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Abstract

A weighted version of the k —out-of-n system is considered.
In the disjoint products version of reliability analysis of
weighted—k —out—of-n systems, it is necessary to determine
the order in which the weight of components is to be consid-
ered. The k —out—of-n G(F) system consists of » compo-
nents; each component has its own probability and positive
integer weight such that the system is operational (failed) if
and only if the total weight of some operational (failure) com-
ponents is at least & . This paper designs a new method to
compute the reliability formulas using SDP method. The
proposed method expresses the system reliability in fewer
reliability formulas than those already published.

i Keywords: Weighted— & —out—of~ n system; Reliability
formulas; SDP method; Weight of components.

1. Introduction

The weighted— k& —out—of- n :G(F) system consists of »

components, each of which has its own probability and posi-
b tive integer weight (total system weight =w), such that the
system is operational (failed) if and only if the total weight of
] some operational {failure) components is at least & [6]. The
reliability of the weighted—% —out—of—# :G system is the-
component of the unreliability of a weighted-(w—k+1 )~
out~of-n ‘F system. Without loss of generality, we discuss the
weighted— & —out—of-» ‘G system only. The original & —out—
of-n ‘G system is a special case of the weighted-k —out—of-
n ‘G system wherein the weight of each component is 1. The
system model was extended to a two-stage weighted model
with components in common [7]. Recently, several different
aspects of related problems were investigated [4], [5].
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One of the questions that arise when using recursive disjoint
products algorithms for reliability of the weighted—k —out—
of-n system is the order in which the weight of components
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should be considered [3]. The system was introduced by Wu
and Chen in 1994 [1]. They proposed O(n-k) algorithm to
compute the exact system reliability However, their algo-
rithm does not take any account of the order of components.
The number of product terms in their reliability formula is
strongly influenced by the order of components.

Higashiyama has pointed out the advantages of an alterna-
tive order in the method based on the weight of components
[2]. Three types of orders are studied in [2}: (1) random order
(1}, (2) ascending order, and (3) descending order. In ascend-
ing order, the components are arranged so that the lower
weight has a lower component number. That means that the
component order is equivalent to the order of the weight of
components in the system. This order is also called best order.
For example, if the weight of component i is less than the
weight of component j , then the component number i

must be lower than the number j . The descending order is
opposite of the ascending order and is also called worst order.
The best order method reduces the computing cost and data
processing effort required to generate an optimal factored
formula [2].

The method proposed in [2] dramatically reduced the com-
puting cost and data processing effort. However, a lot of reli-
ability formulas unused in later steps are automatically de-
rived in the method. This paper gives an efficient algorithm to
generate the reliability formulas only to be used in later steps.

A relatively new but popular method for obtaining a reliabil-
ity formula for coherent system is the Abraham SDP method
[o]. This paper aims to apply the SDP method to the
weighted— & —out—of—n ‘G systems. The algorithm described
in this paper gives the disjoint product terms.

Section 2 describes the notation & assumptions. Section 3
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shows an O(n-k) algorithm by Wu—Chen for the reliability
of the weighted—k —out—of-n :G system. Section 4 shows a
revised algorithm by Higashiyama to generate a factored
reliability formula. Section 5 gives Higashiyama's recent al-
gorithm to reduce the number of computing steps. Section 6
proposes new algorithm using SDP method to derive the re-
liability formula.

2. Model
Notation

n  number of components in a system.

k  minimal total weight of all operational (failure) compo-
nents which makes the system operational (failure).

wi weight of component ;.

pi operational probability of component .

i 1.0~ pi , failure probability of component ;.

R.B.W  [random, best, worst] case in which the compo-
nents of the system are ordered [randomly, the lower
weight one has lower number, the higher weight one has
lower number.

Ra(i,j) reliability formula of the weighted- j ~out— of—i:
Ga for Q=R ,B,W case.

R4G,j) reliability formula of Ra(i,j) for Q=R,BW
case in the new method which generates only the reli-
ability formulas that are used in later steps.

Ma(i,j) binary random value indicating the state of

RY(i,j) for Q=R ,B,W .

Assumptions

A, Each component and the system has binary states, ie.,
either operational or failed.
B. The components and system are non-repairable.
C. All components are statistically independent.
D. Sensing and switching mechanisms are perfect.
E. Each component has a known positive integer weight.
F. Operational probability. of each component is known.
G. The system is operational if and only if the total weight of
operational components is at least £ .
3. Wu—Chen (random case) [1]
Wu and Chen [1] have presented an O(n-k) algorithm to
evaluate the reliability of the weighted—k —out—of—n : Gz
system.
To derive Rr(i, j), the algorithm needs to construct the
table with Rr(i,j) , for i=01,2,...n, and
j=0,1,2,....k. Initially,

Re(i,0)=1.0 ,for i=0,1,2,....m; @

R(0,/)=0.0, for j=1.2,..k. 0)
Furthermore, if ; <0, it is obvious that for any i:

Re(i,/)=1.0 ()

For i=12,....,n, and j=1,2,... k, their algorithm gener-

ateseach R«x(i,j),

pi-RG-1, j—w)+qi-R(i-1,j), if j-w20;

S . 4
pi+gi-R(i—1,j), otherwisc.

Rr (i, )) ={

Now the algorithm for computing R(n,k) is:
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1. Using equation (1) and equation (2), construct row 1 and
column 1in the Re(i, ;) table.

2. Using equation (4), construct row 2, row 8, ..., row
(n+1) inthatorder. Hence, Re(n,k) is eventually derived.
Because the size of the Ra(i, ) table is (n+1y-(k+1), the
size of the sequential algorithm needs O(n-k) running
time.

This method has a disadvantage in that the number of terms
depends on the order of components. Hereafter it is referred
to as random order method.

Consider a weighted-5—out-of-3:Gz system with weights;
wm=2, w=6,and wai=4.
By equation (1), get column #1 wherein,

Rr(0,0) = Re(1,0) = Rr(2,0) = Re(3,0)=1.0 )
and by equation (2), get row #1 wherein,

Rr(0,1)= R(0,2) = Re(0,3) = Re(0,4) = Re(0,5) = 0.0  (§)
Therefore, by equation (4) rows #2, #3, and #4 are derived as
follows: )

Row #2;

Re(LD) = py - Rp(0,=1) + ¢y - R(0,1) = p,

Ry(1,2) = p, - Ry(0,0)+, - Ry(0,2) = p,

Re(1,3) = p, - Rp(0,D) + ¢, - Ry(0,3) = 0.0 @)

Ry(1,4)=p,- Re(0,2)+¢, - Ry (0,4)=0.0

Re(1,5) = py - Rg(0,3) + g, - R (0,5) = 0.0

Row #3;

Ry(20)=p,- Ry(1,~5)+¢, Ry(L)= p, + pY 2

Ri(2,2) = p, Ry (1,4) + 4, - Ry(1,2) = Pyt q,p

Ry(2.3) = py - Ry(1,-3) + g, - R, (1,3) = p, ®

Rp(2,8) = p, - Ry (1,-2) + g, - Ry (1,4) = p,

Re(2,5)= p, - Re(L,=1) + ¢, - R, (1,5) = p,
Row #4;
Re(3.1)= p; Ry(2,-3)+ ¢, - Rp(2,1)
=pi+g-(py+ qul') =Pt @apy 4.9
Ry(3,2)= Py Rp(2,-2)+ g; - Rp(2,2)
=P+ 45 (P24 :P) = Py +G3py + 419, P, ©
Ry(3.3) = p,- Ry (2,-D) + g, "Re(2,3)=py+qp,
Ry(3,4) = py- Rp(2,0) + g, - Rp(2,4) = Pyt q3p,
Ry(3.5) = py- Ry(2,D)+ g5 - Ry (2,5)
=P (Py+qap)+ 4apy = papy + P:d2Py + 43D,

4. Higashiyama method -1[2]
4.1 Best case .

This section presents the best order of components so that the
lower weight component has lower component number. After
reordering of the components, the same procedure as in [1)
can be used to compute the system reliability. Hereafter it is
referred to as best order method.

Therefore, consider the reliability formula for the reordered
weighted-5—out-of-3: Gs system with weights; w =2 R
w2=4,and wr=6.



By equation (1), get column #1 wherein,

R(0,0) = Rs(1,0) = Rs(2,0) = Rs(3,0)=1.0 10
and by equation (2), get row #1 wherein,
Rs(0,1) = Rs(0,2) = Re(0,3) = Ra(0,4) = Rs(0,5)= 0.0 45))

Therefore, by equation (4) rows #2, #3, and #4 are derived as
follows:

Row #2;
R,(LD) = p - Ry(0,-1) + ¢4, - Ry(O,) = py
Rg(1,2)= p, - Ry(0,0)+q,- Ry(0,2)=p,
Ry(13) = 1y - Ry(0.1) +4,- Ry(0,3) = 0.0
Ry(L,4)=p, - Ry(0,2)+ ¢, - R;(0,4) = 0.0
RB(I:S) =p- Ry (0,3)+¢g, - RB(O’S) =0.0

Row #3;
Ry(2,1)=py -Ry(1,-3)+ g, - Ry (L)) = p, + 4Py
Ry(2,2)=p, - Ry(1,-2) + ¢, - Ry(L,2) = p, + G, Py
Ry(2,3)=p, Ry (L, -1 +g, Ry(1.3)=p,
Ry(2.4)=p, - Ry(1LO) + ¢, - R, (L, D) = py
Ry(2,5)= py - Ry(L1) + g - Ry (1,5) = P2y

Row #4;
Re(3,5) = ps - Rs(2,~1)+ g3 - Rs(2,5) = ps + g3 p2 1 (14

The final result Re(3,5) is only generated from reliabilities

Rs(2,~1) and Rs(2,5), so it is not necessary to caleulate
Re(3), Rs(3,2), ..., Rs(3,4).

4.2 Worst case

12

(13)

This section presents the worst order of components so that
the higher weight one has lower component number. After
reordering of the components, the same procedure as in (1]
can be used to compute the system reliability. Hereafter it is
referred to as worst order method.

Consider the reliability formula for the reordered
weighted—5—-out—of-3: G system with weights; w =6,
w=4,and ws=2.

By equation (1), get column #1 wherein,

R (0,0) = Rw(1,0) = Rv (2,0) = Rw (3, =10
and by equation (2), get row #1 wherein,

R (0,1) = Rw(0,2) = Rv(0,3) = Rw (0,4) = Rw(0,5)=00 (16)
Therefore, by equation (4) rows #2, #3, and #4 are derived as
follows:

Row #2;

R, (LD =p, R, (0,-5)+q, Ry 0, =p,

R,(1,2)=p,- R, (0,~4)+q,-R,(0,2) = p,

R, (1L3)=p,- Ry (0,-3)+q,- Ry (0.3) = p,

Ry (L) = p,- R (0,-2) + 4, Ry (0,4) = p,

Ry (1,5) = p, Ry (0,-D+4q,- Ry (0,5) = p,
Row #3;

15)

an
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Ry(2,1)= py- Ry 0L,-3)+g, R, =p+ 4P,
R,(2,2)=p, Ry (1,-2)+g, R, (1L2) =P + 4,
Ry(2,3)=p,- R,(1,-D+g,- R,(1,3)=p, +4:p,
Ry (2,4)=p,- R, (1,0)+4q,- R,(1,4) =p,+qap,
Ry (2,5) = py- Ry (L) + g, Ry (1,5)= p.py + 42,
Row #4;
Rw(3,5)= p3- Rw(2,3) +¢q3- Rr(2,5)
=p(p+@p)+g-(p2p+gap)
= papr + p3gapr + Pprpi PGP (19
In the same manner to best case, the final result Rw(3,5) is
only generated from reliabilities Rv(2,3) and Rw(2,5), so
it is not necessary to calculate Rwv(3,1), Rv(3,2), ...,
Rw(3,4).
4.3. Comparisons between three results

18

A. Using the component numbers in the weighted-5-out—of-
3:Gs system, Re(3,5) (nterchange component num-
bers 2 and 3 and (nterchange component numbers 1 and
3) can be rewritten as, respectively;

Re(3,5) = psp2+ qsp2pr + p3g2 = ps (P2 + @)+ @prp ©0)
= py+q@prp = Re(3,5)

Rw(3,5) = papi+ psqapi + p3pag + p3gagh
=@ppi+ pspapt paqapit paprge + p3qeqh
=p-{(prq)- pr(p+q)- g+ ppp ©1)
=p+qprp = Re(3,5)

B. Best order method generates only 2 product terms and 4
variables, and requires 1 addition (+ —operator) and 2
multiplications (X —operator).

C. Random order method generates 3 product terms and 7
variables, and requires 2 additions and 4 multiplications.

D. Worst order method generates 4 product terms and 11
variables, and requires 3 additions and 7 multiplications.

5. Higashiyama method-2 (8l

The method proposed in 2] dramatically reduced the com-
puting cost and data processing effort. However, a lot of reli-
ability formulas unused in later step are automatically de-
rived in the method. For Example, Best case in the section 4.1
derives Rs(3,5) as a final result. The final result is only de-
rived from three reliability formulas, Re(2,5), Rs(l,1), and
Rs(1,5). Each of formulas without three ones are not used to
generate the final result, then these formulas do not need to
generate the final result. This section gives an efficient algo-
rithm to generate the formulas only to be used in later steps.

5.1 Algorithm

The Algorithm: Generate reliability formulas only used in
later steps is based on the definition of the system structure
function, which is given in Notation of Section 2. Step 1 gen-
erates the matrix, M, (i,j) position of which corresponds
to a reliability formula, Rs(i, /) . Each digit 1 of M means the
formula to be derived. Each digit 0of M means the formula
not to be derived. The format of the algorithm makes it easy
to implement in a high-level programming language like




}
{
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Fortran, Pascal, or C.
Algorithm: Generate reliability formulas only used in later
steps
inputt n,k,w ~wa, pr ~ pu;
common: n,k,w ~ wa, pi ~ pu, M,R;qi = 1.0~ pi:
Step 1
initial clear: M1<i<nl<j<k]=0;
M[n,k]:=M[n-1k]:=1;
if k—wi >0 then M[n-1,k~w]=1; endif
for i==n—1 step -1 until 2 do
for j:==1 untl ¥ do
if M[i,j]=1 then M[i-1,j]:=1;
if j-w>0 then M[i-1,j-w]=1
end if} end if} end for; end for;
Step 2
initial clear: R0<i<n,j<0]:=1.0; R[0,1<j<k]=00:
for ;=1 until » do
for j:=1 until ¥ do
if M, j]=1
then R[,j1=pi-R[i~1,j—-w]+gqi-Rli-1,/];
end ifs end for; end for;
Return
5.2 Examples

Consider the weighted-5—out-of-3:G  system with weights;
wm=2, wa=6, and ws=4. For each case (R,B,/¥ ), the
Algorithm generates the reliability formulas below for each
case about the example system, The proposed method only
derives the reliability formulas to get the final result, then
each of formula numbers corresponds to the formula number
to be added in the section 3 and 4.

5.2.1 Random case
After executing of Step 1 in the Algorithm, the matrix, Ml

5

is;

10001
Mr =]10001
00001

By virtue of M« , Step 2 generates the reliability formulas as
follows; :
R¥(L1) = pr - RY(O,-1)+ g - RE(O,1) = pu

1%t row in equation (7)
RE(1,5) = pi-RE(0,3)+ - RY(0,5) = 0.0

5th row in equation (7)
REQD=p2 RE(L,-5)+q- RY (L) = p2+ g

1t row in equation (8)
RY(2,5)= p2-RE(L,~1)+ g2 - RF (L5) = p»
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5% row in equation (8)
Finally the algorithm derives the final result as follows;
RYB,5)=ps-REQ21)+qs- RE(2,S)
=p(p2+q@p)+qap: = psp2+ psqap+ g pa
5th row in equation (9)
5.2.2 Best case

After executing of Step 1, the matrix is;

10001
Mz =] 00001
00001

By virtue of M s, Step 2 derives the formulas as follows;

RY(LD = pi - RY(0,=1) + g1 - RE(0,1) = pn

1%t row in equation (12)
R¥(1,5) = pi-RY(0,3)+ g1 - RY(0,5) = 0.0

5t row in equation (12)
RF(2,5) = pr-RE(LD+ g2 RY(L,5) = papi

5th row in equation (13)
RY(3,5)=pr-REQ~D+ g3 - REQ2,5) = ps+ e (14)
5.2.3 Worst case

The Mw and R} arederived as follows;

10101
Mw =] 00101
00001

R¥AD) = pi - Rw(0,~5) + qi - Rw (0,1) = pu
1 row in equation (17)
RE(L,3) = pr- RY(0,-3)+ g1 - RY¥(0,3) = p
3 row in equation (17)
R¥(1,5) = pi- R¥(0,-D + g - RY¥(0,5) = pu
5th yow in equation (17)
R¥(2,3)=p2-R¥(L,-1)+ g2 - R¥(1,3) = po + q1pi
3" row in equation (18)
R¥(2,5)= p2 REQLD) +q2 - RE(LS) = papi + 2 pu
5% row in equation (18)
R¥(3.5)=pa- RE2,3)+ g3 - RE(2,5)
=pAp+@p)+g-(p2p+qp)
=piapr+ px@pot@papo+ g pe ¢ (19)
5.2.3 Comparisons
The proposed algorithm can generate three types of the final
reliability formula above, RY(3,5), R} (3,5), or RY(3,5),

for each case.
A. For the random case, the proposed algorithm needs 5 reli-
ability formulas to get the final reliability formula and 6



reliability formulas are omitted.

B. For the best case, the proposed algorithm needs 4 reliabil-
ity formulas to get the final reliability formula and 7 reli-
ability formulas are omitted.

C. For the worst case, the proposed algorithm needs 6 reli-
ability formulas to get the final reliability formula and 5
reliability formulas are omitted.

6 New algorithm using SDP method

6.1 SDP method

In the reliability problem of weighted—k —out— of—n :G(F)
system, the system is operational (failed) if the total weight of
some operational components is at least k . Therefore, the
reliability formula of weighted system would be calculated if
all the minimal sets were evaluated. Let A denote the
product of Boolean variables corresponding to /- th mini-
mal set. Then the reliability formula is derived as:
F=A+A+.+ An 20)

where m is the number of minimal sets. If the minimal set
denotes the operational set, 4 is the product of Boolean
variables, x’s, corresponding to /—th operational set: oth-
erwise, 4 is the product of Boolean variables, X s, corre-
sponding to i—th failed set.

If the texrms of the reliability formula are disjoint, then the
reliability formula and the numerical formula are one—to-one
identical with one another. As is well known, some of
4i (i=1,2,...,m) in equation (19) are not disjoint each other
This means that if one substitutes the numerical values into
the reliability formula, the system reliability can not be com-
puted.
Tomake 4 ’sdisjoint, F istransformed as:
F=A+AiA+AAAB+.. +AA2.. ;... AdinA ©@1)
+... A1 Az A Au
Consider the following i —th function £ inequation (21):
Fi=A4A:... ;... i 4i . (22)
Let B;i be the set of variables which exist in 4; and which
donotexistin 4 ,and A4i be the product of xi’s, xx € Bi.
Then equation (22) can be rewritten as:
Fi=AAu. A A (23)
Furthermore, if any two product terms 4w, 4; inequation
(23) is satisfied with Bw c Bji, then A is dropped from
equation (23). Let 4% (j=1,2,...,b) be the un-dropped
product terms. Then F can be rewritten as:

F=A4%A4"%.. Aud (24)
et A hasfixed 2-valued indicators xix2...xt, then
A=F + 0%+ 0xXs +... XX Xk-1 Xk (25)

Referring to the formula of equation (25), equation (24) is

transformed into sum of disjoint terms.
6.2 Basicidea

In this section we will briefly expose, by means of an example,
the basic idea in the method to be proposed.

Consider the random case weighted—5—out—of-3 system with
weights w=2, w2=6, ws=4.Let Si be a minimal set
of weighted components whose total weight is more than or
equal to k. There are 2 sets, which are ordered so that the
smallest one are first, that is, in order of the number of ele
ments in the events.

Si={m}

S2 = {w, ws}
let x be Boolean variable of i-—th component, wi, in the
weighted— & —out— of-n system. The product of Boolean
variables, 4, corresponds tothe i—thset, Si,as follows:

A=x

A=
Then the reliability formula, F ,isderived as:,
F=A+A=x+xx5 26)

And using equations (21)~(25), the reliability formula, F , is
transformed by Boolean algebra as flows:

F=A+AiA =x+Xax0x3 @7
The number of indicators and terms in equation (27) is equal
to the number of probabilities and terms in equation (14).
And the final result is independent of the order of weighted
components.

Next we consider another example, weighted-7—out— of—4
system with weights, =2, w=3, m=4, w=5.
There are 4 minimal sets as follows:

Si = {w2, w3}

S2 = {wm,ws}

853 = {w2,ws}

Si = {3, ws}

Then the product of Boolean variables are correspond to

minimal sets:
A= xax
A =xxs
A = x2xs
A = X33

The reliability formula, F , is derived as:
F=d+hd+bt+A=4+AA+AAAb+AiArAd

=F+FR+hB+F @9
Consider F, F3, and Fs in equation (28):

= (Xixs) - xaxs =Xi - X2x5 29)

F = (3006 )(X2X3) - x3xs = %1 %2 - Xaxs (30

P = (5 (o (535 ) - w23 = Fs - X203 8D




Therefore, the final result, F is
F=A+A+A+Aa=A+B+FE+F
= XiXs + XiX2Xs + X1 X2X3Xs + Xsxaxz

(32

7. Conclusions

In the old version of the reliability analysis of
weighted—k ~out— of~n systems, it was necessary to deter
mine the order in which the weight of components is to be
considered. This paper designs an algorithm using SDP
method to compute the reliability formula. The proposed
method expresses the system reliability in fewer reliability
formulas than those already published. The number of dis-
joint product terms in the reliability formula is independent
of the order of weighted components.
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