotropy, we constructed the experimental setup shown in

Figure 1. The apparatus uses a laser Doppler interferometer to find

the displacement of a point on the surface of a sample in a given

direction. We used a Vibrometer OFV-5000 Modular Vibrometer

Controller with Vibrometer Sensor Head OFV-503 (Politec Ltd.).

This device can measure velocity and displacement simultaneously

in wide frequency range (from 1 Hz to 2.5 MHz).

To demonstrate the possibility of measuring polarization, we

used an experimental geometry suggested by Nishizawa et al.

(1997): We performed a laboratory equivalent of a geophysical

“walkaway” survey. Figure 2a shows the spatial arrangement of

the experiment. We chose to perform the experiment on paper-re-

inforced phenolic material, because this synthetic material has a

strong anisotropy. The P-wave velocities at an ultrasonic frequency

of 1 MHz parallel and perpendicular to the layering plane are

3531 6 40 m=s and 2887 6 30 m=s, respectively. From the optical

images of the surfaces of the sample (shown in the Figure 2b), it

is clear that the distance between layers is approximately 0.2 mm.

For this material to behave as if it were effectively homogeneous,

following Aki and Richards (2002), the distance between the

layers should be smaller than the wavelength divided by 2p. In

our case this condition clearly is satisfied, because the wavelength

of the ultrasonic S-wave is 2.6 mm and that of the P-wave is

3.5 mm, at a frequency of 1 MHz. Therefore, for the purpose of

our experiments the sample can be considered to be homogeneous.

For the wave source, we glued a 14-mm-diameter S-wave

transducer by epoxy directly to the bottom side of the sample,

with the polarization of the source oriented at 45� with respect
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to the x- and y-coordinate axes. Such an S-wave transducer gen-

erates both SH- and SV-waves, as well as a P-wave. A strip of

reflective tape (manufactured by 3M) was glued on the surface

of the sample, as shown in Figure 2a. This tape is made from

50-lm-diameter glass microbeads; each glass bead reflects light

backward. Reflective tape works ideally for the laser-beam inci-

dent angles to as great as 80� (from the direction normal to the

surface). We chose the incident angles of LDI to be 55� from

the normal (z-axis) to the surface of the sample. The measure-

ments were made along a single line with 10-mm spacing. The

surface of the material was parallel to the bedding plane. Exper-

imental records of the particle displacement and its velocity in

one direction are shown in Figure 3. We see that recorded sig-

nals are of very high quality; in our experiments, the signal-to-

noise ratio can vary from 10 to 100.

The spatial components of the particle displacement and velocity

on the surface can be measured at different points in at least three

directions (Figure 4). These directions should be chosen so that

they span the three-dimensional space. By measuring at least three

linearly independent components of the particle velocity and=or

the displacement at a particular point, the polarization (direction of

particle motion versus time) can be determined. Mathematically,

this corresponds to finding a vector from its projections onto three

independent vectors. As a result of these measurements, the arrival

times of P- and S-waves, as well as their polarization (direction of

particle motion), can be determined.

Measurements

After measuring the particle velocities in the three linearly in-

dependent directions (axes 1, 2, and 3 in Figure 4), we plotted

Figure 1. (a) Experimental setup, and (b) experimental rig. 1:
sample, 2: source of elastic waves, 3: laser Doppler interferome-
ter, 4: laser beams (emitted and backscattered), 5: reflective film,
6: acquisition system device, and 7: pulse generator.

Figure 2. (a) Walkaway experiment setup using a paper-rein-
forced phenolic sample, and (b) optical images of the surface of
the sample. Note that the distance between layers (0.2 mm) is
much smaller then the ultrasonic wavelength (2 mm), so the
media can be considered to be homogeneous.

Figure 3. Typical oscilloscope traces directly recorded from LDI.
Note the excellent signal-to-noise ratio.
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in Figure 5 the velocities of the surface particle motion versus

time, in a Cartesian coordinate system x, y, and z (with the z-

axis perpendicular to the surface, as shown in Figure 3). The

size of the sample has been selected so that the registered wave-

forms do not contain reflected waves from the walls of the sam-

ple; the traveltime of the S-waves is shorter than the traveltime

of the reflected P-waves.

In a special series of experiments, we investigated repeatability

and reliability of registration of the surface velocity. In particular,

we found that misalignment of the laser focus within 0.5 mm has

no influence on the final result. Such misalignment, even for a

wave incident angle (ray angle) of 458, results in an error of

wave arrival of 100 ns, or 0.5%, and the uncertainty in estimation

of the polarization is less than 18. The displacements as functions

of time can be found by integration of the velocities; an example

of the particle trajectory (displacements) for the P-wave is shown

in Figure 6. In this example, from Figure 6a and 6b it is clear

that the trajectory of the particle motion in the y-z plane is nor-

mal to the surface of the sample, whereas in the x-z plane it devi-

ates approximately 7� from the normal. Separation of shear waves

with vertical (SV) polarization from those with horizontal (SH)

polarization is demonstrated in Figure 7.

Results of the walkaway polarization measurements are

shown in Figure 8. The offset indicated in the graph is measured

from the edge of the source in order to eliminate doubt about

Figure 4. Schematic of the three-component displacement mea-
surement. An image of the sample is embedded in the picture.

Figure 5. Velocities of the particle motion on the surfaces (arbitrary
units) at directions x, y, and z (shown in Figure 2a), versus time.

Figure 6. Trajectory of particles at the time interval 11�14.5 ms
(between the stars in Figure 5): (a) in the z-y plane, and (b) in the
x–z plane.

Figure 7. A hodogram showing the splitting of SH- and SV-
waves registered by laser Doppler interferometry. The initial posi-
tion is (0, 0, 0). The source: S-wave transducer is tilted at 458
with respect to the axis of symmetry, to generate both SV- and
SH-waves.
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the type of the measured wave. In particular, the phase and

group velocities are equal along the symmetry axis, whereas

they differ for increasing angles from the symmetry axis. Hence,

as discussed by Vestrum (1994), the velocities measured away

from the edge of the source are the group velocities.

ESTIMATING ELASTIC STIFFNESS

COEFFICIENTS

To show the applicability of laser-interferometry polarization

measurements for estimating elasticity, we compare the meas-

ured polarizations with polarizations obtained by analytic for-

ward modeling. The modeling is based on measurements of the

P-wave velocity and the two S-wave velocities in different

directions on the sample. These velocities are converted to the

stiffness tensor that is used to model polarizations on the free

surface using the Zoeppritz equations.

From the measured polarizations and velocities of the (quasi-)

compressional and (quasi-) shear waves, we can find the den-

sity-scaled stiffness tensor of the sample. The inversion algo-

rithm is based on numerical minimization of the following misfit

function:

FðaÞ ¼
XN

i¼1

Aða; niÞ � AobsðniÞk k2 þ a vða; niÞ � vobsðniÞj j2;

(4)

where a is a density-weighted stiffness tensor, N is the number

of measurements, ni is the measurement direction (source–re-

ceiver direction), A is computed polarization from a in direction

ni, Aobs is observed polarization in direction ni, v is computed

ray or phase velocity depending on ni,vobs is observed velocity,

and a is a scaling factor to account for different errors and units

of polarization and velocity measurements. There are many sta-

tistical methods for finding the scaling factor a, such as the

Akaike information criterion (Akaike, 1974) or the Bayesian in-

formation criterion (Schwarz, 1978). The type of the velocity

that we measure, whether it is the phase velocity or the group

velocity, depends on the size of the sample, size of the trans-

ducer, the direction of measurement, and the material itself

(Dellinger and Vernik, 1994; Vestrum, 1994). The velocity type

(phase or group) may depend on the propagation direction ni;

that dependence is determined prior to the inversion by forward

modeling that is based on an initial estimate of the elastic prop-

erties. However, if the inverted stiffness tensor differs signifi-

cantly from the initial estimate, an iterative approach may be

required to ensure that the proper velocity type is used.

Because of the interface effect on the polarizations, computa-

tion of A requires one to solve the Zoeppritz equations for ani-

sotropic media. The data that are input into these equations are

the measurement direction n, the density q and the stiffness a of

the sample, and the known stiffness and density of the medium

above the interface. Given the relative complexity of the

involved computations of the polarizations and velocities for

each step in the minimization of the misfit function F, the pre-

ferred minimization algorithm is a version of random search or

simulated anealing, because these algorithms do not require ana-

lytic expressions for the derivatives of F. To compute phase

velocities v corresponding to the density-scaled stiffness a and

measurement direction n, we use the Christoffel equations 1. To

compute group (ray) velocities, we use expression 3.

To estimate the stiffness tensor, we use our ability to separate

different wave types, thereby allowing us to compute precisely

the traveltime of the corresponding waves. We measured travel-

times of the three waves (P- and two S-waves) along the sym-

metry axis and two orthogonal directions in the bedding plane,

as well as along the direction [1,1,1], where the basis is given

by the first three measurement directions. These traveltimes

were converted to the phase velocities and used to find the stiff-

ness tensor using the traveltime-based inversion, assuming trans-

verse isotropy along the z-axis. The use of the phase velocities

is well justified along the symmetry axis and the bedding plane,

because along those directions the phase and group velocities

are equal. The forward modeling has shown a large difference

between the group and phase directions for the diagonal meas-

urements — the group angle corresponding to the phase angle

of 54.78 (direction of the diagonal) is 648. This shows that using

measured off-angle P-wave velocities in the phase-velocity-

based inversion is not reliable. For that reason, we used the

measurement of the SV velocity along the diagonal instead; for

that velocity the phase and group angles are almost identical, as

is shown in Figure 9. The resulting stiffness tensor in Voigt’s

notation is

C ¼

17:6 9:6 7:7 0 0 0

9:6 17:6 7:7 0 0 0

7:7 7:7 12:0 0 0 0

0 0 0 3:4 0 0

0 0 0 0 3:4 0

0 0 0 0 0 4:0

0
BBBBBB@

1
CCCCCCA

GPa; (5)

and the corresponding Thomsen parameters are c¼ 0.08, d¼ 0.25,

e¼ 0.23, and a¼ 2887 m=s, b¼ 1548 m=s.

From this estimation of the stiffness tensor, we can find the

polarizations along given directions of the phase velocities using

the Christoffel equations 1. To find the polarizations that corre-

spond to the measured group velocity directions, we need to

Figure 8. Polarizations of the P-wave for different offsets in the
walkaway experiment (the setup of which is shown in Figure 2a).
The sample thickness is 50 mm. Uncertainty in measurement of
the polarization angle (shown as bars) is estimated to be 648.
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convert the group velocities to the phase velocities, which we

do with the help of equation 2. With these phase velocities we

can use the Zoeppritz equations to calculate the polarizations on

the free surface, as shown in Figure 10. The computed polariza-

tions as the function of the offset in the walkaway experiment

are given in Figure 8, which shows good agreement between the

experiment and the analytic modeling. The measured traveltimes

corresponding to the group velocities of P- and SH-waves are

shown in Figure 11, together with the computed traveltime

curves. The small discrepancy between the computed and meas-

ured traveltimes indicates that the inversion of the stiffness ten-

sor based only on the traveltimes along the four directions is not

robust enough.

CONCLUSIONS

We have performed a walkaway laboratory experiment in

which wave polarizations and group velocities were measured in

a laminated material using a laser Doppler interferometer. The

measured data match very well the results from analytic model-

ing, which used the stiffness tensor estimate from traveltimes of

the three waves in different directions.

From our results, we can conclude that it is possible to char-

acterize elasticity properties of materials from the described

measurements. In particular, we are able to determine (1) the

angle between the particle movement and the direction of the

wave propagation, that is, the polarization, (2) the types of

waves, and (3) the arrival times of the waves at the point, and

(4) from those times, the wave velocities.

One of our main conclusions is that conventional estimation

of TI anisotropy from laboratory measurements based on travel-

times in a limited number of directions is not very accurate. The

proposed methodology for measuring the polarizations improves

these inversions of the stiffness tensor.

More attention should be paid to the type of the wave source

as well. Depending on the source type, the velocity is either the

group velocity or the phase velocity. To eliminate any doubt

about the type of the measured waves, future investigation

should examine a pulse laser as a point source. Also, measure-

ments of anisotropy under triaxial stress will be the next step of

this study (Figure 1b).

Laser Doppler interferometry has an important future in labo-

ratorymeasurements of the elasticity properties of rock samples

and in physical modeling of seismic experiments.
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