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Abstract

In this thesis, we study the dynamic properties of solutions for various types of
nonlinear partial differential equations, including a generalized Benjamin-Bona-
Mahony-Burgers equation, three integrable non-evolutionary equations with quadrat-
ic nonlinearities, cubic nonlinearities and quartic nonlinearities, respectively, and
a generalized Degasperis-Procesi equation for the motion of shallow water waves.

For the generalized Benjamin-Bona-Mahony-Burgers (GBBMB) equation, ap-
plying approximation approaches and several estimates derived from the equation,
we obtain a space-time higher integrability estimate and a one-sided super bound
estimate on the first order spatial derivative of the solution. By making some
assumptions on initial data in the space H'(R), it is derived that the GBBM-
B equation has at least one global weak solution in the space C([0,00) x R) N
L>=([0,00); H'(R)). Using Kruzkov’s technique of doubling the space variable, if
the GBBMB equation has local or global strong solutions in L*(R) N H*(R), it is
demonstrated that its strong solution has the property of L'(R) local stability.

For the integrable non-evolutionary equation with quadratic nonlinearities
and quasi-local higher symmetries, we prove that its local strong solutions are
well-posedness in the space C([0,7); H*(R)) N CY([0,T); H*~'(R)) if the Sobolev
index s > % A condition for blow-up solutions is established under suitable
assumptions. For the case of the Sobolev index 1 < s < %, we show that the
equation has local weak solutions in H*(R).

For the non-evolutionary equation with cubic nonlinearities and quasi-local

higher symmetries, we find the H*(R) conservation law. By using Aubin’s com-
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pactness theorem and several estimates, we prove that the equation possesses
local weak solutions in L*([0, T], H*(R))(1 < s < 3). If the Sobolev index s > 2,
by using approximation techniques and constructing a Cauchy sequence of the
solutions in the space C([0,T); H*(R))NC([0,T); H*"*(R)), we derive that there
exists a unique local strong solution to the equation.

For the nonlinear Camassa-Holm type equation possessing quartic nonlinear-

ities, by supposing that its initial value ug(x) € H'(R) and || augix) | oo (r) < 00,

we prove that the equation has at least one global weak solution in the space
C([0,00) x R)NL>([0, 00); H'(R)). Our assumptions about the initial value ug(z)
are different from the sign condition which is often required to establish the well-
posedness of global strong solutions and the existence of global weak solutions for
the Camassa-Holm type equations. Our key contributions include establishing a
space-time higher integrability estimate and a super bound estimate on the first
order spatial derivative of the solution.
For the nonlinear shallow water wave equation, including the famous Degasperis-

Procesi equation, several estimates are established to discuss the wave breaking
of the solution. The sufficient and necessary conditions for the wave breaking are

obtained.
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CHAPTER 1

Introduction

1.1 Aims and outcomes of the thesis

The aim of this thesis is to investigate the dynamical properties of five nonlinear
partial differential equations, including a generalized Benjamin-Bona-Mahony-
Burgers model, a generalized Degasperis-Procesi equation and three integrable
non-evolutionary equations, which are regarded as the generalizations of the
Camassa-Holm type equations [87]. The three non-evolutionary equations possess
quasi-local higher symmetries, and have quadratic, cubic and quartic nonlineari-
ties, respectively.

The specific objectives of this study and the main outcomes achieved are as

follows.

(1). We study a nonlinear generalized Benjamin-Bona-Mahony-Burgers (GBBM-

B) equation, which takes the form
Up — Uppy — AWUgy + DUy + UPUL + Klgyy = 0, (1.1)

where p > 1 is an integer, a > 0, b and k are constants. Eq.(1.1) becomes

the nonlinear Benjamin-Bona-Mahony-Burgers equation (BBMB) if £ = 0. By
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letting a = 0,b = 1,p = 1,k = 0, Eq.(1.1) is turned into the Benjamin-Bona-
Mahony model (see [5,90,92]). For Eq.(1.1) with the coefficient £ = 0, many
scholars have investigated the existence of global weak solutions and strong solu-
tions (see [1,2,8,56]). For Eq.(1.1) with the coefficient & # 0, imposing certain
restrictions on the initial value, we derive that there exists at least one global
weak solution to the GBBMB equation (1.1). Applying the technique of dou-
bling the space variables presented in Kruzkov’s work [53], a few prior estimates
are derived from Eq.(1.1). Assuming that the equation has strong solutions in
L*(R) N HY(R), we prove that these strong solutions are local stable in L'(R).

The acquired results for Eq.(1.1) are different from those in previous works.

(2). Novikov classified and generalized the Camassa-Holm-type models in [87].
The generalized equations possess integrability and quasi-local higher symmetries.

One of the equations is in the form

Uy — Py + 4utty, — 2002 — 200U, = 60U ULy + 207 Uy, (1.2)

where o # 0 is a constant. Eq.(1.2) is one of the equations of Theorem 3 in
Novikov [87] under the scaling that = transforms —z (see [87]). Eq.(1.2) is an

integrable scalar evolution equation with quadratic nonlinearities.

Motivated by the works presented in [58,59,66] and the desire to probe and
find the dynamical properties for Eq.(1.2), we investigate Eq.(1.2). Using the
Kato theorem, it is proved that Eq.(1.2) possesses a unique local strong solution
in the space C([0,T); H*(R)) N C*([0,T); H**(R)) if the Sobolev index s > 3. A
sufficient and necessary condition for blow-up solutions is found. For the case of
the Sobolev index 1 < s < %, it is shown that Eq.(1.2) has local weak solutions

in H°(R). As far as we know, these dynamical properties of Eq.(1.2) have not
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been found in the previous literature.

(3). Novikov [87] derived many equations which are called the generalizations of
the Camassa-Holm type models. Several models of the generalizations possess
quasi-local higher symmetries. One of the equations with cubic nonlinearities

takes the form

Uy — Uy = (1 + a=—) (g, + quu? — 2u*uy,), (1.3)

ox

where the constant a # 0 (see Theorem 5 in [87]).

Motivated by the works made in Li and Olver [66] in which the existence of
local weak solutions and the well-posedness of local strong solutions for an inte-
grable non-linear dispersive wave equation including the standard Camassa-Holm
equation, have been considered, we study Eq.(1.3). Imposing certain restrictions
on its initial value and the coefficient «, several dynamical properties including
the existence of local weak solutions, the existence and uniqueness of local strong
solutions have been found. The results for Eq.(1.3) in this thesis have not been

obtained in the previous literature.

(4). For the following nonlinear Camassa-Holm type equation with quartic non-

linearities (see [40,41,76])
3, _ 4.2 3
Up — Uggr + DU UL = AU UL Uz + U ULy, (1.4)

we investigate its existence of global weak solutions. Assuming the initial value
up(z) € H'Y(R) and || 8“60—5”) || Loo(r)< 00, we prove that Eq.(1.4) has at least one

global weak solution in the space C([0,00) x R) N L>([0,00); H'(R)). Here we
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mention that we do not need to assume that the ug(z) satisfies the sign condition.
Our assumption is weaker than the sign condition. In fact, many researchers apply
the sign condition to establish and derive the existence of global weak solutions of
the Camassa-Holm type equations such as the Degasperis-Procesi equation and
many other generalized Camassa-Holm equations(see [25,26,28,35-39,77]). The

key contributions in our study of Eq.(1.4) include deriving a space-time higher

integrability estimate and a super bound estimate about a“g’x), which play a key

x
role in demonstrating the existence of global weak solutions.
(5). A nonlinear shallow water wave equation, including the standard Degasperis-
Procesi shallow water wave equation, is investigated. Several estimates, which
are derived from the shallow water model itself, are established to discuss the

wave breaking of the solutions. A necessary and sufficient condition is obtained

when the wave breaking occurs.

1.2 Outline of the thesis

Eight chapters constitute the contents of this thesis.

In Chapter 1, the objectives and outcomes of this thesis are briefly illustrated.

In Chapter 2, we give a literature review of the previous works relating to
the nonlinear Benjamin-Bona-Mahony-Burgers equations and the Camassa-Holm

type equations.

In Chapter 3, by using the approaches in Xin and Zhang [101] (also see [9]), we
prove that the generalized Benjamin-Bona-Mahony-Burgers equation Eq.(1.1) has
at least one global weak solution in the space C'([0,00) x R) N L>([0, 00); H'(R))
under certain assumptions. Applying the technique of doubling the space vari-

ables provided in Kruzkov’s work [53] and assuming that Eq.(1.1) has strong
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solutions, we prove that the strong solution is local stable in L'(R) by imposing

restrictions on the initial value.

In Chapter 4, for the integrable non-evolutionary Eq.(1.2), which possesses
quadratic nonlinearities, the existence of local weak solutions, the existence and

uniqueness of local strong solution and blow-up criteria are investigated.

In Chapter 5, for the integrable non-evolutionary Eq.(1.3) with cubic non-
linearities, the existence of local weak solutions and the well-posedness of local

strong solution are discussed.

In Chapter 6, for the nonlinear Camassa-Holm type Eq.(1.4) possessing quar-
tic nonlinearities, supposing that the initial value ug(z) satisfies ug(z) € H'(R)

and || Buo(z) ||z )< 00, we establish the existence of global weak solutions in
ox (R)

the space C'([0,00) x R) N L>([0,00); H'(R)).

In Chapter 7, for a nonlinear shallow water wave model including the stan-
dard Degasperis-Procesi equation, we obtain the conditions to guarantee the wave

breaking of the solutions.

In Chapter 8, we summarize the main results obtained in this thesis and

discuss several problems to be considered in the future.



CHAPTER 2

Literature Review

In recent decades, many investigations have been carried out worldwide to s-
tudy the Benjamin-Bona-Mahony model, the Benjamin-Bona-Mahony-Burgers
equation, the Cammassa-Holm (CH) equation, the Degasperis-Procesi (DP) e-
quation and the Novikov equation [3,4,17,29-32]. Various approaches to probe
the dynamical properties of these nonlinear partial differential equations and their
generalizations have been established [11-16]. Based on the recent development
in this field, our research focuses on the study of a generalized Benjamin-Bona-
Mahony-Burgers model, a generalized Degasperis-Procesi model and three inte-
grable non-evolutionary equations, which are related to the CH equation, the
DP equation and the Novikov equation, because these equations have similar

dynamical properties [20,21,43-45,48-50,52].

2.1 Background of the Benjamin-Bona-Mahony-
Burgers type equations

The Benjamin-Bona-Mahony-Burgers equation takes the form

Up — Uppy — AUgy + bty + uPu, =0, (2.1)
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where a > 0 is a constant, b is an arbitrary constant, and integer p > 1. Setting
a=0,b=1and p =1, Eq.(2.1) is turned into the Benjamin-Bona-Mahony model
(see [5,7,89]).

Many researchers have investigated the Benjamin-Bona-Mahony-Burgers e-
quation and its various generalizations. Benjamin et al. [5] discover the nonlinear
stability of nonlinear periodic solutions of the regularized Benjamin-one equation
and the BBM equation associated with perturbations of the wavelength. The long
time existence result for the Cauchy problem related to the BBM-Boussinesq sys-
tems has been studied in [6]. Chen and Wang [8] give a stability criteria for the
solitary wave solutions of the Benjamin-Bona-Mahony-Burgers equation which
contains coupled nonlinear terms. The periodic initial value problem which con-
tains the generalized Benjamin-Bona-Mahony equation with generalized damp-
ing on one dimensional torus is considered in Kang et al. [56]. It is pointed
out in Mei [84] that the good predictive power in Eq.(2.1) is meaningful in the
physical sense. Equation (2.1) and the Benjamin-Bony-Mahony equation possess
the same dispersive effects [84]. The tanh technique with the aid of symbolic
computational system is employed to find the exact solutions of BBMB-type e-
quations [89]. The homogeneous balance method and symbolic computations are
employed in [1,89] to find the exact expressions of traveling wave solutions for
the Benjamin-Bona-Mahoney equation. Other dynamical properties relating to

Eq.(2.1) are discovered in [51,92,93].
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2.2 Background of the related nonlinear equa-
tions

The standard Camassa-Holm(CH) equation takes the form
Uy — Upgr + QUL + 3UU; = 2UpUpy + Ulyyy, « = constant, (2.2)

which is first discovered by Fuchssteiner and Fokas [30]. Camassa and Holm later
derived it as a water wave model [19]. Its alternative derivations are conducted
in Constantin and Lannes [13], and Johnson [52]. Several conservation laws are
found for Eq.(2.2) (see [24,65,78]). Eq.(2.2) has solitary wave solutions if o > 0
or peaked solution if & = 0 (see [14-16]). The geodesic flow properties of Eq.(2.2)
are discussed in [18,57,74].

Degasperis et al. [22] investigate the integrability of the peaked Degasperis-

Procesi (DP) equation
Up — Uy + 4UU$ - 3u$u$z + Ul gy, (23)

which is derived in [23].

In fact, many scientists have been devoted to the investigations of various
dynamical properties of the CH and DP equations. The global conservative so-
lutions and dissipative solutions to Eq.(2.2) are discovered in Bressan and Con-
stantin [3,4]. The global strong and weak solutions, and blow-up phenomena
for CH equation are studied in [12,26,27]. Sufficient conditions to guarantee the
wave breaking for nonlinear nonlocal equations including the CH model are given
in Constantin and Escher [14] in which several meaningful conclusions are drawn.

Nonlinear dispersive wave equations relating to (2.2) and (2.3) are discussed in
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Escher and Yin [26] while the global weak solutions and blow-up structures are
considered in [25,27,69,70] by imposing certain restrictions on the initial bound-
ary data. The asymptotic stability and controllability for the CH equation are
studied in Glass [42]. It is shown in Xin and Zhang [101] that Eq.(2.2) has global
weak solutions in H'(R) without the assumption of sign condition (also see [9]).
The existence of local weak solutions and the well-posedness of local strong solu-
tions for Eq.(2.2) in the Sobolev space are established in Li and Olver [66] where
a sufficient condition for blow-up solutions is found. The long time properties
of low regularity solutions for Eq.(2.2) is given in Li [67]. The traveling wave
solutions to the CH and DP models are classified in Lenells [63,64]. Employing
an appropriate Kodama transformation, Dullin et al. [24] derive Eq.(2.3) from
the shallow water elevation model. Vakhnenko and Parkes [96] find many travel-
ing wave solutions for Eq.(2.3). An inverse scattering technique to find n-peakon
solutions to the DP model is employed in Lundmark and Szmigielski [71]. If
the sign condition of the initial data holds, the stability of peakons for the DP
equation is considered in Lin and Liu [68]. Matsuno [72] discusses multisoliton
solutions and peakon limits for Eq.(2.3). The infinite speed of propagation for the
smooth solutions to Eq.(2.3) is studied in Henry [46]. Coclite and Karlsen [11]
obtain existence of entropy solutions for Eq.(2.3).

Novikov [87] derives the integrable equation with cubic nonlinearities

Up — Utgy + 402Uy = SUULUpy + U Uy (2.4)

Grayshan [41] investigates the peaked solutions of the Novikov model (2.4). The
CH, DP and Novikov equations have similar peaked properties (see [75,79, 95,
97-100]). The well-posedness for Eq.(2.4) in the Sobolev space are studied in Hi-
monas and Holliman [47]. If the sign condition about the initial data holds, Lai

and Wu [58] discuss global strong solutions to Eq.(2.4) in C'([0,00); H*(R)) N
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C([0,00); H*(R)) if s > 2. Applying the Kato theorem, Ni and Zhou [36]
demonstrate the well-posedness of local strong solution of Eq.(2.4) in H*(R) if
the index s > % The persistence properties of the smooth solution to Eq.(2.4) are
also found in [86]. Mi and Mu [85] consider the Cauchy for a modified Novikov

equations and find its weak solution. A weakly dissipative Novikov equation is

studied in Yan et al. [107].

In fact, establishing integrable equations is one of the important duties for
mathematical experts in the field of partial differential equations [33,34, 39, 73,
88,102-106,108]. Novikov [87] studies the problem of integrability to the following

Camassa-Holm type equation

Ut — Upgy = F(u7umumaz7uwxaﬁ> ce ')a (25)

where F'is a polynomial about u, u,, Uz, Uz --. Using the existence of an infinite
hierarchy of (quasi—) local higher symmetries as a definition of integrability,
Novikov [87] derives and finds many integrable equations with quadratic, cubic
and quartic nonlinearities which include Eqgs.(2.2),(2.3), (2.4) and the equations
which we will investigate in chapters 4, 5 and 6.

For other investigations on the Camassa-Holm equation, the Degasperis-Procesi
model, the Novikov equation and several other related partial differential equa-
tions, we refer the readers to the literature [60-62,80-83,91] and the references

therein.



CHAPTER 3

Global weak solutions and L1 local
stability to a generalized
Benjamin-Bona-Mahony-Burgers

equation

In this chapter, we discuss the Cauchy problem for a generalized Benjamin-
Bona-Mahony-Burgers (GBBMB) equation. If the initial value is in H'(R), it
is shown that the GBBMB model has at least one global weak solution in the
space C([0,00) x R) N L>®([0,00); H'(R)). The key elements in our proof of the
existence of global weak solutions include establishing a space-time higher inte-
grability estimate and a super bound estimate on the first order spatial derivatives
of the solution. Subsequently, we investigate the local stability for the GBBMB
equation. If the initial value belongs to the space L!'(R) N H'(R), assuming that
the GBBMB equation has strong solutions, and employing the tool of doubling
the space variables provided in Kruzkov’s work [53], we prove that the strong

solution possesses L'(R) local stability.

11
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3.1 General

Firstly, we introduce some notations used in this chapter.

Let L = L*(R) represent all the functions g(t, z) satisfying

| g lLe= inf sup |g(t,z)| < oo,
m(©)=0 peR)\ e

where m denotes the measure.
Let R = (—o00,00). We write notation C§° to represent all functions g(t, x) €
C> which have compact support in the domain [0, +o00) x R.

Assume that LP = LP(R) (1 < p < 00) contains all functions g with the norm

1l ( [ lott.0)Pds)” < oc.

We let H® = H*(R) represent the Sobolev space with norm satisfying

2

ngm;(éu+m%mme)<m,

where s is an arbitrary real number, §(t,n) = [°._ e ™g(t,z)dx. Namely, j(t,n)
denotes the Fourier transformation of function g(¢,z) about variable x.

For T'> 0 and s > 0, let C([0,7); H*(R)) represent the Frechet space of all
continuous H*-valued functions on the interval [0,7") (see [54,55]).

Set A = (1— 8%)%. For simplicity, let ¢ represent any positive constant which
does not rely on the parameter .

In this chapter, we consider the Cauchy problem of the following generalized

Benjamin-Bona-Mahony-Burgers equation

Uy — Upgy — AUgg + DUy + UPUL + Klge, = 0, (3.1)
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where a > 0, b, k are constants, and the integer p > 1.

As illustrated in section 2.1 of this thesis, the existence of global weak solutions
and strong solutions for Eq.(3.1) with & = 0 has been investigated by many
scholars. Omne task of this chapter is to establish the existence of global weak
solutions for (3.1) with the term kug,, (K # 0) under the assumption that its
initial value belongs to the space H'(R). The other is to consider the local
stability of its strong solutions.

Here we address that the approaches in [101] will be used to prove our main
result (also see [9]). After we obtain the higher integrability estimate (3.27)
and the one-sided super bound estimate (3.33) in section 3.3, considering the
derivative ¢. = % (see (3.19)), which is only weakly compact, we will show
that the derivative converges strongly. Namely, we will prove that this weak
convergence is equivalent to strong convergence.

The structure of this chapter is as follows. We provide the main conclusions
in section 3.2, and various lemmas about the viscous approximation problem are
given in section 3.3. We prove strong compactness of the spatial derivative of
solutions for the approximation problem and give the proof of existence of global
weak solutions in section 3.4. The L!(R) local stability is investigated in section

3.5.

3.2 Main results

We write the Cauchy problem for equation (3.1) in the form

Up — Upgpe — QUgg T bum + upum + kuwmr = 07

u(0,x) = up(x).

(3.2)
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Applying the operator A2 = (1 — 6‘9—;)_1 on the first equation of problem (3.2),

we have

u — kugy + au — aA"?u + A720, [(b + k)u + ﬁu”“] =0, (33

u(0, ) = ug(x).

In fact, for function g(t,x) € LP(R), (1 < p < oo)or || g(t,-) ||Lem)< 00, we

have

1
_92 _

/ " iy (e, y)dy. (3.4)

o0

Using integration by parts and Eq.(3.1), we derive that

o] t o] o]
/ (u® 4+ u2)dz + 2a / / udrdt = / (ug + ug,)dz, (3.5)
—00 0 —00 —00

where g, = 8“530’96). From (3.5) and condition a > 0, we obtain

|l < || uo [[m (), (3.6)

where the constant ¢ > 0.

We now introduce the definition of global weak solutions (see [101]) below.
Definition 3.1. A function u : [0,00) x R — R is called to be a global weak
solution to the Cauchy problem (3.2) or (3.3) if
(i) u € C(]0,00) x R) N L=([0,00); H'(R));

() || u(t, ) @<l vo [l ®);
(111) u(t, x) is the solution of (3.83) in the sense of distributions.

Now we state the main results in this chapter.

Theorem 3.2. Let constant a > 0, up(z) € H'(R) and ]8“80—56” < 00. Then

there exists at least one global weak solution u(t,x) to problem (3.2) or (3.3)
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in the sense of the Definition 3.1. In addition, the global weak solution has the
following properties.

(a). There exists a positive constant co, which relies only on || ug || g () and the
coefficients of Eq.(3.1) such that the one-sided estimate on the first order spatial

derivative

< co(l + e ), for (t,x) €[0,00) x R (3.7)

holds.
(b). For any T € (0,00), there exists a positive constant ¢y, which relies only on
| wo ||y and the coefficients of Eq.(5.1) such that the space higher integrability

estimate

t e’} 4
/ / (au(t"”)‘ drdt < eTeT  t € [0,T] (3.8)
0 —00 0:17

is valid.

Theorem 3.3. Assume that Eq.(3.1) has two strong solutions ui(t,x) and
us(t, z) associated with u;(0,z) = u;p € L'(R) N HY(R),i = 1,2. Suppose that
both uy(t,x) and us(t,z) have a maximum ezistence time Ty. Then, for every

t €[0,Tp),

| ui(t,-) —ua(t, ") (1)< ce || uyp — ugp 21 (®), (3.9)

where constant ¢ > 0 depends on || uip ||m @) and || uzp || ).

Theorem 3.4. Suppose that u(t,x) is a strong solution of problem (3.2) asso-
ciated with initial value u(0,z) belonging to the space L'(R) N H'(R). Then the
strong solution is unique.

Theorem 3.3 directly yields Theorem 3.4.
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3.3 Viscous approximations

Set

62271—1, x| <1,
W) = (3.10)

0, lz| > 1

and . (z) = e~ 9p(s7x) where 0 < ¢ < L.

Define the convolution

Moo = Yo % tlg = / bz — y)uo(y)dy. (3.11)

We know that u.g € C™ for any up € H*(R)(s > 0) (see Lai and Wu [58, 59])

and
|| Ue 0 ||H1(]R)S|| U ||H1(R) and Ue.0 — Ug n HI(R> (312)

We aim to show that system (3.3) has global weak solution. Firstly, we handle

the viscous approximation problem

us — k%= 4 qu. — aA"u. + A0, ((b + k)ue + ﬁwg“) — 5%’ 3.13)

u:(0,z) = ucp(x).

The convergence of smooth solution {u.} and % will be analyzed.
Now we give the well-posedness conclusion for system (3.13).

Lemma 3.5. Let uyg € H'(R). Then, there exists a unique solution u. €



3.8 Viscous approximations 17

C(]0,00); H7(R)) (o > 2) to problem (3.13) with u. satisfying

ou b du
2 €\2 £1\2
/ﬂ{(ue—i-(ax))dx—i-Qa/o /_oo(ax)dxds

' aua 82’&5
+25/0 /R |:( ox )2 + ( 92 )2] dxzds :H Ue 0 ||%11(R)7 (314)

or

0

Ue
O (5,-) ||?{1(R) ds

t
et ) () +2 / ||
0

b ou. ., B )
+2a ; _OO( 8x> dxds =|| Ue,0 HHI(R) ) (3.15)

Proof. For ug € H'(R) and every o > 2, we know that function w. o belongs
to the space C([0,00); H°(R)). Using theorem 2.3 in [10], we derive that there
exists a unique solution u.(t,z) € C([0,00); H?(R)) for system (3.13).

From system (3.13), we get

ou. Fu 0%u ou ou O 0%u J*u
€ o € . € € D € € — £ o €
ot o "o Tlar T s ( 022 Ot ). (316)

Multiplying (3.16) by u. and then employing integration by parts, we have the

following indentity

o0

1d 5 O0Us Oue o
5 R(ug%—(%) >d:r—|—a/ <8a:) dx

—00

+5/R ((881;5)2 + (%2;5)2> (t,2)dz = 0. (3.17)

Integrating (3.17) over [0, ¢] gives rise to (3.14) or (3.15). The proof is completed.
[
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Using the definition of u. o and Lemma 3.5 results in

| e ||z S| ve |ar @) <] e |mr @) <|| wo || a1 @) - (3.18)

Writing %“; = ¢, we obtain

2
0= 09 _0°¢e

ot ox ox?

A2 ((b + k) + ]ﬁu’fl)

— K.(t, ). (3.19)

_ 1
+aq. = ah2q. + (b+ k)u. + mulgﬂ

Lemma 3.6. For K.(t,z), if up € H'(R), then

| Ke(t, ) [[zem =< e, (3.20)

| Ke(t,) 2w < e, (3.21)
OK.(t, -

| % 2 < ¢ (3.22)

where ¢ depends only on the coefficients of Eq.(53.1) and || uo || g (w)-

Proof. Applying the property of operator A=2, we obtain

1
—2 p+1
A ((b+k)u€+k+1u€ )
1

oo 1
— — —‘I—y‘ p+1
5 /_ooe ((b—l—k‘)ug—i— e >dy (3.23)
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and

_ 1 [~ ., 0u:
A2l =1y [ S

—00

L /Z » Gua Ll / 8ua
2° ) 2
l v —y
=|- 3¢ fu.dy + — e uedy|

1 o0
<5 | ety

<e (3.24)

From (3.18), (3.23) and (3.24), we get that (3.20) holds.

Since
1A% @< el ¢ lew<c (3.25)
and

1 1
” (b + kZ)UE T 1u§+1 A—2(<b + k)ug + mui_""‘l) ||L2(R)

<cg, (3.26)

using (3.25)-(3.26), we conclude that (3.21) is valid.
Applying the similar proof for (3.23)-(3.26), we derive (3.22). The proof is
completed. [ |

Lemma 3.7. Let t € [0,T] and ug € H'(R). Then, it holds that
bl r0u(t, x)\ 4 T
s < c1 )
/ / (—&U ) dedt < o TeT (3.27)

where c; > 0 depends only on the coefficients of Eq.(5.1) and | uo || g (w)
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Proof. Multiplying (3.19) by ¢ gives rise to

1d o) 4 o) aq [e%e] 82q [e%e]
il d)—k 39% g 304 / 1d
4dt(/ G /ooqeax g 5/_00%3902 rhaf G

—00 —

= /OO K. (t,x)dz. (3.28)

o0

Using integration by parts, we derive that

o0 a R
/ ¢ a‘:fc da =0, (3.29)

— 37 18 g, 20792
/ Gc 52 0% 3/00 qs(ax) >0 (3.30)

and

‘/OO qus(t,x)dx’ < (/OO |q§|d:v>i(/Oo Kg(t,gn)lldm>le
< c(/_oo |<1§|dx)i

oo

< c(l + /00 |q§|dx>. (3.31)

—00

From (3.28)-(3.31), we get

%(/“ quaz> < c(l + /OO ]qﬁ]dx). (3.32)

—00 — 00

Integrating (3.32) on the interval [0, ¢] and using the Gronwall inequality, we get
that (3.27) holds. [
Lemma 3.8. Assume a > 0, ug(z) € H'(R) and lauao—m\ < 00. Let u. = u(t, )

T

be the solution of (3.13). Then, the following one-sided L™ norm estimate on the
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first order spatial derivative holds

Ou.(t,x)

o <c(l+e ™ <2, if (t,z)€[0,00) xR, (3.33)

where the constant ¢ > 0 depends only on the coefficients of Eq.(3.1) and ||

Uo ||H1(R)-

Proof. From Lemma 3.6 and (3.19), we have

2
0¢: _,0¢: 07

ot ox 0x?

+aq. = K.(t,z) <c, (3.34)

where ¢ > 0 is defined in Lemma 3.6 and a > 0 is assumed in (3.1).

Let f = f(t) satisfy the problem

df aus,O

pr A f(0) =] pe | oo (m) (3.35)

where sup ¢.(t,z) = f(t). Using the comparison principle to parabolic equation-
TER

s(see [101]), we conclude that
qe(t,z) < f(1). (3.36)
Solving the ordinary differential equation (3.35), we have
t —
f=e""g(0) —i—/ ce® dr) < c(l+e ™) < 2c.
0

The proof is completed. n

Lemma 3.9. Let uy(z) € H'(R) and |a”ao—£m)| < o0o. There exists a sequence
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{ej}jen tending to zero and a function K € L>(]0,00) x R) such that

K., —» K strongly in  C([0,00) x R), (3.37)

where

ul’+1

K(t,z) = aA g+ (b+ k)u +
R

—A? ((b + k)u + up+1> :

p+1

Proof. For simplicity, we use notations u = u. and ¢ = ¢.. By calculation, we

obtain

dK.
dt

=aA2q + (b+ k)uy + vPu, — A2 [(b + k)ug + uput}

= aN?[kqy + eque — aq + K.(t,2)] + (b + k + uP)

1
1up+1] + &?um>

X (kux —au+ alN*u — A20,[(b+ k)u + p

—A‘Q{(b + k +uP)(ku, — au + aA™u

1
P+ 1“p+1> + 5“”}

= G,A_Q[k'qx + eqpe —aq + K (t,x)] + 1. (3.38)

_A—an((b + R+

We derive that

I A%q 2 <l a 2w < o

| A q e <l 4 2w < © (3.39)
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and

I A% Gow 2@ <Il ¢ = A%q || 12r)
<cllqllew + 1| A% 2w

<c. (3.40)

From Lemmas 3.6 and 3.7, we obtain

| ATK (2w <|| K- ||2@) < c. (3.41)

Similar to the proof of (3.39)-(3.41), we have

[ 11 2w < c. (3.42)
It follows from (3.38)-(3.42) that
dK.
2 . 3.43
| 0t lz2m) < 00 (3.43)

Since every term of K.(t,x) possesses the same property as the function
K (t,z) does, making use of Corollary 4 on page 85 in Simon [94], we can find a

subsequence of €; — 0, still represented by ¢, such that

1
uigjl —A? ((b + k)ue,; + —up+1>

1
—2
ng:aA q5j+(b+k)uaj+p— P

+1
— K strongly in C([0,00) x R).

It completes the proof. [ |

Lemma 3.10. Ifug(x) € HY(R), there exist a function u € L>([0,00); H'(R)) N
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HY([0,7] x R) and a sequence {c;}jen, € — 0, such that

u.,, ~u in HY[0,T] xR), foreach T >0, (3.44)

Ue, — U in L (]0,00) X R). (3.45)

We notice that the proof of Lemma 3.10 is similar to that of Lemma 5.2 in [9].
We thus omit the proof.
We employ overbars to represent weak limits which are taken in the space

LT‘

loc

([0,00) x R) with 1 < r < 2.

Lemma 3.11. Let ug(x) € HY(R). There exist two functions ¢ € L¥ ([0,00) x

loc

R),1<p<4,q¢clL] ([0,00) xR),1<7r<2and a sequence {ej}jen, €, =0,

loc

such that
g, =~ q in Ly ([0,00) x R),
1oc([0,00) X R) (3.46)
ge; —q in Li([0,00); L*(R)),
g2, =~ in Li([0,00) x R), (3.47)
¢(t,x) < @2(t,x)  for almost every (t,z) € [0,00) x R (3.48)
and
ou ‘ L .
9, =4 the sense of distributions on the domain [0,00) x R. (3.49)
x

Proof. Using Lemmas 3.5 and 3.7, we obtain (3.46) and (3.47). Using weak con-
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vergence in (3.47) results in inequality (3.48). From the definition of ¢., Lemma
3.10 and (3.46), we get that (3.49) holds. [
Choosing an arbitrary convex function ¢ € C*(R) satisfying that ¢’ is bounded

and Lipschitz continuous on R, and making use of (3.46), we acquire that

#(gs) = ¢lq) in Ly, ([0,00) xR), 1<p<d4, (3.50)
o(ge) = o(q) in Li5,([0,00); L*(R)). (3.51)

Multiplying Eq.(3.34) by ¢'(q.) yields

9 o)~ k2UE) _ TOG) oy (O

= —aq-¢'(q:) + K:(t, )9 (ge)- (3.52)

Lemma 3.12. Let a > 0, ug(x) € H'(R) and |6“° | < oo. For an arbitrary
convex function ¢ € C1(R) with ¢ being bounded and Lipschitz continuous on R,

it holds that

09 0 54) < ~aad @) + K (t.2)9a)

(3.53)

where (3.53) holds in the sense of distributions on [0, 00) xR and q¢'(q) represents
the weak limits of q-¢'(q.) in L], .([0,00) x R), 1 <71 < 2.
Proof. In (3.52), applying Lemmas 3.9, 3.10, 3.11 and the convexity of function

@, letting ¢ — 0, we completes the proof. [ |
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From (3.46) and (3.47), we have

q9=q-+q+ =q9- +4q+,
¢ = (q-)* + (¢4)%, (3.54)

where (3.54) holds almost everywhere in [0,00) x R and the notations 7, :=
Mx[0,400) ()5 M= 1= Ny(=o00,0 (1) for n € (—00,00) (Here x g denotes the characteris-
tic function of the set E, namely, xg(z) = 1if z € E; xp(z) =0 if z€FE).

Using (3.46) and Lemma 3.8, we obtain
q:(t, o), qit,r) <c(l+e ™), t>0, z€R. (3.55)

Lemma 3.13. In the sense of distributions on the domain [0,00) X R, if up(z) €

HY(R), then

— —k—=—aqg+ K(t,z). (3.56)

Proof. Using Lemmas 3.9-3.11 and (3.19), by letting ¢ — 0 in (3.19), we get
that (3.56) holds. [
For a generalized formulation of (3.56), we have the following conclusion.
Lemma 3.14. For each ¢ € C'(R) with ¢ € L>(R), in the sense of distributions

on the domain [0,00) X R, if ug(x) € H(R), it holds that

aggi@ B kagf) = —aqd'(q) + K(t,2)¢'(q). (3.57)
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Proof. We choose {15} such that it is a family of mollifiers on R. Denote the
convolution about variable z as gs(t, x) := (q(t,-) * 1s)(x). Multiplying (3.56) by

¢'(gs), we obtain

= a2 = o/ (a5) [ — ags + K1)ty b ] (359)

Making use of the boundedness for ¢,¢’ and taking 6 — 0 in (3.58), we
conclude that (3.57) holds. |

3.4 Strong convergence and proof of existence
of global weak solutions

In this section, we will show that the weak convergence ¢. in (3.47) converges
strongly and then prove our main results. Several lemmas will be established to
handle (? — q2) = 0 almost everywhere in [0, 00) x (—o0, 00).

Lemma 3.15. [101] Assume ug € H'(R). Then

t—=0 [ oo

= * — * 1 Oup\ 2
. 2 T 5 . 0
lim K (t, z)dx = 113%/_0047 (t, x)dz —/ <_8x> dz. (3.59)
Lemma 3.16. [101] If ug € H*(R), for any constant B > 0, then

tim [ (G5 (alt.2)) - oh(at.) ) = 0, (3.60)

t—=0 |
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in which

1.2 -
U Zf ‘77| < B7
op(n) =9 ° (3.61)

and ¢5(1) = d5(N)X(—,01(), O5(1M) == O5(1N)X[0,400) (1), N € R.

Lemma 3.17. [101] For any constant B > 0 and each n € R, we have

o5(n) = 31 — 3(B = [1)*X(—c0mB)n(B,0) (1),
Pp(mn = n+ (B — [n])sign(n)X(—c,—B)n(B,5) (1),
¢j§(77 = %(77+)2 - %(B - 77)2X(B oo>(77),

(3.62)

Lemmas 3.15-3.17 can also be found in [9].
Lemma 3.18. For almost allt > 0, if a > 0, ug(z) € H'(R) and |8“8°—J(:I)| < 00,

then

%/(: ((q+)2 _ qi> (t,z)dx < /Ot /Z K(s,2)[q7(s,2) — q.(s,z)|dsdx. (3.63)

Proof. For any 7" > 0 (0 < t < T), from Lemmas 3.8 and 3.16, we choose

the constant B sufficiently large. Subtracting (3.53) from (3.57), and using the
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definition ¢, we get

%<¢E(Q) - ch(Q)) lrm [¢E(Q) - ﬁbE(Q)}
< —a|a(95) (@) — a(65) (@] + K () (05 (@) - (65)'(@)). (3.64)

Note that
~a(a(@h) (@) - al6}) (@) <0,

Let B be sufficiently large and Qg = <B+26, oo) x R. In Qpg, we have

o5 =5(q4)%  (05)(0) = a4,

o5(q) = 3(q4)?,  (05)(q) = T+

(3.65)

Integrating inequality (3.64) over <B+26, t> x R, for almost all ¢ > 515, yields

5[ (@r-do)a
1 1

< Jim [ [ ) — 50 g )] o

+ /1 /Z K(s,2)[qr(s,x) — q(s,z)|dsdx. (3.66)

a(B—2c) -

Using Lemma 3.16 and letting B — oo, we complete the proof. [ |

Lemma 3.19. Ifa >0, t > 0, ug(z) € H'(R) and |22%)| < oo, then

/ Z (cb;(q) - ¢;(q)) (t,x)dz < /0 t / Z K(t,x) ((gzﬁ]})’(q) — (¢;)'(q))dsdx,
(3.67)

where B is sufficiently large.
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Proof. Subtracting (3.53) from (3.57) and making use of the entropy ¢z, we

derive that

9 (55@ — 03(0)) — k~-[630) ~ 65(0)]

< —a|a(05) (@) — a(65) (@)] + K (t.) ((¢5) () - (¢3) (@) (3.68)

Similar to the proof of Lemma 3.18, integrating inequality (3.68) directly com-
pletes the proof. [ |

Lemma 3.20. Let the assumptions in Theorem 3.2 hold. Then

2

@2 =q* almost everywhere in [0, 00) X (—00, 00). (3.69)

Proof. Employing Lemmas 3.18 and 3.19 leads to

[ (lar- @+ [ - ) Jaoe

</ t /- K(s,x><[m—q+} +[<¢;>'<q>—<¢g>'<q>]>dsdaa (3.70)

Using Lemma 3.17, we have

550) — 65(0) = 5 (WP — (@) + 5(B + X (0)
—%(B + ¢)*X(—o0,-5)(0). (3.71)

Applying Lemma 3.9, we can choose a constant C' > 0 depending only on

| w0 || 1 (ry to satisfy

|| K(t,$) ”LOO([O,OO)XR)S C. (372)
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Making use of Lemma 3.17 and (3.54) yields

7t +(95)' (@) = ¢ — (B + ¢)X(—00,-B)(9),

4+ + (65)' (@) = ¢ — (B + @)X (~,—B)-

(3.73)

Employing the convexity of the map n — ny + (¢5)'(n), we obtain that

0 < [gx — a+] + [(¢5)(2) — (¢5)(a)]

= (B4 ¢)X(—c0—B) — (B + @) X(=00,—5)(q)- (3.74)

Then, from (3.70), (3.71) and (3.74), we have

o< [~ 5@ - @) + (45 - )| .00o

[e.9]

—0 as B — 0. (3.75)

Letting B — oo, for any t > 0, we obtain

0< / (? - q2> (t,2)dz = 0. (3.76)
We conclude from (3.76) that (3.69) holds. The proof is completed. |

Proof of Theorem 3.2. Applying Lemma 3.9, (3.12) and (3.15), we conclude

that (i) and (ii) in Definition 3.1 hold.

To complete the proof of (iii) in Definition 3.1, we utilize Lemma 3.20 to

obtain

g- —q 1in L?

loc

([0,0) x R). (3.77)

From (3.37), (3.77) and Lemma 3.10, we conclude that u(¢, x) is a global weak so-
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lution to problem (3.3). From Lemmas 3.7 and 3.8, we derive that the inequalities

(3.7) and (3.8) are valid. The proof is finished.

3.5 L' local stability

Firstly, we state some notations which will be used in this section.
Set Wr = [0,T] x R for every T' > 0. We use notation C§°(Wr) to represent
all C'*° functions which have compact support in the domain Wp. Assume that

the function ¢ (<) belongs to C§°(R) such that

¢0(§) Z 07
Po(c) =0, if |¢|>1,
I dols)ds = 1.

For any real number h > 0, setting ¢p(s) = w, we know ¢p,(¢) € C°(R) and

(3.78)

where ¢ > 0 represents a constant.

For locally integrable function A(z), x € (—o0, 00), its approximation function

is defined by

Vi@ = [ oy o
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If xq is a Lebesgue point of A(x), we have

£B0+h
hgtl) h/ Mzo)|dz =0

and

lim A" (z0) = A(zo).

h—0

Therefore, we have that if h — 0, then A*(z) — A(x) almost everywhere.
If || u || oom)y< 00, we choose Ng > sup || u |[zem®) and M > Ny. We define

tel0,00)
the cone J as

J:{(t,x) ‘ 2| < M — Not, 0<t<To:min(T,MNc71)}'

Suppose that S, denotes the cross section of J when ¢t = 7,7 € [0, Tp]. For a real
number r > 0, we set G, = {xz : ’]a:| <r}.
Lemma 3.21.( [53]). If € € (0,min[r,T]), h € (0,¢) and g(t,x) is measurable

and bounded in the domain [0,T] x G,, for the function

/// \g(t, z) — g(7,y)|dzdtdydr, (3.79)

where

t— t
D:{<t,I7T,y)‘ |TT|§h7€§%§T_ |—|<h’|x+y‘<r_€}7

then lim V}, = 0.
h—0

Lemma 3.22.( [53]). Assume that |8E(“)| is bounded for —oco < u < 0o. Then

|sign(u; — ug)(E(u1) — E(ug))| < L|uy — usl, (3.80)
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where L > 0 s the Lipschitz constant.

Applying operator A™2 = (1 — 88—;2)*1 on Eq.(3.1), we have

wy — kg + au — aA™?u + A2 <(b + k)u + up+1> = 0. (3.81)

T

p+1

From (3.5) and (3.6), we derive that || u ||1~< oo if ug € H'(R). For concise-

ness, we write

F,(t,x) = au — aA " u + A2 ((b + k)u + up+1>
Lemma 3.23. If ug(z) € H'(R), then
| Fu @< C, (3.82)

where the constant C' > 0 depends on the coefficients of Eq.(3.1) and the norm

| uo ||H1(R)-

Proof: By calculation, we have

/ e~ e vldy = 2.

Using ug(z) € HY(R), (3.5) and (3.6), we obtain that | u ||z=< oo and ||

A2 || e < 00
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If the function G(t,z) € L*¥(R) or G(t,z) € L (R) (1 < py < o0), we have

_ 1 [~ .. 0G(ty)
A20,G(t ‘:)_/ |my|_vd’
0,G(t, x) 5 _ooe o Yy
Lo [T Lo [T
= ’56 e VGt y)dy — e e’G(t, y)dy
I
< 5/ e VGt y)|dy
<[l G [lz=, (3.83)
which derives that
A2 ((k + bu+ ——=w*) | <C.
The proof is completed. n

Lemma 3.24. Suppose that u(t,z) is a strong solution of Fq.(3.1). For an

arbitrary constant vy, if u(t,xz) € C§°(Wr), then

// {|u — Y| — k|u — y|pe — sign(u — v) Fu(t, :E);L}dxdt =0. (3.84)
Wy

Proof: Assume that L(u) is a smooth function if u € (—o0,00). We employ
L'(u)u(t, x) to multiply Eq.(3.81) and integrate by parts, for any constant 7, we

then obtain

and

// {L(U),ut _ [/j kL' (z)dz]p, — L' (u)F,(t, ZE)AL] dxdt = 0. (3.85)

Wr
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Let L"(u) be an approximation of |u — «|. Replacing L(u) by L"(u) in (3.85)
and letting h — 0 produce the desired result. The proof is completed. [ |
We should address here that the approach to prove Lemma 3.24 can be found
in [53].
Lemma 3.25. Suppose that Eq.(3.1) has two strong solutions uy (t, ) and uy(t, )

associated with u; o = u;(0,z2) € LY(R)N HY(R),i = 1,2. If u € C5*(Wy), then

| /:: sign(u, — us) [Ful(t, x) — F,(t, x)}udﬂ

< C/ |uy — usldz, (3.86)

where C > 0 depends on || uyo [|m®), || v20 ||m1w) and pu(t, x).

Proof: Applying the property of A= and using inequality (3.83) produce

’A‘Q[ul(t, r) — us(t, )|,

1 o0
< = —lz—yl
<5/

<|| ur —u2 || 1wy - (3.87)

uy (t,y) — usl(t, y)’dy

Using || uy ||z <|| u1,0 ||y, || w2 [[2o<]| 20 |2 ®) (see (3.6)) and inequality

(3.83) gives rise to

A2t 2) = g (2

1 o0
< = —lz—yl
<5/

S C || U — U2 ||Ll([[g)7 (388)

Bt y) — bt y) ‘dy

where c relies on || u;o ||g1(r),? = 1,2. The proof is completed by using (3.87)
and (3.88). |
Proof of the L' local stability

Using the methods in [53], we will prove Theorem 3.3.
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For T > 0, we write Wy = [0,7] x R. We choose u(t,z) € C5°(Wr) and

p(t, x) = 0 outside the region

Qo={(t,x)} =[e,T —2¢] x Gy_2¢, 0<2¢ <min(T,r). (3.89)
Let
7= o en ) = o), (3.90)

By calculation, we get

Je+ I = el )pn(*),

Jo+ Jy = pa (- ) pa(*).

(3.91)

Choosing u; = uy(t,x) and v = uy(7,y) for a fixed point (7,y), and using the

definition of u(t,x) and Lemma 3.24, we obtain

//// {|u1<t’x) = uz(7,y)[ e = Kfua(t, ) — ua (7, y)lJa

WT X WT

—sign(ui(t, z) — ua(7,y)) Fu, (1, :E)J}da:dtdydT = 0. (3.92)

In exactly the same way, we have

//// {lua(ry) = wi(t.2)|J; = klua(7.9) = w(t2)],

W xWrp

—sign(ua(T,y) — ui(t, z)) Fu, (T, y)J}dxdtdydT = 0. (3.93)
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Adding (3.92) and (3.93) together yields

0< ////{|u1(t,x) ()| (o + )

WT X WT

—klui(t,z) — us(7,y)|(J + Jy)}dxdtdydT

+‘ / / / / sign(ui(t, x) — ua(7,y))(Fu, (t, ) — Fu, (7, y))Jdrdtdydr

WTXWT
= /// KydzxdtdydT + | //// Kydzdtdydr|
WTXWT WTXWT
= X, + Xo. (3.94)

We shall prove that the inequality

0< // [l (1, 2) = sl ) g — Rl (0. 2) — wa(t, )| }

T

W-
+

// sign(uy(t,x) — ug(t, x))[Fu, (t, ) — Fu,(t, x)]ud:vdt‘ (3.95)
Wr

holds.
In fact, the integrand of X; in (3.94)(namely K7) can be expressed by the

form

In=1(t,x, 7, y,us(t, z), us (7, y)) pr(*). (3.96)

Noticing the choice of J, we obtain [, = 0 outside the region

{(t,z;7,y)}

:{egH—TST—%, ik RPN ot | RPN k| gh}.
2 2 2 2

(3.97)
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Thus, we have

//// Iydzdtdydr = //// [I(t,x,T,y7u1(t7x)7U2(7—’ y))

WT X WT WT X WT

—I(t,z,t,x,ui(t,x), us(t, x))} y(x)dxdtdydT

//// (t, 2,8, 2, ur(t, @), ua(t, ) pr (x) dwdidydr

WTXWT

= [11(h) + [12. (398)
Using |p(x)| < 7z, we have

h + —/// luy (¢, x) — uao(7, y)|dedtdydr |,

[u(h)] < c

(3.99)

where D is defined in Lemma 3.21, ¢ > 0 does not depend on the parameter h.
From Lemma 3.21, we know that I;(h) — 0 if A — 0.

Letting t = oy, t_TT = g, 7 = 31, 55¥ = [, we obtain

h 00
/ / pr(ag, Bo)dandBs =1 (3.100)

hJ—x

and
Iy =4 [Ih(@l,51,041,51,U1(CY1751),U2(Oé1,51))
W//T/

X{ /_]; /_OO Ph(azaﬁz)d%d@}] dpidoy

= 4// I(t,x,t,z,uy (t, x), us(t, x))dadt. (3.101)
Wr
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From (3.98) to (3.101), we have

}Lil% //// Iydxdtdydr = // (t,z,t,x,ui(t, x), us(t, x))dxdt.
—

WT X WT

Since

Ky = sign(uy(t,z) — us(7,y)) (Fu, (t, ) — Fuy (7,9)) (- - ) pu ()

and

/// Kydxdtdydr

W xWr
— //// <K2(t7$77—7 y) — KQ(t,ZE,t,IE)>dxdtdyd7-
WopxWp
Jr/// Ko(t,x,t, x)dxdtdydr
WpxWrp

= Iy (h) + Ia,

we derive that

|15 (h)| < c(h—l— —/// |Fy, (t,z) — Fouy (T, y)]da:dtdyah)

where D is defined in Lemma 3.21.

40

(3.102)

(3.103)

(3.104)

(3.105)

Applying Lemmas 3.21 and 3.22, we acquire I5;(h) — 0 when h — 0. Using
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(3.100) gives rise to
Iy = 2° // [Kz(ah51,0417517U1(0417ﬁ1)7Uz(@hﬁﬁ)
Wr

X{ /’; /°° ph(a2,52)da2dﬁ2}] daydfy

:22/ Ko(t, z,t,x,ui(t, x), us(t, x))dadt

_ 4 / / sign(us(t, z) — ua(t, 2))(Fu (£ 3) — Fo, (b, 2))u(t, o) dzdt.

(3.106)
From (3.102) and (3.106), we have proved that (3.95) is valid.
Set
Wi(t) = /_: lu (t, ) — ua(t, x)|d. (3.107)
We define
o) = [ o (v() =an(0) 2 0). (3.108
If ry <19, 1 €(0,7T5) and r5 € (0,T}), we set
= [vp(t —r) —op(t —ro)|m(t,z), h <min(ry,To—re), (3.109)
where
n(t,z) =m.(t,x) =1 —vp(Jz| + Not — M +¢), ¢>0. (3.110)

Letting € be sufficiently small, we derive that u(t,z) = 0 outside the region
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Qp and 7(t,x) = 0 outside the area J. In the region (¢, x) € 1, we have
O:7Tt+N0|’7Tx| Zﬂ't—i-Ng’ﬂ'x. (3111)
Using the inequality (3.95), and (3.108)-(3.111), we derive that

o< [[{ientt =) = onte = ralimlus(t. ) - wa(t, ) Yo

W,

+‘ // [Uh(t — 1) — ot —re) |V (t, x)m(t, :v)dxdt’, (3.112)

Wr,

where U (t,x) = [Fy, (t,x) — F,(t,x)]sign[uy (t, z) — us(t, x)].

Using (3.112) results in

o< [ [ {ioute =) = ontt - b, ) ~ ot 0 Y

+AR(m@—m>—ma—mﬁy/Zwmxmuﬁmﬂﬁ7
(3.113)

which together with Lemma 3.25 produces

o< [ [ {ioute =) = ontt - b, ) — vt o) Jaaa

[e.9]

To
—I—C/ <Uh(t—’f‘1) —Uh<t—7“2)> / |U1 —U2|dl'dt,
0

—00

(3.114)

where ¢ > 0 does not depend on h.
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Letting € — 0 in (3.114) and M — oo, we get

o< [ {iontt =m0~ ute =l [ ntt0) — e arar
+C/OTO <vh(t —711) — vp(t — r2)> </_Z luy — uﬂda:)dt.

(3.115)

If h < min(ry, Ty — r1), using the definition of ¢, produces

‘/OTO on(t — r)W ()t — W ()| = ‘/OT qsh(t—rl)[W(t)—W(rl)}dt‘

ri+h
< %/ W(t) = W(r)|dt =0 as h— 0, (3.116)
ri—h

where ¢ > 0 does not depend on A.

We define

B(rl):/o Ovh(t—frl)W(t)dt:/O /_t on(0)doW ()dt. (3.117)

Following the similar proof of (3.116), we derive that

To
B'(r)) = — ot —r)W(t)dt - —W(r;) as h—0, (3.118)
0
from which we derive
B(r) — B(0) — / W()de as h— 0. (3.119)
0

Similarly, we get

B(rs) — B(0) — /0 W()de as h— 0. (3.120)
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Using (3.119) and (3.120) derives
B(r1) — B(ra) — / W(E)de as h— 0. (3.121)

Letting 1 — 0, 79 — t (0 < t < Tj), and using (3.116),(3.117) and (3.121),

we obtain
W(t) < W(0)+ c/t W (r)dr. (3.122)

Employing (3.107), (3.122) and the Gronwall inequality, we acquire the desired

result and finish the proof of Theorem 3.3. [ |



CHAPTER 4

Local strong and weak solutions to an
integrable equation with quadratic

nonlinearities

An integrable non-evolutionary partial differential equation, which has quadrat-
ic nonlinearities and possesses quasi-local higher symmetries, is studied in this
chapter. We prove that there exists a unique local strong solution to the equa-
tion in the space C([0,7); H*) N C*([0,T); H*"'(R)) in the case s > 3. We give
a sufficient and necessary condition of the blow-up solutions. For the case of the
Sobolev index 1 < s < %, we prove that the equation has local weak solutions in

H*(R) under suitable assumptions.

4.1 General

Novikov [87] classified and generalized the Camassa-Holm-type equations which
possess integrability and quasi-local higher symmetries. One of the models in [87]

is in the form

2
Uy — Uy + 4utly — 2002 — 200Uty = 602 UL, + 207Ul g0y, (4.1)

45
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where a # 0 is a constant.

Motivated by the works presented in [59,66] and the desire to find the dynami-
cal properties of Eq.(4.1), which has quadratic nonlinearity, we aim to investigate
Eq.(4.1) in this chapter. We prove that Eq.(4.1) has a unique local strong solution
belonging to the space C([0,T); H*) N C*([0,T); H*"'(R)) in the case s > 3 and
find a sufficient and necessary condition for the blow-up solution. For the case of
the Sobolev index 1 < s < %, we show that Eq.(4.1) has local weak solutions in
H*(R). As far as we know, these dynamical properties have not been found for
Eq.(4.1) in the literature.

This chapter is structured as follows. We present the main conclusions in sec-
tion 4.2. The existence and uniqueness of the local strong solution are established

in section 4.3. In section 4.4, the results about the blow-up solution and local

weak solutions are proved.

4.2 Main results

For Eq.(4.1), its Cauchy proplem is written by the form

Uy — 0P Uy + duu, — 2ozuf, — 20Uy, = 602U Uy + 202Ul gpy,

(4.2)
(0, z) = ug(x).

By applying the operator A7? = (1 — a?25)™ on both sides of (4.2) through

922

some derivation, problem (4.2) becomes the following problem

w + 2uu, = AT R0 — 2uu,] — 12,

u(0, ) = ug(x).

The main conclusions of this chapter are stated in following theorems.
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Theorem 4.1. Let s > 2 and uo(z) € H*. Then, problem (4.2) or (4.3) has a
unique solution in the space C'([0,T); H*(R))NCY([0,T); H*~'(R)), where T > 0
depends on the initial value || ug || g-

Theorem 4.2. Assume s > 3, ug(z) € H*. Suppose that u(t,z) is a solution of

problem (4.2) or (4.3). Then, lim || u |
t—T

me= 00 if and only if || ug || Lo m)= 00.
For € satisfying 0 < ¢ < }1, using Theorem 4.1, we derive that there is a unique

solution u.(t,z) in C*([0,7%); H>*(R)) for the following system

Up — P Uy + AUy — 2au§ — 200Uty = 602U Uy + 202 Ul y

u(0,z) = u.o(x).

(4.4)

Here we illustrate that 7. may be dependent on the parameter ¢ and u. () is
defined in (3.11). Under certain assumptions, however, we can find two posi-
tive constants ¢ > 0 and 1" > 0, which do not depend on the parameter ¢, to
ensure that the space derivative of the solution wu.(t,x) to system (4.4) satisfies
| tez ||ze< ¢ if (t,2) € [0,T) x (—00,00). We employ this result to derive the

existence of local weak solutions to problem (4.2).

Theorem 4.3. Assume s € [1,3], || uos || 1< 00 and ug(x) € H*. Then solution

us(t, z) of (4.4) satisfies

|| Uex ||L°°§ ¢, fOTt € [07T)7 YRS (—O0,00),

where T'> 0 and ¢ > 0 do not depend on the parameter €.
Theorem 4.4. Let up(z) € H°, 1 < s < %, | woz ||pe< 00. Then, for suitably
small T > 0, there exists at least one local weak solutions for problem (4.2) in

L*([0,T], H*(R)). Moreover, u, € L*([0,T] x R).
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4.3 Local strong solutions

We recall several statements for the following quasi-linear abstract operator e-

quation

dw

= + E(w)w = J(w), t>0 and w(0) = wo, (4.5)

where E(w) is an operator. Assume that W and V are the Hilbert spaces. Let V'
be densely and continuously embedded in W. Let P : V — W be a topological
isomorphism. Assume that the space L(V, W) denotes all bounded linear opera-
tors from V' to W. In the case W =V, we set L(W, W) = L(W). We write out
assumptions (ay), (az) and (a3) in which the constants 7, 72,v3 and ~4 depend
only on the norms max{|| - ||lw, || - v}

(a1). E(y) € L(V,W) for y € W with

HEW) —EE)w lwsnlvivliy=zlw,  vyzeV,

and E(y) € G(W, 1, ) (namely, E(y) is quasi-m-accretive) is uniformly bounded
for bounded sets of V.
(az). For operator P, PE(y)P~!' = E(y) + A(y), where A(y) € L(W) is

uniformly bounded on bounded sets in V', it holds that
1 (A) = AR w2 ly =2z llvllvllv, veW, yzeV.
(az). J:V — W is bounded for bounded sets of V', and

7)) =J@) lvssllz=ylv,  zyeV,

1J(z) =J@) lw<nullz=yllw,  zyeW.
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Kato Theorem [54,55] If (a1), (as) and (a3) hold, letting wy € V', then there
exists a mazimal T > 0 relying only on || wy ||v to ensure that problem (4.5) has

a unique solution w and
w = w(-,wp) € C([0,T); V) N CH[0,T); W).

In addition, the mapping wy — w(.,v9) from V to the space C([0,T);V) N
CL([0,T); W) is continuous.
Let E(u) = 2ud,, V = H*(R), W = H*"(R), Ay = (1 — a28?)2,

1 1
J(u) = Af2[5u2 — 2uu,| — au2

and P = A*. We know that the operator P is an isomorphism of H*® onto H*~(R)
(see [104]). For the aim to give the proof of Theorem 4.1, it suffices to show that
E(u) and J(u) satisfy (a;) — (a3).

Lemma 4.5 [104].The operator E(u) = 2ud, € G(H*Y(R),1,8) if s > 3,
u € H°(R).

Lemma 4.6 [104]. Assume u € H*(R) and s > 3. If E(u) = 2ud,, for each

u € H5(R), then E(u) € L(H*(R), H*'(R)) and

I (E(2) = E(u))o |

Hsfl(R)S 71 || zZ—U |H571(R)H v |H5(]R)7 u,z,v € HS(R)(46)

Lemma 4.7 [104]. Let s > 2, v € H*Y(R) and u,z € H*(R). Then I(u) =

[A%, bu?0,|A* belongs to L(H®*™Y) if

I (I(u) = I(2)v [[mer< 2 [ =2 las || v [[or (4.7)
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Lemma 4.8 [54]. Assume that Ay and \g are real numbers satisfying —\; <

Ao < Ai. Then
. 1
| wv ([ e<c|l ullgnll vllge, if A > 5
Fuv lpneezs e ullpullvllae,  F A<

Lemma 4.9. Let u,z € H*, s > 2 and J(u) = A7’ [Lu® — 2uu,] — Lu®. Then

J(u) satisfies

I J(u) = J(2) [[as< s [l w = 2 [, (4.8)

e (4.9)

1T (u) = J(2) [l < ya lf w— 2 |

Proof. Noting the multiplying properties of H*(R) (s > 1) and using the equiv-

alency of operators A;? and A~? give rise to

| J(u) = J(2) [|r=@ < C[ AT W = AT?2? ey + I (u%)e — (2%)z 2wy
12 = 2 i |
<c| v’ =22 lg@ + || v = 2 |law)
<l (u—=2)(u+2) [[rw)
<l u— 2 [l @), (4.10)

from which we complete the proof of (4.8).
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Since s — 1 > %, applying Lemma 4.8, we get

AT [ = (2)a] |

Hs—1

<c | u?— 2| e

<yl w—2z|gs— (4.11)

and

AT [w® = 2%+ u® = 27 |

Hs—1

<cllu?—2

Hs—1

<cllu—=z]|

Hs—1 . (412)

Applying (4.11) and (4.12) yields

I J(u) = J(2) |

@< v =2 ||gsw)

(4.13)

Using (4.10) and (4.13) finishes the proof of Lemma 4.9. |
Proof of Theorem 4.1. Employing Lemmas 4.5, 4.6, 4.7 and 4.9 together with

the Kato Theorem, we get that there is a unique solution wu(t, z) satisfying

u(t,x) € C([0,T); H*(R)) N ([0, T); B (R))

for problem (4.2) or system (4.3). The proof is completed. [ |
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4.4 Local weak solutions

Employing the decay property of the Sobolev H*(R), s > % and the first equation

of system (4.2) yields the following identity

1d
—— [ (u* + o*ul)dr = —a? / uddr — 2/ uuldz,

which results in the conservation law

/(u + o?u? dx—l—Qa// 3dxdt+4//uu§da:dt

= /(uo + oud,)dx. (4.14)

Lemma 4.10. ( [54]). Assume the constant v > 0. If vi,vo € HY N L™, then

| vive || < C( | 1 llzeell v2 |2 + [ w1 llm~ || v ||zee )7

where the constant ¢ > 0 only depends on .

Lemma 4.11. ( [54]). Let the constant v > 0. If vy € HY N Wh* and vy €

H'=YN L™, then
1A vJos [[z2< e( [l Baon [l || AF 02 (|2 + || AGor (|2l vz [l== ),

where Ao = (1 — ag)% and the constant ¢ > 0 only depends on ~.

Lemma 4.12. Assume that s > 1 and the initial value ug(x) belongs to H*(R).

If ue(t, z) is a solution of (4.4), still denoted by u(t,z), then

t
Il lle@ <l < o |l uo lla ) e otz (4.15)
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where ¢y > 0 is a constant depending only on «.
Assume r € (0,s — 1]. Then there is a positive constant ¢, depending only on «,

such that

/R (A 1u)2d < / (A ug)?dz

R

t
te / (1wl e e ) e 3 dre (4116)
0
Let r € [0,s — 1]. Then there is a constant ¢, depending only on «, such that

[un e < e Il w Lo + [Tl + 0w e | F ol (4.17)

Proof. Using

|2un, | < (u? + u?),

| / wSdz| < g [l 4 |2,

the Gronwall inequality and (4.14) derives (4.15).

Using the Parseval equality and 9 = 1 — A? gives rise to

/AruA’"ai’(uz)da: = —2/(A’”+1u)Ar+1(uux)dx+2/(ATu)AT(uuz)dx.
R R R

(4.18)
We know that the identity
Qe = OP(U?) — gy — 2Uplyy (4.19)

holds.

For a real number r € (0, s—1], we apply (A"u)A” to multiply the first equation
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of (4.4). Subsequently, integrating the obtained equation by parts about variable

x, we obtain that

1d r,\2 2/AT 2
3di |, [(A u)* + (A uy) ]dx
< c(’ /(ATU)AT(Zaui + 20Uy, — 4a2uum)dx‘
R
+‘/(A’"+1u)A’"“(uux)d:E‘ —l—’/AruA’"(uux)d:c‘
R R

—l—) / AruA’”(uxum)de
R
=K+ Ky + K3+ Ky, (4.20)

where ¢ may depend on «.

Making use of Lemmas 4.10 and 4.11, and the Cauchy-Schwartz inequality,

we get
K, = ‘/(ATHU)ATH(uuz)dx
R
— /(AT’+1u) [Ar“(uux) — uAr+1ux] dx
R
—l—/(ATHu)uAT“uxd:c
R
and

1l < e llwllmesn (1w el e o + 1w e )
R PR P

<l e (14wl + Il e flo ) (4.21)
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Using Lemma 4.10 yields

|Ks| < el ullarl ute ||ar
<cllulla (llue lmllwllize + T wllar] v llz=)

<cllullfea (lullee + vz ). (4.22)
Applying Lemma 4.10 and the Cauchy-Schwartz inequality gives rise to

| [N @] <] A ol A (02) [
R
< (el s e ) 1 e

<l ug [zl w [7ss - (4.23)
Noticing identity g, = %(ui)x, we obtain

|K,| = ‘/R(A”U)AT(ugcum)dx

1
< / AT AT ()|
2" Jr

<l e o (4.24)
For the term K, we have
Ky < el ffen (L4 [ e + | g [[re)- (4.25)

From (4.20)-(4.25), we get that inequality (4.16) holds.

Now we estimate u;. Employing (1 — a?9?)~! and system (4.2), we have

1 1
uy = A7 [=u? — 2uu,] — —u® — 2uu,. (4.26)
a a

Applying (A"u;)A" on Eq.(4.26) and noticing the equivalence of two operators



4.4 Local weak solutions 56

(1 —a?0?) and (1 — 9?), for r € [0, s — 1], we obtain

/R (A"uy)2da

< c() /R(A’"ut)AT2($u2 - 2uux)d:l:‘ + ’é /R(Arut)(Arﬁ)dx‘

—i—)/(A’"ut)(AT(uux)d:c‘)
R
<cll u [|arm ( | w ey + || v llgr@ + || llar ) | w || zoo(m) -

(4.27)

The proof is completed. n

Lemma 4.13. [7,59]. Ifu.o =11:*up, 0 <e < }1, up € H*(R) and s > 0, then

U
| 5; 2= co || woa || oe

H uE,O | HT‘S Co, Zf q S S,

| eo || < COESZQ, if ¢ > s,

| Ueo — o |[mr< coe T, ifqg<s,

| weo — wo [|m==0(1),

where 1. is defined in section 3.3 and the positive constant cy does not depend on

€.
Proof of Theorem 4.2. Using inequalities (4.15), (4.16) and taking ¢ = s — 1,
we have

/ (A2 < / (A da

[e.o] —00

t
+c/ ™
0

2o (14 Nl + g 1o )ar, (4.28)
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which results in

e i (14 oo +Hlua oo ) dr

| w s @< o || s m) €

On the other hand, for s > %, we have

|t (oo < € ] [l o) -

Employing (4.30) and Lemma 4.12, we immediately finish the proof.

o7

(4.29)

(4.30)

Proof of Theorem 4.3. For simplicity, we use notation u = wu.. Differentiating

the first equation of (4.4) about variable x gives rise to

(u2)x'

1 1
Uge + 202 4 2ty = A= (u® — 2uu,)| — —
(0% x (0%

Assuming that p is an integer, we have

/u(um)zf’“umdx = - /(ux)2p+3dx —(2p+1) / u(tg )P ug,de,
R R R

which results in

1
2p+ 2

/u(um)%“umdx = — /(ux)2p+3dx.
R R

(4.31)

(4.32)

(4.33)

We use (u,)?™ to multiply (4.31) and integrate the obtained equation about

variable x to get the identity

1

Dt 2
/ (u —2uux)} - é(uQ)x>(ux)2p+1da:.

T

d
—( ( )2p+2dx> +2 [ (ue)®Pdr + 2 | ulug)® M ugde
dt R R

(4.34)



4.4 Local weak solutions 58
Using (4.33) and (4.34) yields

1 d

2 1
(ug)?P*2dx + Pt /(ux)2p+3dx + 2/ u(tg )P g, de
R p+1 Jg R

+2dt
Z/R(AIQ%(UQ—QUUI)} _é(UQ)x>(ux)2p+ldx-

T

(4.35)

Since TIH + ;ﬁ—i; = 1, using Holder’s inequality and (4.35) gives rise to

1 d
2p+2dt Jp

< {([ frerany s [ a2
R R

2p+1 9p+2
AL e [ we*a (4.30

(uy)*P T2 da

where

From (4.36), we have

_1

i(/(uz>2p+2dl’>2pl+2 S </ |J1|2p+2d.7}> 2p+2

A (Nl ) ([ r2a0) ™

In fact, || G ||z» tends to | G ||p~ if p — oo for any function G € L> N L2

Using (4.37) and letting p — oo, we obtain

t
|t || oo <I| 00 || 2= +/0 (A @ + It 17 )dr

(4.38)

Making use of the multiplying property of the space H*(R), s > 1, (4.16) and
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the Sobolev imbedding theorem, for sufficiently small § > 0, we have

Il e | Tl a0

1

o1
= AT = 2uw,)| = =) |0

x

< eIl ua llzoell vl + [ 17 @)

¢
< (14 || ug ||n=) exp [c/ | we || 2 dT],
0

where constant ¢ > 0 is independent of ¢.

It follows from (4.38), (4.39) and Lemma 4.12 that

|t [ e <[| w0g [[ 2

29

(4.39)

v [ Lo [e [l de] (15 e o ) 15 e - i (440

Making use of the contraction mapping principle, we conclude that there is

a T > 0 to ensure that the following equation has a unique continuous solution

fecC,T]

1S Nzoe=I] ton || o0

v | [0 e 01 F e (e / 1S e de) e (442

The conclusion at page 51 in [66] guarantees that we can find a constant 7" > 0,

which does not depend on ¢, such that

| llo=< f(2), i t€[0,T].

As the function f(¢) is bounded, we immediately obtain the desired result.

Proof of Theorem 4.4.

Letting r; € (0,s — 1], » € (0,s], t € [0,T), using Lemmas 4.12, 4.13 and
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Theorem 4.3, and using the notation u. = u, we have the inequalities

| ue |ar< e (4.42)

and

Il et [ <Iue flzoe (I e [l + 1w llam + 1w f[gre) <e (4.43)

Applying Aubin’s compactness theorem, (4.42) and (4.43), we can find a sub-
sequence of {u.}, denoted by {u,}, 5 — oo if j — oo, to ensure that {u.,}
converges weakly to u(t,x) in L*([0,T], H*(R)) and {u.,} converges weakly to
ui(t, z) in L2([0,T), H"Y(R)).

Furthermore, for an arbitrary constant C; > 0, we know that {u.,} converges
strongly to u(t,x) in L*([0,T], H"(—C1,Ch)) and {u.,} converges strongly to
uy(t, z) in L2([0,T), H™ (—=C4, CY)).

For every ¢(t,z) € C3°([0,7] x R), using (4.2) and integration by parts, we

get

T T
/ /utgdxdt—i-/ /(utgm)dxdt
o Jr o JRr

T
= / / < — duu, + 204u326 + 20Uy + 602Uy + 2a2uumm>gdmdt
0o Jr

T
= / / <2u2gx + au2gm — OzQUZQIm)da:dt.
0o JR

(4.44)

The proof is completed. n



CHAPTER 5

Local weak and strong solutions to a
nonlinear Camassa-Holm type equation

with cubic nonlinearities

In this chapter, we study a Camassa-Holm type model with quasi-local higher
symmetries and cubic nonlinearity. Approximation techniques are employed to
establish the well-posedness of local strong solutions for the equation in H*(R)
associated with index s > 2. For initial value ug(z) € H*(R) (1 < s9 < 3), we

prove that the equation has local weak solutions.

5.1 General

Novikov [87] derived many models which are called the generalizations of the
Camassa-Holm type models. One of the generalized models with cubic nonlin-

earities takes the form

Uy — Py = (1 + a=)(auuy, + aun’ — 2utu,), (5.1)

ox

where o # 0 (see Theorem 5 in [87]).

Eq.(5.1) is related to the Camassa-Holm type equations. Intensive research

61
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has been made to investigate the classical Camassa-Holm model and its general-
izations as reviewed in section 2.2.

Motivated by the work in Li and Olver [66] in which the uniqueness and
existence of local strong solutions and the existence of local weak solutions for
an integral non-linear dispersive wave equation are considered, the purpose of
this chapter is to investigate Eq.(5.1). Imposing some assumptions on the initial
data and the coefficient « in Eq.(5.1), several dynamical properties such as the
existence of local weak solutions, the uniqueness and existence of local strong
solutions have been found.

In section 5.2, we prove that Eq.(5.1) has local weak solutions if we impose
certain restrictions on the initial value. In section 5.3, local strong solution to
Eq.(5.1) is considered.

For conciseness in this chapter, we let ¢ represent an arbitrary positive con-

stant independent of the parameter € unless we clearly state.

5.2 Local weak solutions

By calculation, we get the Cauchy problem for Eq.(5.1) as follows

U — Py = (1 + a%)(au%m + aquu? — 2uuy,)
= —%(u?’)x — S(U?) e — Quul + O‘;(ﬁ)mx — a?(uu?),, (5.2)

u(0,x) = ug(x).

We summarize the result about the local weak solutions for problem (5.2)

below.

Theorem 5.1. Let 1 < s < %, la| > ‘/75, up(z) € H5(R) and || uoy ||=< o0.

There is a T > 0 guaranteeing that system (5.2) admits at least one weak solution

u(t,x) € L*([0,T], H*(R)). Moreover, u, € L=([0,T] x R).
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To prove Theorem 5.1, the following approximation problem needs to be han-

dled

Uy — OCQUtzx + EUtzran
- _%(ug)x - %(ug)m - Ozuug + %Q(U?’)mw - ozz(uui)m (5~3)
u(0,x) = up(x),

where | « |> 2 and 0 < & < min(3,a*—1). It is clear that the solution of system

(5.3) depends on the parameter €. For conciseness, we write u(t, z) = u.(t, ).

Before proving Theorem 5.1, several Lemmas are required.

Lemma 5.2. Assume s > 2 and uo(z) € H*(R). Then problem (5.3) has a

unique solution u(t,z) = u.(t,z) € C([0,T]; H*(R)) where T > 0 depends on

| uo |H5(R)-

Proof. Defining the inverse operator X = (1 — a20? + 9%)~!, we get that the

operator X : H® — H*™ is linear and bounded. Let

2 2
P,(t,z) = —g(ug’)x — —(u3)m — auui + g(u?’)xm — a2(uui)x.

(5.4)

We utilize the operator X to multiply the first equation of system (5.3). Sub-

sequently, integrating the obtained equation about variable ¢ gives rise to
u(t,x) = up(x / XP,(r,z)dr, tel0,T). (5.5)
We discuss the operator

Au(t,z) = ug(x /XP T, 2)d
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We let w and v be the elements in the closed ball Ky, (0) where M is the
radius of the ball and Ky, (0) € C([0,7); H*(R)). Employing the multiplying

property of the space H°(R) (§ > %), we obtain the estimate

t t
H / XP,(t, 2)dt — / XP,(t,2)dt |-
0 0

<o sup || () = (@) s + sp | (4%)ee = (0)za |le-s
0<t<T 0<t<T
+ sup || uud —vv? |gea + sup || (v*)swe — (V) swe || o
0<t<T 0<t<T
+ sup || (), = (002 o |
0<t<T
< COT[ sup || u® —v® ||gs + sup || v —0® ||ge
0<t<T 0<t<T
+ sup || uud —vv? ||ge-a + sup || uP —v® || gea
0<t<T 0<t<T
+ sup || uu? — vv? || gs-s ], (5.6)
0<t<T
where the constant Cy > 0 may depend on the parameter ¢.
Since
| wu — vv? || ge-a< e || uu? — vv? || go-s
<ec |l uul —vud +vud — v? || ge-s
<eMZ || u—v||gs, (5.7)
from (5.6) and (5.7), we get
| Au— Av || gs< CoMET || v — v ||gs - (5.8)

Letting T be small enough to satisfy CoMZT < 1, we conclude that the

operator A is contractive. Making use of (5.8) yields

I Au |l =<l wo [lz= +CoMGT || w ||+ - (5.9)
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We choose T > 0 enough small to ensure that CoM3T+ | uo |

65

Then we recognize that the operator A maps Ky, (0) to itself. The contractive

mapping principle guarantees that the operator A has a unique fixed point u(t, )

in K, (0). Thus, we obtain the desired result and finish the proof.

For the index s > 4, we have

/u(u?’)xda: =0, /uQUxumda: = —/uuidm
R R R

and

/u@i’(u?’)dx:?)/u%xumd;g’ /u(uui)xdxz —/uuida:.
R R R R

Using the first equation of problem (5.3), we derive that

1d

o7 R(u2 + a?u? + eu?,)dz = 0,

which results in the following conservation law

/(u2 +a®ul + eul,)dx
R

= /(ug + o?ug, + eud,, )dx.
R

Lemma 5.3. If s > 4, ug(x) € H*(R) and u(t,z) satisfies (5.3), then

il [ (68 4+, + ek, o
R

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)
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If 0 <r < s—1, there exists a constant ¢ > 0 such that

/ (A™u)2dy < / (A" 0)? + £(Augne)?]da

t
+C/ (w1 + 1w ) (el e e + 1 ua (7 )dr. (5.15)
0

If la| > ‘/75 and 0 <r < s—1, there exists a constant ¢ > 0 such that

(202 —1—2¢) | w |lar<cllwllg| g wllze (5.16)

Proof. Applying (5.13), we can easily derive (5.14)*.

For the case r € (0,s — 1], we apply (A"u)A” to multiply the first equation of

(5.3) and subsequently use integration by parts to the obtained equation. Then,

we acquire

1
—i [(A’" )2+ (A )2+5(A’”um)2}daz
= ——/A’“ A (u /AT A" (u®) zed /ATuAT uu?
+—/A’”uA’“@i(ug)da:—aQ/ATuAT(uui)xdx
3 R R

=L+ +13+1,+ Is. (5.17)

Recalling the operator 92 = —A? + 1 and combining the Parseval equality, it

holds that

R

/AruA’"ai’(u?’)d:c = —3/(A”Hu)A’"“(uzux)da:+3/(Aru)A’"(uzux)da:
R R

*Lemmas 4.10 and 4.11 are still used in this chapter.
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and

/R AUAT (o) d = — /R (A ) A () + / (A"u)A” (i) dz.

R

Using Lemmas 4.11, we get

/R (A"u)A" (w2, ) d

= /(Aru)[Ar(uzux) —UQATum]das+/(A’"u)u2Aruxd:B.
R

R

Employing Lemma 4.10 and the Cauchy-Schwartz inequality yields

)/(Aru)Ar(uzux)d:v‘
R
<clwlme (el w el v llze + 1wl o o] vl )
8 PR R PR P

<l wllzll v el wllz - (5.18)
Similar to the proof of (5.18), we derive that
!/R(A”lu)/\”l(uQuz)dfCl <cllwllzollus el w e - (5.19)
From (5.18) and (5.19), we have
Ll < el w iz + 1w ) Tl ez - (5.20)

For I5, making use of Lemma 4.10 and the Cauchy-Schwartz inequality derives
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that

5l < /R (A7) A" (uni2)

<I| Aug g2l A" () | 2

<l (e el el + 1t oo vt 1 )

<cllulffa (el e e + [ w7 ). (5.21)
Similarly, for terms Iy, I, and I3, we have
L]+ L]+ 5] < el w7+ T 7)o llzsll v e (5.22)
Applying (5.20)-(5.22), we derive the inequality

/OO [(A"u)® + o (Auy)® + e(A uyy)?] da

—00

N | —
Sl

< c(llw e + 1wl (llwllzell e e + [ e 7 ), (5.23)

where ¢ > 0 depends on . We complete the proof of (5.15).
Noticing 9? = 1—A? and applying A~2 to multiply the first equation of system

(5.3), we have

(a2 — &)Uy — EUgy = A2 — (1— o’ + e)uy — —(u3)x — —(u3)m

2
—auu? + %(u?’)mm - a2(uui)x] : (5.24)
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Applying (A"u;)A™ on both sides of (5.24) gives rise to

(a? —¢) /R (A"uy)2dx + € /R (A"ug)?de

- /R(A”ut)AT(l — o™t [ —(1—a*+e)u — g(u?’)x — %(u?’)m
—auu? + %(u?’)mz - a2(uui)x] dx. (5.25)

Now we estimate the term

2
/ (ATu)A™2 | = (1= a® + &)y — = (1), — (U)o
R 3 3
o2
—auu? + ?(ug)mm — o (uu?), | dr. (5.26)

In fact, it holds that

2
|/ ug) A" 2 —(1—a®+e)u — g(u?’)x — %(u3)m — auui] dx|
<[1-a’+¢ H ue [ e Il e el w llae | w l|Ze (5.27)
and
\/ )1 — 02) A" (uu?)da|
- - R 2 \32
<clluelor (0] [ @ - nam)a) )
R R
< llue llarll wllaeell o flzell w e (5.28)

We know the identity

/ (") (1 — 02) " AT 21 = —3 / (A" AT (12w, )da

+3/(Arut)(1 — OO N (v, )d. (5.29)
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From Lemmas 4.10, 4.11, || u ||p=<|| w ||z and
lw*ug < e || (u)s [l < e[| w l[Zooll w llzre1,

we have

| / (A7) A" () |

<cllwlmll viue ||a-

< ue arll wllzeell w ] w e (5.30)
Furthermore, we get

D R e e Py P P P P Y e

(5.31)

Noticing |a| > \/75 and choosing ¢ > 0 sufficiently small, from (5.25)-(5.31),

we get that (5.16) holds. The proof is completed. |

Assume that gzﬁAl is the Fourier transform of ¢; satisfying ¢A1 € C(R), m >

0, and m = 1 for any arbitrary n € (—1,1). For s > 0, assume that uy(z) €

H*(R) and u. o = ug * ¢. is the convolution uy and ¢.(x) = E’igbl(a’ix). Then

uso(z) € C*. Applying Lemma 5.2, for the small parameter ¢ with 0 < ¢ <
2

min(}, a? — 1), |of > ‘/75, we get that the following Cauchy problem

Uy — a2utxx + EUtrran
= —2(u?)y — $(u¥)gw — quul + O‘32(u3)mm — o?uu?],, (5.32)

u(0,z) = u.o(x)

possesses a unique solution wu.(t,z) belonging to C*°([0,00); H?(R)) in which

B € [l,00).
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Remark 5.4. If s > 1, we have
[ ue llze< el ue || < el ue la,
where H2t = H29 § is sufficiently small, and

e [20< ¢ / (u? + u2,)dr.
R

Using Lemma 4.13, we get

a’u&o 821/1570

uio + ( 2+ g( 5 )?)da
ox ox

< el ueo i +e [l ueo 172)

Do < e [20< /
R

< c(c+ ce x 5%)

<e (5.33)

Lemma 5.5. Assume s € [1,3], up(z) € H*(R), || ugy ||p< 00 and || > ‘/75 If

ue is the solution of problem (5.32), then
|| Ueg ||L°°§ ¢, le [07T]a

where both ¢ > 0 and T > 0 are independent of ¢.

Proof. For simplicity, we use notation v = u.(t,z) and differentiate Eq.(5.24)
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about . Then

2 2 a2
(052 - 5)utz — EUtggx = %(ug)z - %(u3)mm + 042<uui) + Sa U3
2 _ 2
A~ (1= Juge — —gu® = S () — a(w) — oPuns
(5.34)
Set
2 — o? 3

G=A?-(1-a®+¢&)uy, — u’ — %(u?’)x — a(uu?), — o*uu?|. (5.35)

3

Letting p be an integer, using the identity

1
/u2u2p+1umd:€: ——/uuip”da: (5.36)
R p+1Jg

and multiplying (5.34) by (u,)?**!, we have

ol —ed (u, ) 2dx —5/(u )2y, dx+a2L/u(u )P dg
2p+2dt T ® T xrrt p+1 & T

= [y PSS+ S Jao+ [ (@)t < G

(5.37)

Making use of Holder’s inequality produces the inequality

a*—eNd [~
<2p+2> / (us)*"*da
{ /’Ut m;’2p+2d23 2p+2 /| —a’ (u3)x\da:
v [ 1682y ([ uprede)
R R

P 9 2p+1
+——a° || u || poo]|| g |1 . dzx, 5.38
Lo |l e o (539)
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which is equivalent to

d o0 1
2 2p+2
(07 =<) at /_oo<“z> Pda)
242 7\ 5513 2—0® 5o g o\ T
< 5( r— d:c) w2 4 ( | u’ + —(u’)|? daz)
R g3 3
1 1
+(/ |G|2p+2daj) 2p+2 + p a2 H U HLOOH Uy ||L°° </ |Uz|2p+1dx) 2p+2'
R p+1 R

(5.39)

We know || A ||ze—| h ||z~ (p — o0) if h € LN L% From (5.39) and sending

p — 00, we derive that

(0% ) e lls=< (0 — &) |l s [l
t
w [ e N tone o+ 1 ] e
0

+ e + 1 Gl + izl e 17 |dr

(5.40)
For sufficiently small p > 0, we have
|G llre< el Gl 3en
-2 2 2-a® 5 a4
= A7 = (1= a® + Jupy — 5w = S,
—a(uud), — atu] | 4.,

< ol ue ez + 1w ey + T w 7@l e o).

(5.41)

Using (5.16), (5.33) and (5.41), we derive that

/Ot | G ||z dr < c[l + /Ot <1+ | e || zoo )dr]. (5.42)
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Besides, for any fixed ry € (%, 1), using the Sobolev embedding lemma, we have

|| Utrrx ”LOOS C’rl H Utzrx ||HT1§ C’rl || Uy |H"1+37 (543)

where C,, only depends on r;. From (5.15), (5.33) and (5.43), we get

|tz Nz s (1 e o + e 3 ). (5.44)

Letting r = r1 4+ 3, u = u. and utilizing the Gronwall’s inequality to (5.15), from

(5.33), we derive that

Il w ||12qr1+4§ (/R(A/X”Jr‘luo)2 + 5(A”+3u0m)2>

s ele Jo lluall oo +ua 13 0o )dr] (5.45)

From Lemma 5.3 and (5.45), we obtain

r1—4

| ttage o< ce™ 1 (14 || tg [|1oe)

s ple S (et sl oo +lue 3 00)dr] (5.46)
For sufficiently small € > 0, from (5.40),(5.42) and (5.46), we get

| s (2o <[l w0z [
t
+C/ [5%(1+ | s ”Lw)e[cfo’(lﬂ\uzllioo)dg]
0

1 || g |2 ]dT. (5.47)

Making use of the contractive mapping principle, we get that there must exist
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T > 0 to guarantee that the following equation

I K [l zoo=]l woa ||

t
+c/ [a%(u | K || oo )ele o (I E o)
0

14+ || K |3 |

admits a unique solution K (t) € C[0,T]. We cite the results from [66] and derive
that there must have two constants ¢ > 0 and T" > 0, which do not depend on ¢

and || u(t,z) ||=< K(t) < ¢ for every ¢ € [0, T]. The proof is completed. |

Proof of Theorem 5.1.
Assume that . is the solution of problem (5.32). Making use of Lemmas 5.3
and 5.5, (5.15), (5.16), Gronwall’s inequality and the notation u. = u, we have

the conclusions
| e || <|| e || < ceJo@tlualioetlualoc)dr < (5.48)
and
[ et lam < el f[m | w [ | ua =< e, (5.49)

where t € [0,7) and r; € (0,s — 1],7 € (0, s].

Applying Aubin’s compactness theorem, (5.48) and (5.49), we derive that
there exists a subsequence of {u.}, represented by {u.,}, €; = 0 when j — oo,
to ensure that {u.,} converges weakly to u(t,z) in L*([0,7], H*(R)) and its time
derivative {u.,} converges weakly to a function w,(t,z) in L*([0,T], H* '(R)).
In addition, for every constant C; > 0, we know that {u.,} converges strongly

to u(t,z) in L*([0,7], H"(=Cy,Cy)) and {u.,} converges strongly to w(t,z) in
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L2([0, T, H™ (=C1, Ch)).

Using the conclusion in Lemma 5.5, we obtain that {u.,.}(e; — 0) is bounded
in L>(R). For any r; € [0,5 — 1), it is derived that the sequences {u.,} and
{u2 .} converge weakly to u, and v in L*[0, T], H™ (—C1, C1), respectively. Using

integration by parts, from problem (5.3), we have

T T T 2 «
| [wgasde— [ [ wgeazar = [ [ [= 2000, - Suva,
0 R 0 R 0 R 3 3
Oé2

—auuig — ?u?’ga,m + a2uu§gz} dxdt,

where g € Cf° and u(0,2) = uo(x). Since {u.,} is a bounded sequence in
L>([0,T] x R) and the Banach space L'([0,7] x R) is separable, we conclude
that there must exist a subsequence of {u. .}, still represented by {u.,.}, weak-
ly star converges to a function U(t,z) in L*>°([0,7] x R). Using the fact that
{uc,5} converges weakly to u, in the space L*([0,7] x R), we obtain u, = U(x)
almost everywhere. Furthermore, we acquire u, € L*([0,7] x R). The proof is

completed. [ |

5.3 Local strong solutions

Here we use the ideas presented in [66] to handle the well-posedness for Eq.(5.1).

We give the conclusion.

Theorem 5.6. Let |a| > ‘/75, s > 3 and uo(x) € H*(R). Then there exists a
T > 0, which depends on || ug ||gs, to guarantee that (5.2) has a unique solution

u satisfying

u(t, x) € C([0,T]; H*(R)) N C*([0, T H*(R)).
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Lemma 5.7 ( [66]). If functions vy and vy are in H™ N {]| 8%—53) ||Le< 00},

then

ol o1 el s ll, 7€ (3,1),
A e P ey e

| /RA%A’“(UM)AJ: <<+ 202 ol o 1 (5.50)

o el 52 Dl o2 e ).

r € (0,00).

\

Lemma 5.8 ( [66]). Assume s > 3, uy € H*(R) and let the solution u.(t,x)

satisfy system (5.32). Then it holds that

| e [|7=< Me™, (5.51)
| e (o < €71 Me™, kg >0, (5.52)
et s S e 5 Me, ky > —1, (5.53)

in which the constants M > 0 and ¢ > 0 do not depend on e, t € [0,T), and ¢ is

small enough.

Lemma 5.9 ( [59]). Ifu,v € H*(R), s > %, w=u—uv,r > %, then the inequality
|/R/\Sw/\3(u3 —0%)pdz| < (|| w g || w [[arl| v e + [ w [I:)
holds.

Lemma 5.10 ( [59]). If s > 2 and 1 < r < min{l,s — 1}, for functions f,w,
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the two inequalities

| / ArwA 2w f)dz 1< ¢ | w Bl £ Nl (5.54)
R

| / AN 2w, fo)ode 1< ¢ | w B f Il (5.55)
R

hold.

Now, we shall demonstrate that the solution u. of problem (5.32) is a Cauchy
sequence. Assume that u. and ug are two solutions of problem (5.32), correspond-

ing to the initial values u. o and wus, respectively. Let wo(x) = u.o(x) — uso(z).

We assume 0 < € < § < min(},a? — 1), |af > \/75 and set w = u. — us. Using

(5.24) and 92 = 1 — A?, we have

)
(0% — e)wy — eWpe + (6 — €) (ust + Ustaw)

3 3 o?7(,.3 3

= %(us — ué) — 7[(165)37 - (%;)z]

Y A= (1= 0 w4 (6 - g — 5 — ), -

(u2 —v3) (5.56)

w|Q

—a(u.u?, —usul,) — o?(uu?, — uaugw)z] ,

| w(0, ) = wop(x).

Lemma 5.11. Let |a| > %2, s > 3 and ug(x) € H*(R). Let u.(t,x) be the
solution of problem (5.32). Then, there must exist a T > 0 to guarantee that

us(t, x) is a Cauchy sequence in the space

C((0,T); H*(R)) N C'([0, T B~ (R)).
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Proof. Letting r satisfy % <r <min(l,s —1), we apply A"wA” to multiply the

first equation of problem (5.56). Subsequently, for the obtained equation, using
integration by parts about variable x, we get
1d
2dt
—(c—0) / (Aw)[(Augy) + (Attgae)]dz — (1 — 62+ 2) / A wA™ 2, da
R R

[(a —&)(A"w)? + e(A"w, )?|dx

+(0 —¢) / A wA " ?ugde
R

2
_* /(Arw)Ar(ug — ) dr + e / A wA” (u? — ud)dx
3 Jr 3 Jr
2

+ /R (A%)AH[— 27O B ),

3
Wi - v3) — a(u.u?, — usui,) — & (u.u?, — usui, ). |do. (5.57)

_§< e

Applying the Schwarz inequality to (5.57) yields

d

7 [(a? — &) (A"w)? + e(A"w,)?|dz

{1 A llze [0 = ) (I Ause llzz + | At 22 )
1= a? el || A7 [l +0 =) || AP 1o |

+ | /ATwAT(ui’ —ud) dr | + | /ArwAr(ug —ud)dx |
R

+ | /ATwAT 2 _3 (ug’—ug)x

3 (u? —v3) — a(uu?, — usul,) — o®(uu?, — ugugl,)x} dx | } (5.58)

Making use of the first inequality in Lemma 5.7 gives rise to

|/ArwAr(u§—u§)xdx]

R

= |/A”wAT(wg)mdx|
R

g |lszrss (5.59)

2
H"

<cllwl
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and

|/RA’”wA7"(uZE3 —u)dx|

= |/A’”wAr(wg)d:v|
R

<cllwlil gl

3

where g = >~ u?~"uj. Furthermore, we have
i=0

\/RATwAT_Q(uS — ) dx

| / AwA™2(wg),da|
R

<cllgllalwlz

and

\/IRATwAT2(u§ = u?)dx\

= |/ATwAT_2(wg)dx|
R

<cllgllalwli

We know the identity

(uEuzz - Uéugm)z = [wugx + UsWy (usm + u&p)]z

80

(5.60)

(5.61)

(5.62)

(5.63)

Using Lemma 5.10 and the multiplying property of H*(R) with sy > 3, we
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get

| / ATwAT(1 — a202) [ty (t1es + 1152 Do) |
R

<c| / A" WA us (Uey + Usy ) Opw]pda |
R

i (5.64)

<cllwlf v |

| / AwAT(1 — a202) " [wi, |, dx |
R
<c| /ATwAT_Q[wuzm]mdx |
R

<c|lw| us |5 (5.65)

2
HT

Similarly, we have

| /ATwAT_z(usugw — U5u§x)dx |
R
r r—2 2 2
<c| /A wA" (ueuz, — usug,)dx |
R

T (5.66)

<cllw g ue |
We derive the inequality

|/RATwAT_2(u§ — ) d

= \/ATwAT_2(wg)xda:|
R

<cllgllalwll (5.67)

3
where g = > u2™'ul. Making use of the multiplying property of H" (r > %),
i=0

r+1 < s and Lemma 5.8, we get

| g lgr<ec, if te(0,T]
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From Lemma 5.8 and (5.58)-(5.67), we get that there must exist a constant c

depending on T, telo, f), to ensure that the inequality

d

dt R[(@2 —e)(\w)? + e(ANw,)|dw < (67 || w [l + || w [[70) (5.68)

holds. In (5.68), we let v = H5=" if s < 34 7; y =1 if s > 3+ r. From (5.68),

we obtain

| w (3= / (Arw)de

< ¢ /}R[(oz2 —&)(Nw)? + e(AN"w)?|dx

t
<o [ 18wl + =(Arwo) o +co [ (@ Il w e + [ w ),
R 0

(5.69)

where ¢y depends on a.

Applying the Gronswall inequality and Lemma 5.8 results in
| ||gr< ed T et 4+ 67 (e — 1) (5.70)

for every t € [0,7).
We now utilize A*wA® to multiply the first equation of (5.56). For the obtained

equation, we have
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Ld

24t Jy

=(e—9) /(Asw)[(Asu&) + (N*Usper)|dz — (1 — a® +¢€) / ASwA 2w, dx
R R

[(@® — &) (A*w)? + e(A*w,)?|dz

+(0 —¢) / ANSwA*ugda
R

2
—% /R(Asw)As(ug — ud)dr + % / ASwA* (u? — ud)da

R
2 A2
+ / (ASw)As~2 [ . 30‘ (W® = ud),
R
—%(ug — v?) — a(ueugx — ucgugx) — a2(u5u§x — u(;ugw)x] dx. (5.71)

Using the Schwarz inequality for (5.71) yields

4
dt
< I Aw gz [(6 = &) (Il Ause llzz + | Ausaur 122 )

[(a? — &) (A*w)? + e(A*w, )?|dx

1= a? el | A2 g2 (6 €) || A 2ug Ilz2 |

] [ Aunte - udads |+ | [ Awn - s
R R

2_ 2
+ | AASMAS_2[— 3a (ug—ug)x

—2 (=) — alud, — usud,) — aX(ud, —usud,), | de | f.(5.72)

Using Lemma 5.9 gives rise to

w |3, (5.73)

Hs

| / A WA — ud)de |< e | g |

3
where g = > wlul .
i=0
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Applying Lemma 5.9 derives that

|/RASwAS(u§ — u3),dz|

< c(ll w llz=ll w Il s [ + 1w [[7)- (5.74)

For s > 2, the algebra property of H*(R) (so > 3) and the Cauchy-Schwartz

inequality are used to derive that

| / ANwA®(1 — a28§)_1[ugugm — u(gugx]zdﬂ
R
<ec || Nw || AP [uu?, — usug,], |2

ET

<l w el D)oy |

Hs—1

i (5.75)

<c | ue || =] w

[ Awne (- a0l i, — s Jds
R

<l Aw ||| A ucuZ, — usug,) | 12

<c | wllgs| 0(u)0pw || grs—1

< ue |||l w |17 (5.76)
and

1 1
s s o 2a92N—-1 _ ~/ 3 3\ _ — (3 .3
[ un 1= a2 [ = St s = g — o

(5.77)

2
Hs -

< | ue sl w

Applying the bounded property of || u. ||gs and || us ||z (see Lemma 5.8 and
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(5.33)), it follows from (5.70)-(5.77), Lemmas 5.3 and 5.5 that

d
dt Jq
< 20(|| wst s + 1| wswwr s + | A7 Pwp (|2 + || A 2us ||) || w [

[(a? — &) (A*w)? + e(A*w, )?]|dx

+e(llw s + 11w el w el s [lmse)
< (@ [l w g + 1w ), (5.78)
where v, = min(}, *2=1) > 0 and ¢ does not depend on ¢ and e.

Integrating (5.78) with respect to ¢, we get

| w |

2 < C/R[(Oz2 —&)(A*w)* + e(Aw,)?]dx

2.0). (5.79)

< c/[(Aswo)2 +5(Aswo$)2]d:v + (0" || w ||gs + || w |
R

Using the Gronwall inequality and (5.79) gives rise to

| w |

< (c / [(A*w)? + e(A*ws)2]da) b et + c6™ (e — 1)
R

< er(|] wo | s +67)e 4 167 (et — 1), (5.80)

where the constant ¢; > 0 is independent of ¢ and 6. Therefore, from Lemma

4.13 and (5.80), we obtain

| w||gs— 0, as §—0, &—0. (5.81)

Now, we deal with the convergence of {u.}. Applying A* tw;A*~! on the first
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equation of (5.56) and integrating the obtained equation about z, we get

1 d
2dt Jg
O /R (A1) [(Auge) + (A ugue)]da

[(a? — &) (A*tw)? + e(A* 1w, )?]d

—(1—a*+¢) / AwA* Pwdr + (5 — €) / A A T Bugda
R R

2
& /(As_lw)As_l(ug’ — ud)dr + 2 / AT AT (ud — ud)da
3 Jr 3 Jr

3

— afuu? —usul) — o (uu?, — ugu), | de. 5.82
ex ox ex ox

2
+ [ @etuars - 2 - ),
R

0%
St - o}

Using Lemma 5.8 and the Schwartz inequality, by the similar proof of (5.80),
we get that there must exist a constant ¢ > 0, depending on T and «, to ensure

that the inequality

21 < 0(5%4— | w lms + || w [[s—1) || we |

(o —e) || w |

Hs—l
1 —a® +e| || wy |3 (5.83)
holds.
Therefore, we have
| we [Fea< e || wy 3o
1
<c(62+ || w ||gs + || w||lgs—1) || we ||gs-1,

from which we obtain

| we [|me1< (624 || w ||lgs + || w ||me1). (5.84)

From (5.81) and (5.84), we get that w; — 0 as both ¢ — 0 and 6 — 0 in



5.8 Local strong solutions 87

H* Y(R). We conclude that u. is a Cauchy sequence in the space

C([0,7); H*(R)) N C([0,T); H*(R)).

The proof of Lemma 5.11 is finished. [

Proof of Theorem 5.6. Now we consider the system

¢

(0% —e)uy — Elggy = A2 | — (L —a? + 2)uy — 3(1¥)y — $(U?)0a

—auu? + %Q(U:”)mx — aQ(uui)x] (5.85)

| u(0,7) = uc ().

Suppose that the sequence u. has the limit u(t,z). Letting ¢ — 0 in problem

(5.85) and using Lemma 5.11, we get that u(t, x) satisfies

(

ug = A2 — (1 —a®)u; — %(u?’)z — %(u?’)m

—auu? + %Q(u3)xm — aQ(uui)x] , (5.86)

\ u(0,z) = uo(x),

which means that we have proven the existence of local strong solutions.
Suppose that v(t,z) and u(t, z), belonging to C([0,T); H*(R)), are two solu-

tions of (5.86) which have the same initial value uo(0, z). Setting w = u — v, we

get that
wy = HA? — 5 (U — %), — 5= (uP —0?)
—a(uu? — vv?) — a(uu? — vvg)x} — 30, (ud — %) + L —v%), (5.87)
w(z,0) = 0.

For the case % <r <min{l,s — 1}, we apply A"wA” on the first equation of
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(5.87), and then integrate the obtained equation about x to get

1d 2 1 r r 2\—1 1 3 3 1 3 3
37 10 = o [ (o)A =37 [ = 3 =), = gt =0
—a(uu —vv?) — afuu? — vvi)x] dx
1 . . 1
+ / Nw)A | = 20, —v%) o — )] (5.88)
R 3 3a
Similar to the estimates derived in Lemma 5.11, we obtain
d 2 _ ~ 2
o N lm=cllwly . (5.89)
Using the Gronwall inequality gives rise to
|w|g=0, for tel0,T). (5.90)

The uniqueness is proved. Up to now, we obtain the desired result and finish the

proof. [ |



CHAPTER 6

Global weak solutions to a nonlinear
Camassa-Holm type equation with

quartic nonlinearities

In this chapter, we investigate global weak solutions to a nonlinear Camassa-Holm
type equation with quartic nonlinearities. For the initial value ug(z) € H'(R)
and || % || oo (r)< 00, it is shown that the nonlinear equation has at least one
global weak solution in C([0, 00) x R)NL>([0, 00); H'(R)). We do not assume the
initial value to satisfy the sign condition. Namely, our assumption is weaker than
the sign condition. In previous works, the sign condition about the initial data
is required to prove the existence of global weak solutions of the Camassa-Holm-
type equations such as the Degasperis-Procesi equation and many generalized
Camassa-Holm equations(see [36-38,76-78]). The key elements for the proof in
this chapter include establishing a space-time higher integrability estimate and a

super bound estimate on the first order spatial derivative of the solution.

89
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6.1 General

The following Camassa-Holm-type equation

Uy — Uiz + (@ + DuPu, = au™  ugtipe + uupee, a € R, integer k> 1(6.1)
was proposed by Grayshan and Himonas [41]. If (a,k) = (2,1), Eq.(6.1) is the
standard Camassa-Holm equation (CH) [19]. If (a, k) = (3,1), Eq.(6.1) reduces
to the Degasperis-Procesi equation (DP) [23]. Both the CH and DP models are
integrable and possess quadratic nonlinearities and peaked solutions [13]. When
(a, k) = (3,2), Eq.(6.1) is turned into the Novikov equation, which is integrable
with cubic nonlinearities [87]. In this chapter, we discuss global weak solutions
of (6.1) in the case (a, k) = (4,3). Namely, we investigate the following Camassa-

Holm-type equation

Up — Upge + DUPUL = dUP U UL + U Uy (6.2)

Here we mention that without the sign condition on the initial value, the
existence of global weak solutions to Eq.(6.2) in C([0, 00) x R)NL>([0, 00); H'(R))
has not been established yet (see recent work in [40, 76]).

The approaches in [101] will be employed to prove our main result. After we
prove the higher-integrability estimate (see Lemmas 6.3) and the one-sided su-
per bound estimate (see Lemma 6.5), considering the derivative ¢. = %ﬁ’m) (see
(6.9)), which is only weakly compact, we will prove that g. converges strongly.
Namely, we will show that this weak convergence is equivalent to strong conver-
gence.

The structure of this chapter is as follows. We provide the main result in sec-

tion 6.2. Several lemmas about the viscous approximation problem are presented
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in section 6.3. In section 6.4, we prove strong compactness of the derivative of the

solutions for the approximation problem and give the proof of our main result.

6.2 Main results

We write the Cauchy problem for Eq.(6.2) in the form

Up — Uz + DUBU, = AU U Uy + WUy,

(6.3)
u(0,z) = up(x).
Applying the operator A=2 = (1 — 8‘9—;)_1 on problem (6.3), we obtain
u + wu, + 2 =0,
%—g = A2 [4udu, + 30, (uPu?) — Uyt (6.4)

u(0, z) = ug(x).

In this chapter, we use the definition of global weak solutions similar to that
of Definition 3.1 in chapter 3. Namely, it is defined as the solution u(¢,x) that
satisfies (6.3) or (6.4) in the sense of distribution and the conditions (i) and (ii)
in Definition 3.1 hold. Then, the main conclusion of this chapter is given below.
Theorem 6.1. Let ug(xz) € H'(R) and || uoy ||1=@®)< 0o0. Then, there exists at
least one global weak solution u(t,x) for problem (6.3) or (6.4) in the sense of
distribution. In addition, the following results (a) and (b) hold.

(a). For any time T > 0, there ewists a positive constant C' = C(|| uo || g1 (w), ||
Uoy ||Loo(r)) to ensure that the one-sided L™ estimate

ou(t, )
Ox

< C(1+1), forte[0,T), z€R (6.5)

holds.
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(b). For any T > 0, there must exist a positive constant C' = C(|| uo || g1 (w), ||

Uoz || Lo(r)) to guarantee that the space-time-higher integrability inequality
ou(t,x) |6
/ ‘M‘ dr < C(1+T)eCT, te[0,T) (6.6)
R ax
holds.

6.3 Viscous approximations

Assume 9 (z) be defined in (3.10). we know that ¢ € C'* has compact set 0 <

z < 1. Set the smooth function () = e~ 1¢p(e~12) associated with 0 < & <

=

Let
Ue 0 = / ¢5($ - g)U()(C)dC = ¢6 * Ug,
R

which has the property u. o € C*° for any ug € H* s > 0 and
| uco @<l wo || @®)y, and u.o— up in H'(R),as ¢—0. (6.7)
Consider the following viscous approximation problem

Aue 30uc | OH: _ _9%u.
at T U T ar = E o

(6.8)
us(0,2) = uc (),

where
OH.,
ox

= A2 [4u§% + 30, <u§(

Oue o o Oue 0%u,
8x) ) — e ox 31’2]‘

In order to establish the existence of global weak solutions for (6.4), we
will investigate the compactness of a sequence of smooth differentiable functions

ue (t,z)

. ) P . .
efe>0- ) )
{ue}es0. Specifically, we will handle the factor =5>*, which plays a key role in

proving the existence of global weak solutions.
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Que (t,x

Letting q.(t,z) = =5 ) and differentiating the first equation of (6.8) about

variable x yield

a g a € 1 82 £ 5
e it %t ot (o S ). ) (09

In the following discussion of this chapter, we let

)
J.(t,r) =ut — A2 <u;L + §(ugqf) + (uaqg’)x> : (6.10)

For problem (6.8), we have the well-posedness conclusion.
Lemma 6.2. Provided that ug € H'(R) and x > 2. Then system (6.8) admits
a unique solution u.(t,x) € C(]0,00); H*(R)). Moreover, the following identity
holds

/R<u§+(%)2>dx
+25/0t4((%za)2+(

which is equivalent to

0%u,
0x?

$) (s, 2)dads = wep ey, (6:11)

ou,
or (s:°) ||%11(R) ds =|| ue, ”%{1(]1%) : (6.12)

t
et ) e +2 / l

Proof. For every £ > 2 and ug € H'(R), we obtain u.o € C([0,00); H*(R)).
Employing theorem 2.3 in [10], we get that system (6.8) has a unique solution
u. € C([0,00); H*(R)).

According to system (6.8), we have

Oue Pu, L5 5 Ou,
ot otx?

Ou. 0%u, 303, Pu.  0*u.
+ (8;172 B 8274)' (6.13)

= 4u?
Ue ox Ue Ooxr Ox? Ue ox3



6.3 Viscous approximations
Taking x = 5, we obtain

Ouc(t,£00)  0%uc(t,£00)  Puc(t,£00)
ox B Ox? B Ox?

uc(t, £oo) =

Using (6.13) and (6.14), we obtain the identity

1d 5 Ouc ., ey 0*ue B
2di R(“ﬁ(ax))dx“/ﬂ{((ax) +(ax2>>dx_0'

The proof is completed.

Using (6.7) and Lemma 6.2 gives rise to
| te [[e@)< el ue @< el uep @< el w lme < e

where ¢ does not depend on the parameter ¢.

Note that

Ay =5 [ e,

1 . (% .99y 1 / _,09(y)
= —_e¢ % y_ 277 Ze® Y
26 / e Iy dy + 26 ’ e dy

1 [T 1, [ _
— 57 | ey + e [ et

—00

—0o0

from which we acquire

o0

A2l <5 [ e gty

—0o0

=0.

94

(6.14)

(6.15)

(6.16)

(6.17)

Lemma 6.3. Assume || 92 || o< 00, 0 < e <1, 0<t<T, and let u(t,x)

be a solution of (6.8). Then, there exists a positive constant ¢ = c(|| uo || g1 (w), ||
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8“0 |L) such that

6
/R (%Z) drdt < c(1 + T)eT (6.18)

and

8ug 82u5 oT
/ / 6x2 ) dedt < c(1+T)e™, (6.19)

where ¢ does not depend on €.
Proof. For conciseness, we write u = u.. Differentiating the first equation of
problem (6.8) about x, we have

1 4

2.2 3 -2
U + U UL + U Ugy — EUggy = U™ — A

5)
5 ut + §u2u§ + 0 (uud) . (6.20)

Applying (6.14) and the identity

5,3 5,3 4 3 2 6
/uxu Uz dT = / uyucdu, = —/ux[5uxumu + 3utuy|dx
R R R

yields

6/u U umdx— 3/u2ulda;,
R R

from which we have

1
—u?u? 4 wdug, )uddr = 0. 6.21
2 x xX

R



6.3 Viscous approximations
Multiplying (6.20) by u2 and using (6.21), we obtain

1d

6 Rugdx+55/Ruiuixdx

5
= / utuBdr — / uy A7 [ut + SuPul + (uud).]de.
R R

2

Applying the Holder inequality gives rise to

/R|u4u‘2 | de < (/Rugdx>2</Ru24d$>é
<|| u Hﬁo </Ru:(f/,d:z:)g(/szfalac>(13
§c<1—|—/Rugdx>,

96

(6.22)

(6.23)

in which we have used inequality (6.16). Using (6.16) and the Holder inequality

again, we have

/]ux\4dx < (/uidx)
R R

N[
N

</Ru2dx> gc(l—i—/R]ux\de),

[NIES
N

JARCE ( / uida:) ( / ugdx)
< c</Ru§dx> (/Rugdx>
< c( /R ugdx>

<1 +/ |u,|Cd)
R

Nl
+
I

N

(6.24)

(6.25)
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/]R]ux\5d:v < (/Rugdx> (/Ruidx>
Sc(/Rugdx>;</Rugdx>}l
< C(/Rugdx> : (6.26)

and

N|=
N|=

W

We then have

| A2 [u* + uu]|—\—/ eIyl (gt —|—Zuu)dy[

<c(l+ / uzdy) < c. (6.27)
R

Using integration by parts yields

1 O(uud)
A2 uuix = —/e""”_m—y d

2 Jr
1 % O(uud) 1 T O(uud)
| ZpT -y Y d .z Yy Yy d
|2€/x © Ty TRt /ooe y 2
1 T > Y 3 1 —x ¢
=| 3¢ e (uu,)dy — 3¢ (uu;)dy |
1 Oox —00
< 5/ e~ 1T uud|dy

IN

c/ ug | da
%
< c(/ugdx) . (6.28)
R

Using (6.26) and (6.28), we have
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/ ]uiA‘2(uui)x|da@
R

< / 3] | A2 ()|
R

: 3
< c(/uidw) (/uidw) :c/ugdx. (6.29)
R R R

Using (6.22)-(6.29) results in

d
—/ugdx < c(l—i—/ugdx)7 (6.30)
i Js

R
from which we obtain

/ugdx < <CT—|— / ugz(x)dx) el < ceCT(T—l— I wos H%w)
R R

<c(l+T)ee. (6.31)

Using (6.22) and (6.31) leads to (6.19). The proof is completed. O
Lemma 6.4. Let 0 <t <T. Then there exists a constant C' > 0, which does not

depend on ¢ but may depend on T, || uo ||g1w) and || wo, ||, such that

| He(t, ) [[Le® < C, (6.32)
OH.(t,-)

| “or 2o < C, (6.33)
OH.(t,-)

I “or 1)< C, (6.34)
OH(t,-)

| “or 2@y < C (6.35)
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and
() @< C,

| Jo(t, ) o< C,

I @) (2@ < €,

where H.(t,x) and J.(t,x) are defined in (6.8) and (6.10).

Proof. We write u(t, x) = u.(t,x) concisely. Namely, we write

1 x
H.(t,z) = A ?[u* + 3uu? — 3 / u?(uf)edg],

— o0
and

OH_(t,x)
ox

= A [4ulu, + 30, (UPul) — uPuptiy,).

Using (6.16) yields

1
A7t 3t [ g [ e (30|
< C(/e|xy|u2dy—|—/e|zy|u§dy>,
R R

which leads to
/ | A2 (W’ 4 2uul) | de < C, AP (u® + 2un?)|de < C.
R
Using Lemma 6.3 and (6.16), we have

x 1 xX
A2[/_Oo u?(ug)ed€] = 3 /Re|x9[u2ui — /_OO 2uulde]dy.

99

(6.36)
(6.37)

(6.38)

(6.39)

(6.40)

(6.41)

(6.42)

(6.43)
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Applying (6.18) and the Holder inequality gives rise to

a2l g <c

—0o0

Using (6.41) and (6.44), we prove that (6.32) holds.

From (6.17), we have

A2 ()] |< / ety

<Jlu P / Wdz,

3
A < 5 [ ey

and

1 v 1 o
| A2 (W upty,) |=| —e_x/ eV’ (ul),dy + —ex/ e Yu?(u

4 4

—00

1 xT
=| —Ze_x/ uz[eylﬂ + 2uu,e’|dy

1 o0
_é_lew/x uze Y [—u® + 2uuy]dy |

< C/ ezl <|u2u§| + |uu3|>dy
R

< C/ eIyl (\ui[ + ]u2|>dy
R

2
Y

100

(6.44)

(6.45)

(6.46)

)yd?/ |

(6.47)

From (6.45) to (6.47), using (6.25) and and the Tonelli Theorem, we get that

(6.33) and (6.34) hold.

Applying (6.33) and (6.34) yields

OH.(t,.) OH.(t,.) OH.(t,.)

2
| =52 el =522 el =52 < C.

ox

(6.48)
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Now we prove (6.36)-(6.38). Using (6.16) gives rise to
|t < C, /wmgc
R

and

2

5 1 5
| A2 [U“ + —u2q2] <5 / el [U“ + §u2q2] dy |< C,
R

where C' > 0 does not depend on the parameter ¢.

Employing (6.16) and (6.17) yields

| A2[ug?), |< / e l|ugl*dy < C / lqf*de.
—00 R

From (6.10), we have

0J.(t,x)

5)
P 4utq +ug® — A7 (ut + ZuPg?), + qu] .

2

From (6.16) and (6.18), we have

/|u qldx < ( /|u6|d1’ % / 2dx) 1< C
/]uq|3dx < /qua: /
R R

101

(6.49)

(6.50)

(6.51)

(6.52)

(6.53)
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5
|A_2 [(u4 I §u2q2)m 4 qu] |

1 v 0t 4 3uPe?)
= | — - — d -
‘26 /_ooe dy ytae

1 o0
+§ / e_|x_y‘uq3dy‘

1 v 5 1 o 5
= ‘ - 56‘”/ eV (ut + Zu*qH)dy + —ex/ eV (ut + ZuPg?)dy

00 5,22
:c/ e_ya(u +2uq)dy

oy

- 2 2 2
L P
+= e Vg dy‘
2 —0oQ
§/ e 17 y||u + u |dy+—/ ~le= y||q|3dy (6.54)

Applying (6.16),(6.25), (6.52)-(6.54) and the Tonelli theorem, we get that (6.36)
and (6.37) hold. The inequality (6.38) is directly derived by (6.36) and (6.37).
The proof is completed. [l
Lemma 6.5. Suppose ug(x) € H'(R) and || wos ||ze@)< 00. For every T > 0,

then the following one-sided L estimate holds

Ou.(t, )

9 < C(1+1), forte[0,T), x € R, (6.55)

in which the positive constant C only depends on || ug || w), || Uow ||zom®) and
T.
Proof. From Lemma 6.4, we obtain |J.| < C and

dq. o dqe 1
ot for 2

0%
ulq? — ¢ 57 = J.(t,x) < C. (6.56)

Assume that h = h(t) is the solution of

dh
dt

+ WK =C, t>0, h(0)=| (6.57)
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Letting u} be the value of u.(t,z) when supq.(t,z) = h(t), we get that h =
TER
h(t) is a supersolution of the parabolic equation (6.56) with u.o(z). Using the

comparison principle for parabolic equations, we obtain

q=(t,x) < h(t). (6.58)

Let K(t) = Ot. Consider that 1 4 (u)2K2(t) — C = (uz)?(Ct)? > 0 for any

t > 0. Applying the comparison principle of ordinary differential equations, we

know h(t) < K(t) = Ct+ || 8;2’0 || for all £ > 0. Thus, we obtain the desired
result. O
Lemma 6.6. Suppose ug(x) € H'(R) and || woy ||r=®)< 00. For the solution

us(t,z) of problem (6.8), then there exists a subsequence €; — 0 as i — oo and a

function u € L>([0,00); HY(R)) N H'([0,T] x R), such that

u., ~u in H'([0,T] xR), forevery T >0, (6.59)

us, > u in Ly (]0,00) x R). (6.60)

loc

Proof. We have

Ou, N 30U, N OH.  0u.
ot Y ox or c 0xr?’

For every fixed T' > 0, Applying Lemmas 6.2 and 6.4 yields

) %y | Qe
ot AR) ot

| 220, xr) < Co(1 + Ve || uo |mw)), (6.61)

where Cy depends on || oy ||zem®), || %o || and T. Consequently, we get
that the solution {u.} is uniformly bounded in the space L>([0,00); H'(R)) N

H([0,T] x R) and (6.59) holds.
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Note that, for each 0 < s5,t < T,

et ) =l ) o= [ ([ St x)d7>2dx
<|t—s|// aug dex (6.62)

Therefore, {u.} is uniformly bounded in L>([0,T]; H'(R)) and H'(R) C
LOO

loc

C L? (R). Applying the conclusions in [9], we get that (6.60) is valid (also
see [101]). O
Lemma 6.7. Suppose || uoy |r=®< 00 and ug(z) € H'(R). Then, the se-
quence J.(t,x) is uniformly bounded in W' ([0,00) x R). Moreover, there exists

a sequence €; — 0 if i — oo and a function J € L*°([0,00); WH(R)) such that

Je; = J  strongly in LY ([0,T) xR), 1<p< 0. (6.63)

loc
Proof. Applying notations v = u.(t,z) and ¢ = ¢. for simplicity, we acquire
0J-

ot
= 4ulu, — A2 [(4u3 + 5uq2)ut]

= dulu, — A2 [4u3ut + buuyg® + 5uqq; + Op(upg® + 3ug’q)

—A? [5u2q(JE —ulq, — %u2q2 + EC]m)]
—A? (ax [thg + 3UQQQtD

= 4u3ut + Ql + QQ + Qg. (664)

Applying Lemma 6.6 and (6.16) yields

/|u wdz < / %)5(/ 27)}

<[t B / Wda) i / Wda)
R R

[SIE
IA
Q
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Using (6.16), (6.24) and Lemma 6.6 gives rise to

/R|Q1|dxdt < /Ot [/}Re_lx_y'(/R(élu?)+5uq2)2dy>§(/Rufdy)édx} dt

< CT. (6.65)

For ()5, we have

Qo] < </€|xy
R

/e|zy|5u5qqydy‘ +e
R

<C /e”““y|
B R

1
+§’ / e~ lrvlg? [25u4q + sign(x — y)u‘r’} dy’
R

5
5ulqJ. — §u4q3 ‘dy

R

5
SutqJ. — §u4q3‘dy

+

+e| / e~le=vlg, [10uq2 + 5ulq, + sign(z — y)5u2q} dy|) (6.66)
R

Using the Schwartz inequality, (6.16), (6.25) Lemmas 6.2 and 6.3, we have

t t
| [ (@ulasde < (14T wn g + [ [ laude)
0 JR 0 JR
t
+eC [ [ (laal + ) + lof? ) dodt
0 JR
t
<C(1+T o iy + [ [ laPdyat)
0 JR

t
+EC/ /<|q|2+q4+3|qy|2>dxdt
o Jr

< C(+T). (6.67)
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For ()3, we have

Qs = A7 [ths + 3Uq2€h]
1
= A2 [utq?’ + 3ug? (JE —udqy — iqu2 + gqm)]
. 3
= A\2 [utq5 + 3ug®J. — §u3q4] — 3\ 72 [u4q2qx} + 3sA72 [uq2qm]

=L+L+1 (6.68)
Using (6.17), we get

3
|| = | ~le— y‘ uq + 3ug?J. —2 4] dy|

X
< L[

l\DI»—t

88

3
wq® + 3ug?J. — §u3q ‘dy, (6.69)

N)I»—t

— A1 — AY)(ulg®) + A2 [4u3q4}

= —A2(u'q®) +4A7? [u3q4] +ute? (6.70)
and

Iy = 32 [(ugPgr)e — (u?)ge

= 3eA"3(1 — A®)[ug’q,) — 3eA? [(q?’ + 2uqqx)qx}

xT

= —3e(u¢®q,) + 3eA?[ug’q,) — 3eA? [(q?’ + 2uqqm)q4 . (6.71)

x
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Using (6.24), (6.25) and (6.61), we have

/t/|ll|dxdt
<C/ <1+ / ut)Qdy)%</_Zq6dy>%+C(/_Zq“dy))dt

<C(1+7). (6.72)

Applying inequalities (6.16), (6.17), (6.24), (6.25) and the Tonelli theorem

yields

1+/]q|3dx+/]q|4dx] dt < C(1+T)(6.73)
R R

t t
/ /|12|d:z:dt§ C/
0 R 0

Using Lemmas 6.2 and 6.3, we have

t t
8/ /|(uq2qz)|dxdt§50/ /]q2qm|dxdt
0 Jr 0 Jr
¢
< Ca/ /(q4+qg%)dmdt
0o Jr
<C

(6.74)
Using (6.17) gives rise to

(¢° + 2uqqy) gy |dy.

A2 (6 + 2ua 0] < [ e
z R

Note that

lqq;| < cl(q9,)® + 4] < clg) + (Pay)? + @) < 2 + ¢*¢]).
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Using Lemmas 6.2 and 6.3, we have

t
£ / / A2 [(q3+2uqqm)qz} |dxdt
0 R z

t
< EC/ (/ ’(q3+2uqqy)qy dy/elxydx> dt
0 R R

t
< EC/ / ‘(q?’ + 2uqqy)qy |dydt
0o Jr

t
SeC/ /(}qq?ququlﬁIl)d@/dt
0 R

t
< 50/ / (q6 + qi + q4q§>dydt
o Jr
<C (6.75)
From (6.69)-(6.75), we obtain
t
/ / |Qs|drdt < C(1+T). (6.76)
0o Jr

From (6.64)-(6.68), (6.73)-(6.74) and (6.76), we derive that %= is uniformly

bounded in L}

loc

([0,00) x R). Then we get that J. is bounded in W' ([0.00) x R)

which together with Lemma 6.4 results in (6.63) (see [94]). O
Throughout this chapter, for 1 < r < 3, the overbars denote weak limits in

the space L"([0,00) x R). Let 4 = [0,00) x R.

Lemma 6.8. There exists a subsequence ; — 0 if i — oo and two functions

qe LV (), @ € Ly () such that, for every 1 < p < 6 and 1 < r < 3, the

following conclusions

o= q in L), g q in LE((0.00): L(R).  (6.77)

qu - ? in Llroc(QJr) (678>
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hold. Moreover,

(t,z) < @(t,x) almost everywhere in  (t,x) € Q. (6.79)
and
ou : T, .
;=4 the sense of distributions on the domain €). (6.80)
x

Proof. Using Lemmas 6.2 and 6.3 leads to (6.77) and (6.78). Applying the weak
convergence in (6.78), we have inequality (6.79). The definition of ¢., Lemma 6.6
and (6.77) directly derives (6.80). The proof is completed. O
For notational convenience and simplicity, we use {u. }e=0, {ge }e>0 and {J: }eso
to replace the sequence {u., }ien, {¢:, tien and {J, }ien (where N denotes all the
nature numbers), respectively.
For every convex function ¢ € C1(R) associated with ¢’ bounded, Lipschitz

continuous on R, using Lemma 6.8 yields

#(g) = o(q) in Li (), 1 <p<6, (6.81)
6(¢=) = ¢(q) in Li5,([0, 00); L*(R)). (6.82)

Multiplying the equation (6.9) by ¢'(q.) gives rise to

a 1 a 82¢(Q€) ” aQE 2
00) + 55— (u26(0) — e 02 20" (0) ()
1 2 .0
= wa0(a) — 3026 ) — 220D 4 ). (689)

Lemma 6.9. Assume that all the assumptions in Theorem 6.1 hold. Then for
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every conver ¢ € C1(R) associated with ¢' bounded, Lipschitz continuous on R,

the following inequality

09(q)
ot

9 (o)) < waola) — 57D — 2?0 gy (684

W =

holds in the sense of distributions on the domain Q. Here q¢(q) and ¢'(q)q? rep-

resent the weak limits of ¢-¢(q.) and ¢?¢'(q.) in L7 (2y), 1 < r < 3, respectively.

loc
Proof. Applying Lemmas 6.6-6.8, the convexity of ¢ and taking the limits for
e — 0 in (6.83), we obtain (6.84). O

Remark 6.10. From (6.77) and (6.78), we have

=0+ =0+7, ¢ =()2+(), E=(q)+(q)* (6.85)

almost everywhere in Sy, where Ny 1= N0, 100) (M), M= = Ny(—00)(n) for n € R.

Using Lemma 6.5 leads to
q-(t,x), q(t,z) <C(1+1t), 0<t<T, xz€eR, (6.86)

where C > 0 does not depend on the parameter e.
Lemma 6.11. Assume that all the assumptions in Theorem 6.1 hold. In the

sense of distributions on ), then
dq

= +

1 1, 2 ,0q
ot 3

d, 4. :
a%(u q)—2uq 3u ax+J.

(6.87)

Proof. Using (6.9), Lemmas 6.6-6.8, and taking limits for ¢ — 0 in (6.9), we get
that (6.87) holds. O

A generalized formulation of (6.87) is presented in the lemma below.
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Lemma 6.12. Assume that all the assumptions in Theorem 6.1 hold. Then for

every ¢ € CY(R) with ¢ € L*(R) and an arbitrary T > 0, the following identity

99(g) 190
BT gg(u%(q»
= waole) ~ w70 (o) + g0 (a) — P04 o) (6.39

holds in the sense of distributions on [0,T) x R.
Proof. Assume that {w,}, is a family of mollifiers defined in R. Set ¢, (¢, z) :=
(q(t, .)*xwy)(x), where the notation % represents the convolution about the variable

x. Multiplying (6.87) by ¢'(q,) gives rise to

06(qy) o dq, o 19 1 2735
It —Gb(qv)—at = ¢'(¢,) _58_m(u Q)*wv+§u q° x Wy
2 309(q
—gu?’% * W,y + J*w7] : (6.89)

Using the boundedness of ¢, ¢’ and letting v — 0 in (6.89), we have

Ip(q) 1 30¢q 2.2 I 9=, _ 2 300(q) /
5 T3 g, = "waP)+uidd () - qui— =+ Jd(g),  (6.90)
which leads to
9¢(q) | 1(0u’pq) 2 22 Logs iy 2 509(q) /
5 T3 gy Wl — (@) + Juie?d(e) — gut—p = + J¢'(q).
The proof is completed. 0

6.4 The proof of main results

Using the methods in [101] or [9] or the techniques in Chapter 3, we shall show that

the weak convergence of ¢. in (6.78) is equal to strong convergence. Subsequently,
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we establish the existence of global weak solutions for problem (6.3).

In this section, we will use Lemmas 3.15,3.16,3.17 in chapter 3 to prove our
results. All the notations used are the same as those in Lemmas 3.15-3.17.
Lemma 6.13. Assume ug € H'(R) and || uox ||p=< oo. Then for almost all

t > 0, the inequality

L (77—

l\DIC.O

ox

=

/ u3 E (¢) a¢g(q>>dmds
0

+/ J(s,z)[qr (s, x) — qi(s,x)|dxds  (6.91)

=)
Ee

holds.
Proof. For any T > 0t € [0,T], we choose B sufficiently large to satisfy B > C
(see Lemma 6.5). Employing Lemmas 6.9 and 6.12, and the entropy ¢} (see

Lemma 3.17) leads to

9 (55@ — ob@)) + 5 - (w0 G50 - ¢+<q>})

< u*(40h(0) — ash(a)) = 5 (P05 (@) — *(04) (@)
ERESHE o
+J(t,2) (05 (@) - (¢5)'(a)). (6.92)

Since ¢}, is increasing, from (6.79), we have

(@ = ¢*)(05) (@) < 0. (6.93)



6.4 The proof of main results 113

Applying Lemma 3.17 results in

q95(q) — %QZ(%)/(Q) = —g (B = @)X(5,5)(0),

qoh(q) — %q%g)/(q) = —Eq(B — @)X (B,o)(Q)- (6.94)

2

Using Remark 6.10, (6.86) and Lemma 6.5, we can choose sufficiently large B > 0

to ensure ¢ < C(1+t) < B. Let Tp = (0, 5 1) x R. From (6.86), we have

q95(q) — %QZ(@)'(Q) = q¢5(q) — %QQ(@)’(Q) =0, in Tp.
(6.95)
In (o, B 1) « R, it holds that
o5 =5(q4)%  (05)(0) = a4, (6.96)

o5(q) = 3(a4)?,  (05)(0) = T+

Using (6.93)-(6.96), in the domain <0, — 1) xR, we have the following inequality

Qlw

9 (5@ - o50)) + s ([ G5 - ba)])
- +

2 0 0 S
2,5(20600) _ 9080)) , ) (T - (68)(@). (697
For almost all 0 < ¢ < & — 1, integrating (6.97) over (0,¢) x R produces

3 | (@ =@ a)ar <t [ (55000 - o3(t.)]do

2
// a¢B 250

+/0 /H{J(s,x)[ﬁ(s,x)—C]+(S,I)]d$d5- (6.98)

Letting B — oo and using Lemma 3.16 complete the proof. U
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Lemma 6.14. Assume ug € H'(R) and || ugs ||z=< oo. For almost all t > 0

then
/(¢B<> 05(0)) (1, 2)d
// (B + @) X(~c0,—B)(q)dzds
—//u (B + @)X (e (@)dads
+B// dxds
_// & 2 ) duds

__// (200 _ 0050y,

w [ [ 100(GoT@ - 05 deds,

(6.99)

where B > 0 is sufficiently large.
Proof. From Lemmas 6.9 and 6.12, choosing B > 0 suitably large and using

entropy ¢z, we obtain

(5@ — 65(@) + 5 o (w?[ 5500) - 65(0)))
<t (4050) ~ 105(0)) — (PG — 263 (0))
L(7 - ) o) - 2 (20200 _ 2050
+J(t,2)((65) (@) = (63 (0))- (6.100)
As —B < (¢3) <0 and u? > 0, we obtain
(P - )@ < E(7 - ). (6.101)
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Using Remark 6.10 and Lemma 3.17 yields

u'qd(q) — u;q?(cbé)’(Q) = —BTUZCJ(B + X (—oo-p)(@)  (6.102)
wad5(@) — S G5V (@) =~ B F D @ (6.103)

Applying (6.100), (6.101) and (6.103) leads to

9 (55@ — 65@)) + 5 - (w0 G50) ~ 65(0)])
< —%BUZCI(B + Q)X (-o0-5) (@) + %BU2Q(B + @) X(=o0-5) (@)

+%Bu2 <?_ q2> _§ 3(a¢53x( q) 8¢§;(Q)>
(

+J(t,2)((05) (@) — (#3)'(a) ). (6.104)

Integrating (6.104) over (0,¢) x R, we have

| (55 = os@) ()
< —g /0 t /R uq(B + q)X(—c0,-1)(q)dxds
= t R CRY -
— / / ¢ —q d:Eds—— / / 8% a¢§£q)>dmd8

n /0 /R J(t,0)((05) (@) — (65) <q>)d:cds. (6.105)

Using Lemma 3.17 yields
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which results in

B [6(@) — 03(0)] = 5o (W~ (0?) + 5w (B + X e )(0)
—gu““(B +4)*X(—o0,—B)(9)- (6.107)

Making use of Remark 6.10, (6.105), (6.107), we acquire

[ (5 - o5() ()
< —g /0 t /R u?q(B + q)X(—o0—5)(q)dzds

+§ /Ot/RU2Q(B+Q)X(—oo,—B)(Q>dde
+B/O /Ru2 [@—gﬁé(q) dxds

B t
+— / u?(B 4 ¢)%X(—co,—p)(q)dzds

2

__/t/u2(3+q) o) dmds—i——// —q+ dxds
2 / / aqu 8¢§x(q>>dxds

w [ [ 00 (@7 - (65 @) (6.108)

sy
=

[\

w

Using the identity B(B + q)* — Bq(B + q) = B*(B + q), we obtain (6.99). The
proof is completed. 0

Lemma 6.15. Suppose that all the assumptions in Theorem 6.1 hold. Then

2 =q almost everywhere in  [0,00) x R. (6.109)
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Proof. From Lemmas 6.13 and 6.14, we have

/R G (6P~ (@] + [05 — 03 ) (t,2)dx
= B; /Ot /R“%B F )X (—oorp)(q)dzds
_B72 /Ot /RUQ(B + @)X (oo, 1) (q) dds
+B /0 t /R u? [cbé(q) —¢§(Q)] dzrds
B [ (i v
S L

+/0t/RJ(S,x> ([ﬁ - q+} +[(@p)(q) - (¢§)/(Q)}>dxds. (6.110)

Using Lemma 6.7, for 0 < ¢ < T, there exists a constant K, > 0, relying only on

| %oz ||zoes || %o || 1 (w), and T, such that

| J(t, @) HLoo([o,T)xR)S K. (6.111)

Employing Remark 6.10 and Lemma 3.17 yields

44+ + (¢5)' () = ¢ — (B + @)X(~00—B)

Tt + (05) (@) = ¢ — (B + @)X(~00,-B)(q)- (6.112)

Since the map n — 14 + (¢3)'(n) is convex and concave, we obtain

0 <7 —q4] + [(05)(q) — (¢5)(q)]

= (B + @)X(~c0,-B) — (B + @)X (=00,-B)(q)- (6.113)
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It follows from (6.110) that

/R (% [(Q+)2 - (CI+)2] + [@_ %D(t’x)dx

<B// ) dxds—l——// —q+ dxds
/ /2u g — 65(q ))dxds. (6.114)

Using Lemma 6.5, we get that there must exist a sufficiently large B such that

u?q < CB. Thus, from Lemma 3.17 and (6.114), we acquire

o< [ (%[W—(qﬁ] + [ﬁ—qﬁ;})(t,x)dx
ch/Ot/]R (% [W—(qgﬂ + [@—@D(t,@dms. (6.115)

For each t > 0, the Gronwall inequality is used to produce

o< [ (5@ - @] + [55 - 03] ) trs =0

Using the Fatou lemma, (6.79) and Remark 6.10, we let B — oo and obtain

0< / (? — q2)(t,x)dx —0, for >0, (6.116)
R

which completes the proof. O
Proof of Theorem 6.1. Applying (6.7), (6.11) and Lemma 6.6, we get that the
conditions (i) and (ii) in Definition 3.1 hold. Using Lemma 6.15 gives rise to

¢ —q in L?

loc

([0,00) x R). (6.117)

From Lemmas 6.6 and 6.7, and (6.117), we get that u is a distributional solution

to system (6.3). Using Lemmas 6.3 and 6.5, we obtain inequalities (6.5) and (6.6).
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The proof of Theorem 6.1 is completed. 0



CHAPTER 7

Wave breaking to a nonlinear shallow

water wave equation

This chapter considers a nonlinear shallow water wave model including the Degasperis-

Procesi equation. Several estimates, which are derived from the shallow water

model itself, are established to discuss the wave breaking of its solutions.

7.1 General

Constantin and Lannes [13] derived the nonlinear equation

3
U+ U+ 5 Pty + QU+ Btltas) = pp(VUzs + OUlss), (7.1)

where the constants p,~v,d, o, 8 and u are required to satisfy certain restrictions.
Eq.(7.1) describes the propagation and motion of shallow water waves over a flat

bed (see [13]). From [13], we know that Eq.(7.1) can be turned into the equation
Up — Upgr + Kolly + mut, = kiugty, + kotitly,,, (7.2)

where ko, k1, ko and m are constants. If m =4, k; = 3,ky = 1, Eq.(7.2) becomes

the Degasperis-Procesi equation. For m = 3,k; = 2, ky = 1, Eq.(7.2) reduces to

120



7.2 Lemmas 121

the Camassa-Holm equation (see [19]). When kg = —1,m = %,kl = g,kg = %,
Eq.(7.2) is turned into the Fornberg-Whitham (FW) equation (see [43,44]). The
wave breaking of solutions and local strong solutions in H*(R)(s > 2) for the
Fornberg-Whitham equation are discussed in [43,44].

Motivated by the recent work in [44] where the wave breaking for the FW

equation is investigated, we study the wave breaking for a special case of Eq.(7.2),

which has the form
Up — Upgy + KUz + MUty = 3Uzlyy + Ullpey, (7.3)

where m > 0 and k are constants. As stated in [14], the wave breaking implies
that the solution itself is bounded, but its slope remains unbounded as the time
tends to a finite time. Assuming that the initial value uo(x) € H*(R), we shall
discuss the wave breaking of Eq.(7.3).

For Eq.(7.3), Lai et al. [61] derive the conservation law

14+ &2 14 €2
/R —:—552 (©)[de = / +5 EPdE ~[| uo || 2w, (7.4)

where ug = u(0,z) € H*(R).
Several Lemmas shall be given in section 7.2. The main results of this chapter

and their proofs will be presented in section 7.3.

7.2 Lemmas

We write the Cauchy problem of Eq.(7.3) as follows

Up — Ugy + KUy + MUty = 3Uglyy + Uy,

u(0, ) = up(x).
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Multiplying the first equation of problem (7.5) by A=2 = (1 — 8‘9—;)_1, we have

U + uty = —kA?u, — AT (u?),,

u(0, ) = up(x).

(7.6)

We shall address here that the operator A=2 has also been used in chapter 3. For
the classical solutions u(t,z) € H*(R) € C*(R), we have u(t, +00) = 0.

Lemma 7.1 [61]. For problem (7.5), if m > 0 and uo(x) € H*(R), it holds that

1—|—2 1+2
/Ry”d‘”:/ i - / fgz P~ o llpzw  (7.7)

and

c |l uo o< en || u 2@y < co || wo [l 22y,

where cq,co are constants depending only on m.
Lemma 7.2 [61]. Let s > 2,ug € H*(R). Then there must exist T = T (ug) > 0

to guarantee that the problem (7.6) has a unique strong solution u(t,z) and

u € C([0,T); H*(R)) N C*([0,T); H*(R)).

Lemma 7.3 [61]. Assume s > 2,uy € H*(R). If T is the mazimal existence

time of solution to Eq.(7.3), then

Fut,2) |z <]l uo llz= +eot || uo [IZ2,  fort €10,T], (7.8)

where cq only depends on m.

From this Lemma, we know that for all ¢ € [0,00), inequality (7.8) is still
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valid.

Lemma 7.4. If u(t,z) € H*(R), then

/uzA_Qudx = — / uN2uder =0, 0< /A_2u2dx < 00.
R R R

Proof. Letting A=2u = v, we have
U=V — Ugg,
which results in

/UAQUIdl‘ = /(v — Uy )Updx = / vdv — / vpdv, = 0.
R R R R

Applying

Og/A2u2d:1:
// ~lz=yl u?(t,y)dydx
i [ s
T2 R R

and Lemma 7.1, we derive that
0< /A_2u2d:v < 0.
R

The proof is completed.
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Lemma 7.5. If ug € H*(R) and u(t,z) satisfies problem (7.5), then

A2 < c,

\A’Q(?z(uz)\ <c,

\/A_28x(u2)dx] <,
\/uA )zdx| < c,

where constant ¢ > 0 is independent of time t.

proof. Since

A *u?dr = / e 1TV (t, y)dy
R

N —

and

e

A 20, (u?) = —

—00

using Lemma 7.1, we get

1
A0, = I3 [ e sign(e — gt o)y
R

1
<5 [ty < o0
2 Jr

and

R

=

2/ eu?(t, y)dy +%/ e Y’ (t,y)dy,

A28, (u?)|dz = /’/ “E U sign(z — y)a(t, y)dyldz

1
5 [y [ e sign(e - )i
2]R —00
1
2

u2(t,y)dy/ el dy < 0.
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(7.13)

(7.14)

(7.15)

(7.16)

(7.17)

(7.18)
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Using (7.17) yields

1

ot [y (oo
<o [ ) t / A0,

<e (7.19)

From (7.16)-(7.19), we complete the proof. |

7.3 Blow-up criteria

If the maximal existence time T' > 0 for problem (7.5) is finite and ug(z) € H*(R),

from Lemmas 7.2 and 7.3, we get that

sup  |u(t,x)| < o0
(t,2)€[0,T) xR

and
lim [ g | 2y = o0
We will prove that ~ sup  |u,(t, z)| = 0o, which means that the wave breaking

(t,z)€[0,T)xR
of equation (7.3) occurs. For detailed discussions of wave breaking, the readers

are referred to [14].
Theorem 7.6. Let ug(z) € H*(R). If the maximal existence time T is finite,
then the solution of problem (7.5) or problem (7.6) blows up if and only if

lim inf[u, (¢, )] = —oc0. (7.20)

t—T

proof. It follows from Lemma 7.2 that there exists u(t,z) € C([0,T), H*(R)) N
C1([0,T), H'(R)). We shall use the classical energy estimates in our proof. We

multiply the first equation of problem (7.6) by u(¢, ) and integrate the resultant
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equation on R to acquire

1d 1
—— | W?dx = —/uzumdx — k;/ ulh"?u, — m—/u/\_2(u2)xdac
m—1

= —T/RUA_Q(UQ):CdI, (7.21)

in which we have used Lemma 7.4.

We differentiate the first equation of (7.6) about x and get

—1
Uge + (Utly)y = —kA gy — mTA’Z(uz)m

1
= —kAT2(1— A?)u — mTA‘2(1 — A

-1 -1
= —kA%u+ ku — mTA_2u2 + 5 u?. (7.22)

Multiplying Eq.(7.22) by u, and using Lemma 7.4, we obtain

—1
—— [ uldr = —/ux(uux)m — m—/uwA_ngdx
2dt R R 2 R

m—1

1
= ——/uidw—l——/uAQ(uZ)xdx. (7.23)
2 Jr 2 Jr

Differentiating (7.22) again with respect to z, we get

-1
Upge = — (U ) pe — KA Uy + Kty — mTA’2(u2)x

m=loey (7.24)

M

Using Lemma 7.4, we have

/ Upe N 2updr = — / up N 2uydr = — / U (A0 — u)dr = 0 (7.25)
R R

R
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and

/umA_2(u2)mdx: —/uxA_Q(u2)mdx
R R

_ /[R o (A2 — u?)do = — /R w (A 2)de. (7.26)

We multiply (7.24) by u,,, integrate the obtained equation over R and get

il S — A2
5% /R uzdr /R Uge (UL ) pedx — K /R Upy N " Updx
—1 —1
—m—/umA2(u2)x—|—m—/um(u2)xdx
2 Jr 2 Jr

3 -1 -1
= ——/uxuiwdx— m—/uidm—i—m—/uxA_Qﬁdx
2 Jr 2 Jr 2 Jr

5 m—1 m—1

= ——/uqu dx — —/u?’daz— —/uA_g(UQ)xdx. (7.27)
9 Jy e 2 J 2 Ju

From (7.21), (7.23) and (7.27), we have

11d 9 d 9 d/2

= d — d — d

2[dt/Ru x+dt/Ruxx—|—dt Rumx
m—1

2 R 2 R 2 R

Assume that we can choose a constant C' > 0 to satisfy
ug(t,z) > —C, tel0,T), zeR. (7.29)
From (7.28) and Lemma 7.5, we have

d r, a7, d/ ,
S 2de+ L 2de+ £ d
2[dt/Ru m+dt/ﬂgu’”m+dt o et

Smax(%,mTO)</Ru2dx+/Ru§dx+/Ruixdx) +c. (7.30)
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Letting
E(t) = / <u2 +uZ + ufm> dx (7.31)
R
and using (7.30), we get
t
E(t) < max(5C,mC') / E(7)dTt + 2ct + E(0), (7.32)
0
from which together with the Gronwall inequality, we have
E(t) < (2¢ct + E(0))emax(GCmat. (7.33)

which derives u(t,z) € H?(R). Since L*(R) € H'(R), we get u,(t,z) € L=(R).
Thus we have shown that the bound of u, (¢, z) from below for (¢,z) € [0,7) x R,
which contradicts the assumption of the theorem. The proof is completed. |

Theorem 7.7. Assume ug(z) € H*(R) with s > 2. If thn% | |
—

Hs(R)= OO and

T < oo, then
T
| etro) e dr = o (7.3
0
Proof. We write
Up — Upgy + Kty + mutt, = (Utly) e = (1 — A?) (uny). (7.35)

Applying (A*~1u)A*~! to both sides of (7.35) and using integration by parts, we
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derive the inequality

< |k|j é (As_lu)AS_l(ux)dx‘+|m—1|) /R (A ) A (uy )

_|_

/ AS Ty AT (uux)d:c‘
R

< c<‘ /R(As_lu)As_l(ux)dx’ + ‘ /R(As_lu)As_l(uux)dx‘

+) /R ASuAS(uux)de

= C(K1 + K2 + Kg), (736)

where ¢ depends on k£ and m.

Using the Cauchy-Schwartz inequality results in the inequality

(K| <cllu]

Hs—l“ u HHS . (737)

Applying Lemmas 4.10 and 4.11, we get

‘/R(Asu)/\s(uuz)dx) — ‘/R(ASUNAS(UUI) — uhuy)de

—i—/(ASu)uAsuzd:v‘
R
<clwlms (1w lmsl e e + 1w lll wlle ) +
1 [l l] A ]2
<l ulize + v llze ) 1w (7.38)
which results in
1Kol < e lwlloe + 1 e o ) 1w I (7.39)
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Similarly, we get

[Ks| < efful

e (Wl + 1wl ). (7.40)

It follows from (7.37), (7.39) and (7.40) that

1d [
2@ | [Tt ()
< el 0 Breosgay + 1 )
X (1+ | w[[eo@) + || Uz [|oow) >, (7.41)

where ¢ > 0 is a constant. From (7.41), we get

e el Ol Hlull o) gy (7.42)

[ (< e [l uo |

If }HITl | w || s (m)= 00 and T' < oo, using (7.42), we obtain
—

T
/ | ue(7,2) ||z dT = o0. (7.43)
0

The proof is completed. n



CHAPTER 8

Summary and future research

8.1 Summary

In this paper, a generalized Benjamin-Bona-Mahony-Burgers equation(GBBMB),
a generalized Degasperis-Procesi equation, and three integrable non-evolutionary
equations with quadratic, cubic and quartic nonlinearities, respectively, have been
investigated. Various dynamical properties of the five nonlinear equations have
been derived. Specifically, we obtain the following results.

(1). For a generalized Benjamin-Bona-Mahony-Burgers equation with third

order spatial derivative, which takes the form
Up — Upgy — AlUgg + bUy + upu:v + ks = 07 a > 07

we prove that for any T > 0, || u |[ze®< ¢ || uo ||mi(r), and derive the one-

sided L*® estimate on the first order spatial derivative % < ¢o(1+ e ) and
, 4
the estimate fot e %i’x) drdt < e;TeT, t € [0,T], where ¢y and ¢; only

depend on the coefficients a, b, p, k and the norm || ug || z1(r). Making use of the
method in Xin and Zhang [101], we prove that the GBBMB model has global weak
solutions in C'([0,00) x R) N L*>([0,00); H'(R)). If the GBBMB equation exists

strong solution and its initial data satisfy certain assumptions, the L'(R) local
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stability of solutions to the GBBMB equation is established by using Kruzkov’s
techniques of doubling the space variables.

(2). For an integrable non-evolutionary partial differential equation with
quadratic nonlinearities and quasi-local higher symmetries, using the Kato the-
orem, we prove the existence and uniqueness of local strong solutions to the
equation in the space C([0,T); H*(R)) N C*([0,T); H*"'(R)) where s > 2. The
blow-up condition is given under certain assumptions. If 1 < s < %, using
Aubin’s compactness theorem and various estimates of the solutions, we prove
the existence of local weak solutions in H*(R).

(3). For an integrable non-evolutionary partial differential equation with cubic
nonlinearities and quasi-local higher symmetries, imposing certain restrictions on
the initial value and using Aubin’s compactness theorem and various estimates
of the solutions, we prove that the equation possesses local weak solutions in
L*([0,T],H*(R)),1 < s < 3 in the sense of distribution. Constructing a Cauchy
sequence of the solutions in C([0,7); H*(R)) N C*([0,T); H*"*(R)) with s > 2,
we show that the equation has a unique local strong solution.

(4). The existence of global weak solutions to the Cauchy problem for a
nonlinear Camassa-Holm type equation with quartic nonlinearities is proved in
C([0,00) x R)N L>=([0, 00); H'(R)) by assuming that initial value satisfy uy(x) €

H'(R) and || 8“60—(93) || Lo (r)< 00. We do not assume that the initial value satisfies

I
the sign condition. Namely, our assumption is weaker than the sign condition.
The key contributions in this chapter include establishing a space-time high-
er integrability estimate and a super bound estimate on the first order spatial
derivative of the solution.

(5). For a generalized Degasperis-Procesi equation(GDP), we derive condi-

tions for which the local strong solutions of the GDP equation blow up in finite

time. The wave breaking of solutions to the equation is investigated.
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8.2 Future research

For the GBBMB equation discussed in chapter 3, we only prove the existence of
global weak solutions and the L' local stability if the initial data satisfy certain
conditions. However, we do not prove the uniqueness of global weak solutions
and the uniformly LP(R) (1 < p < oo) stability of the solution. These problems
remain to be investigated in our future works.

For the two integrable nonlinear partial differential equations we investigated
in Chapters 4 and 5, we only establish the well-posedness of local strong solutions
in C([0,T); H*(R))NC*([0,T); H**(R)) (s > 2). Establishing conditions on the
initial data to ensure the existence of global strong solution for the two equations
in C([0,T); H*(R)) N C*([0,T); H* ' (R))(s > 3) is a challenging problem. We
shall consider this problem by adding certain assumptions on the initial value in
future studies.

For the nonlinear Camassa-Holm-type equation with quartic nonlinearities in
Chapter 6, we only prove the existence of global weak solutions in C([0,00) x
R) N L>([0,00); HY(R)). The uniqueness of the global weak solutions remains
unexplored. Establishing conditions to ensure the uniqueness of the global weak
solutions could be considered in further studies.

For the generalized Degasperis-Procesi equation discussed in Chapter 7, other
blow-up criteria need to be found to further study the equation. Establishing

suitable conditions to ensure the existence of the global solution in the Sobolev

space also constitutes our future research.
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