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Abstract

The integro-differential equations are widely opted as mathematical models for

many real world applications. In this research, linear integro-differential equa-

tions of Fredholm type (FIDEs) are considered and solved by proposed numerical

methods. The primary objectives of this research are to introduce nine new vari-

ants of Weighted Mean iterative methods known as two-stage iterative methods.

The new variants or the modified Weighted Mean (MWM) iterative methods

are classified into three main groups which are the modified Arithmetic Mean

(MAM), the modified Geometric Mean (MGM) and the modified Harmonic Mean

(MHM) methods. To reduce the computational complexities in each group, tech-

niques of the half-sweep and quarter-sweep iterations are applied to generate

two new variants called as the Half-Sweep and the Quarter-Sweep MAM (MGM,

MHM) methods, respectively. Convergence theorems of all the Half-Sweep and

Quarter-Sweep MWM methods are proposed and their mathematical proofs are

presented. Discretisation schemes based on the Central Difference method with

2-point, 3-point and 5-point Composite Closed Newton-Cotes formulae are used

to transform the linear FIDEs to systems of algebraic equations. Effectiveness

and efficiency of the proposed methods are compared in term of a number of

iterations and usage of the CPU time. Computational complexity for all the pro-

posed MWM iterative methods are analysed through numerical experiments via

two boundary value problems of the second and fourth order FIDEs subjecting to

Dirichlet and Neumann boundary conditions. The results indicate that the MHM

are slightly better than the MGM method, and both MHM and MGM methods

perform better than the MAM method. The implementation of the half-sweep

and the quarter-sweep iteration techniques to the standard ones have reduced

a number of iterations and CPU time. In addition, the Quarter-Sweep MWM

methods are superior to other methods. Among the Quarter-Sweep MWM meth-

ods, the Quarter-Sweep MHM performs outstandingly in terms of the smallest

number of iterations and the least CPU time.
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CHAPTER 1

Introduction

1.1 Preliminaries

The studies of Integro-differential equations (IDEs) are growing fast and inten-

sively due to its significance to many scientific, engineering and financial appli-

cations. The IDEs have been used to describe many physical phenomena such as

Dirichlet problems, radiative equilibrium, elastic contact problems, heat transfer,

diffusion process, astronomy, biology, potential theory, electrostatics, kinetics of

nuclear reactors, mathematical neuroscience, nano-hydrodynamics, phenomena

such as wind ripple in the desert, glass-forming process, biological process and

option price. In many cases, the IDE models are significantly better than the

partial differential equation models [19,64,69,83,92,96,100,108,117,131–133].

Generally, the IDE models consist of equations in which the undetermined

function exists under the combination form of the derivatives and the integral

terms. Usually, such equations can be classified into Fredholm equations and

Volterra equations which were named after the two leading mathematicians who

have first studied them, Erik Ivar Fredholm and Vito Volterra. The Fredholm and

Volterra types equations are encountered in the studies of real-life phenomena.

The Volterra types of IDEs consist a variable at the upper bound of the region

at the integral sign, while the bounds are fixed in the Fredholm type.

In recent years, there has been a growing interest in linear and nonlinear IDEs

and their applications. The Fredholm IDEs of the second kind are commonly

seen in numerous scientific applications such as the theory of signal processing

and neural networks [13]. In the most cases, obtaining analytical solutions of the

Fredholm IDEs are difficult particularly when the problems are high order IDEs.

Therefore, as an alternative choice to solve such complex problems physically and

geometrically with the minimum amount of mathematical operations, numerical

methods are the best. [79].

1



1.2 Fredholm Integro-Differential Equations with Initial Conditions 2

1.2 Fredholm Integro-Differential Equations with

Initial Conditions

Consider the general form of Nth order linear Fredholm Integro-differential equa-

tions (FIDEs)

N∑
i=0

αiψ
(i)(x)− γ

∫ b

a

K(x, ξ)ψ(ξ)dξ = f(x), a ≤ x ≤ b (1.1)

subjected to Dirichlet boundary conditions

ψ(a) = ψa (1.2)

and

ψ(b) = ψb (1.3)

and Neumann boundary conditions

ψ(i)(a) = ψai , i = 0, 1, 2, . . . , (r − 1) (1.4)

and

ψ(i)(b) = ψbi , i = r, (r + 1), . . . , (N − 1), (1.5)

where ψa, ψb, ψai for 0 ≤ i ≤ (r − 1) and ψbi for r ≤ i ≤ (N − 1) are real finite

constants [103], and equations (1.1) can be expressed in equivalent linear system

form as

Aψ̂ = f̂ , (1.6)

which can be written more distinctly as

Aψ̂ = (D −W )ψ̂ = f̂ , (1.7)

where A is an integro-differential operator given by

A = D −W. (1.8)

Equation (1.7) can be rewritten as

Aψ̂ = (D −W )ψ̂ = Dψ̂ −Wψ̂ = f̂ (1.9)
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with

Dψ̂ =
N∑
i=0

αiψ
(i)(x), (1.10)

and

Wψ̂ = γ

∫ b

a

K(x, ξ)ψ(ξ)dξ, (1.11)

in which K(x, ξ) is a smooth kernel continuous function in L2([a, b]× [a, b]) space,

αi, γ, a and b are given constants and ψ̂(x) is an unknown vector function to be

determined.

The definitions of the linear differential operator Dψ̂ and the integral operator

Wψ̂ of IDEs are given below.

Definition 1.2.1. ( [102]) Let D be a linear differential operator with degree m

whose coefficients be continuous functions of t: D = am(t)Dm + am−1(t)Dm−1 +

· · · + a1(t)D + a0(t)I. That is D(x) = am(t)Dm(x) + am−1(t)Dm−1(x) + · · · +
a1(t)D(x) + a0(t)(x), in common am(t) is written as am which can be expressed

as D(x) = amx
(m) + am−1x

(m−1) + · · ·+ a1x
′ + a0x.

Definition 1.2.2. ( [66]) Let W : X → Y be an operator from a normed space

X into a normed space Y , the equation Aψ̂ = f̂ is known as well-posed if the

function W is bijective (onto and one to one) and its inverse W−1 : Y → X is

continuous. Otherwise, the equation is known as ill-posed.

The conditions for the existence and uniqueness of the solution of Eq. (1.1)

have been investigated by many researchers [45, 111,112].

1.2.1 Types of Integro-differential Equations

(i) Fredholm Integro-differential Equations (FIDEs) [100]

The FIDE
N∑
i=0

αiψ
(i)(x)− γ

∫ b

a

K(x, ξ)ψ(ξ)dξ = f(x) (1.12)

is called as Fredholm type as the limits of lower and upper bounds of the

region for the integral are fixed.
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(ii) Volterra Integro-differential Equations (VIDEs) [119]

The VIDE
N∑
i=0

αiψ
(i)(x)− γ

∫ x

a

K(x, ξ)ψ(ξ)dξ = f(x) (1.13)

is called as Volterra type as the limit of lower bound is given while the

upper bound is a variable of x.

(iii) Renewal Integro-differential Equations [32]

The Renewal IDE

N∑
i=0

αiψ
(i)(x)− γ

∫ x

a

K(x− ξ)ψ(ξ)dξ = f(x). (1.14)

(iv) Abel’s Integro-differential Equations [115]

The Abel’s type IDE

N∑
i=0

αiψ
(i)(x)− γ

∫ x

a

ψ(ξ)

(x− ξ)β
dξ = f(x). (1.15)

(v) Cauchy Integro-differential Equations [1]

The Cauchy type IDE

N∑
i=0

αiψ
(i)(x)− γ

∫
Γ

ψ(ξ)

(x− ξ)β
dξ −

∫
Γ

K(x− ξ)ψ(ξ)dξ = f(x) (1.16)

where Γ is open or closed in R2.

(vi) Wiener-Hopf Integro-differential Equations [39]

The Wiener-Hopf type IDE

N∑
i=0

αiψ
(i)(x)− γ

∫ ∞
0

K(x− ξ)ψ(ξ)dξ = f(x) (1.17)
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where K(z) ∈ L2[−∞,∞], under the condition

∫ ∞
−∞
| K(z) | dz <∞. (1.18)

(vii) Volterra-Fredholm Integro-differential Equations (VFIDEs) [117]

The VFIDE

N∑
i=0

αiψ
(i)(x)−γ1

∫ x

a

K1(x, ξ)ψ(ξ)dξ+γ2

∫ b

a

K2(x, ξ)ψ(ξ)dξ = f(x). (1.19)

1.2.2 Types of Kernel for Integro-differential Equations

The classification of IDEs are based on the kernel of the integral. If the kernel

K(x, ξ) is continuous in L2(a, b), or at least the discontinuity of the kernel such

that the double integral ∫ b

a

∫ b

a

K2(x, ξ)dxdξ <∞ (1.20)

has a finite value, then equation (1.20) called Fredholm type, otherwise it is likely

to be singular. Following are various types of kernel in the integral [6]

(i) If the kernel has the Carleman function form

K(x, ξ) =
A(x, ξ)

| x− ξ |β
, 0 ≤ β < 1 (1.21)

or the logarithmic form

K(x, ξ) = A(x, ξ) ln | x− ξ |, (1.22)

where A(x, ξ) is a smooth function, then the integral has a weak singularity.

(ii) If the integral has a singular type of kernel, then it may be expressed as

K(x, ξ) =
B(x, ξ)

x− ξ
, (1.23)

where the numerator B(x, ξ) is a differentiable function of x and ξ. The

kernel of equation (1.23) is called a Cauchy kernel.
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(iii) When the integral has a strong singularity, the kernel will be in the form of

K(x, ξ) =
C(x, ξ)

(x− ξ)2
, (1.24)

where C(x, ξ) is a differentiable function of x and ξ. Some other types of

integral kernels are as follows:

(iv) The symmetric kernel

K(x, ξ) = K(ξ, x); (1.25)

(v) The skew-symmetric kernel

K(x, ξ) = −K(ξ, x); (1.26)

(vi) The Hermitian kernel

K(x, ξ) = K(ξ, x); (1.27)

(vii) The degenerate kernel

K(x, ξ) =
n∑
i=1

ai(x)bi(ξ). (1.28)

1.3 Problem statement

As described in the previous literature, FIDEs are one of the most practical and

widely used IDEs which are extensively studied by researchers with particular

focus emphasised on the first, second and fourth orders. The reason is that the

IDEs give significantly better models than PDEs due to the characteristics in the

equations [132].

In physics, a heat conduction occurrence, which is represented by a parabolic

partial differential equation by having an infinite heat propagation speed, is con-

sidered a puzzling contradiction. In fact, the past influences of the material

property to the present is better understood if the heat propagation is modelled

by an integro-differential equation [7].

Apart from that, the system with generated dense matrix or a full matrix

from the approximated FIDEs is incredibly expensive to solve by direct methods
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especially when the system is large. The main difficulties with IDEs formula-

tions are the amount of memory needed to store the system matrix and the time

consuming process.

Moreover, the applications of the numerical methods to discretise and solve

FIDEs also predominantly lead to dense linear systems which can be incredibly

expensive in terms of computational complexity as well as time-consuming [27].

Moreover, the existing numerical methods need high mathematical procedures to

solve such dense linear system, especially when the order of mesh size is large.

In practice, the storage requirements could easily exceed the memory of com-

puter, and the computational time of solution may also be unacceptable. There-

fore, to solve IDEs more efficiently, effort must be devoted for solving a large

dense linear system. Indeed, to execute this type of problems, an efficient and

quicker method with a favourable accuracy is crucial.

Previously, Fedotov [9] studied on quadrature-difference method in solving

linear IDEs. His method was based on the full-sweep iteration which required

large computational complexity and a lot of execution time.

Besides, numerous works have been carried out on the development of more

advanced and efficient methods for solving FIDE such as Wavelet-Galerkin [3],

Lagrange interpolation [92], Taylor polynomial [63] and Adomian’s decomposition

[14].

The previous studies require more mathematical operations to achieve these

results without a proper methodical way to solve the equation (1.1). Moreover,

they are not accurate and usually they are developed for some special types of

FIDEs [103]. Therefore, it is important to develop efficient dense-system solvers

for both sequential and parallel computers to solve all types FIDE models nu-

merically.

1.4 Methods of Investigation

This research aims to introduce nine new variants of iterative methods under the

conventional Weighted Mean (WM) iterative methods which are also known as

Two-Staged iterative methods. The WM iterative methods to be considered in

this research are the families of Arithmetic Mean (AM) and Geometric Mean

(GM) iterative methods.

The family of AM which are the standard Arithmetic Mean [129], Half-Sweep

Arithmetic Mean (HSAM) [55] and Quarter-Sweep Arithmetic Mean (QSAM)

iterative methods [53], and similarly the family of GM which are the standard
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Geometric Mean [58], Half-Sweep Geometric Mean (HSGM) [58] and Quarter-

Sweep Geometric Mean (QSGM) [49] iterative methods. The standard AM and

GM methods are also known as Full-Sweep Arithmetic Mean (FSAM) and Full-

Sweep Geometric Mean (FSGM) methods, respectively.

Aforementioned, the WM (i.e. AM and GM) iterative methods are modified

with some relevant mathematical procedures in order to improve the convergence

rate and the overall performances for solving the large dense linear systems asso-

ciated with the numerical solution of FIDEs.

Furthermore, based on the relationship between modified Arithmetic and Geo-

metric Mean, three new iterative methods are developed and introduced as family

of modified Harmonic Mean iterative methods. The fundamental idea of modi-

fied Harmonic Mean iterative method is from the Harmonic Mean operator which

was studied by Fujii [43]. Figure 1.2 presents a modified Weighted Mean iterative

methods diagram.

Finally, all the proposed iterative methods are further investigated by imple-

menting half- and quarter-sweep iteration techniques associated with the gener-

ated dense linear systems arising from FIDEs.

1.5 Objectives of Research

In this research, mathematical procedures with convergence theorems and proofs

of three families of modified WM iterative methods are presented. The families

of modified Weighted Mean (MWM) are

(a) Family of modified Arithmetic Mean (MAM) - standard or Full-Sweep mod-

ified Arithmetic Mean (FSMAM), Half-Sweep modified Arithmetic Mean

(HSMAM) and Quarter-Sweep modified Arithmetic Mean (QSMAM);

(b) Family of modified Geometric Mean (MGM) - standard or Full-Sweep mod-

ified Geometric Mean (FSMGM), Half-Sweep modified Geometric Mean

(HSMGM) and Quarter-Sweep modified Geometric Mean (QSMGM);

(c) Family of modified Harmonic Mean (MHM) - standard or Full-Sweep modi-

fied Harmonic Mean (FSMHM), Half-Sweep modified Harmonic Mean (HSMHM)

and Quarter-Sweep modified Harmonic Mean (QSMHM).

The proposed MWM iterative methods are implemented from the WM methods

to solve linear systems of FIDEs. The objectives of this research are as follows:
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(i) To investigate the effectiveness of the standard or full-, half- and quarter-

sweep iteration techniques with Central Difference-Composite Closed New-

ton Cotes (CD-CCNC) combination sets approximation schemes on the

second and fourth order linear FIDEs.

(ii) To formulate and implement the new proposed MWM iterative methods

for solving corresponding generated CD-CCNC systems of the second and

fourth order linear FIDEs.

(iii) To analyse the efficiency of the new proposed MWM iterative methods for

solving the generated CD-CCNC dense linear systems of the second and

fourth order linear FIDEs.

1.6 Scope of Research

In this research, numerical solutions for two linear FIDEs (i.e the second and

fourth order FIDEs) problems are considered with the following characteristics:

(i) well-posed problems;

(ii) nonhomogeneous case (i.e. f(x) 6= 0);

(iii) limits of integration with a = 0 (lower bound) and b = 1 (upper bound);

(iv) the smooth type of kernel in the integral part.

The discretisation schemes which are considered in this research are Central

Difference and Composite Closed Newton-Cotes as depicted in Figure 1.1. Mean-

while, the proposed MWM iterative methods are illustrated in Figures 1.2.

1.7 Outline of the Thesis

The organisation of the thesis is as follows

(i) In Chapter 2, literature reviews on the real world challenges of IDEs are

discussed. Following that, the summary of some important iterative meth-

ods for solving the generated dense linear systems of IDEs are presented.

A brief review of the development and application of the Two-Stage itera-

tive methods and computational complexity reduction techniques are also

included.
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(ii) In Chapter 3, the modified Weighted Mean iterative methods are devel-

oped The techniques of the computational complexity reduction based on

half- and quarter-sweep iteration techniques are described in detail and

applied on the CD-CCNC discretisation schemes and followed by the pro-

posed MWM iterative methods. Subsequently, all the new variants of the

proposed MWM iterative methods are presented with their corresponding

convergence theorems and the proofs.

(iii) Chapter 4 presents numerical solutions for the second and fourth order lin-

ear FIDEs. Performances of the existing methods and the proposed MWM

methods are investigated by solving tested problems. Numerical results and

discussions are also presented at the end of each section. The computational

complexity of the proposed MWM iterative methods are also analysed.

(iv) In Chapter 5, the achievements and findings of the research are concluded

based on the objectives in Section 1.5. The overall conclusions and recom-

mendations for future research works are also suggested.

Figure 1.1: Scope of discretisation schemes
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Figure 1.2: Scope of the proposed iterative methods



CHAPTER 2

Background

2.1 General

In this chapter, the importance and real world applications of IDEs are discussed

in detail. Some important achievements of the iterative methods for solving the

generated linear systems arising from IDEs are highlighted. Further, some rele-

vant numerical approximation schemes to approximate IDEs are also summarised.

A brief review on the development of the Two-Stage iterative methods and the

applications of computational complexity reduction techniques are also included.

2.2 Real World Challenges of Integro-Differential

Equations

In recent years, the mathematical models of IDEs have motivated a number of

research works on the development of IDEs as it naturally arises in many real-

world applications. The origin of the IDEs study are traced to the work of Abel,

Lotka, Fredholm, Malthus, Verhulst and Volterra on many problems such as

mechanics, mathematical biology and economics [123].

The importance of Fredholm type IDEs were described in [105] where they

arise in real-world applications such as scientific and engineering fields. Subse-

quently, the IDEs are widely seen in financial areas.

In financial mathematics, IDEs naturally arise in the study of stochastic pro-

cesses with jumps, which is encountered more precisely in Lévy process (refer

to [46, 107]). The fact is that the asset prices often have a sudden changes in

the market fluctuations so jump processes become increasingly popular for the

modelling. Rama and Ekaterina [108] have explored the precise link between op-

tion price in exponential Lévy model and the related partial integro-differential

12
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equations in the case of European option and option with a single or double

barrier.

In Ecology studies, Brownian motion are often considered to locate abundant

prey for the optimal search theory. Therefore, it anticipates that predators should

adopt search strategies based on long jumps where prey is sparse and distributed

unpredictably [93]. Thus, the reaction-diffusion type of IDEs arises naturally in

such population dynamics problems.

In the electromagnetic fields, Beurden [72] has focused the studies on the

interaction between electromagnetic field and objects. In this research, the author

has formulated an IDE model of the interaction between three different elements

of objects with the electromagnetic field.

Other challenges of IDEs problems are usually seen in the material science

where the stress-induced atomic diffusion along surfaces and grain boundaries in

polycrystalline solids. The structural material which is subjected to high temper-

ature creep conditions which is frequently failed by the growth and coalescence of

grain boundary cavities caused by stress-induced grain boundaries diffusion [120].

In the dynamic problems, Mariani [71] has conducted the study of strong and

global solutions for a quasi linear parabolic IDE system arising in Hydrodynamic

models for charged transport in semiconductors. In this studies, the fundamen-

tal model for charged transport in a semiconductor device is the semi classical

Boltzmann equation in the parabolic band approximation. Basically, this equa-

tion is combined with Poisson’s equation to model the electric field created by

the electrons moving within the semiconductor devices.

2.3 Numerical Methods for Integro-Differential

Equations

In many industrial applications, numerical methods play a significant role for

solving IDEs problems. In recent years, numerical methods for solving IDEs have

been amassed in the books such as Delves [68], Wazwaz [13] and these works still

extended by researchers around the globe.

Wazwaz [12] has applied the decomposition method to determine the bound-

ary value problems for higher order IDEs. Hosseini and Shahmorad [116] stud-

ied the Tau method with arbitrary polynomial bases to solve FIDEs. Malekne-

jad [62] has proposed rationalized Haar functions method while Arikoglu and

Ozkol [2] have worked on the differential transform technique to solve bound-
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ary value problems for IDEs. There are many other methods such as Wavelet-

Galerkin method [3], variational iteration method (VIM) [114], Homotopy per-

turbation method (HPM) [40,41], Taylor collocation [10], Taylor polynomial [63],

Legendre Wavelet [84], Lagrange interpolation [92], sine-cosine Wavelet [121],

collocation [109], Compact finite difference [59], Sinc-Collocation [15], wavelet

Petrov-Galerkin [65] Quarter-Sweep Gauss-Seidel [28], Quarter-Sweep Conjugate

Gradient [27] and Order-optimal [101] are developed to solve some special type

of IDEs.

2.4 Discretisation Schemes

In this section, some of important developments of approximation schemes for

IDEs are discussed. There are a number of numerical discretisation techniques

that have been carried out to approximate the IDEs such as Taylor Collocation

method [10], Taylor Polynomial method [63], Compact Finite Difference method

[59], quadrature-difference method [9], etc. The literature in the following section

emphasises more on Finite Difference and quadrature approximation methods due

to their stability in generating dense linear systems by approximating IDEs.

2.4.1 Finite Difference-Quadrature Approximation Schemes

Over the last few decades, Finite Difference approximation has been widely

used for solving many mathematical models such as partial differential equa-

tions (PDEs), ordinary differential equations (ODEs), etc. The error bounds

studies of Finite Difference for elliptic problems were successfully derived by Ger-

schgorin [20] via Laplace’s equation.

Meanwhile, quadrature methods are initiated to discretise the integral terms

in the IEs and then later they have been extended to IDEs to approximate the

integral term. The quadrature methods are ways to make it easier to execute on

a computer program, nevertheless, the error analysis is more complex than the

projection methods [61].

Earlier, Vainikko [36] used quadrature-difference methods to approximate the

linear IDEs. The convergence of the quadrature-difference methods for general

assumptions have been proved based on the compact approximation of opera-

tors. These results have been used as a justification of the method of mechanical

quadrature for the solution of integral equations.

Styś [60] adopted Finite Difference-Gauss quadrature numerical approxima-
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tion schemes to approximate different order of IDEs systems with the global error.

Then, the generated algebraic system is successfully solved by using an efficient

implicit iterations.

Zhao and Corless [59] proposed a sixth order compact Finite Difference for-

mula for solving the second order IDEs with different boundary conditions and the

numerical experiments to confirm that their compact Finite Difference method

can obtain fifth order of accuracy. They have adjusted compact Finite Difference

method for the solutions of the first order IDEs and a system of IDEs. Their

proposed method also has been investigated on nonlinear IDEs and an unsplit

kernel of IDEs. The superiority of the compact Finite Difference method is a high

order of accuracy for solving IDEs problems, and the time complexity is O(N) to

solve the matrix equations.

Dehghan and Saadatmandi [73] introduced the Chebyshev Finite Difference

method to investigate linear and nonlinear second order FIDEs. This method

helped to transform the IDEs to a set of algebraic equations. This approach can

also be regarded as a nonuniform Finite Difference schemes. They claimed that

this approach can solve the problem effectively and produce satisfactory results

with a least number of collocation points.

Zerarka [18] presented a numerical approach based on the generalised integro-

differential quadratic method, and applied to weakly singular Volterra and Fred-

holm IDE of linear case. The quadrature method which was implemented for

integration part seems to be a powerful alternative, and consequently gives an

accurate solution to the considered problems.

Basically, all of the above discussed discretisation methods are based on the

Full-Sweep iteration, they are highly complex to compute the solutions even

numerically, and they require a huge amount of memory for the data storage.

Therefore, to reduce the complex mathematical procedures of the discretisation

schemes, complexity-reduction techniques are essential.

2.4.2 Newton-Cotes Quadrature Schemes

Quadrature methods are generally considered extremely useful and important to

solve the model problems that involve integrals. Numerical quadrature refers to

the approximation of an integral
∫
ψ(ξ)dξ by a discrete summation

∑
Bjψ(ξj)

over points ξj with some weights Bj. There are many methods of numerical

quadrature corresponding to different choices of points ξj and weights Bj , with

varying degrees of accuracy for various types of functions ψ(ξ).
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In this subsection, the quadrature formulae are discussed to approximate def-

inite integral which is in the form of

Q(ψ) =

∫ b

a

ψ(ξ)dξ (2.1)

for a continuous function ψ over the interval [a, b] with a < b and a weighted sum

Qn(ψ) =
n∑
j=0

Bjψ(ξj) (2.2)

with n + 1 distinct quadrature points ξ0, ξ1, · · · , ξn−1, ξn ∈ [a, b] and quadrature

weights B0, B1, · · · , Bn−1, Bn ∈ R. A quadrature formula is obtained by inte-

grating polynomial instead of the integrand ψ, that is by approximating∫ b

a

ψ(ξ)dξ ≈
∫ b

a

(Lnψ)(ξ)dξ, (2.3)

where Ln : C[a, b] → Pn represents the polynomial interpolation operator with

interpolation points ξ0, ξ1, · · · , ξn−1, ξn. Note that both the integral Q and the

quadrature formula Qn represent linear operators from C[a, b] into R. The well-

known quadrature methods include Newton-Cotes, Gaussian and ClenshawCurtis

quadrature. Based on the interpolatory quadrature formulae, further discussions

thus be restricted into Newton-Cotes quadrature formulae. The following Theo-

rems describe an equivalent definition for Newton-Cotes quadrature formulae.

Theorem 2.1. The polynomial interpolatory quadrature of order N defined by

Qn(ψ) =

∫ b

a

(Lnψ)(ξ)dξ (2.4)

is of the form (2.2) with the weights given by

Bj =
1

%n+1(ξj)

∫ b

a

%n+1(ξ)

ξ − ξj
, j = 0, 1, · · · , n− 1, n (2.5)

where %n+1(ξj) = (ξ − ξ0) · · · (ξ − ξn)

Proof. Refer Theorem 9.1 in [110]

Theorem 2.2. Given n+ 1 distinct quadrature points ξ0, ξ1, · · · , ξn−1, ξn ∈ [a, b],

the interpolatory quadratures (2.4) of order n is uniquely determined by its prop-
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erty of integrating all polynomials p ∈ Pn exactly, i.e., by the property

n∑
j=0

Bjp(ξj) =

∫ b

a

p(ξ)dξ (2.6)

for all p ∈ Pn.

Proof. Refer Theorem 9.2 in [110]

Theorem 2.3. The polynomial interpolatory quadrature of order n with equidis-

tant quadrature points

ξj = a+ jh (2.7)

and step size h = b−a
n

is called the Newton-Cotes quadrature formula of order n.

Its weights are given by

Bj = h
(−1)n−j

j!(n− j)!

∫ n

0

n∏
k=0,k 6=j

(ξ − k)dξ, j = 0, 1, · · · , n− 1, n (2.8)

and have the symmetry property Bj = Bn−j, j = 0, 1, · · · , n− 1, n.

Proof. Refer Theorem 9.3 in [110]

Fundamentally, the formulas for Newton-Cotes quadrature can be divided into

two groups that are open and closed formulas. Besides, its degree of exactness, a

Newton-Cotes quadrature formulas can also be qualified by its order of infinitesi-

mal with respect to the integration step size h, which is defined as the maximum

integer m such that | Q(ψ)−Qn(ψ) |= O(hm). Therefore, the following Theorems

hold for Newton-Cotes quadrature formulas

Theorem 2.4. For any Newton-Cotes formula equivalent to an even value of n,

the following quadrature error, En(ψ) characterization holds

εn(ψ) =
Mn

(n+ 2)!
hn+3ψ(n+2)(η) (2.9)

provided ψ ∈ Cn+2([a, b]) where η ∈ (a, b) and

Mn =


∫ n

0
ςn+1(ξ)dξ < 0 for closed formula,∫ n+1

−1
ςn+1(ξ)dξ > 0 for open formula.

(2.10)

having defined ςn+1(ξ) =
n∏
i=0

(ξ − i).
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From (2.9), it turns out that the degree of accuracy is equal to N + 1 and the

order of infinitesimal is n+ 3.

Similarly, for odd values of n, the following error characterization holds

εn(ψ) =
Kn

(n+ 1)!
hn+2ψ(n+1)(η) (2.11)

provided ψ ∈ Cn+1([a, b]) where η ∈ (a, b) and

Kn =


∫ n

0
ςn+1(ξ)dξ < 0 for closed formula,∫ n+1

−1
ςn+1(ξ)dξ > 0 for open formula.

(2.12)

The degree of exactness is thus equal to n and the order of infinitesimal is n+ 2.

Proof. Refer Theorem 9.2 in [16]

In numerical integration, to increase the accuracy, it is more practical to use

composite Newton-Cotes quadrature formula instead of using higher order for-

mula. The formula are obtained by subdividing the interval of integration and

then supplying a fixed formula with low interpolation order to each of the subin-

tervals. The common procedure consists of partitioning the integration interval

[a, b] into n subintervals Ωk = [ξk, ξk+1] such that ξk = a+ kh where h = b−a
n

for

k = 0, 1, · · · , n−1, n. Then, over each subinterval, an interpolatory formula with

nodes {ξ(k)
j , 0 ≤ j ≤ n} and weight {B(k)

j , 0 ≤ j ≤ n} is used. Since

Q(ψ) =

∫ b

a

ψdξ =
N−1∑
k=0

∫
Ωk

ψ(ξ)dξ, (2.13)

a composite interpolatory quadrature formula is obtained by replacing Q(ψ) with

Qn,N(ψ) =
N−1∑
k=0

n∑
j=0

B
(k)
j ψ(ξ

(k)
j ). (2.14)

By using the same notation as in Theorem 2.4, the following convergence

result holds for composite formula.

Theorem 2.5. Let a composite Newton-Cotes formula, with n even, be used. If

ψ ∈ Cn+2([a, b]), then

εn,N(ψ) =
b− a

(n+ 2)!

Mn

(n+ 2)n+3
hn+2ψn+2(η) (2.15)

where η ∈ (a, b). Therefore, the quadrature error is an infinitesimal in h of order

n+ 2 and the formula has degree of accuracy equal to n+ 1.
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For a composite Newton-Cotes formula, with n odd, if ψ ∈ Cn+2([a, b]).

εn,N(ψ) =
b− a

(n+ 1)!

Kn

nn+3
hn+1ψn+1(η), (2.16)

where η ∈ (a, b). Thus, the quadrature error is an infinitesimal in h of order n+1

and the formulae has degree of accuracy equal to n.

Proof. Refer Theorem 9.3 in [16].

2.5 Boundary Conditions

The boundary conditions involved in IDEs are the constraining values of the

function at some specific values of the independent variables for differential term.

Therefore, to have a complete solution, boundary conditions are essential for each

order of the equations. Hence, the first order IDEs has one boundary condition or

initial condition. Meanwhile, for the second and fourth order IDEs, respectively

two and four boundary conditions are needed in order to determine the solution

of the problems.

2.5.1 Dirichlet Boundary Condition

The Dirichlet type boundary condition or also known as a fixed boundary condi-

tion is usually seen in many engineering applications which is named after Johann

Peter Gustav Lejeune Dirichlet (1805-1859) [5]. The Dirichlet boundary condi-

tion is the first type of boundary condition that defines the values on the border

of the problem domain. The condition is an interior of a given region that hold

the prescribed values on the boundary of the region. The question of determining

solution to such equations is known as the Dirichlet problem. For an ordinary

differential equation

ψ′′ + ψ = 0, (2.17)

the Dirichlet boundary conditions on an interval [a, b] can be expressed as ψ(a) =

α and ψ(b) = β where α and β are given values or known functions [5].

2.5.2 Neumann Boundary Condition

The Neumann (or second-type) boundary condition is named after Carl Neu-

mann [5]. Basically, Neumann boundary condition specifies the value of a normal
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derivative, or some combination of derivatives, along a boundary surface. They

arise in problems where a flux has been specified on a boundary of the domain.

For an ordinary differential equation

ψ′′ + ψ = 0, (2.18)

the Neumann boundary conditions on the interval [a, b] take the form: ψ′(a) = α

and ψ′(b) = β where α and β are given values or known functions. There are

many other boundary conditions which could be used, most of which have a

physical interpretation. For example, Cauchy boundary condition or the mixed

boundary condition is known as the combination of the Dirichlet and Neumann

boundary conditions [5].

2.5.3 Robin Boundary Condition

The Robin (or third type) boundary condition is named after Victor Gustave

Robin (1855-1897). In an ordinary or a partial differential equation, it is a re-

quirement where both values of function in the linear combination and also in

derivative form on the domain boundaries. Usually, Robin boundary conditions

often can be seen in electromagnetic problems. Assume that if Ω is the domain on

which a given equation is to be determined and denotes its boundary, the Robin

boundary condition is as follows

au+ b
∂ψ

∂n
= g, (2.19)

where a and b are non-zero constants and g is a given function which is defined

on ∂Ω, ψ is an unknown solution which is defined on Ω, while ∂ψ
∂n

denotes the

normal derivative on the boundary. In common, a and b may be given functions,

rather than constants.

Basically, in one dimension, if Ω = [0, 1], then the Robin boundary conditions

become as

aψ(0)− bψ′(0) = g(0) (2.20)

aψ(1) + bψ′(1) = g(1). (2.21)

Robin boundary conditions are usually applied in solving Sturm-Liouville

problems which arise in many contexts in science and engineering applications.

In addition, the Robin boundary condition is a common form of the insulating

condition for convection-diffusion equation [5].
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2.6 Iterative Methods for Solving Linear Sys-

tems

In general, the basic concept of solving IDEs by using numerical methods is to

approximate the problems (1.3) in the form of system of linear algebraic equations.

Fundamentally, the generated linear systems can be solved by using either direct

or iterative methods. The direct methods or, also known as elimination methods,

are executed via a finite number of arithmetic operations (without taking into

account of round-off errors). Meanwhile, the iterative methods are a sequential

execution of mathematical procedures by repeating the procedures at each step

of iteration, to compute the approximation solution. In this research, further

discussions are emphasised to the iterative methods.

Generally, iterative methods are devised by executing the splitting of nonsin-

gular matrix A in Eq. (1.3) into A = H − K. Hence, the associated iterative

scheme for solving linear system (1.3) is in the form of

ψ(k+1) = H−1Kψ(k) +H−1f, k = 0, 1, 2, . . . . (2.22)

converge to A−1f for any ψ0.

Definition 2.6.1. [113] Let A = [ai,j] be an N ×N complex matrix with eigen-

value λi, 1 ≤ i ≤ N . Then,

ρ(A) = max
1≤i≤N

| λi | (2.23)

is the spectral radius of the matrix A.

Theorem 2.6. [110] Let Z be an N×N matrix. Then successive approximations

ψ(k+1) = Zψ(k) + c, k = 0, 1, 2, . . . (2.24)

convergence for each c ∈ Cn and each ψ(0) if and only if

ρ(Z) < 1 (2.25)

for the spectral radius of Z.

Proof. The proof is given in [110].

By referring to Definition 2.6.1 and Theorem 2.6 , it is known that the iterative

scheme (2.22) converges for all initial datum (or guess), ψ(0) to the solution of
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Eq. (1.3) if and only if the spectral radius of the iteration matrix H−1K is less

than ρ(H−1K) < 1 [4, 44].

2.6.1 Stationary and Nonstationary Iterative Methods

According to Van Rienen [122], stationary iterative methods such as Jacobi,

Gauss-Seidel (GS), Richardson, Successive Over-Relaxation (SOR) and Symmet-

ric Successive Over-Relaxation (SSOR) methods are considered as one-stage it-

erative methods. Other modifications based on SOR named modified Successive

Over-Relaxation (MSOR) iterative method for solving linear systems with red-

black matrix is introduced by Young [25].

Meanwhile, nonstationary methods are distinct from stationary methods where

the computation constants are calculated by taking the inner products of residuals

or other vectors arising from the mathematical procedures. Basically, nonstation-

ary iterative methods need high computational cost due to its complex mathemat-

ical operations, especially when the inner product of two matrices is required. The

nonstationary iterative methods are namely Conjugate Gradient (CG), Conjugate

Gradient Normal Equation (CGNR), variant of CG (Bi-CG), Biconjugate gradi-

ent stabilized (Bi-CGSTAB), Transpose-Free Quasi-Minimal Residual (TFQMR),

Generalised Minimal Residual (GMRES) and etc [106].

2.6.2 Two-Stage Iterative Methods

Apart from the methods in Section 2.6.1, another iterative scheme called Two-

Stage iterative method was introduced to solve the generated linear system effec-

tively. The fundamental concept of the two-stage iterative method is to determine

the solution from the outer iteration by using another iterative procedure called

inner iteration. This concept is also referred as an inner/outer iteration scheme

which is extensively studied by researchers for solving various matrix problems.

In the Two-Stage iterative procedures, the outer iteration (2.22) is solving

iteratively by using inner iteration. In particular, let us consider the splitting of

H = F − G and perform s(k) inner iterations in each outer step k. Hence, the

resulting method is

ψ(k+1) = (F−1G)s(k)ψ(k) +

s(k)−1∑
i=0

(F−1G)iF−1(Kψ(k) + f), k = 0, 1, 2, . . . (2.26)

where s(k) = k for s ≥ 1 is the number of inner iterations in each outer step k.
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Therefore, the iterative scheme equation (2.26) is called as stationary Two-Stage

iterative method. In the case of nonstationary Two-Stage method, the number

of inner iterations may change with the outer iteration.

The iteration matrix of equation (2.26) is

Zs(k) = (F−1G)s(k) +
(
I − (F−1G)s(k)

)
H−1K (2.27)

where I denotes the identity matrix. Since, the stationary case Zs(k) = Zs

for all k = 0, 1, 2, . . ., then the convergence of equation (2.26) is equivalent to

ρ(Zs) < 1. Meanwhile, the nonstationary case of vector sequence generated by

iteration equation (2.26), converges to the solution of equation (1.4) if and only

if limk→∞ Zs(k)Zs(k−1) · · ·Zs(0) = O, where O is the null matrix [124]. The further

investigations on monotonicity and convergence of the Two-Stage methods have

been studied with various types of matrices (refer to [125,134,136,137]).

In the work of [34] and [35], applications of the Chebyshev or Richardson

method as the outer iteration for Two-Stage iterative methods were considered.

Consequently, the solutions of linear systems by using Two-Stage iterative meth-

ods with general inner iteration methods were investigated by Nicholas [99]. Then,

Yun and Kim [42] investigated an application of the Two-Stage iterative meth-

ods using incomplete factorization as inner splitting for linear systems whose

coefficient matrices are H-matrices (Hermitian matrices) and symmetric positive

definite matrices.

Lanzkron [104] studied on a general class of iterative methods. Without loss

of generality, both outer and inner iterations were depicted by splittings. The

convergence conditions of the outer and inner splittings of both stationary and

nonstationary iterative methods were also discussed. The conditions imply that

the coefficient matrix A must be a monotone.

Based on the Two-Stage iterative procedures, various methods such as Alter-

nating Group Explicit (AGE) [23], Modified Alternating Group Explicit (MAGE)

[22], Iterative Alternating Decomposition Explicit (IADE) [90], Block SOR [33]

and Weighted Mean (WM) [37,58] have been developed for solving generated lin-

ear systems arising from various scientific and engineering problems. The further

discussions are focused on the development of WM iterative methods and their

applications.

The WM iterative methods are classified as a family of algorithms, which have

been broadly applied for the solution of matrix equation problems. One of the

methods under WM family is the Arithmetic Mean (AM) iterative method [37].
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The effectiveness of the AM iterative method and its variants were examined

on linear and nonlinear models of various scientific and engineering problems

(refer to [31, 53, 55, 70, 78, 126, 129]). Ruggiero and Galligani observed that the

AM method compare favourably with the existing methods such as the Bi-CG

method, particularly when A is strongly asymmetric. The AM method is also

used as a preconditioner to CG method and successfully solved the symmetric

positive definite linear system (refer to [38,128]). In addition, the AM procedure

was used as first degree iterative method to determine the minimal eigenpair of

generalized eigen problem [29].

Among the variants of AM methods, Half-Sweep Arithmetic Mean (HSAM)

[55, 85] and Quarter-Sweep Arithmetic Mean (QSAM) [53, 87] iterative methods

are applied extensively for sparse linear systems which arise from PDE problems.

For example, water quality model [47, 78], fourth order parabolic equations [50],

elliptic equations [51], one dimensional diffusion equations [54] and Poisson equa-

tions [52].

Besides the family of AM methods, another family based on WM method

was developed and called as Geometric Mean (GM) method. The fundamental

idea of the standard GM iterative method was derived from the concept of AM

method. Two variants of GM method i.e. Half-Sweep Geometric Mean (HSGM)

[58,86] and Quarter-Sweep Geometric Mean (QSGM) [49,88] methods were also

suggested. Following that, several researches involving GM and its variants for

solving various scientific problems have been conducted [49,78,88].

2.7 Computational Complexity Reduction Tech-

niques

In recent decades, computational complexity of reduction technique has been

studied for solving the generated systems which arise from various scientific

problems. The basic idea of complexity reduction technique is to reduce the

computational complexity of the solution methods. An example of complexity

reduction technique is the Reduced Iterative Alternating Decomposition Explicit

(RIADE) [89] iterative method which is the variant of IADE [90] method. The

RIADE method succeeds in reducing the computational complexity and speed-

up the existing IADE method in solving linear systems associated with the heat

conduction equation.

In the meantime, other smart and remarkable techniques were introduced
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and came to be known as half- and quarter-sweep iteration techniques, which

are categorised as computational complexity reduction technique. The half- and

quarter-sweep iteration techniques were first envisioned via the Explicit Decou-

pled Group (EDG) by Abdullah [17]. Then, Yousif and Evans [130] extended

the method to six and nine points groupings and demonstrated that they can be

easily parallelised on an MIMD multiprocessor.

Besides, Othman and Abdullah [80] introduced the Modified Explicit Group

(MEG) methods for solving Poisson equations. Since then, the efficiency of the

standard EDG and MEG methods and their variants for solving linear systems

generated from various problems have been conducted. Furthermore, the MEG

iterative method has been extensively applied to solve finite difference systems of

various scientific and engineering problems (refer to [58,82]).

Apart from the EDG and MEG methods, another technique of complexity

reduction was proposed via the Modified Explicit Decoupled Group (MEDG)

method [95], which is an extension work of the existing EDG method. Some

studies involving MEDG and its variants have also been conducted to assert the

performance of the methods (refer to [11,94,95]).

The applications of the half- and quarter-sweep iteration techniques have also

been extended for solving nonlinear systems such as Newton-Quarter Sweep Al-

ternating Group Explicit (NQSAGE) [98] and Newton-Quarter Sweep Alternat-

ing Decomposition Explicit iterative (NQSADE) [97] methods. These methods

are derived by combining the complexity reduction technique into the standard

method to solve the two-point boundary value problems. The applications of half-

and quarter-sweep iteration techniques were also extended to the direct solution

for free space wave propagation problems (refer to [75,76,78]). A short review on

the application of half- and quarter-sweep iteration techniques to some numerical

methods for solving scientific problem have been presented in [74].



CHAPTER 3

Construction of Numerical Methods

3.1 Introduction

In this chapter, the general procedure and implementation of a new proposed

MWM iterative methods, namely modified Arithmetic Mean (MAM), modified

Geometric Mean (MGM) and modified Harmonic Mean (MHM), are presented

together with their new convergence Theorems and Proofs. The general frame-

work and application of the approximation schemes, i.e. Central Difference (CD)

and Composite Closed Newton-Cotes (CCNC) as shown in Figure 1.1, are devel-

oped and applied to discretise the mth order FIDEs. Furthermore, the half- and

quarter-sweep iteration techniques are implemented to all the proposed MWM

iterative methods together with their new convergence Theorems and Proofs, cor-

responding to the generated Half- and Quarter-Sweep CD-CCNC dense systems.

3.2 Modified Weighted Mean Formulation

The main focus of this section is to introduce new methods based on WM iterative

methods, namely the MAM, MGM and MHM iterative methods to solve the

equation (1.1) subjecting to equation (1.2) and equation (1.3). The formulations

of three new proposed methods are derived associated with some new Theorems

and Proofs. Generally, the iteration cycle for the MWM methods has two stages,

i.e. Stage 1 and Stage 2. Formulation in Stage 1 involves an iteration process for

an independent system, ψ̂(F ) and Stage 2 emphasises on the formulation of an

iteration process for an independent system, ψ̂(B) of an even order IDE.

26
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3.2.1 Optimal Parameter Value

In numerical methods, optimal parameter value or accelerated parameter is cru-

cial to improve the rate of convergence of the iterative methods ( [24] and [8]).

For the Weighted Mean (WM) iterative methods, new parameter value, θ2, is

introduced for backward iteration to accelerate the convergence and improve the

performances of the methods overall. The θ2 is set of trial values by determining

the best θ1 which is selected based on the least number of iterations. These, two

optimal parameter values have improved the convergence rate compared to the

standard WM methods. In the case of θ1 = θ2, the MWM methods is equivalent

to the conventional WM methods. The values of the optimal parameters θ1 and

θ2 are in the range between 0 and 2. The next section is focused on construction

of a system of linear equations in order to carry out the implementation of the

proposed methods.

3.3 Construction of Dense Systems

There are various ways to construct the approximation equations. In this section,

the construction of the dense system of linear equations based on the finite-

difference and Composite Closed Newton-Cotes methods to approximate equation

(1.1) is shown.

3.3.1 Finite Difference Schemes

The rudimentary of the Finite Difference (FD) schemes is to approximate dif-

ferential terms by appropriate the difference qoutients to obtain a transformed

system of algebraic equations. The following subsections present FD and quadra-

ture schemes to approximate the mth derivatives for m ≥ 2 and m is even.

The basic idea of FD schemes is to solve a differential equations numerically

in a discretised domain. This will result in a number of algebraic equations that

can be solved iteratively to obtain values of ψi. Let an interval (a, b) be in the

form of

N∑
i=0

hi = b− a (3.1)

and a discrete set of points be given by xi = a + ih (i = 0, 1, 2, · · · , N). A

basic role to estimate the error involved in FD approximations of derivatives is

determined by the Taylor’s series expansion as follows:
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f(ψi+1) = f(ψi) + f ′(ψi)(h) +
f ′′(ψi)

2!
(h2) +

f ′′′(ψi)

3!
(h3) +O(h4), (3.2)

and

f(ψi−1) = f(ψi)− f ′(ψi)(h)− f ′′(ψi)

2!
(h2)− f ′′′(ψi)

3!
(h3)−O(h4), (3.3)

and O(h4) is the error introduced by truncating the series. Therefore, subtracting

(3.3) by (3.2) yields

f(ψi+1)− f(ψi−1) = 2hf ′(ψi) +O(h2). (3.4)

Thus, the Eq. (3.4) can be expressed as

f ′(ψi) =
f(ψi+1)− f(ψi−1)

2h
+O(h2), (3.5)

which is the first derivative of centered finite divided difference approximation

with truncation error O(h2). The forward and backward finite divided difference

formulas (3.6) and (3.7) are obtained by rearranging (3.2) and (3.3), respectively.

f ′(ψi) =
f(ψi+1)− f(ψi)

h
+O(h), (3.6)

and

f ′(ψi) =
f(ψi)− f(ψi−1)

h
+O(h). (3.7)

High-order approximations to the mth derivative for m ≥ 2 are obtained by

using more terms in Taylor series, and also by appropriately weighting the various

expansions in a sum. Therefore, by adding equations (3.2) with (3.3) are has

f(ψi+1) + f(ψi−1) = 2f(ψi) + f ′′(ψi)h
2 +O(h2). (3.8)

Now, the second order centered finite divided difference scheme can be expressed

as

f ′′(ψi) =
f(ψi+1)− 2f(ψi) + f(ψi−1)

h2
+O(h2), (3.9)

or
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f ′′(ψi) =
−f(ψi+1)− 2f(ψi) + f(ψi−1)

h2
+O(h2). (3.10)

Similarly, we can obtain the fourth order centered finite divided difference scheme

as follows

f (iv)(ψi) =
f(ψi+2)− 4f(ψi+1) + 6f(ψi)− 4f(ψi−1) + f(ψi−2)

h4
+O(h2). (3.11)

All the truncation errors can be made arbitrarily small with mesh refinement.

3.3.2 Central Difference Operator Formulae

In general, the Central Difference (CD) formulae also can be expressed in the

operator form as follows

δψi = (δ
1
2 − δ−

1
2 )ψi = δ

1
2ψi − δ−

1
2ψi = ψi+ 1

2
− ψi− 1

2
, (3.12)

Similarly, the m order Central Difference can be defined as follows:

δmf(ψ) = δm−1f(x+
h

2
)− δm−1f(x− h

2
) (3.13)

with m = 0

δ0f(x) = f(x). (3.14)

3.3.3 Composite Closed Newton-Cotes Schemes

In this research, the quadrature formulae are discussed to approximate definite

integral which is in the form of

Q(ψ) =

∫ b

a

ψ(ξ)dξ + εN (3.15)

of a continuous function ψ over the interval [a, b] with a < b and a weighted sum

Qn(ψ) =
N∑
j=0

Bjψ(ξj) + εN(ψ) (3.16)

with N + 1 distinct quadrature points ξ0, ξ1, · · · , ξN−1, ξN ∈ [a, b], quadrature

weights B0, B1, · · · , BN−1, BN ∈ R and εN(ψ), truncation error which can be

minimised by mesh refinement.
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Therefore, the Composite Closed Newton-Cotes (CCNC) quadrature formula

of 2-, 3-, and 5-point Composite Closed Newton-Cotes schemes are investigated

by solving the tested problems in Chapter 4. Truncation errors of the CCNC can

be made arbitrarily small with mesh refinement. A list of three different orders

of the CCNC quadrature formulae are given in the Table 3.1 [16,110].

Table 3.1: Composite Closed Newton-Cotes Quadrature Schemes

(i) 2-point composite closed Newton-Cotes(2CCNC)

Q1 =
h

2

[
ψ(a) + 2

N−1∑
j=1,2,3

ψ(a+ jh) + ψ(b)
]
− b− a

12
h2f (2)(ε) (3.17)

(ii) 3-point composite closed Newton-Cotes(3CCNC)

Q2 =
h

3

[
ψ(a) + 4

N−1∑
j=1,3,5

ψ(a+ jh) + 2
N−2∑
j=2,4,6

ψ(a+ jh) + ψ(b)
]

−b− a
180

h4f (4)(ε) (3.18)

(iii) 5-point composite closed Newton-Cotes(5CCNC)

Q3 =
h

45

[
14ψ(a) + 64

N−1∑
j=1,3,5

ψ(a+ jh) + 24
N−2∑

j=2,6,10

ψ(a+ jh)

+28
N−4∑

j=4,8,12

ψ(a+ jh) + 14ψ(b)
]
− 2(b− a)

945
h6f (6)(ε) (3.19)
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3.3.4 Standard Approximation Equations

From subsections 3.3.1, 3.3.2 and 3.3.3, three different combination sets of dis-

cretisation schemes as described in Figure 1.1, i.e. CD-2CCNC, CD-3CCNC and

CD-5CCNC are applied to discretise the problem (1.1). Firstly, the following

notations are introduced for simplicity:

ψ̂i ≡ ψ̂(xi),

fi ≡ f(xi),

ξi ≡ ξ
(k)
j ,

Bj ≡ B
(k)
j ,

Ki,j ≡ K(xi, ξj),

QN ≡ Qn,N .

In Figure 3.1, all the node points of type are used in iteration process. This

standard process also can be referred as Full-Sweep iteration.

Figure 3.1: Standard or Full-Sweep iteration

In order to carry out the general approximation equations, let consider the

finite grid network of the distribution of nodal points in Figure 3.1. Based on Fig-

ure 3.1, in showing the standard or Full-Sweep iteration, the unknown functions

are computed for the nodal points of type until the convergence criterion is

reached. Based on the differential and integral terms as in the equation (1.1), the

discretisation formula of Central Difference and Composite Closed Newton-Cotes

are applied, respectively. Therefore, the algebraic approximation equations of the

mth derivative of FIDEs can be obtained as follows

M−1∑
m=1

δmψi
shmi

−
N−1∑
j=1

BjKi,jψj = fi, i = 0, 1, . . . , N (3.20)

where s = 1 when m is even, otherwise s = 2.
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Let

Dψ̂ =
M−1∑
m=1

δmψ̂i
shmi

(3.21)

and

Kψ̂ =
N−1∑
j=1

BjKi,jψ̂j = f̂i, (3.22)

the solution of Eq. (3.20) is approximated by the equation

Dψ̂N −Kψ̂N = f̂ (3.23)

which can be reduced to a finite-dimensional linear systems

M−1∑
m=1

δmψN(xi)

shmi
−

N−1∑
j=1

BjK(xi, ξj)ψN(ξj) = f(xi) xi ∈ (a, b) (3.24)

for i = 1, 2, . . . , N − 1. Based on Table 3.1, the 2CCNC, 3CCNC and 5CCNC

quadrature weights, Bj can be expressed as follows:

Bj =

{
1
2
hj, for j = 0, N

hj, for otherwise
, (3.25)

Bj =


1
3
hj, for j = 0, N

4
3
hj, for j = 1, 3, 5, · · · , N − 1

2
3
hj, for otherwise

(3.26)

and

Bj =


14
45
hj, for j = 0, N

64
45
hj, for j = 1, 3, 5, · · · , N − 1

28
45
hj, for j = 4, 8, 10, · · · , N − 4

24
45
hj, for otherwise.

. (3.27)

3.3.5 Dense Linear Systems

In the standard or Full-Sweep approximation scheme (3.20), the system of linear

equations can be expressed as
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Aψ̂ = f̂ , (3.28)

where

A =



σ1,1 σ1,2 σ1,3 · · · σ1,N−3 σ1,N−2 σ1,N−1

σ2,1 σ2,2 σ2,3 · · · σ2,N−3 σ2,N−2 σ2,N−1

σ3,1 σ3,2 σ3,3 · · · σ3,N−3 σ3,N−2 σ3,N−1

...
...

...
. . .

...
...

...

σN−3,1 σN−3,2 σN−3,3 · · · σN−3,N−3 σN−3,N−2 σN−3,N−1

σN−2,1 σN−2,2 σN−2,3 · · · σN−2,N−3 σN−2,N−2 σN−2,N−1

σN−1,1 σN−1,2 σN−1,3 · · · σN−1,N−3 σN−1,N−2 σN−1,N−1


,

ψ̂ =
[
ψ1 ψ2 ψ3 · · · ψN−3 ψN−2 ψN−1

]T
and

f̂ =
[
f1 + (σ0,0)ψ0 f2 f3 · · · fN−3 fN−2 fN−1 + (σN,N)ψN

]T
.

A is a nonsymmetric dense square matrix of (N − 1) × (N − 1) order, ψ̂ is the

unknown vector function and f̂ denotes a load vector function.

As afore-mentioned, the iteration process for MWM methods involves solving

two independent systems. Therefore, to develop the formulation for all MWM

methods, let the coefficient matrix A of equation (3.28) be decomposed as

AF = DF − LF − UF , (3.29)

DF =



σ1,1 0 0 · · · 0 0 0

0 σ2,2 0 · · · 0 0 0

0 0 σ3,3 · · · 0 0 0
...

...
...

. . .
...

...
...

0 0 0 · · · σN−3,N−3 0 0

0 0 0 · · · 0 σN−2,N−2 0

0 0 0 · · · 0 0 σN−1,N−1


,
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LF =



0 0 0 · · · 0 0 0

σ2,1 0 0 · · · 0 0 0

σ3,1 σ3,2 0 · · · 0 0 0
...

...
...

. . .
...

...
...

σN−3,1 σN−3,2 0 · · · 0 0 0

σN−2,1 σN−2,2 0 · · · σN−2,N−3 0 0

σN−1,1 σN−1,2 0 · · · σN−1,N−3 σN−1,N−2 0


,

and

UF =



0 σ1,2 σ1,3 · · · σ1,N−3 σ1,N−2 σ1,N−1

0 0 0 · · · σ2,N−3 σ2,N−2 σ2,N−1

0 0 0 · · · σ3,N−3 σ3,N−2 σ3,N−1

...
...

...
. . .

...
...

...

0 0 0 · · · 0 σN−2q,N−2q σN−3,N−1

0 0 0 · · · 0 0 σN−2,N−1

0 0 0 · · · 0 0 0


,

where DF , LF and UF are correspondingly the diagonal, strictly lower triangular

and strictly upper triangular matrices.

3.3.6 Matrix Splitting

Fundamentally, the matrix splitting is crucial in order to carry out the systematic

analysis of convergence conditions. Thus, the coefficient matrix of the generated

CD-CCNC systems is analysed. Therefore, let matrix splitting of A be expressed

as

AF = HF
r −KFr , r = 1, 2, (3.30)

where HF
1 and HF

2 are defined by
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HF
1 =



σ1,1 σ1,2

σ2,1 σ2,2

σ3,3 σ3,4

σ4,3 σ4,4

. . .

σN−2,N−2 σN−2,N−1

σN−1,N−2 σN−1,N−1


and

HF
2 =



σ1,1

σ2,2 σ2,3

σ3,2 σ3,3

. . .

σN−3,N−3 σN−3,N−2

σN−2,N−3 σN−2,N−2

σN−1,N−1


,

respectively. Consequently, HF
r is expressed as

KFr = HF
r −AF , r = 1, 2. (3.31)

3.4 Standard or Full-Sweep Modified Arithmetic

Mean iterative method

The general formulation for Full-Sweep Modified Arithmetic Mean (FSMAM)

iterative method is defined as follows

(DF − θ1LF )ψ̂(F ) = ((1− θ1)DF + θ1UF )ψ̂(k) + θ1f̂

(DF − θ2UF )ψ̂(B) = ((1− θ2)DF + θ2LF )ψ̂(k) + θ2f̂

ψ̂(k+1) =
1

2
(ψ̂(F ) + ψ̂(B))

 k = 0, 1, . . . (3.32)

where (DF−θ1LF ), (DF−θ2UF ), ((1−θ1)DF−θ1LF ) and ((1−θ2)DF−θ2UF ) are

nonsingular triangular matrices, θ1 and θ2 with optimal parameter values, and

ψ̂(k) is an initial vector at the kth iteration to the solutions of ψ̂(F ) and ψ̂(B). In

the case of θ1 = θ2, the FSMAM method is equivalent to the conventional FSAM
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method.

From the equation (3.32), the FSMAM iterative scheme for the solution of

the linear system (3.28) is

ψ̂(k+1) = ZFSMAM ψ̂
(k) + zFSMAM f̂ , k = 0, 1, 2, . . . (3.33)

where

ZFSMAM =
1

2

[
(DF−θ1LF )−1((1−θ1)DF+θ1UF )+(DF−θ2UF )−1((1−θ2)DF+θ2LF )

]
is a square matrix. Meanwhile,

zFSMAM =
1

2

[
θ1(DF − θ1LF )−1 + θ2(DF − θ2UF )

]
is a load vector that is obtained from the coefficients of f̂ .

The general condition which guarantees the convergence of the FSMAM iterative

method in (3.32) for solving the linear system (3.28) is described in the following

Theorems and Proofs.

Based on the matrix splitting of AF in Eq. (3.30), the conditions that guar-

antees the convergence of the FSMAM iterative method are described in the

following Theorems.

Theorem 3.1. Given an (N − 1) × (N − 1) nonsingular diagonally dominant

matrix AF with its components σi,i > 0, fori = 1, 2, . . . N − 1, and

AF = HF
1 −KF1 = HF

2 −KF2

where matrices (HF
1 )−1 and (HF

2 )−1 are nonsingular with ‖(HF
1 )−1‖ ≥ 0, ‖KF1 ‖ ≥

0 and ‖(HF
2 )−1‖ ≥ 0, ‖KF2 ‖ ≥ 0. The FSMAM iterative scheme (3.33) is conver-

gent for 0 < θ1 < 2 and 0 < θ2 < 2.

Proof. By hypothesis, AF is an (N − 1)× (N − 1) nonsingular matrix.

Since HF
1 = DF−θ1LF and HF

2 = DF−θ2UF are strictly diagonally dominant

matrices with positive entries on the diagonal for 0 < θ1 < 2 and 0 < θ2 < 2.

The matrices KF1 = (1 − θ1)DF + θ1UF and KF2 = (1 − θ2)DF + θ1LF are

triangular and nonnegative.

Since

HF
1 −KF1 = HF

2 −KF2 = AF

then we have
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QF =
1

2
(HF

1 )−1KF1 +
1

2
(HF

2 )−1KF2 = I −
[

1

2
(HF

1 )−1 +
1

2
(HF

2 )−1

]
AF (3.34)

or also can be written as

1

2
(HF

1 )−1 +
1

2
(HF

2 )−1 = (I − QF )(AF )−1. (3.35)

The proof of the theorem runs parallel to a standard proof given in [44]. Since

QF = (HF
r )−1KFr , then the spectral radius is

ρFSMAM(QF ) < 1. (3.36)

Therefore, the FSMAM iterative scheme (3.33) converges for any initial vector

ψ̂(0) with conditions of 0 < θ1 < 2 and 0 < θ2 < 2. Hence, the Theorem 3.1 is

proved.

3.5 Standard or Full-Sweep Modified Geometric

Mean Iterative Method

Consider the Full-Sweep Modified Arithmetic Mean (FSMGM) iterative method

which consists of two independent systems i.e ψ̂(F ) and ψ̂(B) can be expressed as

follows:

(DF − θ1LF )ψ̂(F ) = ((1− θ1)DF + θ1UF )ψ̂(k) + θ1f̂

(DF − θ2UF )ψ̂(B) = ((1− θ2)DF + θ2LF )ψ̂(k) + θ2f̂

ψ̂(k+1) = (ψ̂(F ) ◦ ψ̂(B))
1
2 , ψ̂(F ) ◦ ψ̂(B) ≥ 0

 k = 0, 1, . . . (3.37)

where θ1 and θ2 represent two optimal FSMGM parameters, ψ̂(k) is initial vector

approximation at the kth iteration to the solutions of ψ̂(F ) and ψ̂(B), ‘◦’ is the

Hadamard product operator and (◦) 1
2 is the Hadamard power. The Hadamard

product or Schur product [21] ‘◦’, is a binary operation that takes two vectors

from the same dimensions, and produces another vector. In the case of θ1 = θ2,

this method is equivalent to the conventional FSGM method.

Based on the formulation (3.37), the iterative form of the FSMGM method

for solving the linear system (3.28) is as follows:
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ψ̂(k+1) = ZFSMGM ψ̂
(k) + zFSMGM f̂ , k = 0, 1, 2, . . . (3.38)

where ZFSMGM , is defined by

[
(DF − θ1LF )−1((1− θ1)DF + θ1UF )(DF − θ2UF )−1((1− θ2)DF + θ2LF )

] 1
2
,

is square iteration matrices for FSMGM. Meanwhile,

zFSMGM =
[
θ1θ2(DF − θ1LF )−1(DF − θ2UF )−1

] 1
2

is a load vector obtained from the right hand side f̂ .

The general condition which guarantees the convergence of the FSMGM iterative

method for solving linear systems (3.28) is described in the following Theorems.

Theorem 3.2. Let ZFSMGM be an (N−1)×(N−1) matrix. Then, the necessary

conditions for the FSMGM method to be convergent are that 0 < θ1 < 2 and

0 < θ2 < 2.

Proof. Since the eigenvalues λj of ZFSMGM is the zero of the characteristic poly-

nomial, the determinant of the ZFSMGM satisfies the following relation

det(ZFSMGM) =
N∏
j=0

λj (3.39)

where multiple eigenvalues are repeated according to their algebraic multiplicity.

Since (DF−θ1LF )
1
2 , (DF−θ2UF )

1
2 , ((1−θ1)DF−θ1UF )

1
2 and ((1−θ2)DF−θ2LF )

1
2

are nonsingular triangular matrices, hence the detZFSMGM is defined as follows:

det
[
(DF − θ1LF )−1((1− θ1)DF + θ1UF )(DF − θ2UF )−1((1− θ2)DF + θ2LF )

] 1
2 .

(3.40)

Because L and U are strictly lower and upper triangular matrices respectively,

det(DF )−1 = det(DF − θ1LF )−1 = det(DF − θ2UF )−1

=det
[
(DF )−1((1− θ1)DF + θ1UF )(DF )−1((1− θ2)DF + θ2LF )

] 1
2

=det{(DF )−1} 1
2 det{(1−θ1)DF +θ1UF}

1
2 det{(DF )−1} 1

2 det{(1−θ2)DF +θ2LF}
1
2

=det{(1− θ1)I + θ1(DF )−1UF} 1
2 det{(1− θ2)I + θ2(DF )−1LF} 1

2

=
(
(1− θ1)

1
2

)N−1(
(1− θ2)

1
2

)N−1

=(1− θ1)
N−1

2 (1− θ2)
N−1

2 .
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This now implies

ρ(ZFSMGM) ≥
(
| 1− θ1 |

N−1
2 | 1− θ2 |

N−1
2

) 2
N−1

=| (1− θ1)(1− θ2) | . (3.41)

Therefore, based on the Theorems 2.6 and 3.2, the FSMGM iterative scheme in

Eq. (3.38) converges for any initial vector ψ̂(0) with conditions 0 < θ1 < 2 and

0 < θ2 < 2. Hence Theorem 3.2 is proved.

Definition 3.5.1. For the ith element of independent vectors ψ̂(F ) and ψ̂(B), the

unknown vector ψ̂(k+1) for i = 1, 2, . . . , N − 1 can be determined as follows:

(i) (ψ̂
(F )
i ψ̂

(B)
i )

1
2 , if ψ̂

(F )
i > 0 & ψ̂

(B)
i > 0 (Case 1),

(ii) (ψ̂
(F )
i ψ̂

(B)
i )

1
2 , if ψ̂

(F )
i < 0 & ψ̂

(B)
i < 0 (Case 2),

(iii) (ψ̂
(F )
i − | ψ̂

(F )
i ψ̂

(B)
i | 12 , if ψ̂

(F )
i > 0 & ψ̂

(B)
i < 0 (Case 3),

(iv) (ψ̂
(B)
i − | ψ̂

(F )
i ψ̂

(B)
i | 12 , if ψ̂

(F )
i < 0 & ψ̂

(B)
i > 0 (Case 4).

3.6 Standard or Full-Sweep Modified Harmonic

Mean Iterative Method

Basically, the standard or Full-Sweep Modified Harmonic Mean (FSMHM) itera-

tive method is developed based on the relationship between FSMAM and FSMGM

iterative methods. Typically, it is appropriate for situations when the average of

rates is desired. The general form of FSMHM iterative method for approximating

the two independent solutions ψ̂(F ) and ψ̂(B) are as follows:

(DF − θ1LF )ψ̂(F ) = ((1− θ1)DF + θ1UF )ψ̂(k) + θ1f̂

(DF − θ2UF )ψ̂(B) = ((1− θ2)DF + θ2LF )ψ̂(k) + θ2f̂

ψ̂k+1 =
2ψ̂(F ) ◦ ψ̂(B)

ψ̂(F ) + ψ̂(B)
, ψ̂(F ) + ψ̂(B) 6= 0

 k = 0, 1, . . . (3.42)

where θ1 and θ2 represent two optimal FSMHM parameters, ψ̂(k) is an unknown

vector at the kth iteration, ‘◦’ is the Hadamard product operator and (◦) 1
2 is the

Hadamard power [21]. The Hadamard product of ’◦’ is a binary operation that

takes two vectors of the same dimensions, and produces another vector. In the

case of θ1 = θ2, this method is equivalent to the standard FSHM method.
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Based on Eq. (3.42), the iterative form of the FSMHM method for solving

linear system (3.28) is as follows:

ψ̂(k+1) = ZFSMHM ψ̂
(k) + zFSMHM f̂ , k = 0, 1, 2, . . . (3.43)

where ZFSMHM , defined by

2(DF − θ1LF )−1((1− θ1)DF + θ1UF )(DF − θ2UF )−1((1− θ2)DF + θ2LF )

(DF − θ1LF )−1((1− θ1)DF + θ1UF ) + (DF − θ2UF )−1((1− θ2)DF + θ2LF )
,

is a square iteration matrix for FSMHM. Meanwhile,

zFSMHM =
2θ1θ2(DF − θ1LF )−1(DF − θ2UF )−1

(DF − θ1LF )−1 + (DF − θ2UF )−1

is a load vector that is obtained from the right hand side f̂ .

Based on the matrix splitting of AF in (3.30), the conditions which guarantees

the convergence of the FSMHM method are described in the following Theorem:

Theorem 3.3. Given an (N − 1) × (N − 1) nonsingular diagonally dominant

matrix AF with its components σi,i > 0, fori = 1, 2, . . . N − 1, and

AF = HF
1 −KF1 = HF

2 −KF2

(HF
1 and HF

2 are nonsingular) with ‖(HF
1 )−1‖ ≥ 0, ‖KF1 ‖ ≥ 0 and ‖(HF

2 )−1‖ ≥ 0,

‖KF2 ‖ ≥ 0. The FSMHM iterative scheme (3.43) is convergent for 0 < θ1 < 2

and 0 < θ2 < 2.

Proof. By hypothesis, let AF be an (N − 1)× (N − 1) nonsingular matrix.

Since HF
1 = DF−θ1LF and HF

2 = DF−θ2UF are strictly diagonally dominant

matrices with positive entries on the diagonal for of 0 < θ1 < 2 and 0 < θ2 < 2.

The matrices KF1 = (1 − θ1)DF + θ1UF and KF2 = (1 − θ2)DF + θ1LF are

triangular and nonnegative.

Since

HF
1 −KF1 = HF

2 −KF2 = AF

then it can be written as

QF =
2[(HF

1 )−1KF1 ◦ (HF
2 )−1KF2 ]

(HF
1 )−1KF1 + (HF

2 )−1KF2
= I −

[
2[(HF

1 )−1 ◦ (HF
2 )−1]

(HF
1 )−1 + (HF

2 )−1

]
AF (3.44)

or also can be expressed as
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2[(HF
1 )−1 ◦ (HF

2 )−1]

(HF
1 )−1 + (HF

2 )−1
= (I − QF )(AF )−1. (3.45)

The proof of the theorem runs parallel to a standard proof given in [44]. Since

QF = (HF
r )−1KFr , then the spectral radius is

ρFSMHM(QF ) < 1. (3.46)

Therefore, the FSMHM iterative scheme in (3.43) converges for any initial vector

ψ̂(0) with conditions 0 < θ1 < 2 and 0 < θ2 < 2. Hence, Theorem 3.3 is proved.

Definition 3.6.1. For the ith element of independent vectors ψ̂
(F )
i and ψ̂B

i , the

unknown vector ψ̂
(k+1)
i for i = 1, 2, . . . , N − 1 can be determined as follows:

(i) 0, if ψ̂
(F )
i + ψ̂

(B)
i = 0 (Case 1),

(ii)
2ψ̂

(F )
i ◦ ψ̂(B)

i

ψ̂
(F )
i + ψ̂

(B)
i

, if ψ̂
(F )
i > 0 & ψ̂B

i > 0 (Case 2),

(iii)
2ψ̂

(F )
i ◦ ψ̂(B)

i

ψ̂
(F )
i + ψ̂

(B)
i

, if ψ̂
(F )
i < 0 & ψ̂

(B)
i < 0 (Case 3),

(iv)
2[(ψ̂

(F )
i )2 − 2ψ̂

(F )
i (| ψ̂(F )

i ψ̂
(B)
i |) 1

2 + | ψ̂(F )
i ψ̂

(B)
i |]

ψ̂
(F )
i + ψ̂

(B)
i

,

if ψ̂
(F )
i > 0 & ψ̂

(B)
i < 0 (Case 4),

(v)
2[(ψ̂

(B)
i )2 − 2ψ̂

(B)
i (| ψ̂(F )

i ψ̂
(B)
i |) 1

2 + | ψ̂(F )
i ψ̂

(B)
i |]

ψ̂
(F )
i + ψ̂

(B)
i

,

if ψ̂
(F )
i < 0 & ψ̂B

i > 0 (Case 5).

for Case 2 to Case 5, ψ̂
(F )
i + ψ̂

(B)
i 6= 0 are hold.

3.7 Computational Complexity-Reduction Ap-

proaches

In this Section, the proposed MWM iterative methods with their corresponding

approximation schemes are modified further to reduce the computational com-

plexity as mentioned in Section 2.7. The general idea of the implementation of

half- and quarter-sweep iteration techniques are also known as computational
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complexities-reduction approaches. Therefore, to execute these techniques, let

the solution domain half- and quarter-sweep be divided into N equidistant subin-

tervals.

Figure 3.2: Half-Sweep iteration

Figure 3.3: Quarter-Sweep iteration

Similar to the Full-Sweep iteration technique, implementations of the half- and

quarter-sweep iteration techniques will only consider nodal points of type for

the iteration process until the convergence criterion is reached. Then, computa-

tions for the remaining points i.e. types of and � can be carried out indepen-

dently [17, 80]. Therefore, in this research, second order Lagrange interpolation

techniques are implemented to compute the remaining nodal points. Further dis-

cussion on the remaining points calculations are given in Section 3.11.4. The

applications of the half- and quarter-sweep iteration techniques reduce the com-

putational complexity of the full-sweep methods approximately to half and quar-

ter, respectively. These techniques are combined with Gauss-Seidel, Arithmetic

Mean, Modified Arithmetic Mean, Geometric Mean, Modified Geometric Mean,

Harmonic Mean and Modified Harmonic Mean iterative methods in order to solve

the linear Fredholm IDEs.

3.8 Modified Finite Difference Schemes

In this section, the standard Finite Difference (FD) schemes is modified by com-

bining the half- and quarter-sweep iteration technique as explained in Section 3.7.

Throughout this chapter, The values of q are determined by
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q =


1 for Full-Sweep

2 for Half-Sweep

4 for Quarter-Sweep

. (3.47)

The modified FD schemes can be expressed as follows:

(i) First order derivative forward finite divided difference approximation:

f ′(ψi) =
f(ψi+q)− f(ψi)

qh
+O(h), (3.48)

(ii) First order derivative backward finite divided difference approximation:

f ′(ψi) =
f(ψi)− f(ψi−q)

qh
+O(h), (3.49)

(iii) First order derivative centered finite divided difference approximation:

f ′(ψi) =
f(ψi+q)− f(ψi−q)

2qh
+O(h2), (3.50)

(iv) Second order derivative centered finite divided difference approximation:

f ′′(ψi) =
f(ψi+q)− 2f(ψi) + f(ψi−q)

(qh)2
+O(h2), (3.51)

(v) Fourth order derivative centered finite divided difference approximation:

f (iv)(ψi) =
f(ψi+2q)− 4f(ψi+q) + 6f(ψi)− 4f(ψi−q) + f(ψi−2q)

(qh)4
+O(h2).

(3.52)

3.8.1 Modified Central Difference Operator Formula

Generally, the corresponding Half- and Quarter-Sweep Central Difference can also

be written in the operator form. Let

δ = H
1
2
q −H−

1
2
q, (3.53)

we then have

δψi = (H
1
2
q −H−

1
2
q)ψi = H

1
2
qψi −H−

1
2
qψi = ψi+ 1

2
q − ψi− 1

2
q. (3.54)
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Similarly, the mth order derivative of Half- and Quarter-Sweep Central Difference

may be defined by

δmψi = δm−1(δψi) = δm−1ψi+ 1
2
q − δm−1ψi− 1

2
q, (3.55)

where the condition of q is as described in the equation (3.47).

3.9 Modified Composite Closed Newton-Cotes

Schemes

The Composite Closed Newton-Cotes (CCNC) schemes namely 2CCNC, 3CCNC

and 5CCNC schemes as shown in Table 3.1 are modified based on the half- and

quarter-sweep iteration technique namely Half- and Quarter-Sweep CCNC. The

Half- and Quarter-Sweep 2CCNC, 3CCNC and 5CCNC are given in Table 3.2.

The condition of q for the Half- and Quarter-Sweep CCNC schemes is described

in equation (3.47).

3.9.1 Generalised Approximation Equations

The generated standard approximation equation (3.20) may be modified by amal-

gamating the half- and quarter-sweep iteration technique as described in Section

3.7. Therefore, the generalised approximation equations can be expressed as fol-

lows:

M−1∑
m=1

δmψN(xi)

s(qhi)m
−

N−q∑
j=q,2q,3q

BjK(xi, ξj)ψN(ξj) = f(xi) x ∈ (a, b) (3.56)

for i = q, 2q . . . , N − 1. Based on the modified 2CCNC, 3CCNC and 5CCNC

schemes for the integral term of problem (1.1), the quadrature weights, Bj, satisfy

the following relations respectively

Bj =

{
1
2
qhj, for j = 0, N

qhj, for otherwise
, (3.57)

Bj =


1
3
qhj, for j = 0, N

4
3
qhj, for j = 1, 3, 5, · · · , N − 1

2
3
qhj, for otherwise

, (3.58)

and
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Bj =


14
45
qhj, for j = 0, N

64
45
qhj, for j = 1, 3, 5, · · · , N − 1

28
45
qhj, for j = 4, 8, 10, · · · , N − 4

24
45
qhj, for otherwise

(3.59)

where the value q is described by equation (3.47).

Table 3.2: Modified Composite Closed Newton-Cotes Formulae

(i) Modified 2-point composite closed Newton-Cotes (2CCNC)

Q1 =
qh

2

[
ψ(a) + 2

N−q∑
j=q,2q,3q

ψ(a+ jh) + ψ(b)
]
− b− a

12
h2f (2)(ε) (3.60)

(ii) Modified 3-point composite closed Newton-Cotes (3CCNC)

Q2 =
qh

3

[
ψ(a) + 4

N−q∑
j=q,3q,5q

ψ(a+ jh) + 2

N−2q∑
j=2q,4q,6q

ψ(a+ jh) + ψ(b)
]

−b− a
180

h4f (4)(ε) (3.61)

(iii) Modified 5-point composite closed Newton-Cotes (5CCNC)

Q3 =
qh

45

[
14ψ(a) + 64

N−q∑
j=q,3q,5q

ψ(a+ jh) + 24

N−2q∑
j=2q,6q,10q

ψ(a+ jh)

+28

N−4q∑
j=4q,8q,12q

ψ(a+ jh) + 14ψ(b)
]
− 2(b− a)

945
h6f (6)(ε) (3.62)

3.9.2 Generalised Dense Linear Systems

Based on the generalised approximation equation (3.56), the generalised Full-,

Half- and Quarter-Sweep dense system of linear equations can be expressed as

Agψ̂ = f̂g, (3.63)

where Ag is generalised coefficient matrix, f̂g is generalised load vector function
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and ψ̂ is unknown vector function to be determined. Equation (3.63) may be

expressed as follows

Ag =



σq,q σq,2q σq,3q · · · σq,N−3q σq,N−2q σq,N−q

σ2q,q σ2q,2q σ2q,3q · · · σ2q,N−3q σ2q,N−2q σ2q,N−q

σ3q,q σ3q,2q σ3q,3q · · · σ3q,N−3q σ3q,N−2q σ3q,N−q
...

...
...

. . .
...

...
...

σN−3q,q σN−3q,2q σN−3q,3q · · · σN−3q,N−3q σN−3q,N−2q σN−3q,N−q

σN−2q,q σN−2q,2q σN−2q,3q · · · σN−2q,N−3q σN−2q,N−2q σN−2q,N−q

σN−q,q σN−q,2q σN−q,3q · · · σN−q,N−3q σN−q,N−2q σN−q,N−q


,

f̂g =
[
fq + (σ0,0)ψ0 f2q f3q · · · fN−3q fN−2q fN−q + (σN,N)ψN

]T
and

ψ̂ =
[
ψq ψ2q ψ3q · · · ψN−3q ψN−2q ψN−q

]T
,

respectively.

Ag is a nonsymmetric dense square matrix of (N
q
− 1)× (N

q
− 1) order, where

the value of q is determined by Half- and Quarter-Sweep cases as described in

equation (3.47). The elements in a coefficient matrix Ag depend on the order

of FIDEs and its corresponding generalised approximation equations. Therefore,

the Half- and the quarter Sweep iteration techniques reduce the orders of the

original or full matrix from (N − 1) × (N − 1) to (N
2
− 1) × (N

2
− 1) and from

(N
2
− 1)× (N

2
− 1) to (N

4
− 1)× (N

4
− 1), respectively.

As afore-mentioned, the iteration process for the proposed MWM methods

involves solving two independent systems. Therefore, to develop the formulation

for all proposed MWM methods, let the generalised coefficient matrix Ag in

equation (3.63) be decomposed as

AHg = DHg − LHg − UHg , (3.64)

and

AQg = DQg − LQg − UQg , (3.65)

where AHg and AQg represent respectively the generalised Half- and Quarter-Sweep
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matrices with a superscript index H for q = 2, and an index Q for q = 4.

Therefore, the generalised matrix decomposition can be expressed as

Dg =



σq,q 0 0 · · · 0 0 0

0 σ2q,2q 0 · · · 0 0 0

0 0 σ3q,3q · · · 0 0 0
...

...
...

. . .
...

...
...

0 0 0 · · · σN−3q,N−3q 0 0

0 0 0 · · · 0 σN−2q,N−2q 0

0 0 0 · · · 0 0 σN−q,N−q


,

Lg =



0 0 0 · · · 0 0 0

σ2q,q 0 0 · · · 0 0 0

σ3q,q σ3q,2q 0 · · · 0 0 0
...

...
...

. . .
...

...
...

σN−3q,q σN−3q,2q 0 · · · 0 0 0

σN−2q,q σN−2q,2q 0 · · · σN−2q,N−3q 0 0

σN−q,q σN−q,2q 0 · · · σN−q,N−3q σN−q,N−2q 0


and

Ug =



0 σq,2q σq,3q · · · σq,N−3q σq,N−2q σq,N−q

0 0 0 · · · σ2q,N−3q σ2q,N−2q σ2q,N−q

0 0 0 · · · σ3q,N−3q σ3q,N−2q σ3q,N−q
...

...
...

. . .
...

...
...

0 0 0 · · · 0 σN−2q,N−2q σN−3q,N−q

0 0 0 · · · 0 0 σN−2q,N−q

0 0 0 · · · 0 0 0


for the diagonal, the strictly lower triangular and strictly upper triangular ma-

trices, respectively.

3.9.3 Generalised Matrix Splitting

The Half- and Quarter-Sweep matrix splitting of Ag are respectively

AHg = HH
r −KHr , r = 1, 2, (3.66)
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and

AQg = HQ
r −KQr , r = 1, 2, (3.67)

with the generalised H1 and H2 defined by

H1 =



σq,q σq,2q

σ2q,q σ2q,2q

σ3q,3q σ3q,4q

σ4q,3q σ4q,4q

. . .

σN−2q,N−2q σN−2q,N−q

σN−q,N−2q σN−q,N−q


and

H2 =



σq,q

σ2q,2q σ2q,3q

σ3q,2q σ3q,3q

. . .

σN−3q,N−3q σN−3q,N−2q

σN−2q,N−3q σN−2q,N−2q

σN−q,N−q


,

respectively, where HH
r and HQ

r are for q = 2 and q = 4, respectively. Conse-

quently, KHr and KQr are expressed as

KHr = HH
r −AHg , r = 1, 2 (3.68)

and

KQr = HQ
r −AQg , r = 1, 2, (3.69)

respectively.
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3.10 Half- and Quarter-Sweep Modified Weighted

Mean methods

In this section, the implementation of half- and quarter-sweep iterations tech-

niques are applied on the proposed MWM modified iterative methods to reduce

the complexity of the computational elements. Consequently, the convergence

Theorems and Proofs for the Half- and Quarter-Sweep proposed MWM iterative

methods are presented.

3.10.1 Half- and Quarter-Sweep Modified Arithmetic Mean

iterative methods

The formulation of the Half-Sweep Modified Arithmetic Mean (HSMAM) and

the Quarter-Sweep Modified Arithmetic Mean (QSMAM) methods are presented

together with systematic conditions of convergence. The HSMAM and QSMAM

iterative methods for approximating the solution ψ̂(k+1) of generalised system

(3.63) as described in Section 3.9.2 are as follows:

(DHg − θ1LHg )ψ̂(F ) = ((1− θ1)DHg + θ1UHg )ψ̂(k) + θ1f̂g

(DHg − θ2UHg )ψ̂(B) = ((1− θ2)DHg + θ2LHg )ψ̂(k) + θ2f̂g

ψ̂(k+1) =
1

2
(ψ̂(F ) + ψ̂(B))

 k = 0, 1, . . . (3.70)

and

(DQg − θ1LQg )ψ̂(F ) = ((1− θ1)DQg + θ1UQg )ψ̂(k) + θ1f̂g

(DQg − θ2UQg )ψ̂(B) = ((1− θ2)DQg + θ2LQg )ψ̂(k) + θ2f̂g

ψ̂(k+1) =
1

2
(ψ̂(F ) + ψ̂(B))

 k = 0, 1, . . . (3.71)

with (k = 0, 1, . . .), (DHg −θ1LHg ), (DHg −θ2UHg ), (DQg −θ1LQg ), (DQg −θ2UQg ), ((1−
θ1)DHg −θ1LHg ), ((1−θ2)DHg −θ2UHg ), ((1−θ1)DQg −θ1LQg ) and ((1−θ2)DQg −θ2UQg )

are nonsingular triangular matrices with optimal parameter values θ1 and θ2 and

ψ̂(k) is initial vector at the kth iteration to the solutions of ψ̂(F ) and ψ̂(B). In the

case of θ1 = θ2, the HSMAM and QSMAM methods are equivalent to the HSAM

and QSAM methods respectively.

Based on the formulations in equations (3.70) and (3.71), the iterative forms
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of the HSMAM and QSMAM methods are

ψ̂(k+1) = ZHSMAM ψ̂
(k) + zHSMAM f̂g, k = 0, 1, 2, . . . (3.72)

and

ψ̂(k+1) = ZQSMAM ψ̂
(k) + zQSMAM f̂g, k = 0, 1, 2, . . . (3.73)

where ZHSMAM defined by

1

2

[
(DHg − θ1LHg )−1((1− θ1)DHg + θ1UHg ) + (DHg − θ2UHg )−1((1− θ2)DHg + θ2LHg )

]
and ZQSMAM defined by

1

2

[
(DQg − θ1LQg )−1((1− θ1)DQg + θ1UQg ) + (DQg − θ2UQg )−1((1− θ2)DQg + θ2LQg )

]
respectively. The ZHSMAM and ZQSMAM are square iteration matrices for HS-

MAM and QSMAM methods, respectively. Meanwhile,

zHSMAM =
1

2

[
θ1(DHg − θ1LHg )−1 + θ2(DHg − θ2UHg )

]
and

zQSMAM =
1

2

[
θ1(DQg − θ1LQg )−1 + θ2(DQg − θ2UQg )

]
are load vectors obtained from the right hand side f̂g.

The general conditions which guarantee the convergence of the HSMAM and the

QSMAM iterative schemes in equations (3.72) and (3.73) for solving generalised

linear systems (3.63) are described in the following Theorem and Proofs.

Theorem 3.4. Let AHg and AQg be nonsingular diagonally dominant matrices with

order respectively (N
2
− 1)× (N

2
− 1) and (N

4
− 1)× (N

4
− 1) with its components

σi,i > 0, fori = 1, 2, . . . N − 1.

Let the matrix splitting for Half- and Quarter-Sweep cases as in equations

(3.66) and (3.67) are defined by

AHg = HH
1 −KH1 = HH

2 −KH2

and

AQg = HQ
1 −K

Q
1 = HQ

2 −K
Q
2 .
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where HH
1 and HH

2 , HQ
1 and HQ

2 are nonsingular respectively with ‖(HH
1 )−1‖ ≥ 0,

‖KH1 ‖ ≥ 0, ‖(HH
2 )−1‖ ≥ 0, and ‖KH2 ‖ ≥ 0 ‖(HQ

1 )−1‖ ≥ 0, ‖KQ1 ‖ ≥ 0, ‖(HQ
2 )−1‖ ≥

0and ‖KQ2 ‖ ≥ 0.

Therefore, the iterative schemes of HSMAM (3.72) and the QSMAM (3.73)

are convergent for 0 < θ1 < 2 and 0 < θ2 < 2.

Proof. By hypothesis, Let AHg and AQg be nonsingular matrices with order of

(N
2
− 1)× (N

2
− 1) and (N

4
− 1)× (N

4
− 1) respectively.

Since HH
1 = DHg − θ1UHg , HH

2 = DHg − θ2LHg , HQ
1 = DQg − θ1UQg and HQ

2 =

DQg − θ2LQg are strictly diagonally dominant matrices with positive entries on the

diagonal for 0 < θ1 < 2 and 0 < θ2 < 2.

The matrices KH1 = (1 − θ1)DHg + θ1UHg , KH2 = (1 − θ2)DHg + θ1LHg , KQ1 =

(1− θ1)DQg + θ1UQg and KQ2 = (1− θ2)DQg + θ1LQg are triangular.

Since

HH
1 −KH1 = HH

2 −KH2 = AHg

and

HQ
1 −K

Q
1 = HQ

2 −K
Q
2 = AQg

then it can be written as

QH =
1

2
(HH

1 )−1KH1 +
1

2
(HH

2 )−1KH2 = I −
[

1

2
(HH

1 )−1 +
1

2
(HH

2 )−1

]
Ag (3.74)

or also can be written as

1

2
(HH

1 )−1 +
1

2
(HH

2 )−1 = (I − QH)A−1
g (3.75)

and similarly,

QQ =
1

2
(HQ

1 )−1KQ1 +
1

2
(HQ

2 )−1KQ2 = I −
[

1

2
(HQ

1 )−1 +
1

2
(HQ

2 )−1

]
Ag (3.76)

or also can be written as

1

2
(HQ

1 )−1KQ1 +
1

2
(HQ

2 )−1KQ2 = (I − QQ)A−1
g . (3.77)

The proof of the theorem runs parallel to a standard proof given in [44]. Since

QH = (HH
r )−1KHr and QQ = (HQ

r )−1KQr , hence the spectral radii are
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ρHSMAM(QH) < 1 (3.78)

and

ρQSMAM(QQ) < 1. (3.79)

Therefore, the HSMAM and QSMAM iterative schemes in equations (3.72) and

(3.73) are converge for any initial vector ψ̂(0) with the conditions 0 < θ1 < 2 and

0 < θ2 < 2. Hence, Theorem 3.4 is proved.

3.10.2 Half- and Quarter-Sweep Modified Geometric Mean

Iterative Methods

The formulation of the Half-Sweep Modified Geometric Mean (HSMGM) and

the Quarter-Sweep Modified Geometric Mean (QSMGM) methods are presented

together with conditions of convergence. The HSMGM and QSMGM iterative

methods for approximating the solution ψ̂(k+1) of generalised linear system (3.63)

are as follows:

(DHg − θ1LHg )ψ̂(F ) = ((1− θ1)DHg + θ1UHg )ψ̂(k) + θ1f̂g

(DHg − θ2UHg )ψ̂(B) = ((1− θ2)DHg + θ2LHg )ψ̂(k) + θ2f̂g

ψ̂(k+1) = (ψ̂(F ) ◦ ψ̂(B))
1
2 , ψ̂(F ) ◦ ψ̂(B) ≥ 0

 k = 0, 1, . . . (3.80)

and

(DQg − θ1LQg )ψ̂(F ) = ((1− θ1)DQg + θ1UQg )ψ̂(k) + θ1f̂g

(DQg − θ2UQg )ψ̂(B) = ((1− θ2)DQg + θ2LQg )ψ̂(k) + θ2f̂g

ψ̂(k+1) = (ψ̂(F ) ◦ ψ̂(B))
1
2 , ψ̂(F ) ◦ ψ̂(B) ≥ 0

 k = 0, 1, . . . (3.81)

Meanwhile, θ1, θ2, ◦ and (◦) 1
2 and ψ̂(k) are optimal HSMGM and QSMGM pa-

rameters, Hadamard product, Hadamard power [21] and unknown vector at the

kth iteration, respectively. In the case of θ1 = θ2, these methods are equivalent

to the conventional HSGM and QSGM iterative methods, respectively.

Based on the formulae (3.80) and (3.81), the iterative forms of the HSMGM

and the QSMGM methods are as follows:
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ψ̂(k+1) = ZHSMGM ψ̂
(k) + zHSMGM f̂g, k = 0, 1, 2, . . . (3.82)

and

ψ̂(k+1) = ZQSMGM ψ̂
(k) + zQSMGM f̂g, k = 0, 1, 2, . . . (3.83)

where ZHSMGM is defined by

[
(DHg − θ1LHg )−1((1− θ1)DHg + θ1UHg )(DHg − θ2UHg )−1((1− θ2)DHg + θ1LHg )

] 1
2

and ZQSMGM is

[
(DQg − θ1LQg )−1((1− θ1)DQg + θ1UQg )(DQg − θ2UQg )−1((1− θ2)DQg + θ1LQg )

] 1
2

which are both square iteration matrices for HSMGM and QSMGM methods

respectively. Meanwhile,

zHSMGM =
[
θ1θ2(DHg − θ1LHg )−1(DHg − θ2UHg )−1

] 1
2

and

zQSMGM =
[
θ1θ2(DQg − θ1LQg )−1(DQg − θ2UQg )−1

] 1
2

are load vectors that obtained from the right hand side f̂g.

The general conditions which guarantee the convergence of the HSMGM and the

QSMGM methods for solving generalised linear systems (3.63) are described in

the following Theorem.

Theorem 3.5. Let ZHSMGM and ZQSMGM be (N
2
− 1)× (N

2
− 1) and (N

4
− 1)×

(N
4
−1) nonsingular square matrices, respectively. Then, the necessary conditions

for the HSMGM and QSMGM methods to be convergent are that 0 < θ1 < 2 and

0 < θ2 < 2.

Proof. Since the eigenvalues λj of ZH and ZQ are the zeroes of the characteristic

polynomial, the determinants of ZHSMGM and ZQSMGM satisfy the following

relations

det(ZHSMGM) =
N∏

j=0,2,4

λj (3.84)

and
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det(ZQSMGM) =
N∏

j=0,4,8

λj, (3.85)

respectively where multiple eigenvalues are repeated according to their algebraic

multiplicity. Since (DHg − θ1LHg )
1
2 , (DHg − θ2UHg )

1
2 , ((1− θ1)DHg − θ1UHg )

1
2 , ((1−

θ2)DHg − θ2LHg )
1
2 and (DQg − θ1LQg )

1
2 , (DQg − θ2UQg )

1
2 , ((1− θ1)DQg − θ1UQg )

1
2 , ((1−

θ2)DQg − θ2LQg )
1
2 are nonsingular triangular matrices, hence,

ZHSMGM

= det
[
(DHg − θ1LHg )−1((1− θ1)DHg + θ1UHg )(DHg − θ2UHg )−1((1− θ2)DHg + θ2LHg )

] 1
2

(3.86)

and ZQSMGM

= det
[
(DQg − θ1LQg )−1((1− θ1)DQg + θ1UQg )(DQg − θ2UQg )−1((1− θ2)DQg + θ2LQg )

] 1
2 ,

(3.87)

respectively.

Because of LHg and UHg are strictly lower and upper triangular matrices, re-

spectively, then det(DHg − θ1LHg )−1 = det(DHg − θ2UHg )−1 = det(DHg )−1.

Therefore,

det(ZHSMGM)=det
[
(DHg )−1((1− θ1)DHg + θ1UHg )(DHg )−1((1− θ2)DHg + θ2LHg )

] 1
2

=det{(DHg )−1} 1
2 det{(1−θ1)DHg +θ1UHg }

1
2 det{(DHg )−1} 1

2 det{(1−θ2)DHg +θ2LHg }
1
2

=det{(1− θ1)I + θ1(DHg )−1UHg }
1
2 det{(1− θ2)I + θ2(DHg )−1LHg }

1
2

=
(
(1− θ1)

1
2

)N
2
−1(

(1− θ2)
1
2

)N
2
−1

=(1− θ1)
N−2

4 (1− θ2)
N−2

4 .

This now implies

ρ(ZHSMGM) ≥
(
| 1− θ1 |

N−2
4 | 1− θ2 |

N−2
4

) 4
N−2

=| (1− θ1)(1− θ2) | . (3.88)

Similarly, because of LQg and UQg are strictly lower and upper triangular ma-

trices, respectively, then det(DQg − θ1LQg )−1 = det(DQg − θ2UQg )−1 = det(DQg )−1.

Therefore,

det(ZQSMGM)=det
[
(DQg )−1((1− θ1)DQg + θ1UQg )(DQg )−1((1− θ2)DQg + θ2LQg )

] 1
2

=det{(DQg )−1} 1
2 det{(1−θ1)DQg +θ1UQg }

1
2 det{(DQg )−1} 1

2det{(1−θ2)DQg +θ2LQg }
1
2

=det{(1− θ1)I + θ1(DQg )−1UQg }
1
2 det{(1− θ2)I + θ2(DQg )−1LQg }

1
2
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=
(
(1− θ1)

1
2

)N
4
−1(

(1− θ2)
1
2

)N
4
−1

=(1− θ1)
N−4

8 (1− θ2)
N−4

8 .

This now implies

ρ(ZQSMGM) ≥
(
| 1− θ1 |

N−4
8 | 1− θ2 |

N−4
8

) 8
N−4

=| (1− θ1)(1− θ2) | . (3.89)

Therefore, based on Theorem 2.6 and 3.5, the HSMGM and QSMGM iteration

schemes in equations (3.82) and (3.83) are converge for any initial vector ψ̂(0)

with conditions 0 < θ1 < 2 and 0 < θ2 < 2. Hence, Theorem 3.5 is proved.

Definition 3.10.1. For the ith element of independent vectors ψ̂(F ) and ψ̂(B) the

unknown vector ψ̂(k+1) for i = q, 2q . . . , N − q can be determined as follows:

(i) (ψ̂
(F )
i ψ̂

(B)
i )

1
2 , if ψ̂

(F )
i > 0 & ψ̂

(B)
i > 0 (Case 1),

(ii) (ψ̂
(F )
i ψ̂

(B)
i )

1
2 , if ψ̂

(F )
i < 0 & ψ̂

(B)
i < 0 (Case 2),

(iii) (ψ̂
(F )
i − | ψ̂

(F )
i ψ̂

(B)
i | 12 , if ψ̂

(F )
i > 0 & ψ̂

(B)
i < 0 (Case 3),

(iv) (ψ̂
(B)
i − | ψ̂

(F )
i ψ̂

(B)
i | 12 , if ψ̂

(F )
i < 0 & ψ̂

(B)
i > 0 (Case 4).

3.10.3 Half- and Quarter-Sweep Modified Harmonic Mean

Iterative Methods

Similar to FSMHM in Section 3.6, the formulation of the Half-Sweep Modified

Harmonic Mean (HSMHM) and the Quarter-Sweep Modified Arithmetic Mean

(QSMHM) methods are presented together with the systematic conditions for

convergence. The HSMHM and QSMHM methods for approximating the solution

ψ̂(k+1) of generalised linear system (3.63) are respectively

(DHg − θ1LHg )ψ̂(F ) = ((1− θ1)DHg + θ1UHg )ψ̂(k) + θ1f̂g

(DHg − θ2UHg )ψ̂(B) = ((1− θ2)DHg + θ2LHg )ψ̂(k) + θ2f̂g

ψ̂(k+1) =
2ψ̂F ◦ ψ̂B

ψ̂F + ψ̂B
, ψ̂F + ψ̂B 6= 0

 k = 0, 1, . . . (3.90)

and
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(DQg − θ1LQg )ψ̂(F ) = ((1− θ1)DQg + θ1UQg )ψ̂(k) + θ1f̂g

(DQg − θ2UQg )ψ̂(B) = ((1− θ2)DQg + θ2LQg )ψ̂(k) + θ2f̂g

ψ̂(k+1) =
2ψ̂F ◦ ψ̂B

ψ̂F + ψ̂B
, ψ̂F + ψ̂B 6= 0

 k = 0, 1, . . . (3.91)

where (DHg −θ1LHg ), (DHg −θ2UHg ), (DQg −θ1LQg ) (DQg −θ2UQg ), ((1−θ1)DHg −θ1LHg ),

((1−θ2)DHg −θ2UHg ), ((1−θ1)DQg −θ1LQg ) and ((1−θ2)DQg −θ2UQg ) are nonsingular

triangular matrices with optimal parameter values θ1 and θ2, ψ̂(k) is an unknown

vector at the kth iteration, ‘◦’ is the Hadamard product operator and (◦) 1
2 is the

Hadamard power [21]. In the case of θ1 = θ2, the HSMHM and QSMHM method

are equivalent to the HSHM and QSHM methods, respectively.

From equations (3.90) and (3.91), the iterative forms of the HSMHM and the

QSMHM methods are as follows:

ψ̂(k+1) = ZHSMHM ψ̂
(k) + zHSMHM f̂g, k = 0, 1, 2, . . . (3.92)

and

ψ̂(k+1) = ZQSMHM ψ̂
(k) + zQSMHM f̂g, k = 0, 1, 2, . . . (3.93)

where ZHSMHM is defined as

2(DHg − θ1LHg )−1((1− θ1)DHg + θ1UHg )(DHg − θ2UHg )−1((1− θ2)DHg + θ2LHg )

(DHg − θ1LHg )−1((1− θ1)DHg + θ1UHg ) + (DHg − θ2UHg )−1((1− θ2)DHg + θ2LHg )

and ZQSMHM is

2(DQg − θ1LQg )−1((1− θ1)DQg + θ1UQg )(DQg − θ2UQg )−1((1− θ2)DQg + θ2LQg )

(DQg − θ1LQg )−1((1− θ1)DQg + θ1UQg ) + (DQg − θ2UQg )−1((1− θ2)DQg + θ2LQg )

which are both square iteration matrices for the HSMHM and QSMHM methods

respectively. Meanwhile,

zHSMHM =
2θ1θ2(DHg − θ1LHg )−1(DHg − θ2UHg )−1

(DHg − θ1LHg )−1 + (DHg − θ2UHg )−1

and

zQSMHM =
2θ1θ2(DQg − θ1LQg )−1(DQg − θ2UQg )−1

(DQg − θ1LQg )−1 + (DQg − θ2UQg )−1
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are load vectors that are obtained from the right hand side f̂g.

Based on the matrix splitting of Ag in equations(3.66) and (3.67), the condi-

tions which the convergence of the HSMHM and QSMHM methods are described

in the following Theorems and Proofs.

Theorem 3.6. Let AHg and AQg be nonsingular diagonally dominant matrices with

order respectively (N
2
− 1)× (N

2
− 1) and (N

4
− 1)× (N

4
− 1) with its components

σi,i > 0, fori = 1, 2, . . . N − 1.

Let the matrix splitting for Half- and Quarter-Sweep cases as in equations

(3.66) and (3.67) are defined by

AHg = HH
1 −KH1 = HH

2 −KH2

and

AQg = HQ
1 −K

Q
1 = HQ

2 −K
Q
2 .

where HH
1 and HH

2 , HQ
1 and HQ

2 are nonsingular respectively with ‖(HH
1 )−1‖ ≥

0, ‖KH1 ‖ ≥ 0, ‖(HH
2 )−1‖ ≥ 0, and ‖KH2 ‖ ≥ 0, ‖(HQ

1 )−1‖ ≥ 0, ‖KQ1 ‖ ≥ 0,

‖(HQ
2 )−1‖ ≥ 0, and ‖KQ2 ‖ ≥ 0.

Therefore, the iterative schemes of HSMHM (3.92) and the QSMHM (3.93)

are convergent for 0 < θ1 < 2 and 0 < θ2 < 2.

Proof. By hypothesis, Let AHg and AQg be nonsingular matrices having order of

(N
2
− 1)× (N

2
− 1) and (N

4
− 1)× (N

4
− 1) respectively.

Since HH
1 = DHg − θ1UHg , HH

2 = DHg − θ2LHg and HQ
1 = DQg − θ1UQg , HQ

2 =

DQg − θ2LQg are strictly diagonally dominant matrices with positive entries on the

diagonal for 0 < θ1 < 2 and 0 < θ2 < 2.

The nonsingular matrices KH1 = (1−θ1)DH +θ1UH , KH2 = (1−θ2)DH +θ1LH ,

KQ1 = (1− θ1)DQ + θ1UQ and KQ2 = (1− θ2)DQ + θ1LQ are triangular.

Since

HH
1 −KH1 = HH

2 −KH2 = AHg

and

HQ
1 −K

Q
1 = HQ

2 −K
Q
2 = AQg

then it can be written as

QH =
2[(HH

1 )−1KH1 ◦ (HH
2 )−1KH2 ]

(HH
1 )−1KH1 + (HH

2 )−1KH2
= I −

[
2[(HH

1 )−1 ◦ (HH
2 )−1]

(HH
1 )−1 + (HH

2 )−1

]
AHg (3.94)
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or also can be written as

2[(HH
1 )−1 ◦ (HH

2 )−1]

(HH
1 )−1 + (HH

2 )−1
= (I − QH)(AHg )−1. (3.95)

Similarly,

QQ =
2[(HQ

1 )−1KQ1 ◦ (HQ
2 )−1KQ2 ]

(HQ
1 )−1KQ1 + (HQ

2 )−1KQ2
= I −

[
2[(HQ

1 )−1 ◦ (HQ
2 )−1]

(HQ
1 )−1 + (HQ

2 )−1

]
AQg (3.96)

or also can be written as

2[(HQ
1 )−1 ◦ (HQ

2 )−1]

(HQ
1 )−1 + (HQ

2 )−1
= (I − QQ)(AQg )−1. (3.97)

The proof of the theorem runs parallel to a standard proof given in [44]. Since

QH = (HH
r )−1KHr and QQ = (HQ

r )−1KQr , hence, the spectral radii are

ρHSMHM(QH) < 1 (3.98)

and

ρQSMHM(QQ) < 1. (3.99)

Therefore, the HSMHM and QSMHM iterative schemes are converge for any

initial vector ψ̂(0) with the conditions 0 < θ1 < 2 and 0 < θ2 < 2. Hence,

Theorem 3.6 is proved.

Definition 3.10.2. For the ith element of independent vectors ψ̂
(F )
i and ψ̂B

i , the

unknown vector ψ̂
(k+1)
i for i = q, 2q, . . . , N − q can be determined as follows:

(i) 0, if ψ̂
(F )
i + ψ̂

(B)
i = 0 (Case 1),

(ii)
2ψ̂

(F )
i ◦ ψ̂(B)

i

ψ̂
(F )
i + ψ̂

(B)
i

, if ψ̂
(F )
i > 0 & ψ̂B

i > 0 (Case 2),

(iii)
2ψ̂

(F )
i ◦ ψ̂(B)

i

ψ̂
(F )
i + ψ̂

(B)
i

, if ψ̂
(F )
i < 0 & ψ̂

(B)
i < 0 (Case 3),

(iv)
2[(ψ̂

(F )
i )2 − 2ψ̂

(F )
i (| ψ̂(F )

i ψ̂
(B)
i |) 1

2 + | ψ̂(F )
i ψ̂

(B)
i |]

ψ̂
(F )
i + ψ̂

(B)
i

,

if ψ̂
(F )
i > 0 & ψ̂

(B)
i < 0 (Case 4),
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(v)
2[(ψ̂

(B)
i )2 − 2ψ̂

(B)
i (| ψ̂(F )

i ψ̂
(B)
i |) 1

2 + | ψ̂(F )
i ψ̂

(B)
i |]

ψ̂
(F )
i + ψ̂

(B)
i

,

if ψ̂
(F )
i < 0 & ψ̂B

i > 0 (Case 5).

for Case 2 to Case 5, ψ̂
(F )
i + ψ̂

(B)
i 6= 0 hold.

3.11 Algorithms

The algorithms for the family of MWM methods for solving the generalised linear

system (3.63) as described in Section 3.9.2 arisen from problem (1.1) is described

in the following part. The algorithm is explicitly performed by ψ̂
(F )
i and ψ̂

(B)
i

alternately until the convergence criterion is satisfied, i.e. the maximum norm

‖ ψ̂(k+1) − ψ̂(k) ‖∞≤ ε where ε is the convergence criterion. Therefore the Full-,

Half- and Quarter-Sweep iterative methods of MAM, MGM and MHM are shown

in the Algorithms 3.11.1, 3.11.2 and 3.11.3 correspondingly associated with the

generated CD-CCNC systems.

3.11.1 Standard or Full-, Half- and Quarter-Sweep MAM

Algorithms

Step i. Set ψ̂(F ) = ψ̂(B) = 0 and MaxK=10000

Step ii. Iteration cycle

for k = 0, 1, 2, . . .,MaxK

for i = q, 2q, . . . , N − q ; q = 1, 2, 4

Compute

ψ̂
(F )
i ← (1−θ1)ψ̂

(k)
i + θ1

σi,i

[
f̂i−
∑i−q

j=q,2qAi,jψ̂
(F )
j −

∑N−q
j=i+q,i+2q,i+3qAi,jψ̂

(k)
j

]
for i = N − q,N − 2q, . . . , q

Compute

ψ̂
(B)
i ← (1−θ2)ψ̂

(k)
i + θ2

σi,i

[
f̂i−
∑i−q

j=q,2qAi,jψ̂kj−
∑N−q

j=i+q,i+2q,i+3qAi,jψ̂
(B)
j

]
for i = q, 2q, · · · , N − q

Compute

ψ̂
(k+1)
i ←

{
1
2
(ψ̂

(F )
i + ψ̂

(B)
i )

Step iii. Check the convergence. If convergence is achieved, go to Step (iv);

otherwise, repeat the iteration cycle (i.e., go to Step (ii))

Step iv. Stop
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3.11.2 Standard or Full-, Half- and Quarter-Sweep MGM

Algorithms

Step i. Set ψ̂(F ) = ψ̂(B) = 0 and MaxK=10000

Step ii. Iteration cycle

for k = 0, 1, 2, . . .,MaxK

for i = q, 2q, . . . , N − q ; q = 1, 2, 4

Compute

ψ̂
(F )
i ← (1−θ1)ψ̂

(k)
i + θ1

σi,i

[
f̂i−
∑i−q

j=q,2qAi,jψ̂
(F )
j −

∑N−q
j=i+q,i+2q,i+3qAi,jψ̂

(k)
j

]
for i = N − q,N − 2q, . . . , q

Compute

ψ̂
(B)
i ← (1−θ2)ψ̂

(k)
i + θ2

σi,i

[
f̂i−
∑i−q

j=q,2qAi,jψ̂kj−
∑N−q

j=i+q,i+2q,i+3qAi,jψ̂
(B)
j

]
for i = q, 2q, · · · , N − q

Compute

ψ̂
(k+1)
i ←



(ψ̂
(F )
i ψ̂

(B)
i )

1
2 (Case 1)

−(ψ̂
(F )
i ψ̂

(B)
i )

1
2 (Case 2)

(ψ̂
(F )
i − | ψ̂

(F )
i ψ̂

(B)
i | 12 (Case 3)

(ψ̂
(B)
i − | ψ̂

(F )
i ψ̂

(B)
i | 12 (Case 4)

Step iii. Check the convergence. If convergence is achieved, go to Step (iv);

otherwise, repeat the iteration cycle (i.e., go to Step (ii))

Step iv. Stop
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3.11.3 Standard or Full-, Half- and Quarter-Sweep MHM

Algorithms

Step i. Set ψ̂(F ) = ψ̂(B) = 0 and MaxK=10000

Step ii. Iteration cycle

for k = 0, 1, 2, . . .,MaxK

for i = q, 2q, . . . , N − q ; q = 1, 2, 4

Compute

ψ̂
(F )
i ← (1−θ1)ψ̂

(k)
i + θ1

σi,i

[
f̂i−
∑i−q

j=q,2qAi,jψ̂
(F )
j −

∑N−q
j=i+q,i+2q,i+3qAi,jψ̂

(k)
j

]
for i = N − q,N − 2q, . . . , q

Compute

ψ̂
(B)
i ← (1−θ2)ψ̂

(k)
i + θ2

σi,i

[
f̂i−
∑i−q

j=q,2qAi,jψ̂kj−
∑N−q

j=i+q,i+2q,i+3qAi,jψ̂
(B)
j

]
for i = q, 2q, · · · , N − q

Compute

ψ̂
(k+1)
i ←



0, (Case 1)

2ψ̂F
i ◦ ψ̂B

i

ψ̂F
i + ψ̂B

i

(Case 2)

2ψ̂F
i ◦ ψ̂B

i

ψ̂F
i + ψ̂B

i

(Case 3)

2
[
(ψ̂F

i )2 − 2ψ̂F
i (| ψ̂F

i ψ̂
B
i |)

1
2 + | ψ̂F

i ψ̂
B
i |
]

ψ̂F
i + ψ̂B

i

(Case 4)

2
[
(ψ̂B

i )2 − 2ψ̂B
i (| ψ̂F

i ψ̂
B
i |)

1
2 + | ψ̂F

i ψ̂
B
i |
]

ψ̂F
i + ψ̂B

i

(Case 5)

Step iii. Check the convergence. If convergence is achieved, go to Step (iv);

otherwise, repeat the iteration cycle (i.e., go to Step (ii))

Step iv. Stop
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3.11.4 Remaining Point Calculations for Half- and Quarter-

Sweep Iterative Methods

In this research, additional calculations are required for all Half- and Quarter-

Sweep iterative methods, i.e. HSMAM, HSMGM, HSMHM, QSMAM, QSMGM

and QSMHM. Therefore, second order Lagrange interpolation techniques are ap-

plied to determine ψi at the remaining points after the convergence criterion is

satisfied. Basically, the formulations of second order Lagrange techniques for all

Half- and Quarter-Sweep MWM methods are defined by

ψ̂i =

{
3
8
ψ̂i−1 + 3

4
ψ̂i+1 − 1

8
ψ̂i+3, i = 1, 3, 5, · · · , N − 3

3
4
ψ̂i−1 + 3

8
ψ̂i+1 − 1

8
ψ̂i−3, i = N − 1

(3.100)

and

ψ̂i =


3
8
ψ̂i−2 + 3

4
ψ̂i+2 − 1

8
ψ̂i+6, i = 2, 6, 10, · · · , N − 6

3
4
ψ̂i−2 + 3

8
ψ̂i+2 − 1

8
ψ̂i−6, i = N − 2

3
8
ψ̂i−1 + 3

4
ψ̂i+1 − 1

8
ψ̂i+3, i = 1, 3, 5, · · · , N − 3

3
4
ψ̂i−1 + 3

8
ψ̂i+1 − 1

8
ψ̂i−3, i = N − 1

(3.101)

respectively. The derivations of equations (3.100) and (3.101) are shown in Ap-

pendix A.

3.12 Percentage Reduction Calculation

In this research, analysis of percentage reduction is carried out for the tested

problems to evaluate the performance of the proposed MWM iterative methods.

There are two criteria namely a number of iterations and CPU time (or compu-

tational time) are considered to analyse the percentage reduction of the proposed

methods relative to the standard or Full-Sweep Guess-Seidel (FSGS) and the

standard or Full-Sweep Weighted Mean (FSWM) methods for six different mesh

sizes. The percentage reduction is determined by

R =
(ϕold − ϕnew

ϕold

)
× 100%, (3.102)

where ϕold and ϕnew denote a number of iterations or CPU time of some existing

iterative methods and all nine new MWM iterative methods. In Chapter 4, a

vigorous analysis of the percentage reduction for all proposed MWM methods

are presented.



CHAPTER 4

Numerical Analysis

4.1 Numerical Simulation

In this research, two linear Fredholm IDEs problems are investigated by using

the developed iterative methods in Chapter 3. These IDEs are approximated by

using Central Difference-Composite Closed Newton-Cotes schemes to obtain the

corresponding approximation equations in order to generate the system of linear

equations. Following that, the proposed methods namely the FSMAM, HSMAM,

QSMAM, FSMGM, HSMGM, QSMGM, FSMHM, HSMHM and QSMHM are

applied to solve the generated linear systems to evaluate the effectiveness and

efficiency. All the numerical results are shown in the tables for the performance

analysis and discussed in detail. In the last section, computational complexities

of the proposed and existing methods are analysed.

4.1.1 Numerical Setup

In this section, the second and fourth order linear Fredholm IDEs are solved by

using the proposed iterative methods and the results are compared and analysed

with some existing methods. The second and fourth order linear Fredholm IDEs

problems are chosen from different levels of difficulty in order to claim that the

methods have smooth convergence for all types of problems. Therefore, three

comparative criteria are considered for performance analysis as shown in Table

4.1.

These criteria are used to measure the effectiveness of the proposed meth-

ods associated with several mesh sizes. The CPU time for each computational

result was recorded by executing computer programs several times and taking

the average values. On the other hand, the new optimal parameter value θ2

is determined along with the best optimal parameter value θ1 obtained within

63



4.1 Numerical Simulation 64

Table 4.1: Measurement criteria

Criteria Description
Iteration steps Number of iterations taken to yield the solutions

CPU time Computational time taken for solutions (in seconds)
RMSE (εN) Root mean square error

±0.01 from the family of standard WM, where its number of iterations is small-

est. For convergence test, the tolerance error is determined with the range

ε = 10−10. All the tested methods are implemented by using Intel(R)Core(TM)i5

with CPU@3.20GHz and the codes are written in C programming language. The

classic iterative methods such as Gauss-Seidel (GS) and the standard WM meth-

ods were used for vigorous mathematical analysis and comparing the performance

of all the proposed methods. Therefore, variants of GS methods which are Half-

Sweep Gauss-Seidel (HSGS) and Quarter-Sweep Gauss-Seidel (QSGS), and the

variants of WM methods namely FSAM, HSAM, QSAM, FSGM, HSGM, QSGM,

FSHM, HSHM and QSHM iterative methods were used with the correspond-

ing Full-, Half- and Quarter-Sweep CD-CCNC approximation equations to solve

problems 1 and 2.

4.1.2 CD-CCNC Approximation Equations of Second Or-

der Fredholm IDEs

Generally, the second order Fredholm IDEs of second kind can be defined as

follows

d2ψ

dx2
(x)− γ

∫ b

a

K(x, ξ)ψ(ξ)dξ = f(x), x ∈ (a, b) (4.1)

with boundary conditions

ψ(a) = a0 and ψ(b) = b0,

where K(x, ξ) and f(x) are known functions, α, γ, a0 and b0 are assumed con-

stants, and ψ(x) is the unknown function to be determined.

As discussed in the Section 3.9.1, the generalised approximation equations of

by CD-CCNC methods of equation (4.1) can be reduced as follows as described

in Section 3.9.2
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ψi+q − 2ψi + ψi−q
(qh)2

−
N−q∑

j=q,2q,3q

BjKi,jψj = fi (4.2)

for i = q, 2q · · · , N − q.
Based on the linear system in equation (3.63) as described in Section 3.9.2, the

nonsymmetric dense coefficient matrix, Ag for equation (4.1) is given by

Ag =



σq,q ζq,2q τq,3q τq,4q · · · τq,N−q

ζ2q,q σ2q,2q ζ2q,3q τ2q,4q · · · τ2q,N−q

τ3q,q ζ3q,2q σ3q,3q ζ3q,4q · · · τ3q,N−q

τ4q,q τ4q,2q ζ4q,3q σ4q,4q · · · τ4q,N−q
...

...
...

...
. . .

...

τN−q,q τN−q,2q τN−q,3q τN−q,4q · · · σN−q,N−q


with

σi,i = 1− 2
h2
−BiKi,i, ζi,j = 1

h2
−BjKi,j and τi,j = −BjKi,j

and the load vector f̂ in the right hand side is given by

f̂g =



fq + ( 2
h4
− 1

h2
− τ1,0)ψ0 − (τ1,N)ψN

f2q + (− 1
h4
− τ2,0)ψ0 − (τ2,N)ψN

f3q − (τ3,0)ψ0 − (τ3,N)ψN

f4q − (τ4,0)ψ0 − (τ4,N)ψN
...

fN−q − (τN−q,0)ψ0 + ( 2
h4
− 1

h2
− τN−q,N)ψN


.

Each element in the coefficient matrixAg, depends on the kernel functions and the

quadrature weights of the 2CCNC, 3CCNC and 5CCNC schemes that have been

applied to discretise equation (4.1). Subsequently, the generated linear systems

(3.63) are solved by using the proposed MWM iterative methods as discussed in

Algorithms 3.11.1, 3.11.2 and 3.11.3.
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4.1.3 Numerical Examinations

Problem− 1 [68]

Considering the second order linear FIDE

d2ψ

dx2
(x)− x+ 2− 60

∫ 1

0

(x− ξ)ψ(ξ)dξ = 0 x ∈ (0, 1) (4.3)

with boundary conditions

ψ(0) = 0 and ψ(1) = 0,

the exact solution is

ψ(x) = x.

For numerical investigation of Problem-1, the interval (0, 1) is divided into even

number of abscissae, i.e. 120, 240, 480, 960, 1920 and 3840.

Table 4.2: Numerical results of the FSGS, HSGS and QSGS iterative methods
by using the CD-2CCNC schemes (Problem-1)

Iterations steps
Methods Mesh Sizes, N

120 240 480 960 1920 3840
FSGS 12278 45129 162727 576449 2002098 6870649
HSGS 3251 12278 45129 162727 576449 2002098
QSGS 813 3251 12278 45129 162727 576449

CPU time (in seconds)
Methods Mesh Sizes, N

120 240 480 960 1920 3840
FSGS 1.72 15.38 196.32 2802.84 36179.10 352023.63
HSGS 0.41 3.95 49.58 681.92 8411.67 81228.04
QSGS 0.15 0.87 9.71 156.66 1921.69 13405.09

RMSE
Methods Mesh Sizes, N

120 240 480 960 1920 3840
FSGS 1.854E-5 4.332E-6 4.910E-6 6.414E-6 5.364E-7 1.201E-7
HSGS 1.338E-4 1.854E-5 4.332E-6 4.910E-6 6.414E-6 5.364E-7
QSGS 5.158E-4 1.338E-4 1.854E-5 4.332E-6 4.910E-6 6.414E-6
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Table 4.3: Numerical results of the FSGS, HSGS and QSGS iterative methods

by using the CD-3CCNC schemes (Problem-1)

Iterations steps
Methods Mesh Sizes, N

120 240 480 960 1920 3840
FSGS 12276 45127 162725 576448 2006809 6859550
HSGS 3249 12276 45127 162725 576448 1970378
QSGS 809 3249 12276 45127 162725 576448

CPU time (in seconds)
Methods Mesh Sizes, N

120 240 480 960 1920 3840
FSGS 1.75 18.12 224.49 3125.10 38641.24 370225.97
HSGS 0.43 4.05 51.08 692.03 8436.80 81366.01
QSGS 0.16 0.90 10.08 160.18 1953.63 13512.89

RMSE
Methods Mesh Sizes, N

120 240 480 960 1920 3840
FSGS 7.966E-8 3.407E-8 1.376E-8 5.532E-9 2.366E-9 6.269E-10
HSGS 1.371E-7 7.966E-8 3.407E-8 1.376E-8 5.532E-9 2.366E-9
QSGS 5.415E-6 1.371E-7 7.966E-8 3.407E-8 1.376E-8 5.532E-9

Table 4.4: Numerical results of the FSGS, HSGS and QSGS iterative methods
by using the CD-5CCNC schemes (Problem-1)

Iterations steps
Methods Mesh Sizes, N

120 240 480 960 1920 3840
FSGS 12276 45127 162725 576448 2006809 6859550
HSGS 3249 12276 45127 162725 576448 1970378
QSGS 809 3249 12276 45127 162725 576448

CPU time (in seconds)
Methods Mesh Sizes, N

120 240 480 960 1920 3840
FSGS 1.77 20.14 246.29 3260.84 39842.05 271105.30
HSGS 0.45 4.11 54.33 704.36 8496.25 81402.77
QSGS 0.17 1.16 12.24 182.08 1996.20 13606.46

RMSE
Methods Mesh Sizes, N

120 240 480 960 1920 3840
FSGS 7.484E-8 3.194E-8 1.249E-8 5.315E-9 2.225E-10 6.036E-10
HSGS 1.268E-6 7.484E-8 3.194E-8 1.249E-8 5.315E-9 2.225E-10
QSGS 5.414E-4 1.268E-6 7.484E-8 3.194E-8 1.249E-8 5.315E-9
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Table 4.5: Numerical results of the FSAM, HSAM, QSAM, FSMAM, HSMAM

and QSMAM iterative methods by using the CD-2CCNC schemes (Problem-1)

Iterations steps

Methods Mesh Sizes, N

120 240 480 960 1920 3840

FSAM 1523 5630 20492 73866 263097 927384

θ1 (1.81) (1.81) (1.82) (1.82) (1.83) (1.83)

HSAM 428 1523 5630 20492 73866 263097

θ1 (1.76) (1.81) (1.81) (1.82) (1.82) (1.83)

QSAM 138 428 1523 5630 20492 73866

θ1 (1.76) (1.78) (1.81) (1.81) (1.82) (1.82)

FSMAM 752 2423 7428 26412 89302 318277

θ2 (1.97) (1.97) (1.97) (1.98) (1.98) (1.98)

HSMAM 232 752 2423 7428 26412 89802

θ2 (1.94) (1.97) (1.97) (1.97) (1.98) (1.98)

QSMAM 124 232 752 2423 7428 26412

θ2 (1.91) (1.94) (1.97) (1.97) (1.97) (1.98)

CPU time (in seconds)

Methods Mesh Sizes, N

120 240 480 960 1920 3840

FSAM 0.68 5.64 72.59 1036.01 13649.9 199816.1

HSAM 0.26 1.78 22.72 310.19 3645.84 45042.56

QSAM 0.11 0.52 5.25 80.21 765.38 6840.37

FSMAM 0.38 2.96 31.64 353.45 4852.41 64160.17

HSMAM 0.14 0.75 9.22 119.09 1190.28 14068.54

QSMAM 0.05 0.20 1.92 28.59 264.28 2278.65

RMSE

Methods Mesh Sizes, N

120 240 480 960 1920 3840

FSAM 1.862E-5 4.622E-6 1.026E-6 3.020E-7 1.262E-7 5.201E-8

HSAM 1.338E-4 1.862E-5 4.622E-6 1.026E-6 3.020E-7 1.262E-7

QSAM 5.158E-4 1.338E-4 1.862E-5 4.622E-6 1.026E-6 3.020E-7

FSMAM 1.860E-5 4.618E-6 1.020E-6 3.014E-7 1.253E-7 5.189E-8

HSMAM 1.338E-4 1.862E-5 4.642E-6 1.114E-6 3.020E-7 1.262E-7

QSMAM 5.158E-4 1.338E-4 1.862E-5 4.642E-6 1.114E-6 3.020E-7



4.1 Numerical Simulation 69

Table 4.6: Numerical results of the FSAM, HSAM, QSAM, FSMAM, HSMAM

and QSMAM iterative methods by using the CD-3CCNC schemes (Problem-1)

Iterations steps

Methods Mesh Sizes, N

120 240 480 960 1920 3840

FSAM 1523 5630 20492 73866 263097 927384

θ1 (1.81) (1.81) (1.82) (1.82) (1.83) (1.83)

HSAM 428 1523 5630 20492 73866 263097

θ1 (1.76) (1.81) (1.81) (1.82) (1.82) (1.83)

QSAM 138 428 1523 5630 20492 73866

θ1 (1.76) (1.78) (1.81) (1.81) (1.82) (1.82)

FSMAM 752 2423 7428 26412 89302 318277

θ2 (1.97) (1.97) (1.97) (1.98) (1.98) (1.98)

HSMAM 232 752 2423 7428 26412 89802

θ2 (1.94) (1.97) (1.97) (1.97) (1.98) (1.98)

QSMAM 124 232 752 2423 7428 26412

θ2 (1.91) (1.94) (1.97) (1.97) (1.97) (1.98)

CPU time (in seconds)

Methods Mesh Sizes, N

120 240 480 960 1920 3840

FSAM 0.73 6.01 75.64 1040.30 13661.81 199891.44

HSAM 0.27 1.84 23.36 324.78 3685.39 46122.77

QSAM 0.13 0.61 5.98 85.19 778.30 6914.81

FSMAM 0.42 3.12 33.02 368.54 4904.90 64240.46

HSMAM 0.19 0.88 10.09 139.39 1226.25 14120.27

QSMAM 0.08 0.27 2.21 31.88 278.32 2302.31

RMSE

Methods Mesh Sizes, N

120 240 480 960 1920 3840

FSAM 4.906E-9 3.596E-9 1.455E-9 5.831E-10 2.022E-10 8.133E-11

HSAM 1.736E-8 4.906E-9 3.596E-9 1.455E-9 5.831E-10 2.022E-10

QSAM 5.415E-8 1.736E-8 4.906E-9 3.596E-9 1.455E-9 5.831E-10

FSMAM 4.901E-9 3.589E-9 1.448E-9 5.824E-10 2.013E-10 8.124E-11

HSMAM 1.736E-8 4.906E-9 3.596E-9 1.455E-9 5.831E-10 2.022E-10

QSMAM 5.415E-8 1.736E-8 4.906E-9 3.596E-9 1.455E-9 5.831E-10
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Table 4.7: Numerical results of the FSAM, HSAM, QSAM, FSMAM, HSMAM

and QSMAM iterative methods by using the CD-5CCNC schemes (Problem-1)

Iterations steps

Methods Mesh Sizes, N

120 240 480 960 1920 3840

FSAM 1523 5630 20492 73866 263097 927384

θ1 (1.81) (1.81) (1.82) (1.82) (1.83) (1.83)

HSAM 428 1523 5630 20492 73866 263097

θ1 (1.76) (1.81) (1.81) (1.82) (1.82) (1.83)

QSAM 138 428 1523 5630 20492 73866

θ1 (1.76) (1.78) (1.81) (1.81) (1.82) (1.82)

FSMAM 752 2423 7428 26412 89302 318277

θ2 (1.97) (1.97) (1.97) (1.98) (1.98) (1.98)

HSMAM 232 752 2423 7428 26412 89802

θ2 (1.94) (1.97) (1.97) (1.97) (1.98) (1.98)

QSMAM 124 232 752 2423 7428 26412

θ2 (1.91) (1.94) (1.97) (1.97) (1.97) (1.98)

CPU time (in seconds)

Methods Mesh Sizes, N

120 240 480 960 1920 3840

FSAM 0.78 6.78 82.28 1108.05 13754.31 199985.06

HSAM 0.29 2.78 25.03 388.12 3779.04 46198.28

QSAM 0.14 0.70 6.42 88.47 789.25 6992.26

FSMAM 0.45 3.29 37.21 379.82 4986.06 64293.10

HSMAM 0.22 1.08 8.96 107.10 1381.03 14173.18

QSMAM 0.09 0.28 3.02 30.46 281.58 2355.39

RMSE

Methods Mesh Sizes, N

120 240 480 960 1920 3840

FSAM 4.821E-9 3.419E-9 1.354E-9 5.729E-10 1.987E-10 8.021E-11

HSAM 1.632E-8 4.821E-9 3.419E-9 1.354E-9 5.729E-10 1.987E-10

QSAM 5.325E-8 1.632E-8 4.821E-9 3.419E-9 1.354E-9 5.729E-10

FSMAM 4.818E-9 3.412E-9 1.347E-9 5.721E-10 1.978E-10 8.011E-11

HSMAM 1.632E-8 4.821E-9 3.419E-9 1.354E-9 5.729E-10 1.987E-10

QSMAM 5.325E-8 1.632E-8 4.821E-9 3.419E-9 1.354E-9 5.729E-10
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Table 4.8: Numerical results the FSGM, HSGM, QSGM, FSMGM, HSMGM and

QSMGM iterative methods by using the CD-2CCNC schemes (Problem-1)

Iterations steps

Methods Mesh Sizes, N

120 240 480 960 1920 3840

FSGM 1158 4259 15425 55208 195670 688915

θ1 (1.81) (1.81) (1.82) (1.82) (1.83) (1.83)

HSGM 348 1158 4259 15425 55208 195670

θ1 (1.77) (1.81) (1.81) (1.82) (1.82) (1.83)

QSGM 115 348 1158 4259 15425 55208

θ1 (1.74) (1.77) (1.81) (1.81) (1.82) (1.82)

FSMGM 528 1628 4960 17507 58761 203982

θ2 (1.97) (1.97) (1.97) (1.98) (1.98) (1.98)

HSMGM 170 528 628 4960 17507 58761

θ2 (1.93) (1.96) (1.96) (1.97) (1.97) (1.98)

QSMGM 105 170 528 1628 4960 17507

θ2 (1.90) (1.93) (1.96) (1.96) (1.97) (1.97)

CPU time (in seconds)

Methods Mesh Sizes, N

120 240 480 960 1920 3840

FSGM 0.52 4.03 48.85 691.48 9406.82 134913.1

HSGM 0.20 1.32 16.81 221.52 2558.61 30626.77

QSGM 0.09 0.41 3.92 58.97 521.64 4582.02

FSMGM 0.30 2.29 23.29 254.12 3388.69 41245.87

HSMGM 0.11 0.56 6.71 82.92 810.23 9108.14

QSMGM 0.04 0.15 1.42 20.15 175.31 1470.55

RMSE

Methods Mesh Sizes, N

120 240 480 960 1920 3840

FSGM 1.860E-5 4.618E-6 1.021E-6 3.016E-7 1.256E-7 5.192E-8

HSGM 1.338E-4 1.862E-5 4.622E-6 1.026E-6 3.020E-7 1.262E-7

QSGM 5.158E-4 1.338E-4 1.862E-5 4.622E-6 1.026E-6 3.020E-7

FSMGM 1.858E-5 4.613E-6 1.015E-6 3.009E-7 1.248E-7 5.183E-8

HSMGM 1.338E-4 1.862E-5 4.622E-6 1.026E-6 3.020E-7 1.262E-7

QSMGM 5.158E-4 1.338E-4 1.862E-5 4.622E-6 1.026E-6 3.020E-7
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Table 4.9: Numerical results the FSGM, HSGM, QSGM, FSMGM, HSMGM and

QSMGM iterative methods by using the CD-3CCNC schemes (Problem-1)

Iterations steps

Methods Mesh Sizes, N

120 240 480 960 1920 3840

FSGM 1158 4259 15425 55208 195670 688915

θ1 (1.81) (1.81) (1.82) (1.82) (1.83) (1.83)

HSGM 348 1158 4259 15425 55208 195670

θ1 (1.77) (1.81) (1.81) (1.82) (1.82) (1.83)

QSGM 115 348 1158 4259 15425 55208

θ1 (1.74) (1.77) (1.81) (1.81) (1.82) (1.82)

FSMGM 528 1628 4960 17507 58761 203982

θ2 (1.97) (1.97) (1.97) (1.98) (1.98) (1.98)

HSMGM 170 528 628 4960 17507 58761

θ2 (1.93) (1.96) (1.96) (1.97) (1.97) (1.98)

QSMGM 105 170 528 1628 4960 17507

θ2 (1.90) (1.93) (1.96) (1.96) (1.97) (1.97)

CPU time (in seconds)

Methods Mesh Sizes, N

120 240 480 960 1920 3840

FSGM 0.55 4.21 53.01 706.16 9492.05 134992.72

HSGM 0.24 1.78 19.98 257.16 2604.98 30688.93

QSGM 0.11 0.52 4.54 66.11 558.45 4641.08

FSMGM 0.32 2.45 25.05 261.23 3428.12 41300.81

HSMGM 0.13 0.76 8.46 93.44 855.18 9182.27

QSMGM 0.06 0.23 2.05 28.34 192.05 1501.36

RMSE

Methods Mesh Sizes, N

120 240 480 960 1920 3840

FSGM 4.902E-9 3.593E-9 1.450E-9 5.825E-10 2.017E-10 8.127E-11

HSGM 1.736E-8 4.906E-9 3.596E-9 1.455E-9 5.831E-10 2.022E-10

QSGM 5.415E-8 1.736E-8 4.906E-9 3.596E-9 1.455E-9 5.831E-10

FSMGM 4.897E-9 3.586E-9 1.443E-9 5.816E-10 2.009E-10 8.118E-11

HSMGM 1.736E-8 4.906E-9 3.596E-9 1.455E-9 5.831E-10 2.022E-10

QSMGM 5.415E-8 1.736E-8 4.906E-9 3.596E-9 1.455E-9 5.831E-10
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Table 4.10: Numerical results the FSGM, HSGM, QSGM, FSMGM, HSMGM

and QSMGM iterative methods by using the CD-5CCNC schemes (Problem-1)

Iterations steps

Methods Mesh Sizes, N

120 240 480 960 1920 3840

FSGM 1158 4259 15425 55208 195670 688915

θ1 (1.81) (1.81) (1.82) (1.82) (1.83) (1.83)

HSGM 348 1158 4259 15425 55208 195670

θ1 (1.77) (1.81) (1.81) (1.82) (1.82) (1.83)

QSGM 115 348 1158 4259 15425 55208

θ1 (1.74) (1.77) (1.81) (1.81) (1.82) (1.82)

FSMGM 528 1628 4960 17507 58761 203982

θ2 (1.97) (1.97) (1.97) (1.98) (1.98) (1.98)

HSMGM 170 528 628 4960 17507 58761

θ2 (1.93) (1.96) (1.96) (1.97) (1.97) (1.98)

QSMGM 105 170 528 1628 4960 17507

θ2 (1.90) (1.93) (1.96) (1.96) (1.97) (1.97)

CPU time (in seconds)

Methods Mesh Sizes, N

120 240 480 960 1920 3840

FSGM 0.58 4.59 55.32 720.04 9529.57 134039.32

HSGM 0.28 2.55 26.82 271.40 2678.34 30721.07

QSGM 0.13 0.82 6.54 77.13 572.46 4708.93

FSMGM 0.34 2.53 27.02 279.34 3498.43 41386.43

HSMGM 0.14 0.84 9.04 104.10 874.09 9248.75

QSMGM 0.07 0.45 2.65 38.69 216.64 1576.39

RMSE

Methods Mesh Sizes, N

120 240 480 960 1920 3840

FSGM 4.818E-9 3.414E-9 1.348E-9 5.723E-10 1.980E-10 8.012E-11

HSGM 1.632E-8 4.821E-9 3.419E-9 1.354E-9 5.729E-10 1.987E-10

QSGM 5.325E-8 1.632E-8 4.821E-9 3.419E-9 1.354E-9 5.729E-10

FSMGM 4.815E-9 3.408E-9 1.341E-9 5.714E-10 1.971E-10 8.003E-11

HSMGM 1.632E-8 4.821E-9 3.419E-9 1.354E-9 5.729E-10 1.987E-10

QSMGM 5.325E-8 1.632E-8 4.821E-9 3.419E-9 1.354E-9 5.729E-10
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Table 4.11: Numerical results of the FSHM, HSHM, QSHM, FSMHM, HSMHM

and QSMHM iterative methods by using the CD-2CCNC schemes (Problem-1)

Iterations steps

Methods Mesh Sizes, N

120 240 480 960 1920 3840

FSHM 1046 3845 13906 49582 174618 613697

θ1 (1.81) (1.81) (1.82) (1.82) (1.83) (1.83)

HSHM 317 1046 3845 13906 49582 174618

θ1 (1.78) (1.81) (1.81) (1.82) (1.82) (1.83)

QSHM 106 317 1046 3845 13906 49582

θ1 (1.75) (1.78) (1.81) (1.81) (1.82) (1.82)

FSMHM 472 1455 4417 15501 51819 178712

θ2 (1.96) (1.96) (1.97) (1.97) (1.98) (1.98)

HSMHM 156 472 1455 4417 15501 51819

θ2 (1.93) (1.96) (1.96) (1.97) (1.97) (1.98)

QSMHM 94 156 472 1455 4417 15501

θ2 (1.90) (1.93) (1.96) (1.96) (1.97) (1.98)

CPU time (in seconds)

Methods Mesh Sizes, N

120 240 480 960 1920 3840

FSHM 0.45 3.45 41.68 585.78 7958.03 114078.5

HSHM 0.15 0.88 10.51 149.48 1871.81 26360.13

QSHM 0.08 0.35 3.34 50.08 442.16 3832.04

FSMHM 0.25 1.84 18.61 202.4 2668.31 32242.05

HSMHM 0.09 0.44 5.12 62.86 596.32 7003.28

QSMHM 0.03 0.11 1.04 14.67 127.18 1061.96

RMSE

Methods Mesh Sizes, N

120 240 480 960 1920 3840

FSHM 1.859E-5 4.616E-6 1.017E-6 3.014E-7 1.247E-7 5.187E-8

HSHM 1.338E-4 1.862E-5 4.622E-6 1.026E-6 3.020E-7 1.262E-7

QSHM 5.158E-4 1.338E-4 1.862E-5 4.622E-6 1.026E-6 3.020E-7

FSMHM 1.858E-5 4.614E-6 1.013E-6 3.007E-7 1.236E-7 5.168E-8

HSMHM 1.338E-4 1.862E-5 4.622E-6 1.026E-6 3.020E-7 1.262E-7

QSMHM 5.158E-4 1.338E-4 1.862E-5 4.622E-6 1.026E-6 3.020E-7
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Table 4.12: Numerical results of the FSHM, HSHM, QSHM, FSMHM, HSMHM

and QSMHM iterative methods by using the CD-3CCNC schemes (Problem-1)

Iterations steps

Methods Mesh Sizes, N

120 240 480 960 1920 3840

FSHM 1046 3845 13906 49582 174618 613697

θ1 (1.81) (1.81) (1.82) (1.82) (1.83) (1.83)

HSHM 317 1046 3845 13906 49582 174618

θ1 (1.78) (1.81) (1.81) (1.82) (1.82) (1.83)

QSHM 106 317 1046 3845 13906 49582

θ1 (1.75) (1.78) (1.81) (1.81) (1.82) (1.82)

FSMHM 472 1455 4417 15501 51819 178712

θ2 (1.96) (1.96) (1.97) (1.97) (1.98) (1.98)

HSMHM 156 472 1455 4417 15501 51819

θ2 (1.93) (1.96) (1.96) (1.97) (1.97) (1.98)

QSMHM 94 156 472 1455 4417 15501

θ2 (1.90) (1.93) (1.96) (1.96) (1.97) (1.98)

CPU time (in seconds)

Methods Mesh Sizes, N

120 240 480 960 1920 3840

FSHM 0.49 3.96 53.25 638.31 8021.28 114202.63

HSHM 0.13 1.01 11.34 152.60 1904.95 26453.58

QSHM 0.09 0.42 4.18 61.80 487.90 3924.06

FSMHM 0.29 2.26 19.04 212.30 2745.94 32303.47

HSMHM 0.18 0.52 6.82 80.86 647.21 7110.29

QSMHM 0.04 0.19 2.78 18.92 154.68 1115.12

RMSE

Methods Mesh Sizes, N

120 240 480 960 1920 3840

FSHM 4.900E-9 3.589E-9 1.445E-9 5.818E-10 2.012E-10 8.119E-11

HSHM 1.736E-8 4.906E-9 3.596E-9 1.455E-9 5.831E-10 2.022E-10

QSHM 5.415E-8 1.736E-8 4.906E-9 3.596E-9 1.455E-9 5.831E-10

FSMHM 4.995E-9 3.581E-9 1.438E-9 5.807E-10 2.001E-10 8.110E-11

HSMHM 1.736E-8 4.906E-9 3.596E-9 1.455E-9 5.831E-10 2.022E-10

QSMHM 5.415E-8 1.736E-8 4.906E-9 3.596E-9 1.455E-9 5.831E-10
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Table 4.13: Numerical results of the FSHM, HSHM, QSHM, FSMHM, HSMHM

and QSMHM iterative methods by using the CD-5CCNC schemes (Problem-1)

Iterations steps

Methods Mesh Sizes, N

120 240 480 960 1920 3840

FSHM 1046 3845 13906 49582 174618 613697

θ1 (1.81) (1.81) (1.82) (1.82) (1.83) (1.83)

HSHM 317 1046 3845 13906 49582 174618

θ1 (1.78) (1.81) (1.81) (1.82) (1.82) (1.83)

QSHM 106 317 1046 3845 13906 49582

θ1 (1.75) (1.78) (1.81) (1.81) (1.82) (1.82)

FSMHM 472 1455 4417 15501 51819 178712

θ2 (1.96) (1.96) (1.97) (1.97) (1.98) (1.98)

HSMHM 156 472 1455 4417 15501 51819

θ2 (1.93) (1.96) (1.96) (1.97) (1.97) (1.98)

QSMHM 94 156 472 1455 4417 15501

θ2 (1.90) (1.93) (1.96) (1.96) (1.97) (1.98)

CPU time (in seconds)

Methods Mesh Sizes, N

120 240 480 960 1920 3840

FSHM 0.52 4.24 65.96 654.02 8085.95 114288.77

HSHM 0.14 1.29 15.60 165.27 1942.14 26516.10

QSHM 0.12 0.61 6.07 74.02 520.19 4032.46

FSMHM 0.29 2.02 24.54 225.79 2805.88 32381.38

HSMHM 0.20 0.68 8.14 102.43 682.47 7192.45

QSMHM 0.05 0.31 3.39 24.22 195.84 1148.06

RMSE

Methods Mesh Sizes, N

120 240 480 960 1920 3840

FSHM 4.816E-9 3.411E-9 1.342E-9 5.717E-10 1.974E-10 8.003E-11

HSHM 1.632E-8 4.821E-9 3.419E-9 1.354E-9 5.729E-10 1.987E-10

QSHM 5.325E-8 1.632E-8 4.821E-9 3.419E-9 1.354E-9 5.729E-10

FSMHM 4.812E-9 3.404E-9 1.335E-9 5.707E-10 1.962E-10 7.991E-11

HSMHM 1.632E-8 4.821E-9 3.419E-9 1.354E-9 5.729E-10 1.987E-10

QSMHM 5.325E-8 1.632E-8 4.821E-9 3.419E-9 1.354E-9 5.729E-10



4.1 Numerical Simulation 77

4.1.4 Computational Results and Discussions

The numerical results of the studied iterative methods for solving second order

Fredholm IDE of Problem-1 are shown in Tables 4.2 to 4.13. Based on the numer-

ical results, the reduction percentages in terms of number of iterations and CPU

time for all the proposed MWM iterative methods relative to the existing FSGS

and FSWM (i.e. FSAM, FSGM and FSHM) methods have been summarised in

Tables 4.14 to 4.16.

Based on the numerical results in the Tables 4.5 to 4.7, it is noticeable that

the proposed FSMAM, HSMAM and QSMAM methods are superior compared

to the FSGS, HSGS, QSGS, FSAM, HSAM and QSAM iterative methods for the

corresponding discretisation schemes namely CD-2CCNC, CD-3CCNC and CD-

5CCNC. Tables 4.14 to 4.16 show that there is largest percentage reduction in

terms of number of iterations and CPU time compared to the existing FSGS and

FSWM methods. Therefore, it clearly shows that the proposed MAM methods

performed well in terms of number of iterations and CPU time in solving Problem-

1. Meanwhile, the accuracy of the proposed FSMAM method is slightly improved

as compared to the existing families of the GS and WM methods.

Tables 4.8 to 4.10 show that the numerical results of proposed FSMGM,

HSMGM and QSMGM methods are remarkably improve compared to FSGS,

HSGS, QSGS, FSGM, HSGM and QSGM iterative methods for corresponding

discretisation schemes i.e. CD-2CCNC, CD-3CCNC and CD-5CCNC. Tables 4.14

to 4.16 show that there is substantial percentage reduction in terms of number

of iterations and CPU time compared to the FSGS and FSWM methods. Hence,

it evidently show that the proposed MGM methods executed well in terms of

number of iterations and CPU time in solving Problem-1. Meanwhile, the RMSE

of the proposed FSMGM method is also moderately improved as compared to

the existing families of the GS and WM methods.

Based on the proposed MHM methods, Tables 4.11 to 4.13 show that the Full-,

Half- and Quarter-Sweep MHM methods are better than the FSGS, HSGS, QSGS,

FSGM, HSGM and QSGM iterative methods corresponding to CD-2CCNC, CD-

3CCNC and CD-5CCNC approximation schemes, respectively. Tables 4.14 to

4.16 show that there is significant percentage reduction in terms of number of

iterations and CPU time compared to the FSGS and FSWM methods. Thus,

the numerical treatments obviously show that the proposed MHM methods have

improved the number of iterations and CPU time in solving Problem-1. Besides,

the RMSE of the proposed FSMHM method is also improved as compared to the
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existing families of the GS and WM methods for all three combination sets of

discretisation schemes.

Therefore, among the discussed methods, the QSMWM iterative methods

i.e. QSMAM, QSMGM and QSMHM, are the best methods in terms of number

of iterations and CPU time compared to the FSMWM and HSMWM methods

for any approximation schemes. This is mainly because of a smaller amount of

computational complexity involved for the Quarter-Sweep iterative methods than

the Full- and Half-Sweep iterative methods. This statement is affirmed by the

analysis of computational complexity study in Section 4.2. Among the methods of

QSMAM, QSMGM and QSMHM methods, QSMHM methods are superior than

QSMGM and QSMAM methods. Although, the accuracy of the QSMWM are

slightly decreased, it can be improved by the mesh refinement. Also, the findings

disclose that the iterative methods with CD-3CCNC and CD-5CCNC schemes

require more execution time. It is mainly because of the high complexity of the

numerical scheme.

Overall, the numerical experiments in solving Problem-1 have shown that

the performance of the proposed MWM methods are arguably improved in all

the three comparative criteria as mentioned in Section 4.1.1, as compared to the

family of GS and the family of the standard WM iterative methods corresponding

to CD-2CCNC, CD-3CCNC and CD-5CCNC schemes, respectively. The tables

4.14 to 4.16 show that there is significant percentage reduction in terms of number

of iterations and CPU time.

Based on CD-2CCNC approximation schemes, the RMSE for the proposed

FSMWM methods are marginally improved as the mesh size N is larger com-

pared to its standard FSWM. The accuracy of the FSMHM is better than the

FSMAM and FSMGM. However, CD-3CCNC and CD-5CCNC are exception-

ally best approximation schemes compared to CD-2CCNC as they produce more

accurate solution to the Problem-1 among all the proposed methods.

Figures 4.1, 4.3, 4.5 and 4.2, 4.4, 4.6 illustrate the analogy of number of iter-

ations and the CPU time versus matrix size N , respectively for the Full-, Half-

and Quarter-Sweep WM and MWM methods, by using the CD-2CCNC approx-

imation schemes. Meanwhile, for CD-3CCNC and CD-5CCNC approximation

combination schemes are illustrated in Appendix B.
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Figure 4.1: Comparison of the families of Full-Sweep WM and MWM methods
in terms of Iteration steps for solving Problem-1 by CD-2CCNC schemes.

Figure 4.2: Comparison of the families of Full-Sweep WM and MWM methods
in terms of CPU time for solving Problem-1 by CD-2CCNC schemes.
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Figure 4.3: Comparison of the families of Half-Sweep WM and MWM methods
in terms of Iteration steps for solving Problem-1 by CD-2CCNC schemes.

Figure 4.4: Comparison of the families of Half-Sweep WM and MWM methods
in terms of CPU time for solving Problem-1 by CD-2CCNC schemes.
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Figure 4.5: Comparison of the families of Quarter-Sweep WM and MWM methods
in terms of Iteration steps for solving Problem-1 by CD-2CCNC schemes.

Figure 4.6: Comparison of the families of Quarter-Sweep WM and MWM methods
in terms of CPU time for solving Problem-1 by CD-2CCNC schemes.
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Table 4.14: The percentage reduction of Iteration steps and CPU time of proposed
MWM relative to FSWM and FSGS methods using the CD-2CCNC schemes
(Problem-1)

Iterations Steps(%)
Proposed Comparison Mesh Sizes, N
Methods Methods 120 240 480 960 1920 3840
FSMAM FSAM 50.62 56.96 63.75 64.24 65.87 66.11

FSGS 93.88 94.63 95.44 95.42 95.51 95.43
FSMGM FSGM 54.40 61.78 67.84 68.29 69.97 70.39

FSGS 95.70 96.39 96.95 96.96 97.07 97.03
FSMHM FSHM 54.88 62.16 68.24 68.74 70.32 70.88

FSGS 96.16 96.78 97.29 97.31 97.41 97.40
HSMAM FSAM 84.77 86.64 88.18 89.94 89.96 90.32

FSGS 98.11 98.33 98.51 98.71 98.68 98.69
HSMGM FSGM 85.32 87.60 89.45 91.02 91.05 91.47

FSGS 98.62 98.83 99.00 99.14 99.13 99.14
HSMHM FSHM 85.09 87.72 89.54 91.09 91.12 91.56

FSGS 98.73 98.95 99.11 99.23 99.23 99.25
QSMAM FSAM 91.86 95.88 96.33 96.72 97.18 97.15

FSGS 98.99 99.49 99.54 99.58 99.63 99.62
QSMGM FSGM 90.93 96.01 96.58 97.05 97.47 97.46

FSGS 99.14 99.62 99.68 99.72 99.75 99.75
QSMHM FSHM 91.01 95.94 96.61 97.07 97.47 97.47

FSGS 99.23 99.65 99.71 99.75 99.78 99.77
CPU Time(%)

Proposed Comparison Mesh Sizes, N
Methods Methods 120 240 480 960 1920 3840
FSMAM FSAM 44.12 47.52 56.41 65.88 64.45 67.89

FSGS 77.91 80.75 83.88 87.39 86.59 81.77
FSMGM FSGM 42.31 43.18 52.32 63.25 63.98 69.43

FSGS 82.56 85.11 88.14 90.93 90.63 88.28
FSMHM FSHM 44.44 46.67 55.35 65.45 66.47 71.74

FSGS 85.47 88.04 90.52 92.78 92.62 90.84
HSMAM FSAM 79.41 86.70 87.30 88.50 91.28 92.96

FSGS 91.86 95.12 95.30 95.75 96.71 96.00
HSMGM FSGM 78.85 86.10 86.26 88.01 91.39 93.25

FSGS 93.60 96.36 96.58 97.04 97.76 97.41
HSMHM FSHM 80.00 87.25 87.72 89.27 92.51 93.86

FSGS 94.77 97.14 97.39 97.76 98.35 98.01
QSMAM FSAM 92.65 96.45 97.36 97.24 98.06 98.86

FSGS 97.09 98.70 99.02 98.98 99.27 99.35
QSMGM FSGM 92.31 96.28 97.09 97.09 98.14 98.91

FSGS 97.67 99.02 99.28 99.28 99.52 99.58
QSMHM FSHM 93.33 96.81 97.50 97.50 98.40 99.07

FSGS 98.26 99.28 99.47 99.48 99.65 99.70
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Table 4.15: The percentage reduction of Iteration steps and CPU time of proposed
MWM relative to FSWM and FSGS methods using the CD-3CCNC schemes
(Problem-1)

Iterations Steps(%)
Proposed Comparison Mesh Sizes, N
Methods Methods 120 240 480 960 1920 3840
FSMAM FSAM 50.62 56.96 63.75 64.24 65.87 66.11

FSGS 93.88 94.63 95.44 95.42 95.51 95.43
FSMGM FSGM 54.40 61.78 67.84 68.29 69.97 70.39

FSGS 95.70 96.39 96.95 96.96 97.07 97.03
FSMHM FSHM 54.88 62.16 68.24 68.74 70.32 70.88

FSGS 96.16 96.78 97.29 97.31 97.41 97.40
HSMAM FSAM 84.77 86.64 88.18 89.94 89.96 90.32

FSGS 98.11 98.33 98.51 98.71 98.68 98.69
HSMGM FSGM 85.32 87.60 89.45 91.02 91.05 91.47

FSGS 98.62 98.83 99.00 99.14 99.13 99.14
HSMHM FSHM 85.09 87.72 89.54 91.09 91.12 91.56

FSGS 98.73 98.95 99.11 99.23 99.23 99.25
QSMAM FSAM 91.86 95.88 96.33 96.72 97.18 97.15

FSGS 98.99 99.49 99.54 99.58 99.63 99.62
QSMGM FSGM 90.93 96.01 96.58 97.05 97.47 97.46

FSGS 99.14 99.62 99.68 99.72 99.75 99.75
QSMHM FSHM 91.01 95.94 96.61 97.07 97.47 97.47

FSGS 99.23 99.65 99.71 99.75 99.78 99.77
CPU Time(%)

Proposed Comparison Mesh Sizes, N
Methods Methods 120 240 480 960 1920 3840
FSMAM FSAM 42.47 48.09 56.35 64.57 64.10 67.86

FSGS 76.00 82.78 85.29 88.21 87.31 82.65
FSMGM FSGM 41.82 41.81 52.74 63.01 63.88 69.41

FSGS 81.71 86.48 88.84 91.64 91.13 88.84
FSMHM FSHM 40.82 42.93 64.24 66.74 65.77 71.71

FSGS 83.43 87.53 91.52 93.21 92.89 91.27
HSMAM FSAM 73.97 85.36 86.66 86.60 91.02 92.94

FSGS 89.14 95.14 95.51 95.54 96.83 96.19
HSMGM FSGM 76.36 81.95 84.04 86.77 90.99 93.20

FSGS 92.57 95.81 96.23 97.01 97.79 97.52
HSMHM FSHM 63.27 86.87 87.19 87.33 91.93 93.77

FSGS 89.71 97.13 96.96 97.41 98.33 98.08
QSMAM FSAM 89.04 95.51 97.08 96.94 97.96 98.85

FSGS 95.43 98.51 99.02 98.98 99.28 99.38
QSMGM FSGM 89.09 94.54 96.13 95.99 97.98 98.89

FSGS 96.57 98.73 99.09 99.09 99.50 99.59
QSMHM FSHM 91.84 95.20 94.78 97.04 98.07 99.02

FSGS 97.71 98.95 98.76 99.39 99.60 99.70
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Table 4.16: The percentage reduction of Iteration steps and CPU time of proposed
MWM relative to FSWM and FSGS methods using the CD-5CCNC schemes
(Problem-1)

Iterations Steps(%)
Proposed Comparison Mesh Sizes, N
Methods Methods 120 240 480 960 1920 3840
FSMAM FSAM 50.62 56.96 63.75 64.24 65.87 66.11

FSGS 93.88 94.63 95.44 95.42 95.51 95.43
FSMGM FSGM 54.40 61.78 67.84 68.29 69.97 70.39

FSGS 95.70 96.39 96.95 96.96 97.07 97.03
FSMHM FSHM 54.88 62.16 68.24 68.74 70.32 70.88

FSGS 96.16 96.78 97.29 97.31 97.41 97.40
HSMAM FSAM 84.77 86.64 88.18 89.94 89.96 90.32

FSGS 98.11 98.33 98.51 98.71 98.68 98.69
HSMGM FSGM 85.32 87.60 89.45 91.02 91.05 91.47

FSGS 98.62 98.83 99.00 99.14 99.13 99.14
HSMHM FSHM 85.09 87.72 89.54 91.09 91.12 91.56

FSGS 98.73 98.95 99.11 99.23 99.23 99.25
QSMAM FSAM 91.86 95.88 96.33 96.72 97.18 97.15

FSGS 98.99 99.49 99.54 99.58 99.63 99.62
QSMGM FSGM 90.93 96.01 96.58 97.05 97.47 97.46

FSGS 99.14 99.62 99.68 99.72 99.75 99.75
QSMHM FSHM 91.01 95.94 96.61 97.07 97.47 97.47

FSGS 99.23 99.65 99.71 99.75 99.78 99.77
CPU Time(%)

Proposed Comparison Mesh Sizes, N
Methods Methods 120 240 480 960 1920 3840
FSMAM FSAM 42.31 51.47 54.78 65.72 63.75 67.85

FSGS 74.58 77.71 84.89 88.35 87.49 82.73
FSMGM FSGM 41.38 44.88 51.16 61.20 63.29 69.12

FSGS 80.79 87.44 89.03 91.43 91.22 88.89
FSMHM FSHM 44.23 52.36 62.80 65.48 65.30 71.67

FSGS 83.62 89.97 90.04 93.08 92.96 91.30
HSMAM FSAM 71.79 84.07 89.11 90.33 89.96 92.91

FSGS 87.57 94.64 96.36 96.72 96.53 96.19
HSMGM FSGM 75.86 81.70 83.66 85.54 90.83 93.10

FSGS 92.09 95.83 96.33 96.81 97.81 97.52
HSMHM FSHM 61.54 83.96 87.66 84.34 91.56 93.71

FSGS 88.70 96.62 96.69 96.86 98.29 98.07
QSMAM FSAM 88.46 95.87 96.33 97.25 97.95 98.82

FSGS 94.92 98.61 98.77 99.07 99.29 99.37
QSMGM FSGM 87.93 90.20 95.21 94.63 97.73 98.82

FSGS 96.05 97.77 98.92 98.81 99.46 99.58
QSMHM FSHM 90.38 92.69 94.86 96.30 97.58 99.00

FSGS 97.18 98.46 98.62 99.26 99.51 99.69
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Figure 4.7: Log plot of RMSE for all proposed MWM iterative methods for
solving Problem-1 using CD-2CCNC schemes.

Figure 4.8: Log plot of RMSE for all proposed MWM iterative methods for
solving Problem-1 using CD-3CCNC schemes.
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Figure 4.9: Log plot of RMSE for all proposed MWM iterative methods for
solving Problem-1 using CD-5CCNC schemes.

4.1.5 CD-CNCC Approximation Equations of Fourth Or-

der Fredholm IDEs

In general, the fourth order linear Fredholm IDEs of second kind can be expressed

as follows

d4ψ

dx4
(x) + α

d2ψ

dx2
(x) + βψ(x)− γ

∫ b

a

K(x, ξ)ψ(ξ)dξ = f(x), x ∈ (a, b) (4.4)

with boundary conditions

ψ(a) = a0, ψ(b) = b0, ψ′′(a) = a2 and ψ′′(b) = b2

where K(x, ξ) and f(x) are known functions, α, β, γ, a0, a2, b0 and b2 are assumed

constant, and ψ(x) is the unknown function to be determined.

As discussed in the Section 3.9.1, the generalised Full-, Half- and Quarter-

Sweep approximation equations by CD-CCNC methods of equation (4.4) can be

reduced as follows
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Φ1 + αiΦ2 + βiψi −
N−q∑

j=q,2q,3q

BjKi,jψj = fi, i = q, 2q · · · , N − q (4.5)

where,

Φ1 =
ψi+2q − 4ψi+q + 6ψi − 4ψi−q + ψi−2q

(qh)4

and

Φ2 =
ψi+q − 2ψi + ψi−q

(qh)2
.

Based on the generalised linear system in equation (3.63) as described in Section

3.9.2, the dense coefficient matrix Ag is for equation (4.4) is given by

Ag =



− 1
h4

+ σq,q ζq,2q χq,3q τq,4q · · · τq,N−q

ζ2q,q σ2q,2q ζ2q,3q χ2q,4q · · · τ2q,N−q

χ3q,q ζ3q,2q σ3q,3q ζ3q,4q · · · τ3q,N−q

τ4q,q χ4q,2q ζ4q,3q σ4q,4q · · · τ4q,N−q
...

...
...

...
. . .

...

τN−q,q τN−q,2q τN−q,3q τN−q,4q · · · − 1
h4

+ σN−q,N−q


with

σi,i = 1 + 6
h4
− 2

h2
− BiKi,i, ζi,j = − 4

h4
+ 1

h2
− BjKi,j, χi,j = 1

h4
− BjKi,j and

τi,j = −BjKi,j

and the load vector f̂ in the right hand side is given by

f̂g =



fq + ( 2
h4
− 1

h2
− τq,0)ψ0 − (τq,N)ψN − a2

h2

f2q + (− 1
h4
− τ2q,0)ψ0 − (τ2q,N)ψN

f3q − (τ3q,0)ψ0 − (τ3q,N)ψN

f4q − (τ4q,0)ψ0 − (τ4q,N)ψN
...

fN−q − (τN−q,0)ψ0 + ( 2
h4
− 1

h2
− τN−q,N)ψN − b2

h2


.

Each element in the coefficient matrix, Ag, depends on the kernel functions and

the quadrature weights of the 2CCNC, 3CCNC and 5CCNC schemes that have
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been applied to discretise equation (4.4). Subsequently, the generated linear

system (3.63) as described in Section 3.9.2 have been solved by using the proposed

MWM iterative methods as discussed in Algorithms 3.11.1, 3.11.2 and 3.11.3.

Problems− 2 [59]

Considering the fourth order linear FIDE

d4ψ

dx4
(x)− 2

d2ψ

dx2
(x)− 3x−

∫ 1

0

xψ(ξ)dξ = 0 (4.6)

with boundary conditions

ψ(0) = 0, ψ(1) = 1, ψ′′(0) = 0, and ψ′′(1) = −87

47
,

the exact solution is

ψ(x) = −14

47
x3 +

61

47
x.

For numerical examination of Problems-2, the interval (0, 1) is divided into even

number of abscissae, i.e. 24, 48, 72, 96, 120 and 144.

Table 4.17: Numerical results of the FSGS, HSGS and QSGS iterative methods

by using the CD-2CCNC schemes (Problems-2)

Iterations steps

Methods Mesh Sizes, N

24 48 72 96 120 144

FSGS 29387 380320 1670949 4716312 10449275 19866526

HSGS 2263 29387 131845 380320 860748 1670949

QSGS 190 2263 10112 29387 67187 131845

CPU time (in seconds)

Methods Mesh Sizes, N

24 48 72 96 120 144

FSGS 1.35 22.37 169.88 643.08 2223.63 6052.82

HSGS 0.32 4.94 39.11 153.06 512.72 1374.63

QSGS 0.11 1.67 10.66 39.47 113.59 227.12

RMSE

Methods Mesh Sizes, N

24 48 72 96 120 144

FSGS 4.890E-5 1.361E-5 1.677E-5 9.872E-6 6.486E-6 4.059E-6

HSGS 1.877E-4 4.890E-5 2.213E-5 1.361E-5 1.192E-5 1.677E-5

QSGS 7.097E-4 1.877E-4 8.634E-5 4.890E-5 3.142E-5 2.213E-5
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Table 4.18: Numerical results of the FSGS, HSGS and QSGS iterative methods

by using the CD-3CCNC schemes (Problems-2)

Iterations steps
Methods Mesh Sizes, N

24 48 72 96 120 144

FSGS 29387 380320 1670949 4716312 10449275 19866526
HSGS 2263 29387 131845 380320 860748 670949
QSGS 190 2263 10112 29387 67187 131845

CPU time (in seconds)
Methods Mesh Sizes, N

24 48 72 96 120 144

FSGS 1.46 24.82 170.84 655.47 2306.41 6158.10
HSGS 0.34 5.44 42.36 161.30 521.77 1401.21
QSGS 0.13 1.71 12.97 42.13 115.26 230.56

RMSE
Methods Mesh Sizes, N

24 48 72 96 120 144

FSGS 4.882E-5 1.359E-5 1.675E-5 9.871E-6 6.482E-6 4.055E-6
HSGS 1.877E-4 4.882E-5 2.213E-5 1.359E-5 1.192E-5 1.675E-5
QSGS 7.097E-4 1.877E-4 8.634E-5 4.882E-5 3.142E-5 2.213E-5

Table 4.19: Numerical results of the FSGS, HSGS and QSGS iterative methods
by using the CD-5CCNC schemes (Problems-2)

Iterations steps
Methods Mesh Sizes, N

24 48 72 96 120 144
FSGS 29387 380320 1670949 4716312 10449275 19866526
HSGS 2263 29387 131845 380320 860748 1670949
QSGS 190 2263 10112 29387 67187 131845

CPU time (in seconds)
Methods Mesh Sizes, N

24 48 72 96 120 144
FSGS 1.48 25.02 171.10 647.06 2240.36 6202.82
HSGS 0.39 5.84 44.68 165.12 531.06 1415.34
QSGS 0.14 1.83 14.03 45.08 117.16 232.69

RMSE
Methods Mesh Sizes, N

24 48 72 96 120 144
FSGS 4.882E-5 1.359E-5 1.675E-5 9.871E-6 6.482E-6 4.055E-6
HSGS 1.877E-4 4.882E-5 2.213E-5 1.359E-5 1.192E-5 1.675E-5
QSGS 7.097E-4 1.877E-4 8.634E-5 4.882E-5 3.142E-5 2.213E-5
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Table 4.20: Numerical results of the FSGM, HSGM, QSGM, FSMGM, HSMGM

and QSMGM iterative methods by using the CD-2CCNC schemes (Problems-2)

Iterations steps

Methods Mesh Sizes, N

24 48 72 96 120 144

FSAM 7845 58579 249034 695078 1581209 2869243

θ1 (1.80) (1.81) (1.81) (1.82) (1.82) (1.83)

HSAM 1097 7845 22561 62579 127695 249034

θ1 (1.76) (1.80) (1.81) (1.81) (1.81) (1.81)

QSAM 160 1097 3775 7845 13566 22561

θ1 (1.72) (1.76) (1.78) (1.80) (1.81) (1.81)

FSMAM 4012 26910 103370 260144 611759 1035283

θ2 (1.96) (1.96) (1.97) (1.97) (1.97) (1.98)

HSMAM 584 4012 11248 30910 61593 120170

θ2 (1.85) (1.96) (1.96) (1.96) (1.96) (1.97)

QSMAM 88 584 1989 4012 7044 11248

θ2 (1.82) (1.85) (1.90) (1.96) (1.96) (1.96)

CPU time (in seconds)

Methods Mesh Sizes, N

24 48 72 96 120 144

FSAM 0.61 4.98 34.84 152.74 480.90 1269.34

HSAM 0.16 1.31 9.28 39.12 124.43 302.68

QSAM 0.08 0.45 2.46 7.82 17.24 33.39

FSMAM 0.32 2.26 15.69 69.08 234.21 606.34

HSMAM 0.09 0.72 4.86 20.42 64.8 156.35

QSMAM 0.05 0.25 1.32 4.01 8.99 16.39

RMSE

Methods Mesh Sizes, N

24 48 72 96 120 144

FSAM 4.881E-5 1.244E-5 6.553E-6 5.092E-6 3.743E-6 2.022E-6

HSAM 1.876E-4 4.881E-5 2.177E-5 1.244E-5 8.336E-6 6.553E-6

QSAM 7.098E-4 1.876E-4 8.631E-5 4.881E-5 3.127E-5 2.177E-5

FSMAM 4.881E-5 1.240E-5 6.546E-6 5.069E-6 3.725E-6 1.981E-6

HSMAM 1.876E-4 4.881E-5 2.177E-5 1.244E-5 8.336E-6 6.553E-6

QSMAM 7.098E-4 1.876E-4 8.631E-5 4.881E-5 3.127E-5 2.177E-5
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Table 4.21: Numerical results of the FSGM, HSGM, QSGM, FSMGM, HSMGM

and QSMGM iterative methods by using the CD-3CCNC schemes (Problems-2)

Iterations steps

Methods Mesh Sizes, N

24 48 72 96 120 144

FSAM 7845 58579 249034 695078 1581209 2869243

θ1 (1.80) (1.81) (1.81) (1.82) (1.82) (1.83)

HSAM 1097 7845 22561 62579 127695 249034

θ1 (1.76) (1.80) (1.81) (1.81) (1.81) (1.81)

QSAM 160 1097 3775 7845 13566 22561

θ1 (1.72) (1.76) (1.78) (1.80) (1.81) (1.81)

FSMAM 4012 26910 103370 260144 611759 1035283

θ2 (1.96) (1.96) (1.97) (1.97) (1.97) (1.98)

HSMAM 584 4012 11248 30910 61593 120170

θ2 (1.85) (1.96) (1.96) (1.96) (1.96) (1.97)

QSMAM 88 584 1989 4012 7044 11248

θ2 (1.82) (1.85) (1.90) (1.96) (1.96) (1.96)

CPU time (in seconds)

Methods Mesh Sizes, N

24 48 72 96 120 144

FSAM 0.62 5.02 36.02 154.21 482.23 1272.28

HSAM 0.18 1.51 10.68 39.98 126.50 305.18

QSAM 0.09 0.38 2.77 9.61 20.05 37.24

FSMAM 0.34 2.29 17.77 75.88 236.3 609.34

HSMAM 0.10 0.83 5.87 21.59 67.64 162.16

QSMAM 0.06 0.23 1.5 5.28 10.69 19.05

RMSE

Methods Mesh Sizes, N

24 48 72 96 120 144

FSAM 4.678E-5 1.019E-5 6.307E-6 4.878E-6 3.516E-6 1.898E-6

HSAM 1.782E-4 4.678E-5 2.002E-5 1.019E-5 8.244E-6 6.307E-6

QSAM 6.924E-4 1.782E-4 8.527E-5 4.694E-5 3.013E-5 2.002E-5

FSMAM 4.678E-5 1.017E-5 6.291E-6 4.852E-6 3.485E-6 1.854E-6

HSMAM 1.782E-4 4.678E-5 2.002E-5 1.019E-5 8.244E-6 6.307E-6

QSMAM 6.924E-4 1.782E-4 8.527E-5 4.694E-5 3.013E-5 2.002E-5
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Table 4.22: Numerical results of the FSGM, HSGM, QSGM, FSMGM, HSMGM

and QSMGM iterative methods by using the CD-5CCNC schemes (Problems-2)

Iterations steps

Methods Mesh Sizes, N

24 48 72 96 120 144

FSAM 7845 58579 249034 695078 1581209 2869243

θ1 (1.80) (1.81) (1.81) (1.82) (1.82) (1.83)

HSAM 1097 7845 22561 62579 127695 249034

θ1 (1.76) (1.80) (1.81) (1.81) (1.81) (1.81)

QSAM 160 1097 3775 7845 13566 22561

θ1 (1.72) (1.76) (1.78) (1.80) (1.81) (1.81)

FSMAM 4012 26910 103370 260144 611759 1035283

θ2 (1.96) (1.96) (1.97) (1.97) (1.97) (1.98)

HSMAM 584 4012 11248 30910 61593 120170

θ2 (1.85) (1.96) (1.96) (1.96) (1.96) (1.97)

QSMAM 88 584 1989 4012 7044 11248

θ2 (1.82) (1.85) (1.90) (1.96) (1.96) (1.96)

CPU time (in seconds)

Methods Mesh Sizes, N

24 48 72 96 120 144

FSAM 0.63 5.08 37.71 159.85 488.21 1278.92

HSAM 0.20 1.66 10.94 41.13 128.67 308.64

QSAM 0.11 0.45 3.13 9.75 21.34 38.48

FSMAM 0.34 2.38 17.35 72.65 218.95 611.06

HSMAM 0.11 0.91 6.01 21.36 67.11 159.36

QSMAM 0.07 0.28 1.84 5.56 12.01 21.14

RMSE

Methods Mesh Sizes, N

24 48 72 96 120 144

FSAM 4.678E-5 1.019E-5 6.307E-6 4.878E-6 3.516E-6 1.898E-6

HSAM 1.782E-4 4.678E-5 2.002E-5 1.019E-5 8.244E-6 6.307E-6

QSAM 6.924E-4 1.782E-4 8.527E-5 4.694E-5 3.013E-5 2.002E-5

FSMAM 4.678E-5 1.017E-5 6.291E-6 4.852E-6 3.485E-6 1.854E-6

HSMAM 1.782E-4 4.678E-5 2.002E-5 1.019E-5 8.244E-6 6.307E-6

QSMAM 6.924E-4 1.782E-4 8.527E-5 4.694E-5 3.013E-5 2.002E-5
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Table 4.23: Numerical results of the FSGM, HSGM, QSGM, FSMGM, HSMGM

and QSMGM iterative methods by using the CD-2CCNC schemes (Problems-2)

Iterations steps

Methods Mesh Sizes, N

24 48 72 96 120 144

FSGM 6281 46562 197025 545289 1236083 2217532

θ1 (1.80) (1.81) (1.81) (1.82) (1.82) (1.83)

HSGM 894 6281 17998 50062 101718 197025

θ1 (1.75) (1.80) (1.81) (1.81) (1.81) (1.81)

QSGM 131 894 3051 6281 10828 17998

θ1 (1.71) (1.75) (1.79) (1.80) (1.81) (1.81)

FSMGM 3103 21535 86810 176366 389195 756617

θ2 (1.95) (1.96) (1.96) (1.97) (1.97) (1.97)

HSMGM 450 3103 8796 23535 46821 89810

θ2 (1.87) (1.95) (1.96) (1.96) (1.96) (1.96)

QSMGM 72 450 1524 3103 5297 8796

θ2 (1.83) (1.87) (1.93) (1.96) (1.96) (1.96)

CPU time (in seconds)

Methods Mesh Sizes, N

24 48 72 96 120 144

FSGM 0.52 4.12 28.82 125.93 394.13 1036.22

HSGM 0.13 1.06 7.49 31.38 99.56 242.09

QSGM 0.07 0.39 2.02 6.41 14.01 26.87

FSMGM 0.28 1.87 13.41 62.51 191.73 492.66

HSMGM 0.07 0.55 3.69 15.36 48.05 112.08

QSMGM 0.04 0.2 1.03 3.12 6.96 12.68

RMSE

Methods Mesh Sizes, N

24 48 72 96 120 144

FSGM 4.869E-5 1.221E-5 6.429E-6 4.986E-6 3.713E-6 1.973E-6

HSGM 1.867E-4 4.869E-5 2.162E-5 1.221E-5 8.316E-6 6.429E-6

QSGM 7.088E-4 1.867E-4 8.619E-5 4.869E-5 3.114E-5 2.162E-5

FSMGM 4.868E-5 1.215E-5 6.412E-6 4.944E-6 3.701E-6 1.945E-6

HSMGM 1.867E-4 4.869E-5 2.162E-5 1.221E-5 8.316E-6 6.429E-6

QSMGM 7.088E-4 1.867E-4 8.619E-5 4.869E-5 3.114E-5 2.162E-5
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Table 4.24: Numerical results of the FSGM, HSGM, QSGM, FSMGM, HSMGM

and QSMGM iterative methods by using the CD-3CCNC schemes (Problems-2)

Iterations steps

Methods Mesh Sizes, N

24 48 72 96 120 144

FSGM 6281 46562 197025 545289 1236083 2217532

θ1 (1.80) (1.81) (1.81) (1.82) (1.82) (1.83)

HSGM 894 6281 17998 50062 101718 197025

θ1 (1.75) (1.80) (1.81) (1.81) (1.81) (1.81)

QSGM 131 894 3051 6281 10828 17998

θ1 (1.71) (1.75) (1.79) (1.80) (1.81) (1.81)

FSMGM 3103 21535 86810 176366 389195 756617

θ2 (1.95) (1.96) (1.96) (1.97) (1.97) (1.97)

HSMGM 450 3103 8796 23535 46821 89810

θ2 (1.87) (1.95) (1.96) (1.96) (1.96) (1.96)

QSMGM 72 450 1524 3103 5297 8796

θ2 (1.83) (1.87) (1.93) (1.96) (1.96) (1.96)

CPU time (in seconds)

Methods Mesh Sizes, N

24 48 72 96 120 144

FSGM 0.54 4.22 30.48 127.36 399.62 1045.08

HSGM 0.15 1.25 8.83 32.87 103.59 248.95

QSGM 0.08 0.32 2.32 7.88 16.29 30.04

FSMGM 0.30 1.97 15.16 64.21 194.35 495.98

HSMGM 0.08 0.62 4.28 15.61 48.88 115.30

QSMGM 0.05 0.19 1.23 4.27 8.61 15.32

RMSE

Methods Mesh Sizes, N

24 48 72 96 120 144

FSGM 4.676E-5 1.009E-5 6.198E-6 4.766E-6 3.312E-6 1.794E-6

HSGM 1.694E-4 4.676E-5 1.986E-5 1.009E-5 8.232E-6 6.198E-6

QSGM 6.916E-4 1.694E-4 8.513E-5 4.676E-5 2.993E-5 1.986E-5

FSMGM 4.676E-5 1.003E-5 6.187E-6 4.717E-6 3.266E-6 1.742E-6

HSMGM 1.694E-4 4.676E-5 1.986E-5 1.009E-5 8.232E-6 6.198E-6

QSMGM 6.916E-4 1.694E-4 8.513E-5 4.676E-5 2.993E-5 1.986E-5



4.1 Numerical Simulation 95

Table 4.25: Numerical results of the FSGM, HSGM, QSGM, FSMGM, HSMGM

and QSMGM iterative methods by using the CD-5CCNC schemes (Problems-2)

Iterations steps

Methods Mesh Sizes, N

24 48 72 96 120 144

FSGM 6281 46562 197025 545289 1236083 2217532

θ1 (1.80) (1.81) (1.81) (1.82) (1.82) (1.83)

HSGM 894 6281 17998 50062 101718 197025

θ1 (1.75) (1.80) (1.81) (1.81) (1.81) (1.81)

QSGM 131 894 3051 6281 10828 17998

θ1 (1.71) (1.75) (1.79) (1.80) (1.81) (1.81)

FSMGM 3103 21535 86810 176366 389195 756617

θ2 (1.95) (1.96) (1.96) (1.97) (1.97) (1.97)

HSMGM 450 3103 8796 23535 46821 89810

θ2 (1.87) (1.95) (1.96) (1.96) (1.96) (1.96)

QSMGM 72 450 1524 3103 5297 8796

θ2 (1.83) (1.87) (1.93) (1.96) (1.96) (1.96)

CPU time (in seconds)

Methods Mesh Sizes, N

24 48 72 96 120 144

FSGM 0.54 4.24 31.36 132.09 402.9 1050.47

HSGM 0.17 1.35 9.09 32.60 101.93 243.29

QSGM 0.09 0.37 2.54 7.92 17.18 31.09

FSMGM 0.29 1.98 14.32 59.82 179.57 500.98

HSMGM 0.09 0.74 4.56 16.85 52.63 123.12

QSMGM 0.06 0.23 1.51 4.34 9.25 16.32

RMSE

Methods Mesh Sizes, N

24 48 72 96 120 144

FSGM 4.676E-5 1.009E-5 6.198E-6 4.766E-6 3.312E-6 1.794E-6

HSGM 1.694E-4 4.676E-5 1.986E-5 1.009E-5 8.232E-6 6.198E-6

QSGM 6.916E-4 1.694E-4 8.513E-5 4.676E-5 2.993E-5 1.986E-5

FSMGM 4.676E-5 1.003E-5 6.187E-6 4.717E-6 3.266E-6 1.742E-6

HSMGM 1.694E-4 4.676E-5 1.986E-5 1.009E-5 8.232E-6 6.198E-6

QSMGM 6.916E-4 1.694E-4 8.513E-5 4.676E-5 2.993E-5 1.986E-5
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Table 4.26: Numerical results of the FSHM, HSHM, QSHM, FSMHM, HSMHM

and QSMHM iterative methods by using the CD-2CCNC schemes (Problems-2)

Iterations steps

Methods Mesh Sizes, N

24 48 72 96 120 144

FSHM 5814 43081 181943 500890 1132491 2021864

θ1 (1.80) (1.81) (1.81) (1.82) (1.82) (1.83)

HSHM 826 5794 16612 46443 93453 181943

θ1 (1.75) (1.80) (1.81) (1.81) (1.81) (1.81)

QSHM 122 826 2818 5794 9992 16612

θ1 (1.71) (1.75) (1.79) (1.80) (1.81) (1.81)

FSMHM 2798 19385 78078 158527 338986 661713

θ2 (1.95) (1.96) (1.96) (1.97) (1.97) (1.97)

HSMHM 408 2798 7872 20789 41022 78078

θ2 (1.87) (1.95) (1.96) (1.96) (1.96) (1.96)

QSMHM 66 408 1379 2798 4749 7872

θ2 (1.83) (1.87) (1.93) (1.95) (1.96) (1.96)

CPU time (in seconds)

Methods Mesh Sizes, N

24 48 72 96 120 144

FSHM 0.49 3.80 26.4 115.19 360.05 938.12

HSHM 0.12 0.97 6.84 28.57 90.59 220.02

QSHM 0.06 0.34 1.76 5.60 12.29 23.64

FSMHM 0.26 1.70 12.14 56.45 172.59 440.81

HSMHM 0.06 0.47 3.14 13.05 40.52 95.19

QSMHM 0.03 0.16 0.91 2.74 6.07 11.01

RMSE

Methods Mesh Sizes, N

24 48 72 96 120 144

FSHM 4.867E-5 1.212E-5 6.408E-6 4.938E-6 3.691E-6 1.939E-6

HSHM 1.864E-4 4.867E-5 2.150E-5 1.212E-5 8.303E-6 6.408E-6

QSHM 7.086E-4 1.864E-4 8.611E-5 4.867E-5 3.099E-5 2.150E-5

FSMHM 4.866E-5 1.210E-5 6.397E-6 4.925E-6 3.682E-6 1.916E-6

HSMHM 1.864E-4 4.867E-5 2.150E-5 1.212E-5 8.303E-6 6.408E-6

QSMHM 7.086E-4 1.864E-4 8.611E-5 4.867E-5 3.099E-5 2.150E-5
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Table 4.27: Numerical results of the FSHM, HSHM, QSHM, FSMHM, HSMHM

and QSMHM iterative methods by using the CD-3CCNC schemes (Problems-2)

Iterations steps

Methods Mesh Sizes, N

24 48 72 96 120 144

FSHM 5814 43081 181943 500890 1132491 2021864

θ1 (1.80) (1.81) (1.81) (1.82) (1.82) (1.83)

HSHM 826 5794 16612 46443 93453 181943

θ1 (1.75) (1.80) (1.81) (1.81) (1.81) (1.81)

QSHM 122 826 2818 5794 9992 16612

θ1 (1.71) (1.75) (1.79) (1.80) (1.81) (1.81)

FSMHM 2798 19385 78078 158527 338986 661713

θ2 (1.95) (1.96) (1.96) (1.97) (1.97) (1.97)

HSMHM 408 2798 7872 20789 41022 78078

θ2 (1.87) (1.95) (1.96) (1.96) (1.96) (1.96)

QSMHM 66 408 1379 2798 4749 7872

θ2 (1.83) (1.87) (1.93) (1.95) (1.96) (1.96)

CPU time (in seconds)

Methods Mesh Sizes, N

24 48 72 96 120 144

FSHM 0.51 3.98 28.21 116.02 365.12 947.02

HSHM 0.14 1.15 8.18 30.26 95.18 227.08

QSHM 0.07 0.29 2.09 7.07 14.61 27.09

FSMHM 0.28 1.82 13.98 58.92 177.05 448.33

HSMHM 0.07 0.56 3.71 13.38 42.01 98.95

QSMHM 0.04 0.16 1.05 3.75 7.72 13.61

RMSE

Methods Mesh Sizes, N

24 48 72 96 120 144

FSHM 4.672E-5 1.004E-5 6.177E-6 4.701E-6 3.241E-6 1.763E-6

HSHM 1.690E-4 4.672E-5 1.972E-5 1.004E-5 8.215E-6 6.177E-6

QSHM 6.911E-4 1.690E-4 8.508E-5 4.672E-5 2.988E-5 1.972E-5

FSMHM 4.672E-5 1.001E-5 6.169E-6 4.681E-6 3.224E-6 1.730E-6

HSMHM 1.690E-4 4.672E-5 1.972E-5 1.004E-5 8.215E-6 6.177E-6

QSMHM 6.911E-4 1.690E-4 8.508E-5 4.672E-5 2.988E-5 1.972E-5
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Table 4.28: Numerical results of the FSHM, HSHM, QSHM, FSMHM, HSMHM

and QSMHM iterative methods by using the CD-5CCNC schemes (Problems-2)

Iterations steps

Methods Mesh Sizes, N

24 48 72 96 120 144

FSHM 5814 43081 181943 500890 1132491 2021864

θ1 (1.80) (1.81) (1.81) (1.82) (1.82) (1.83)

HSHM 826 5794 16612 46443 93453 181943

θ1 (1.75) (1.80) (1.81) (1.81) (1.81) (1.81)

QSHM 122 826 2818 5794 9992 16612

θ1 (1.71) (1.75) (1.79) (1.80) (1.81) (1.81)

FSMHM 2798 19385 78078 158527 338986 661713

θ2 (1.95) (1.96) (1.96) (1.97) (1.97) (1.97)

HSMHM 408 2798 7872 20789 41022 78078

θ2 (1.87) (1.95) (1.96) (1.96) (1.96) (1.96)

QSMHM 66 408 1379 2798 4749 7872

θ2 (1.83) (1.87) (1.93) (1.95) (1.96) (1.96)

CPU time (in seconds)

Methods Mesh Sizes, N

24 48 72 96 120 144

FSHM 0.51 3.95 29.15 122.16 370.75 962.13

HSHM 0.16 1.28 8.27 29.82 93.28 221.64

QSHM 0.08 0.34 2.29 7.14 15.71 28.46

FSMHM 0.27 1.81 13.07 54.49 163.21 454.56

HSMHM 0.08 0.65 4.05 14.72 45.95 107.03

QSMHM 0.05 0.2 1.32 3.82 8.18 14.56

RMSE

Methods Mesh Sizes, N

24 48 72 96 120 144

FSHM 4.672E-5 1.004E-5 6.177E-6 4.701E-6 3.241E-6 1.763E-6

HSHM 1.690E-4 4.672E-5 1.972E-5 1.004E-5 8.215E-6 6.177E-6

QSHM 6.911E-4 1.690E-4 8.508E-5 4.672E-5 2.988E-5 1.972E-5

FSMHM 4.672E-5 1.001E-5 6.169E-6 4.681E-6 3.224E-6 1.730E-6

HSMHM 1.690E-4 4.672E-5 1.972E-5 1.004E-5 8.215E-6 6.177E-6

QSMHM 6.911E-4 1.690E-4 8.508E-5 4.672E-5 2.988E-5 1.972E-5
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4.1.6 Computational Results and Discussions

Numerical experiments are carried out for solving fourth order Fredholm IDE (i.e.

Problems-2) by using all the considered methods, and the results are presented in

the Tables 4.17 to 4.28. Based on the numerical results, the reduction percentages

in terms of a number of iterations and CPU time for all proposed MWM iterative

methods relative to FSGS and FSWM (i.e. FSAM, FSGM and FSHM) methods

have been summarised in Tables 4.29 to 4.31.

Based on the numerical results in Tables 4.20 to 4.22, it clearly shows that

the proposed FSMAM, HSMAM and QSMAM methods have generated a better

results compared to the FSGS, HSGS, QSGS, FSAM, HSAM and QSAM iter-

ative methods, for all discretisation schemes (i.e. CD-2CCNC, CD-3CCNC and

CD-5CCNC). This statement is evidently supported by the Tables 4.29 to 4.31,

where the percentage reductions in terms of a number of iterations and CPU

time relative to the FSGS and FSWM methods. Meanwhile, the accuracy of the

proposed FSMAM method is slightly improved as compared to those obtained by

the existing families of GS and WM iterative methods.

Tables 4.23 to 4.25 show that the proposed FSMGM, HSMGM and QSMGM

methods are better than FSGS, HSGS, QSGS, FSGM, HSGM and QSGM iter-

ative methods for corresponding discretisation schemes (i.e. CD-2CCNC, CD-

3CCNC and CD-5CCNC). Tables 4.29 to 4.31 also support the statement above

as there is substantial percentage reduction in terms of a number of iterations

and CPU time relative to the FSGS and FSWM methods. Meanwhile, the RMSE

of the proposed FSMGM method is also slightly improved at large mesh sizes as

compared to those obtained by the existing families of GS and WM iterative

methods.

Furthermore, the numerical results of the proposed MHM methods are pre-

sented in the Tables 4.26 to 4.28. The results show that the Full-, Half- and

Quarter-Sweep MHM methods are better than the FSGS, HSGS, QSGS, FSGM,

HSGM and QSGM iterative methods for the CD-2CCNC, CD-3CCNC and CD-

5CCNC approximation schemes. This is proven by the percentage reduction

calculation as shown in Tables 4.29 to 4.31, where the number of iterations and

CPU time decrease relative to the FSGS and FSWM methods. In addition, the

RMSE of the proposed FSMHM method is also in good agreement as compared

to the existing families of GS and WM iterative methods for the considered dis-

cretisation schemes.

In general, the numerical experiments in solving Problems-2 have shown that
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the performance of the proposed MWM methods are arguably improved in all

three comparative criteria as mentioned in Section 4.1.1, compared to those ob-

tained by the existing families of GS and WM iterative methods for all the CD-

2CCNC, CD-3CCNC and CD-5CCNC schemes. Tables 4.14 to 4.16 also show

that there are continuous improvement for all three comparative criteria, where

the results are improved from family of MAM to the family of MGM and from

the family of MGM to the family of MHM methods compared to the existing

FSGS and FSWM methods for all three combination set of discretisation schemes.

Among the Full-, Half- and Quarter-Sweep MWM methods, the FSMWM meth-

ods i.e. FSMAM, FSMGM and FSMHM methods have generated more accurate

solutions than the HSMWM and QSMWM methods. The reason is that the Full-

Sweep methods uses smaller step size h, while the Half- and the Quarter-Sweep

iterative methods use 2h and 4h step sizes respectively. However, the accuracy of

the approximation solutions is improved by the refinement of the mesh size, N .

Based on the CD-CCNC approximation schemes, the RMSE for the proposed

MWM methods is marginally improved as the mesh size N increases compared

to the standard WM. For the Full-Sweep, the accuracy of the FSMHM is better

than those by FSMAM and FSMGM for each discretisation schemes. The CD-

3CCNC and CD-5CCNC are exceptionally best approximation schemes compared

to CD-2CCNC as they produce more accurate solution to the Problems-2 for all

proposed methods though the CPU time is slightly higher than that in the CD-

2CCNC scheme. It is mainly because of the high complexity of the numerical

scheme.

Figures 4.10, 4.12, 4.14 and 4.11, 4.13, 4.15 illustrate the analogy of number

of iterations and the CPU time versus matrix size N , respectively for the Full-

, Half- and Quarter-Sweep of WM and the MWM methods by using the CD-

2CCNC approximation equation. Meanwhile, the performance comparison of the

studied iterative methods for the CD-3CCNC and the CD-5CCNC schemes are

illustrated in Appendix B.

Overall, among the proposed MWM iterative methods, QSMAM, QSMGM

and QSMHM are the best methods in terms of number of iterations and CPU

time compared to the FSMWM and HSMWM methods for all approximation

schemes. This is mainly because of a smaller amount of computational complex-

ity involved for the Quarter-Sweep iterative methods than Full- and Half-Sweep

iterative methods. This statement is affirmed by the analysis of computational

complexity study in Section 4.2. Among the QSMWM methods, QSMHM method

is better than the QSMGM and QSMAM methods.
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Figure 4.10: Comparison of the families of Full-Sweep WM and MWM methods
in terms of Iteration steps for solving Problems-2 by CD-2CCNC schemes.

Figure 4.11: Comparison of the families of Full-Sweep WM and MWM methods
in terms of CPU time for solving Problems-2 by CD-2CCNC schemes.
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Figure 4.12: Comparison of the families of Half-Sweep WM and MWM methods
in terms of Iteration steps for solving Problems-2 by CD-2CCNC schemes.

Figure 4.13: Comparison of the families of Half-Sweep WM and MWM methods
in terms of CPU time for solving Problems-2 by CD-2CCNC schemes.
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Figure 4.14: Comparison of the families of Quarter-Sweep WM and MWM meth-
ods in terms of Iteration steps for solving Problems-2 by CD-2CCNC schemes.

Figure 4.15: Comparison of the families of Quarter-Sweep WM and MWM meth-
ods in terms of CPU time for solving Problems-2 by CD-2CCNC schemes.
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Table 4.29: The reduction percentage in iteration steps and CPU time of the
proposed iterative methods by using the CD-2CCNC scheme (Problems-2)

Iterations Steps(%)
Proposed Comparison Mesh Sizes, N
Methods Methods 24 48 72 96 120 144
FSMAM FSAM 48.86 54.06 58.49 62.57 61.31 63.92

FSGS 86.35 92.92 93.81 94.48 94.15 94.79
FSMGM FSGM 50.60 53.75 55.94 67.66 68.51 65.88

FSGS 89.44 94.34 94.80 96.26 96.28 96.19
FSMHM FSHM 51.87 55.00 57.09 68.35 70.07 67.27

FSGS 90.48 94.90 95.33 96.64 96.76 96.67
HSMAM FSAM 92.56 93.15 95.48 95.55 96.10 95.81

FSGS 98.01 98.95 99.33 99.34 99.41 99.40
HSMGM FSGM 92.84 93.34 95.54 95.68 96.21 95.95

FSGS 98.47 99.18 99.47 99.50 99.55 99.55
HSMHM FSHM 92.98 93.51 95.67 95.85 96.38 96.14

FSGS 98.61 99.26 99.53 99.56 99.61 99.61
QSMAM FSAM 98.88 99.00 99.20 99.42 99.55 99.61

FSGS 99.70 99.85 99.88 99.91 99.93 99.94
QSMGM FSGM 98.85 99.03 99.23 99.43 99.57 99.60

FSGS 99.75 99.88 99.91 99.93 99.95 99.96
QSMHM FSHM 98.86 99.05 99.24 99.44 99.58 99.61

FSGS 99.78 99.89 99.92 99.94 99.95 99.96
CPU Time(%)

Proposed Comparison Mesh Sizes, N
Methods Methods 24 48 72 96 120 144
FSMAM FSAM 47.54 54.62 54.97 54.77 51.30 52.23

FSGS 76.30 89.90 90.76 89.26 89.47 89.98
FSMGM FSGM 46.15 54.61 53.47 50.36 51.35 52.46

FSGS 79.26 91.64 92.11 90.28 91.38 91.86
FSMHM FSHM 46.94 55.26 54.02 50.99 52.06 53.01

FSGS 80.74 92.40 92.85 91.22 92.24 92.72
HSMAM FSAM 85.25 85.54 86.05 86.63 86.53 87.68

FSGS 93.33 96.78 97.14 96.82 97.09 97.42
HSMGM FSGM 86.54 86.65 87.20 87.80 87.81 89.18

FSGS 94.81 97.54 97.83 97.61 97.84 98.15
HSMHM FSHM 87.76 87.63 88.11 88.67 88.75 89.85

FSGS 95.56 97.90 98.15 97.97 98.18 98.43
QSMAM FSAM 91.80 94.98 96.21 97.37 98.13 98.71

FSGS 96.30 98.88 99.22 99.38 99.60 99.73
QSMGM FSGM 92.31 95.15 96.43 97.52 98.23 98.78

FSGS 97.04 99.11 99.39 99.51 99.69 99.79
QSMHM FSHM 93.88 95.79 96.55 97.62 98.31 98.83

FSGS 97.78 99.28 99.46 99.57 99.73 99.82
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Table 4.30: The reduction percentage in iteration steps and CPU time of the
proposed iterative methods by using the CD-3CCNC scheme (Problems-2)

Iterations Steps(%)
Proposed Comparison Mesh Sizes, N
Methods Methods 24 48 72 96 120 144
FSMGM FSGM 50.60 53.75 55.94 67.66 68.51 65.88

FSGS 89.44 94.34 94.80 96.26 96.28 96.19
FSMHM FSHM 51.87 55.00 57.09 68.35 70.07 67.27

FSGS 90.48 94.90 95.33 96.64 96.76 96.67
HSMAM FSAM 92.56 93.15 95.48 95.55 96.10 95.81

FSGS 98.01 98.95 99.33 99.34 99.41 99.40
HSMGM FSGM 92.84 93.34 95.54 95.68 96.21 95.95

FSGS 98.47 99.18 99.47 99.50 99.55 99.55
HSMHM FSHM 92.98 93.51 95.67 95.85 96.38 96.14

FSGS 98.61 99.26 99.53 99.56 99.61 99.61
QSMAM FSAM 98.88 99.00 99.20 99.42 99.55 99.61

FSGS 99.70 99.85 99.88 99.91 99.93 99.94
QSMGM FSGM 98.85 99.03 99.23 99.43 99.57 99.60

FSGS 99.75 99.88 99.91 99.93 99.95 99.96
QSMHM FSHM 98.86 99.05 99.24 99.44 99.58 99.61

FSGS 99.78 99.89 99.92 99.94 99.95 99.96
CPU Time(%)

Proposed Comparison Mesh Sizes, N
Methods Methods 24 48 72 96 120 144
FSMAM FSAM 45.16 54.38 50.67 50.79 51.00 52.11

FSGS 75.71 90.32 89.60 88.24 89.41 89.94
FSMGM FSGM 44.44 53.32 50.26 49.58 51.37 52.54

FSGS 78.57 91.67 91.13 90.05 91.29 91.81
FSMHM FSHM 45.10 54.27 50.44 49.22 51.51 52.66

FSGS 80.00 92.30 91.82 90.87 92.06 92.60
HSMAM FSAM 83.87 83.47 83.70 86.00 85.97 87.25

FSGS 92.86 96.49 96.56 96.66 96.97 97.32
HSMGM FSGM 85.19 85.31 85.96 87.74 87.77 88.97

FSGS 94.29 97.38 97.49 97.58 97.81 98.10
HSMHM FSHM 86.27 85.93 86.85 88.47 88.49 89.55

FSGS 95.00 97.63 97.83 97.93 98.12 98.37
QSMAM FSAM 90.32 95.42 95.84 96.58 97.78 98.50

FSGS 95.71 99.03 99.12 99.18 99.52 99.69
QSMGM FSGM 90.74 95.50 95.96 96.65 97.85 98.53

FSGS 96.43 99.20 99.28 99.34 99.61 99.75
QSMHM FSHM 92.16 95.98 96.28 96.77 97.89 98.56

FSGS 97.14 99.32 99.39 99.42 99.65 99.78
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Table 4.31: The reduction percentage in iteration steps and CPU time of the
proposed iterative methods by using the CD-5CCNC scheme (Problems-2)

Iterations Steps(%)
Proposed Comparison Mesh Sizes, N
Methods Methods 24 48 72 96 120 144
FSMGM FSGM 50.60 53.75 55.94 67.66 68.51 65.88

FSGS 89.44 94.34 94.80 96.26 96.28 96.19
FSMHM FSHM 51.87 55.00 57.09 68.35 70.07 67.27

FSGS 90.48 94.90 95.33 96.64 96.76 96.67
HSMAM FSAM 92.56 93.15 95.48 95.55 96.10 95.81

FSGS 98.01 98.95 99.33 99.34 99.41 99.40
HSMGM FSGM 92.84 93.34 95.54 95.68 96.21 95.95

FSGS 98.47 99.18 99.47 99.50 99.55 99.55
HSMHM FSHM 92.98 93.51 95.67 95.85 96.38 96.14

FSGS 98.61 99.26 99.53 99.56 99.61 99.61
QSMAM FSAM 98.88 99.00 99.20 99.42 99.55 99.61

FSGS 99.70 99.85 99.88 99.91 99.93 99.94
QSMGM FSGM 98.85 99.03 99.23 99.43 99.57 99.60

FSGS 99.75 99.88 99.91 99.93 99.95 99.96
QSMHM FSHM 98.86 99.05 99.24 99.44 99.58 99.61

FSGS 99.78 99.89 99.92 99.94 99.95 99.96
CPU Time(%)

Proposed Comparison Mesh Sizes, N
Methods Methods 24 48 72 96 120 144
FSMAM FSAM 46.03 53.15 53.99 54.55 55.15 52.22

FSGS 76.06 90.49 89.86 88.77 90.23 89.99
FSMGM FSGM 46.30 53.30 54.34 54.71 55.43 52.31

FSGS 79.58 92.09 91.63 90.76 91.98 91.79
FSMHM FSHM 47.06 54.18 55.16 55.39 55.98 52.75

FSGS 80.99 92.77 92.36 91.58 92.72 92.55
HSMAM FSAM 82.54 82.09 84.06 86.64 86.25 87.54

FSGS 92.25 96.36 96.49 96.70 97.00 97.39
HSMGM FSGM 83.33 82.55 85.46 87.24 86.94 88.28

FSGS 93.66 97.04 97.33 97.40 97.65 97.98
HSMHM FSHM 84.31 83.54 86.11 87.95 87.61 88.88

FSGS 94.37 97.40 97.63 97.73 97.95 98.25
QSMAM FSAM 88.89 94.49 95.12 96.52 97.54 98.35

FSGS 95.07 98.88 98.92 99.14 99.46 99.65
QSMGM FSGM 88.89 94.58 95.18 96.71 97.70 98.45

FSGS 95.77 99.08 99.12 99.33 99.59 99.73
QSMHM FSHM 90.20 94.94 95.47 96.87 97.79 98.49

FSGS 96.48 99.20 99.23 99.41 99.63 99.76
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Figure 4.16: Log plot of RMSE for all proposed MWM iterative methods for

solving Problems-2 using CD-2CCNC schemes.

Figure 4.17: Log plot of RMSE for all proposed MWM iterative methods for
solving Problems-2 using CD-3CCNC schemes.
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Figure 4.18: Log plot of RMSE for all proposed MWM iterative methods for

solving Problems-2 using CD-5CCNC schemes.

4.2 Computational Complexity Analysis

In the field of numerical analysis, computational complexity is a crucial division

to measure the performance speed of algorithms regardless the capacity of the

computer features device. There are a few methods that can be used to analyse

the complexity of the algorithms, such as the arithmetic complexity and the

‘θ’ notation (Khatim, 2008). In this research, the analysis of computational

complexity based on arithmetic complexity is considered. Therefore, to measure

the arithmetic complexity of the proposed MWM methods with the respective

approximation equations for solving generated linear systems, an estimation of

the amount of the computational work has been calculated. The computational

cost is estimated based on the number of arithmetic operations performed per

iteration. Hence, to proceed the estimation of computational cost for the proposed

MWM iterative methods, the values of the elements such as kernels K, function

f and weights Bj in the linear system are computed and stored beforehand. The

Abbreviations of ADD/SUB, MUL/DIV and SQRT represent the operations of
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addition/subtraction, multiplication/division and square root respectively.

Based on Algorithms in subsection 3.11.1 incorporated with equations (4.2)

and (4.5), the number of arithmetic operations ADD/SUB and MUL/DIV re-

quired in computing a value for each nodal point in the solution domain for

the proposed FSMAM, HSMAM and QSMAM methods are summarised in Ta-

ble 4.32. Hence, the total arithmetic operations involved per nodal point for

FSMAM, HSMAM and QSMAM methods are 10N + 21, 5N + 21, 5
2
N + 21 and

14N+68, 7N+68, 7
2
N+68 for equations (4.2) and (4.5), respectively. Table 4.33

shows the summary of total arithmetic operations involved per iteration by the

proposed methods for solving equations (4.2) and (4.5), respectively. Based on

the analysis of computational complexity, the HSMAM and the QSMAM methods

require only N
2
− 1 and N

4
− 1 mesh points, respectively.

Meanwhile, Table 4.34 shows the number of arithmetic operations ADD/SUB

and MUL/DIV required in computing a value for each nodal point in the solution

domain for the proposed FSMGM, HSMGM and QSMGM methods based on

Algorithms in subsection 3.11.2 associated with equations (4.2) and (4.5). For

Case 1 and Case 2, the total arithmetic operations involved per nodal point for

the FSMGM, HSMGM and QSMGM are respectively 10N+31, 5N+31, 5
2
N+31

and 14N+67, 7N+67, 7
2
N+67 for equations (4.2) and (4.5). Meanwhile, for the

Case 3 and the Case 4, the numbers are respectively 10N + 32, 5N + 32, 5
2
N + 32

and 14N + 68, 7N + 68, 7
2
N + 68 for equations (4.2) and (4.5). Table 4.35 shows

the summary of total arithmetic operations involved per iteration by the proposed

family of MGM methods for solving equations (4.2) and (4.5), respectively.

Besides, Table 4.36 shows the number of arithmetic operations ADD/SUB

and MUL/DIV required in computing a value for each nodal point in the solu-

tion domain for the proposed FSMHM, HSMHM and QSMHM methods based

on Algorithms in subsections 3.11.3 associated with equations (4.2) and (4.5).

Therefore, the total arithmetic operations involved per nodal point for the Case

1 are respectively 10N + 30, 5N + 30, 5
2
N + 30 and 14N + 66, 7N + 66, 7

2
N + 66

for equations (4.2) and (4.5). For the Case 2 and the Case 3 the numbers are

respectively 10N + 34, 5N + 34, 5
2
N + 34 and 14N + 70, 7N + 70, 7

2
N + 70 for

equations (4.2) and (4.5). Meanwhile, for the Case 4 and the Case 5, the numbers

are respectively 10N + 41, 5N + 41, 5
2
N + 41 and 14N + 77, 7N + 77, 7

2
N + 77

for equations (4.2) and (4.5). Table 4.37 shows the summary of total arithmetic

operations involved per iteration by the proposed family of MHM methods for

solving equations (4.2) and (4.5), respectively.

Based on the analysis of computational complexity, the proposed HSMWM
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and the QSMWM methods require only N
2
−1 and N

4
−1 mesh points, respectively.

However, these methods are required additional eight arithmetic operations to cal-

culate a remaining nodal point after convergence by using second order Lagrange

interpolation technique. Therefore, the total arithmetic operations per iteration

after convergence are summarised in Tables 4.33, 4.35 and 4.37.

Table 4.32: Number of arithmetic operations required for computing the result

in a nodal point for the FSMAM, HSMAM and QSMAM methods

Second Order IDE

Methods Arithmetic Operations Per Node

ADD/SUB MUL/DIV SQRT

FSMAM 2N + 11 8N + 21 −
HSMAM N + 11 4N + 21 −
QSMAM N

2
+11 2N + 21 −

Fourth Order IDE

Methods Arithmetic Operations Per Node

ADD/SUB MUL/DIV SQRT

FSMAM 2N + 21 12N + 47 −
HSMAM N + 21 6N + 47 −
QSMAM N

2
+21 3N + 47 −

Table 4.33: Total arithmetic operations required for computing the result for the
FSMAM, HSMAM and QSMAM methods

Second Order IDE
Methods Total Arithmetic Operations

Per Iteration After Convergence
FSMAM 10N2 + 21N − 32 −
HSMAM 5

2
N2 + 21

2
N − 32 4N

QSMAM 5
8
N2 + 21

4
N − 32 6N
Fourth Order IDE

Methods Total Arithmetic Operations
Per Iteration After Convergence

FSMAM 14N2 + 54N − 68 −
HSMAM 7

2
N2 + 27N − 68 4N

QSMAM 7
8
N2 + 27

2
N − 68 6N
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Table 4.34: Number of arithmetic operations required for computing the result

in a nodal point for the FSMGM, HSMGM and QSMGM methods

Second Order IDE

Methods Arithmetic Operations Per Node

ADD/SUB MUL/DIV SQRT

FSMGM

Case 1 2N + 10 8N + 21 1

Case 2 2N + 10 8N + 21 1

Case 3 2N + 11 8N + 21 1

Case 4 2N + 11 8N + 21 1

HSMGM

Case 1 N + 10 4N + 21 1

Case 2 N + 10 4N + 21 1

Case 3 N + 11 4N + 21 1

Case 4 N + 11 4N + 21 1

QSMGM

Case 1 N
2

+ 10 2N + 21 1

Case 2 N
2

+ 10 2N + 21 1

Case 3 N
2

+ 11 2N + 21 1

Case 4 N
2

+ 11 2N + 21 1

Fourth Order IDE

Methods Arithmetic Operations Per Node

ADD/SUB MUL/DIV SQRT

FSMGM

Case 1 2N + 20 12N + 47 1

Case 2 2N + 20 12N + 47 1

Case 3 2N + 21 12N + 47 1

Case 4 2N + 21 12N + 47 1

HSMGM

Case 1 N + 20 6N + 47 1

Case 2 N + 20 6N + 47 1

Case 3 N + 21 6N + 47 1

Case 4 N + 21 6N + 47 1

QSMGM

Case 1 N
2

+ 20 3N + 47 1

Case 2 N
2

+ 20 3N + 47 1

Case 3 N
2

+ 21 3N + 47 1

Case 4 N
2

+ 21 3N + 47 1
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Table 4.35: Total arithmetic operations required for computing the result for the

FSMGM, HSMGM and QSMGM methods

Second order IDE

Methods Total Arithmetic Operations

Per Iteration After Convergence

FSMGM 10N2 + 21N − 31 −
Case 1 HSMGM 5

2
N2 + 21

2
N − 31 4N

QSMGM 5
8
N2 + 21

4
N − 31 6N

FSMGM 10N2 + 21N − 31 −
Case 2 HSMGM 5

2
N2 + 21

2
N − 31 4N

QSMGM 5
8
N2 + 21

4
N − 31 6N

FSMGM 10N2 + 22N − 32 −
Case 3 HSMGM 5

2
N2 + 11N − 32 4N

QSMGM 5
8
N2 + 11

2
N − 32 6N

FSMGM 10N2 + 22N − 32 −
Case 4 HSMGM 5

2
N2 + 11N − 32 4N

QSMGM 5
8
N2 + 11

2
N − 32 6N

Fourth Order IDE

Methods Total Arithmetic Operations

Per Iteration After Convergence

FSMGM 14N2 + 53N − 67 −
Case 1 HSMGM 7

2
N2 + 53

2
N − 67 4N

QSMGM 7
8
N2 + 53

4
N − 67 6N

FSMGM 14N2 + 53N − 67 −
Case 2 HSMGM 7

2
N2 + 53

2
N − 67 4N

QSMGM 7
8
N2 + 53

4
N − 67 6N

FSMGM 14N2 + 54N − 68 −
Case 3 HSMGM 7

2
N2 + 27N − 68 4N

QSMGM 7
8
N2 + 27

2
N − 68 6N

FSMGM 14N2 + 54N − 68 −
Case 4 HSMGM 7

2
N2 + 27N − 68 4N

QSMGM 7
8
N2 + 27

2
N − 68 6N
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Table 4.36: Number of arithmetic operations required for computing the result

in a nodal point for the FSMHM, HSMHM and QSMHM methods

Second Order IDE

Methods Arithmetic Operations Per Node

ADD/SUB MUL/DIV SQRT

FSMHM

Case 1 2N + 10 8N + 20 −
Case 2 2N + 11 8N + 23 −
Case 3 2N + 11 8N + 23 −
Case 4 2N + 13 8N + 27 1

Case 5 2N + 13 8N + 27 1

HSMHM

Case 1 N + 10 4N + 20 −
Case 2 N + 11 4N + 23 −
Case 3 N + 11 4N + 23 −
Case 4 N + 13 4N + 27 1

Case 5 N + 13 4N + 27 1

QSMHM

Case 1 N
2

+ 10 2N + 20 −
Case 2 N

2
+ 11 2N + 23 −

Case 3 N
2

+ 11 2N + 23 −
Case 4 N

2
+ 13 2N + 27 1

Case 5 N
2

+ 13 2N + 27 1
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Fourth Order IDE
Methods Arithmetic Operations Per Node

ADD/SUB MUL/DIV SQRT
FSMHM
Case 1 2N + 20 12N + 46 −
Case 2 2N + 21 12N + 49 −
Case 3 2N + 21 12N + 49 −
Case 4 2N + 23 12N + 53 1
Case 5 2N + 23 12N + 53 1

HSMHM
Case 1 N + 20 6N + 46 −
Case 2 N + 21 6N + 49 −
Case 3 N + 21 6N + 49 −
Case 4 N + 23 6N + 53 1
Case 5 N + 23 6N + 53 1

QSMHM
Case 1 N

2
+ 20 3N + 46 −

Case 2 N
2

+ 21 3N + 49 −
Case 3 N

2
+ 21 3N + 53 −

Case 4 N
2

+ 23 3N + 53 1
Case 5 N

2
+ 23 8N + 53 1

4.3 Concluding Remarks

This chapter, the effectiveness of the proposed MWM iterative methods associ-

ated with three different combination sets of CD-CCNC schemes for solving sec-

ond and fourth order FIDEs have been investigated via Problem-1 and Problem-2.

A vigorous analysis of the numerical results show that all the proposed MWM

iterative methods are superior than the family of GS and WM methods for all the

generated CD-2CCNC, CD-3CNCC and CD-5CNCC dense systems. The results

of numerical simulations show that the families of MAM, MGM and MHM meth-

ods are highly effective iterative methods. Amongst, the families of MAM, MGM

and MHM methods, the QSMAM, the QSMGM and the QSMHM are the best

iterative methods for solving both problems with least number of iterations and

CPU time. In the aspect of accuracy, the combination sets of CD-3CCNC and

CD-5CCNC are more accurate and efficient than the CD-2CCNC approximation

schemes.
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Table 4.37: Total arithmetic operations required for computing the result for the
FSMHM, HSMHM and QSMHM methods

Second order IDE
Methods Total Arithmetic Operations

Per Iteration After Convergence
FSMHM 10N2 + 20N − 30 −

Case 1 HSMHM 5
2
N2 + 10N − 30 4N

QSMHM 5
8
N2 + 5N − 30 6N

FSMHM 10N2 + 24N − 34 −
Case 2 HSMHM 5

2
N2 + 12N − 34 4N

QSMHM 5
8
N2 + 6N − 34 6N

FSMHM 10N2 + 24N − 34 −
Case 3 HSMHM 5

2
N2 + 12N − 34 4N

QSMHM 5
8
N2 + 6N − 34 6N

FSMHM 10N2 + 30N − 40 −
Case 4 HSMHM 5

2
N2 + 15N − 40 4N

QSMHM 5
8
N2 + 15

2
N − 40 6N

FSMHM 10N2 + 30N − 40 −
Case 5 HSMHM 5

2
N2 + 15N − 40 4N

QSMHM 5
8
N2 + 15

2
N − 40 6N
Fourth Order IDE

Methods Total Arithmetic Operations
Per Iteration After Convergence

FSMHM 14N2 + 52N − 66 −
Case 1 HSMHM 7

2
N2 + 26N − 66 4N

QSMHM 7
8
N2 + 13N − 66 6N

FSMHM 14N2 + 56N − 70 −
Case 2 HSMHM 7

2
N2 + 28N − 70 4N

QSMHM 7
8
N2 + 14N − 70 6N

FSMHM 14N2 + 56N − 70 −
Case 3 HSMHM 7

2
N2 + 28N − 70 4N

QSMHM 7
8
N2 + 14N − 70 6N

FSMHM 14N2 + 62N − 76 −
Case 4 HSMHM 7

2
N2 + 31N − 76 4N

QSMHM 7
8
N2 + 31

2
N − 76 6N

FSMHM 14N2 + 62N − 76 −
Case 5 HSMHM 7

2
N2 + 31N − 76 4N

QSMHM 7
8
N2 + 31

2
N − 76 6N



CHAPTER 5

Summary and Future Research

Directions

5.1 Summary

The main objectives of this research are to introduce and analyse the perfor-

mance of the proposed Modified Weighted Mean iterative methods in solving

large dense linear systems arise from linear FIDEs. The existing conventional

family of Gauss Seidel and the families of Weighted Mean iterative methods are

also considered for the comparative analysis with the proposed methods. There-

fore, the proposed MWM (i.e. FSMAM, HSMAM, QSMAM, FSMGM, HSMGM,

QSMGM, FSMHM, HSMAM, QSMHM) methods are developed and investigated

along with the strong convergence theorem and proofs. The effectiveness and ef-

ficiency of the proposed methods are demonstrated with some vigorous analysis

such as analysis of percentage reduction in terms of number of iterations and

computational time, and the analysis of computational complexity.

5.2 Achievement and Contribution of the Re-

search

In this research, nine new variant of MWM methods are developed and analysed

from the existing standard WM methods. The new proposed MWM methods

have been successfully developed and implemented to solve second and fourth

order linear FIDEs associated with three different combination sets of FD-CCNC

schemes (i.e. CD-2CCNC, CD-3CCNC and CD-5CCNC schemes) which are ap-

plied to generate a system of linear equations. All the objectives of the thesis

have successfully accomplished as per specified in Section 1.4. The outcome of

116
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the objectives on this thesis are as follows

(i) The Full-, Half- and Quarter-Sweep FD-CCNC (i.e. CD-2CCNC, CD-

3CCNC and CD-5CCNC) approximation equations of second and fourth

order FIDEs are successfully derived and implemented. Based on the inves-

tigations, the Full-, Half- and Quarter-Sweep FD-CCNC schemes on second

and fourth order FIDEs lead to dense linear systems of normal equations

(refer to Sections 3.3.4)

(ii) The Full-, Half- and Quarter-Sweep CD-3CCNC and CD-5CCNC approx-

imation schemes yield high precision results compared to the Full-, Half-

and Quarter-sweep CD-2CCNC scheme.(refer to Figures 4.7 to 4.9)

(iii) The application of the half- and quarter-sweep iteration reduce the order

of dense coefficient matrix from N − 1 to N
2
− 1 and from N

2
− 1 to N

4
−

1, respectively. Finally, it reduces the computational complexity of the

proposed MWM iterative methods during the iteration processes for solving

the second and fourth order linear FIDEs.

(iv) The considered iterative methods, the existing families of GS and WM,

and the proposed families of MWM, are successfully formulated and im-

plemented on the generated linear systems as derived in Chapter 3. In

addition, the half- and quarter-sweep iteration techniques have been suc-

cessfully applied to all the considered iterative methods. (Refer to Section

3.11).

(v) All the families of the proposed MWM (i.e. FSMAM, HSMAM, QSMAM,

FSMGM, HSMGM, QSMGM, FSMHM, HSMAM, QSMHM) iterative meth-

ods have been presented together with a necessary convergence theorems

with proofs. (refer Chapter 3).

(vi) The numerical performances of the proposed MWM iterative methods with

the corresponding Full-, Half- and Quarter-Sweep FD-CCNC approximation

schemes for solving the second and fourth order linear FIDEs show that

the proposed MWM iterative methods perform exceptionally well for dense

linear systems.

(vii) The analysis of computational complexity (refer to Tables 4.32 to 4.37) for

the proposed MWM reveals that the implementation of the Quarter-Sweep

iteration has reduced a number of iterations and CPU time as compared to

the standard or Full- and Half-Sweep iterations.
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(viii) The numerical results also disclose that the CD-3CCNC and CD-5CCNC

discretisation schemes require more execution time for solving the generated

linear systems compared to the CD-2CCNC scheme. The reason is that

the CD-3CCNC and CD-5CCNC schemes consist of highly mathematical

complexity than the CD-2CCNC scheme.

(ix) Overall, the findings reveal that the proposed MWM iterative methods (i.e.

FSMAM, HSMAM, QSMAM, FSMGM, HSMGM, QSMGM, FSMHM, HS-

MAM, QSMHM) with their corresponding FD-CCNC approximation equa-

tions perform remarkably in terms of number of iterations and CPU time

compared to the existing conventional family of GS and the families of the

WM iterative methods for the second and fourth order FIDEs. Amongst

the proposed families of MWM iterative methods, the QSMWM (i.e. QS-

MAM, QSMGM and QSMHM) iterative methods are superior to the other

proposed MWM methods. Nevertheless, among the QSMWM methods, the

QSMHM has performed outstandingly in terms of a number of iterations

and CPU time compared to the QSMAM and QSMGM iterative methods.

5.3 Recommendation for Future Researches

A list of future work includes

(i) Investigate the performance of all the proposed MWM methods for solving

other types of IDEs as mentioned in Section 1.2.1.

(ii) Investigate the performance of all the proposed MWM methods for solving

2D, 3D and n-D IDEs problems.

(iii) Broaden the current research to the nonlinear, fractional, impulsive, integro-

partial derivative cases.

(iv) Analysis of high-order numerical schemes under finite elements methods.

(v) Investigate the application of the proposed MWM iterative methods to the

real industrial mathematical models such as the PDE Oil reservoir simula-

tion, mathematical models in epidemiology and population biology etc.
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APPENDIX A

A.1 Second Order Lagrange Interpolation Tech-

nique for Half-Sweep Case

For i = 1, 3, 5, · · · , N − 3

ψi =
[ih− (i+ 1)h][ih− (i+ 3)h]

[(i− 1)h− (i+ 1)h][(i− 1)h− (i+ 3)h]
ψi−1

+
[ih− (i− 1)h][ih− (i+ 3)h]

[(i+ 1)h− (i− 1)h][(i+ 1)h− (i+ 3)h]
ψi+1

+
[ih− (i− 1)h][ih− (i+ 1)h]

[(i+ 3)h− (i− 1)h][(i+ 3)h− (i+ 1)h]
ψi+3

=
(i− i− 1)(i− i− 3)

(i− 1− i− 1)(i− 1− i− 3)
ψi−1

+
(i− i− 1)(i− i− 3)

(i+ 1− i+ 1)(i+ 1− i− 3)
ψi+1

+
(i− i+ 1)(i− i− 1)

(i+ 3− i+ 1)(i+ 3− i− 1)
ψi+3

=
(−1)(−3)

(−2)(−4)
ψi−1 +

(1)(−3)

(2)(−2)
ψi+1 +

(1)(−1)

(4)(2)
ψi+3

=
3

8
ψi−1 +

3

4
ψi+1 −

1

8
ψi+3
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For i = N − 1

ψi =
[ih− (i+ 1)h][ih− (i− 3)h]

[(i− 1)h− (i+ 1)h][(i− 1)h− (i− 3)h]
ψi−1

+
[ih− (i− 1)h][ih− (i− 3)h]

[(i+ 1)h− (i− 1)h][(i+ 1)h− (i− 3)h]
ψi+1

+
[ih− (i− 1)h][ih− (i+ 1)h]

[(i− 3)h− (i− 1)h][(i− 3)h− (i+ 1)h]
ψi−3

=
(i− i− 1)(i− i+ 3)

(i− 1− i− 1)(i− 1− i+ 3)
ψi−1

+
(i− i+ 1)(i− i+ 3)

(i+ 1− i+ 1)(i+ 1− i+ 3)
ψi+1

+
(i− i+ 1)(i− i− 1)

(i− 3− i+ 1)(i− 3− i− 1)
ψi−3

=
(−1)(3)

(−2)(2)
ψi−1 +

(1)(3)

(2)(4)
ψi+1 +

(1)(−1)

(−2)(−4)
ψi−3

=
3

4
ψi−1 +

3

8
ψi+1 −

1

8
ψi−3

A.2 Second Order Lagrange Interpolation Tech-

nique for Quarter-Sweep Case

For i = 2, 6, 10, · · · , N − 6

ψi =
[ih− (i+ 2)h][ih− (i+ 6)h]

[(i− 2)h− (i+ 2)h][(i− 2)h− (i+ 6)h]
ψi−2

+
[ih− (i− 2)h][ih− (i+ 6)h]

[(i+ 2)h− (i− 2)h][(i+ 2)h− (i+ 6)h]
ψi+2

+
[ih− (i− 2)h][ih− (i+ 2)h]

[(i+ 6)h− (i− 2)h][(i+ 6)h− (i+ 2)h]
ψi+6

=
(i− i− 2)(i− i− 6)

(i− 2− i− 2)(i− 2− i− 6)
ψi−2

+
(i− i− 2)(i− i− 6)

(i+ 2− i+ 2)(i+ 2− i− 6)
ψi+2

+
(i− i+ 2)(i− i− 2)

(i+ 6− i+ 2)(i+ 6− i− 2)
ψi+6

=
(−2)(−6)

(−4)(−8)
ψi−2 +

(2)(−6)

(4)(−4)
ψi+2 +

(2)(−2)

(8)(4)
ψi+6

=
3

8
ψi−2 +

3

4
ψi+2 −

1

8
ψi+6
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For i = N − 2

ψi =
[ih− (i+ 2)h][ih− (i− 6)h]

[(i− 2)h− (i+ 2)h][(i− 2)h− (i− 6)h]
ψi−2

+
[ih− (i− 2)h][ih− (i− 6)h]

[(i+ 2)h− (i− 2)h][(i+ 2)h− (i− 6)h]
ψi+2

+
[ih− (i− 2)h][ih− (i+ 2)h]

[(i− 6)h− (i− 2)h][(i− 6)h− (i+ 2)h]
ψi−6

=
(i− i− 2)(i− i+ 6)

(i− 2− i− 2)(i− 2− i+ 6)
ψi−2

+
(i− i+ 2)(i− i+ 6)

(i+ 2− i+ 2)(i+ 2− i+ 6)
ψi+2

+
(i− i+ 2)(i− i− 2)

(i− 6− i+ 2)(i− 6− i− 2)
ψi−6

=
(−2)(6)

(−4)(4)
ψi−2 +

(2)(6)

(4)(8)
ψi+2 +

(2)(−2)

(−4)(−8)
ψi−6

=
3

4
ψi−2 +

3

8
ψi+2 −

1

8
ψi−6

For i = 1, 3, 5, · · · , N − 5, N − 3, N − 1 refer to Appendix A.1.
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B.1 Performance Comparison of the Methods

by Using CD-3CCNC and CD-5CCNC Schemes

for Problems 1 and 2

Figure B.1: Comparison of the families of Full-Sweep WM and MWM methods
in terms of Iteration steps for solving Problem-1 by CD-3CCNC schemes.
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Figure B.2: Comparison of the families of Full-Sweep WM and MWM methods
in terms of CPU time for solving Problem-1 by CD-3CCNC schemes.

Figure B.3: Comparison of the families of Half-Sweep WM and MWM methods
in terms of Iteration steps for solving Problem-1 by CD-3CCNC schemes.
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Figure B.4: Comparison of the families of Half-Sweep WM and MWM methods
in terms of CPU time for solving Problem-1 by CD-3CCNC schemes.

Figure B.5: Comparison of the families of Quarter-Sweep WM and MWM meth-
ods in terms of Iteration steps for solving Problem-1 by CD-3CCNC schemes.
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Figure B.6: Comparison of the families of Quarter-Sweep WM and MWM meth-

ods in terms of CPU time for solving Problem-1 by CD-3CCNC schemes.

Figure B.7: Comparison of the families of Full-Sweep WM and MWM methods
in terms of Iteration steps for solving Problem-2 by CD-3CCNC schemes.
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Figure B.8: Comparison of the families of Full-Sweep WM and MWM methods
in terms of CPU time for solving Problem-2 by CD-3CCNC schemes.

Figure B.9: Comparison of the families of Half-Sweep WM and MWM methods
in terms of Iteration steps for solving Problem-2 by CD-3CCNC schemes.
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Figure B.10: Comparison of the families of Half-Sweep WM and MWM methods
in terms of CPU time for solving Problem-2 by CD-3CCNC schemes.

Figure B.11: Comparison of the families of Quarter-Sweep WM and MWM meth-
ods in terms of Iteration steps for solving Problem-2 by CD-3CCNC schemes.
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Figure B.12: Comparison of the families of Quarter-Sweep WM and MWM meth-

ods in terms of CPU time for solving Problem-2 by CD-3CCNC schemes.

Figure B.13: Comparison of the families of Full-Sweep WM and MWM methods
in terms of Iteration steps for solving Problem-1 by CD-5CCNC schemes.
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Figure B.14: Comparison of the families of Full-Sweep WM and MWM methods
in terms of CPU time for solving Problem-1 by CD-5CCNC schemes.

Figure B.15: Comparison of the families of Half-Sweep WM and MWM methods
in terms of Iteration steps for solving Problem-1 by CD-5CCNC schemes.
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Figure B.16: Comparison of the families of Half-Sweep WM and MWM methods
in terms of CPU time for solving Problem-1 by CD-5CCNC schemes.

Figure B.17: Comparison of the families of Quarter-Sweep WM and MWM meth-
ods in terms of Iteration steps for solving Problem-1 by CD-5CCNC schemes.



B.1 Performance Comparison of the Methods by Using CD-3CCNC and
CD-5CCNC Schemes for Problems 1 and 2 143

Figure B.18: Comparison of the families of Quarter-Sweep WM and MWM meth-

ods in terms of CPU time for solving Problem-1 by CD-5CCNC schemes.

Figure B.19: Comparison of the families of Full-Sweep WM and MWM methods
in terms of Iteration steps for solving Problem-2 by CD-5CCNC schemes.
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Figure B.20: Comparison of the families of Full-Sweep WM and MWM methods
in terms of CPU time for solving Problem-2 by CD-5CCNC schemes.

Figure B.21: Comparison of the families of Half-Sweep WM and MWM methods
in terms of Iteration steps for solving Problem-2 by CD-5CCNC schemes.
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Figure B.22: Comparison of the families of Half-Sweep WM and MWM methods
in terms of CPU time for solving Problem-2 by CD-5CCNC schemes.

Figure B.23: Comparison of the families of Quarter-Sweep WM and MWM meth-
ods in terms of Iteration steps for solving Problem-2 by CD-5CCNC schemes.
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Figure B.24: Comparison of the families of Quarter-Sweep WM and MWM meth-

ods in terms of CPU time for solving Problem-2 by CD-5CCNC schemes.


