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ABSTRACT. This note is to provide a refinement of the convergence analysis of
the new exact penalty function method proposed recently.

1. Introduction. Asin [1], we consider a class of functional inequality constrained
optimization problems given below.

min f(x) (1a)

subject to ¢i(z,w) <0, VweQ, j=1, ..., m, (1b)

where the vector R™ is the parameter vector to be found, 2 is a compact interval
in R, f:R™ — R is continuously differentiable in x, and for each j =1, ... , m,

¢; : R" x R = R is a continuously differentiable function in z and w. Let this
problem be referred to as Problem (P).

Define
Se={(z,¢) e R" xR; : ¢pj(z,w) <eW,;, Vwe, j=1, ..., m} (2)
where Ry = {a € R : a >0}, W, € (0,1), j =1, ... , m, are fixed constants

and + is a positive real number. Clearly, Problem (P) is equivalent to the following
problem, which is denoted as Problem (P).

min f(z) (3a)
subject to

(.’17, 6) S SO (3b)
where Sy = S, with € = 0. We assume that the following conditions are satisfied:

e There exists a global minimizer of Problem (P), implying that f(z) is bounded
from below on Sj.
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e The number of distinct local minimum values of the objective function of
Problem (P) is finite.

A new exact penalty function f,(z,€) defined below is introduced in [1].

f(x) ife=0,¢;(z,w) <0 (weN)
fo(z ) =< f(x)+ e *Az,e) +oe® ife>0 (4)
+00 otherwise

where A(z, €), which is referred to as the constraint violation, is defined by
m 2
Az, €e) = Z/ [max {0,¢;(z,w) — G’YWj}} dw (5)
j=1"%

«a and vy are positive real numbers, 8 > 2, and ¢ > 0 is a penalty parameter. The
surrogate optimization problem, which is referred to as Problem (P, ), is as follows.

min £, (,¢) (62)
subject to
(z,e) € R" x [0, +00) (6b)

2. Convergence analysis. For every positive integer k, let (x(k)’*,e(k)7*) be a
local minimizer of Problem (P,,). For the proof of the convergence results, the
definition of constraint qualification given in Definition 2.2 of [1] should be changed
to the one given below.

Definition 1. It is said that the constraint qualification is satisfied for the con-
tinuous inequality constraints (1b) at @ = z , if the following implication is valid.

Suppose that
/Q zj: ©; (M)Lbjéi’ w) dw = 0.
Then, ¢;j(w) =0,YVw e, j=1,...,m.
Theorem 2.3 of [1] is modified as follows.

Theorem 2. Suppose that (x*)* ¢F)*) is a local minimizer of Problem (P,,)
such that f,, (x> e®)*) gs finite. If (xF)* e®)*) — (2* €*) as k — 400, and
the constraint qualification is satisfied for the continuous inequality constraints (1b)
at © = x*, then € =0 and z* € Sy.

For the proof of Theorem 2, it is basically the same as that given for Theorem
2.3 of [1], except Definition 1, rather than Definition 2.2 of [1], is used.

Remark 1. The existence of an accumulating point of the sequence (z:(F)*, e(¥):*)
is assured if the following condition is satisfied

f(z) = oo, as ||z|| = oo.
Where || - || denotes the usual Euclidean norm.

Theorem 3. Assume that max {0, qu(x(k)’*,w)} =o((e®*)), §>0, j=1,...,m.
Suppose that v > a, § >a, —a—14+26 >0, 2y—a—1>0. Then

)y er . .
fdk(m(k)’*7e(k)’*) A fa‘k (I 70) = f(fE ) (7)

z(k)*x sx*eSg
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* * e®) L er=0 * *
V(I,G)fa'k: ('T(k)7 7€(k)7 ) % v(w,e)fak (:E ’0) = (Vf(x )70) (8)

z(k)* xSy

The proof of Theorem 3 is similar to Theorem 2.4 of [1], except with the changes
listed below.

e Equation (2.16) of [1] should be changed to:

m 2
> fQ [max{O,d)j(x(k)’*,w) - (e(k)’*)'YWj }] dw
" lim = W
S s, (€7) 9)

= lim EZ/)(“’ £ (2™ w) — (€9 W) dw

(k)% 4 ex—0
2 (R) sk gk €Sp JjeJ’

Here, J’ denotes the index set such that for any j € J’, max{O, o} (z(F)* ) —
(B9, } = ¢5(29,w) — (=) 7.
e Equation (2.17) of [1] should be changed to:

(k)% 4 ex—o
209 Sanes, J€T

e Equation (2.20) of [1] should be changed to:

lim zf,,k( * ek )
e(k),* yex—o
z(k)* Loxecgy

(k),*
= lim {76]0(38655 )

e(k)x yex—o
a(F) % g €5Sp

(g (R)
12(e) /max{o i (a®)* w) — (6(k),*)7Wj}8¢J($a ,w)dw}
X

Vi@ lm 23" / )~y (2P )

(k). yex—p
_ z(k)=*~}z*€SO jeJ’

0¢; (x(k

— (eByr=epy;] o )dwzvxf(x*)
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e Equation (2.21) of [1] should be changed to:

lim Ve fo, (B elk)x)
e(R)x ex—o
2(k)* Soxes)

lim {(e(k)’*)al{ azm:/ {max{O,csz(x(k)’*,w)

e(k)sx s ex—0 )
= 2 e sy j=1"¢

—(e(k)’*)A’Wj}rdw
+2~y2/ max {0, ¢, (zF*, w) — (é’“a*)wwj}((—e<k>=*)wwj)dw}
j=179

o
= lim {—a > /Q [ (28, ) (B ) =555 — (B =250 dw

e(k)* ex—0

2 (B) % gk €5Sp JjeJ’
+272/ 289 ) — (] ((_6<k>7*)ij)(e(k),*)—a—ldw}
jeJ’
= 0

(12)

Theorems 2.5 and 2.6 of [1] are combined as one theorem given below.

Theorem 4. There exists a kg > 0, such that for any k > ko, every local minimizer
(B e®)*) of the penalty problem with finite fo, (x%)* e(F)*) has the form (z*,0)
where x* is a local minimizer of Problem (P).

Proof. On the contrary, we assume that the conclusion is false. Then, there exists
a subsequence of {(z(*)-* ¢(*)*)1 which is denoted by the original sequence such
that for any kg > 0, there exists a k' > kg satisfying (k)x # 0. By Theorem 2, we
have

B e =0, 2W* 5 2" e 8, as k — +oo

Since €®)* #£ 0 for all k, it follows from dividing (2.10) in [1] by (¢®*)*)8=1 that

m

(e(k)>*)0‘5{ —ay [max{O, oj(z* w) — (e(’“)’*)“’Wj}rdw
ji=1Ja

+2v > [ max{0, ¢ (z*)* W) — (e(k)’*)'YWj}((—e(k)’*)'YWj)dw} +opf=0
J

=1Ja
(13)
This is equivalent to
m 2
(e(k)’*)_"‘_ﬂ{ —ay [maX{O, oj (2" w) — (e(k)’*)"’Wj}} dw
j=1Ja
+2y X [maX{O, b (x> w) — (e(k)’*)'ij}((—e(k)’*)“’Wj) 14
j=1JQ ( )

+max {0, ¢; (%)%, w) — (R *)TW; 1 (*)*, w)
—max {0, 62, w) — (€)W, o (2, )] dw} +oxB =0
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Rearranging (14) yields

(-3

[max {0, ¢j(x(k)’*,w)
Q

2
f(eUf%*)WWj}] dw} + o1
m
= 2y(e®*) =28 3 [ max {0, ¢;(z"* w) — (M)W, } o, (2, w)dw
j=1Ja
(15)
Letting k — 400 in (15) gives
2y(eR)*y—a=p Z /Q max {0, o (2" W) — (e(k)’*)VWj}(bj(x(k)’*,w)dw — 400
j=1

(16)
Define

y* = (e(k)’*)_o‘_ﬂZ/ﬂmax{o,(ﬁj(x(k)’*,w) — (™) W; }dw (17)
j=1

From (16) and (17), we have

y* — 400, as k — +oo (18)

Define
2 = yF/IyF| (19)

Clearly
Jim ] = 7] = 1 (20)

Dividing (2.11) in [1] by ||y*| yields

(k),*
Bf(ag ) Q(E(k),*)fa

X

+ /max 0, ¢ (x™* w)
A e Sy Sl ke

—(e(k)’*)VWj }

09, (x(k)’*, w)

ox dw =

(21)

Of(x)

X

Note that z(F)* — 2* as k — 400 and that

a¢]( ’w)
ox

Then, it can be shown that there exist constants K and K, independent of k, such
that, for all k =1,2,---,

and, for each j =1, ..., m, ¢;

and are continuous in R™ for each w € ), where 2 is a compact set.

o5
— <
1)) <k (22)
() _
HWHgK, for j=1,--- ,m. (23)
X
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By substituting (17) and (19) into (21), we obtain

of @)

ox 2(€(k)’*)

—« B m
0 .
PO A ;/Qma"{ ol

)

96, (x9)*, w)

_(e(k)v*)ij} pe dw =0
(24)
Note that
1 B 1
Nkl (e®)\8  —
”y ”( ) e(k —a—8 Zmax {0 ¢ (k)’*dﬂ) _ (E(k),*)ij}n(e(k),*)ﬁ

1

m
I Z max {0, ¢j(x(k)’*, w) — (e(k)
j=1

W I (e® )

(25)
From Theorem 3, we have ¢;(z*)* w) = o((¢!¥)*)%) and v > «, § > a. Thus
3 e 0,859 ,0) = (€YW)
26
= ||Zmax{0 )W | (26)
= O
and hence,
1
klimo T (@) — +o00. (27)
From (22) and (27), it is clear that
L O UEGRY
e —— — 400, k — +00 (28)
Ika||(€(k) *)P
On the other hand,
2(ek)x)—a—p m/ (k). 09, ( ,w)
max {0, ¢;(z\")", )W 7dw’
i 0By
(e(kf —a—p M /’ k:) 8¢] ,w)
max {0, ¢;(z'\")", )W 7’@;
T 0B
(k) a—g M OB 29
= 7(6 T /max{() oj(x B ) (R VW}‘W)J )’dw (29)
Y
(k),*\—a— ,8 m —
< 2e H kH /max{() ¢ (25 w) (e®* )W,V K dw
Y
= 2K 2"

where 2* is defined by (19). Clearly, ||z*|| = 1. Thus, it follows from (29) that 2K 2"
is bounded uniformly with respect to k. This together with (28) is a contradiction
0 (24), and hence completing the first part of the proof .
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For sufficiently large k, every local minimizer (z(*)*, ¢(*):*) has the form (z*,0).
It is obvious from Theorem 2 that z* is a feasible point of Problem (P). This
indicates that there is a neighborhood of x*, such that for any feasible x of Problem
(P)
f(.lf) = fo'k:('r70) > ka(x*vo) = f(x*)

Therefore, 2* is a local minimizer of Problem (P). This completes the proof. [
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