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Abstract: This paper aims to investigate the effectiveness of using the torsional vibration signal as a diagnostic 

tool for planetary gearbox faults detection. The traditional approach for condition monitoring of the planetary gear 

uses a stationary transducer mounted on the ring gear casing to measure all the vibration data when the planet 

gears pass by with the rotation of the carrier arm. However, the time variant vibration transfer paths between the 

stationary transducer and the rotating planet gear modulate the resultant vibration spectra and make it complex. 

Torsional vibration signals are theoretically free from this modulation effect and therefore, it is expected to be 

much easier and more effective to diagnose planetary gear faults using the fault diagnostic information extracted 

from the torsional vibration.  

In this paper, a 20 degree of freedom planetary gear lumped-parameter model was developed to obtain the gear 

dynamic response. In the model, the gear mesh stiffness variations are the main internal vibration generation 

mechanism and the finite element models were developed for calculation of the sun-planet and ring-planet gear 

mesh stiffnesses. Gear faults on different components were created in the finite element models to calculate the 

resultant gear mesh stiffnesses, which were incorporated into the planetary gear model later on to obtain the faulted 

vibration signal. 

Some advanced signal processing techniques were utilized to analyses the fault diagnostic results from the 

torsional vibration. It was found that the planetary gear torsional vibration not only successfully detected the gear 

fault, but also had the potential to indicate the location of the gear fault. As a result, the planetary gear torsional 

vibration can be considered an effective alternative approach for planetary gear condition monitoring. 

Keyword: Torsional vibration, Planetary gear fault diagnosis, Lumped-parameter model, Finite element model, 

Signal processing techniques 

  



 

 

1. Introduction 

Planetary gears, also known as epicyclic gear sets, commonly include several planet gears meshing simultaneously 

to split the torque and power. The planet gear can not only rotate around its own axis, but also around the planetary 

gear common axis. However, this rotating mechanism poses a big challenge for planetary gear condition 

monitoring compared to that of the parallel shaft gear. Additionally, the vibration level of the planetary gear 

system is also typically lower than the parallel shaft gear because of the self-centring capability of central members 

(sun gear, ring gear and the carrier) [1]. 

The traditional approach for condition monitoring of the planetary gear involves using a stationary transducer 

mounted on the ring gear casing to measure the vibration data when the planet gear passes by [2]. However, in 

this way, the measured vibration data exhibits a modulation effect caused by the carrier arm rotation. In the 1990s, 

a technique was developed for the time domain averages of the tooth meshing vibration of the individual planet 

gears and of the sun gear in an epicyclic gearbox [3-5]. Various window functions [5] could be used to capture 

the vibration data from the individual planet gear tooth as it was observed that the vibration level reached its peak 

when the corresponding planet gear was closest to the transducer [3]. Based on this, further signal processing 

techniques which have been used in the fixed axis gear could be used here to detect the gear fault. Moreover, 

numerous publications have also been focused on explaining the vibration spectrum caused by this carrier arm 

passing modulation [6-9] and it indicated that the sidebands would appear in the position of fm±nfc (n= 1, 2, 3, …), 

with sideband spacing equal to the carrier arm rotation frequency fc. McFadden and Smith pointed out that the 

asymmetry vibration spectra was caused by the fact that each planet gear had varying phase angles [6]. McNames 

applied Fourier series analysis to explain the source of the asymmetry observed in the spectrum and identified the 

location of the dominant frequency components near all harmonics of the meshing frequency [7]. Furthermore, 

Kahraman classified all the possible modulation sidebands into five different conditions based on the assembly 

condition and parameters of the planetary gear system [8]. Mark predicted additional sidebands in the frequency 

spectra produced by planet-carrier torque modulations, which might potentially mask the sidebands caused by 

damage in planetary gearboxes [2, 10]. Recently, Feng and Zuo summarised the planetary gear fault characteristics 

[11]. For the planetary gear system with a localized sun gear fault, the sidebands would appear in the position of 

fm± kfs± nfsf
c= fm± kfc± (k/N± n)fsf

c, with sideband spacing equals to the faulty sun gear rotational frequency fsf
c. 

For the planetary gear system with a faulty planet gear, the sidebands would appear in the position of fm ± kfc ± 

nfpf
c, with sideband spacing equals to the faulty planet gear rotation frequency fpf. For the planetary system with a 

faulty ring gear, the sidebands would appear in the position of fm ± nfrf
c, with sideband spacing equals to the faulty 

ring gear rotation frequency frf
c.  

On the other hand, torsional vibration, measured from the gear shaft, also carries diagnostic information [12]. It 

would be an advantage to measure the torsional vibration directly to naturally separate the signal from the 

modulation effect. As a result, measuring the torsional vibration could be treated as an alternative way for 

condition monitoring of the planetary gear system. Limited publications on the planetary gear torsional vibration 

studies could be found. It was demonstrated by Wang in his thesis that the torsional vibration signal is far superior 

than the transverse signals for frequency analysis for all rotating components of planetary gearboxes [13]. Feng 

and Zuo gave explicit equations for the planetary gear torsional signal model indicating that the only modulation 



 

 

effect in the torsional vibration signal was the amplitude and phase modulation caused by gear faults [14]. It was 

found that for the planetary gear system with a localized sun gear fault, the sidebands of the torsional vibration 

signal would appear in the position of fm± nfsf
c, with sideband spacing equals to the faulty sun gear rotational 

frequency fsf
c. For the planetary gear system with a faulty planet gear, the sidebands of the torsional vibration 

signal would appear in the position of fm ± nfpf
c, with sideband spacing equals to the faulty planet gear rotation 

frequency fpf
c. For the planetary system with a faulty ring gear, the sidebands would appear in the position of fm ± 

nfrf
c, with sideband spacing equals to the faulty ring gear rotation frequency frf

c. However, the big challenge of 

using this method is that there are so many faulty characteristic frequencies in the frequency spectrum and it 

becomes hard to determine which frequency component is the best choice. As a result, continuous research should 

be conducted on the analysis of the planetary gear torsional vibration. 

Dynamic modelling of planetary gear vibration can be used to further the understanding of the vibration generation 

mechanisms in gear transmissions as well as the dynamic behaviour of the transmission in the presence of several 

types of gear faults. Kahraman presented a single-stage planetary gear train including the rigid body motions of 

the gears and the carrier arm to study the load sharing characteristics, the manufacturing error and the wear effect 

on the planetary gear dynamic response [15]. Lin and Parker further developed this model to including the 

gyroscopic effect to investigate a series of factors influencing the planetary gear natural frequency [16]. An 

extended three-dimensional model was developed by Velex to calculate the dynamic tooth loads on a planetary 

gear [17]. A planetary gear lumped parameter model considering the eccentricity error and planet position error 

was developed by Gu and the instantaneous gear geometry was used in the model [18, 19]. Chen incorporated the 

mesh stiffness of the internal gear pair with a crack into a 21DOF planetary gear model to investigate the dynamic 

response [20]. Based on a lump-parameter model, Liang investigated the vibration signal features of each 

component in the planetary gear system in the perfect and cracked situations [21]. 

The sun-planet and ring-planet tooth mesh stiffness variations and the resulting transmission errors were found to 

be the main internal vibration generation mechanisms for planetary gear systems. There were mainly analytical 

methods [20] and finite element (FE) methods to calculate the gear mesh stiffness [22-24]. The use of FE 

modelling was found to be most suitable for capturing the extended tooth contact phenomenon, especially when 

there was a crack at the gear tooth root, which could aggravate this effect [23]. Another issue was that the deviation 

between the gear mesh stiffness obtained from the analytical method and the FEA method was found to become 

larger with the increase in the crack size. The FE model was found to be more suitable for modelling the gear 

tooth mesh stiffness with larger gear tooth crack size [24]. 

Some advanced signal processing techniques could be used further to help in extracting the gear fault feature. The 

residual signal can be obtained by removing the regular gearmesh component and its harmonics while keeping 

the local variations. Initially, the residual signal was obtained from the frequency domain by removing the known 

gear mesh harmonics and then inverse Fourier transforming back to the time domain [25]. Narrowband envelope 

analysis was one of the prominent vibration signal processing techniques initially developed for the rolling bearing 

failure detection [26]. The idea behind this was that each time a localised defect in the gear makes contact under 

load with another surface it generated an extremely short duration impulse and its energy will be distributed across 

a very wide frequency range [26]. The amplitude modulation of the signal can be calculated by taking the absolute 

value of the signal’s analytical signal and the phase modulation can be calculated by taking the phase of the 



 

 

analytical signal [27-29]. McFadden analysed the amplitude modulation of the residual signal and it was found to 

be much more effective than using the time synchronous average (TSA) method alone [27]. Later on, McFadden 

also used the phase modulation of the residual TSA signal to detect fatigue cracks in the helicopter’s main rotor 

gearbox [28]. Brie proposed an adaptive demodulation with an abrupt change detector. It was shown to have some 

superiority over the traditional demodulation process in some aspects [30]. Time-frequency analysis techniques 

were found to be very effective for conducting non-stationary signal analysis on vibration measurements to detect 

faults [31]. Some limitations were found when using the traditional time-frequency analysis technique, like the 

cross-terms and some improvement has been made to enhance the visual representation of the instantaneous 

frequency during the last decades. Most of these techniques were developed for the fault diagnosis for the fixed 

axis gear fault detection and it would be interesting to see the results if these techniques were used in the planetary 

gear fault diagnosis. 

This paper aims to investigate the effectiveness of using the torsional vibration signal as a diagnostic tool for 

planetary gearbox fault detection. The original contribution of this paper compared with previous work is in 

utilizing the torsional vibration within one carrier arm to detect and distinguish the planetary gear faults. In section 

2, a 20 degree of freedom planetary gear lumped-parameter model was developed and then in the following section, 

the finite element method was used to calculate the gear mesh stiffness. The original finite element planetary gear 

model has been developed in a previous paper. The sun-planet and ring-planet finite element models were created 

in this section and the faults in the sun gear, planet gear and ring gear were simulated in these models. The dynamic 

responses were obtained and studied using some common signal processing techniques in section 3 and then the 

potential advantages and limitations of this method were discussed in section 4. 

2. The dynamic modelling of planetary gear system 

2.1 Lumped-parameter modelling  

Mathematical planetary gear models can be used to help understand the complex dynamic response from the 

gearbox [15] and the planetary gear system considered in this study was a single-stage planetary gear set, as shown 

in Fig. 1. The system consisted of an input motor, one sun gear, three planet gears, one ring gear, one carrier arm 

and an output load.  

 

Figure 1 Planetary gear train model 



 

 

A two-dimensional lumped-parameter planetary gear mathematical model was created to study the dynamic 

response and to obtain the dynamic mesh force in the gear system, as shown in Fig. 2. The subscript s represents 

the sun gear, r stands for the ring gear, c means carrier arm and p1, p2, p3 are the subscripts for the 1st, 2nd, 3rd 

planet gears respectively. Each of these components has three DOFs: transverse motions in the x-axis and y-axis, 

and rotation. The transverse motions of the sun, planet, ring and carrier (xj, yj, j=s, r, c, p1, p2, p3) were measured 

with respect to a rotating frame of reference fixed to the carrier [21].  

 

Figure 2 Lumped-parameter planetary gear model [21] 

All the nomenclature used in this paper can be found in Appendix A. The resulting equations of motion for this 

planetary gear system can be found in appendix B. When designing the planetary gear system, the numbers of 

teeth on the sun gear and the ring gear must be chosen with their sum being a multiple of the number of planets. 

And here, to magnify the dynamic behaviour in the torsional direction, this paper used a very particular gear 

configuration, which was that the number of the planets was chosen to be 3 and both the sun gear and ring gear 

teeth numbers are a multiple of 3. The planetary gear parameters used in this paper are listed in table 1. 

Table 1 Planetary gear parameters 

 Sun gear Planet gear Ring gear 

Number of teeth, Zi Zs=21 Zp=39 Zr=99 

Module, mn 10 mm 10 mm 10 mm 

Pressure angle, αi αs=20º αp=20º αr=20º 

Basic diameter, dbi= di cosαi dbs=197 mm dbp=366 mm dbr=930 mm 



 

 

Elastic Modulus, E 210MPa 210MPa 210MPa 

Poisson’s Ratio, ν 0.3 0.3 0.3 

 

The bearing stiffness parameters are also chosen with some assumptions, as shown in appendix C. In the 

assumption, the sun gear stiffness was set to be 1×105 N/m, which is very low in comparison with others. The 

reason for this was because a floating sun gear is often desired in the practical planetary gear design to achieve an 

even load sharing in each planet gear [15]. In the simulation, this will lead to roughly only a global displacement 

of the sun gear. 

2.2 Gear mesh stiffness calculation 

Finite element (FE) modelling of gears with flexible contact provide more realistic simulations and to obtain 

quality converged solutions, adaptive meshing should be used so that the elements near the contact will have 

relatively small dimensions that enable the analysis to cope with the chaotic nonlinear nature of the contact region 

[33].  

The tooth mesh stiffness variation of a sun-planet gear pair was modelled from the isolated sun-planet FE model, 

as shown in Fig. 3(a). The tooth mesh stiffness variation of a ring-planet gear pair was modelled from the isolated 

sun-planet FE model, as shown in Fig. 3(b). The detailed method on how to calculate these mesh stiffnesses was 

discussion in the previous paper [22, 34]. From the previous paper, the following facts about the gear mesh 

stiffness were known: (1). The major components in the mesh stiffness included the gear body stiffness, the teeth 

bending stiffness and the Hertzian contact stiffness; (2). the gear mesh stiffness value increased with the increase 

of the input loads; (3). there was a handover region between the double contact zone and the single contact zone 

and the length of the handover region will be slightly different with different input load; (4). in some extreme 

cases, the single contact zone could become triple contact zone as higher mesh forces were applied, which was 

due to the extended tooth contact phenomenon. In this paper, a constant input load was considered to minimise 

the impact from a varying input load on the gear mesh stiffness. 



 

 

    

Figure 3 Finite element models, (a) isolated sun-planet external pair, (b) isolated ring-planet internal 

pair 

The common gear failures include pitting, scuffing, wear, and root cracking [35]. Tooth root cracking is very 

uncommon but once it happens, it can result in catastrophic destruction of the gearbox. In this paper, a constant 

crack angle and constant crack length were assumed in both the external gear (sun gear and planet gear) and the 

internal gear (ring gear), as shown in Fig. 4. To use finite element methods to ascertain the changes in the teeth 

stiffness or transmission error with the existence of root cracks, the all-quad element meshing strategy is no longer 

possible due to the singularity near the crack front. Instead, triangular elements with their mid-side nodes located 

at ¼ of their adjacent edges from the crack tip will be used [36]. The LEFM (linear elastic fracture mechanics) 

assumption was used in this research. 

                

Figure 4 Gear crack example with crack angle φ=60º and crack length l=5mm, (a) external gear, (b) 

internal gear 

Overall, there were four gear fault cases considered in this study. Case I involved a tooth crack in the sun gear 

and case II a tooth crack in a planet gear (sun side). Case III was a tooth crack in the planet gear (ring side) and 

case IV was a tooth crack in the ring gear. In some cases, the crack can affect each gear mesh stiffness in each 

branch, like the crack on the sun gear. All the information obtained here was based on the observations with 

respect to angular position of the fault impacts in each branch as well as over one carrier arm revolution. A 

summary of all the information can be found in table 2. In the table, Kspi (i =1, 2, 3) represents the sun-planet mesh 



 

 

stiffness in the ith sun-planet mesh pair and Krpi (i =1, 2, 3) represents the ring-planet mesh stiffness in the ith 

ring-planet mesh pair. γs2 and γs3 are the gear mesh phase between the 1st sun-planet pair and the 2nd sun-planet 

pair as well as the 3rd sun-planet pair respectively. According to the planetary gear parameters in table 1, all the 

mesh phases were caculated as 0° in this paper. θm is the carrier arm rotation angle covering one gear tooth and is 

equal to 360°/Zr (3.6°). In case I, all the sun-planet mesh stiffness curves were affected. If the position of the fault 

in Ksp1 was at 0°, the positions of the fault in Ksp2 and Ksp3 were at (7+γs2)θm and (14+γs3)θm respectively. The 

total number of fault impacts in one carrier arm revolution was observed to be 14 and their fault interval was 

(7+γs2)θm. γs2, γs3 are the gear mesh phase between the 1st sun-planet pair and the 2nd sun-planet pair and 3rd sun-

planet pair separately [37]. They were calculated as 0 according to the parameters in table 1 as well, which meant 

the three sun-planet pairs were all in phase. γr2, γr3 are the gear mesh phase between the 1st ring-planet pair and 

the 2nd ring-planet pair and 3rd ring-planet pair separately [37]. In case II, only one sun-planet mesh stiffness curve 

was affected and the total number of faults in one carrier arm was 3. The fault interval in this case was 39θm. 

Similarly, only one ring-planet curve in case III was affected by the fault and the total number of faults over one 

carrier arm was 3. The fault interval in this case was also 39θm. In case IV, all the ring-planet mesh stiffness curves 

were affected and the total number of fault impacts in one carrier arm revolution was 3. The fault interval here 

was 33θm. 

Table 2 Summary of the observation in the sun-planet and ring-planet mesh stiffnesses 

 

Shaft rotation in each branch One carrier arm revolution 

Curve 
Fault impact 

or not 

Position of the fault 

impact 

Number of fault 

impacts in total 
Faults interval 

Case I 

Ksp1 Yes 0° 

14 (7+γs2)θm = 25.5° Ksp2 Yes (7+γs2)θm = 25.5° 

Ksp3 Yes (14+γs3)θm = 51° 

Krpi (i =1, 2, 3) remains unaffected in this case. 

Case II 

Ksp1 Yes 0° 

3 39θm = 141.8° Ksp2 No ― 

Ksp3 No ― 

Krpi (i =1, 2, 3) remains unaffected in this case. 

Case III 

Krp1 Yes 0° 

3 39θm = 141.8° Krp2 No ― 

Krp3 No ― 

Kspi (i =1, 2, 3) remains unaffected in this case. 

Case IV 

Krp1 Yes 0° 

3 33θm = 120° Krp2 Yes (33+γr2)θm = 120° 

Krp3 Yes (66+γr3)θm = 240° 

Kspi (i =1, 2, 3) remains unaffected in this case. 

 

Case III has been ploted as one example of the results. If the planet gear has a crack on the ring gear side, only 

one pair of the ring-planet gears will be affected by the planet tooth crack. However, the sun-planet mesh stiffness 



 

 

can be assumed to not be affected as the cracked planet tooth can still bear the compressive stiffness from the sun-

planet mesh as if no crack exists [38]. Fig. 5 shows the three ring-planet gear mesh stiffnesses with the effect of 

the crack on the 1st ring-planet mesh pair. In the figure, one full planet gear shaft rotation was considered, which 

corresponded to 141.8 degrees of carrier arm rotation. Fig. 6 described the variation of the ring-planet mesh 

stiffness curve Krp1 for one carrier arm rotation. 

 

Figure 5 Ring-planet mesh stiffness with crack on the 1st ring-planet mesh pair 

 

Figure 6 Mesh stiffness of the 1st planet-ring over one carrier arm revolution 

2.3 Gear vibration spectrum characteristic 

When analysing the vibration spectrum of the planetary gear, the first property of interest in a planetary gear 

system is the tooth meshing frequency, fm. In this research, the ring gear is stationary and the sun gear, planet gear 

and the carrier arm rotate with respect to their own axes. Under this case, the tooth mesh frequency of the planetary 

gear can be calculated as [3], 

𝑓𝑚 = 𝑍𝑟𝑓𝑐 ,                                                                        (1) 



 

 

where fc is the carrier arm rotational frequency. As the frequency spectra is expressed in terms of the carrier arm 

shaft order, the meshing frequency component should appear in the position of Zr in this paper. For the local sun 

gear damage case, in one relative rotation cycle with respect to the carrier arm, the characteristic fault rotational 

frequency is given by [11, 14], 

𝑓𝑠𝑓
𝑐 = 𝑁

𝑓𝑚

𝑍𝑠
= 𝑁

𝑍𝑟

𝑍𝑠
𝑓𝑐 ,                                                       (2) 

where fsf
c is the faulty sun gear rotation frequency with respect to the carrier arm. N is the number of planet gears 

in the system. Similarly, for the local planet gear damage case, in one relative rotation cycle with respect to the 

carrier arm, the characteristic fault rotational frequency is given by [11, 14], 

𝑓𝑝𝑓
𝑐 =

𝑓𝑚

𝑍𝑝
=

𝑍𝑟

𝑍𝑝
𝑓𝑐 ,                                                            (3) 

where fpf
c is the faulty planet gear rotation frequency with respect to the carrier arm. For the local ring gear damage 

case, in one relative rotation cycle with respect to the carrier arm, the characteristic fault rotational frequency is 

given by [11, 14], 

𝑓𝑟𝑓
𝑐 = 𝑁

𝑓𝑚

𝑍𝑟
= 𝑁𝑓𝑐 ,                                                   (4) 

where frf
c is the faulty ring gear rotation frequency with respect to the carrier arm. 

3. Numerical simulation and result analysis 

Instantaneous angular speed (IAS) has been emerging in the condition monitoring and diagnosis of rotating 

machines, such as bearings, gears, synchronous belts, etc [39-41]. The IAS signals can be naturally sampled in 

the angular domain and shows greater sensitivity to different types of defects in the machine over a large 

bandwidth of orders [42]. The instantaneous carrier arm angular velocity in the planetary gear has been selected 

to diagnosis the gear faults in this research. In addition, the carrier arm angular velocity was also naturally free 

from the modulation effect caused by the transfer path and it was also demonstrated by Zhongwei in his thesis 

that the torsional vibration signal is far superior than the transverse signals for frequency analysis for all rotating 

components of planetary gearboxes [13]. Some common diagnostic algorithms can be used to analysis the fault 

result, such as the RMS spectrum, residual signal, narrow band envelope, and amplitude and phase demodulation, 

and time-frequency analysis. 

The MATLAB ode solver was used to solve the planetary gear differential equations and a constant input load 

was applied to the input motor, which was Tin=100Nm. The output load Tout =0.75×θ̇out
2
was applied to the output 

load and it was assumed to depend on the carrier arm angular velocity. The coefficient 0.75 was used to describe 

the characteristics of the output load. Numerical simulations were performed using the OED solver in Matlab and 

the chosen integration time intervals was 0.0001s. After the initial transient start-up phase has decayed away and 

the steady-state conditions were obtained, the system was simulated over several seconds. The presence of the 

crack can introduce some transient disturbance into the gear system, even though the gear system is still in the 



 

 

steady-state vibration stage. After the simulation has been obtained, the relevant degree of freedom data was 

transformed from the time domain to the phase domain for each shaft of interest. This required interpolation to 

ensure an exact integer number of points per shaft rotation, using a cubic spline fit for the varying shaft speed, for 

each shaft of interest. Both the healthy and faulty mesh stiffnesses can be interpolated based on the curves obtained 

in Section 2. The angular positions of the sun gear, planet gear and the carrier arm were kept separately and all 

the cracked zones were assumed before the simulation. When it entered the cracked zones, the computer program 

can automatically interpolate the value from the faulty mesh stiffnesses. Fig. 7 shows the carrier arm angular 

velocity signal over 2 seconds, which included 7 carrier arm revolutions or 40 sun gear revolutions. This is because 

the total gear ratio is given by Zs over (Zs+Zr) or 7/40.There are five plots shown in the figure, corresponding to 

the condition of the healthy planetary gear, planetary gear with cracked sun gear, planetary gear with cracked 

planet gear on the sun gear side, planetary gear with cracked planet gear on ring gear side as well as planetary 

gear with cracked ring gear separately. 

 

 



 

 

 

Figure 7 Carrier arm angular velocity over 2 seconds. (a) healthy planetary gear case; (b) planetary gear 

with cracked sun gear case; (c) planetary gear with cracked planet gear on the sun gear side case; (d) 

planetary gear with cracked planet gear on the ring gear side case; (e) planetary gear with cracked ring 

gear case. 

Fig. 8 shows the results of the RMS spectra from the carrier arm angular velocity where the x-axis has been 

presented in terms of carrier arm orders or shaft order. The first observation from the figure is that the RMS spectra 

have gear mesh components at order 99 and its harmonics, like 198, 297 and so on. This observation has been 

consistence with the analysis in [14], where the mesh frequency is the carrier arm frequency times the ring gear 

tooth number. A closer look at these mesh components can be made to check the amplitude of the mesh component 

and the second harmonic was chosen here. The amplitude for the healthy case was around ‒33.20 dB and the 

amplitude for the other four cases were very similar at levels of ‒33.99 dB, ‒33.19 dB, ‒33.20 dB, and ‒33.24 dB 

respectively. As discussed previously, the faults on different components have their own characteristic frequency 

and their positions can be identified. The amplitude on these positions could also be used for fault diagnostics. 

For the planetary gear with the sun gear fault, the position of the sun gear characteristic frequency in Fig. 8 (b) is 

k·Zr ± n·N·(Zr/Zs) [14]. For example, the amplitude of the frequency component at position 170 (for the case of 

2×99‒2×3×99/21) could be checked and it was found to be ‒55.54 dB compared with the value of ‒65.04 dB in 

the healthy condition. The amplitude of the frequency component at position 184 (for the case of 2×99‒1×3×99/21) 

could be checked and it was found to be ‒62.43 dB compared with the value of ‒61.75 dB in the healthy condition. 

The amplitude of the frequency component at position 212 (for the case of 2×99+ 1×3×99/21) could be checked 

and it was found to be ‒53.09 dB compared with the value of ‒61.79 dB in the healthy condition. There are 

numerous options here, like the components in the position 14, 28, 42, 57 and so on. For the planetary gear with 

the planet gear fault, the position of the planet gear characteristic frequency in Fig. 8 (c) is k·Zr ± n·(Zr/Zp) [14]. 

For example, the amplitude of the frequency component at position 201 (for the case of 2×99+ 1×99/39) could be 

checked and it was found to be ‒55.28 dB compared with the value of ‒54.87 dB in the healthy conditions. The 

same position in Fig. 8 (d) could be checked and the amplitude was found to be ‒55.23 dB compared with the 

value of ‒54.87 dB in the healthy condition. The differences in these two cases were not as significant as the one 

in the faulty sun gear case. For the planetary gear with the ring gear fault, the position of the ring gear characteristic 

frequency in Fig. 8 (e) is k·Zr ± n·N [14]. For example, the amplitude of the frequency component at position 201 

(for the case of 2×99+ 3) could be checked and it was found to be ‒56.17 dB compared with the value of ‒54.87 

dB in the healthy condition. The big challenge of comparing the frequency spectra is that there are so many faulty 

characteristic frequencies and it becomes hard to determine which frequency component is the best choice.  



 

 

 

 

 

Figure 8 RMS spectrum amplitude results. (a) healthy planetary gear case; (b) planetary gear with 

cracked sun gear case; (c) planetary gear with cracked planet gear on the sun gear side case; (d) 

planetary gear with cracked planet gear on the ring gear side case; (e) planetary gear with cracked ring 

gear case. 

It should be noticed that within one carrier arm revolution, all the gear teeth, no matter if it is the sun gear tooth 

or the ring gear tooth, will get in contact at least once, which means all the information from the gear teeth can be 

obtained within one carrier arm revolution. If the carrier arm enters the next revolution, all the same teeth mesh 



 

 

information will still be contained in this revolution but the order of the teeth engagement will be different. As a 

result, the proposed diagnostic method examines the gear information within one carrier arm rather than the 

information over several seconds. For the subsequent data analysis, data files were created for storing the 

simulation results, including the sample times for each data point. This necessitated the manipulation of the data 

from variable time step form to equispaced phase form. The resampling of the original data into equispaced phase 

data was accomplished using 65536 (216) points per carrier arm revolution to eliminate any possibility of aliasing 

[43]. Exactly one revolution of resampled data was used for subsequent analysis.  

Fig. 9 shows the results of the carrier arm angular velocity signal, which has been resampled into equi-spaced 

phase data over one carrier arm revolution. As shown in Fig. 9, the presence of the crack on different components 

can be identified by visually looking at these waveforms as several repetitive impacts on the carrier arm torsional 

velocity curves can be observed. The impacts are caused by the mesh stiffness reduction due to the crack and the 

number of these impacts corresponds to the number of the cracked periods within one carrier arm revolution. A 

closer look at the simulation results can be achieved by using some statistical indicators, which have been 

summarized in table 3. 



 

 

 

Figure 9 Carrier arm angular velocity over one carrier arm revolution. (a) healthy planetary gear case; 

(b) planetary gear with cracked sun gear case; (c) planetary gear with cracked planet gear on the sun 

gear side case; (d) planetary gear with cracked planet gear on the ring gear side case; (e) planetary gear 

with cracked ring gear case. 

 

 



 

 

Table 3 Comparison of the statistical indicators of the diagnostic results 

 Healthy 
Cracked sun 

gear 

Cracked planet 

gear sun gear 

side 

Cracked planet 

gear ring gear 

side 

Cracked ring 

gear 

Mean 27.6026 27.6026 27.6026 27.6026 27.6026 

STD 7.54×10-4 9.12×10-4 7.74×10-4 7.75×10-4 7.58×10-4 

Skew -0.447 -0.833 -0.498 -0.447 -0.402 

Kurtosis 3.15 3.28 3.19 3.01 3.08 

Crest Factor 4.36 4.69 5.21 5.62 5.23 

 

The advanced diagnostic algorithms which are commonly used for gearbox vibration analysis were used on the 

simulation results. These algorithms include residual signal, narrow band envelope using different mesh 

harmonics, and amplitude and phase demodulation using different mesh harmonics. The analysis of the diagnostic 

parameter kurtosis is given in table 4 for all the waveforms with and without the tooth crack. As shown in the 

table, the most effective diagnostic algorithms were the residual signal kurtosis, envelope kurtosis using the 4th 

mesh harmonic as well as the amplitude modulation using the 4th mesh harmonic. Some differences between the 

faulty case and the healthy case can still be observed in the other algorithms, but not as obviously compared to 

those shown here.  

Table 4 Analysis of the diagnostic parameter kurtosis for all cases 

 Healthy 
Cracked sun 

gear 

Cracked 

planet gear 

sun gear side 

Cracked 

planet gear 

ring gear side 

Cracked ring 

gear 

Residual signal 

kurtosis 
2.81 5.47 3.58 4.84 3.84 

Envelope 

kurtosis 

2nd mesh 

harmonic 
1.97 3.77 2.90 3.76 3.42 

4th mesh 

harmonic 
2.85 3.58 4.98 8.78 5.37 

Amplitude 

modulation 

kurtosis 

2nd mesh 

harmonic 
1.81 2.79 3.29 2.84 2.33 

4th mesh 

harmonic 
1.90 2.09 5.44 7.65 6.65 

Phase 

modulation 

kurtosis 

2nd mesh 

harmonic 
1.86 2.89 2.63 2.80 2.82 

4th mesh 

harmonic 
1.77 2.60 2.23 2.67 2.23 

 



 

 

Fig. 10 shows the results of the residual signal and the presence of the crack on different components can be noted. 

The residual signal significantly enhances the detectability of the gear fault in the signal and some abnormal 

signals can be easily found in the wave form. The kurtosis for all the cases, from the healthy case to the cracked 

ring gear case, are 2.81, 5.47, 3.58, 4.84, and 3.84 respectively as outlined in Table 4.  

 

 

 

Figure 10 Residual signal results. (a) healthy planetary gear case; (b) planetary gear with cracked sun 

gear case; (c) planetary gear with cracked planet gear on the sun gear side case; (d) planetary gear with 

cracked planet gear on the ring gear side case; (e) planetary gear with cracked ring gear case. 

The narrow band envelope analysis has been developed in the early 1970’s and has become one of the prominent 

vibration signal processing techniques for detection and diagnosis of the incipient mechanical failure [44]. The 

second and the fourth mesh harmonic was chosen for the demodulation process and a bandwidth of 98 shaft orders 

(±49) was used for the analysis. As indicated in table 3, the results from the fourth mesh harmonic appeared to be 



 

 

more obvious than the results from the second mesh harmonic. Fig. 11 shows the results of the narrow band 

envelope using the fourth mesh harmonic for the healthy gear case, cracked sun gear case, cracked planet gear 

cases on both its mesh sides and cracked ring gear cases. The red line is the result for the healthy gear case and it 

is compared with the other faulty gear cases in Fig. 11 (b)-(e). The visual impression from the figures reveals the 

presence of the crack on the sun gear and the planet gear on the sun gear side with different variation patterns. 

The healthy gear case results were compared with the faulty gear cases in Fig. 11(b)-Fig. 11(e). For example, 

compared with the healthy gear case, there were fourteen fault impulses within one carrier arm rotation when the 

crack occurs on the sun gear and they have equal space between each other as shown in Fig. 11 (b). In Fig. 11(c), 

three obvious impulses could be observed at the position of around 20-deg, 160-deg and 300-deg. The same 

scenario could also be observed in Fig. 11(d). In Fig. 11(e), three obvious impulses are found in the position of 

20-deg, 140-deg and 260-deg compared with the healthy gear case. Even though both the results from the faulty 

planet gear and faulty ring gear include three impulses, it is important to mention here that the space between the 

impulses is not equal. The impulse space in the faulty planet gear is around 140-deg while the impulse space in 

the faulty ring gear is around 120-deg. 



 

 

 

 

 
Figure 11 Narrowband envelope results using the fourth mesh harmonic. (a) healthy planetary gear 

case; (b) planetary gear with cracked sun gear case; (c) planetary gear with cracked planet gear on the 

sun gear side case; (d) planetary gear with cracked planet gear on the ring gear side case; (e) planetary 

gear with cracked ring gear case. 

 

Another effective technique to detect the cracks indicated by table 3 is amplitude demodulation of the vibration 

signal using the fourth mesh harmonic and it can be described in terms of the Hilbert transform and the analytic 

signal. The amplitude of the analytic signal represents the amplitude modulation and the phase of the analytic 



 

 

signal represents the phase modulation. The bandwidth of 98 shaft orders (±49) was used for the analysis. Fig. 12 

shows the results of the amplitude modulation and phase modulation using the fourth mesh harmonic from the 

carrier arm angular velocity. The left column shows the results of the amplitude modulation and the right column 

shows the results of the phase modulation. The healthy gear case results were compared with the faulty gear cases 

in Fig. 12(b)-Fig. 12(e). Similarly, the visual impression from the figures can reveal the presence of the crack. 

For example, the amplitude demodulation and phase demodulation in Fig. 12(b) clearly reflects the presence of 

the crack on the sun gear as the fault impulses are visible and the fault impulse number is clear, which is 14. The 

overall phase modulation undergoes a reduction of 30-deg and the impulses in the phase modulation are also 

visible. The fault perturbations in the planet gear and ring gear are also visible in the amplitude modulation results. 

However, the fault perturbations in the phase modulation results were buried by the large variations, which makes 

the fault impulses harder to identify. 



 

 

 

 

 

Figure 12 Amplitude demodulation and phase demodulation results using the fourth mesh harmonic. 

(a) healthy planetary gear case; (b) planetary gear with cracked sun gear case; (c) planetary gear with 

cracked planet gear on the sun gear side case; (d) planetary gear with cracked planet gear on the ring 

gear side case; (e) planetary gear with cracked ring gear case. 

 



 

 

The Wigner-Ville distribution (WVD) is one of the well know time-frequency analysis methods and its application 

to the detection of the gear damage has been widely described recently. However, the cross-terms in the WVD 

have limited its application and by applying a suitable window function in the time domain, the so-called pseudo 

Wigner‒Ville distribution (PWVD) can be obtained, which can attenuate the cross-terms. Fig. 13 shows the 

PWVD of the carrier arm angular velocity residual signal. As shown in the figure, the residual signal instead of 

the original signal was used here because removing the components at the meshing harmonics can increase the 

sensitivity to energy changes related to the gear damage and a much clearer energy distribution pattern can be 

observed in the figure. Compared with the healthy case in Fig. 13(a), the energy distribution related to the damage 

can be observed in Fig. 13(b), Fig. 13(c), Fig. 13(d) and Fig. 13(e), corresponding to the sun gear damage, the 

planet gear damage (both sun gear side and ring gear side) and ring gear damage respectively. If the crack occurred 

on the sun gear, the PWVD pattern tends to show a uniform distribution along its mesh component. This is largely 

because the sun gear crack repeats itself 14 times within one carrier arm rotation and these impacts are occurring 

uniformly during the rotation. Similarly, if the crack occurred on the planet gear, the PWVD energy patterns tend 

to be concentrated on three positions, corresponding to the moment when the cracked tooth was in contact, as 

shown in Fig. 13(c) and Fig. 13(d). If the crack occurred on the ring gear, the PWVD energy also tends to be 

concentrated on three positions. However, it is interesting to note that the faulty ring gear PWVD energy seems 

to concentrate in a smaller range compared with the faulty planet gear result, as shown in Fig. 13(e). 



 

 

 

Figure 13 Pseudo Wigner‒Ville distribution (PWVD) of the carrier arm angular velocity residual 

results. (a) healthy planetary gear case; (b) planetary gear with cracked sun gear case; (c) planetary gear 

with cracked planet gear on the sun gear side case; (d) planetary gear with cracked planet gear on the 

ring gear side case; (e) planetary gear with cracked ring gear case. 

 



 

 

 

Figure 13 (continued) Pseudo Wigner‒Ville distribution (PWVD) of the carrier arm angular velocity 

residual results. (a) healthy planetary gear case; (b) planetary gear with cracked sun gear case; (c) 

planetary gear with cracked planet gear on the sun gear side case; (d) planetary gear with cracked 

planet gear on the ring gear side case; (e) planetary gear with cracked ring gear case. 

 

 



 

 

 

Figure 13 (continued) Pseudo Wigner‒Ville distribution (PWVD) of the carrier arm angular velocity 

residual results. (a) healthy planetary gear case; (b) planetary gear with cracked sun gear case; (c) 

planetary gear with cracked planet gear on the sun gear side case; (d) planetary gear with cracked 

planet gear on the ring gear side case; (e) planetary gear with cracked ring gear case. 

 

4. Discussion 

This paper has discussed the effectiveness of using the planetary gear torsional vibration to detect the gear faults 

as the torsional vibration was found to be free from the modulation caused by the carrier arm passing effect [14]. 

Lumped-parameter modelling was used in this paper to generate the faulted gear dynamic response and there were 

several major assumptions in the theoretical model itself, like the gear only vibrated in the 2-dimensional plane, 

the friction forces between the teeth were ignored, the geometrical and profile errors were neglected and the 

backlash was also ignored. The account of any of these effects would change the resulting gear dynamic response 

presented here, as has been demonstrated by the other authors [45]. Another major assumption in this model is 

that the LEFM (linear elastic fracture mechanics) assumption was used when modelling the gear crack using the 

finite element method. Some researches indicate that the profile errors due to plastic deformation could have a 

significant effect on the possibility of detecting a gear tooth crack [46]. However, the LEFM was used in this 

paper and the plastic deformation effect will be studied in the future. The purpose of all these assumptions is to 

ensure that the spectra of the desired torsional vibration is relatively clear and only contains the impact from the 

gear faults. In this way, it is easier to analyse the effectiveness of using the planetary gear torsional vibration to 

detect the gear fault. 

There are several options when choosing the torsional vibration in the planetary gear. The sun gear torsional 

vibration or the planet gear torsional vibration or even the ring gear torsional vibration can also be considered to 



 

 

analyse the faulted gear dynamics. The reason for choosing the carrier arm angular velocity in this research is 

because within one carrier arm revolution, all the gear teeth, no matter if it is the sun gear tooth or the ring gear 

tooth, will be in contact at least once, which means all the information from the gear teeth can be obtained within 

one carrier arm revolution. In the traditional separation method with the stationary transducer on the ring gear [2, 

3, 4, 10], capturing of all the information from the sun gear or the planet gear needs multiple carrier arm 

revolutions to finish and then be reassembled in the right order. In other words, if the number of the sun gear teeth 

is Ns in a planetary gear system, it needs at least Ns carrier arm revolutions to record all the sun gear information. 

The choosing of the carrier arm torsional vibration not only ensures the integrity of the information from the sun 

gear, but also enhances the efficiency of recording the vibration.  

Initially, the total simulations were recorded over several seconds covering more than 7 carrier arm revolutions. 

This is because the total gear ratio is given by Zs over (Zs+Zr) or 7/40. The simulations over these revolutions 

could provide a better frequency resolution or location. However, it was found that it was hard to determine which 

faulty characteristic frequency was the best choice as the magnitude difference in some fault frequency locations 

was quite effective while in some it was not that obvious. The residual signal, narrowband envelope, amplitude 

and phase demodulation analysis, and time-frequency analysis have been used in the subsequent analysis. From 

these analyses, it successfully indicated the number of faulted transient impacts involved within one carrier arm. 

For example, the faulted sun gear frequency is 𝑁
𝑍𝑟

𝑍𝑠
, as shown in equation (2) and the number of the faulted impacts 

should be 3×(99/21)≈14. The residual signal in Fig. 10(b) and envelope signal in Fig. 11(b) as well as the 

amplitude and phase modulation analysis in Fig. 12(b) successfully reveal the number, which is 14. The interval 

between these sun gear faulted transient impacts should be equal between each other as it was induced by the 

faulted sun-planet mesh stiffness and therefore, the interval between two transient impacts is 7×360/99=25.5°. 

The faulted planet gear frequency is 
𝑍𝑟

𝑍𝑝
 , as shown in equation (3) and the number of the faulted transient impacts 

should be 99/39≈2.54. The residual signal in Fig. 10(c) & (d) and the envelope signal in Fig. 11(c) & (d) as well 

as amplitude modulation analysis in Fig. 12(c) & (d) also successfully reveal the number, which is 3. Theoretically, 

the interval between these planet gear faulted transient impacts should be equal between each other and it should 

be 39×360/99=141.8° in this research as indicated by the mesh stiffness in table 2. However, as the planet gear 

tooth crack can happen either on the sun gear side or the ring gear side, the resultant gear mesh stiffness due to 

the crack can be quite different. Consequently, the resultant gear dynamic response was observed to be quite 

different if comparing Fig. 10(c) and Fig. 10(d) as well as Fig. 11(c) and Fig. 11(d). Similarly, the comparison 

can be made in Fig. 12 (c) and Fig. 12(d). However, it should be mentioned here that the number of the faulted 

planet gear transient impacts is 2.54 and what has been presented and analysed in this research is the situation 

with 3 impacts within one carrier arm. There is also another situation when only 2 faulty planet gear impacts can 

be observed within one carrier arm, as shown in Fig. 14. This is largely because of the choice of the carrier arm 

revolution that acts as a window function, which is 360-deg wide while the interval between the faulty planet gear 

impacts is 141.8°. However, there is no problem for the faulty ring gear case as its interval between the faulty 

impacts is 120°, which means it will appear exactly three times within one carrier arm revolution. In another 

words, using the space between the impacts would be a powerful method to distinguish the fault on the planet 

gear and the fault on the ring gear. However, it does not matter if there would be two or three impacts, they are 

all caused by the same planet gear crack and they all indicate that there is crack on the planet gear. The faulted 



 

 

ring gear frequency is N and the number of the faulted transient impacts is 3 as three planet gears pass the crack 

position one by one. The results in residual signal, envelope signal and amplitude modulation are seen in Fig. 

10(e), Fig. 11(e), and Fig. 12(e) separately. 

 

Figure 14 Faulty planet gear narrowband envelope results containing two impacts within one carrier arm 

revolution. (a) faulty planet gear on the sun gear side; (b) faulty planet gear on the ring gear side. 

 

In the time-frequency domain, it was found that all the faults have similar behaviour to the faults on the fixed axis 

gear [34]. However, different energy distribution patterns were found in the presence of the localised tooth cracks 

for the sun gear, planet gear and ring gear. As pattern recognition [47] or image processing techniques [48] were 

often used to interpret the PWVD for detection of gear failure, it is expected to provide a more precise and easy 

to use method to identify the failure. Significant phase modulation and amplitude modulation, which was very 

similar to the results in [34], was found to occur when the crack was present in the simulation.  

Limited planetary gear experimental work can be found in the published literatures, especially the condition 

monitoring using torsional vibration experimental work. Some early experimental work on this aspect was the 

work conducted at the Defence Science and Technology Organisation (DSTO) in Australia. Peter McFadden, 

David Forrester and Ian Howard investigated the vibration signal averaging of individual components in the 

planetary gearbox [3, 4]. In their report, a typical carrier arm signal was recorded with a damaged planet gear with 

80% of one tooth removed. The amplitude modulation of the carrier arm signal clearly showed three fault impacts 

within one carrier arm revolution. The amplitude modulation results in Fig. 12(c)&(d) were compared with 

DSTO’s data and they showed good agreement. Feng used extensive experimental work to valid his theoretical 

model. In his experimental results, the damaged sun gear, the damaged planet gear and the damaged ring gear 

were included and corresponding frequency spectra were analysed [11, 14]. The results in Fig. 8 can be seen to 

be in good agreement with Feng’s work. All the faulty characteristic frequencies could be identified in the figure. 

 

 



 

 

5. Conclusion 

This paper has investigated the effectiveness of using torsional vibration signals as the diagnostic tool for the 

planetary gearbox fault detection. The lumped-parameter model was developed to obtain the dynamic response 

and the carrier arm torsional velocity was chosen to analysis the results. Gear faults on the sun gear, planet gear 

and ring gear were created using the finite element models and the corresponding resultant gear mesh stiffnesses 

were incorporated into the lumped-parameter model afterwards. The results of several diagnostic methods have 

been discussed in section 4. The RMS spectrum, residual signal, narrowband envelope, amplitude and phase 

demodulation analysis, and time-frequency analysis were used to analysis the torsional signals. It was found that 

the planetary gear torsional vibration was an effective alternative approach for the planetary gear condition 

monitoring. The narrowband envelope and the amplitude and phase demodulation were proven to be useful tools 

for analysing the planetary gear torsional vibration as they not only successfully revealed the presence of the fault, 

but also indicated the location of the fault. If the fault occurred on the sun gear, there were 14 transient impacts in 

the demodulation results while if the fault occurred on the planet gears, there were 2 or 3 transient impacts in the 

demodulation results. If the fault occurred on the ring gears, there were 3 transient impacts in the demodulation 

results. The space between these transient impacts was found to be an effective method to distinguish the fault 

position.  
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Appendix A 

The following nomenclatures were used in this paper, 

Im, Is, Ipi, Ic, Ir, Iout: mass inertia of the motor, sun gear, planet gear, carrier arm, ring gear, output load; 

ms, mpi, mc, mr:  mass of the sun, planet gear, carrier and ring; 

θm, θs, θpi, θc, θr, θout: angular displacement of the motor, sun gear, planet gear, carrier arm, ring gear, output 

load; 

xj (j= s, pi, c, r): linear displacement in the horizontal direction measured in the rotating frame; 

yj (j= s, pi, c, r):  linear displacement in the vertical direction measured in the rotating frame; 

kcp, kcg: stiffness of the input coupling and shaft and the output coupling and shaft; 

qcp, qcg: damping of the input coupling and shaft and the output coupling and shaft; 

ksx, ksy: bearing radial stiffness of the sun gear; 

qsx, qsy: bearing radial damping of the sun gear; 

krx, kry: bearing radial stiffness of the ring gear; 

qrx, qry: bearing radial damping of the ring gear; 

kcx, kcy: bearing radial stiffness of the carrier arm; 

qcx, qcy: bearing damping of the carrier arm; 

kpix, kpiy: bearing stiffness of the planet gear; 

qpix, qpiy: bearing damping of the planet gear; 

kspi, krpi: mesh stiffness of the i-th sun-planet, ring-planet; 

qspi, qrpi: mesh damping of the i-th sun-planet, ring-planet; 

krt, qrt: stiffness and damping of ring gear in the torsional direction; 

rs, rp, rr: base radius of the sun gear, planet gear, ring gear; 

rc: radius of the circle passing through planet gear centres; 

Tin, Tout: input motor torque and output load torque; 

δspi, δrpi: relative displacement on the lines of action of i-th sun-planet, ring-planet; 

φi: circumferential angle of i-th planet; 

Ω: carrier arm rotation speed; 

fm: the planetary gear tooth mesh frequency; 

fsf
c: the sun gear characteristic fault rotational frequency; 

fpf
c: the planet gear characteristic fault rotational frequency; 



 

 

frf
c: the ring gear characteristic fault rotational frequency; 

fc: the carrier arm rotational frequency; 

fp: the planet gear rotational frequency; 

fs: the sun gear rotational frequency; 

  



 

 

Appendix B 

For the rotary motion of the motor, the differential equations are, 

𝐼𝑚�̈�𝑚 = 𝑇𝑖𝑛 − 𝑇𝑠, 

𝑇𝑠 = 𝑘𝑐𝑝(𝜃𝑚 − 𝜃𝑠) + 𝑞𝑐𝑝(�̇�𝑚 − �̇�𝑠).                                       (1) 

For the motion of the sun gear, the differential equations are, 

msẍs + ksxxs + qsxẋs + ∑[Fspi cos(φspi)]

3

i=1

= msxsΩ2 + 2msẏsΩ + msysΩ̇, 

msÿs + ksyys + qsyẏs + ∑[Fspi sin(φspi)]

3

i=1

= msysΩ2 − 2msẋsΩ − msxsΩ̇, 

(Is rs⁄ )θ̈s + ∑ Fspi

3

i=1

= Ts rs⁄ ,                                                 (2) 

where Fspi is the normal contact force between the sun gear and the ith planet, 

Fspi = kspiδspi + qspiδ̇spi, 

δspi = (xs − xpi) cos φspi + (ys − ypi) sin φspi + rsθs + rpθpi − rcθc cos αsp, 

φspi =
π

2
− αsp + φi, 

φi =
2π(i − 1)

3
; i = 1, 2, 3. 

For the motion of the carrier arm, the differential equations are, 

mcẍc + kcxxc + qcxẋc − ∑ Fcpix

3

i=1

= mcxcΩ2 + 2mcẏcΩ + mcycΩ̇, 

mcÿc + kcyyc + qcyẏc + ∑ Fcpiy

3

i=1

= mcycΩ2 − 2mcẋcΩ − mcxcΩ̇, 

(Ic rc⁄ )θ̈c + ∑ Fcpix sin φi

3

i=1

− ∑ Fcpiy cos φi

3

i=1

= Tc rc⁄ , 

Tc = kcg(θc − θout) + kcg ∙ (θ̇c − θ̇out),                             (3) 

where Fcpix and Fcpiy describe the planet bearing forces between the carrier and the i-th planet in the x and y 

directions: 

Fcpix = kpix(xpi − xc) + qpix(ẋpi − ẋc), 

Fcpiy = kpiy(ypi − yc) + qpiy(ẏpi − ẏc). 



 

 

For the motion of the planet gears: 

mpiẍpi + Fcpix − Fspi cos φspi − Frpi cos φrpi = mpixpiΩ
2 + 2mpiẏpiΩ + mpiypiΩ̇ + mpircΩ2 cos φi, 

mpiÿpi + Fcpiy − Fspi sin φspi − Frpi sin φrpi = mpiypiΩ
2 − 2mpiẋpiΩ − mpixpiΩ̇ + mpircΩ2 sin φi, 

(Ipi rp⁄ )θ̈pi + Fspi − Frpi = 0,                                                      (4) 

where Frpi is the normal contact force between the ring gear and the ith planet, 

Frpi = krpiδrpi + qrpiδ̇rpi, 

δrpi = (xr − xpi) cos φrpi + (yr − ypi) sin φrpi + rrθr − rpθpi − rcθc cos αrp, 

φrpi =
π

2
+ αrp + φi, 

For the motion of the ring gear, the motion equation is, 

mrẍr + krxxr + qrxẋr + ∑ Frpi cos φrpi

3

i=1

= mrxrΩ2 + 2mrẏrΩ + mryrΩ̇, 

mrÿr + kryyr + qryẏr + ∑ Frpi sin φrpi

3

i=1

= mryrΩ2 − 2mrẋrΩ − mrxrΩ̇, 

(Ir rr⁄ )θ̈r + (qrt rr⁄ )θ̇r + (krt rr⁄ )θr + ∑ Frpi

3

i=1

= 0.                                   (5) 

For the rotary motion of the load, the motion equation is, 

Ioutθ̈out = −Tout + Tc,                                                                 (6) 

 

 

 

 

 

  



 

 

Appendix C 

Physical parameters of a planetary gear set 

 
Sun 

gear 

Planet 

gear 

Ring 

gear 

Carrier 

arm 

Mass (Kg) 2.38 8.22 22.713 52 

Mass inertia 

(Kg∙m2) 
0.01 0.138 5.99 2.34 

Bearing stiffness 

(N/m) 
1×105 1×1010 1×1010 1×1010 

Bearing damping 

(Ns/m) 
1×103 1×103 1×103 1×103 

 

 

 

 


