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ABSTRACT 

Precise Point Positioning (PPP) is a technique for determining the precise 

coordinates of a stand-alone Global Navigation Satellite System (GNSS) receiver 

without relying on simultaneous measurements from a network or nearby reference 

receiver. PPP can provide decimetre level accuracy for kinematic positioning and 

cm-level accuracy for static surveying, provided that long duration dual-frequency 

measurements are used with the most precise satellite orbit and clock products. 

However, its main drawback is a long convergence time of typically half an hour to 

reach cm-level accuracy with static data, and decimetre level accuracy with 

kinematic data. The ongoing modernisation of GPS and GLONASS, accompanied by 

the development of Galileo, Beidou and regional navigation satellite systems (RNSS) 

including Quazi Zenith Satellite System (QZSS) and the Indian Regional Navigation 

Satellite System (IRNSS), with an operational name NAVIC, provides opportunities 

for developing novel PPP models with improved performance compared to the 

present dual-frequency models. The availability of multi-frequency and multi-

constellation (MFMC) systems brings benefits, but along with it comes challenges 

such as dealing with inter-frequency and inter-system biases, differences in 

coordinate frames and time systems. This thesis aims to integrate MFMC GNSS data 

to improve the PPP performance in comparison to conventional single-system 

models, by reducing the convergence time and improving or maintaining positional 

accuracy.  

A number of contributions were made to reach this aim. Firstly, a thorough 

analysis of the biases that occur when integrating MFMC data was carried out to 

identify the individual biases and develop mathematical models to eliminate or 

reduce their detrimental effect on PPP performance.  

Next, the conventional dual-frequency PPP model that includes float ambiguity 

estimation was investigated in detail by incorporating triple frequency 

measurements. This resulted in the development of three models, one of which 

included a novel mixed code-phase linear combination with ionosphere-free, 

geometry preserving and low noise propagation properties. The second model used a 

code- and phase-only triple frequency ionosphere-free, geometry preserving and 

noise minimisation linear combination, which was developed for the major GNSS 

constellations. The full mathematical derivations for these combinations were 
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presented for the first time, for easy implementation in navigation algorithms in the 

GNSS receiver. The third model used the additional frequency to estimate the 

ionosphere error, rather than forming combinations to eliminate it. The analysis of 

test data with these three models revealed that they all had similar performance in 

terms of convergence time and achievable accuracy. All the three models had 

significantly improved reduction in convergence time when compared to the 

conventional use of dual-frequency observations. The PPP model with the code- and 

phase-only triple frequency linear combination for a single system (such as GPS) 

was extended to the multi-constellation case. The validation revealed that use of 

multi-constellation data further improved PPP convergence time.  

The PPP model with raw un-combined carrier phase and code measurements 

was augmented with a precise Regional Ionospheric Model (RIM) to constrain the 

ionosphere error. This model significantly improved the PPP convergence 

performance, particularly in the horizontal positioning component. Here, better than 

5cm accuracy was achieved within five minutes for all the tested datasets with RIM 

precisions of standard derivation (std) from 0.1 to 1.0 Total Electron Content Unit 

(TECU). Such rapid PPP convergence is promising for real-time PPP users having 

access to triple frequency GNSS data and high precision ionospheric corrections. 

The contribution of tropospheric delay estimates derived from Numerical 

Weather Model (NWM) to constrain the troposphere error was studied. For the first 

time, the Australian Bureau of Meteorology (BoM) NWM data was used to estimate 

the tropospheric delay estimates, which was compared to other empirical and NWM 

derived troposphere models. The BoM NWM was found to give the best accuracy in 

the Australian sites that were tested. Using the BoM NWM data to constrain the 

troposphere error was found to improve the PPP convergence performance, 

particularly in the vertical component during the first few minutes of initialisation. 

A method was developed to maintain real-time PPP accuracy during a loss in 

data communication, when the precise clock and orbit corrections are not available to 

the user. The clocks were predicted based on time-series analysis of their properties, 

including their temporal behaviour and stability. The proposed method was found to 

give better than 0.5ns prediction accuracy for up to one hour after a loss of 

communication. Using the predicted clock corrections, it was shown that the PPP 

user can maintain decimetre level accuracy for up to two hours after a 

communication loss.  
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Some key contributions were made in PPP with integer Ambiguity Resolution 

(PPP-AR). A new triple frequency geometry-free and ionosphere-free (GIF) linear 

combination was developed for estimating the extra wide-lane (EWL) and wide-lane 

(WL) ambiguities, that had improved performance compared to the widely used 

Melbourne-Wübbena (MW) combination. A full rank triple frequency carrier phase 

only PPP model was proposed where the carrier phase equations were formulated in 

terms of an individual carrier phase ambiguity rather than a narrow-lane (NL) 

ambiguity used in present-day PPP-AR models. Analysis of the probability of AR 

success rate with the LAMBDA method showed that PPP-AR performance of the 

proposed model is greatly improved when using precise atmospheric models to 

constrain the ionosphere and troposphere errors. A method was also proposed for the 

direct estimation of the NL integer ambiguity by multi-epoch averaging of a newly 

proposed triple frequency linear combination. This is applied after the EWL and WL 

ambiguities are resolved with the proposed linear combinations, which takes 1-2 

minutes. This approach gave comparable performance to the existing PPP-AR 

methods, and may be used as an alternative method for NL ambiguity resolution.  
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1. INTRODUCTION 

1.1 Background 

Precise Point Positioning (PPP) is a technique for determining the precise 

coordinates of a stand-alone Global Navigation Satellite System (GNSS) receiver 

without relying on simultaneous measurements from a network or nearby reference 

receiver. PPP is widely used in applications such as precision agriculture (Guo et al., 

2018), precise positioning of ocean buoys (Kuo eta al., 2012), deformation 

monitoring (Bellone et al, 2014; Aydin et al, 2017), natural hazard monitoring 

systems, e.g. monitoring of tsunami and earthquakes (Bawden et al, 2016), volcanoes 

(Lee et al, 2015), landslides (Giovanni, 2012), vehicular navigation, e.g. lane 

determination (Knoop et al., 2017; de Bakker & Tiberius, 2017) and many more. PPP 

can provide decimetre level accuracy for kinematic positioning and cm-level 

accuracy for static surveying, provided that long duration dual-frequency 

measurements are used with the most precise satellite orbit and clock products 

(Ebner and Featherstone, 2008). It also offers several advantages over network or 

relative positioning in terms of operational flexibility and cost effectiveness; 

including (1) No corrections or simultaneous observations are required from a single 

or network of reference stations (2) It works globally, and (3) There are no user 

confusions arising from reference frame realisation (Bisnath and Gao, 2009; Abdel-

salam, 2005). However, its main drawback is a long convergence time of typically 

half an hour required to reach an accuracy of a few cm with static data, and a 

decimetre with kinematic data. Thus, PPP is an intensively researched topic as 

researchers continue to work on improving its performance. 

Since PPP models process data from a stand-alone receiver, it requires precise 

modelling of errors which are normally cancelled in relative positioning that include 

solid earth tide, atmospheric loading, ocean tide loading, Earth rotation effects, 

satellite phase wind-up error, Sagnac delay, relativistic effects, satellite/ receiver 

antenna phase centre offset and variation (Heroux and Kouba, 2001). These 

corrections are determined from a-priori models (IERS, 2010). The precise satellite 

coordinates and clock errors are also known a-priori from real-time or post-processed 

products. For real-time PPP, the real-time orbit and clock corrections may be 

sourced, for example, from the International GNSS Service (IGS) Real-Time Service 

(RTS), or other commercial providers. For post-processed PPP, the IGS final, rapid 

or ultra-rapid precise orbit and clock products may be used. The orbit and clock 
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accuracies of the IGS products for GPS are 2.5cm/ 75ps for the final version, 2.5cm/ 

75ps for rapid version, 3cm/ 150ps for the ultra-rapid (observed half), and 5cm/ 1.5ns 

for the ultra-rapid (predicted half) (Dow et al., 2009).  

The availability of GNSS signals from multi-frequency and multi-constellation 

(MFMC) satellites, and advances in development of precise troposphere (e.g. Lu et 

al. 2017; Zheng et al., 2017) and ionosphere products (e.g. Banville et al., 2018) 

gives additional motivation to do further research on their contribution to PPP. These 

developments present opportunities to develop innovative PPP models that reduce 

convergence time and improve accuracy compared to the conventional GPS case. 

However, such integration of data requires careful consideration of the differences 

between the constellations and signal tracking of the individual frequencies. There 

are two main categories of PPP models that may be enhanced, including (1) PPP with 

float ambiguity estimation and (2) PPP with integer Ambiguity Resolution (PPP-

AR).  

In addition to the availability of MFMC GNSS data, recently there has been an 

increased development in the availability of precise atmospheric products such as 

high precision Regional Ionospheric Models (RIM) and troposphere models derived 

from Numerical Weather Model (NWM) data. These models allow constraining the 

ionosphere and troposphere errors, instead of estimating these as unknown 

parameters. Since there are less unknowns to solve for, the geometry of the PPP 

model is strengthened and hence the solution convergence time may be potentially 

reduced.  

 

1.2 Literature Review 

This section presents an overview of existing GNSS and Regional Navigation 

Satellite Systems (RNSS), observation equations and the models for PPP with float 

ambiguity estimation and PPP-AR.  

 

1.2.1 Overview of Existing GNSS and RNSS  

Up until recently, PPP research was primarily focused on GPS, and GLONASS 

to some extent, but a suite of GNSS constellations are now available for civilian use. 

These include Galileo (European Union (EU) in cooperation with European Space 

Agency (ESA)) and BeiDou (China). Apart from these, two RNSS are also available 

including the Quazi-Zenith Satellite System (QZSS) (Japan) and the Indian Regional 

16



 

Navigation Satellite System (IRNSS) (India) with an operational name NAVIC. GPS 

is currently going through a modernisation program to transmit new and improved 

signals. The Block IIF GPS satellites, twelve of which are in operation at present, are 

transmitting carrier signals on a new civil frequency, L5, centred at 1176.45MHz, in 

addition to the existing dual-frequency carriers, L1 (1575.42 MHz) and L2 

(1227.60MHz) (Montenbruck et al., 2011). The Block IIR-M satellites, seven of 

which are in operation, are transmitting a civilian code on the L2 carrier, namely the 

L2C. The Block III satellites, the first of which was launched in December 2018, 

transmit a new civil code on the L1 carrier, namely L1C.  

The GLONASS system regained full operational capability in November 2011 

and is also undergoing modernisation to transmit triple-frequency signals using Code 

Division Multiple Access (CDMA), from Glonass-K1 and K2 satellites (Revnivykh, 

2011). The first two of the GLONASS K1 satellites have been launched into 

operation and an additional 9 are planned for launch in future. These have a CDMA 

signal centred in the L3 band at 1205MHz.  The future K2 satellites will have triple 

frequency CDMA signals, but this will only be available sometime in the next 

decade (Wanninger, 2012).  

At the time of writing, the BeiDou-2 navigation satellite system has three 

Medium Earth Orbit (MEO) satellites, six Geostationary Earth Orbit (GEO) satellites 

and six inclined geosynchronous orbit (GSO) satellites, thus a total of fifteen 

satellites in operational orbit (http://en.beidou.gov.cn/; https://www.glonass-

iac.ru/en/BEIDOU/). These satellites are transmitting signals on three frequencies, 

namely B1 (1561.098MHz), B3 (1,268.52 MHz) and B2 (1,207.14 MHz) (Lu and 

Yao, 2014). In addition to this, the Beidou-3 constellation has sixteen satellites in 

orbit and will eventually grow into a 35-satellite constellation providing global 

coverage. The BeiDou-3 satellites transmit signals on the three frequencies B1C 

(same as GPS L1), B2a (same as GPS L5) and B2b (same as Beidou-2 B2) (Lu and 

Yao, 2014).  

The first Galileo satellite, GIOVE A (now inactive) was launched in December 

2005 and at present, the Galileo constellation is nearing completion with 22 usable 

satellites. Galileo signals are transmitted on five frequency bands, namely E1 (same 

as GPS L1), E6 (same as QZSS LEX frequency), E5 (1191.795 MHz), E5a (same as 

GPS L5) and E5b (1207.14MHz). The E5a and E5b signals are part of the E5 signal, 

in its full bandwidth (European Union, 2010). 
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For the RNSS constellations, the first QZSS satellite (QZ1) was launched on 

11 September 2010, and three subsequent satellites (QZ02, GE04 and QZ04) were 

launched in 2017 (http://qzss.go.jp/en). QZSS satellites transmit signals on the three 

GPS frequencies as well as a fourth carrier frequency (E6), LEX, on 1278.75MHz 

(JAXA, 2011). The LEX signal contains high precision corrections for GPS satellite 

clock and orbits errors as well as tropospheric and ionospheric errors (Hauschild et 

al., 2012). The IRNSS constellation, known as NAVIC, is fully operational in a 

defined region bounded by 30ᵒS - 50ᵒN, 30ᵒE - 130ᵒE, with five IGSO and three GEO 

satellites in orbit (https://www.isro.gov.in/irnss-programme). The NAVIC satellites 

transmit signals on two frequencies, namely L5 (same frequency as GPS L5) and a S-

band frequency (2492.08MHz).  

 

1.2.2 GNSS Observation Model 

The observation equation of the carrier phase and pseudorange code 

measurements for satellite 𝑜 from one GNSS constellation such as GPS (denoted as 𝐺) on frequency 𝑖 in length units reads 

 𝑃𝑖𝑜𝐺 = ρ𝑜𝐺 + 𝑐(𝑑𝑡G − 𝑑𝑡𝑜𝐺 + 𝑑𝑖𝐺 − 𝑑𝑖𝑜𝐺) + 𝑇𝑜𝐺 + 𝜇𝑖𝐼𝑜𝐺 + 𝜀P𝑖𝑜𝐺 (1) 𝜙𝑖𝑜𝐺 = ρ𝑜𝐺 + 𝑐(𝑑𝑡G − 𝑑𝑡𝑜𝐺) + 𝑇𝑜𝐺 − 𝜇𝑖𝐼𝑜𝐺 + 𝜆𝑖(𝑁𝑖𝐺 + 𝛿𝑖𝐺 − 𝛿𝑖𝑜𝐺)+𝜀ϕ𝑖𝑜𝐺 (2) 

where 

 𝜙𝑖𝑜𝐺  and 𝑃𝑖𝑜𝐺 are the carrier phase and code observables, in distance units, 

respectively, 

 ρ𝑜𝐺 = √(𝑋𝑜 − 𝑥)2 + (𝑌𝑜 − 𝑦)2 + (𝑍𝑜 − 𝑧)2 is the receiver-satellite 

geometric range, with 𝑋𝑜 , 𝑌𝑜 , 𝑍𝑜 the satellite coordinates and 𝑥, 𝑦, 𝑧 the 

receiver coordinates, 

 𝑐 is the speed of light in vacuum, 

 𝑑𝑡G and 𝑑𝑡𝑜𝐺 are the receiver and satellite clock errors,  

 𝛿𝑖𝐺  and 𝛿𝑖𝑜𝐺  are the frequency-dependent receiver and satellite hardware 

phase delays, 

 𝑑𝑖G and 𝑑𝑖𝑜𝐺 are the frequency-dependent receiver and satellite hardware 

code delays, 
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 𝑇𝑜𝐺 the tropospheric delay which is expressed as a Zenith Path Delay (ZPD) 

scaled by a mapping function, to map the ZPD to the satellite’s elevation-

dependent slant delay. The ZPD can be further separated into hydrostatic 

(ZHD) and wet components (ZWD), where the hydrostatic part can be 

corrected with an a-priori model, e.g. the Saastamoinen model (Saastamoinen 

1972), whereas the ZWD delay is estimated as a parameter in the PPP model, 

 𝜇𝑖 = 𝑓12𝑓𝑖2 is a dispersive coefficient for conversion of the first-order estimated 

ionospheric delay on L1 to a chosen frequency 𝑖 = 1,2, … 𝑖𝑛, where 𝑖𝑛 is the 

number of frequencies, 

 𝐼𝑜𝐺 the ionospheric slant delay for the L1 frequency, of which the impact on 

the code and phase has opposite signs. The first-order absolute ionospheric 

delay is typically in the order of several tens of meters, whereas the higher-

order terms are in the order of a few cm (Kim & Tinin, 2011), 

 𝑁𝑖𝐺  is the integer ambiguity and the combined term 𝑀𝑖𝐺 = 𝑁𝑖𝐺 + 𝛿𝑖𝐺 − 𝛿𝑖𝑜𝐺 is 

the non-integer ambiguity due to the presence of initial phase delays for the 

receiver 𝛿𝑖𝐺  and satellite 𝛿𝑖𝑜𝐺  that originate from the frequency oscillators 

(Ge et al., 2008), 

 𝜆𝑖 the wavelength corresponding to frequency i, 

 𝜀ϕ𝑖𝑜𝐺 , 𝜀P𝑖𝑜𝐺 the carrier phase and pseudorange observation noise, including 

multipath, which is larger for the code observable compared to the phase 

observations. This is not modelled in the functional model, where its 

expectation is assumed equal to zero, but its impact is considered in the 

stochastic model.  

For an additional constellation (e.g. Beidou denoted as 𝐶) with satellite 𝑝, the 

equations for carrier phase and pseudorange code measurement for frequency 𝑗   

 𝑃𝑗𝑝𝐶 = ρ𝑝𝐶 + 𝑐 (𝑑𝑡𝐺 − 𝑑𝑡𝑝𝐶 + 𝑑𝑗𝐶 − 𝑑𝑗𝑝𝐶) + 𝑇𝑝𝐶 + 𝜇𝑗𝐼𝑝𝐶 + 𝐼𝑆𝑇𝐵𝐺−𝐶 + 𝜀𝑃𝑗𝑝𝐶 (3) 

𝜙𝑗𝑝𝐶 = ρ𝑝𝐶 + 𝑐(𝑑𝑡𝐺 − 𝑑𝑡𝑝𝐶) + 𝑇𝑝𝐶 − 𝜇𝑗𝐼𝑝𝐶 + 𝐼𝑆𝑇𝐵𝐺−𝐶+𝜆𝑗 (𝑁𝑗𝑝𝐶 + 𝛿𝑗𝐺 − 𝛿𝑗𝑝𝐶) +𝜀𝜙𝑗𝑝𝐶 (4) 

The terms are similar to the ones described for system 𝐺 above. 𝐼𝑆𝑇𝐵𝐺−𝐶 is the inter-

system time bias between systems 𝐺 and 𝐶 (i.e. GPS and Beidou), combined for the 

19



 

receiver and the satellite. It includes the receiver clock offset, i.e. 𝑑𝑡𝐺−𝐶 and the 

satellite clock offset 𝑑𝑡𝐺−𝐶 assumed at the same level for all satellites from one 

system w.r.t GPS. Similar equations may be derived for other constellations such as 

Galileo denoted as 𝐸 or QZSS, denoted as 𝐽. 

 

1.2.3 PPP Models with Float Ambiguity Estimation 

The traditional PPP model with float ambiguity estimation was firstly presented by 

Zumberge et al. (1997), where it was shown that cm-level repeatability can be 

achieved with dual-frequency, undifferenced GPS measurements from a network. 

The functional model, often known as the standard or traditional PPP model, consists 

of the dual-frequency ionosphere-free linear combinations for the pseudorange and 

carrier phase measurements. In the standard PPP model, the satellite and receiver 

hardware delays for the carrier and code measurements are lumped into the receiver 

clock and ambiguity terms, by assuming them to be constants over a short period, in 

order to remove the rank deficiency. The ionosphere-free equations as presented as 

  𝑃𝑖𝑓𝑜𝐺 = ρ𝑜𝐺 + 𝑐(𝑑𝑡G − 𝑑𝑡𝑜𝐺) + 𝑇𝑜𝐺 + 𝜀P𝑖𝑓𝑜𝐺  (5) 𝜙𝑖𝑓𝑜𝐺 = ρ𝑜𝐺 + 𝑐(𝑑𝑡G − 𝑑𝑡𝑜𝐺) + 𝑇𝑜𝐺 + 𝜆𝑖𝑓𝑁𝑖𝑓𝐺 +𝜀ϕ𝑖𝑓𝑜𝐺  (6) 

Where the ′𝑖𝑓′ term denotes ionosphere-free combination. In this simplistic model, 

the receiver code hardware biases are included in the receiver clock offset term in the 

code observation, whereas the satellite code biases need correction if using the C1 

code instead of P1 by applying a differential code bias (DCB) obtained from an 

external source such as IGS. In traditional dual-frequency PPP, the DCB correction 

is not required if using the P1 code in the IF combination. The DCB must be applied 

for single frequency PPP. The phase satellite and receiver hardware biases are 

absorbed into the non-integer ambiguity term. The first order ionospheric delay is 

eliminated in this combination, but the inherent noise is amplified by a factor of 

2.978 for the GPS L1/ L2 case, due to the error propagation law. The precise satellite 

orbit and clock estimates are obtained from a regional or global network of GPS 

receivers such as the International GNSS Service (IGS) (Dow et al., 2009). 

Considering the standard PPP model for dual-frequency observations from n 

tracked satellites from one system, e.g. GPS, there are 2n measurements and 5+n 

unknown parameters including the receiver position (𝑥, 𝑦, 𝑧), receiver clock error 
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𝑑𝑡G, tropospheric ZHD and the ionosphere-free float ambiguities for each individual 

satellite. A solution is possible with at least five satellites by using a sequential least 

squares or Kalman Filter. This model requires a long convergence time to stabilise 

the float ambiguities, taking approximately 30 minutes to achieve sub decimetre-

level accuracy and few hours to achieve cm-level accuracy, which makes it 

impractical for most real-time precise applications. The main factors which cause the 

long convergence time include the high noise amplification of the code 

measurements, the number and geometry of satellites tracked, user environment, user 

dynamics and measurement quality (Bisnath and Gao, 2009).  

Another approach to PPP includes the use of between satellite single 

differencing (BSSD) of the ionosphere-free code and phase measurements in 

addition to the use of precise satellite orbit and clock products (Colombo et al., 2004; 

Chen et al., 2005). Assuming that the receiver bias is the same for all satellites from 

the same constellation, the advantage of this model is that the receiver hardware 

biases are eliminated. From eqns. (1) and (2), the BSSD observation equations from 

one receiver to two satellites o and p reads: 

 𝑃𝑖𝑓𝑝𝑜𝐺 = ρ𝑝𝑜𝐺 − 𝑐(𝑑𝑡𝑝𝑜𝐺 + 𝑑𝑖𝑝𝑜𝐺) + 𝑇𝑝𝑜𝐺 + 𝜀P𝑖𝑓𝑝𝑜𝐺 (7) 𝜙𝑖𝑓𝑝𝑜𝐺 = ρ𝑝𝑜𝐺 − 𝑐𝑑𝑡𝑝𝑜𝐺 + 𝑇𝑝𝑜𝐺 + 𝜆𝑖𝑓𝑁𝑖𝑝𝑜𝐺+𝜀ϕ𝑖𝑓𝑜𝐺  (8) 

The receiver differential hardware delays are eliminated for the code and 

phase, and so is the initial fractional phase delay of the receiver, but the measurement 

noise is further increased by a factor of 2, in addition to the amplification due to the 

ionosphere-free amplification. The differential hardware phase delay at the satellite is 

lumped with the ionosphere-free ambiguity term. If the receiver uses the C/A code 

rather than P1 code, the satellite DCB corrections available from sources such as IGS 

are used to remove the satellite differential code delay. For n visible satellites using 

the BSSD model, there are 2n-2 measurements and 3+n unknown parameters; the 

receiver position (𝑥, 𝑦, 𝑧), the single differenced troposphere error and 𝑛 − 1 single 

differenced ionosphere-free float ambiguities. This model gives cm and decimetre-

level accuracies for static and kinematic data, respectively with a typical 

convergence time of 30min, thus a similar performance to the traditional model 

(Chen et al., 2005). 

21



 

Gao and Shen (2002) used an undifferenced mixed code-carrier ionosphere-

free linear combination in their PPP model, which reduces the code noise by a factor 

of 0.5. Each mixed code-carrier combination is simply an average of the code and 

phase measurements from a single frequency, and two such equations are used in the 

functional model for frequencies 𝑖 and 𝑗 as follows:  

 Θ𝑖𝑜𝐺 = 𝑃𝑖𝑜𝐺+𝜙𝑖𝑜𝐺2 = ρ𝑜𝐺 + 𝑐(𝑑𝑡G − 𝑑𝑡𝑜𝐺) + 𝑇𝑜𝐺 + 𝜆𝑖𝑁𝑖𝐺2 + 𝜀Θ𝑖𝑜𝐺 (9) 

Θ𝑗𝑜𝐺 = 𝑃𝑗𝑜𝐺+𝜙𝑗𝑜𝐺2 = ρ𝑜𝐺 + 𝑐(𝑑𝑡G − 𝑑𝑡𝑜𝐺) + 𝑇𝑜𝐺 + 𝜆𝑗𝑁𝑗𝐺2 + 𝜀Θ𝑗𝑜𝐺 (10) 

These are together with the dual-frequency phase only ionosphere-free combination 

given in eqn. 5. Like the standard PPP model, the satellite and receiver hardware 

delays for the carrier phase measurements are lumped into the ambiguity terms, 

whereas the receiver code hardware bias is lumped with the receiver clock term. 

There is one mixed code-carrier combination for each frequency, 𝑖 and 𝑗, with a 

reduction in the pseudorange noise by 50%. Compared to the traditional model, the 

author’s of this approach reported that the solution is more stable, giving sub 

decimetre-level accuracy with just one hour of data. With long duration data, 

accuracy was at the same level as the traditional model, but an improvement of 13% 

reduction was achieved in convergence time (Gao and Shen, 2002). 

At the commencement of this research, there were limited PPP models with 

float ambiguity estimation that took advantage of the triple frequency measurements. 

This was the motivation for further research into development of triple frequency 

PPP models to investigate the possibility of improving the convergence time and 

accuracy.  

 

1.2.4 PPP with Integer Ambiguity Resolution 

In order to achieve cm-level accuracy in near real-time, many researchers have 

attempted integer ambiguity resolution by estimating the satellite initial fractional 

phase biases using network data, and transferring these corrections to the user to 

resolve integer ambiguities. This approach is known as PPP-AR.  

Ge et al. (2008) presented a BSSD model for estimating the single differenced 

satellite initial fractional phase bias using network GPS data to fix integer 

ambiguities. In this method, the fractional part of the satellite wide-lane (WL) 
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uncalibrated phase delay (UPD) is estimated by using data from a network of 

reference stations to estimate the receiver integer WL ambiguities, which are 

introduced into the ionosphere-free phase combination to estimate the narrow-lane 

(NL) UPD. If these biases are broadcast to real-time users, these may be applied to 

raw BSSD measurements to eliminate the receiver biases to isolate the integer 

ambiguities. The integer WL ambiguity is firstly estimated by multi-epoch averaging 

of Melbourne-Wübbena (MW) linear combination of measurements. This, along with 

the NL UPD is introduced in a carrier phase only ionosphere-free (IF) equation to fix 

the integer NL ambiguity. Ge et al. (2008) showed that the ambiguity fixed solutions 

with this method had an improvement of 27% in repeatability and 30% in the east 

component compared to the float solutions, with a probability of AR success rate of 

80%. However, due to the short wavelength of the NL ambiguity (𝜆𝑁𝐿 = 10.7 𝑐𝑚), it 

typically takes around 30 minutes to get a precise solution (Geng and Bock, 2013). 

Geng et al. (2009) modified this technique by using only one single-differenced NL 

UPD between a pair of satellites within each pass over a regional network to fix 

integer ambiguities. This method gave an accuracy of 5 mm, 5 mm and 14 mm in the 

East, North and Up components when using hourly data.  

Laurichesse et al. (2009) presented a similar method for fixing undifferenced 

integer phase ambiguities, which estimates the undifferenced WL ambiguities and 

then fixes the L1 ambiguities over a network. The authors showed that the ambiguity 

fixing success rate was 90% for the network of 10 stations in Western Europe and 

accuracy was at the cm-level. Collins et al. (2010) presented a method for 

undifferenced ambiguity resolution based on decoupling the distinct oscillator 

parameters for the carrier phase and pseudorange measurements, allowing integer 

ambiguity estimation. This required estimation of satellite code and phase clock 

corrections from a GPS network to enable single user PPP. A significant 

improvement of convergence time was achieved with 90% of solutions converging to 

2cm horizontal accuracy after 60min, compared to 10cm for standard PPP (Collins et 

al., 2010). Bertiger et al. (2010) presented an ambiguity resolution algorithm for 

single receiver phase ambiguity resolution, now implemented in the GIPSY-OASIS 

software. The algorithm also uses widelane phase bias estimates from a global 

network of GPS stations. The repeatability of daily coordinate estimates was 

improved by 30% in east compared to traditional solution. For static case, the 

repeatability was at the sub-cm level, whereas for the kinematic case, the 
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repeatability was slightly higher above 1 cm (Bertiger et al., 2010). Based on the 

PPP-RTK approach, a GNSS receiver manufacturer, Trimble, has developed a global 

real-time PPP infrastructure and service, known as CENTERPOINT RTX (Leandro 

et al., 2011). Although the authors reported real-time horizontal accuracies of 1-2cm 

(1-sigma), the claimed convergence time for RTX remains a problem at 10-45 

minutes.  

In addition to the dual-frequency models, Geng and Bock (2013) presented a 

PPP-AR approach for the triple-frequency GPS case, where the L2/L5 extra wide-

lane (EWL) ambiguity was firstly resolved using the MW combination. This was 

then expressed in terms of L1/L2 WL carrier phase measurements to form a carrier 

phase only IF observable with 𝜆𝑊𝐿 = 3.4𝑚. This was used with the L1/L2 dual-

frequency ionosphere-free pseudorange only linear combination to fix the L1/L2 WL 

ambiguity that was subsequently used to fix the NL ambiguity. Li et al. (2014) 

enhanced the step for estimating the WL ambiguity by using an ionosphere-free 

triple frequency linear combination of pseudorange measurements with measurement 

noise minimisation properties. However, these models could be further enhanced by 

enforcing ionosphere and troposphere constraints based on advanced Regional 

Ionosphere Models (RIM) and Numerical Weather Models (NWM), respectively. 

Furthermore, the triple frequency ionosphere-free carrier phase linear combinations 

used in Li et al (2014) are strongly affected by measurement noise and multipath, due 

to the significantly large coefficients used in the linear combinations, when applying 

the covariance propagation law. This was the motivation for conducting further 

research in this thesis to address this issue. 

 

1.2.5 PPP with Combined GPS and GLONASS 

An early GPS-GLONASS combined PPP model was presented in Cai and Gao 

(2007), where the traditional PPP model was adopted.  

In integrating multi-system GNSS PPP, due consideration should be made to 

the GLONASS inter-frequency biases and the inter-system biases between the 

different systems and signals (Hegarty et al., 2005; Phelts 2007).  Apart from having 

its own time and coordinate reference system, GLONASS signals are modulated by 

Frequency Division Multiple Access (FDMA). This means each GLONASS satellite 

has its own transmitting frequency, and due to this the signals from different 

GLONASS satellites take different paths through the high frequency (HF) part of the 
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receiver (Robach, 2000). This results in inter-frequency hardware biases in the 

receiver, which must be accounted for in high precision PPP. The inter-frequency 

biases can be estimated relative to one satellite, or relative to an average of all 

satellites. The common part (the reference satellite bias or the average bias) gets 

absorbed into the receiver clock term and the differential part is left to be accounted 

for. The inter-frequency biases may be regarded as linear functions of the signal 

frequency (Pratt et al., 1998), and the carrier phase biases can reach up to 0.2ns 

(>5cm) for adjacent frequencies and 2.4ns (73cm) for complete L1 or L2 frequency 

bands (Wanninger, 2012). The code inter-frequency biases for L1 and L2 frequency 

bands are typically at the metre level (Robach, 2000). When combining GPS with 

GLONASS, the inter-frequency biases are the same for all GPS satellite signals that 

have the same frequency, but the GLONASS biases are different for each satellite. 

Another consideration is that receivers have different realisations of the GLONASS 

and GPS system times, thus there is a system time offset between the two. The 

GLONASS observation equations for satellite 𝑝 and frequency j are (Robach, 2000) 

 𝑃𝑗𝑝𝑅 = ρ𝑝𝑅 + 𝑐 (𝑑𝑡𝑅 − 𝑑𝑡𝑝𝑅 + 𝑑𝑗𝑅 − 𝑑𝑗𝑝𝑅) + 𝑇𝑝𝑅 + 𝜇𝑗𝐼𝑝𝑅 + 𝐼𝑆𝑇𝐵𝐺−𝑅 + 𝜀𝑃𝑗𝑝𝑅
 (11) 𝜙𝑗𝑝𝑅 = ρ𝑝𝑅 + 𝑐(𝑑𝑡𝑅 − 𝑑𝑡𝑝𝑅) + 𝑇𝑝𝑅 − 𝜇𝑗𝐼𝑝𝑅 + 𝐼𝑆𝑇𝐵𝐺−𝑅+𝜆𝑗 (𝑁𝑗𝑝𝑅 + 𝛿𝑗𝑅 − 𝛿𝑗𝑝𝑅) +𝜀𝜙𝑗𝑝𝑅 (12) 

where the postscript 
R
 denotes a GLONASS satellite; 𝐼𝑆𝑇𝐵𝐺−𝑅 is the difference 

between the receiver clock offset between GPS and GLONASS, 𝐼𝑆𝑇𝐵𝐺−𝑅 = 𝑑𝑡𝑅 −𝑑𝑡𝐺; 𝑑𝑗𝑅 and 𝑑𝑗𝑝𝑅 contain the inter-frequency code biases in the receiver and 

satellites; 𝛿𝑗𝑅 and 𝛿𝑗𝑝𝑅 are the inter-frequency carrier phase biases for the receiver 

and satellite, respectively.  

The inter-frequency biases for GLONASS are not eliminated by differencing 

across a reference satellite, because they are different for each satellite, thus need 

calibration by other means. The GLONASS K satellites use Code Division Multiple 

Access (CDMA) signals, where all satellites transmit on the same frequencies. 

Although the inter-frequency biases need not be considered when using GLONASS 

K satellites, the drawback is that only two such satellites are in operation. In the 

combined GPS-GLONASS PPP model of Cai and Gao (2007), the inter-frequency 
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biases were not considered and only the system time offsets were estimated. The 

GPS-GLONASS PPP model showed improvements in accuracy and solution 

convergence time, though results were not conclusive due to the partial completion 

of the GLONASS constellation at the time of study (Cai and Gao, 2007).  

 

1.2.6 PPP with Multi-Frequency and Multi-Constellation GNSS 

Integrating MFMC GNSS data provides improved satellite geometry for better 

PPP performance in challenging environments such as open-pit mines, urban 

canyons and forests. A combined GPS-Galileo model was attempted in Cao et al. 

(2010), based on the traditional PPP model. However, at this time two Galileo 

satellites, GIOVE-A and -B were in operation and the accuracy of their clocks was 

lower than GPS, resulting in degraded PPP performance with GPS+Galileo. At 

present, the precise orbit and clock products with comparable accuracy to GPS are 

available from several IGS analysis centres for post processed PPP. Cai et al. (2015) 

presented PPP results with four constellations, namely GPS, BeiDou, GLONASS and 

Galileo. For GPS-only PPP, the RMS of positioning errors after convergence was 

3.9cm, 1.6cm and 5.7cm in the East, North and Up components, respectively. The 

GPS/Beidou PPP results improved the positioning accuracy by 28%, 6% and 7% and 

convergence time by 26%, 13% and 14% over GPS-only PPP. The GPS/Beidou 

/GLONASS PPP further improved positioning accuracy and decreased convergence 

time. However, adding Galileo did not result in a significant improvement in 

performance, due to the limited satellites available the time (Cai et al., 2015). 

Rabbou and El-Rabbany (2017) also proposed a combined PPP model which 

integrated GPS, GLONASS, Galileo and Beidou. The BSSD model was developed 

based on ionosphere-free combination of the observations. The inter-system biases 

between GPS and other GNSS systems were estimated as unknown parameters. 

There were substantial benefits in PPP performance with GPS + Galileo + BeiDou + 

GLONASS as the accuracy after 15 minutes of initialisation improved by 8cm, 6cm 

and 11cm in the latitude, longitude and height components respectively, compared to 

the GPS only case (Rabbou and El-Rabbany, 2017). Additionally, the BSSD model 

was found to give superior performance than the traditional undifferenced model. Li 

et al. (2015) also presented a multi-constellation PPP model for GPS, GLONASS, 

Galileo and Beidou combined case. Here, the ionosphere constraints were used to 

estimate the ionospheric error as an unknown parameter rather than use of 
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ionosphere-free combinations. The inter-system and inter-frequency biases were 

calculated relative to GPS and were treated as constants over the observation period. 

The PPP convergence performance was much faster for the multi-constellation case 

compared to individual constellations. After 15 minutes of convergence, the position 

accuracy improved by 8.8cm, 3.8cm and 6.3cm in the East, North and Height 

components respectively, compared to the GPS only case (Li et al, 2015).  

 

1.3 Thesis Objectives and Outline 

PPP is an important technique that is widely used in several applications such 

as precision agriculture (Guo et al., 2018), precise positioning of ocean buoys and 

marine platforms (Kuo et al., 2012; Geng et al., 2010), deformation monitoring 

(Bellone et al., 2016; Aydin et al., 2017), natural hazard monitoring systems, e.g. 

tsunami and earthquakes (Bawden et al., 2016), volcanoes (Lee et al., 2015), 

landslides (Giovanni, 2012), lane determination in vehicular navigation (Knoop et 

al., 2017; de Bakker & Tiberius, 2017; Victor et al., 2017), high-rate structural 

vibration (Yigit and Gurlek, 2017), and many more. PPP is an actively researched 

topic and researchers continue to work on improving its performance by reducing 

solution time and improving or maintaining accuracy. The presence of multi-

frequency signals from multi-constellations, along with advances in development of 

precise troposphere (e.g. Lu et al., 2017; Zheng et al., 2017) and ionosphere products 

(e.g. Banville, 2018) gives additional motivation to research this topic further. 

1.3.1 Research Aim, Objectives and Hypotheses 

The aim of this research is to develop approaches for improving the 

performance of PPP with MFMC data by addressing some of the challenging aspects 

of PPP. These challenging aspects include developing enhanced PPP models (both 

float ambiguity estimation and PPP-AR approaches) with triple frequency data, 

investigating the impact of constraining atmospheric parameters by using precise 

atmospheric products, and maintaining real-time accuracy during loss of precise orbit 

and clock corrections. 

The six objectives that were identified in this research, with their respective 

hypotheses and testing are as follows: 

1. Develop and validate methods that use triple frequency data to improve 

the data pre-processing steps of detection and repair of cycle slips and 

receiver clock jumps. Hypothesis: availability of triple frequency data 
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improves the likelihood of the detection and repair of cycle slips and 

clock jumps. 

2. Identify the biases that occur when integrating MFMC data, and propose 

models for treating these biases in order to get the highest possible PPP 

accuracy. Hypothesis: the MFMC biases may be treated effectively by 

mathematical modelling of the measurements or though calibration from 

external sources. 

3. Develop and validate novel triple frequency models with float ambiguity 

estimation that have superior performance than the present day dual-

frequency model. Hypothesis: availability of triple frequency data enables 

development of enhanced PPP models with float ambiguity estimation 

that have superior performance than the standard dual-frequency model. 

4.  Extend the PPP with float ambiguity estimation model to constraint the 

atmospheric parameters through use of externally sourced precise 

atmospheric products. Investigate the required accuracy of these products 

to enable improved performance in terms of PPP convergence time and 

accuracy. Hypothesis: constraining the atmospheric parameters in the PPP 

model through use of precise atmospheric products improves the 

convergence time and maintains accuracy. 

5. Develop and validate a method for maintaining real-time PPP accuracy 

during data communication outages, during which the real-time precise 

orbit and clock corrections are not available to a user. Investigate the 

period for which sub-decimetre PPP accuracy can be maintained after 

such loss of data communication. Hypothesis: real-time PPP accuracy can 

be maintained for a significant duration after loss of data communication. 

6. Develop and validate an improved triple frequency PPP-AR method that 

uses atmospheric constraints. Hypothesis: an enhanced PPP-AR method 

with atmospheric constraints offers substantial benefits over the current 

triple frequency PPP-AR methods.  

1.3.2 Innovative Contributions of Research 

This research proposes innovative PPP models for both PPP with float 

ambiguity estimation and PPP with integer ambiguity resolution, since each approach 

is suitable for a range of applications. These models take advantage of the MFMC 

GNSS data, but address the challenges involved with integrating such data. When 
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integrating multi-constellation data, only the CDMA signals are considered in the 

modelling.  

Ensuring data quality and assurance is a mandatary first step for any PPP 

software, prior to using the data for computing precise receiver position. If left 

unaccounted for, data quality issues such as cycle slips and clock jumps can 

adversely affect PPP convergence time, accuracy and precision. Therefore, the initial 

focus of this thesis is on pre-processing MFMC data with the aim of addressing data 

quality issues such as cycle slips and clock jumps. The benefit of the third frequency 

is investigated for detection and repair of cycle slips and clock jumps.  

Integration of MFMC data results in various inter-system and inter-frequency 

biases (if using GLONASS) that must be dealt with in order to get the highest 

precision. Therefore, a detailed study is conducted on these biases and their sources. 

Methods are proposed for treatment of these biases when implementing the MFMC 

PPP model. 

Following this, enhanced models are developed based on the existing float 

ambiguity estimation PPP dual-frequency models, including the undifferenced 

traditional model (Zumberge et al., 1997) and the mixed code-carrier model (Gao 

and Shen, 2002). The third frequency is utilised to improve the PPP performance in 

terms of convergence time and positional accuracy. A new PPP model is also 

developed and tested, which estimates the slant ionospheric error using the third 

additional frequency, rather than forming linear combinations to eliminate it. The 

proposed triple frequency models are inter-compared with each other as well as the 

standard dual-frequency model, in terms of solution convergence time and accuracy. 

The float ambiguity estimation PPP models must deal with atmospheric errors 

including the troposphere and ionosphere, if not using the IF combination. This 

research found that instead of forming ionosphere-free linear combinations, 

constraining the ionospheric error with an external model results in a reduction of the 

overall number of parameters to solve for in the PPP model. This is because the 

ionosphere error affects each receiver to satellite signal and is not isotropic as is the 

case of the troposphere error, which can be projected onto a zenith direction by 

applying a mapping function. This reduction of parameters improves the 

measurement geometry and significantly reduces convergence time. Recent research 

has intensified on the development of high precision RIMs determined from a ground 

network of GNSS stations in a regional area. RIM accuracy better than 0.25 Total 
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Electron Content Unit (TECU) is attainable with inter-station separation distance of 

100km (Rovira-Garcia et al, 2016). In this thesis, the float ambiguity estimation PPP 

model is tested by constraining the ionosphere errors with RIMs precisions in the 

range 0.1-1.0 TECU. The resulting convergence time and achievable accuracy is 

compared to the standard dual-frequency PPP model.  

The application of high precision troposphere models derived from NWM data 

is next investigated for further improving the convergence time in float ambiguity 

estimation PPP models. The tropospheric Zenith Hydrostatic Delay (ZHD) from 

several troposphere models derived from empirical and NWM data are firstly 

compared to the IGS zenith troposphere delay product. For the first time, the NWM 

obtained from the Australian Bureau of Meteorology (BoM) is used in the analysis, 

which gave the highest accuracy with mean errors between -0.034m to 0.029m and 

standard deviation better than 0.045m. A troposphere constraint based on the BoM 

NWM data is then applied to the float ambiguity estimation PPP model, and the 

improvements in results are discussed.  

The next focus of the research is on maintaining real-time PPP accuracy during 

communication outages, where the precise orbit and clock corrections become 

unavailable. This is a serious problem for real-time PPP users who as a result of 

these disruptions, face loss of productivity due to the additional time and costs 

incurred in waiting for the corrections to resume and the PPP solution to converge 

again. Thus, a detailed study is carried out on development of methods for 

forecasting the satellite orbit and clock corrections during data outages to maintain 

PPP accuracy. 

Finally, the focus of the thesis changes from float PPP to improving PPP-AR 

models using triple frequency GNSS data and ionospheric constraint. Firstly, the 

development of an enhanced linear combination is investigated for rapid fixing of the 

EWL and WL ambiguities, building on the approach proposed by Ge et al. (2008). It 

is aimed to improve the performance of this linear combination compared to the MW 

linear combination used in many dual-frequency PPP-AR models. A full rank triple 

frequency carrier phase only PPP-AR model is investigated with atmospheric 

constraints for rapid integer ambiguity resolution. The carrier phase equations in this 

model are formulated in terms of individual carrier phase ambiguities, which is 

estimated using the Least Squares Ambiguity Decorrelation Adjustment (LAMBDA) 

method (Teunissen, 1995). This proposed approach was found to give superior 
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performance than the method given in Li et al. (2014) when a high precision RIM is 

used. The proposed method maintains high accuracy when the carrier phase 

measurements get noisier due to multipath or other effects, unlike the method of Li et 

al. (2014).   

This thesis is structured by the chapters in the order given below, where the 

publications related to each chapter are given with specific objectives. The 

conclusion for each publication is contained within itself. The final chapter (9) gives 

an overall conclusion which summarises the findings of the whole thesis. Chapter 11 

presents the references for Chapters 1 and 9. The additional references for Chapters 

2-8 are listed at the end of the enclosed papers. 

 

1.3.3 Outline of Thesis 

This section gives an outline of the chapters forming the body of this thesis.  

 

Chapter 2: Improved Cycle Slip and Clock Jump Detection and Repair with 

Triple Frequency Data for PPP 

This chapter is covered by the following publication: 

 Deo MN, El-Mowafy A (2015) Cycle Slip and Clock Jump Repair with Multi-

Frequency Multi-Constellation GNSS data for Precise Point Positioning, IGNSS 

Conference, Surfers Paradise, Qld, Australia, 14-16 July 2015. 

This paper presents algorithms for detecting and repairing cycle slips and clock 

jumps using MFMC GNSS data. It will be shown that availability of a third 

frequency enables reliable validation of detected cycle slips, because the third 

frequency enables identification of the frequency on which the cycle slip occurred. A 

clock jump detection and repair procedure is proposed for a receiver which shows 

jumps in both carrier phase and code measurements. The proposed method uses the 

average code and phase linear combination and applies to static data. A spline 

function is used to approximate the data for a pre-defined time window prior to each 

measuring epoch and a test is performed for detecting presence of a clock jump by 

comparing the interpolated value to measured value. The algorithm can effectively 

determine clock jumps for single frequency single constellation data as well as 

MFMC data. However, MFMC GNSS data adds redundancy, hence improves the 

reliability of the clock jump detection algorithm. It is recommended to detect and 
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repair clock jumps when using PPP to allow improved modelling of the receiver 

clock offset in the dynamic model. 

 

Chapter 3: Dealing with biases in PPP with Multi-Frequency and Multi-

Constellation Data 

This chapter is covered by the following publication: 

 El-Mowafy A, Deo M, Rizos C (2016) On Biases in Precise Point Positioning 

with Multi-Constellation and Multi-Frequency GNSS Data. Measurement 

Science and Technology, 27(3), 035102. DOI:/10.1088/0957-0233/27/3/035102 

When integrating MFMC GNSS data to perform PPP, several measurement biases 

occur which must be correctly modelled and treated in order to achieve the highest 

positional accuracy, improve convergence time and allow for integer ambiguity 

resolution. This paper firstly reviews all these biases, including satellite and receiver 

hardware biases, differential code hardware biases, differential phase biases, initial 

fractional phase biases, inter-system receiver time biases, and system time scale 

offset. PPP models that take account of these biases are presented for two cases using 

ionosphere-free observations. The first case applies when the primary signals are 

used in the PPP model, i.e. signals that are used to generate precise orbits and clock 

corrections (such as L1 and L2 P(Y ) for GPS, and E1 and E5a for Galileo). The 

second case applies when using signals in addition to the primary ones. In both cases, 

measurements from single and multiple constellations are addressed. It is suggested 

that the satellite-related code hardware biases be handled as calibrated quantities that 

are obtained externally from multi-GNSS experiment products, and the fractional 

phase cycle biases be obtained from a network to allow for integer ambiguity fixing. 

Some receiver-related biases are removed using between-satellite single differencing 

(BSSD), whereas other receiver biases such as inter-system biases need to be 

estimated. The test results show that the treatment of biases significantly improves 

PPP solution convergence in the float ambiguity mode, and leads to ambiguity-fixed 

PPP within a few minutes with a small improvement in solution precision. It is 

pointed out that the IGS can play a major role in supporting MFMC PPP users by 

producing precise orbit and clock corrections for each GNSS satellite and each 

individual frequency, rather than the IF combinations of the frequencies. This will 

enable PPP users to apply these corrections to raw measurements prior to forming 

any linear combination, thus avoiding further complications. Furthermore, the 
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calibration of satellite biases by external organizations would enable PPP users to 

perform integer ambiguity resolution resulting in a significantly reduced solution 

convergence time. 

 

Chapter 4: Triple Frequency GNSS Models for PPP with Float Ambiguity 

Estimation 

This chapter is covered by the following two publications: 

 Deo MN, El-Mowafy A (2018) Triple Frequency GNSS Models for PPP with 

Float Ambiguity Estimation – Performance Comparison using GPS, Survey 

Review, 50(360): 249-261, doi: 10.1080/00396265.2016.1263179. 

 Deo MN, El-Mowafy A (2016) Triple Frequency precise point positioning with 

multi-constellation GNSS, IGNSS Conference, UNSW Australia, 6–8 December 

2016. 

These papers present improved PPP models with float ambiguity estimation that 

utilise the triple frequency data from multi-constellation GNSS. The focus is on 

using the third frequency to improve the convergence time in the standard dual-

frequency PPP model, where typically 30 minutes or more is required to reach an 

accuracy of a few centimetres.  

In the first paper, the triple-frequency measurements from modernised GPS as 

well as other GNSS constellations are used to formulate new models that provide 

better performance than the widely used dual-frequency ionosphere-free PPP model. 

Two new PPP models are proposed that use triple-frequency data, which were 

designed to accelerate convergence of the carrier phase float ambiguities. The first 

model uses a triple-frequency ionosphere-free linear combination that has minimum 

noise propagation and geometry preserving properties. The second model uses a 

mixed code and carrier phase linear combination with the same properties. A third 

model is also implemented, which uses individual un-combined triple-frequency 

measurements.  

The three models were validated using triple-frequency GPS data and their 

performance was compared to the traditional dual-frequency model in terms of the 

convergence time taken to achieve and maintain a uniform 3-dimensional accuracy 

of 5cm. Testing included PPP processing of 1-hour measurement blocks using 1-8 

days of data from three locations in Australia. It was shown that all the three triple-

frequency models had improved solution convergence time when compared to the 
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traditional PPP dual-frequency model. The convergence time when using the triple-

frequency ionosphere-free model improved by 11% (3.1 min), the improvement was 

9% (2.6 min) when using the mixed code-phase model, whereas the individual un-

combined model resulted in 8% (2.4 min) improvement. The positional accuracy 

after convergence for all the triple-frequency algorithms was similar and showed 

marginal improvement at the 1 mm level, compared to the present dual-frequency 

model. These results demonstrate the significance of the triple frequency 

observations for future PPP applications. The analysis of the individual un-combined 

model revealed that use of externally provided ionosphere corrections can potentially 

improve the solution convergence time, which is investigated further in the next 

chapter. 

The second paper extends the triple-frequency ionosphere-free model to the 

multi-constellation scenario, where additional biases must be considered to get the 

best accuracy. This paper firstly describes the various biases in multi-constellation 

PPP models and presents the equations for applying the satellite DCB products 

available from the IGS Multi-GNSS Experiment (MGEX) for each constellation and 

transmission signal. Following this, the triple frequency ionosphere-free PPP model 

was tested with hourly blocks of multi-constellation data from GPS, Beidou and 

Galileo at four sites covering the Australian continent. Improvements in both 

positioning accuracy by up to 5mm RMSE and convergence times by up to 11.5 

minutes were noted at the four sites, when using the MFMC data compared to the 

GPS-only dual-frequency PPP case. Overall, the triple frequency solution for GPS + 

Beidou + Galileo gave the best performance with a substantial overall improvement 

in convergence time of 7.6 minutes, and improvements of 2mm in RMSE East and 

Up components. These results demonstrate the benefits of MFMC data for improving 

PPP performance, which is especially significant for real-time users. 

 

Chapter 5: Use of Precise Ionosphere Corrections for Accelerated PPP 

Convergence with Multi-Frequency and Multi-Constellation GNSS 

This paper is covered by the following publication: 

 Deo MN, El-Mowafy A (2017) Ionosphere Augmentation for accelerated 

convergence in Precise Point Positioning with multi-frequency and multi-

constellation GNSS, paper presented at ION Pacific PNT 2017 Conference, 

Honolulu, Hawaii, May 1-4, 2017. 
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This paper presents a PPP approach with float ambiguity estimation that uses 

the individual un-combined triple-frequency measurements with externally provided 

precise regional ionospheric model (RIM). The proposed method has two 

characteristics. Firstly, there is no noise amplification since raw un-combined carrier 

phase and code measurements are used. This reduces the solution convergence time, 

when compared to the ionosphere-free linear combination that is used in the 

traditional dual-frequency PPP model, where the noise is amplified by a factor of 

2.978. Secondly, the ionosphere delay remaining in the un-combined measurement is 

corrected using externally provided RIM, hence reducing the number of parameters 

to be estimated. This improves the geometry of the model and hence reduces the 

solution convergence time. 

The proposed model was validated with simulated data assuming a fully 

operational GPS constellation with three transmitting frequencies at four sites in 

Australia for one-week duration. The performance of 2-hourly PPP solutions was 

compared for three cases including: (1) the proposed triple frequency raw un-

combined model with correction of the ionosphere delay using an externally 

provided model (2) triple frequency raw un-combined model where the ionosphere 

error is estimated (i.e. without RIM) and (3) the traditional dual-frequency PPP 

model.  The three cases were compared in terms of solution convergence time taken 

to achieve and maintain 3-dimensional (3D), horizontal and vertical positional 

accuracies of 1 decimetre and 5cm, respectively. The tests for the first case 

considered the use of varying precisions of the externally provided RIM with 

standard deviations (std) of 0.1, 0.25, 0.5 and 1.0 Total Electron Content Unit 

(TECU).  

Results from the comparison show that the best improvement was achieved 

with the proposed raw un-combined model with a high precision RIM of std = 0.1 

TECU. Here, the convergence time to achieve sub-decimetre accuracy was reduced 

by 37%, 86% and 33% in the 3D, horizontal and vertical components respectively. 

The most significant improvement was in the horizontal component since the 

ionospheric error mostly occurs in the height component. A RIM with std = 0.1 

TECU gave sub-decimetre accuracy in under 2 minutes for horizontal and 11 

minutes for 3D component; whereas to achieve sub 5cm accuracy required 4.25 

minutes for horizontal and 27 minutes for 3D components. All the RIM precisions 

between 0.1 to 1.0 TECU that were tested are capable of providing horizontal 
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positioning accuracy of 5cm within 5 minutes. These performance indicators are 

promising for real-time PPP users of triple frequency GPS data who require 

horizontal positioning accuracy, and have access to a high precision RIM generated 

from a nearby regional GNSS network. 

The raw un-combined model with estimation of the ionospheric error also 

outperformed the standard dual-frequency model, but had less improvement in 

convergence time, compared to the case of correcting the error using a precise RIM. 

The improvements were by 13%, 3% and 21% in the 3D, horizontal and vertical 

components.  

 

Chapter 6: Comparison of advanced troposphere models for aiding reduction of 

PPP convergence time 

This chapter is covered by the following publication: 

 Deo MN, El-Mowafy A (2018) Comparison of Advanced Troposphere Models 

for Aiding Reduction of PPP Convergence Time in Australia, Journal of Spatial 

Science, https://doi.org/10.1080/14498596.2018.1472046,  first published online: 

24 May 2018. 

This paper focuses on use of empirical troposphere models and widely available 

Numerical Weather Model (NWM) data to aid in the reduction of PPP convergence 

time. Firstly, comparisons are made on the precision of tropospheric zenith total 

delay (ZTD) values obtained from the empirical models Global Pressure and 

Temperature-2 (GPT2) and GPT2w, and the NWM data from the Australian Bureau 

of Meteorology (BoM) and European Centre for Medium-Range Weather Forecasts 

(ECMWF). These ZTD values were compared with reference values used from the 

IGS ZTD product at four sites. Results showed that the ZTDs from NWM datasets 

were more precise than the empirical models. Overall, the ZTD from BoM data was 

found to give the best results, with mean errors between -0.034m to 0.029m and 

standard deviations better than 0.045m. The GPT2w empirical model was more 

precise and accurate than its predecessor GPT2. Comparison of the ZTD values 

obtained from ECMWF to the IGS ZTD values showed that the accuracy of the 

ECMWF model may be affected by the resolution of digital elevation model (DEM) 

heights used in this model.  

The second part of the paper compares the PPP convergence time and 

achievable accuracy when using the BoM NWM constrained ZTD by including them 
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as pseudo-observations with a known precision to the case of estimating the 

troposphere as an unknown parameter. The analysis was done at four test sites with 5 

days of data with hourly PPP solutions. The performance of PPP convergence time 

and achievable accuracy with the BoM NWM constrained troposphere was compared 

to the traditional case of estimating the troposphere as an unknown parameter. 

Improvements in vertical positioning accuracy was found at all the four sites during 

the first few minutes of initialisation. The BoM constrained troposphere model PPP 

had better vertical accuracy by 0.036-0.058m after 2 minutes, 0.023-0.038m after 3 

minutes and 0.013-0.020m after 5 minutes of PPP initialisation. This result suggests 

that constraining the troposphere with the BoM NWM data may improve the PPP 

vertical convergence during the first few minutes of initialisation. This could be 

beneficial for applications where fast vertical convergence is required. Although the 

benefit may not be substantial, it may be more cost-effective to use the widely 

available NWM data rather than the more complicated approach of using precise 

troposphere corrections from an external provider that uses a local GNSS network. 

 

Chapter 7: Maintaining Real-Time Precise Point Positioning during outages of 

Orbit and Clock Corrections 

This chapter is covered by the following publication: 

 El-Mowafy A, Deo MN, Kubo N (2016) Maintaining real-time precise point 

positioning during outages of orbit and clock corrections. GPS Solutions, 21(3), 

937-947. DOI:10.1007/s10291-016-0583-4. 

The paper presents a method for dealing with communication outages in real-

time PPP applications, where the GPS satellite orbit and clock corrections are 

unavailable to the user. During such times, which may last from a few minutes to 

several hours, the PPP solution is lost and once the corrections are restored, the user 

has to wait for 30 minutes or more for the solution to re-converge within decimetre 

accuracy. The method presented in the paper maintains real-time PPP with better 

than decimetre 3D accuracy during communication outage. The real-time service 

(RTS) products sourced from open-access IGS are used to predict the precise orbit 

and clock corrections as time series during the outage. During short correction 

outages of a few minutes, the IGS-RTS orbits are predicted using a high-order 

polynomial, and for longer outages up to 3 h, the most recent IGS ultra-rapid orbits 

are used. The IGS-RTS clock corrections are predicted using a second-order 
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polynomial and sinusoidal terms. The predicted model parameters are estimated 

sequentially using a sliding time window with short intervals to reduce the 

computational load, such that they are available when needed.  

The prediction model of the clock correction is built based on the analysis of 

their properties, including their temporal behaviour and stability. The proposed 

method can give prediction accuracy typically within 0.5 ns during the first hour and 

1.0 ns for the second hour with std between 0.12 and 0.40 ns. In general, prediction 

of clock corrections for GPS block IIF satellites was better than that of block IIR-M 

and IIR, respectively, which show the improved stability of satellite clocks of the 

newer generation of satellites. 

Validation of the proposed approach in the static and kinematic modes showed 

that when a break in communications is experienced, the use of the IGS Ultra-Rapid 

orbits (predicted half) with IGS-RTS predicted clock corrections can achieve better 

than 1 decimetre positioning precision after the solution converged. This accuracy 

was maintained for up to 2 h after the break. The number of data points needed to 

reliably estimate the prediction parameters was chosen within a time length 

corresponding to a significant autocorrelation, where 1–1.5 h of data was determined 

as sufficient for building the prediction model. When the PPP solution was initialized 

using the predicted corrections, the convergence time increased; however, 

positioning precision remained better than a decimetre after solution convergence.  

 

Chapter 8: Improved Algorithms for Precise Point Positioning with Integer 

Ambiguity Resolution Using Triple-Frequency GNSS Data 

This chapter is covered by the following publication: 

 Deo MN, El-Mowafy A (2019) A method for Precise Point Positioning with 

Integer Ambiguity Resolution with Triple-frequency GNSS Data, Measurement 

Science and Technology, 30(6): 065009, https://doi.org/10.1088/1361-

6501/ab0945. 

This paper proposes a novel method for PPP ambiguity resolution (PPP-AR) 

with triple frequency GNSS data. Firstly, an enhanced linear combination is 

developed for rapid fixing of the extra wide-lane (EWL) and wide lane (WL) 

ambiguities, which has improved performance compared to the Melbourne-Wübbena 

(MW) linear combination. Compared to the MW linear combination for the GPS 

case, the measurement noise in the proposed combination was 6.7% lower for L1/L2, 
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12.7% lower for L1/L5 and a modest 0.7% lower for the L2/L5. Data analysis at four 

sites showed that the N21 WL ambiguities were fixed correctly with a single epoch 

for 88.9% of cases, an improvement over the MW method by 5.4%. The N51 WL 

ambiguities were fixed correctly with one epoch for 86.0% of cases, an improvement 

over the MW method by 5.9%; whereas all EWL ambiguities were fixed with one 

epoch for both methods. When using the proposed linear combination, all the EWL 

and WL ambiguities were fixed in less than two minutes. The performance of the 

proposed linear combination for GPS 𝑁21 WL ambiguity resolution was compared to 

Li’s method (Li et al., 2014). Results showed that the proposed method gave slightly 

improved performance with 𝜎Φ = 0.002𝑚, and considerably improved performance 

as the carrier phase std increased. To fix the 𝑁21 WL ambiguity with a single epoch 

with probability of success rate (Ps) = 99.9% requires that 𝜎P ≤ 0.18𝑚, which is 

possible with the modernised signals of the GNSS systems 

After correctly fixing the EWL/ WL ambiguities, a full rank triple frequency 

carrier phase only PPP-AR model is proposed where the carrier phase equations are 

formulated in terms of an individual carrier phase ambiguity, e.g. the GPS 𝑁2. The 

LAMBDA method is used to analyse the probability of AR success rate (Ps) of the 𝑁2 ambiguity. Here, the PPP-AR performance is greatly improved when used with 

precise models for the ionosphere and troposphere. The results of the proposed 

model were compared to Li’s method. It was shown that use of a precise troposphere 

model and a Regional Ionospheric Model (RIM) significantly improved the time to 

fix ambiguities. The model was validated with a range of values for carrier phase and 

RIM precisions, denoted by the respective standard deviations (std). When using a 

RIM with std=0.1TECU and carrier phase std = 0.002m, a Ps rate better than 99% 

was achieved with less than four epochs of data for fixing the 𝑁2 ambiguity. 

Decreasing the RIM precision to 0.5TECU, while retaining the carrier phase std = 

0.002m required up to six epochs of data to achieve 𝑃𝑠 ≥ 99%. When using 𝜎𝑅𝐼𝑀 = 0.5𝑇𝐸𝐶𝑈 and increasing carrier phase std=0.02m, the proposed method 

required up to 14 minutes to give 𝑃𝑠 ≥ 99%. A Ps rate of 99.9% was achieved 

within one-hour for all the test cases when using the proposed method. In 

comparison, the Li’s method with carrier phase std = 0.002m gave 𝑃𝑠 ≥ 99% with 

up to 13 epochs of data.  When the carrier phase std was increased to 0.02m, the 

performance of this method deteriorated considerably. These results demonstrate 
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improved performance of the proposed PPP-AR method when used with precise 

atmospheric models. 

The direct estimation of the NL integer ambiguity is attempted by multi-epoch 

averaging of a newly proposed triple frequency linear combination. This is done after 

fixing the EWL and WL ambiguities using the enhanced linear combination. The test 

results showed that 34.4% of the ambiguities were fixed in 5 minutes, 65.4% in 10 

minutes, 90.2% in 20 minutes and 95.6% in 30 minutes. With this approach, AR with 

a probability success rate of 99.9% would require more than an hour of continuous 

carrier phase tracking. These results are comparable to the existing PPP-AR methods. 
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2 IMPROVED CYCLE SLIP DETECTION AND REPAIR WITH TRIPLE 

FREQUENCY DATA 

 

Ensuring data quality assurance is a mandatary first step for any PPP software and if 

left unaccounted for, data quality issues such as cycle slips and clock jumps can 

adversely affect PPP convergence time, accuracy and precision. This chapter 

presents algorithms for detecting and repairing cycle slips and clock jumps using 

MFMC GNSS data and results of testing with real data.  

 

This chapter is covered by the following publication: 

Deo MN, El-Mowafy A (2015) Cycle Slip and Clock Jump Repair with Multi-

Frequency Multi-Constellation GNSS data for Precise Point Positioning, IGNSS 

Conference, Surfers Paradise, Qld, Australia, 14-16 July 2015. 
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ABSTRACT 
 

Detecting and repairing cycle slips and clock jumps are crucial data pre-

processing steps when performing Precise Point Positioning (PPP). If left 

unrepaired, cycle slips and clock jumps can adversely affect PPP 

convergence time, accuracy and precision. This paper proposes algorithms 

for detecting and repairing cycle slips and clock jumps using multi- 

frequency and multi- constellation (MFMC) GNSS data. It is shown that 

availability of a third frequency enables reliable validation of detected cycle 

slips. This is because triple frequency analysis can identify the frequency on 

which the cycle slip occurred as part of the detection process. A clock jump 

detection and repair procedure is also proposed for a receiver with both 

carrier phase and code measurements showing jumps. The proposed method 

uses the average code and phase linear combination and applies to static 

data. A spline function is used to approximate the data for a pre-defined time 

window prior to each measuring epoch and a test is performed for detecting 

presence of a clock jump by comparing the interpolated value to measured 

value. The algorithm can effectively determine clock jumps for single 

frequency data from a single constellation as well as MFMC GNSS data. 

However, MFMC GNSS data adds redundancy, hence improves the 

reliability of the clock jump detection algorithm. It is recommended to detect 

and repair clock jumps when using PPP to allow improved modelling of the 

receiver clock offset in the dynamic model. 

 

KEYWORDS: Precise Point Positioning, clock jumps, cycle slips, GNSS.  
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1. INTRODUCTION 
 

A cycle slip is a sudden jump in the carrier phase measurement from a GNSS receiver by an 

integer number of cycles (Leick, 2004), caused by receiver failure, signal tracking 

interruption, low signal strength, or high receiver dynamics (Dai, 2012). A cycle slip normally 

occurs on measurements to one satellite at a particular frequency at a point in time, though 

simultaneous slips on multiple frequencies at an epoch is possible in challenging 

environments. Processing of cycle slips includes detecting the presence of each cycle slip, 

estimating the size of the cycle slip, validating its estimate, and correcting the effect of the 

cycle slip by adjusting phase measurements for the respective frequency and satellite. 

Correctly repairing a cycle slip, which is more difficult than its detection, will avoid re-

initialisation of ambiguities in PPP and ensure faster convergence to the correct solution. If 

left unrepaired, cycle slips can deteriorate the accuracy, precision and convergence period in 

PPP. 

 

El-Mowafy (2014a) compared several methods for detection of cycle slips with measurements 

from a single receiver.  Methods that use dual-frequency carrier phase only measurements 

were based on the geometry-free (GF) linear combination and the time-rate change of the 

ionosphere (IOD) linear combination; whereas methods using dual-frequency carrier phase 

and code measurements included the Melbourne-Wübbena combination and the time change 

of multipath (dMP) combination. De Lacy et al. (2012) proposed a methodology for cycle slip 

detection with triple frequency GPS data. The method used a triple frequency code-phase 

linear combination for detecting ‘big’ jumps and a phase only combination for detecting 
‘small’ jumps. Dai et al. (2009) used two GF linear combinations with triple frequency data to 

detect cycle slips and the LAMBDA method to search for cycle slip candidates in determining 

cycle slips. Each method has its pros and cons. For example, the GF combination contains the 

ionosphere term which may change rapidly during increased ionospheric activity, rising and 

setting of satellite or if the observation recording interval is set too long. The combinations 

that use code measurement have high noise, which make it difficult for detection of slips of a 

few cycles. All cycle slip detection algorithms involve dual-frequency linear combination, and 

although a cycle slip can be easy to detect, extra effort is required to identify the frequency on 

which the slip occurred; a problem that can be potentially overcome with triple frequency 

data. 

 

This paper presents a method for detection of slips with triple frequency data, using two 

geometry free linear combinations. This is followed by determination of the size of the cycle 

slips and repairing the cycle slips prior to performing PPP. A cycle slip is flagged if the GF 

value at an epoch differs from a previous GF value by more than a prescribed threshold. Least 

squares method is used to calculate the size of the cycle slip. Availability of triple frequency 

carrier phase data simplifies the identification of the frequency on which the cycle slip 

occurred. This is because the time series of the GF observable formed between the non-

affected frequencies will be smooth, whereas tests that include the erroneous frequency will 

show a jump (El-Mowafy, 2014a). The cycle slip detection and repair procedure is 

implemented and tested with triple frequency data from a continuous operating reference 

station. Although the tests include GPS data, the method can be applied to multi-frequency 

and multi- constellation (MFMC) GNSS data.  

 

Clock jumps are caused by periodic resets of the GNSS receiver clock as geodetic receivers 

attempt to keep the time system of the receiver synchronised with the GPS time, but due to 

the use of low-cost internal frequency oscillators, the receiver clock drifts with time. To better 
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align with GPS time, the receiver introduces clock offsets of 1 ms when the difference 

between receiver and GPS time exceeds this tolerance. Although some researchers suggest 

treating clock jumps as cycle slips (Guo & Zhang, 2014), clock jumps cannot be picked up by 

commonly used linear combinations, such as GF, that are used in cycle slip detection. This is 

because phase measurements on all frequencies are affected by identical jumps and its effect 

is nullified when forming the linear combination. Depending on the receiver type, clock jump 

effects show a ‘saw tooth’ like signature when plotting the time series of the carrier phase or 

code measurements. Guo & Zhang (2014) argued that measurements should be compensated 

for clock jumps when the observation time tag and code measurements show jumps whereas 

phase data has a smooth trend, or when the observation time tag and carrier phase 

measurements have smooth trend whereas the code measurements show jumps. The authors 

reported that unrepaired clock jumps have significant effects on kinematic PPP. Therefore, 

clock jumps must be detected and measurements should be corrected for such effects in order 

to avoid problems with solution convergence. 

 

This contribution proposes a method for clock jump detection and repair when it is 

experienced on both carrier phase and code measurements. The algorithm applies to static 

data and uses the average code and phase linear combination (C/P). This combination 

preserves the geometry, is free from ionosphere effects, and the code noise is reduced by a 

factor of two. In detecting clock jumps, a spline function is used to approximate the C/P data 

for a selected time window prior to each measuring epoch. The C/P value at each epoch is 

extrapolated and a clock jump is flagged if the difference between the extrapolated value and 

the actual C/P measurement is greater than a threshold value that is set based on a chosen 

statistical significance and standard deviation of the C/P residuals. Once detected, the clock 

jump magnitude is determined as an average of the values from all frequencies and all 

satellites in view. This is followed by repairing clock jump effects in the data. Since the C/P 

combination uses single frequency data, this method can be applied with single-constellation 

single-frequency as well as MFMC GNSS data. 

 

 

2. CYCLE SLIP DETECTION AND REPAIR ALGORITHM 
 

This section describes the cycle slip detection and repair algorithm and the results of testing 

the algorithm.  

 
2.1 Methodology  

 

The GF linear combination for frequencies j and l for the GNSS constellation, G (which may 

be GPS, for example) is presented as 

 [𝝓𝒓𝒌𝑮]𝑮𝑭 =  𝝓(𝒋)𝒓𝒌𝑮 − 𝝓(𝒍)𝒓𝒌𝑮  (1) 

 

where 𝝓(𝒋)𝒓𝒌𝑮 and 𝝓(𝒍)𝒓𝒌𝑮 are the carrier phase measurements in distance units. Ignoring 

multipath and hardware biases, the GF combination contains ionospheric errors and phase 

ambiguities that are constant in the absence of cycle slips. If the observation time interval is 

long (e.g. > 30 s) accompanied with large ionospheric activity, the GF observable shows 

significant variations. Also, the GF measurements change rapidly when the satellite is at low 

elevation, i.e. when it is rising or setting at the horizon. El-Mowafy (2014a) suggested 

increasing the threshold value used for cycle slip detection during such cases to avoid false 

cycle-slip detections.  
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The proposed cycle slip detection and repair method is demonstrated with GPS as an 

example, although it can be applied to any GNSS constellation. For a given satellite and the 

time series of carrier phase measurements, the procedure for detecting a cycle slip at an 

epoch, t, is summarised in the following steps: 

1. Consider the geometry free measurements at an epoch, t, and the preceding epoch 

t-1. Form the GF combinations simultaneously between L1-L2, L1-L5 and L2-L5 

for GPS measurements, if triple frequency data is observed.  

2. Compare the difference between the GF value given in Eq. 1 at t to the GF value at 

t-1. A cycle slip is flagged if:  

 

a𝑏𝑠 ([𝝓𝒓𝒌𝑮(𝒕)]𝑮𝑭 − [𝝓𝒓𝒌𝑮(𝒕 − 𝟏)]𝑮𝑭) > 𝑘 + ∆𝐼𝑚𝑎𝑥     (2) 

 

the first part on the right hand side (k) is used to bound the stochastic changes 

and (∆𝐼𝑚𝑎𝑥) is an empirical value used to bound possible ionosphere changes 

between t-1 and t. For most stable ionosphere conditions,0.4m/hr can be used for ∆𝐼𝑚𝑎𝑥. k is a scale factor based on chosen statistical significance and  is the 

standard deviation of the observable on the left-hand side (LHS) of the equation, 

considering measurement noise, and satellite elevation. Users select the value of k 

depending on the confidence level required for the detection. For example k=3 

means a cycle slip is flagged if the LHS value at t is greater than 3 standard 

deviations of the observable with a significance of less than 0.03%. 

3. In case of using triple frequency, the third frequency can help in detecting the 

frequency on which the cycle slip occurred. For example, if a slip is detected for 

L1-L2 and L2-L5, a cycle slip is declared for L2, which is the common frequency. 

In line with this, if a slip occurs in L1-L5 and L2-L5, a cycle slip is declared for 

L5; and if a slip occurs in L1-L2 and L1-L5, the cycle slip is declared for L1.  

 

Once a cycle slip is detected, its size is determined using the GF observables as follows: 

1. Select a sample of GF observables before and after t of suitable size (e.g. m=20) that 

can be accurately approximated by a second order polynomial.  The sample size can 

be determined from examining the auto-correlation function (El-Mowafy and Lo, 

2014). The start time for the sample is t-t, where t=m × epoch interval. If the start 

time occurs before the first epoch of the dataset, it is set as the first epoch. If there are 

any missing epochs between the start time and t, the start time is set to the epoch 

immediately after the missing epoch.  

2. The GF observables are monitored between the start time and t, to scan if a cycle slip 

occurred in between, in which case the start time is reset to the epoch after the cycle 

slip occurrence. 

3. The end time for the sample is determined in a similar manner, accounting for 

missing epochs, intermediate cycle slips and in case the end time occurs after t+t. 

4. A second order polynomial is fit to the GF observables between start time and end 

time. This is assumed to approximate the data at few cm precision over short 

durations, i.e. 20 minutes for m=20 and 30s epoch interval. For epochs after time t 

inclusive, where a cycle slip is suspected, a cycle slip parameter is introduced as an 

unknown variable. 

5. Least squares is used to calculate the cycle slip size, as well as the polynomial 

coefficients which best fits the data.  

6. For a slip flagged in L2, the size of the cycle slip determined from the L1-L2 GF 
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combination is compared to the size determined from L2-L5, if L5 is available. If the 

slip sizes are the same, cycle slip repair is carried out for L2. If the cycle slip sizes do 

not match and the slip size is 1-2 cycles, it is ignored since this could be a false 

detection. If only dual-frequency data is available, such comparison of cycle slip 

sizes cannot be made and another procedure is used, as described below. 

7. The raw carrier phase measurements for the frequency detected are repaired by the 

determined cycle slip size for all consecutive epochs after t for as long as a missing 

epoch occurs. In case of a missing epoch, the cycle slip repair stops at that point, 

since the PPP software reinitialises the ambiguity after a missing epoch.  

 

In case only dual-frequency data is available (e.g. L1 & L2) and a slip is flagged at t with 

the L1-L2 GF observable, the cycle slip could potentially occur in L1 or L2. The 

confirmation of the frequency and size of the slip is made as follows: 

1. Assuming that the slip occurred on L1, determine the cycle slip size from step 5 

above. 

2. Assuming that the slip occurred on L2, determine the cycle slip size similar to 

previous step.  

3. If the cycle slip size for L1 is greater than the cycle slip size from L2, and is 

more than a threshold number of cycles, (e.g. n=2), proceed with repairing cycle 

slip for L1. This allows for ignoring false detections that are likely to be due to 

increased noise or ionospheric change. For example, a slip size of +1 in L1 and -

1 in L2 potentially signifies noisy data rather than an actual slip whereas a L1 

slip of 50 cycles and L1 slip of -1 signifies an actual cycle slip on L1. 

Else if the L2 slip is greater than L1 and is greater than n slips, repair cycle slip 

for L2. Since the frequency on which the cycle slip occurred cannot be verified, 

as in the case of triple frequency data, this approach for cycle slip detection with 

dual-frequency data may not be effective in case of small slips. Thus, cycle slips 

less than 2 slips are not repaired. Alternatively, the single-satellite single-

receiver validation method presented in El-Mowafy (2014b) may be used.  

 

Since the GF observable changes rapidly during high ionospheric activity, with long epoch 

intervals, and at low satellite elevation angles, El-Mowafy (2014a) suggested increasing the 

value of , based on the satellite elevation angle in order to avoid false detections. However, 

setting a large value for  may result in missed detection of small cycle slips particularly at 

low satellite elevation angles. In this research, the value for  is determined as 

 𝜎 = √2 (𝜎𝜙𝑗2 + 𝜎𝜙𝑙2 ) ∙ 𝑀(𝐸)          

 (3) 

 

where j , l are the standard deviations of carrier phase measurements for frequencies j and 

l. The assumed standard deviations are 0.0027m, 0.0017m and 0.0035m for GPS L1, L2 and 

L5 carrier phases. These are based on preliminary assessment of a sample dataset, but more 

realistic values may be determined from the methods discussed in El-Mowafy (2015). The 

standard deviation for L5 carrier phase is higher mainly due to an abnormal performance 

related to thermal effects in the satellite, as reported in Montenbruck et al (2011) and Tegedor 

& Øvstedal (2014). In assigning the standard deviations, the time correlations between epochs 

are ignored. M(E) is the satellite elevation dependent scaling factor calculated using Euler and 

Goad (1991) as 
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𝑀(𝐸) = 1.0 + 10𝑒−𝐸10           (4) 

 

where E is the satellite elevation in degrees and e is the base of the natural logarithm.  

 

Once the date has been repaired for cycle slips, the procedure can be repeated on the repaired 

dataset to account for cases where simultaneous slips occurred on two frequencies. 

 

 
2.2 Testing the Cycle Slip Algorithm  

 

Triple frequency RINEX data from the continuously operating reference station (CORS) 

CUT0, located at Curtin University was used to validate the cycle slip detection and repair 

procedure described in the previous section. The data used was selected for 17 March 2015 

when severe geomagnetic storm was observed from Universal Time Coordinated (UTC) 

13:58 and persisted for several hours, quietening towards the end of the UTC day (NOAA, 

2015). It was found that the RINEX data set had missing measurements from GPS time 

06:45:00 to 06:47:00. The following tests compare the performance of the cycle clip detection 

algorithm when scaling measurements according to satellite elevation angle. A navigation file 

is required for this approach for calculating the satellite elevation angle.  

 

Figure 1 (a-c) shows the GF linear combinations formed between L1-L2, L1-L5 and L2-L5 

observations for PRN9, with the detected cycle slips shown as red vertical lines, accompanied 

by jumps in the GF observable. Cycle slips are detected at epochs 241380 and 241920, which 

are attributed to L1 (351 slips), and L2 (395 slips), respectively.  

 

 
Figure 1. (a) L1-L2, (b) L1-L5 and (c) L2-L5 geometry-free linear combinations with vertical lines 

showing detected cycle slips for PRN9. 

 

Figure 2 illustrates the same results for PRN1. As the figure depicts, the GF observable shows 
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considerable variation between second of week 207000-209000, particularly for the L1-L5 

combinations. This has resulted in some falsely detected cycle slips. The ionospheric 

contribution factor, Imax had to be experimentally increased to 6.0m/hr to account for the 

high rate of ionospheric change in storm activity, which resulted in elimination of false 

detections, as shown in Figure 3. Figure 4 shows the GF test values for L1-L2 and L1-L5 

from Eq. 2 and the threshold values for testing cycle slips using Imax=0.4m/hr which resulted 

in several false detections. Figure 5 shows the results when Imax was increased to 6.0m/hr. 

This shows that the cycle slip detection is sensitive to the Imax value, which must be adjusted 

to a high value during geomagnetic storms in order to avoid false detections.  

 

 
Figure 2: (a) L1-L2, (b) L1-L5 and (c) L2-L5 geometry-free linear combinations for PRN1with 

vertical lines showing detected cycle slips using a default Imax value of 0.4m/hr.  
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Figure 3: (a) L1-L2, (b) L1-L5 and (c) L2-L5 geometry-free linear combinations for PRN1with 

vertical lines showing detected cycle slips using adjusted Imax value of 6.0m/hr. 

 
Figure 4: The L1-L2 and L1-L5 geometry-free test values and threshold value for testing cycle slips 

for PRN1 using a  default Imax value of 0.4m/hrs. 
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Figure 5: The L1-L2 and L1-L5 geometry-free test values and threshold value for testing cycle slips 

for PRN1 with Imax= 6.0m/hr 

 

 

3. CLOCK JUMP DETECTION AND REPAIR ALGORITHM 
 

This section describes the proposed algorithm for detection of clock jumps in the static mode, 

such as the use of PPP in monitoring land deformation, and presents results of testing the 

algorithm with real data.  

 
3.1 Methodology  

 

Treatment of clock jumps is dependent on how the receiver introduces these jumps. Guo and 

Zhang (2014) describe four types of clock jumps. Type 1 is accompanied by jumps in time 

tags with smooth phase and code measurements. Type 2 is accompanied by jumps in time tags 

and code measurements, but smooth phase. Authors noted that Type 2 jumps are always 

accompanied by Type 1 jumps and Trimble 4000SSSI is an example of a receiver which has 

this type of jump. Type 3 is accompanied by jumps in code measurements, but smooth time 

tags and phase measurements. This type of jump occurs in SEPT POLARX2 receiver, for 

example. Type 4 manifest itself as jumps in code and phase measurements, but smooth time 

tags, which occurs in JPS Legacy receivers as an example. Type 1 and 4 receivers have the 

pseudorange and phase measurements consistent, thus the effects are absorbed in the receiver 

clock offset parameter when performing point positioning. However, Type 2 and 3 clock 

jumps have inconsistencies between the code and phase measurements where code 

measurements are readjusted leaving uncorrected phase data. Thus, clock jumps must be 

compensated when they are present in one type of raw measurement, i.e. code or phase 

measurement. When clock jumps are present in both code and phase measurements, they can 

be either estimated and treated separately or lumped with the estimated receiver clock error. 

One of the advantages of detecting and repairing clock jumps in such case is that the receiver 
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clock parameter becomes predictable, hence can be modelled more precisely when using a 

Kalman Filter in PPP.  

 

Methods that utilise between-time GF or Melbourne-Wübbena linear combinations for clock 

jump detection, e.g. presented in Guo and Zhang (2014) are not suitable for data from 

receivers such as Trimble NetR9, which has clock jump effects in both code and phase 

measurements. This is because the clock jumps effects cancels out in the tested statistic used 

in this method. In this contribution, the linear combination used for clock jump detection is 

the average code and phase (scaled to distance) on the same frequency, denoted here as C/P, 

where:  

 [𝐶/𝑃(𝑗)]𝒓𝒌𝑮 =  [𝝓(𝒋)𝒓𝒌𝑮 +  𝑷(𝒋)𝒓𝒌𝑮] /𝟐  (5) 

 

where 𝝓(𝒋)𝒓𝒌𝑮 and  𝑷(𝒋)𝒓𝒌𝑮 are the carrier phase (in distance units) and code measurements for 

frequency j. This combination preserves the geometry, requires only single-frequency data, is 

free from ionosphere effects, and the code noise is reduced by a factor of two (Gao and Shen, 

2002). Since this combination preserves geometry, it changes smoothly with respect to the 

satellite motion relative to a static receiver. A clock jump of 1ms has the size of 300km, 

which can be detected by approximating the C/P observable with a spline function and testing 

for large jumps. The proposed clock jump detection and repair procedure is performed only 

after the detection and repair of cycle slips to exclude their effects.  

 

In the proposed clock jump detection and repair algorithm, at each measurement epoch, t, and 

for each observed satellite and measurement frequency, a test is carried out to check and flag 

the presence of a clock jump using the following procedure: 

1. Collect all raw measurements for a prescribed number of points (e.g. 7 epochs), prior 

to t, that can be accurately modelled by a spline function. The number of sample 

points can be determined from examining auto-correlation of the data (El-Mowafy and 

Lo, 2014c). The residuals after fitting the spline function of a few meters will allow 

detection of 1ms clock jumps that are 300km. 

2. Form the C/P linear combination 

3. Fit a spline function to the collected sample of data prior to t, using least squares 

4. Extrapolate the C/P value at t 

5. Flag a clock jump if the difference between the extrapolated value, 𝐶/�̂�𝒓𝒌𝑮(𝒋)𝒕, and the 

actual C/P measurement, 𝑪/𝑷𝒓𝒌𝑮(𝒋)𝒕, at t is greater than a threshold, T, which is a pre-

set value, e.g. 15-20 m.  

 𝑎𝑏𝑠(𝑪/𝑷𝒓𝒌𝑮(𝒋)𝒕 − 𝐶/�̂�𝒓𝒌𝑮(𝒋)𝒕) > 𝑇      (6) 

 

The test examines that the temporal changes of C/P measurement in the static mode 

and in the absence of clock jumps are only due to satellite motion. T is set to bound 

possible changes in the ionosphere, troposphere, satellites orbit and code noise, where 

all are well below a range error that is equivalent to 1 ms (minimum value of a clock 

jump). 

6. If a clock jump is flagged, its magnitude is taken as the difference between the 

extrapolated C/P value and the measured value.  

7. Once a potential clock jump is flagged on one frequency, it is tested if the jump is also 

flagged on other frequencies, e.g. L1, L2 and L5. If the jumps exist of multiple 

frequencies, the jump values are averaged to determine the clock jump magnitude.  
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If a clock jump is flagged for a satellite on multiple frequencies, the above procedure is 

repeated for all satellites tracked at epoch t and a clock jump is suspected if detected in 

majority of the observed satellites, e.g. 70% of the satellites. The magnitude of the clock jump 

is determined as an average of the clock jump sizes for all satellites. After detecting a clock 

jump, a validation step is carried out to verify the jump magnitude to be an integral of 1ms.  

 

After detection of a clock jump, the code and phase measurements are repaired by adding the 

clock jump value to the raw measurements on all frequencies for all tracked satellites for 

subsequent epochs after the jump epoch t, inclusive. This approach can effectively repair 

multiple clock jumps occurring at several epochs at varying intervals, since the jump effects 

tend to be cumulative and can be corrected as they are detected at different times.  

 
3.2 Testing Clock Jump Detection  

 

The presented clock jump algorithm was tested for one full day of GPS data collected on 17 

March 2015 at CUT0. A Trimble NetR9 receiver was used, which exhibits jumps for both 

phase and code measurements. Figure 6(a) shows the C/P linear combination for PRN9 before 

clock jump detection and repair; whereas Figure 6(b) shows the combination after the clock 

jumps have been repaired. Figure 7(a) and 7(b) show the same for PRN6. A total of 13 clock 

jumps were detected for the day’s data, at epochs 172800, 175500, 182370, 190170, 198900, 

207360, 215760, 223620, 230940, 237750, 244230, 250500, and 256530. Figure 8 shows the 

difference between predicted and observed C/P values for L1, L2 and L5 and the threshold 

value used for detecting a clock jump. A sample size of 7 points was used to fit a spline 

function to the data, which was shown to show close approximation of the C/P observable at 

the 5-10m level. 
  

 
 

 

 

 

 
 

w 
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Figure 6: (a) C/P linear combination for PRN9 before clock jump detection and repair; (b) C/P linear 

combination after clock jump detection and repair. 
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Figure 7: (a) C/P linear combination for PRN6 before clock jump detection and repair; (b) C/P linear 

combination after clock jump detection and repair. 

 

 
Figure 8: The C/P test values and threshold value used for testing clock jumps for PRN9. 

 

3.3 Clock Jump Effects on PPP Convergence 

 

To study the effects of clock jumps on PPP, one full day of GPS data (1st December 2013) at 

CUT0 was analysed firstly without repairing clock jumps, and then after detecting and 

repairing clock jump effects. The PPP software was developed in-house, based on the 

traditional PPP model (Hėroux and Kouba, 2001). A Kalman Filter is used, which represents 

a set of equations recursively applied to obtain the state of a system using measurements at 

discrete time intervals (Deakin, 2006). A full explanation of Kalman Filter equations for PPP 

is given in Abdel-Salam (2005). The state parameters include receiver position, tropospheric 

53



 

13 

 

 

Zenith Wet Delay (ZWD) and ionosphere-free float ambiguities. The measurements used are 

the L1-L2 dual-frequency ionosphere-free pseudorange and carrier phase measurements. One 

of the complexities in implementing the Kalman Filter is the proper modelling of state 

parameters in the dynamic system, represented by a process noise covariance matrix. The 

process noise of the parameters may not be purely random and may exhibit time correlation. 

In the PPP software used, ZWD and receiver clock parameters follow Random Walk (RW) 

model, which considers time based correlation of parameters. The process noise covariance 

matrix for the RW model is evaluated as qt, where q is the parameter spectral density and t 

is the epoch interval. If using static data, the position parameters apart from the float 

ambiguities are constants, thus their process noise is assumed zero. The spectral density for 

the ZWD was 2cm/hr. When clock jumps are not treated, the spectral density for receiver 

clock parameter was set to a large value of 105 m2/s or higher, (practically unconstrained). If 

clock jumps are detected and repaired, this value is reduced to 1.2×103 m2/s, since the clock 

behaviour becomes more predictable.  

 

Figure 9 shows the results of the PPP using a Kalman filter solution derived without 

correcting for clock jumps. The receiver clock errors have been rescaled (multiplying by 10-5) 

to fit in the plot. As the figure shows, the clock jump effects are absorbed by the clock offset 

parameter, but position parameters show smooth convergence of the position parameters. 

Figure 10 shows the PPP solution after clock jumps have been detected and repaired. Note 

that the receiver clock error is rescaled by a different factor (10-6). As shown, the receiver 

clock offset does not exhibit the jumps shown in Figure 9, since clock jumps have now been 

repaired. The convergence of position parameters shows no noticeable change. 

 

 

 

 
Figure 9: PPP solution without detecting and repairing clock jumps. 
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Figure 10: PPP solution after detection and repair of clock jumps. 

 

4. CONCLUSIONS 
 

A cycle slip detection and repair method was presented for triple frequency GNSS data. The 

performance of the algorithm was tested during a geomagnetic storm. Results show that it is 

necessary to adjust the ionosphere contribution in the threshold value during such a period to 

avoid false detection of cycle slips.  

 

A proposed algorithm was presented for the detection and repair of clock jumps in the static 

mode for receivers having clock jumps in both phase and code measurements, if it is desirable 

to separate clock jumps from clock offsets. The algorithm uses the average code and phase 

linear combination. Tests with real measurements from station CUT0 gave reliable results. 

Since a single frequency linear combination is used in the fundamental model for detecting 

clock jumps, the proposed algorithm can be applied in single constellation, single frequency 

GNSS data as well as MFMC data. Clock jumps affect data from all satellites on all 

frequencies transmitted by all satellites at the jump time. This builds redundancy into the 

detection model by introducing a verification step to validate the clock jump in other 

frequencies and satellites observed at the suspected jump time. Detecting and repairing clock 

jumps improved modelling of the clock offset parameter in the dynamic model used.  
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3 DEALING WITH BIASES IN PPP WITH MULTI-FREQUENCY AND 

MULTI-CONSTELLATION DATA 

Integration of MFMC data results in various inter-system and inter-frequency biases 

(if using GLONASS) that must be dealt with in order to get the highest precision. 

This chapter presents a detailed study on these biases and proposes models to 

account for them in the PPP model. 

 

This chapter is covered by the following publication: 

 El-Mowafy A, Deo MN, Rizos C (2015) On biases in precise point positioning 

with multi-constellation and multi-frequency GNSS data, Measurement Science 

Technology 27 (2016), 10pp, doi:10.1088/0957-0233/27/3/035102. 

 

 

57



This content has been downloaded from IOPscience. Please scroll down to see the full text.

Download details:

IP Address: 129.247.254.246

This content was downloaded on 28/01/2016 at 14:37

Please note that terms and conditions apply.

On biases in precise point positioning with multi-constellation and multi-frequency GNSS data

View the table of contents for this issue, or go to the journal homepage for more

2016 Meas. Sci. Technol. 27 035102

58

http://iopscience.iop.org/0957-0233/27/3
http://iopscience.iop.org/0957-0233
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


1 © 2016 IOP Publishing Ltd Printed in the UK

1. Introduction

In precise point positioning (PPP), it is crucial to account for 

all biases during measurement processing to achieve high 

accuracy. For instance, the use of the International Global 

Navigation Satellite System (GNSS) Service (IGS) clock cor-

rections computed from ionosphere-free observations that 

have embedded differential code biases (DCBs) introduces 

these biases into phase observations. These biases, in addi-

tion to the biases of the phase observations, propagate with 

phase ambiguities. Hence, proper treatment of these biases 

will allow integer ambiguity resolution in PPP, leading to 

an overall improvement in positioning performance. This 

treatment has to consider that not all biases can be estimated, 

such as additional unknowns in the PPP model along with 

the position, phase ambiguities, and atmospheric parameters. 

This is mainly due to the fact that different biases, if consid-

ered individually, are identically modeled, resulting in a rank  

deficiency. Thus, one strategy to handle biases is to take advan-

tage of the relatively stable nature of satellite-related biases, to 

estimate these biases externally using reference stations, and 

to provide them to users to calibrate them out. At the receiver 

end, the use of between-satellites single-differences (BSSDs) 

is an effective approach for canceling receiver-related biases 

from the same frequency band from satellites that belong to 

the same constellation.
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Ge et al (2008) discussed the estimation of satellite single-

differenced phase biases using a ground-tracking network. The 

estimation of phase biases was affected by code biases. An alter-

nate wide-lane phase bias calibration method was proposed by 

Banville et al (2008). Collins et al (2010) merged code and phase 

biases separately with clock offsets in a decoupled clock model. 

A similar model was presented in Laurichesse et al (2008, 2009) 

and Laurichesse (2015) using ‘phase clocks’, assuming that the 

code biases are known. Wen et al (2011) proposed the estima-

tion of geometry-free receiver and satellite phase biases as addi-

tional parameters in Kalman filtering and sequentially fixing 

undifferenced ambiguities. Khodabandeh and Teunissen (2014) 

discussed computing differential phase biases (DPBs) combined 

with other biases using an array of antennas separated by very 

short distances to reduce the code-dominant noise and multipath 

errors. Wübbena et al (2014) discussed the exchange of satel-

lite phase bias data using the Radio Technical Commission for 

Maritime Services (RTCM) State Space Representation (SSR) 

format, message types (1265–1270) for different constella-

tions in uncombined form to allow for implementation within 

different methods of ambiguity resolution. Laurichesse (2015) 

showed the successful implementation of the individual satellite 

phase biases using multi-frequency scenarios.

Compared with the traditional use of dual-frequency single 

constellation data in PPP, the use of multi-frequency and multi-

constellation data offers several advantages. These advantages 

include improved accuracy and precision, and a reduction of 

convergence time. For instance, Cai (2009) integrated Global 

Positioning System (GPS) and Global Navigation Satellite 

System (GLONASS) measurements into a PPP algorithm and 

reported an improvement of about 24% in positional accuracy. 

Similar improvements were achieved by Li et al (2013) when 

combining GPS and BeiDou in PPP. However, when inte-

grating measurements from multiple constellations, additional 

biases such as inter-system receiver time biases (ISBs) and 

time scale offsets (ISTBs) are encountered.

In this contribution we revisit the topic of dealing with biases 

in PPP using multi-constellation GNSS data motivated by the 

following. First, most of the literature introduces biases in a 

combined form with little detail and focuses only on the use 

of dual-frequency observations. In this manuscript, we provide 

more insight into the source and presentation of biases that 

would be useful for further investigations. Second, when users 

implement biases that are externally provided from a service 

network, we highlight the interoperability issue where a user 

should utilize measurements that are compatible with the ones 

used in the service network to generate these biases. Therefore, 

this paper aims to clarify different types of biases that are 

involved when using different possible measurement combina-

tions, particularly when integrating data from multiple constel-

lations and frequencies. In addition, this paper discusses the 

sources freely available to compensate for some of these biases.

The characteristics of our strategy in this study that deals 

with biases in PPP, targeting integer-ambiguity fixing, include 

the following: (i) The use of the precise orbits, clock correc-

tions, and DCBs that are generated by the IGS multi-GNSS 

experiment (MGEX); (ii) the bias terms are reparametrized; 

(iii) fractional phase cycle biases are assumed to be computed 

from a reference network; (iv) BSSD observations are used; 

and finally (v) ionosphere-free observations from single or 

multiple GNSS constellations are considered.

The remainder of this paper is organized as follows. The 

next section reviews the different types of measurement biases 

that affect single and multi-constellation PPP. Several PPP 

models are discussed in the following section, which provides 

a rigorous treatment of biases. The modelling options for 

these biases in the more challenging case of multi-frequency, 

multi-constellation GNSS data is presented. The results and 

conclusions are presented thereafter.

2. Biases in single GNSS constellation observation 

equations

For the PPP model, where precise orbits and clock corrections 

are used, the observation equations for pseudorange code and 

phase measurements for satellite k from a GNSS constella-

tion, such as GPS (denoted here as G), to receiver r for signal 

ci on frequency i in length units can be formulated as:
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where ( )P ci r
kG and ( )φ ci r

kG denote the code and phase measure-

ments, respectively; ρ
r
kG is the satellite-to-receiver geometric 

range; c is the speed of light in a vacuum; td rG
 and  td kG are 

the receiver and satellite clock offsets, where the latter is 

eliminated in PPP by the use of clock corrections. T kG is the 

troposphere delay modeled as one vertical component for all 

the satellites projected along the receiver-to-satellite direc-

tion using a mapping function (Tuka and El-Mowafy 2013); 

λi denotes the wavelength for frequency i; µ =i

f

f
i

1
2

2
 is the dis-

persive coefficient of the ionosphere; I is the ionosphere error 

for a reference frequency, e.g. L1 for GPS, and ( ) N cr
k

i
G is the 

integer ambiguity.  ( )εφ ci r
kG and ( )εP ci r

kG include the measurement 

noise and multipath of the phase and code measurements. 

( )d cr iG
 and ( )d ck

i
G  are the receiver and satellite hardware 

biases in time units for code measurement, respectively. 

( )δ cr iG
 and ( )δ ck

i
G  are the receiver and satellite hardware biases 

for phase observation in length units. It is assumed that the 

receiver hardware biases ( ) ( )δ c d candr i r iG G
 are the same for 

measurements of the same frequency for all the satellites from 

the same constellation.

IFPB denotes the geometric initial fractional phase cycle 

bias. It may exist due to the receiver tracking method, and 

represents the geometric difference between the measured 

phase (after compensation for ambiguities and excluding 

other biases) and the actual receiver-to-satellite range at the 

receiver initialization (switch-on). In equation (2), IFPB is not 
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merged with the hardware delay as they differ in the sense that 

IFPB is constant for each session as long as the receiver keeps 

tracking the satellite, and it may change with a switch-on and 

off of the receiver, whereas the phase hardware delay is stable 

and changes very slowly with time. However, in practice, 

IFPB is inseparable from the hardware delay, and we do not 

attempt to do that here, as will be clarified later. For a single 

receiver, IFPB is frequency dependent, and it is assumed the 

same for measurements on the same frequency for all the  

satellites from the same constellation.

In PPP, users mostly employ IGS corrections to clock off-

sets that are computed from an ionosphere-free combination 

of primary signals. They may additionally employ measure-

ment combinations of other signals as well as measurements 

from multiple constellations. The next section discusses dif-

ferent types of biases that are present in these cases and the 

following section  will discuss the parametrization of these 

biases.

3. Types of biases

This section  introduces different types of biases that affect 

multi-frequency single and multi-constellation GNSS mea-

surements. The inter-frequency channel biases of GLONASS 

measurements and the quarter-cycle phase shifts between the 

in-phase and quadrature signals will not be covered here as the 

former were discussed in Reussner and Wanninger (2011) and 

Aggrey and Bisnath (2014), and the latter were discussed in 

Wübbena et al (2009).

3.1. Inter-system time biases (ISTBs)

Measurements from each GNSS constellation have satellite 

clock offsets that are referenced to its time scale. To account 

for these inter-system time offsets, two methods can be used. 

The first is to estimate it as an independent parameter for each 

system, while the second is to estimate the clock offset for one 

system and then estimate the time differences for the other sys-

tems relative to the reference one. These are defined as inter-

system time offset (biases) (ISTBs), which need to be modeled 

as extra parameters in PPP. This parameter can be combined 

into one parameter with the receiver time offset (ISB), as will 

be discussed in section 3.5. In the future, precise clock correc-

tions for the new constellations generated by MGEX will be 

referenced to the GPS time scale (Steigenberger et al 2014). 

Hence, there will be no need to consider ISTBs when using 

MGEX products.

3.2. Hardware biases

The receiver and satellite hardware biases d d, and ,r r
k k

G G
G G( ) (   )δ δ   

are caused by several sources including digital delays in the 

signal generator, signal distortion, the processing filters, cor-

relator differences handling signal modulation, firmware biases, 

bandwidth dissimilarities, in addition to the signal path through 

the antenna, splitter, cabling, and amplifier (Phelts 2007). 

Moreover, hardware biases may exist due to incoherence 

(misalignment) between the signal code and phase signals. 

This effect has been observed on the L5 signals of the GPS 

Block IIF satellites, but it has not been observed on the GPS 

L1 signals (EU-US 2015). Furthermore, a combination of 

signals on different frequencies assumes that the signals are 

synchronized at the time of their broadcast. However, elec-

tronic components introduce different amounts of signal delay 

at different frequencies producing an inter-frequency bias that 

is nominally constant. This offset is estimated and broadcast 

to the user as part of the navigation data.

3.3. Differential code biases (DCBs)

In PPP, dual-frequency observations are typically used to 

eliminate the first-order effects of the ionosphere. Hence, dif-

ferences between the hardware dependent biases will appear 

in the observation equations, defined as DCBs. For example, 

when differencing the signals c candi j on frequencies i and j:
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where ( )c cDCB ,r i jG
 and ( )c cDCB ,k

i j
G  denote the receiver and 

satellite DCBs, respectively. When ionosphere-free combina-

tions are applied, the DCBs for the frequencies i and j are 

scaled by the factors:
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where IF denotes the ionosphere-free operator. For example, 

the precise orbits and clock corrections provided by the IGS 

are based on an ionosphere-free combination of code and 

phase measurements. To minimize the bias problem, the IGS-

MGEX lumps the associated DCBs into the receiver clock off-

sets. These ‘conventional’ IGS clock corrections are based on 

P(Y ) code measurements on the L1/L2 frequencies for GPS, 

and E1/E5a for Galileo. Thus, assuming the primary signals are 

defined as c1 and c2, the satellite clock offset is (Montenbruck 

and Hauschild 2013):

( ) ( )

( ) ( )

= −

= +

t t t

t
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k k k
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1 2
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(6)

Hence, the ionosphere-free code observations modelled from 

these ‘primary’ frequencies will not include DCBs. However, 

for raw (undifferenced) observations and for an ionosphere-

free combination of other signals, DCBs should be included.

The ionosphere-free DCB ( ( ))DCB IFk
c c,

G
1 2

 is not computed 

by the IGS, and it can be formulated by pre-multiplying the 

DCBkG in equation (3) by βi j,  in one case and by αi j,  in another 

case, such that:
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Thus, for the signal ci, we have:
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Similarly in the case for the receiver biases.

For the satellite DCBs )(i.e. DCBkG , when processing the 

legacy L1 or L2 P(Y ) signals, a time group delay (TGD) 

parameter is provided in the GPS navigation message, which 

represents a scaled version of the satellite-differential L1/

L2 P(Y ) code. In addition, inter-signal corrections (ISCs) 

will be provided in the new civil navigation (CNAV) data 

of the L2C and L5 signals as well as the CNAV-2 message 

data for the future L1C signal. The TGDs and ISCs are fully 

equivalent to the satellite DCB (Montenbruck et al 2014). 

For legacy signals, the DCBs for the GPS and GLONASS 

satellites available from the Centre for Orbit Determination 

in Europe (CODE) (Schaer and Dach 2010) are applicable 

for the dual-frequency code measurements with the naming 

convention consistent with receiver independent exchange 

format (RINEX) version 2 (e.g. C1, C2, P1, and P2). With the 

modernization of GPS and the advent of multi- constellation 

GNSS, DCBs that are consistent with RINEX version 3  

tracking modes should be used. These DCBs for various 

code measurements and tracking modes of GPS, Galileo, and 

BeiDou observations, with a daily repeatability of 0.05–0.3 ns,  

are provided by MGEX (see ftp://cddis.gsfc.nasa.gov/pub/

gps/products/mgex/dcb). DCBs for the Quasi-Zenith Satellite 

System (QZSS) are not provided at present since more than 

one operational satellite is needed to establish a constella-

tion mean. Figure 1 shows as an example the DCBs obtained 

from MGEX for GPS PRN 1, Galileo PRN E11, and BeiDou 

PRN C01 from January to July 2014. In general, the DCBs 

of the various signals were between  −10.89 ns and 15.38 ns  

(−3.267 m and 4.614 m), with an overall standard devia-

tion of 0.52 ns. During a certain period, the computed DCBs 

vary from their expected long-term stable values, as shown in 

figure 1. This variation can be attributed to a variation in the 

constellation mean. A possible method for the validation of 

the DCBs is to treat them as quasi-observations, and apply the 

single-receiver single-channel validation method described in 

El-Mowafy (2014, 2015a, 2015b).

In PPP, users need to use appropriate DCBs to make code 

measurements consistent with the precise orbits and satellite 

clock corrections used. For example, since the IGS products 

are produced using the ionosphere-free combination of the 

P(Y) code measurements of GPS L1 and L2, dual-frequency 

PPP users measuring the C1 (C/A) code need to apply the 

P1–C1 DCB corrections to convert it to P1.

3.4. Differential phase biases (DPBs)

Similar to DCBs, the use of dual-frequency observations in 

PPP will result in DPBs, which are the difference between 

hardware-dependent phase biases in the satellite and receiver. 

With reference to equation (2), and for signals ( )c c,i j , the DPB 

in length units are:

( ) { ( ) ( )}δ δ= −c c c c cDPB ,r i j r i r jG G G (9)

( ) { ( ) ( )}δ δ= −c c c c cDPB ,k
i j

k
i

k
j

G G G (10)

and for the ionosphere-free case we have:

( ) ( ) ( )α δ β δ= −c cDPB IFr c c i j r i i j r j, , ,i jG G G (11)

( )   ( ) ( )α δ β δ= −c cDPB IFk
c c i j

k
i i j

k
j, , ,i j

G G G (12)

The satellite and receiver DPBs and IFPBs are difficult to be 

estimated independently since they are almost constant and 

as they have the same characteristics of phase ambiguities, 

they are practically inseparable. Hence, prior accounting for 

the satellite DPBs and IFPBs is crucial for multi-frequency 

PPP with an integer-ambiguity solution.

3.5. Inter-system biases (ISBs)

Assuming that the signal characteristics of the satellites 

from the same GNSS constellation on the same spectral 

occupation are identical, it is generally assumed that the 

receiver-dependent biases are the same for each satellite. 

However, for multi-constellation data, it cannot be assumed 

that receiver hardware biases are the same for signals from 

different GNSS constellations, even if they are transmitted 

on the same frequency (Hegarty et al 2004). Hence, multi-

constellation PPP models must deal with inter-system 

biases (ISBs).

To enable the joint processing of measurements from dif-

ferent systems, all observations should refer to a reference 

system time scale, and when using observations from other 

Figure 1. DCBs for (a) GPS PRN 01; (b) Galileo PRN E11; and  
(c) BeiDou PRN C01 from January to July 2014, obtained from IGS 
MGEX.
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systems add the difference between their system clock offset 

and the reference system clock offset. At the satellite end this 

is dealt with as the ISTB. However, at the receiver end, the 

inter-system clock offset (denoted as ISB) is receiver-specific, 

and has to be estimated as an additional parameter for each 

system used in conjunction with a GPS. For example, for 

Galileo, assuming that the primary frequencies for Galileo are 

denoted as ( )E E, a1 5 , the ISB for ionosphere-free combinations 

is (Montenbruck and Hauschild 2013):

( ) ( )
 

= −− t tISB d IF d IFE G E E r c c r, ,a1 5 E 1 2 G (13)

and for the individual uncombined observations it is:

= −− t tISB d dE G r rE G (14)

Both the ISTB and ISB can be combined as one parameter per 

constellation that is additional to GPS. Odijk and Teunissen 

(2013) showed that ISBs differ for receivers from different 

manufacturers and that they are stable over several hours. The 

magnitude of these ISBs reached up to 0.13 ns and 5.5 ns for 

phase and code observations, respectively. ISBs can also be 

absorbed into the estimated receiver clock offset such that a 

different receiver clock offset is associated with each system.

4. Biases in the PPP models

This section describes the parametrization of biases in single 

and multi-constellation PPP. Two cases will be discussed; 

the ionosphere-free dual-frequency combination of primary 

signals; and the ionosphere-free combination involving mea-

surements other than the primary ones. The between-satellite 

single difference (BSSD) observation model and MGEX or 

similar products are utilized to account for some biases.

4.1. Ionosphere-free dual-frequency combination of primary 

signals

As discussed earlier, using IGS products, the ionosphere-

free code observations modeled from the ‘primary’ frequen-

cies (defined as c1 and c2) will not include satellite DCBs, 

( )i.e. DCB IFk
c c,

G
1 2

, such that the code observation equa-

tion  after applying corrections for the satellite clock offset 
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k

,1 2
G  is:
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Given that the ionosphere-free satellite clock corrections 

comprise clock offsets and DCBs, using the same clock cor-

rections in ionosphere-free phase observation equations will 

bring in satellite DCBs, where:
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which can be re-written as:
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where ( )ν IFc c r,1 2 G
 and ( )ν IFc c

k
,1 2

G are the lumped receiver and 

satellite nuisance bias terms, such that:

( ) ( ) ( )ν = +cIF DCB IF DPB IFc c
k k

c c
k

c c, , ,1 2
G G

1 2
G

1 2 (18)

( ) ( ) ( )ν = +IF DPB IF IFPB IFc c r r c c c c, , ,1 2 G G 1 2 1 2 (19)

where ( ) ( ) ( )α β= −c cIFPB IF IFPB IFPB .c c, 1,2 1 1,2 21 2
 Note that 

( )DCB IFk
c c,

G
1 2

 is not estimated by the MGEX. Although the 

DPB and IFPB are not estimated separately, and hence are 

considered in most of the literature as one term, we leave them 

separate without being estimated independently in the formu-

lation since in principle they have assumed different charac-

teristics, as explained in section 2.

For parameterization in a solution model, receiver biases 

are hardware dependent, and thus are required either to 

be individually calibrated or to be estimated as additional 

unknowns. Instead, under the assumption that the receiver 

code hardware biases from the same spectral occupation 

of a GNSS constellation are the same for all satellites from 

the same constellation, using the BSSD model will cancel 

( ) ( )td IF , DCB IFc c r r c c, ,1 2 G G 1 2
 and ( )ν IFc c r,1 2 G

. The main challenge 

left is to separate ( )  ν IFc c
k

,1 2
G from the phase ambiguities per 

satellite since they have the same modeling and characteris-

tics, and solving for the two would introduce rank deficiency. 

Since ( )  ν IFc c
k

,1 2
G  is satellite dependent, and due to the fact that 

these biases are usually stable during a typical observation 

session of a few hours, they can be estimated using a network 

of known stations and be applied by the user. This can either 

be for the whole quantity or only for the fractional part (also 

known as fractional cycle bias, FCB), where for the latter 

case the integer part can be added to the individual integer 

ambiguities that can be solved using known methods, such as 

the least-squares ambiguity decorrelation adjustment method 

(LAMBDA). One problem here is the short wavelength of 

the ionosphere-free combination for some combinations. For 

example, for the L1/L2 ionosphere combination the wave-

length is 6.3 mm, computed as 
× ×

−

c f

f f

2 0

1
2

2
2

, for the integer ambi-

guity combination (77N1  −  60N2), where fo is 10.23 MHz. 

Hence, the ambiguities cannot be solved directly.

Several methods have been presented to solve the iono-

sphere-free PPP ambiguities. For example, under the assump-

tion that a service provider supplies the wide-lane and 

narrow-lane phase biases, denoted as ( )ν wlc c
k

,1 2
G and ( )ν nlc c

k
,1 2

G 

respectively, which are estimated from an ambiguity-fixed 

network solution (Ge et al 2008). The wide-lane biases are 

stable over several hours to a few days, whereas the narrow-

lane biases are only stable for a shorter period (fifteen minutes 

to two hours); therefore, they can be updated with different 

rates. At the user end, we solve first for the wide-lane ambi-

guities using code and the carrier Melbourne–Wübbena linear 

combination with the received values for ( )ν wlc c
k

,1 2
G. Next, 
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narrow-lane ambiguities are formed using the ionosphere-free 

observations and their resolution is attempted (for more detail 

see Ge et al (2008) and Geng et al (2012)). Once the wide-

lane and narrow-lane integer ambiguities are fixed, the ion-

osphere-free ambiguities are computed as (Geng et al 2012):

( )   { ( )   ( ) }

 
  ( )

λ λ ν

λ

=
+

+

+

−

∼
N

f

f f
N nl nl

f f

f f
N wl

IFr

k

c c nl r
k

c c
k

wl r
k

IF ,
1

1 2

,

1 2

1
2

2
2

c c c c

c c

1, 2

G

1 2 1, 2

G
1 2

G

1, 2

G

 

(20)

where ( ) λ
∼

N IFr

k

c cIF ,c c1, 2

G

1 2
 replaces ( ( ) ( ) )λ ν+N IF IFr

k
c c c c

k
IF , ,c c1, 2

G
1 2 1 2

G

in equation (17), ( )N nlr
kG  and ( )N wlr

kG  are the narrow-lane and 

wide-lane integer ambiguities, respectively, λnlc c1, 2
 and λwlc c1, 2

 

are their corresponding wavelengths.

Similarly for other constellations, for example Galileo, 

using the primary frequencies (assumed as E1, E a5 ) for satel-

lite l we have:

( ) { ( ) ( )

} ( )

ρ

ε

= + + +

− + +

−

−

P c t

T

IF d IF ISB DCB IF

ISTB

E E r

l
r
l

c c r r E E

E G
l

P

, , E G ,

IF

a a

E E a r

l

1 5
E E

1 2 G E 1 5

E

1, 5
E

 

(21)

where the satellite clock offset ( )td IFE E
l

, a1 5
E is eliminated by 

the use of clock corrections. It is assumed that these clock cor-

rections include the DCB component ( )DCB IFl
E E, a

E
1 5

 similar 

to the case of the GPS. The 
−

ISTBE G can be eliminated in 

the future when using MGEX clock corrections, as mentioned 

earlier. Similarly, the phase observation equation reads:

c t

T

N

IF d IF ISB ISTB

IF IF

IF

E E r

l
r
l

c c r

l
E E r E E

l

r
l

E E

, , E G E G

, ,

IF , IF

a

a a

E E a E E a r

l

1 5
E E

1 2 G

E
1 5 E 1 5

E

1, 2

E
1 5

1, 5
E

( ) { ( ) }

  ( ) ( )

( ) ( )

φ ρ

ν ν

λ ε

= + + −

+ + −

+ + φ

− −

 
(22)

with

( ) ( ) ( )ν = +cIF DCB IF DPB IFE E
l l

E E
l

E E, , ,a a a1 5
E E

1 5
E

1 5 (23)

( ) ( )  ( )ν = +IF DPB IF IFPB IFE E r r E E E E, , ,a a a1 5 E E 1 5 1 5 (24)

When referencing to a pivot GPS satellite, for example, the 

use of the BSSD model will eliminate ( )td IFc c r,1 2 G
; however, 

it cannot remove 
−

ISBE G, which is a receiver time offset 

between the GPS and Galileo.

In summary, the terms 
−

ISBE G, 
−

ISTB ,E G  ( ) DCB IFr E E, aE 1 5
 

and ( )ν IFE E r, a1 5
 are assumed to be common for all Galileo 

satellites and need to be estimated. To reduce the number of 

unknowns, 
−

ISBE G, 
−

ISTBE G and ( )DCB IFr E E, aE 1 5
 are lumped 

into one term for the code observations (they are inseparable 

anyway as they share the same parameterization in the model). 

Similarly,  
− −

ISB , ISTBE G E G  and ( )ν IFE E r, a1 5 E
 are lumped into 

one term for phase observations. In the same way, two terms 

are introduced when integrating additional constellations with 

the GPS.

4.2. Ionosphere-free dual-frequency combination of signals 

that involve measurements other than the primary ones

The models presented so far can be extended to include ion-

osphere-free combinations using observations of a third or 

fourth frequency (e.g. L5 for GPS, E5b, or E6 for Galileo) 

or when using signals from different tracking modes (i.e. dif-

ferent signals modulated on the same frequency). Let us con-

sider the general case using signals c candi j that are different 

from the primary signals c1 and c2 from constellation G, the 

ionosphere-free code observation equation is:

P c t

T

IF d IF DCB IF

DCB IF DCB IF

c c
r

k
r
k

c c r r c c

k
c c

k
c c

k

P

, , ,

, ,

IF

i j i j

i j

ci cj r

k

G G
1 2 G G

G G
1 2

G

,
G

( ) { ( ) ( )

( ( ) ( ))}

( )

ρ

ε

= + +

− − +

+

 

(25)

where the satellite clock offset ( )td IFc c
k

1, 2
G is eliminated by the 

use of its correction, and ( )DCB IFk
c c,

G
1 2

 re-appears due to the 

use of clock corrections that include the bias of the primary 

frequencies. The bias term ( ) DCB IFk
c c,i j

G reads (Montenbruck 

and Hauschild 2013):

( ) ( ) ( )α β= −c cDCB IF DCB , IF DCB , IFk
c c i j

k
i c c i j

k
j c c, , , , ,i j

G G
1 2

G
1 2

 
(26)

where:

( ) { ( ) ( )}β= − +c c c c cDCB , IF DCB , DCB ,k
i c c

k k
i, 1,2 1 2 1

G
1 2

G G

 (27)

and similarly, ( )cDCB , IFk
j c c,

G
1 2

. An expression for ( )DCB IFr c c,i jG
 

can be obtained in the same way as ( )DCB IFk
c c,i j

G .

In principle, without biases, ( )td IFc c r,1 2 G
 should be equiva-

lent to ( )td IFc c r,i j
G
and ( )td IFc c

k
,1 2

G should be equal to ( )td IFc c
k

,i j
G. 

Thus, using the former, which is available from the IGS, in 

place of the latter introduces ( )DCB IFk
c c,

G
1 2

 into the phase equa-

tion, such that:

( ) ( ) ( ) ( )

( ) ( )

φ ρ ν ν

λ ε

= + + − +

+ + φ

c t T

N

IF d IF IF IF

IF

c c
r

k
r
k

c c r c c r c c
k k

r
k

c c

, , , ,

IF , IF

i j i j i j

ci cj i j ci cj r

k

G G
1 2 G

G G

,
G

,
G

 
(28)

where

( ) ( ) ( )ν = +cIF DCB IF DPB IFc c
k k

c c
k

c c, , ,i j i j
G G

1 2
G (29)

( ) ( ) ( )ν = +IF DPB IF IFPB IFc c r r c c c c, , ,i j i j i j
G

G (30)

Again, the receiver offsets ( ) ( )tDCB IF and d IFr c c c c r, ,i jG 1 2 G
 are 

assumed to be the same for all the satellites from the same 

spectral occupation of a GNSS constellation. Therefore, they 

will cancel when applying the BSSD model. For constellations 

other than the GPS, for example Galileo, and using signals 

E Eandi j that are different from the primary signals ( )E E, a1 5  

used in the generation of the clock corrections, the equation of 

the ionosphere-free combination for the code observations is:
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( ) { ( )

( ) ( ( )

( ))}  ( )

 
ρ

ε

= + + −

+ −

− + +

− −P c t

T

IF d IF ISB ISTB

DCB IF DCB IF

DCB IF

E E
r

l
r
l

c c r

r E E
l

E E

l
E E

l
P

, , E G E G

, ,

, IF

i j

i j i j

a Ei Ej r

l

E E
1 2 G

E
E

E
1 5

E

,
E

 

(31)

where ( )DCB IF ,r E E,i jE
 ( ) αDCB IF ,l

E E i j, ,i j
E  and βi j,  are formu-

lated using equations (4), (5) and (7) employing the Galileo 

frequencies  , and ( ) DCB IFl
E E, a

E
1 5

 re-appears due to the use of 

clock corrections that include this bias. However, as mentioned 

earlier, the use of a pivot GPS satellite will not eliminate the 

−
ISBE G, 

−
ISTBE G or these DCBs; therefore, they need to be 

estimated. In analogy with equation (22), the phase observa-

tion equation in this case will be:

c t

T

N

IF d IF ISB ISTB

IF IF

IF

E E
r

l
r
l

c c r

k
E E r E E

l

r
l

E E

, , E G E G

, ,

IF , IF

i j

i j i j

Ei Ej i j Ei Ej r

l

E E
1 2 G

G

E

E

,
E

,
E

( ) { ( ) }

( ) ( )

( ) ( )

φ ρ

ν ν

λ ε

= + + −

+ + −

+ + φ

− −

 

(32)

where

( ) ( ) ( )ν = +cIF DCB IF DPB IFE E
l l

c c
l

E E, , ,i j i j
E E

1 2
E (33)

( ) ( )  ( )ν = +IF DPB IF IFPB IFE E r r E E E E, , ,i j i j i j
E

E (34)

The case where either one of the signals i or j is one of the 

primary signals (i.e. i  =  1 or 2, or j  =  1 or 2) can easily be 

derived by replacing i or j by 1 or 2 in equations (25)–(33). 

As discussed earlier, 
−

ISBE G, 
−

ISTBE G and ( )DCB IFr E E,i jE
 are 

lumped into one term in the code observations, and likewise 

− −
ISB , ISTBE G E G and ( )ν IFE E r,i j

 are joined in a second term 

for the phase observations. Both terms are common for all the 

Galileo satellite observations on frequencies i and j.

Table 1 gives some options discussed so far for the treat-

ment of a number of biases in single-constellation and multi-

constellation PPP processing. In summary, products from 

major service providers such as IGS, MGEX, and CODE are 

designed to minimize the impact of DCBs when ionosphere-

free primary signals are used. However, the use of other types 

of observations will include DCBs that need to be accounted 

for during processing. In addition, when integrating observa-

tions from multiple constellations, several biases remain and 

thus need to be estimated such as ISBs, which are receiver 

dependent. A user should carefully consider the interopera-

bility of the externally provided biases by utilizing consistent 

modeling of these biases within the observation equations that 

are compatible with the ones used at the service network to 

generate these biases. This will need also some details that 

have not been addressed in this manuscript, such as the use of 

the same satellite attitude convention in order to guarantee a 

consistent computation of the phase wind-up.

Table 1. Summary of the possible treatment of biases in multi-constellation multi-frequency PPP.

Bias type Method of treatment Remarks

Satellite hardware bias (if 

undifferenced frequencies 

are considered; i.e. no 

DCB or DPB)

Code biases are removed using the BSSD model; phase 

biases are absorbed in phase ambiguities if untreated 

(resulting in float ambiguities). For PPP with ambiguity 

fixing, they are combined with IFPB and externally 

obtained

Satellite phase hardware biases are 

relatively stable during operation of a few 

hours

Satellite DCBs Use IGS MGEX DCB products when needed Not present for the primary code 

observations GPS L1/L2 P(Y), and Galileo 

E1/E5a but affects phase observations and 

are present in other types of observations

Satellite DPBs Calibrated by external information (within the term ν); or 

considered to be absorbed in the phase ambiguities (i.e. 

float ambiguities)

Satellite DPBs result in non-integer 

ambiguity terms

Receiver hardware 

biases (if undifferenced 

frequencies are 

considered; i.e. no DCB 

or DPB)

Assumed canceled for the same frequency when using 

the BSSD model

Receiver DCBs Assumed canceled when using the BSSD model for the 

same frequencies for a single constellation, but needs to 

be estimated in the case of multiple GNSS with a pivot 

GPS satellite

Receiver DPBs Assumed canceled when using the BSSD for the same 

frequencies for a single constellation; can be absorbed 

with ambiguities in the case of multiple GNSS

ISTB among satellite 

clock corrections of 

multi-constellations

Needs to be estimated, combined with the receiver ISB Future MGEX clock corrections for all 

constellations will be referenced to the GPS

ISBs The ISB at the receiver should be estimated as a 

parameter, can be combined with the ISTB and  

receiver DCB

The ISB is an individual receiver-

dependent parameter for each additional 

constellation to GPS
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5. Testing

First, the impact of taking biases such as DCBs into account is 

demonstrated using simulated data with an epoch interval of 

30 s at the IGS station CEDU in Australia. L1, L2, and L5 GPS 

signals were simulated for all the satellites. The PPP algorithm 

was implemented, as discussed above for three cases. The first 

is when using only the L1–L2 ionosphere-free combination. 

The second case is when using the L1–L5 ionosphere-free 

combination, and finally when combining the two combina-

tions, defined here as L1–L2–L5. The analysis was carried out 

first by applying the satellite DCBs obtained from the MGEX 

in a float PPP solution, and second without applying them. 

The BSSD model was used in all cases. Analysis of the PPP 

results for the first 1000 epochs of data (8h:20m) are presented 

in table 2. The results are compared in terms of positioning 

convergence time, accuracy, and precision. The convergence 

time is defined as the time when a 3D positional precision of 

0.05 m is reached and maintained. Accuracy is described by 

the mean of the errors (defined as the difference between the 

computed and known station coordinates) after convergence is 

achieved, and the precision is presented by the solution stan-

dard deviations (Stdev).

The L1–L2 IF are the primary signals used to generate the 

precise orbits and clock products, and thus the DCBs were 

removed in code observations and absorbed with the float 

ambiguities in the phase observations. For the L1–L5 IF case, 

the solution when the DCBs were applied converged earlier 

by 8.5 min from the solution without using the DCBs, and 

the Stdev were significantly better. The L1–L5 IF results 

with DCB corrections were slightly better than the L1–L2 IF 

results. This is because the noise frequency-dependent propa-

gation factor for the L1–L5 IF combination (2.588), propa-

gated from the noise of the unreferenced signals, is less than 

the L1–L2 IF factor (2.978). It is clear that any combination 

that involves L5 (i.e. L1–L5 and L1–L2–L5) gave poorer 

results when the DCBs were not included.

Next, testing was performed on 14 January 2015 in the 

static mode using real data with 30 s observation intervals of 

the IGS station DLF1 and using IGS rapid precise orbits and 

clock corrections. The phase biases were computed from 12 

IGS stations, located in the Netherlands, Belgium, Germany, 

and France. The BSSD model was used. The data spanned 

approximately 75 min where only GPS observations were 

used at this stage. We plan to include other constellations in 

our future work. During the test period, ten GPS satellites were 

observed, only four of which were from Block IIF with L5 fre-

quency; hence, positioning was performed with a mix of dual 

and triple-frequency observations. The data were processed 

twice. The first time, integer-ambiguity fixing was performed; 

and the second processing time only the float ambiguities were 

determined. The results of the two approaches were compared. 

The DCBs were used in both cases. The phase biases were 

estimated for all the satellite pairs by averaging the fractional 

parts of all the involved ambiguity estimates derived from the 

network solution. At the user end, the float wl ambiguities 

were estimated using the Melbourne–Wübbena observation 

combination and the wl phase biases were employed to fix 

them to integers. This process was performed within a few 

seconds. The integer wl ambiguities were next used as fixed 

parameters to estimate the nl phase ambiguities. Once these 

nl float ambiguities were corrected with the nl phase biases, 

their integer values were resolved by applying the LAMBDA 

method. The obtained ambiguity fixing rate was 97%. The 

ionosphere-free combinations with integer ambiguities were 

next formed to determine the position coordinates (as shown 

in Geng et al 2012), the receiver clock offset, and the tropo-

sphere zenith wet delay (ZTD), where the dry troposphere was 

modeled out using the Saastamoinen model.

Figure 2 shows the horizontal and vertical solution Stdev 

of the float-ambiguity solution, and figure 3 depicts the results 

of processing the same data set but with integer ambiguity 

fixing. The horizontal stdev is the square root of the sum of 

the stdevs in Easting and Northing. As figure 3 shows, PPP 

with integer ambiguity resolution was able to significantly 

shorten the solution convergence time using a mix of dual and 

triple-frequency data. In the float ambiguity mode, 42 min and 

20 min convergence time were needed to reach a precision 

below 5 cm and 10 cm, respectively. On the other hand, this 

level of precision was achieved after about 3 min by fixing 

the ambiguities. Table 3 shows the solution conversion time in 

both the float and integer ambiguity solution modes in addi-

tion to the average precision after converging to  <5 cm in the 

Figure 2. Positioning precision with float ambiguities. stdev_HL: 
Horizontal stdev; stdev_VL: Vertical stdev.

Figure 3. Positioning precision with fixed ambiguities. stdev_HL: 
Horizontal stdev; stdev_VL: Vertical stdev.
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Easting, Northing, and Up position components. There was 

also an improvement in precision by a few mm in the case of 

the ambiguity-fixed solution compared with the float solution, 

in particular for the Easting component.

6. Conclusion

Accounting for biases is necessary in order to reduce the 

PPP convergence time, to improve accuracy, and to allow 

for integer ambiguity resolution. Single-constellation and 

multi-constellation PPP models were presented using an iono-

sphere-free combination of measurements. The options for the 

treatment of different biases are summarized in table 1. It is 

shown that the biases that need to be considered in the obser-

vation equations vary according to the type and combination 

of signals used. We have two cases that have been presented in 

detail that allow for the use of all signals from multi-frequency 

GNSS. The first case is when using the ionosphere-free dual-

frequency primary signals that are used for the generation of 

clock corrections and precise orbits (such as L1 and L2 P(Y ) 

for GPS, and E1 and E5a for Galileo). The second case is when 

using dual-frequency signals other than the primary ones.

The use of BSSD measurements from the same constel-

lation is recommended as it cancels receiver-related biases 

including DCBs, receiver IFPB, receiver clock offset, and 

common-mode satellite errors. However, these biases do 

not cancel when using differenced measurements between a 

pivot GPS satellite with satellites from other constellations. 

Additionally, ISBs and ISTB are introduced in this case. 

Currently, the use of MGEX products can compensate for sat-

ellite DCBs. IGS can play a major role in supporting multi-

frequency and multi-constellation PPP users by producing 

precise orbits and clock corrections for each GNSS satellite 

and each individual frequency. This will enable PPP users to 

apply these corrections to raw measurements prior to forming 

any linear combination, thus avoiding further complications. 

Furthermore, the calibration of satellites (DPBs  +  IFPB) 

by an external organization would enable PPP users to per-

form integer ambiguity resolution resulting in a significantly 

reduced solution convergence time. The results from the 

analysis of the simulated data show that it is necessary to 

apply corrections to the DCB when using signals other than 

the primary ones. The results from the tested GPS data set in 

a static mode showed that correcting for the biases allowed 

ambiguity-fixed PPP, which significantly shortened the solu-

tion convergence to 3 min at  <5 cm, and 10 cm precision 

levels from almost 42 min and 20 min in the float ambiguity 

mode. An improvement in precision of a few mm was also 

achieved, particularly in the Easting positioning component. 

Our future work will include the application of the proposed 

models for the multi-constellation case.
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4 TRIPLE FREQUENCY GNSS MODELS FOR PPP WITH FLOAT 

AMBIGUITY ESTIMATION 

The availability of triple frequency measurements provides an opportunity to 

enhance the conventional dual-frequency PPP models with float ambiguity 

estimation. The first publication of this chapter presents three float-ambiguity PPP 

models that use triple frequency data. The first model is based on the conventional 

dual-frequency PPP model (Zumberge et al., 1997) where a triple-frequency 

ionosphere-free linear combination is used, the second model is based on the mixed 

code-carrier model (Gao and Shen, 2002) and the third model estimates the slant 

ionospheric error using additional frequency measurements, rather than forming 

linear combinations to eliminate it. The three models were validated using triple-

frequency GPS data and their performance was compared to the traditional dual-

frequency traditional model. 

The second publication of this chapter extends first model to the multi-

constellation scenario, where additional biases must be considered to get the best 

accuracy. The triple frequency ionosphere-free PPP model was tested with multi-

constellation data from the GPS, Beidou and Galileo constellations at four Australian 

sites. 

 

This chapter is covered by the following two publications: 

 Deo MN, El-Mowafy A (2018) Triple Frequency GNSS Models for PPP with 

Float Ambiguity Estimation – Performance Comparison using GPS, Survey 

Review, 50(360): 249-261, doi: 10.1080/00396265.2016.1263179. 

 Deo MN, El-Mowafy A (2016) Triple Frequency precise point positioning with 

multi-constellation GNSS, IGNSS Conference, UNSW Australia, 6–8 December 

2016. 
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Triple-frequency GNSS models for PPP with
float ambiguity estimation: performance
comparison using GPS

M. Deo∗ and A. El-Mowafy

This contribution proposes two new precise point positioning (PPP) models that use triple-

frequency data, designed to accelerate convergence of carrier-phase float ambiguities. The first

model uses a triple-frequency ionosphere-free linear combination that has minimum noise

propagation and geometry-preserving properties. The second model uses a mixed code and

carrier-phase linear combination with the same properties. A third model was also implemented,

which uses individual uncombined triple-frequency measurements. The three models were

validated using triple-frequency GPS data and their performance was compared to the

traditional dual-frequency model in terms of the convergence time taken to achieve and maintain

a uniform three-dimensional accuracy of 5 cm. Testing includes PPP processing of 1-h

measurement blocks using 1–8 days of data from three locations in Australia. It was shown that

all the three triple-frequency models had improved solution convergence time compared to the

traditional PPP dual-frequency model although they gave almost similar accuracy and precision.

The convergence time, when using the triple-frequency ionosphere-free model improved, by

10%, the improvement was 9% when using the mixed code-phase model, whereas the

individual uncombined model resulted in 8% improvement.

Keywords: Precise point positioning, Convergence, Linear combinations, Multi-frequency, GNSS

Introduction
Precise point positioning (PPP) (Zumberge et al. 1997) is
a well-established technique for achieving cm to sub-deci-
metre level positioning accuracy using a standalone
GNSS receiver. It is used in various applications, such
as deformation monitoring, volcanic monitoring and

crustal motion studies. However, one concern in PPP is
its need for a lengthy period, typically 30 min under nor-
mal conditions, to reduce the impact of the code noise
such that the float ambiguities converge and give a sol-
ution better than a decimetre level of accuracy. This pre-
sents a major problem for many real-time applications
that require the convergence to occur quickly prior to
commencing the actual positioning. The solution conver-
gence depends on several factors, such as number of satel-
lites observed (redundancy), satellite geometry, multipath,
atmospheric effects (troposphere and ionosphere) and the
level of pseudorange noise, which is magnified when using
the ionosphere-free combination. In addition, PPP errors
may vary from day to day at the same site, despite the
GPS constellation repeating itself almost every 12 h (Bis-
nath and Gao 2009). A number of research efforts have

been made to reduce PPP convergence time to make it
more practical. Gao and Shen (2002) introduced a
mixed code-phase ionosphere-free linear combination
that showed marginal improvements in convergence
time. Ge et al. (2008) presented a PPP method with inte-
ger ambiguity resolution (PPP-AR), which was further
refined in Geng et al. (2010). PPP-AR typically involves
three steps: (1) estimating reliable float ambiguities, (2)
solving integer ambiguities and (3) validating the integer

solution. The receiver fractional phase biases are removed
by performing between-satellite-single differencing
(BSSD). Some PPP-AR methods estimate or use cali-
brated values of the satellite non-integer fractional
phase biases, also known as fractional cycle biases.
Other PPP-AR methods have been proposed, such as
the integer-recovery clock method (Laurichesse et al.
2009) and the decoupled clock model (Collins et al.
2010). However, the convergence time in these ambiguity
fixing PPP algorithms using dual-frequency measure-
ments still remains to be around 30 min. The stabilisation
and quick convergence of float ambiguities is a crucial
first step for PPP-AR as well as conventional PPP.
The availability of triple-frequency measurements from

modernised GPS Block IIF satellites, BeiDou and Gali-
leo as well as other regional systems, such as QZSS, pro-
vides an opportunity to improve the performance of PPP.
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For example, Geng and Bock (2013) presented a PPP-
AR method designed for rapid ambiguity resolution
using triple-frequency data. The method was based on
the strategy used in Ge et al. (2008) and Geng et al.
(2010), and commences with solving the L2/L5 extra
wide-lane ambiguity using Melbourne–Wübbena linear
combination, instead of the L1/L2 wide-lane ambiguity
used in former studies. This is followed by solving an
ionosphere-free wide-lane ambiguity, and subsequently
the narrow-lane ambiguities. Continuously operating
reference station (CORS) network data are required to
solve for the fractional phase biases, and the authors
claimed wide-lane and narrow-lane ambiguity correct-
ness rate of 99% in 20 and 65 s, respectively. The study
was based on simulated triple-frequency GPS data and
the model did not consider treatment of initial fractional
phase biases, which must be corrected prior to ambiguity
fixing. As a refinement to conventional PPP, Banville

et al. (2014) used global and regional ionospheric correc-
tions, together with satellite phase biases for reducing the
convergence time. However, users of this method must
use specific ionospheric corrections that are compatible
with this methodology. Seepersad and Bisnath (2014)
focused on code noise and multipath reduction to
improve convergence, reporting a 34% improvement.
Shi et al. (2014) proposed local troposphere model to
augment real-time PPP where data from a CORS net-
work were used to estimate the Zenith Wet Delay
(ZWD) at each station. This was modelled with optimal
fitting coefficients and broadcast to users where deci-
metre accuracy was achieved within an improved
20 min, which shows that the PPP model is strengthened
if external information is provided on the troposphere.
Recent research interest is also being focussed on the

development of suitable linear combinations for PPP.
Henkel and Günther (2008) discussed triple-frequency
low-noise code-phase linear combinations that are suit-
able for estimating integer ambiguities in PPP. Elsobeiey
(2015) compared nine triple-frequency linear combi-
nations to study improvements in PPP convergence time
and precision using GPS. However, no mathematical
background was provided in the derivation of these linear
combinations and the linear combination that was found
to give best performance for GPS L1, L2 and L5 had the
coefficients 2.7018, −2.1053, 0.4035, which give a signifi-
cant noise propagation of 3.85 and is not completely iono-
sphere-free (ionospheric content was −0.0419 of the delay
in L1). Also, the analysis did not consider anomalies in
the L5 carrier-phase measurements owing to the thermal
variations at the satellite (Montenbruck et al. 2012; Tege-
dor and Øvstedal 2014), and there were only two Block
IIF satellites that were simultaneously tracked in the data-

set for that study.
This contribution proposes two new linear combi-

nations to improve convergence time of the dual-fre-
quency ionosphere-free combinations used in
conventional PPP utilising triple-frequency data. These
combinations are as follows:
(i) Ionosphere-free, geometry-preserving triple-fre-
quency linear combination of phase-only or code-only
measurements that has lowest noise propagation.
(ii) A mixed code and phase linear combination that
also has the above properties, which is an extension
of the approach taken in Gao and Shen (2002) by

considering a third frequency to further reduce the
code noise.
It is hypothesised that minimising the pseudorange

noise while keeping the measurements ionosphere-free
would give optimum results. The first part of this paper
presents triple-frequency observation equations, followed
by derivation of the two new linear combinations.
Another PPP model is also tested, which uses individual
uncombined signals. Simulated GPS data are used to
evaluate the performance of these models in terms of con-
vergence time and accuracy compared with the standard
L1/L2 dual-frequency traditional PPP solutions. Finally,
the results are discussed and conclusions are presented.

Observation equations
The observation equations for the triple-frequency pseu-
dorange and carrier-phase measurements (scaled to dis-
tance units), for satellite k from a GNSS constellation,
such as GPS (denoted here as G), to receiver r are as fol-
lows:

P(i)kGr = rkGr + c(dtrG − dtkG + d(i)rG + d(i)kG )

+ TkG + mi I
kG + 1kGP(i)r

(1)

f(i)kGr = rkGr + c(dtrG − dtkG )+ TkG − mi I
kG

+ l1(N(i)kGr + d(i)rG + d(i)kG )+ 1kGf(i)r
(2)

where i is the frequency identifier, such that i = 1, 2, 5 for
GPS L1, L2 and L5, respectively as an example; P(i) and
f(i) are the pseudorange and carrier-phase measure-
ments, whereas frequency is denoted as fi. ρ is the satel-
lite-to-receiver geometric range; c is the speed of light in
vacuum; dtrG and dtkG are the receiver and satellite clock
offsets for GPS, where the latter is eliminated in PPP by
the use of precise clock corrections. It is noted here that

the International GNSS Service (IGS) precise clock cor-
rections are modelled for L1/L2 ionosphere-free combi-
nations and biases must be considered when using
individual signals or other linear combinations as shown
in El-Mowafy et al. (2016). TkG is the tropospheric
delay; li denotes the wavelength for frequency i.
mi = (f 21 /f

2
i ) is the dispersive coefficient and IkG is the

ionosphere error for a reference frequency, e.g. L1 for
GPS. 1kGf(i)r

includes measurement noise and multipath of
the carrier-phase measurement, whereas 1kGP(i)r

denotes
code measurement noise and multipath. d(i)rG is the recei-
ver hardware bias for code measurement for frequency i;
d(i)kG is the satellite hardware bias. The IGS satellite
clock offsets are determined from ionosphere-free
measurements with embedded P1 and P2 Differential
Code Biases (DCBs). d(i)kG includes the additional satel-
lite DCBs if using signals other than the reference signals
P1 and P2, triple-frequency combinations or individual
uncombined in the PPP model. These DCBs are available
as an IGS Multi-GNSS Experiment product (Monten-
bruck et al. 2014). The receiver-dependent code hardware
delays remain in the equations. N(i)kGr is the integer ambi-
guity term, whereas d(i)rG and d(i)kG are the receiver and
satellite hardware biases for the carrier-phase measure-
ments, respectively, which make the ambiguity a non-inte-
ger term (Shi and Gao 2014). One strategy to deal with
the receiver clock and hardware biases is to apply the
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BSSD model, which removes common receiver-related
biases for both pseudorange and phase signals from the
same frequencies of the same constellation (El-Mowafy
et al. 2016). Another approach is to lump the receiver
biases with other unknowns, such as clockoffsets, for indi-
vidual constellations and estimate it as part of the inter-
system biases (El-Mowafy et al. 2016).
Modelling different types of biases in the uncombined

form presents additional complexities because they have
the same coefficients in the solution design matrix,
resulting in rank deficiency and inability to separate
them. The preferred approach for satellite biases is to
estimate them externally and provide them to users as
‘calibration’ quantities. Alternatively, when solving float
ambiguities, the biases may be lumped with the phase
ambiguity terms and considered to be constant during
the observation period since the biases are usually stable
over several hours. Assuming that all biases except for

the initial fraction phase biases have been accounted
for by any of these approaches, BSSD measurements
are used and the IGS precise clock corrections are
applied, the observations, equations (1) and (2), are sim-
plified to

P(i) = r+ mi I + T + 1P(i) (3)

f(i) = r− mi I + l1N(i)∗ + T + 1f(i) (4)

where N(i)∗ is real numbers that includes the integer
ambiguities and observation biases. The system and recei-
ver identifiers have been removed when we are dealing
with measurements from one constellation and since
only a single receiver is considered in PPP. However,
one should note that integration of multi-constellation
data introduces additional biases, such as inter-system
bias, constellation and receiver time offsets and DCBs.
Dealing with these biases is beyond the scope of this
paper and a comprehensive discussion on their source,
modelling and treatment is given in our earlier work in
El-Mowafy et al. (2016).

PPP using triple-frequency
observations
In this section, we introduce the proposed models using
the triple-frequency data.

The use of individual uncombined signals
The individual uncombined multi-frequency GNSS
measurements can form the PPP model. Such a model
avoids noise propagation by not creating linear combi-
nations of observations. Thus, equations (3) and (4) are
used for the code and phase measurements for each fre-
quency (e.g. L1, L2 and L5 for GPS). The ionospheric
bias is estimated using the third frequency measurement
rather than forming ionosphere-free combinations. The
unknown parameters include three position parameters
and a troposphere ZWD parameter, which is assumed
common to all satellite measurements and is modelled
by applying a wet troposphere mapping function to map
the ZWD to the slant receiver-satellite line of sight. The
hydrostatic troposphere delay is modelled using an
empirical model (Tuka and El-Mowafy 2013). Each satel-
lite introduces a slant ionosphere delay and three

ambiguity parameters. If BSSD is not used, there is also
an additional receiver clock offset parameter.

Low-noise, ionosphere-free, geometry
preserving triple-frequency phase-only and
code-only linear combination
This section proposes a PPP model which uses a triple-fre-
quency linear combination that is ionosphere-free, geo-
metry-preserving and has lowest noise propagation,
designed for faster ambiguity convergence compared to
the traditional dual-frequency model. Concurrently with
our study, Guo et al. (2016) presented a similar approach
for BeiDou-only observations where only approximate

values of the model coefficients were given. In our
study, the derivation of the combination coefficients for
all constellations, including GPS, QZSS, Galileo, BeiDou
and the proposed GLONASS K2 Code Division Multiple
Access (CDMA) signals, is given (Urlichich et al. 2011).
This triple-frequency linear combination is applied to
both carrier-phase and code measurements. A linear com-
bination of triple-frequency phase measurements, where
the frequencies are denoted in general as f1, f2 and f3, is
given as (Cocard et al. 2008) follows:

P = a1P1+ a2P2+ a3P3 (5)

f = a1f1+ a2f2+ a3f3 (6)

where a1, a2 and a3 are the linear combination coeffi-
cients for the three-frequency measurements. The geome-
try preservation condition is achieved by

a1 + a2 + a3 = 1 (7)

The first-order ionosphere-free condition, which contains
the majority of the ionospheric effects, is removed when

a1 · 40.3TEC
f 21

+
a2 · 40.3TEC

f 22
+

a3 · 40.3TEC
f 23

= 0 (8)

The carrier frequencies are expressed in terms of a base
GNSS frequency f0, such that fj =

���

kj
√

f0, where f0 is
10.23 MHz, and

���

kj
√

is the frequency multiplier. The fre-
quency multipliers for GPS, QZSS, Galileo, BeiDou and
the proposed GLONASS K2 CDMA are given in
Table 1. Accordingly, equation (8) can be simplified to

a1

k1
+

a2

k2
+

a3

k3
= 0 (9)

Richert and El-Sheimy (2007) suggested that many coeffi-
cients can satisfy the above two criteria given in
(equations (7) and (9)). However, the dual-frequency
ionosphere-free observation combination used in the tra-
ditional PPP model has a high-noise amplification factor
e =

���������

a2
1 + a2

2

√

= 2.978 for L1–L2 measurements for
example. In this study, we use the measurement from a
third frequency to form a separate condition that results
in a minimum noise propagation. In a simplified form,
assuming that the noise is the same for phase measure-
ments on all frequencies, the noise propagation is directly
proportional to s2

f = s2
fj(a

2
1 + a2

2 + a2
3) = s2

fje
2. Hence,

the noise amplification factor is minimised by the
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following condition:

(a2
1 + a2

2 + a2
3) = e2 = MIN (10)

Satisfying the above three conditions (equations (7), (9)
and (10)) would result in a linear combination with the
potential to reduce PPP solution convergence time and
improve positional accuracy. A solution for a1, a2 and
a3, from equations (7), (9) and (10), is now derived algeb-
raically. Rearranging equation (7) as a1 = 1− a2 − a3,
substituting into equation (9) and rearranging in terms
of a2 results in

a2 =
a3(k2k3 − k1k2)− k2k3

k1k3 − k2k3
(11)

and

a2
2 =

a2
3(k2k3 − k1k2)

2 − 2a3k2k3(k2k3 − k1k2)+ (k2k3)
2

k23(k1 − k2)
2

(12)

Substituting equation (11) into (7) and rearranging in
terms of a1 gives

a1 =
a3(k1k2 − k1k3)− k1k3

k1k3 − k2k3
(13)

and

a2
1 =

a2
3(k1k2 − k1k3)

2 − 2a3k1k3(k1k2 − k1k3)+ (k1k3)
2

k23(k1 − k2)
2

(14)

Substituting equations (12) and (14) into (10) results in
a quadratic equation of the form

Aa2
3 + Ba3 + C = 0 (15)

where the constants A, B and C are

A = (k1k2 − k1k3)
2 + (k2k3 − k1k2)

2 + (k1k3

− k2k3)
2 (16)

B = 2k1k3(k1k2 − k1k3)− 2k2k3(k2k3 − k1k2) (17)

C = (k1k3)
2 + (k2k3)

2 − e2(k1k3 − k2k3)
2 (18)

The quantities A and B are constants, whereas C contains
an unknown value for the noise amplification factor e.
There are two unknown variables a3 and e, in these
equations, and the discriminant B2 − 4AC should be
greater than zero for a real-value solution for a3. Further-
more, the noise amplification factor is minimised when
the discriminant is exactly zero, resulting in only one
real root. C is obtained by

C =
B2

4A
(19)

From equation (15), a solution for a3 is obtained as fol-
lows:

a3 =
−B

2A
=

−q

A
=

C

q
(20)

where q = −0.5B. The value of a3 is substituted into
equation (11) and (7) to solve for a2 and a1, respectively.
These coefficients for the triple-frequency linear combi-
nation a1, a2 and a3, are given in Table 2 for GPS,
QZSS, Galileo, BeiDou and GLONASS K2 CDMA sig-
nals, based on the frequency multiplier values given in
Table 1. Also given in Table 2 are the values for the
noise amplification factor, e, calculated as

e =

�������������������������

(k1k3)
4 + (k2k3)

4 − C

(k21k
2
3 − k22k

2
3)

2

√

√

√

√ (21)

Table 2 additionally shows the percentage change in noise
when using the given triple-frequency combinations with
values of a1, a2 and a3 from the proposed ionosphere-
free combination, compared to the ionosphere-free dual-
frequency combinations that are used for generating pre-
cise clock corrections by the IGS. These reference signals
are L1/L2 for GPS, B1/B2 for BeiDou (Zhao et al. 2013)
and E1/E5a for Galileo (Prange et al. 2012; Uhlemann
et al. 2012). For GLONASS K2, the L1/L2 CDMA sig-
nals are assumed as the reference signals. A significant
noise reduction is obtained using the proposed method
at 14% for GPS, 3.1% for Galileo, 1.1% for BeiDou and
13.6% for GLONASS K2.

A refined dual-frequency mixed code-carrier
PPP model
The previous section presented a triple-frequency combi-
nation for carrier phase and code observations separately.
In this section, a mixed code-carrier phase linear combi-
nation is formed that is ionosphere-free, geometry-preser-
ving and has minimum noise propagation. This PPP
model is built from linear combinations of two dual-fre-
quencies, such as L1/L2 and L1/L5 for GPS, as well as
the carrier-phase only dual-frequency ionosphere-free
combinations for the same frequencies to complete the
model. This model solves for the individual non-integer
carrier-phase ambiguities for each frequency
(i.e. N1∗, N2∗ and N5∗ for GPS) as well as the receiver
position and troposphere error. Using a pair of code
and carrier-phase measurements of frequencies from
the same GNSS constellation, e.g. L1 and L2 GPS, the

Table 1 Multi-constellation GNSS frequencies and
frequency multipliers of a base frequency
10.23 MHz

GNSS constellation Signal

Frequency multiplier

(
��

k
√

)

GPS/QZSS L1 154
L2 120
L5 115
LEX (QZSS
only)

125

Galileo E1 154
E5a 115
E5b 118
E5 (a + b) 116.5
E6 125

BeiDou B1 152.6
B2 118
B3 124

GLONASS K2
(CDMA)

L1 156.5
L2 122
L3 117.5

Deo and El-Mowafy Triple-frequency GNSS models for PPP with float ambiguity estimation

4 Survey Review 2016 74



Table 2 Coefficients for triple-frequency linear combinations for different GNSS constellations and signals, with percentage
change in noise compared to dual-frequency reference signals

GNSS constellation Signal combination a1 a2 a3 Noise amp. factor (e) Percentage change

GPS L1-L2-L5 2.326944 −0.359 646 −0.967299 2.546 −14.5%
QZSS L1-LEX-L5 2.269122 −0.024 529 −1.244592 2.588 −13.1%
Galileo E1-E5a-E5b 2.314925 −0.836 269 −0.478656 2.507 −3.1%
BeiDou B1-B3-B2 2.566439 −0.337 510 −1.228930 2.865 −1.1%
GLONASS K2 (CDMA) L1-L2-L3 2.359142 −0.404 596 −0.954546 2.577 −13.6%

For GLONASS K2, the L1/L2 CDMA signals are assumed as the reference signals.

Table 3 Coefficients for mixed code-carrier phase linear combinations with measurement noise (m), using sP = 0.2m and
sf = 0.002m

GNSS constellation Signal combination a1 a2 b1 b2 e Noise (m)

GPS L1-L2 2.529802 −1.533226 0.001509 0.001915 2.968 0.006
GPS L1-L5 2.250109 −1.252675 0.001108 0.001458 2.582 0.005
GPS L2-L5 10.078988 −9.169588 0.044338 0.046263 15.057 0.030
QZSS L1-LEX 2.905273 −1.910056 0.002150 0.002632 3.493 0.007
QZSS LEX-L2 10.329707 −9.426643 0.047481 0.049456 15.575 0.031
QZSS LEX-L5 6.166649 −5.194059 0.013137 0.014273 8.293 0.017
BeiDou B1-B2 2.472483 −1.475721 0.001422 0.001816 2.889 0.006
BeiDou B1-B3 2.917418 −1.922248 0.002173 0.002657 3.511 0.007
BeiDou B2-B3 −8.209041 9.138934 0.035920 0.034186 13.248 0.026
Galileo E1-E5a 2.250109 −1.252675 0.001108 0.001458 2.582 0.005
Galileo E1-E5b 2.408595 −1.411632 0.001327 0.001709 2.800 0.006
Galileo E5a-E5b −11.70299 12.514784 0.095313 0.092891 21.696 0.043
GLONASS K2 L1-L2 2.533086 −1.536521 0.001514 0.001921 2.973 0.006
GLONASS K2 L1-L3 2.280974 −1.283628 0.001149 0.001506 2.624 0.005
GLONASS K2 L2-L3 10.812700 −9.923189 0.054208 0.056281 16.627 0.033

Table 4 Summary of PPP models being compared, the first three rows include three-code and three-phase observations

PPP model

Primary model

equations

Number of obs. for n

satellites Number of unknowns Parameter description

Individual uncombined
signals

f1, f2, f5
P1, P2, P5
(equations (3) and
(4))

6(n − 1) = 6n − 6 4+ 4(n − 1) = 4n X , Y , Z , ZWD,

(n − 1){I, N1∗, N2∗, N5∗}

Triple-frequency ionosphere-
free

f, P

(equations (5) and
(6))

2(n − 1) = 2n − 2 4+ (n − 1) = 3+ n X , Y , Z , ZWD,

(n − 1)(N∗)

Mixed code-phase f12, f15
Q12, Q15,
(equation (22))

4(n − 1) = 4n − 4 4+ 3(n − 1) = 1+ 3n X , Y , Z , ZWD,

(n − 1)(N1∗, N2∗, N5∗)

Traditional dual-frequency
ionosphere-free

f12, P12 2(n − 1) = 2n − 2 4+ (n − 1) = 3+ n X , Y , Z , ZWD,

(n − 1){N∗}

1 Dual-frequency (L1/L2) ionosphere-free PPP 3D position-

ing errors for the 24-hourly solutions at HOB2

2 Triple-frequency ionosphere-free PPP 3D positioning

errors for the 24-hourly solutions at HOB2
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mixed code-carrier phase combination is expressed as

Q12 = a1f1+ a2f2+ b1P1+ b2P2 (22)

where a1 and a2 are the coefficients for the carrier-phase
measurements and b1 and b2 are the coefficients for the
code measurements. The ionosphere-free condition is
formed by

40.3TEC
−a1

f 21
+

−a2

f 22
+

b1

f 21
+

b2

f 22

[ ]

= 0 (23)

and the geometry-preserving condition is

a1 + a2 + b1 + b2 = 1 (24)

Let us assume that the code noise is higher than the phase
noise by a factor, a, e.g. a = 100 for GPS, and the noise for
carrier-phase measurements on all its frequencies is the
same, i.e. sf = sf1 = sf2. The noise in the combination
is minimised by minimising the amplification factors

using the following condition:

a2
1 + a2

2 + a2b2
1 + a2b2

2 = e2 = MIN (25)

The code and carrier-phase measurements are now
weighted according to their measurement noise. A sol-
ution that satisfies the above three conditions will give
the required coefficients a1, a2, b1 and b2 for the
mixed code-carrier linear combination. The derivation
of these coefficients is given in the Appendix for the inter-
ested reader.
Table 3 shows the derived coefficients a1, a2, b1 and b2,

as well as the noise amplification factor e for GPS, QZSS,
Galileo, GLONASS K2 and BeiDou. The actual noise in
the combination, in distance units, is evaluated by esf,
where sf is the carrier-phase noise, typically a few milli-
metres for GPS. As shown in the table, the contribution
of code measurement noise is supressed in the mixed
code-phase combinations, since the absolute values of
their coefficients are much smaller than those of the
carrier-phase coefficients. Note here that since the code
coefficients are multiplied by pseudoranges, which are
large values in thousands of kilometres; thus, the linear
combination value is significant and is numerically stable.
As an example, if we assume the phase noise is
sf = 0.002m and the corresponding code noise is
sP = 0.2m for GPS L1 and L2, the total noise in the pro-
posed mixed code-phase combination is just 0.006m.

For the triple-frequency code and phase measurements,
there would be only two independent mixed code-phase
combinations. Considering GPS as an example, the
mixed code-phase combinations L1/L2 and L1/L5 may
be used in the same model. These two mixed code-phase
combinations are used with the corresponding carrier-
phase only dual-frequency ionosphere-free combinations
L1/L2 and L1/L5 to complete the mixed code-phase
PPP model. This model will have correlations between

Table 5 Mean RMSE (East, North and Up) and convergence time for the GPS PPP algorithms tested with hourly data sessions

PPP model

Mean convergence

time (min)

Mean RMSE – East

converged (m)

Mean RMSE – North

converged (m)

Mean RMSE – Up

Converged (m)

Dual-frequency
ionosphere-free (L1–L2)

29.451 0.014 0.005 0.020

Triple-frequency
ionosphere-free

26.318 0.014 0.005 0.019

Mixed code-phase 26.831 0.013 0.005 0.019
Individual uncombined
signals

27.036 0.014 0.005 0.019

Columns 3–5 present statistics for solutions that converged within 3D accuracy of 5 cm in less than 1 h.

3 Mixed code-phase PPP 3D positioning errors for the 24-

hourly solutions at HOB2

4 Individual uncombined signals PPP 3D positioning errors

for the 24-hourly solutions at HOB2

5 Dual-frequency (L1/L2) ionosphere-free PPP 3D position-

ing errors for the 24-hourly solutions at CEDU
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the linear combinations used, which will be discussed in a
later section.

Summary of PPP models
Table 4 summarises the presented PPP models compared
to the traditional dual-frequency PPP model in terms of

the observation equations, number of observations,
unknown parameters and their descriptions. The BSSD
approach is used where one satellite is taken as a pivot
and measurements from the remaining satellites are dif-
ferenced with its measurements. All the presented triple-
frequency models require a minimum of five satellites.
The troposphere term is separated into a zenith hydro-
static component and a wet component, with the use of
a mapping function, such as the Vienna Mapping

Function (Bohem et al. 2006), to map the slant delays
to the zenith direction. The zenith hydrostatic delay is
modelled using an empirical model, such as Saastamoi-
nen (Davis et al. 1985). The unknown parameters include

three position parameters and ZWD, which are common
in all model equations. There are n− 1 ambiguities to
resolve for each carrier-phase combination in the triple-
frequency ionosphere-free model. For the mixed code-
phase and individual uncombined models, the ambigu-
ities are resolved for each frequency; thus there are
3(n− 1) ambiguities to resolve. Although it may appear
that a solution is possible with four satellites for the indi-
vidual uncombined model, the two extra measurements of
the third frequency do not add to the required geometry
of the observed satellites, thus five satellites are still
needed to form four single differences for eliminating

7 Mixed code-phase PPP 3D positioning errors for the 24-

hourly solutions at CEDU
10 Triple-frequency ionosphere-free PPP 3D positioning

errors for the 24-hourly solutions at TIDB

6 Triple-frequency ionosphere-free PPP 3D positioning

errors for the 24-hourly solutions at CEDU

8 Individual uncombined signals PPP 3D positioning errors

for the 24-hourly solutions at CEDU

9 Dual-frequency (L1/L2) ionosphere-free PPP 3D position-

ing errors for the 24-hourly solutions at TIDB

11 Mixed code-phase PPP 3D positioning errors for the 24-

hourly solutions at TIDB
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the receiver clock offset and estimating the three position
components and ZWD. Although the three different
models differ in their functional model, they are expected
to give similar performance since they all provide the
same observations.

Stochastic modelling of the observations
The satellite elevation-dependent weighting scheme is
applied and the variance matrix of the individual

measurements model for GPS as an example is

Q = diag[s2
f1

s2
f2

s2
f5

s2
P1

s2
P2

s2
P5
] (26)

with off-diagonal terms zero where no-correlation is
assumed among the individual observations at each
epoch. The values for standard deviations can be esti-
mated and validated as shown in El-Mowafy (2014,
2015). For the low-noise triple-frequency ionosphere-
free model, the covariance matrix is evaluated with the
error propagation law as

Ql = DQDT (27)

where

D =

∂f

∂f1

∂f

∂f2

∂f

∂f5

∂f

∂P1

∂f

∂P2

∂f

∂P5

∂P

∂f1

∂P

∂f2

∂P

∂f5

∂P

∂P1

∂P

∂P2

∂P

∂P5

⎡

⎢

⎢

⎣

⎤

⎥

⎥

⎦

=
a1 a2 a3 0 0 0

0 0 0 a1 a2 a3

[ ]

(28)

where f and P are defined in equations (5) and (6). The
matrix Ql results in a diagonal matrix with off-diagonal
terms as zero, indicating the linear combinations used in
the model are uncorrelated. For the mixed code-phase

13 Histograms for the convergence time and the RMSE (in m) for East, North and Up obtained solutions using the L1/L2 dual-

frequency traditional PPP model for all converged solutions. The mean and median of the histogram are given

12 Individual uncombined signals’ PPP 3D positioning

errors for the 24-hourly solutions at TIDB
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model, the D matrix reads

D=

∂f12

∂f1

∂f12

∂f2

∂f12

∂f5

∂f12

∂P1

∂f12

∂P2

∂f12

∂P5

∂f15

∂f1

∂f15

∂f2

∂f15

∂f5

∂f15

∂P1

∂f15

∂P2

∂f15

∂P5

∂Q12

∂f1

∂Q12

∂f2

∂Q12

∂f5

∂Q12

∂P1

∂Q12

∂P2

∂Q12

∂P5

∂Q15

∂f1

∂Q15

∂f2

∂Q15

∂f5

∂Q15

∂P1

∂Q15

∂P2

∂Q15

∂P5

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

=

f 21
f 21 − f 22

−f 22
f 21 − f 22

0 0 0 0

f 21
f 21 − f 25

0
−f 25

f 21 − f 25
0 0 0

a1(1,2) a2(1,2) 0 b1(1,2) b2(1,2) 0

a1(1,5) 0 a2(1,5) b1(1,5) 0 b2(1,5)

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(29)

and the measurement covariance matrix is computed
using equation (27), resulting in a fully populated matrix.
As an example, assuming uncorrelated raw phase and

code measurements with sf1
= sf2

= sf5
= 0.002m and

sP1
= sP2

= sP5
= 0.2m; the measurement covariance

matrix computed at the zenith is

Qy =

3.55 2.30 3.52 2.29

2.30 2.68 2.29 2.67

3.52 2.29 3.52 2.28

2.29 2.67 2.28 2.67

⎡

⎢

⎢

⎣

⎤

⎥

⎥

⎦

×10−5

(30)

which gives correlation between observations reaching
above 0.7. This indicates that the correlations between
the linear combinations used in this model must be con-
sidered in the stochastic modelling of the observations.

Validation of the presented PPP
models
This section compares the performance of the presented
PPP models, commencing with a description of the data
used and followed by validation of the models. The vali-
dation process uses GPS as an example, where it equally
applies to any single GNSS constellation.

Test description
Triple-frequency GPS static data from three Australian
continuously operating GNSS stations, HOB2, TIDB
and CEDU were used to test the proposed PPP models.

14 Histograms for the convergence time and the RMSE (in m) for East, North and Up obtained solutions using the low noise,

ionosphere-free triple-frequency PPP model for all converged solutions. The mean and median are given

Deo and El-Mowafy Triple-frequency GNSS models for PPP with float ambiguity estimation

Survey Review 2016 979



The measurement modelling and simulation were carried
out with the following approach:
(i) The following IGS products were used: final precise
ephemeris; IGS satellite clock product for satellite clock
error, dtkG ; IGS ZTD product for the troposphere; and
the broadcast Klobuchar model for the ionospheric
delay. IGS produces ZTD and station receiver clock
products for selected IGS stations using standard
PPP, which were used to estimate realistic errors in
the simulated data.
(ii) The satellite and receiver DCBs were ignored. Inter-
system biases are not applicable in this case because a
single constellation is used where all satellites are trans-
mitting measurements on the same frequencies.
(iii) Measurement noise was generated assuming it has
a normal distribution with zero mean and standard
deviation of 0.4 m for code and 0.01 cycles for carrier
phase. A satellite elevation mask angle of 10 degrees

was used.
The accuracy of PPP results was assessed by referencing
them to the known stations precise coordinates that
were obtained from the Asia Pacific Reference Frame pro-
ject records. The period of data analysed per station was 8
days at HOB2, 6 days at TIDB and 1 day at CEDU, with
a sampling interval of 15 s. The data were processed in
hourly blocks, with the ambiguities re-initialised at the
start of each hour.

Analysis and discussion of results
The three proposed PPP models were implemented using
the Kalman filter processing. Results are compared in
terms of solution convergence time, accuracy and pre-
cision where the convergence time is defined as the time
when a 3-dimentional (3D) positional accuracy of
0.05 m is reached and maintained thereafter. This accu-
racy is targeted towards the surveying and high precision
industry sector, which accounts for 23.3% of the GNSS
market users where 47.8% of this sector requires accuracy
within 1–5 cm (GPSWorld 2016). The accuracy is defined
as the root mean squared errors (RMSE) after conver-
gence is achieved with respect to the known station
position.
The mean convergence times and RMSE (in East,

North, Up) from PPP analysis for the four algorithms
are given in Table 5. Compared to that of the dual-fre-
quency traditional PPP model, the convergence time for

the triple-frequency ionosphere-free model improved by
11% (3.1 min), the mixed code-phase model improved
by 9% (2.6 min), whereas the individual signal model
improved by 8% (2.4 min). The accuracy results given in
columns 3–5 represent the solutions that convergedwithin
5 cm 3D positioning accuracy in less than 1 h. The change
in the RMSE in East, North and Up directions was insig-
nificant (at or below 1 mm) for all the three PPP models,
which indicate that they gave the same positioning

15 Histograms for the convergence time and the RMSE (in m) for East, North and Up obtained solutions using mixed code-

phase PPP model for all converged solutions. The mean and median are given
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accuracy. This is expected since even though the three
different triple-frequency models differ in their functional
model and parameterisations, they have the same infor-
mation content; i.e. use of triple-frequency phase and
code datawith the same precise orbit and clock correction
products.
The individual uncombined model has no noise propa-

gation, but this did not markedly improve its performance
compared to the other triple-frequency models because of
considering this amplification in the observation covari-
ance and weights. Further testing was done to investigate
whether estimation of the extra ionospheric parameter by
processing a day’s simulated GPS data by first estimating
the ionosphere error as an unknown PPP parameter, and
secondly removing it by applying an ionosphere model
(the known Klobuchar’s model). The mean convergence
time for the 24-hourly solutions was 26.7 min when esti-
mating the ionospheric error, whereas it was reduced to

only 9.4 min when the ionosphere delay was eliminated
assuming that is provided externally. This indicates that
using the individual uncombined model with ionosphere
augmentation will significantly improve convergence
time.
Figure 1 shows, as an example, the PPP 3D positioning

errors for the 24-hourly sessions at HOB2 using the tra-
ditional L1/L2 dual-frequency model. Figure 2 shows
the positioning errors using the same data set but when

using the triple-frequency low-noise ionosphere-free
model, whereas Fig. 3 shows the result with the mixed
code-phase model and Fig. 4 shows the result for the indi-
vidual uncombined model. Moreover, Figs. 5–8 show the
same plots for CEDU, whereas the plots for TIDB are
given in Figs. 9–12. The histograms for the convergence
time and the RMSE East, North and Up are depicted
in the Figs. 13–16 for the solutions using the dual-fre-
quency traditional PPP model, the triple-frequency low-
noise ionosphere-free model, the mixed code-phase
model and the individual uncombined model, respect-
ively. Comparing the distribution of the convergence
time in these figures shows that most of the solutions
from the triple-frequency model converged faster than
the dual-frequency case, with means between 26 and
27 min, compared to 29 min for the dual-frequency case.
The RMSE values in East and Up are lower for most of
the converged solutions that used the triple-frequency

model.

Conclusion
In this contribution, three triple-frequency PPP models
were presented for faster convergence of carrier-phase
float ambiguities. In the first model, a new triple-fre-
quency ionosphere-free linear combination was devel-
oped with minimum noise propagation and geometry-

16 Histograms for the convergence time and the RMSE (in m) for East, North and Up obtained solutions using individual

uncombined PPP model for all converged solutions. The mean and median are given
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preserving properties. The second proposed model used
mixed code and carrier-phase linear combinations with
two dual-frequency data, which also has the same proper-
ties. A third PPP model was also tested that uses individ-
ual uncombined triple-frequency measurements.
These models were validated with several days of triple-

frequency data and the results were compared to the tra-
ditional dual-frequency model. It was shown that all three
triple-frequency models had improved the solution con-
vergence time required to achieve and maintain a 3D pos-
itional accuracy of 5 cm, compared to the dual-frequency
traditional PPP model. The triple-frequency code-only
and phase-only ionosphere-free model, the mixed code
and phase model and the individual uncombined model
resulted in the improvement of the convergence time by
11% (3.1 min), 9% (2.6 min) and 8% (2.4 min), respect-
ively. The positioning accuracy after convergence for all
triple-frequency algorithms was similar and showed mar-

ginal improvement at approximately 1 mm, compared to
the present dual-frequency model. The individual uncom-
bined model with externally provided ionosphere correc-
tions can significantly improve convergence time to
achieve 5 cm 3D accuracy.
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Appendix

In this section, we provide the full derivation of the coeffi-
cients for the mixed code-carrier linear combination.
Rearranging Eq. 24 gives:

a2 = 1− a1 − b1 − b2 (A1)

and substituting Eq. A1 into 23 and presenting in terms of
the frequency multipliers results in:

b1 =
k2a1 + k1 − k1a1 − 2k1b2

k1 + k2
(A2)

Squaring Eq. A2 gives

b2
1=

(k2a1+k1−k1a1)
2−4k1b2(k2a1+k1−k1a1)+4k21b

2
2

(k1+k2)
2

(A3)

and substituting Eq. A2 into A1 we have:

a2=
k2−2k2a1+b2(k1−k2)

k1+k2
(A4)

and its squaring gives:

a2
2=

k22(1−2a1)
2+2k2b2(1−2a1)(k1−k2)+b2

2(k1−k2)
2

(k1+k2)
2

(A5)

Substituting Eq. A3 and Eq. A5 into Eq. 25 results in a
quadratic equation Ab2

2+Bb2+C=0 where b2 and e
are the unknown variables. The constants A, B, andC are:

A=a2(k1+k2)
2+(k1−k2)

2+4a2k21 (A6)
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B=2k2(1−2a1)(k1−k2)−4a2k1(k2a1+k1

−k1a1) (A7)

C= (k1+k2)
2a2

1+k22(1−2a1)
2+a2(k2a1+k1

−k1a1)
2−(k1+k2)

2e2

=C0−(k1+k2)
2e2 (A8)

where C0 = (k1 + k2)
2a2

1 + k22(1− 2a1)
2 + a2(k2a1 + k1−

k1a1)
2 is a constant andC is calculated directly in analogy

with Eq. 19. The noise amplification factor in the combi-
nation Q12 is evaluated by:

e =

�����������

C0 −C

(k1 + k2)
2

√

=
���������

C0 −C
√

k1 + k2
(A9)

Since a1 is present as a variable in Eq. A7, its direct
analytical solution at a minimum noise is obtained by
assigning the first derivation of Eq. A9 with respect to
a1 to 0, such that:

e′(a1) =
C′

0(a1)−C′(a1)

2(k1 + k2)
���������

C0 −C
√ (A10)

The minimum value of a1 occurs when the above Eq.
A10 (its numerator) is equated to 0, which results in:

C′
0(a1)− C′(a1) = 0 (A11)

where:

C′
0(a1) = X1a1 + X2 (A12)

with

X1 = a1(2(k1 + k2)
2 + 8k22 + 2a2(k2 − k1)

2) (A13)

and

X2 = −4k22 + 2a2(k2 − k1)k1 (A14)

C′
0(a1) is evaluated as:

C′
0(a1) =

2X3

A
(a1X3 + X5) (A15)

with

X3 = −2k2(k1 − k2)− 2a2k1k2 − 2a2k21 (A16)

and

X5 = k2(k1 − k2)− 2a2k21 (A17)

The variableA, which is evaluated using Eq. A6, is used
to obtain a solution for a1 as

a1 =
2X3X5 − AX2

AX1 − X 2
3

(A18)

The corresponding value for b2 is calculated as

b2 = −B/2A; whereas a2 and b1 are calculated using
Eq. A4 and A2, respectively.
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ABSTRACT 
 

The availability of signals on three or more frequencies from multiple GNSS 

constellations provides opportunities for improving precise point positioning 

(PPP) convergence time and accuracy, compared to when using dual-

frequency observations from a single constellation. Although the multi-

frequency and multi-constellation (MFMC) data may be used with present 

day precise orbit and clock products, there are several biases that must be 

considered to get the best results. When using IGS products, the precise orbit 

and clock corrections are generated using dual-frequency ionosphere-free 

combinations of a ‘base’ pair of signals, and usage of other signals in the 

PPP model results in differential code biases (DCB). Other biases to 

consider include differential phase biases (DPB) for the satellites and 

receiver and satellite antenna offsets for individual frequencies. Integrating 

multi-constellation data introduces additional biases, such as inter-system 

hardware and time biases and inter-frequency bias. Although the integration 

of MFMC data introduces such biases, it improves the measurement model 

strength and hence can potentially improve PPP performance through 

reducing solution convergence time and increasing precision and accuracy. 

A brief overview of the MFMC biases and strategies that may be used to 

treat them is discussed. A proposed PPP model that uses triple frequency 

ionosphere-free low-noise linear combination for float ambiguity estimation 

is tested and analysed. MFMC data from four Australian sites is used to 

demonstrate the improvements in PPP solution convergence time, accuracy 

and precision, when comparing single- to multi-constellation GNSS data. 
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KEYWORDS: precise point positioning, multi-constellation, multi-

frequency, biases, solution convergence.  
 

 

1. INTRODUCTION 
 

The PPP technique can determine the position of a GNSS receiver to cm-level accuracy for 

static surveying and sub-decimetre accuracy for kinematic applications, without relying on 

data from a single or network of reference stations. The first advent in PPP was made in 

Zumberge et al. (1997), where it was shown that cm-level repeatability can be achieved with 

dual-frequency undifferenced GPS measurements augmented with precise orbit and clock 

corrections. This is often known as the traditional PPP model, where the functional model 

consists of ionosphere-free linear combinations of dual-frequency pseudorange and carrier 

phase measurements. A major limitation of this technique is the time needed to achieve 

convergence of the solution to sub-decimetre accuracy, typically around 30 minutes, which 

restricts many real-time users from using this technique. At present, several commercial 

satellite subscription services provide real-time orbit and clock corrections for PPP such as 

StarFire (Deere), RTX (Trimble), Atlas (Hemisphere), Terrastar (Veripos) and MagicGNSS. 

However, convergence time remains to be a problem especially in areas obstructed by trees, 

buildings or canyons, where the PPP convergence is interrupted several times and for each 

time, the user needs to wait for the convergence to reoccur (Gaksatter, 2016). 

 

The availability of data on three or more frequencies from multiple GNSS constellations 

provides an opportunity for improving the PPP performance in terms of reducing the solution 

convergence time and increasing the accuracy and precision. However, such integration of 

MFMC data results in several biases and handling of these biases is a complex problem that 

requires careful modelling. We restrict attention here to the use of IGS precise orbit and clock 

corrections which are generated from ionosphere-free combinations of a ‘base’ pair of signals, 

(e.g. GPS L1/L2, Galileo E1/E5a and Beidou B1/B2) and usage of other signals in the PPP 

model results in differential code biases (DCB) which must be treated. Integration of MFMC 

data also results in other biases such as differential phase biases (DPB) (including the initial 

fractional phase biases) in the satellites and receiver, and satellite antenna offsets for 

individual frequencies (rather than the ionosphere-free combination of the ‘base signal pair’), 
inter-system hardware and time biases (ISB and ISTB) and inter-frequency bias. A detailed 

analysis of these biases and recommendations for their modelling is presented in El-Mowafy 

et al. (2016). 

 

The availability of triple frequency data may potentially reduce PPP convergence time, 

compared to the dual-frequency case. This will make the PPP technique more practical for 

real-time applications. Deo and El-Mowafy (2016a) compared the performance of three PPP 

models that use triple frequency data. However, the testing was done for a GPS only case. 

PPP with multi-constellation GNSS has been widely studied for dual-frequency 

measurements. Multi-constellation provides improved satellite geometry for better PPP 

performance in challenging environments like open-pit mines, urban canyons and forests. An 

early GPS-GLONASS combined PPP model was presented in Cai and Gao (2007), which 

showed improvements in accuracy and solution convergence time. A GPS-Galileo combined 

PPP model was attempted in Cao et al. (2010). Li et al. (2013) presented PPP results using 

GPS and Beidou integration, which had 12 satellites from the latter system at the time of 

writing. The results showed a slight improvement in convergence time, but only marginal 

improvement was noted in positioning accuracy. The traditional dual-frequency PPP model 
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was adopted in all these studies, though results were not conclusive due to the partial 

completion of the GLONASS, Galileo and Beidou constellations at the time of study. 

 

In this paper, the PPP model that uses a triple frequency ionosphere-free low-noise linear 

combination presented in Deo and El-Mowafy (2016a) is extended to a multi-constellation 

applications using GPS, Galileo and Beidou observations. This linear combination was 

developed for triple frequency data by applying three conditions of noise minimisation, 

ionosphere-free and geometry preservation. Firstly, the models for the MFMC observation 

equations are given, followed by a discussion of the biases and recommended practices for 

treating them. The next section presents the functional model for the triple frequency PPP 

model when using the three constellations, followed by a description of the stochastic 

modelling of observations. Next, the analysis and testing of data at four Australian GNSS 

continuous operating stations is presented. Following this, results comparing the convergence 

time, accuracy and precision for triple frequency PPP using GPS only, GPS+Galileo, 

GPS+Beidou and GPS+Galileo+Beidou are presented. Lastly, the conclusions are stated.    

 

 

2. GNSS OBSERVATION MODEL 
 

The observation equation of the carrier phase and pseudorange code measurements for 

satellite 𝑜 from one GNSS constellation such as GPS (denoted as 𝐺) on frequency 𝑖 in length 

units can be formulated as follows: 

 𝑃𝑖𝑜𝐺 = ρ𝑜𝐺 + 𝑐(𝑑𝑡G − 𝑑𝑡𝑜𝐺 + 𝑑𝑖𝐺 − 𝑑𝑖𝑜𝐺) + 𝑇𝑜𝐺 + 𝜇𝑖𝐼𝑜𝐺 + 𝜀P𝑖𝑜𝐺 (1) 𝜙𝑖𝑜𝐺 = ρ𝑜𝐺 + 𝑐(𝑑𝑡G − 𝑑𝑡𝑜𝐺) + 𝑇𝑜𝐺 − 𝜇𝑖𝐼𝑜𝐺 + 𝜆𝑖(𝑁𝑖𝐺 + 𝛿𝑖𝐺 − 𝛿𝑖𝑜𝐺)+𝜀ϕ𝑖𝑜𝐺 (2) 

 

where 𝑃𝑖𝑜𝐺 is the code and 𝜙𝑖𝑜𝐺  is the phase measurement,  ρ𝑜𝐺 is the satellite-to-receiver 

geometric range, 𝑐 is the speed of light in vacuum; 𝑑𝑡G and 𝑑𝑡𝑜𝐺 are the receiver and satellite 

clock offsets; 𝑑𝑖G and 𝑑𝑖𝑜𝐺 are the receiver and satellite code hardware biases in time units, 

respectively; 𝛿𝑖𝐺  and 𝛿𝑖𝑜𝐺  are the receiver and satellite phase biases in cycles, respectively; 𝑁𝑖𝐺  is the integer carrier phase ambiguity;  𝑇𝑜𝐺 is the tropospheric delay, 𝜇𝑖 = 𝑓12𝑓𝑖2 is the 

dispersive coefficient of the ionosphere, 𝐼𝑜𝐺 is the ionosphere error for the L1 reference 

frequency; 𝜀𝑃𝑖𝑜𝐺 and 𝜀ϕ𝑖𝑜𝐺 comprises code and phase measurement combined noise and 

multipath, respectively.  

 

For the Beidou constellation (denoted as 𝐶) with frequency 𝑗 from satellite 𝑝, the equations 

for carrier phase  and pseudorange code measurement for frequency 𝑗  are (El-Mowafy et al., 

2016): 

 𝑃𝑗𝑝𝐶 = ρ𝑝𝐶 + 𝑐 (𝑑𝑡𝐺 − 𝑑𝑡𝑝𝐶 + 𝑑𝑗𝐶 − 𝑑𝑗𝑝𝐶) + 𝑇𝑝𝐶 + 𝜇𝑗𝐼𝑝𝐶 + 𝐼𝑆𝑇𝐵𝐺−𝐶 + 𝜀𝑃𝑗𝑝𝐶  (3) 𝜙𝑗𝑝𝐶 = ρ𝑝𝐶 + 𝑐(𝑑𝑡𝐺 − 𝑑𝑡𝑝𝐶) + 𝑇𝑝𝐶 − 𝜇𝑗𝐼𝑝𝐶 + 𝐼𝑆𝑇𝐵𝐺−𝐶+𝜆𝑗 (𝑁𝑗𝑝𝐶 + 𝛿𝑗𝐺 − 𝛿𝑗𝑝𝐶) + 𝜀𝜙𝑗𝑝𝐶 (4) 

 

The terms are similar to the ones described for system 𝐺 above. 𝐼𝑆𝑇𝐵𝐺−𝐶 is the inter-system 

time bias between systems 𝐺 and 𝐶 (i.e. GPS and Beidou), combined for the receiver and the 

satellite. Similar equations are derived for the Galileo constellation (denoted as 𝐸). When 

integrating data from multiple constellations, users have to consider the differences in 
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coordinate frames, particularly when using broadcast orbits. When using the precise orbits 

from International GNSS Service (IGS) or its subordinate Multi-GNSS Experiment (M-

GEX), the orbits for all constellations are consistent with the International Terrestrial 

Reference Frame (ITRF). 

 

 

3. MODELLING OF BIASES 
 

This section describes the modelling of biases that occur in a single constellation as well as 

biases that occur when integrating multi-constellation GNSS data. 

 
3.1 Single Constellation Biases 

 
Satellite and receiver hardware biases 

The satellite and receiver hardware biases exist for both code and phase measurements and 

are caused by several sources. These include digital delays in the signal generator, signal 

distortion, the processing filters, correlator differences handling signal modulation, firmware 

biases, bandwidth dissimilarities, in addition to the signal path through the antenna, splitter, 

cabling, and amplifier. This hardware bias tends to be stable and slowly changing with time. 

At the receiver end, it is the same for signals of the same frequency from the same 

constellation. Thus, the receiver hardware biases can be modelled out by the use of between 

satellite single differencing (BSSD) (El-Mowafy et al., 2016). At the satellite end, hardware 

biases are stable for hours and will be constant for a typical PPP session, however this may 

differ for each satellite. 

  
Differential Code Bias (DCB) 

The code hardware biases are different for each frequency. Hence when the ionosphere-free 

or other combination is formed between different frequencies, the impacts of these differences 

in hardware biases are transferred to the combination. For GPS, as an example, the precise 

orbit and clock products from IGS are formed from the dual-frequency ionosphere-free 

combination of L1/L2 and its DCB is included with transmitted clock corrections. Thus, 

DCBs won’t affect PPP code observations when using this combination, but it will be present 

if using individual signals, or other linear combinations and in phase observations because the 

same satellite clock offset is used for both code and phase observations. The DCBs of the 

base frequency that appear in the phase observations is usually lumped with the float carrier-

phase ambiguity term. A full mathematical treatment of DCBs for such cases is discussed in 

El-Mowafy et al. 2016. The satellite DCB products from the IGS multi-GNSS Experiment 

(M-GEX) are now available for multi-frequency combinations of several constellations 

(Montenbruck et al., 2014). Since hardware biases are the same for signals from the same 

frequency and constellation, receiver DCBs are eliminated by forming BSSD. 

 

The mathematical models for the code measurements, considering DCBs produced from M-

GEX when applying IGS clock corrections, are written below for GPS and Galileo using 

RINEX version 3 notations available at the website 

ftp://igs.org/pub/data/format/rinex303.pdf.   

 

For GPS: 𝐶𝐼𝐶𝑜𝐺 = 𝜌∗𝑜𝐺 − 𝑐 (𝐷𝐶𝐵𝐶1𝑊−𝐶1𝐶 + 𝑓22𝑓12−𝑓22 𝐷𝐶𝐵𝐶1𝑊−𝐶2𝑊)    (5) 𝐶𝐼𝑊𝑜𝐺 = 𝜌∗𝑜𝐺 − 𝑐 ( 𝑓22𝑓12−𝑓22 𝐷𝐶𝐵𝐶1𝑊−𝐶2𝑊)      (6) 
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𝐶2𝑊𝑜𝐺 = 𝜌∗𝑜𝐺 − 𝑐 ( 𝑓12𝑓12−𝑓22 𝐷𝐶𝐵𝐶1𝑊−𝐶2𝑊)      (7) 𝐶5𝑄𝑜𝐺 = 𝜌∗𝑜𝐺 − 𝑐 (𝐷𝐶𝐵𝐶1𝑊−𝐶5𝑄 + 𝑓22𝑓12−𝑓22 𝐷𝐶𝐵𝐶1𝑊−𝐶2𝑊)    (8) 𝐶5𝑋𝑜𝐺 = 𝜌∗𝑜𝐺 − 𝑐 (𝐷𝐶𝐵𝐶1𝑊−𝐶5𝑋 + 𝑓22𝑓12−𝑓22 𝐷𝐶𝐵𝐶1𝑊−𝐶2𝑊)    (9) 

 

with  𝜌∗𝑜𝐺 = 𝜌𝑜𝐺 + 𝑐(𝑑𝑡G − 𝑑𝑡𝑜𝐺𝐼𝐺𝑆) + 𝑇𝑜𝐺 + 𝜇𝑖𝐼𝑜𝐺 + 𝜀𝑃𝑖𝑜𝐺 . The primary code measurements 

used to generate the broadcast clock corrections are C1W (P1) and C2W (P2). Note that the 

C2X and C2S code measurements may be converted to C2W as 𝐶2𝑊𝑟𝑜𝐺 = 𝐶2𝑆𝑟𝑜𝐺 +(𝐷𝐶𝐵𝐶2𝑊−𝐶2𝑆), 𝐶2𝑊𝑟𝑜𝐺 = 𝐶2𝑋𝑟𝑜𝐺 + (𝐷𝐶𝐵𝐶2𝑊−𝐶2𝑥). 

 

For Galileo, the primary code measurements used to generate the broadcast clock corrections 

are C1X (E1 B+C) and C5X (E5a I+Q) (Uhlemann et al., 2015, Prange et al., 2015). Note that 

since the Galileo 𝐷𝐶𝐵𝐶1𝑋−𝐶1𝑋 is not currently available, C1C is assumed to be equivalent to 

C1X, thus 𝐷𝐶𝐵𝐶1𝑋−𝐶1𝑋 = 0. Similarly 𝐷𝐶𝐵𝐶5𝑋−𝐶5𝑄 and 𝐷𝐶𝐵𝐶1𝑋−𝐶7𝑄 are not available; thus 

it is assumed that C5X=C5Q and C7X=C7Q. The DCB corrections are applied as 

 𝐶𝐼𝐶𝑞𝐸 = 𝜌∗𝑞𝐸 − 𝑐 (𝐷𝐶𝐵𝐶1𝑋−𝐶1𝐶 + 𝑓𝐸5𝑎2𝑓𝐸12 −𝑓𝐸5𝑎2 𝐷𝐶𝐵𝐶1𝑋−𝐶5𝑋)    (10) 𝐶𝐼𝑋𝑞𝐸 = 𝜌∗𝑞𝐸 − 𝑐 ( 𝑓𝐸5𝑎2𝑓𝐸12 −𝑓𝐸5𝑎2 𝐷𝐶𝐵𝐶1𝑋−𝐶5𝑋)      (11) 𝐶5𝑋𝑞𝐸 = 𝜌∗𝑞𝐸 − 𝑐 ( 𝑓𝐸12𝑓𝐸12 −𝑓𝐸5𝑎2 𝐷𝐶𝐵𝐶1𝑋−𝐶5𝑋)      (12) 𝐶5𝑄𝑞𝐸 = 𝜌∗𝑞𝐸 − 𝑐 (𝐷𝐶𝐵𝐶5𝑋−𝐶5𝑄 + 𝑓𝐸12𝑓𝐸12 −𝑓𝐸5𝑎2 𝐷𝐶𝐵𝐶1𝑋−𝐶5𝑋)    (13) 𝐶7𝑋𝑞𝐸 = 𝜌∗𝑞𝐸 − 𝑐 (𝐷𝐶𝐵𝐶1𝑋−𝐶7𝑋 + 𝑓𝐸5𝑎2𝑓𝐸12 −𝑓𝐸5𝑎2 𝐷𝐶𝐵𝐶1𝑋−𝐶5𝑋)    (14) 𝐶7𝑄𝑞𝐸 = 𝜌∗𝑞𝐸 − 𝑐 (𝐷𝐶𝐵𝐶1𝑋−𝐶7𝑄 + 𝑓𝐸5𝑎2𝑓𝐸12 −𝑓𝐸5𝑎2 𝐷𝐶𝐵𝐶1𝑋−𝐶5𝑋)    (15) 

 

The impact of DCBs corrections on code point positioning in the aviation context is discussed 

in Deo and El-Mowafy (2016b). 

 
Initial Fractional Phase Bias (IFPB) and Differential Phase Biases (DPB)   

Initial fractional phase cycle bias exists in the satellite and receiver and is always less than 1 

phase cycle. It is separate from the hardware phase bias and constant for each session which is 

reset each time the receiver is switched off and on. IFPB is different for each frequency, but at 

the receiver end it is assumed the same for signals on the same frequency for satellites on the 

same constellation. Thus it is eliminated by forming BSSD measurements from the same 

frequency and constellation. 
 

Differential Phase bias (DPB) also exists when forming linear combinations, due to the phase 

hardware biases being different for each frequency. BSSD measurements from the same 

frequency and constellation will eliminate DPB at the receiver end. However, the satellite 

DPB remains in the PPP model. Satellite DPBs are stable like the IFPB, but they are difficult 

to separate from each other. Therefore they are usually combined in one term, i.e. the DPB. In 

PPP with float ambiguity estimation, these are usually lumped with the non-integer carrier 

phase ambiguity term. For PPP-AR, the estimation of DPB is the key to enable integer 

ambiguity resolution. 
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3.2 Multi-constellation Biases 

 
Inter-System Time Bias (ISTB) 

The ISTB is due to each constellation having the satellite clocks referenced to the 

constellation own timescale. The ISTBs are accounted for by either estimating a separate bias 

for each system, or by estimating the bias for one system and then estimating the differences 

from other systems with reference to this system. 

 
Inter System Biases (ISB) 

As discussed earlier, the signals from different frequencies and constellations will have 

different hardware biases for code and phase observations (Hegarty et al, 2004). When a 

common receiver clock offset is used, which include biases of a primary system, for all 

constellations, the differences between the receiver biases for different constellations form the 

ISB. Thus, additional parameters must be introduced in the PPP model to account for these 

differences are known as inter-system biases (ISB). 

 

 

4. TRIPLE FREQUENCY PPP MODEL 
In this section, the functional and stochastic models for a triple frequency multi-constellation 

PPP method are described. The constellations included in the modelling include GPS (𝐺), 

Beidou (𝐶) and Galileo (𝐸). It is assumed that the MFMC biases have been applied to the 

observations as discussed in El-Mowafy et al. (2016). 

 

 
4.1 Functional Model 

 

In the subsequent modelling, the ISTB is merged with the ISB term, the DPB and IFPB are 

merged with the float ambiguity term, whereas DCBs are applied to code measurements as 

described earlier using MGEX published DCB values. A low noise triple frequency 

ionosphere-free combination developed in Deo and El-Mowafy (2016a) is used as the 

observations in the functional model. This linear combination has least noise propagation 

properties, is first order ionosphere-free; and preserves geometry. It is applied separately for 

the multi-constellation code and phase observations, which have the same coefficients for 

each measurement. Due to the minimisation of code noise propagation, the PPP solution can 

converge faster than when using standard dual-frequency ionosphere-free combination. The 

actual noise reduction was 14%  for GPS, 3.1% for Galileo and 1.1% for Beidou; whereas the 

convergence time reduced by 11% for tests done for GPS only data (Deo and El-Mowafy, 

2016a). The equations for functional models for GPS, Beidou and Galileo are: 

 

For GPS: 𝑃𝑜𝐺 = 𝛼1,𝐺 ∙ 𝑃𝐿1𝑞𝐺 + 𝛼2,𝐺 ∙ 𝑃𝐿2𝑜𝐺 + 𝛼3,𝐺 ∙ 𝑃𝐿5𝑜𝐺 = ρ𝑜𝐺 + 𝑐𝑑𝑡G + 𝑇𝑜𝐺 + 𝜀P𝑜𝐺  (16) 𝜙𝑜𝐺 = 𝛼1,𝐺 ∙ 𝜙𝐿1𝑞𝐺 + 𝛼2,𝐺 ∙ 𝜙𝐿2𝑜𝐺 + 𝛼3,𝐺 ∙ 𝜙𝐿5𝑜𝐺 = ρ𝑜𝐺 + 𝑐𝑑𝑡G + 𝑇𝑜𝐺 + 𝜆𝑁∗𝑜𝐺+𝜀ϕ𝑜𝐺 (17) 

 

with the coefficient values being 𝛼1,𝐺 = 2.326 944, 𝛼2,𝐺 = −0.359 646, and 𝛼3,𝐺 =−0.967 299 

 

For Beidou: 

 𝑃𝑝𝐶 = 𝛼1,𝐶 ∙ 𝑃𝐵1𝑝𝐶 + 𝛼2,𝐶 ∙ 𝑃𝐵2𝑝𝐶 + 𝛼3,𝐶 ∙ 𝑃𝐵3𝑝𝐶 = ρ𝑝𝐶 + 𝑐𝑑𝑡𝐺 + 𝑇𝑝𝐶 + 𝐼𝑆𝐵𝐺−𝐶 + 𝜀𝑃𝑗𝑝𝐶  (18) 
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𝜙𝑝𝐶 = 𝛼1,𝐶 ∙ 𝜙𝐵1𝑝𝐶 + 𝛼2,𝐶 ∙ 𝜙𝐵2𝑝𝐶 + 𝛼3,𝐶 ∙ 𝜙𝐵3𝑝𝐶 = ρ𝑝𝐶 + 𝑐𝑑𝑡𝐺 + 𝑇𝑝𝐶 + 𝐼𝑆𝐵𝐺−𝐶 + 𝜆𝑁∗𝑝𝐶 + 𝜀𝜙𝑝𝐶
            (19) 

 

with the coefficient values being 𝛼1,𝐶 = 2.566 439, 𝛼2,𝐶 = −1.228 930, and 𝛼3,𝐶 =−0.337 510 

 

For Galileo: 

 𝑃𝑞𝐸 = 𝛼1,𝐸 ∙ 𝑃𝐸1𝑞𝐸 + 𝛼2,𝐸 ∙ 𝑃𝐸5𝑎𝑞𝐸 + 𝛼3,𝐸 ∙ 𝑃𝐸5𝑏𝑞𝐸 = ρ𝑞𝐸 + 𝑐𝑑𝑡𝐺 + 𝑇𝑞𝐸 + 𝐼𝑆𝐵𝐺−𝐸 + 𝜀𝑃q𝐸  (20) 𝜙𝑞𝐸 = 𝛼1,𝐸 ∙ 𝜙𝐸1𝑞𝐸 + 𝛼2,𝐸 ∙ 𝜙𝐸5𝑎𝑞𝐸 + 𝛼3,𝐸 ∙ 𝜙𝐸5𝑏𝑞𝐸 = ρ𝑞𝐸 + 𝑐𝑑𝑡𝐺 + 𝑇𝑞𝐸 + 𝐼𝑆𝐵𝐺−𝐶 + 𝜆𝑁∗𝑞𝐸 + 𝜀𝜙𝑞𝐸
            (21) 

 

with coefficient values being 𝛼1,𝐸 = 2.314 925, 𝛼2,𝐸 = −0.836 269, and 𝛼3,𝐸 =−0.478 656.  

 

If we consider the case of a GNSS receiver tracking 1…𝑛 GPS satellites, 1…𝑚 Beidou 

satellites, and 1…𝑘 Galileo satellites at an instant of time. The unknown parameters are  

 𝒙 = [𝑥 𝑦 𝑧 𝑐𝑑𝑡𝐺 𝑍𝑊𝐷 𝐼𝑆𝐵𝐺−𝐶 𝐼𝑆𝐵𝐺−𝐸 𝜆𝑁∗(𝐺1, … , 𝐺𝑛, 𝐶1, … , 𝐶𝑚, 𝐸1, … , 𝐸𝑘)] (22) 

 

Where 𝑥, 𝑦, 𝑧 denotes the unknown receiver position; ZWD is the zenith wet delay after 

modelling the hydrostatic tropospheric delay using the Saastamoinen model and expressing 

the wet delay as a function of a wet mapping function (Tuka and El-Mowafy, 2013). The 

ambiguity terms for each satellite are float values due to the presence of DPB of the 

considered signals and DCBs of the base frequencies. The functional model in Eqs. 16-21 is 

non-linear, and thus the system is linearised around approximate values of the unknown 

parameters, 𝒙𝟎. Small corrections, ∆𝒙, are calculated using Kalman filter, which is applied to 

the approximations to get the parameter estimates as 𝒙 = 𝒙𝟎 + ∆𝒙. The design matrix, 𝐴,  for 

this system is: 
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𝐴 =

[  
   
   
   
   
   
   
   
   
 𝑋𝐺1−𝑥0𝜌0 𝑌𝐺1−𝑦0𝜌0 𝑍𝐺1−𝑧0𝜌0 1 𝑚𝑤 0 0 0 0 0 0 0 0 0𝑋𝐺1−𝑥0𝜌0 𝑌𝐺1−𝑦0𝜌0 𝑍𝐺1−𝑧0𝜌0 1 𝑚𝑤 0 0 1 0 0 0 0 0 0. . . . . . . . . . . . . .. . . . . . . . . . . . . .𝑋𝐺𝑛−𝑥0𝜌0 𝑌𝐺𝑛−𝑦0𝜌0 𝑍𝐺𝑛−𝑧0𝜌0 1 𝑚𝑤 0 0 0 0 0 0 0 0 0𝑋𝐺𝑛−𝑥0𝜌0 𝑌𝐺𝑛−𝑦0𝜌0 𝑍𝐺𝑛−𝑧0𝜌0 1 𝑚𝑤 0 0 0 0 1 0 0 0 0𝑋𝐶1−𝑥0𝜌0 𝑌𝐶1−𝑦0𝜌0 𝑍𝐶1−𝑧0𝜌0 1 𝑚𝑤 1 0 0 0 0 0 0 0 0𝑋𝐶1−𝑥0𝜌0 𝑌𝐶1−𝑦0𝜌0 𝑍𝐶1−𝑧0𝜌0 1 𝑚𝑤 1 0 0 0 0 1 0 0 0. . . . . . . . . . . . . .. . . . . . . . . . . . . .𝑋𝐶𝑚−𝑥0𝜌0 𝑌𝐶𝑚−𝑦0𝜌0 𝑍𝐶𝑚−𝑧0𝜌0 1 𝑚𝑤 1 0 0 0 0 0 0 0 0𝑋𝐶𝑚−𝑥0𝜌0 𝑌𝐶𝑚−𝑦0𝜌0 𝑍𝐶𝑚−𝑧0𝜌0 1 𝑚𝑤 1 0 0 0 0 0 1 0 0𝑋𝐸1−𝑥0𝜌0 𝑌𝐸1−𝑦0𝜌0 𝑍𝐸1−𝑧0𝜌0 1 𝑚𝑤 0 1 0 0 0 0 0 0 0𝑋𝐸1−𝑥0𝜌0 𝑌𝐸1−𝑦0𝜌0 𝑍𝐸1−𝑧0𝜌0 1 𝑚𝑤 0 1 0 0 0 0 0 1 0. . . . . . . . . . . . . .. . . . . . . . . . . . . .𝑋𝐸𝑘−𝑥0𝜌0 𝑌𝐸𝑘−𝑦0𝜌0 𝑍𝐸𝑘−𝑧0𝜌0 1 𝑚𝑤 0 1 0 0 0 0 0 0 0𝑋𝐸𝑘−𝑥0𝜌0 𝑌𝐸𝑘−𝑦0𝜌0 𝑍𝐸𝑘−𝑧0𝜌0 1 𝑚𝑤 0 1 0 0 0 0 0 0 1]  

   
   
   
   
   
   
   
   
 

   (23) 

 

where 𝑚𝑤 is the wet mapping function. The parameter matrix and the design matrix must be 

dynamically updated when new satellites appear, or when a satellite disappears from view. 

The initial values of the float ambiguities must be recalculated for a new satellite, when a 

satellite reappears after loss of tracking, or when a cycle slips is detected that cannot be 

repaired.  

 
4.2 Stochastic Model of Observations 

 

For stochastic modelling of GPS observations, which is equally applicable for Beidou and 

Galileo, the raw measurements are assumed to be uncorrelated with code noise 𝜎𝑃1𝐺, 𝜎𝑃2𝐺 and 𝜎𝑃5𝐺, and carrier phase noise 𝜎𝜙1𝐺, 𝜎𝜙2𝐺 and 𝜎𝜙5𝐺.  Thus, the noise in the triple frequency code 

and phase linear combinations is determined with error propagation law as: 

 𝜎𝑃𝐺2 = (𝛼1,𝐺 ∙ 𝜎𝑃1𝐺)2 + (𝛼2,𝐺 ∙ 𝜎𝑃2𝐺)2 + (𝛼3,𝐺 ∙ 𝜎𝑃5𝐺)2
     (24) 𝜎𝜙𝐺2 = (𝛼1,𝐺 ∙ 𝜎𝜙1𝐺)2 + (𝛼2,𝐺 ∙ 𝜎𝜙2𝐺)2 + (𝛼3,𝐺 ∙ 𝜎𝜙5𝐺)2
     (25) 

 

The measurement weighting is based on elevation angle (E) of the satellites as 1/sin (𝐸). 

Since the code and phase observations on different frequencies are assumed uncorrelated, the 

measurement covariance matrix is diagonal, where the linear combinations used in the model 

are also uncorrelated.  
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5. VALIDATION OF MULTI-CONSTELLATION PPP MODEL 
 
5.1 Test Description 

 

Test data was simulated for one day at four sites at Hobart (HOB2), Alice Springs (ALIC), 

Yarragadee (YAR2) and Townsville (TOW2), which are distributed over the Australian 

continent. Simulated data was used due to issues in actual data such as the line bias variations 

in GPS Block IIF satellites (Montenbruck et al., 2012), insufficient number of GPS Block IIF 

satellites, and the unavailability of satellite antenna phase centre offsets for individual signals. 

The GPS satellite antenna offsets are available for the L1-L2 ionosphere-free combination 

only, whereas the offsets for Galileo and Beidou are based on satellite design diagrams rather 

than actual calibrations. Dilssner et al. (2014) calibrated these offsets for Beidou satellites and 

reported that these were vastly different from the IGS M-GEX recommended values, by as 

much as 3.9m (for IGSO). Hence simulated data is used to isolate these issues and focus on 

the performance of the PPP model. The epoch interval rate was 30 s, with measurement 

standard deviations of 0.01 cycles for carrier phase on all frequencies, and for code 

measurements: 0.37m, 0.48m and 0.36m for GPS P1, P2 & P5; 0.36m, 0.35m and 0.34m for 

Galileo E1, E5a & E5b codes and 0.51m, 0.37m and 0.34m for Beidou B1, B2 & B3. These 

values are based on a method for determining the standard deviations presented in El-Mowafy 

(2014 and 2015) using a single-receiver single-channel method.  A satellite elevation cut-off 

of 10 degrees was used. 

 
5.2 Analysis and Discussion of Results 

 

The triple frequency MFMC PPP model was implemented applying Kalman filter processing 

using by an in-house software. The software is suitable for processing kinematic data, but was 

configured for static data. The performance of the MFMC PPP model was assessed based on 

comparing the convergence time and positional accuracy to the standard dual-frequency 

solutions, after a 3 dimensional (3D) precision of 5cm was reached and maintained. Accuracy 

is defined as the root mean squared errors (RMSE) in East, North and up directions with 

respect to the known station position, after convergence is achieved.  

 

• The mean RMSE and convergence times for the four sites when processing hourly 

blocks of data are given in Table 1. The algorithms compared are the standard dual-

frequency GPS only solution (L1-L2 G) and the triple frequency solutions for GPS 

only, GPS+Beidou (G+C) and GPS+Beidou+Galileo (G+C+E). Overall, when 

comparing the triple frequency solutions to the conventional dual-frequency solution, 

the triple frequency solution for G+C+E gave the best performance with a notable 

improvement 7.6 minutes in convergence time and improvements of 2mm in RMSE 

East. More specifically at the four sites. For ALIC, the triple frequency solution for 

G+C gave the best performance with an improvement of 5mm in RMSE East and 5.7 

minutes in convergence time. 

• For HOB2, triple frequency solution for G+C+E gave the best performance with 

improvement of 4mm in RMSE up and 7.4 minutes in convergence time. 

• For TOW2, triple frequency solution for G+C+E gave the best performance with 

improvement of 4mm in RMSE up and 7.7 minutes in convergence time. 

• For YAR2, triple frequency solution for G+C+E gave the best performance with a 

notable improvement 11.5 minutes in convergence time. There was no noticeable 

improvement in accuracy, whereas the triple frequency solution for G had a slightly 

higher convergence time than the dual-frequency results. 
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From Table 1, it is seen that the Northing RMSE is better than Easting by about a cm. Also, 

on average, the Easting RMSE is 2-3mm worse than the Up. This may be an artefact of the 

use of simulation signals together with the geometry of the satellites and location of sites.    

   

Figure 1 shows, as an example, the PPP 3D positioning hourly solution errors at YAR2 for 

three triple frequency solutions using GPS only, GPS+Beidou and GPS+Beidou+Galileo as 

well as the conventional dual-frequency observations using GPS only observations. The 

improved performance of the MFMC PPP models, compared to the dual-frequency model is 

clearly visible with reduced convergence time and RMSE values.  
 

Site Solution  Mean 

RMSE 

East (m) 

 Mean 

RMSE 

North (m) 

 Mean 

RMSE 

Up (m) 

 Mean 

Convergence 

time (min) 

ALIC  L1-L2 G 0.017 0.006 0.015 26.9 

Triple freq. G 0.018 0.006 0.014 24.9 

Triple freq.  G+C 0.012 0.007 0.016 21.2 

Triple freq.  G+C+E 0.012 0.007 0.018 22.1 

HOB2  L1-L2 G 0.015 0.006 0.021 31.9 

Triple freq.  G 0.012 0.007 0.017 25.8 

Triple freq.  G+C 0.012 0.008 0.018 26.8 

Triple freq.  G+C+E 0.014 0.007 0.017 24.5 

TOW2  L1-L2 G 0.014 0.004 0.019 30.9 

Triple freq.  G 0.012 0.005 0.015 26.3 

Triple freq.  G+C 0.012 0.006 0.017 24.4 

Triple freq.  G+C+E 0.014 0.007 0.015 23.2 

YAR2  L1-L2 G 0.017 0.007 0.015 28.6 

Triple freq.  G 0.016 0.006 0.019 30.0 

Triple freq.  G+C 0.013 0.006 0.015 18.2 

Triple freq.  G+C+E 0.017 0.005 0.015 17.1 

Overall  L1-L2 G 0.016 0.006 0.018 29.6 

Triple freq.  G 0.014 0.006 0.016 26.5 

Triple freq.  G+C 0.012 0.007 0.016 23.0 

Triple freq.  G+C+E 0.014 0.007 0.016 22.0 

Table 1. Table of results showing mean RMSE and convergence times with hourly blocks of data for 

the conventional dual-frequency GPS only solution (L1-L2 G) and the triple frequency solutions for 

GPS only, GPS+Beidou (G+C) and GPS+Beidou+Galileo (G+C+E). 
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Figure 1.  PPP 3-dimensional positioning errors for the hourly solutions at YAR2 for the standard 

dual-frequency GPS only solution (top-left) and the triple frequency solutions for GPS only (top-

right), GPS+Beidou (bottom-left) and GPS+Beidou+Galileo (bottom-right). 

 

6. CONCLUSIONS 
 

An overview of the various biases that need to be considered when integrating MFMC data 

was given. A low-noise, ionosphere-free triple frequency PPP model proposed in Deo and El-

Mowafy (2016a) was tested with hourly blocks of multi-constellation data from GPS, Beidou 

and Galileo at four sites covering the Australian continent. Improvements in both positioning 

accuracy by up to 5mm RMSE and convergence times by up to 11.5 minutes were noted at all 

four sites, when using the triple-frequency data compared to GPS-only dual-frequency PPP. 

Overall, the triple frequency solution for GPS+Beidou+Galileo gave the best performance 

with a notable overall improvement of 7.6 minutes in convergence time and improvements of 

2mm in RMSE East and Up. This is a promising step for real-time PPP users who can 

potentially benefit from MFMC PPP. 
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5 USE OF PRECISE IONOSPHERE CORRECTIONS FOR 

ACCELERATED PPP CONVERGENCE WITH MULTI-

FREQUENCY AND MULTI-CONSTELLATION GNSS 

Instead of forming ionosphere-free linear combinations as in conventional float PPP 

models, an alternative option is to constrain the ionospheric error with a RIM. This 

results in a significant reduction in the overall number of parameters to solve for in 

the PPP model, because the ionosphere error affects each receiver to satellite signal. 

This reduction of parameters improves the measurement geometry and may 

significantly reduce the convergence time. In this chapter, the float ambiguity 

estimation PPP model is analysed by constraining the ionosphere errors by using a 

high precision RIM that is determined from a ground network of GNSS stations in a 

regional area. 

 

This paper is covered by the following publication: 

 Deo MN, El-Mowafy A (2017) Ionosphere Augmentation for accelerated 

convergence in Precise Point Positioning with multi-frequency and multi-

constellation GNSS, paper presented at ION Pacific PNT 2017 Conference, 

Honolulu, Hawaii, May 1-4, 2017. 
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ABSTRACT  

 

A Precise Point Positioning (PPP) method is presented that uses raw triple-frequency GPS measurements augmented with a 

regional ionospheric model (RIM) for faster solution convergence. The proposed method has two characteristics. Firstly, there 

is no noise amplification since raw uncombined carrier phase and code measurements are used. This reduces the solution 

convergence time, contrary to the ionosphere-free linear combination with a noise amplification factor of 3 that is used in 

traditional dual-frequency model. Secondly, the ionosphere delay remaining in the uncombined equations is modelled using 

externally provided precise ionosphere corrections, hence reducing the number of parameters to be estimated. 

 

Triple frequency simulated data was used to validate the model using a fully operational GPS constellation at four sites in 

Australia for one week duration. The performance of 2-hourly PPP solutions were compared for three cases including (1) the 

proposed triple frequency raw uncombined model with treatment of the ionosphere delay using an externally provided model 

(2) triple frequency raw uncombined model with estimation of ionosphere error (i.e. without RIM) and (3) traditional dual 

frequency PPP model.  The three cases were compared in terms of solution convergence time taken to achieve and maintain 3-

dimensional (3D), horizontal and vertical positional accuracies of 1 decimeter and 5cm. The tests for the first case considered 

the use of varying precisions of the externally provided ionosphere model with standard deviations (std) of 0.1, 0.25, 0.5 and 

1.0 TECU. Results from the comparison show that the best improvement was achieved with the proposed raw model when 

using a high precision ionosphere model with std = 0.1 TECU, where the convergence time to achieve sub-decimeter was 

reduced by 37%, 86% and 33% in the 3D, horizontal and vertical components. The most significant improvement was in the 

horizontal component since the ionospheric error mostly affects the height. The second model also outperformed the standard 

dual frequency model, but had less improvement in convergence time by 13%, 3% and 21% in the three components.  

 

INTRODUCTION  

 

The precise point positioning (PPP) technique is used to get sub-decimeter accuracy position of a GNSS receiver without 

relying on measurements from a reference receiver, as is the case in relative positioning. It requires precise satellite orbit at few 

cm accuracy and satellite clock correction with few tenths of nanosecond accuracy, provided by the International GNSS 

Service (IGS) or other sources. Although PPP provides a few cm accuracy for static positioning and decimeter accuracy for 

kinematic positioning (Seeparsad and Bisnath, 2014), its main drawback is its need for lengthy convergence time of typically 
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30 minutes to achieve and maintain this accuracy. Whenever there is a loss of satellite tracking due to obstructions, the 

convergence process is repeated, thus costing users significant waiting time before carrying out actual PPP work. The lengthy 

convergence time is mainly due to the noise propagation of the code measurements due to use of the ionosphere-free linear 

combination in the standard dual frequency PPP. The availability of triple-frequency GPS data enables opportunities to reduce 

this convergence time. 

 

Deo and El-Mowafy (2016) presented three PPP models that use triple frequency data to reduce solution convergence time for 

float ambiguities. These methods were validated using GPS data and demonstrated a 7-10% improvement compared to the 

standard dual frequency model. One of the models used raw uncombined triple frequency measurements to estimate the 

ionosphere as a parameter, rather than forming ionosphere free combinations. Guo et al. (2016) presented a similar approach 

for the Beidou constellation. Seeparsad and Bisnath (2014) applied another approach for code noise and multipath reduction to 

improve convergence, reporting a 34% improvement. Earlier, Gao and Shen (2002) introduced a single frequency code-phase 

combination in the PPP model that reduced the code noise by 50% and reported a slight improvement in convergence time. 

 

This paper explores three approaches to reduce PPP convergence time through (1) reduction of code noise propagation in the 

functional model; (2) optimizing the use of triple frequency data; and (3) improving solution geometry by using a precise 

ionosphere model to account for ionosphere errors. An ideal approach to reduce code noise propagation in the PPP model is to 

avoid forming ionosphere-free linear combinations altogether and use measurements from the extra frequency to solve for the 

unknown parameters. Although this approach was attempted in Deo and El-Mowafy (2016), it did not result in a marked 

improvement in convergence time, mainly because significant time is taken to precisely estimate the extra ionosphere errors 

that must be solved for. In this situation, an accurate ionosphere model from an external source brings added advantage by 

modelling out the ionospheric error rather than estimating it.  

 

The augmentation of precise ionospheric models has been studied for dual frequency PPP with integer ambiguity resolution 

(AR) in Juan et al. (2012); Rovira-Garcia et al. (2015); Rovira-Garcia et al. (2016); Collins et al. (2012) and Banville et al. 

(2014), or to improve accuracy for single frequency users in Van Der Marcel and De Bakker (2012). Rovira-Garcia et al. 

(2016) demonstrated a convergence time of few minutes to get sub-decimeter horizontal accuracy for PPP-AR with ionosphere 

corrections. The proposed system provided real-time precise satellite orbits, clock corrections and fractional phase biases along 

with an ionospheric model generated from a regional network with an accuracy of one Total Electron Content Unit (TECU). 

Tests with actual data showed that it took 8 minutes to attain sub-decimeter horizontal accuracy and 26 minutes for vertical 

accuracy, for a station at mid latitude (52 N) located less than 100km from a reference station that was used to generate the 

ionospheric correction. It was also shown that the accuracy of the regional ionospheric model was dependent on (i) the 

ionospheric activity, (ii) the distribution and inter-distance between reference stations, and (iii) the user latitude. It was possible 

to get an ionospheric model with accuracy of 0.25 TECU, with a mid-latitude network having less than 100km spacing 

(Rovira-Garcia et al., 2016). This study concluded that the GIM produced by IGS, with a nominal precision of 2.0 TECU, was 

not suitable for sub-decimeter PPP.  

 

Recent research has also focused on using a local reference network infrastructure for generating ionospheric corrections for 

PPP real-time kinematic (PPP-RTK) systems. Harima et al. (2016) used dual frequency geometry-free measurements from a 

local network to estimate the ionosphere errors.  This was used to interpolate ionospheric errors at a rover receiver and estimate 

wide lane and narrow lane ambiguities for integer ambiguity fixing. Li et al. (2014) also used dual frequency GPS 

measurements from a local network to estimate atmospheric errors for fast ambiguity resolution. Zhang et al. (2013) used the 

IGS GIM product and ionospheric errors from a local network to develop an ionospheric constrained PPP model.  

 

The benefits of multi-constellation PPP has been studied in Cai & Gao (2007), Li et al. (2014) and El-Mowafy et al. (2016). 

Although multi-constellation PPP presents additional biases to deal with, studies have shown that the benefits outweigh these 

challenges by improving solution geometry and ultimately reducing convergence time.   

 

In this paper, a PPP model with float ambiguity estimation is evaluated that uses raw uncombined triple frequency 

measurements from GPS with ionospheric augmentation from an external source for faster solution convergence. Whereas 

triple frequency data enables estimation of the ionospheric error as a parameter, availability of a precise ionospheric model 

improves the geometry of the solution, thus enabling faster solution convergence. No noise amplification occurs with this 

model, unlike the traditional ionosphere-free PPP model where the noise increases by a factor of 3. With the proposed method, 

users get a converged solution within a few minutes, and at a fraction of the time that is currently required in the traditional 

dual frequency PPP method. The model also compares well with the Fast PPP-AR model, which takes similar time to resolve 

integer ambiguity. Also, users may revert to using a float solution if AR is not successful within a few minutes and triple 

frequency data is available. Since the method avoids PPP-AR, user algorithms avoid dealing with fractional phase biases, and 

consequently the techniques that have been proposed in present literature to deal with them. In addition, the paper presents an 
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analysis of the required precision of the ionosphere model to achieve fast solution convergence to reach sub decimeter level 

accuracy. The next section presents the triple frequency observation model, analysis of the methodology, followed by 

validation of the proposed PPP model with ionospheric corrections having precisions of 0.1, 0.25, 0.5 and 1.0 TECU. The 

performance of the proposed model is compared to that from the standard dual frequency GPS-only model and the raw 

measurement model with ionospheric estimation. 

 

 TRIPLE FREQUENCY PPP MODEL 

 

The first part of this section presents the triple frequency observation equations used in the proposed PPP model with and 

without the use of a regional ionospheric model (RIM). Both undifferenced and between-satellite single-differenced (BSSD) 

cases are considered. This is followed by a sub-section on stochastic modelling of observations. 

 

Single Constellation Model 

The raw carrier phase and code measurements are used in the proposed PPP model. Each triple-frequency GNSS satellite 𝑘 has 

three code and phase measurements (scaled to distance units), to receiver 𝑟, can be modelled as: 

 𝑃(𝑖)𝑟𝑘 = 𝜌𝑟k + 𝑐(𝑑𝑡r − 𝑑𝑡k + 𝑑(𝑖)r + 𝑑(𝑖)k) + 𝑇k + 𝜇𝑖 𝐼𝑘 + 𝜀𝑃(𝑖)𝑟𝑘  (1) 𝜙(𝑖)𝑟k = 𝜌𝑟k + 𝑐(𝑑𝑡𝑟 − 𝑑𝑡k) + 𝑇k −  𝜇𝑖 𝐼k + 𝜆𝑖(𝑁(𝑖)𝑟k + 𝛿(𝑖)r + 𝛿(𝑖)k) + 𝜀𝜙(𝑖)𝑟k  (2) 
 

where 𝑖 is the frequency identifier, such that 𝑖 =  1, 2, 5 for GPS L1, L2 and L5, respectively; 𝑃(𝑖) and 𝜙(𝑖) are the 

pseudorange and carrier-phase measurements whereas frequency is denoted as 𝑓𝑖.  ρ is the satellite-to-receiver geometric range; 𝑐 is the speed of light in vacuum; 𝑑𝑡𝑟 and 𝑑𝑡𝑘 are the receiver and satellite clock offsets, where the latter is eliminated in PPP 

by the use of precise clock corrections. 𝑇𝑘 is the tropospheric path delay which may be separated into a Zenith Wet Delay 

(ZWD) and a Zenith Hydrostatic Delay (ZHD) as a function of respective wet and hydrostatic mapping functions (Tuka and 

El-Mowafy, 2013); 𝜆𝑖   denotes the wavelength for frequency 𝑖. 𝜇𝑖 =  𝑓12𝑓𝑖2 is the dispersive coefficient and 𝐼𝑘 is the ionosphere 

error for a reference frequency, e.g. L1 for GPS.  𝜀𝜙(𝑖)𝑟𝑘  includes measurement noise and multipath of the carrier-phase 

measurement whereas  𝜀𝑃(𝑖)𝑟𝑘  denotes code measurement noise and multipath. 𝑑(𝑖)𝑟 is the receiver hardware bias for the code 

measurement and 𝑑(𝑖)𝑘 is the satellite hardware bias. The satellite dependent code biases are corrected by using the 

Differential Code Bias (DCB) products, which are now available from IGS Multi-GNSS Experiment (MGEX) (Montenbruck 

et al., 2014). The receiver dependent code hardware delays remain in the equations due to the use of multiple frequencies and 

may be eliminated by applying BSSD of measurements or by estimating it as part of the inter-system biases (El-Mowafy et al., 

2016).  𝑁(𝑖)𝑟𝒌  is the integer ambiguity term whereas 𝛿(𝑖)𝑟 and 𝛿(𝑖)𝑘 are the receiver and satellite hardware biases for the 

carrier-phase measurements, respectively, which make the ambiguity a non-integer term (Shi and Gao, 2014).  

 

Since in this paper we restrict attention to solving float ambiguities, the different types of biases are lumped with the phase 

ambiguity terms and considered to be constant during the observation period, since biases are usually stable over several hours. 

These biases have the same coefficients in the solution design matrix, resulting in rank deficiency and inability to separate 

them and a preferred approach is to estimate them externally and provide them to users as known quantities (Deo and El-

Mowafy, 2016). 

 

Assuming availability of precise orbits and clock corrections, DCB’s, precise satellite phase center offsets for individual 

frequencies, and modelling of the hydrostatic tropospheric delay and removing the receiver identifier (since we are dealing 

with a single receiver), the observation Eqs. 1 and 2 are simplified to: 

 �̂�(𝑖)𝑘 = 𝜌𝑘 + 𝑐𝑑𝑡 + ZWD ∙ 𝑚𝑤k + 𝜇𝑖 𝐼k + ε𝑃(𝑖)𝑘      (3) �̂�(𝑖)𝑘 = 𝜌𝑘𝐺 + 𝑐𝑑𝑡 + ZWD ∙ 𝑚𝑤k −  𝜇𝑖  𝐼k + 𝜆i𝑁(𝑖)∗ + ε𝜙(𝑖)𝑘     (4) 

 

where �̂�(𝑖)𝑘 and �̂�(𝑖)𝑘 are the corrected pseudorange and carrier phase measurements; ZWD is the zenith wet delay common 

to all satellites measured; 𝑚𝑤k  is the wet tropospheric mapping function to map the ZWD to the slant receiver-satellite signal 

path; 𝑁(𝑖)∗ is a float real number that includes the integer ambiguities and hardware biases. The unknown parameters in this 

model include three position components (i.e. 𝑋, 𝑌, 𝑍), a receiver clock offset, a tropospheric ZWD, and slant ionospheric 

errors as well as three phase ambiguities for each satellite when using the three frequencies. Thus, there are 6𝑛 observations 

and 5 + 4𝑛 unknowns for undifferenced measurements from 𝑛 satellites. Availability of a regional ionospheric model (RIM) 

enables the ionospheric error to be modelled as known quantities; thus of Eqs. 3 and 4 are simplified as: 
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�̃�(𝑖)𝑘 = 𝜌𝑘 + 𝑐𝑑𝑡 + ZWD ∙ 𝑚𝑤k + ε𝑃(𝑖)𝑘      (5) �̃�(𝑖)𝑘 = 𝜌𝑘𝐺 + 𝑐𝑑𝑡 + ZWD ∙ 𝑚𝑤k + 𝜆i𝑁(𝑖)∗ + ε𝜙(𝑖)𝑘     (6) 

 

where �̃�(𝑖)𝑘 = �̂�(𝑖)𝑘 − 𝜇𝑖  𝐼k and �̃�(𝑖)𝑘 = �̂�(𝑖)𝑘 +  𝜇𝑖  𝐼k are the reduced observations after applying the ionosphere 

corrections;  �̂�k is the ionospheric correction determined from the ionospheric model, generally available as Vertical (V) TEC 

maps which contain the TEC values in the vertical direction. A mapping function is used to convert to slant (S) TEC values 

along the receiver-to-satellite signal path (Schaer, 1997). The RINEX V3 also enables the ionospheric delay to be recorded as 

pseudo observables (IGS, 2015) and present day efforts are underway to produce precise STEC maps with its incumbent 

standard deviation.  

 

The number of unknown parameters are now reduced to 5 + 3𝑛. This increases the degrees of freedom (number of 

measurements minus number of unknown parameters) of the model, thus strengthening the geometry which could potentially 

reduce convergence time. Table 1 summarizes the number of measurements, unknowns and degrees of freedom for the 

undifferenced PPP model with and without use of RIM. As shown, the degrees of freedom increases by three with each 

additional satellite when using RIM and triple frequency observations, compared to an increase by two without RIM. 

 

Users may employ between-satellite-single-differencing (BSSD) of measurements to eliminate receiver biases including the 

clock offset. This reduces the number of measurements to 6(𝑛 − 1)  =  6𝑛 − 6 and number of unknowns to three positions, a 

single differenced tropospheric ZWD, 𝑛 − 1 slant ionospheric error and 3(𝑛 − 1) ambiguities; hence a total of 4 + 4(𝑛 −1)  =  4𝑛 unknowns. If a RIM is used, the slant ionospheric error is eliminated, thus the number of unknowns is reduced to 4 + 3(𝑛 − 1)  =  1 + 3𝑛.  

 
Table 1: Number of measurements, unknowns and degree of freedom for the single constellation undifferenced PPP model using triple 

frequency phase and code measurements with and without use of RIM. 

No. of 

satellites 

(n) 

No. of 

measurements 

Undifferenced Model No RIM Undifferenced Model with RIM 

No. of unknown 

parameters 

Degrees of 

freedom 

No. of unknown 

parameters 

Degrees of 

freedom 

6n 5+4n 2n-5 5+3n 3n-5 

4 24 21 3 17 7 

5 30 25 5 20 10 

6 36 29 7 23 13 

7 42 33 9 26 16 

8 48 37 11 29 19 

 

Stochastic Modelling of Observations 

In this study, the raw carrier phase and code measurements are assumed to be uncorrelated. The standard deviations for carrier 

phase measurements are assumed as 0.01 cycles and for the code observations are derived from El-Mowafy (2014) as 0.37m, 

0.48m and 0.36m for GPS P1, P2 & P5; 0.36m, 0.35m, 0.34m and 0.05m for Galileo E1, E5a, E5b and E6 codes and 0.51m, 

0.37m and 0.34m for Beidou B1, B2 & B3. The precisions of the RIM are considered at various levels as 0.1, 0.25, 0.5, 1.0 and 

2.0 TECU, where 1 TECU in electrons per 𝑚2 is: 

  1 𝑇𝐸𝐶𝑈 = 1016𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑛𝑠/𝑚2        (7) 

 

The first order ionospheric error for GNSS transmitting frequency 𝑓𝑖 is: 

 𝐼𝑖 = 40.3𝑓𝑖2 𝑇𝐸𝐶          (8) 

 

Considering GPS as an example, the ionospheric precision corresponding to 1 𝑇𝐸𝐶𝑈 is 0.162m for L1, 0.267m for L2 and 

0.291m for the L5 frequency. Table 2 shows the precisions of the tested ionospheric corrections for each signal of the GNSS 

constellations (𝜎𝐼𝑃(𝑖) = 𝜎𝐼𝜙(𝑖)), as well as the expected overall precision of the corrected pseudoranges (𝜎�̂�(𝑖)), with the code 

noise assumptions given in El-Mowafy (2014). As shown, the expected precision of the ionospheric corrections in the 

measurements range between 1-3cm (Std. RIM = 0.1 TECU), 4-7cm (Std. RIM = 0.25 TECU), 8-15cm (Std. RIM = 0.5 

TECU), 16-29cm (Std. RIM = 1.0 TECU) and 32-58cm (Std. RIM = 2.0 TECU). If BSSD of measurements is performed, the 

overall noise increases by a factor of √2 due to error propagation law. The measurement weighting is simply based on 

elevation angle (E) of the satellites taken as 1/𝑠𝑖𝑛(𝐸).  
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Table 2: Precisions of the ionospheric correction for the various pseudorange signals of each constellation, as well as the expected 

overall precision of the corrected pseudoranges with the assumed code noise. 

 

IONOSPHERIC CORRECTIONS IN THE CONTEXT OF AUSTRALIAN GNSS NETWORK 

The Space Weather Services (SWS) unit of the Australian Bureau of Meteorology (BoM) is conducting a research project in 

collaboration with the Australian Cooperative Research Center for Spatial Information (CRCSI) to deliver a highly accurate 

real-time regional ionospheric model to support PPP-Real time kinematic (RTK) users for the National Positioning 

Infrastructure (NPI). The NPI is designed to deliver “instantaneous, reliable and fit-for-purpose access to positioning and 

timing information anytime and anywhere across the Australian landscape and its maritime jurisdictions” (Maher et al., 2016). 
GNSS data from a network of Continuously Operating Reference Stations (CORS) will be used to generate the regional 

ionospheric correction model, required with sub-TECU precision (Terkildsen, 2016). Since the RIM is not presently available 

for Australia, simulated data is used in this study to validate the proposed method. 

 

VALIDATION OF THE PROPOSED MODEL 

This section presents validation of the proposed PPP model with test data at four sites in Australia with the assumed precisions 

in terms of 𝜎𝐼 of RIM, as 0.1, 0.25, 0.5 and 1.0 TECU. These solutions are compared to the raw model without use of RIM, and 

the standard dual frequency model. 

 

Test Description 

Test data was simulated for one week at four stations namely Hobart (HOB2), Alice Springs (ALIC), Yarragadee (YAR2) and 

Townsville (TOW2), which are distributed over the Australian continent. Simulated data was used due to current insufficient 

number of GPS Block IIF satellites, the unavailability of satellite antenna phase center offsets for individual signals, and 

unavailability of precise ionospheric corrections from a regional network. We believe that these issues will be resolved in the 

near future. The data sample interval was 15 s, with measurement standard deviations given in the previous section. A satellite 

elevation cut-off angle of 10 degrees was used for measurement processing. The measurement modelling and simulation were 

carried out with the following approach to generate triple frequency measurements for a full GPS constellation (31 satellites):  

 

• Use of the following IGS products: final precise ephemeris; IGS satellite clock correction for satellite clock offset, 𝑑𝑡𝑘; IGS station ZTD and receiver clock products for the troposphere and receiver clock offset (produced for selected 

IGS stations using standard PPP); and the broadcast Klobuchar model for the ionospheric delay. This approach gives 

realistic errors in the simulated data. 

• The satellite DCBs were ignored since these are available from IGS MGEX; whereas receiver DCBs may be 

eliminated when forming BSSD of measurements.  

• The known station coordinates were obtained from the Asia Pacific Reference Frame (APREF) project records (Hu et 

al., 2011). 

 

In order to simulate the RIM, a random error was added to the Klobuchar derived ionospheric error for each satellite observed. 

This random error had a normal distribution with zero mean and standard deviation equal to the assumed precision of the RIM; 

i.e. 0.1, 0.25, 0.5 and 1.0 TECU. 

 

System 𝑃(𝑖) 𝜎𝑃(𝑖) 
(m) 

Std. RIM = 0.1 

TECU 

Std. RIM = 0.25 

TECU 

Std. RIM = 0.50 

TECU 

Std. RIM = 1.00 

TECU 

Std. RIM = 

2.00 TECU 𝜎𝐼𝑃(𝑖) 
(m) 

𝜎�̂�(𝑖) 
(m) 

𝜎𝐼𝑃(𝑖) 
(m) 

𝜎�̂�(𝑖) 
(m) 

𝜎𝐼𝑃(𝑖) 
(m) 

𝜎�̂�(𝑖) 
(m) 

𝜎𝐼𝑃(𝑖) 
(m) 

𝜎�̂�(𝑖) 
(m) 

𝜎𝐼𝑃(𝑖) 
(m) 

𝜎�̂�(𝑖) 
(m) 

G P1 0.37 0.016 0.370 0.041 0.372 0.081 0.379 0.162 0.404 0.325 0.492 

P2 0.48 0.027  0.481 0.067 0.485 0.134 0.498 0.267 0.549 0.535 0.719 

P5 0.36 0.029  0.361 0.073 0.367 0.146 0.388 0.291 0.463 0.582 0.685 

E E1 0.36 0.016  0.360 0.041 0.362 0.081 0.369 0.162 0.395 0.325 0.485 

E5a 0.35 0.029 0.351 0.073 0.357 0.146 0.379 0.291  0.455 0.582  0.679 

E5b 0.34 0.028 0.341 0.069  0.347 0.138  0.367 0.277  0.438 0.553  0.649 

E6 0.05 0.025 0.056 0.062  0.079 0.123  0.133 0.246  0.251 0.493  0.495 

C B1 0.51 0.017 0.510 0.041  0.512 0.083  0.517 0.165  0.536 0.331  0.608 

B2 0.37 0.028 0.371 0.069  0.376 0.138  0.395 0.277  0.277  0.553  0.553  

B3 0.34 0.025 0.341 0.063  0.346 0.125  0.362 0.250  0.422 0.501  0.605 
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Analysis and Discussion of Results 

The data was processed in 2-hour blocks, with the ambiguities re-initialized at the start of each block in order to analyze the 

convergence performance for a sufficient number of samples. The accuracy of PPP results was assessed by referencing them to 

the known station precise coordinates obtained from APREF. The three PPP models, including the raw model with use of RIM, 

raw model without RIM and the standard dual frequency model, were implemented using Kalman filter processing. Results are 

compared in terms of solution convergence time for the 3-dimensional (3D), horizontal (2D) and vertical position components, 

and precision of the estimated position. This will be of interest to the PPP users who require sub-decimeter accuracies in the 

3D, 2D and vertical components. For example, cadastral surveyors may require only 2D positioning, engineering surveyors 

require vertical accuracy and precise navigation for unmanned aerial vehicles (UAVs) require 3D accuracy. The 3D 

convergence time is defined as the time when 3-dimentional (North – East – Up) positional accuracies of 0.1m and 0.05m is 

reached and maintained thereafter. Likewise, horizontal convergence time defines when a 2-dimensional accuracy is achieved 

and vertical convergence time defines when vertical positional accuracy is achieved. The accuracy is defined as the root mean 

squared errors (RMSE) of the estimated positions after convergence is achieved with respect to the known station position as 

mentioned above. The performance of the proposed PPP model is analyzed with ionospheric corrections having precisions of 

0.1, 0.25, 0.5 and 1.0 TECU. In the software implementation, a randomly generated error (with a normal distribution, zero 

mean and the given standard deviation) is added to the known ionospheric error, estimated using Klobuchar model. The results 

from this analysis is compared the standard dual frequency GPS-only model and the raw measurement model, where the 

ionosphere is estimated as an unknown parameter. 

 

For demonstration, the proposed model was firstly assessed for one site (YAR2) assuming a totally known ionospheric model 

(i.e., ionospheric error known with zero error). Although this is not feasible in practice, it demonstrates the ultimate benefits of 

the model. Figure 1 compares this case with the standard dual frequency PPP model. As shown, the proposed model achieved 

convergence within few minutes, with an average of 6.3, 1.0 and 5.6 minutes to reach sub-decimeter accuracy in 3D, horizontal 

and vertical directions, respectively, whereas the traditional model required much longer time to converge, with an average of 

40.4, 27.8 and  21.3 minutes to achieve sub-decimeter accuracy in 3D, horizontal and vertical directions, respectively.  

 

  

Figure 1: Comparison of the standard dual frequency PPP model (left) with the proposed model assuming totally known ionosphere 

error (right).  

Table 3 shows the PPP convergence time taken to reach 0.1 and 0.05m positioning accuracy in the 3D, horizontal and vertical 

components within the 2-hour blocks. Table 4 shows the mean positional accuracy attained in the 3D, horizontal and vertical 

directions at 5, 10, 20 and 120 minutes after the filter reset, for each of the PPP models. Figure 2 compares results from the 
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triple frequency raw uncombined model without use of RIM to the standard dual frequency model that uses ionosphere free 

combination. This figure, supported by Table 1 show that the raw uncombined model had improved performance compared to 

the standard dual frequency model. After just 5 minutes of processing, the accuracy of the former model improved by 0.039m 

(13%), 0.010m (7%) and 0.037m (16%) in 3D, horizontal and vertical components, respectively. These improvements dissipate 

with time and after 2 hours of processing; both models provide 1-2cm level of accuracy.  

 

Comparing the proposed triple frequency raw model with use of RIM to the standard dual frequency model, the following 

results were noted: 

• When using a RIM precision of 0.1 TECU, the point positioning accuracy improved by 0.113m (40%), 0.096m (68%) 

and 0.063m (28%) after just 5 minutes of processing. After 10 minutes, the horizontal accuracy exceeds 5cm and after 

two hours, the performance is comparable to the standard dual frequency model. 

• When using a RIM precision of 0.25 TECU, the improvements after 5 minutes are 0.056m (20%), 0.092m (65%) and 

0.008m (3%); whereas with a RIM precision of 0.5 TECU, the improvements are 0.041m (14%), 0.093m (66%) and -

0.011 (-4%); and with RIM precision of 1.0 TECU the improvements are 0.050 (17%), 0.089 (63%) and 0.003 (1%) 

in 3D, horizontal and vertical directions. Note that in all these cases, better than 5cm horizontal positioning accuracy 

is attained within 5 minutes.  

• After 2 hours of processing, the precision attained with the raw model using 0.1 TECU RIM is at the same level as the 

standard dual frequency model, which is at the 1-2cm accuracy level. However, the raw model with lower RIM 

precisions of 0.25-1.0 TECUs give worse performance at 0.040–0.064m in 3D, 0.017–0.035m in horizontal and 

0.034–0.470m in vertical components. This is expected since the precision of the ionosphere model directly affects 

the precision of the code and phase measurements, which manifest in the positioning error.  

In terms of the convergence times, it took less than 2 minutes to attain 1 decimeter horizontal positioning accuracy for all cases 

where the RAW model with RIMs were used. To achieve 5cm horizontal positioning accuracy, it took less than 5 minutes with 

RIM precisions of 0.1-0.5 TECUs. Using the 1.0 TECU RIM, the solution actually converged within 5 minutes as well. 

However, the accuracy attainable was at the 5 cm level regardless of the processing time; hence the convergence time was 

higher using the criteria for assessment. It was also evident that better than 5cm 3D positioning accuracy performance is not 

attainable with RIM precisions of 0.5 and 1.0 TECUs.  

 
Table 3: Time taken to reach 0.1m and 0.05m accuracy (3D, horizontal and vertical) and mean RMSE after convergence for the standard 

dual frequency, raw uncombined model without use of RIM, and raw uncombined models with RIMs of 0.1, 0.25, 0.5 and 1.0 TECU. 

PPP 

Model 

RIM 

Precision 

(TECU) 

Convergence time for 

0.1m accuracy 

(minutes) 

Mean RMSE after 0.1m 

convergence (m) 

Convergence time to reach 

0.05m accuracy (minutes) 

Mean RMSE after 

0.05m convergence 

(m) 

3D Horiz

. 

Vert. 3D Horiz. Vert. 3D Horiz. Vert. 3D Horiz

. 

Vert. 

Standard 

Dual 

Freq 

None 17.50 7.75 14.25 0.033 0.026 0.024 35.75 20.25 24.50 0.025 0.020 0.019 

Raw  None 15.25 7.50 11.25 0.033 0.025 0.025 37.50 17.25 23.50 0.024 0.021 0.019 

Raw 0.10 11.00 1.25 9.50 0.032 0.018 0.027 27.25 4.25 23.25 0.025 0.016 0.021 

Raw 0.25 33.25 1.25 26.75 0.062 0.028 0.057 97.25 5.00 79.75 0.044 0.026 0.041 

Raw 0.50 86.75 1.25 79.50 0.076 0.037 0.070 - 4.75 111.5 - 0.036 0.046 

Raw 1.00 111.5 1.50 109.0 0.079 0.043 0.069 - 63.25 118.5 - 

 

0.042 0.046 

 

Table 4: The positional accuracy (3D, horizontal and Vertical) at 5, 10, 20 and 120 minutes after PPP filter reset for the standard dual 

frequency, raw uncombined model without use of RIM, and raw uncombined models with RIMs of 0.1, 0.25, 0.5 and 1.0 TECU.  

PPP 

Model 

RIM 

precision 

(TECU) 

Accuracy after 5 min (m) Accuracy after 10 min 

(m) 

Accuracy after 20 min 

(m) 

Accuracy after 120 min 

(m) 

3D  Horz. Vert. 3D Horz. Vert. 3D Horz. Vert. 3D Horz. Vert. 

Standard 

Dual 

None 0.283 0.140 0.221 0.172 0.083 0.135 0.088 0.050 0.064 0.013 0.008 0.009 
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Freq. 

Raw  None 0.244 0.130 0.184 0.144 0.078 0.110 0.079 0.046 0.058 0.012 0.008 0.008 

Raw  0.10 0.170 0.044 0.158 0.104 0.035 0.091 0.068 0.026 0.058 0.015 0.007 0.012 

Raw 0.25 0.224 0.048 0.213 0.184 0.040 0174 0.122 0.033 0.112 0.040 0.017 0.034 

Raw 0.50 0.242 0.047 0.232 0.243 0.040 0.234 0.188 0.039 0.178 0.056 0.029 0.043 

Raw 1.00 0.233 0.051 0.218 0.277 0.043 0.269 0.214 0.035 0.205 0.064 0.035 0.047 

 

  
Figure 2: Position errors in 3D (top), Horizontal (middle) and vertical (bottom) for the standard dual frequency model (left) and the raw 

uncombined model without use of RIM (right). The thick lines represent the mean positional error whereas grey lines show the errors 

for individual 2-hour solutions. 
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Figure 3: Position errors in 3D (top), Horizontal (middle) and vertical (bottom) for the raw uncombined model with use of RIM with an 

accuracy of 0.1 TECU (left) and 0.25 TECU (right). The thick lines represent the mean positional error whereas grey lines show the errors 

for individual 2-hour solutions.  

 

 
 

 

 

 
 

  
Figure 4: Position errors in 3D (top), Horizontal (middle) and vertical (bottom) for the raw uncombined model with use of RIM with an 

accuracy of 0.50 TECU (left) and 1.00 TECU (right). The thick lines represent the mean positional error whereas grey lines show the errors 

for individual 2-hour solutions. 
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CONCLUSIONS 

This paper presented a PPP model with triple frequency raw uncombined measurements with the use of precise ionospheric 

corrections generated from a regional GNSS network. The model was validated using simulated data with RIM precisions of 

0.1, 0.25, 0.5 and 1.0 TECU and results were compared to the raw model without the use of RIM, where the ionospheric error 

is estimated as an unknown parameter, and the standard dual frequency model. Although the raw model without RIM reduced 

the convergence time to achieve sub-decimeter accuracy by 13%, 3% and 21% in the 3D, horizontal and vertical components; 

the best performance was achieved with use of high precision RIM. An ionospheric model with 0.1 TECU precision gave sub-

decimeter accuracy in under 2 minutes for horizontal and 11 minutes for 3D component; whereas to achieve sub 5cm accuracy 

required 4.25 minutes for horizontal and 27 minutes for 3D components. All the RIM precisions between 0.1 to 1.0 TECU that 

were tested are capable of providing horizontal positioning accuracy of 5cm within 5 minutes of convergence time. The 0.1 

TECU RIM can provide better accuracy than the standard dual frequency model and the raw model without use of RIM 

throughout the convergence process. The RIMs with lower precisions provided improved accuracy in the horizontal 

component for the first 20 minutes of the convergence process for all cases. These performance indicators are promising for 

real-time PPP users of triple frequency GPS data who can achieve sub-decimeter horizontal accuracy within few minutes with 

float ambiguity estimation. 
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6 COMPARISON OF ADVANCED TROPOSPHERE MODELS FOR 

AIDING REDUCTION OF PPP CONVERGENCE TIME 

The float ambiguity estimation PPP models must deal with the tropospheric error. 

This chapter investigates the application of high precision troposphere models 

derived from NWM data for constraining the troposphere error. The impact of 

applying externally obtained troposphere models to constrain the troposphere error is 

investigated. This is to answer the key question whether applying troposphere 

constraints improves the convergence time in float ambiguity estimation PPP models. 

For the first time, the NWM obtained from the Australian Bureau of Meteorology 

(BoM) is used in the analysis.   

 

This chapter is covered by the following publication: 

 Deo MN, El-Mowafy A (2018) Comparison of Advanced Troposphere Models 

for Aiding Reduction of PPP Convergence Time in Australia, Journal of Spatial 

Science, https://doi.org/10.1080/14498596.2018.1472046,  first published online: 

24 May 2018. 

 

6.1 Errata 

The following corrections apply to this published paper: 

 Pg. 4 of article (sentence beneath Eqn. 2): P1, P2, P3 – first P should not be 

italicized 

 Pg. 5 of article (sentence beneath Eqn. 4) line should read: “where 𝐺 is a GPS 

satellite,  ρ𝐺  is the satellite-to-receiver geometric range, 𝑐 is the speed of light in 

vacuum; 𝑑𝑡G is the receiver clock offset; 𝑁∗𝐺 is the non-integer phase ambiguity;  𝜀𝑃𝑖G  and 𝜀ϕ𝑖𝐺  comprises code and phase measurement combined noise and 

multipath, respectively.” 

 Pg. 8 of article (Section 3.2 first paragraph second last sentence): “studythe 

agreement between GDAS meteorological values”. There should be a space 

between “study” and “the” 

 Pg. 21 of article (Section 6 second paragraph first sentence): “The BoM NWM 

data was used to constraint the tropospheric”. The word “constraint” should be 

replaced by “constrain”.   
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 Pg. 22 of article (references). The following reference should be added to the 

reference list:  

o Dow JM, Neilan RE and Rizos C (2009) The International GNSS Service 

in a changing landscape of Global Navigation Satellite Systems. Journal 

of Geodesy 83(3–4):191–198, DOW:10.1007/s00190-008-0300-3 
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ABSTRACT

This paper first analyses the precision of tropospheric zenith total 
delay (ZTD) values obtained from the empirical models GPT2 and 
GPT2w, and the numerical weather models (NWM) from Australian 
Bureau of Meteorology (BoM), and European Centre for Medium-
Range Weather Forecasts (ECMWF). Comparison of these ZTD values 
with IGS ZTD product at four sites showed that the ZTDs from NWM 
datasets were more precise than the empirical models. The ZTD from 
BoM data gave the best results, with mean errors between -0.034 m 
to 0.029 m and standard deviations better than 0.045 m. Next, the 
PPP convergence time and achievable accuracy using the BoM 
NWM constrained ZTD by including them as pseudo-observations 
with a pre-set precision was compared to the case of estimating the 
troposphere. This resulted in a slight enhancement in convergence 
time, and improvements in vertical positioning accuracy was found 
at all the four tested sites at 0.036–0.058 m after 2 min, 0.023–0.038 m 
after 3 min and 0.013–0.020 m after 5 min of PPP initialisation.

1. Introduction

The troposphere is that part of the atmosphere between the Earth’s surface up to an altitude 
of approximately 20–60 km (El-Mowafy and Lo 2014). It delays GNSS signals travelling 
through the same path equally, irrespective of their frequencies, and is thus usually referred 
to as the neutral atmosphere. The magnitude of total tropospheric delay depends on the 
signal path through the neutral atmosphere. It is typically lowest in the zenith direction and 
increases as the satellite elevation angle is reduced. It consists of a hydrostatic or dry com-
ponent, which can be modelled accurately to an accuracy of 98% with an empirical model 
such as the Saastamoinen (Saastamoinen 1973) model, and a wet component which is more 
difficult to model precisely due to the temporal changes in water vapour pressure along the 
troposphere layer. The standard PPP model considers the troposphere to be isometric and 
estimates either the zenith total delay (ZTD), or computes the zenith hydrostatic delay (ZHD) 
with an empirical model and estimates the zenith wet delay (ZWD) as a parameter. Mapping 
functions, such as the Vienna Mapping Function (VMF), are then used to calculate the trop-
ospheric delay at the observed satellite elevation angle, as discussed in Tuka and El-Mowafy 
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(2013) where several mapping functions were compared. However, the ZWD is highly cor-
related with the height parameter (Kjørsvik et al. 2006) and it requires a significant change 
in satellite geometry and longer observation time to reliably separate the correlation 
between these parameters. The commonly used random walk or first-order Gauss-Markov 
autocorrelation models often underestimate the temporal correlations in the ZWD, thus 
more complex dynamic models are required to depict the water vapour variability (El-Mowafy 
and Lo 2014). Ultimately, the troposphere is a nuisance parameter in PPP and if it is known 
apriori from an external model with inherent accuracy, appropriate constraints may be 
applied to improve the PPP model. This may result in a reduction in convergence time or 
improve the achieved accuracy, which is a key problem in PPP.

Several researchers have considered constraining the troposphere error by using empirical 
models or external data. Kjørsvik et al. (2006) compared PPP performance for the UNB3 
empirical tropospheric model developed by Collins et al. (1996) with the traditional model 
that estimated the tropospheric error as a parameter. The nominal accuracy of the apriori 
ZWD model from UNB3 model was 0.035 m and when depending on this only, the study 
showed that horizontal accuracy of sub-0.2 m can be achieved. The vertical accuracy was 
much worse, which did not improve with longer observation periods. Shi et al. (2014) com-
puted the precise tropospheric corrections generated from a local area network of GNSS 
receivers, which are next transmitted to users as a second-order polynomial function to 
improve PPP performance. Thus, users get improved PPP accuracy and convergence time 
when located within the GNSS network coverage area that is used to determine tropospheric 
corrections. The Trimble RTX service with tropospheric correction models the ZTD from a 
network of GNSS stations and reported providing sub-0.05 m level horizontal PPP accuracy 
within a few minutes (Talbot et al. 2015). Laurichesse and Privat (2015) used well-determined 
troposphere and ionosphere information from regional augmentation to reduce PPP con-
vergence time to within minutes.

Zhang et al. (2016) compared three tropospheric models – IGGtrop, EGNOS and UNB3 m 
for PPP within China. The IGGtrop, which had an RMS error of 0.044 m compared to precise 
IGS final ZTD products, gave the best positioning accuracy in the vertical component with 
a mean positioning error of 0.15 m. The EGNOS and UNB3 m models gave slightly worse 
mean vertical errors of 0.21 m and 0.19 m, respectively. However, the IGGtropo, a 3-dimen-
sional grid-based model, has been developed to provide tropospheric delay for the users of 
Chinese Beidou Navigation Satellite System and the area augmentation system based on 
BDS in China (Zhang et al. 2016). It uses a 3D grid to calculate ZTD to obtain more homog-
enous performances for different areas of China, hence giving superior performance in the 
BDS coverage area. It may also be applied on a global scale with a mean bias of −0.8 cm and 
RMS of 4.0 cm, which is comparable to the EGNOS and UNB3 m models (Li et al. 2012). Other 
empirical troposphere models that may be used in PPP include European Space Agency 
GAL-TROPO (Martellucci 2012), TropGrid (Krueger et al. 2004) and its update TopGrid2 
(Schüler 2014). Zheng et al. (2017) developed a new troposphere correction model based 
on GPT2w to reduce PPP convergence time. The RMS of the ZTD with this model was 1.2 cm, 
compared to 3.6 cm for GPT2w. The improvement was due to a modified parameter of the 
ZWD exponential delay with respect to height. When the new model was applied to PPP, 
the convergence time reduced significantly by 20–50% for Beidou only PPP, due to the 
significant improvement in geometry for this constellation. Zhou et al. (2017) developed 
two site-specific troposphere models based on the Saastamoinen and Callaham models 
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using radiosonde data from 2005 to 2012. The Saastamoinen-based model had the best 
performance with a mean bias of 0.19 cm and RMS of 3.19 cm. The study also showed that 
troposphere models based on actual data perform better when recent meteorological data 
is used to build the model. This implies that tropospheric models require regular updates 
to remain valid. Lu et al. (2017) used multi-constellation GNSS data from the IGS Multi-GNSS 
Experiment (MGEX) network of 30 global stations to retrieve a real-time troposphere model 
using the PPP technique. The ZTD estimates from the GFZC2 IGS real-time service gave the 
best accuracy of 5.06 mm. With multi-constellation GNSS data, the accuracy of the real-time 
ZTD improved further by up to 22.2%, compared to the GPS only case. Vaclavovic et al. (2017) 
developed an augmented troposphere model for real-time kinematic PPP, using Numerical 
Weather Model (NWM) data which reflected the actual state of the atmosphere. When the 
ZTD was estimated as a parameter, the study found considerable correlation between the 
rover height and the ZTD, as also reported in Kjørsvik et al. (2006). When using the external 
tropospheric model, the PPP solution improved by shortened convergence time, better 
robustness in the case of degraded satellite geometry, and less parameters with lower cor-
relation. The height accuracy of the PPP solution in kinematic model was 9–12 cm when 
using external troposphere model. Lu et al. (2016) developed a NWM constrained PPP model 
to improve the performance of multi-constellation GNSS PPP. The troposphere delay param-
eter from the European Centre for Medium-Range Weather Forecasts (ECMWF) was used in 
a four constellation (GPS, GLONASS, Beidou and Galileo) PPP model. The standard PPP results 
were compared to the NWM constrained results. In standard PPP, the tropospheric ZHD delay 
was corrected using GPT2, whereas ZWD was estimated as an unknown parameter along 
with receiver position, receiver clock, two horizontal tropospheric gradients (north-south 
and east-west components), ionosphere delays, code biases and carrier phase ambiguities. 
In the NWM constrained PPP, the ZWD from ECMWF was used as an a priori value, but a 
residual wet delay parameter was estimated to account for the imperfections in the ZWD 
derived from the NWM. Thus, the ZWD and two horizontal tropospheric gradients in the 
standard PPP model were replaced by a single residual wet delay parameter, hence reducing 
the number of unknown parameters by two. The improvements in convergence time in the 
NWM constrained PPP model was 20, 32 and 25% in the north, east and vertical components, 
whereas positioning accuracy improved by 2.5, 12.1 and 18.7% in the same components.

In this contribution, we study the feasibility of applying tropospheric models from four 
different sources to constrain the tropospheric ZTD parameter. These are the empirical mod-
els GPT2 and its revision GPT2w, the NWM from ECMWF gridded data product, and for the 
first time the Australian Bureau of Meteorology (BoM) GRIB version 2 data. The use of atmos-
pheric profiles from radio occultation data from COSMIC/FORMOSAT-3 satellites was also 
considered, but this was not found to be feasible at present due to the limited number of 
satellites. This analysis was conducted for a period of one year. We next compare the perfor-
mance of using the BoM model to constraint the troposphere error, which gave the best 
precision out of the four tested models, in terms of PPP convergence time and achievable 
accuracy, to the traditional case where the troposphere is estimated as an unknown param-
eter. We apply appropriate weighting to the troposphere correction model as determined 
from the long-term analysis to the constraint equations. While other researchers (e.g. Kjørsvik 
et al. 2006) have attempted constraining the troposphere with a dual-frequency model in 
PPP, our study focuses on use of triple frequency data from multi-constellation GNSS. The 
availability of triple frequency civil signals is a feature of the major GNSS constellations such 
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as GPS, Galileo, and Beidou. Therefore, we study the attainment of sub-decimetre PPP accu-
racy with multi-constellation and multi-frequency GNSS data with advanced NWM data from 
BoM to constrain the troposphere.

The next section briefly describes each of the tropospheric models that were studied, 
their data sources, and application. Next, we evaluate their accuracy by comparing them to 
the IGS final ZTD values at selected Australian sites over a one-year period. Finally, we analyse 
the impact of applying the BoM NWM constrained troposphere on PPP convergence time 
and accuracy.

2. PPP functional model

This section presents the PPP functional model for estimating the ZTD as a parameter, fol-
lowed by constraining it by using external information. In this study, the triple frequency 
PPP model with code-only and phase-only triple-frequency ionosphere free code and phase 
combinations was used with simulated multi-constellation GNSS data from GPS, Beidou and 
Galileo constellations. The phase- and code-only ionosphere free, geometry preserving and 
least noise propagation linear combination was used in the PPP model, which leads to 
improved convergence performance (Deo and El-Mowafy 2016). This combination is 
expressed as:
 

 

where P(IF), ϕ(IF) are the triple frequency code and phase linear combinations, P1, P2, P3 and 
�1,�2,�3 are the code and phase measurements on individual frequencies (e.g. L1, L2 and 
L5 for GPS) and �

1
, �

2
, �

3
 are the linear combinations coefficients.

2.1. Estimating the troposphere as a parameter

The equations for the functional models for GPS, Beidou and Galileo are given below, after 
application of satellite clock correction and differential hardware biases. In this model, the 
ZHD is computed with an empirical model and the ZWD is estimated as a parameter in the 
vertical component which is projected along the receiver-to-satellite line of sight using a 
wet mapping function (m

w
).

For example, using the GPS co�G
�
i

constellation, denoted as G we have:
 

 

where G is a GPS satellite,cdt
G
�
1,G

= 2.326944 �G is the satellite-to-receiver geometric range, 
is the speed of light in vacuum; is the receiver clock offset; N∗

G is the non-integer phase 
ambiguity; �G

Pi
 and comprises code and phase measurement combined noise and multipath, 

(1)P(IF) = �
1
P1 + �

2
P2 + �

3
P3

(2)�(IF) = �
1
�1 + �

2
�2 + �

3
�3

(3)P(IF)G = �
1,G P

G
L1 + �

2,G P
G
L2 + �

3,G P
G
L5 = �

G
+ cdt

G
+mG

w ZWD + �
G

P

(4)�(IF)
G
= �

1,G
�
G

L1
+ �

2,G
�
G

L2
+ �

3,G
�
G

L5
= �

G
+ cdt

G
+ �

G
N

∗
G +m

G

w
ZWD + �

G

�
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respectively. The best coefficient values estimated for the above combination are 
:�

2,G
= −0.359646, and �

3,G
= −0.967299 (Li et al. 2014, Deo and El-Mowafy 2016).

For the Beidou constellation (denoted as C) the observation equations are:
 

 

The terms are similar to the ones described for system G above, with the addition of ISTB
G-C

,  
which is the inter-system time bias between GPS and Beidou, combined for the receiver and 
the satellite. For Beidou, the coefficient values are found to be: �

1,C
= 2.566439, 

�
2,C

= −1.228930, and �
3,C

= −0.337510.
Similar ionosphere-free equations are derived for the Galileo constellation (denoted as 

E) such that :
 

 

with coefficients �
1,E

= 2.314925, �
2,E

= −0.836269, and �
3,E

= −0.478656.
If we consider the case of a GNSS receiver tracking 1 to n GPS satellites, 1 to m Beidou 

satellites, and 1 to k Galileo satellites at an instant of time, the unknown parameters for a 
float PPP approach would be:

 

where x, y, z denotes the unknown receiver position. The functional and stochastic models 
of the above combinations are discussed in (Deo and El-Mowafy 2016).

2.2. A modified PPP model constraining the troposphere

In this section, constraining of the ZTD obtained from external sources as additional ‘quasi’ 
observations in the PPP model is discussed. These ZTD values are estimated with associated 
uncertainties, for instance standard deviations. At the receiver, instead of treating the mod-
elled ZTD as known values in the observation equations, they are added as ‘quasi’ observa-
tions with their uncertainty (precision). Thus, the observation vector of the code and phase 
observations and their covariance matrices (denoted as Q

P
 and Q

φ
) are augmented to include 

an additional ‘quasi’ observation T̃  to constraint the vertical troposphere, which is computed 
from the troposphere models. The observation equation of this quasi-observation is 
expressed as:
 

(5)PC
= �

1,C
PC

B1
+ �

2,C
PC

B2
+ �

3,C
PC

B3
= �

C
+ cdt

G
+ ISB

G−C
+m

C

w
ZWD + �

C

Pj

(6)�
C
= �

1,C
�
C

B1
+ �

2,C
�
C

B2
+ �

3,C
�
C

B3
= �

C
+ cdt

G
+ ISB

G−C
+ �

C
N

∗C
+m

C

w
ZWD + �

C

�

(7)PE
= �

1,E
PE

E1
+ �

2,E
PE

E5a
+ �

3,E
PE

E5b
= �

E
+ cdt

G
+ ISB

G−E
+m

E

w
ZWD + �

E

P

(8)�
E
= �

1,E
�
E

E1
+ �

2,E
�
E

E5a
+ �

3,E
�
E

E5b = �
E
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G
+ ISBG−C + �

E
N

∗E
+m

E

w ZWD + �
E

�

(9)

x =

[

x y z cdtG ISBG−C ISBG−E msys
w �sysN

∗
(G1,… ,Gn; C1,… ,Cm; E1,… , Ek)

]

(10)T̃ = T + 𝜀
T̃

115



6   M. DEO AND A. EL-MOWAFY

𝜀
T̃
 is the noise in T̃ . Using GPS as an example, the linearised fault-free measurement model 

using all satellites in view is given as:
   

where y and x are the vectors of observations and unknowns, respectively, H is the design 
matrix and ε denotes the noise. Combining the observation Equations (3), (4) and (11), the 
final system of observation equations for n GPS satellites as an example is expressed as:
 

The design matrix H is full rank, where G is the geometry (direction-cosine) matrix computed 
from precise ephemeris with dimension n × 3, I is the identity matrix of dimension n,  u is a 
unit vector of ones and mG

w
 is a column vector representing the line-of-sight troposphere 

mapping function. The observation covariance matrix is expressed as (QP(IF)G ,Q�(IF)G ,QT̃ ) , for 
s =1 to n. The sub-covariance matrices QP(IF)G and Q

�(IF)G are typically assumed diagonal for 
the observed satellites, with a priori values as shown in El-Mowafy (2015) weighted using 
an arbitrary satellite elevation-angle-dependent model, and uncorrelated code and phase 
observations. Q

T̃
 is uncorrelated with QP(IF)G and Q

�(IF)G, and is assumed diagonal with the 
standard deviation of the quasi-observation (Q

T̃
) either assumed or estimated from external 

source.

3. Troposphere modelling

The tropospheric delay, T, along a GNSS satellite elevation angle, E, is modelled as (Böhm et 

al. 2006a):
 

where ZHD, ZWD are the hydrostatic and wet delay components in zenith direction, and m
h
, 

m
w

 are the hydrostatic and wet mapping functions, respectively. The zenith hydrostatic delay 
(ZHD) can be adequately calculated with the empirical models such as the Saastamoinen’s 
formula Saastamoinen (1972), given in Davis et al. (1985) as:
 

where P is the surface atmospheric pressure in hPa, ϕ is the station latitude in radians, and 
h is the station orthometric or ellipsoid height in metres. The difference due to using either 
height system is negligible (IERS Conventions et al. 2010). The pressure can be computed 
from an empirical model, a numerical weather model (NWM) or with in situ measurements 
at the observing location.

(11)y = H x + �

(12)
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⎜
⎜
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(13)T (E) = m
h
ZHD +m

w
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(14)ZHD = P ×
0.0022768

1 − 0.00266cos(2�) − 0.28 × 10
−6
h

116



JOURNAL OF SPATIAL SCIENCE   7

The zenith wet delay (ZWD) can be approximately calculated if measurements of relative 
humidity (RH) and temperature are available at the observing station, for instance expressed 
as (Andrei and Chen 2009):

 

where t is the temperature in Kelvin and e is the partial water vapour pressure, which can 
be calculated from the RH measurements as
    

Hence, the surface temperature and either the relative humidity or partial water vapour 
pressure measurements are required to calculate approximate ZWD. However, an accurate 
estimation of ZWD would require knowing the water vapour content along the whole length 
of the troposphere layer, using for instance water vapour radiometers. Since these expensive 
instruments are not available for normal users, the ZWD parameter is usually estimated as 
an unknown parameter in the standard PPP model, whereas the ZHD component is modelled 
with Equation. 14 with a hydrostatic mapping function.

The next sections describe some of the options for modelling the troposphere delay using 
empirical models and NWMs.

3.1. GPT model and its revisions

The Global Pressure Temperature (GPT) empirical model (Böhm et al. 2007) and its revisions 
GPT2 (Lagler et al. 2013) followed by GPT2w (Böhm et al. 2015) may be used to determine 
the required parameters for calculating the troposphere delay. Although GPT enables cal-
culation of the pressure value in Equation. 14, it is inadequate for precise positioning appli-
cations where precise heights are required. Kouba (2009) reported height errors in the 
standard PPP solution of 0.10 m or more when satellites below 10⁰ are included and only 
the ZHD is modelled. GPT2 was introduced as a refinement of GPT, which enables calculation 
of pressure, temperature, temperature lapse rate, partial water vapour, as well as the hydro-
static and wet coefficients, defined as and a

w
, that are required by the Vienna Mapping 

Function (VMF1) (Böhm et al. 2006a). This enables users to apply the more precise VMF1, 
compared to other functions such as the Global Mapping Function (GMF) (Böhm et al. 2006b). 
Application of VMF1 requires use of the coefficients a

h
 and for calculating m

h
 and, respec-

tively, which are subsequently used to calculate and ZHD values using Equation. 13.
The GPT2w model is an extension of GPT2, with improved capability to determine the 

ZWD empirically (Böhm et al. 2015). This was validated with the zenith total delay 
(ZTD = ZHD + ZWD) estimates from the IGS precise ZTD products at 341 GNSS sites over 
110 days (Böhm et al. 2015). The difference between the GPT2w derived ZTD and the IGS 
determined delays ranged between -0.042 m and +0.073 m, with a mean difference of 
–0.0002 m and RMS of 0.036 m. The GPT2w requires gridded raw data with regular intervals 
of either 5⁰ or the higher 1⁰ resolution, along with the station location, height and date as 
input parameters. The model interpolates the pressure, temperature, temperature lapse rate, 
mean temperature of water vapour, water vapour pressure, water vapour lapse rate, geoid 
undulation and the coefficients for the hydrostatic and wet mapping functions for a given 

(15)ZWD = 0.002277

(

1255

t
+ 0.05

)

e

(16)e = 6.108
RH

100
⋅ e(

17.15t − 4684

t − 38.45
)
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location and date. The ZHD can be calculated using Equation. 14 whereas the ZWD is 
expressed as (Askne and Nordius 1987):

 

where k
�

2
 and k3 are empirically determined coefficients, R

d
 denotes the specific gas constant 

for the dry constituents and g is the gravity constant. The variable e
s
 is the water vapour 

pressure at the site, � is the water vapour lapse rate, t
m

 is the mean temperature of the water 
vapour in degrees Kelvin. All these values can be computed from the GPT2w model (Böhm 
et al. 2015). The hydrostatic and wet mapping functions are calculated with VMF1 using the 
respective coefficients, a

h
 and a

w
, and the total tropospheric delay is finally calculated by 

using Equation. 13.

3.2. Numerical weather models

To achieve mm accuracy in station height, ZHD must be known to better than 0.01 m accu-
racy. This requires pressure values with better than 5 hPa accuracy from in situ measurements 
at the station, or NWM data (Kouba 2009). Such accuracy is achievable from the Global Data 
Assimilation System (GDAS), produced at 1⁰ x 1⁰ grid in real time by the National Center for 
Environment Prediction (NCEP) of the US National Oceanic and Atmospheric Administration 
(NOAA). The ZWD may also be modelled using relative humidity or partial water pressure 
values from NWMs. Andrei and Chen (2009) used GDAS data for computing both the hydro-
static and wet zenith delay, which agreed to IGS total zenith delay to within 0.05 m. In their 
studythe agreement between GDAS meteorological values and in situ direct measurements 
at selected IGS stations was 1 mbar in pressure, 3 degrees Celsius for temperature and 13% 
for relative humidity. Most of the error was attributed to the poor quality of relative humidity 
and temperate values from GDAS, which resulted in less accurate estimation of ZWD.

Although NWMs can provide 0.05 m level ZTD estimates, their implementation requires 
additional time and resources by the users to acquire data from external sources. An advan-
tage of this approach is that it can be adopted for real-time PPP, even when there is data 
outage since the weather models forecast data for several hours into the future. The next 
sub-sections describe two NWMs that have been used in this study.

3.2.1. ECMWF

The European Centre for Medium-Range Weather Forecasts (ECMWF) produces coefficients 
for calculation of ZWD and ZHD on a global grid of 2.0 ⁰ interval in north-south and 2.5 ⁰ in 
east-west. These coefficients are produced every 6 h at 00, 06, 12 and 18 UTC at http://
ggosatm.hg.tuwien.ac.at. This website also provides the ZHD and ZWD values in metres, in 
these grid and time intervals. The ZHD and ZWD values are for ellipsoidal heights h

DEM
 , which 

is obtained from a digital elevation model (DEM), for instance available from the website 
http://ggosatm.hg.tuwien.ac.at/DELAY/GRID/orography_ell, with a grid resolution of 2.0⁰ 
for latitude and 2.5⁰ for longitude. The interpolation of a

h
, a

w
, ZHD, ZWD and h

DEM
 at the 

required station latitude and longitude (�, �) is performed using a bilinear model.
Provided that the difference between h

DEM
and the station height h is within 1 km, the 

ZHD at the station, ZHD
h
 , can be extrapolated using the formula (Steigenberger et al. 2009):

(17)ZWD = 10
−6
(

k
�

2
+ k

3
∕t

m

) Rd

(� + 1)g
es
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where R = 8.3144621 J ⋅ K
−1

⋅mol
−1 is the molar gas constant and the height difference is 

in km units. The pressure P(h
DEM

) and temperature t(h
DEM

) at the station with the h
DEM

 esti-
mated at its location may be computed with the use of GPT2w model.

3.2.2. Australian bureau of meteorology access data

The Australian Community Climate and Earth-System Simulator (ACCESS) data are available 
from the Australian Bureau of Meteorology (BoM) as gridded binary (GRIB) edition 2 as well 
as Network Common Data Form-4 (NetCDF-4) formats. Further details of the different types 
of products and their accessibility are available at http://reg.bom.gov.au/nwp/doc/access/
NWPData.shtml. The ACCESS-Regional (R) data contains meteorological data on three-di-
mensional grids in the greater Australian region, at a resolution of 12 km. There are various 
versions of the data files, containing different combinations of parameters which may be 
deduced from the filenames.

In this study, the ACCESS-R single-level surface data were used. This product is released 
every six hours at UTC base hours 00, 06, 12 and 18, and for each base time, there are three 
files issued with forecast validity times of 3, 6 and 9 h. These data were converted to netCDF-4 
using the wgrib2 software (www.cpc.ncep.noaa.gov/products/wesley/wgrib2/) and decoded 
using an in-house software. The key useful fields in this file include the surface temperature 
in Kelvin, surface pressure in Pa and the relative humidity at 1.5 m above ground. Hence, the 
ZWD can be calculated using Equations. 15 and 16, and ZHD with Equation. 14, once the 
relative humidity, temperature and pressure values are interpolated at a given station loca-
tion and time.

3.3. Radio occultation from COSMIC satellites

The Constellation Observing System for Meteorology, Ionosphere and Climate (COSMIC) / 
Formosa Satellite 3 (FORMOSAT-3) constellation of six satellites were launched into a low-
Earth orbit (LEO) in April 2006. Since then, its data has been successfully used in a wide range 
of scientific applications such as weather forecasting, ionosphere and the Earth’s gravity 
studies (Yue et al. 2010). The COSMIC/ FORMOSAT-3 Radio Occultation (RO) data are available 
to users from the COSMIC Data Analysis and Archive Centre (CDAAC) at the University 
Corporation for Atmospheric Research (UCAR) website http://cdaac-www.cosmic.ucar.edu/
cdaac/products.html for authorised users. The RO processed data come in three types, 
namely (1) COSMIC2013: consisting of reprocessed data using enhanced processing strate-
gies resulting in higher RO counts, (2) COSMIC post-processed data with a typical latency of 
six weeks and (3) COSMICRT containing real-time data with a latency of a few hours. These 
data sets are available in the netCDF-4 format.

The COSMIC2013 reprocessed data was considered in this study. Of the several versions 
of the available atmospheric profiles, the wetPrf product was used, which contains the pro-
files of temperature, water vapour pressure and refractivity at 0.1 km intervals up to an 
altitude of 40 km. These data are not regularly gridded in latitude and longitude, but is rather 
limited to where the RO point occurred in relation to the COSMIC and GPS satellite 

(18)ZHD
h
= ZHD

hDEM
− 2.77 × 10

−3
g ⋅ P(hDEM)

R ⋅ t(hDEM)

(

h − hDEM

)
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line-of-sight. Once the water vapour pressure and temperature are interpolated at a given 
location and time, the ZWD may be calculated using Equation 15. One issue with the COSMIC 
RO data is that there is not enough spatial and temporal resolution to accurately interpolate 
the atmospheric variables at any given location and time, which makes the interpolation 
infeasible at some locations (Yue et al. 2010). Figure 1 shows the RO locations in the Australian 
region for one day of the COSMIC data on 8 December 2016, and Figure 2 shows the Pressure, 
water vapour pressure and temperature profiles for the 634 globally located RO points on 
the same day. As shown, only 39 RO points were observed in the Australian region during 
that day and there were less than ten points within the landmass. Thus this data could not 
be used in this study. However, this situation is likely to improve in the future as more COSMIC 
satellites are launched.

4. Analysis of ZTD models

In this section, we analyse the performance of each of the presented troposphere models 
by comparing the estimated ZTD from employing these models with the values obtained 
from the precise IGS ZTD product at selected stations in Australia. The stations analysed are 
distributed over the Australian continent and include Hobart (HOB2), Alice Springs (ALIC), 
Yarragadee (YAR2) and Townsville (TOW2). Table 1 shows the ITRF2008 geodetic coordinates 
(latitude, longitude and ellipsoid height) for these stations, extracted from the Asia Pacific 
Reference Frame (APREF) solution produced by Geoscience Australia for GPS week 1877. 

Figure 1. radio occultation locations for 39 ro points in the australian region from coSMic data on 8 
December 2016.
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The Orthometric heights are also given, which were obtained from the Australian national 
geodetic database (www.ga.gov.au/ngrs). Since these stations are IGS reference stations, 
they have precise ZTD estimates available as an IGS product. These were used as reference 
values for comparison with results from the tested models. The analysis pertains to the full 
year from 1 January to 31 December 2016. The GRIB2 data was only available for approxi-
mately seven months of this period, due to connection issues that result in data outages.

Figures 3-6 show the time series of the ZHD and ZWD values from the GPT2 and GPT2w 
empirical models, and the ECMWF and BoM NWM data at ALIC, HOB2, TOW2 and YAR2 
respectively. As shown in the figures, the ZHD values from GPT2 and GPT2w have millimetre 
level agreement with each other at all four sites. However, the discrepancy between these 
and the ECMWF model was at the 0.02–0.04 m level at YAR2 and up to 0.10 m at TOW2. Note 
that the ECMWF ZHD values are based on ellipsoidal heights on a low resolution DEM. Thus 
this observed discrepancy may be attributed to the low resolution of DEM and the accuracy 
of geoid-ellipsoid undulation model at this location. The ZHD from BoM data is in agreement 
with the GPT2/ GPT2w models at the 0.01–0.02 m level. The IGS ZWD in these figures is 
calculated by subtracting the ZHD determined from GPT2w from the IGS ZTD. Overall, the 
mean and standard deviations (std) of the difference between the modelled ZWD and the 
IGS ZWD were mean = 0.031 m, std = 0.065 m, for BoM; mean = -0.061 m, std = 0.076 m for 
ECMWF; mean = -0.048 m, std = 0.115 m for GPT2; mean = -0.039 m, std = 0.105 m for GPT2w. 
Thus, the BoM derived ZWD was the most accurate and precise at these four tested sites.

Figure 2. pressure, water vapour pressure and temperature profiles for the 634 globally located ro data 
points from coSMic data on 8 December 2016.

Table 1.  itrf08 Geographical coordinates of the test points from apref solution for week 1877 and 
orthometric height from the australian national geodetic database.

Site Latitude (degrees)
Longitude 
(degrees)

Ellipsoidal Height 
(h) (m)

Orthometric 
Height (H) 

Difference h–H 
(m)

alic S 23.670 e 133.886 603.245 587.643 15.602
HoB2 S 42.805 e 147.439 41.044 44.756 −3.712
toW2 S 19.269 e 147.056 88.109 29.474 58.635
Yar2 S 29.047 e 115.347 241.289 266.528 25.239
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From Figures 3 to 6, it is apparent that there are seasonal patterns for the troposphere 
accuracy for the different models at the four selected sites. We extracted monthly mean 
relative humidity and rainfall data from the BoM website (http://www.bom.gov.au/climate/
data/) to gain more insight into these patterns. The data was extracted from weather stations 
located at local airports close to the GNSS stations, where Miorawa Airport was the closest 
to YAR2, Alice Springs Airport was the closest to ALIC, Townsville Aero was closest to TOW2 
and Hobart Airport was closest to HOB2. As shown in Figure 7, the rainfall and relative 
humidity profiles differ considerably at these four sites because of their geographic locations 
and unique weather patterns. It is known from a previous study by Zhou et al. (2017) that 
the accuracy of NWM decreases in some areas due complex weather changes.

For TOW2, the offset in ZTD determined from BoM and IGS is more visible in the ZWD 
component. The ZWD at this site is comparatively noisier with a range of 0.4 m, which indi-
cates greater variability in the atmospheric moisture profiles. This may be because TOW2 is 
in a tropical zone close to the coast, where there is increased relative humidity throughout 
the year, as shown in Figure 7. At ALIC, the ZWD from BoM NWM is in good agreement with 
the IGS ZWD, but the overall standard deviation for ZTD is relatively higher at 0.043 m. The 
ZWD profile at ALIC shows more variation during the Northern Territory wet season, which 
spans from November until April, and is characterised by increased rain and storms. The 
impact of the wet season during this period is visible in Figure 3. Despite the higher rain 
during this period, the relative humidity is low due to the increased temperatures in the 

Figure 3. time series of the ZHD and ZWD from the Gpt2 and Gpt2w empirical models, and ecMWf and 
BoM numerical weather model data for one year at alic site.
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warmer summer months. At HOB2, Figure 4 shows close agreement between the BoM NWM 
and IGS in the ZHD as well as ZWD components. This site has comparatively lesser variation 
in the ZWD profile, which may be due to the comparatively lesser variation in rainfall and 
relative humidity throughout the year. The YAR2 site also has lesser variation in the ZWD for 
most part of the year, except for Mar to May as shown in Figure 7. This site has higher rainfall 
from May to September, which correlates with the increased relative humidity. The increased 
ZWD variability may be due to the complex change from dry to wet season between Mar to 
May.

The ZTD from these models were compared to the IGS ZTD product available for these 
stations. Figures 8–11 show histograms of the difference between the ZTD obtained from 
IGS and those calculated as the sum of ZHD and ZWD from the GPT2 and GPT2w empirical 
models, and ECMWF and BoM NWM data. As shown, the agreement of ZTD between IGS 
and NWMs is better than the empirical models and 95% of the differences are within the 
range ± 0.2 m, with the majority within ± 0.1 m. The mean and standard deviations (std) of 
these differences are also summarised in Table 2 for the four sites. As shown, the precisions 
of the ZTD from NWM datasets, represented by the standard deviations, are consistently 
better than the GPT2 and GPT2w empirical models at the four sites. The GPT2w model gave 
more accurate ZTD values compared to GPT2, with a slight improvement in precision at the 
mm level. The ZTD from ECMWF model gave precise results at ALIC (mean = 0.007 m, std = 
0.018 m) and HOB2 (mean = 0.006 m, std = 0.026 m), both of which have low discrepancy 
between ellipsoid and orthometric height. However, results were poor at TOW2 and YAR2 

Figure 4. time series of the ZHD and ZWD from the Gpt2 and Gpt2w empirical models, and ecMWf and 
BoM numerical weather model data for one year at HoB2 site.
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due to the low resolution of DEM used in the ECMWF model, as discussed earlier. The ZTD 
from BoM data gave consistent results at all four sites with mean errors between -0.034 m 
and 0.029 m and standard deviations better than 0.045 m. Overall, use of BoM NWM data 
gave more precise and accurate ZTD values than any other of the tested models. The next 
section analyses the PPP performance when constraining the ZTD with the BoM NWM, the 
proven best model.

5. PPP performance analysis with the BOM NWM tropospheric model

This section analyses the performance of PPP in terms of the convergence time taken to 
achieve sub-decimetre positioning errors, and the accuracy after convergence is achieved. 
The PPP model with and without the ZTD aiding was implemented using Kalman filter; i.e. 
processing the data by constraining the ZTD from BoM NWM model and the stds given in 
the last column of Table 2, and next processing the same data in the conventional method 
by estimating ZTD as one of the parameters. In both cases, a satellite elevation cut-off angle 
of 10⁰ was used. The triple frequency low noise and ionosphere-free linear combinations for 
carrier phase and code measurements were used when constraining the ZTD using the BoM 
NWM, and in the conventional case of estimating it as a parameter. In the conventional 
method, the ZHD was modelled with Equation. 14 with the Neill’s hydrostatic mapping 
function (Neill 1996), whereas the ZWD was determined as an unknown parameter.

Figure 5. time series of the ZHD and ZWD from the Gpt2 and Gpt2w empirical models, and ecMWf and 
BoM numerical weather model for one year data at toW2 site.
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5.1. PPP results

Results are compared in terms of solution convergence time taken to achieve sub-decimetre 
accuracy in the horizontal dimension (2D), including North (N) and East (E) position compo-
nents, as well as the vertical dimension. The 2D convergence time is defined as the time 
when horizontal positional accuracy of 0.10 m is reached and maintained thereafter, indi-
cating stability of the float ambiguity solution. Likewise, the N, E and vertical convergence 

Figure 6. time series of the ZHD and ZWD from the Gpt2 and Gpt2w empirical models, and ecMWf and 
BoM numerical weather model data for one year at Yar2 site.

Figure 7. Mean monthly relative humidity (left) and rainfall (right) data at the four selected sites, extracted 
from the BoM website (http://www.bom.gov.au/climate/data/).
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time defines when sub-decimetre accuracy is achieved in N, E and vertical components, 
respectively. The accuracy is defined in terms of the root mean squared error (RMSE) of the 
estimated positions after convergence is achieved with respect to the known station coor-
dinates obtained from the APREF solution. The results from constraining the troposphere 
with the BoM NWM are compared to the case where the troposphere is estimated as an 
unknown parameter. Appropriate weighting was applied to the BoM NWM-derived ZTD 

Figure 8. Histograms of the difference between iGS ZtD and model ZtDs from Gpt2, Gpt2w, ecMWf and 
BoM, from left to right, at station alic.

Figure 9. Histograms of the difference between iGS ZtD and model ZtDs from Gpt2, Gpt2w, ecMWf and 
BoM, from left to right, at station HoB2.

Figure 10. Histograms of the difference between iGS ZtD and model ZtDs from Gpt2, Gpt2w, ecMWf 
and BoM, from left to right, at station toW2.
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values, based on the analysis in the previous section. In addition, we applied a constraint 
based on the real accuracy of the ZTD determined from the long-term analysis. This con-
strained PPP model accounts for the imperfections in the ZTD derived from the BoM NWM 
model, mainly due to limitations in accurately modelling complex weather changes. The 
study was conducted with simulated multi-constellation triple frequency GNSS data with 
32 GPS, 17 Galileo and 14 Beidou satellites at the sites ALIC, HOB2, TOW2 and YAR2, with 30 
s epoch interval and 5 day’s of data from 3 to 7 June 2016.

Figure 11. Histograms of the difference between iGS ZtD and model ZtDs from Gpt2, Gpt2w, ecMWf 
and BoM, from left to right, at station Yar2.

Figure 12. comparison of ppp positioning errors in 2D and absolute values in north, east and Vertical 
components for the triple frequency ppp model when estimating the troposphere as a parameter and 
constraining the troposphere using BoM GriB2 data at alic (left) and HoB2 (right).
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For demonstration, the proposed model was firstly assessed for HOB2 assuming a totally 
known troposphere delay (i.e., troposphere with zero error). Although this is not feasible in 
practice, it demonstrates the ultimate benefits of modelling out the troposphere if it is accu-
rately known. Estimating the troposphere as an unknown parameter in the PPP model 
resulted in a convergence time of 6.0 min to reach a 2D accuracy of 0.10 m, and a convergence 
time of 12.5 min to reach a 2D accuracy of 0.05 m. When the troposphere is exactly known 
from the IGS ZTD model, the convergence time to reach 2D accuracy of 0.10 m was 5.5 min, 
and a 2D accuracy of 0.05 m was reached after 11.5 min. A satellite elevation cut-off angle 
of 10 degrees was used in both cases. Therefore, modest improvements in convergence time 
of 0.5 and 1 min was achieved to reach 0.1 m and 0.05 m accuracy, respectively. These con-
vergence times may appear over optimistic, noting that simulated data was used, which did 

Figure 13. comparison of ppp positioning errors in 2D and absolute values in north, east and Vertical 
components for the triple frequency ppp model when estimating the troposphere as a parameter and 
constraining the troposphere using BoM GriB2 data at toW2 (left) and Yar2 (right).

Table 2. Mean and standard deviation (std) of the difference between the iGS ZtD and modelled ZtDs 
from Gpt2, Gpt2w, ecMWf and BoM.

Site

ZTD
IGS

 - ZTD
GPT2  ZTD

IGS
 - ZTD

GPT2w
ZTD

IGS
 - ZTD

ECMWF
ZTD

IGS
 - ZTD

Bom

Mean(m) Std. (m) Mean(m) Std. (m) Mean(m) Std. (m) Mean(m) Std. (m)

alic 0.048 0.064 0.025 0.062 0.007 0.018 0.029 0.043
HoB2 −0.002 0.039 0.000 0.038 0.006 0.026 0.001 0.023
toW2 0.030 0.061 0.023 0.062 0.145 0.029 −0.026 0.043
Yar2 −0.014 0.043 0.004 0.042 −0.035 0.027 −0.034 0.028
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not include multipath. Moreover, the enhanced triple frequency model was implemented, 
which has significantly better performance than the traditional dual-frequency model (Deo 
and El-Mowafy 2016).

For the case of using the BoM NWM to constrain the ZTD, Table 3 shows the convergence 
time required to achieve 0.1 m and 0.05 m accuracy in 2D, N, E and vertical components 
compared with the case of estimating the troposphere as a parameter. As the table shows, 
the results practically did not change. There was however a slight improvement by 0.5 min 
in the BoM constrained model to reach 0.1 m vertical accuracy at HOB2 and at TOW2 to reach 
0.05 m accuracy. In terms of the accuracy achieved after convergence, Table 4 compares the 
RMSE in the 2D, N, E and vertical components after convergence of the PPP solutions to 
reach 0.1 m and 0.05 m at the four sites. As the table shows, there are slight improvements 
found at the millimetre level at ALIC, HOB2 and YAR2, whereas the results are unchanged at 
TOW2.

The mean positioning errors of the hourly PPP solutions for the 5 days were computed 
after convergence periods of 2, 3, 5, 10 and 20 min after the PPP initialisation times. This was 
done for the 2D, N, E and vertical components at the four sites. Results are given in Table 5. 
One of the key findings from this table is that the accuracy of the BoM constrained tropo-
sphere model achieved faster convergence in the vertical component for the first few min-
utes of convergence, compared to the PPP model which estimated the troposphere as a 
parameter. The BoM constrained troposphere model PPP had better vertical accuracy than 
the former model by 0.036–0.058 m after 2 min, 0.023–0.038 m after 3 min and 0.013–0.020 m 

Table 3. convergence time taken to reach accuracy of 0.1 m and 0.05 m (2D, north, east and Vertical) 
for the ppp model with troposphere estimation, and when using BoM nWM constrained troposphere.

Site Troposphere Model
Average number of 

satellites

Convergence time to 
reach 0.1 m (min)

Convergence time to reach 
0.05 m accuracy (min)

2D N E Vert. 2D N E Vert.

alic ZtD estimated 20 6.5 4.0 4.0 15.5 22.0 7.5 12.0 32.0
BoM constrained 20 6.5 4.0 4.0 15.5 22.0 7.5 12.0 32.0

HoB2 ZtD estimated 18 6.5 3.5 4.0 12.5 20.0 8.0 11.5 24.0
BoM constrained 18 6.5 3.5 4.0 12.0 20.0 8.0 11.5 24.0

toW2 ZtD estimated 20 7.0 3.0 5.0 13.5 21.5 6.5 15.0 28.0
BoM constrained 20 7.0 3.0 5.0 13.5 21.5 6.5 15.0 27.5

Yar2 ZtD estimated 21 7.0 4.0 4.0 13.5 16.5 8.5 11.0 26.5
BoM constrained 21 7.0 4.0 4.0 13.5 16.5 8.5 11.0 26.5

Table 4. rMSe after convergence to 0.1 m and 0.05 m accuracy (2D, north, east and Vertical) for the ppp 
model with troposphere estimation, and when using BoM nWM constrained troposphere.

Site Troposphere Model

Mean RMSE after 0.1 m convergence 
(m)

Mean RMSE after 0.05 m conver-
gence (m)

2D N E Vert. 2D N E Vert.

alic ZtD estimated 0.045 0.024 0.039 0.047 0.037 0.021 0.033 0.034
BoM constrained 0.045 0.023 0.038 0.046 0.037 0.020 0.033 0.034

HoB2 ZtD estimated 0.045 0.025 0.036 0.043 0.038 0.021 0.032 0.035
BoM constrained 0.045 0.024 0.036 0.042 0.037 0.020 0.032 0.034

toW2 ZtD estimated 0.043 0.021 0.038 0.043 0.034 0.018 0.031 0.031
BoM constrained 0.043 0.021 0.038 0.043 0.034 0.018 0.031 0.031

Yar2 ZtD estimated 0.040 0.024 0.032 0.044 0.034 0.021 0.027 0.034
BoM constrained 0.040 0.024 0.032 0.044 0.034 0.020 0.027 0.034
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after 5 min of PPP initialisation. After 6-7 min of convergence, both models performed at 
similar level of accuracy at all the four sites.

6. Conclusions

This paper first compared the tropospheric models obtained from (1) GPT2, (2) GPT2w, (3) 
ECMWF gridded data, and (4) BoM GRIB2. An inter-comparison of these models with the IGS 
ZTD product used as a reference showed that the precision of the ZTD from actual NWM 
datasets (BoM and ECMWF) were consistently better than the empirical models (GPT2 and 
GPT2w). The GPT2w model was more precise and accurate than its predecessor GPT2. The 
ZTD from ECMWF model at IGS station ALIC gave a mean error = 0.007 m and std = 0.018 m, 
and station HOB2 gave mean = 0.006 m and std = 0.026 m. However, results were poor at 
stations TOW2 and YAR2, which is likely to be due to the low resolution of DEM heights used 
in this model. The ZTD from BoM NWM data gave the best precision and accuracy at all four 
sites, with mean errors between -0.034 m to 0.029 m and standard deviations better than 
0.045 m.

The BoM NWM data was used to constraint the tropospheric delay in PPP processing at 
the four sites with 5 days data with hourly PPP solutions. The performance of PPP conver-
gence time and achievable accuracy with the BoM NWM constrained troposphere was com-
pared to the traditional case where the troposphere is estimated as an unknown parameter. 
Improvements in vertical positioning accuracy was found at all the four sites during the first 
few minutes of initialisation. The BoM constrained troposphere model PPP had better vertical 
accuracy by 0.036–0.058 m after 2 min, 0.023–0.038 m after 3 min and 0.013–0.020 m after 
5 min of PPP initialisation. This result suggests that constraining the troposphere with the 
BoM NWM data in PPP has some merit in improving the vertical convergence during the 
first few minutes of initialisation and is beneficial for applications where fast vertical con-
vergence is required. This could be a cost-effective means of improving the PPP vertical 
convergence using existing NWM data, rather than the more expensive approach of using 
precise troposphere corrections provided by an external provider using a local GNSS 
network.
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7 MAINTAINING REAL-TIME PRECISE POINT POSITIONING 

DURING OUTAGES OF ORBIT AND CLOCK CORRECTIONS 

 

During communication outages, the GPS satellite orbit and clock corrections are 

unavailable to the real-time PPP user. Such outages may last from a few minutes to 

several hours and during this time, the PPP solution is lost. Once the corrections are 

restored, the user has to wait for the PPP solution to re-converge within decimetre 

accuracy, which is a problematic exercise.  

This chapter presents a method for maintaining real-time PPP with better than 

decimetre 3D accuracy during communication outage. The real-time service (RTS) 

products sourced from open-access IGS are used to predict the precise orbit and 

clock corrections as time series during the outage. For short outage periods of a few 

minutes, the IGS-RTS orbits are predicted using a high-order polynomial, and for 

longer outages up to 3 h, the most recent IGS ultra-rapid orbits are used. As for the 

precise clocks, IGS-RTS clock corrections are predicted using a second-order 

polynomial with sinusoidal terms.  

 

This chapter is covered by the following publication: 

 El-Mowafy A, Deo MN, Kubo N (2016) Maintaining real-time precise point 

positioning during outages of orbit and clock corrections. GPS Solutions, 21(3), 

937-947. DOI:10.1007/s10291-016-0583-4. 

 

7.1 Errata 

The following corrections apply to this published paper: 

 Pg. 1 of article (Introduction, 7
th

 sentence): “where RT PPP relays on online 

streaming” should be replaced by “where RT PPP relies on online streaming” 
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Abstract The precise point positioning (PPP) is a popular

positioning technique that is dependent on the use of pre-

cise orbits and clock corrections. One serious problem for

real-time PPP applications such as natural hazard early

warning systems and hydrographic surveying is when a

sudden communication break takes place resulting in a

discontinuity in receiving these orbit and clock corrections

for a period that may extend from a few minutes to hours.

A method is presented to maintain real-time PPP with 3D

accuracy less than a decimeter when such a break takes

place. We focus on the open-access International GNSS

Service (IGS) real-time service (RTS) products and pro-

pose predicting the precise orbit and clock corrections as

time series. For a short corrections outage of a few minutes,

we predict the IGS-RTS orbits using a high-order poly-

nomial, and for longer outages up to 3 h, the most recent

IGS ultra-rapid orbits are used. The IGS-RTS clock cor-

rections are predicted using a second-order polynomial and

sinusoidal terms. The model parameters are estimated

sequentially using a sliding time window such that they are

available when needed. The prediction model of the clock

correction is built based on the analysis of their properties,

including their temporal behavior and stability. Evaluation

of the proposed method in static and kinematic testing

shows that positioning precision of less than 10 cm can be

maintained for up to 2 h after the break. When PPP re-

initialization is needed during the break, the solution

convergence time increases; however, positioning preci-

sion remains less than a decimeter after convergence.

Keywords Real-time PPP � GPS � Prediction � IGS

products

Introduction

Precise point positioning (PPP) can provide centimeter- to

decimeter-level accuracy using a single receiver in undif-

ferenced mode. In recent years, the advent of real-time

precise orbit and clock correction streams allows users to

shift from the traditional post-mission PPP processing to

real-time PPP (RT PPP) solution anywhere in the world.

RT PPP is currently used in natural hazard early warning

systems, crustal deformation and landslide monitoring. One

example is the Jet Propulsion Laboratory’s GPS Real Time

Earthquake and Tsunami Alert project (GREAT); (http://

www.gdgps.net/products/great-alert.html). RT PPP can

also be used for atmospheric water vapor measurement and

remote sensing applications (Jin and Komjathy 2010), and

it is becoming a popular approach in offshore hydrographic

surveying. In addition, PPP-RTK represents a main com-

ponent of Australia’s National Positioning Infrastructure

(NPI), where it is planned to be used for various applica-

tions including intelligent transport systems. In all these

applications, where RT PPP relays on online streaming of

orbit and clock corrections, an obvious concern is the

possibility of a disruption in receiving these corrections

that may occur, for instance, due to a temporary modem

failure or network outage, which may take from a few

minutes up to hours to be fixed. In such a case, severe

decline of PPP accuracy may result to the meter level due

to switching to the default single point positioning mode.

& Ahmed El-Mowafy

a.el-mowafy@curtin.edu.au

1 Department of Spatial Sciences, Curtin University, Bentley,

Australia

2 Tokyo University of Marine Science and Technology, Tokyo,

Japan

123

GPS Solut

DOI 10.1007/s10291-016-0583-4

Author's personal copy

137

http://orcid.org/0000-0001-7060-4123
http://www.gdgps.net/products/great-alert.html
http://www.gdgps.net/products/great-alert.html
http://crossmark.crossref.org/dialog/?doi=10.1007/s10291-016-0583-4&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/s10291-016-0583-4&amp;domain=pdf


Solving this problem is the research question that is being

addressed in this contribution. We propose to predict the

real-time orbits and clock corrections as time series to

enable RT PPP for a prolonged period of time until the

break is fixed.

For prediction of satellite orbits, some previous studies

discussed using numerical integration of the equations of

motion in connection with a dynamic force modeling

(Montenbruck and Gill 2000). This includes modeling

earth, solar and lunar gravitation, solar radiation pressure,

harmonic behavior and general relativity. Similarly, Sep-

pänen et al. (2012) discussed solving the satellite equation

of motion numerically and estimating the satellite’s initial

states by a nonlinear least squares fitting algorithm.

Leandro et al. (2011) studied applying Kalman filtering for

estimation and prediction of satellite orbits. Moreover,

Hadas and Bosy (2015) proposed a short-term prediction of

real-time International GNSS Service (IGS) precise GPS

orbits with less than 10 cm accuracy for up to 10 min using

polynomial fitting. For prediction of satellite clocks, the

current United States Naval Observatory (USNO) algo-

rithm uses a linear model, where it was found that a

quadratic model degraded the accuracy of satellite clock

predictions rather than improving it (Hackman 2012). To

improve the model, Heo et al. (2010) proposed adding

cyclic terms to overcome possible periodic variation.

Likewise, Huang et al. (2014) used a model with multiple

periodic terms and weighted the observations as a linear

function of age of data when predicting IGS ultra-rapid

(IGU) clock corrections.

In this study, we restrict attention to GPS RT precise

orbits and clock corrections owing to their availability,

whereas similar products for other systems are currently in

the experimental phase. We limit our analysis and proposed

methods to the use of two open-access RT products, the

IGS-RTS, which is the IGC01 stream and thereafter

denoted as IGC for brevity, and the predicted half of the

IGU. We assume that before a break in communications

takes place, an RT PPP user can obtain the latest update of

the IGU and IGC streams online. We first study the accu-

racy of the precise orbits and the performance of their

prediction as a time series. Next, we analyze the accuracy,

stability, spectrum and autocorrelation of the clock cor-

rections and then investigate their prediction as time series.

The steps of building the prediction models are discussed,

and the accuracy of prediction is analyzed. For quality

control, a process for detection of outliers in the data used

in creating the prediction model was applied before com-

mencement of this process. We fit the orbit and clock data

to polynomials and check that the difference between each

data point and its corresponding value from the fitting

model does not differ by more than three times the standard

deviation (STD), corresponding to 99.7% confidence level.

A first-order fitting polynomial was used for clock cor-

rections, and fourth-order polynomials were used for the

orbits. When an outlier is found, the data of this epoch are

excluded.

We next assess the impact of the proposed method on

PPP positioning results by conducting many tests in the

static and kinematic modes and analyzing the resulting

solution convergence time and precision. Since the quality

of orbits and clock corrections may affect the initialization

period of PPP, i.e., conversion of the solution, we tested

initialization of PPP assuming that the break is taking place

at different instances in time. Test results are presented and

discussed, and finally concluding remarks are given.

Implementation of the RT orbit and clock

corrections

In April 2013, the IGS launched an open-access real-time

service (RTS). Currently, this service includes the IGS01/

IGC01 stream, which is based on a single epoch GPS

combination solution, IGS02 stream that is a Kalman filter

GPS combination solution and IGS03 stream, which is a

Kalman filter GPS ? GLONASS combination solution

(http://www.igs.org/rts/products). These streams are a

combination of products from nine analysis centers (ACs)

that process more than 160 stations located around the

world. In addition to IGS-RTS, the IGS provides the ultra-

rapid (IGU) products with less accurate clock corrections,

which do not need to be streamed in RT. The IGU is

released four times each day and contains 2 days of orbits;

the first day is computed from observations, and the second

day includes predicted orbits and clocks that can be used

for RT applications. Table 1 summarizes the current STD

of the orbits, clock corrections root mean square (RMS)

and product latency for both IGS-RTS and IGU products

(http://rts.igs.org and http://www.igs.org/products/data). In

a following section, we check this information by com-

paring them with the IGS final products. In addition to the

open-access products, a number of private commercial

providers serve similar products such as Trimble RTX

service (Leandro et al. 2011), Fugro G2 service (http://

www.starfix.com/positioning-systems) and TERRASTAR

(http://www.terrastar.net/about-terrastar.html).

Typically, a user can access the real-time products

exploiting a wireless modem and employing the network

Table 1 IGS real-time products

Product Orbit STD (cm) Clock RMS (ns) Latency

IGS-RTS 5 0.3 25 s

IGU 5 3 RT

GPS Solut

123

Author's personal copy

138

http://www.igs.org/rts/products
http://rts.igs.org
http://www.igs.org/products/data
http://www.starfix.com/positioning-systems
http://www.starfix.com/positioning-systems
http://www.terrastar.net/about-terrastar.html


transport of Radio Technical Commission for Maritime

Services (RTCM) by the Internet Protocol (NTRIP) client

application. The IGS-RTS products can be streamed using

the RTCM-State Space Representation (SSR) format. The

open-source application of Bundesamt für Kartographie

und Geodäsie (BKG) Client (BNC) NTRIP and the

RTKLIB software are two examples that allow NTRIP

access to RT precise orbits and clock corrections.

The orbit corrections in RTCM-SSR are defined in terms

of the radial, along-track and cross-track components,

denoted here as dqr; dqa and dqc, respectively, along

with their velocities (d _qr; d _qa and d _qc). Using a

broadcast navigation message with a reference time to, the

orbit corrections at time t can be computed as follows

(Hadas and Bosy 2015):

dq ¼ ½qr dqa dqc�
T þ ½d _qr d _qa d _qc�

Tðt � toÞ ð1Þ

These corrections are transformed to geocentric corrections

by applying the radial, along-track and cross-track unit

vectors (er; ea and ec) and adding them to the broadcast

orbit xbrdcst to give the final precise orbit xprecise:

xprecise ¼ xbrdcst þ diagðereaecÞdq ð2Þ

The clock correction is given in terms of a quadratic

polynomial with coefficients (q0; q1; q2) as a range cor-

rection such that:

cdt ¼ q0þ q1 t � toð Þ þ q2 t � toð Þ2 ð3Þ

where c is the speed of light. Hence, the corrected satellite

clock offset tsat is expressed as:

tsat ¼ tbrdcst þ dt ð4Þ

where tbrdcst denotes the broadcast GPS satellite clock

offset.

Dealing with the precise orbits

during communication breaks

For prediction of the precise orbits, El-Mowafy (2006)

studied several approaches and showed that prediction of

the orbits as a time series can be successful for only a short

period, up to 15 min, using Holt–Winters’ method (Chat-

field and Yar 1991). In the same way, Hadas and Bosy

(2015) predicted the IGS-RTS precise orbits with less than

10 cm accuracy for up to 10 min by using polynomial

fitting. In addition to these methods, we tested another

approach that can potentially provide this accuracy over a

longer prediction period. In this approach, the difference

between the IGC and IGU orbits is predicted through a

high-order polynomial, e.g., a fourth-order polynomial, and

the predicted differences are added to the IGU orbits to

resemble approximate IGC orbits. Figure 1 demonstrates

the performance of this method through one representative

example. The 3D difference between the predicted orbits

and the IGS final orbits on August 28, 2015, is depicted for

PRN 16, 29 and 30, which represent the current GPS blocks

IIR, IIR-M and IIF, respectively. The model is built from

the data of the previous 2 h before prediction, based on

autocorrelation analysis of the orbits. As Fig. 1 shows, a

prediction error less than 10 cm can only be achieved for

up to the first 0.5 h of prediction, and thereafter, the error

significantly grows with time.

In PPP, the precise orbits need to be accurate to less

than 10 cm; hence, in case the orbit corrections outage is

longer than 0.5 h, an approach other than prediction of

the corrections as a time series will be needed. To this

end, we first investigated the accuracy of the RT orbit

streams considered in this study, i.e., the IGU and IGC.

The statistics of their 3D differences from the IGS final

orbits, defined here for brevity as IGS orbits, are given in

Table 2 for all GPS satellites during August 2015. Since

the IGU orbits are updated every 6 h, the IGU data

included here are the first 6 h of the predicted part of the

updated files. Figure 2 shows the histogram of the abso-

lute 3D differences among IGU–IGS (top), IGC–IGS

(middle) and IGU–IGC (bottom) for PRN 16, 29 and 30,

as exemplar of the current three GPS satellite blocks and

using a 15-min sampling rate over the whole month of

August 2015.

Taking the IGS final products as ground truth, Table 2

and the sample histograms show that the differences

between IGC and IGS were typically within ±7 cm (95%

range) and the STDs were 0.023 m on average, which

agree with the published values by the IGS-RTS monitor-

ing facility (http://www.igs.org/rts/monitor). The differ-

ences between the IGU (predicted half) and IGS were in

the same range, although at many epochs the IGU orbits

had fewer errors than IGC. The differences between IGU

and IGC orbits were mostly within ±6 cm. These results
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show that the IGU orbits are numerically compatible with

the IGC orbits within this level of accuracy. This com-

patibility is further validated statistically by examining the

significance of the residuals between the two sets of data

and the IGS final orbits, i.e., IGC–IGS and IGU–IGS. As

illustrated from the sample histograms in Fig. 3, the dis-

tribution of the orbit residuals is not Gaussian; therefore,

nonparametric statistical hypothesis tests were used. The

Wilcoxon signed-rank test of the IGU–IGS and IGC–IGS

daily residuals over August 2015 was applied to assess

whether their population mean ranks differ. The test passed

for almost all samples. In addition, testing of their vari-

ances was performed using Kruskal–Wallis H test (Kruskal

and Wallis 1952), which was successful for 93% of the data

with P values[ 0.05.

Based on the above, upon a break of receiving the IGC

stream, for a short period of a few minutes one can predict

the IGC orbits using a fourth-order polynomial, and for a

medium period of about 3 h one may use the most recent

IGU orbits as a reasonable substitute for the IGC orbits. In

this case, the IGU orbits will be used in place of xprecise in

(2). In a following section, the impact of this approach on

PPP positioning results is investigated.

Dealing with clock corrections

during communication breaks

Currently, all operational GPS satellites from block IIR

onward have rubidium clocks except for PRN 8 and 24

(block IIF), which have cesium clocks. Rubidium clocks

have short-term noise performance, but their temperature

sensitivity and inherent high-frequency drift uncertainty

limit their long-term stability (Trigo and Slomovitz 2011).

To develop the best prediction model of the IGC clock

corrections, we first analyze the accuracy and stability of

these clock corrections. Next, we present the model and

discuss the process of building it.

Accuracy and stability of IGC clock corrections

The accuracy of the IGC clock corrections can be com-

puted in terms of their differences from the IGS final clock

corrections. As an example, the IGC–IGS differences for

all satellites and different blocks are illustrated for GPS

weeks 1859 and 1860 in Fig. 3 after removing the average

of the differences at each epoch. This average, which was

approximately 15 ns, represents an offset between the IGC

and IGS clock corrections. This offset is due to the IGC

products being a combination of solutions from several

contributing ACs, which follow their inherent timescales.

The IGS aligns all these solutions to a reference AC, which

can change at any time, as not all solutions are available at

each epoch. Hence, the average can change between

epochs. For PPP processing, the common part of this offset,

for instance the mean value, for all satellites can be

absorbed in the estimated receiver clock offset that is

determined every epoch; thus, the PPP performance

remains unaffected. The remaining clock differences from

Fig. 2 Histograms of 3D

differences among precise orbit

products for PRN 16, 29 and 30

over 1 month. IGU–IGS (top),

IGC–IGS (middle), IGU–IGC

(bottom)

Table 2 Statistics of the 3D differences among precise orbits for all

GPS satellites during August 2015 (m)

Stats IGU–IGS IGC–IGS IGU–IGC

Range (95%) ±0.07 ±0.07 ±0.06

Max (absolute) 0.101 0.130 0.101

Average 0.034 0.041 0.036

STD 0.018 0.023 0.018
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the mean value, which vary among different satellites in

general within ±0.5 ns, as depicted in Fig. 3 for the two

example weeks, are absorbed in the individual ambiguities

for phase observations. The statistics of the IGC–IGS clock

correction differences are given in Table 3 for different

blocks. The table shows that error dispersion in IGC clock

corrections was less in block IIF than that of older blocks

IIR-M and IIR. The STD of the differences ranged between

0.161 and 0.254 ns with an overall mean of 0.230 and

0.203 ns for the two example weeks.

We next characterize the stability of the IGC clock

corrections by means of their Allan deviation, which is the

IEEE standard for clock frequency stability analysis. The

Allan deviation, denoted as rdt, is (Allan 1987):

rdtðsÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

2ðn� 2Þs2

Xn�2

i¼1
ðdtiþ2 � 2dtiþ1 þ dtiÞ

2

s

ð5Þ

where n is the number of dt, which is the difference

between IGC and the final IGS clock corrections, and s is

the averaging time interval. Figure 4 shows Allan deviation

for 1 week of data (GPS week 1859) for PRN 30 as an

example. The plot shows the overlapping Allan STD (de-

noted as ADEV) and its lower and upper bounds, the

modified Allan STD (denoted as MDEV) and the over-

lapping Hadamard STD (HDEV) (Snyder 1981; Ferre-

Pikal et al. 1997). From the analysis of the data of all

rubidium GPS satellites, one can conclude that the IGC

clock corrections are reasonably stable with Allan devia-

tions ranging between 10-11 and 10-14 s, which converges

with the increase in the averaging time, and the clock

corrections have mostly a white noise. Hence, we can

proceed to the step of their prediction as a time series.

Building the clock prediction model

A possible prediction model of clock corrections is given

as (Huang et al. 2014):

dt ¼ a0þ a1Dt þ
a2Dt2

2
þ
X

k

i¼0

Ai sin xiDti þ /ið Þ þ edt

ð6Þ

where Dt is the time since start of prediction, a0, a1 and a2

are the polynomial parameters corresponding to the bias,

drift and drift rate of the clock corrections, respectively,

and edt denotes the noise. k is the number of sinusoidal

periods considered, Ai is the amplitude of period i, Dti is

the time since start of this period, xi denotes the frequency

of the period, and /i is its phase. In the time domain, we

rewrite (6) as follows:

dt ¼ a0þ a1Dt þ
a2Dt2

2

þ
X

k

i¼0

Ai sin
Dti

ki
� 2pþ

t/i

ki
� 2p

� �

þ edt ð7Þ

where ki is the time length for the periodic term i and t/i
is

its initial phase in time units. For a real-time user, the

predicted clock correction dt is used whenever an outage of

the IGC is experienced.

In our method, the parameters of (6) are determined

using least squares except for ki, which is preselected as

will be explained next. The outlier-free observations are

weighted according to age of data, where the most recent

Fig. 3 IGC referenced to IGS final clock corrections. GPS week

1859 (top) and week 1860 (bottom)

Table 3 Statistics of the IGC–

IGS clock correction differences

(in ns) for all GPS satellites

during GPS weeks 1859 and

1860 after removing the mean

of all satellites at each epoch

Stats Week 1859 Week 1860

Block IIR Block IIR-M Block IIF Block IIR Block IIR-M Block IIF

Max (absolute) all 0.779 0. 756 0.612 0.833 0.758 0.585

STD all 0.218 0. 254 0.161 0.176 0.208 0.170
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observations are given more weights. The weight is

assumed decaying gradually with time in the form:

W ¼ diag wj

� �

; wj ¼ e�Dt=T � 1=r2dt ð8Þ

where W is the weight matrix, wj is the individual weight

for dt number j, taken during the regression period used for

the development of the model. T is the correlation time

length, which is determined from the autocorrelation

analysis that will be discussed next. rdt is set according to

Allan deviation given in (5). Results of our study show that

the IGC clock corrections for GPS satellites are mainly

driven by the bias and drift. The drift rate was insignificant,

and therefore, the difference between predictions using

first-order or second-order polynomials in (6) is 0.1 ns over

a prediction period of 2–3 h. Likewise, the contribution of

the periodic terms is small, typically less than 0.2 ns, which

slightly varies among satellites.

The time length ki can be estimated from the analysis of

the data in the frequency domain using, for instance, fast

Fourier transform (FFT). As an example, Fig. 5 (top)

illustrates the IGC clock corrections for PRN 30 over week

1859 in the frequency domain using FFT. The periodic

terms are clear in the frequency spectrum. The bottom

panel shows the frequency spectrum of the differences

between IGC and IGS clock corrections. The signature of

the clock correction error is noise like for high frequencies,

and some periodic terms appear with periods ranging

between 15 min and 3 h. For the shown example, and

considering a prediction period of 2 h, the two periods of

approximately 15 and 30 min are the most noticeable, and

on a longer term, a 3-h period is noticeable.

It is expected that different sampling rates would be

exploited by various PPP users; therefore, instead of

defining a specific number of data points for estimating the

prediction model parameters, we define an equivalent time

window during which this process is performed. In time

series analysis, the time lag corresponding to a significant

autocorrelation is often estimated and the number of data

points within this time is used for building the prediction

model (Box et al. 1994). Figure 6 shows the autocorrela-

tion plots of the IGC clock corrections of the selected

exemplar satellites PRN 16, 29 and 30. From these plots,

the significant correlation time length can be estimated by

the intersection of the red dotted lines, which correspond to

95% confidence level, with the autocorrelation function.

Alternatively, it can be empirically selected at an auto-

correlation with an arbitrary value, e.g., 0.7. The plots

show that the significant correlation time length for clock

τ

 1000 10000   1E5

1E-13

1E-12

1E-11

Fig. 4 Allan deviation (ADEV) with up and lower bounds. Red color

(modified Allan deviation MDEV), green color (Hadamard deviation

HDEV), blue color (RT clock correction of PRN 30) over week 1859

in seconds

Fig. 5 Spectrum of IGC clock corrections (top) and IGC–IGS clock

correction differences (bottom) for PRN 30 using 1 week of data
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corrections is approximately 1 to 1.5 h. This result was

consistent for all GPS satellites during the test period.

Accuracy of prediction of the clock corrections

The accuracy of prediction of IGC clock corrections using

the presented model was evaluated by differencing the

predicted values with their known IGC values at the pre-

diction period. Table 4 summarizes the descriptive statis-

tics of the prediction error of IGC clock corrections for the

three GPS blocks over 1 week of data after an assumed

break in receiving the RT products and for prediction

periods of 1, 1.5 and 2.0 h. The table shows that the STD of

different blocks ranges between 0.12 ns and 0.40 ns. As an

example of the temporal change of the prediction errors,

Fig. 7 shows the prediction errors for all satellites over

4 days (August 23–26, 2015) for up to 3 h of prediction.

The figure clearly shows that the error increases with the

increase in time for all satellites; it was typically within

0.5 ns during the first hour and 1 ns after 2 h. In addition,

the satellites that have clock corrections causing most of

the errors belong to the old generation of blocks IIR or IIR-

M, such as PRN 20, 21, 05, 07 and 11. Moreover, the case

of PRN 24 was an anomaly, where its prediction error was

large even after a very short period. This satellite is the

only satellite observed that has a cesium clock, whereas the

rest of the satellites have rubidium clocks. Therefore, PRN

24 was excluded from computation of the statistics pre-

sented in Table 4. In general, our study shows that pre-

diction of the clock corrections for the block IIF satellites

was better than that of IIR-M satellites and those were

better than IIR satellites. This clearly reflects the

improvement in the stability of the newer generation of

clocks, which allows for better prediction of their behavior.

Analysis of the impact of the proposed methods

on PPP results

Although it would be desirable to use predicted clock and

orbit corrections from the same solution, however, at pre-

sent the prediction accuracy of the IGC orbits as a time

series is good only for a few minutes. Nevertheless, the

basic assumption in RT PPP is that the user employs IGC

products as ‘known’ values. When a break in receiving this

information occurs, we propose the use of the predicted

orbits of IGU in place of predicted IGC orbits. The IGU

and IGC orbits proved to be numerically and statistically

compatible as discussed earlier. Thus, the IGU orbits are

the best substitute currently available to the IGC orbits,

which when used along with predicted IGC clock correc-

tions provides a practical substitute to IGC corrections

when they are not available.

The RT PPP algorithm, e.g., in early warning systems or

hydrographic surveying, can use the precise IGU orbits as

xprecise in (2) and apply the predicted clock corrections in

(4). This will require the user to download the most recent
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Fig. 6 Autocorrelation of IGC clock corrections (95 confidence level

shown in red)

Table 4 Statistics of the

prediction error of IGC clock

corrections (in ns) for three GPS

blocks over 1 week of data

Prediction period 1 h 1.5 h 2 h

Block IIR IIRM IIF All IIR IIRM IIF All IIR IIRM IIF All

Mean 0.02 0.10 0.01 0.04 0.02 0.13 0.03 0.05 0.01 0.17 0.04 0.06

STD 0.27 0.20 0.12 0.23 0.33 0.23 0.17 0.28 0.40 0.29 0.22 0.35

Max (absolute) 1.01 0.64 0.45 1.01 1.19 0.89 0.57 1.19 1.48 1.25 0.73 1.48
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IGU orbits, which are contained in one small-size file that

is being updated every 6 h. It is proposed that the user

sequentially builds the prediction model with a sliding time

window and uses predicted clock corrections whenever

real-time corrections are unattainable. To reduce the

computational load, the process can be performed at a

suitable time interval depending on the application, e.g.,

every 10 min, and to use the predicted corrections for the

following 2–3 h.

In this section, the practical application of the proposed

method is presented. Its impact on PPP solution convergence

and precision in static and kinematicmodes is evaluated. The

observations used comprised ionospheric-free combination

of L1 andL2 dual-frequencyGPS data, whichwere validated

and weighted using the single-receiver single-satellite

method presented in El-Mowafy (2014, 2015) and processed

in a float ambiguity PPP scheme.

Description of the static and kinematic tests

The static test was performed at four IGS stations with a

global distribution. The stations are GMSD (Japan), CUT0

(Australia), DLF1 (the Netherlands) and ABMF (the Car-

ibbean). The data used span GPS week number 1859 with a

30-s sampling interval. We assumed as an example an early

warning system situation. We investigate the communica-

tion break taking place at three instants, including at the

start of PPP initialization, at 0.5 and 1 h from the start of

initialization. In each case, the IGC clock corrections were

predicted for up to 3 h using parameters estimated through

a regression period of 1.5 h. For demonstration of results,

we show the PPP solution for 3 h from start of its initial-

ization. The PPP started at 3:00 UTC each day, which is the

middle of the IGU predicted orbit period. The performance

was evaluated by comparing the obtained results with the

results of PPP processing the same observations when

using the IGC orbit and clock corrections without predic-

tion. Since the data were reprocessed at several instances,

processing was performed in a post-mission mode. Hence,

data latency was not included in this analysis. During the

test period, the differences between the predicted IGU

orbits and IGC orbits were within ±6 cm. The predicted

IGC clock corrections when compared with their streamed

values were within 0.5 ns during the first hour and 1 ns

after 2 h as mentioned earlier.

Two kinematic tests were carried out. The first test was

performed in a shipborne mode, in an open-sky environ-

ment, spanning a 2-h period using 10 Hz sampling rate. In

this test, a Trimble SPS855 receiver was mounted on a ship

sailing in Tokyo Bay, Japan, for a total distance of almost

27 km. The second test was conduct on land, with a

Trimble R10 receiver mounted on a vehicle traveled for

1.74 h using 1 Hz sampling rate in an urban area in Perth,

Western Australia. The observation environment in this test

had somewhat a challenging sky visibility during some

periods due to the presence of trees close to the vehicle’s

trajectory. For both tests, processing was performed in

post-mission to compare the results between first using the

Fig. 7 Prediction error of IGC

clock corrections for up to 3 h

for four separate days of August

23–26, 2015
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orbit and clock corrections without experiencing a break in

communications and second when assuming a break taking

place after 1 h from the start.

Results of the static tests

The average STD rE, rN and rU of the local grid Easting,

Northing and Up (E, N and U) coordinates and conver-

gence times of the static tests using the proposed approach

are given in Table 5. The convergence time is defined as

the first time that the STD reached 10 cm or less and

maintained this level. In addition, the average results of

PPP without prediction using only IGC products are given

in the last row of the table as a reference to show the

expected performance if no break was experienced. Fig-

ure 8 shows the solution precision for one test at station

GMSD as an example. The top panel of the figure illus-

trates PPP results when the communication break is

assumed at start of PPP initialization, which is the critical

case among the three discussed outage cases. The bottom

panel demonstrates PPP results without prediction.

Results show that with the proposed method the

achieved STDs after convergence were within 6 cm for a

prediction period of 2 h. These results are slightly worse

than PPP results without prediction that are given in the last

row of Table 5. However, the convergence time needed to

reduce noise of code observations over time increased with

the use of the predicted orbit and clock corrections com-

pared with the use of IGC corrections without prediction by

almost 6 min.

Results of the kinematic tests

For the kinematic tests, processing was performed in post-

mission to compare the results between two cases. In the

first case, no outage of the IGC orbit and clock corrections

was assumed, i.e., no prediction was applied. In the second

Fig. 8 PPP STD in Easting (E), Northing (N) and Up at GMSD. Top

IGU orbits were used with predicted IGC clock corrections starting

from PPP initialization. Bottom PPP using IGC without prediction

Table 5 Average statistics of

PPP for the static tests during

the prediction period of the

corrections after solution

convergence (m)

Start of break Convergence (min) (Average) after convergence

rE rN rU

At the init. 37 0.045 0.049 0.040

0.5 h After init. 34 0.044 0.048 0.040

1 h After init. 31 0.044 0.048 0.040

Without prediction 31 0.038 0.041 0.039

Fig. 9 PPP results of the kinematic tests; shipborne (top) and vehicle

(bottom)
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case, a break in communications is assumed after PPP

initialization, which is a more likely case in the kinematic

mode. The break is assumed taking place after 1 h from the

start of the test, and the proposed prediction method was

used. During the two kinematic tests, the differences

between the IGU and IGC orbits were within ±6 cm. The

difference between the predicted IGC clock corrections

using the proposed approach and their streamed values

were within ±0.6 ns. Figure 9 shows results for the two

kinematic tests, and Table 6 summarizes these results for

the two compared cases, with and without prediction. For

the first test in the shipborne mode, the solution converged

after about 21 min and the average values of the E, N and

Up STD were 0.035, 0.039 and 0.031 m, respectively,

during which the number of satellites ranged between 8 and

10, which explained the good results obtained. The number

of satellites and their geometry were not as good in the

second test due to tree canopy, where five to nine satellites

were observed, dropping to four at a few epochs. This

resulted in the solution converged after about 38 min, and

the average values of the E, N and Up STDs were 0.073,

0.073 and 0.084 m, respectively. The results of these tests

are close to that of PPP without prediction of corrections as

shown in Table 6 with a few millimeter increase in error

when using the predicted corrections. The results of the

static and kinematic tests demonstrate the practicality of

the proposed method.

Conclusion

An effective and practical approach is presented to solve a

major concern in real-time PPP for applications that operate

for long periods. This approach can maintain decimeter-

level positioning accuracy using GPS observations during

outages of the precise orbit and clock corrections that may

need from a few minutes to a few hours to be regained. Both

IGU (predicted half) and IGS-RTS (IGC) precise orbits were

found to be statistically and numerically compatible with

accuracy typically within ±7 cm when referenced to the

IGS final orbits and with an average difference of about

3.6 cm. Therefore, for a few minutes of corrections outage,

IGC can be predicted using a high-order polynomial, and for

longer outage periods it is sufficient to use the IGU predicted

orbits in place of the IGC orbits. For clock corrections, we

investigated prediction of IGC clock corrections as a time

series. A prediction model consisting of a low-order poly-

nomial and cyclic terms can give prediction accuracy typi-

cally within 0.5 ns during the first hour and 1 ns for the

second hour with STD between 0.12 and 0.40 ns. In general,

prediction of clock corrections for block IIF satellites was

better than that of block IIR-M and IIR, respectively, which

show the improved stability of satellite clocks of the newer

generation of satellites. It is proposed that the user sequen-

tially builds the prediction model, with a sliding time win-

dow. To reduce the computational load, the process can be

performed at a suitable time interval depending on the

application, e.g., every 10 min.

Validation of the proposed approach in the static and

kinematic modes showed that when a break in communi-

cations is experienced, the use of the GPS–IGU orbits with

IGC predicted clock corrections can achieve positioning

precision less than a decimeter after the solution con-

verged. This accuracy was maintained for up to 2 h after

the break. The number of data points needed to reliably

estimate the prediction parameters was chosen within a

time length corresponding to a significant autocorrelation,

where 1–1.5 h of data was deemed sufficient for building

the prediction model. When the PPP was initialized using

the predicted corrections, the convergence time increased;

however, positioning precision remained less than a

decimeter after solution convergence. These results can be

used as an indication of performance for other data sets

under similar conditions.
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8 IMPROVED ALGORITHMS FOR PRECISE POINT POSITIONING 

WITH INTEGER AMBIGUITY RESOLUTION USING TRIPLE-

FREQUENCY GNSS DATA 

Triple frequency GNSS data presents the opportunity to improve the current methods 

for PPP with integer ambiguity resolution (PPP-AR). This paper proposes a novel 

PPP-AR method that uses triple frequency GNSS data. Firstly, an enhanced linear 

combination is developed for rapid fixing of the extra wide-lane (EWL) and wide 

lane (WL) ambiguities. This linear combination has improved performance 

compared to the currently used Melbourne-Wübbena (MW) linear combination. 

Following the correct fixing of the EWL/ WL ambiguities, a full rank triple 

frequency carrier phase only PPP-AR model is proposed with atmospheric 

constraints for rapid integer ambiguity resolution. The carrier phase equations in this 

model are formulated in terms of individual carrier phase ambiguities, which is 

estimated using the Least Squares Ambiguity Decorrelation Adjustment (LAMBDA) 

method (Teunissen, 1995). 

This chapter is covered by the following publication: 

 Deo MN, El-Mowafy A (2019) A method for Precise Point Positioning with 

Integer Ambiguity Resolution with Triple-frequency GNSS Data, Measurement 

Science and Technology, 30(6): 065009, https://doi.org/10.1088/1361-

6501/ab0945. 

 

8.1 Errata 

The following corrections apply to this published paper: 

 Pg. 2 of article (first column): “(3) Decoupled satellite clock (DSC) (Collins 

2010)” should be replaced by “(3) Decoupled satellite clock (DSC) (Collins et al 

2010)” 

 Pg. 2 of article (second column, paragraph 2): “𝜆𝐼𝐹,2−5 = 12.47𝑐𝑚” should be 

replaced by “𝜆𝐼𝐹,25 = 12.47𝑐𝑚”. 

 Pg. 15 of article (References): The following reference should be removed from 

the reference list as it is not referenced in the main body of the paper: 

o Laurichesse D and Blot A 2016 Fast PPP convergence using multi-

constellation and triple-frequency ambiguity resolution ION GNSS 2016 

(Portland, Oregon, 12–16 September 2016). 
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1. Introduction

Dual-frequency precise point positioning with integer ambi-

guity resolution (PPP-AR) is now offered as a real-time 

service by several commercial, scientific, and government pro-

viders such as the RTX service from Trimble (Leandro et al 

2012), the Starfire service from Novatal (Dixon 2006, Morley 

and MacLeod 2015), and the PPP Wizard Project provided 

by CNES (Laurichesse and Privat 2015). However, the main 

drawback to the real-time dual-frequency PPP-AR methods 

is the time needed to start fixing integer ambiguities, typically 

around 20–30 min. This long time is attributed to the pseudo-

range measurement noise, satellite geometry, multipath due 

to surrounding environ ment, and receiver and antenna quality 

(El-Mowafy 2014, Seepersad and Bisnath 2014).

In PPP-AR, satellite uncalibrated phase delay (UPD) is 

required to separate the float carrier phase ambiguities from 

their integer values and fix the latter. This improves the posi-

tioning accuracy from the decimetre level, achievable with 

standard float PPP, to the centimetre (cm) level (Laurichesse 
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and Privat 2015). In Cheng et  al (2017), the three main 

PPP-AR methods are discussed that use ionosphere-free (IF) 

implementations. These are the following.

 (1)  Fractional cycle bias (FCB): Proposed firstly by Ge et al 

(2008) and further enhanced in Geng et al (2010). Here, 

the fractional part of the satellite wide-lane (WL) UPD is 

estimated using data from a network of reference stations 

to estimate integer WL ambiguities. These WL integer 

ambiguities are introduced into the IF phase combination 

to estimate the narrow-lane (NL) UPD. The biases are 

broadcast to real-time users, who apply these to the raw 

measurements and perform between satellite single dif-

ferencing (BSSD). This eliminates the receiver biases and 

isolates the integer ambiguities. The integer WL ambi-

guity is firstly estimated by multi-epoch averaging of 

Melbourne–Wübbena (MW) measurements. This, along 

with the NL UPD, is introduced in a carrier-phase-only 

IF equation  to fix the integer NL ambiguity. However, 

due to the short wavelength involved (λNL   =  10.7 cm), it 

typically takes around 30 min to fix the NL ambiguity to 

get a precise solution (Geng and Bock 2013).

 (2)  Integer recovery clock (IRC) (Laurichesse et  al 2009, 

Laurichesse and Privat 2015): This method aims to esti-

mate common mode errors to fix integer ambiguities in 

undifferenced measurements. The satellite clock term is 

redefined to produce different clock terms for phase and 

code observations. The satellite-specific code and phase 

biases, and orbit and clock products, are estimated from 

a network of GNSS stations and transmitted to users. The 

modelling preserves the integer nature of ambiguities.

 (3)  Decoupled satellite clock (DSC) (Collins 2010): In this 

method, it was proven that the code biases also contribute 

to the fractional part of the carrier phase ambiguities. 

These were treated not as constants, but modelled as 

a unique signal that is functionally the same as the 

underlying oscillator, which is not synchronised to the 

phase observations. These synchronisation biases were 

modelled rigorously using a network of GNSS stations. 

By applying the decoupled clock corrections, the satellite 

clock term is redefined to preserve the integer nature of 

the ambiguity in undifferenced measurements.

Teunissen and Khodabandeh (2015) proposed PPP-RTK 

models based on S-System theory for a common clock and 

distinct clock parameterisation. The FCB, IRC, and DSC 

models were shown to be intrinsically the same and differ 

only due to the (a) choice of S-basis, (b) choice of param-

eterisation, and (c) choice of whether or not to eliminate the 

ionosphere (Teunissen and Khodabandeh 2015). However, 

PPP-RTK with S-basis requires sophisticated software, which 

is not available to a general user at present (Nadarajah et al 

2018).

PPP-AR models with triple-frequency data follow the three 

carrier ambiguity resolution (TCAR) approach (Vollath et al 

1998, Jung et al 2000). The extra wide lane (EWL) and WL 

integer ambiguities are firstly fixed using the MW geometry-

free and ionosphere-free (GIF) linear combination, followed 

by fixing the shorter-wavelength NL ambiguity (Li 2018). In 

addition to the dual-frequency models, Geng and Bock (2013) 

presented a PPP-AR approach for the triple-frequency GPS 

case, where the L2/L5 EWL ambiguity was firstly resolved 

using the MW combination. This was then expressed in terms 

of L1/L2 WL carrier phase measurements to form a carrier-

phase-only IF observable with λWL  =  3.4 m. This was used 

with the L1/L2 dual-frequency IF pseudorange-only linear 

combination to fix the L1/L2 WL ambiguity that was used 

to fix the NL ambiguity. Li et  al (2014) enhanced the step 

for estimating the WL ambiguity by introducing a low-noise, 

triple-frequency IF linear combination.

In PPP-AR, the geometry-based standard dual-frequency IF 

combination is not used because the noise is very high in propor-

tion to the wavelength. For example, the GPS L1/L2, L1/L5, and 

L2/L5 IF combinations may be expressed in terms of the integer 

ambiguities λIF,12 (77N1 − 60N2), λIF,15 (154N1 − 115N5)  , 
and λIF,25 (24N2 − 23N5), respectively. The resulting iono-

sphere wavelengths for the L1/L2 and L1/L5 combinations 

are λIF,12 = 0.63 cm, λIF,15 = 0.28 cm, respectively, which are 

too short for meaningful integer AR. The L2/L5 combination 

has a larger wavelength of λIF,2−5 = 12.47 cm, but the noise is 

about 30% of wavelength, which would make AR challenging 

amongst high multipath or other errors. Triple-frequency 

linear combination with integer coefficients has also been 

studied extensively. Cocard et al (2008) and Urquhart (2009) 

suggested the coefficients [4, 0, −3] for GPS L1, L2, and L5, 

respectively. This combination has a wavelength of 10.8 cm, 

with a low ionospheric factor relative to L1 of  −0.01 and low 

noise of 5% wavelength cycle. Another combination [13, −7, 

−3] has almost zero ionospheric delay, but a short wavelength 

of only 3.6 cm and noise of 14% wavelength cycle. These 

integer options have very short wavelengths which are chal-

lenging to resolve in PPP-AR. Thus, these were more relevant 

to double-differenced models. A triple-frequency IF linear 

combination with measurement noise minimisation was pro-

posed in Li et al (2014), whereas Deo and El-Mowafy (2016) 

proposed an IF mixed code-phase linear combination with 

noise minimisation for float-ambiguity estimation. These 

linear combinations include float coefficients, and thus do not 

enable integer AR.

Unlike relative positioning or PPP with float ambiguity 

estimation, PPP-AR models require use of GIF linear combi-

nations that have a long wavelength relative to the measure-

ment noise in cycles so as to enable easier fixing of integer 

ambiguities (Deng et al 2018, Li 2018).

In this contribution, we propose a method for PPP-AR with 

triple-frequency data. Firstly, an enhanced triple-frequency 

GIF linear combination is proposed for faster fixing of the 

EWL/WL ambiguities compared to the commonly used MW 

combination. This linear combination particularly improves 

the WL AR success rate, which, once resolved, may be applied 

to the method in Li et al (2014) to solve the NL ambiguity along 

with precise position parameters. Hence, the proposed combi-

nation enhances the approach of Li et al (2014). In an alterna-

tive proposed model, the EWL/WL ambiguities are used to 

formulate the carrier-phase-only measurements in terms of an 

individual ambiguity, e.g. the GPS N2. The LAMBDA method 

(Teunissen 1995) may be used to fix this integer ambiguity, 
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along with position, troposphere, and slant ionosphere delay 

parameters. For rapid ambiguity fixing, a high-precision 

regional ionosphere model (RIM) and precise troposphere 

model is applied as atmospheric constraints. For cases where 

the N2 integer ambiguity is not fixed, a method is proposed 

to directly estimate the NL integer ambiguity using a triple-

frequency, carrier-phase-only GIF linear combination. This 

study is restricted to the GNSS constellations with triple-fre-

quency code division multiple access (CDMA) signals. Thus, 

the GPS, Galileo, and Beidou constellations are included. 

GLONASS is excluded since it uses FDMA signals at pre-

sent, although the future GLONASS K2 satellite will transmit 

CDMA signals. The Indian Regional Navigation Satellite 

System, with an operational name of NAVIC, is also excluded 

since it has frequency signals on the L5 (1176.45 MHz)  

and S band (2492.08 MHz).

The next section of this paper presents the GNSS observa-

tion equations, followed by a summary of the method pro-

posed in Li et al (2014) in Section 3, and the development of 

improved linear combinations that enable enhanced fixing of 

the EWL and WL ambiguities in Section 4. Section 5 presents 

a detailed development of the proposed PPP-AR approach. 

Section  6 presents analysis and validation of the proposed 

method, and the finally the conclusions are presented.

2. The observation equations

The observation equations  for the pseudorange and carrier 

phase measurements for frequency j  and satellite k from a 

GNSS constellation, such as GPS (denoted here as G), for one 

receiver are

P
kG

j = ρkG + c
Ä

dtG − dtkG + djG
− d

kG

j

ä

+ TkG +
f 2
1

f 2
j

IkG + εkG

Pj

 (1)

ΦkG

j = ρkG + c
Ä

dtG − dtkG + δjG − δ
kG

j

ä

+ TkG
−

f 2
1

f 2
j

IkG + λjN
∗kG

j + ε
kG

Φj

 (2)

where Pj  is the pseudorange and Φj  is the carrier phase meas-

urement in distance units; fj is the transmitting frequency; 

ρkG is the satellite-to-receiver geometric range; c is the speed 

of light in vacuum; dtG and dtkG are the receiver and satellite 

clock offsets, where the latter is eliminated in PPP by the use 

of precise clock corrections; TkG  is the tropospheric delay; λj 

denotes the wavelength for frequency j ; IkG is the ionosphere 

error for a reference frequency, e.g. i  =  L1 for GPS; and εkG

Φj
 

and εkG

Pj
 include measurement noise and multipath of the phase 

and code measurements, respectively. djG is the receiver hard-

ware bias for code measurements on frequency j . Similarly, dkG

j  

is the satellite hardware bias, which also includes the satellite 

differential code biases (DCBs) of a reference IF combination 

(e.g. L1/L2 pseudoranges for GPS) that exists because of the 

use of satellite clock offsets determined from IF measurements 

with embedded DCBs. The DCB corrections are externally 

available for the GNSS satellites (including GPS, Galileo, and 

Beidou, for example) from the IGS multi-GNSS experiment 

(MGEX) website at http://mgex.igs.org (Montenbruck et  al 

2014, Guo et al 2015, Wang et al 2015). Likewise, δjG and δkG

j  

are the receiver and satellite hardware biases for the carrier 

phase measurements. N
∗kG

j  is the non-integer ambiguity term 

containing the fractional phase biases in the receiver and satel-

lite hardware.

In this study, it is assumed that users have applied the satel-

lite carrier phase and code biases, including UPD and DCB 

biases, available a priori from external sources, and per-

formed BSSD of measurements to remove receiver hardware 

biases and clock error. Also, when integrating measurements 

from several constellations, additional biases such as inter-

system biases and inter-system satellite time offsets must 

be considered (El-Mowafy et al 2016). In the following sec-

tions, for simplicity, we assume the same measurement pre-

cision denoted by standard deviations (std) for carrier phase 

and for code measurements for all available triple frequencies 

i, j, and k, noting that individual values can be applied. Thus, 

σΦ = σΦi
= σΦj

= σΦk
 and σP = σPi

= σPj
= σPk

.

3. Summary of the approach in Li et al (2014)

This paper makes several comparisons to the approach pre-

sented in Li et al (2014). Therefore, this section briefly sum-

marises this approach, hereafter referred to as Li’s method.

Equation (7) in Li’s paper was the MW linear combina-

tion for GPS L1-L2, which was recommended to be used with 

the WL UPD bias to estimate the WL ambiguity by multi-

epoch averaging Geng and Bock (2013). Equation  (8) was 

the carrier-phase-only IF combination, which was presented 

as a function of the N1 and NWL ambiguities. Equation  (9) 

was the well-known dual-frequency pseudorange IF combina-

tion. Equation (10) was the MW linear combination for GPS 

L2–L5, which if used with the EWL UPD, can estimate NEWL 

in just a few epochs. Equation (13) was a new triple-frequency 

carrier phase-only linear combination that was presented as a 

function of NWL and NEWL. This is a geometry-based model, 

and NWL has a wavelength of 3.403 m. It was recommended 

to use this model to estimate NWL along with position, and 

avoid using equation (7). Equation (14) was a triple-frequency 

pseudo range-only linear combination with noise minimisa-

tion, also proposed in Deo and El-Mowafy (2016). Li sug-

gested replacing equation (9) with (14), since this was a more 

precise pseudorange, and use equations (14) with (8) to esti-

mate N1 along with cm-level precise position. Alternatively, if 

NWL is known, equation (13) also becomes a precise pseudo-

range, which was represented as equation  (16). Thus, equa-

tion (16) could also be used with equation (8) in the PPP-AR 

model to solve for the N1 ambiguity along with precise posi-

tion parameters.

The key focus of Li’s method was to enhance the estima-

tion of the WL ambiguity. However, the coefficients in equa-

tion  (13) had large values (17.8854, −84.7059, 67.8205), 

and thus the overall measurement noise increases rapidly 

with increasing carrier-phase noise. Therefore, the next sec-

tion of this paper proposes an improved linear combination 
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for estimating the NWL and NEWL ambiguities. This may be 

substituted into equations (13) to give (16) in Li’s method, or 

used in an alternative PPP-AR strategy.

4. Improved linear combination for EWL and WL 

ambiguity estimation

The first part of this section  presents the development of 

an enhanced code-carrier combination which preserves the 

EWL/WL ambiguity but has lower measurement noise than 

MW. Following this, the performance of this model is com-

pared to the WL ambiguity-resolution method presented in Li 

et al (2014).

4.1. Formation of improved combination

For a user accessing triple-frequency carrier phase and code 

measurements, a linear combination is formed as follows:

ψij =
c

fi − fj
(φi − φj) + αijPi + βijPj + γijPk (3)

where φi and φj are the carrier phase measurements in cycle 

units for frequencies i and j, respectively; Pi, Pj, and Pk  are 

the code measurements in distance units; αij,βij, and γij  are 

the combination coefficients associated with frequencies i and 

j , applied for code measurements; and fi, fj are the transmit-

ting frequencies. The coefficient c
fi−fj

 ensures that a WL ambi-

guity persists in this combination, whereas the pseudorange 

coefficients for the three frequencies enable reduction of the 

overall measurement noise. The satellite and receiver identi-

fiers have been removed for simplicity since the equation  is 

concerned with a single receiver and satellite. A similar equa-

tion may be formed for carrier frequencies i and k as

ψik =
c

fi − fk
(φi − φk) + αikPi + βikPj + γikPk (4)

where φk  is the carrier phase measurement for frequency k 

on transmitting frequency fk . The carrier phase coefficients 

in cycle units of  +1 and  −1 ensure that the WL phase ambi-

guity is preserved. When expressing phase measurements in 

distance units (Φi = λiφi,Φj = λjφj), equation (3) becomes

Ψij =
fi

fi − fj
Φi −

fj

fi − fj
Φj + αijPi + βijPj + γijPk. (5)

In determining the coefficients αij,βij, and γij , three con-

ditions are placed such that the resulting combination is 

geometry-free, first-order IF, and has least measurement noise 

propagation. The resulting combination replaces the MW 

combination with the advantage of lower measurement noise, 

hence enabling faster ambiguity resolution. The first-order IF 

Table 1. Proposed combination coefficients for GPS, Beidou Phase II, and Galileo signals, with the measurement noise propagation 
compared to MW, and as a fraction of the WL wavelength (λWL). The std of measurement noise was computed using a carrier phase and 
pseudorange stds of 0.002 and 0.4 m, respectively.

GNSS fi fj α β γ λWL(m)

Std  
proposed 
comb (m)

Std 
MW 
(m)

Improvement 
in std over 
MW (%)

Proposed 
comb. Std as 
fraction of λWL

GPS/ QZSS L2 L5 −0.012 11 −0.444 99 −0.5429 5.861 0.289 0.291 0.70 0.049

L1 L5 −0.523 18 −0.267 34 −0.209 48 0.751 0.250 0.286 12.68 0.332

L1 L2 −0.598 33 −0.241 22 −0.160 45 0.862 0.266 0.285 6.69 0.309

Beidou B3 B2 −0.019 95 −0.552 58 −0.427 48 4.884 0.285 0.289 1.14 0.058

B1 B3 −0.597 33 −0.148 65 −0.254 03 1.025 0.267 0.285 6.31 0.260

B1 B2 −0.4972 −0.218 69 −0.284 11 0.847 0.245 0.285 13.99 0.290

Galileo E5b E5a −0.004 35 −0.527 51 −0.468 14 9.768 0.303 0.303 0.23 0.031

E1 E5b −0.589 49 −0.182 14 −0.228 37 0.814 0.263 0.286 7.75 0.324

E1 E5a −0.544 48 −0.208 71 −0.246 81 0.751 0.253 0.286 11.37 0.337

Figure 1. Comparison of the measurement std propagation in the proposed linear combination with the MW linear combination for GPS 
with pseudorange std between 0.1–1.5 m and carrier phase std of 0.002 m (left) and 0.02 m (right).
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condition is achieved by equating the sum of the ionospheric 

terms in equation (5) to zero as

fi

fi − fj

f 2
1

f 2
i

I +
fj

fi − fj

f 2
1

f 2
j

I + αij + βij

f 2
1

f 2
j

I + γij

f 2
1

f 2
k

I = 0 (6)

which is rearranged by placing the known terms to the right-

hand side of the equation as follows:

αij + βij

f 2
1

f 2
j

+ γij

f 2
1

f 2
k

=
f 2
1

f 2
i − fifj

−

f 2
1

fifj − f 2
j

. (7)

The geometry-free condition is achieved by equating the 

geometry terms in equation (5) to zero, expressed as

fi

fi − fj
ρ−

fj

fi − fj
ρ+ αijρ+ βijρ+ γijρ = 0 (8)

which results in

αij + βij + γij =
fj − fi

fi − fj
. (9)

The carrier phase coefficients given in equation  (4) are 

known constants due to preservation of the WL ambiguity. 

Therefore, the measurement noise minimisation is achieved by 

minimising the sum of the squares of the code coefficients as

α2
ij + β2

ij + γ2
ij = MIN. (10)

The conditions in equations (7), (9), and (10) are applied 

to solve for the code coefficients αij,βij, and γij . The resulting 

GIF combination contains the integer WL ambiguity pre-

sented as

Nji = Ni − Nj = φi − φj +
fi − fj

c
(αijPi + βijPj + γijPk) + ε

 (11)

where the ε term contains satellite and receiver fractional 

hardware biases and multipath. The Nji WL ambiguity may 

now be fixed by averaging multiple epochs of data (Ge et al 

2008, Laurichesse et al 2009, Geng et al 2010). The combina-

tion coefficients evaluated for different signal combinations 

for GPS (G), Beidou Phase II (C), and Galileo (E) signals are 

given in table 1. The future Beidou Phase III frequencies B1C, 

B2a, and B2b coincide with the Galileo E1, E5a, and E5b fre-

quencies (Lu and Yao 2014). Also given is the measurement 

noise expressed by the std in the proposed and MW combina-

tions as a fraction of λWL. The std values, in distance units, 

were computed using σΦ = 0.002 m and σP = 0.4 m as

σij =
√

σ2
Φ
(aij + bij) + σ2

P

Ä

α2
ij + β2

ij + γ2
ij

ä

 (12)

where aij =
f 2
i

(fi−fj)
2 and bij =

f 2
j

(fi−fj)
2. Figure  1 compares 

the propagation of measurement noise in this proposed 

linear combination to the MW combination for GPS with 

Figure 3. Comparison of the measurement std propagation in the proposed linear combination with the MW linear combination for Galileo 
with pseudorange std between 0.1–1.5 m and carrier phase std of 0.002 m (left) and 0.02 m (right).

Figure 2. Comparison of the measurement std propagation in the proposed linear combination with the MW linear combination for Beidou 
with pseudorange std between 0.1–1.5 m and carrier phase std of 0.002 m (left) and 0.02 m (right).
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0.1 m � σP � 1.5 m and carrier phase std of 0.002 m (left) and 

0.02 m (right). This range of std values depicts measurement 

quality during low- to high-multipath conditions as reported 

in Liu et al (2016) and Ray et al (1999). As shown in table 1 

and figure 1, the improvements in std when using the proposed 

combination over MW are 6.7% for L1–L2, 12.7% for L1–L5 

and 0.7% for L2–L5. There is a substantial improvement in 

measurement noise propagation for the L1–L5 combination 

that becomes apparent as the pseudorange std increases. At 

σP = 1.0 m, the std of the measurement noise in the proposed 

combination is a factor of 0.8 of the wavelength, whereas this 

std is about the same as the wavelength for MW. The increase 

in carrier phase std has little impact when σP > 0.2 m for 

the WL combinations. The improvement for the L1–L2 pro-

posed combination is also substantial, and these results are 

promising for the rapid estimation of the L1–L2 and L1–L5 

ambiguities. The L2–L5 EWL ambiguity, with a measurement 

noise factor of less than 5% of the wavelength, is expected to 

be resolved instantly with both methods.

Figure 2 compares the measurement noise propagation 

in the proposed linear combination with MW for Beidou, 

whereas figure  3 compares the same for Galileo. Similar 

improvements in measurement noise propagation for the WL 

combinations are seen for these constellations. The difference 

in EWL measurement noise for GPS L2–L5, Beidou B3–B2, 

and Galileo E5b–E5a is practically the same (within 1.1%) 

for the proposed combination versus the MW combination. 

As a result, their noise profiles seem to overlap each other in 

figures 1–3.

4.2. Comparison of the improved model to Li’s method

In Li’s method, a model was presented for fixing the WL ambi-

guity, following the estimation of the EWL ambiguity. This 

required combining equations (13) and (14) in their paper to 

form a GIF linear combination, which has a long wavelength 

of 3.403 m. In doing so, users need to apply the WL and EWL 

UPD biases to equation (13) and the DCBs to equation (14) 

to get rid of hardware delays. Subtracting equations (14) from 

(13) results in elimination of the geometry, clock, and tropo-

sphere terms. Since NEWL is known, the only unknown that 

remains is NWL, which can be estimated by multi-epoch aver-

aging. We compare the performance of our proposed method 

with Li’s method for estimating the N21 WL ambiguity for the 

GPS case. Figure 4 shows the comparison of the measurement 

std as a fraction of wavelength in the proposed, MW, and Li’s 

models using error propagation law. The pseudorange std is in 

the range 0.1–1.5 m, whereas the carrier phase std has values 

of 0.002, 0.006, 0.010, and 0.02 m. As the figure shows, with a 

carrier phase std of 0.002 m and pseudorange std less than 0.4 m,  

the proposed combination performs better than Li’s model. 

As the pseudorange std increases above 0.4 m, the proposed 

model performs comparably at the same level, although there 

is a slight degradation. As the carrier phase std is increased to 

Figure 4. Comparison of measurement std propagation as a fraction of the wavelength for estimation of the GPS N21 WL ambiguity for the 
model presented in Li et al (2014), the MW model, and the proposed model with pseudorange std in the range 0.1–1.5 m and carrier phase 
std of 0.002 m (top left), 0.006 m (top right), 0.01 m (bottom left), and 0.02 m (bottom right).
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0.006, 0.010, and then to 0.02 m, the measurement std in Li’s 

model is higher than the proposed model, and is well above 

both the proposed and MW models in the case of carrier phase 

std  =  0.02 m. This occurs despite a long wavelength of 3.4 m 

in Li’s model due to the large values of carrier phase coeffi-

cients (17.8854, −84.7059, 67.8205). Such rapid increase in 

the overall measurement noise would make it challenging to 

fix the N21 WL ambiguity in high-multipath environments.

5. Proposed PPP-AR method

This section proposes PPP-AR methods that use the EWL and 

WL ambiguities estimated with the improved linear combina-

tion presented in the previous section. The first method uses 

triple-frequency carrier-phase-only measurements to fix the 

N2 ambiguity using the LAMBDA method, along with other 

parameters. The second method attempts to fix the NL ambi-

guities directly using linear combinations in the measurement 

domain. Although GPS is given as an example, the proposed 

procedure can be applied to other GNSS constellations having 

triple-frequency data.

5.1. PPP-AR with carrier phase measurements

This method reformulates the triple-frequency carrier-phase-

only measurements in terms of the N2 integer ambiguity, the 

best candidate for which is estimated using ILS principles. 

The LAMBDA is used for searching for the most likely 

integer candidate for N2, taking into account the correlations 

in the ambiguity variance matrix (Teunissen 1995). If all the 

N2 ambiguities are not successfully fixed, a partial ambiguity 

resolution approach may be applied (Li 2018).

The N52 = N2 − N5 EWL integer ambiguity, with a wave-

length of 5.861 m and measurement noise component of only 

4.9%, is estimated by multi-epoch averaging of the equation

N52 = N2 − N5 = φ2 − φ5 +
f2 − f5

c
(α25P1 + β25P2 + γ25P5) + ε.

 (13)

Similarly, the N21 = N1 − N2 WL ambiguity, with a wave-

length of 0.862 m and measurement noise component of 

30.9%, is estimated with the equation

N21 = N1 − N2 = φ1 − φ2 +
f1 − f2

c
(α12P1 + β12P2 + γ12P5) + ε.

 (14)

Finally, the N51 = N1 − N5 WL ambiguity, with a wave-

length of 0.751 m and measurement noise component of 

33.2%, is estimated with the equation

N51 = N1 − N5 = φ1 − φ5 +
f1 − f5

c
(α15P1 + β15P2 + γ15P5) + ε.

 (15)

After fixing the integer EWL ambiguity N52 and the two 

WL ambiguities N21 and N51, the following relationships exist:

N1 = N2 + N21

N2 = N5 + N52

N5 = N1 − N51.

 (16)

However, the N51 WL ambiguity is dependent on the other 

EWL/WL ambiguities and may be estimated from the relation

N51 = N21 + N52. (17)

This may be used to check the determined value for any of 

the EWL/WL ambiguities, or may be applied as a constraint. 

According to equation (16), both N1 and N5 ambiguities may 

be expressed in terms of the N2 ambiguity. Inserting equa-

tions (16) into (2) results in the following equations:

Φ1 − N21λ1 = ρ∗ + N2λ1 − I + εΦ1 (18)

Φ2 = ρ∗ + N2λ2 −
f 2
1

f 2
2

I + εΦ2 (19)

Φ5 + N52λ5 = ρ∗ + N2λ5 −
f 2
1

f 2
5

I + εΦ5 (20)

where the ρ∗ term includes the geometry, troposphere delay, 

and receiver clock error if BSSD measurements are not used. 

The N2 ambiguity can now be estimated from equations (18) 

to (20). The ionosphere delay may be estimated either as an 

unknown parameter or by using a precise RIM to apply a con-

straint. The former case would take significantly longer time 

to reliably fix the N2 ambiguity due to additional unknown 

parameters. Since only the carrier phase measurements are 

used, users can expect cm-level PPP accuracy once the N2 

ambiguity is fixed.

In Li’s method, the NL ambiguity is estimated using the 

L1/L2 dual-frequency IF carrier phase equations formulated 

in terms of the N21 WL and N1 integer ambiguities. This com-

bination is used together with a triple-frequency carrier-phase-

only linear combination that is expressed in terms of the N52 

EWL and N21 WL ambiguities. However, such formulations 

are avoided here, since there are sufficient carrier phase meas-

urements to solve for the unknown parameters. By not using 

the noisier IF combinations used in conventional PPP-AR 

methods, measurement noise amplification is avoided. Also, 

since the N2 wavelength (λL2 = 24.4 cm) is more than twice 

the NL ambiguity, it becomes easier to estimate. Ultimately, 

the NL ambiguity-fixing problem is reduced to just N2 ambi-

guity fixing. Equations (18)–(20) in carrier phase cycle units 

are

φ1 − N21 =
ρ

λ1

+
T

λ1

+ N2 −
I

λ1

+ εφ1 (21)

Table 2. Suggested steps for PPP-AR procedure for GPS, Galileo, and Beidou triple-frequency signals.

Step No. GPS λ (m) Galileo λ (m) Beidou λ (m)

1 N52 = N2 − N5 5.861 N5ab = N5b − N5a 9.768 NB23 = NB3 − NB2 4.884

2 N21 = N1 − N2 0.862 N5b1 = N1 − N5b 0.814 NB31 = NB1 − NB3 1.025

3 X, Y , Z, ZWD, I, N2 0.244 X, Y , Z, ZWD, I, N5b 0.248 X, Y , Z, ZWD, I, NB3 0.236
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φ2 =
ρ

λ2

+
T

λ2

+ N2 −
f 2
1

f 2
2

I

λ2

+ εφ2 (22)

φ5 + N52 =
ρ

λ5

+
T

λ5

+ N2 −
f 2
1

f 2
5

I

λ5

+ εφ5
. (23)

For n tracked satellites with triple-frequency data and BSSD 

of measurements, there are 3 (n − 1) = 3n − 3 observations, 

n − 1 ambiguities, n − 1 slant ionosphere terms, three posi-

tion parameters, and a common troposphere term per epoch; 

hence a total of 2 (n − 1) + 4 = 2n + 2 unknown parameters. 

This system is solvable with a minimum of five tracked satel-

lites, as is the case for other PPP models.

If using a RIM, its precision must be better than half the 

N2 wavelength. Such precision was reported in Rovira-Garcia 

et al (2016), where a std of 0.25 total electron content unit 

(TECU) was achieved in a mid-latitude GNSS network with 

station inter-spacing of less than 100 km. This would have 

residual ionospheric errors of 4.1 cm for GPS L1, 6.7 cm for 

L2, and 7.3 cm for L5, which are well below the N2 wave-

length. By eliminating the ionospheric delay parameter for 

each line-of-sight measurement, the number of unknown 

parameters is reduced to just n + 3, resulting in a significant 

gain in geometry. Deo and El-Mowafy (2017) reported signifi-

cant reduction in float PPP convergence time when modelling 

out the ionosphere, resulting in sub-5 cm horizontal accuracy 

within a few minutes.

The suggested steps for the PPP-AR procedure is sum-

marised in table 2 for GPS, Galileo, and Beidou. The EWL 

and WL ambiguities are resolved concurrently by multi-

epoch averaging of equations (14) and (15). This is followed 

by estimation of a selected ambiguity (e.g. GPS N2) using 

equations (21)–(23).

5.2. Direct estimation of NL integer ambiguity

This section  proposes a method to estimate the NL ambi-

guity directly using linear combinations in the measurement 

domain, through sequential rounding over several epochs. 

Although this method is less optimal than integer least squares 

(ILS), it has an advantage in that the ambiguity estimation does 

not require a search, and can therefore be computed directly 

(Teunissen 1998). To get cm-level accuracy in PPP-AR, the 

NL ambiguity must be fixed to recover the individual carrier 

phase ambiguities (Li 2018). NL ambiguity resolution is com-

paratively more challenging than the EWL/WL ambiguities 

due to the short wavelength involved. This is true even in the 

context of relative positioning, where double differencing is 

applied using measurements from a reference receiver (Li 

et al 2010).

From equations (18) to (20), a GIF linear combination of 

triple-frequency phase-only measurements is formulated that 

has minimum measurement error propagation. This allows 

direct estimation of the NL ambiguity as

ΦIF−GF,1,2,5 = α1Φ̃1 + α2Φ2 + α3Φ̃5

= N2 (λ1α1 + λ2α2 + λ5α5) + εIF−GF 
(24)

where

N2 =
ΦIF−GF,1,2,5

λ1α1 + λ2α2 + λ5α5

+ εIF−GF.

 
(25)

The geometry-free condition is achieved by

α1 + α2 + α5 = 0. 
(26)

The first-order IF condition is achieved by equating the 

sum of the ionospheric terms to zero (Deo and El-Mowafy 

2016) as

α1

f 2
1

+
α2

f 2
2

+
α5

f 2
5

= 0.

 

(27)

The measurement error minimisation is achieved by mini-

mising the sum of the squares of the coefficients as

α2
1 + α2

2 + α2
5 = MIN.

 
(28)

After some algebraic manipulation, we get the following 

equations for α1 and α2: 

α1 = α5

f 2
1 f 2

2 − f 2
1 f 2

5

f 2
1

f 2
5
− f 2

2
f 2
5

 (29)

α2 = α5

f 2
2 f 2

5 − f 2
1 f 2

2

f 2
1

f 2
5
− f 2

2
f 2
5

. (30)

Squaring equations  (29) and (30) and substituting into 

equation (28), the following equality is obtained:

2α2
5

f 4
1 f 4

2 + f 4
2 f 4

5 + f 4
1 f 4

5 − f 4
1 f 2

2 f 2
5 − f 4

2 f 2
5 f 2

1 − f 4
5 f 2

1 f 2
2

(

f 2
1

f 2
5
− f 2

2
f 2
5

)2
= MIN.

 (31)

This is a quadratic equation of the form Aα2
5 which is a 

minimum at α5 = 0, and thus α2 = α1 = 0. To get real-valued 

solutions, we selected suitable values for α5 and calculated 

corresponding values for α2 and α1 using equations (29) and 

(30). Due to the quadratic nature of equation (31), it is known 

that the minimum measurement error propagation occurs 

when α5 is zero. Therefore, we experimented with α5 values in 

the range  −10 to 10. Figure 5 shows the corresponding coef-

ficient values for α2 and α1 with carrier phase std  =  0.002 m.  

Figure 5. Coefficient values and overall measurement error for the 
triple-frequency, geometry-free, and IF linear combination of GPS 
carrier phase observations with standard deviation of 0.002 m.
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As shown, the overall measurement error is minimal when all 

coefficients are equal to zero, and it increases as the α5 value 

diverges away from zero. It was also verified that the overall 

measurement error increased by a factor of 10 when the carrier 

phase std increased from 0.002 to 0.020 m. When estimating 

N2 with equation (24), users may select an arbitrary value for 

α5 as long as α2 and α1 are calculated using equations (29) 

and (30), because the division by the wavelength scales it to 

a constant unit.

It is evident that the geometry term is common in equa-

tions  (18)–(20). Thus, differencing equations  (18) and (19), 

and equations (19) and (20) will result in two equations with the 

geometry term eliminated and only two remaining unknowns, 

namely the ionosphere and the N2 ambiguity. Since there are 

two equations, the two unknowns may be directly estimated 

as follows:

I =

Ä

Φ̃1 − Φ̃5

ä

(λ1 − λ2)−
Ä

Φ̃1 − Φ2

ä

(λ1 − λ5)

λ2 − λ5 −
f 2
1

f 2
2

(λ1 − λ5) +
f 2
1

f 2
5

(λ1 − λ2)
 (32)

N2 =
Φ̃1 − Φ2 + I −

f 2
1

f 2
2

I

(λ1 − λ2)
. (33)

Numerical analysis of this model showed that it is equiva-

lent to the results obtained using equation (24).

6. Analysis

This section  presents analysis of the proposed PPP-AR 

method using simulated test data at four Australian sites, 

namely Hobart (HOB2), Alice Springs (ALIC), Yarragadee 

(YAR2), and Townsville (TOW2). The data was for a 24 h 

period at an epoch rate of 15 s, and BSSD measurements were 

used in the analysis.

6.1. Analysis of the EWL and WL ambiguity resolution

Firstly, the performance of the improved linear combinations 

proposed in section 3 is compared with that of the standard 

MW approach for estimating the EWL/WL ambiguities. 

Figure 6 compares the time series and histogram for the N51 

WL ambiguities at YAR2 for all the observed satellite pairs, 

where the mean value is subtracted to isolate the measure-

ment noise in cycles. The left plots apply to the MW method 

whereas the right plots are for the proposed model. As shown, 

the std of the estimated N51 WL ambiguity in the proposed 

Figure 6. Time series and histogram of the single-differenced N51 WL ambiguities with the MW method (left) and proposed method (right) 
at site YAR2 for all observed satellite pairs.

Figure 7. Time series and histogram of the single-differenced N21 WL ambiguities with the MW method (left) and proposed method (right) 
at site YAR2 for all observed satellite pairs.

Figure 8. Time series and histogram of the single-differenced N52 WL ambiguities with the MW method (left) and proposed method (right) 
at site YAR2 for all observed satellite pairs.
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method improved by 6.7%. Figure 7 shows the same results 

for the N51 WL ambiguity, where the proposed model had 

an improvement of 13.3%. Figure 8 illustrates the results for 

the N52 ambiguity, which showed marginal improvement, as 

expected from table 1. Similar improvements were also found 

at the other sites, which have been excluded here for brevity.

Secondly, analysis of the time taken to fix the EWL/WL 

ambiguities was undertaken. This is defined as the elapsed 

time for the average integer rounded ambiguities to attain 

a constant value equal to the overall mean for the satellite 

pair. Figure 9 compares histograms of the number of epochs 

required to fix the EWL/WL ambiguities for the proposed and 

Figure 9. Histogram of the number of cases where the WL (top, middle) and EWL (bottom) ambiguities were correctly fixed using the 
MW method (left) and proposed method (right). The x-axis shows the number of epochs required to fix ambiguities, and the y  axis shows 
the number of instances (percentage in brackets) of correct ambiguity fixing.

Figure 10. Probability of integer ambiguity resolution success with single-epoch data for the proposed model, MW model, and the model 
in Li et al (2014) with σΦ = 0.002 m (left) and σΦ = 0.02 m (right).
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the MW method for all the satellite pairs that were observed 

at the four sites during the 24 h observation. As shown, the 

N52 EWL ambiguities were fixed to the correct integers within 

a single epoch for both methods. When using the proposed 

method, the N21 WL ambiguities were fixed correctly within a 

single epoch for 88.9% of cases, compared to 83.5% of cases 

for the MW method. The N51 WL ambiguities were fixed 

correctly within a single epoch for 86.0% of cases with the 

proposed approach, compared to 80.1% of cases for the MW 

method. For the proposed method, all the EWL/WL ambigui-

ties were fixed with just seven epochs of data, which shows 

that the NL ambiguity estimation can proceed within less than 

2 min.

6.2. Analysis of ambiguity resolution success rate

The EWL/WL ambiguity resolution is based on integer 

rounding of the average of float ambiguities estimated over 

several epochs. The lower bound for probability of AR suc-

cess rate (Ps) of uncorrelated WL and EWL integer ambiguity 

resolution by the proposed model, as well as the MW model, 

can be explicitly evaluated by the equation (Teunissen 1998):

P
IR N N

2Φ
1

2σ
N

1.0
 (34)

where N, N , and N are the integer rounded, float, and correct 

WL integer ambiguity, respectively, and Φ is the cumulative 

normal distribution function. The Ps rate within a single epoch 

is assessed for the GPS N21 WL ambiguity for the proposed 

linear combination, the MW linear combination, and a GIF 

model that results from combining equations  (13) and (14) 

in Li’s paper. Results shown in figure  10(left) indicate that 

with σΦ = 0.002 m, the proposed model performs slightly 

better than Li’s model when σP < 0.4 m, whereas Li’s model 

offers slightly better Ps when σP > 0.4 m. However, the dif-

ference between these two models is practically negligible. 

To achieve a Ps of 99.9% within a single epoch requires 

that σP � 0.18 m. This is possible with the modernised sig-

nals of the GNSS systems and advancements in receiver 

tracking technology. However, when σΦ = 0.02 m, as shown 

in figure  10(right), the proposed model clearly outperforms 

the other two models. Li’s model gives a significantly lower 

Ps rate, and even when σP = 0.1 m, Ps is just 56%. The pro-

posed model, on the other hand, can provide a Ps of 99.9% 

with σP = 0.1 m. This shows that the key to resolving the 

WL ambiguities within a single epoch is the reduction of the 

pseudo range measurement noise.

Neglecting the correlation between the float EWL/WL 

ambiguities for the sake of simplicity, and based on error 

propagation law, the mean of the WL ambiguities has a std in 

cycles of σ
N21

σN21
n, where n  is the number of epochs, 

Table 3. Number of epochs required for Ps rate of 99.9% for the 
N21 WL ambiguity for models (13) and (14) of Li’s method as well 
as the proposed and MW linear combinations.

σΦ (m)
σP 
(m)

Number of epochs required for Ps rate of 99.9%

Li et al (2014) 
models 13 and 14

Proposed linear 
combination

MW linear 
combination

0.001 0.2 1 1 2

0.002 0.5 6 7 7

0.010 0.5 10 7 8

0.010 1.0 27 25 28

0.020 0.5 23 7 8

0.020 1.0 40 25 29

0.020 1.5 68 55 63

Figure 11. Probability of N21 WL ambiguity fixing success 
versus required number of epochs for models (13) and (14) of Li’s 
method, as well as the proposed and MW linear combinations 
with σΦ = 0.002 m, σP = 0.5 m (top); σΦ = 0.02 m, σP = 0.5 m 
(middle); and σΦ = 0.02 m, σP = 1.5 m (bottom).
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σN21
 is the std of the population of WL ambiguities, and σ

N21
 

is the std for WL sample ambiguities. This relationship was 

used to determine the number of epochs required to achieve a 

Ps rate better than 99.9% for the N21 WL ambiguity. Table 3 

shows the required number of epochs for models (13) and 

(14) of Li’s method, and the proposed and MW linear com-

binations, for different combinations of σΦ and σP. Figure 11 

plots the Ps rate for the N21 WL versus required number of 

epochs for the three models, with σΦ = 0.002 m, σP = 0.5 m 

(top); σΦ = 0.02 m, σP = 0.5 m (middle); and σΦ = 0.02 m, 

σP = 1.5 m (bottom). As shown in this table and figure, Li’s 

models and the proposed model give similar performance 

when σΦ � 0.002 m and σP = 0.5 m, slightly better than the 

MW model. As the carrier phase std increases, the proposed 

model gives substantial improvement since it requires the 

least number of epochs to fix the N21 WL ambiguity.

6.3. Analysis of N2 ambiguity resolution success rates

This section analyses the Ps rate for the N2 ambiguity resolu-

tion with the LAMBDA method. The geometry-based equa-

tions (21)–(23), with ionosphere and troposphere constraints, 

are used in the primary PPP-AR model. The results are com-

pared to models (8) and (16) in Li’s method. The metric used to 

assess the performance of the models is the number of epochs 

required to achieve Ps rates of 90%, 99%, and 99.9%. This 

metric is directly related to the time taken for cm-level posi-

tioning accuracy to be achieved, and was also used in Li et al 

(2014). The success rate metric evaluates the model strength 

and provides quality assurance for the resolved integer ambi-

guities, because it is risky to accept the resolved integer ambi-

guities when the success rate is low (Teunissen and Verhagen 

2008, Verhagen et al 2013). The exact formula for the ambi-

guity fixing success rate for integer bootstrapping (IB) was 

used, since it is the best known lower bound for integer AR 

with ILS, given that the ILS lower bound is at or above the IB 

upper bound success rate (Verhagen et al 2013). This exact 

formula is given as (Teunissen 1998):

PILS P
IB N N

n

i 1

2Φ
1

2σ
Ni ξ

1.0

 

(35)

where Ni I  is the ith ambiguity calculated with the con-

dition of the previous sequentially rounded ambiguities 

ξ = {i + 1, i + 2 . . . i + n}. In using the geometry-based 

proposed model of equations  (21)–(23), the troposphere 

was assumed to be known with σT = 0.01 m. This constraint 

was also used in Li’s method. The RIM stds of 0.1 and 0.5 

TECU were used for the ionosphere, and carrier phase stds 

were 0.002 and 0.02 m. The analysis included 1 h blocks of 

data over a 24 h period, with an epoch interval of 15 s at sites 

ALIC, HOB2, TOW2, and YAR2. Measurement weighting 

based on the satellite elevation angle (E) was applied as 

1/ sin(E). Kalman filter was used with a static receiver con-

figuration to estimate the variance–covariance matrix of the 

ambiguities and position parameters, which was used with 

the Ps-Lambda software (Verhagen et al 2013) to compute 

the Ps rate. Since actual measurements were not required 

for calculating the ambiguity variance–covariance matrix 

and the Ps rate, the known receiver position and IGS satel-

lite orbits were used to calculate the geometry term in the 

design matrix. The ambiguity variance–covariance matrix 

was propagated with multi-epoch data. The following six test 

cases were considered.

 (1)  Proposed method with σΦ = 0.002 m and σRIM =

0.1 TECU.

 (2)  Proposed method with σΦ = 0.02 m and σRIM = 0.1 TECU.

 (3)  Proposed method with σΦ = 0.002 m and σRIM

0.5 TECU.

 (4)  Proposed method with σΦ = 0.02 m and σRIM = 0.5 TECU.

 (5)  Li’s method with σΦ = 0.002 m.

 (6)  Li’s method with σΦ = 0.02 m.

Table 4 presents the number of epochs required to attain Ps 

rates of 90%, 99%, and 99.9% for these six cases. Figure 12 

shows the Ps rates for cases 1–4. As shown in this figure and 

table, the proposed method with case 1 gave Ps � 99% with 

less than four epochs of data. Case 2 gave Ps � 99% with less 

than six epochs of data. Cases 3 and 4 required up to 14 min to 

give Ps � 99%, both of which used σRIM = 0.5 TECU. This 

shows that the precision of the RIM has a higher influence on 

Table 4. Number of epochs required to attain Ps rate of 90%, 
99%,and 99.9% at the four sites for the six cases.

Case Site Ps  ⩾  90% Ps  ⩾  99% Ps  ⩾  99.9%

1 ALIC 2.0 3.4 4.5

HOB2 1.7 2.8 3.8

TOW2 2.2 3.7 5

YAR2 2.2 3.6 4.6

OVERALL 2 4 5

2 ALIC 3.2 5.2 7.0

HOB2 2.7 4.6 6.2

TOW2 3.3 5.8 7.9

YAR2 3.2 5.6 7.2

OVERALL 4 6  8

3 ALIC 28.2 47.1 61.0

HOB2 24.9 42.1 55.9

TOW2 29.0 47.2 62.0

YAR2 28.9 53.0 66.4

OVERALL 28 48 62

4 ALIC 29.0 48.8 62.8

HOB2 25.8 43.5 57.3

TOW2 30.3 48.7 63.8

YAR2 29.9 54.1 68.8

OVERALL 29 49 64

5 ALIC 6.7 11.5 15.1

HOB2 6.3 10.7 14.0

TOW2 7.2 12.3 15.9

YAR2 6.8 11.5 14.8

OVERALL 7 12 15

6 ALIC 120.7 167.8 191.9

HOB2 107.7 151.7 176.1

TOW2 111.5 157.3 180.7

YAR2 112.0 167.8 187.9

OVERALL 113 162 184
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the PPP-AR solution than the carrier-phase std. The Ps rate 

has fluctuations due to appearance or loss of satellites, which 

affects the geometry.

Figure 13 shows the Ps rates for Li’s method for cases 5 

and 6. Compared to the proposed method with high-precision 

RIM (σRIM = 0.1 TECU), case 5 gives poorer performance. 

For example, achieving Ps � 99% required up to 13 epochs 

of data in case 5, compared to 4 and 6 epochs for cases 1 

and 2, respectively. With case 6 (σΦ = 0.02 m), Li’s method 

gave significantly poorer performance than case 4; i.e. the pro-

posed method with a low-precision RIM (σRIM = 0.5 TECU). 

For case 6, a Ps rate of 99% was not achieved for 14% of the 

hourly solutions, whereas a Ps rate of 99.9% was not achieved 

for 35% of the hourly solutions. On the other hand, the pro-

posed method gave a Ps rate of 99.9% within the one-hour 

period for all datasets.

Figure 12. Ps rates for the proposed method with the hourly dataset at sites ALIC, HOB2, TOW2, and YAR2 for cases 1 (top), 2 (upper 
middle), 3 (lower middle), and 4(bottom).
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6.4. Direct estimation of NL ambiguity

This section analyses the direct estimation of the individual 

N2 ambiguity, after fixing the EWL and WL integer ambigui-

ties. The ΦIF,1,2,5 linear combination of equation (24) is used, 

which requires the N52 EWL and N21 WL ambiguities to be 

fixed.

Figure 14 shows the time series and histogram of the single-

difference N2 ambiguities calculated with this method at site 

YAR2, for all observed satellite pairs during the 24 h observa-

tion. The mean value has been subtracted to isolate the noise 

in cycles. As shown, the std of the estimated N2 ambiguity is 

2.5 cycles, after the measurement noise minimisation condi-

tion in equation (24). However, this std value is considerably 

higher than the effective N2 wavelength. The probability of 

NL AR success rate with a single epoch is just 16%, which 

makes it challenging to fix the NL ambiguity even with multi-

epoch averaging.

The time taken to fix the N2 ambiguity was analysed. This 

is defined as the time needed for the average integer rounded 

ambiguity to attain a constant value, after which it is consid-

ered fixed. Table 5 shows the percentage of N2 ambiguities 

that were fixed using the proposed method (equation (24)), 

within a duration of 5, 10, 20, and 30 min. As shown, 65.4% 

of the N2 ambiguities were fixed within 10 min, 90.2% within 

20 min, and 95.6% within 30 min.

The number of epochs required to resolve the NL ambi-

guity with a probability of success of 99.9% was analysed 

next. Figure 15(top) shows the probability of the NL ambi-

guity fixing success rate versus number of epoch measure-

ments; whereas figure  15(bottom) shows the measurement 

noise in cycles versus the required number of epochs. As this 

figure shows, the noise in the estimated NL ambiguity is too 

high to fix with a high probability success rate using just a few 

epochs of data. It requires 244 epochs to fix the NL ambiguity 

with a Ps of 99.9%, which amounts to more than an hour’s 

data with 15 s epoch intervals. This result may be impractical, 

but this is to be expected since the NL AR is well known to be 

a challenging problem (Li et al 2014, Li 2018). For example, 

in Li et al (2014), the success rate for NL integer ambiguity 

resolution with their best performing model was 18.6% at 

15 min, 48.6% at 25 min, and 84.9% at 30 min. However, once 

the N2 ambiguity is fixed, the other individual ambiguities 

Figure 13. Ps rates for the method of Li et al (2014) with hourly dataset at sites ALIC, HOB2, TOW2, and YAR2 for cases 5 (top) and 6 
(bottom).

Figure 14. Time series and histogram of the single-differenced N2 
ambiguities, based on equation (24), at site YAR2 for all observed 
satellite pairs during 24 h of observation.

Table 5. Percentage of N2 ambiguities that were fixed using 
the proposed triple-frequency GIF linear combination with 
measurement noise minimisation (equation (24)).

Time (min) Num. Epochs Percentage N2 fixed

5 20 34.4%

10 40 65.4%

20 80 90.2%

30 120 95.6%

Meas. Sci. Technol. 30 (2019) 065009
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can be calculated using equation (16). Thus, the carrier phase 

measurements now become precise range measurements that 

enable cm-level PPP accuracy.

7. Conclusion

In this paper, we firstly developed improved linear combina-

tions for estimation of the EWL/WL ambiguities. Compared 

to the MW linear combination for the GPS case, the mea-

surement noise in the proposed combination was 6.7% lower 

for L1/L2, 12.7% lower for L1/L5, and a modest 0.7% lower 

for L2/L5. Data analysis at four sites showed that the N21 

WL ambiguities were fixed correctly with a single epoch 

for 88.9% of cases, an improvement over the MW method 

by 5.4%. The N51 WL ambiguities were fixed correctly with 

one epoch for 86.0% of cases, an improvement over the MW 

method by 5.9%, whereas all EWL ambiguities were fixed 

with one epoch for both methods. For the proposed method, 

all the EWL and WL ambiguities were fixed in less than 

two minutes. The performance of the proposed linear com-

bination for GPS N21 WL ambiguity resolution was com-

pared to Li’s method (Li et  al 2014). Results showed that 

the proposed method gave slightly improved performance 

with σΦ = 0.002 m, and substantially improved perfor-

mance as the carrier phase std increased. To fix the N21 WL 

ambiguity with a single epoch with Ps  =  99.9% requires that 

σP � 0.18 m, which is possible with the modernised signals 

of the GNSS systems. The proposed combination enhances 

the approach of Li et  al (2014) by improving the WL AR 

success rate, which is the key for NL AR along with precise 

position estimation.

We proposed a triple-frequency carrier-phase-only 

PPP-AR model where the equations are formulated in terms 

of one ambiguity, e.g. the GPS N2. The N2 integer ambiguity 

is fixed with the LAMBDA method along with receiver posi-

tion and atmospheric parameters. Here, the PPP-AR perfor-

mance is greatly improved with precise models to constrain 

the ionosphere and troposphere. The results from the pro-

posed model were compared to Li’s method. It was shown 

that use of a precise troposphere model and RIM significantly 

improved the time to fix ambiguities. When using a RIM with 

std  =  0.1 TECU and σΦ = 0.002 m, a Ps rate better than 99% 

was achieved with less than four epochs of data. Decreasing 

the RIM precision to 0.5 TECU while retaining σΦ = 0.002 m 

required up to six epochs of data to achieve Ps � 99%. When 

using σRIM = 0.5 TECU and σΦ = 0.02 m, the proposed 

method required up to 14 min to give Ps � 99%. A Ps rate 

of 99.9% was achieved within one hour for all the test cases 

using the proposed method. In comparison, Li’s method 

with σΦ = 0.002 m gave Ps � 99% with up to 13 epochs of 

data. When the carrier phase std was increased to 0.02 m, the 

performance of Li’s method deteriorated drastically. These 

results demonstrate the improved performance of the pro-

posed PPP-AR method when a high-precision RIM is used.

An approach for direct estimation of the NL ambiguity 

was also proposed using multi-epoch averaging of a phase-

only GIF linear combination. The test results showed that 

34.4% of the ambiguities were fixed in 5 min, 65.4% in 

10 min, 90.2% in 20 min, and 95.6% in 30 min with the best 

of these approaches. AR with a probability success rate of 

99.9% would require more than an hour of continuous carrier 

phase tracking.

ORCID iDs

Manoj Deo  https://orcid.org/0000-0002-6325-5276

References

Cheng S, Wang J and Peng W 2017 Statistical analysis and quality 
control for GPS fractional cycle bias and integer recovery clock 
estimation with raw and combined observation models Adv. 
Space Res. 60 2648–59

Cocard M, Bourgon S, Kamali O and Collins P 2008 A systematic 
investigation of optimal carrier-phase combinations for 
modernized triple-frequency GPS J. Geod. 82 555–64

Collins P, Bisnath S, Lahaye F and Heroux P 2010 Undifferenced 
GPS ambiguity resolution using the decoupled clock model 
and ambiguity datum fixing Navigation 57 123–35

Deng C, Tang W, Cui J, Shen M, Li Z, Zou X and Zhang Y 2018 
Triple-frequency code-phase combination determination: a 
comparison with the Hatch–Melbourne–Wübbena combination 
using BDS signals Remote Sens. 10 353

Figure 15. Probability of NL ambiguity fixing success (top) and 
measurement noise in cycles (bottom) versus the required number 
of epochs.

Meas. Sci. Technol. 30 (2019) 065009

164

https://orcid.org/0000-0002-6325-5276
https://orcid.org/0000-0002-6325-5276
https://doi.org/10.1016/j.asr.2017.06.053
https://doi.org/10.1016/j.asr.2017.06.053
https://doi.org/10.1016/j.asr.2017.06.053
https://doi.org/10.1007/s00190-007-0201-x
https://doi.org/10.1007/s00190-007-0201-x
https://doi.org/10.1007/s00190-007-0201-x
https://doi.org/10.1002/j.2161-4296.2010.tb01772.x
https://doi.org/10.1002/j.2161-4296.2010.tb01772.x
https://doi.org/10.1002/j.2161-4296.2010.tb01772.x
https://doi.org/10.3390/rs10020353
https://doi.org/10.3390/rs10020353


M Deo and A El-Mowafy 

16

Deo M and El-Mowafy A 2016 Triple-frequency GNSS models for 
PPP with float ambiguity estimation: performance comparison 
using GPS Surv. Rev. 50 249–61

Deo M and El-Mowafy A 2017 Ionosphere Augmentation for 
accelerated convergence in Precise Point Positioning with 
triple-frequency GPS Proc. ION 2017 Pacific PNT Meeting 
(Marriott Waikiki Beach Resort & Spa Honolulu, Hawaii, 1–4 
May 2017) pp 687–97

Dixon K 2006 StarFire™: a global SBAS for sub-decimeter precise 
point positioning ION GNSS 19th Int. Technical Meeting of the 
Satellite Division (Fort Worth, TX, 26–29 September 2006)

El-Mowafy A 2014 GNSS multi-frequency receiver single-satellite 
measurement validation method GPS Solut. 18 553–61

El-Mowafy A, Deo M and Rizos C 2016 On biases in precise point 
positioning with multi-constellation and multi-frequency 
GNSS data Meas. Sci. Technol. 27 035102

Ge M, Gendt G, Rothacher M, Shi C and Liu J 2008 Resolution 
of GPS carrier-phase ambiguities in precise point positioning 
(PPP) with daily observations J. Geod. 82 389–99

Geng J and Bock Y 2013 Triple-frequency GPS precise point 
positioning with rapid ambiguity resolution J. Geod. 87 449–60

Geng J, Meng X, Dodson A H and Teferle F 2010 Integer ambiguity 
resolution in precise point positioning: method comparison  
J. Geod. 84 569–81

Guo F, Zhang X and Wang J 2015 Timing group delay and differential 
code bias corrections for BeiDou positioning J. Geod. 89 427–45

Jung J, Enge P and Pervan B 2000 Optimization of cascade integer 
resolution with three civil GPS frequencies Proc. ION GPS 
13th Int. Technical Meeting of the Satellite Division (Salt Lake 
City, UT) pp 2191–200

Laurichesse D and Blot A 2016 Fast PPP convergence using multi-
constellation and triple-frequency ambiguity resolution ION 
GNSS 2016 (Portland, Oregon, 12–16 September 2016)

Laurichesse D, Mercier F, Berthais J P, Broca P and Cerri L 2009 
Integer ambiguity resolution on undifferenced GPS phase 
measurements and its application to PPP and satellite precise 
orbit determination Navigation 56 135–49

Laurichesse D and Privat A 2015 An open-source PPP client 
implementation for the CNES PPP-WIZARD demonstrator 
Proc. ION GNSS  +  2015 (Tampa, Florida, September 2015)

Leandro R, Gomez V, Stolz R, Landau H, Glocker M, Drescher R 
and Chen X 2012 Development on global centimeter-level 
GNSS positioning with Trimble CenterPoint RTX Proc. 25th 
Int. Technical Meeting of the Satellite Division of the Institute 
of Navigation 2012 (Nashville, USA) pp 3089–95

Li B 2018 Review of triple-frequency GNSS: ambiguity resolution, 
benefits and challenges J. Glob. Positioning Syst. 16 1

Li B, Feng Y and Shen Y 2010 Three carrier ambiguity resolution: 
distance independent performance demonstrated using semi-
generated triple frequency GPS signals GPS Solut. 14 177–84

Li T, Wang J and Laurichesse D 2014 Modeling and quality 
control for reliable precise point positioning integer ambiguity 
resolution with GNSS modernization GPS Solut. 18 429–42

Liu S, Zhang L and Li J 2016 A dual frequency carrier phase error 
difference checking algorithm for the GNSS compass Sensors 
16 1988

Lu M and Yao Z 2014 New signal structures for BeiDou navigation 
satellite system Stanford’s PNT Symp. (SLAC Stanford, CA 
94305, 28–30 October 2014)

Montenbruck O, Hauschild A and Steigenberger P 2014 Differential 
code bias estimation using multi-GNSS observations and 
global ionosphere maps Navigation 61 191–201

Morley T and Macleod R 2015 Advances in NovAtel’s precise 
point positioning (PPP) solution for high accuracy kinematic 
applications IGNSS Symp. (Gold Coast, Australia, 14–16 July 
2015)

Nadarajah N, Khodabandeh A, Wang K, Choudhury M and 
Teunissen P J G 2018 Multi-GNSS PPP-RTK: from large- to 
small-scale networks Sensors 18 1078

Ray J K and Cannon M E 1999 Characterization of GPS carrier 
phase multipath ION NTM-99 (San Diego, 25–27 January 
1999)

Rovira-Garcia A, Juan J M, Sanz J, Gongales-Casado G and 
Bertran E 2016 Fast precise point positioning: a system to 
provide corrections for single and multi-frequency navigation 
Navigation 63 231–47 

Seepersad G and Bisnath S 2014 Reduction of PPP convergence 
period through pseudorange multipath and noise mitigation 
GPS Solut. 19 369–79

Teunissen P J G 1995 The least-squares ambiguity decorrelation 
adjustment: a method for fast GPS integer ambiguity 
estimation J. Geod. 70 65–82

Teunissen P J G 1998 Success probability of integer GPS ambiguity 
rounding and bootstrapping J. Geod. 72 606–12

Teunissen P J G and Verhagen S 2008 GNSS ambiguity resolution: 
when and how to fix or not to fix? VI Hotine-Marussi Symp. on 
Theoretical and Computational Geodesy: Challenge and Role 
of Modern Geodesy (Wuhan, China, 29 May–2 June 2006) 
(Series: International Association of Geodesy Symposia) vol 
132 pp 143–8

Teunissen P J G and Khodabandeh A 2015 Review and principles 
of PPP-RTK methods J. Geod. 89 217–40

Urquhart L 2009 An analysis of multi-frequency carrier phase linear 
combinations for GNSS Senior Technical Report Department 
of Geodesy and Geomatics Engineering Technical Report 
No. 263, University of New Brunswick, Fredericton, New 
Brunswick, Canada, p 71

Verhagen S, Li B and Teunissen P 2013 Ps-LAMBDA: ambiguity 
success rate evaluation software for interferometric 
applications Comput. Geosci. 54 361–76

Vollath U, Birnbach S and Landau H 1998 Analysis of three carrier 
ambiguity resolution (TCAR) technique for precise relative 
positioning in GNSS-2 ION GPS 1998 417–26

Wang N, Yuan Y, Li Z, Montenbruck O and Tan B 2015 
Determination of differential code biases with multi-GNSS 
observations J. Geod. 90 209–28

Meas. Sci. Technol. 30 (2019) 065009

165

https://doi.org/10.1080/00396265.2016.1
https://doi.org/10.1080/00396265.2016.1
https://doi.org/10.1080/00396265.2016.1
https://doi.org/10.1007/s10291-013-0352-6
https://doi.org/10.1007/s10291-013-0352-6
https://doi.org/10.1007/s10291-013-0352-6
https://doi.org/10.1088/0957-0233/27/3/035102
https://doi.org/10.1088/0957-0233/27/3/035102
https://doi.org/10.1007/s00190-007-0187-4
https://doi.org/10.1007/s00190-007-0187-4
https://doi.org/10.1007/s00190-007-0187-4
https://doi.org/10.1007/s00190-013-0619-2
https://doi.org/10.1007/s00190-013-0619-2
https://doi.org/10.1007/s00190-013-0619-2
https://doi.org/10.1007/s00190-010-0399-x
https://doi.org/10.1007/s00190-010-0399-x
https://doi.org/10.1007/s00190-010-0399-x
https://doi.org/10.1007/s00190-015-0788-2
https://doi.org/10.1007/s00190-015-0788-2
https://doi.org/10.1007/s00190-015-0788-2
https://doi.org/10.1002/j.2161-4296.2009.tb01750.x
https://doi.org/10.1002/j.2161-4296.2009.tb01750.x
https://doi.org/10.1002/j.2161-4296.2009.tb01750.x
https://doi.org/10.1186/s41445-018-0010-y
https://doi.org/10.1186/s41445-018-0010-y
https://doi.org/10.1007/s10291-009-0131-6
https://doi.org/10.1007/s10291-009-0131-6
https://doi.org/10.1007/s10291-009-0131-6
https://doi.org/10.1007/s10291-013-0342-8
https://doi.org/10.1007/s10291-013-0342-8
https://doi.org/10.1007/s10291-013-0342-8
https://doi.org/10.3390/s16121988
https://doi.org/10.3390/s16121988
https://doi.org/10.1002/navi.64
https://doi.org/10.1002/navi.64
https://doi.org/10.1002/navi.64
https://doi.org/10.3390/s18041078
https://doi.org/10.3390/s18041078
https://doi.org/10.1002/navi.148
https://doi.org/10.1002/navi.148
https://doi.org/10.1002/navi.148
https://doi.org/10.1007/s10291-014-0395-3
https://doi.org/10.1007/s10291-014-0395-3
https://doi.org/10.1007/s10291-014-0395-3
https://doi.org/10.1007/BF00863419
https://doi.org/10.1007/BF00863419
https://doi.org/10.1007/BF00863419
https://doi.org/10.1007/s001900050199
https://doi.org/10.1007/s001900050199
https://doi.org/10.1007/s001900050199
https://doi.org/10.1007/s00190-014-0771-3
https://doi.org/10.1007/s00190-014-0771-3
https://doi.org/10.1007/s00190-014-0771-3
https://doi.org/10.1016/j.cageo.2013.01.014
https://doi.org/10.1016/j.cageo.2013.01.014
https://doi.org/10.1016/j.cageo.2013.01.014
https://doi.org/10.1007/s00190-015-0867-4
https://doi.org/10.1007/s00190-015-0867-4
https://doi.org/10.1007/s00190-015-0867-4


9  CONCLUSIONS AND FUTURE RESEARCH DIRECTIONS 

9.1 Conclusions  

This thesis comprised several contributions that aim to improve PPP 

performance by reducing the solution convergence time and improving positional 

accuracy. The approach taken was to identify some of the major challenges that 

hinder achievement of fast PPP solution convergence, and subsequently develop 

strategies to address these challenges. Considerable focus was given to the use of 

triple frequency data from multi-constellation GNSS to improve PPP models with 

both float ambiguity estimation and integer AR approaches. The use of precise 

atmospheric products for constraining the ionosphere and troposphere errors was also 

investigated. A method was proposed and validated for maintaining decimetre 

accuracy PPP during communication outages, when precise clock and orbit 

corrections are unavailable. Several key contributions were made in the development 

and validation of triple frequency PPP-AR models. The key contributions of this 

thesis are highlighted below.  

Firstly, an efficient method was proposed in Chapter 2 for detection and repair 

of cycle slips and clock jumps with triple frequency data. This method was found to 

be effective in detecting and repairing cycle slips and clock jumps, which is an 

essential first step in preparing the MFMC data for PPP analysis. The third frequency 

improves reliable detection of cycle slips and enables an independent check to 

confirm the occurrence of a slip on an individual frequency. A method was 

developed and validated for detecting and repairing clock jumps when it appears in 

both pseudorange and carrier phase measurements. It was found that repairing clock 

jumps in this scenario makes the receiver clock error predictable and hence improves 

the dynamic model of the clock parameter in the Kalman filter for improved 

performance.   

A thorough analysis of the biases that occur when integrating multi-frequency 

and multi-constellation was carried out in Chapter 3. This is one of the pioneering 

papers that provides a detailed review of all the biases that occur when integrating 

MFMC data and provides mathematical modelling of biases such as receiver 

hardware biases and inter-system time biases.  This contribution addresses the 

complications faced by users of triple frequency GNSS data, who may use different 

measurements in the PPP model other than the reference signals used to generate the 
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precise orbit and clock products required for the PPP solution. In such cases where 

non-reference signals are used, the precise orbit and clock corrections and 

differential code biases require further adjustments in order to get the highest PPP 

accuracy. It is recommended that the satellite phase biases are treated as calibrated 

quantities obtained from external sources for improved convergence in float-PPP 

models as well PPP-AR. It was pointed out that the IGS can play a major role in 

supporting MFMC PPP users by producing precise orbits, clock corrections and 

phase centre offsets for each GNSS satellite and each individual frequency. This will 

enable PPP users to apply these corrections to raw measurements prior to forming 

any linear combination, thus avoiding further complications.  

Chapter 4 thoroughly investigated the use of triple frequency data for PPP with 

float ambiguity estimation. This resulted in the development and testing of three 

algorithms, one of which included a novel mixed code-phase linear combination with 

ionosphere-free, geometry preserving and low noise propagation properties. In the 

second model, a code- and phase-only triple frequency ionosphere-free, geometry 

preserving and noise minimisation linear combination was developed for the major 

GNSS constellations. The full mathematical derivation of these combinations was 

presented for the first time, for easy implementation in navigation algorithms in the 

GNSS receiver. The third model used the additional frequency to estimate the 

ionosphere error, rather than forming combinations to eliminate it. The analysis of 

tested data for up to eight days at three sites in Australia revealed that all the three 

models had similar performance in terms of convergence time and achievable 

accuracy, and had significant improvements in convergence time compared to the 

dual-frequency case. When using the triple-frequency ionosphere-free model, the 

convergence time improved by 10%, the improvement was 9% when using the mixed 

code-phase model, whereas the individual uncombined model resulted in 8% 

improvement. In the second paper of this chapter, the PPP model with code- and 

phase-only triple frequency linear combination was extended to the multi-frequency 

case and validated with test data. It was revealed that use of multi-constellation data 

offered additional improvements in the PPP convergence time. Compared to the 

GPS-only case, the triple frequency solution for GPS+Beidou+Galileo constellations 

resulted in an overall improvement of 7.6 minutes in convergence time and an 

improvement of 2mm in RMSE East and Up. This is a promising step for real-time 

PPP users who can potentially benefit from MFMC PPP. 
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In Chapter 5, the PPP model with raw un-combined carrier phase and code 

measurements was augmented with precise RIM data to correct for the ionosphere 

error. This model was found to give significantly improved PPP convergence, 

particularly in the horizontal positioning component. Here, better than 5cm 

horizontal positioning accuracy was achieved within five minutes for all tested data 

with RIM precisions from std=0.1 to 1.0 TECU. Such rapid PPP convergence is 

promising for real-time PPP users who have access to triple frequency GNSS data 

and a high precision RIM. 

Chapter 6 investigated the application of high precision troposphere models 

derived from NWM data for constraining the troposphere error. For the first time, 

NWM data from the Australian BoM was used to estimate the zenith tropospheric 

delay. When compared to IGS ZPD values and other empirical and NWM derived 

ZPD estimates, the BoM NWM data gave the best accuracy for the four Australian 

sites that were tested for a period of one year. The ZPD values derived from BoM 

NWM data was used as pseudo-observations with known precision to constrain the 

troposphere error. This was found to improve the PPP convergence performance, 

particularly in the vertical component during the first few minutes of initialisation. 

Improvements in vertical positioning accuracy was found at all the four tested sites at 

0.036-0.058m after 2 minutes, 0.023-0.038m after 3 minutes and 0.013-0.020m after 

5 minutes of PPP initialisation. 

In Chapter 7, a method was proposed and validated for maintaining real-time 

PPP accuracy during a loss in data communication, when the precise clock and orbit 

corrections are not available to users. The clocks were predicted using a second-order 

polynomial with sinusoidal terms. The model parameters are estimated sequentially 

using a sliding time window with historical data of 2 hours, such that the clock error 

may be estimated when needed. The prediction model of the clock correction is built 

based on the analysis of their properties, including their temporal behaviour and 

stability. The prediction of the precise satellite orbit with the Holt Winter’s method 

showed that this was possible only for short period of a few minutes. For longer 

outages up to 3 h, the most recent IGS ultra-rapid orbits are used which have 

prediction data for up to 24 hours and are available every 6 hours. For the clock 

prediction, the proposed method was found to give better than 0.5ns accuracy for up 

to an hour. Using the predicted clock corrections in testing static and kinematic data, 

it was shown that the PPP user can maintain decimetre level accuracy for up to two 
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hours after a communication loss. When the PPP re-initialisation is required during 

the communication break, it was found that the solution convergence time increases. 

However, the positioning precision remained less than a decimetre after 

convergence. 

Since all GNSS constellations offer measurements on three frequencies 

(including GLONASS K2), a significant contribution was made in Chapter 8 in 

developing an improved triple frequency PPP-AR model. Firstly, a new triple 

frequency GIF linear combination was developed for estimating the WL and EWL 

integer ambiguities. This linear combination takes advantage of the availability of 

pseudorange measurements on a third frequency and offers improved performance 

over the widely used MW combination for estimating the WL and EWL ambiguities. 

Compared to the MW combinations, the proposed linear combination has 6.7% lower 

measurement error for the GPS L1/L2 signals, 12.7% for L1/L5 and 0.7% for L2/L5. 

Substantial improvements were also made for Beidou and Galileo constellations. 

This linear combination particularly improves the WL AR success rate, which once 

resolved, may be applied to the method in Li et al. (2014) to solve the NL ambiguity 

along with precise position parameters. Hence, the proposed combination enhances 

the approach of Li et al. (2014). 

A full rank triple frequency carrier phase only PPP model was proposed where 

the carrier phase equations were formulated in terms of an individual carrier phase 

ambiguity (e.g. GPS N2) rather than a NL ambiguity used in present PPP-AR 

models. Analysis of the probability of AR success rate with the LAMBDA method 

showed that PPP-AR performance of the proposed model is greatly improved when 

using a precise RIM.  Results show that a probability success rate of 99% is achieved 

within four epochs of data with carrier phase std=0.002m and RIM std=0.1TECU; 

and within six epochs when RIM std=0.5TECU. When the carrier phase std was 

increased to 0.02m, depicting high multipath conditions, and with use of a low 

precision RIM (std=0.5TECU), the proposed method gave significantly improved 

performance than the method proposed by Li et al (2014). 

A method was also proposed for the direct estimation of the NL integer 

ambiguity by multi-epoch averaging of the newly proposed triple frequency linear 

combinations, given that EWL and WL ambiguities are resolved with the proposed 

linear combinations. This gave comparable performance to existing PPP-AR 

methods.  
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9.2 Overall Concluding Remarks 

In the eight-year duration of this research, several contributions were made by 

other researchers in improving the performance of PPP with use of MFMC data (e.g. 

Geng and Bock 2013; Li et al, 2014; Guo et al, 2016). It was challenging to keep 

track and remain abreast of the developments that were taking place in this broad 

research area for such a long period of time. Maintaining a research direction that 

was relevant in this fast-paced environment was vital. The proposed methods in this 

research were developed to offer an advantage over other methods, or complement 

them. Overall, this research primarily concerns a PPP user of MFMC data in contract 

to a provider of PPP services. Moreover, the research was focused on a PPP user in 

Australia. The algorithms and methods developed were aimed at improving the PPP 

convergence time while maintaining or improving accuracy. The research assumed 

that along with access to triple frequency data from a sufficient number of GNSS 

satellites, the PPP user is provided with the necessary infrastructure required to 

compute an enhanced PPP solution. Such infrastructure includes the following: 

- Accurate satellite antenna offsets for the individual satellites and frequencies of 

each GNSS constellation 

- Calibrated satellite phase delays to isolate integer ambiguities in the PPP-AR 

model that are suitable in the raw uncombined model 

- Accurate troposphere ZPD values determined from a dense network of GNSS 

receivers 

- Accurate ionospheric corrections, also determined from a dense network of 

GNSS receivers 

It is interesting to note that some of the ideas developed in this research are 

also being developed by contemporary researchers. For example, Choy and Harima 

(2019) propose communication options for transmitting local ionospheric corrections 

to PPP users in Australia. Such delivery of precise ionospheric corrections is vital for 

the PPP methods proposed in Chapters 5 and 8 of this thesis. In Chapter 5, the 

precise ionospheric corrections are applied to the raw uncombined float ambiguity 

estimation model whereas in in Chapter 8, the precise ionosphere is applied as a 

constraint to the PPP-AR model for fixing the ambiguity on an individual signal 

rather than a NL formulation. Aggrey and Bisnath (2019) have recently shown that 

constraining the ionosphere and troposphere parameters through precise RIMs and 
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ZPD products improves PPP initialisation in the first few minutes of processing. 

Wilgan et al (2017) also applied precise troposphere constraints in the float PPP 

model to shorten convergence time by several minutes. This reaffirms the 

conclusions from Chapters 4, 5 and 8 where atmospheric constraints were applied to 

improve the PPP convergence.  

During the early stages of the research, it was decided to perform a simulation 

study to validate the proposed methods. This approach was sufficient to compare the 

performance of the enhanced algorithms to the present-day dual frequency models in 

a controlled experiment where the results are not distorted by biases such as the GPS 

L5 line bias reported in Montenbruck et al (2011). Other reasons for a simulation 

approach were: 

- insufficient number of GNSS satellites from different constellations (GPS, 

Galileo, Beidou) with triple frequency CDMA signals.  

- unavailability of satellite antenna phase centre offsets for individual signals to 

apply in the PPP model. The GPS satellite antenna offsets were available for the 

L1-L2 ionosphere-free combination only, whereas the offsets for Galileo and 

Beidou were based on satellite design diagrams rather than actual calibrated 

values. 

- unavailability of precise ionospheric and tropospheric corrections generated from 

a regional network. 

- unavailability of satellite carrier phase biases for isolating integer ambiguities in 

triple frequency PPP models 

However, the number of GNSS satellites delivering triple frequency CDMA 

signals has grown significantly for the GPS, Galileo and Beidou constellations. The 

IGS has established an antenna working group to study the calibration of satellite 

antennas, which are now available for Galileo, Beidou, IRNSS, QZSS and 

GLONASS satellites. Previously these offsets were available for GPS satellites only. 

Further work is required to determine these offsets for individual frequencies rather 

than the reference ionosphere-free signals (i.e. L1-L2 for GPS as an example) for the 

benefit of triple frequency PPP users. This calibration would become possible as the 

number of satellites transmitting triple frequencies increases in number (Schmid et 

al, 2016). The generation of precise ionospheric model using a regional GNSS 

network has been studied in Rovira-Garcia et al. (2016) and the accuracy depends on 

the density of the network. Such precise ionospheric modelling has not been a 
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possibility in the Australian context yet (Choy and Harima, 2019), although there 

were plans to develop such a model to support real-time PPP users in Australia. This 

was part of a 2.5-year collaboration project between the Corporative Research Centre 

(CRC) and the BoM – Space Weather Services for the National Positioning 

Infrastructure (Maher et al. 2016).  However, there is no real-time ionospheric model 

available in Australia as yet (Choy and Harima, 2019). The availability of real-time 

ionosphere and troposphere models would greatly benefit real-time PPP users of 

triple frequency GNSS data in Australia and this can leverage off the dense GNSS 

network that is now available as part of the NPI. Much work has been done in 

providing satellite phase biases for triple frequency PPP-AR users (e.g. Laurichesse, 

2015). However, such biases are suitable for triple frequency PPP-AR users who use 

the exact same method as proposed by the author. Further work is required to either 

convert these biases, or produce unified modelling of satellite biases that may be 

benefit users of alternate PPP-AR methods. Fortunately, this area is lately being 

actively researched (e.g. Seepersad and Bisnath, 2016; Xiao et al, 2019).  

 

9.3 Future Research Directions 

Future research direction, in the context of this research, is to validate the 

proposed methods with real data, once the required infrastructure becomes available. 

This is highly dependent on the availability of the precise atmospheric corrections, 

satellite phase centre offsets for individual frequencies and satellite hardware biases 

that are suitable for the proposed triple frequency PPP methods. Availability of the 

number of satellites transmitting triple frequency signals is no longer a limiting 

factor. 

During the research, a bias was identified in the simulated software 

implementation that resulted in PPP east error being at the same level as the height 

error. However, the results gave the expected level of accuracy and effectively 

demonstrated improvements due to application of the proposed enhanced PPP 

models when compared to existing dual-frequency models. Validating the proposed 

methods with real data may identify the cause of this inconsistency. 
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constellation GNSS, paper presented at ION Pacific PNT 2017 Conference, 

Honolulu, Hawaii, May 1-4, 2017. 

2. Deo MN, El-Mowafy A (2016) Triple Frequency precise point positioning with 

multi-constellation GNSS, IGNSS Conference, UNSW Australia, 6–8 December 

2016. 

3. Deo MN, El-Mowafy A (2015) Cycle Slip and Clock Jump Repair with Multi-

Frequency Multi-Constellation GNSS data for Precise Point Positioning, IGNSS 

Conference, Surfers Paradise, Qld, Australia, 14-16 July 2015. 
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On Fri, Mar 24, 2017 at 4:48 AM <meetings@ion.org> wrote: 
Dear Manoj Deo: 
 
Your paper, titled Ionosphere Augmentation for Accelerated Convergence in Precise 

Point Positioning with Multi-frequency and Multi-constellation GNSS, has been accepted for 
presentation at the Pacific PNT 2017 Conference, taking place May 1-4, 2017, at the Marriott 
Waikiki Beach, Honolulu, Hawaii. 

 
Your paper has been assigned to Session C3: High Precision GNSS Correction and 

Monitoring Networks, scheduled for Wednesday, May 3, 2017. You can view the full program 
online at: https://www.ion.org/pnt/program.cfm 

 
Please confirm that you have been notified of the acceptance of your paper. Click here 

to confirm that you have received this acceptance notice: 
https://www.ion.org/abstracts/confirmNotification.cfm?abstractkey=1E2E03C2D69086

1FCD55C3E4EDF384E0 
 
Please carefully read the session chairs peer review comments for your paper. If you 

submitted your manuscript by the deadline of March 1 and your paper is missing the reviews, 
please check again in a few days, as some reviewers have not yet completed the peer 
review forms. If your paper did not pass the peer review, and the recommendation is 
"Endorse paper subject to satisfactory revision," make sure you upload a revised version of 
the paper addressing all the reviewers recommendations by April 20, 2017. 

 
Revised papers not received by April 20 will not be given a second review. However, 

you may upload revisions at any time until the final deadline of May 11, 2017, but only those 
papers uploaded by April 20 will have the opportunity of a second review if they did not pass 
the first one. 

 
Other Reminders: 
 
All authors (primary and alternates) are required to attend a speakers' breakfast on 

the morning of their presentation(s) in the Waikiki Ballroom, 8:00 am. 8:45 a.m. If you are not 
in attendance, the Session Chairs will allocate your presentation time to another presenter. 

Papers must be presented in order to be included in the conference proceedings. Only 
authors listed on a paper may present. 

Alternate papers will be included in the proceedings if the author attends the speakers' 
breakfast, attend the session and is ready to present if needed. 

Best Regards,  
Miriam Lewis  
ION Author Liaison  
Phone: 703-366-2723  
E-mail: meetings@ion.org 
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From: Manoj Deo <manoj.deo01@gmail.com> 
Date: Mon, Dec 12, 2016 at 1:40 PM 
Subject: Re: IGNSS2016 notification for paper 25 
To: IGNSS2016 <ignss2016@easychair.org>, ENG ACSER IGNSS 

<IGNSS@unsw.edu.au> 
 
 
Hi Cheryl, 
Attached is our paper 25, updated according to reviewer comments. 
I have also attached a response to review comments in case these are required by the 

reviewers (could not figure out a way to upload these using EasyChair). 
 
Please feel free to let me know if there are any further issues. 
 
Regards, 
 
Manoj Deo 
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On Sun, Dec 4, 2016 at 11:50 PM, IGNSS2016 <ignss2016@easychair.org> wrote: 
Dear Manoj Deo, 
 
Your paper Triple Frequency precise point positioning with multi-constellation GNSS 

has been accepted for publication as a peer reviewed paper in the IGNSS 2016 conference 
publication. 

 
Please revise your paper according to any comments suggested and resubmit by 

COB 12 December 2016. 
 
Thanks and I look forward to seeing you next week. 
 
Regards 
Allison 
 
 
----------------------- REVIEW 1 --------------------- 
PAPER: 25 
TITLE: Triple Frequency precise point positioning with multi-constellation GNSS 
AUTHORS: Manoj Deo and Ahmed El-Mowafy 
 
OVERALL EVALUATION: 2 
 
----------- OVERALL EVALUATION ----------- 
The paper is acceptable for a conference paper, subject to clarification for the results: 

whether they are kinematic or static PPP results. From the models(22) and (23). 
 
 
----------------------- REVIEW 2 --------------------- 
PAPER: 25 
TITLE: Triple Frequency precise point positioning with multi-constellation GNSS 
AUTHORS: Manoj Deo and Ahmed El-Mowafy 
 
OVERALL EVALUATION: 2 
 
----------- OVERALL EVALUATION ----------- 
Title: Triple Frequency precise point positioning with multi-constellation GNSS 
 
The paper provides an overview of triple-frequency PPP with multi-constellation 

GNSS. The paper is well written and is easy to follow. 
Here are some comments for the authors to consider: 
* Section 4.1: Should reference Li et al (2013)'s work "Modeling and quality control for 

reliable PPP integer ambiguity resolution with GNSS modernisation" 
* Section 4.1: Could the authors present briefly why these are the best (optimal) model 

to help with readers' understanding, as Deo and El-Mowafy (2016a) is not published yet? 
* Section 4.2: "For stochastic modeling of GPS observations, which is equally 

applicable for BeiDou...". Is it really equally applicable and realistic? 
* Section 4.2: Can the authors explain, which satellite elevation angle method were 

use? 
* Section 5.1: Why were simulated data used? What do the authors mean by 

simulated data? 
* Section 5.1: "....by as much as 3.9m." Can the author confirm this value and provide 

more details? 
* Section 6: "A proposed low noise, ionosphere-free triple frequency PPP model....". 

Did the author develop and propose this method? As far as aware, the method was 
published by Li et al (2013). 

 
Minor comments: 
* Page 4 " .....several constellations (Montenbruck et al., 2014). Since" 
* Page 6 ".....form the ISB. Thus, ...." 
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From: Krys Henshaw - IGNSS Society <krys@ignss.org> 
Date: Fri, Apr 24, 2015 at 4:47 PM 
Subject: IGNSS 2015 - Registration Confirmation 
To: Manoj Deo <manoj.deo01@gmail.com> 
 
24 April 2015 
 
Ref: 1298 
 
Mr Manoj Deo 
PHD Student - Part Time 
Curtin University 
GPO Box U 1987 
PERTH WA 6845 
AUSTRALIA 
 
Dear  Manoj 
 
Thank you for registering for the International Global Navigation Satellite Systems 

Society, IGNSS 2015 Symposium being held at Outrigger Surfers Paradise, Gold Coast, Qld, 
Australia from 14 - 16 July, 2015. 

 
Please check your registration details carefully and do not hesitate to contact us by 

phoning +61 7 5599 5007 if you have any questions.  All changes will need to be made in 
writing and can be faxed to +61 7 5536 6366 or emailed to krys@ignss.org. 

 
I have attached your GST Tax Invoice (if it has not already been sent to you) and 

request that you keep this for your own records or, if payment has been made by another 
source, it will be necessary for you to forward this to your relevant Accounts Department for 
use to obtain Tax Credits.  No further GST Tax Invoice will be supplied. 

 
Your registration details and queries regarding your registration are below.  Please 

respond to any queries by return email: 
 
Conference Cancellation Policy:  It is highly recommended that Travel, 

Accommodation and Registration Cancellation Insurance is taken out to cover cancellation 
costs for registration, travel and accommodation.  Cancellation fees for accommodation and 
registration are listed in the registration brochure and IGNSS website. 

 
Any cancellations made to your registration must be advised in writing  to 

krys@ignss.org.  Cancellations made prior to Friday 15 May, 2015 will be refunded less a 
$125 administration fee. No registration refunds will be made after this date. As an 
alternative to cancellation, your registration may be transferred to another person without 
incurring any penalty. The IGNSS Society must be advised of this transfer in writing. 

 
 
Please do not hesitate to contact me if you have any queries. 
 
Kind Regards 
 
Krys Henshaw 
IGNSS Society 
Ph: +61 7 5599 5007 
Fax: +61 7 5536 6366 
krys@ignss.org 
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