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ABSTRACT In this paper, we consider the channel estimation problem for multiple-input multiple-output
wireless relay communication systems with multiple relay nodes. In particular, all individual channel
matrices of the first-hop and second-hop links are estimated at the destination node by applying the
superimposed channel training algorithm, where training sequences are superimposed at the relay nodes
to assist the estimation of the relays-destination channel matrices. To improve the performance of channel
estimation, we consider the estimation error inherited from the second-hop channel estimation and develop
a new minimal mean-squared error-based algorithm to estimate the first-hop channel matrices. Furthermore,
we derive the optimal power allocation and training sequences at the source and relay nodes. Numerical
examples demonstrate a better performance of the proposed superimposed channel training algorithm.

INDEX TERMS Channel estimation, MIMO relay, MMSE, multiple relay nodes, power allocation,
superimposed training.

I. INTRODUCTION
Multiple-input multiple-output (MIMO) relay communica-
tion systems have attracted much research interest recently
due to their capability in improving the reliability and
coverage of wireless systems [1], [2]. Many studies have
been carried out on the transceiver optimization of amplify-
and-forward (AF) MIMO relay systems. The optimal relay
precoding matrix which maximizes the source-destination
mutual information (MI) of a two-hop MIMO relay system
was developed in [3] and [4]. In [5] and [6], the relay pre-
coding matrix was designed to minimize the mean-squared
error (MSE) of the signal waveform estimation. A unified
framework was developed in [7] and [8] to jointly optimize
the source and relay precoding matrices for a broad class of
objective functions.

The works in [3]–[8] focused onMIMO relay systems with
a single relay node at each hop. Systems with multiple par-
allel relay nodes have also attracted great interests [9], [10].
Behbahani et al. [9] developed the optimal relay precoding
matrices with multiple relay nodes. In [10], joint source and
relay precoding matrices optimization has been investigated

with power constraint at the output of the second-hop channel
considering both linear and nonlinear receivers.

It can be seen that for MIMO relay systems discussed
in [3]–[10], the knowledge of the instantaneous channel state
information (CSI) is required for designing the optimal linear
receiver at the destination node and optimizing the system
through precodingmatrices design. Nevertheless, in real relay
communication systems, the instantaneous CSI is unknown
at the destination node, and therefore, needs to be estimated.
Lioliou and Viberg [11] and Lioliou et al. [12] developed
a least-squares (LS) based channel estimation algorithm for
MIMO relay systems and further improved its performance
by the weighted LS (WLS) approach. A two-stage chan-
nel training method was developed in [13], where the opti-
mal training sequence at the source and relay nodes was
derived. In [14], a parallel factor (PARAFAC) analysis based
MIMO relay channel estimation algorithm was proposed.
Superimposed channel training algorithms were developed
in [15] and [16] for two-way MIMO relay systems, and
in [17] for time-varying MIMO relay systems, where a train-
ing sequence is superimposed at the relay node to estimate
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the CSI of first-hop and second-hop channel at the destination
nodes.

The channel estimation algorithms in [11]–[17] were
developed for MIMO relay systems with a single relay node
at each hop [3]–[8]. Obviously, channel estimation becomes
more challenging for systems with multiple parallel relay
nodes asmore unknowns need to be estimated. In [18], LS and
maximum likelihood (ML) based channel estimators were
derived based on the parameterization of the estimation prob-
lem. The ML estimation technique was used to estimate the
basis expansion model (BEM) weighting coefficients in [19].
However, the optimization of training sequence, which may
further improve the performance of the estimators, was not
discussed in [18] and [19].

In this paper, we apply the principle of superimposed chan-
nel training to estimate all individual first-hop and second-
hop channel matrices of MIMO relay systems with multiple
parallel relay nodes. Note that the knowledge of both the
source-relay and relay-destination channels is required at the
destination node for developing the optimal receiver [9], [10].
In the proposed algorithm, the channel estimation process is
completed in two time blocks. At the first time block, the
source node broadcasts training sequence to all relay nodes,
while at the second time block, each relay node transmits
linearly amplified received signals as well as its own training
sequence. Then all individual channel matrices of the first-
hop and second-hop links can be efficiently estimated at the
destination node.

We derive the optimal structure of the training sequences
that minimize the sum MSE of channel estimation and opti-
mize the power allocation between the training sequences
at the source and relay nodes. We consider the estimation
error inherited from the estimation of the second-hop chan-
nel matrices and develop a new minimal MSE (MMSE)-
based algorithm to estimate the first-hop channelmatrices, for
which no efficient method was proposed in [15]. Moreover,
compared with [15] and [16], the optimization problems in
this paper are more challenging to solve, as more channel
training sequences need to be optimized. Numerical examples
demonstrate a better performance of the proposed superim-
posed channel training algorithm compared with the con-
ventional two-stage channel estimation approach for MIMO
relay systems with multiple relay nodes.

The rest of this paper is organized as follows. The system
model of a two-hopMIMO relay communication systemwith
multiple relay nodes is presented in Section II. The superim-
posed channel training algorithm is developed in Section III,
where the optimal training sequences and power allocation
at the source and relay nodes are derived. In Section IV, we
present a new MMSE-based algorithm to estimate the first-
hop channel matrices considering the error of the second-hop
channel estimation. Section V shows numerical simulation
results to demonstrate the performance of the proposed algo-
rithms. Finally, conclusions are drawn in Section VI.

The following notations are used throughout the paper.
Vectors and matrices are represented by lower case and

upper case bold letters, respectively; Superscripts (·)T , (·)H ,
and (·)−1 denote transpose, Hermitian transpose, and matrix
inversion, respectively; ⊗ denotes the matrix Kronecker
product [20]; tr(·) stands for the matrix trace; vec(·) denotes
the vectorization operator which stacks all column vectors of
a matrix on top of each other; In denotes an n × n identity
matrix; 1 is a vector with all one entries; bdiag[·] and diag(·)
stand for a block diagonal and diagonal matrix, respectively;
and E[·] denotes the statistical expectation.

II. SYSTEM MODEL
We consider a two-hop MIMO relay communication system
which consists of one source node,K parallel relay nodes, and
one destination node as illustrated in Fig. 1. The source and
the destination nodes have Ns and Nd antennas, respectively,
and the ith relay node has Ni antennas. For i = 1, . . . ,K ,
Hi denotes the Ni × Ns first-hop channel matrix from the
source node to the ith relay node andGi is theNd×Ni second-
hop channel matrix from the ith relay node to the destination
node. Due to its merit of simplicity, we consider the AF relay
scheme at each relay.

FIGURE 1. Block diagram of a two-hop MIMO relay communication
system with multiple parallel relay nodes.

The channel training process is implemented in two time
blocks. At the first time block, the source node sends an
Ns × T channel training matrix S to all relay nodes, where
T is the length of the training sequence. The signals received
at the ith relay node can be written as

Yi = HiS+ Vi, i = 1, . . . ,K (1)

where Yi and Vi are the Ni × T received signal matrix and
noise matrix at the ith relay node, respectively.

At the second time block, the source node is silent, and the
ith relay node amplifies its received signal with an amplifying
factor α > 0 and superimposes its own training matrix Ti.
Therefore, the signal matrix transmitted by the ith relay node
is given by

Xi =
√
αYi + Ti, i = 1, . . . ,K . (2)

The received signal at the destination node can be written as

Yd =

K∑
i=1

GiXi + Vd (3)
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where Vd is the Nd ×T additive Gaussian noise matrix at the
destination node.

We assume that the channel matrices Hi and Gi satisfy the
well-known Gaussian-Kronecker model [21], where Hi and
Gi are complex Gaussian random matrices with

Hi ∼ CN (0,Ts ⊗ Ri), Gi ∼ CN (0,Ci ⊗ Rd ) (4)

where Ts and Ri denote the Ns × Ns and Ni × Ni covariance
matrix at the transmit and receive side of Hi, respectively,
while Ci and Rd denote the Ni ×Ni and Nd ×Nd covariance
matrix at the transmit and receive side of Gi, respectively.
In other words, from (4) we have

Hi = AiHi,wBHs , Gi = AdGi,wKH
i (5)

whereAiAH
i = Ri, BsBHs = TTs ,AdAH

d = Rd ,KiKH
i = CT

i ,
i = 1, . . . ,K , Hi,w and Gi,w are Ni × Ns and Nd × Ni
complex Gaussian random matrices with independent and
identically distributed (i.i.d.) zero mean and unit variance
entries. We assume that Hi,w and Gi,w, i = 1, . . . ,K , are
statistically independent of each other. We also assume that
the knowledge on the channel covariancematrices is available
at the destination node.

By substituting (1) and (2) into (3), we can rewrite the
received signal at the destination node as

Yd =

K∑
i=1

Gi[
√
α(HiS+ Vi)+ Ti]+ Vd

=
√
αMS+

K∑
i=1

GiTi + V (6)

whereV =
∑K

i=1
√
αGiVi+Vd is the total noisematrix at the

destination node and M =
∑K

i=1GiHi can be viewed as the
compound source-destination channel matrix. It can be seen
from (6) that the first-hop channel Hi is multiplied with the
second-hop channel Gi, which makes it difficult to estimate
bothHi andGi in one step. Thus, we propose an efficient two-
step channel estimation algorithm to estimate the second-hop
channel Gi first based on Ti, and then estimate the first-hop
channels.

III. SUPERIMPOSED CHANNEL TRAINING FOR THE
SECOND-HOP CHANNEL ESTIMATION
In this section, the superimposed channel training princi-
ple is applied to estimate the channel matrices M and Gi,
i = 1, . . . ,K . Moreover, we design the optimal training
matrices S and Ti, i = 1, . . . ,K , and the relay amplifying
factor α to minimize the sumMSE of the channel estimation.

The main idea of the superimposed channel training algo-
rithm is to useTi to estimate the second-hop channel matrices
Gi, i = 1, . . . ,K . By introducing the eigenvalue decomposi-
tions (EVDs) of

TTs = Us3sUH
s , CT

i = Ui3iUH
i , i = 1, . . . ,K

we have

BHs = 5s3
1
2
s UH

s , KH
i = 5i3

1
2
i U

H
i , i = 1, . . . ,K (7)

where 5s and 5i are arbitrary Ns × Ns and Ni × Ni unitary
matrix, respectively. Based on (5), the received signal at the
destination node (6) can be rewritten as

Yd =
√
αM̃S̃+

K∑
i=1

G̃iT̃i + V (8)

where

M̃ ,
K∑
i=1

GiH̃i

S̃ , UH
s S, H̃i , HiUs, i = 1, . . . ,K

G̃i , GiUi, T̃i , UH
i Ti, i = 1, . . . ,K . (9)

In the following, we develop an algorithm to estimate M̃
and G̃i in (8). In Section IV, we will present the algorithm to
estimate the first-hop channels H̃i from (8). It will be shown
in Section IV that theMSE of estimating H̃i increases with the
MSE of estimating M̃ and G̃i. Thus, it is important to optimize
the training matrices S and Ti, i = 1, . . . ,K , to minimize the
MSE of estimating H̃i.

Applying the identity of vec(ABC) = (CT
⊗ A)vec(B) [20],

we can rewrite (8) in vector form as

yd =
[√
αS̃T ⊗ INd , T̃

T
1 ⊗ INd , . . . , T̃

T
K ⊗ INd

]
×

[
m̃T , g̃T1 , . . . , g̃

T
K

]T
+ v

= Lγ + v (10)

where

L ,
[√
αS̃T ⊗ INd , T̃

T
1 ⊗ INd , . . . , T̃

T
K ⊗ INd

]
γ ,

[
m̃T , g̃T1 , . . . , g̃

T
K

]T
yd , vec(Yd ), m̃ , vec(M̃)

v , vec(V), g̃i , vec(G̃i), i = 1, . . . ,K .

In (10), γ is the vector of unknown with a dimension of Q ,
Nd (Ns +

∑K
i=1 Ni), L has a dimension of TNd ×Q, and there

is T ≥ Ns +
∑K

i=1 Ni.
Thanks to its computational simplicity, a linear estimator

is applied at the destination node to estimate γ as

γ̂ =WHyd (11)

where γ̂ denotes the estimation of γ and W is the weight
matrix of the linear estimator. Using (11), theMSE of channel
estimation is given by

MSE1 = E[tr((γ̂ − γ )(γ̂ − γ )H )]

= tr((WHL− IQ)Rγ (WHL− IQ)H +WHRvW)

(12)

where Rγ = E[γ γH ] and Rv = E[vvH ] are the covariance
matrix of γ and v, respectively.
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Lemma 1: Rγ and Rv are given by

Rv = IT ⊗

(
K∑
i=1

α tr(CT
i )Rd + INd

)
(13)

Rγ = bdiag [3s ⊗ bRd ,31 ⊗ Rd , . . . ,3K ⊗ Rd ] (14)

where b ,
∑K

i=1 tr(RiCT
i ).

Proof: See Appendix A. �
It is well-known that (12) is minimized by the linear

MMSE estimator [22] given by

W =
(
LRγLH + Rv

)−1
LRγ . (15)

By substituting (15) back into (12) and applying the matrix
inversion lemma of

(A+ BCD)−1 = A−1 − A−1B(DA−1B+ C−1)−1DA−1

we can obtain the MSE of estimating γ as

MSE1 = tr
(
(R−1γ + LHR−1v L)−1

)
. (16)

The transmission power consumed by the source node is
given by

tr(SSH ) = tr(S̃S̃H ). (17)

Using (2) and Lemma 3 in Appendix A, the transmission
power of the ith relay node can be calculated as

αE[tr(HiSSHHH
i + INi )]+ tr(TiT

H
i )

= αNi + α tr(3sS̃S̃H ) tr(Ri)+ tr(T̃iT̃Hi ). (18)

From (16)-(18), the optimal amplifying factor α and the
optimal training matrices can be designed through solving the
following optimization problem

min
α,S̃,T̃1,...,T̃K

tr
(
(R−1γ + LHR−1v L)−1

)
(19)

s.t. tr(S̃S̃H ) ≤ ps, α > 0 (20)

αNi + α tr(3sS̃S̃H ) tr(Ri)

+ tr(T̃iT̃Hi ) ≤ pi, i = 1, . . . ,K (21)

where ps is the transmission power available at the source
node and pi is the transmission power at the ith relay node.
Using [15, Th. 1], the optimal S̃ and T̃i as the solution

to the problem (19)–(21) satisfy the equations below for
i, j = 1, . . . ,K

S̃S̃H = 6s, T̃iT̃Hi = 6i (22)

S̃T̃Hi = 0, T̃iT̃Hj = 0, i 6= j (23)

where 6s and 6i are Ns × Ns and Ni × Ni diagonal matrix,
respectively, with non-negative diagonal elements. Based
on (22) and (23), the optimal structure of the training
sequences is given by

S = Us6
1
2
s 8s, Ti = Ui6

1
2
i 8i, i = 1, . . . ,K (24)

where 8i, i = s, 1, . . . ,K , is an Ni × T semi-unitary matrix
satisfying the following equations

8i8
H
i = INi , 8i8

H
j = 0, i, j = s, 1, . . . ,K , i 6= j. (25)

Wewould like to note that semi-unitary8i satisfying (25) can
be easily obtained, for instance, from the normalized discrete
Fourier transform (DFT) matrices.

Based on (22) and (23), it can be seen that the MSE matrix
(R−1γ + LHR−1v L)−1 in (16) becomes block diagonal under
the optimal S̃ and T̃i, indicating that the estimation errors
of m̃T , g̃Ti , i = 1, . . . ,K , are uncorrelated. By introducing
the EVD of Rd = Ud3dUH

d , the problem (19)-(21) can be
rewritten as

min
α,{6i}

tr
(
(Dds + α6s ⊗ Dv)−1 +

K∑
i=1

(Ddi +6i ⊗ Dv)−1
)

(26)

s.t. tr(6s) ≤ ps (27)

α > 0,6i ≥ 0, i = s, 1, . . . ,K (28)

αNi + αtr(3s6s)tr(Ri) (29)

+ tr(6i) ≤ pi, i = 1, . . . ,K (30)

where {6i} = {6i, i = s, 1, . . . ,K } and

Dds = 3
−1
s ⊗ (b3d )−1 (31)

Ddi = 3
−1
i ⊗3

−1
d , i = 1, . . . ,K (32)

Dv =

(
K∑
i=1

αtr(CT
i )3d + INd

)−1
. (33)

Using (31)-(33), the problem (26)-(29) can be equivalently
converted to the following optimization problem with scalar
variables

min
α,{σi,m}

Ns∑
m=1

Nd∑
n=1

(
1

bλs,mλd,n
+ ασs,mdv,n

)−1

+

K∑
i=1

Ni∑
m=1

Nd∑
n=1

(
1

λi,mλd,n
+ σi,mdv,n

)−1
(34)

s.t.
Ns∑
m=1

σs,m ≤ ps (35)

α

( Ns∑
m=1

λs,mσs,mtr(Ri)+ Ni

)

+

Ni∑
m=1

σi,m ≤ pi, i = 1, . . . ,K (36)

α > 0, σi,m ≥ 0, m = 1, . . . ,Ni, i = s, 1, . . . ,K

(37)

where {σi,m} = {σi,m,m = 1, . . . ,Ni, i = s, 1, . . . ,K }, λd,n
is the nth diagonal element of3d , λi,m, σi,m, i = s, 1, . . . ,K ,
are the mth diagonal element of 3i and 6i, respectively, and

dv,n ,

(
K∑
i=1

αtr(CT
i )λd,n + 1

)−1
. (38)

For a given α, the problem (34)–(37) is a convex opti-
mization problem with respect to {σi,m}. This is because
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when α is fixed, b, λs,m, λd,n, dv,n and λi,m are known vari-
ables, and (34) is monotonically decreasing and convex with
respect to {σi,m}. Moreover, the constraints in (35) and (36)
are linear inequality constraints when α is fixed. Thus, with
fixed α, the problem (34)–(37) with respect to {σi,m} is a
convex optimization problem, which can be efficiently solved
by the Lagrange multiplier method.

The Karush-Kuhn-Tucker (KKT) optimality condi-
tions [23] of the problem (34)–(37) are given below. Firstly,
the gradient conditions are given by

Nd∑
n=1

αdv,n

((bλs,mλd,n)−1 + ασs,mdv,n)
2 = µs +

K∑
i=1

µiei,m (39)

m = 1, . . . ,Ns
Nd∑
n=1

dv,n

((λi,mλd,n)−1 + σi,mdv,n)
2 = µi

m = 1, . . . ,Ni, i = 1, . . . ,K (40)

where ei,m = αλs,mtr(Ri), and µi ≥ 0, i = s, 1, . . . ,K ,
are the Lagrange multipliers. Secondly, the complementary
slackness conditions are given by

µs

(
ps −

Ns∑
m=1

σs,m

)
= 0

µi

(
pi − α

( Ns∑
m=1

λs,mσs,mtr(Ri)+ Ni

)
−

Ni∑
m=1

σi,m

)
= 0

i = 1, . . . ,K .

When α and µi, i = s, 1, . . . ,K , are fixed, the non-
negative {σs,m} can be obtained through the bi-section search,
as the left-hand side (LHS) of (39) and (40) aremonotonically
decreasing functions of σs,m and σi,m, respectively. To obtain
µs and µi, we can apply an outer bi-section search loop since
the LHS of (35) is a decreasing function of σs,m, and the
LHS of (36) is an increasing function of σs,m and σi,m. Mean-
while, in (39), σs,m monotonically decreases with respect to
µs and µi, and σi,m is a monotonically decreasing function of
µi in (40).

When α also becomes a variable in the optimization, the
problem (34)-(37) is not a convex optimization problem. But
in this case, the following lemma is in order.
Lemma 2: The object function (34) subjecting to con-

straints (35)-(37) is a unimodal function with respect to α.
Proof: See Appendix B. �

For a unimodal function, its minimal value can
be efficiently obtained by using the golden section
search (GSS) [24]. The procedure of applying the GSS
technique to find the optimal α is described in Table I, where
φ > 0 is the reduction factor, |·| denotes the absolute value,
and ε is a positive constant close to 0. It is shown in [24] that
the optimal φ is 1.618, also known as the golden ratio.
It can be observed from Table I that at each iteration, the

GSS method reduces the interval containing the optimal α
to 0.618 times of interval at the preceding iteration. Thus,

TABLE 1. Algorithm I: Procedure of finding the optimal α in the
Problem (34)–(37).

the length of the interval containing the optimal α after the
nth iteration is 0n = 0.618n00 [24], where 00 = αu − αl
is the length of the initial feasible interval . Therefore, the
number of iterations required to achieve the desired accu-
racy ε in Table 1 is given by N = d ln ε−ln00ln 0.618 e, where d·e
denotes the ceiling operator. The value of ε can be determined
by considering the complexity-performance tradeoff. In the
simulations, we choose ε = 10−3 and [al, au] = [0, 1]. Thus,
00 = 1 and N = 15. The unimodality of (34) with respect
to α subjecting to (35)-(37) within bounds [al, au] = [0, 1] is
illustrated in Fig. 7 in Appendix B.

IV. MMSE-BASED FIRST-HOP CHANNEL ESTIMATION
In this section, we propose an MMSE-based algorithm to
estimate the first-hop channel matrices considering the error
of the second-hop channel estimation in Section III.

After estimating the second-hop channels G̃i, i =

1, . . . ,K , ˆ̃GiT̃i can be subtracted from (8) as

Ȳd = Yd −

K∑
i=1

ˆ̃GiT̃i

=
√
αGH̃S̃+

K∑
i=1

(G̃i −
ˆ̃Gi)T̃i + V

=
√
αĜH̃S̃+ V̄ (41)

where H̃ = [H̃T
1 , . . . , H̃

T
K ]

T and

V̄ =
√
α(G− Ĝ)H̃S̃+

K∑
i=1

(G̃i −
ˆ̃Gi)T̃i + V (42)

is the total noise matrix including the channel estimation
errors. By applying the vectorization operation to both sides
of (41), we have

ȳd = (
√
αS̃T ⊗ Ĝ)h̃+ v̄ = L2h̃+ v̄ (43)

where ȳd = vec(Ȳd ), h̃ = vec(H̃), v̄ = vec(V̄), and
L2 =

√
αS̃T ⊗ Ĝ.

From (43), an MMSE estimate of h̃ can be obtained by

ˆ̃h =WH
2 ȳd (44)

where W2 = (L2Rh̃L
H
2 + Rv̄)−1L2Rh̃, Rh̃ = E[h̃h̃H ], and

Rv̄ = E[v̄v̄H ]. From (44), the MSE of estimating h̃ is given
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FIGURE 2. Example 1: NMSE versus p at various α with Nd = N = 4 and
ρ = 0.8.

by

MSE3 = tr
((
R−1
h̃
+ LH2 R

−1
v̄ L2

)−1)
(45)

where the derivation of Rh̃ and Rv̄ is shown in Appendix C.
Note that in (45), we take into account the equivalent

estimation error inherited from the second-hop channel esti-
mation, i.e., Rv̄. Therefore, the total MSE of the first-hop
channel matrices estimation depends on the accuracy of the
second-hop channel matrices estimation. In other words, the
total MSE in (45) increases with the increasing of the MSE
of the second-hop channel estimation.

V. NUMERICAL EXAMPLES
In this section, we study the performance of the proposed
superimposed channel training algorithm for MIMO relay
systems with multiple relay nodes through numerical sim-
ulations. We simulate a MIMO relay system with K = 2
relay nodes which have the same number of antennas as the
source node, i.e., Ns = Ni = N , i = 1, 2, and we choose the
smallest T possible, i.e., T = Ns +

∑K
i=1 Ni = 3N .

The optimal training matrices for the superimposed chan-
nel training method are generated according to (24). In par-
ticular, the semi-unitary matrices in (25) are generated based
on the normalized DFT matrices as [8s]m,n =

1
√
3N
e−j

2πmn
3N ,

[81]m,n =
1
√
3N
e−j

2π(m+N )n
3N , [82]m,n =

1
√
3N
e−j

2π(m+2N )n
3N ,

m = 1, . . . ,N , n = 1, . . . , 3N . The channel covariance
matrices have the widely used exponential Toeplitz struc-
ture [21] such that Ts = Ri = Ci = ρ

|m−n|, i = 1, 2, m, n =
1, . . . ,N , and Rd = ρ|m−n|, m, n = 1, . . . ,Nd , where ρ is
the correlation coefficient with magnitude |ρ| < 1. Without
loss of generality, we consider ρ = 0.8 and ρ = 0.2 for the
high and low channel correlation scenarios, respectively. We
assume that all nodes have the same amount of transmission
power as ps = p1 = p2 = p. In all simulation examples,
the normalized MSE (NMSE) of channel estimation at the
destination node is computed.

In the first example, we compare the NMSE performance
of the superimposed channel training algorithm at various α.
Fig. 2 shows the NMSE of the proposed algorithm versus p
at various α with Nd = N = 4 and ρ = 0.8. The curve
of the optimal α is obtained by applying the GSS method in
the proposed superimposed channel training algorithm to find
the optimal α for each value of p. It can be observed from
Fig. 2 that the GSS technique is an efficient method to find
the optimal α since the optimal α curve constantly has the
lowest MSE level for all values of p. Furthermore, we observe
from Fig. 2 that the optimal α varies with respect to p, which
means that using a fixed α is strictly suboptimal. In particular,
for p between 10dB and 30dB, the NMSE with α = 0.2 is
close to the NMSE using the optimal α. However, the curve
associated with α = 0.07 has a lower NMSE than the one
associated with α = 0.2 when p = 5dB. In addition, for
other simulation examples (e.g. differentN and ρ), the NMSE
with α = 0.2 might not be close to the NMSE using the
optimal α.

FIGURE 3. Example 2: NMSE versus p at various N with ρ = 0.8 and
Nd = N .

In the second example, we set Nd = N and investigate the
NMSE performance of the proposed superimposed channel
training algorithm using the optimal α for various simulation
scenarios. A comparison of the proposed algorithm has been
made with the conventional two-stage MMSE-based channel
training algorithm, where random orthogonal pilot sequences
are adopted to estimate channel matrices with equally dis-
tributed transmission power at the relay node between two
stages [15]. Fig. 3 shows the NMSE performance of both
methods with ρ = 0.8 for N = 2 and N = 4, while
Fig. 4 demonstrates the performance of two methods with
ρ = 0.2. It can be observed from Figs. 3 and 4 that the two
algorithms have similar performance when p < 10dB, while
at a high power level, the superimposed channel training
algorithm yields much smaller estimation error than the con-
ventional two-stage channel estimation method. Moreover,
the relationship between the curves almost stays the same
when the correlation coefficient ρ changes, indicating that the
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FIGURE 4. Example 2: NMSE versus p at various N with ρ = 0.2 and
Nd = N .

proposed algorithm is efficient in both scenarios of high and
low channel correlation. We also observe from Figs. 3 and 4
that for both algorithms the NMSE increases with N , as
more unknowns need to be estimated with a larger number
of antennas.

In the third example, we study the NMSE performance
of the algorithm proposed in Section IV which retrieves the
individual CSI of the first-hop channels. Since the first-hop
channel estimation is based on the second-hop one, and the
error in second-hop estimation is propagated to the first-
hop channel estimation, we apply the proposed superimposed
channel training algorithm in Section III to estimate the
second-hop channels in this example, which has a better
NMSE performance than the conventional two-stage algo-
rithm. Fig. 5 shows the NMSE performance of this method
with ρ = 0.2 for various N and Nd . It can be seen that with
fixed Nd , the NMSE increases with N , as more unknowns
need to be estimated. As expected, for a given N , the NMSE
decreases with Nd since more observations are available.

FIGURE 5. Example 3: NMSE of the first-hop channel estimation versus p
at various Nd and N with ρ = 0.2.

FIGURE 6. Example 3: NMSE of the first-hop channel estimation versus p
at various Nd and N with ρ = 0.8.

Fig. 6 demonstrates the performance of this approach with
ρ = 0.8. Similar to Fig. 5, it can be seen from Fig. 6
that a better MSE performance can be achieved by setting
Nd = N1 + N2 instead of Nd = N1 = N2 = N .

VI. CONCLUSIONS
In this paper, we have applied the superimposed channel
training approach to MIMO relay communication systems
with multiple relay nodes. The channel matrices of both the
first-hop and the second-hop links can be efficiently esti-
mated using the proposed algorithms. The optimal training
sequences and power allocation at the source and relay nodes
are derived. Furthermore, a new MMSE-based estimator has
been developed to retrieve the first-hop channel information.
A better performance of the proposed superimposed channel
training algorithm has been shown through numerical exam-
ples. The channel training algorithm proposed in this paper
can be readily extended to two-way MIMO relay networks
with multiple relay nodes.

APPENDIX A
PROOF OF LEMMA 1
In order to deriveRv andRγ , here we introduce the following
lemma.
Lemma 3 [25]: For H ∼ CN (0,2⊗8), there is

E[HAHH ] = tr(A2T )8 and E[HHAH] = tr(8A)2T .
To derive Rv, we first calculate the covariance matrix of

vm using (4) and Lemma 3, where vm denotes themth column
of V

E
[
vmvHm

]
= E

[
K∑
i=1

αGivi,mvHi,mG
H
i + vd,mvHd,m

]

= E

[
K∑
i=1

αGiGH
i

]
+ INd

=

K∑
i=1

αtr(CT
i )Rd + INd (46)
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where vi,m and vd,m are the mth columns of Vi and Vd ,
respectively. As vm, m = 1, . . . ,T , are independent, Rv can
be written as

Rv = IT ⊗

(
K∑
i=1

αtr(CT
i )Rd + INd

)
.

Now let us calculateRγ . From (5), (7), and (9), themth col-
umn of M̃ and G̃i can be written as

m̃m = λ
1
2
s,m

K∑
i=1

GiAiHi,wπ s,m, g̃i,m = λ
1
2
i,mAdGi,wπ i,m

where π s,m and π i,m are the mth column of 5s and 5i,
respectively, λs,m and λi,m are the mth diagonal element of
3s and 3i, respectively. Then similar to (46), the covariance
matrix of m̃m and g̃i,m are given by

E[m̃mm̃H
m ] = λs,mE

[
K∑
i=1

GiAiHi,wπ s,mπ
H
s,mH

H
i,wA

H
i G

H
i

]

= λs,m

K∑
i=1

tr(RiCT
i )Rd

= λs,mbRd

E[g̃i,mg̃Hi,m] = λi,mE
[
AdGi,wπ i,mπ

H
i,mG

H
i,wA

H
d

]
= λi,mRd .

As m̃m, m = 1, . . . ,Ns and g̃i,m, m = 1, . . . ,Ni,
i = 1, . . . ,K , are independent, we have

Rγ = bdiag[3s ⊗ bRd ,31 ⊗ Rd , . . . ,3K ⊗ Rd ].

APPENDIX B
PROOF OF LEMMA 2
Denoting am,n , 1/

(
bλs,mλd,n

)
, cm , ασs,m, and

gi,m,n , 1/
(
λi,mλd,n

)
, we can rewrite the problem (34)–(37)

as

min
α,c,{σ i}

Ns∑
m=1

Nd∑
n=1

1
am,n + cmdv,n

+

K∑
i=1

Ni∑
m=1

Nd∑
n=1

1
gi,m,n + σi,mdv,n

(47)

s.t. 1T c ≤ αps (48)
zTi c+ 1Tσ i ≤ pi − αNi, i = 1, . . . ,K (49)
α > 0, cm ≥ 0, m = 1, . . . ,Ns (50)
σi,m ≥ 0, m = 1, . . . ,Ni, i = 1, . . . ,K (51)

where c ,
[
c1, . . . , cNs

]T , zi , tr(Ri)
[
λs,1, . . . , λs,Ns

]T ,
σ i ,

[
σi,1, . . . , σi,Ni

]T , and {σ i} = {σ i, i = 1, . . . ,K }.
For a very small α, the value of (47) is mainly governed

by the constraint in (48), since the constraints in (49) is not
active compared with the constraint (48) when α is small. As
α increases from a small value, the feasible region determined
by (48) expands, which contributes to the decrease in the
value of (47). On the other hand, when α is large, the value
of (47) is mainly affected by the constraints in (49), as the

constraint (48) is not active compared with those in (49)
for a large value of α. As α decreases from a large value,
the feasible region specified by (49) expands, resulting in a
decreasing of (47).

Now let us consider the effect of α on dv,n. Note that dv,n in
(38) is monotonically decreasing when α increases, and the
value of (47) increases with decreasing dv,n. Taking the two
effects above into account, we can draw the following con-
clusion regarding the value of (47) with respect to α. When α
increases from a very small positive number, the value of (47)
starts to decrease as the potential decrease of (47) caused
by the relaxed feasible region (48) dominates the potential
increase of (47) due to the decreasing dv,n. The value of (47)
keeps decreasing as α increases till a ‘turning point’ where
the decreasing of dv,n starts to dominate the effect of relaxed
feasible region (48). After this turning point, the value of (47)
will monotonically increase with an increasing α. Therefore,
the objective function (34) subjecting to (35)-(37) is proved
to be a unimodal function with respect to α.
To validate the analysis above, we plot the MSE value

(34) versus α in Fig. 7 at various levels of ps. Here we set
p1 = p2 = 20dB and the other simulation setups are the
same as those in Fig. 2. It can be clearly seen from Fig. 7
that the objective function (34) subjecting to the constraints
(35)–(37) is a unimodal function of α.

FIGURE 7. NMSE versus α at various ps with p1 = p2 = 20dB.

APPENDIX C
CALCULATION OF Rh̃ AND Rv̄
From (5) and (7), we have

H̃i = HiUs = AiHi,w5s3
1
2
s . (52)

Using (52), the covariance matrix of the pth column of H̃i,
denoted as h̃i,p, is given by

E[h̃i,ph̃Hi,p] = λs,pE
[
AiHi,wπ s,pπ

H
s,pH

H
i,wA

H
i

]
= λs,pRi. (53)

Then the covariance matrix of h̃p = [h̃T1,p, . . . , h̃
T
K ,p]

T , the
pth column of H̃, can be obtained based on (53) as

Rh̃p
= bdiag

[
λs,pR1, λs,pR2, . . . , λs,pRK

]
. (54)
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As h̃ = [h̃T1 , · · · , h̃
T
Ns ]

T , we have

Rh̃ = E[h̃h̃H ] = bdiag
[
Rh̃1

,Rh̃2
, . . . ,Rh̃Ns

]
.

Now we start to calculate Rv̄ = E[v̄v̄H ]. From (42),
the correlation matrix of the mth and nth columns of V̄,
m, n = 1, . . . ,T , is given by

E[v̄mv̄Hn ] = αE[1H̃ s̃ms̃Hn H̃
H1H ]

+E

[
K∑
i=1

9 i t̃i,m t̃Hi,n9
H
i

]
+ E[vmvHn ] (55)

where 1 = (11, . . . ,1K ), 1i = 9 iUH
i , 9 i = G̃i −

ˆ̃Gi,

i = 1, . . . ,K , ˆ̃Gi is the estimate of G̃i, s̃m, t̃i,m, and vm are
the mth columns of S̃, T̃i, and V, respectively. From (46), we
obtain

E[vmvHn ] =


K∑
i=1

αtr(CT
i )Rd + INd , m = n;

0, m 6= n.

With t̃i,m = 6
1
2
i φi,m, where φi,m is the mth column of 8i,

the (e, f )-th entry of the second term in (55) can be calculated
as [

K∑
i=1

E[9 i t̃i,m t̃Hi,n9
H
i ]

]
e,f

=

K∑
i=1

E
[(
δi,1,e, . . . , δi,Ni,e

)
6

1
2
i φi,mφ

H
i,n

×6
1
2
i

(
δi,1,f , . . . , δi,Ni,f

)H]
=

K∑
i=1

tr(6
1
2
i φi,mφ

H
i,n6

1
2
i Di,e,f ) (56)

where δi,p,q is the qth entry of δi,p = g̃i,p−ˆ̃gi,p, p = 1, . . . ,Ni,
q = 1, . . . ,Nd , g̃i,p and ˆ̃gi,p denote the pth columns of G̃i and
ˆ̃Gi, respectively, and Di,e,f is given by

Di,e,f = E
[(
δi,1,f , . . . , δi,Ni,f

)H (
δi,1,e, . . . , δi,Ni,e

)]
= diag(E[δi,1,eδ∗i,1,f ], . . . ,E[δi,Ni,eδ

∗
i,Ni,f ])

= diag
([
�i,1

]
e,f , . . . ,

[
�i,Ni

]
e,f

)
. (57)

Here

�i,p = E
[
δi,pδ

H
i,p

]
= E

[(
g̃i,p − ˆ̃gi,p

) (
g̃i,p − ˆ̃gi,p

)H]

=

(λi,pRd )−1 + σi,p

(
K∑
i=1

αtr(CT
i )Rd + INd

)−1−1.
(58)

In other words, Di,e,f in (57) is a diagonal matrix whose pth
diagonal entry, p = 1, . . . ,Ni, is the (e, f )-th entry of �i,p
in (58).

Finally, the first term in (55) can be calculated as

E[1H̃ s̃ms̃Hn H̃
H1H ] = E

[
K∑
i=1

1iH̃is̃ms̃Hn

K∑
i=1

H̃H
i 1

H
i

]

=

K∑
i=1

E[1iH̃is̃ms̃Hn H̃
H
i 1

H
i ]

= s̃Hn 3ss̃m
K∑
i=1

E[1iRi1
H
i ] (59)

where we used the fact that

E[H̃is̃ms̃Hn H̃
H
i ] = E[AiHi,w5s3

1
2
s s̃ms̃Hn 3

1
2
s 5

H
s H

H
i,wA

H
i ]

= s̃Hn 3ss̃mRi.

To derive E[1iRi1
H
i ], its (e, f )-th entry, e, f = 1, . . . ,Nd ,

can be calculated as[
E[1iRi1

H
i ]
]
e,f

= E
[(
δi,1,e, . . . , δi,Ni,e

)
UH
i RiUi

(
δi,1,f , . . . , δi,Ni,f

)H]
= tr(UH

i RiUiDi,e,f ). (60)
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