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Although flexible beams for transmitting both translational and rotational large motions are used in practice
such as ocean drill pipes, their control has not been considered. This paper develops boundary feedback
controllers to stabilize these beams at their reference configurations. Exact nonlinear partial differential
equations governing motion of the beams in three-dimensional space are derived and used in the control
design. The designed controllers guarantee globally practically asymptotically stability of the beam mo-tions
at the reference states (i.e., positions and rotations of a straight beam moving axially with a desired velocity
and rotating around its axial axis with a desired velocity). In the control design and analysis of well-posedness
and stability, we utilize different transformations between the earth-fixed and body-fixed coordinates, Sobolev
embeddings, and a Lyapunov-type theorem developed for a class of evolution systems in Hilbert space.
Simulation results are also included to illustrate the effectiveness of the proposed control design.
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1. Introduction

Beams for transferring axial linear and rotational motions are often encountered in practice. Typical
examples are long drilling pipes and spindles, see Dong and Chen (2016) for a review on applications
of drilling pipes in oil and gas industry. Due to the linear and rotational motions being transferred,
the energy of the beams does not conserve. This makes sense because the beams need to transfer the
desired energy. This is somewhat different from usual “non-moving” (stationary at the reference con-
figuration) Bernoulli and Timoshenko beams. The transferred motions, slenderness, external loads,
and nonlinear couplings between translational and rotational dynamics cause excessive large motions
and vibrations. Thus, beams for transferring motions are necessarily controlled to reduce their large
motions and vibrations. Boundary control of beams is an attractive and practical approach in com-
parison with distributed control because it only requires measurements and actuators implemented
at their boundaries (usually at only one end) instead of distributed measurements and actuators as
in distributed control, see Do and Pan (2008) for detailed discussion.

Boundary control of stationary (or “non-moving”) Bernoulli and Timoshenko beams has received
extensive attention from control community and excellent results have been achieved. Control of both
large motions and vibrations of Bernoulli beams was considered (e.g., Do (2017a, 2017d, 2018b);
Do and Pan (2008); He, Huang, and Li (2017); He, Meng, He, and Ge (2018); He, Nie, and Meng
(2017) on boundary control of Bernoulli beams with small motions; Do (2017b, 2017c); Do and
Lucey (2017, 2018); Do and Pan (2009) on boundary control of slender beams with large motions).
For Timoshenko beams, most existing works focused on boundary control on their vibrations, see
for example Endo, Matsuno, and Jia (2017); He, Ge, and C.Liu (2014); He, Meng, Liu, and Qin
(2015); Kim and Renardy (1987); Manjunath and Bandyopadhyay (2009); Mei (2009); Morgul (1992);
Queiroz, Dawson, Nagarkatti, and Zhang (2000); Xu and Wang (2013) based on Lyapunov’s direct
method or Krstic, Siranosian, and Smyshlyaev (2006); Krstic, Siranosian, Smyshlyaev, and Bement
(2006) based on the backstepping method Krstic and Smyshlyaev (2008)). Boundary control of large
motions of two- and three-dimensional Timoshenko beams was recently addressed in Do (2017e) and
Do (2018c), respectively. The problem of controlling moving beams/strings was also addressed, see
for example He, Nie, and Meng (2017); Yang, Hong, and Matsuno (2005) on boundary control of
transverse motions of axially moving Bernoulli beams (see also Tabarrok, Leech, and Kim (1974) for
dynamics of these beams), Tucker and Wang (2003) on control of torsional vibrations, Liu, Zhao, and
He (2016a, 2016b, 2017) on stabilization of axially moving strings by boundary feedbacks. In these
works (i.e., He, Nie, and Meng (2017); Liu et al. (2016a, 2016b, 2017); Tabarrok et al. (1974); Yang
et al. (2005)), small motions (vibrations) are considered.

Boundary control and analysis of well-posedness and stability of moving beams governed by exact
nonlinear partial differential equations (PDEs) have not been considered either in two- or three-
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dimensional space. In practice, long beams for transferring axial and rotational motions such as
ocean drill pipes can exhibit large motions. Strong nonlinear couplings between translational and
rotational dynamics of these beams under large motions might result in a sudden failure. An example
is the problem of loop formation due to couplings of the twisting and transverse motions.

This paper develops a new method to design boundary controllers for flexible beams in three-
dimensional space for transferring axial and rotational motions under external loads. The beam under
consideration is connected to an actuation system at one end, while the other end is connected to an
object (e.g., drill head) that requires to be transferred axial and rotational motions. Exact nonlinear
PDEs governing motions of the beam are derived and used in control design and analysis of well-
posedness and stability. These require the unit quaternion for attitude representation, attitude
tracking, Lyapunov’s direct method, various Young’s and Holder’s inequalities, Sobolev embedding,
proper combinations of Earth-fixed and body-fixed coordinates, and cross vector products. Moreover, a
Lyapunov-type theorem recently developed for study of well-posedness and stability analysis for a class
of nonlinear evolution systems in Hilbert space is also used. The above tools are carefully utilized in
conjunction with an introduction of a new Lyapunov functional for solving the tracking problem for
beams.

The present paper covers the works in Do (2017¢) and Do and Lucey (2018) but not vice versa, and is
significantly advanced in comparison with the works in Do (2017¢); Do and Lucey (2018), where a
boundary control law was designed to stabilize both translational and rotational large motions of
stationary flexible beams under deterministic and stochastic loads, respectively, due to the following
three main reasons.

First, the configuration is different i.e., one end of the beam considered in Do (2017c¢); Do and Lucey
(2018) is connected a fixed base via a ball-joint /fixed-joint. This eases the boundary control design at
the other end because Sobolev embedding is not required to be used for deriving the relationship
between motions of the fixed end to the motions of the whole beam. In other words, the boundary
control at the actuated end does not need to stabilize motions of the fixed end. In the present paper, the
uncontrolled end is connected to an object, which is free to move, for aforementioned applications. This
significantly complicates the design of a boundary control at the actuated end and requires new tools
from Sobolev embedding, see inequalities 6)-10) of Lemma 3.1.

Second, the reference configuration in Do (2017c¢); Do and Lucey (2018) is stationary while the
reference configuration in the present paper moves axially and rotates around its axial axis for trans-
mitting linear and rotating motions, i.e., the present paper considers velocity tracking problem while
the work in Do (2017c¢); Do and Lucey (2018) addressed the stabilization objective. This together with
the free-end configuration requires a new Lyapunov function (comparing (36) with (38) in Do (2017¢)
and (40) in Do and Lucey (2018)). The velocity tracking control problem for beams with both
translational and rotational large motions is much harder than a stabilization one due to strong
couplings among velocities, positions, attitudes, and deformations. This can be easily seen from the
equations of motion (11) that if one component of the linear velocity vector and/or one compo-nent of
the angular velocity vector is nonzero (i.e., tracking its reference value), all the other terms (positions,
attitudes, remaining components of veoclity vectors) are potentially destabilized if no ap-propriate
boundary controls are applied. The aforementioned couplings make the whole control design process
much more involved than the one in Do (2017c) (comparing Section 4.2 with Section 5 in Do (2017c))
and Subsection 5.2 in Do and Lucey (2018) (removing the Hessian terms) when calculating the
infinitesimal generator of Lyapunov functions.

Third, in Do (2017c); Do and Lucey (2018) and elsewhere the pitch angle, i.e. 2 in Subsection
2.1, is limited in the range (-7, §) because the Euler-angles are used to represent the attitude of the
beam. The present paper overcomes this limitation by utilizing the quaternion vector to represent
the attitude of the beam. The use of the quaternion vector allows the beam to operate in the whole
three-dimensional space, and thus to cover a larger range of applications. Note that the quaternion
vector is only used in simulations in Do (2017c) but not in the control design.

The rest of the paper is organized as follows: Equations of motion of the beam in space are briefly
derived in Section 2; the control objective is formulated in Section 3; the control design is presented
in Section 4.2, where the well-posedness and stability of evolution systems in A and various remarks
and discussions are included for the reader’s benefit; numerical simulations are included in Section 5
to illustrate the effectiveness of the proposed control design.

Notations. The symbols A and V denote the infimum and supremum operators, respectively. These
operators are also applied to more than two arguments. The symbol ’col’ denotes the column operator.



March 12, 2020

International Journal of Systems Science Motions Transferring' Beams'R.1

The symbol x denotes the vector cross product operator.

A) ' B)

Reference beam

“ End object

Figure 1.: A) Deformation geometry of the beam; B) Forces and moments acting on a beam element.

2. Mathematical model

A beam in space as shown in Fig. 1 is considered in this paper. The lower-end of the beam is
connected to an end object, which can be a drill head for instance, via a fixed joint while the upper-end
is connected to actuators that provide boundary control forces and moments. These actuators can be a
XYZ-table fixed to a fixed structure (such as a off-shore platform), see AliExpress (2020) for example,
equipped with tip motors. The XYZ-table is to provide boundary control forces while the tip motors are
to provide boundary control moments. We assume that plane sections are rigid; and the beam material
is (nonlinear) elastic, homogeneous and isotropic. In what follows, equations of motion are briefly
derived, see Do (2017c¢) for details, for the purpose of the present paper.

2.1. Kinematics

The reference beam is represented by the reference configuration BY of the beam in space describing
by the position of the base straight line C° parameterized by its arclength coordinate s and the fixed
basis (bY, b3, b3), where (b9, bY) are collinear with the principal axes of inertia of the cross section S°(s)
through the base point JO, see Figure 1A. The triple (e1, ez, €3) is paralleled to (b%, b3, b3). Thus, C° is
described by the position vector 7%(s), which in the fixed basis is expressed as 7%(s) = Oej +0ey + se3.
We denote by I' the beam length in its reference state. The reference beam rotates around its base
straight-line (axial axis) with a reference angular velocity wsqy and axially moves with a reference
linear velocity wvsq.

The actual configuration B of the curved beam is described by the actual position C(s,t) of the
base curve and the actual configuration S(s,t) of cross sections through the base point J. The base
curve is described by the position vector r(s,t) while the material cross section is described by the
unit vectors {b(s,t), ba(s,t),bs(s,t)} with bs being aligned with rs(s,t) and bz = by x ba.

The deformation from B° to B is achieved by means of the vector 7(s,t) expressed in the local
basis, i.e., r(s,t) = r1(s,t)b1 +12(s,t)ba +13(s, t)bs, and the orthogonal tensor R;(6(s,t)) describing
the incremental rigid rotation suffered by S%(s) so that by(s,t) = R1(0(s,t))b)(s),k = 1,2, 3 via the
sequence 67 — 02 — 03. The matrix R;(60(s,t)) is given in components by:

Co,Co4 —Cp, 50, 50,
Rl(a) = | C9556,50, + C0,80; Co,Co; — 50,50,50; —C0,50, |, (1)
56,505 — C0,C0550, Co5506, + Co, 56, 563 €6, Co,
where 0 := col(01,02,03); cg, := cos(0;) and sy, := sin(6;). This gives by = Rlsbg, where Ris = ux by
with g being the axial vector of RisR}. The generalized strains (i.e., the stretch ¢ and the shear
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strains 71 and 72) are expressed by the stretch vector v = 11b; + n2b2 + (1 + £)bs in its local basis:
v = rs. Thus, we have
rs = b1 +mby + (1 +€)bs
= p1by + pobs + p3bs, w = wiby + wabs + w3bs, (2)
bps = p X by, by = w X by, (u x bg)y = (w X by)s.
From (1) and (2), we have
col(,12,€) = Rirs — 1), G )
_ 05 05
COl(lu’la 12, M3) :RQ 1001(9157 6287 035)7 R2<9) :[ ] ’

2 sg, cg, O
col(w1,wa, w3)=R5 "col(br¢, Oz, 03¢), —Cp,lo, So,to, 1

where tg, := tan(fs).

2.2. Kinetic

Balancing linear and angular momentum on a beam element, see FigurelB, gives the equations of
motion:

mO'Ftt =Mns+ Rl(a)fb (4)
Jowr =mg+71s xn—w X Jow + fo,
where mg is the beam mass per unit length; Jy = diag(Jo1, Jo2, Jo3) is the mass moment matrix of
inertia; m and m denote the contact force and moment vectors; and (see Fig. 1A)

F=r—1r" (5)
The nonconservative force and moment vectors f; and fo are given in the body-fixed frame as
f1=—-Dnv+ fio(t), (©)

f2 = —D21w — Da(w @ w)w + fa(l),

where D11, Dop, and Dsgy are diagonal and positive definite matrices; a ® a := diag(a?, a3, ag) with
a = col(ay, az,a3); and fio(t) and foo(t) are external disturbances bounded in L?-norm (including the
gravity), and v = v1by + vaby + v3bs is the linear velocity vector with coordinates in the body-fixed
frame, i.e.,

v =R, (0)F. (7)
Note that only linear damping is included in the translational dynamics while nonlinear damping
is also included in the rotational dynamics, see (6), because in most applications the translational
dynamics are much “slower” than the rotational dynamics. When 6, = 7, there are singularities
in (3). Thus, we use the unit quaternion vector g = col(q1, g2, g3, q4) for attitude representation with
llql|?> = 1 relating to (01,62, 03) via the sequence 1 — 0 — 05 as follows, see Kuipers (2002):

cos((%l))cos(%)cos(es) sm(el)sm(a;)singesg

| sin(%) cos(%) cos( ) sin(%2) sin

UO)= | cos(2) sin(%) cos(%) — sin() cos( %) sin(%) | (®)
) (%) +sin(%) sin(%) cos(%)

The rotational matrix R; is given in terms of q as follows:
Ri(q) = I +20:15(q) + 25%(q), (9)

where @ := col(qz, g3, q4) and the matrix S(z) is defined as S(x)y = = x y for all (x,y) € R3. Let us
also define the matrix:

!
D

25
2

no|SPro ool o)

cos( %
cos(@—1 cos( 2) sin

K Li-a 10
(m_z[mh+S@J' (10)
With (3), (7), (9), and (10), we can write (4) as the following system of PDEs:

,Ft = R1 ((_I)’U,

qt = K(q)wv L L (11)

movy = mo(Ry(q))eRi(q)v + Ry (g)ns + fi1,

Jow; =mg —w X (Jow) + 15 X 1+ fo.
The contact force and moment vectors n and m are given by:
n(s,t) = Q1(s, )by + Qa(s,t)by + N(s,1)bs,
m(s,t) = Mq(s,t)by + Ma(s,t)ba + T'(s,t)bs,
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where ()1 and ()2 are the shear forces; N is the axial force; M7 and Ms are the bending moments; and
T is the twisting moment. Using the third-order Maclaurin series expansion of nonlinear stress-strain
relations in Orthwein (1968) results in the constitutive equations:

Qi = GAZHZ, N = EAE,

M; = EIL;(p; — 302 + %M?), T = GIs(pus — L1 + %Mg),
where i = 1,2; F is the Young modulus; G is the shear modulus; A, Ay, Ay are cross section and shear
areas; I,k = 1,2,3 are principal mass moments of inertia about bg. It is noted that we use linear
constitutive relations for ); and N while nonlinear ones for M; and T to make them consistent with
(6). The initial conditions are given by

7:(37 tO) = 510(3)7 'Ft(57 tO) = ":"20(5% (14)
(s, t0) = o(s), w(s,to) = wo(s).
Finally, referring to Fig. 1A the boundary conditions are given by

(13)

61 =0,=0, &=7=0, Myr = —n+ ¢1p + Ra(q) f',
Ats=0: { mpz=N + fP0, Ats=T: { ¢=K(q)w,
Jp by =T + [P0, Jpw =—m —w x (Jgw) + ¢ap + f5",
(15)
where (Z,7, Z) are elements of 7 expressed in the fixed-coordinates, i.e., ¥ = Zej + ge. + Zes, and
Ats:O:{ PO = —dhZ+ AR Ats:F:{ T = —Dlo+ £l
130 = —d3,603 — d3,03 + f3 31 = —Djw — Dip(w @ w)w + fof
(16)

and m, and Jp are the mass and inertia moment of the end object; My and Jy are mass and inertia
moment matrices of the actuator systems; d(l)17 d81 and d82 are positive damping constants; Dzrj are
positive definite and diagonal damping matrices; ¢y p and ¢op are force and moment boundary control
input vectors; and fl% and fi% are external forces and moments on the end object and actuators.

To prepare for the control objective formulation and control design in the sequel, let gz = col(q14, Ga)
be the reference quaternion vector at s = I" defined by

qa = K(qa)wq, (17)
with gg(to) = col(1,0,0,0) at the initial time t, i.e., zero reference attitude at the initial time. In
(17), wg = col(0,0,ws3q) and K (qq) is the value of K(q) evaluated at ¢ = g4. Define the attitude
tracking errors as follows, see Do (2015):

§1 = q1dq1 + qz(b (18)
£ = q1ad — ©15(34)4,
where the skew-symmetric matrix S(z) is defined as S(x)y = = x y for all (x,y) € R3. Differentiating
both sides of (18) along the solutions of (17) and the equation ¢ = K (q)w in (15) yields
é_:l = —%ET(W — wa),
£ = 3G(w —wy),
where G = & I3 + S(€) with I3 being the 3 x 3 identity matrix.

(19)

Lemma 2.1: Suppose that w is governed by
@ =—(k+6(VGTE+w —wy) —1GTE —1GTE + wy, (20)

where k, €, and «y are positive constants, then €(t) globally asymptotically tends to zero while &1 (t)
globally asymptotically tends to +1.

Proof. Consider the Lyapunov function candidate

U =2k7|1€]* + 5IhG" €+ w — wal, (21)
whose derivative along the solutions of (20) and (19) is
U=—k|GTE|* — kllw — wal|* — e|7GTE + w — wal?, (22)

which by Barbalat’s lemma implies that limy_, (YG” (£)€(t) +w(t) —wa(t)) = 0, i.e., w —wq globally
asymptotically tends to —yG7T§. Substituting this limit to (19) yields
6 - 3EGTE

¢~ —}GGTE 23)
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Now, we consider the Lyapunov function candidates U; and U, of which derivatives along the solutions

of (23) as

{ q1 = g_%vz - ZZI = ’Y§%HEU27 (24)

U = (€%, U= —€ 1€l

The &;-subsystem is unstable. Instability of this subsystem implies that &;(¢) asymptotically tends to
a non-zero but bounded value if &;(tg) # 0. If &1 (t9) = 0, arbitrarily small noise will drive &;(¢p) to a
non-zero value &1 () at some ¢ since the £;-subsystem is unstable. A non-zero £;(¢) implies from the
€-subsystem that £(¢) tends to zero asymptotically. Since £2(¢) + ||E(t)||> = 1, &1(¢) will eventually
converge to 1 or —1. Asymptotic convergence of £1(t) to £1 and &(t) to 0 implies that of g — gq.
This is because the identity quaternion (1,0) represents a rotation of the negative identity quaternion
(—1,0) by 27 from the desired attitude, and is therefore the same physical orientation, see Do (2015).

3. Control objective

Before stating the control objective, we make the following assumption, which is reasonable in practice,
on boundedness of initial values and external loads.

Assumption 3.1:

1) The initial values 719(s), 720(s), Oo(s),wo(s) are bounded in L*-norm, i.e., there exists ey > 0
such that fOF(||F10(s)||2+ 1720(s) |12+ [|80(s) 1>+ |lwo(s)]|?)ds < eo, where || - || denotes the Euclidean
norm. Moreover, [|71(0, to)||*+ [[72(0, to) |* + [|6(0, to)[|* + [lw(0, to) |* and |#(T, to)||* + [|7(T, o) >+
10(T,t0)||? + |w(T,to)||* are also bounded.

2) The external loads are bounded in appropriate norms, i.e. there exist nonnegative constants 10 ,
BOM = and fB'M such that

SUDsefro00) Jo 1Fio(s,6)]2ds < FAL, supyeps, oo IFEO 02 < FEOM, sup,esy o) I FET ()2 < FETM.
(25)
3) The reference velocities and accelerations (v3q, Usq) and (wsq,wsq) are bounded, i.e., there exist
nonnegative constants (v3, o) and (wsq,w3%) such that

SUDye 19,00) [V3d (1) < 037, SUDels, 00y [03a(E)] < D3], SUDLepy, 00y lwsa(t)] < Wiy, SUDyepr, o0y [W3a(t)] < @3-
(26)

Control Objective 3.1: Under Assumption 3.1, design the boundary control vectors ¢;p,i = 1,2
such that the beam, of which the dynamics consist of (11)-(15), globally practically asymptotically
track its reference beam in the sense that

E(t) < E(to)e U0 4 ¢, (27)

where ¢ is a positive constant depending on the initial conditions, cy is a nonnegative constant, and
E(t) is given by

E(t) = 5°F( )+EPY()+EPT (1),
E ()= [y [llv(s,t) —va(t) >+ llw(s, t) —wa(t)||*+[9(s, £)]|2 + | (s, £)] 2
+ (i (s, ) +ps (s, ) +p3(s, 1) ds,

£90(0) = (05 (0,1) 50+ (5(0,0) (1) >
EPL(t) = || (7(T, t) = 7a(t)) + Ra(g(T, 1)) (v(T, ) —va(t)) +7T Ra(q(T, ol
+|7 (T, 8) = 7ralt )||2+H72GT(FJ) EI, 1) +w(T', 1) —wq(t) +9T p(T, 75)||2+|| (T, 1)1,
where v, v1, and 2 are positive constants (to be chosen later), and
';'d = V4,
vg = c0l(0, 0, v3q), (29)

Y = col(ny,m2,€).

Remark 3.1: Since the constant c¢ in (27) depends on the initial values, asymptotic tracking is
achieved instead of exponential tracking. It can be seen that E(t) is a positive definite and radially
unbounded functional of velocity errors, stretch, shear strain, bending and torsional curvatures. While
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this functional penalizes (translational and rotational) displacement and velocity errors of the actuated
end, we only include translational and rotational velocity errors at the object end. This is because
convergence of the translational and rotational displacements at any point of the beam including at
the end object are ensured by convergence of E(t) via Sobolev embedding, see the last five inequalities
in Lemma 3.1 below.

Remark 3.2: It is clearly seen from (27) and (28) that when (27) is achieved (by the boundary
control to be designed), the following desired features are obtained:

e The linear and angular velocity vectors v and w globally practically asymptotically track their
reference linear and angular velocity vectors vy and wy in L?-norm, see the term fOF [Nlv(s,t) —
va(t)||? + [|w(s, t) — wa(t)||?]ds in the expression of EOF.

e The position and attitude, linear and angular velocities at the actuated end globally practically
asymptotically track their reference values, see the expression of EB together with Lemma 2.1.

e The linear and angular velocity vectors at the unactuated end globally practically asymptotically
track their reference values, see the expression of EPC.

o The stretch, shear strain, bending and torsional curvatures are globally practically asymptotically
stabilized at the origin in L?-norm, see the term for [9(s, )12+ |l pe(s, )|+ (e (s, 1)+ 3 (s, 1)+
13(s,t))]ds in the expression of .

The above results together with Remark 3.1 ensure that the beam globally practically track its reference
beam as we have defined that the reference beam is a straight-line moving azially with the linear
reference velocity vsq and rotating around it by the angular velocity wsy.

Several useful equalities and inequalities, which will be used in the control design and stability
analysis, are given in the following lemma.

Lemma 3.1: For allt >ty >0 and s € [0,1'], the following equalities and inequalities hold:
1) ws = p1tby + parbs + pstbs,

2) wl(rs x n) =nt (mbis + nabay + (1 + €)bst),

3) uT(rs Xmn)= —nT(mbls + mabas + (1 4 €)bss),

4) nTFg = Qi + Qanar + Nex + wT(Ts xn),

5) nT(rs + rsss) = Ql'f]l + Q2772 + N(l + 5) + anlss + Q2n255 + Negs + nT(Hf X 'I“S)S,

6) [y I7(s, )| < 2DY|F(T, )| + 4T2 [ [|7s(s, 1)]|2ds, (30)
) (70, 6)]% < 2| F(L, )2 + AT [y [[75(s, t)]%ds,

8) 1 7 (s, t)|2ds < 2 f) [|9(s, ¢)]%ds + 1152T2 [ || (s, £)]ds + 96T (3 (T, ¢) + ¢3(T, 1)),

9) [lcol(qi(0,4) = 1,@(0,)|* < 2] collqa (T, £) = 1, @I, )P +T fy [lals, t)]*ds,

10) fy llcollqr(s,t) = 1, (s, )|[*ds < 2] collqr(T',t) — 1, @(T, )| + T2 5 [l (s, 1)]%ds,
where we have dropped the argument (s,t) for clarity. The inequality 8) is of its own interest because
the right hand-side depends on (q3(T',t)+q3(T,t)) not on q1(T',t) and qu(T',t). This makes the boundary
control design in this paper applicable to spinning beams such as drillers because the right hand-
side of the inequality 8) does not depend on 03(T,t), which is inferred from (8), i.e., 3 + ¢3 =
sin?(% ) cos?(%) + cos?(%) sin(%) for all s € [0,T] and t € [to, 00).

Proof. Proof of the first 5 equalities is given in the proof of Lemma 3.1 in Do (2017¢) while the
proof of the sixth and seventh inequalities is given in the proof of Lemma 2.1 in Do (2017e). We here
provide the proof of the last three inequalities. From (5) and the first equation of (3), we have

7s = Ri(q)9 + Ri(q)es — es, (31)
where 9 is defined in (29) and e3 := co0l(0,0, 1). By taking norm-2 both sides of (31) and applying
Young’s inequality together with the expression of Ri(q) in (9), we have

17517 < 2191 + 48(a3 + ¢3).- (32)
Using the simplified Poincaré inequality, see proof of Lemma 2.1 in Do (2017e) and integrating both
sides of (32) from 0 to I' give

Jo IFsIPds < 2.y [0 ds +48 J (a3 + 3)ds
<2 fy [191Pds + 192 [; (43, + g3,)ds + 96T (g3(T',£) + ¢3(T', 1)) (33)

=2 fgf |9]|%ds + 115202 [ || ]| *ds + 96T (g3(T', £) + g3 (T, 1)),
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where we have use gs = K(q)pu = ||gs|* < 6|u|?* with K(q) given in (10), which completes proof
of the inequality 8). Proof of the inequality 9) is similar to that of the inequality 7) with the use of
l¢n — 1 @77 = g, = K(q)p and K7 (q)K(q) = ;. The inequality 10) can be proved by applying the

simplified Poincaré inequality to || |¢1 — 1 @7 |7]|?. O

4. Control design

4.1. Abstract formulation

The abstract formulation in Do (2016) is applied here to represent the beam dynamics as an evolution
system for control design and stability analysis. Let L?*(D) denote the L2-space with the norm ||.||z2
and inner product <., > 72 and W™(D), with (m, n) being integers, denote the Sobolev space of order
m and degree n, see Adams and Fournier (2003), and D := [0,T']. Considering s € D as the parameter
defined at every t > tg, we can regard 7(s,t), q(s,t), v(s,t), and w(s,t) as 7#(t) € (W>2(D))3,
q(t) € (W2A(D))4, v(t) € (L*(D))3, w(t) € (L*(D))?, respectively. Similarly, 2(0,t), Z(0,t), 65(0, ),
and 03(0,t) are regarded as 780(t) € R, v80(t) € R, 05°(t) € R, wPO(t) € R, respectively, and the
similar notations are used for z(0,t) and y(0,t). Moreover, #(T',t), #(I',t), q(T',t), and w(T',t) are
considered as 78T (t) € R3, #8T(t) € R?, q¢Pl(t) € R, wPBl(t) € R3, respectively. Let us also define
Do(s) := %. Thus, we can write the beam system (11) in the following evolution system (abstract
form):

9 — Ri(qv, % = K(q)w,
mo% = mo(Ry " (q)):Ri(q)v + Ry ' (q)Dn + fi, (34)
Jo%‘f =Dm —w x (Jow) + Dr x n + fo.

The boundary conditions (15) are written as:

At s=0: At s=T":
BO _ gB0 _  ~B0 _ ~B0 _ dFBT -
07" =05" =0,27° =gy~ =0, - =Bl
dzB° _ . Bo doFf° _  Bo dq®BT BT\, ,BT
i = U3 s g = W3, 14— = K(q"" )w"", (35)
dvP° B0 B0 drpr BT BT
mp (éo = N"" + f7Y, Mpy=jFj—=-n" +d1+fi,
dw: dwBT
JP dff — TBU 4 fQBO, JH u:it — _mBF_wBF X (JHWBF)+¢QB+szF,

where NBO(t) and T5°(t) are the values of N(t) and T(t) evaluated at s = 0; and nP!'(t) and mP (¢)
are the values of n(t) and m(t) evaluated at s =T

4.2. Control design
To design the boundary control vectors ¢;p,¢ = 1,2, we consider the following Lyapunov functional
candidate:
U=Up+U,+Up (36)
where the functionals Uy, Uy, and Us are chosen as follows:
Uo = % |lv — vall3 + §(w — wa, Jo(w — wa)) . + 5 Xy GAillnill3. + 3 EA|ell3
3 BL (i, (31— 507 + 13017)) 1o + GIs{ps, (313 — G435 + 1518) ) o
Ul = ")/m0<D’l" - QRl(q)DT'O, Rl <Q>(’U - Ud)S>L2 + 7<l’l’7 JO(w - (.Ud)8>L2,
Up = %(1}50 — Ugd)2 + J{(wfo — wgd)2 + %(71(F13F — ’I:d) + Rl(qBF)(UBF — ’Ud) + 'Ry (qBF)ﬁBF)T
xMp (n (7P = 7a) + Ri(g%") (v = va) + T Ri(¢%")95") + mikip||FPT — 7all?
—_— T —_— —_
+3(12GTE+ WPl — wy + T uPY) Ty (72GTE + Wb — wy + AT UPY) + 2v0ks |||,
(37)
where v, 71, 72, k1p,and kep are positive constants to be chosen later. The constant 0 < p < 1 (to
be specified later) plays the role of handling both large and small bending stiffness relatively to the

shear stiffness. We elaborate the choice of the Lyapunov function candidate U in (36) with Uy, Uy,
and Uj being given in (37) in the following remark.

Remark 4.1: The function Uy is the sum of kinetic and potential energies of the beam with respect
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to its reference. The choice of Uy is motivated by the backstepping method Krstic, Kanellakopoulos,
and Kokotovic (1995), for example with the first equation of (3) and (29) it can be shown that d’"l =
ymoIs (with a note that Dr = Ryi(q)9 + Ry1(q)DrP, see (3)) is globally exponentially stable at the
origin by an appropriate boundary control. The function Up puts appropriate weights on translational
displacements and velocities of the beam at the boundaries with respect to its reference, see also Remark
3.1.

We now find the bounds of U. Using %xQ + ﬁ < %($ — %l‘ + 3 1) < %332 + %x‘l for all z € R,
we can bound Uj as:
Up > ™0 |lv — vg)|2s + 22800 |l — w2, + L(GA) A GAy A EA)|[9)2. + L(EL A EL A GL) || p) 2
+5(BEL A EIy A GI3)(1, pf + pd + pd) .,
Uo < % o~ vl + 25—l + JGA Y OA Y BN+ 3EL Y B GI il
+$(ELVELV G13)<1, (i + ps 4 p3) .
(38)
where \,,(e) and Aps(e) denote the minimum and maximum eigenvalues of e, respectively. Since
Dr = Ri(q)9 + R1(q)Dr°, (7), an application of Young’s inequality results in the bound of |U;]| as

follows
1| < yT'mo (o1 + (1 = 0)o0s)llv — wall72 + 7T Au (Jo) oz lw — wall7- -
I |2, 4 Wl 2, | S l1a), 39
where og;,7 = 1,2,3 are positive constants to be determined. We can calculate the bounds of Us as
follows

U 2 5 (0~ 030) + % (o~ + 22000 [y (7B — )+ R (¢7) (07T —wa) +9T R (g" )9 |2
ke pl|FPT = 7|2+ 22T 10 GTE+ wPT —wg+4T T2+ 272k2 5| €] 1%,
U < B — 0?5 o+ 800 o, B — ) 1 R0 (077 — ) 4T R (40P
kgl P = gl 4+ 2 o GTE+ WP —wa AT uPT |2+ 270k €1
(40)
Using (38), (39), (40), and Uy — |Ui| +Up < U < Uy + |U1| + Up, we can bound U as follows:
—o0+c1€& U < el + oo, (41)
where £ is defined in (28), and the constants ci, ¢z, and gy are given by

c1 = [%—’YPWO(@Ol"‘(l—Q)QOQ))] [A n(Jo) ’YPQOQ}\M(JO)} [ (EA/\GAl/\GA2) 741;2110]

A[%(Eh/\Efz/\Gf?))—%ém] N5 (ELAELAGI;)A [M] ATE LR A (MH)
N2 £ gy gy A2y0ka
¢z = [ +yTmo(001 +(1-0)003)] V [AM(JO)+7F902)\M(J )]V[%(EAVGANGA?)JFM] (42)

V[2(ELVELNGI)+ 2260 LB v EL v GI) v [22 B ]y mey Jp (M)

4002
V= AM(JH) VyikisV2y2kap,
_ 2me(1—p)
Q0 = 4203 :
The constants v, 0pi,7 = 1,2,3, and ¢ are chosen such that

cr = C<1>a (43)

where ¢§ is a strictly positive constant. This is always possible by choosing a small v for given
00i,7 = 1,2,3, and p. Thus, U is a proper functional of £.
We now calculate the infinitesimal generator LU. It is obvious from (36) that

LU = LUy + LUy + LUp, (44)
where LUy, LU, and LUp are detailed in what follows.
Calculation of LUy: Differentiating Uy given in (37) along the solutions of (34) yields:
LUy = (v — vg,mo(R; (@) Ri(q)v + R (@)Dn + f1 — moba)
+<w —weg, Dm —w x (Jow) +Dr x n+ f3 — Jou';d>L2
+ 2?21 GA1<Thta 771'>L2 + EA<57§, €>L2 + Z?ZlEIi<)uit7 (Mz - %/JJ'L 3/‘%)>L2
+GIs{pats (k3 — 343 + 543) ) 1o

(45)
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Before calculating the upper-bound of LUy, we note that

<’U, (Rfl(q))tRl(q)v>L2 = 05
<w, w X (J0<.u)>L2 =0,
<v,Rf1(q)]Dn>L2 = <Ft,ID)n>L2
— (nBF)TFBF _ (nBO)T,,,BO _ <,n7 D'Ft>Lz
= (nBF)T,FBF - (nBO TTBO - <UJ, Dr x n>L2 _212:1 GA1<772157 77i>L2 _EA<€t7 €>
<<.u,]D)m>L2 = (mBN)TWBT — (m BT ,B0 <m,]D)<.u>L2
(BT WP — (TP~ 2 Bl s 2+ $0)) o+ G, (i 3+ b
(46)
where Inequalities 1) and 4) in Lemma 3.1, see (30), and integration by parts have been used to

obtain the last two equations. Using (46), integration by parts, and Young’s inequality, we can find
the upper-bound of LUj as follows
EUO < [(nBF)TRl(qBF)(’UBF *'Ud) _ (nBO)TR1 (qBO)(,vBO *'Ud)]
4 [(mBF)T(wBF _Wd) _ (mBO)T(wBO Wd)]
+m0(601lv%+6012@§§) Hv_,l,]dH%2,+ (qs;ﬁd + |J01—;02|w34><}’ w%:'_w%>L2 +J03(D£]’>\ZZI€014<17 (W3 _W3d)2>Lz
+ ((G/Il \/GAQ)’U%éOlg—i- %) <1’ 77% _|_17§>L2 + M<1 % +M2>L2 + mol'|v35 + JosT'03)

deors deog12 deo1a
—|—<’U—'Ud7 f1>L2 +<w_wda f2>L27

L2

(47)
where €91;,7 = 1, ...,4 are positive constants to be specified. It is clearly seen from (47) that the energy
of the beam does not conserve due to the terms multiplied by vé‘(/i[, @é‘g, wé\g, and wé‘g.

Calculation of LUj: Since this is a complicated and difficult task in the control design, details
are given. We use the fact that <19, vs>L2 = <R1(q)19, Fts>L2 because of (7) and then differentiate Uy
given in (37) along the solutions of (34) to obtain:

LUy = Ay + Ay + Ag + By + By + Bg +((Dr — oR:(q)Dr?), Rl(Q)f18>L2 + (s, f25>L27 (48)
where
A = 7m0<Drt — oR1(q)Dr°, Ri(q)(v — 'vd)s>L2,
Ay = —’ym0<(Dr — oR1(q)Dr?), (Ry:(q)vg + Rl(q)i)d)s>L2,
Ag = fy<(]D)r — oR1(q)DrY), Dns>L2,

By = 7<}D)w, Jo(w — wd)s>L2 + ’7<;L,]D)T)’LS>L2 + 7<u, Dr x n>L2, (49)
By = 'y<w X p, Jo(w — wd)s>L2 — 'y<p,w X J0w>L2,
Bz = —y(, Jowgs) .,
where we have used pu; = Dw + w x u. We now calculate A; and B;, i = 1,2, 3.
Applying integration by parts and Young’s inequality to the term A; results in
Ay < 0BT — | o T (L ) - e (Lwd ) (50)

+( - % + VrmovngH + 7F9m0€12) |lv — ’Ud||%z,

where €11 and €19 are positive constants to be chosen.
Using the first equation of (3) and Young’s inequality, the upper-bound of Az can be calculated as
follows

:Li

Ay < Mo (B vdd)”ﬁHLz +9Tmovgy <€13 + 1o, ><1 wi +w3) s

Y (- @)v3d> (5D

+”yF2 ’U%GM + (1 — Q)’U3d€15 +

where €13, €14, and €15 are positive constants to be chosen.

Using identity 5) in (30), integration by parts, and Young’s inequality, the upper-bound of Ajg is
calculated as follows

I A A T GAlVGAQ
As < ’yFnBFEID)rB_F — oR1(gP")Dr0) — L-(GA; A GAy AN EA)|98Y2 + %@, 1y p3) ;s
—v((icAIQGAz — ole1s(GALV GAp)) A ETA) 19172 = v(n, (1 x Dr)s) .,
(52)

where €14 is a positive constant to be chosen.

10
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Applying integration by parts and Young’s inequality to the term Bj results in
By < WA |wPT — w2 4 AT (mPT)T P — Pl — wql|fe — G (EL A B A GL) | P72
—I(EL A EL AGL)(uP0)* + (18" + (W)Y — L(EL A EL A GI3) || pl22

—3EL ANEI ANGE)(1, put + ph + p3) o + (e, Dr x ),

(53)
where we have used the fact that —%xg—kéxg—%x‘l < —%xQ—if‘ and —%x2+%1‘3 1T 1< 6902— éx4
for all z € R. Since 'y<u, w X J0w>L2 = 7<p,, w X Jo(w — wd>L2 —|—'y<u, w X ngd>L2, by using Young’s
inequality the upper-bound of By can be calculated as

T oM F é\l}\]\/j JO
By < AT Jonseanllsll3s + 2 (1, 08 + wh + (w3 — wia)*) , + Daadu(lo)

<1,w% + w%>L2

€21 €22 (54)
+27FW§§AM(J0 622<1a :ul + /‘L%>L27
where €91 and €99 are positive constants to be specified.
Applying Young’s inequality to the term Bj results in
_ 2@M J
By < ATwhy Jozeasl|pallF: + 74“27‘”;‘;03, (55)

where €93 is a positive constant to be chosen. Substituting (50), (50), (51), (52), (53), (53), and (55)
into (48) yields
LUy < X0 |8 |2 44T (B0 (DrBY — oRy (¢P7)Dr0) — (G A AG Ay AEA)||95T |2
F IR WP — g [Py D () T =2 (BN ABLAG) 1P|
~ 3 (BELABLAGE) (") + (") + (7)) + [— T3 +yTmovggen +7Fgmoe1z} [v—val|7

M 7
+|: YAm (JO)L'YQFmoJ_,YPmovgd <€l3+4€1 )+2’er3d)\M(Jo):| Hw_w HQ_'_’YFJUM <1,w%+w§+(w3—w3d)4>m

deqo €22
[ (G243 — gre,(GA v GA) A ER) — Tn (4 22 ) )2,
— l(Ell /\EIQ) _ Fz@eo:igd _ QF(GZ‘;ZGAZ) _2FW§§/\M(JO)€22) (Gfg FOJ3dJ03623>:| ||[L||%z

—§(ELAELNGI)(L, py + g+ pis) o +9T2 (U3d€14+(1 o)viters+ 1= é””gd)ﬂriii‘;"“
+’}/<(ID)’I“ QRl( ) 0)7 ( )f15>L2 +7<p’7f28>L2'
(56)
Calculation of LUp: Differentiating Up given in (37) along the solutions of (35)gives

LU = (0§ —05a) (N4 £P°) + (o =) (P04 1)+ [ (PP ) + R (@7 (@ —va)
T o - .
+9T Ry (qP1)9PT " [1 My (FEY —7) =Pl + 1+ T — My R (g5 )va— Mpu Ry (g5 )by

AT My Ry (g8 )98 + AT My Ry (qBY)9PY ] + 271 ky p (FEY — 7)) T (FET —7y)

+ [’YQGTE—FQJBF —wd+7FuBF] r [’}/QJHGTS_—F’VQJHGTE_—TRBF —wBl x (JHUJBF)

+@op+ F7 — Twa+ AP ] 4+ 272k €T G(wPBl —wy).

(57)

Since (BT Ry (gP%)(vP° —vy) = NBO(vP0 —v34) and (mP)T (wB0 — wy) = TBO (w0 — wsy) due to
the boundary conditions in (35), the expression of LUy in (47), LU; in (56), and LUp in (57) suggests
that we choose the boundary controls ¢1p and ¢op as follows

¢15 = — (kip+enp+ens) (n(FPT —72) + Ri(qP") (vP" —vg) +9T R (@PT)9PT) —y My (75 — 1)
—Ri(q"") D\ v"" + My Ri(q%")vg+ My Ri(q5" )94 — T MR (¢ )95" 4T My R (¢P7)97T,
$25 = — (k2 +eanp+enn) (12GTE+wPT —wi+ATUPY) =12 JpGTE— 1Ty GT€+wPl x (Jgw®T)
+D},wB + DY, (w@wBwBl + Jywy— TPl
(58)
where €;;B, (i, j) = 1, 2 are positive constants. It is seen from (58) that the boundary control vectors
&, 1 =1, 2 require only full states of the beam at the actuated end and the reference states, i.e., these
control vectors are boundary state-feedback.
Remark 4.2: Since R, (qP") = %K(qEF) BE " only measurements from the actuated end of
the beam are required for implementation of the boundary controls 15 and pop. The terms rlBF and
q®" can be measured by using translational and rotational displacement sensors (qP' is determined

from Euler angles via the relationship (8)). The terms 9B and uBr can be measured by using strain
gauges. The terms TBF, wBT 98T and (BT can be obtained by using band-pass filters, through which

11
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the measurements of TBF q"r, 98"

. and BT are passed, respectively. Then vBT = Rl_l(qBF)'rzBF
see (7).

)

Substituting LUy in (47), LU; in (56), and LUp in (57) together with the boundary controls ¢;1p
and ¢op in (58) into (44) results in

LU < kS [lv — vallf: + kfpllw — wall7> + k12N<17wil + wy + (w3 — w3a)*)

—ES 100172 — kS|l — k§2N<1, w4 ps + M§>L2 + Q4+ Qp + ¢, (59)
where
ki = m0(6011vé\§+601217§\§) — 20 4 ATmgviters +4T ompera,
b = (o Moot e = 224 245y P g+ 152) + 2LA20t0)
Ko = T
Ky = 7[((C4494 — gPerg(GAV G Ay) — L ((GA VG A uhheys +1FA=Ghleily) ) £4)

(g 2]
3y = 7 [(L(BELAEL)—Tmevia _ eNCAVGA) _op My (Jo)ezz— 7(“%2’%)”% ) A (GI3—T@d] Jozeas) ],
kSon = ¢(ELLANELAGI3),
g = 2l i ol (1 - o+ U4 + 2,
(60)

and

Q= (v—vg, f1) . +{w—wq, f2) . +7{((Dr—oR1(q)Dr°), R1(q) f15) ;. +7 {1, f25) 2

Qp=—n(F" ) ' nP 41— 03T (Ri (7" )Dr0) nPl —yy(GTE) ' mPT — 4 (GA NG A, AEA) |97 |2
— B (ENANELAGE)|pPY (12— S (BLAELAGE) (") + (u5") + (u5)*)
+ (050 —v3q) fPO+ (W§° —wsa) f£0— (k1B +er1B+e12) |11 (FPT —7a) + Ri(gPh) (0P —vy)
TR (g1 )98 P+ [ (7P —7a) + Ri(g”") (07" —wa) +1T Ra ()97 fT
+2y1 k1 g (FPT —7) T (FFT —74) — (kap + a1 +€205) [ 12GT € +wPT —wy+T B2
+[12GT €+ WPl —wy+ TPl FBY + 2720k €T G (WPT —wy).

(61)
It is noted that in order to obtain (59), we have added and subtracted the terms vy (7" — 7q)TnP"
and 2(GT€)TmP" to LUp. We now calculate the upper-bound of Q and Qp. Using the expression of
f1 and fo, see (6), Young’s inequality, and the identity (z —z4)® = 23 —3zq4(z —24)? — 322(z — 24) — 23
for all (x,z4) € R, the upper-bound of 2 can be calculated as follows

Q < —kjyllv — vl = ki llw — wall 7. — kion (1 wi +wh + (w5 — wsa)*) 1 + K5, 9]

k5ol llF > + Kon (1, 1l + pg + p5) o + €5 (62)
where
Ky = An(D11) = s (D11)eiioon —dop — 2235022 (1= 0) Ay (D11 ),
k3o = Am(Da21) — A (Da1)wdh do3 — Goa — 'yFAAgg?zl) 371;(66*:?) ,
Flon = Am(Da2) — %63;3 _3(“’:%)2506 - (W3df5§7 N SWZSEEPD) vongz(Dn)’
k3 = AT (Aa (D) (611 + 03] 612) 4+ 013),
k35 = YT A (D21) 021 +9Twig Ans (Da1) 022 +7Twig Ans (Da2) 024+ 39T (w5g)* Aar (D22)d25
+Twd Aar(D22)d26 +7T 627,

kg = L0l Pesllls
= ReBpE | BT | 0 | ST | ST PB4y (1— )y (D

+wr2ws“§§;f(Dzl)+vr2(w§§2;imuzz>+(4§m +35) 1 fr0ll2: +v(1—0)TI(1, f10>L2|+(4604_1_4527)”1:20<|L2)’

63

with 615,79 = 1,2,3 and d9;,7 = 1, ..., 7 being positive constants to be chosen. Using the expression of

12
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n, m, B0 B0 £BU and fPU) see (12), (13), and (16), Young’s inequality, and expansion of the

terms ||y (PP — 74) + Ri(g"") (07" —vg) + 9T R1(¢P" )97 ||? and [|12GT € + WPl — wy +4TpPT|?,
we can bound Qp as follows

Op < —c118(v8% —v34)? — c125 (WP —w34)? — cran B (WF0 —w3q)* — co1 || 9PY||? — coop || 1t

—coanB(pt+p3+ps) — a1l (FPY —74) + Ri(qP") (P —vg) +9T Ry (¢BY) 98T || — caop | 7P — 7l

—cnBl|2GTE+ WP —wi+ T B2 = ciop&? || €]12 — cs18]|vP" —val|? — cs2 | WPl —wq|? +coB,
(64)

BFHZ

where
ciip = dYy — dY 03631 — 639,
ci2p = dy, — d81w§§633/— 034,
0 , M §4/3
9d2‘2wid635 —3d

— O 0 (,,M)2 d35(w3q)*05
c12NB = dyy — 92 (w3g) 036 — 22l ‘Z’f) -

C21B = %(th ANGAy N EA) + kigy*T? — kligglr _ krg;zr’
coop = % (Bl A EIy A GI3) + kapy T2 — kzigfr - kiglr,

C22NB = %(Eh A Ely A GI3),

C31B = €11B; (65)

csop = k1pvi — kipyyToa,

)

C41B = €21B,
ca2B = kB3 — kapyy2l'das,
c51B = k1B — k137042,

cs2B = kaop — kapy1'044,
— dhgg o 02 | dawss | (F307)° | 3ddwsg | 3dis(wia)? | 3das(wia)® | IFPTIE  [LFET
CDB - 4631 + 4532 + 4633 4(534 + 46§5 + 4636 + 45;43 + 46123 + 46223 ?

with 03,7 = 1,...,7 and 44,7 = 1, ..., 4 being positive constants to be specified. Now, substituting (62)
and (64) into (59) results in
LU < =k |lv—val|F: — kiollw—wall 7> —kran (1, wi +wi + (w3 —wsq)*) 1o — ka1 |97 — kool ]| 7
—koon (1, pi +p3+p13) , —c118(v5° —v340)® — c12B(w§° —w3a)? — cran B (WS —w3q)* — co1 ]| 9P|
—coap||uPI1? = coan B (i +py + 13) — ca1p [ (FPT —74) + R1(g”") (07" —v4) +9T Ri (gP) 97T |2
— B[P = 7al|? — carB[12GT €+ WP —wa+ TPl |2 — caap&E || €]1* — cs1B] 0P —vall?
—csol|wPl —wy|* +co,
(66)
where
ki1 = kiy — k71, k12 = kiy — k95, kian = Koy — KTy
ko1 = kiy — k1o, koo = k35 — k3o, koon = k§2N — ko (67)
Cco = CS—FCS-FCOB.
We now choose the constants o, v, 71, V2, k1B, k2B, €jB, (i,J) = 1,2; 6pi,i = 1,...,6; 015,7 = 1,2, 3;
521',i = 1, ooy 7; 531',2' = 1, ...,7; and 54i,i = 1, ,4 such that
kzy > k?jv kion > k?QN? (Zaj) =1,2
CijB > ngB7 1= 17 "'747j = 1727 (68)
CioNB > Cynps 1=1,2
where k9

17
constants.

kiy with (i,7) = 1,2, ¢f;p with i = 1,...,4,5 = 1,2, ¢y with i = 1,2, k9, are positive

Remark 4.3: While the necessary conditions (68) for ensuring global practical asymptotic stability
of the closed-loop system look complicated, Remark 4.4 below shows that these conditions are always
feasible. The complexity of these conditions comes from the fact that the beams considered are moving
and exhibit both tramslational and rotational large motions in addition to track a moving reference
beam, for which the coupling term Uy of the Lyapunov function U, see (36) and (37) is introduced
to utilize the beam’s stiffness. Strong couplings among all the motions, and between them and the
reference linear and angular velocities, see Section 1 for discussion, induce the complexity in (68).
Even the stabilization of beams exhibit either only small motions (vibrations) or large motions results
in fairly complicated conditions to guarantee desired stability of the closed-loop system, see Do (2017a,
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2017c, 2017d, 2017e, 2018c); Do and Lucey (2018); Do and Pan (2008); He, Nie, and Meng (2017);
Morgul (1992); Queiroz et al. (2000).

We elaborate the choice of the constants oo, = 1,2,3, 0, v, 71, V2, k1B, k2B, €ijB, (i,J) = 1,2;
501',i = 1,...,6; (Sli,’L' = 1,2,3; (521',1' = 1,...,7; 63i,i = 1,...,7; and 541‘,@' = 1,...,4 to ensure that the
conditions listed in (43) and (68) hold in the following remark.

Remark 4.4:

1) The constant cy: It can be seen from (42) that by choosing a small 7y the inequality (43) holds
for any given positive constants pg;, 1 =1,2,3 and 0 < p < 1.

2) The constants (kij, kian), (i,7) = 1,2: If the bending stiffness is strictly larger than the shear
stiffness multiplied by square of the beam’s length, i.e.,

(EI, A EL) >T?(GA; vV GAy), (69)
then the constants (kij, kian), (i,7) = 1,2 can be made strictly positive by choosing o = 1, see the
expression of Uy in (37); % < %; small (7, €29, €23, €43 under the conditions that (U%,@%,(D%) and
|G A1 —G As| are not too large, see the expression of k$; and kS, in (60). These features usually hold for
motion transporting beams because the beams are easier to be sheared than to be bent, have the same
shear stiffness GAy and G Ay, and their azial velocity and acceleration, and spinning acceleration are
small. If the condition (69) does not hold, the constant o needs to be a small positive constant.

3) The constants cijp,i = 1,...,4,5 = 1,2 and cianB, 1 = 1,2: elaboration of how to ensure these
constants strictly positive can be carried out similarly to the constants (kij, kion), (1,7) = 1,2.

With (68), we can write (66) as
LU < —c38 + ¢, (70)
where
3 = k11 A Akig A kay A koo A kaan A ciip A ciap A esip A csap A caiB A caaBéy. (71)

The control design has been completed. A block diagram of the proposed control design is depicted
in Figure 2.

Beam system: (11), (12), (13), (14), (15), (16)

!

Assumption 3.1
Control objective 3.1

Control design:
Abstract formulation: (34), (35)
Lyapunov function (36), (37)
Infinitesimal generator: (47), (56), (57)
Controllers: (58)

*

Control gain conditions: (43), (68)
Choice of control gains: Remark 4.4

Figure 2.: Block diagram of the control design

We summarize the main results in the following theorem.

Theorem 4.1: Under Assumption 3.1, the boundary control vectors ¢;p,i = 1,2 given in (58)
solve Control Objective 3.1 provided that oo;,i = 1,2,3, 0, v, V1, V2, kiB, k2B, €jB, (i,j) = 1,2;
60iyt =1,...,6; 614,41 = 1,2,3; 095,10 = 1,...,7; 035, = 1,...,7; and 444,71 = 1,...,4 are chosen such that
the conditions in (43) and (68) hold. The closed-loop system consisting of (34), (35), and (58) is
globally well-posed and globally practically asymptotically stable at the origin.
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It is noted that larger bounds on the external disturbances, see Assumption 3.1, result in a larger
constant c¢o in (70), see (67) with its components in (60), (63), (65). This means that the beam
tracking errors converge to a larger ball centered at the origin. However, the global practical stability
is not lost due to the size of the disturbance bounds.

Proof. We first define

T Ri(q)v
q K(q)w ) 1
v —(mo(Ry'(q)):Ri(q)v + Ry ' (¢)Dn + f1)
w J()_l(ﬂ])m—wX(Jow)+DTXn+f2)
2B0 50
3
x|t | Fx i 72
= t —
U?g(()) ) ( ) ) mLP(NBO + le()) ( )
p: 7 (150 + £5°)
TIBF 7:2%1“
?ﬁ? K(qBF)wBF
"or My (= n"" + g5+ fP7)
| W] i ng( ~mBT — WBT X (JpwPh) + dop + f2BF) ]
where ¢;p,i = 1,2 are defined in Eq. (58). Next, we can write Egs. (34) and (35) as follows
dX
— =F(X,1). 73
dt (X, 1) (73)

For well-posedness and stability analysis of Eq. (73), we introduce the functional spaces: H =
(WH2(D))® x (L*(D))° x R'®, V = (W?*(D))° x (L*(D))° xR, V* = (W=22(D))® x (L*(D))° x R'®,
where D := (0,T"), and W~"™P(D) denotes the dual of W"P(D). Then, we have the embedding
VCH=H*"CV"* Let
X = col(y, 4, 8, @, 550,080 B0 B0 70T GBY DT oBLY (74)
Define
<X7 X>H = %<’U—’Ud, ’IAJ—'Ud>L2 +%<w_wd) J[)((:J—Wd)>L2 +% Z?:l GA’L<7727 ﬁ’i>L2 +E72A<8) é>L2
53 ima BL i (3= G5+ 325) ) o+ 3500 B (51— 07+ 15147) 1)
Gy (it L+ 7)) o+ SCI( (b — 303+ 350) i)
+%7m0 <]D)T —oRy (q)DT()) Ry (Q)(ﬁ _'Ud)8>L2 + %’Y’I?’L(]<R1 (q) (Iv _Ud)v D7 — QRI(Q)DTOS>L2
37k Jo(@ —wa)s) o+ 17(Jo(w—wa), ) o+ "5 (V50 —v34) (057 —v34)
- - - T
25 (W50 —w3a) (OF0 —waa) + 5 (N (FFT = Fa) + Ri(qP") (0PT —vg) +9T Ri(¢P7)9P") " My
~BI' =~ R R . ~ - - ~BI'  ~
X (1 =7a) +Ri(@7T) (07" —va) T R1(GP1)9PT) + 71 ki (P —7a)T (7)) —7a)
_ T ~ o “ “ o
+3(12GTE+ WP —wa A TuPT) Ty (12 GTE+@PT —wa+1TAPT) +292kapE€T €,

(75)
where ;1 = 1,2, fi;,1 = 1,2,3, €, 1§BF, G’, and & are the values of i = 1,2, ui,i = 1,2,3, ¢,
9P, G, and € with D7 and g being replaced by D7, and §, respectively. The constants 7, y1,72,
0, k1B, and kop the conditions specified in Theorem 4.1. Let us denote by <X , X > .y linearization

of <X,X>H at the origin. Then, it can be verified that <X,X>LH is a inner product with the

norm <X,X>LH = | X||2 ;. In fact, there exist strictly positive constants ¢p; and o such that
—00 + ¢l < HX||%H < o2&y + o locally, where Ep g is the linearization of £, which is defined
in Eq. (28).

We now verify all the conditions of Theorem A.l. The continuity condition in Assumption A.l
holds due to continuity of F(X,t). By using (X — X, F(X,t) — F(X,t)),,,,.. = (X - X, F(X,t) -
F (X , t)> ;7 with the use of the local inner product in LH defined as above and integration by parts
similarly to the calculation of LU in Section 4.2, it is readily shown that the local monotonicity
condition (A4) and local growth condition (A5) hold. From Egs. (41) and (70), it follows that

LU < —2U + 2% 4 ¢, (76)
Thus, the conditions (A6), (A8) and (A9) hold. This together with Lemma 2.1 yields the proof of
Theorem 4.1, i.e., the above local condition analysis, (41) and (76) (this satisfies both (A8) and (A9))

ensure both global wellposedness and global practical asymptotic stability of the closed-loop system.
0
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5. Simulation results

This section illustrates the effectiveness of the proposed boundary controller via some numerical
simulations on an ocean drill pipe immersed in sea water. The drill pipe system parameters are
taken as I' = 1000m; outer diameter d, = 0.8m; inner diameter d;;, = 0.4m; o = 7850kg/m E =
2.04 x 10'%kg/m?; and G = 8.4 x 10'%kg/m?. We take mp = 300kg; Jp = 150kg/m M = 100013kg;
Joy = 50013kg/m dy, = 200kg/s dy, = 100kgm2 /s; DY, = 50013kg/s and D21 = 250kgm?/s. The
nonlinear damping coefficients d3, and D}, are taken to be 50% of d{; and D}, respectively.

For the fluid loading, the one-degree-of-freedom approach in Niedzwecki and Liagre (2003), Sarpkaya
and Isaacso (1981) is extended to beam motion in 3D space. This entails decomposition of the fluid
motion into components perpendicular and parallel to the axis of the cylinder; the load due to the
former is obtained from bluff-body analysis while the load due to the latter arises from the effect
of skin-friction and is modeled using boundary-layer theory. The resulting expressions for Di; =
diag(dnl, d112, d113) and D21 = diag(d211, d212, d213) are derived as follows:

o udo [5
di1i = Crki + Cpgi 5 \/;Um(S,t% (77)

for k =1,2 and i = 1,2,3, where g, is the sea water density; Cr; are the (structural) linear viscous
damping coefficients; Cp; are the skin-friction drag coefficients; and o;(s, t) is the root mean square of
the water particle velocity. The nonlinear damping coefficient matrix Dso taken to be 50% of Da1. The
coefficients of distributed damping and fluid loads are taken as Cp11 = Cpia = 120%, Cr13 = 60Ns,
Cpi1 = Cpi2 = 1.2, Cpiz = 0.6; Cro1 = Craa = 90Ns, Crz3 = 60Nms, Cpa1 = Cpox = 0.8,
Cpas = 0.4; and sea-water density is g, = 1025kg/m?. Using linear wave theory, the water particle
velocities ¥; are Niedzwecki and Liagre (2003)'

cosh(k;;2)
E A % : ij ij /s
jw]SlIlh ijL) n(w ]t+§]) (78)

where &;; = 27rand() with rand() bemg a random number between 0 and 1, the amplitude A;;, wave
number k;;, and frequency w;; of the wave 4t are given by

Wil — Wim . 125wy, o —1.25(%e)"
MM Bim g, = 22 Yo 2 “
N, DT 2 79)

Aij = \/ 25~ 9.8k tanh(kyyT) = w.

Wij = Wim +

n (79), the minimum and maximum wave frequencies are wj,, = 0.2rad/s, w;y; = 2.5rad/s; the two-
parameter Bretschneider spectrum .S;; are used with the significant wave heights H; = 4m; the modal
frequency is w;, = %Fl with the period T} =T, = 7.8, T3 = 5; N; = 10.

The initial conditions are taken as to = 0; 710(s) = col(4sin (), —4sin (Fs), —0.75sin (2£s));
720(s) = 0; Op(s) = col(0.6sin (%s),0.75cos (8 s),1.5sin (4s)); and wy(s) = 0. The reference
velocities are taken as v3g= 0.1m/s and wsq = 20rad/s. Following Remark 4.4, the control gains are
chosen as follows: o = 0.05, v = ﬁ, 1 =772 = 3.5, kip =5FA, kop = b5EI, €1, = %EA,i =1,2,
and eg;p = %EI ,t =1, 2. It is readily checked that the above choice of the control gains ensures that all
the conditions specified in Theorem 4.1 hold for some positive constants og;,7 = 1,2, 3, dg;,7 = 1, ..., 6;
(51i,i = 1, 2, 3; (52i,i = 1, ceey 7; (532‘,i = 1, ceey 7; and (54i,i = 1, ...,4.

We run two simulations. In the first simulation, the control in Do (2017c), see (57) in this reference,
with the vectors 72, #81 0PL' and wB' being substituted by 777 = 7Pl — ry, 780 = 78U — v,

OB = 0P — col(0PT, 08, 087 — wsy(t — o)), and wBl = wWBY — wy, respectively, to make the
stabilization control in Do (2017c) become a velocity tracking one. The control gains are taken the
same as those in the simulation in Do (2017c). In the second simulation, the proposed boundary
controls (58) is used. In both simulations, the length of simulation time is 500 seconds. Moreover, the
second order (in space and time) centered, implicit finite difference scheme is used to numerically solve
the partial differential equations (4) plus the boundary conditions (15) where the boundary controls
¢ig,i = 1,2,3 given in (58). The time step is At = 0.01 and space step is Az = 0.2. This choice

ensures that the convergence parameter r = (At) = (.25 is positive and less than 0.5 as required

for stable solutions Smith (1985). If the discretized steps are too large, the numerical solution will be
unstable. If they are too small (provided they satisfy the above condition), simulation time will be
very long.
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Figure 3.: Simulation results with the control design in Do (2017c¢)
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Figure 4.: Simulation results with the proposed boundary controls

Case of the control in Do (2017c): The results are plotted in Figure 3a and Figure 3b. The
displacements (Z(s,t),3(s,1), Ze(s, 1)), where Z.(s,t) = Z(s,t) — zq with 24 = v34 and z4(0) = 0, are
plotted in Sub-figures. 3a.A, 3a.B and 3a.C, the rotations (61(s,t),02(s,t),03c(s,t)), where 03.(s,t) =
O3(s,t) — 04(t) with 034 = wsq and 64(0) = 0, are plotted in Sub-figures 3b.A, 3b.B and 3b.C, while
the controls ¢1p and ¢op are plotted in Sub-figure 3a.D and Sub-figure 3b.D. It is seen that the
displacements and rotations oscillate within a ball centered at the origin with a quite large radius
due to the sea loads and axial and rotational motions. This is due to the robustness property of the
control in Do (2017¢), which is a nice property of the Lyapunov-based control design Khalil (2002);
Kirstic et al. (1995).

Case with the proposed feedbacks (58): The results are plotted in Figureda and Figure 4b.
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Comparing Sub-figure. (4a.A, 4a.B, 4a.C, 4b.A, 4b.B, 4b.C) in this case with corresponding Sub-
figures (3a.A, 4a.B, 3a.C, 3b.A, 3b.B, 3b.C) in the case, where the control design in Do (2017c¢) is
used, clearly shows an excellent performance of the proposed controller in the sense of a large reduction
(about 5 times less) in magnitude of all displacements and rotations. This is because as mentioned
before the control design in Do (2017c) is for stabilization, where the couplings of the reference
velocities with all other motions are not considered in the control design. It is also observed from
Sub-figures (3a.D, 3b.D) and Sub-figures. (4a.D, 4b.D) that the controls ¢1p and ¢op corresponding
to the control design in Do (2017c¢) are larger than those in the present paper because all the motions
with the controls in Do (2017¢) have larger magnitudes than those in the present paper. Note that if
the external disturbances increase, the radius of the ball centered at the origin will be larger, see the
discussion just below Theorem 4.1, and of course the control efforts will become larger.

6. Conclusions

The problem for beams to track reference axial and rotational velocities in space was posed and
boundary controllers were designed to stabilize them at their reference states. In the control design and
analysis of well-posedness and stability, exact nonlinear partial differential equations governing motion
of the beams were used. Various tools including coordinate transformations, Sobolev embeddings, and
a Lyapunov-type theorem developed for a class of evolution systems in Hilbert space were utilized to
handle difficulties caused by large motion couplings of the beams in space. Future work is to consider
the boundary control problem for a group of beams.

Appendix A. Well-posedness and Stability of Nonlinear Evolution Systems

This appendix presents results on well-posedness (existence, uniqueness, and continuous dependence
on initial conditions) and stability of nonlinear evolution systems. These results are used in control
design and stability analysis of the beam system.

A.1. Space notations

Let H be a separable Hilbert space identified with its dual H* by the Riesz isomorphism. Let V' be
a real reflexible Banach space such that V' C H continuously and densely, and V* be the dual of V.
From the definitions of H and V', we have that the embedding V C H = H* C V* is continuous
and dense. We denote by |||z, ||.]lv, and ||.|[y+ the norms in H,V, and V*, respectively; by (., '>V,V*
(i.e., <z, v>vv* = z(v) for z € V*,v € V) the duality product between V' and V*; and by <., >H the
inner produét in H. The duality product between V and V* has the following property Gawarecki
and Mandrekar (2011):

<u,v>vy* = <u,U>H,u cHwveV. (A1)

A.2. Fwvolution systems

Let us consider the nonlinear evolution system on the space H:
dX(t)
dt
where X is assumed to be in H for almost every (a.e.) t € [tg,00) and F : H X [tp,00) — V* is a
family of nonlinear operators defined for a.e. t € [tg,00). The following definition is a deterministic
version of the stochastic one in (Chow, 2007).

= F(X(t),t), X(to) = Xo € H, (A2)

Definition A.1: A H-valued process {X (t),t € [to, T} is said to be a variational solution of (A2)
if for any ¥ € V:

<X(t),¢>H = <X07¢>H +tj <F(X(5)v 3)7¢>V,V*d5 (A3)

for each t € [ty,T). If T is replaced by oo, then X (t),t > to, is said to be a global variational solution
of (A2).
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The following definition is an extended version of the one in finite dimensional space in (Khalil,
2002) to infinite dimensional space.

Definition A.2: The variational solution of (A2) is said to be

(1) globally stable if, for each Xo € H, there exists § = 0(|| Xol|a) such that || X (¢)||x < 6(|| Xollz),
a.e. (X,t) €V x[tg,00);

(2) globally exponentially stable if it is globally stable and | X )|z < || X (to)||me %), a. e.
(X,t) € V x [tg,00), where ¢ is a positive constant;

(8) globally practically exponentially stable if it is globally stable and || X(t)|lg <
| X (to) | me=¢t%) + ¢, a.e. (X,t) € V x [tg,00), where ¢ is a positive constant, and cq is
positive constant.

If ¢ depends on the initial condition, then “exponentially” is replaced by “asymptotically” in the above
statements.

A.3. Well-posedness and stability of evolution systems

We assume that F' : H x [tg,00) — V* is measurable and satisfies the following continuity and local
monotonicity and growth conditions.

Assumption A.1:
1) [Continuity] The mapping V > v — F(v,t) € V* is continuous a.e. t € [ty,0).
2) [Local monotonicity] For any w,v € V with |[ul|lg < € and ||v||g < €, where € is a positive
constant, there exists a constant c. such that
2(u — v, F(u,t) — F(v,t))

V,V* < CEHU’_’UH%I: (A4)

a.e. t € [tg,00).
3) [Local growth] There exists a constant § such that:

1P (s )l < 8L+ Jullf ) V€ Vi Jully <e (A5)

Theorem A.1: Under Assumption A.1, suppose that there exist a function U(X,t) € C1(H; [to, c0))
referred to as a Lyapunov function, an integer p > 0, and nonnegative constants o1 and o2 such that

—o1 + IX | < UX, ) < | X + 02, (A6)
a.e. (X,t) €V X [to,00), and that the generator LU := % given by
EU(X,t) = Ut(Xat) + <F(Xa t)? UX(th)>V7V*v (A7)

with Uy(X,t) and Ux(X,t) being the (Fréchet) derivatives of U(X,t) with respect to t and X,
respectively.
1) [well-posedness] If the generator LU (X ,t) satisfies

LU(X,t) <c(l14+U(X,t)), ae (X,t) €V x [ty,0), (A8)
where ¢ is a nonnegative constant. Then the system (A2) is globally well-posed in terms of the varia-
tional solution for each Xy € H.

2) [stability] If the generator LU (X, t) satisfies

LU(X,t) < —c3| X |5 + co, ae. (X,t) €V X [tg,00), (A9)
where c3 is a positive constant. If co = 0, 01 = 0, and oo = 0, the equilibrium X = 0 is globally
exponentially stable. If any of co, 01, and 02 is a positive constant, the equilibrium X = 0 is globally
practically exponentially stable. Moreover, if cs depends on the initial condition, then “exponentially”
1s replaced by “asymptotically” in the above statements.

Proof. See Do (2018a).
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