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Summary

Modern reservoir monitoring technologies often make use of
diffusion waves in order to estimate the hydraulic conductivity
and diffusivity of reservoir rocks. However, most theoretical
descriptions for these effective �uid transport properties
assume that the host rock is elastically rigid. Inhomogeneous
poroelastic continua described by Biot's equations of dynamic
or quasi-static poroelasticity provide an adequate framework to
study the dependence of �uid transport properties on the elastic
properties of the host rock. Analysis of diffusion wave �elds in
randomly inhomogeneous poroelastic structures provides new
insight into how �uctuations of the compressible constituents
of the rock affect the effective diffusivity. Using the method
of statistical smoothing we derive an effective wave number
of the coherent diffusion wave �eld. This wave number yields
expressions for the effective conductivity and diffusivity of a
deformable and inhomogeneous porous medium. These �uid
transport properties are frequency-dependent. Comparison of
the hydraulic conductivity derived here with that estimated
from unsteady �ow through porous media based on Darcy's
law shows that they are identical in the limits of low and high
frequencies.

Introduction

Diffusion waves are often used to characterize transport proper-
ties of �uid-saturated porous solids (Rice and Cleary, 1976). If
the porous material has a deformable frame, the transport prop-
erties can be affected by the compressibility of the solid as well
as �uid phase. This effect can be analyzed using Biot's theory of
poroelasticity (Biot, 1962). In particular, Biot's theory predicts
the existence of so-called Biot's slow wave, which in the low-
frequency (i.e., quasi-static) limit is governed by the diffusion
equation (Chandler and Johnson, 1981). The corresponding dif-
fusion coef�cient depends on compressibilities of the �uid and
solid phases as well as permeability and �uid viscosity.
Transport properties of porous materials are particularly affected
by spatial heterogeneity. The study of these effects usually em-
ploys the concept of random media, and requires an analysis
of �eld equations with random coef�cients. One method that
can be applied in this context is method of statistical smooth-
ing (Karal and Keller, 1964), which has been widely used in
the analysis of wave propagation in random media (Rytov et al.,
1989) as well as �ow through random rigid porous media (King,
1987; Keller, 2001).
In this paper we employ the method of statistical smoothing to
compute the effective diffusivity of randomly inhomogeneous
porous media. The medium is assumed to be governed by
the low-frequency version of Biot's equations of poroelasticity
where the slow compressional wave is a diffusion wave charac-

terized by the wave number

k0 =
p
i!=D0 (1)

where ! is angular frequency and D0 the diffusivity of the
porous medium (Norris, 1985). Neglecting the interaction with
other wave modes, we analyze the coherent diffusion wave (slow
wave) �eld only. We derive an expression for the effective diffu-
sion wave number from which we extract the effective transport
properties. We then discuss properties of these effective �uid
transport parameters and compare our results to those obtained
by similar approaches applied to �uid transport equations.

Statistical smoothing in poroelastic media

In random poroelastic media all parameters are represented by
random �elds of the form

X = �X + ~X = �X(1 + "X) ; (2)

where �X is a constant background value and ~X(r) is the �uctu-
ating part. Parameter "X = ~X= �X denotes the relative �uctua-
tions and has zero mean (h"Xi = 0), autocorrelation function

BXX(�r) = h"X( r+ �r)"X( r)i (3)

and variance


"2X
�
= BXX(0) = �

2
XX .

The starting point of our analysis is the poroelastic Dyson inte-
gral equation for the mean Green's function of Biot's equations
(Müller and Gurevich, 2005) in the random porous medium.
By neglecting all contributions from the fast compressional and
shear waves, we can write Dyson's equation for the matrix con-
taining the mean Green's tensors �G in the form

�G = G0 +

Z Z
G0Q �G ; (4)

where G0 denotes the matrix of Green's function for the homo-
geneous background (Müller and Gurevich, 2005)

G0 =
�0
4�i!

@i@j
exp(ik0R)

R

�
�C2

H2
C
H

C
H

�1

�
; (5)

R is the distance from source to observation point, @i denotes
partial spatial derivative, Q is the matrix of the kernel-of-mass
operators

Q =

�
~LG0

~L+

Z
~LG0

~LG0
~L+

Z
:::

�
;

while ~L denotes the matrix of the perturbation operators

~L =

�
@i ~H@j @i ~C@j
@i ~C@j i!~p�ij + @i ~M@j

�
(6)
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Effective transport properties
with the identity tensor �ij . The method of statistical smoothing
consists now in truncatingQ after the �rst term. In Eqs. (5) and
(6) H is the undrained, low-frequency P -wave modulus given
by Gassmann's equation

H = Pd + �
2M (7)

where
M = [(�� �)=Kg + �=Kf ]

�1 (8)

is the pore space modulus,

Pd = Kd + 4=3� (9)

is the P -wave modulus of the drained frame,

� = 1�Kd=Kg (10)

is the Biot-Willis coef�cient, and C = �M . Finally, Kg , Kd,
and Kf denote the bulk moduli of the solid phase, the drained
frame, and the �uid phase resepctively, while � denotes the
porous-material shear modulus. In (5) the conductivity is de-
noted as �0 while in (6) ~p denotes the �uctuating part of the
reciprocal conductivity p = 1=�0. The diffusivity in (1) can be
expressed through

D0 = �0N (11)

where N =MPd=H .
Eq. (4) contains a double spatial convolution which in the spa-
tial Fourier domain yields a set of algebraic equations. Retaining
only terms of order O(�2) yileds the following simpli�ed equa-
tion for the [2; 2] component of �G:

�g = g0 + (8�
3)2g0q�g ; (12)

where g0 and and q are the spatial Fourier transforms of the cor-
responding components of G0 and Q, respectively. Assuming
that the mean Green's function �g is of the same functional form
as g0, but involving an effective wave number k�, we can solve
equation (12) for k�. Evaluating the truncated kernel-of-mass
operator matrix element q for a statistically isotropic random
medium we obtain the following approximation for the squared
effective wave number

k�2 = k20[1 + �s�(!)] ; (13)

where
�(!) = 1 + k20

Z 1

0

rB(r) exp(ik0r)dr (14)

and

�s =

*�
�2M

Pd
"� � "Kf + "�

�2+
+
�2pp
3
: (15)

The method of statistical smoothing is precise for weak �uctua-
tions only, and therefore, Eq. (13) is applicable if �s . 1. The
physical interpretation of the effective diffusion wave number
is as follows. Due to multiple scattering an initially homoge-
neous diffusion wave with the wavenumber k0 becomes at �nite
frequencies an inhomogeneous diffusion wave characterized by
k� (i.e., <fk�g 6= =fk�g). In the limits of zero and in�nite
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Fig. 1: Normalized difference of real and imaginary part of the effective
wave number versus frequency for a model of a water-saturated, porous
sandstone. For low and high frequencies this difference vanishes indicat-
ing the existence of a homogeneous diffusion wave. However, for �nite
frequencies the diffusion wave becomes inhomogeneous.

frequency the diffusion wave becomes homogeneous again with
the effective wave numbers

k�(! ! 0) = k0(1 + �s) (16)

and
k�(! !1) = k0; (17)

respectively. This behavior is also displayed in Figure 1.

Effective hydraulic diffusivity and conductivity

Effective wave number (13) can be used to construct approxi-
mation of the effective transport properties. Assuming that the
effective wave number k� involves an effective diffusivity D�

such that
k� =

p
i!=D�; (18)

we obtain
D� = D0[1��s�(!)] : (19)

The properties of this effective diffusivity are discussed next.
Figure 2 illustrates the frequency dependence of the effective
diffusivity for varying �s in a model of a porous sandstone
where the inhomogeneities are statistically characterized by a
correlation function of the form B(r) = exp(�jrj=a) where a
is the correlation length [shown is the real part of D� as a func-
tion of the dimensionless frequency kRa where kR denotes the
real part of k0]. As can be seen from Figure 2, the presence of
inhomogeneities reduces the effective diffusivity relative to the
background diffusivity. In the zero frequency limit we have

D�(! ! 0) = D0(1��s); (20)

whereas for in�nitely high frequency the background value is
obtained,

D�(! !1) = D0: (21)
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Effective transport properties
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Fig. 2: Normalized effective diffusivity for varying�s versus frequency
for a porous sandstone model (shown is the real part of D� as a func-
tion of the dimensionless frequency kRa). It can be observed that the
presence of inhomogeneities reduces the effective diffusivity below the
background diffusivityD0.

The magnitude of the diffusivity dispersion is controlled by �s

which contains the second order moments of the random �elds
of �, �, Kf and p. The role of cross-correlations is particularly
interesting. For example, negative cross-correlation between the
Biot-Willis coef�cient and the �uid bulk modulus, i.e. if there
is a stiff �uid in the pore-space of a very compressible porous
solid, produces an enhanced diffusivity dispersion.
Analogously to D�, we can construct an effective conductivity
�� by assuming that the effctive wave number k� is of the form

k� =
p
i!=��N; (22)

i.e., N is constant. In this case the calculations outlined above
can be performed in all space dimensions and we obtain

�� = �0

�
1� �2pp

m

�
1� 4

Z
k4R

4k4R +K
4
�(K)dK

��
(23)

inm-dimensional space (m=1, 2 or 3) where �(K) denotes the
�uctuation spectrum. This result is displayed in Figure 2. The
effective conductivity is bounded by

�H � �� � �A ; (24)

where �H and �A denote the harmonic and arithmetic average
conductivities, respectively. In the low-frequency limit the lower
bound becomes an identity form = 1 only, whereas at in�nitely
high frequencies the upper bound is reached exactly in all space
dimensions.

Similarity with results from analysis of unsteady �ow

For a poroelastic continuum the diffusion wave mode (Biot's
slow wave) in the limit of zero frequency is equivalent to the
quasi-static �ow (Chandler and Johnson, 1981). It is therefore
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Fig. 3: Normalized effective conductivity based on approximations (23)
and (26) versus dimensionless frequency in space dimension D=1 and
D=3. The exact bounds for the 1D case are also shown. The medium
parameters are the same as in Figure 1 representing a porous sandstone
model.

interesting to compare our results with estimates of an effec-
tive conductivity in random porous media based on Darcy's law
(Keller, 2001). Time-dependent, i.e. unsteady, �ow in a porous
medium with a rigid frame analyzed on the basis of Darcy's
law in conjunction with the time-dependent continuity equation
yields a diffusion equation for the pore pressure of the form

S@tP = r � (�rP ); (25)

where S is the speci�c storativity (Dagan, 1982; Indelmann,
1996). In statistically isotropic m-dimensional random media
an averaged Darcy law allows to de�ne an effective conductiv-
ity. The latter can be explicitly computed for weakly inhomo-
geneous structures involving only the spatial correlation of the
conductivity �uctuations (Indelmann, 1996):

��flow = �0

�
1� �2��

m

Z
K2

k2R +K
2
�(K)dK

�
: (26)

This effective conductivity is also displayed in Figure 3. Note
that the low and high frequency limits as well as the in�ection
point of �� and ��flow [Eqs. (23) and (26)] are identical. Also,
both approaches show that in the weak �uctuation case the ef-
fective conductivity does not depend on the compressibilities of
the porous material and the �uid phase.

Discussion and Conclusions

The theoretical analysis of effective �uid transport properties has
a long history in the �elds of 'stochastic' hydrogeology and hy-
drogeophysics (e.g., Indelmann. 1996). In this paper we applied
a relatively simple perturbation scheme to Biot's equations of
dynamic poroelasticity in order to determine the effective �uid
transport properties. We think that this concept is an attrac-
tive one since it opens the possibility to quantify the connection
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Effective transport properties

of �uid transport properties with 1.) general inhomogeneous
porous materials where the diffusivity depends on the elastic
properties of the surrounding rock material and with 2.) seis-
mic wave propagation effects. In particular, the implications of
these frequency-dependent �uid transport properties on seismic
signatures is an interesting research topic.
We suspect that the difference between the solutions for the ef-
fective conductivity, Eqs. (23) and (26), is due to the different
character of the governing partial differential equations. While
Biot's equations of dynamic poroelasticity, used in this study,
form a system of hyperbolic equations, the pore pressure diffu-
sion equation is parabolic. We hypothesize that the use of quasi-
static Biot's equations (e.g., Rice and Cleary, 1976), where the
hyperbolicity is absent, would result in extactly the same effec-
tive conductivity.
In conclusion, the main result of this paper is the expression for
the effective diffusivity (19). It is non-local and depends not only
on the the second-order statistics of the conductivity but also on
that of the poroelastic moduli. This results indicates that for
accurate estimation of the effective conductivity from diffusion
wave characteristics, �uctuations of the compressibilities of the
porous material must be accounted for.
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