Electronic structure models of phosphorus δ-doped silicon
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We report a density functional theory treatment of phosphorus δ-doped silicon. Using large
asymmetric unit cells with up to 800 atoms, we obtain first-principles doping potentials, band
energies, and donor electron distributions. The explicit and non-empirical description of both valence
and donor electrons improves upon previous models of this system. The effects of overlapping δdoping potentials in smaller systems is adequately captured using a uniform band alignment shift.
PACS numbers: 61.72.uf, 71.20.Mq, 71.20.Nr, 71.55.Cn

Delta-doping describes the process in which the placement of dopant atoms is limited to a narrow plane in
the host material.1,2 This creates an approximately Vshaped doping potential in the plane-perpendicular direction, in which electron or hole carriers are trapped
to form two-dimensional gases with a number of technologically useful properties.3,4 Phosphorus δ-doped silicon is particularly interesting for its relevance to nanoelectronic device fabrication including the possibility of
quantum computers.5–7 Various prototype Si:P devices
are currently being developed5,8–15 in which patterned δdoped layers form conducting leads and gate electrodes.
These developments warrant and motivate detailed theoretical studies into the baseline electronic properties of
phosphorus δ-doped silicon. A particular difficulty of
this system is associated with the significant delocalization lengths of donor electrons in the host. Building on earlier theory work based on the effective mass
approximation,16–19 the current benchmark understanding of δ-doped silicon is set by the work of Chang and
coworkers.20,21 Qian, Chang and Tucker20 (QCT) developed a conduction-band-only model based on density
functional theory (DFT), while Cartoixà and Chang21
describe conduction electrons using an empirical tightbinding model. In this Brief Report we will show that
phosphorus δ-doped silicon is now within the reach of
full density functional theory, thus realizing a complete
and non-empirical treatment of both valence and donor
electrons.
We describe δ-doped silicon using large periodic superlattices in the [001] direction [Fig. 1(a)]. In order to
assess (and minimize) the interaction between successive
δ-layers, we consider highly asymmetric supercells with
a long periodic repeat of between 40 and 200 atomic layers (55 and 275 Å, respectively). For the in-plane directions, we use three different unit cells with 4, 8, and
16 atoms per atomic plane. A c(2×2) cell [Fig. 1(b)] describes phosphorus donor densities of 1/4, 1/2, and 1 ML.
A p(2×2) cell [Fig. 1(b)] is used to describe a 1/8 ML
donor density. A large c(4×4) cell [Fig. 1(c)] is used to
explore the effects of disorder in the in-plane placement
of donors. Geometry optimisation of the coordinates was
not performed.22 Reciprocal space integrations for these

cells are performed using 4×4×1, 3×3×1 and 2×2×1 kpoint grids, respectively. These are sufficiently converged
such that the energy difference is less than 0.6 meV/atom.
Our calculations are performed using the SIESTA23
software in which the electronic eigenfunctions are expanded in localised atomic basis set. In order to access
very large systems, we used single numerical plus polarization basis sets together with a norm-conserving pseudopotential for 1s electrons.24 Exchange-correlation energies are calculated using the PBE functional25 and are
evaluated on a real-space grid (cutoff 300 Ry). With
these computational settings, the calculated bulk silicon lattice parameter of a=5.500 Å compares favorably
with the experimental value26 of a=5.431 Å. The calculated band gap of 0.79 eV is indirect, with the valence
band maximum (VBM) at the Γ-point and the conduc(1×1)
tion band minima (CBM) at k∆ =±0.843(2π/a). For

FIG. 1: (color online) (a) Schematic of the 3D periodic superlattices used to represent δ-doping in this work. (b) Plane
view of a δ-doped atomic layer containing 1/4 ML phosphorus
(shaded circles) in an ordered c(2×2) arrangement. p(1×1)
and p(2×2) unit cells are indicated for reference. (c) Plane
view of a 1/4 ML δ-doped layer with phosphorus atoms in a
quasi-disordered arrangement with c(4×4) periodicity.
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FIG. 2: Band structures of the 1/4 ML phosphorus δ-doped layer in the (a) 200L and (b) 80L supercells. Band structures of
the 1/4 ML (c) ordered and (d) disordered phosphorus δ-doped layers in the c(4×4) supercells that contains 40 atomic planes.
(e) Band structure of the 1/8 ML phosphorus δ-doped layer in the 80L supercell. The plane projected bulk band structure of
Si is represented by the gray continuum. The Fermi level is indicated by a horizontal dashed line.

the δ-doped cells, we report all band energies and Fermi
levels (EF ) relative to the bulk CBM. This necessitates
a band alignment between δ-doped and bulk (undoped)
silicon which is achieved by matching the averaged electrostatic potentials in the atomic plane most distant from
the δ-layer. This type of alignment assumes that the δdoping potential has vanished at the matching plane. To
the extent that this is not the case, an error is introduced that we refer to as an alignment shift (AS). We
will estimate the size of this error and discuss its effects
below.
Figure 2(a) shows the calculated band structure for a
1/4 ML phosphorus δ-doped layer in our largest supercell with 200 atomic layers (denoted 200L in the following). For orientation, the projected bulk band structure
is shown as a grey-shaded background. In the c(2×2)
unit cell used, the six bulk conduction band minima
are folded such that the four in-plane minima appear
c(2×2)
(1×1)
at k∆
=1−k∆ =0.157(2π/a) and the two out-ofplane minima appear at the Γ-point. The discrete bands
shown are those of a 1/4 ML δ-doped layer in the 200L

TABLE I: EF , 1Γ, 2Γ, 1∆ and the VBM, for 1/4 ML δ-doping
in the 40, 80, 120, 160 and 200L supercells. Also given is the
alignment shift (AS200 ) that matches the doping potential of
the model with that of the larger 200L model in the vicinity
of the δ-layer.
Supercell
EF (eV)
1Γ (eV)
2Γ (eV)
1∆ (eV)
VBM (eV)
AS200 (eV)

40L
−0.06
−0.47
−0.35
−0.14
−0.86
−0.08

80L
−0.08
−0.48
−0.36
−0.15
−0.80
−0.06

120L
−0.11
−0.51
−0.39
−0.18
−0.80
−0.03

160L
−0.12
−0.53
−0.41
−0.19
−0.80
−0.01

200L
−0.13
−0.54
−0.42
−0.21
−0.80
0

model. We see several conduction bands pulled into the
bulk band gap by the doping potential. The lowest two,
labelled 1Γ and 2Γ, have their minima at the Γ-point;
these correspond to the out-of-plane minima of bulk silicon. Further up, we find the fourfold degenerate in-plane
minima labelled 1∆. All of these discrete bands are partially occupied, crossing the Fermi level EF at −0.13 eV.
Broadly, our band structure is in good agreement with
the conduction-band-only results of the QCT model.20
Our calculated band minima for 1Γ and 2Γ at −0.54 and
−0.42 eV, respectively, compare favorably to the QCT
result (both near −0.4 eV). Also in good agreement is
the Fermi energy which QCT report as −0.099 eV.
Figures 2(b) and (c) examine the effect of a reduced
separation between successive δ-layers, using smaller superlattices of 80 and 40 layers (80L and 40L, respectively). In comparison with the 200L model [Fig. 2(a)],
we see that the band structure of the δ-doped layer is well
preserved in the smaller models except for a small upshift
in energy relative to the CBM. This is quantified in Table
I where we report the calculated Fermi level, as well as
the band minima of 1Γ, 2Γ, and 1∆ for five superlattice
sizes. Comparing the 160 and 200L models, differences in
the band energies are below 0.02 eV. The results for the
80L model are within 0.06 eV of the 200L model, giving a
sense of the degree of convergence achieved. We further
observe that differences between band energies (e.g. 2Γ1Γ) are much better converged, supporting the idea of a
uniform shift.
These energy shifts can be understood by considering the self-consistent doping potential, calculated here
as the electrostatic potential difference between δ-doped
and undoped supercells. Figure 3 shows an overlay of
plane-averaged doping potentials obtained for five superlattice models. The potential for the largest model
(200L) is aligned to zero (the bulk CBM) at the point
furthest from the δ-layer. The calculated Fermi level as
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well as the 1Γ, 2Γ, and 1∆ band minima of this model
are included for reference. The doping potentials of the
40L, 80L, 120L and 160L models are shifted such that
they match the 200L potential in the vicinity of the δlayer. This shows that near the δ-layer, the doping potentials match almost exactly, irrespective of the superlattice model used. However, further away the doping
potentials diverge, with the smaller models flattening out
earlier and towards lower potentials. This is caused by
the periodic doping potential implicit in our supercell
representation; the attractive wells of adjacent δ-layers
overlap, leading to an artificial lowering of the potential.
The dotted curves on the right-hand side of Fig. 3 illustrate this effect for the 40L and 80L models. Since
our alignment with the bulk CBM assumes the doping
potential to have vanished to zero at the atomic plane
furthest from the δ-layer, the overlapping doping potentials in smaller systems will result in a net upwards shift.
We can estimate the size of this effect by referencing the
potential at the boundary for a given model to that of our
largest model (200L). This quantity, hereafter referred to
as the alignment shift (AS), is listed in Table I and can
be seen to closely match the observed shift in the discrete doping bands. This observation of a uniform shift
in these bands is physically intuitive, given that even for
the smallest model (40L) the doping potential is well converged up to and beyond the Fermi level (see Fig. 3).
Figure 4 provides a real-space visualization of a δdoped layer, correlating the atomic geometry in panel (a)
with the local density of states (LDOS) and the donor
electron distribution in panels (b) and (c). High and
low values of the LDOS are shown in red and blue col-

FIG. 3: (color online) Self-consistent doping potential of a
1/4 ML δ-doped layer for various superlattice models. The
plane-averaged potential furthest from the δ-layer defines the
zero reference for the 200L model. The potentials of the other
supercell models are aligned to match the 200L potential in
the vicinity of the δ-layer. The Fermi level (EF ) of the 200L
model, as well as the band minima of 1Γ, 2Γ, and 1∆ are also
indicated. The alignment shift (AS, see text) is indicated for
the 40L model.

FIG. 4: (color online) Electronic structure results for a
1/4 ML phosphorus δ-doped layer in silicon (80L model): (a)
structure model, (b) local density of states as a function of
distance from the δ-layer (blue and red colored regions represent low and high density of states, respectively), and (c)
self-consistent donor electron distribution. The self-consistent
doping potential is superimposed on panel (b) as a white
curve. The vertical dotted line indicates the phosphorusdoped atomic plane.

FIG. 5: Plane-averaged distribution of donor electrons for a
δ-doped layer containing between 1/8 and 1 ML phosphorus
in a 80L supercell model.
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TABLE II: Calculated Fermi-level EF , band minima (1Γ, 2Γ,
1∆), VBM, and maximum donor electron density ρmax as a
function of the phosphorus dopant density n2D in the δ-layer.
These results were obtained for the 80 L supercell model.
n2D (ML)
1/8 ML 1/4 ML 1/2 ML
3
21
ρmax (10 e/cm )
0.5
1.7
4.5
Width (Å) at ρmax /2
10
6.7
5.3
Width (Å) at ρmax /10
34
20
16
EF (eV)
−0.12
−0.08
−0.08
1Γ (eV)
−0.22
−0.48
−0.55
2Γ (eV)
−0.18
−0.36
−0.46
1∆ (eV)
−0.12
−0.15
−0.19
VBM (eV)
−0.81
−0.80
−0.80
AS200
–
−0.06
−0.05

1 ML
12.6
2.7
12
−0.09
−0.66
−0.58
−0.38
−0.81
−0.05

oration, highlighting the distortion of the band gap (i.e.
the blue region) in the vicinity of the δ-layer. Panel
(b) is overlaid with the self-consistent doping potential
(solid white curves) showing how the potential resembles
the distortion seen in the conduction and valence band
edges. The distortion leads to spatial confinement of the
discrete doping levels as demonstrated by several highLDOS (red) stripes in the band-gap below the Fermilevel. Panel (c) shows the plane-averaged donor electron
distribution associated with these levels, obtained by integrating the LDOS between VBM and EF .
Figure 5 shows how the donor electron distribution
changes when the phosphorus dopant density n2D varies
between 1/8 and 1 ML. As quantified in Table II, the
maximum donor density ρmax increases sharply with the
dopant density. Furthermore, the increase is above proportional due to an increasingly confining δ-potential.
Correspondingly, the width of the distribution decreases
with dopant density as seen by the reduction of the width
at half-maximum (ρmax /2) from 10 Å for the 1/8 ML
case to 2.7 Å for 1 ML. Note that the base width of the
distributions (heuristically quantified by ρmax /10) is considerably larger; between 34 and 12 Å. The deepening of
the doping potential is also evident in the band energies
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in Table II, which steadily decrease with dopant density. The Fermi level however remains largely unchanged
due to the counteracting effect of an increasing number
of donor electrons. These changes are evident also in
the 1/8 ML band structure diagram in Fig. 2(e), which
are upshifted due to a less attractive δ-layer. For the
1/4, 1/2, a 1 ML systems it was feasible to compute the
AS200 potential alignment shift and it was found to be
insensitive to the doping density.
Finally, we consider with Figs. 2(c) and (d) the effect of
dopant disorder on the electronic structure. Figure 1 illustrates the placement of phosphorus atoms in a 1/4 ML
ordered [Fig. 1(b)] and disordered structure [Fig. 1(c)].
The most striking difference in the band structure is an
avoided crossing between 1Γ and 1∆ that is present in
the ordered structure, but absent in the disordered case.
Disorder also results in a reduced separation between the
1Γ, 2Γ, and 1∆ bands. We note that the QCT model20
uses an averaged pseudopotential in the δ-layer and thus
implicitly describes the disordered case; the agreement
between the QCT band structures and our Fig. 1(c) is
excellent. This serves a twofold purpose: it validates the
QCT approach and shows that a full DFT model can
describe both ordered and disordered δ-layers.
In summary, we have calculated the electronic structure of phosphorus δ-doped layers in silicon using a
density functional theory model in which both conduction and valence band electrons are treated explicitly.
We have demonstrated that calculated doping potentials, band energies and donor electron distributions are
in good agreement with earlier predictions based on
conduction-band-only models. Long range interactions
associated with a slowly decaying doping potential are
adequately captured using a simple alignment shift, with
all of the qualitative characteristics of the band structure
preserved.
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