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ABSTRACT

The Hashin-Shtrikman (HS) bounds define the range of
bulk and shearmoduli of an elastic composite, given themod-
uli of the constituents and their volume fractions. Recently,
the HS bounds have been extended to the quasi-static moduli
of composite viscoelasticmedia. Becauseviscoelasticmoduli
are complex, the viscoelastic bounds form a closed curve on
the complex plane. We analyze these general viscoelastic
bounds for a particular case of a porous solid saturated with
a Newtonian fluid. In our analysis, for poroelastic media, the
viscoelastic bounds for the bulkmodulus are represented by a
semicircle and a segment of the real axis, connecting formal
HS bounds that are computed for an inviscid fluid. Impor-
tantly, viscoelastic bounds for poroelastic media turn out to
be independent of frequency. However, because the bounds
are quasi-static, the frequency must be much lower than
Biot’s characteristic frequency. Furthermore, we find that
the bounds for the bulk modulus are attainable (realizable).
We also find that these viscoelastic bounds account for
viscous shear relaxation and squirt-flow dispersion, but do
not account for Biot’s global flow dispersion, because the
latter strongly depends on inertial forces.

INTRODUCTION

It is generally believed that seismic attenuation and dispersion in
many fluid-saturated porous rocks are controlled by the viscosity of
the pore fluid. When an elastic wave propagates through a fluid-
saturated medium, it creates local pressure gradients within the fluid
phase, resulting in fluid flow and corresponding viscous dissipation
until the pore pressure is equilibrated. This process can take
different forms depending on the spatial scale of the pressure

gradients and the geometry of the pore space. Commonly identified
mechanisms of wave-induced fluid flow are global or macroscopic
flow, local or squirt flow, and mesoscopic flow (Batzle et al., 2006;
Müller et al., 2010). In the global flow, wave-induced pressure gra-
dients are caused by the difference in solid and fluid densities (Biot,
1956a, 1956b; Pride et al., 1992). Squirt flow occurs because dif-
ferent pores have different compliances, and thus the same stress in
the wave causes different deformation of different pores (or differ-
ent parts of the same pore), which in turn creates fluid pressure gra-
dients on the pore scale (Mavko and Nur, 1975, 1979; O’Connell
and Budiansky, 1977; Jones, 1986; Dvorkin et al., 1995; Chapman
et al., 2002; Pride et al., 2004; Gurevich et al., 2010). Mesocopic
flow is similar in nature to squirt flow, but is caused by pressure
gradients between areas of the rock which are much larger than
the pore scale but much smaller than the wavelength (White, 1975;
Dutta and Ode, 1979a, 1979b; Lopatnikov and Gurevich, 1988;
Gurevich and Lopatnikov, 1995; Pride et al., 2003; Müller et al.,
2010). These pressure gradients are caused by spatial variations
of rock matrix compliance (White et al., 1975) or in pore fluid
compressibility (White, 1975; Gist, 1994; Johnson, 2001; Toms
et al., 2007).
Common to all three dissipation mechanisms described above is

the fact that they are all related to fluid viscosity. Indeed, none of
these mechanisms occurs in porous media saturated with an inviscid
fluid. Despite this common feature, there is as yet no unified the-
oretical model of all these mechanisms. Therefore, it appears par-
ticularly useful to investigate rigorous bounds for the dispersion and
attenuation that would be independent of the geometry. In the theory
of elasticity, the Hashin-Shtrikman (HS) bounds define the range of
bulk and shear moduli of an elastic composite, given the moduli of
the constituents and their volume fractions. Recently, the HS
bounds have been extended to the moduli of composite viscoelastic
media (Gibiansky and Milton, 1993; Milton and Berryman, 1997).
In this paper, we aim to explore these bounds for a particular case of
a porous medium, that is, a mixture of an elastic solid and a linear
Newtonian fluid.
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RIGOROUS VISCOELASTIC BOUNDS

The HS bounds define the range of bulk and shear moduli of an
elastic composite, given the moduli of the constituents and their
volume fractions (Hashin and Shtrikman, 1963; Christensen,
1979; Mavko et al., 1998). Gibiansky and Milton (1993) extended
the HS bounds for bulk modulus to linear viscoelasticity using var-
iational principles. They considered the response of statistically iso-
tropic 2D and 3D composites with two viscoelastic isotropic phases
mixed in fixed proportions in the quasi-static regime. Note that in
the frequency domain (that is, for strains and stresses that are sinu-
soidal functions of time), a viscoelastic solid is described by the
same equations as an elastic solid, but with moduli that are com-
plex-valued, with the real part defining the wave velocity and the
imaginary part corresponding to attenuation (Hashin, 1970; Chris-
tensen, 1971). Therefore, for a given frequency, the bounds should
be represented by a closed curve in the complex plane that encircles
the permissible region for the (complex) values of the moduli. This
closed curve consists of arcs of circles containing several points re-
lated to the bulk and shear moduli of the constituents. The resulting
bounds form a lens-shaped region obtained by taking the intersec-
tion of all such arcs. Similarly to the HS bounds, the viscoelastic
bounds are independent of the microstructure of the rock. In the
limiting case of an elastic medium, all the constituent moduli are
real and the viscoelastic bounds reduce to the elastic HS bounds.
For a composite of two viscoelastic media with bulk and shear

moduli K1, G1, K2, and G2, respectively, Gibiansky and Milton
(1993) give their main result as follows. Let Arcða1; a2; a3Þ
denote the arc of a circle in the complex plane joining the points
a1 and a2 that when extended passes through a3. For the three-
dimensional complex bulk modulus bounds, consider four arcs:
ArcðK1� ; K2� ; KhÞ, ArcðK1� ; K2� ; KaÞ, ArcðK1� ; K2� ; K1Þ, and
ArcðK1� ; K2� ; K2Þ. Then, the outermost pair of these arcs will give
us the bounds.
In the above expressions,

K1� ¼ f1K1 þ f2K2 −
f1f2ðK1 − K2Þ2

f2K1 þ f1K2 þ G1

; (1)

K2� ¼ f1K1 þ f2K2 −
f1f2ðK1 − K2Þ2

f2K1 þ f1K2 þ G2

; (2)

Ka ¼ f1K1 þ f2K2; (3)

and

Kh ¼ ðf1∕K1 þ f2∕K2Þ−1; (4)

where f1 and f2 ¼ 1-f1 are volume fractions of the two viscoelastic
constituents. Expressions 1 and 2 formally coincide with the HS

bulk modulus bounds, whereas equations 3 and 4 formally coincide
with the upper and lower Voigt-Reuss-Hill bounds (Christensen,
1979; Mavko et al., 1998). However, for viscoelastic media, these
expressions are not bounds. In viscoelastic media, the moduli also
are frequency-dependent, and therefore the given bounding region
may vary with the frequency.

BOUNDS FOR A POROUS MEDIUM

A fluid-saturated porous medium (also called a poroelastic med-
ium) is a mixture of an elastic solid and a viscous fluid, and there-
fore represents a special case of a viscoelastic composite. We use the
term “poroelastic” in a broad sense, without assuming anything
about the connectivity of the solid or fluid phase. Consider that
the elastic frame is composed of a single linearly elastic material
with real moduli K1 ¼ Kg and G1 ¼ Gg, and the fluid is character-
ized by a bulk modulus K2 ¼ Kf and a viscosity η, so that at fre-
quency ω its complex shear modulus is G2 ¼ iωη. We further
assume that the imaginary shear modulus of the fluid G2 ¼ iωη
is much smaller than the real part of the bulk modulus:
ωη ≪ ReK2. This condition is valid for most fluids even at
ultrasonic frequencies. For instance, for water at 1 MHz, ωη ¼ 6.3 ⋅
103 Pa whereas ReK2 ¼ 2.25 ⋅ 109 Pa. Furthermore, if the bulk
and shear viscosities of the fluid are of the same order of magnitude,
the effect of the bulk viscosity on the fluid bulk modulus K2 is neg-
ligible, and thus it can be assumed thatK2 is real. We further assume
that the solid material is stiffer than the fluid, K1 > K2. Indeed, the
least compressible pore fluid (brine) has a bulk modulus of at most
3 GPa, whereas most minerals have a bulk modulus over 10 GPa
(Mavko et al., 1998). Solid and fluid displacements are assumed
small, so that equations of linear viscoelasticity apply.
If we now examine expressions 1–4, we will see that the moduli

K1� , Ka, and Kh, as well as moduli K1 and K2 are all real, whereas
the modulus K2� is complex with a very small imaginary part. Ex-
panding the expression for K2� in the powers of a small (by absolute
value) quantity G2 ¼ iωη, we can rewrite equation 2 in the form

K2� ¼ f1K1 þ f2K2 −
ðK1 − K2Þ2

K1

f1
þ K2

f2

�
1 −

G2

K1

f1
þ K2

f2

�
; (5)

or

K2� ¼ Kh þ
�

K1 − K2

K1∕f1 þ K2∕f2

�
2

G2. (6)

Thus, ReK2� ¼ Kh and on the complex plane K2� lies very close
to Kh but slightly off the real axis. The construction of the bounds is
illustrated in Figure 1 for a mixture of quartz (K1 ¼ 37 GPa and
G1 ¼ 44 GPa) and water (K2 ¼ 2.2 GPa and η ¼ 0.001 Pa ⋅ s),
and for porosity ϕ ¼ f2 ¼ 0.109 and frequency f ¼ 4 ⋅ 1010 Hz.
Such an extremely high frequency was chosen to see the deviation
of the modulus K2� from the real axis. For frequencies below
1 MHz, K2� would always be directly above Kh, but would be vi-
sually indistinguishable from it. We also note that the moduli Ka,
Kh, and K1� represent the true Voigt, Reuss, and upper HS bounds
for the (real) bulk modulus of a mixture of a solid with the bulk and
shear moduli K1 and G1, and an inviscid fluid with the bulk mod-
ulus K2<K1. Thus, K2<Kh<K1�<Ka<K1. It follows that the arcs
ArcðK1� ; K2� ; KaÞ, ArcðK1� ; K2� ; K1Þ, and ArcðK1� ; K2� ; K2Þ are
almost straight line segments coinciding with the real axis, whereas
the arc ArcðK1� ; K2� ; KhÞ is a semicircle connecting Kh and K1� .
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Figure 1. Bounds for the complex bulk modulus (solid lines).
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The bounding region is a half-disk between this semicircle and the
real axis.
We also note that the real moduli K1, K2, Kh, K1� , and Ka are

independent of frequency, whereasK2� has a constant real part and a
frequency dependent imaginary part. However, as long as this
imaginary part remains small, the circular arc ArcðK1� ; K2� ; KhÞ
remains the same. Thus, we can conclude that the bulk modulus
bounds for a poroelastic medium are the same for all frequencies.
A similar (but somewhat more involved) derivation shows that

the shear modulus bounds for a poroelastic medium also define
a half-disk in a complex plane. This derivation is based on the
expressions for shear modulus bounds for a general viscoelastic
composite obtained for isotropic 3D composites by Milton and
Berryman (1997).

PROPERTIES OF THE BOUNDS

Quasi-static nature of the bounds

At this point, we recall that all the bounds discussed in this paper
are quasi-static. Indeed, the HS bounds for elastic media are derived
from equations of static elasticity and represent the static composite
moduli, that is, moduli in the limit of zero frequency. Dynamic ef-
fects, such as scattering attenuation and dispersion caused by the
composite’s microstructure, are not accounted for by these bounds.
However, the concept of the static limit is not useful for viscoelastic
media because the constituent moduli themselves are frequency de-
pendent. Therefore, in viscoelasticity, moduli are called quasi-static.
For a homogeneous viscoelastic solid, the quasi-static state is the

state that is adequately described by equations of quasi-static vis-
coelasticity, that is, viscoelasticity equations without the inertial
terms (Christensen, 1971). For composite viscoelastic media, an ad-
ditional constraint is that strains and stresses are locally statistically
homogeneous (Hashin, 1970). This condition is satisfied when the
wavelength (of all wave modes that may propagate in such a
medium) is much larger than the typical size of heterogeneities.
Viscoelastic materials used in engineering mechanics and con-

struction engineering are typically nearly elastic solids, that is,
solids whose bulk and shear moduli are complex but with an ima-
ginary part much smaller than the real part. In a poroelastic medium,
one of the constituents is a fluid, often a low-viscosity fluid with a
very small complex shear wave (viscous wave) velocity, and hence
has a very small wavelength. Application of the viscoelastic bounds
to such a medium requires that the wavelength of the viscous wave
in the pore fluid, also known as the viscous skin depth (Biot, 1956b;
Johnson et al., 1987; Gurevich, 2002), be large compared to the
heterogeneity size. Therefore, the range of frequencies in which
the viscoelastic bounds are valid is much more restrictive than
for near-elastic composites and requires careful analysis.
To understand the range of validity of the bounds, let us examine

the processes that cause wave attenuation and dispersion in poroe-
lastic media. Of the known dissipation mechanisms, it is obvious
that standard viscoelastic relaxation (Christensen, 1971; Gurevich,
2002) must obey the bounds because it can be modeled by applying
the effective medium theory for elastic media to complex viscoe-
lastic moduli (Hashin, 1970). At the same time, the bounds would
not be valid for the scattering attenuation because in the elastic limit
these bounds reduce to HS bounds, which are static and do not
account for scattering.

What about the wave-induced flow? Below, we contend that
attenuation and dispersion caused by the squirt flow must obey
the bounds, whereas the global flow should not.

Squirt flow

Squirt flow is the flow of the pore fluid from more compliant
voids (such as cracks or compliant grain contacts) to stiffer pores
and vice versa. To illustrate this process, we propose the following
artificial porous medium. Assume that the matrix of this porous
medium at a given porosity is a Hashin’s coated spheres assemblage
(Hashin, 1962; Christensen, 1971). This structure is known to be the
stiffest possible structure of a porous medium with a given porosity,
and its bulk modulus is given by the upper HS bound. In the dry
state, we denote this modulus KHS. Let this structure be permeated
by a set of thin cracks such that their overall volume is negligible,
but the aspect ratio is very small and compliance large. The cracks
are thin but large in diameter and thus intersect many pores. Be-
cause their total volume is negligible, the cracks have no influence
on the upper HS bound, which is still equal to KHS. However, by
making their aspect ratio as small as possible, we can make the low-
er HS bound as small as we like (because the dry porous medium is
a mixture of a solid and a vacuum, its lower HS bound is zero).
Now consider this matrix saturated with a Newtonian fluid. At

low frequencies, its bulk modulus Klow is given by Gassmann’s
(1951) equation

1

Klow

¼ 1

K1

þ
f2

�
1
K2

− 1
K1

�

1þ f2

�
1
K2

− 1
K1

�
∕
�

1
Kdry

− 1
K1

� ; (7)

where Kdry is the dry bulk modulus. Because this dry modulus is
close to zero, Gassmann’s equation reduces to Wood’s equation,

Klow ≈ ðf1∕K1 þ f2∕K2Þ−1; (8)

and thus the saturated modulus is close to Klow ≈ Kh. However, at
high frequencies, the fluid has no time to move between pores and
cracks, and thus the bulk modulus is close to the upper HS bound,
Khigh ≈ K1� (Mavko and Jizba, 1991; Gurevich et al., 2009).
At intermediate frequencies, the modulus will correspond to a
point on a continuous curve connecting the points Klow ¼ Kh

and Khigh ¼ K1� .
As mentioned earlier, there is no universally accepted model of

squirt flow. To illustrate the effect of squirt, we use the model recently
proposed by Gurevich et al. (2010). To model the frequency depen-
dency of the moduli, Gurevich et al. (2010) assume the geometrical
configuration proposed by Murphy et al. (1986): a compliant pore
forms a disk-shaped gap between two grains, and its edge opens into
a toroidal stiff pore. Figure 2 shows the prediction of this model for
the bulk and shear moduli of hypothetical rock described above, with
crack (intergranular gap) aspect ratio of 10−3, along with the corre-
sponding viscoelastic bounds. Different red curves correspond to dif-
ferent crack porosities ranging from 10−6 to 10−2. Different curves
may be thought of as corresponding to different effective pressures
(Shapiro, 2003; Gurevich et al., 2010; Pervukhina et al., 2010). Dif-
ferent points on each curve correspond to different frequencies; fre-
quency increases as the point moves along the curve clockwise. The
corresponding frequency dependencies of the real part of the moduli
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and dimensionless attenuation factors 1∕Q for the bulk and shear
modulus are shown in Figures 3 and 4, respectively. On the complex
planes ReK, ImK and ReG, ImG in Figure 2a and 2b, the curves
look like semicircles and indeed they are. Carcione and Gurevich
(2011) have shown that the bulk modulus given by the squirt model
of Gurevich et al. (2010) can be written in the form of a Zener
element

KðωÞ ¼ KG

�
1þ iωτa
1þ iωτb

�
; (9)

where KG is the zero-frequency (Gassmann) modulus, τa and τb are
real-valued constants that can be calculated from the properties of the
medium, and τa∕τb ¼ K1�∕KG. On the plane ReK, ImK, the curve
given by equation 9 is a semicircle with a center at a midpoint Kc

between KG and K1� : Kc ¼ ðKG þ K1�Þ∕2. Indeed, the squared
distance between KðωÞ given by equation 9 and Kc is
jKðωÞ − Kcj2 ¼ K2

Gðτa − τbÞ2∕4τ2b, and is independent of fre-
quency. Thus, equation 9 describes a semicircle with the center at
Kc ¼ ðKG þ K1�Þ∕2 and a radius R ¼ KGðτa − τbÞ2ð2τbÞ−1 ¼
ðK1� − KGÞ∕2. For cracks with a very small aspect ratio,
KG ≈ Kh, and thus the semicircle given by equation 9 and corre-
sponding to the squirt-flow model of Gurevich et al. (2010) coincides
with the semicircle forming one of the arcs of the viscoelastic bound.
The above analysis yields two important conclusions. First, the

squirt flow attenuation and dispersion obey the viscoelastic bounds.
Second, viscoelastic bounds for the bulk modulus of a poroelastic
media are attainable (realizable), that is, for each point within the
bounds, there exists a geometrical configuration for which this point
corresponds to the exact value of the bulk modulus. No such con-
clusion could be drawn for the shear modulus.

Note that in the calculation of the squirt-flow dispersion we have
taken the bulk and shear moduli of the nonfractured dry medium to
be equal to the upper HS bounds for the respective moduli. It is a
classical result that Hashin’s coated spheres assemblage attains the
upper HS bounds for the bulk modulus; however, it is not known
whether this also is true for the shear modulus. Thus, the shear mod-
ulus of the Hashin assemblage (Figure 2b) could be slightly lower
than the upper HS shear modulus bound G1� , which is given by

G1� ¼ G1 þ
f2

−G−1
1 þ 2f1ðK1 þ 2G1Þ∕½5G1ðK1 þ 4G1∕3Þ�

:

(10)

This would not affect the conclusions of this section. Alterna-
tively, we could have instead used a high-rank laminate structure,
which does attain the HS bounds for bulk and shear moduli
(Francfort and Murat, 1986; Milton, 2002; Torquato, 2002).

Global (Biot) flow

Global (or macroscopic) flow is the pore fluid flow (relative to the
solid) caused by pressure gradients between peaks and troughs of
the wave. This flow is called global because it occurs on the scale of
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scribed in the text. Different lines correspond to different levels of
compliant porosity.

0 10 20 30 40
0

5

10

Re K (GPa)

Im
 K

 (
G

P
a)

K
f

K
g

K
h

K
1*

K
a

0 10 20 30 40
0

5

10

15

20

25

30

Re G (GPa)

Im
 G

 (
G

P
a)

G
g

G
1*

G
a

a)

b)

Figure 2. Bounds for the complex bulk (a) and shear (b) modulus
(solid black lines), and predictions based on the squirt model (red
lines); larger semicircles correspond to larger compliant porosity.
Different points on the same red semicircle correspond to different
frequencies. Symbols represent different moduli described in the
text.

L48 Gurevich and Makarynska

Downloaded 23 Oct 2012 to 134.7.248.132. Redistribution subject to SEG license or copyright; see Terms of Use at http://segdl.org/



wavelength, and in rocks, the wavelength of a seismic wave is
usually very large compared to the size of individual pores.
Attenuation and dispersion of elastic waves due to the global flow

is described by Biot’s theory of poroelasticity (Biot, 1956a, 1956b;
Pride et al., 1992; Müller et al., 2010). In Biot’s theory, low- and
high-frequency limits of the moduli are real. Therefore, as with
squirt, dispersion on the complex plane is represented by a contin-
uous curve connecting two points located on the real axis. To ex-
amine whether the global flow attenuation obeys the bounds, we
first explore these low- and high-frequency limits. We do this
for the shear modulus (not the bulk modulus) because it is given
by simpler expressions.
Let the rock matrix be an elastic solid permeated by a random

bundle of identical cylindrical tubes with circular cross-section
and random distribution of orientations (see, e.g., Johnson et. al.,
1987). We further assume that the overall porosity of this system
of tubes ϕ ¼ f2 is small (ϕ ≪ 1). Then, the dry modulus can be
computed with a low-concentration effective medium approxima-
tion for tubes or needles (Küster and Töksöz, 1974; Berryman,
1980). In accordance with Gassmann’s and Biot’s theory, the
low-frequency saturated modulus is equal to the dry modulus.
The result has the form

Glow ¼ Gdry ¼ G1ð1 − BϕÞ; (11)

where the coefficient B depends on the Poisson’s ratio of the solid.
The modulus given by equation 11 is close to, but lower than, the
upper HS bound G1� as given by equation 10 because the tubular
structure is less stiff than the structure with the same volume con-
centration of spheres (Christensen, 1979). If we write G1� in a
similar form G1� ¼ G1ð1 − CϕÞ, then it follows that C < B.
The high-frequency shear modulus can be computed from the

solution of Biot’s dispersion equation for the shear wave velocity
(Johnson and Plona, 1982; Mavko et al., 1998)

V2
S;high ¼

Gdry

ðρ − ϕρ2α
−1Þ ; (12)

where ρ ¼ ð1 − ϕÞρ1 þ ϕρ2 is the overall density of the saturated
medium, ρ1 and ρ2 are densities of the solid and fluid respectively,
and α is the tortuosity, which is equal to three for a system of
randomly oriented circular tubes (Torquato, 2002). Thus, the high-
frequency shear modulus is

Ghigh ¼
Gdryρ

ρ − ϕρ2α
−1 ≈

G1ð1 − BϕÞ
1 − ϕr

αð1−ϕð1−rÞÞ
; (13)

where r ¼ ρ2∕ρ1. Equation 13 shows that the high-frequency limit
of the shear modulus is controlled by the density ratio r, and can be
larger than the upper HS bound if r is sufficiently large. The largest
value of Ghigh is attained for large r and is Gmax

high ¼ ð3∕2ÞG1

ð1 − BϕÞ. Very large r means fluid density is much higher than so-
lid density. This is an unusual, but not impossible, situation; it can
occur e.g., when the solid itself contains isolated and empty pores.
For small porosity, modulus Gmax

high ¼ ð3∕2ÞG1ð1 − BϕÞ is higher
than the solid modulus G1, let alone the upper HS bound G1� . This
result may sound counterintuitive. The physical explanation is that
at high frequencies, the fluid and solid movements are no longer
coupled by fluid viscosity, and thus the shear (and compressional)

wave only has to “move” the mass of the frame plus the added fluid
mass trapped by the tortuosity of the pores. This results in a larger
modulus than at low frequencies, in which the solid and fluid are
“glued” to each other by viscous forces and the wave has to move
the overall mass of the solid and fluid. In fact, the presence of den-
sities in equations 12 and 13 indicates that Biot’s dispersion is con-
trolled by inertial forces, which are not accounted for in the
equations of quasi-static viscoelasticity, and thus do not have to
obey the quasi-static viscoelastic bounds. Thus, we can conclude
that the viscoelastic bounds can only be used for frequencies much
smaller than Biot’s characteristic frequency.
It also is clear that the bounds should be valid for dispersion and

attenuation due to mesoscopic flow, because it has the same phy-
sical nature as squirt flow (but on different spatial scales), and be-
cause it can be described by the low-frequency version of Biot’s
theory of poroelasticity. We should note however that global flow
and mesoscopic flow require solid and fluid to be interconnected so
as to form an interpenetrating continua. If the pores are isolated, the
low-frequency restriction would not apply (note that in this case the
permeability of the medium is zero and thus Biot’s characteristic
frequency is infinity).
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DISCUSSION

The bounds described in this paper correspond to complex bulk
and shear moduli in the frequency domain. Thus, they most directly
apply to moduli obtained in stress-strain measurements on rock
samples in which the driving stress oscillations are sinusoidal in
time (Spencer, 1981; Paffenholz and Burkhardt, 1989; Batzle
et al; 2006; Mikhaltsevitch et al., 2011; Takei et al., 2011; Boitnott
et al., 2011). In such experiments, the ratio of stress to strain am-
plitude defines the absolute value of the complex elastic modulus,
whereas the phase shift defines its argument. Because the viscoe-
lastic bounds are an extension of the static elastic bounds to finite
frequencies (and revert to elastic HS bounds in the low-frequency
and low-viscosity limits), the corresponding experiment should be
similar to that on elastic samples. This means that our bounds apply
to the moduli measured with no-flow boundary conditions (as if the
sample of the porous medium were enclosed in an elastic medium),
that is, to the so-called undrained moduli (Biot and Willis, 1957).
We also note that the undrained moduli control the velocity of the
fast compressional wave and the shear wave. Thus, the moduli cor-
responding to the fast compressional and shear waves should obey
the bounds. In the geophysical context, the bounds should apply to
seismic and sonic frequencies but not to ultrasonic sub-MHz fre-
quencies employed in laboratory experiments because the wave fre-
quency must be much lower than Biot’s characteristic frequency,
which is typically between 0.1–1 MHz.
One interesting result of this study is that for a porous fractured

medium with a particular geometry (Hashin’s composite sphere
geometry permeated by a set of fractures of infinitesimal crack den-
sity and infinitesimal aspect ratio), the complex bulk modulus given
by the squirt flow model coincides with the rigorous bound obtained
from very general mixture principles. We find this rather remark-
able, given that the squirt flow model considers the fluid flow ex-
plicitly in a particular geometry, whereas the bound is based on the
representation of the pore fluid as a viscoelastic solid with an ima-
ginary shear modulus G2 ¼ iωη. We interpret this as a consequence
of the fact that the frequency domain representation G2 ¼ iωη gives
an adequate description of fluid flow (in the limit of small displace-
ments). We also conclude that the squirt flow model based on de-
formation-induced flow between a flat intergranular gap (or crack)
and a stiff pore (Murphy et al., 1986; Gurevich et al., 2010;
Carcione and Gurevich, 2011) gives the largest possible dissipation
of all possible geometrical configurations (for bulk deformations). It
would be interesting to compare the bounds to other theoretical
models of squirt flow. Such analysis is beyond the scope of
this paper.
Although we illustrated the performance of the bounds mainly

with one squirt-flow model (Gurevich et al., 2010), the bounds also
should apply to any model of dispersion/attenuation due to squirt or
mesoscopic flow and, in particular, to the models mentioned in the
introduction. The bounds also should apply to moduli computed
numerically, either by solving equations of poroelasticity (see,
e.g., Masson and Pride, 2007; Wenzlau and Müller, 2009; Carcione
et al., 2010) or by direct pore-scale simulations (Saenger et al.,
2011). As mentioned earlier, the bounds are restricted to isotropic
porous media composed of one isotropic linearly elastic solid and
one Newtonian fluid, and to frequencies well below Biot’s charac-
teristic frequency.

CONCLUSIONS

The HS bounds define the range of bulk and shear moduli of an
elastic composite, given the moduli of the constituents and their
volume fractions. Recently, the HS bounds have been extended
to the quasi-static moduli of composite viscoelastic media. Because
viscoelastic moduli are complex, the viscoelastic bounds form a
closed curve on the complex plane. In this paper, we have explored
the behavior of these general viscoelastic bounds for a particular
case of a poroelastic medium. More specifically, we have examined
the bounds for quasi-static viscoelastic moduli of a mixture of an
elastic solid (represented by real bulk and shear moduli) and a New-
tonian fluid (with a real bulk modulus and imaginary shear mod-
ulus) without making any assumptions about the geometry of
such a mixture, or connectivity of the solid and fluid phases.
Our analysis shows that for poroelastic media, the viscoelastic
bounds for a bulk modulus are represented in the complex plane
by a semicircle and a segment of the real axis, connecting the formal
HS bounds (computed for an inviscid fluid). Furthermore, we have
shown that these bounds are independent of frequency. That is, the
entire dispersion curve, corresponding to the variation of the com-
plex bulk modulus with frequency, stays within this bounding semi-
circular region.
We also have shown that the complex bulk modulus describing

attenuation and dispersion due to squirt flow in a porous medium of
a particular geometry spans the entire bounding region. This means
that the bounds for the bulk modulus are attainable (realizable).
That is, for any complex value K within the bounding region on
the complex plane, there exists a geometrical configuration of
the porous medium such that at a certain frequency the complex
bulk modulus of the fluid-saturated medium with such a microstruc-
ture equals K. No such conclusion has been obtained for the shear
modulus. More research is required to determine whether the com-
plex bounds for the shear modulus are attainable by any geometrical
configurations.
We also have constructed another artificial example of a porous

medium, for which it is easy to compute the magnitude of the shear
modulus dispersion due to global flow (using Biot’s theory). This
calculation shows that for some combinations of rock and fluid
properties, the high-frequency limit of the shear modulus lies out-
side the bounds. Therefore, the viscoelastic bounds account for the
viscous shear relaxation and squirt-flow dispersion, but not for
Biot’s global flow dispersion. This is to be expected, because
the bounds are quasi-static whereas the global flow dispersion is
largely controlled by inertial forces.
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