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ABSTRACT 

 In recent years, it has been extensively reported that Microwave (MW) and 

Ultrasound (US) irradiation is able to significantly improve the efficiency of various 

physical and chemical processes, such as extraction, organic synthesis, biodiesel pro-

duction, distillation, and reactive distillation.  Furthermore, it is also reported that MW 

and US, when applied simultaneously, can lead to an even greater enhancement com-

pared to individual irradiation due to synergistic effects.  Nevertheless, despite the 

promising results reported at laboratory scales, commercial implementation of MW 

and US technologies for process intensification at industrial scales is very limited.  

This is mainly due to the lack of fundamental understanding of the underlying complex 

physics, which poses major challenges in the design and scale-up of the processes.  

Liquid heating and boiling are undoubtedly among the most important physical phe-

nomena in many MW- and US-assisted processes.  However, related studies are either 

lacking or incomplete in the literature, especially computational studies, which is gen-

erally an effective way to understand complex physical processes.  Therefore, to con-

tribute to the understanding, this research aims to gain fundamental insights into liquid 

heating and boiling phenomena under simultaneous MW and US irradiation by means 

of computational multiphysics simulation. 

However, due to the great complexity involved which requires long term re-

search efforts, the current research is broken down and conducted progressively, with 

the intention to approach the aforementioned research aim rather than to achieve it in 

this research project.  In fact, there are a number of prerequisite research gaps that need 

to be filled before the research aim can be achieved.  Therefore, in response to the 

research gaps, the objectives of the current research are to computationally: (1) inves-

tigate the boiling physics in bulk liquid under conventional heating, (2) investigate 

liquid heating under simultaneous MW and US irradiation, (3) investigate heating and 

boiling of single-component liquid under MW irradiation, and (4) investigate heating 
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and boiling of binary liquid mixtures under MW irradiation.  Since the computational 

models necessary to achieve the aforementioned objectives are unavailable in open 

literature, several first-of-its-kind models are developed and validated in this research. 

 In order to constitute a solid foundation, this research starts with the investiga-

tion of boiling physics in bulk liquid under conventional heating (Objective 1).  To 

this end, a new nucleate pool boiling model based on Two-fluid model is developed 

and validated.  The key novelty of this model is the ability to simulate pool boiling 

with the inclusion of a free-board region.  The output of the model shows good agree-

ment with the experimental data, in terms of the boiling curve and vapor fraction dis-

tribution.  The simulation of water boiling under conventional heating show that the 

bulk liquid can hardly be superheated (only about 1 2 C− °  in the close vicinity of the 

heated wall) and this is insensitive to heat input, due to the self-saturation effect of 

vapor bubble nucleation.  Besides, turbulence dispersion force acting on the bubbles 

causes aeration in the bulk liquid, which affects the evaporation profile.  The results 

also show that the evaporation at the liquid free surface plays a significant role in the 

overall evaporation process, but becomes less important when the heat input increases 

(45% at 230kW m  and 11% at 2160 kW m ).  In addition, it is also demonstrated that 

the new boiling model is able to provide better mass conservation, as well as better 

velocity prediction compared to the conventional methods.  The new model and find-

ings will serve as a foundation for the subsequent works.   

 Next, a new multiphysics model that describes liquid heating phenomenon un-

der simultaneous MW and US irradiation is developed and validated experimentally 

(Objective 2).  Other than the new ability of the model to simulate combined MW-US 

liquid heating, another novelty of the model is the incorporation of a new non-linear 

acoustic streaming (sub-) model that takes into account the non-linear effect of acous-

tic cavitation.  The results of the new model show good agreement with the experi-

mental data.  Besides, it is also demonstrated that the streaming field predicted by the 

new acoustic streaming model is significantly better than the commonly used linear-

based model, both qualitatively and quantitatively.  The new model is then used to 

investigate simultaneous MW and US water heating process.  The results indicate that 

simultaneous MW and US irradiation greatly enhances the temperature uniformity in the 

water when compared to individual MW irradiation (about 8 times better), due to efficient 
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mixing contributed by acoustic streaming and cavitation.  The results also show that the 

submergence of US horn affects the MW power distribution in the water due to the addi-

tional MW reflections at the horn surface.  The subsequent parametric studies indicate 

that center-positioned US horn, low US horn submergence depth, and spherical sample 

geometry provide better temperature uniformity. 

 After that, the research continues with the development and validation of a new 

multiphysics model that describes heating and boiling phenomena in single-compo-

nent liquid under MW irradiation (Objective 3).  The new model is used to simulate 

MW water heating and boiling with the presence of anti-bumping granules.  The out-

puts of the model show favorable agreements with the experimental data, in terms of 

the water internal temperatures, sample external wall temperatures, volume history of 

distillate, and visual observation.  The new model, for the first time, successfully re-

produced the widely reported MW superheating phenomenon in liquid, which is one 

of the major reasons behind the process intensification capability of MW, by means of 

multiphysics simulation.  During the initial phase of the boiling process, the simulation 

result shows that the water is significantly superheated (up to 8 C°  at 300W), and the 

boiling initiates at the water free surface.  The simulation results reveal two reasons 

that lead to the superheat build-up, which are the low MW power absorption in the 

water near the wall which causes the absence of vapor bubble nucleation at the wall, 

and the lack of efficient liquid circulation.  After a period (after the initial phase), the 

water temperature at the base of the sample reaches the saturation temperature and 

vapor bubble nucleation occurs at the anti-bumping granules.  The results indicate that 

the vapor bubbles remove most of the superheat in the water and prevent the 

accumulation of superheat (the maximum superheat temperature stabilizes at about 

1 C° ), mainly by enhancing the heat transfer to the liquid free surface and minorly by 

inducing evaporation within the bulk liquid.  Furthermore, the results also show that 

under MW irradiation, free surface evaporation dominates the overall evaporation 

process (about 90% of the total evaporation). 

 Lastly, the previous model is extended into a more sophisticated model that 

describes heating and boiling phenomena in binary liquid mixtures under MW irradi-

ation (Objective 4).  Some of the key contributions to the model development include: 

(1) the implementation of a hybrid Two-Fluid-Volume-of-Fluid two-phase model that 

can simulate coupled dispersed and segregated vapor-liquid flow during boiling more 
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accurately, and (2) the formulation of new interphase heat and mass transfer closures 

that are applicable for coupled dispersed and segregated vapor-liquid flow.  Appropri-

ate interfacial jump conditions that ensure energy and mass conservation are incorpo-

rated into the interphase heat and mass transfer closures.  Besides, special numerical 

treatment is introduced so that the closures can be implemented on a reasonably coarse 

mesh.  The new model is used to simulate heating and boiling of methanol-water mix-

ture under MW irradiation.  The model shows reasonably good agreement with the 

experimental data, in terms of temperature profile and distillate composition.  The 

simulation results show that, during MW boiling without anti-bumping granules, the 

maximum liquid superheat temperature increases rapidly (up to 8 3 C. °  at 300W) and 

then reaches a plateau within a short period (about 15s).  Further heating mainly 

increases the amount of superheat rather than the maximum superheat temperature.  

The simulation results also reveal a special superheat build-up mechanism that is 

unique to liquid mixtures, which is caused by the phenomenon that the saturation 

temperature at the vapor-liquid interface is higher ( 2 3 C− °  higher) than that in the 

bulk liquid.  This results in a shielding effect which reduces the rate of superheat 

dissipation and thus traps the superheat within the bulk liquid.  In another scenario 

where anti-bumping granules are added, the bubble nucleation at the granules reduces 

the superheat intensity but not completely dissipate the superheat.  Besides, it is also 

shown that liquid superheating reduces the concentration of the lighter component in 

the vapor phase (about 2.2% reduction), which could be detrimental to processes such 

as distillation.  In the subsequent study, the effects of several operating conditions are 

examined.  Generally, the results indicate that higher liquid methanol concentration, 

higher MW power, rectangular sample geometry, and smaller sample volume lead to 

higher superheat intensity, but poorer methanol concentration in the released vapor. 

The new models and findings in this research could open up new avenues for 

the design and improvement of processes such as MW- and US-assisted chemical 

synthesis, extraction, biodiesel production, and reactive distillation processes.  They 

also serve as a foundation for future works to simulate liquid boiling phenomenon 

under simultaneous MW and US irradiation. 

 



viii 
 

Keywords: Modelling; Microwave Liquid Heating; Microwave Boiling; Microwave 

Liquid Superheating; Simultaneous Microwave and Ultrasound irradiation; Acoustic 

streaming; Acoustic cavitation 



ix 
 

TABLE OF CONTENTS 

DECLARATION .......................................................................................................... i 

LIST OF PUBLICATIONS ......................................................................................... ii 

ACKNOWLEDGEMENT .......................................................................................... iii 

ABSTRACT ................................................................................................................ iv 

TABLE OF CONTENTS ............................................................................................ ix 

LIST OF FIGURES .................................................................................................. xvi 

LIST OF TABLES .................................................................................................. xxix 

NOMENCLATURE ................................................................................................ xxxi 

CHAPTER 1 INTRODUCTION ................................................................................. 1 

1.1 Background ................................................................................................... 1 

1.1.1 Microwave liquid heating ........................................................................ 1 

1.1.2 Ultrasound sonication ............................................................................... 5 

1.1.3 Simultaneous MW-US irradiation ............................................................ 6 

1.1.4 Liquid boiling ........................................................................................... 8 

1.2 Problem statement, aim, and direction of the research project.................... 11 

1.3 Research gaps .............................................................................................. 13 

1.4 Research questions ...................................................................................... 16 

1.5 Objectives .................................................................................................... 17 

1.6 Novelties and contributions of the research ................................................ 19 

1.7 Significance of research .............................................................................. 20 

1.8 Thesis outline .............................................................................................. 20 

1.9 Closure ......................................................................................................... 21 

CHAPTER 2 LITERATURE REVIEW .................................................................... 22 

2.1 Computational studies on MW liquid heating ............................................. 22 

2.1.1 MW liquid batch heating ........................................................................ 24 

2.1.2 MW liquid continuous heating ............................................................... 28 

2.1.3 Summary and review of the computational studies of MW liquid heating 
  .............................................................................................................. 32 

2.2 Computational studies on US sonication ..................................................... 35 

2.2.1 Acoustic pressure distribution ................................................................ 35 



x 
 

2.2.2 Acoustic cavitation bubble dynamics ..................................................... 44 

2.2.3 US-induced macroscopic effects in various processes ........................... 51 

2.2.4 Summary and review of computational studies on US sonication ......... 56 

2.3 Computational studies on liquid boiling ...................................................... 62 

2.3.1 Pool boiling ............................................................................................ 65 

2.3.2 Flow boiling ........................................................................................... 72 

2.3.3 Summary and review of computational studies on liquid boiling .......... 79 

2.4 Closure ......................................................................................................... 84 

CHAPTER 3 OVERVIEW OF RESEARCH METHODOLOGY ............................ 86 

3.1 Flow charts of research methodology .......................................................... 86 

3.2 Closure ......................................................................................................... 92 

CHAPTER 4 MODEL DEVELOPMENT AND SIMULATION OF NUCLEATE 
POOL BOILING: BOILING PHYSICS IN BULK LIQUID AND ROLES OF 
FREEBOARD REGION ............................................................................................ 93 

4.1 Mathematical modelling of nucleate pool boiling with freeboard region ... 94 

4.1.1 Modelling assumptions........................................................................... 94 

4.1.2 Overview of the mathematical model and contributions to the model 
development ........................................................................................... 95 

4.1.3 Vapor-liquid flow (Physic 1) .................................................................. 96 

4.1.4 Heat and mass transfer (Physic 2) ........................................................ 105 

4.1.5 One-size group population balance method (Auxiliary sub-model) .... 112 

4.1.6 Turbulence model (Auxiliary sub-model) ............................................ 114 

4.1.7 Wall heat partitioning model (Auxiliary sub-model) ........................... 115 

4.2 Numerical implementation of nucleate pool boiling simulation with 
freeboard region ........................................................................................ 118 

4.2.1 OpenFOAM discretization notation ..................................................... 118 

4.2.2 Momentum equations ........................................................................... 121 

4.2.3 Pressure-velocity coupling ................................................................... 125 

4.2.4 Phase fraction transport equation ......................................................... 129 

4.2.5 Energy equations .................................................................................. 131 

4.2.6 Bubble number density transport equation with improved numerical 
implementation ..................................................................................... 132 

4.2.7 Mixture k ε−  equations ....................................................................... 133 

4.2.8 Simple routine for the tracking of free surface cells ............................ 134 

4.2.9 Numerical interphase area density ....................................................... 134 

4.2.10 Differencing schemes of governing equations ..................................... 135 

4.2.11 Solution procedure ............................................................................... 136 

4.3 Model validation ........................................................................................ 138 

4.3.1 Validation strategy ............................................................................... 138 



xi 
 

4.3.2 Computational domains, simulation setup and boundary conditions ... 140 

4.3.3 Validation results ................................................................................. 143 

4.3.4 Assessment of the reformulation of bubble transport equation............ 146 

4.3.5 Sensitivity of fluid flow in bulk liquid to the liquid droplet size ......... 147 

4.4 Computational analysis of boiling characteristics in bulk liquid during 
nucleate pool boiling under surface heating .............................................. 148 

4.4.1 Fluid flow ............................................................................................. 149 

4.4.2 Temperature distributions and heat transfer ......................................... 162 

4.4.3 Vapor bubble characteristics and mass transfer profile ....................... 165 

4.5  Roles of freeboard region in pool boiling simulation ................................ 173 

4.5.1 Mass conservation ................................................................................ 175 

4.5.2 Velocity prediction ............................................................................... 179 

4.5.3 Energy conservation ............................................................................. 180 

4.6 Closure ....................................................................................................... 183 

CHAPTER 5 MODELLING OF LIQUID HEATING SUBJECT TO 
SIMULTANEOUS  MICROWAVE AND ULTRASOUND IRRADIATION ...... 185 

5.1 Experimental setup and methods ............................................................... 186 

5.2 Modelling of MW-US Liquid Heating ...................................................... 187 

5.2.1 Modelling assumptions ........................................................................ 187 

5.2.2 Computational domain ......................................................................... 188 

5.2.3 Overview of the mathematical model and major contributions to the 
model development .............................................................................. 190 

5.2.4 Electromagnetic wave propagation (Physic 1) ..................................... 191 

5.2.5 Acoustic wave propagation (Physic 2) ................................................. 192 

5.2.6 Cavitation bubble dynamics (Physic 3) ................................................ 196 

5.2.7 Fluid flow and heat transfer (Physic 4 and 5) ...................................... 199 

5.2.8 Boundary and initial conditions ........................................................... 203 

5.3 Numerical methods and implementations ................................................. 204 

5.3.1 Maxwell’s equations, Helmholtz equation, Navier-Stokes equations and 
heat transport equation ......................................................................... 204 

5.3.2 Cavitation bubble dynamics ................................................................. 205 

5.3.3 Verification of numerical method for cavitation bubble dynamics...... 209 

5.3.4 Solution procedure ............................................................................... 211 

5.3.5 Dielectric and thermal-physical properties of liquid ............................ 216 

5.3.6 Mesh independence tests ...................................................................... 216 

5.4 Computational analysis of liquid heating under individual MW irradiation
 ................................................................................................................... 217 

5.4.1 Validation of MW liquid heating model .............................................. 217 

5.4.2 Electric field intensity and MW power absorption .............................. 218 



xii 
 

5.4.3 Heat Transfer and fluid flow ................................................................ 223 

5.5 Computational analysis of liquid heating under simultaneous MW and US 
irradiation .................................................................................................. 227 

5.5.1 Validation of MW-US liquid heating model ........................................ 227 

5.5.2 MW and US power absorption ............................................................. 232 

5.5.3 Acoustic pressure distribution .............................................................. 234 

5.5.4 Heat transfer and fluid flow.................................................................. 239 

5.6 Computational case studies on the effects of operating conditions ........... 245 

5.6.1 Effects of lateral placement of US horn ............................................... 245 

5.6.2 Effects of US horn submergence depth ................................................ 249 

5.6.3 Effects of sample geometry .................................................................. 254 

5.7 Closure ....................................................................................................... 258 

CHAPTER 6 COMPUTATIONAL MODELLING OF HEATING AND BOILING  
PHENOMENA IN SINGLE-COMPONENT LIQUID UNDER MICROWAVE 
IRRADIATION ........................................................................................................ 261 

6.1 Experimental setup and methods ............................................................... 262 

6.2 Modelling assumptions .............................................................................. 265 

6.3 Overview of the model and contributions to the model development ....... 266 

6.4 Modelling of single-phase MW liquid heating and boiling (Model 1) ...... 269 

6.4.1 Computational domain ......................................................................... 269 

6.4.2 Electromagnetic wave propagation modelling (Physic 1) .................... 270 

6.4.3 Single-phase fluid flow and heat transfer modelling (Physic 2 and 3) 273 

6.4.4 Modelling of evaporation cooling at free surface (Physic 3) ............... 274 

6.4.5 Boundary and initial conditions ........................................................... 275 

6.5 Modelling of two-phase MW liquid boiling (Model 2) ............................. 277 

6.5.1 Computational domain ......................................................................... 277 

6.5.2 Modelling of electromagnetic wave propagation (Physic 1) ................ 278 

6.5.3 Vapor-liquid flow modelling (Physic 2) .............................................. 278 

6.5.4 Heat and mass transfer (Physics 3)....................................................... 283 

6.5.5 Interphase area density modelling (Auxiliary model) .......................... 286 

6.5.6 Turbulence modelling (Auxiliary model) ............................................. 288 

6.5.7 Boundary and initial conditions ........................................................... 289 

6.5.8 Fluid properties and simulation parameters ......................................... 290 

6.6 Numerical implementation of electromagnetic wave propagation using 
FDTD method in Model 1 and Model 2 .................................................... 291 

6.6.1 Discretization of Maxwell’s equations ................................................. 291 

6.6.2 Incorporation of perfectly matched layer (PML) ................................. 295 



xiii 
 

6.6.3 Construction of dielectric material (fluid sample) of arbitrary shape on 
Cartesian Yee’s grid using 2x grid and dielectric smoothing techniques .. 
  ............................................................................................................ 303 

6.6.4 Parallelization of FDTD ....................................................................... 309 

6.6.5 Implementation of PML and MW soft source in the MW oven .......... 311 

6.6.6 Courant’s stability condition for FDTD ............................................... 312 

6.6.7 General solution procedure of FDTD .................................................. 312 

6.6.8 Verification of the FDTD code implemented in OpenFOAM ............. 313 

6.7 Numerical implementation of transport equations of Model 1 ................. 317 

6.7.1 Momentum equation discretization ...................................................... 318 

6.7.2 Pressure-velocity coupling ................................................................... 318 

6.7.3 Energy transport equation discretization .............................................. 320 

6.7.4 Differencing schemes and time steps for transport equations .............. 321 

6.7.5 Solution procedure ............................................................................... 321 

6.8 Numerical implementation of transport equations of Model 2 ................. 324 

6.8.1 Momentum equations discretization .................................................... 324 

6.8.2 Pressure-velocity coupling ................................................................... 327 

6.8.3 Phase fraction transport equation ......................................................... 332 

6.8.4 Bubble number density transport equation .......................................... 334 

6.8.5 Liquid energy transport equation ......................................................... 335 

6.8.6 Liquid k ε−  equations ......................................................................... 336 

6.8.7 Free surface cells tracking routine and numerical interphase area density 
  ............................................................................................................ 338 

6.8.8 Solution procedure ............................................................................... 339 

6.9 Grid and mesh independent tests ............................................................... 341 

6.9.1 Model 1 ................................................................................................ 341 

6.9.2 Model 2 ................................................................................................ 342 

6.10 Model validation ........................................................................................ 344 

6.10.1 Validation of MW liquid heating simulation ....................................... 344 

6.10.2 Validation of MW liquid heating and boiling simulation .................... 345 

6.11 Computational results of MW heating stage ............................................. 351 

6.11.1 Electric field distribution and MW power absorption .......................... 352 

6.11.2 Heat transfer and fluid flow ................................................................. 357 

6.12 Computational results of MW boiling stage .............................................. 362 

6.12.1 Boiling physics during initial phase ..................................................... 363 

6.12.2 Boiling physics after the initial phase .................................................. 366 

6.13  Closure ....................................................................................................... 376 



xiv 
 

CHAPTER 7 COMPUTATIONAL MODELLING AND INVESTIGATION OF 
MICROWAVE HEATING AND BOILING PHENOMENA IN BINARY LIQUID 
MIXTURES ............................................................................................................. 379 

7.1 Experimental setup and methods ............................................................... 380 

7.2 Modelling of MW heating and boiling of binary liquid mixtures ............. 383 

7.2.1 Overview of the mathematical model and major contributions to the 
model development .............................................................................. 383 

7.2.2 Modelling assumptions......................................................................... 384 

7.2.3 Computational domain ......................................................................... 386 

7.2.4 Electromagnetic wave propagation and power absorption (Physic 1) . 386 

7.2.5 Fluid flow based on Hybrid Two-fluid-VOF method (Physic 2) ......... 387 

7.2.6 Energy and mass transfer (Physic 3) .................................................... 393 

7.2.7 Interphase area density modelling (Auxiliary model) .......................... 400 

7.2.8 Turbulence modelling (Auxiliary model) ............................................. 400 

7.2.9 Boundary and initial conditions ........................................................... 402 

7.2.10 Physical properties of methanol-water mixture .................................... 404 

7.3 Numerical implementation ........................................................................ 407 

7.3.1 Maxwell’s equations............................................................................. 407 

7.3.2 Momentum equations ........................................................................... 408 

7.3.3 Pressure-velocity coupling ................................................................... 409 

7.3.4 Phase fraction transport equation ......................................................... 410 

7.3.5 Energy and species transport equations ................................................ 411 

7.3.6 Enforcement of interface jump conditions at the free surface with special 
numerical treatment .............................................................................. 413 

7.3.7 Solutions of interface jump conditions ................................................. 418 

7.3.8 Bubble number density transport equation ........................................... 421 

7.3.9 Turbulence equations ........................................................................... 421 

7.3.10 Solution procedure ............................................................................... 422 

7.4 Grid and mesh independent tests ............................................................... 426 

7.4.1 FDTD grid-independent test ................................................................. 427 

7.4.2 Finite volume mesh independent test ................................................... 427 

7.5 Model validation ........................................................................................ 428 

7.5.1 Comparisons between experimental and simulation results ................. 428 

7.5.2 Additional discussion ........................................................................... 431 

7.6 Computational study of the physics of MW heating and boiling of methanol-
water mixture ............................................................................................. 432 

7.6.1 MW heating stage ................................................................................. 433 

7.6.2 MW boiling stage ................................................................................. 437 



xv 
 

7.7 Effects of operating conditions on MW heating and boiling of binary 
mixtures ..................................................................................................... 452 

7.7.1 Effects of methanol concentration in the liquid mixture ...................... 453 

7.7.2 Effects of MW power ........................................................................... 458 

7.7.3 Effects of sample geometry .................................................................. 463 

7.7.4 Effects of sample volume ..................................................................... 476 

7.7.5 Summary of the effects of operating conditions .................................. 486 

7.8 Closure ....................................................................................................... 488 

CHAPTER 8 CONCLUSIONS................................................................................ 491 

8.1 Contributions and findings ........................................................................ 491 

8.2 Recommendations for future research ....................................................... 495 

APPENDICES ......................................................................................................... 498 

Appendix A1: Derivation of “Phase-intensive” momentum and heat conservation 
equations.................................................................................................... 498 

Appendix A2: Decomposition of non-conservative convection term .................. 500 

Appendix A3: Discretization of pressure gradient term in momentum equation 501 

Appendix A4: Cell center vector field reconstruction from cell face flux field .. 506 

Appendix A5: Re-arrangement of vapor phase fraction transport equation ........ 506 

Appendix A6: Enforcement of the boundedness of phase fraction in the third term 
of re-arranged phase fraction transport equation ....................................... 507 

Appendix A7: Implementation of linearlimited scheme in OpenFOAM ............ 508 

Appendix A8: Numerical non-equivalence between conservative and non-
conservative transport equations ............................................................... 513 

Appendix A9: Binary diffusion coefficient and thermal conductivity of gas 
mixture in a cavitation bubble ................................................................... 515 

Appendix A10: Piecewise polynomial functions for acoustic pressure amplitude 
dependent wave number and cavitation turbulent kinetic energy source .. 516 

Appendix A11: Pressure modification in momentum equations ......................... 518 

Appendix A12: Derivation of phase fraction transport equation ......................... 519 

Appendix A13: Calculation of limiter in MULES for bounded solutions of transport 
equation ..................................................................................................... 520 

Appendix A14: Analysis of the numerical aspects of the two-phase energy equations 
in twoPhaseEulerFoam solver .................................................................. 524 

Appendix A15: Models for the thermophysical properties of vapor and liquid phases 
of methanol-water binary mixture ............................................................. 526 

Appendix A16: Permission license for copyrighted materials............................. 529 

REFERENCES ......................................................................................................... 531 

 



xvi 
 

LIST OF FIGURES 

Figure 1.1: Illustration of dipolar rotation of water molecules under an oscillating 
electromagnetic field. Reprinted and adapted from Mishra and Sharma (2016), 
with permission from Elsevier. ........................................................................ 2 

Figure 1.2: Temperature profile in methanol under MW irradiation. The horizontal line 
represents the conventional boiling point. Reprinted and adapted from Michael 
P áMingos (1992), with permission from Royal Society of Chemistry. .......... 4 

Figure 1.3: (a) Photograph of acoustic cavitation driven by a US horn. Reprinted and 
adapter from Moussatov et al. (2003), with permission from Elsevier. (b) 
Photograph of acoustic streaming (with acoustic cavitation). Reprinted and 
adapter from Dahlem et al. (1999), with permission from Elsevier. ............... 6 

Figure 1.4: Schematics of a conventional boiling process. (a) Gas embryo trapped in a 
void on the surface, (b) bubble growth, (c) bubble growth until a critical size, 
(d) bubble departure. Reprinted and adapted from Michael P áMingos (1992), 
with permission from Royal Society of Chemistry. ......................................... 9 

Figure 1.5: Schematics of (a) nucleate boiling, (b) transition boiling, and (c) film 
boiling.  Reprinted and adapted from Ghiaasiaan (2007), with permission from 
Cambridge University Press. .......................................................................... 10 

Figure 1.6: The relationship between each objective and long-term goal. The solid 
arrow represents the dependencies on both the computational method and 
outcomes, whereas the broken arrow represents the dependency on the 
outcomes only. ............................................................................................... 18 

Figure 2.1: Schematics of a (a) mono-mode MW cavity and (b) multi-mode MW cavity.
 ........................................................................................................................ 24 

Figure 2.2: The computational domain of the MW water heating model by 
Ratanadecho et al. (2002).  Reprinted and adapted from Ratanadecho et al. 
(2002), with permission from Elsevier. .......................................................... 25 

Figure 2.3: Qualitative visualization of temperature distributions in the water sample 
using thermal papers.  Reprinted and adapted from Sturm et al. (2012), with 
permission from Elsevier. .............................................................................. 28 

Figure 2.4: A typical continuous MW liquid heating system, consisting of a waveguide, 
a MW applicator, and a duct with continuous liquid flow.  Reprinted and 
adapted from Salvi et al. (2010), with permission from Taylor & Francis. ... 29 

Figure 2.5 Cross sectional temperature distribution of (a) CMC solution and (b) tap 
water in a circular duct during MW continuous heating.  Reprinted and adapted 
from Salvi et al. (2011), with permission from Elsevier. ............................... 30 



xvii 
 

Figure 2.6: Simulated acoustic field distribution in an (a) un-optimized and (b) 
optimized reactor.  Reprinted and adapted from Klima et al. (2007), with 
permission from Elsevier. .............................................................................. 37 

Figure 2.7: The predicted water velocity distribution in a cylindrical vessel under 
20kHz US irradiation by a horn. The black borders are the locations where the 
measured velocities in the experiment were supplied to the model as boundary 
conditions.  Reprinted and adapted from Kumar et al. (2006), with permission 
from Elsevier. ................................................................................................. 52 

Figure 2.8: Examples showing the fundamental difference between DNS and averaged 
modelling approach for boiling simulations. (a) Nucleate boiling bubble 
dynamic on a horizontal heated surface simulated based on DNS (Reprinted 
and adapted from Lee et al. (2010), with permission from Taylor and Francis), 
and (b) nucleate boiling process on a tandem tube simulated using macroscopic 
averaged two-fluid model (the color contour represents vapor phase fraction) 
(Reprinted and adapted from Abadi et al. (2018), with permission from 
Elsevier). ........................................................................................................ 65 

Figure 2.9: Schematic of the two-scale nucleate pool boiling model proposed by Son 

et al. (1999). Reprinted and adapted from Son et al. (1999), with permission 
from American Society of Mechanical Engineers. ........................................ 68 

Figure 2.10: Schematic of different flow regimes in a upward vertical boiling channel.  
Reprinted and adapted from Ghiaasiaan (2007), with permission from 
Cambridge University Press. .......................................................................... 73 

Figure 2.11: Vapor volume fraction during upward flow boiling in a pipe.  The regions 
with low vapor volume fraction represent liquid with small dispersed bubbles, 
whereas the regions with vapor volume fraction close to 1 represent large 
bubble pockets.  Reprinted and adapted from Höhne et al. (2017), with 
permission from Elsevier. .............................................................................. 79 

Figure 3.1: Research methodology flowcharts for Objective (a) 1, (b) 2, (c) 3, and (d) 
4. (e) A tentative research methodology flowchart for the long-term goal. ... 91 

Figure 4.1: Overview of the new nucleate pool boiling model. ................................. 95 

Figure 4.2: Different types of interphase mass transfer during pool boiling. .......... 107 

Figure 4.3: A schemetic of evaporation, convection and quenching heat flux during 
nucleate boiling. ........................................................................................... 116 

Figure 4.4: Two neighboring polyhedral control volumes / cells.  The cell currently 
considered is called P, whereas the neighbouring cell is called N.  The face 
shared by the cells is denoted by f , the distance vector between the cell 
centers is denoted by d , and the area vector of the face is denoted by S .  
Adapted from Jasak (1996). ......................................................................... 119 

Figure 4.5: Simplification of the free surface area. .................................................. 135 

Figure 4.6: Flowchart of bisection method to solve wall heat partitioning model .. 137 

Figure 4.7: Flowchart of the PISO algorithm for the boiling model ........................ 138 

Figure 4.8: Schematic of computational domain of Validation case 1. ................... 141 

Figure 4.9: Schematic of computational domain of Validation case 2 .................... 142 

Figure 4.10: Schematic of computational domain of Validation case 3. ................. 143 



xviii 
 

Figure 4.11: (a) Comparison between experimental and simulated boiling curve for 
Validation case 1 (with a RMSE of 0 71K. ), (b) comparison between 
experimental and simulated average void fraction above the heater surface for 
Validation case 2 (with RMSEs of 0.116 and 0.1 for 2109 kW m  and 

2188kW m  cases, respectively), and (c) comparison between experimental 
and simulated average void fraction distribution at horizontal mid-plane 
normal to the heater surface for Validation case 3 (with a RMSE of 0.18). 145 

Figure 4.12: Bubble size distribution at 2160 kW m and at 2 st =  for case 1  (the 

isoline represents 0.5gα = ) ......................................................................... 147 

Figure 4.13: Bubble size distribution at 2160 kW m  and at 2 st =  for case 2 (the 

isoline represents 0.5gα = ) ......................................................................... 147 

Figure 4.14: (a) Vertical line A-B at 0.15 mx =  and (b) horizontal line C-D at 
0.12 my = . .................................................................................................. 149 

Figure 4.15: (a) Vapor phase fraction distribution, (b) vapor velocity field (isoline 
represents 0.5gα = ) and (c) liquid velocity field (isoline represents 0.5gα = ) 

at 230 kW m . .............................................................................................. 151 

Figure 4.16: (a) Vapor phase fraction distribution, (b) vapor velocity field (isoline 
represents 0.5gα = ) and (c) liquid velocity field (isoline represents 0.5aα = ) 

at 2160  kW m . ............................................................................................ 153 

Figure 4.17:  Forces acting on liquid phase evaluated along line A-B at (a) 230 kW m  

and (b) 2160 kW m . Note that the buoyancy forces are on secondary vertical 
axis. .............................................................................................................. 154 

Figure 4.18: Vapor phase fraction distributions in scenario 1 (drag only) at (a) 
230 kW m  and (b) 2160 kW m . ................................................................ 155 

Figure 4.19: Vapor phase fraction distributions in Scenario 2 (drag and lift force) at (a) 
230 kW m  and (b) 2160 kW m . ................................................................ 157 

Figure 4.20: Vapor phase fraction distributions in Scenario 3 (drag and virtual mass 
force) at (a) 230 kW m  and (b) 2160 kW m . ............................................. 158 

Figure 4.21: Vapor phase fraction distributions in scenario 4 (drag and turbulent 
dispersion force) at (a) 230 kW m  and (b) 2160 kW m . ........................... 160 

Figure 4.22: Vapor phase fraction distributions for various scenario evaluated along 
line C-D at 230 kW m  (a) overall and (b) close-up. ................................... 160 

Figure 4.23: Vapor phase fraction distributions for various scenario evaluated along 
line C-D at 2160 kW m  (a) overall and (b) close-up. ................................. 161 

Figure 4.24: Virtual mass force vector (acting on liquid) in scenario 3 at 2160 kW m  
(normalized vectors). .................................................................................... 161 

Figure 4.25: Liquid temperature distributions at (a) 230 kW m and (b) 2160 kW m .
 ...................................................................................................................... 163 



xix 
 

Figure 4.26: Overall interphase mass transfer distributions at (a) 230 kW m  and (b) 
2160 kW m . ................................................................................................ 164 

Figure 4.27: Magnitude of relative phasic velocity evaluated along line A-B at 
230 kW m  and 2160 kW m . ...................................................................... 165 

Figure 4.28: Bubble number density distributions at (a) 230 kW m  and (b) 
2160 kW m . ................................................................................................ 167 

Figure 4.29: Average bubble Sauter diameter evaluated along line A-B. ............... 168 

Figure 4.30: Bubble number density generation rate within bulk liquid evaluated along 
line A-B. Note that the vertical axis is negative, which indicates bubble 
coalescence rate. ........................................................................................... 168 

Figure 4.31: Mass transfer due to bubble nucleation at heater surface. ................... 170 

Figure 4.32: Distributions of mass transfer in liquid bulk at (a) 230 kW m  and (b) 
2160 kW m . ................................................................................................ 171 

Figure 4.33: Distribution of mass transfer at liquid free surface (a) 230 kW m  and (b) 
2160 kW m . ................................................................................................ 172 

Figure 4.34: Contribution of different modes of interphase mass transfer. ............. 173 

Figure 4.35: Computational setup of Case A (Left), Case B (middle) and Case C 
(Right). ......................................................................................................... 175 

Figure 4.36: (a) Vapor phase fraction distribution and (b) liquid velocity field of Case 
A (Left), Case B (middle) and Case C (right) at 240kW m . ...................... 176 

Figure 4.37: (a) Vapor phase fraction distributions and (b) Liquid velocity field of Case 
A (Left), Case B (middle) and Case C (right) at 2120 kW m . .................... 177 

Figure 4.38: Energy conservation error for all cases at various simulation times at (a) 
240kW m  and (b) 2120 kW m . ................................................................. 182 

Figure 5.1: Setup of the MW-US liquid heating experiment. .................................. 187 

Figure 5.2: Temperature measuring points in the water sample. P1 was at 
192 5mmx .= , 105 5mm.y =  and 135mmz =  from the origin, whereas P2 was 

at 155mmx = , 96mmy =  and 135mmz =  from the origin. ...................... 187 

Figure 5.3: Computational domain of the model ..................................................... 189 

Figure 5.4: (a) y-z plane 1 at 0 165 mx .= , x-z plane 1 at 0 1545 my .= and x-y plane 
1 at 0 105 mz .= in the MW cavity, (b) y-z plane 2 at 0 165 mx .= , x-z plane 2 
at 0 1545 my .= , x-y plane 2 at 0 1225 mz .= and x-y plane 3 at 0 14 mz .= in 
the water sample, (c) sides of the water sample. .......................................... 190 

Figure 5.5: Overview of the new model for liquid heating under simultaneous MW and 
US irradiation. .............................................................................................. 191 

Figure 5.6: Schematic of the thermal diffusion layer approach for the modelling of heat 
and mass transfer in a cavitation bubble. ..................................................... 197 

Figure 5.7: Schematic of the implementation of the radiation body force in the liquid 
sample (shaded region). ............................................................................... 201 



xx 
 

Figure 5.8 Comparisons of (a) bubble radius, (b) bubble equilibrium radius, and (c) 
amount of water vapor between the current simulation results (top) and that 
obtained from Toegel et al. (2000) (bottom) for an acoustic frequency of 26500 
Hz, initial 0 4 5µm.R =  and 300K

l
T = . ........................................................ 210 

Figure 5.9 (a) Solution procedure of the new model, (b) solution procedure of 
cavitation simulation and (c) adaptive time stepping scheme. ..................... 215 

Figure 5.10: (a) Average electric field norm versus the amount of mesh elements, (b) 
average velocity magnitude and temperature versus the amount of mesh 
elements. ....................................................................................................... 217 

Figure 5.11: Comparison of temperature history at P1 and P2 between experimental 
data and simulation results. The RMSEs are 1 1 C. °  and 0 5 C. °  at P1 and P2, 
respectively. .................................................................................................. 218 

Figure 5.12: Electric field intensity distribution in the MW cavity when (a) not loaded 
and (b) loaded with water sample ................................................................ 220 

Figure 5.13: Electric field intensity plotted on (a) x-y plane 1, (b) y-z plane 1 and (c) 
x-z plane 1 .................................................................................................... 221 

Figure 5.14: Microwave power absorption ( )-3Wm  in the water sample evaluated on 

(a) x-y plane 2, (b) x-z plane 2, (c) y-z plane 2 and (d) sample surface. ..... 222 

Figure 5.15: Temperature distributions ( )C°  and velocity fields in the water sample 

during individual MW irradiation at (a) 5 st = , (b) 10 st = , (c) 15 st = , (d) 
29 st = , (e) 35 st = , (f) 70 st = . ................................................................ 224 

Figure 5.16: Temperature standard deviation ( )C°  of the water sample during 

individual MW irradiation at various times. ................................................ 224 

Figure 5.17: Comparison between experimental and simulated water temperature 
histories under MW-US irradiation at points P1 and P2 and at US powers of (a) 
13W, (b) 21W and (c) 28W. The RMSEs at point P1 are 0 87 C. ° , 1 71 C. ° , and 
1 28 C. °  for US powers of 13W, 21W and 28W, respectively. The 
corresponding RMSEs at point P2 are 1 27 C. ° , 1 73 C. ° , and 1 53 C. ° .......... 228 

Figure 5.18: Comparison between simulated liquid axial velocity (from non-linear and 
linear model) and experimental data at an US power of 30W. The RMSEs are 

-10 22ms.  and -10 35ms.  for non-linear and linear models, respectively. ...... 230 

Figure 5.19: Vector plots (on r-z plane) of (a) simulated velocity and (b) measured 
velocity (reproduced from Kumar et al. (2006), with permission from Elsevier) 
in the cylindrical vessel at US power of 70W. The maximum velocity in (a) is 
0.7ms-1 and in (b) is 1.6 ms-1. ....................................................................... 231 

Figure 5.20: MW power absorption ( )-3Wm  in the water sample evaluated on (a) x-y 

plane 2, (b) x-z plane 2, (c) y-z plane 2 and (d) sample surface. ................. 233 

Figure 5.21: MW power absorption ( )-3Wm  in the water sample evaluated on x-y 

plane 3 when (a) no horn and (b) the US horn is submerged in the water. .. 233 

Figure 5.22: Volumetric US power absorption ( )-3WmUSQ  in water sample evaluated 

on x-z plane 2 at US powers of (a) 13W, (b) 21W and (c) 28W. ................. 234 



xxi 
 

Figure 5.23: Acoustic pressure distribution ( )PaP  in the water sample at US powers 

of (a) 13W, (b) 21W and (c) 28W. ............................................................... 237 

Figure 5.24: Acoustic pressure in the water sample along the central axis below the 
horn tip at different US powers. ................................................................... 237 

Figure 5.25: (a) Instantaneous bubble radius, (b) bubble interface radial velocity and 
(c) bubble interior temperature of a cavitation bubble excited by acoustic 
pressure waves at amplitudes of 1.2 atm and 0.9 atm. ................................. 238 

Figure 5.26: Temperature distributions and velocity fields in the water sample at 
5 st =  and at US powers of (a) 13W and (b) 28W. ..................................... 239 

Figure 5.27: Turbulent kinetic energy ( )2 -2m s  in the water sample evaluated on x-z 

plane 2 at a US power of (a) 13W and (b) 28W........................................... 240 

Figure 5.28: Surface temperatures ( )C°  at 5 st =  and at US powers of (a) 13W and 

(b) 28W. ....................................................................................................... 241 

Figure 5.29: Temperature distribution and velocity field in the water sample at 29 st =  
and US power of (a) 13W and (b) 28W. ...................................................... 242 

Figure 5.30: Temperature distributions and velocity fields in the water sample at 
70 st =  and at US power of (a) 13W and (b) 28W. .................................... 243 

Figure 5.31: Temperature standard deviation in the water sample at US power of 13W 
and 28W. ...................................................................................................... 244 

Figure 5.32: Temperature standard deviation in the water sample at US power of 13W 
and 28W during continuous MW-US irradiation. ........................................ 244 

Figure 5.33: Temperature and velocity fields on (a) x-z plane 2, (b) y-z plane 2 and (c) 
x-y plane 3 when the horn is placed in the center. ....................................... 246 

Figure 5.34: Temperature and velocity fields plotted on (a) x-z plane 2, (b) y-z plane 
2 and (c) x-y plane 3, when the horn is offset 1.5 cm in negative x-direction.
 ...................................................................................................................... 246 

Figure 5.35: Temperature and velocity fields plotted on (a) x-z plane 2, (b) y-z plane 
2 and (c) x-y plane 3 when the horn is offset 1.5 cm in negative y direction.
 ...................................................................................................................... 247 

Figure 5.36: Schematics of MW propagation and absorption in the region between the 
sample wall and the horn when the horn is located (a) at the center of the sample 
and (b) close to the sample wall. .................................................................. 248 

Figure 5.37: MW power absorption distribution ( )-3Wm  evaluated on x-y plane 3 

when the horn is (a) at the center, (b) offset 1.5 cm in negative x direction and 
(c) offset 1.5 cm in negative y direction. ..................................................... 249 

Figure 5.38: MW power absorption distribution ( )-3Wm  in the sample evaluated on 

x-z plane 2 for (a) 0 005 md .= and (b) 0 04 md .= . ................................... 250 

Figure 5.39: Temperature distribution and velocity field in the sample plotted on x-z 
plane 2 for (a) low depth case and (b) high depth case. ............................... 251 

Figure 5.40: Liquid velocity magnitude and velocity field in the sample plotted on x-z 
plane 2 for the high depth case. .................................................................... 252 



xxii 
 

Figure 5.41: Temperature standard deviation and average velocity in the sample at 
different submergence depth of US horn. .................................................... 253 

Figure 5.42: MW power absorption ( )-3 -1Wm s  in (a) cylindrical, (b) spherical cap and 

(c) cubic samples geometries. ...................................................................... 255 

Figure 5.43: (a) Surface temperature in cylindrical sample, (b) interior temperature and 
velocity field in cylindrical sample, (c) Surface temperature in spherical cap 
sample, (d) interior temperature and velocity field in spherical cap sample, (e) 
Surface temperature in cubic sample, (f) interior temperature and velocity field 
in cubic sample. ............................................................................................ 256 

Figure 5.44: Velocity streamlines in cubic sample (only the streamline in a quarter of 
the sample is shown for clarity). .................................................................. 257 

Figure 5.45: Liquid velocity magnitude in cubic sample evaluated on an x-y plane at 
half the height of the sample. The four bright spots at the corners indicate fast 
fluid flow at the corners. .............................................................................. 258 

Figure 6.1: Overview of (a) MW water heating experiment (Experiment 1) and (b) 
MW water heating and boiling experiment (Experiment 2). ....................... 263 

Figure 6.2: Schematic of internal temperature measuring points (P1 & P2) in 
Experiment 1 and external temperature measuring points (P3 & P4) in 
Experiment 2. P1 is located at 0.15 mx = , 0.135 my = , 0.14 mz = , P2 is 
located at 0.16 mx = , 0.1 my = , 0.145 mz = ,  P3 is located at 0.16 mx = , 

0.135 my = , 0.185 mz = , and P4 is located at 0.16 mx = , 0.095 my = , 
0.145 mz = . The reference point (origin) is shown in Figure 6.5. .............. 264 

Figure 6.3: Relationship between different study stages and models. ..................... 266 

Figure 6.4: Overviews of (a) Model 1, and (b) Model 2.  Elements with red border are 
new additions to the buoyantPimpleFoam and twoPhaseEulerFoam. ........ 268 

Figure 6.5: Computational domain of Model 1. ....................................................... 269 

Figure 6.6: x-y plane, y-z plane and x-z plane defined in the water sample. ........... 270 

Figure 6.7: Boundaries of Model 1. ......................................................................... 276 

Figure 6.8: Computational domain of Model 2. ....................................................... 277 

Figure 6.9: Proportion of 
g in l− −F , 

g and l− −F  and 
l in g− −F  at a full range of vapor phase 

fraction when hyperbolic blending functions Equation (6.34) and (6.35) are 
used. .............................................................................................................. 281 

Figure 6.10: Boundaries of the fluid domain in Model 2. ........................................ 289 

Figure 6.11: A Yee’s grid cell (Rumpf 2006). ......................................................... 292 

Figure 6.12: Illustration of (a) the unphysical reflection of an outgoing wave at 
truncation boundary, and (b) the absorption of an outgoing wave by an 
absorbing layer. ............................................................................................ 296 

Figure 6.13: An illustration of the distribution of fictitious conductivity in a 2-D 
domain. ......................................................................................................... 298 

Figure 6.14: An example of the procedure of implementing 2x grid technique.  (a) the 
circular dielectric material on Yee’s grid, (b) the circular dielectric material on 
2x grid, (c) assignment of electromagnetic properties on 2x grid, (d) a visual 



xxiii 
 

representation of rzε  or zσ  on the original Yee’s grid, (e) a visual 

representation of yµ  on the original Yee’s grid and (f) a visual representation 

of xµ  on the original Yee’s grid.  Shaded cells mean that the electromagnetic 

properties in those cells is assigned with the electromagnetic properties of the 
circular dielectric material............................................................................ 306 

Figure 6.15: The procedure of Dey-Mittra averaging with 2x grid techniques.  (a) a 
circular dielectric material on a 9 by 9 Yee’s grid, (b) the circular dielectric 
material constructed on a high resolution grid, (c) a 2x grid assigned with 
average electromagnetic properties computed from the high resolution grid, (d) 
a visual representation of rz zε σ  on the original Yee’s grid, (e) a visual 

representation of yµ  on the original Yee’s grid, (f) a visual representation of 

zµ  on the original Yee’s grid. ...................................................................... 309 

Figure 6.16: Schematic of FDTD parallelization. .................................................... 310 

Figure 6.17: Implementation of PML in the MW cavity. ........................................ 311 

Figure 6.18: Implementation of PML and source plane in the MW cavity. ............ 312 

Figure 6.19: General solution procedure of FDTD. ................................................. 314 

Figure 6.20: (a) Computational domain and (b) computational grid of 2D MW heating 
of liquid layer. .............................................................................................. 315 

Figure 6.21: Comparison of the RMS of electric field predicted by FDTD simulation 
and COMSOL. ............................................................................................. 315 

Figure 6.22: Computational grid of 3D MW heating of cylindrical liquid sample. . 316 

Figure 6.23: RMS of electric field distribution predicted by (a) FDTD simulation and 
(b) COMSOL. .............................................................................................. 317 

Figure 6.24: MW power absorption distribution in the water sample predicted by (a) 
FDTD simulation and (b) COMSOL. .......................................................... 317 

Figure 6.25: Solution procedure of Model 1. ........................................................... 323 

Figure 6.26: Solution procedure of Model 2. ........................................................... 340 

Figure 6.27: Average MW power absorption in the water sample for various amount 
of grid points (for Model 1). ........................................................................ 341 

Figure 6.28: Temperature distribution in the water sample along line
0.135 m, 0.145my z= = at 150st =  and 330st =  for various mesh sizes. 342 

Figure 6.29: (a) Average MW power absorption in the water sample for various 
amount of grid points (for Model 2), (b) Vapor phase fraction in the water 
sample evaluated along line 0.135 m, 0.145 my z= =  at 10st =  for various 
mesh sizes. ................................................................................................... 343 

Figure 6.30: Comparison between experimental and simulated local water temperature 
history at point P1 and P2. The RMSEs are 6 C°  and 6 4 C. °  respectively. . 345 

Figure 6.31: Comparison between experimental and simulated flask external surface 
temperature history at point P3 and P4. The RMSEs are 3 9 C. °  and 5 5 C. °  at 
points P3 and P4, respectively. .................................................................... 346 

Figure 6.32: Photographs of the condition in the water sample at the end of Experiment 
2. ................................................................................................................... 349 



xxiv 
 

Figure 6.33: Comparison of experimental and simulated volume history of distillate. 
The RMSE is 1 72ml. . .................................................................................. 351 

Figure 6.34: Root mean squared electric field intensity ( )1Vm−  in the MW cavity (a) 

without water sample, (b) with water sample at ambient temperature and (c) 
with water sample at boiling temperature. ................................................... 353 

Figure 6.35: MW power absorption distribution ( 3Wm− ) plotted on x-y plane at (a) 
2st = , (b) 200st = , (c) 400st =  and (d) 590st =  respectively. ................ 355 

Figure 6.36: MW power absorption distribution ( 3Wm− ) plotted on x-z plane at (a) 
2st = , (b) 200st = , (c) 400st =  and (d) 590st =  respectively. ................ 356 

Figure 6.37: (a) Standard deviation of MW power absorption at various time, (b) 
Overall MW power absorption at various times. ......................................... 357 

Figure 6.38: Liquid temperature distributions ( C° ) and velocity fields ( 1ms− ) in the 
sample during early phase at (a) 4st = , (b) 10st = , (c) 28st =  and (d) 40st = .
 ...................................................................................................................... 359 

Figure 6.39: Temperature standard deviation and average velocity in the sample for 
the first three ON-OFF cycles. ..................................................................... 359 

Figure 6.40: Liquid temperature distributions ( C° ) and velocity fields ( 1ms− ) in the 
sample at (a) 98st = , (b) 216st = , (c) 422st =  and (d) 570st =  
(intermediate and late phases). ..................................................................... 361 

Figure 6.41: Temperature standard deviation and average velocity in the sample for 
the whole duration of MW heating stage. .................................................... 362 

Figure 6.42: Comparison of temperature standard deviation in the sample between 
MW heating with and without duty cycles. .................................................. 362 

Figure 6.43: Temperature ( C° ) and velocity fields ( 1ms− ) in the sample at (a) 630st = , 
(b) 688st = , 748st =  and (d) 826st = . ...................................................... 365 

Figure 6.44: Vapor phase fraction, vapor velocity field, liquid temperature ( C° ), and 
liquid velocity field ( -1ms ) in the sample at various times. The isoline 
represents 0.5gα = . ..................................................................................... 368 

Figure 6.45: Contribution of different types of interphase mass transfer in the sample 
at various times (t2). ..................................................................................... 373 

Figure 6.46: MW power absorption in the sample evaluated on x-y plane at (a) 2 4st = , 

(b) 2 8st =  and (c) 2 11st = . .......................................................................... 375 

Figure 6.47: Liquid temperature distribution and liquid velocity field in the sample at 

2 29st = . The isoline represents 0.5gα = . ................................................... 376 

Figure 7.1: Overview of (a) Experiment 1: MW heating of methanol-water mixture 
and (b) Experiment 2: MW heating and boiling of methanol-water mixture.
 ...................................................................................................................... 382 

Figure 7.2: Temperature measuring points in Experiment 1 and Experiment 2 (not to 
scale).  P1 is at 175mmx = ,  200mmy = , 182 5mmz .= . P2 is at 185mmx = ,  

175mmy = , 182 5mmz .= . P3 is at 175mmx = ,  200mmy = , 142 5mmz .= . 



xxv 
 

P4 is at 175mmx = ,  170mmy = , 182 5mmz .= .  All positions are relative to 
the origin shown in Figure 7.1. .................................................................... 383 

Figure 7.3: Overview of the MW heating and boiling model for binary mixtures. 
Elements with a red border are the new additions or modifications to the 
original reactingTwoPhaseEulerFoam solver in OpenFOAM. ................... 385 

Figure 7.4: Computational domain. ......................................................................... 386 

Figure 7.5: Schematic of the flow condition in the sample during MW boiling. .... 388 

Figure 7.6: Boundaries of the fluid domain. ............................................................ 403 

Figure 7.7: An arbitrary potion of a 2-D free surface on a uniform Cartesian mesh.
 ...................................................................................................................... 414 

Figure 7.8: (a) Overall solution procedure of the new model, (b) procedure of the 
calculation of interphase heat and mass transfer, (c) PISO algorithm.  See 
Section 6.6.7 for the details of FDTD initialization and FDTD loop. ......... 426 

Figure 7.9: Experimental and simulated (a) internal liquid temperature histories at 
points P1 and P2 during MW heating, with RMSEs of 2 84 C. °  and 2 74 C. °  at 
points P1 and P2, respectively, (b) flask external temperature histories at point 
P3 and P4 during MW heating and boiling, with RMSEs of 3 46 C. °  at both 
points, (c) volume and mass histories of distillate during MW boiling, with 
RMSEs of 0 75ml.  and 0 73g.  for volume and mass, respectively. ............. 430 

Figure 7.10: MW power absorption, temperature and velocity fields in the liquid at 
various times during MW heating stage....................................................... 435 

Figure 7.11: Liquid temperature standard deviation throughout the MW heating 
process. ......................................................................................................... 435 

Figure 7.12: MW power distribution in the sample of an extra case when the position 
of the sample is shifted vertically downward by 80mm from the original 
position. ........................................................................................................ 436 

Figure 7.13: Vapor phase fraction, vapor velocity, liquid temperature and liquid 
velocity fields at various time during MW boiling stage. ............................ 439 

Figure 7.14: (a) Schematic of the liquid methanol concentration profile near the free 
surface, (b) schematic of the liquid temperature profile near the free surface, 

where IT ′  is the increased IT . .................................................................... 441 

Figure 7.15: (a) interface temperature at free surface at 130st = , (b) interface 
temperature at free surface at 136st = (c) Liquid methanol concentration at 

130st = , (d) Liquid methanol concentration at 136st = . ........................... 442 

Figure 7.16: Schematic of the three mechanisms that lead to superheat build-up in the 
sample. ......................................................................................................... 443 

Figure 7.17: Methanol mass fraction in the vapor phase at (a) 130st =  and (b) 
136st = . The isoline represent the location of free surface. ........................ 444 

Figure 7.18: Average methanol mass fraction in vapor bubbles along the sample height.
 ...................................................................................................................... 446 

Figure 7.19: Liquid temperature and velocity fields in the sample without anti-
bumping granules at (a) 140st = , (b) 146st = , (c) 158st =  and (d) 170st = .
 ...................................................................................................................... 447 



xxvi 
 

Figure 7.20: Average liquid velocity during MW boiling stage without anti-bumping 
granules. ....................................................................................................... 448 

Figure 7.21: Average and maximum superheat temperature in the sample with and 
without anti-bumping granules. .................................................................... 450 

Figure 7.22: Contribution of different mode of mass transfer to the overall phase 
change process in the sample during MW boiling stage with anti-bumping 
granules. ....................................................................................................... 450 

Figure 7.23: Instantaneous methanol mass fractions evaporated from the mixture at 
various time. ................................................................................................. 451 

Figure 7.24: The chronological events that occurs during MW heating and boiling 
process. ......................................................................................................... 453 

Figure 7.25: Liquid temperature standard deviation at different liquid methanol 
volumetric concentrations. ........................................................................... 454 

Figure 7.26: MW power absorption at 2st =  for liquid methanol volumetric 
concentration at (a) 10% and (b) 50%. MW power absorption at 40st =  for 
liquid methanol volumetric concentration of (c) 10% and (d) 50%. ............ 455 

Figure 7.27: Liquid temperature and velocity fields at 40st =  for liquid methanol 
volumetric concentration of (a) 10% and (b) 50%. ...................................... 455 

Figure 7.28: (a) Average and (b) maximum superheat temperature in the sample with 
and without anti-bumping granules at different methanol concentrations. The 
vertical broken lines represents the end of initial phase of the respective cases.
 ...................................................................................................................... 457 

Figure 7.29: Quasi-steady vapor phase fraction distribution in the sample with anti-
bumping granules at liquid methanol volumetric concentration of (a) 10% and 
(b) 50%. ........................................................................................................ 458 

Figure 7.30: Liquid temperature and velocity fields at 20st =  for a MW power of (a) 
150W and (b) 450W. .................................................................................... 459 

Figure 7.31: Liquid temperature standard deviation during MW heating stage at 
different MW powers. .................................................................................. 459 

Figure 7.32: (a) Average and (b) maximum superheat temperature in the sample with 
and without anti-bumping granules at various MW powers. The vertical broken 
lines represents the end of initial phases in the respective cases. ................ 461 

Figure 7.33: Quasi-steady vapor phase fraction and liquid velocity fields in the sample 
with anti-bumping granules during the later phase of MW boiling at (a) 150W 
and (b) 450W. ............................................................................................... 461 

Figure 7.34: Instantaneous methanol concentration in the vapor leaving the liquid 
throughout the MW boiling process with anti-bumping granules at different 
MW powers. ................................................................................................. 462 

Figure 7.35: MW power absorption distributions in (a) cylindrical sample at 2st = , (b) 
rectangular sample at 2st = , (c) cylindrical sample at 100st = , and (d) 
rectangular sample at 100st = . .................................................................... 464 

Figure 7.36: Liquid temperature and velocity fields in (a) cylindrical sample at 40st = , 
(b) rectangular sample at 40st = , (c) cylindrical sample at 100st = , and (d) 
rectangular sample at 100st = . .................................................................... 465 



xxvii 
 

Figure 7.37: Liquid temperature standard deviations and average liquid velocities for 
all geometries during MW heating stage. .................................................... 467 

Figure 7.38: (a) Average and (b) maximum superheat temperature in all geometries 
with and without anti-bumping granules throughout the MW boiling stage. The 
vertical broken lines represents the end of initial phases in the respective cases.
 ...................................................................................................................... 469 

Figure 7.39: A snapshot of the liquid temperature and velocity fields in (a) cylindrical 
and (b) rectangular samples during the initial phase of MW boiling stage. 470 

Figure 7.40: A snapshot of the liquid temperature and velocity fields in (a) cylindrical 
and (b) rectangular samples without anti-bumping granules during the later 
phase of MW boiling stage. ......................................................................... 472 

Figure 7.41: Quasi-steady vapor phase fraction, liquid temperature and liquid velocity 
distribution in the cylindrical and rectangular samples during the later phase of 
MW boiling stage with anti-bumping granules. ........................................... 473 

Figure 7.42: Streamline plot in the rectangular sample (only a quarter is shown). . 474 

Figure 7.43: Instantaneous vapor methanol mass fraction during MW boiling stage 
with anti-bumping granules for different geometries. .................................. 476 

Figure 7.44: MW power absorption in (a) small sample at 2st = ,  (b) large sample at 
2st = ,  (c) small sample at 60st =  and  (d) small sample at 240st = . ...... 477 

Figure 7.45: Liquid temperature and velocity fields in (a) small sample at 20st = , (b) 
large sample at 80st = , (c) small sample at 60st = , (d) large sample at 

240st = . ....................................................................................................... 479 

Figure 7.46: Liquid temperature standard deviation during MW heating stage for 
different sample volumes. ............................................................................ 480 

Figure 7.47: (a) Average and (b) maximum superheat temperature for different sample 
volumes throughout the MW boiling stage with and without anti-bumping 
granules. The vertical broken lines represents the end of initial phases in the 
respective cases. ........................................................................................... 481 

Figure 7.48: Liquid temperature and velocity fields in (a) small sample at 2 18st =  and 

(b) large sample at 2 30st =  during the initial phase of MW boiling stage. . 482 

Figure 7.49: Liquid temperature and velocity fields in (a) small sample at 2 38st =  and 

(b) large sample at 2 60st =  during the later stage of MW boiling stage without 

anti-bumping granules. ................................................................................. 483 

Figure 7.50: Average liquid velocity magnitudes in small, medium and large samples.
 ...................................................................................................................... 484 

Figure 7.51: Quasi-steady vapor phase fraction, liquid temperature and velocity fields 
in small and large samples during the later phase of MW boiling stage with 
anti-bumping granules. ................................................................................. 485 

Figure 7.52: Instantaneous vapor methanol mass fraction throughout the MW boiling 
stage with anti-bumping granules for different sample volumes. ................ 486 

Figure A.1: One-dimensional equidistant control volume array.  The currently 
considered cell is Cell P, with two faces 1f  and 2f .  The neighboring cells 



xxviii 
 

are called N1 and N2, whereas the second neighboring cells are called N3 and 
N4. ................................................................................................................ 502 

Figure A.2: ‘Checker-board’ pressure field. ............................................................ 503 

Figure A.3: Two 1-dimensional sample cases. ........................................................ 507 

Figure A.4: Variation of an arbitrary quantity φ  on a 1-dimensional mesh. ........... 509 

Figure A.5: rψ −  relationship diagram.  A scheme with rψ −  relationship that falls 

within the grey area is bounded, whereas a scheme with rψ −  relationship that 

falls within the blue area is bounded and second-order accurate.  Adapted and 
modified from Jasak (1996). ........................................................................ 510 

Figure A.6: Three 1-dimensional cells. .................................................................... 514 

Figure A.7: Variation of an arbitrary quantity φ  and the corresponding visual 

representation of P± , Q± , ,P MAXφ , and ,P MINφ . ............................................ 523 

 



xxix 
 

LIST OF TABLES 

Table 2.1: Computational works on batched MW liquid heating.  ‘L’ represents 
Lambert’s law and ‘M’ represents Maxwell’s equations. .............................. 33 

Table 2.2: Computational works on continuous MW liquid heating. ‘L’ represents 
Lambert’s law and ‘M’ represents Maxwell’s equations. .............................. 34 

Table 2.3: Summary of the computational studies on acoustic pressure distribution.58 

Table 2.4: Summary of computational studies on single-bubble acoustic cavitation. 59 

Table 2.5: Summary of the computational studies on US-induced macroscopic effects 
in various processes (NS – Incompressible Navier Stokes, CNS – Compressible 
Navier Stokes, W - acoustic wave propagation, C - cavitation, S - acoustic 
streaming, F – fluid flow, H – heat transfer, and M – mass transfer). ........... 61 

Table 2.6: Summary of computational studies of nucleate pool boiling.................... 81 

Table 2.7: Summary of computational studies on flow boiling. ................................ 83 

Table 4.1: OpenFOAM notation (Rusche 2003) ...................................................... 119 

Table 4.2: Boundary conditions of Validation case 1 .............................................. 141 

Table 4.3: Water thermophysical properties used in the boiling simulation............ 141 

Table 4.4: Sensitivity of liquid velocity in bulk liquid to liquid droplet size 
l

d  ..... 148 

Table 4.5: Mass conservation error of all cases at 240 kW m and 2120 kW m . ... 178 

Table 4.6: Time-averaged energy conservation error of all cases 240 kW m  and 
2120 kW m . ................................................................................................ 182 

Table 5.1: Fluid properties used in the simulation ................................................... 216 

Table 6.1: Boundary and initial conditions of Model 1 ........................................... 277 

Table 6.2: Boundary and initial conditions for Model 2. ......................................... 290 

Table 6.3: Simulation parameters. ........................................................................... 290 

Table 6.4: RMSE of vapor fraction between mesh size refinements. ...................... 344 

Table 7.1: Boundary conditions of flow variables. .................................................. 403 

Table 7.2: Empirical values/correlations for the dielectric properties of individual 
species in liquid phase. 1 represents methanol, 2 represents water. The over-
tilde represents unit conversion to Celsius. .................................................. 404 

Table 7.3: Models for mixture flow properties ........................................................ 406 



xxx 
 

Table 7.4: Correlations or values of thermophysical properties of individual 
components in both liquid and vapor phases ............................................... 406 

Table 7.5: Average MW power absorption at different grid resolutions ................. 427 

Table 7.6: Average liquid temperature at different mesh sizes ................................ 428 

Table 7.7: Summary of the effects of operating conditions ..................................... 487 

Table A.1: Piecewise polynomial function for real wavenumber of non-linear acoustic 
model. ........................................................................................................... 516 

Table A.2: Piecewise polynomial function for attenuation factor of non-linear acoustic 
model. ........................................................................................................... 516 

Table A.3: Piecewise polynomial function for cavitation induced turbulence kinetic 
energy source. ............................................................................................... 517 

Table A.4: Conversions between mass fraction Y , mole fraction X , and volume 
fraction β . ................................................................................................... 526 

Table A.5: Permission license .................................................................................. 529 

 

 

 

 

 

 



xxxi 
 

NOMENCLATURE 

a    Bubble influencing factor [Dimensionless] 
B

ia    Interphase area density for vapor dispersed in liquid [ -1m ] 

Na    Numerical interphase area density [ -1m ] 
ABGSA    Cell area adjacent to the anti-bumping granule surface boundary [ 2m ] 
dragA    Drag force multiplier [ -3 -1kgm s ] 
FSA   Area of liquid free surface in a computational cell [ 2m ] 

HornA    Area of horn tip surface [ 2m ] 
HSA    Cell face area adjacent to the heated surface [ 2m ] 

wA    Bubble influencing area proportion on heated surface [Dimensionless] 

WGA    Waveguide cross-sectional area [ 2m ] 

A    A system of linear algebraic equations from momentum equation 
B    Magnetic flux density [ T ] 

c    Sound speed in liquid [ -1ms ] 

0c    Speed of light in free space [ -1ms ] 

pc    Specific heat capacity at constant pressure [ -1 -1Jkg K  ] 
drag

C    Drag coefficient [Dimensionless] 
E

C    Curl of electric field [ 2Vm− ] 
H

C    Curl of magnetic field [ 2Am− ] 
lift

C    Lift force coefficient [Dimensionless] 
TD

C    Turbulent dispersion force coefficient [Dimensionless] 
VM

C    Virtual mass force coefficient [Dimensionless] 

tC    Turbulence response function [dimensionless] 

vC    Heat capacity at constant volume [ -1JK ] 

Cα    Scalar coefficient for interface compression [Dimensionless] 

gd    Bubble Sauter diameter [ m ] 

ld    Liquid droplet diameter [ m ] 

bwd    Bubble departure diameter [ m ] 

Fd    Thickness of flask wall [ m ] 

pd    Penetration depth [ m ] 



xxxii 
 

D    Mutual diffusion coefficient [ 2 1m s− ] 

D    Electric flux density [ -2Cm ] 
c

e    Mass continuity error [ -3 -1kgm s ] 

E    Scalar component of electric field vector [ V m ]  

0E    Electric field source amplitide [ V m ]  

E    Electric field vector [ V m ]  

rmsE    Root mean squared electric field [ V m ] 

Eo    Eotvos number [Dimensionless] 
f    Blending coefficient [Dimensionless], Microwave frequency [Hz] 

bwf    Bubble departure frequency [ -1s ] 

cf    Waveguide cut-off frequency [ Hz ] 

corrf    Dielectric properties correction factor [Dimensionless] 

F    Vapor-liquid mixture volumetric flux, g lF F+   [ 3 1m s− ] 

gF    Vapor volumetric flux [ 3 1m s− ] 

lF    Liquid volumetric flux [ 3 1m s− ] 

CF    Corrected phase volumetric flux [ 3 1m s− ] 

HF    Higher-order phase volumetric flux [ 3 1m s− ] 

LF    Lower-order phase volumetric flux [ 3 1m s− ] 

F    External body force [ -2 -2kgm s ] 

Fɶ   Discretized terms arising from IF [ -2 -2kgm s ] 
IF    Interphase momentum transfer [ -2 -2kgm s ] 
IFɶ   Discretized terms arising from IF [ -2 -2kgm s ] 
ΓF    Interphase momentum transfer due to mass transfer [ -2 -2kgm s ] 
ΓFɶ   Discretized terms arising from ΓF [ -2 -2kgm s ] 

AF    Acoustic radiation body force [ -2 -2kgm s ] 

BF    Buoyancy body force [ -2 -2kgm s ] 
I

g in l− −F   Interphase force acting on vapor phase when the vapor phase is dis-

persed [ -2 -2kgm s ] 
I

g and l− −F   Interphase force acting on vapor phase neither phase is dispersed or 

continuous [ -2 -2kgm s ] 
I

l in g− −F    Interphase force acting on vapor phase when the liquid phase is 

 dispersed [ -2 -2kgm s ] 

g    Normalized phase fraction gradient [Dimensionless] 

g*    Threshold for g  [Dimensionless] 



xxxiii 
 

g    Gravitational acceleration [ -2ms ] 

h   Specific enthalpy [ 1Jkg− ], time step of acoustic cavitation simulation 

[s ] 

fgh    Specific latent heat of vaporization [ -1Jkg ] 

H    Heat transfer coefficient [ -2 -1Wm K ], scalar component of H [ -1Am ] 

cH    Convection cooling heat transfer coefficient [ -2 -1Wm K ] 

cellH    Cell heat transfer coefficient [ -2 -1Wm K ] 
PC

lH   Phase change heat transfer coefficient in liquid phase adjacent to inter-

face [ -2 -1Wm K ] 

WGH   Height of waveguide [ m ] 

H    Magnetic field vector [ -1Am ] 

Hɶ    Normalized H  [ -1Am ] 
I    Integration 
I    Identity matrix 

J    Mass flux at cell face [ -1kgs ] 

j    Species diffusive flux [ -2 -1kgm s ] 

J    Current density [ -2Am ], Jacobian matrix 

k   Vapor-liquid mixture turbulent kinetic energy [ 2 -2m s ], acoustic com-

plex wavenumber [ -1m ] 

0k    Microwave wavenumber in free space [ 1m− ] 

Bk    Boltzmann’s constant [ -2 -1kgs K  ] 

gk    Vapor turbulent kinetic energy [ 2 -2m s ] 

lk    Liquid turbulent kinetic energy [ 2 -2m s ] 

rk   Real acoustic wavenumber [ -1m ] 

K    Mass transfer coefficient [ 1ms−  ] 

dl   Thickness of diffusive boundary layer near the interface of a cavitation 

bubble [ m ] 

thl   Thickness of thermal boundary layer near the interface of a cavitation 

bubble [ m ] 
L    Arbitrary factor for virtual mesh refinement [Dimensionless] 

PMLL    Thickness of PML [ m ] 

m   Total mass flux from liquid to vapor phase [ -2 -1kgm s ], update coeffi-

cient for FDTD [various units] 

im    Mass flux of species i  from liquid to vapor phase [ -2 -1kgm s ] 

M    Molar mass [ -1kgmol  ] 

n    Refractive index in air [Dimensionless] 



xxxiv 
 

totn    Total amount of gas molecules in a cavitation bubble 

2H On   Amount of water vapor molecules in a cavitation bubble 

Arn   Amount of Argon molecules in a cavitation bubble 
I

n    Scalar components of In   [Dimensionless] 
In    Unit vector normal to vapor-liquid interface [Dimensionless] 

Bn    Unit vector normal to domain boundaries [Dimensionless] 

fn    Unit vector normal to cell face [Dimensionless] 

USn    Unit vector in the propagation direction of US [Dimensionless] 

N    Bubble number density [ -3m ] 

acN    Active nucleation site density [ -2m ] 

ArN   Number density of Argon gas in a cavitation bubble [ -3m ] 

bN    Bubble number density of cavitation bubbles [ -3m ] 

eN   Number density of water vapor in a cavitation bubble at equilibrium 

[ -3m ] 

2H ON   Number density of water vapor in a cavitation bubble [ -3m ] 

Nu    Nusselt number [Dimensionless] 
p    Total pressure [ Pa ] 

0p    Ambient atmospheric pressure [ Pa ] 

gp    Gas pressure inside a cavitation bubble [ Pa ] 

rghp   Pressure with hydrostatic pressure removed [ Pa ] 

P    Complex harmonic acoustic pressure [ Pa ] 

Ap    Instantaneous acoustic pressure [ Pa ] 

BP    Blake threshold [ Pa ] 

kP    Turbulent kinetic energy production [ 1 -3kgm s− ] 

MWP    Microwave power [ W ] 

USP    Ultrasound power [ W ] 

Pr    Prandtl number [Dimensionless] 

Prt    Turbulent Prandtl number [Dimensionless] 

q    Heat flux [ -2Wm ] 

eq    Evaporation heat flux [ -2Wm ] 

cq    Convection heat flux [ -2Wm ] 

qq    Quenching heat flux [ -2Wm ] 

effq    Effective diffusive heat flux [ 1mKs− ]/[ -2Wm ] 

bQ    Rate of heat diffusion into a cavitation bubble [ W ] 
BQ   Interphase heat transfer at bubble interface [ -3Wm ]  



xxxv 
 

FSQ   Interphase heat transfer at free surface [ -3Wm ]  
IQ    Interphase heat transfer [ -3Wm ]  
NUQ    Interphase heat transfer due to bubble nucleation [ -3Wm ]  
MWQ   Volumetric microwave heat source [ -3Wm ] 
USQ   Volumetric ultrasound heat source [ -3Wm ] 
YQ    Enthalpy transfer due to species diffusion [ -3Wm ] 

QΓ    Enthalpy transfer due to mass transfer [ -3Wm ] 

r    Small residue 
R    Cavitation bubble instantaneous radius [ m ] 

0R    Cavitation bubble ambient radius [ m ] 

hR    Hard-core radius of a cavitation bubble [ m ] 

R    Gas constant [ -1 -1Jmol K ] 
Re   Reynold number [Dimensionless] 

cvS    Turbulent kinetic energy source due to cavitation [ 1 -3kgm s− ] 
I

S    Interphase species transfer [ -3 -1kgm s ] 

S
Γ    Interphase species transfer due to mass transfer [ -3 -1kgm s ] 

S    Vector area of a cell face [ 2m ] 
Sc    Schmidt number [Dimensionless] 

Sct    Turbulent Schmidt number [Dimensionless] 
Sh    Sherwood number [Dimensionless] 
t    Time [s ] 

EMt    Simulation time for electromagnetic wave propagation [s ] 

waitt    Bubble waiting time on heated surface [ s ] 

tanδ    Loss tangent [Dimensionless] 
T    Temperature [ K ] 

T∞    Ambient temperature [ K ] 

FT    Flask outer surface temperature [ K ] 

l ,BT    Liquid temperature at wall boundary [ K ] 

refT    Reference temperature [ K ] 

satT    Saturation temperature [ K ] 

wT    Heated wall temperature [ K ] 

lT
+    Liquid dimensionless temperature [Dimensionless] 

TU    Friction velocity [ -1ms ] 

U    Vapor - liquid mixture velocity [ -1ms ] 

cU    Interface compression velocity [ -1ms ] 

gU    Vapor velocity [ -1ms ] 



xxxvi 
 

lU    Liquid velocity [ -1ms ] 

rU    Relative phasic velocity [ -1ms ] 

bV    Instantaneous volume of a cavitation bubble [ 3m ] 

cellV    Volume of computational cell [ 3m ] 

WGW    Width of waveguide [ m ] 

We    Weber number [Dimensionless] 

Wec   Critical Weber number [Dimensionless] 

WGz    Position along the width of waveguide [ m ] 

x    Position vector [ m ] 

ly
+    Dimensionless wall distance 

iY    Mass fraction of species i  [Dimensionless] 
I

i ,gY   Mass fraction of species i  in vapor phase adjacent to interface 
I

i ,lY   Mass fraction of species i  in liquid phase adjacent to interface 

Z    MW wave impedance in waveguide [ Ω ] 

0Z    Impedance of free space [ Ω ] 

 

Greek symbols 

α    Phase fraction [Dimensionless], acoustic wave attenuation [ -1m ] 

0α    Ambient gas fraction in liquid [Dimensionless] 

maxPg ,α   Maximum gα  when the bubbles are closely packed [Dimensionless]. 

minDg ,α   Minimum continuous vapor phase fraction [Dimensionless] 

minDl ,α    Minimum continuous liquid phase fraction [Dimensionless] 

max
B

g ,α   Maximum gα  at which the flow in the bulk liquid remain bubbly [Di-

mensionless] 
inv

lα   lα  at which phase inversion is considered to have occurred. 

β    Thermal expansion coefficient [ 1K− ], volume fraction of a species [-] 

γ   Emissivity [Dimensionless], specific heat ratio of gases inside cavita-

tion bubble [Dimensionless] 
δ    Small positive factor [Dimensionless] 

Iδ    Width of interfacial transition region [ m ] 

Γ    Interphase mass transfer [ -3 -1kgm s ] 
BΓ    Interphase mass transfer at bubble interface [ -3 -1kgm s ] 
FSΓ    Interphase mass transfer at free surface [ -3 -1kgm s ] 
NUΓ    Interphase mass transfer during bubble nucleation [ -3 -1kgm s ] 



xxxvii 
 

ε   Permittivity [ -1Fm ], vapor-liquid mixture turbulent energy dissipation  

[ 2 -3m s  ]  

gε  Vapor turbulent energy dissipation  [ 2 -3m s  ]  

lε  Liquid turbulent energy dissipation  [ 2 -3m s  ]  

0ε    Permittivity of free space [ -1Fm ] 

rε    Relative dielectric constant/permittivity [Dimensionless] 

ε ′′    Dielectric loss [Dimensionless] 

η    Thermal diffusivity [ 2 -1m s ] 

θ  Contact angle [ ° ], characteristic vibration temperature of water vapor 
[ K ]  

κ    Specific kinetic energy [ 1Jkg− ] 

λ    Thermal conductivity [ W K.m ], eigenvalues, flux limiter in MULES 

Fλ    Flask thermal conductivity [ W K.m ] 

µ    Permeability [ -1Hm ], dynamic viscosity [ Pa.s ] 

0µ    Permeability of free space [ -1Hm ] 
tµ    Eddy viscosity [ Pa.s ]  

ν    Kinematic viscosity [ 2 -1m s ] 
tν   Eddy kinematic viscosity [ 2 -1m s ] 
ξ    Amplification matrix 

thΠ   Rate of thermal dissipation by a cavitation bubble [ 2 -3kgm s ] 

vΠ   Rate of viscous dissipation by a cavitation bubble [ 2 -3kgm s ] 

ρ    Density [ -3kgm ] 

ς    Dimensionless friction coefficient [Dimensionless] 

σ    Electric conductivity [ -1Sm ] 

eσ    Evaporation accommodation coefficient [Dimensionless] 

lgσ   Gas-liquid surface tension [ 1Nm− ] 

Tσ    Stefan-Boltzmann constant [ -2 -4Wm K  ] 

σ ′    Fictitious electric conductivity [ -1Sm ] 
τ    Period of acoustic wave [ s ] 

wτ    Wall shear stress [ 1 -2kgm s− ] 
effτ    Effective viscous shear stress tensor [ 2 -2m s ]/[ 1 -2kgm s− ] 

rυ    Bubble terminal velocity [ -1ms ]  

φ    Phase flux [ 3 1m s− ] 

cφ    Interface compression phase flux [ 3 1m s− ] 

rφ    Relative phase flux [ 3 1m s− ] 

φ ∗    Phase flux predictor [ 3 1m s− ] 



xxxviii 
 

COΦ    Discretized terms arising from COψ  [ -3 -1m s ] 
BKψ   Bubble break-up rate [ -3 -1m s ] 
COψ   Bubble coalescence rate [ -3 -1m s ] 
NUψ   Bubble nucleation rate [ -3 -1m s ] 
RCψ   Bubble random collision coalescence [ -3 -1m s ] 
WEψ    Bubble wake entrainment coalescence [ -3 -1m s ] 
TIψ    Bubble turbulent impact breakup [ -3 -1m s ] 

NUψ ′′   Bubble nucleation flux [ -2 -1m s ] 

ω    Microwave angular frequency [ -1rads ] 

0ω    Angular resonant frequency of cavitation bubble [ -1rads ] 

Pω    Ultrasound angular frequency [ -1rads ] 

 

Subscript 

bQ    Quantity related to cavitation bubbles 

BQ   Quantity related to boundary 

cvQ    Quantity related to cavitation 

fQ     Quantity on cell face 

FQ    Quantity related to flask (vessel) 

gQ    Quantity of vapor phase or gaseous phase 

g in lQ − −   Quantity when vapor phase is dispersed in liquid phase 

iQ    Quantity of species i   

lQ    Quantity of liquid phase  

l in gQ − −   Quantity when liquid phase is dispersed in vapor phase 

mQ    Quantity of vapor-liquid mixture 

NQ    Quantity in neighboring cell 

PQ    Quantity in the currently considered cell 

PMLQ    Quantity related to Perfectly Matched Layer 

WGQ   Quantity related to waveguide 

Qϕ    Quantity of either vapor or liquid phase 

 

Superscript 
0Q    Quantity at old time step 
BQ    Quantity related to dispersed bubbles 



xxxix 
 

dragQ    Quantity related to drag force  
effQ    Effective quantity 
FSQ    Quantity related to free surface 
IQ    Quantity at vapor-liquid interface 
liftQ    Lateral lift force  
MWQ   Quantity related to Microwave  
nQ    Quantity at new time step 
NUQ    Quantity related to bubble nucleation 

QΓ    Quantity transfer due to interphase mass transfer 
tQ    Quantity related to turbulence 
TQ    Transpose of tensor 
TDQ    Quantity related to turbulent dispersion force  
VMQ    Quantity related to virtual mass force  
USQ    Quantity related to Ultrasound 

( )Q
+

  Return Q  if Q  is positive and return 0 otherwise 

( )Q
−

  Return Q  if Q  is negative and return 0 otherwise 

Abbreviation 

CFD   Computational fluid dynamic 
DNS   Direct numerical simulation 
FCT   Flux-corrected transport 
FDTD   Finite difference time domain 
FVM   Finite volume method 
LS   Level-set 
MULES  Multi-dimensional limiter for explicit solution 
MW   Microwave 
NOC   Non-orthogonality correction 
ODE   Ordinary differential equation 
PDE   Partial differential equation 
PISO   Pressure-Implicit with Splitting of Operators 
PML   Perfectly Matched Layer 
RMSE   Root mean square error 
TE   Transverse electric 
TVD   Total Variation Diminishing 
VLE   Vapor-liquid equilibrium 
VOF   Volume of fluid 
WG   Waveguide 
US   Ultrasound 
 





1 
 

CHAPTER 1  

INTRODUCTION 

1.1 Background 

1.1.1 Microwave liquid heating 

 Microwave (MW) is a form of electromagnetic wave with frequencies ranging 

from 300MHz to 300GHz (Wang et al. 2019a).  One important application of MW is 

MW heating.  In contrast to conventional heating methods where heat is transferred 

from surfaces into samples through conduction or/and convection, MW is able to pen-

etrate samples and generate volumetric heat from within (Li et al. 2019).  The genera-

tion of volumetric heat by MW takes place on a molecular level, due to the friction 

induced by the dipolar rotation of liquid molecules under the effect of an oscillating 

electromagnetic field, as illustrated in Figure 1.1.  The ability of a material to absorb 

MW energy is characterized by its dielectric properties, namely dielectric constant and 

dielectric loss.  This unique nature of MW heating contributes to several significant 

advantages over conventional heating, which include rapid heating rate, high energy 

efficiency, short processing time, non-contact heating,  and short start-up time 

(Yousefi et al. 2013, Salazar-González et al. 2012, Li et al. 2019).  Therefore, MW 

heating is widely adopted in industry for liquid processing, such as in food processing, 

sterilization, and pasteurization. 
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Figure 1.1: Illustration of dipolar rotation of water molecules under an oscillating elec-

tromagnetic field. Reprinted and adapted from Mishra and Sharma (2016), with per-

mission from Elsevier. 

However, one major drawback of MW heating is non-uniform heating 

(Cherbański and Rudniak 2013, Salazar-González et al. 2012).  This is mainly due to 

the complex interactions between MW and samples, which result in complex wave 

phenomena such as wave interference, reflection, diffraction, and refraction that cause 

the formation of uneven hotspots and coldspots within samples.  This drawback leads 

to difficulties in controlling the heating process to acquire the desired temperature dis-

tribution (Zhu et al. 2007a).  In the MW heating of liquid samples, the additional fluid 

flow in the sample further complicates the problem due to the presence of convective 

heat transfer (Zhang et al. 2000).  Non-uniform heating can result in various undesired 

consequences, such as local overheating and degradation of product quality (Salazar-

González et al. 2012).  Thus, in order to improve heat uniformity in MW heating, 

careful design of MW heating equipment is critical, which requires deep understanding 

of the underlying physics. 

Besides serving as an alternative to conventional heating methods, MW heating 

also manifests itself as a powerful process intensification technology in various chem-

ical and physical applications, such as MW-assisted extraction, organic/in-organic 

synthesis, and reactive distillation (Stefanidis et al. 2014, Mohamadi et al. 2013, Li et 

al. 2019).  These improvements include better yield, shorter processing time, and lower 

energy consumption.  For instance, it was found that MW-assisted reactive distillation 

is able to improve the production of Ethyl Acetate up to 6.9% when compared to the 

conventional method (Ding et al. 2016).  Calinescu et al. (2017) reported that the in-
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tegration of MW hydro-diffusion and gravity with MW-assisted extraction in the ex-

traction of essential oil from rosemary and thyme reduces the energy consumption by 

5 to 15 times compared to classical methods.  Bordoni et al. (2019) concluded that the 

application of MW in the synthesis of nucleoside ProTide shortens the processing time 

by 2 - 150 times compared to conventional methods.  Recent reviews of MW technol-

ogy as a process intensification technique can be found in the review papers of 

Stefanidis et al. (2014) and Li et al. (2019). 

While many theories were proposed, one primary explanation for the intensi-

fication is the liquid superheating effect of MW, where liquids or solvents can be 

heated significantly beyond their conventional boiling points under MW irradiation 

(Kappe et al. 2013, Harrison and Whittaker 2003, Li et al. 2019).  Figure 1.2 shows an 

example of experimentally measured temperature profile in methanol when it was MW 

heated.  As a result of the MW superheating effect, higher reaction or mass transfer 

rate is possible due to higher reaction temperatures (Werth et al. 2015, Chemat and 

Esveld 2001, Li et al. 2019).  There are a few experimental works reported in the 

literature dedicated to investigating the superheating effect of MW in liquid.  In the 

pioneering work of Michael P áMingos (1992), it was shown that many organic sol-

vents could be superheated up to 4 25 C− °  above their conventional saturation tem-

perature under MW heating, depending on the type of solvent.  He also discovered that 

the superheating effect in liquid is due to the limited nucleate boiling in the vessel, 

which is in turn caused by the low vessel wall temperature during MW heating.  Con-

sequently, excessive MW energy to be trapped in the liquid as superheat.  Similar in-

vestigations were performed by Saillard et al. (1995) and Chemat and Esveld (2001), 

and similar findings were reported.  The experiments of Chemat and Esveld (2001) 

showed that the superheat temperature in organic solvents can be as high as 40 C°  with 

sufficiently high MW power, which significantly reduces the reaction time of esterifi-

cation and cyclisation from days and/or hours under conventional heating to minutes.  

Ferrari et al. (2015) found that MW heating does not only lead to superheating in qui-

escent liquid, but also leads to prolonged ‘superboiling’ phenomenon where the liquid 

remains superheated while bubble nucleation takes place.  These experimental studies 

undoubtedly provided invaluable insights into the mysterious MW superheating phe-

nomenon.  Nonetheless, one major problem in the above cited studies is the widely 

inconsistent superheat temperature reported by different authors for the same liquids.  
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For instance, the superheat temperature in methanol sample reported by different au-

thors ranged from 6 C°  to 19 C°  (Michael P áMingos 1992, Chemat and Esveld 2001, 

Ferrari et al. 2015).  This implies that the origin and nature of the MW superheating 

phenomenon could be very complex and erratic, which makes it sensitive to different 

operating conditions.  Consequently, the prediction of superheating conditions in real 

applications could be challenging, and thus more research is necessary to further un-

derstand the process. 

 

Figure 1.2: Temperature profile in methanol under MW irradiation. The horizontal line 
represents the conventional boiling point. Reprinted and adapted from Michael P 
áMingos (1992), with permission from Royal Society of Chemistry. 

 In the recent experimental studies, another unique capability of MW heating 

was discovered.  It was found that MW heating is able to induce a positive shift in the 

vapor-liquid equilibrium (VLE) of some binary mixtures (Altman et al. 2010, Gao et 

al. 2013, Li et al. 2017).  VLE is a relationship that describes the composition in the 

vapor phase and the liquid phase of a mixture when in equilibrium.  This implies the 

potential of MW heating in improving the separation efficiency of distillation process.  

It was postulated that this positive shifting effect on VLE is caused by the selective 

heating capability of MW on a molecular level, which causes different species (with 

different ability to absorb MW) to be heated at different rates, and thus leads to a higher 

evaporation rate of one species than others (Gao et al. 2013).  Nevertheless, this effect 

was found to only occur in some specific binary mixtures, such as propanol/n-propyl 
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propionate (Altman et al. 2010), iso-octanol/DOP (Gao et al. 2013), and metha-

nol/ethyl acetate (Li et al. 2017).  Despite the promising results reported, related stud-

ies are scarce and the underlying physics remains unclear (Li et al. 2017). 

1.1.2 Ultrasound sonication 

Ultrasound (US) is an acoustic pressure wave with a frequency of 20kHz or 

higher (Cheeke 2012).  It is a well-known process intensification technology for vari-

ous physical and chemical processes, such as organic synthesis, food processing, and 

extraction processes.  The enhancement effect of US is mainly attributed to a phenom-

enon known as acoustic cavitation. A photograph of acoustic cavitation observed in an 

experiment is shown in Figure 1.3 (a).  When US is applied in liquid, it creates a series 

of rarefaction and compression in the liquid.  During the rarefaction cycle, the low 

liquid pressure gives rise to the drastic expansion of micro-sized bubble nuclei in the 

liquid.  When the acoustic field enters its compression cycle, these bubbles, with low 

gas pressure inside, collapse violently under high liquid pressure, as there is almost no 

resistance acting against the collapse (Martina et al. 2016).  Due to the gas compression 

during the violent bubble collapse, this creates extremely high-temperature spikes of 

thousands of Kelvin and extremely high local pressure with magnitudes up to the order 

of GPa, accompanied with intense liquid shear force, disassociation of liquid mole-

cules into various reactive radicals (e.g. hydroxyl radical OH−  from the disassociation 

of water molecules) and shockwave emission (Louisnard and González-García 2011, 

Parvizian et al. 2014).  This extreme concentration of acoustic energy in small volumes 

during acoustic cavitation leads to drastic improvements in chemical reactions and 

physical processes.  Other than acoustic cavitation, US propagation in liquid also in-

duces macroscopic net flow, which is caused by the absorption of acoustic energy in 

liquid (Trujillo and Knoerzer 2011).  This phenomenon is commonly referred to as 

acoustic streaming.  A photograph of acoustic streaming accompanied by acoustic cav-

itation is shown in Figure 1.3 (b).  Owing to the enhanced mixing, acoustic streaming 

is also widely recognized as one of the main sources of improvement in the rate of 

transport processes (Kumar et al. 2006) and thus the yield and product quality of var-

ious processes in US reactors (Parvizian et al. 2014).   
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(a)     (b) 

Figure 1.3: (a) Photograph of acoustic cavitation driven by a US horn. Reprinted and 
adapter from Moussatov et al. (2003), with permission from Elsevier. (b) Photograph 
of acoustic streaming (with acoustic cavitation). Reprinted and adapter from Dahlem 

et al. (1999), with permission from Elsevier. 

More recently, another unique effect of US was discovered.  It was reported 

that the cavitation effect of US is able to induce a positive alteration in the VLE of 

binary mixtures (i.e. enrichment of lighter component in the vapor phase), which could 

be helpful in improving the separation efficiency of distillation process (Ripin et al. 

2008, Ripin et al. 2009, Mudalip et al. 2011, Mahdi et al. 2015).  It was postulated that 

this is due to the “vacuum” effect of acoustic cavitation.  During the rarefaction cycles 

of US wave, the low pressure inside the expanding cavitation bubbles draws a higher 

amount of lighter component of the mixture into the bubbles through evaporation, and 

thus leads to the enrichment of lighter component in the vapor during US-assisted dis-

tillation compared to conventional distillation method (Ripin et al. 2008). 

1.1.3 Simultaneous MW-US irradiation 

While both MW and US technologies, when applied individually, are able to 

considerably intensify and enhance the efficiency of various physical and chemical 

processes, many studies showed that the simultaneous application of MW and US 
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(MS-US) can bring even greater improvements.  For example, Cravotto et al. (2005) 

reported that MW-US irradiation significantly improves the reaction time and yield of 

cross- and homo-coupling processes when compared to individual irradiations.  

Cravotto et al. (2008) reported that in the extraction of vegetable oil, simultaneous 

MW-US irradiation is able to reduce the extraction time by 10-fold and increase the 

yield by 50-500% compared to conventional methods.  Feng et al. (2013) studied 

FeCl3-promoted synthesis of 1,3,4-thiadiazoles under MW-US irradiation and com-

mented that MW-US irradiation provides a greener and more efficient mean for or-

ganic synthesis.  (Martinez-Guerra and Gude 2014) reported that combined MW and 

US assisted biodiesel production results in 98% yield, which is higher than those under 

MW (87%) and US (90%) irradiation alone.  González-Rivera et al. (2016) 

demonstrated that simultaneous MW-US assisted hydrodistillation reduces energy 

consumption by 60%.  Zhao et al. (2016) and Ascrizzi et al. (2017) showed that the 

simultaneous application of  MW and US in the extraction process improves the yield 

of targeted components by 75% and shortens the extraction time by 46%.  Similar 

beneficial effects of combined MW-US irradiation in other reactions and processes 

had been reported by many other authors (Ma et al. 2015, Feng et al. 2012, Wang et 

al. 2014).  More introduction and studies on MW-US assisted processes can be found 

in the recent review paper published by Martina et al. (2016).   

A common explanation for such improvement is due to the intense heat and 

mass transfer under the synergetic effects contributed by the volumetric heating of 

MW, intense liquid mixing effect of US, and extreme temperature and pressure spikes 

of acoustic cavitation (Wang et al. 2014, Gude 2015, Martina et al. 2016).  For exam-

ple, during MW-US assisted plant extraction process, the violent bubble collapse dur-

ing the acoustic cavitation disrupts plant cell walls and facilitates the releasing of sol-

uble extracts into the solvent, which significantly increases the rate of mass transfer 

(Martina et al. 2016).  At the same time, the efficient volumetric heating of MW and 

the intense MW superheating promotes the migration of ions and polar species from 

the plant cell matrices and enhances their solubility in solvents (Martina et al. 2016, 

Mohamadi et al. 2013).  As a result, this synergetic mechanism significantly improves 

the solubility and yield of the extracts, and thus drastically reduces the processing time 

compared to the same process under individual irradiations.   
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1.1.4 Liquid boiling 

Liquid boiling is a phenomenon where liquid turns into vapor (i.e. evaporation) 

under the effect of heat transfer (Ghiaasiaan 2007).  It is a phenomenon commonly 

encountered in many physical and chemical processes, such as extraction, biodiesel 

production, esterification, and organic synthesis processes.  These processes are typi-

cally conducted under boiling or reflux conditions, as high temperatures are commonly 

necessary for optimum process efficiency (Bendicho and Lavilla 2000, Chan et al. 

2014, Mustapa et al. 2015).  Besides, boiling is the key element of distillation pro-

cesses.  Distillation is a physical liquid separation process that works by selectively 

evaporating components from a liquid mixture based on the difference in the volatility 

of different components/species.  It is considered one of the most important operations 

in chemical process industries, as it handles more than 90% of all separation processes 

(Kano et al. 2010).  Another important application of boiling is thermal cooling, owing 

to the high heat transfer coefficient contributed by the liquid evaporation process 

(Kharangate and Mudawar 2017). 

The basic mechanism of liquid boiling under conventional/surface heating (i.e. 

traditional boiling) is as follows.  In order for boiling or evaporation to occur, a gas-

liquid interface is required, such as the interface of gas bubbles and the liquid free 

surface.  In other words, evaporation or boiling cannot occur within a stable liquid.  

This is because, if one sees that evaporation within a stable liquid begins with the 

formation of an infinitely small vapor bubble, the further generation of vapor into the 

infinitely small bubble would require an infinitely high vapor pressure to withstand 

the infinitely large surface tension force (Chemat and Esveld 2001), which is impossi-

ble to occur.  Therefore, the occurrence of traditional boiling in a stable liquid relies 

on the imperfections pre-existing on the heated surface, such as cracks, scratches, pits, 

and cavities, with the dimensions of the order of microns.  These surface imperfections 

trap gas embryo in them when the heated surface is submerged in liquid, which in turn 

creates finitely small gas-liquid interfaces or ‘weak-spots’ in the liquid, as shown in 

Figure 1.4 (a).  The surface imperfections with gas embryo trapped in them are com-

monly known as nucleation sites.  When the liquid layer adjacent to the heated surface 

is heated to a temperature at least equal to the saturation temperature corresponding to 

the pressure in the gas embryo, bubble growth initiates, as illustrated in Figure 1.4 (b) 
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and (c).  This phenomenon is usually termed the activation of nucleation sites.  When 

the bubble grows to a critical size in which the force holding the bubbles on the heated 

surface is overcome by the buoyancy force, the bubble departs from the pit/cavity, and 

a small part of the vapor left in the cavity as the bubble embryo for the next cycle of 

bubble growth and departure, as indicated in Figure 1.4 (d).  This concludes the basic 

mechanism of boiling under conventional boiling.   

 

(a)     (b) 

 

(c)     (d) 

Figure 1.4: Schematics of a conventional boiling process. (a) Gas embryo trapped in a 
void on the surface, (b) bubble growth, (c) bubble growth until a critical size, (d) bub-
ble departure. Reprinted and adapted from Michael P áMingos (1992), with permission 
from Royal Society of Chemistry. 

Traditional boiling process driven by conventional surface heating can broadly 

be classified into three different regimes: nucleate boiling, transition boiling, and film 

boiling.  The schematics of different boiling regimes are illustrated in Figure 1.5.  The 

occurrence of these boiling regimes depends on the wall superheat temperature, which 

is the difference between the wall temperature and the liquid saturation temperature, 

as well as wall heat flux.  Nucleate boiling regime takes place at low wall superheat 

temperatures and heat fluxes, where numerous discrete bubbles nucleate, grow, and 

depart from the heated surface (see Figure 1.5 (a)).  At sufficiently high wall superheat 

temperatures and heat fluxes, the density of the bubbles forming on the heater surface 
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becomes very high, to the point that some of the nucleating bubbles begin to merge 

together and form large bubble mushrooms and columns, which causes the heater sur-

face to become intermediately dry (see Figure 1.5 (b)).  This boiling regime is called 

transition boiling.  When the wall superheat temperature and heat flux increase further, 

more vapor is generated on the heater surface and the liquid eventually becomes sep-

arated from the heated surface by a thin vapor film.  This boiling regime is called film 

boiling (Figure 1.5 (c)).  In terms of the efficiency of boiling heat transfer or heat 

transfer coefficient at the heated surface, nucleate boiling is the highest, as the other 

two regimes suffered from partial or complete drying of the heated surface.  Therefore, 

nucleate boiling is typically the preferred boiling mode for cooling applications.  The 

input heat flux that begins to cause the departure of the boiling regime from nucleate 

boiling to transition boiling is commonly known as Critical Heat Flux (CHF).  The 

higher the CHF, the better the heat transfer performance of a boiling process. 

            

(a)            (b)                (c) 

Figure 1.5: Schematics of (a) nucleate boiling, (b) transition boiling, and (c) film boil-
ing.  Reprinted and adapted from Ghiaasiaan (2007), with permission from Cambridge 
University Press. 

Liquid boiling under MW irradiation, on the other hand, exhibits different be-

havior compared to traditional boiling process.  According to the experiment study by 

Chemat and Esveld (2001), the boiling process under MW irradiation occurs at the 

liquid free surface rather than at the pit and cavities at the wall (i.e. absence of nucleate 

boiling), due to the lack of a high temperature heated wall during MW heating.  Owing 

to the limited evaporation within the liquid, this results in significant superheating in 

the liquid, which is one of the major reasons behind the process intensification ability 

of MW, as introduced earlier in Section 1.1.1.  Nevertheless, nucleate boiling can still 

be promoted by adding porous materials such as boiling stones into the liquid, which 

significantly reduces the superheat in the liquid.  The study of MW liquid boiling was 
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quite limited in the literature and was limited to experimental study which limited in-

sights.  A more in-depth computational multiphysics study of liquid boiling phenom-

enon under MW irradiation will be conducted in this research. 

Although US alone does not result in liquid boiling at commonly used operat-

ing powers, it can be applied to affect the behavior of liquid boiling.  There have been 

some experimental studies on the effect of acoustic fields on traditional boiling.  The 

general finding is that, due to acoustic pressure gradient, acoustic fields exert an addi-

tional force known as Bjerknes force on the nucleating and growing bubbles on the 

heated surface, which promotes bubble detachment or departure (Moehrle and Chung 

2016).  This helps to avoid the instabilities that cause the shifting of boiling regime 

from nucleate boiling to transition or film boiling (Douglas et al. 2012).  Consequently, 

this increases the CHF and thus results in the augmentation of boiling heat transfer.  

Nonetheless, the effect of US irradiation on MW induced boiling (i.e. boiling under 

simultaneous MW and US irradiation), however, is yet reported in the literature.   

1.2 Problem statement, aim, and direction of the research project 

Despite the widely reported process intensification effects of MW and US at 

laboratory scales, commercial implementation of these technologies, either individu-

ally or combined, at industrial scales is limited (Altman et al. 2010, Tudela et al. 2014, 

Xu et al. 2013, Sutkar et al. 2010).  This is mainly due to incomplete understanding of 

the fundamental mechanisms of the processes (Li et al. 2019, Altman et al. 2010, 

Vanhille and Campos-Pozuelo 2011, Jordens et al. 2013, Tudela et al. 2014), which 

involve complex non-linear interactions between multiple physics that take place at a 

wide range of temporal and spatial scales, which include electromagnetic wave prop-

agation, fluid flow, heat transfer, liquid superheating, acoustic wave propagation, 

acoustic cavitation, turbulence, phase change, chemical reactions, etc.  There are many 

important phenomena and interactions that remain unclear, such as the distribution of 

MW superheating hotspot in liquid, the fluid flow behavior during MW superheat-

ing/boiling, the superheat build-up mechanisms during MW boiling, the characteristics 

of acoustic streaming, the acoustic cavitation bubble distributions, the interactions be-

tween acoustic cavitation and US propagation, and the interactions between fluid flow 
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and acoustic cavitation, just to name a few.  As a result, this leads to difficulties in the 

prediction of the process performance, and thus poses major challenges in the design 

and scale-up of MW- and US-assisted processes (Li et al. 2019).  Therefore, there is a 

compelling need for more fundamental research to better understand the underlying 

physics of the processes.   

In line with the aforementioned research problem, this research aims to pro-

gressively gain fundamental insights into liquid heating and boiling phenomena under 

simultaneous MW and US irradiation, since liquid heating and boiling are among the 

important phenomena in many MW- and/or US- assisted processes. The meaning of 

the word ‘progressively’ will become clear after the research gaps and objectives of 

this research are identified.  

Due to the great complexity associated with the liquid heating and boiling un-

der MW and US irradiation, a methodology that is capable of predicting the distribu-

tion of physical fields (e.g. electromagnetic, acoustic pressure, multi-phase flow, tem-

perature, concentration fields, etc.) and their interactions with sufficient detail and ac-

curacy is highly desirable.  One such methodology is computational multiphysics sim-

ulation.  Computational multiphysics simulation is the analysis of multiple coupled 

and interacting physical phenomena by means of computer-based simulation.  The ma-

jor advantages of computational multiphysics simulation are as follows: 

• It allows multi-dimensional visualization of physical fields and their interac-

tions. 

• It helps to uncover the phenomenon that is either inaccessible or unmeasurable 

in experiments. 

• A far more in-depth insight into a process can be gained compared to experi-

mentation. 

• The effects of changing simulation parameters can be observed easily and fast. 

• Tedious and costly experimentation can be minimized. 

• High generalization. 

In view of the benefits of computational multiphysics simulation, it is adopted as the 

main direction of this research.  
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1.3 Research gaps 

To gain an overview of the existing computational works related to liquid heat-

ing and boiling under MW and/or US irradiation, a literature review of the computa-

tional works on MW liquid heating, US sonication, and liquid boiling is conducted and 

presented in Chapter 2.  The literature review shows that there are a number of prereq-

uisite research gaps that need to be filled before the aim of this research can be fully 

achieved.  Some of the prerequisite research gaps are as follows: 

1) A computational study on boiling physic that occurs in bulk liquid during con-

ventional heating is not available, and the availability of macroscopic nucleate 

pool boiling models that can simulate boiling with the inclusion of a freeboard 

region is very limited.   

2) There is no computational study on liquid heating under simultaneous MW and 

US irradiation, and the associated computational model is unavailable.   

3) There is no computational study on boiling of single-component liquid under 

MW irradiation, and the associated computational model is unavailable. 

4) There is no computational study on boiling of binary liquid mixtures under 

MW irradiation, and the associated computational model is unavailable.   

It can be easily seen that each of the above research gaps is part of the research aim. 

The corresponding elaboration of each research gap above is as follows: 

• Research gap (1): It is conceivable that liquid boiling under MW and US irra-

diation, either individual or simultaneous, is complex.  Therefore, it is benefi-

cial to first understand the physics of traditional boiling process (i.e. nucleate 

pool boiling under surface heating) before moving forward to investigate the 

more complex interactions.  Although there were numerous computational 

studies on traditional nucleate pool boiling reported in the literature, most of 

these studies were for cooling applications.  These studies mainly focused on 

the local phenomena that occur close to the heated surface, such as bubble 

growth, bubble departure, and heat transfer mechanisms on the heated surface.  

In contrast, no effort has been put into investigating the boiling behavior in the 

bulk liquid (i.e. away from the heated surface. Here, the bulk liquid is defined 

as the region below the liquid free surface). This is most probably because the 
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boiling behavior in the bulk liquid has relatively less impact on the boiling heat 

transfer (i.e. cooling effect) compared to the boiling behavior near the heated 

surface.  However, under MW or US irradiation, important physics such as 

volumetric heating and acoustic cavitation mainly take place in the bulk liquid.  

In this regard, it is therefore crucial to understand the boiling physics in the 

bulk liquid.  To achieve this, it is required to simulate the complete boiling 

process.  Thus, the use of a macroscopic multiphase model, such as Two-fluid 

model, is necessary.  However, most of the available macroscopic boiling mod-

els, such as those found in the work of Aminfar et al. (2012), Li et al. (2014), 

Salehi and Hormozi (2018), Abadi et al. (2018), Ahmadpour et al. (2018), 

Kamel et al. (2019), and Gupta et al. (2019), did not take account of freeboard 

regions.  A freeboard region refers to the region above the liquid free surface.  

During pool boiling, the liquid level would dynamically change due to various 

events such as the generation of vapor bubbles within the bulk liquid, intense 

liquid circulation, and depletion of liquid due to continuous evaporation (Pezo 

and Stevanovic 2011).  Thus, in order to capture these characteristics, a free-

board region is required to allow the liquid free surface to displace freely.  

However, the inclusion of a freeboard region in macroscopic multiphase mod-

els (especially Two-fluid model) can be challenging.  This is because the in-

clusion of a freeboard region implies the occurrence of (nearly) complete seg-

regation between the liquid and vapor phases. This can results in many numer-

ical issues, such as numerical singularities when phase fractions approach zero, 

the existence of more than one phase configuration simultaneously (e.g. vapor 

phase exists as dispersed phase and continuous phase simultaneously), and 

sharp changes of fluid properties across the liquid free surface (Rusche 2003, 

Li and Christian 2017).  The problems become more complex with the presence 

of heat and mass transfer.  Hence, special numerical treatment is required in 

order to produce physically correct results.  The macroscopic pool boiling 

model presented by Pezo and Stevanovic (2011) was probably the only model 

that included a freeboard region.  However, the detailed formulation to imple-

ment the freeboard region in the model was not presented.   

• Research gap (2): In order to improve, optimize and scale-up MW-US assisted 

processes, in-depth understanding of the complex interactions between MW, 

US, heat transfer, and fluid flow is critical.  The literature review shows that 
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there were some computational studies conducted to better understand liquid 

heating under individual MW and US irradiation.  However, a computational 

study of liquid heating when subject to simultaneous MW and US irradiation 

is yet to appear in the literature.  A computational multiphysics model neces-

sary for this purpose is also not available.  It is undoubtedly that heat transfer 

plays important roles in MW-US assisted processes.  For instance, the temper-

ature level and distribution determine the reaction rate and effectiveness of a 

chemical reaction (Werth et al. 2015); In pasteurization of food products, pre-

cise control of the temperature is crucial to ensure the retention of nutrient con-

tents in food products (Samani et al. 2015); In extraction processes, the extrac-

tion temperature is one of the important factors to achieve optimum yield and 

extraction time (Lianfu and Zelong 2008).  The combination of MW and US 

irradiation undeniably makes the heat transfer process in liquid very complex, 

owing to the presence of a wide range of physics.  Thus, understanding of the 

thermal-fluid behavior in liquid when subject to simultaneous MW and US ir-

radiation would prove to be helpful in the design and optimization of MW-US 

systems.   

• Research gap (3). As mentioned in Section 1.1.1, one major reason behind the 

process intensification capability of MW is due to MW superheating effect in 

liquid during boiling.  There have been some experimental efforts attempting 

to uncover the underlying physics of the phenomenon, such as the work of 

Michael P áMingos (1992), Chemat and Esveld (2001), and Ferrari et al. 

(2015).  However, these experiments provided limited insights due to the in-

sufficient information provided by the experimental measurements.  For in-

stance, most of these experiments used a point temperature measurement tech-

nique, which is inadequate to provide a full picture of the temperature distribu-

tion in the liquid.  Besides, there has been no computational study of MW su-

perheating effect and other associated phenomena during MW liquid boiling.  

Instead, many computational modelling works reported in the literature fo-

cused on conventional MW liquid heating, i.e. modelling of MW heating of 

single-phase liquid at temperatures well below the saturation temperatures.  In 

fact, in many practical applications such as extraction and organic synthesis 

processes, the liquid or solvent used is usually under boiling or reflux condi-
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tions, as high temperatures are commonly necessary for optimum process effi-

ciency (Bendicho and Lavilla 2000, Mustapa et al. 2015, Chan et al. 2014).  

Liquid boiling is inherently more complex than liquid heating due to the pres-

ence of two-phase vapor-liquid flow with intensive momentum, heat, and mass 

transfer between phases.  When these applications are conducted under MW 

irradiation, the potential liquid superheating and superboiling effects by MW 

during the boiling process further complicate the problem.  Therefore, to better 

understand the process, there is a compelling need to develop a multiphysics 

model that describes liquid boiling phenomenon under MW irradiation so that 

computational analysis on the process can be performed.   

• Research gap (4). Although the development of a MW boiling model for sin-

gle-component liquid (e.g. water) allows invaluable insights into many im-

portant behavior during MW boiling process, the development of a more gen-

eral model for MW boiling of binary/multi-component liquid mixture is also 

crucial.  This is because, in many industrial processes, MW heating of single-

component liquid is more of an exception than a rule.  For instance, the solvents 

used in extraction processes are typically mixtures of two or more components 

for optimum solubility of targeted extracts (Ngo et al. 2017); the MW-assisted 

biodiesel production involves reactions and evaporation of multiple compo-

nents in the liquid (Yeong et al. 2019).  The boiling of multi-component liquid 

exhibits more intricate physics due to the alteration of vapor pressures by dif-

ferent species and the dynamic change of species concentration in both liquid 

and vapor phases (Kern and Stephan 2003).  Therefore, it is of paramount im-

portance to develop a model that can simulate MW boiling of liquid mixtures, 

so that computational studies of MW liquid boiling can be conducted closer to 

the actual conditions in practical applications. 

1.4 Research questions 

Corresponding to the research gaps identified in the previous sections, the re-

search questions of this research project are as follows: 
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1) During traditional pool boiling, how do the fluid flow, heat and mass transfer 

and vapor bubbles behave in the bulk liquid?  Is the inclusion of a freeboard 

region in pool boiling simulations important? 

2) During liquid heating under simultaneous MW and US irradiation, how do the 

MW power distribution, acoustic field distribution, acoustic cavitation, heat 

transfer, and fluid flow interact with each other?  How is the thermal-fluid be-

havior different from that under individual MW irradiation?  How do operating 

conditions affect the thermal-fluid behavior? 

3) During MW boiling of single-component liquid, how do the fluid flow, heat 

transfer and mass transfer behave?  What are the factors that contribute to the 

occurrence of MW liquid superheating?  What is the superheat dissipation 

mechanism during nucleate boiling induced by, for example, boiling stones or 

anti-bumping granules?  How do the vapor bubbles affect the MW power ab-

sorption distribution? 

4) During MW boiling of binary liquid mixture, how do the fluid flow, heat trans-

fer and mass transfer behave?  How does it differ from that of single-compo-

nent liquid?  How does MW liquid superheating affect the vapor composition?  

How do operating conditions affect the thermal-fluid behavior? 

1.5 Objectives 

As mentioned in Section 1.2, the research aim is to understand the physics of 

liquid heating and boiling under simultaneous MW and US irradiation by means of 

computational multiphysics simulation.  However, the literature review shows that 

several prerequisite research gaps need to be filled before the research aim can be 

achieved, each of which requires substantial research efforts.  Therefore, this research 

is conducted progressively by breaking it down according to the research gaps identi-

fied in Section 1.3, with the intention to approach the research aim, rather than to 

achieve it within the duration of this research project.  In other words, the aim of this 

research is treated as a long-term goal, and the current research is regarded as a step 

towards this long-term goal.  Therefore, the objectives of this research project are as 

follows: 
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1) Develop and validate a macroscopic model for traditional nucleate pool boil-

ing with the inclusion of a freeboard region, and investigate the boiling physics 

in bulk liquid under conventional heating.  This objective fulfills Research gap 

1.  Objective 1 will serve as a basis for Objective 3 and 4. 

2) Develop and validate a computational model that describes liquid heating sub-

ject to simultaneous MW-US irradiation, and investigate the heating phenom-

enon extensively.  This objective corresponds to Research gap 2.  This will also 

constitute a foundation to achieve the long-term goal.  

3) Based on the model developed in Objective 1, develop and validate a numerical 

model that describes MW heating and boiling phenomena in single-compo-

nent liquid (water), and investigate the associated physics.  This objective cor-

responds to Research gap 3. This will also serve as a stepping stone for Objec-

tive 4. 

4) Based on the model developed in Objective 3, develop and validate a numerical 

model that describes heating and boiling phenomena in binary liquid mixtures 

(methanol-water mixture) under MW irradiation, and investigate the associ-

ated physics.  This objective corresponds to Research gap 4. This will also be 

one of the bases to achieve the long-term goal.  

The relationship between each objective is illustrated in Figure 1.6.  A more 

detailed description of each objective will be presented in the subsequent chapters 

(Chapter 4 - 7).   

 

Figure 1.6: The relationship between each objective and long-term goal. The solid ar-
row represents the dependencies on both the computational method and outcomes, 
whereas the broken arrow represents the dependency on the outcomes only. 

1

3

4

2

Long-term goal



19 
 

1.6 Novelties and contributions of the research 

The novelties and contributions of this research project are as follows: 

1) Multiple first-of-its-kind numerical multiphysics models are developed and 

validated in this research, which include: 

(a) A new macroscopic pool boiling model with the ability to simulate 

nucleate pool boiling with the inclusion of a freeboard region. 

(b) A new simultaneous MW-US liquid heating model, with the formu-

lation of a new theoretical-based non-linear acoustic streaming 

model. 

(c) A new MW boiling model for single-component liquid, which is 

based on the model framework of (a). 

(d) A new MW boiling model for binary liquid mixtures, with the in-

troduction of a new hybrid multiphase boiling model. 

2) This research project provides new scientific discoveries and fundamental 

understanding of the following aspects: 

(a) Boiling physics in the bulk liquid during traditional nucleate pool 

boiling. 

(b) Liquid heating subject to simultaneous MW-US irradiation. 

(c) Heating and boiling of single-component liquid subject to MW ir-

radiation. 

(d) Heating and boiling of binary liquid mixtures under MW irradiation. 

3) This thesis provides a comprehensive literature review of computational 

studies on MW liquid heating, US sonication in liquid, and liquid boiling. 

4) Most of the computational models in this research are developed in open-

source CFD toolbox, OpenFOAM.  Despite its very desirable open-source 

nature, this software is ‘infamous’ for its steep learning curve, mainly due 

to the lack of proper documentation of its code implementation.  This thesis 

provides comprehensive documentation of some of the numerical imple-

mentations in OpenFOAM, which are rarely reported in the literature.  This 

will be helpful to other researchers when using OpenFOAM for simulations 

of similar problems. 
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1.7 Significance of research 

 The new models and findings in this research project are able to facilitate un-

derstanding of the complex mechanisms of liquid heating and boiling phenomena 

when subject to MW and US irradiation, and thus could open up new avenues for the 

design, improvement, optimization, and scale-up of MW- and US- assisted chemical 

or physical processes, such as extraction, organic synthesis, distillation, reactive dis-

tillation, bio-diesel production, and food processing.  Thus, this research project helps 

to accelerate the development of these new technologies so that they can be commer-

cialized at industrial scales.  Besides, the outcomes of this research project also serve 

as an important foundation for future works, such as liquid boiling under MW and US 

irradiation (i.e. the long-term goal of this research), and incorporation of solid-liquid 

interactions and reactions. 

1.8 Thesis outline 

 The remainder of the thesis is outlined as follows: 

• Chapter 2 provides a comprehensive literature review on the existing compu-

tational works on MW liquid heating, US sonication, and liquid boiling. 

• Chapter 3 provides an overview of the methodology to accomplish the research 

objectives. 

• Chapter 4 describes the work conducted to achieve Objective 1.  It includes the 

description of model development, model validations, investigation of boiling 

physics in bulk liquid during traditional pool boiling, and investigation of the 

roles of freeboard regions in pool boiling simulation. 

• Chapter 5 describes the work conducted to achieve Objective 2.  Model devel-

opment and validation are presented in this chapter.  The thermos-fluid behav-

ior during liquid heating under simultaneous MW-US irradiation is investi-

gated.  In addition, the effects of some operating conditions are studied. 

• Chapter 6 presents the work conducted to achieve Objective 3, which includes 

model development, validation, and numerical studies.  The origins of MW 
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superheating effect in liquid during boiling are investigated, and the mecha-

nisms of superheat dissipation by anti-bumping granules are presented. 

• Chapter 7 presents the work conducted to achieve Objective 4, which includes 

model development, validation, and numerical studies.  The liquid superheat-

ing phenomenon in binary liquid mixtures and its effect on the fluid flow and 

the composition of the released vapor are investigated.  Furthermore, the ef-

fects of several operating conditions are examined. 

• Chapter 8 outlines the major findings and conclusions of this research project.  

Suggestions for future research are also given. 

1.9 Closure 

In this chapter, the background of several important subjects is described, 

which includes MW liquid heating, US sonication, simultaneous MW and US irradia-

tion, and liquid boiling.  Then, the problem statement, aim, and research direction are 

outlined.  Next, the research gaps are identified and the corresponding research ques-

tions are raised.  Furthermore, the objectives of this research are put forward in re-

sponse to the research gaps.  After that, the novelties and significance of the research 

are discussed.  Finally, the outline of this thesis is given.  In the next chapter, a litera-

ture review of the related computational works will be presented. 
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CHAPTER 2  

LITERATURE REVIEW 

 This chapter provides a comprehensive survey and review of the computational 

studies available in the literature on three major fields, namely MW liquid heating, US 

liquid sonication, and liquid boiling. 

2.1 Computational studies on MW liquid heating 

MW liquid heating plays important roles in a wide range of industrial processes, 

such as food processing and sterilization, but it suffers from poor temperature uni-

formity.  From a physical perspective, MW liquid heating is an intricate process that 

involves the complex coupling of electromagnetism, heat transfer, and fluid flow 

(Salazar-González et al. 2012).  Due to the associated complexity, computational sim-

ulation is extensively adopted to study the process.  For the modelling of electromag-

netic wave propagation, two approaches are generally employed, namely Lambert’s 

law and Maxwell’s equations (Law et al. 2016).  Lambert’s law approximates the MW 

power distribution in a sample by assuming the exponential decay of MW power from 

the sample surface.  Lambert’s law can be mathematically described as (Kumar and 

Karim 2019): 

( ) 2
0

MW MW x
Q x Q e

α−=    (2.1) 

where MWQ  [ 3W m ] is the volumetric MW power absorption, x  is the distance from 

the material surface [ m ], 0
MW

Q  is the MW power at the material surface, and α  is the 
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MW attenuation constant [ 1m− ].  The α  depends on the MW wavelength and material 

properties.  It is given by (Kumar and Karim 2019): 

( )( )1 221 tan 12

2

r

MW

ε δπα
λ

+ −
=    (2.2) 

where MWλ  is the MW wavelength [ m ], rε  is the relative dielectric constant or rela-

tive permittivity of the material, and tanδ  is the loss tangent of the material.  Lam-

bert’s law approach is simple to implement, but it is only valid for large samples with 

simple configurations.  On the other hand, solving Maxwell’s equations provides a full 

description of the electromagnetic field distribution in a sample as well as the MW 

cavity, which is more accurate and reliable that Lambert’s law (Kumar and Karim 

2019).  Thus, the latter approach is generally more preferable in MW heating simula-

tions.  Maxwell’s equations are given as: 

( )
t

µ∂
∇× = −

∂
H

E    (2.3) 

( )
t

ε∂
∇× =

∂
E

H J +    (2.4) 

( ) 0ε∇ ⋅ =E    (2.5) 

( ) 0µ∇⋅ =H    (2.6) 

where E  is the electric field [ V m ], H  is the magnetic field [ -1Am ], J  is the current 

density [ -2Am ], ε  and µ  are the permittivity [ -1Fm ] and permeability [ -1Hm ] of the 

medium, respectively.  As for the modeling of heat transfer and fluid flow, it is typi-

cally achieved by solving coupled Navier-Stokes (momentum) and energy conserva-

tion equations with the inclusion of MW heat source computed from either Lambert’s 

law or Maxwell’s equations.  

In the literature, computational studies of MW liquid heating can be broadly 

classified into two categories, namely MW batch liquid heating and MW continuous 

liquid heating.  In the following, a survey of these categories will be given. 
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2.1.1 MW liquid batch heating 

 MW liquid batch heating refers to the MW heating of a fixed amount of still 

liquid in a MW applicator or cavity.  The typical MW applications can be generally 

classified into mono-mode cavities and multi-mode cavities, as illustrated in Figure 

2.1. In a mono-mode MW cavity, a stable single-standing wave is generated inside the 

cavity for more controlled heating of a sample (Stefanidis et al. 2014).  The size of a 

mono-mode cavity is usually designed small to avoid the formation of higher MW 

mode. This imposes a limitation on the sample size that can be heated in the cavity.  

On the other hand, a multi-mode MW cavity is a large closed cavity which allows the 

formation of more than one mode of electromagnetic fields through multiple reflec-

tions at the conducting cavity walls (Chandrasekaran et al. 2012).  Unlike the mono-

mode cavity, this cavity can be made large for heating of samples with large volumes 

or heating of arrays of samples.  The typically seen MW oven is a type of multi-mode 

cavity. 

         

(a)      (b) 

Figure 2.1: Schematics of a (a) mono-mode MW cavity and (b) multi-mode MW 
cavity. 

In order to optimize MW liquid heating process, computational modelling of 

MW liquid batch heating had been extensively conducted for the last three decades.  

Datta et al. (1992) were among the first who performed a numerical study on MW 

liquid batch heating.  They developed a 2-D axisymmetric model, which adopted Lam-

bert’s law, to study MW heating of a cylindrical liquid sample in a MW oven.  Their 

results showed that liquid circulation happens due to temperature gradient.  Ayappa et 

Magnetron

Waveguide

Multi-mode 
MW cavity
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MW
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al. (1994) investigated MW induced liquid convection in a 2-D square cavity numeri-

cally.  Maxwell’s equations, heat, and momentum conservation equations were solved.  

Their study revealed that natural convection has significant effects on the temperature 

distribution.  Franca and Haghighi (1996) proposed Lambert’s law based adaptive fi-

nite element methodology for simulation of heating in a cylindrical liquid sample un-

der radial MW irradiation.  The simulation results showed good agreement with ex-

perimental data.  Zhang et al. (2000) developed the first 3-D model to study MW heat-

ing of corn oil and water in a multi-mode MW cavity.  This model solved coupled 

Maxwell’s equations, momentum, and heat conservation equation.  They demonstrated 

that the MW power distribution in the liquid changes significantly with heating time 

due to the drastic change of liquid dielectric properties.   

 Unlike most of the pioneering works which did not include experimental vali-

dation, Ratanadecho et al. (2002) conducted a numerical investigation on MW liquid 

heating with complete experimental validation.  In their experiment, a rectangular liq-

uid (water and saltwater) layer was heated in a mono-mode MW waveguide reactor, 

with the liquid free surface facing the incident MW.  A 2-D model that solves coupled 

Maxwell’s equations, heat, and momentum equations was developed to simulate the 

heating process.  Marangoni effect was taken into account in the model.  The compu-

tational domain is shown in Figure 2.2.  The predicted spatial and temporal tempera-

ture profile agreed well with the experimental data.  The results showed that the liquid 

temperature reduces exponentially with depth due to the limited penetration depth of 

MW in liquid.   

 

Figure 2.2: The computational domain of the MW water heating model by 
Ratanadecho et al. (2002).  Reprinted and adapted from Ratanadecho et al. (2002), 
with permission from Elsevier. 
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The experimental setup and computational model of Ratanadecho et al. (2002) 

were subsequently used by Ratanadecho’s co-workers to further study MW liquid 

heating.  Cha-um et al. (2011) and Klinbun and Rattanadecho (2012a) studied the ef-

fects of sample dimension and position on MW heating of water and oil layer.  It was 

found that the sample with a dimension close to the MW penetration depth has a higher 

heating rate due to the formation of standing waves.  Klinbun et al. (2011) further 

extended Ratanadecho’s model to study the MW heating of a saturated packed bed.  It 

was shown that the bead size influences the flow pattern, and small bead size leads to 

higher MW absorption.  With a similar model, Klinbun and Rattanadecho (2012b) 

study MW heating of a multi-layer porous packed bed.  The study showed that the 

configuration of the multi-layer pack bed has significant impacts on the heating due to 

the different porosity and permeability.  In their subsequent work, Klinbun and 

Rattanadecho (2016) investigated MW heating of a multi-layer liquid and an emulsion 

layer.  The simulation results indicated that water-oil liquid layer can be heated more 

rapidly if the preceding layer facing the incident MW is oil, due to the higher MW 

transmittance into the sample.  Despite the in-depth computational analysis contributed 

by Ratanadecho and co-workers, their studies were in 2-D with simple configurations, 

so their findings might have limited applications. 

 In another study, Basak (2004) performed a computational study to investigate 

MW batch heating of a 1-D oil-water emulsion slab by solving Maxwell’s equations 

and heat balance equations.  The emulsion was, however, treated as a solid.  He con-

cluded that MW power absorption in the emulsion slab strongly depends on the die-

lectric properties of the continuous phase.  Chatterjee et al. (2007) numerically studied 

the influence of rotation (about the sample central axis) on the heating of a cylindrical 

water sample under radial MW irradiation based on  Lambert’s law.  The simulation 

results showed that rotation reduces heat uniformity due to the Coriolis effect, which 

pushes less dense hot liquid to the sample peripheral where MW power absorption is 

higher. Yan et al. (2010) examined the effect of stirring on the MW heating of a cylin-

drical water sample in a multi-mode cavity.  In their numerical model, coupled Max-

well’s equations, momentum, and energy equations were solved.  They discovered that 

the increase of stir speed improves heat uniformity, but the improvement reduces with 

stir speed.  Samanta and Basak (2010) numerically investigated the effects of metal 

annuli on the MW heating of a cylindrical oil-water emulsion.  Their 2-D simulation 
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studies showed that the presence of reflective metal annuli within the emulsion helps 

to improve the heating rate and uniformity due to additional MW reflection at the an-

nulus surface.  

 More recently, Choi et al. (2011) modelled combined MW and Ohmic heating 

of liquid-solid food in a multimode cavity.  Maxwell’s equations and Laplace’s equa-

tion were solved to obtain MW and Ohmic heat sources, respectively.  The solid and 

liquid were thermally coupled.  The simulation results revealed that the combination 

of Ohmic and MW heating reduces the temperature difference between liquid and solid 

food.  Sturm et al. (2012) studied MW liquid heating in a single-mode MW cavity 

experimentally and numerically.  In their experiment, an innovative method that made 

use of thermal papers to obtain the qualitative temperature distribution (e.g. location 

of the hotspots) in the liquid sample was introduced, as shown in Figure 2.3.  In their 

numerical model, Maxwell’s equations, heat, and momentum equations were solved.  

Besides, a unique magnetron sub-model was introduced to account for the changes of 

MW power and frequency due to the reflection of MW back to the magnetron.  They 

concluded that the MW heating is non-uniform and is very sensitive to sample geom-

etry and operating conditions, due to the resonant nature of the MW field in the cavity.  

Cherbański and Rudniak (2013) developed a 3-D model to predict the temperature 

distribution in water during MW heating in a mono-mode MW cavity.  Maxwell’s 

equations, momentum, and energy equations were solved.  Their simulation results 

showed that the local temperature increases rapidly during the initial stage and then 

reduces due to convection heat transfer.   

 Liu et al. (2014) simulated MW heating of a solid fish slice submerged in water 

in a multi-mode cavity by solving Maxwell’s and energy equations.  In their model, 

however, the liquid flow was not considered.  The convection heat transfer was ac-

counted for by artificially increasing the thermal conductivity of water.  The simulated 

temperature profile agrees well with the experimental data.  Yeong et al. (2017) sim-

ulated MW batch water heating in a multi-mode MW oven using COMSOL Mul-

tiphysics software to study the effect of MW frequency.  It was concluded that the 

heating rate at 2 GHz is higher than that of 2.45GHz.  Navarro et al. (2019) studied 

MW radial heating of water and ethanol samples in a mono-mode reactor experimen-

tally and numerically.  Maxwell’s equations, momentum, and energy equations were 
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solved in their model using spectral element method.  The results showed that the tem-

perature and flow patterns are different in both liquids due to the different dielectric 

properties.  Kubo et al. (2019) computationally examined the peroxidase enzyme in-

activation in fruit juices MW heated in a mono-mode cavity.  Coupled Maxwell’s 

equations, momentum and energy equations and enzyme inactivity kinetic model were 

solved.  The results showed that the cold spot is located in the lower region of the 

sample, which is undesirable for enzyme inactivation and thus needs to be minimized.   

 

Figure 2.3: Qualitative visualization of temperature distributions in the water sample 
using thermal papers.  Reprinted and adapted from Sturm et al. (2012), with permission 
from Elsevier. 

2.1.2 MW liquid continuous heating 

With the emerging technologies, continuous flow systems have been success-

fully integrated with MW heating to achieve rapid heating of liquid stream continu-

ously. This is commonly accomplished by exposing a portion of an applicator 

tube/duct containing continuous liquid flow to MW irradiation in a MW applicator or 

cavity.  A typical continuous MW liquid heating system is illustrated in Figure 2.4.  

Continuous MW heating systems are generally found to be superior to the batch coun-

terpart, in terms of heating rate, energy efficiency, product quality, and reproducibility 

(Chandrasekaran et al. 2012).  However, it is relatively more complex due to additional 

parameters that need to be considered, such as the flow rate, the size of the applicator 

duct and cavity, and the liquid residence time in the applicator. This sparked lots of 

interest among researchers to study and improve the process.   
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Figure 2.4: A typical continuous MW liquid heating system, consisting of a waveguide, 
a MW applicator, and a duct with continuous liquid flow.  Reprinted and adapted from 
Salvi et al. (2010), with permission from Taylor & Francis. 

Numerous computational investigations on MW continuous liquid heating had 

been reported in the literature.  In some earlier works, a simplified approach was usu-

ally adopted, where the MW volumetric heat source was assumed homogeneous and 

the flow inside the duct was presumed to obey simple profiles.  For example, Mudgett 

(1986) predicted the temperature and lethality during MW heating of apple juice based 

on the assumption of homogeneous MW absorption and plug flow profile in the flow.  

Bail et al. (2000) presented a simple model to predict heating in MW heated tube-flow, 

which assumed homogeneous MW heat dissipation and laminar parabolic flow profile.  

The homogeneous assumption of MW power is clearly non-physical and unreliable, 

as the MW power distribution is far from being homogeneous in most cases.  In the 

modelling work of Datta (1992) for MW continuous heating of liquids in a cylindrical 

duct, Lambert’s law was used to predict the MW power absorption and a laminar flow 

distribution was assumed.  It was concluded that MW heating leads to higher thermal 

destruction between the center and wall location of the flow compared to conventional 

heating.  In the subsequent work, Datta and Hu (1992) concluded that certain combi-

nations of MW power and thermo-physical properties can lead to poorer heat uni-

formity than conventional heating. 

In recent years, Salvi and co-workers published a series of more complex, 

physical-based simulation works on continuous MW heating of liquid using commer-

cial software packages, which include ANSYS and COMSOL.  M. Sabliov et al. (2006) 

developed a 3-D model using ANSYS to simulate MW continuous water heating in a 
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circular duct, which solves Maxwell’s equations and coupled momentum and energy 

equations.  The dielectric properties were however assumed constant.  The model pre-

dicted high temperatures near the center region of the duct and near the wall region 

opposite to the MW incident direction.  Using a similar model, Salvi et al. (2007) 

numerically studied the MW continuous heating of ballast water for the elimination of 

invasive species.  This study concluded that dielectric properties and residence time of 

fluid in the cavity have the highest influence on the temperature distribution.  Salvi et 

al. (2010) conducted a critical comparison between ANSYS and COMSOL on their 

capability to simulate continuous MW liquid heating.  They concluded that COMSOL 

provides a more flexible model setup but requires more memory than ANSYS.  In their 

subsequent work, Salvi et al. (2011) computationally studied MW continuous heating 

of both Newtonian fluid (tap water) and non-Newtonian liquid (CMC solution) in a 

circular duct.  Temperature-dependent dielectric properties were considered.  Illustra-

tions of the predicted temperature distribution of the flow in the duct cross-section are 

shown in Figure 2.5.  It was concluded that the CMC solution absorbed more MW 

power than tap water as the dielectric loss of CMC solution increases with temperature, 

whereas that of tap water decreases with temperature.  Yousefi et al. (2013) examined 

the effect of inlet velocity and applicator dimension numerically.  The results showed 

that the increase of inlet velocity reduces the overall liquid temperature, and the heat 

absorption drops significantly when the applicator dimension is beyond a critical value. 

              

(a)      (b) 

Figure 2.5 Cross sectional temperature distribution of (a) CMC solution and (b) tap 
water in a circular duct during MW continuous heating.  Reprinted and adapted from 
Salvi et al. (2011), with permission from Elsevier. 
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Besides, Zhu and co-workers had also made extensive contributions to the nu-

merical simulation of MW continuous heating of liquid flow as well as solid-liquid 

flow.  Zhu et al.  performed numerical simulations to study the MW heating of non-

Newtonian liquid flowing in circular (Zhu et al. 2007a) and rectangular ducts (Zhu et 

al. 2007c).  Coupled Maxwell’s, momentum and energy equations were solved in their 

model.  The results indicated that high temperature is located near the center region 

for the circular duct and at the corners for the rectangular duct.  In their subsequent 

work, Zhu et al. (2007b) extended their model to simulate MW heating of liquid flow 

with a single moving solid spherical particle.  Solid-liquid interaction was incorporated 

into their model using Force-coupling method.  The simulation results showed that the 

heat distribution in the solid particle strongly depends on its spatial position, and the 

particle absorbs more energy in high-loss liquid.  Subsequently, Zhu et al. (2008) mod-

elled MW heating of liquid carrying multiple spherical solid particles.  The results 

revealed that the particles gain most of the heat from MW irradiation rather than from 

the surrounding liquid, and particle collisions widen the residence time distribution of 

the particles, which in turn increases the MW power absorption difference among par-

ticles.  Despite the valuable insights provided by the works of Zhu and co-workers, no 

experimental validation was provided. 

More recently, Muley and Boldor (2012) numerically simulated a continuous 

flow MW-assisted transesterification process in a circular duct.  The results indicated 

that peripheral heating is more dominant in the oil ethanol catalyst mixture compared 

to water due to the higher dielectric loss in the former liquid.  Patil et al. (2014) per-

formed a computational study on MW continuous heating in a milli concentric tube 

reactor-heat exchanger.  Fully coupled Maxwell’s equations, momentum, and heat 

equations were solved.  The results showed that the reactant temperature at the stagnant 

region near the wall is four times higher than that in the center region, and high flow 

rates help to limit the overheating condition near the walls.  Choi et al. (2015) pre-

sented a new model that combines both Ohmic heating and MW heating for continuous 

liquid flow with solid particles in a circular duct.  The solid-liquid interaction was 

achieved through Eulerian-Langrangian approach and the motion of solid particles was 

realized by using a moving mesh technique.  The results revealed that a combination 

of Ohmic and MW heating reduces the temperature difference between the solid par-

ticles and liquid.  Cuccurullo et al. (2016) modelled forced convection of water in a 
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circular duct under MW irradiation.  With the assumption of a parabolic laminar flow 

pattern, only Maxwell’s and heat balance equations were solved.  Comparisons of sim-

ulated and measured temperature profiles show good agreement.  Tuta and Palazoğlu 

(2017) numerically simulated MW heating of CMC solution and distilled water flow-

ing in a helical duct.  The results showed that distilled water has better heat uniformity 

compared to viscous CMC solution due to the formation of more intense secondary 

flow in the distilled water.  Zhu et al. (2017) computationally investigated MW heating 

in a continuous-flow MW reactor with a propeller screw by solving Maxwell’s equa-

tion, momentum, and heat equations.  The rotation of the propeller screw was achieved 

by using Arbitrary Langragian-Eulerian moving mesh technique.  The results showed 

that the application of a propeller screw greatly improves the thermal homogeneity in 

the flow by 88 – 96 %, and helps to prevent liquid stagnation near the wall. Apicella 

and Romano (2019) compared Lambert’s law and Maxwell’s equations in the model-

ling of MW continuous liquid heating and showed that Lambert’s law is less accurate 

due to the inability to capture the oscillatory behavior in the electromagnetic fields. 

2.1.3 Summary and review of the computational studies of MW liquid heating 

The computational studies of MW liquid heating reported in the literature are 

summarized in Table 2.1 and Table 2.2.  The literature survey shows that significant 

advancement had been achieved in understanding the physics of MW liquid heating 

through computational studies.  Nevertheless, it is evident that the reported computa-

tional works in the literature were limited to the MW heating of single-phase liquid, 

mostly at temperatures well below the boiling temperatures.  Based on the authors’ 

best knowledge, an exhaustive computational multiphysics study of MW heating of 

liquid up until boiling condition (i.e. with phase change and vapor bubble formation) 

is yet to appear in the literature.  In fact, in many practical applications such as extrac-

tion and organic synthesis processes, the liquid or solvent used is usually under boiling 

or reflux conditions, as high temperatures are commonly necessary for optimum pro-

cess efficiency (Bendicho and Lavilla 2000, Mustapa et al. 2015, Chan et al. 2014).  

Liquid boiling is inherently more complex than liquid heating due to the presence of 
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two-phase vapor-liquid flow with intensive momentum, heat and mass transfer be-

tween phases.  Besides, when the aforementioned applications are conducted under 

MW irradiation, the potential liquid superheating and superboiling effects by MW dur-

ing the boiling process further complicate the problem (Michael P áMingos 1992, 

Chemat and Esveld 2001, Ferrari et al. 2015).  Despite the experimental efforts in the 

investigation of MW liquid superheating and superboiling phenomena (as introduced 

in Section 1.1.1), there is no computational study on these topics.  Therefore, to better 

understand the process, there is a compelling need to develop a multiphysics model 

that describes the liquid heating and boiling phenomena under MW irradiation and 

perform in-depth computational analysis on the process. This shortcoming in the liter-

ature corresponds to the Research gap 3 and 4, and Objective 3 and 4. 

Table 2.1: Computational works on batched MW liquid heating.  ‘L’ represents Lam-
bert’s law and ‘M’ represents Maxwell’s equations. 

Authors Cases Method 
Is model fully 

coupled? 
T range 

(ºC) 

Datta et al. (1992) 
Radial MW heating of cylindrical water 

sample in multi-mode oven. 
L Yes 25 – 45 

Ayappa et al. (1994) 
MW heating of oil and water in a square 

cavity. 
M No 27 – 97 

Franca and Haghighi 
(1996) 

Radial MW heating of a cylindrical water 
sample. 

M Yes 25 – 45 

Zhang et al. (2000) 
MW heating of corn oil and water in a 

multi-mode cavity. 
M Yes 25 – 90 

Ratanadecho et al. 
(2002) 

MW heating of water and salt water layer in 
a mono-mode waveguide cavity. 

M Yes 0 – 45 

Cha-um et al. (2011) 
MW heating of water and oil layer in a 

mono-mode waveguide cavity. 
M Yes 28 – 75 

Klinbun and 
Rattanadecho (2012a) 

MW heating of water layer in a mono-mode 
waveguide cavity. 

M Yes 28 – 60 

Klinbun et al. (2011) 
MW heating of saturated packed bed layer 

in a mono-mode cavity. 
M Yes 28 – 55 

Klinbun and 
Rattanadecho (2012b) 

MW heating of multi-layer porous packed 
bed layer in a mono-mode cavity. 

M Yes 28 – 60 

Klinbun and 
Rattanadecho (2016) 

MW heating of oil-water liquid layer and 
emulsion layer in a mono-mode cavity. 

M Yes 28 – 70 

Basak (2004) MW heating of oil-water emulsion slab. M No 25 – 87 

Chatterjee et al. (2007) 
Radial MW heating of cylindrical water liq-

uid sample under rotation. 
L No 25 – 50 

Yan et al. (2010) 
Radial MW heating of cylindrical water 

sample with stirring. 
M Yes 20 – 110 

Samanta and Basak 
(2010) 

MW heating of cylindrical oil-water emul-
sion with insertion of metal annulus. 

M No 25 – 107 
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Choi et al. (2011) 
Combined MW and Ohmic heating of liq-

uid-solid food in a multi-mode cavity. 
M Yes 25 – 80 

Sturm et al. (2012) 
MW heating of cylindrical water sample in 

a mono-mode cavity. 
M Yes 25 – 90 

Cherbański and 
Rudniak (2013) 

MW heating of cylindrical water sample in 
a mono-mode cavity. 

M No 25 – 50 

Liu et al. (2014) 
MW heating of solid-liquid (fish-water) 

food in a multi-mode cavity. 
M No 20 – 100 

Yeong et al. (2017) 
MW heating of water in a multi-mode cav-

ity. 
M No 25 – 45 

Navarro et al. (2019) 
MW heating of water and ethanol in a sin-

gle-mode reactor. 
M Yes 25 – 70 

Kubo et al. (2019) 
Peroxidase enzyme inactivation in fruit 

juices MW heated in a mono-mode cavity. 
M Yes 20 – 70 

 

Table 2.2: Computational works on continuous MW liquid heating. ‘L’ represents 
Lambert’s law and ‘M’ represents Maxwell’s equations. 

Authors Cases Methods 
Is model 
fully cou-

pled? 

T range 
(ºC) 

Mudgett (1986) 
MW continuous heating of apple juice in circular 

tube. 

Uniform 
MW ab-
sorption 

No - 

Datta (1992) MW heating of liquid in circular duct. L No - 

Datta and Hu 
(1992) 

MW heating of water in circular duct. 
Uniform 
MW ab-
sorption 

No - 

Bail et al. 
(2000) 

MW continuous water heating in a circular duct. M No 20 - 65 

M. Sabliov et al. 
(2006) 

MW continuous water heating in a circular duct. M No 25 - 42 

Salvi et al. 
(2007) 

MW continuous ballast water heating in a circu-
lar duct. 

M No 25 – 65 

Salvi et al. 
(2010) 

Comparison between ANSYS and COMSOL for 
the simulation of MW continuous water and salt 

water heating in a circular duct. 
M No 25 – 85 

Salvi et al. 
(2011) 

MW heating of tap water and CMC solutions in a 
circular duct. 

M Yes 
22 – 
100 

Yousefi et al. 
(2013) 

MW heating of water in a circular duct. M Yes 25 – 52 

Zhu et al. 
(2007a) 

MW heating of liquid food in a circular duct. M Yes 25 - 88 

Zhu et al. 
(2007c) 

MW heating of liquid food in a rectangular duct. M Yes 25 – 65 

Zhu et al. 
(2007b) 

MW heating of liquid with a solid particle in a 
cylindrical duct. 

M Yes 20 – 96 

Zhu et al. (2008) 
MW heating of liquid with multiple solid parti-

cles in a cylindrical duct. 
M Yes 

20 – 
144 

Muley and 
Boldor (2012) 

MW-assisted transesterification process, only 
thermos-fluid behavior considered. 

M Yes 20 – 90 
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(Patil et al. 
2014) 

MW heating of reactant mixture in a milli con-
centric tube reactor-heat exchanger. 

M Yes 30 – 80 

Choi et al. 
(2015) 

Combined MW and Ohmic heating of particulate 
foods. 

M Yes 
23 – 
100 

Cuccurullo et al. 
(2016) 

MW heating of water in a circular duct. M Yes 25 – 50 

Tuta and 
Palazoğlu 

(2017) 

MW heating of liquid in water and CMC solu-
tions in a helical tube. 

M Yes 25 – 80 

Zhu et al. (2017) 
MW heating of liquid flow in a reactor with a 

propeller screw. 
M No 15 -50 

Apicella and 
Romano (2019) 

Compared Lamber’s law and Maxwell’s equation 
in MW heating of liquid food. 

M&L Yes 30-105 

 

2.2 Computational studies on US sonication 

US sonication process in liquids, accompanied by acoustic cavitation, is an ex-

tremely complex process, which involves a wide range of physics that takes place at a 

wide range of length and time scales (Louisnard and González-García 2011).  For in-

stance, acoustic wave propagation occurs at a length scale and time scale of centime-

ters and micro-seconds respectively, whereas acoustic cavitation occurs at a length 

scale and time scale of micrometers and pico-seconds respectively.  To better under-

stand the phenomena associated with US sonication, a large number of computational 

studies had been conducted, although the currently available numerical models are far 

from describing the process completely and accurately (Tudela et al. 2014).  The com-

putational studies on US sonication reported in the literature could be broadly classi-

fied into three categories, namely the studies of acoustic pressure distribution, the stud-

ies of microscopic acoustic cavitation bubble dynamics/effects, and the studies of the 

US-induced macroscopic effects in various processes. 

2.2.1 Acoustic pressure distribution 

 The knowledge of acoustic pressure distribution during US sonication in a sam-

ple is critical in the prediction of the location and intensity of cavitation events, and 
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thus the effectiveness of a US sonication process.  However, the acoustic pressure dis-

tribution in a liquid sample is highly non-uniform and non-linear due to interactions 

of acoustic wave with cavitation bubbles, absorption of acoustic energy by liquid and 

cavitation bubbles, reflections at the sample boundaries, the formation of standing 

waves, and wave interference (Louisnard 2012).  Consequently, this makes the design 

and optimization of US-assisted processes challenging.  Fortunately, with the emer-

gence of computation technology, computational simulation has shown to be a useful 

tool to predict the spatial distribution of acoustic fields in sono-reactors.  The compu-

tation models used for this purpose can be classified into two types, namely linear 

models and non-linear models.  In the following, a survey of research studies based on 

these models will be presented.  An alternative survey can also be found in the recent 

review paper published by Tudela et al. (2014). 

Acoustic pressure distribution based on linear models 

 One of the most widely used computational methods in acoustic field simula-

tion is by solving a linear Helmholtz or wave equation, which describes the linear 

propagation of sound in liquid.  The linear Helmholtz can be mathematically expressed 

as: 

2 2 0P k P∇ + =    (2.7) 

where P  is the acoustic pressure [ Pa ], and k  is the wavenumber [ -1m ].  The k  can 

be generally expressed as a complex number: 

rk k jα= −    (2.8) 

Here, the real part ( )r Pk cω=  describes the spatial frequency of the pressure wave, 

where Pω  is the angular frequency [ -1rads ] of the pressure wave and c  is the sound 

speed [ -1ms ].  The imaginary part α  is known as attenuation coefficient [ -1m ], which 

dictates the attenuation of the wave.  This method is very attractive in the design and 

characterization of sono-reactors due to its simplicity.  For instance, Saez et al. (2005) 

solved linear Helmholtz equation to characterize a 20 kHz sono-reactor.  Wave atten-

uation was however not considered in the model.  The results showed that the main 

active zone is located near the US emitter and gradually attenuates with distance from 
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the emitter.  Klima et al. (2007) utilized linear Helmholtz equation to optimize a 20 

kHz sono-reactor cell.  The results indicated that the cell dimension and the submerg-

ence depth of US horn greatly affect the acoustic pressure distribution. The acoustic 

field distributions for un-optimized and optimized reactor configurations are shown in 

Figure 2.6, where the latter gives a larger volume of liquid with high acoustic intensity.  

Bargoshadi and Najafiaghdam (2009) optimized a US dispersion system with two 

transducers by solving a linear Helmholtz equation.  The results showed that the dis-

tance between the two transducers strongly influences the distribution and intensity of 

the acoustic pressure due to interference.   

   

(a)     (b) 

Figure 2.6: Simulated acoustic field distribution in an (a) un-optimized and (b) opti-
mized reactor.  Reprinted and adapted from Klima et al. (2007), with permission from 
Elsevier. 

 Yasui et al. (2007a) and Louisnard et al. (2009) investigated the effect of solid 

boundary vibration on the US propagation in sono-reactors based on linear acoustic 

models.  In these studies, a linear Helmholtz equation was solved in conjunction with 

elasto-dynamics to account for the effect of vibrating wall.  Unlike the previously cited 

studies, the effect of wave attenuation was considered in these study.  However, the 

attenuation factor was not computed based on physical considerations but was rather 

varied arbitrarily to see its effects.  The results of the former study showed that wall 

vibration significantly affects the acoustic field, and the wave attenuation reduces the 

influence of acoustic emission from the vibrating wall on the field.  The latter study 

concluded that both wall vibration and wave attenuation can significantly change the 
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resonant modes, and thus the location of high acoustic intensity.  Sutkar et al. (2010) 

predicted the sound field in a sonochemical reactor using a linear Helmholtz model.  

The damping of the wave due to liquid viscosity was considered.  The results showed 

that the pressure is maximum in the immediate vicinity of the horn and then decreases 

drastically with the distance from the horn.  Mutasa et al. (2010) investigated acoustic 

pressure distribution in cylindrical reactors of different sizes using Pzflex code, pre-

sumably by solving a linear Helmholtz equation (details not provided).  The simula-

tions showed that great efficiency is achieved when operating at resonance.  Shao et 

al. (2010) predicted the profile of standing waves in molten metal for agglomeration 

of oxidation inclusions by solving a linear Helmholtz equation.  Wave attenuation was 

neglected.  Some qualitative agreement was achieved between simulation and experi-

mental results.  It was found that the inclusions with apparent densities close to the 

melt could agglomerate at the nodes of the standing wave faster.  SHAO et al. (2011) 

characterized the acoustic pressure field in molten magnesium alloy for grain refine-

ment by solving a linear Helmholtz equation.  They concluded that high acoustic pres-

sure does not only occur near the horn tip but also in other areas, which results in 

different grain refinements in different locations.  Tudela et al. (2011) solved a linear 

Helmholtz equation coupled with solid wall vibration to investigate the influence of 

transducer-electrode and electrode-wall gaps on the US field propagation in a sono-

electrochemical reactor.  The effect of wave attenuation was considered. However, this 

was done by employing subjectively chosen attenuation coefficients in the Helmholtz 

equation.  The results showed that by carefully tuning of the gap sizes and the operating 

frequency, high amplitudes of antinodes can be achieved at the electrode for enhanced 

performance, and away from the sonotrode for minimal erosion.  Using a model similar 

to Louisnard et al. (2009), Harzali et al. (2012) simulated the acoustic field in a sono-

reactor to investigate the experimentally observed relationship between acoustic power 

dissipation and liquid height during sono-crystallization.  The predicted liquid heights 

where high energy dissipation occurs (i.e. resonance) correlates well with the meas-

ured trend. Shu et al. (2012) solved a linear Helmholtz equation to characterize acous-

tic pressure at different zones in organic alloy.  The computed pressure was used to 

study cavitation behavior and concluded that cavitation strength is much stronger near 

the US probe. 
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Although the results produced by the linear models adopted in the aforemen-

tioned studies showed certain agreements with experimental observations, they are in-

capable of describing the complex phenomena associated with acoustic wave propa-

gation in liquid with acoustic cavitation, as they do not account for the backward ef-

fects of cavitation bubbles on the wave propagation.  When a high-intensity acoustic 

wave propagates in liquid, cavitation bubbles emerge and oscillate non-linearly at large 

amplitudes.  These bubbles act as mechanical oscillators and cause wave dispersion 

(Louisnard 2012).  Besides, these bubbles also dissipate the acoustic energy and result 

in strong wave attenuation (Louisnard 2012).  These phenomena induce a high degree 

of non-linearity in acoustic wave propagation, which must be accounted for in US 

simulations to give a realistic description of the acoustic pressure distribution in cavi-

tating liquid.   

Nevertheless, simple linear models are still highly desirable for practical rea-

sons (Tudela et al. 2014).  With the aim to preserve the linearity in a linear acoustic 

model while taking into account the effects of cavitation, Commander and Prosperetti 

(1989) linearized Caflisch model (Caflisch et al. 1985), a popular non-linear acoustic 

model that is highly regarded to be quite accurate in describing non-linear acoustic 

wave propagation in dilute bubbly liquid, through the linear approximation of cavita-

tion bubble dynamics and recast it into a linear Helmholtz equation (i.e. Equation 

(2.7)).  The key feature of this model is that the complex wavenumber of the Helmholtz 

equation is computed based on the linear dynamic of cavitation bubbles, which reflects 

both linear wave dispersion and attenuation by cavitation bubbles.  The complex wave 

number derived by Commander and Prosperetti (1989) reads: 

22
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   (2.9) 

Here, bN  is the cavitation bubble number density [ -3m ], 0R  is the ambient bubble ra-

dius [ m ], and 0ω  is the bubble resonant angular frequency [ -1rads ].  The b  is the 

damping factor, which is defined as: 
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where 0p  is the undisturbed pressure at the position of the bubble, ( )ℑ ⋅  returns the 

imaginary part of Φ .  The dimensionless parameter Φ  is given as: 
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 − − −
 

  (2.11) 

where γ  is the specific heat ratio of the gas inside the bubble and 2
0g PRχ η ω= , with 

gη being the thermal diffusivity of the gas [ 2 -1m s ]. 

Despite being a linear model, Commander and Prosperetti (1989) model is 

capable of describing the effects of cavitation bubbles on wave propagation to some 

extent and has been utilized by numerous authors to study the US field in sono-reactors.  

By using Commander and Prosperetti (1989) model, Dähnke and co-workers 

published a series of modelling works on the simulation of linear pressure field in 

liquid with homogeneous and inhomogeneous distribution of cavitation bubbles.  

Dähnke and Keil (1998) solved a linear inhomogeneous Helmholtz equation with a 

complex wavenumber computed based on Commander and Prosperetti (1989) to 

obtain the pressure field in liquid with homogeneously and inhomogeneously 

distributed cavitation bubbles.  The results indicated that cavitation bubbles lead to 

substantial changes in phase velocity and sound attenuation in cavitating liquid when 

compared to single-phase liquid.  Besides, the inhomogeneous distribution of 

cavitation bubbles yields a remarkably different wave pattern than the homogeneous 

counterpart.  In their latter work, they solved a 3-D time-dependent wave equation with 

the phase velocity and attenuation coefficient computed from Commander and 

Prosperetti (1989) model to simulate the pressure field in a reactor (Dahnke and Keil 

1999).  Interestingly, some degree of non-linearity was established in the model by 

using pressure-dependent bubble distributions.  The simulation results showed that a 

higher transducer amplitude needs not to result in an increased cavitation activity in 

the reactor.  In their next work, Dähnke et al. (1999b) performed experimental 

validation on their model and the results showed reasonable agreement with the 

experimental measurements.   
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More recently, Mettin et al. (2006) studied the interaction of cavitation bubbles 

distribution and sound field using Commander and Prosperetti (1989) model coupled 

with a discrete particle model.  The model reasonably reproduced the bubble streamer 

structure observed in acoustic cavitation experiments.  Jamshidi et al. (2012) solved 

Commander and Prosperetti’s model with inhomogeneous bubble distribution to study 

the propagation of sound waves in a sono-reactor.  It was shown that the US frequency, 

power, and reactor geometry have important impacts on the pressure distribution, and 

thus affect the location and strength of cavitation.  Jordens et al. (2013) employed 

Commander and Prosperetti’s model coupled with Computational Fluid Dynamics 

(CFD) and reaction kinetics to investigate the influence of design parameters of a US 

reactor with confined channels.  The results showed that multiple US transducers with 

modest power perform better than one transducer with high power.  

Other linear models similar to that of Commander and Prosperetti (1989) were 

also adapted for US wave simulations.  For instance, Servant et al. (2000) solved 

Euler-equations (conservation of mass and inviscid momentum) coupled with a 

linearized Keller-Miksis equation (a bubble dynamic equation) to calculate pressure 

field in a sono-reactor excited by a piezoelectric transducer.  The resultant pressure 

field was coupled with gas-liquid flow model to study the migration of cavitation 

bubble cloud.  The results showed that the cavitation bubbles tend to migrate to the 

pressure nodes and rise to the water surface under the effect of buoyancy force.  With 

a similar model, Servant et al.  (2001) predicted the potential cavitation sites in a sono-

reactor.  The predicted pressure field showed good agreement with the aluminum foil 

experiment.  The results indicated that the strong cavitation region is located near the 

transducer, which causes heavy damping of the wave near the transducer.  In their 

subsequent work, Servant et al. (2003) extended their previous model by incorporating 

dual-frequency US excitation.  The results showed that the dual-frequency sound 

waves lead to a higher cavitation bubble volume fraction than the mono-frequency 

counterpart.   
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Acoustic pressure distribution using non-linear models 

The earlier mentioned non-linear Caflisch et al. (1985) model had also been 

employed directly to better describe acoustic wave propagation in cavitating liquid.  

Caflisch et al. (1985) model is derived from Euler equations (conservation of mass and 

inviscid momentum) with the consideration of non-linear cavitation bubble dynamics 

by incorporating a non-linear bubble dynamic equation, such as the Rayleigh Plesset 

equation and Keller Miksis equation, into the Euler equations.  Although it is widely 

considered as the more accurate acoustic model compared to linear models, it is less 

attractive and less commonly used due to the high complexity involved and high 

numerical stiffness of the equation (Lebon et al. 2017).  Caflisch et al. (1985) model 

is mathematically given as follows: 
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Here, ( )l ,tv r  is the liquid velocity in a Lagrangian frame [ -1ms ], and gα  is the gas 

volume fraction.  Equation (2.12) describes the conservation of mass, whereas Equa-

tion (2.13) describes the conservation of inviscid momentum.  By assuming a mono-

dispersed distribution of spherical cavitation bubbles, the gα  can be expressed as: 

34

3g bN Rα π=    (2.14) 

where R  is the instantaneous bubble radius of a single cavitation bubble [ m ].  This 

R  is computed using a non-linear equation that describes the cavitation bubble dy-

namic of a single bubble, such as Rayleigh-Plesset equation (see later Equation (2.15)).  

Due to the non-linearity in R , this renders Equation (2.12) and (2.13) non-linear 

(Louisnard 2012). 

Some examples of computational studies that employed Caflisch et al. (1985) 

model are as follows. Campos-Pozuelo et al. (2005) employed Caflisch et al. (1985) 

model coupled with Rayleigh-Plesset equation to predict the mean acoustic pressure 
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in cavitating liquid.  The results showed that the mean pressure attenuates with the 

distance from the horn tip due to the strong attenuation effect of cavitation bubbles.  

With a similar model, Vanhille and Campos-Pozuelo (2008) numerically studied the 

effect of non-linear bubble dynamics on the US wave propagation in a homogeneous 

cavitating liquid.  It was shown numerically that the wave speed reduces with the 

bubble number density, and wave attenuation increases with the bubble volumetric 

fraction.  The same study was conducted for non-homogeneous cavitating liquid 

(Vanhille and Campos-Pozuelo 2009).  The results showed that the amount of 

cavitation bubble cloud layers has significant impacts on the US field.  Similar studies 

were conducted in their subsequent works (Vanhille and Campos-Pozuelo 2010, 2011, 

2013).  Vanhille and Campos-Pozuelo (2014), Vanhille (2016), and Vanhille (2020) 

extended their model by incorporating primary Bjerknes force to study the effect of 

US field on the Bjerknes force experienced by cavitation bubbles.  It was shown that 

wave non-linearity and amplitudes have considerable effects on the Bjerknes force and 

thus the motion of cavitation bubbles.   

In another study, Louisnard (2012) developed a new and simple, yet powerful 

non-linear acoustic model by recasting the Caflisch model (coupled with Keller Miksis 

equation) into a non-linear Helmholtz equation through elegant mathematical 

manipulation.  A comparison of this model with the linear model and Commander and 

Prosperetti (1989) model revealed that this new model is able to predict a far more 

realistic pressure field amplitude due to the non-linear energy dissipation accounted 

for in this model.  The simulation results also indicated the formation of strong 

travelling waves in the liquid due to heavy attenuation by cavitation bubbles.  Zhang 

and Du (2015) extended Caflisch et al. (1985) model by taking into account the effect 

of non-uniform pressure field around the cavitation bubbles.  The wave attenuation 

predicted by the new model showed better agreement with measurement compared to 

previous models that considered uniform pressure field around bubbles.  Lebon et al. 

(2017) solved a full Caflisch model in conjunction with Rayleigh-Plesset equation to 

characterize the pressure field in bubbly water and aluminum.  A higher-order 

numerical scheme was proposed to solve the equations.  The simulation results in the 

cavitating water showed good agreement with experimental measurements, both 

qualitatively and quantitatively.  The results showed large decay of acoustic pressure 

with the distance from the US horn tip.  Later, Lebon et al. (2018) performed similar 
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numerical studies for various different liquids using their previous model and showed 

that acoustic shielding (i.e. attenuation of US in the region far from the sonotrode) is 

prominent in transparent liquids (e.g. water, ethanol, and glycerol), but less so in the 

liquid aluminum. 

2.2.2 Acoustic cavitation bubble dynamics 

 Cavitation bubbles under strong oscillating acoustic fields expand and collapse 

violently, which results in a series of short-lived but extreme microscopic conditions 

such as high temperature, high pressure, and intense shear force.  From the literature, 

it is seen that there is a great interest in understanding the microscopic physics associ-

ated with cavitation bubbles through the computational studies of single/multiple cav-

itation bubble dynamics.  In the simulation of single-bubble acoustic cavitation, the 

non-linear bubble dynamics are typically computed from either Rayleigh-Plesset equa-

tion or Keller Miksis equation (other similar variants are also used, such as Gilmore 

and Trilling equations).  Rayleigh-Plesset equation is a non-linear Ordinary Differen-

tial Equation (ODE) derived from the conservation of mass and momentum (Brennen 

2013).  It describes spherical symmetric bubble radius evolution of a single bubble in 

incompressible liquid under a varying pressure field.  Keller Miksis equation, on the 

other hand, is an enhanced version of the Rayleigh-Plesset equation that takes into 

account the liquid compressibility.  Rayleigh-Plesset equation and Keller-Miksis equa-

tion are respectively expressed as follows: 
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Here, the prime represents time derivative, gp  is the gas pressure inside the bubble 

[ Pa ], lgσ  is the gas-liquid surface tension coefficient [ 1Nm− ], p  is the driving pres-

sure [ Pa ], and lµ  is the liquid dynamic viscosity [ Pa.s ].  These equations can be 

coupled with other physics, such as the heat and mass transfer across bubble boundary, 
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to model the acoustic cavitation more realistically.  This is commonly accomplished 

by assuming spatially homogeneous states inside the bubble, except in the thin diffus-

ing boundary layer near the bubble interface.  In some more sophisticated cavitation 

bubble models, instead of assuming spatially uniform profiles, Partial Differential 

Equations (PDEs) were solved inside the bubble to provide a detailed spatial descrip-

tion of the momentum, energy and species concentration inside a cavitation bubble.  In 

all the above-mentioned approaches, one shortcoming is that the bubble shape has to 

be assumed spherical, which may not always be valid and accurate.  Therefore, Com-

putational Fluid Dynamics (CFD) and boundary integral methods, which yield the to-

pology of the bubble interface as part of the solutions, were also used in some studies 

to provide a full description of the complex bubble dynamics with arbitrary bubble 

shapes. 

 Due to the great interest, the literature is replete with computational studies on 

single-bubble acoustic cavitation.  Yasui (and co-workers) is one of the famous re-

search groups in this field.  In 1997, based on the classic Keller-Miksis equation, Yasui 

(1997) proposed a new modified Keller-Miksis equation, which takes into account the 

mass transfer across the bubble interface, to study the dynamics and reactions of a 

single cavitation bubble during sono-luminescence in water.  Sono-luminescence is a 

phenomenon where visible light is emitted during the violent collapse of a cavitation 

bubble.  In his model, heat and mass transfer, gas kinetic energy, non-equilibrium 

phase change, and chemical reactions of water vapor (based on spatially homogeneous 

state inside the bubble) were also considered.  The results showed that the kinetic en-

ergy of the gas heats the bubble during collapse and the vapor inside the bubble un-

dergoes endothermic chemical reactions, which decreases the bubble temperature. Us-

ing similar models, Yasui and co-workers conducted a series of computational inves-

tigations on single-bubble acoustic cavitation over the last two decades.  Yasui (1998) 

numerically examined the effect of surfactants on acoustic cavitation and found that 

the surfactant reduces the strength of cavitation.  Yasui (2001) examined the effect of 

liquid temperature on acoustic cavitation in water and concluded that the bubble tem-

perature is higher at lower liquid temperatures due to a lower amount of vapor trapped 

in the bubble.  Yasui (2002a) investigated the effect of volatile solutes on acoustic 

cavitation in methanol.  The results indicated that volatile methanol evaporates into 

the bubble during expansion and dissociates during collapse, which reduces the bubble 
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temperature.  Yasui (2002b) studied the effect of US frequency on acoustic cavitation 

in water and reported that the amount of water vapor trapped in the bubble drops when 

the frequency increases.  Yasui et al. (2004) numerically studied the optimum bubble 

temperature for the production of oxidants during cavitation in water and showed that 

5500K is the optimum temperature.  Yasui et al. (2005a) numerically studied the effect 

of the types of sono-reactors (horn type versus standing-wave type) on acoustic cavi-

tation in water.  Based on the results, it was concluded that in horn-type reactors, cav-

itation bubbles with lower temperatures are dominant, whereas the opposite is domi-

nant in standing-wave type reactors.  Yasui et al. (2005b) computationally investigated 

the formation of oxidants during single-bubble cavitation and showed that cavitation 

does not only produce OH−  radical but also O atoms and H2O2.  Yasui et al. (2008b) 

studied the range of ambient bubble radius for Sono-luminescence and reported that 

the lower limit is similar to that of the Blake threshold for transient cavitation, whereas 

the upper limit is of the same order of magnitude as the linear resonance radius.  Yasui 

et al. (2008a) numerically studied the interactions between multiple cavitation bubbles 

by including the effect of acoustic wave emission by neighboring bubbles.  The results 

indicated that the bubble expansion is suppressed by bubble-bubble interactions.  

Yasui et al. (2010) examined the origin of broad-band cavitation noise observed in US 

experiments through bubble cavitation simulation.  The numerical studies showed that 

the noise is due to the fluctuation in the bubble number caused by bubble disintegration 

during violent collapse.  Yasui et al. (2011) studied the effects of static pressure on the 

acoustic emission from cavitation bubbles numerically.  The results showed that the 

static pressure enhances acoustic emission when the acoustic pressure amplitude is 

high and the liquid viscosity is low.  Yasui and Kato (2012) numerical investigated 

sono-luminescence in mercury and water with Helium or Xenon gas.  The results in-

dicated the cavitation intensity is higher in water\Xenon than mercury\Helium.  Yasui 

et al. (2016) examined computationally the extreme conditions in a dissolving air 

nanobubbles.  The results showed that the bubble wall speed during bubble collapse is 

about 90 m/s and the corresponding temperature increases to about 3000K.  Shen et al. 

(2017) extended the model of Yasui (1997) to take into account the effect of viscosity 

at the bubble interface and viscosity of the bulk liquid.  They showed that the effect of 

viscosity is negligible for small viscosity.  Yasui et al. (2019) numerically studied the 

production of OH radicals from the cavitation of an ozone bubble.  The results showed 
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that a negligible amount of OH radicals is produced from a dissolving ozone bubble 

with the pH is less than 8. 

 Besides Yasui’s research group, Storey and co-workers also contributed sev-

eral insightful research papers on the computational studies of acoustic cavitation.  In 

contrast to the models proposed by Yasui’s research group which assumed spatially 

uniform states inside the bubble,  Storey and Szeri (1999) proposed a new single-bub-

ble acoustic cavitation model that emphasizes state inhomogeneity inside a cavitation 

bubble. This model, in addition to the use of Gilmore equation for the modelling of 

bubble dynamics, solves several PDEs that describe the spatially varying mass, mo-

mentum, and energy distributions inside a spherical bubble.  Heat transfer across the 

bubble interface was also taken into account.  The model output showed that species 

segregation takes place during bubble collapse, where light species accumulates near 

the bubble center whereas heavy species gathers near the bubble wall.  Storey and 

Szeri (2000) extended their models by considering heat and mass transfer across the 

bubble interface, as well as chemical reactions inside the bubble.  The study of cavita-

tion in water showed that water vapor is trapped inside the bubble during the violent 

collapse, and this significantly reduces the peak temperature in the bubble.  In view of 

the complexity of their previous model, Storey and Szeri (2001) developed a reduced 

model for acoustic cavitation of a single bubble, in which the heat transfer in the bubble 

was assumed to be either isothermal or adiabatic depending on the dynamic time scale 

of the bubble.  The mass transfer was treated in a similar fashion.  They showed that 

the sono-chemical yields and peak bubble temperature predicted by the reduced model 

were comparable to their previous detailed model.  Storey (2001) quantitatively com-

pared his detailed and reduced models and showed that the detailed model gives closer 

agreement with the experimental data.  Using the reduced model of Storey and Szeri 

(2001), Matula et al. (2002) studied the radial response of a cavitation bubble and 

showed that the after-bounds during cavitation is dominated by vapor diffusion rather 

than gas diffusion.  Lin et al. (2002a) numerically studied the importance of non-uni-

form pressure distribution in the bubble which had been commonly neglected in cavi-

tation bubble simulations.  They found that the non-uniform pressure inside the bubble 

does not have strong impacts on the solutions.  In their next study, Lin et al. (2002b) 

computationally examined the Rayleigh-Taylor instabilities during the violent bubble 

collapse.  The results showed that the increased gas density during bubble collapse 
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helps to enhance the shape stability of the bubble.  In another study, considering that 

a spherical bubble becomes non-spherical when it is near a neighboring bubble or a 

rigid wall, Szeri et al. (2003) proposed a boundary integral method to model a collaps-

ing non-spherical bubble.  One key feature of this method is that it provides the topol-

ogy information of a collapsing bubble, so the spherical shape assumption is not re-

quired and the bubble can deform freely.  The simulation results showed that the peak 

temperature in the bubble is generally lower for bubbles near a neighbor or a wall 

compared to those in space due to the deviation from spherical shape.   

 Many other research groups computationally studied acoustic cavitation. Intro-

ducing all of them here would be overwhelming.  Therefore, only some of the inter-

esting studies are briefly presented here.  Toegel et al. (2000), in view of the complex-

ity of the detailed PDE model of Storey and Szeri (2000), proposed a simpler cavitation 

model based on the thermal diffusion boundary layer approach.  The model solved 

Keller-Miksis equation with heat and mass transfer across the interface.  The output of 

this model confirmed that the existence of trapped water vapor in a cavitation bubble 

increases the heat capacity of the gas mixture and thus reduces the maximum temper-

ature.  Using a similar model but with additional consideration of chemical reactions, 

Toegel et al. (2002) studied the effect of excluded volume of the gas molecules on 

molecule disassociation during acoustic cavitation and concluded that the vanishing 

excluded volume during bubble collapse suppresses the dissociation of water mole-

cules.  In their next study, Toegel and Lohse (2003) predicted the phase diagram for 

sono-luminescence using their previous model and the results agreed with the experi-

mental data reasonably.  Meidani and Hasan (2004) modelled cavitation bubble growth 

due to rectified diffusion.  Rectified diffusion is a phenomenon where more gas dif-

fuses into a cavitation bubble during expansion than that diffuses out during collapse, 

which leads to bubble growth.  The model solved Trilling equation coupled with basic 

energy and mass balance equations for the dynamic and states inside the bubble.  Be-

sides, coupled momentum, energy, and mass transport equation (PDEs) were also 

solved for the states in the surrounding liquid.  The results showed that the bubble 

begins to grow when the US pressure is beyond a threshold value and can rise to the 

water surface.  An and Ying (2005) studied the effects of different ODE equations (i.e. 

different variants of Rayleigh-Plesset equation) and simulation parameters on acoustic 

cavitation simulations.  The results showed that the predicted simulation outputs can 
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be sensitive to the variations in the aforementioned aspects.  van Iersel et al. (2007) 

numerically investigated the nonlinear acoustic cavitation dynamics of a single bubble 

in liquid Carbon-dioxide.  Keller-Miksis equation, coupled with momentum, mass, and 

energy transports, was solved to describe the bubble dynamics.  The results showed 

that cavitation in liquid CO2 is less intense compared to that in water due to the heat 

and mass transport limitations.  Combining experimental and computational studies 

(by solving Keller-Miksis equation with heat and mass transfer and chemical reac-

tions), Sivasankar et al. (2007) showed that the most important factors that determine 

the effectiveness of an sono-chemical reaction are the amount of water vapor entrap-

ment in bubbles and the intensity of the transient cavitation.  In their later work, 

Sivasankar and Moholkar (2009) studied the sono-chemical degradation of phenol ex-

perimentally and numerically, and found that the effectiveness of phenol degradation 

is mainly governed by the rate of radical scavenging. 

 More recently, Mahdi et al. (2011) numerically investigated the effects of ra-

diation heat transfer and ionization energy loss on both acoustic and hydrodynamic 

cavitation.  They concluded that the radiation heat transfer does not affect the bubble 

dynamic, whereas the ionization energy loss decreases the bubble temperature but in-

creases the bubble pressure.  Samiei et al. (2011) examined the effects of surface ten-

sion on the cavitation dynamics of spherical and non-spherical bubbles.  The dynamics 

of the spherical bubble was described by Gilmore equation, whereas the dynamics of 

the non-spherical bubble was modelled based on multiphase Computational Fluid Dy-

namic (CFD) with Volume of Fluid (VOF) method to track the bubble interface.  The 

results showed the collapse time and the resultant liquid jet velocity decreases with the 

increase of surface tension.  Adewuyi and Khan (2012) modelled sonochemical re-

moval of nitric oxide during acoustic cavitation based on Keller-Miksis equation.  The 

results indicated that the experimentally reported enhancement of nitric oxide removal 

by US is caused by the combination of sono-chemical oxidation and mass transfer 

coefficient enhancement during cavitation.  Ye et al. (2015) studied the dynamics of 

cavitation bubbles in sound fields near a rigid wall by solving boundary integral equa-

tions.  The results showed that the bubbles reject each other during expansions and 

attract during contractions.  Jiang et al. (2017) studied the mutual interaction between 

cavitation bubbles.  They adapted the model of Yasui et al. (2008a) for this purpose.  

Their numerical results indicated that the increase in the size difference between the 
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interacting bubbles increases the non-linearity of the bubble oscillation.  Ma et al. 

(2018) experimentally and computationally studied the motion of single and two bub-

bles in an acoustic field.  In the simulation, Keller-Miksis equation was solved.  Based 

on the bubble dynamics, the buoyancy force, primary and secondary Bjerknes forces 

were computed.  The numerical results showed that the single bubble oscillates without 

translation due to the equilibrium between the primary Bjerknes force and buoyancy 

force, whereas the two bubbles attract each other due to secondary Bjerknes force.   

 Very recently, Kerboua and Hamdaoui published several papers on the 

computational case-studies of single-bubble acoustic cavitation.  Kerboua and 

Hamdaoui (2017) compared two state equations that are commonly used to describe 

the state of gas in cavitation bubbles, namely ideal gas and Van der Waals equations.  

In their model, Keller-Miksis equation was solved and chemical reactions were taken 

into account.  It was found that both equations produce similar bubble dynamics, but 

Van der Waals equation produces significantly higher pressure and temperature ranges.  

In their next study, Kerboua and Hamdaoui (2018c) continued to investigate the influ-

ence of the two-state equations on the production of hydrogen during cavitation.  The 

results showed that the Van der Waals equation predicted a higher amount of hydrogen 

under low amplitudes and high frequencies, whereas the ideal gas law shows the op-

posite.  Subsequently, Kerboua and Hamdaoui (2018a) numerically studied the influ-

ence of chemical reactions heat on single-bubble acoustic cavitation.  The simulation 

results showed that the heat of reactions decreases the bubble temperature, increases 

the bubble pressure, and reduces the bubble volume.  Kerboua and Hamdaoui (2018e, 

2018b) performed computational simulations to examine the effect of different US 

waveforms on the mass variation inside a cavitation bubble.  The results showed that 

the square signal increases the bubble temperature and pressure, the rate of evaporation 

and condensation, and the production of free radicals.  Kerboua and Hamdaoui (2018d) 

numerically investigated the effect of dual-frequency sonication on acoustic cavitation 

and showed that the coupling a wave to lower frequencies improves the collapse du-

ration and bubble compression ratio, while coupling a wave to higher frequencies in-

creases the number of bubble oscillations. 
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2.2.3 US-induced macroscopic effects in various processes 

US is well-known for its ability to enhance the efficiency of various processes, 

such as extraction, synthesis processes, surface cleaning, and chemical reactions.  In 

order to optimize US-assisted processes, the understanding of the interactions between 

the US and the fundamental macroscopic physics associated with the processes, such 

as (macroscopic) heat transfer, mass transfer, and fluid flow, are crucial.  Thus, nu-

merous multiphysics computational works can be found in the literature.  For instance, 

Kim and Jeong (2006) conducted a numerical analysis on the boiling heat transfer 

augmentation by US.  Coupled Navier-Stokes and energy equations were solved in 

their model.  It was found that US irradiation increases the CHF due to the enhance-

ment of fluid mixing around the heater.  Kumar et al. (2006) attempted to characterize 

acoustic streaming in a cylindrical vessel induced by low-frequency US horn experi-

mentally using laser Doppler anemometer and numerically using CFD.  In their nu-

merical model, incompressible Navier-Stokes equations with k-epsilon turbulence 

model were solved.  However, the acoustic streaming was modelled in an ‘ad-hoc’ 

manner, in which the experimentally measured flow velocities at various locations in 

the sample (see Figure 2.7) were supplied to the model as boundary conditions.  The 

numerical results fit the experimental data reasonably well.  Kim et al. (2009) numer-

ically studied the pressure and temperature profile during US-assisted solvent extrac-

tion process by solving a linear Helmholtz equation and a heat transport equation.  The 

results showed that liquid temperature increases with US power, which in turn en-

hances the extraction efficiency.  Cai et al. (2009) numerically studied the effect of 

acoustic cavitation induced by a US beam on the convection heat transfer in liquid.  In 

their study, homogeneous cavitation model proposed by Singhal et al. (2002) was 

adapted to simulate cavitating flow, which solves homogeneous mixture two-phase 

flow and energy equations, and the effect of acoustic cavitation was modelled by in-

cluding evaporation and condensation mass source terms, where the source terms were 

derived from simplified (linearized) Rayleigh-Plesset equation.  It was concluded that 

cavitation reduces the temperature gradient and thus enhances the heat uniformity in 

the liquid.  Perincek et al. (2009) studied the effect of design parameters on textile 

treatment by US experimentally and numerically.  It was shown that the textile mate-

rial type, bath temperature, and volume considerably alter the sound pressure field, 
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and the wettability of the resultant textiles strongly depends on the distance from the 

US transducers.   

 

Figure 2.7: The predicted water velocity distribution in a cylindrical vessel under 
20kHz US irradiation by a horn. The black borders are the locations where the 
measured velocities in the experiment were supplied to the model as boundary 
conditions.  Reprinted and adapted from Kumar et al. (2006), with permission from 
Elsevier. 

More recently, Trujillo and Knoerzer (2011) simulated acoustic streaming in-

duced by a low-frequency US horn based on Stuart streaming approach.  This approach 

assumes a fictitious liquid inlet at the horn tip to mimic the streaming phenomenon.  

The predicted velocity profile showed good agreement with experimental data.  Zhao 

and Chen (2011) numerically studied moisture transfer in US assisted convective dry-

ing of sludge by developing a coupled heat and moisture transfer model, which con-

siders permeable flow caused by acoustic pressure gradient.  It was concluded that US 

treatment improves the moisture transport in the sludge, and the effectiveness im-

proves with US power.  Nastac (2011) modelled acoustic streaming, cavitation, and 

heating induced by US during solidification of metallic alloy.  Their model solved 

linear Helmholtz equation, Noltingk–Neppiras equation (cavitation dynamic), and 

coupled gas-liquid mixture mass, momentum, and energy conservation equations (sim-

ilar to the homogeneous cavitation model of Singhal et al. (2002) and Schnerr and 

Sauer (2001)).  The results showed that acoustic streaming is able to spread the cavi-

tation bubbles quickly and thus results in better grain refinement.  Ishiwata et al. (2012) 

modelled acoustic streaming in water and molten Aluminum by CFD with the inclu-
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sion of a body force that was calculated based on the viscous damping factor of acous-

tic waves (the wave simulation was however not considered).  The model showed good 

agreements with experiment, however, only after empirically adjusting the parameters 

in the body force formulation.  Yao et al. (2012) modelled heat and mass transfer in 

silica gel packed beds under US irradiation.  Their model solves linear Helmholtz 

equation, energy, and mass conservation equations in the bed.  A comparison of cal-

culated and experimental results showed good agreement, with errors below 2%.  Sim-

ilar to the work of Ishiwata et al. (2012), Schenker et al. (2013) simulated acoustic 

streaming in water by including a momentum source term in Navier-Stokes equations.  

However, the momentum source term was determined empirically, which lacks gen-

eralization.  Xu et al. (2013) modelled acoustic streaming in a sono-reactor by a linear 

Helmholtz equation and Navier-Stokes equations with the inclusion of an acoustic 

streaming body force computed from the attenuation of the acoustic field.  The atten-

uation factor, however, was determined experimentally.  The simulation results indi-

cated that the liquid velocity increases with input power and the height of the liquid 

sample, but reduces with the increase of transducer radius.  With an acoustic streaming 

model similar to that of Xu et al. (2013), Jiao et al. (2014) simulated the effect of US 

acoustic streaming on the mass transfer between a silicon wafer and KOH solution.  

They concluded that the mass transfer coefficient improves with the decrease of trans-

ducer diameter and the decrease of distance between the reactants and US source.  

Parvizian et al. (2014) modelling acoustic micro-mixing and streaming in a 1.7 MHz 

tubular sono-reactor by solving unsteady compressible Navier-stokes equations with a 

dynamic mesh technique for vibrating transducer wall.  The results showed that the 

efficiency of the reactions is greatly enhanced by acoustic streaming.  Huang et al. 

(2014) adapted Stuart streaming approach similar to that of Trujillo and Knoerzer 

(2011) to simulate acoustic streaming in melt crucible.  The result showed that the melt 

tends to circulate but the streaming velocity decreases as the flow reaches the base of 

the crucible.  Jamshidi and Brenner (2014) simulated the macroscopic migration of 

cavitation bubbles in water by a US horn.  Linear Helmholtz and Keller-Miksis equa-

tions were solved for pressure distribution and bubble oscillation dynamics, respec-

tively.  The bubbly flow was described by Euler-langrangian approach, with the con-

sideration of primary Bjerknes force.  The model managed to predict the experimen-

tally observed bubble cloud structure under the US horn reasonably.  Zhang and Nastac 

(2014) modelled dispersion of ceramic nano-particle in Aluminum nano-composite 
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under US irradiation.  Acoustic streaming was considered by imposing oscillating ve-

locity boundary conditions and the solid-liquid interaction was modelled by Euler-

Langrangian approach.  The results showed that particles are dispersed well in the 

liquid pool but are dilute at the fast-flow region below the horn.  Mohsin and Meribout 

(2015) developed a US-based enhanced oil recovery model, which solves a linear 

Helmholtz equation for the pressure field, a heat transport equation for the temperature 

distribution, and Darcy’s law equation for the fluid flow in the porous media.  It was 

concluded that the oil recovery efficiency can be improved by the application of mul-

tiple US actuators.  Kang et al. (2015) simulated acoustic streaming in different melts 

based on CFD with oscillating pressure inlet and the results showed good agreement 

with the experiment.  In their next work, Zhang et al. (2015) modelled solidification 

of stainless steel melt with additional considerations of heat transfer and solid-liquid 

phase change.  They concluded that US improves the heat uniformity in the melt but 

slows down the solidification.  A similar study on US treatment of Aluminum melt 

was done by Jia et al. (2016).  Sajjadi et al. (2015) simulated acoustic streaming in 

water with the consideration of gas-liquid flow due to cavitation.  Acoustic streaming 

was simulated by using compressible homogeneous cavitation model with oscillation 

pressure inlet.  The results showed that bubble volume and flow speed increase with 

US power.  Žnidarčič et al. (2015) simulated cavitating flow in water using homoge-

neous cavitation model with dynamic mesh technique for oscillating horn tip.  The 

results showed good agreements with the experiment in terms of bubble volume and 

liquid instantaneous pressure, but somewhat mediocre agreements in terms of overall 

flow pattern.  Kiani et al. (2015) modelled US-assisted freezing of potato spheres by 

solving an energy equation with US-dependent heat transfer coefficient and heat 

source.  The simulation results showed that ultrasound irradiation induces both heating 

and cooling effects to the sphere, thus optimization is required.  In their later work, 

Kiani and Sun (2016) developed a model that simulates US-assisted immersion cool-

ing of a sphere particle, which solves a heat transfer equation with a modified Nusselt 

number correlation that characterizes the US intensified convection heat transfer at the 

particle surface.  The results showed that the temperature history of the sphere exhibits 

an exponential decreasing trend, and the decreasing rate increases with the US inten-

sity.  Their model, however, provided less insights into the process due to the use of 

an empirical correlation for the surface heat transfer.   
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Very recently, Chahine et al. (2016) investigated the surface cleaning mecha-

nism by cavitation bubbles through the modelling of bubble dynamics based on bound-

ary integral method, dirt particle motion based on Eulerian-Langrangian method, and 

fluid-solid interactions.  Some major findings were that the bubble collapse generates 

localized pressure, shear, and lift force on the dirt particle, whereas the bubble rapid 

expansion generates strong suction forces on the dirt particle, which facilitates dirt 

removal.  Lebon et al. (2016) modelled cavitating flow for the treatment of liquid metal 

in a launder with baffles for enhanced circulation.  In their numerical model, a wave 

equation was solved for the US propagation, and the cavitation flow was modelled in 

a way similar to homogeneous cavitation model. The results showed that with the 

proper design of the distance between baffles, the concentration of the nucleating cav-

itation bubbles can be increased.  Rahimi et al. (2017) studied the flow field in a US 

horn reactor by adopting a model similar to that of Žnidarčič et al. (2015), with the 

introduction of a more realistic moving boundary technique where the center of the 

horn tip vibrates stronger than the peripheral region.  The predicted flow field showed 

reasonable agreements with measurements.  Wang et al. (2017) simulated convection 

flow and thermal behavior during US treatment of Aluminum alloy using CFD, with 

the acoustic streaming modelled by the body force approach. However, the magnitude 

of the body force was pre-determined rather than calculated.  The results showed that 

acoustic streaming reduces the temperature gradient in the melt and favors the for-

mation of smooth grain.  Fang et al. (2018) simulated acoustic streaming in water by 

different US horn tips. They adapted Commander and Prosperetti (1989) model for the 

simulation of acoustic pressure wave propagation and solved turbulent Navier-Stokes 

equations with a body force to simulate acoustic streaming.  Unlike most other models, 

the body force was computed based on primary Bjerknes force rather than wave atten-

uation.  It was concluded that plane and truncated tips generate a downward stream, 

whereas a conical tip generates a slower and more chaotic flow pattern.  Tzanakis et 

al. (2018) modelled acoustic streaming and cavitation in water based on the homoge-

neous cavitation model of Schnerr and Sauer (2001).  The results showed good agree-

ments with experiment when at 100% acoustic power, but showed significant discrep-

ancy when at 50% power. Riedel et al. (2019) numerically studied US treatment during 

metal casting process.  The acoustic streaming was modelled using 3D-Flow software.  

The simulation results showed that US reduces the temperature gradient in the melt 
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and thus accelerate solidification.  Komarov and Yamamoto (2019) numerically inves-

tigated the role of US on the casting of Aluminum alloy based on the model of Fang 

et al. (2018), with additional considerations of heat transfer and solidification mecha-

nisms.  It was concluded that US causes more fluctuation in the melt temperature and 

mushy zone volume compared to conventional DC casting.  Riedel et al. (2020) sim-

ulated acoustic streaming and cavitation in solidifying Aluminum by using a com-

pressible CFD model similar to the homogeneous cavitation model of Schnerr and 

Sauer (2001).  The simulation results showed that US significantly reduces the tem-

perature gradient in the Aluminum, which leads to faster solidification. 

2.2.4 Summary and review of computational studies on US sonication 

The computational studies on US sonication in liquid available in the literature 

are summarized in Table 2.3, Table 2.4, and Table 2.5.  Despite the promising results 

reported that agrees with experimental observation to some degree, it is seen that the 

current simulation approaches are far from describing all the essential inter-coupling 

physics adequately during US sonication.  One of the important limitations in the cur-

rently available simulation studies is the inaccurate prediction of the number density 

of acoustic cavitation bubbles.  It is well-known that the cavitation bubbles in liquid 

are far from being homogeneously distributed, but rather arrange themselves in highly 

dynamic and complex localized structures such as bubble clouds and filaments, owing 

to various forces acting on the bubbles such as Bjerknes forces (Louisnard et al. 2009).  

On top of that, the cavitation bubbles disintegrate into numerous daughter bubbles of 

various sizes during the violent collapse due to instability and might undergo coales-

cence under various interphase forces, which results in a complex evolution of the 

cavitation bubble population (Yasui et al. 2010).  However, largely because of the lack 

of theory in the prediction of the bubble spatial, temporal, size and number distribu-

tions, the number density distribution or the gas fraction distribution of cavitation bub-

bles in the simulation of acoustic pressure distribution is commonly assumed to follow 

some arbitrary simple profiles, such as homogeneous distribution (Louisnard 2012, 

Lebon et al. 2017) or linearly pressure-dependent profile (Dahnke and Keil 1999, 

Dähnke et al. 1999b, a, Jamshidi et al. 2012), which is clearly unrealistic.  Besides, 
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the fluid flow, which plays important roles in bubble migration, is also typically ne-

glected in the modelling of acoustic wave.  Therefore, more effort is required to take 

into account the complex evolution of cavitation bubbles as well as hydrodynamic be-

havior during the simulation of acoustic field.  Furthermore, despite the detailed mi-

croscopic insights provided by the single-bubble acoustic cavitation simulations, the 

direct application of the local microscopic phenomena to the macroscopic effects ob-

served in practical cases remains a difficult task, owing to the complicated bubble-

bubble interactions, bubble-liquid interactions, and bubble-wave interaction, which are 

often too complex to be taken into account in the simulation.  Therefore, it is important 

that researchers put effort in the development of models that encapsulate all the essen-

tial microscopic phenomena associated with acoustic cavitation (such as the generation 

of chemical radicals, temperature, and pressure spikes, bubble growth due to rectified 

diffusion, bubble migration and bubble disintegration) and provide a macroscopic de-

scription of these effects (i.e. analogous to the development of RANS equations for 

the simulation of turbulent flow).  One probable approach would be to developed a 

two-fluid cavitation model, where the gas and liquid are treated as interpenetrating 

continua, with the effects of acoustic cavitation treated in an average sense, such as the 

model proposed by Servant et al. (2000).  Nevertheless, as emphasized by Servant et 

al. (2000), the computational cost remains as the major limiting factor in the develop-

ment of this type of models, due to the wide range of spatio-temporal scales in the 

physics that takes place during US sonication.  

In the context of the current research project, the literature survey shows that, 

while there are some computational studies on liquid heating under US irradiation, a 

computational study on liquid heating under simultaneous MW and US irradiation is 

unavailable, let alone liquid boiling.  Liquid heating and boiling phenomena undoubt-

edly play important roles in various MW-US assisted physical and chemical processes. 

Therefore, it is imperative to develop the associated computational models to facilitate 

fundamental understanding of simultaneous MW-US assisted processes.  This corre-

sponds to Research gap 2 and Objective 2, as well as the long-term goal of this research.   
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Table 2.3: Summary of the computational studies on acoustic pressure distribution. 

Methods Authors Cases Considered 
wave atten-

uation? 

Linear models e.g. 

linear Helmholtz 
equation and linear 

wave equation 

Saez et al. (2005) Characterized a sono-reactor No 

Klima et al. (2007) Optimized acoustic field in a cylindrical wa-
ter cell. 

No 

Bargoshadi and 
Najafiaghdam (2009) 

Optimized an US dispersion system with 
two transducers. 

No 

Yasui et al. (2007a) Investigated the US field in a sono-reactor 
with the influence of wall vibration. 

Yes 

Louisnard et al. (2009) Investigated the US field in a sono-reactor 
with the influence of wall vibration. 

Yes 

Sutkar et al. (2010) Predicted sound field in a sono-reactor. Yes 

Shao et al. (2010) Standing wave prediction for agglomeration 
of oxidation inclusions in molten metal. 

No 

Mutasa et al. (2010) Predicted acoustic field in cylindrical reac-
tors of different sizes 

No 

SHAO et al. (2011) Predicted US field for grain refinement in al-
loy. 

No 

Tudela et al. (2011) Investigated the effect of transducer-elec-
trode and electrode-wall gaps on US field in 

a sono-electrochemical reactor. 

Yes 

Harzali et al. (2012) Studied the relationships between liquid 
height and resonance of US 

Yes 

Linear Commander 
and Prosperetti 
(1989) model 

Dähnke and Keil (1998) Simulate US field in bubbly liquid. Yes 

Dahnke and Keil (1999) Simulate US field in bubbly liquid. Yes 

Dähnke et al. (1999b) Simulate US field in bubbly liquid. Yes 

Mettin et al. (2006) Prediction of bubble streamer. Yes 

Jamshidi et al. (2012) Prediction of sound distribution in a sono-re-
actor. 

Yes 

Jordens et al. (2013) Investigation of design parameters of a 
sono-reactor with confined channels. 

Yes 

Other linear acous-
tic models with the 
consideration of lin-
earization of acous-
tic cavitation bubble 

dynamics. 

Servant et al. (2000) Simulate pressure field in a sono-reactor to 
study the migration of cavitation bubble 

cloud. 

Yes 

Servant et al. (2001) Simulated pressure field in a sono-reactor to 
predict the location of cavitation sites. 

Yes 

Servant et al. (2003) Simulate pressure field in a sono-reactor 
with dual frequency excitation. 

Yes 

Nonlinear models: 
e.g. Non-linear 

Helmholtz equation, 
Caflisch et al. 
(1985) model. 

Campos-Pozuelo et al. 
(2005) 

Predict mean pressure in cavitating liquid Yes 

Vanhille and Campos-
Pozuelo (2008, 2009, 

2010, 2011, 2013) 

Study the effects of non-linear bubble dy-
namics on the US field 

Yes 

Vanhille and Campos-
Pozuelo (2014), 

Vanhille (2016, 2020) 

Study the effects of US field on the primary 
Bjerknes force on bubbles 

Yes 

Louisnard (2012) Developed a new non-linear model for 
acoustic field simulation 

Yes 
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Zhang and Du (2015) Investigated the influence of non-uniform 
pressure wave around the bubbles on the 

wave attenuation. 

Yes 

Lebon et al. (2017) Predicted acoustic field in bubbly water and 
aluminum. 

Yes 

Lebon et al. (2018) Predicted acoustic field in various liquid Yes 

 

Table 2.4: Summary of computational studies on single-bubble acoustic cavitation. 

Authors Methods Cases 

Yasui (1997) Modified Keller-Miksis equa-
tion 

Investigation of the dynamics, reactions and ther-
mal conditions in a cavitation bubble. 

Yasui (1998) Modified Keller-Miksis equa-
tion 

Effects of surfactants on acoustic cavitation 

Yasui (2001) Modified Keller-Miksis equa-
tion 

Effects of liquid temperature on acoustic cavitation 

Yasui (2002a) Modified Keller-Miksis equa-
tion 

Effects of volatile solutes on acoustic cavitation 

Yasui (2002b) Modified Keller-Miksis equa-
tion 

Effects of US frequency on acoustic cavitation 

Yasui et al. (2004) Modified Keller-Miksis equa-
tion 

Find optimum bubble temperature for the produc-
tion of oxidants from cavitation. 

Yasui et al. (2005a) Modified Keller-Miksis equa-
tion 

Effects of sono-reactors types on acoustic cavita-
tion 

Yasui et al. (2005b) Modified Keller-Miksis equa-
tion 

Investigated the formation of oxidants during 
acoustic cavitation 

Yasui et al. (2007b) Modified Keller-Miksis equa-
tion 

Investigated the relationships between the bubble 
temperature and the main oxidant produced 

Yasui et al. (2008b) Modified Keller-Miksis equa-
tion 

Studied the range of ambient bubble radius 

Yasui et al. (2008a) Modified Keller-Miksis equa-
tion 

Studied the interaction between multiple cavitation 
bubbles. 

Yasui et al. (2010) Modified Keller-Miksis equa-
tion 

Investigation of the origin of cavitation noise. 

Yasui et al. (2011) Modified Keller-Miksis equa-
tion 

Studied the effect of static pressure on the acoustic 
emission from cavitation bubbles. 

Yasui and Kato 
(2012) 

Modified Keller-Miksis equa-
tion 

Studied acoustic cavitation in mercury and water 
with Helium or Xenon gas 

Yasui et al. (2016) Modified Keller-Miksis equa-
tion 

Studied the extreme conditions in a dissolving air 
nanobubbles. 

Shen et al. (2017) Modified Keller-Miksis equa-
tion 

Effects of viscosity on acoustic cavitation 

Yasui et al. (2019) Modified Keller-Miksis equa-
tion 

Studied the production of OH radicals from the 
cavitation of an ozone bubble. 

Storey and Szeri 
(1999) 

Gilmore equation and PDEs for 
the conditions inside the bubble 

Investigation of the dynamics, reactions and ther-
mal conditions in a cavitation bubble. 

Storey and Szeri 
(2000) 

Gilmore equation and PDEs for 
the conditions inside the bubble 

Investigation of the dynamics, reactions and ther-
mal conditions in a cavitation bubble. 

Storey and Szeri 
(2001) 

Rayleigh-Plesset equation Developed a reduced acoustic model. 
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Storey (2001) Direct numerical simulation and 
Rayleigh-Plesset equation 

Prediction of bubble stability. 

Matula et al. (2002) Rayleigh-Plesset equation Radial response of a cavitation bubble subject to 
lithotripsy pulse 

Lin et al. (2002a) Rayleigh-Plesset equation The effect of non-uniform pressure distribution in 
the bubble. 

Lin et al. (2002b) Rayleigh-Plesset equation Examined Rayleigh-Taylor instability during cavi-
tation. 

Szeri et al. (2003) Boundary integral method. Investigation of heat and mass transfer of spherical 
and non-spherical cavitation bubbles. 

Toegel et al. (2000) Keller-Miksis equation Investigation of the effect of water vapor on acous-
tic cavitation. 

Toegel et al. (2002) Keller-Miksis equation The effect of excluded volume of the gas molecules 
on the disassociation during cavitation. 

Toegel and Lohse 
(2003) 

Keller-Miksis equation Predicted the phase diagram for sono-lumines-
cence. 

Meidani and Hasan 
(2004) 

Trilling equation Investigation of bubble growth due to rectified dif-
fusion. 

An and Ying (2005) Different variants of Rayleigh-
Plesset equation 

Studied the effects of different modelling equations 
and modelling parameters. 

van Iersel et al. 
(2007) 

Keller-Miksis equation Acoustic cavitation of a single bubble in liquid 
CO2 

Sivasankar et al. 
(2007) 

Keller-Miksis equation Studied the determining factors for sono-chemical 
reactions. 

Sivasankar and 
Moholkar (2009) 

Keller-Miksis equation Studied the sonochemical degradation of phenol. 

Mahdi et al. (2011) Gilmore equation Studied the effect of radiation heat transfer and ion-
ization energy loss on cavitation. 

Samiei et al. (2011) Gilmore equation and VOF 
method 

Investigation of the effect of surface tension on the 
acoustic cavitation of spherical and non-spherical 

bubbles. 

Ye et al. (2015) Boundary integral method Investigation cavitation dynamics of multiple bub-
bles near a rigid wall. 

   

Jiang et al. (2017) Modified Keller-Miksis equa-
tion 

Studied the mutual interactions between cavitation 
bubbles. 

Ma et al. (2018) Keller-Miksis equation Studied the translation of single and two bubbles in 
an acoustic field. 

Kerboua and 
Hamdaoui (2017) 

Keller-Miksis equation Compared ideal gas law and Van der Waals equa-
tion used to describe the states in a cavitation bub-

ble. 

Kerboua and 
Hamdaoui (2018c) 

Keller-Miksis equation Compared the effect of ideal gas law and Van der 
Waals equation on the production of hydrogen 

Kerboua and 
Hamdaoui (2018a) 

Keller-Miksis equation Effect of chemical heat on cavitation 

Kerboua and 
Hamdaoui (2018e) 

Keller-Miksis equation Effect of waveform on cavitation. 

Kerboua and 
Hamdaoui (2018b) 

Keller-Miksis equation Effect of waveform on cavitation. 

Kerboua and 
Hamdaoui (2018d) 

Keller-Miksis equation Effect of dual-frequency on cavitation. 
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Table 2.5: Summary of the computational studies on US-induced macroscopic effects 
in various processes (NS – Incompressible Navier Stokes, CNS – Compressible Navier 
Stokes, W - acoustic wave propagation, C - cavitation, S - acoustic streaming, F – fluid 
flow, H – heat transfer, and M – mass transfer). 

Authors Cases Methods Physics considered 

W C S F H M 

Kim and Jeong 
(2006) 

Boiling heat transfer aug-
mentation by US  

CNS with dynamic mesh for vi-
brating wall 

�  � � �  

Kumar et al. 
(2006) 

Acoustic streaming in a cy-
lindrical vessel. 

NS with experimental input   � �   

Kim et al. 
(2009) 

Studied pressure and temper-
ature profiles during US-as-

sisted solvent extraction. 

Linear Helmholtz and heat bal-
ance equations 

�    �  

Cai et al. (2009) The effect of acoustic cavita-
tion on convection heat trans-

fer in liquid. 

Homogeneous cavitation model    � �  

Perincek et al. 
(2009) 

Studied the effect of design 
parameters on textile treat-

ment by US 

ATILA Finite Element software �      

Trujillo and 
Knoerzer (2011) 

Simulated acoustic streaming NS with Stuart streaming ap-
proach 

  � � �  

Zhao and Chen 
(2011) 

US assisted convective dry-
ing of sludge. 

Coupled heat and moisture 
transfer model. 

�    � � 

Nastac (2011) US treatment of solidifica-
tion of metallic alloy. 

Linear Helmholtz, Noltingk-
Neppiras equation and homoge-

neous cavitation model. 

� � � � �  

Ishiwata et al. 
(2012) 

Acoustic streaming in water 
and molten Aluminum 

NS with body force from vis-
cous damping 

  � �   

Yao et al. 
(2012) 

Modelled heat and mass 
transfer in silica gel packed 
beds under US irradiation. 

Linear Helmholtz, energy and 
mass conservation equations for 

porous media. 

�    � � 

Schenker et al. 
(2013) 

Acoustic streaming in water NS with empirical body force   � �   

Xu et al. (2013) Modelled acoustic streaming 
in a sono-reactor. 

Linear Helmholtz and NS with 
body force 

�  � �   

Jiao et al. (2014) Simulated the effect of US 
acoustic  streaming on the 

mass transfer between silicon 
wafer and KOH 

Linear Helmholtz and NS with 
body force 

�  � �  � 

Parvizian et al. 
(2014) 

Modelled US micromixing 
and streaming in a tubular 

sono-reactor. 

CNS with dynamic vibrating 
wall 

  � �   

Huang et al. 
(2014) 

Studied US treatment for 
structural refinement in me-

tallic melt. 

NS with Stuart streaming ap-
proach 

  � �   

Jamshidi and 
Brenner (2014) 

Studied macroscopic migra-
tion of cavitation bubbles 

Linear Helmholtz, Keller-Miksis 
equation and Euler-langrangian 

approach 

� �  �   

Zhang and 
Nastac (2014) 

Modelled dispersion of ce-
ramic nanoparticles in Alu-

minum melt under US 

DNS with oscillating velocity 
boundary. Solid-liquid interac-

tions by Euler-langrangian. 

�  � �   

Mohsin and 
Meribout (2015) 

Developed an US enhance oil 
recovery model. 

Linear Helmholtz equation �   � �  
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Kang et al. 
(2015) 

Simulated acoustic streaming 
in different melts 

NS with oscillating pressure in-
let. 

�  � �   

Zhang et al. 
(2015), Jia et al. 

(2016) 

Solidification of stainless 
steel melt under US 

NS with oscillating pressure in-
let and energy equation 

�  � � �  

Sajjadi et al. 
(2015) 

Studied the effect of US 
power on acoustic streaming 

and cavitation 

Compressible homogeneous 
cavitation model with oscillating 

pressure inlet 

� � � �   

Žnidarčič et al. 
(2015) 

Simulating cavitating flow in 
water 

Compressible homogeneous 
cavitation model with dynamic 

mesh for vibrating wall. 

� � � �   

Kiani et al. 
(2015) 

Modelled US assisted freez-
ing of potato spheres. 

Lumped US dependent heat 
transfer coefficient. 

    �  

Kiani and Sun 
(2016) 

US assisted immersion cool-
ing of a sphere particle. 

US dependent Nusselt number 
correlations. 

    �  

Chahine et al. 
(2016) 

Surface cleaning by cavita-
tion bubbles. 

Boundary integral method and 
CFD 

� �     

Lebon et al. 
(2016) 

Modelled cavitating flow for 
the treatment of liquid metal. 

Homogeneous cavitation model � �  �   

Rahimi et al. 
(2017) 

Studied flow field in US horn 
reactor. 

Compressible homogeneous 
cavitation model with new mov-

ing boundary technique. 

� � � �   

Wang et al. 
(2017) 

Studied flow field and ther-
mal condition during US 

treatment of melt 

NS with body force, and energy 
equation 

� � � � �  

Fang et al. 
(2018) 

Simulated acoustic streaming 
in water by different US horn 

tips. 

Commander and Prosperetti 
(1989) model and NS with body 
force based on primary Bjerknes 

force. 

� � � �   

Tzanakis et al. 
(2018) 

Modelled acoustic streaming 
and cavitation in water. 

Homogeneous cavitation model. � � � �   

Riedel et al. 
(2019) 

US treatment during metal 
casting process 

3D-FLOW software that em-
ploys micro-collision model 

� � � �   

Komarov and 
Yamamoto 

(2019) 

US casting of Aluminum al-
loy 

Commander and Prosperetti 
(1989) model, NS with body 
force, and energy equation 

� � � � �  

Riedel et al. 
(2020) 

Acoustic streaming and cavi-
tation in solidifying Alumi-

num 

Compressible homogeneous 
cavitation model with vibrating 

velocity boundary. 

� � � � � � 

2.3 Computational studies on liquid boiling 

 Thermal cooling is one major application of boiling, owing to the high heat 

transfer coefficient during the phase change process.  It should be noted that although 

thermal cooling application is somewhat irrelevant to the scope of the current research 

(other than the fundamental boiling physics), it is introduced here as a vast majority of 

the computational studies on liquid boiling available in the literature are for thermal 

cooling applications. 
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In practical boiling-based thermal cooling applications, due to the complexity 

arising from the non-linear and conjugate nature of various boiling physics (e.g. fluid 

flow, heat and mass transfer) in vapor, liquid and solid (heated surface) phases, as well 

as the uncertainty of the characteristics of the heated surface where boiling or vapor 

bubble nucleation takes place (e.g. nucleation site density, wettability, oxidation pro-

file, surface roughness, contamination, etc.), the thermal cooling performance of a liq-

uid boiling process is widely characterized with the use of empirical and semi-empir-

ical correlations (Ghiaasiaan 2007).  Despite being useful tools, the major drawbacks 

of empirical correlations are the limitation to a narrow range of operating conditions 

(Kharangate and Mudawar 2017) and the lack of physical implication of the process.  

Fortunately, with the rapid advancement in computer science, it is now possible to 

characterize the entire boiling process mechanistically through the use of CFD simu-

lation.  The major advantage of this approach is the ability to provide a full, detailed 

description of the temporal and spatial distributions of temperature, fluid velocity, 

phase fraction, and topology of both vapor and liquid phases during a boiling process, 

which allows one to gain deep insights.  As a result, this triggers massive interests 

among researchers to computationally study boiling using CFD.   

The major modelling approaches taken by researchers to simulate boiling fall 

into two basic categories: Direct Numerical Simulation (DNS) and average modelling 

approach.  In DNS, Navier-Stokes and energy transport equations are solved (coupled 

with appropriate phase change model) at very high resolutions to resolve a broad range 

of temporal and spatial scales in the velocity and temperature fields of both vapor and 

liquid phases, and the topology of the interface between the two phases is determined 

as part of the solution (Rusche 2003).  The determination of the interface topology in 

DNS is typically achieved by employing interface capturing or tracking techniques 

such as Volume of Fluid (VOF) method, Level-set (LS) method, Interface Front-track-

ing method, and Lagrangian moving-mesh method.  A detailed description of these 

techniques can be found in the book published by Yeoh and Tu (2009).  Despite the 

capability to provide a detailed description of the complex phenomena associated with 

boiling, the obvious shortcoming of DNS is the extremely high computational cost.  

Therefore, DNS is restricted to the local simulation of boiling process with small com-

putational domains and simple configurations.  On the other hand, unlike DNS, aver-

age modelling approach describes only the macroscopic or mean properties of the flow 
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by solving averaged Navier-Stokes and energy transport equations.  Due to the loss of 

small-scale details (i.e. interfacial details) during the averaging procedure, constitutive 

relations or sub-grid models are used to represent this information.  In this way, the 

computational cost required to obtain solutions at a global scale (e.g. a complete boil-

ing process) can be greatly reduced.  Several macroscopic two-phase models have been 

devised for this purpose, such as Homogeneous Mixture model, Drift-flux model, and 

Two-fluid model.  In Homogeneous Mixture model, the vapor and liquid phases in a 

control volume are treated as a homogeneous mixture with both phases sharing the 

same mean velocity (and other properties, e.g. temperature, concentration, etc.).  Thus, 

a single set of averaged Navier-Stokes equations (and other transport equations) is 

sufficient to describe the flow.  In Drift-flux model, slip between phases is allowed.  A 

single set of averaged Navier-Stokes equations is used to describe the flow, but with 

additional constitutive terms that account for the slip between phases.  In Two-fluid 

model, both phases are treated as an inter-penetrating continuum, with both phases 

having their individual velocities (and other properties).  Hence, the two-phase flow is 

described by two sets of averaged Navier-Stokes equations (and other transport equa-

tions), which are coupled through constitutive relations that dictate the interphase in-

teractions.  Among these macroscopic models, Two-fluid model is the most widely 

used methodology for boiling simulations, or two-phase flow simulations in general, 

due to its relatively higher accuracy and flexibility.  Figure 2.8 illustrates the funda-

mental difference between DNS and averaged modelling approach.  The individual 

boiling bubbles are described explicitly in DNS, whereas the boiling bubbles are de-

scribed in a macroscopic sense as vapor volume fraction in average modelling ap-

proach. 
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(a)     (b) 

Figure 2.8: Examples showing the fundamental difference between DNS and averaged 
modelling approach for boiling simulations. (a) Nucleate boiling bubble dynamic on a 
horizontal heated surface simulated based on DNS (Reprinted and adapted from Lee 

et al. (2010), with permission from Taylor and Francis), and (b) nucleate boiling 
process on a tandem tube simulated using macroscopic averaged two-fluid model (the 
color contour represents vapor phase fraction) (Reprinted and adapted from Abadi et 

al. (2018), with permission from Elsevier).   

The computational studies of liquid boiling in the literature can be broadly 

classified into two categories, namely pool boiling and flow boiling. In the following, 

a literature survey of these categories will be presented.  Note that an alternative review 

of the computational studies on liquid boiling, mainly on Direct Numerical Simula-

tions, can also be found in the recent review paper published by Kharangate and 

Mudawar (2017). 

2.3.1 Pool boiling 

 Pool boiling is a boiling process without any externally imposed forced flow 

(Ghiaasiaan 2007).  The fluid flow during pool boiling is induced by the boiling pro-

cess itself, such as natural convection and bubble buoyancy.  Pool boiling (under sur-

face heating) can be classified into three regimes, namely nucleate boiling, transition 
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boiling, and film boiling, as discussed previously in Section 1.1.4.  Among the differ-

ent boiling regimes, nucleate boiling is the preferred boiling type in most thermal ap-

plications, owing to its ability to remove high heat fluxes at low wall temperatures.  In 

other words, it provides high heat transfer coefficients.  As a result, nucleate boiling is 

more widely studied compared to other boiling regimes.   

Direct Numerical Simulations for nucleate pool boiling 

Dhir and co-workers had made important contributions to the DNS of nucleate 

pool boiling.  Son et al. (1999) proposed a 2-D axis-symmetric ‘two-scale’ model to 

study single boiling bubble dynamics and the associated boiling heat transfer on a hor-

izontal heated surface.  In their model, the computational domain was subdivided into 

inter-coupling macro and micro-regions to avoid resolving the extremely thin micro-

layer (micro-liquid layer) beneath the growing boiling bubble, as illustrated in Figure 

2.9.  In the macro-region, Navier stokes and heat transport equations were solved to 

describe the vapor-liquid fluid flow and heat transfer, and the bubble interface was 

captured using LS method.  The interphase mass transfer (phase change) was modelled 

based on mass and energy balance.  In the micro-region, a separate sub-grid model 

based on Lubrication theory was adopted to describe the behavior of the thin micro-

layer beneath the bubble.  These constitute the so-called ‘two-scale’ model.  The pre-

dicted bubble departure diameter agreed well with experimental observation.  The sim-

ulation results showed that the vapor-liquid-wall interface expands and contracts as 

the bubble grows and departs, and the bubble departure diameter increases with the 

contact angle and wall superheat.  Due to the success of this two-scale model, it be-

came the basis of many subsequent computational works (not only their subsequent 

works but also others).  Using a similar model, Singh and Dhir (2000) studied sub-

cooled nucleate pool boiling and showed that the bubble growth rate and departure 

diameter increase with the increase of liquid sub-cooling.  Abarajith and Dhir (2002) 

studied the influence of the contact angle on the bubble dynamics and found that the 

bubble departure diameter increases with the contact angle.  Son et al. (2002a) numer-

ically investigated vertical bubble merging process during nucleate pool boiling and 

concluded that vertical bubble merging tends to reduce the vapor removal rate.  

Mukherjee and Dhir (2004) modelled lateral merger of bubbles during nucleate pool 
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boiling and showed that the merger of multiple bubbles considerably enhances the wall 

heat transfer.  Abarajith et al. (2004) numerically studied the dynamics of multiple 

bubble mergers during pool boiling under reduced gravity conditions and found that 

the bubble mergers result in early bubble lift-off due to the fluid motion generated 

during the merger process.  Son and Dhir (2008) modelled the nucleation of bubbles 

on a horizontal surface at high wall heat flux.  They showed that the high wall heat 

flux leads to frequent bubble mergers in both vertical and lateral directions.  Nam et 

al. (2011) numerically studied single boiling bubble dynamics on a super-hydrophilic 

surface and found that the boiling on a super-hydrophilic surface yields a lower bubble 

departure diameter and a shorter growth period compared to a silicon substrate due to 

the high wettability.  Wu and Dhir (2011) extended the model of Son et al. (1999) by 

incorporating species transport and studied the effect of non-condensable gas on the 

bubble dynamic during pool boiling.  It was showed that the presence of non-conden-

sable gas in the boiling bubbles can alter the liquid velocity around the bubbles at low 

gravity conditions due to the Marangoni effect.  Zhao et al. (2011) studied the effect 

of gravity on nucleate boiling and showed that the bubble growth period and departure 

diameter increase with the decrease of gravity.  Unlike most of the earlier works which 

assumed constant solid wall temperatures, Aktinol and Dhir (2012) simulated nucleate 

boiling with the thermal response of the heated surface determined as part of the solu-

tions.  The results showed that the solid wall thickness and material type significantly 

affect the surface temperature recovery and thus the bubble waiting time.  Lee et al. 

(2010) numerically analyzed the dynamics of a vapor bubble formed from micro-cav-

ities of different shapes during nucleate boiling.  They concluded that a truncated con-

ical cavity leads to a shorter bubble waiting time and thus is more effective for bubble 

formation compared to cylindrical and conical cavities.  Lee and Son (2011) numeri-

cally investigated the boiling enhancement on a micro-structured surface.  It was found 

that the surface with a concentric groove\multi-step cavity is ineffective\effective in 

improving the boiling heat transfer.  Lee et al. (2012) computationally studied nucleate 

boiling on a micro-finned surface and demonstrated that a micro-finned surface can 

improve the boiling heat transfer by about 40-60% compared to a flat surface.   
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Figure 2.9: Schematic of the two-scale nucleate pool boiling model proposed by Son 

et al. (1999). Reprinted and adapted from Son et al. (1999), with permission from 
American Society of Mechanical Engineers. 

Apart from Dhir research group, many other research groups also conducted 

similar studies.  Kunkelmann and Stephan (2009) simulated bubble growth in super-

heat liquid using OpenFOAM software.  They formulated a two-scale model similar 

to that of Son et al. (1999), but the interface was captured using VOF method, and the 

micro-layer model was adopted from Stephan and Busse (1992).  The phase change 

was simulated using a model adapted from Hardt and Wondra (2008), in which the 

phase change was modelled by removing the evaporating mass on the liquid side of 

the interface and regenerating it on the vapor side.  The simulation results showed good 

agreement with the experimental data.  In their subsequent work, Kunkelmann and 

Stephan (2010) used their previously formulated model to simulate nucleate boiling of 

refrigerant HFE-7100.  The predicted bubble growth time and departure diameter 

showed reasonable agreement with the experimental observation.  Using the same 

model, Kunkelmann et al. (2012) studied the effect of three-phase contact line speed 

on the local boiling heat transfer.  The results showed that the local heat flux peak 

significantly increases with the contact line speed when the contact line is advancing 

(bubble detachment) due to the enhanced transient conduction.   
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In another study, by adopting the model of Kunkelmann and Stephan (2009), 

Sielaff et al. (2014) simulated bubble coalescence during nucleate boiling in Open-

FOAM and successfully reproduced the phenomenon observed in the experiment, 

where a residual droplet is formed inside a bubble after coalescence at pressures below 

600 mbar.  Using a model similar to that of Kunkelmann and Stephan (2009), Utaka 

et al. (2014) studied micro-layer evaporation during nucleate pool boiling of water and 

ethanol.  The results showed that the mass evaporated from micro-layer occupied about 

15 – 70% of the vapor mass in a bubble.  In their next work, Chen and Utaka (2015) 

investigated the heat transfer and evaporation characteristics of a growing bubble dur-

ing nucleate boiling.  It was shown that the heat flux contributed by microlayer evap-

oration increases with microlayer radius.  Sato and Ničeno (2013) developed a new 

mass-conservative phase-change model for interface tracking (VOF) method in DNS.  

A unique aspect of the new phase change model is that the mass sources are imple-

mented only in the cells that contain the interface, as opposed to other models that 

typically smear the mass sources across multiple cells for numerical stability.  The 

model was used to simulate nucleate boiling and the results compared well with ex-

perimental observations.  Ling et al. (2014) used a classic two-scale model but em-

ployed VOSET method, which is a combination of VOF and LS methods, for interface 

capturing to simulate nucleate pool boiling.  The simulation results showed that the 

vortices behind the rising bubble remove the superheat from the wall, and bubble co-

alescence during bubble growth improves heat transfer.  In their next study, Ling and 

Tao (2016) simulated nucleate boiling in shallow liquid.  The results showed that nu-

cleate boiling in shallow liquid results in enhanced heat transfer, due to oscillation of 

the liquid free surface that generates new vortices and better mixing.  Jia et al. (2015) 

developed a nucleate boiling model similar to that of Kunkelmann and Stephan (2009).  

Height Function sub-model was introduced for better interface curvature estimation.  

The superiority of the model in interface curvature calculation was demonstrated and 

the boiling bubble dynamics were studied in detail.  Georgoulas et al. (2015) proposed 

an enhanced VOF method in OpenFOAM for DNS of pool boiling simulation.  This 

method employed a Laplacian filter to smooth the volume fraction field in order to 

reduce the spurious current near the interface, which is typically suffered by conven-

tional VOF methods.  The model showed good agreement with the experimental ob-

servations.  Georgoulas et al. (2017) adapted their previously developed model to 

study saturated pool boiling.  The study showed that the wall superheat is the most 
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influential parameter on bubble dynamics, followed by the initial thermal boundary 

layer thickness, surface wettability, and gravity strength.  Huber et al. (2017) numeri-

cally studied nucleate pool boiling at large contact angles, moderate Jakob numbers, 

and high-density ratios between vapor and liquid phases.  It was concluded that under 

the aforementioned conditions, the bubble dynamics are insensitive to the inclusion of 

micro-layer modelling and thermal response modelling of the heated wall.  Wang and 

Cai (2017) studied the effect of wall wettability on bubble dynamics during nucleate 

boiling.  In their model, DNS method was employed with the vapor-liquid interface 

captured based on Cahn-Hilliard equation.  Micro-layer beneath the bubble was how-

ever not considered in the simulation.  The results showed that under non-wetting con-

dition, bubble departure diameter and growth period decrease with the decrease of 

contact angle; and under wetting condition, the bubble departure diameter and the 

growth period are higher than its counterpart. 

Very recently, Urbano et al. (2018), for the first time, model the boiling behav-

ior in the micro-layer beneath the bubble through DNS (with LS) alone, without any 

separate sub-grid model.  This was accomplished by using extremely fine mesh be-

neath the bubble to resolve the micro-layer.  The simulation results showed that micro-

layer is formed when the bubble grows faster than the motion of the contact line, which 

depends on various conditions such as thermal diffusion, dewetting velocity, viscous 

force, and capillary force.  Coulibaly et al. (2018) investigated bubble coalescence heat 

transfer during nucleate pool boiling using DNS method with VOF for interface cap-

turing.  It was shown that slow bubble growth rate during bubble coalescence leads to 

improvement in heat transfer due to the entrapment of the evaporating liquid layer 

between bubbles, which results in high evaporation heat flux. Urbano et al. (2019) 

performed DNS of nucleate pool boiling under zero gravity using LS method and con-

cluded that the equilibrium bubble radius depends on the thermal gradient, Jakob num-

ber, and contact angle.  Yi et al. (2019) adapted DNS with Cahn-Hilliard equation for 

interface discrimination to simulate subcooled pool boiling under low gravity. Ther-

mal-capillary effect was considered. The results indicated that bubble growth period 

and departure radius reduce with gravity.  In view of insufficient studies on subcooled 

pool boiling, Cheng et al. (2019) simulated single bubble growth in subcooled boiling 

water using DNS with VOF.  They showed that the bubble changes from hemisphere 

to ellipsoid and finally pear shape during bubble growth.  In contrast to most other 
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studies that employed CFD, Bhati and Paruya (2020) developed a unique model for 

bubble growth kinetics based on semi-analytical method that considers both macro- 

and micro-layer evaporation.  The results showed that during bubble growth, the bub-

ble shape is spherical and hemispherical at low and high wall superheats, respectively. 

 

Average modelling approach for nucleate pool boiling 

To characterize nucleate pool boiling at a global scale (i.e. characterize a com-

plete nucleation pool boiling), which is impractical to be achieved using DNS, there 

are some authors simulated nucleate pool boiling simulations based on average mod-

elling approach using macroscopic multiphase models.  Due to the incapability of the 

macroscopic models to capture the complex bubble nucleation mechanics at the heated 

wall (as the interface is not captured), this approach is commonly coupled with the 

well-known wall heat partitioning model (a sub-grid model) to describe the heat trans-

fer at the heated wall during bubble nucleation, grow and departure.  In the wall heat 

partitioning model, the total boiling heat flux is partitioned into three parts, namely 

evaporative, convective, and quenching heat flux.  Each of these heat fluxes greatly 

depends on the bubble nucleation dynamics on the heater surface, such as bubble de-

parture frequency and bubble departure diameter.  These parameters are typically for-

mulated empirically or semi-empirically due to the complexity and uncertainty in-

volved. 

Using Drift-flux model coupled with wall heat partitioning model, Aminfar et 

al. (2012) simulated complete nucleate pool boiling of silica-water nano-fluid.  They 

concluded that convection heat transfer plays more roles at higher heat flux compared 

to evaporation and quenching heat fluxes.  Pezo and Stevanovic (2011) simulated com-

plete nucleate pool boiling using Two-fluid model to predict the CHF.  The predicted 

CHF agreed well with the experimental data.  The simulation results also showed that 

intense global circulation takes place during nucleate pool boiling.  Li et al. (2014) 

employed Two-fluid model coupled with wall heat partitioning model to investigate 

nucleate pool boiling of dilute water-silica nano-fluids.  It was shown that nano-fluid 

significantly alters the boiling heat transfer due to the improvement of heater surface 
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wettability by the deposition of nano-particles.  Using a model similar to that of Li et 

al. (2014)’s, Salehi and Hormozi (2018) studied nucleate pool boiling of silica-water 

nano-fluid.  The results showed boiling heat transfer performance of nano-fluid is 

lower than that of pure water due to the change in heated surface properties.  

Ahmadpour et al. (2018) modelled nucleate pool boiling on a staggered tube bundle 

using Two-fluid model and wall heat partitioning model.  They showed that the pool 

boiling heat transfer coefficient increases with the saturation temperature of the work-

ing fluid and the operating pressure.  In their subsequent work, Abadi et al. (2018) 

simulated nucleate pool boiling on tandem tubes using the same method and concluded 

that the heat transfer coefficient on the tubes reduces with the increase of the tube 

inclination angle.  Kamel et al. (2019) simulated nucleate pool boiling of silica-water 

nano-fluid based on Two-fluid model and showed that the nano-fluid produces less 

vapor compared to pure water due to deposition of nano-particle on the heated wall. 

Gupta et al. (2019) numerically investigated nucleate pool boiling of alumina-water 

nano-fluid based on Two-fluid model and concluded that the boiling heat transfer im-

proves with the increase of nano-particle concentration due to enhance thermal con-

ductivity.  Wang et al. (2019b) computationally investigated pool boiling on a special 

heated surface with raised and sunken hemispheres based on Two-fluid boiling model.  

They reported that the special surface leads to better heat transfer than plain surface.  

2.3.2 Flow boiling 

 Flow boiling is a boiling process accompanied by significant imposed flows.  

It is considered to be more complex than pool boiling due to the strong coupling be-

tween hydrodynamics and boiling heat transfer (Ghiaasiaan 2007).  Flow boiling is 

usually conducted by channeling vertical liquid up-flow in a uniformly heated vertical 

duct, as this flow configuration facilitates boiling flow due to vapor bubble buoyancy.  

Horizontal and down-flow boiling channels also exist but are less frequently encoun-

tered.  During flow boiling, the boiling process takes place continuously along the duct, 

which results in a gradual increase in vapor production in the axial direction.  Conse-

quently, there is a gradual change of flow regime along the duct.  A typical sequence 

of the flow regime transition along a flow boiling duct is pure liquid flow, bubbly flow, 
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slug flow, annular flow, mist and followed by pure vapor flow, as shown in Figure 

2.10.  To understand flow boiling, many computational works were conducted.  Simi-

lar to pool boiling, DNS and average modelling approach are the two commonly used 

methodologies for computational simulation of flow boiling. 

 

Figure 2.10: Schematic of different flow regimes in a upward vertical boiling channel.  
Reprinted and adapted from Ghiaasiaan (2007), with permission from Cambridge Uni-
versity Press. 

Direct numerical simulations of flow boiling 

 Due to the high computational cost of DNS, it is typically applied for the local 

modelling of flow boiling in miniature channels (for small-scale cooling applications 

in, for example, electronic devices).  Mukherjee and Kandlikar (2005) simulated the 

growth of a suspended vapor bubble in a rectangular microchannel during flow boiling 

of water by DNS with LS method for interface capturing.  The results showed the 

bubble growth rate increases with the inlet liquid superheat and decreases with Reyn-

olds number.  Using a similar model, Mukherjee and Kandlikar (2009) investigated 
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the effect of inlet restriction on the bubble growth on the bottom surface of a rectan-

gular microchannel.  The results showed that inlet restriction prevents explosive bub-

ble growth and reversed flow.  In their later work, they numerically analyzed the wall 

heat transfer during flow boiling in a microchannel and showed that the wall heat 

transfer increases with the increase of wall superheat and the decrease of bubble con-

tact angle (Mukherjee et al. 2011).  Lee and Son (2008) modelled nucleate flow boiling 

in a microchannel using a two-scale model similar to that of Son et al. (1999) and 

concluded that the bubble growth rate and heat transfer rate increase when the channel 

size is smaller than the bubble departure diameter.  Yang et al. (2008) employed a 

VOF-based DNS model to simulate flow boiling of refrigerant R141B in a coiled tube.  

The simulation results showed that the relative phasic velocity is low in bubbly flow 

regime, while the opposite is observed in the stratified flow regime.  Goodson et al. 

(2010) simulated boiling flow in a vapor-venting microchannel using VOF-based DNS 

method.  The results showed that the vapor-venting channel produces a significantly 

lower pressure drop and inhibits liquid film rupture and local dry-out compared to 

conventional channel.  Wei et al. (2011) uses VOF-based DNS method to study the 

bubble behavior in subcooled flow boiling under swing condition.  The simulation 

showed that the swing motion affects mass flow rate, which in turn affects the bubble 

sliding, detachment, and wall heat transfer.  Zhuan and Wang (2011) studied subcooled 

flow boiling in a microchannel and found that at a high degree of subcooling, the bub-

ble grows slowly due to higher surface tension, and bubbly flow occurs at a higher 

heat flux compared to saturated boiling.  Zhuan and Wang (2012) examined the flow 

pattern of flow boiling of R-134a and R-22 in a microchannel using VOF method and 

showed that the flow pattern transition strongly depends on the heat flux, mass velocity, 

and liquid saturation temperature.  Zhou et al. (2013) modelled flow boiling in a mi-

crochannel using LS method and showed that microchannel with reentrant cavities 

facilitates bubble nucleation and improves CHF.  Magnini et al. (2013b) studied the 

hydrodynamics and heat transfer of elongated bubbles in a microchannel using VOF 

method and discovered that thin-film evaporation is the dominant heat transfer mech-

anism between the wall and elongated bubble.  Magnini et al. (2013a) investigated the 

influence of leading and sequential bubbles on slug flow boiling in a microchannel.  

The results showed that the vortex generated between slug bubbles improves the heat 

transfer between the wall and bulk liquid.  Lorenzini and Joshi (2015) numerically 

investigated flow boiling in microchannel with non-uniform heat flux.  VOF-based 
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DNS model was employed in the study.  The results showed that non-uniform heat 

flux results in a considerably high temperature gradient in the flow.  Lal et al. (2015) 

extended the sharp interface DNS pool boiling model of Sato and Ničeno (2013) into 

a convective flow boiling model and studied subcooled and near-saturation flow boil-

ing.  The bubble shape elongation and wall heat transfer enhancement due to bubble 

sliding were accurately predicted.  Pan et al. (2016) proposed a new saturated-inter-

face-volume phase change model for flow boiling simulation based on VOF-based 

DNS, which was claimed to be able to reduce computational cost.  Li et al. (2018) 

simulated single bubble evaporation in a microchannel under zero gravity with thermo-

capillary effect using VOF method, and found that thermos-capillary effect causes 

convection in the thin liquid film (between bubble interface and wall) and thus en-

hances boiling heat transfer.  Luo et al. (2019) employed VOF method to investigate 

subcooled flow boiling in a manifold microchannel heat sink.  The results showed that 

proper design of inlet-to-outlet ratio can reduce pressure drop without compromising 

flow rate. In their follow-up work, Luo et al. (2020b) investigated the effect of differ-

ent manifold arrangement on boiling flow heat transfer in microchannel heat sink and 

concluded that H-type and U-type arrangements provide good heat transfer perfor-

mance and low pressure drop.  Luo et al. (2020a) simulated saturated annular flow 

boiling in a narrow rectangular microchannel using VOF-based DNS and concluded 

that the increase in heat flux and inflow reduce the film thickness between the interface 

and wall.  

Average modelling approach for flow boiling 

Since flow boiling involves strong coupling between imposed flow and boiling, 

it would be more meaningful to simulate flow boiling at a global/complete scale in 

order to capture the diverse flow boiling behavior along the boiling channel.  To this 

end, average modelling approach is obviously the preferred option.  Ishimoto et al. 

(2000) simulated two dimensional boiling flow of liquid nitrogen using Drift-flux 

model.  The results showed that the pressure and vapor fraction distribution during 

flow boiling is different from that at room temperature due to rapid phase change ve-

locity.  Yeoh and Tu (2004) adopted Two-fluid model coupled with wall heat parti-
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tioning model to simulate bubbly subcooled boiling in a co-centric pipe at low pres-

sures.  Multi-size group population balance method was used to characterize the inter-

facial area density between phases, which is important for the quantification of inter-

phase momentum, heat, and mass transfer.  Comparison with experimental data 

showed that the model is capable of accurately describing the essential features of the 

boiling flow, such as the vapor fraction distribution, bubble Sauter diameter distribu-

tion, and fluid velocity.  In their follow-up work, Yeoh and Tu (2006) further enhanced 

their model by considering mechanistic descriptions of the bubble departure dynamics 

in the wall heat partitioning model to replace the often-used empirical/semi-empirical 

formulations.  Malan et al. (2008) compared the performance of One-size and Multi-

size group population balance method proposed by Yeoh and Tu (2004) in sub-cooled 

flow boiling simulation.  They concluded that both methods perform similarly at low 

sub-cooling, but the latter performs better at high sub-cooling.  

Krepper and co-workers published a series of modelling works on subcooled 

bubbly flow boiling of different liquid in pipe systems.  Krepper et al. (2007) charac-

terized bubbly sub-cooled flow boiling in a long heated pipe using Two-fluid model 

coupled with wall heat partitioning model.  They concluded that their model is capable 

of predicting the essential parameters in flow boiling, such as swirl, cross-flow be-

tween channels, and concentration regions of vapor bubbles.  Using a similar model, 

Krepper and Rzehak (2011) compared the outputs of their sub-cooling flow boiling 

simulation to experimental data and found that their model was incapable of capturing 

an experimentally observed effect that the distribution of vapor fraction changes from 

wall to core peaking when the liquid subcooling is decreased.  In their later work, 

Krepper et al. (2011) improved their model by incorporating Multi-size group popu-

lation balance method for more accurate interphase area density prediction.  Bubble 

coalescence and break-up were however neglected in the study.  The predicted void 

fraction distribution in the pipe by the new model agreed well with experimental data.  

Krepper et al. (2013) conducted another in-depth study on the capability of their model 

to simulate subcooled flow boiling.  This time, detailed formulations of bubble coales-

cence and break-up were incorporated.  The results showed that the improved model 

was now able to capture the experimentally observed phenomenon in which the bubble 

distribution changes from wall to core peaking with decreasing liquid sub-cooling, 

which was not captured in their previous model.   
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Another notable research group that simulated flow boiling using macroscopic 

approach is Li’s research group.  Li and co-workers attempted to simulate subcooled 

flow boiling of liquid nitrogen using two-fluid model coupled with wall heat partition-

ing model.  Li et al. (2006) simulated subcooled boiling in a vertical tube using two-

fluid model, with the bubble diameter assumed to vary linearly with liquid temperature.  

In their results, they noted that the modelling of active bubble nucleation site density 

plays an important role in the accuracy of the simulation.  Using a similar model, Li et 

al. (2007) numerically investigated the pressure drop during flow boiling in a vertical 

tube.  The predicted pressure drop agreed well with the experimental data until the 

transition point where the flow regime changes from bubbly flow to slug flow.  Li et 

al. (2009) tested the effect of bubble contact angle and surface tension on subcooled 

flow boiling simulation.  It was concluded that the consideration of surface tension is 

crucial in the modelling of bubble departure diameter and active nucleation site density.  

To better predict the evolution of bubble diameter distribution, Li et al. (2010) em-

ployed Multi-size group population balance method in their model to simulate flow 

boiling of liquid nitrogen in a bottom closed vertical tube.  The predicted bubble size, 

velocity distribution and the height where Taylor bubbles formed agreed well with the 

experimental data. 

More recently, Fontoura et al. (2013) simulated concurrent vapor-liquid (crude 

oil) flow inside a horizontal tube of petrochemical pre-heaters with phase change using 

two-fluid model coupled with kinetic reaction model to predict thermal cracking of 

crude oil.  In their model, however, the vapor generation is computed directly from the 

wall heat flux instead of considering the detailed boiling heat transfer at the heated 

wall.  The bubble diameter distribution was assumed to be mono-dispersed.  The re-

sults showed that the vapor accumulates at the upper part of the tube due to the phase 

density difference.  Mimouni et al. (2016) employed an approach similar to that of 

Krepper et al. (2013) to estimate the wall temperature excursion and the onset of CHF 

during flow boiling in tubes.  The simulation results were validated against a large 

amount of experimental data, and the model showed great accuracy, with an average 

relative error of 8.3%.  Murallidharan et al. (2016) assessed wall heat partitioning 

model, two-fluid model, and various sub-models in the modelling of subcooled flow 

boiling at high pressures.  It was concluded that active nucleation site density is the 

most crucial parameter in achieving robust and accurate results.  Shao et al. (2016) 



78 
 

employed average bubble number density approach in two-fluid model with wall heat 

partitioning model to simulate boiling flow of liquid nitrogen.  This approach considers 

locally mono-dispersed (i.e. in each small control volume) but globally poly-dispersed 

bubble diameter distribution in the flow. The simulation results showed that the pro-

posed method provides better agreements with experimental data when compared to 

conventional method. 

The above-cited studies focused on the simulation of bubbly flow boiling.  

However, in most practical subcooled flow boiling applications, the vapor-liquid flow 

regime does not remain as bubbly but gradually changes from bubbly to churn turbu-

lent and annular flow, as previously illustrated in Figure 2.10.  This flow is not well-

described by the conventional Two-fluid model due to the assumption that the vapor 

phase is always dispersed in the liquid phase.  To account for the significant change in 

the flow regimes during subcooled flow boiling, Höhne et al. (2017) employed GEN-

TOP concept proposed by Hänsch et al. (2012) in the modelling of subcooled flow 

boiling.  The GENTOP-concept is based on a multi-field Two-fluid approach, which 

allows the modelling of continuous gaseous phase in addition to the dispersed vapor 

and continuous liquid configurations typically considered in conventional Two-fluid 

model.  The basic idea is that, when the local vapor phase fraction exceeds a certain 

threshold, which indicates that the local flow regime begins to depart from bubbly, the 

model clusters the dispersed vapor phase into a locally continuous vapor phase to de-

scribe large localized features such as gas pockets in slug flow.  The simulation results 

showed that the new model is capable of capturing the diverse flow regimes generally 

observed in flow boiling, as shown in Figure 2.11.  Nevertheless, rigorous validation 

of the model is yet conducted.  Mohammed and Giddings (2019) modelled flow boil-

ing of R134-ZnO nano-fluid in a horizontal duct with metal foam using homogeneous 

mixture multiphase model. The results showed that the presence of metal foam en-

hances vapor production and heat transfer but increases pressure drop due to flow re-

sistance by the foam.  Sheykhi et al. (2020) numerically examined flow boiling in an 

inclined tube with different angles using Two-fluid model with wall heat partitioning.  

They concluded that the increase of inclination angle improves vapor production and 

heat transfer.  
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Figure 2.11: Vapor volume fraction during upward flow boiling in a pipe.  The regions 
with low vapor volume fraction represent liquid with small dispersed bubbles, whereas 
the regions with vapor volume fraction close to 1 represent large bubble pockets.  
Reprinted and adapted from Höhne et al. (2017), with permission from Elsevier. 

2.3.3 Summary and review of computational studies on liquid boiling 

The summary of the computational studies on liquid boiling is presented in 

Table 2.6 and Table 2.7.   

It is recalled that in the current research, it is intended to computationally in-

vestigate liquid boiling phenomenon under MW and US irradiation.  Since this process 

is undeniably very complex, it would be beneficial to first understand the physics of 

traditional boiling process (i.e. boiling under surface heating) before moving forward 

to the investigation of the more complex process.  Traditional nucleate pool boiling 

should be focused as it is the most probable boiling regime under MW irradiation in a 

MW cavity (Michael P áMingos 1992). 

According to the literature survey of the computational studies on nucleate pool 

boiling, it is clear that the vast majority of the available studies were for cooling appli-

cations.  These studies mainly focused on the phenomena that occur close to the heated 

surface, such as bubble growth and bubble departure mechanisms on the heated surface.  

In contrast, little effort has been put into investigating the boiling behavior within the 

bulk liquid.  This is mainly because the global boiling behavior within the bulk liquid 



80 
 

has relatively less impact on the boiling heat transfer (i.e. cooling effect), compared to 

the local boiling behavior near the heated surface.  As a result, there is a lack of com-

plete understanding of the boiling physics within the bulk liquid.  However, when boil-

ing takes place under MW or US irradiation, important physics such as volumetric 

heating and acoustic cavitation mainly takes place in the bulk liquid.  In this regard, it 

is therefore crucial to understand the boiling physics in the bulk liquid during tradi-

tional pool boiling.   

In order to study the boiling physics within the bulk liquid during nucleate pool 

boiling, it is necessary to model a complete boiling process.  Thus, the average mod-

elling approach is the more practical option compared to DNS.  There were some nu-

cleate pool boiling models available in the literature that were based on macroscopic 

formulation, such as those reported by Aminfar et al. (2012),  Li et al. (2014), Salehi 

and Hormozi (2018), Ahmadpour et al. (2018), Kamel et al. (2019) and Gupta et al. 

(2019).  However, most of these nucleate pool boiling models did not include a free-

board region in the computational domain, which is the region above the liquid free 

surface.  The liquid free surface was typically modelled either by using a so-called 

‘degassing’ boundary condition (Li et al. 2014, Salehi and Hormozi 2018), which is 

basically a semi-permeable solid wall boundary in which the vapor phase treats this 

boundary as outlet whereas the liquid phase treats this boundary as a free-slip wall, or 

simply by using an open outlet boundary condition for both phases (Aminfar et al. 

2012, Abadi et al. 2018, Ahmadpour et al. 2018, Kamel et al. 2019, Gupta et al. 2019).  

During pool boiling, the liquid level would dynamically change due to various events 

such as the rapid generation of vapor bubbles within the bulk liquid, the intense liquid 

circulation, and the depletion of liquid due to continuous evaporation (Pezo and 

Stevanovic 2011).  Thus, to capture these characteristics, a freeboard region is required 

to allow the liquid free surface to displace freely.   

Unfortunately, the inclusion of a freeboard region in macroscopic multiphase 

models, especially Two-fluid model, can be challenging.  This is because the inclusion 

of a free region results in a phase inversion situation, where the flow segregates into 

two distinct regions, with (about) pure liquid phase in the lower region and (about) 

pure vapor phase in the upper region.  Since the conventional Two-Fluid model is not 

devised for this type of flow, this can result in various issues due to numerical 
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singularities when the phase fractions approach zero, the existence of more than one 

phase configuration simultaneously (e.g. vapor phase exists as dispersed phase and 

continuous phase simultaneously), and the sharp changes of fluid properties across the 

liquid free surface (Rusche 2003, Li and Christian 2017).  The problems become more 

complex with the presence of heat and mass transfer.  Hence, special numerical 

treatment is required in order to produce physically correct results.  In the literature, 

the macroscopic pool boiling model presented by Pezo and Stevanovic (2011) is prob-

ably the only macroscopic nucleate pool boiling model that included a freeboard re-

gion.  However, the detailed formulation to implement the freeboard region in the 

model was not presented.   

The above review corresponds to Research gap 1 and Objective 1. 

Table 2.6: Summary of computational studies of nucleate pool boiling. 

Authors Methods Cases Scale 

Son et al. (1999) DNS with LS Single bubble nucleation on a horizontal surface. Local 

Singh and Dhir (2000) DNS with LS Bubble nucleation in subcooled liquid.   Local 

Abarajith and Dhir 
(2002) 

DNS with LS Effect of contact angle on bubble nucleation. Local 

Son et al. (2002b) DNS with LS Studied vertical bubble merger during nucleate 
boiling 

Local 

Mukherjee and Dhir 
(2004) 

DNS with LS Lateral merger during nucleate boiling Local 

Abarajith et al. (2004) DNS with LS Dynamics of multiple bubble mergers during nu-
cleate boiling 

Local 

Son and Dhir (2008) DNS with LS Bubbles nucleation on a horizontal surface at 
high heat flux. 

Local 

Nam et al. (2011) DNS with LS Single boiling bubble dynamics on a super-hy-
drophilic surface 

Local 

Wu and Dhir (2011) DNS with LS Studied the effect of non-condensable gas on 
bubble nucleation. 

Local 

Zhao et al. (2011) DNS with LS Effect of gravity on bubble nucleation. Local 

Aktinol and Dhir 
(2012) 

DNS with LS Studied nucleate boiling with the thermal re-
sponse of solid heated surface. 

Local 

Lee et al. (2010) DNS with LS Studies bubble nucleation from micro-cavities of 
different shapes. 

Local 

Lee and Son (2011) DNS with LS Studied nucleate boiling enhancement on a mi-
cro-structured surface. 

Local 

Lee et al. (2012) DNS with LS Studied nucleate boiling on a micro-finned sur-
face. 

Local 

Kunkelmann and 
Stephan (2009) 

DNS with VOF Bubble growth in superheated liquid. Local 
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Kunkelmann and 
Stephan (2010) 

DNS with VOF Nucleate boiling of refrigerant HFE-7100 Local 

Kunkelmann et al. 
(2012) 

DNS with VOF Effect of three-phase contact line speed on the 
local heat transfer during nucleate boiling. 

Local 

Sielaff et al. (2014) DNS with VOF Bubble coalescence during nucleate boiling Local 

Utaka et al. (2014) DNS with VOF Micro-layer evaporation during nucleate boiling Local 

Chen and Utaka 
(2015) 

DNS with VOF Heat transfer and evaporation characteristics of a 
growing bubble 

Local 

Sato and Ničeno 
(2013) 

DNS with VOF Development of a new sharp-interface phase 
change model 

Local 

Ling et al. (2014) DNS with VOSET Nucleate pool boiling. Local 

Ling and Tao (2016) DNS with VOSET Nucleate pool boiling in shallow liquid Semi-lo-
cal 

Jia et al. (2015) DNS with VOF Nucleate pool boiling with constant solid surface 
temperature 

Local 

Georgoulas et al. 
(2015) 

DNS with enhanced-
VOF 

Nucleate pool boiling on submerged orifice in 
isothermal liquid. 

Local 

Georgoulas et al. 
(2017) 

DNS with enhanced-
VOF 

Saturated pool boiling Local 

Huber et al. (2017) DNS with VOF Nucleate pool boiling at large contact angle, 
moderate Jakob number and high density ratio. 

Local 

Wang and Cai (2017) DNS with Cahn-Hil-
liard equation. 

Effect of wettability on bubble dynamics during 
nucleation 

Local 

Urbano et al. (2018) DNS with LS Studied formation of micro-layer during nucleate 
boiling 

Local 

Coulibaly et al. (2018) DNS with VOF Bubble coalescence heat transfer during nucleate 
boiling 

Local 

Urbano et al. (2019) DNS with LS Nucleate pool boiling under zero gravity Local 

Yi et al. (2019) DNS with Cahn-Hil-
liard 

Subcooled pool boiling under low gravity Local 

Cheng et al. (2019) DNS with VOF Single bubble growth in subcooled boiling water Local 

Bhati and Paruya 
(2020) 

Semi-analytical 
method 

Bubble growth kinetics Local 

Aminfar et al. (2012) Drift flux model Nucleate pool boiling of silica-water nano-fluid. Global 

Pezo and Stevanovic 
(2011) 

Two-fluid model Prediction of Critical heat flux Global 

Li et al. (2014) Two-fluid model Nucleate pool boiling of silica-water nano-fluid. Global 

Salehi and Hormozi 
(2018) 

Two-fluid model Nucleate pool boiling of silica-water nano-fluid. Global 

Ahmadpour et al. 
(2018) 

Two-fluid model Nucleate pool boiling on staggered tube bundle Global 

Abadi et al. (2018) Two-fluid model Nucleate pool boiling on tandem tubes Global 

Kamel et al. (2019) Two-fluid model Nucleate pool boiling of silica-water nano-fluid. Global 

Gupta et al. (2019) Two-fluid model Nucleate pool boiling of alumina-water nano-
fluid. 

Global 

Wang et al. (2019b) Two-fluid model pool boiling on a special heated surface with 
raised and sunken hemispheres 

Global 

 



83 
 

Table 2.7: Summary of computational studies on flow boiling. 

Authors Methods Cases Scale 

Mukherjee and 
Kandlikar (2005) 

DNS with LS Growth of a suspended vapor bubble in a rectangular mi-
crochannel. 

Local 

Mukherjee and 
Kandlikar (2009) 

DNS with LS Effect of inlet restriction on the bubble growth in a rectan-
gular microchannel 

Local 

Lee and Son (2008) DNS with LS Nucleate flow boiling in a microchannel Local 

Yang et al. (2008) DNS with 
VOF 

Flow boiling of refrigerant R141B in a coiled tube Local 

Goodson et al. 
(2010) 

DNS with 
VOF 

Flow boiling in a vapor-venting channel Local 

Wei et al. (2011) DNS with 
VOF 

Bubble behavior in subcooled flow boiling under swing 
condition 

Local 

Zhuan and Wang 
(2011) 

DNS with 
VOF 

Subcooled flow boiling in a microchannel Local 

Zhuan and Wang 
(2012) 

DNS with 
VOF 

Flow boiling of R-134a and R-22 in a microchannel Local 

Zhou et al. (2013) DNS with LS Flow boiling in a microchannel Local 

Magnini et al. 
(2013b) 

DNS with 
VOF 

Studied elongated bubbles in a microchannel Local 

Magnini et al. 
(2013a) 

DNS with 
VOF 

The influence of leading and sequential bubbles on slug 
flow boiling in a microchannel. 

Local 

Lorenzini and Joshi 
(2015) 

DNS with 
VOF 

Flow boiling in microchannel with non-uniform heat flux Local 

Lal et al. (2015) DNS with 
VOF 

Subcooled and near-saturation convective flow boiling Local 

Pan et al. (2016) DNS with 
VOF 

Proposed a new saturated-interface-volume phase change 
model for flow boiling 

Local 

Li et al. (2018) DNS with 
VOF 

Single bubble evaporation in a microchannel under zero 
gravity with thermo-capillary effect 

Local 

Luo et al. (2019) DNS with 
VOF 

Subcooled flow boiling in a manifold microchannel heat 
sink 

Local 

Luo et al. (2020a) DNS with 
VOF 

Boiling flow heat transfer in microchannel heat sink Local 

Luo et al. (2020b) DNS with 
VOF 

Saturated annular flow boiling in a narrow rectangular mi-
crochannel 

Local 

Ishimoto et al. 
(2000) 

Drift-flux 
model 

Two dimensional boiling flow of liquid nitrogen Global 

Yeoh and Tu (2004) Two-fluid 
model 

Bubbly subcooled boiling in a co-centric pipe Global 

Yeoh and Tu (2006) Two-fluid 
model 

Bubbly subcooled flow boiling in a co-centric pipe Global 

Malan et al. (2008) Two-fluid 
model 

Compared One-size and Multi-size group population bal-
ance method in subcooled flow boiling. 

Global 

Krepper et al. (2007) Two-fluid 
model 

Bubbly subcooled flow boiling in a heated pipe Global 

Krepper and Rzehak 
(2011) 

Two-fluid 
model 

Bubbly subcooled flow boiling in a heated pipe Global 

Krepper et al. (2011) Two-fluid 
model 

Bubbly subcooled flow boiling in a heated pipe Global 
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Krepper et al. (2013) Two-fluid 
model 

Bubbly subcooled flow boiling in a heated pipe Global 

Li et al. (2006) Two-fluid 
model 

Bubbly subcooled flow boiling of liquid nitrogen in a ver-
tical tube. 

Global 

Li et al. (2007) Two-fluid 
model 

Studied pressure drop during subcooled flow boiling of 
liquid nitrogen in a vertical tube. 

Global 

Li et al. (2009) Two-fluid 
model 

Tested the effect of surface tension on sub-cooled flow 
boiling of liquid nitrogen in a vertical tube. 

Global 

Li et al. (2010) Two-fluid 
model 

Proposed Multi-sized population balance method for sub-
cooled flow boiling of liquid nitrogen in vertical tube. 

Global 

Fontoura et al. 
(2013) 

Two-fluid 
model 

Simulated concurrent vapor-liquid crude oil flow in a hor-
izontal tube. 

Global 

Shao et al. (2016) Two-fluid 
model 

Bubbly subcooled flow boiling of liquid nitrogen in a ver-
tical tube. 

Global 

Mimouni et al. 
(2016) 

Two-fluid 
model 

Bubbly subcooled flow boiling in a heated tube Global 

Murallidharan et al. 
(2016) 

Two-fluid 
model 

Bubbly subcooled flow boiling. Global 

Höhne et al. (2017) GENTOP 
model  

Subcooled flow boiling with bubbly and slug flow. Global 

Mohammed and 
Giddings (2019) 

Mixture 
model 

Flow boiling of R134a-ZnO nanofluid in horizontal tube 
with metal foam 

Global 

Sheykhi et al. (2020) Two-fluid 
model 

Flow boiling in inclination tube at different angles Global 

 

2.4 Closure 

In this chapter, the literature survey and review of computational studies on 

MW liquid heating, US sonication, and liquid boiling are presented.  In the field of 

MW liquid heating, computational studies on MW batch liquid heating and MW con-

tinuous MW liquid heating are covered.  In the field of US sonication, published papers 

on the prediction of acoustic pressure distribution, cavitation bubble dynamics, and 

US-induced macroscopic effects in various processes are reviewed.  Last but not least, 

in the field of liquid boiling, available computational studies on nucleate pool boiling 

and flow boiling are surveyed.  From the literature review, it is identified that there are 

research gaps in the following aspects: 

1) There is no computational study on boiling physics that takes place within 

the bulk liquid (i.e. in the region away from the heated surface) under con-

ventional heating.  
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2) Nucleate pool boiling model that takes into account the freeboard region is 

limited. 

3) There is no computational study on liquid heating subject to simultaneous 

MW and US irradiation. The associated computational model is unavaila-

ble. 

4) There is no computational study on liquid boiling under MW irradiation 

(neither single-component liquid nor binary mixtures). The associated 

computational model is unavailable. 

5) There is no computational study on liquid boiling under simultaneous MW-

US irradiation. The associated computational model is unavailable. 

The first four items above will be addressed in this research, whereas the last item will 

be considered in future work (as it is treated as a long-term goal, as mentioned in Sec-

tion 1.5).  An overview of the research methodology to achieve the research objectives 

will be described in the next chapter. 



86 
 

CHAPTER 3  

OVERVIEW OF RESEARCH METHODOLOGY 

The methodology of this research is computational multiphysics simulation 

with experimental validation.  Most of the computational models in this study are de-

veloped in OpenFOAM, which is a powerful Computational Fluid Dynamic (CFD) 

toolbox that is capable of simulating a wide range of complex fluid flow problems.  

More importantly, it is open-source software, which allows the convenient implemen-

tation of new modifications to the source code.  This feature is very desirable for the 

current research as numerous new physics that are not available in OpenFOAM are to 

be incorporated.   

3.1 Flow charts of research methodology 

Figure 3.1 (a) – (d) depict the flowcharts that provide an overview of the re-

search methodology for Objective 1 to 4.  The research methodology for each objective 

will be further presented in detail in the subsequent chapters (Chapter 4-7).  Figure 3.1 

(e), on the other hand, provides an overview of the tentative research methodology for 

the long-term goal that will be pursued in the future (i.e. modelling of liquid boiling 

phenomenon under simultaneous MW and US irradiation).  
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(a) 

 

Input: 
1) Wall heat flux at 

heater surface 

Input: 
1) Phase-intensive Two-fluid mul-

tiphase model 
2) Heat transport equation 
3) Interphase momentum, heat and 

mass transfer 
4) Turbulence model 
5) One-size group population bal-

ance method 
6) Wall heat partitioning model 

Traditional pool 
boiling experiments 

(from literature) 

Output/Input: 
1) Geometrical features 
2) Position and dimensions 
3) Liquid type 

Output: 
1) Boiling curve 
2) Void fraction distri-

bution 

Computational simulation 
of traditional nucleate pool 

boiling 

Development of nucleate pool 
boiling model with the inclu-

sion of freeboard region 

Output: 
1) Wall temperature 
2) Void fraction distribution 

Model  
validation 

Investigation of the boiling 
physics in bulk liquid: 
1) Vapor – liquid flow pro-

file. 
2) Liquid heat transfer and 

superheating condition. 
3) Mass transfer distribution 
4) Bubble behavior 

A 
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 (b) 

 

 

MW-US liquid heat-
ing experiment 

Model  
validation 

Investigation of the physics: 
1) Interaction between 

MW, US horn, 
MW&US induced fluid 
flow and heat transfer. 

2) Temperature uni-
formity. 

 
Parametric studies on ef-
fects of: 
1) Lateral placement of 

US horn 
2) US horn submergence 

depth 
3) Sample geometry 

B 

Development of MW-US 
liquid heating model 

Computational simulation 
of liquid heating under 

simultaneous MW-US irra-
diation 

Input: 
1) MW power 
2) US power 

 

Input: 
1) Maxwell equations 
2) Navier-Stokes equations 
3) Turbulence model 
4) Heat transport equation 
5) Non-linear Helmholtz equa-

tion 
6) Keller-Miksis equation 

 
Output/Input: 
1) Geometrical features 
2) Position and dimen-

sions 
3) Liquid type 

 

Output: 
1) Liquid tempera-

ture histories 

 

Output: 
1) Liquid tempera-

ture histories 

 

Extra model 
validation 

Acoustic streaming 
experiment (from 

literature) 

Output: 
1) Liquid velocity 
profile 

Acoustic stream-
ing simulation 

(extra case) 

Output: 
1) Liquid velocity 
profile 
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(c) 

 

Output: 
1) Geometrical features 
2) Position and dimen-

sions 
3) Liquid type 

MW boiling experi-
ment of pure liquid 

Development of MW heating 
and boiling model for single-

component liquid 

Model validation 

Investigation of the MW 
heating and boiling phys-
ics: 
1) Interaction between 

MW, heat transfer 
and fluid flow. 

2) MW superheating 
phenomenon. 

3) Superheat build-up 
dissipation mecha-
nisms 

C 

A 

Computational simulation 
of heating and boiling of 
single-component liquid 
under MW irradiation 

Input: 
1) MW power 

 

Input: 
1) Maxwell’s 

equations 

 

 

Output: 
1) Liquid temperature histories 
2) Flask external wall tempera-

ture histories 
3) Mass evaporation history 
4) Photographs of boiling pro-

file 

 

Output: 
1) Liquid temperature his-

tories 
2) Flask external wall tem-

perature histories 
3) Mass evaporation history 
4) Boiling profile 
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(d) 

Input: 
1) MW power 

MW boiling experi-
ment of binary mix-

ture 

Output: 
1) Geometrical fea-

tures 
2) Position and dimen-

sions 
3) Liquid type 

Output: 
1) Liquid temperature 

histories 
2) Flask external wall 

temperature histories 
3) Volume and mass 

evaporation history 
4) Composition of dis-

tillate 

Computational simulation 
of heating and boiling of 

binary mixture under MW 
irradiation 

Development of MW heating 
and boiling model for binary 

liquid mixtures 

Output: 
1) Liquid temperature histories 
2) Flask external wall temperature 

histories 
3) Volume and mass evaporation his-

tory 
4) Composition of the distillate 

Model validation 

Investigation of the heating 
and boiling physics: 
1) Interaction between 

MW, composition, heat 
transfer and fluid flow. 

2) Superheat build-up dis-
sipation mechanisms. 

 
Parametric studies, study 
the effects of: 
1) Liquid composition 
2) MW power 
3) Sample geometry 
4) Sample volume 

D 

Input: 
1) Species transport equation 
2) Interface compression tech-

nique 
3) Vapor-liquid equilibrium 
4) Hybrid dispersed/segregated 

interphase heat and mass 
transfer 

C 
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 (e) 

Figure 3.1: Research methodology flowcharts for Objective (a) 1, (b) 2, (c) 3, and (d) 4. (e) A tentative research methodology flowchart for the 

long-term goal. 

Input: 
1) MW power 
2) US power 

MW-US boiling ex-
periment of binary 

mixture 

Output: 
1) Geometrical features 
2) Position and dimensions 
3) Liquid properties 

Computational simulation 
of boiling of binary mix-

ture under MW-US irradi-
ation 

Development of MW-US 
boiling model for binary mix-

ture 

Output: 
1) Liquid temperature histories 
2) Mass evaporation history 
3) Composition of distillate 

Model validation 
Investigation of the 
boiling physics & par-
ametric studies  

B 

Output: 
1) Liquid temperature histories 
2) Mass evaporation history 
3) Composition of distillate 

D 
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3.2 Closure 

 This short transition chapter briefly outlines the overall methodology of this 

research.  The complete description of the research methodology to achieve each ob-

jective will be detailed in the subsequent chapters (Chapter 4 - 7).  In the next chapter, 

computational modelling of nucleation pool boiling with the inclusion of a freeboard 

region (Objective 1) will be presented. 
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CHAPTER 4  

 

 

 

MODEL DEVELOPMENT AND SIMULATION OF NUCLEATE POOL 

BOILING: BOILING PHYSICS IN BULK LIQUID AND ROLES OF 

FREEBOARD REGION 

This chapter describes the work conducted to achieve Objective 1.  The moti-

vation for achieving Objective 1 is briefly recalled as follows.  Prior to the study of the 

complex liquid boiling phenomenon under MW and/or US irradiation, it will be ben-

eficial to first understand conventional nucleate pool boiling, especially the boiling 

physics that takes place in the bulk liquid, since important physics during MW and/or 

US irradiation, such as dielectric heating and cavitation, takes place in the bulk liquid. 

However, the literature review on computational study of conventional boiling shows 

that there is a lack of study of the boiling physics that occurs in the bulk liquid.  Hence, 

the current work aims to fill this gap.  To this end, it is necessary to simulate a complete 

boiling process, which requires a macroscopic boiling model.  However, most of the 

macroscopic boiling models available in the literature did not include a freeboard re-

gion, which is important to ensure accuracy.  Therefore, the goals of the work pre-

sented in this chapter are to: 

1) Develop and validate a macroscopic nucleate pool boiling model with the in-

clusion of a freeboard region. 

2) Investigate the boiling physics in the bulk liquid under surface heating. 

3) Examine the roles of the freeboard region in pool boiling simulation. 

The work presented in this chapter has been published in the following journal: 
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• Lee, G. L., M. C. Law, and VC-C. Lee. "Model development and simulation 

of nucleate pool boiling in OpenFOAM: Boiling physics in bulk liquid and 

roles of freeboard region." International Journal of Thermal Sciences 140 

(2019): 255-279. (Impact factor: 3.476). 

4.1 Mathematical modelling of nucleate pool boiling with freeboard region 

The model formulation is based on the work by Rusche (2003). Rusche (2003) 

presented the implementation of momentum equations for general two-phase flow.  In 

this work, it is extended into a nucleate pool boiling model with heat and mass transfer.  

In the following, the assumptions, governing equations and mathematical formulation 

of the nucleate pool boiling model with the inclusion of a freeboard region are pre-

sented. 

4.1.1 Modelling assumptions 

 In the development of this model, the following assumptions are made to sim-

plify the model:  

1) Both liquid and vapor phases are assumed incompressible, as the flow ve-

locity is expected to be well below sound speed (Malalasekera and 

Versteeg 1995). 

2) Both liquid and vapor phases are at the saturation condition initially. 

3) The vapor phase remains at the saturation temperature throughout the sim-

ulation (Son et al. 1999, Ghiaasiaan 2007).   

4) Bubbles are assumed spherical.  The physical justification of this assump-

tion will be presented later in Section 4.4.3. 

5) Fluid properties are assumed constant. 
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4.1.2 Overview of the mathematical model and contributions to the model de-

velopment 

Nucleate pool boiling involves two major physics: 1) vapor-liquid flow and 2) 

heat and mass transfer.  An overview of the nucleate pool boiling model is illustrated 

in Figure 4.1.   

 

Figure 4.1: Overview of the new nucleate pool boiling model. 

The model is developed based on the basic two-phase solver, twoPhaseEuler-

Foam, available in OpenFOAM -1.5, which is further based on the work of Rusche 

(2003). The elements in Figure 4.1 with a red boarder are the new major additions or 

modifications to the twoPhaseEulerFoam solver. The major contributions to the model 

development are: 
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1) Formulation of a new framework for the modelling of nucleate pool boiling 

with the inclusion of a freeboard region, i.e. Figure 4.1. 

2) Derivation and implementation of a ‘Phase-intensive’ heat transport equa-

tion. 

3) Formulation of a new interphase heat and mass transfer closure that is suit-

able for boiling simulations with a freeboard region included (i.e. combined 

dispersed and segregated flow). 

4) Proposal for a new routine to track the computational cells that contain liq-

uid free surface. 

5) Improved numerical implementation of one-size group population balance 

method. 

4.1.3 Vapor-liquid flow (Physic 1) 

Since it is intended to simulate a complete boiling process, the vapor-liquid 

flow during the boiling process is described using Two-fluid model, which is one of 

the most accurate and reliable macroscopic models available to date (Shao et al. 2016). 

In Two-fluid methodology, the two phases are treated as two inter-penetrating contin-

uums.  Conditionally averaged mass and momentum conservation equations are solved 

for both phases individually.  The two phases are coupled through additional source / 

sink terms in their respective average conservation equations, which describe the in-

terfacial interactions between the phases that are lost during the averaging procedure 

of the conservation equations.  Another important consequence of the averaging pro-

cedure is that it introduces a phase fraction into the conservation equations, which 

represents the volume proportion of a certain phase at a particular point in time and 

space.  More details on the averaging procedure of conservation equations can be 

found in the book of Ishii and Hibiki (2010). 

However, the commonly used conservation equations in Two-Fluid methodol-

ogy are not suitable for the modelling of liquid pool boiling with the inclusion of a 

freeboard region.  This is because in such a case, a (nearly) complete phase segregation 

takes place, where the liquid phase fraction approaches zero above the free surface 

whereas the vapor phase fraction approaches zero below the free surface (i.e. no liquid 
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above the free surface and no vapor below the free surface).  This causes the conser-

vation equations of each phase to become singular (Li and Christian 2017), as it is not 

possible to model ‘nothingness’.  Thus, special numerical technique is necessary to 

tackle this issue.  One way that was found to produce satisfactory results is by adopting 

“Phase-intensive” conservation equations (Oliveira and Issa 2003, Weller 2002b).  

“Phase-intensive” conservation equations are obtained by converting the original con-

servation equations into non-conservative form and then dividing the whole equations 

by their respective phase fractions.  This eliminates the phase fraction dependency in 

most of the essential terms in the conservation equations and thus circumvents the 

singularity issues.  This approach is adopted in this study.    

Mass and momentum conservation equations 

The averaged mass conservation equation and “Phase-intensive” momentum 

equation for an arbitrary incompressible phase ϕ  are as follows (Rusche 2003): 

( )
t

ϕ ϕ
ϕ ϕ

ϕ

α
α

ρ
∂ Γ

+ ∇ ⋅ =
∂

U    (4.1) 

( )eff eff 1 Ip

dt

ϕ ϕ
ϕ ϕ ϕ ϕ ϕ ϕ ϕ

ϕ ϕ ϕ ϕ

α
α ρ α ρ

Γ∂ ∇ ∇+ ⋅∇ + ∇ ⋅ + ⋅ = − + + + +
U

U U τ τ g F F F   (4.2) 

where the subscript ϕ  represents the phase: gϕ = represents the vapor phase, lϕ =  

represents the liquid phase, ϕα  is the phase fraction, ϕU  is the phase velocity [ -1ms ], 

ϕΓ  is the mass generation rate of phase ϕ  or interphase mass transfer [ -3 -1kgm s ], eff
ϕτ  

is the effective viscous shear stress tensor [ 2 -2m s ], p  is the pressure [ -1 -1Jkg K  ], ϕρ  

is the phase density [ -3kgm ], g  is the gravitational acceleration [ -2ms ], I

ϕF  is the in-

terphase momentum transfer [ -2 -2kgm s ], ϕ
Γ

F  is the interphase momentum transfer due 

to interphase mass transfer [ -2 -2kgm s ], and ϕF  is the external body force [ -2 -2kgm s ].  

The derivation of the “Phase-intensive” momentum conservation equation is given in 

Appendix A1.  The eff
τ , with Boussinesq eddy viscosity hypothesis for turbulence, is 

given by: 
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( )eff T 2 2

3 3
t kϕ ϕ ϕ ϕ ϕ ϕ ϕν ν  = − + ∇ + ∇ − ∇ ⋅ + 
 

τ U U I U I   (4.3) 

where ν  is the kinematic viscosity [ 2 -1m s ], tν  is the turbulent kinematic viscosity 

[ 2 -1m s ], I  is the identity tensor and k  is the turbulent kinetic energy [ 2 -2m s ].  The ϕ
Γ

F , 

for each phase, can be written as: 

( ) ( )g g l g

+Γ = Γ −F U U    (4.4) 

( ) ( )l g l g

−Γ = Γ −F U U    (4.5) 

where the operator ( )+⋅  returns the value inside the parenthesis if it is positive and 

returns zero otherwise, whereas ( )−⋅  returns the (negative) value inside the parenthesis 

if it is negative and returns zero otherwise.  To take into account the effect of natural 

convection, Boussinesq approximation is employed.  This method assumes that the 

effect of density change due to small temperature change is insignificant in all the 

terms in the momentum conservation equation other than the gravity term.  The effect 

on the gravity term can be treated as an external buoyancy force and included in ϕF .  

Thus, the ϕF , for each phase, is given by 

0g =F    (4.6) 

( )refl l lT Tα β= − −F g    (4.7) 

where β  is the thermal expansion coefficient [ 1K− ]. lT  is the liquid temperature [ K ], 

and refT  is the reference temperature [ K ], taken as 373K  for water.  Equation (4.6) is 

due to Assumption 3, which implies that there is no temperature variation in the vapor 

phase.   

Closure to the interphase momentum transfer term, ϕ
Γ

F , will be discussed next, 

whereas the closure to the interphase mass transfer term, ϕΓ , will be presented later in 

Section 4.1.4. 
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Interphase momentum transfer 

The I

ϕF  in the momentum equation (4.2) represents the interfacial momentum 

transfer between the two phases that is lost during the averaging procedure of the mo-

mentum equations, which requires modelling.  In many gas-liquid flow simulations, 

I

ϕF  is typically modelled with the assumption that the gaseous phase is always dis-

persed in the liquid phase throughout the domain (i.e. fixed phase configuration), such 

as the simulation works reported by Yeoh and Tu (2006), Krepper et al. (2007), Díaz 

et al. (2008), Li et al. (2014), Abadi et al. (2018), and Ahmadpour et al. (2018).  How-

ever, this assumption is no longer valid when phase segregation takes place, i.e. when 

a freeboard region is included in the domain.  This is because when there is a freeboard 

region, the vapor phase exists simultaneously as a dispersed phase in the region below 

the liquid free surface (i.e. bulk liquid) and as a continuous phase in the region above 

the liquid free surface (i.e. freeboard region), and vice versa for the liquid phase.  In 

other words, the phases interchange their roles when crossing the liquid free surface 

(Marschall et al. 2011b).  The conventional formulation of I

ϕF  with the assumption of 

fixed phase configuration apparently does not account for this phenomenon.  Therefore, 

to this end, the blending interphase momentum transfer model proposed by Weller 

(2002b) is adopted in this study for the formulation of I

ϕF .  This model blends between 

two individual sets of interphase force formulations depending on the local phase con-

figuration.  For example, in the region where a particular phase is dispersed in the other 

phase, one set of interphase force formulation is used, whereas in the region where that 

particular phase becomes the continuous phase, another set interphase force formula-

tions blends in.  Despite the lack of rigorous study on the accuracy of this blending 

model, it was reported that the blending interface momentum transfer model generally 

yields better results compared to traditional model when there is phase inversion/seg-

regation in the domain (Li and Christian 2017).  Hence this model is suitable for the 

current investigation.   
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According to the blending model of Weller (2002b), the interphase force acting 

on the vapor phase, I

gF , can be expressed as follows (note that due to global momen-

tum conservation, it follows that I I

l g= −F F , where I

lF  is the interphase force acting on 

the liquid phase, so the formulation of I

gF  alone is sufficient to close the system): 

1 2
I I I

g g in l l in gf f− − − −= +F F F    (4.8) 

I

g in l− −F  represents the interphase force acting on the vapor phase when the vapor phase 

is dispersed in the continuous liquid phase, whereas I

l in g− −F  represents the interphase 

force acting on the vapor phase when the vapor phase is continuous while the liquid 

phase is dispersed.  1f  and 2f  are the blending coefficients (vary between 0 and 1) 

that control the contribution of the two forces.  They are formulated in such a way that, 

when the vapor is dispersed in the liquid phase (i.e. 0gα → ), 1 1f →  and 2 0f → , 

whereas when the liquid phase is dispersed in the vapor phase (i.e. 1gα → ) , 1 0f →  

and 2 1f → .  There are two blending functions available, namely linear blending func-

tion and hyperbolic blending function (Li and Christian 2017).  As the hyperbolic 

blending function gives a smoother transition between phase configurations compared 

to its counterpart, it is used in the current study, which has the following forms (Rusche 

2003, Li and Christian 2017): 

1 21f f= −    (4.9) 

( )( )
2

1 tanh 20 0 5

2

g .
f

α+ −
=    (4.10) 

The I

g in l− −F  and I

l in g− −F  in Equation (4.8) require modelling.  It should be re-

minded that both of these forces are the forces acting on the vapor phase by the liquid 

phase.  The only difference between them is that they are responsible for different 

phase configurations.  In the case where the vapor phase is dispersed in the liquid phase 

as spherical bubbles, I

g in l− −F  can be decomposed into drag force drag
g in l− −F , virtual mass 

force VM
g in l− −F , lateral lift force lift

g in l− −F  and turbulent dispersion force TD
g in l− −F .  Thus, 
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drag VM lift TDI

g in l g in l g in l g in l g in l− − − − − − − − − −= + + +F F F F F .  The original blending model proposed by 

Weller (2002b) does not include TD
ϕF .  Thus, the often used Burns et al. (2004) model 

is employed to model TD
ϕF  in this study.  In the following, the modelling of the indi-

vidual components of I

g in l− −F  will be presented. 

Drag force 
drag
g in l− −F .  The drag force experienced by vapor bubbles is a result of 

shear induced by the relative motion between the bubbles and surrounding liquid.  The 

drag
g in l− −F  can be expressed as (Weller 2002b, Rusche 2003): 

drag
drag drag drag 3

4
g in l l

g in l g l g in l r g in l r

g

C
A , A

d

ρ
α α − −

− − − − − −= =F U U   (4.11) 

where drag
g in lC − −  is the drag coefficient, gd  is the diameter of dispersed vapor phase/bub-

ble [ m ], rU  is the relative velocity between the phases and is defined as r l g= −U U U  

[ -1ms ].  The drag coefficient can be computed based on the popular Schiller and 

Naumann (1933) correlation: 

( )0 687

drag

24
1 0 15Re ,    Re 1000

Re

0 44                                      Re  > 1000

.

g in l g in l

g in lg in l

g in l

.
C

. ,

− − − −
− −− −

− −

 + ≤= 



 (4.12) 

where Reg in l− −  is the particle Reynold number when the dispersed phase is vapor, 

which is defined as Re r g

g in l

l

d

ν− − =
U

 .  The gd  is computed from population balance 

method, will be presented later in Section 4.1.5. 

Virtual mass force 
VM
g in l− −F .  Virtual mass force is the extra interphase force act-

ing on an accelerating body when it accelerates the surrounding fluid together with it.  

For accelerating spherical bubbles, it can be computed as follows (Weller 2002b, 

Rusche 2003): 
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VM VM DD

D D
g gl l

g in l g l g in l lC
t t

α α ρ− − − −
 

= − 
 

UU
F    (4.13) 

where VM
g in lC − −  is the virtual mass coefficient, and 

D

D t

ϕ

ϕ

 is the substantive derivative  

D

D t t

ϕ
ϕ

ϕ

∂= + ⋅∇
∂

U .  The virtual mass coefficient is taken as a constant value of 0.5 

(Yeoh and Tu 2009). 

 Lateral lift force lift
g in l− −F .  Lateral lift force is a type of non-drag force acting on 

the dispersed phase induced by the velocity gradient in the continuous phase.  It can 

be expressed as follows (Weller 2002b, Rusche 2003): 

( )( )lift lift
g in l g l g in l l r lCα α ρ− − − −= × ∇ ×F U U    (4.14) 

where lift
g in lC − −  is the lift coefficient.  The lift coefficient is computed based on the pop-

ular Tomiyama (1998) correlation.  This correlation provides a particle diameter de-

pendent lift
g in lC − −  based on Eotvos number Eog  and Reynolds number Reg in l− − : 

( ) ( )( )
( )lift 3 2

min 0 288tanh 0 121Re Eo ,                            Eo  < 4

Eo 0 00105Eo 0 0159Eo 0 0204Eo 0 474  4 Eo 10

0 29                                                                

g in l g g

g in l g g g g g

. . , f

C f . . . . ,

. ,

− −

− − = = − − + ≤ ≤

−                      Eo  > 10
g







  (4.15) 

The Eog  is evaluated as 
2

Eo g

g

lg

dρ
σ

∆
=

g
, where l gρ ρ ρ∆ = −  and lgσ  is the vapor-

liquid surface tension coefficient [ 1Nm− ]. 

Turbulent dispersion force TD
ϕF .  Turbulent dispersion force is a result of the 

fluctuation in the interphase forces acting on the dispersed phase, especially the drag 

force, which tends to migrate the dispersed phase from high concentration region to 

low concentration region.  It is computed using Burns et al. (2004) model: 

TD TD drag

Sc

t
gl l

g in l g g in l g in l t

l l g

C A
αν αα

α α− − − − − −

 ∇∇= −  
 

F    (4.16) 

where TD
g in lC − −  is the turbulent dispersion coefficient and Sct

l  is the turbulent Schmidt 
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number.  In this study, TD
g in lC − −  is set to unity and Sct

l  is taken as 0.9 (Yeoh and Tu 

2009).   

As for the I

l in g− −F  in Equation (4.8), with the assumption that the liquid is dis-

persed in the vapor as spheres, it can be formulated in the same way as I

g in l− −F  but with 

the properties of the vapor and liquid phases interchanged.  Thus, the individual com-

ponents of I

l in g− −F  can be expressed as follows: 

drag
drag drag drag 3

where
4

l in g g

l in g g l l in g r l in g r

l

C
A A

d

ρ
α α − −

− − − − − −= =F U U   (4.17) 

VM VM DD

D D
g gl l

l in g g l l in g gC
t t

α α ρ− − − −
 

= − 
 

UU
F    (4.18) 

( )( )lift lift
l in g g l l in g g r gCα α ρ− − − −= × ∇×F U U    (4.19) 

TD TD drag

Sc

t

g gl
l in g l l in g l in g t

g l g

C A
ν ααα

α α− − − − − −

 ∇∇= −  
 

F    (4.20) 

where 

( )0 687

drag

24
1 0 15Re ,    Re 1000

Re

0 44                                      Re  > 1000

.

l in g l in g

l in gl in g

l in g

.
C

. ,

− − − −
− −− −

− −

 + ≤= 



  (4.21) 

Re r l

l in g

g

d

ν− − =
U

   (4.22) 

( ) ( )( )
( ) 3 2lift

min 0 288tanh 0 121Re Eo ,                           Eo  < 4

Eo 0 00105Eo 0 0159Eo 0 0204Eo 0 474  4 Eo 10

0 29                                                                 

l in g l l

l l l l ll in g

. . , f

f . . . . ,

. ,

C

− −

− − = − − + ≤ ≤

−

=
                  Eo  > 10

l







  (4.23) 

2

Eo l

l

lg

dρ
σ

∆
=

g
   (4.24) 
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The VM
l in gC − −  is taken as 0.5, TD

l in gC − −  is taken as 1 and Sct

g  is taken as 0.9.  To compute 

the above forces, it is required to determine the diameter of the liquid phase when it is 

dispersed, ld  (i.e. liquid droplets diameter).  In the case of pool boiling, the precise 

choice of ld  should be of minor importance as the liquid droplets only exist above the 

liquid free surface.  Thus, the choice of ld  should have a minimal effect on the fluid 

flow in the bulk liquid, which is the main focus of the current study.  This is demon-

strated in a sensitivity analysis presented in Section 4.3.5.  However, it is found that 

the choice of ld  affects the evolution of the liquid free surface.  The exact reason is 

unclear but it is believed to be due to the high density gradient across the free surface, 

which requires an interphase force with suitable magnitude (which depends on ld ) to 

stabilize the velocities at the free surface.  In the authors’ best knowledge, the appro-

priate choice of ld  is not discussed in the open literature.  Hence, the default value of 

ld  in OpenFOAM ( 0 0001 m. ) for water-air two-phase system is used in the current 

study.   

Pressure equation 

For incompressible flow, there is no explicit governing equation for pressure, 

which leads to a closure problem when solving the momentum equations.  To achieve 

pressure-velocity coupling, a pressure equation is derived from the phase continuity 

equations.  The approach used in the work of Rusche (2003) is adopted.  According to 

Rusche (2003), the phase continuity equations (4.1) of both phases are first combined 

to form a mixture volume continuity equation: 

( ) 1 1
g g l l g

g l

α α
ρ ρ

 
∇ ⋅ + = Γ −  

 
U U    (4.25) 

Next, the momentum equation of each phase is substituted into Equation (4.25) to form 

a pressure equation. Finally, a pressure-velocity coupling technique is implemented to 

solve the momentum equations and the pressure equation iteratively so that both mass 

and momentum conservations are satisfied. More on this will be presented later in 

Section 4.2.3. 
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Phase fraction transport equation 

 The phase fraction distributions change with the flow.  By viewing the phase 

continuity equation (i.e. Equation (4.1)) as a phase fraction transport equation, it can 

be solved to yield the phase fraction distribution.  For vapor-liquid two-phase flow, it 

is customary to solve the vapor phase fraction transport equation to obtain the vapor 

phase fraction gα , and the liquid phase fraction is obtained directly from the constitu-

tive relation 1g lα α+ = .  However, special numerical consideration is necessary to 

ensure the boundedness of the solution of phase fraction transport equation. More on 

this will be discussed later in Section 4.2.4. 

4.1.4 Heat and mass transfer (Physic 2) 

Heat energy conservation equations 

 The heat transfer in the vapor-liquid flow can be described by averaged heat 

transport equations.  In “Phase-intensive” form, the averaged heat transport equation 

for an arbitrary phase ϕ  is given by (Yeoh and Tu 2006, Rusche 2003): 

( )eff eff 1 I

p ,

T
T Q Q

dt c

ϕ ϕ
ϕ ϕ ϕ ϕ ϕ ϕ

ϕ ϕ ϕ ϕ

α
α α ρ

Γ∂ ∇
+ ⋅∇ + ∇ ⋅ + ⋅ = +U q q   (4.26) 

Here, Tϕ  is the phase temperature, p ,c ϕ  is the specific heat capacity [ -1 -1Jkg K  ], effq  

is the effective diffusive heat flux [ 1ms K− ], I
Qϕ  is the interface heat transfer [ -3Wm ], 

and Qϕ
Γ  is the interphase enthalpy transfer due to interphase mass transfer [ -3Wm ].  

The effq  is given by: 

eff

Pr

t

t
T

ϕ
ϕ ϕ ϕ

ν
η
 

= − + ∇  
 

q  (4.27) 

where ϕη  is the thermal diffusivity [ 2 -1m s ], and Prt  is the turbulent Prandtl number 
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(taken as 1).  The Qϕ
Γ  is zero due to the non-conservative formulation (see Appendix 

A1 for the derivation).  Assumption 3 implies that there is no heat transfer in the vapor 

phase. Therefore, Equation (4.26) is only solved for the liquid phase.  The closure of 

the interface heat and mass transfer terms I
Qϕ  and ϕΓ  will be presented next. 

Interphase heat and mass transfer 

 In this work, a new interphase heat and mass transfer closure that is applicable 

for pool boiling with the inclusion a freeboard region is formulated. The key novelty 

of this closure lies in the incorporation of the evaporation at the liquid free surface, 

which had been neglected in the existing macroscopic pool boiling models reported in 

the literature.  Although the evaporation at the free surface may have little effects on 

the heat transfer at the heated surface, it plays a significant role in the overall evapo-

ration process, as will be shown later in the results (Section 4.4.3).  In what follows, 

the detailed formulation of the new interphase heat and mass transfer closure will be 

presented. 

During nucleate pool boiling under surface heating, the interphase heat and 

mass transfer can be divided into three modes: (1) heat and mass transfer at the bubble 

interface within the bulk liquid ( B
Qϕ  and B

ϕΓ ), (2) heat and mass transfer at the liquid 

surface (free surface) ( FS
Qϕ  and FS

ϕΓ ), and (3) heat and mass transfer due to nucleate 

boiling at the heated surface ( NU
Qϕ  and NU

ϕΓ ).   Hence,  

I NU B FS
Q Q Q Qϕ ϕ ϕ ϕ= + +    (4.28) 

NU B FS

ϕ ϕ ϕ ϕΓ = Γ + Γ + Γ    (4.29) 

This is illustrated in Figure 4.2.  It should be noted that due to Assumption 3, the heat 

transfer from the liquid to the vapor phase is completely consumed by the phase change 

process (i.e. becomes part of the enthalpy of formation of the vapor phase), so 0I

gQ = .  

Besides, due to global mass conservation, it follows that l gΓ = −Γ .  Therefore, the 
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modelling of I

lQ  and gΓ  alone are sufficient to close the system. The modelling of I

lQ  

and gΓ  for each mode will be presented next. 

 

Figure 4.2: Different types of interphase mass transfer during pool boiling. 

Mode (1) 

As the bubble interface are not captured in Two-fluid model, the interface heat 

transfer from the liquid phase to the spherical dispersed vapor phase can be modelled 

macroscopically as follows: 

( )B B B B I

l l i lQ f H a T T= −    (4.30) 

where B

lH  is the heat transfer coefficient on the liquid side of the bubble interface 

[ -2 -1Wm K ], B

ia  is the interphase area density between the dispersed vapor bubble and 

the continuous liquid phase [ -1m ], and IT  is the interface temperature at the bubble 

interface [ K ].  The B

lH  can be computed from the well-tested semi-empirical Ranz 

and Marshall (1952) correlation, which describes the heat transfer coefficient from 

surrounding fluid to a sphere: 
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0 5 0 3Nu 2 0 6Re Pr. .

g l.= +    (4.31) 

where Nu  is the Nusselt number, which is given by Nu
B

l g

l

H d

λ
= , lλ  is the liquid ther-

mal conductivity [ W K.m ], and Prl  is the liquid Prandtl number given by Pr l
l

l

ν
η

= .  

The B

ia  is modelled using population balance method, see later in Section 4.1.5.  The 

interface temperature IT  is at the liquid saturation temperature during phase change 

(Ghiaasiaan 2007), thus sat
IT T= .  A multiplier Bf  is included in Equation (4.30) to 

ensure that the B

lQ  is only effective in the bulk liquid, which is the only region where 

the dispersed bubbles exist.  This is a feature missing in the existing macroscopic pool 

boiling models by virtue of the assumption of fixed phase configuration throughout 

the domain.  The Bf  can be formulated similarly to the hyperbolic blending function 

used in the interphase momentum transfer (i.e. Equation (4.10)) as 

( )( )max1 tanh 80
1

2

B

g g ,B
f

α α+ −
= −    (4.32) 

where max
B

g ,α  is the maximum gα  at which the flow in the bulk liquid remain as bubbly 

flow.  In this study, max 0 5B

g , .α =  is used, and can be varied whenever necessary. 

 The corresponding interphase mass transfer at the bubble interface can be com-

puted based on the Rankine-Hugonoit jump condition (Gibou et al. 2007) at the inter-

face: 

fg 0B B B

l gq q m h+ − =    (4.33) 

where B

lq  is the heat flux on the liquid side flowing towards the bubble interface, B

gq  

is the heat flux on the vapor side flowing towards the bubble interface, Bm  is the mass 

flux from the liquid phase to the vapor phase (i.e. positive for evaporation) [ -2 -1kgm s ], 

and fgh  is the latent heat of vaporization [ -1Jkg ].  The Rankine-Hugonoit jump condi-

tion basically states that the net heat flux across the vapor-liquid interface must be 

equal to that consumed/released by the phase change process in order to obey energy 

conservation.  It is important to note that this jump condition neglects the viscous effect 
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and kinetic energy changes.  By expanding the B

lq  based on Equation (4.30) and not-

ing that 0B

gq =  (as the vapor phase remains at the saturation temperature), the inter-

phase mass transfer can be expressed as (Yeoh and Tu 2009): 

( )
( )fg sat

B B I

m l i lB B B

g i

p ,l l

f H a T T
m a

h c T T

−
Γ = =

− −
   (4.34) 

It should be noted that the second term in the denominator of the rightmost side of the 

equation is to account for the fact that liquid temperature is used in the formulation of 

the lQΓ  (see Appendix A1) instead of the saturation temperature.  Alternatively, one 

could formulate lQΓ  in terms of satT  and the aforementioned term can be removed.   

Mode (2) 

 Since the interface at the free surface is not well-defined in Two-fluid model, 

it is possible to model the interface heat transfer at the liquid free surface in a way 

similar to Mode (1), i.e. based on an empirical/semi-empirical heat transfer coefficient.  

However, to the best of the author’s knowledge, there is no empirical/semi-empirical 

correlation that predicts the heat transfer coefficient at a flat vapor-liquid interface.  

The Ranz and Marshall’s correlation used in Mode (1) is clearly not applicable here.  

Therefore, a different approach is taken here, in which the interphase mass flux is de-

termined first using an appropriate phase change model, and then compute the resultant 

heat flux from the mass flux using the Rankine-Hugonoit jump condition.   

The mass flux at the free surface from the liquid phase to the vapor phase, FSm , 

can be computed using the popular theoretical Hertz-Knudsen model, which describes 

the mass flux of vapor particles leaving and joining the interface based on gas kinetic 

theory (Li et al. 2016): 

1
2

satsat

sat sat

2

2 2
g ,FS l ,e

e l , g ,

ppM
m

R T T

σ
σ π

    = −   −    

   (4.35) 

where eσ  is the evaporation accommodation coefficient, M  is the molar mass of the 
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liquid, R  is the universal gas constant, satg ,P  and satg ,T  are the vapor pressure and sat-

uration temperature at the interface respectively, and satl ,P  and satl ,T  are the liquid pres-

sure and saturation temperature at the interface respectively.  In this study, it is as-

sumed that satg ,T  is equal to satT , satl ,T  is equal to lT  , satg ,p  is equal to the vapor pres-

sure corresponds to satT , and satl ,p  is equal to the vapor pressure corresponds to lT  (Li 

et al. 2016).  The temperature-dependent vapor pressure satg ,p  and satl ,p  are estimated 

using Clausius-Clapeyron equation (Li et al. 2016): 

( ) ( ) fg
sat sat ref

ref

1 1
exp

Mh
p T p T

R T T

  
= −   

  
   (4.36) 

The evaporation accommodation coefficient eσ  in Equation (4.35) describes the effi-

ciency of vapor particles leaving/joining the vapor-liquid interface, which varies be-

tween 0 and 1.  Experimental studies showed that this value is rarely close to 1.   In 

this study, the value suggested by Paul (1962), which works well for water evaporation, 

is adopted (water is the test fluid in this study).  The suggested value is between 0.02 

and 0.04, thus 0.03 is used.  The same value is also suggested in the text book by Carey 

(1992).  With the mass flux known, the interphase mass generation in the vapor phase 

can be expressed as: 

FS FS FS

g Nm aΓ =    (4.37) 

where FS

Na  is the numerical interphase area density [ -1m ] at the free surface that is 

necessary to convert the surface flux source into a volume source, so that it can be 

incorporated into the governing equations.  The formulation of FS

Na  will be discussed 

later in Section 4.2.9. The corresponding interphase heat transfer for the liquid phase, 

based on the Rankine-Hugonoit jump condition, can be expressed as: 

( )( )fg sat
FS FS FS

l N p,l lQ m a h c T T= − −    (4.38) 

Since FS

ϕΓ  and FS
Qϕ  only take place at the liquid free surface, they are zero everywhere 

except at the computational cells containing the free surface.  However, the location 

of the free surface is dynamic due to the inclusion of a freeboard region.  Therefore, a 
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simple routine is proposed to track the computational cells that contain the free surface.  

This will be presented later in Section 4.2.8. 

Mode (3) 

 The Two-fluid model is incapable of describing the bubble nucleation phenom-

enon at the heated surface as the vapor-liquid interface is not resolved.  Due to the 

complexity involved, the bubble nucleation dynamics in macroscopic boiling simula-

tions is typically described empirically/semi-empirically (Yeoh and Tu 2006, Krepper 

et al. 2013).  The current study takes the same approach.  In this approach, the mass 

flux at the heated surface due to bubble nucleation, NUm , is determined first, which 

can be expressed as follows: 

3
bw

ac bw 6
NU

g

d
m N f

π ρ
 

=  
 

   (4.39) 

where acN  is the active nucleation site density [ -2m ], bwd  is the bubble departure di-

ameter [ m ], and bwf  is the bubble departure frequency [ -1s ].  For the modelling of 

acN , Basu et al. (2002) correlation, which takes into account the wall superheat and 

wettability, is adopted: 

( )( )
( ) ( )

2

sat ONB sat

ac 5 3

sat sat

3400 1 cos ,              15 K

0 34 1 cos ,             15 K

w w

.

w w

T T T T T
N

. T T T T

θ

θ

 − − ∆ < − ≤= 
− − − >

  (4.40) 

where θ  is the contact angle, wT  is the heated wall temperature, and ONBT∆  is the boil-

ing onset temperature.  The wT  is computed from the wall heat partitioning model, 

which will be discussed later in Section 4.1.7.  This correlation is suitable for boiling 

at the atmospheric pressure, a heat flux range of 25 – 960 2kW m , and a bubble con-

tact angle between 30° - 90°.  Although this correlation was originally developed for 

flow boiling, it agrees well with the experimental active nucleation site density data 

for pool boiling measured by Gerardi et al. (2009).  As the simulation condition of the 

current study is mainly based on the experimental condition of Gerardi et al. (2009), 

this justifies the use of this model in this study.  As for the modelling of bwd , Phan et 

al. (2009) correlation, which is found satisfactory in the current study, is used: 



112 
 

( )
3

bw bw

2 3cos cos

4
lg

l g

d C
σθ θ
ρ ρ

+ −=
−g

   (4.41) 

where bwC  is an empirical constant, and is given as 0 627. .  This correlation is suitable 

for atmospheric pool boiling with the bubble contact angle at the heater surface less 

than or equal to 90°, and at heat flux up to 400 2kW m .  For bwf , the widely used 

correlation by Cole (1960) is adopted: 

( )
bw

bw

4

3
l g

l

f
d

ρ ρ
ρ
−

=
g

   (4.42) 

 Based on the vapor mass flux, the interphase heat and mass transfer can be 

respectively computed as: 

( )( )fg sat
NU NU NU

l N p,l lQ m a h c T T= − −    (4.43) 

NU NU NU

g Nm aΓ =    (4.44) 

where NU

Na  is the numerical interphase area density [ -1m ] at the heated surface neces-

sary to convert surface flux sources into volumetric sources.  Since nucleation evapo-

ration only takes place on the heated surface, the NU
Qϕ  and NU

NΓ  are zero everywhere 

except at the computational cells adjacent to the heated surface.   

4.1.5 One-size group population balance method (Auxiliary sub-model) 

The interphase area density B

ia  is the effective area between the dispersed va-

por phase and continuous liquid phase per unit volume (it should not be confused with  

the numerical interphase area densities, i.e. NU

Na  and FS

Na ).  It strongly governs the in-

terphase interactions between vapor bubbles and surrounding liquid, which include the 

rate of mass, momentum, and energy exchange (Ishii et al. 2002).  Phenomena such as 

bubble growth/shrinkage due to phase change, bubble coalescence, and bubble 

breakup greatly affect B

ia .  Therefore, these phenomena should be taken into account 
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for the accurate prediction of B

ia .  One popular approach to model B

ia  is by using pop-

ulation balance method.  In the context of gas-liquid flow, this method can generally 

be classified into one-size group, two-size group and multi-size group approaches, 

with the latter being the more sophisticated method (Hibiki and Ishii 2002, Ishii et al. 

2002, Yeoh and Tu 2006).  In the case of pool boiling where the distance between the 

heated surface and the liquid free surface is short, the bubble-bubble interaction is 

expected to be less pronounced compared to the cases where bubbles travel a long 

distance, such as gas-liquid flow in a long duct.  Thus, one-size group population bal-

ance method, which can handle global polydispersity of bubble sizes (Marschall et al. 

2011a), should be sufficient in this study.  In this approach, an average bubble number 

density transport equation, which is analogous to Boltzmann transport equation, is 

solved (Ishii et al. 2002): 

( ) CO BK NU

g

N
N

t
ψ ψ ψ∂ + ∇ ⋅ = + +

∂
U    (4.45) 

where N  is the average bubble number density [ -3m ], whereas CO BK,ψ ψ  and NUψ  

are the bubble generation/destruction rate [ -3 -1m s ] due to coalescence, break up, and 

nucleation, respectively.  The CO BK,ψ ψ  and NUψ  terms need to be modelled.  For 

bubble coalescence COψ  and breakup rate BKψ , the correlations suggested by Hibiki 

and Ishii (2002), which take into account the effects of bubble coalescence due to ran-

dom collision and bubble break-up due to turbulent eddies, are adopted: 

( )

51 112 3 3 62

11 1
3 2

maxP

0 03 exp 1 29g l l l gCO

lgg g , g

d
. .

d

α ε ρ ε
ψ

σα α

 
 = − −
 −  

  (4.46) 

( )
( )

1
3

11 52
3 3 3

maxP

1
0 03 exp 1 37

g g l lgBK

g g , g l l g

. .
d d

α α ε σ
ψ

α α ρ ε

 −
 = −
 −  

  (4.47) 

where maxPg ,α  is the maximum allowable vapor phase fraction in bubbly flow when 

the bubbles are fully packed, which is taken to be 0.741, as suggested by Hibiki and 

Ishii (2002).  This value is based on the assumption of a face-centered cubic lattice 

arrangement of bubbles when they are tightly-packed.  lε  is the turbulent energy 
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dissipation (obtained from an appropriate turbulence model) [ 2 -3m s  ].  As for the bub-

ble nucleation rate, NUψ  can be expressed as: 

NU NU NU

Naψ ψ ′′=    (4.48) 

where NUψ ′′  is the bubble flux [ -2 -1m s ] at the heated surface, which is defined as 

ac bw
NU N fψ ′′ = .  Since bubble nucleation only happens at the heated surface, this term 

is set to zero everywhere except at the cells adjacent to the heated surface.   

 With the assumption that the vapor bubbles are spherical, the average bubble 

number density distribution can be related to the interphase area density B

ia  and bub-

ble diameter gd  through the following expressions (Yeoh and Tu 2009): 

( ) 1
2 336B

i ga Nπα=    (4.49) 

( )6 B

g g id aα=    (4.50) 

4.1.6 Turbulence model (Auxiliary sub-model) 

 In turbulence modelling of gas-liquid flow, several multiphase turbulence 

models had been proposed.  These models are mainly extended from the well-estab-

lished single-phase turbulence models such as the popular standard k ε−  model and 

Subgrid Stress (SGS) model.  Typically, these models solve for turbulence in the liquid 

phase only, and the turbulence in the gaseous phase is directly calculated from the 

liquid turbulence (e.g. dispersed phase zero equation model (Díaz et al. 2008)).  These 

models also include extra turbulence source/sink terms to account for the effect of 

bubble-induced turbulence.  Regretfully, the above-mentioned models are not suitable 

in the current study, as these models are not well-defined in the freeboard region where 

0lα → , which can cause numerical instability (Rusche 2003).  To handle this issue, a 

basic mixture k ε−  model proposed by Rusche (2003), which can be applied through-

out the domain regardless of the phase configuration, is adopted: 
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( )
eff

k

k

k
k k P

t

ν ε
σ

 ∂ + ∇⋅ − ∇⋅ ∇ = − ∂  
U    (4.51) 

( ) ( )
eff

1 2kC P C
t kε

ε ν εε ε ε
σ

 ∂ + ∇⋅ − ∇⋅ ∇ = − ∂  
U   (4.52) 

In this model, k  and ε  are the vapor-liquid mixture turbulent kinetic energy and va-

por-liquid mixture turbulent energy dissipation, respectively.  The mixture velocity U  

is defined as g g l lα α= +U U U .  kP  represents the turbulence production due to shear 

stress, which can be expressed as ( )( )( )eff2 dev
T

kP ν= ∇ ⋅ ∇ + ∇U U U  .  effν  is the 

mixture effective viscosity, eff eff eff
g g l lν α ν α ν= + .  Since the vapor phase is much 

lighter than the liquid phase, it is assumed the vapor follows the turbulence of liquid, 

i.e. g lk k k= =  and g lε ε ε= =  (Li et al. 2014).  Therefore, the turbulent viscosity of 

both phases can be computed as:
2

t t

g l

C kµν ν
ε

= = .  The coefficients in the mixture 

model are the same as in the standard  k ε−  model: 

1 20 09 1 44 1 92 1 0 1 3kC . ,C . ,C . , . , .µ εσ σ= = = = =   

It should be noted that in this mixture turbulence model, the extra terms that 

represent the bubble-induced turbulence are not included.  Although the use of mixture 

quantities and the exclusion of the bubble-induced turbulence are open to question, the 

mixture model can still achieve reasonable accuracy, as reported in the bubble column 

study conducted by Marschall et al. (2011b).  Thus, this justifies the use of this mixture 

model in this study.  Besides, considering that turbulence is not the main focus of this 

study, the use of this model should be deemed acceptable. 

4.1.7 Wall heat partitioning model (Auxiliary sub-model) 

 One important aspect of nucleate boiling simulation is the modelling of the 

boiling heat transfer at the heated wall surface, which governs the heated wall temper-

ature and thus the bubble nucleation dynamics.  According to the popular wall heat 
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partitioning concept proposed by Kurul and Podowski (1990), the heat transported 

away from the heated solid wall during boiling can be partitioned into three different 

heat transfer mechanisms.  For the region covered by the growing bubbles, the heat is 

consumed by evaporation.  For the region directly exposed to the liquid, the heat is 

transported away by single-phase liquid convection.  When the nucleated bubbles de-

part from the heated surface, extra mixing effect occurs, which brings the cooler liquid 

from the surrounding to the heated surface.  This leads to additional cooling, which is 

termed quenching.  Therefore, the total heat flux input to the system, wq , can be par-

titioned into evaporation heat flux eq , convection heat flux cq  and quenching heat flux 

qq , i.e.: 

e c qwq q q q= + +    (4.53) 

A schematic of the three heat transfer mechanisms is illustrated in Figure 4.3. The 

individual heat flux components depend on the heated wall temperature, bubble nucle-

ation dynamics, and the local flow parameters.  In the following, the modelling of each 

heat flux will be presented. 

 

Figure 4.3: A schemetic of evaporation, convection and quenching heat flux during 
nucleate boiling. 

Evaporation heat flux eq .  The eq  can be computed based on the vapor gener-

ation mass flux at the heater surface due to bubble nucleation as (Krepper et al. 2013): 

( )( )3
e bw bw ac fg sat6g p ,l lq d f N h c T T

πρ= − −    (4.54) 
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The correlations used for the acN  , bwd  , and bwf  have been shown earlier in Equation 

(4.40), (4.41) and (4.42), respectively.   

Convection heat flux cq .  The cq  can be computed by applying the conven-

tional single-phase convection heat transfer formulation to the wall area that is unaf-

fected by the nucleating bubbles.  By letting wA  be the fraction of the heated surface 

area affected by the nucleating bubbles, cq  can be expressed as (Krepper et al. 2013): 

( ) ( )c c1 w ,l w lq A H T T= − −    (4.55) 

where c ,lH  is the liquid convection heat transfer coefficient, which can be evaluated 

based on the temperature wall function ( )llT y+ +  by Kader (1981): 

( )c
l p ,l T ,l

,l

l w l

c U
H

T T T

ρ
+=

−
   (4.56) 

( )21 3

Pr 30

2 12 ln 3 85Pr 1 3 2 12 ln Pr 30

l l l

l

l l l l

y , y
T

. y . . . , y

+ +

+
+ +

 ≤= 
+ − + >

  (4.57) 

where lT +  is the liquid dimensionless temperature, ly+  is the dimensionless wall dis-

tance T ,l

l

l

yU
y

ν
+ =  , y  is the vertical distance from wall, and T ,lU  is the liquid friction 

velocity, which is defined as T ,l w lU τ ρ= .   

Quenching heat flux qq .  The qq  can be evaluated through the following rela-

tionship (Krepper et al. 2013):  

( )q qw w lq A H T T= −    (4.58) 

where qH  is the quenching heat transfer coefficient, which can be expressed as 

(Krepper et al. 2013): 

q bw wait

2
l l p ,lH f t cλ ρ

π
=    (4.59) 

where waitt  is bubble waiting time [ s ], which can be computed as wait bw0 8t . f=  (Tu 
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and Yeoh 2002).  The bubble influencing area proportion, WA  is calculated from 

(Krepper et al. 2013): 

2

bw
acmin 1

2w

d
A a N ,π

  =      
   (4.60)  

Here, a  is known as the bubble influence factor, which is commonly set to 2 (Kurul 

and Podowski 1991).   

 By substituting Equation (4.54), (4.55) and (4.58) into Equation (4.53), Equa-

tion (4.53) can be solved for the wall temperature wT  for a given total heat flux input.  

The resultant wall temperature is required to calculate the amount of vapor nucleation 

at the heated wall (i.e. 
NU

gΓ  and NUψ ).   

4.2 Numerical implementation of nucleate pool boiling simulation with free-

board region 

 The model formulated in the previous section is implemented in OpenFOAM.  

Before being solved, the governing equations are discretized using Finite Volume 

Method (FVM).  In this method, the spatial domain is discretized into numerous non-

overlapping small volumes called control volumes, and the time domain is broken into 

a set of time steps t∆ .  The governing equations are integrated over each control vol-

ume and time step when being discretized.  In this section, the numerical implementa-

tion of the model is presented.  The discretized governing equations will be expressed 

using OpenFOAM discretization notation.  A brief introduction of this notation is 

given next. 

4.2.1 OpenFOAM discretization notation 

 The OpenFOAM discretization notation was introduced by Weller (2002a) to 

allow abstract representations of the FVM discretized equations.  In this notation, the 
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discretized terms resulting from a term of an equation that is treated implicitly is put 

inside a double square bracket � �• .  The dependent variable that is treated implicitly 

is put inside a single square bracket [ ]• .  Using the standard transport equation of a 

general property φ  with a linearized source shown in Equation (4.61), and two neigh-

boring polyhedral control volumes with an arbitrary number of faces shown in Figure 

4.4 as references, the OpenFOAM notation can be expressed as those summarized in 

Table 4.1. 

( ) ( ) ( ) Sp Su
t

ρφ
ρ φ φ φ

∂
+ ∇ ⋅ = ∇ ⋅ Γ∇ + +

∂
U    (4.61) 

 

Figure 4.4: Two neighboring polyhedral control volumes / cells.  The cell currently 
considered is called P, whereas the neighbouring cell is called N.  The face shared by 
the cells is denoted by f , the distance vector between the cell centers is denoted by 

d , and the area vector of the face is denoted by S .  Adapted from Jasak (1996). 

Table 4.1: OpenFOAM notation (Rusche 2003) 

Variable/Term Term in OpenFOAM 
Notation 

Corresponding function 
in OpenFOAM 

Discretized term 

Implicit varia-
ble 

[ ]φ  - n

Pφ  

Explicit varia-
ble 

φ   - 0
Pφ  

Implicit time 
derivative 

[ ]( )
t

ρ φ∂
∂

� �� �
� �
� �
� �� �

  
( )fvm::ddt ,ρ φ   0 0n n

P P P P

t

ρ φ ρ φ−
∆

  

Implicit con-
vection  [ ]( )f

J φ∇ ⋅� �� �� �   
( )fvm::div J ,φ  1 n

f

fP

J
V

φ∑    
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Implicit diffu-
sion  

[ ]( )φ∇ ⋅ Γ∇� �� �� �  ( )fvm::laplacian ,φΓ   1 n

f f

fP
V

φΓ ⋅∇∑ S  

Explicit time 
derivative 

( )
t

ρφ∂
∂

 
( )fvc::ddt ,ρ φ   0 0 00 00

P P P P

t

ρ φ ρ φ−
∆

  

Explicit con-
vection  

( )fJφ∇ ⋅   ( )fvc::div J ,φ  01
f

fP

J
V

φ∑    

Explicit diffu-
sion  

[ ]( )φ∇ ⋅ Γ∇  ( )fvc::laplacian ,φΓ   01
f f

fP
V

φΓ ⋅∇∑ S  

Explicit diver-
gence  

φ∇ ⋅   ( )fvc::div φ   01
f

fP
V

φ⋅∑S   

Explicit gradi-
ent  

φ∇   ( )fvc::grad φ   01
f

fP
V

φ∑S  

Explicit Curl φ∇×   ( )fvc::curl φ   ( )01
2 skew 

P

*
V

φ∇   

Implicit source [ ]Sp φ� �� �� �   ( )fvm::Sp Sp,φ   
n

PSpφ   

Explicit source Su   ( )fvm::Su Su,φ  Su  

 

In Table 4.1, the superscript n  denotes quantity in the future time step, the superscript 

0  denotes quantity in the old time step, the subscript P  denotes quantity at the cell 

center of the currently considered cell, the subscript N  denotes the quantity at the cell 

center of the neighboring cells, the subscript f  represents the quantity evaluated at 

cell faces (see Figure 4.4), J  is the mass flux at cell faces ( )
f

J ρ= ⋅S U , S  is the vec-

tor area of a cell face, PV  is the volume of cell, ∗  is the Hodge dual, f φ∇  denotes the 

gradient of φ  at cell faces, and f φ⋅∇S  can be evaluated linearly as 

NOCN P
f

φ φφ −⋅∇ = +S S
d

   (4.62) 

where N P= −d x x  and NOC  represents the non-orthogonal correction when the sur-

face normal gradient is evaluated on a non-orthogonal mesh.  It should be noted that 

the discretized terms in Table 4.1 are derived by integrating the conservation equation 

over the control volume and time step, invoking Gauss’s theorem, and then dividing 

each term by the cell volume and time step. Details on the derivation of the discretized 

term and NOC  can be found in the thesis of Jasak (1996).  It should be pointed out that 
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in the discretized terms shown in Table 4.1, no interpolation or differencing scheme 

(e.g. center differencing, upwind etc.) is specified yet for the evaluation of the quanti-

ties at cell faces, so these discretized terms are also known as semi-discretized terms. 

 Thus, as an example, using the notation presented in Table 4.1, the Euler im-

plicit discretization of the standard transport equation (4.61) reads: 

[ ]( ) [ ]( ) [ ]( ) [ ]
f

J Sp Su
t

ρ φ
φ φ φ

∂
= + ∇ ⋅ = ∇ ⋅ Γ∇ + +

∂
L
� �� � � � � � � �� � � � � �� � � �� �� �� �
� �� �

  (4.63) 

where L  represents the system of linear algebraic equations resulting from the dis-

cretization, with each linear algebraic equation having the form of 

n n

P P N N P

N

a a bφ φ+ =∑  ( a  represents coefficient here and b  is source).  Thus, the L  has 

the following matrix form [ ][ ] [ ]: φ= =L A B , where [ ]A  is a sparse matrix with the 

matrix coefficients Pa  on the diagonal and the coefficients Na  on the off-diagonal, 

[ ]φ  is the column matrix of the dependent variables φ  and [ ]B  is the column matrix 

of sources b .  To facilitate the description of the pressure-velocity algorithm that will 

be presented later, special operators ( )
D

L , ( )
N

L , ( )
S

L  and ( )
H

L  are introduced here 

(Rusche 2003).  The operator ( )
D

L  extracts the diagonal coefficients from L , the 

( )
N

L  extracts the off-diagonal coefficients from L , the ( )
S

L  extracts the source vec-

tor from L , and the ( )
H

L  returns ( ) ( ) 0

S N
φ −  L L .  

4.2.2 Momentum equations 

LHS of momentum equation 

 Before the discretization of the LHS of the momentum equation (4.2), the shear 

stress tensor term eff
ϕτ  is  decomposed into a diffusive component eff ,D

ϕτ  and a correc-

tion component eff ,C

ϕτ  as eff eff eff,D ,C

ϕ ϕ ϕ= +τ τ τ , where eff eff,D

ϕ ϕ ϕν= − ∇τ U  and 
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eff eff 2 2

3 3
,C Tv kϕ ϕ ϕ ϕ ϕ

 = − ∇ − ∇ ⋅ + 
 

τ U I U I .  This is to allow part of the shear stress tensor 

(i.e. the diffusive component) to be treated implicit for numerical stability, since the 

implicit treatment of the original tensor is difficult, if not impossible.  The LHS of the 

momentum equation (4.2) now reads (Rusche 2003): 

( )eff eff effv ,C ,C
...

t

ϕ ϕ
ϕ ϕ ϕ ϕ ϕ ϕ

ϕ

α
ν

α
∂ ∇

+ ⋅∇ − ∇ ⋅ ∇ + ∇ ⋅ + ⋅ =
∂
U

U U U τ τ (4.64) 

where effv ϕ
ϕ ϕ ϕ

ϕ

α
ν

α
∇

= −U U .  Next, for the convenience of numerical discretization, the 

non-conservative convection term (second term) of Equation (4.64) can be decom-

posed into a conservative convection term and a correction term as  

( ) ( )v v v

ϕ ϕ ϕ ϕ ϕ ϕ⋅∇ = ∇ ⋅ − ∇ ⋅U U U U U U  (see Appendix A2 for derivation).  

 Equation (4.64) can now be discretized. The time derivative, convective and 

diffusive terms are treated fully implicitly, and the rest of the terms are treated explic-

itly.  Using the OpenFOAM notation shown in Table 4.1, the LHS of the discretized 

momentum equation can be written as: 

( ) ( ) ( )eff

eff eff

v v

f f

,C ,C

t

...

ϕ
ϕ ϕ ϕ ϕ ϕ ϕ

ϕ
ϕ ϕ

ϕ

φ φ ν

α
α δ

 ∂        + ∇ ⋅ − ∇ ⋅ − ∇ ⋅ ∇     ∂

∇
+∇ ⋅ + ⋅ =

+

U
U U U

τ τ

� �� � � � � � � �� � � � � � � �� �� � � �� � � �� �� �� �   (4.65) 

where v

ϕφ  is given by eff fv

, f

, f

ϕ
ϕ ϕ ϕ

ϕ

α
φ φ ν

α δ
⋅∇

= −
+

S
 , and ϕφ  is the phase flux at the cell face, 

which is defined as 
fϕ ϕφ  = ⋅  S U .  It should however be noted that ϕφ  is not evalu-

ated directly as 
fϕ ⋅  S U , but rather obtained from the pressure-velocity coupling pro-

cedure that will be presented shortly in Section 4.2.3 to ensure mass conservation.  In 

Equation (4.65), the ϕα  that appears in the denominator of the last term is averaged 

over the value in neighboring cells and added with a small positive stabilizing factor 

δ (e.g. 0.001) to prevent the term from becoming infinite when 0ϕα →  (Rusche 
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2003).  The operator i  represents averaging. A similar procedure has also been ap-

plied to v

ϕφ . 

RHS of momentum equation 

For the RHS of the momentum Equation (4.2), the discretized form reads: 

( )
drag VM lift TDI , I , I , I ,

p
...

ϕ ϕ ϕ ϕ ϕ ϕ

ϕ ϕ ϕ ϕ ϕϕ ϕρ α ρ α ρα δ ρ

Γ+ + +∇= + + + +
+

F F F F F F
g
ɶ ɶ ɶ ɶ ɶ ɶ

  (4.66) 

where drag VM lifI , I , I , t
, , ,ϕ ϕ ϕF F Fɶ ɶ ɶ  and TDI ,

ϕFɶ  represent the discretized terms arising from the 

individual interphase forces of Equation (4.8). For example, dragI ,

gFɶ  represents the dis-

cretized terms from drag drag
1 2g in l l in gf f− − − −+F F , and VMI ,

gFɶ  represents the discretized terms 

from VM VM
1 2g in l l in gf f− − − −+F F , etc.  The ϕ

Γ
Fɶ  is the discretized terms resulting from the ϕ

Γ
F , 

whereas the ϕFɶ  is that arising from ϕF .  It is important to note that the pressure gradi-

ent term is not discretized at this stage, as it is well-known that the finite volume dis-

cretization of a first-order differential term can lead to decoupling problems and thus 

oscillatory solutions.  It is to be discretized later during the pressure-velocity coupling 

procedure, where the pressure gradient term can be recast into a pressure ‘diffusion’ 

term (a second-order differential term) that can be discretized without causing the de-

coupling issue.  See Appendix A3 for more details.  The discretization of the interphase 

momentum transfer terms will be discussed next. 

 Large interphase forces can lead to unstable oscillatory solutions, especially in 

the vapor phase due to low density.  To ensure numerical stability, the interphase drag 

force and virtual mass force, which are typically the dominant forces, are treated semi-

implicitly as (Rusche 2003): 

( )( )drag drag drag
1 2

I ,

g g l g in l l in g l gf A f Aα α − − − −  = + −  F U U� �ɶ � �� �  (4.67) 

( ) [ ]( )drag drag drag
1 2

I ,

l g l g in l l in g g lf A f Aα α − − − −= + −F U Uɶ � �� �� �   (4.68) 
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( )VM VM VM
1 2

DD

D D
g gI , l l

g g l g in l l l in g gf C f C
t t

α α ρ ρ− − − −

    = + −
 
 

UU
F

� �� �ɶ � �
� �
� �� �

  (4.69) 

( ) [ ],VM VM VM
1 2

D D

D D
g g l lI

l g l g in l l l in g gf C f C
t t

α α ρ ρ− − − −

 
= + −  

 

U U
F

� �� �ɶ � �
� �� �

  (4.70) 

where the implicit substantial derivatives are defined as 

( ) ( )D

D ft t

ϕ ϕ ϕ
ϕ ϕ ϕ ϕφ φ

   ∂       = + ∇⋅ − ∇⋅   ∂
U U

U U

� � � �� � � � � � � �� � � � � � � �� �� � � � � �� �� � � �� � � �
.  On the other hand, the lat-

eral lift and turbulent dispersion forces are treated explicitly due to the difficulties in 

their implicit treatments. Thus, liftI ,

gFɶ and TDI ,

gFɶ  are expressed as:  

( )( ) ( )( )lift lift lift
1 2

I ,

g g l g in l l r l l in g g r gf C f Cα α ρ ρ− − − −
 = × ∇× + × ∇×
 

F U U U Uɶ  (4.71) 

TD TD drag TD drag
1 2Sc Sc

tt
g gI , l l

g g g in l g in l l l in g l in gt t

l g l g

f C A f C A
ν αν αα α

α α− − − − − − − −

  ∇∇= + −    
  

Fɶ  (4.72) 

whereas liftI ,

lFɶ and TDI ,

lFɶ  are lift liftI , I ,

l g= −F Fɶ ɶ  and TD TDI , I ,

l g= −F Fɶ ɶ , respectively. The ϕ
Γ

F  

in Equation (4.2) is treated semi-implicitly for both phases to improve diagonal dom-

inance of the coefficient matrix of momentum equations.  Hence, the ϕ
Γ

Fɶ  in Equation 

(4.66), for each phase, is ( ) ( )g g l g

+Γ  = Γ −  F U U� �ɶ � �� �  and ( ) [ ]( )l g g l

−Γ = − Γ −F U Uɶ � �� �� � . 

The ϕF  in Equation (4.2) is treated explicitly, so ϕFɶ  in Equation (4.66), for each phase, 

is 0g =Fɶ  and ( )refl l lT Tα β= − −F gɶ . 

 The last three terms in Equation (4.66) contain ϕα  in the denominators.  The 

penultimate term is numerically treated by averaging and adding of a stabilizing factor 

to avoid it from becoming infinite when 0ϕα → , whereas the other two terms are left 

as they are.  This is because each interphase force in the numerator of the second term 

has a factor g lα α  for both phases, thus can be divided (cancelled) by gα  or lα  be-

forehand without problems.  On the other hand, the last term vanishes for the vapor 

phase due to 0g =Fɶ , whereas the last term for the liquid phase has lα  in the numerator 

and thus can be divided by lα . 



125 
 

 At this point, the discretized momentum equations cannot be solved yet due to 

the unknown pressure field.  The numerical method to achieve pressure-velocity cou-

pling will be discussed next.   

4.2.3 Pressure-velocity coupling 

In this study, the pressure-velocity coupling is achieved by using the “pseudo-

stagger” solution procedure of Weller (2002b), which had been shown to be more ro-

bust and stable when dealing with two-phase flow with phase separation when com-

pared to the conventional method (Rusche 2003).  This solution procedure is based on 

the PISO algorithm proposed by Issa et al. (1986).  The main idea of this procedure is 

that the phase flux ϕφ  is treated as the primary variable in the pressure-velocity cou-

pling procedure, rather than the cell center velocity ϕU  as in conventional procedure, 

as ϕφ  is located at cell faces where pressure-velocity decoupling cannot occur.  This 

procedure is extended to take into account the effect of heat and mass transfer.  In what 

follows, the pressure-velocity coupling procedure of Weller (2002b) is presented. 

Momentum correction equations 

Before performing pressure-velocity coupling, the discretized momentum 

equations of both phases are rearranged into explicit functions for the respective phase 

velocities, which are commonly known as the momentum correction equations. Ac-

cording to the solution procedure of Weller (2002b), the momentum corrections equa-

tions are derived as follows.  Starting from Equation (4.65) and (4.66), the discretized 

momentum equations for vapor and liquid phases can be expressed as: 

( ) ( )
drag
g

g g g lD H
g g

Kp

ρ ρ
∇= − +A U A g + U    (4.73) 
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( ) ( ) ( )( )
drag

ref1 l
l l l l gD H

l l

Kp
T Tβ

ρ ρ
∇= − + − −A U A g + U   (4.74) 

where ϕA  is the system of linear algebraic equations from the discretized momentum 

equation for either phase without the (un-discretized) pressure gradient term, gravity 

term and the explicit part of the drag interphase force. The drag
gK  and drag

lK

( )drag drag drag
1 2g l g in l l in gK f A f Aα − − − −= + , and ( )drag drag drag

1 2l g g in l l in gK f A f Aα − − − −= + .  The meaning 

of the operators ( )
D

⋅  and ( )
H

⋅  had been described earlier in Section 4.2.1.  The reason 

to exclude the un-discretized pressure gradient term and the explicit part of the drag 

interphase force will become clear in a moment.  Note that the ( )
HϕA , which contains 

the information of the velocities in the neighboring cells, is computed explicitly.   

Equation (4.73) and (4.74) can be rearranged into the velocity correction equations, 

i.e.: 

( )
( ) ( ) ( ) ( )

drag
g gH

g l

g g g g g gD D D D

Kp

ρ ρ
∇= − +

A g
U + U

A A A A
  (4.75) 

( )
( ) ( )

( )( )
( ) ( )

drag
ref1 ll lH

l g

l l l l l lD D D D

T T Kp β
ρ ρ

− −∇= − +
A

U g + U
A A A A

  (4.76) 

Pressure equation  

In the next step, a pressure equation is to be derived from the mixture continuity 

equation (4.25).  Firstly, Equation (4.25) is discretized as: 

( ) 1 1
g , f g l , f l g

g l

α φ α φ
ρ ρ

 
∇ ⋅ + = Γ −  

 
   (4.77) 

where the phase flux ϕφ  can be derived by interpolating Equation (4.73) and (4.74) to 

cell faces.  Thus, ϕφ  are: 

( )
1

g g f

g g D f

pφ φ
ρ

∗
  
  = − ∇ ⋅
     

S
A

   (4.78) 
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( )
1

l l f

l l D f

pφ φ
ρ

∗
  
 = − ∇ ⋅     

S
A

   (4.79) 

where 

( )
( ) ( ) ( )

drag
1g gH

g l

g g g gD D Df f f

K
φ φ

ρ
∗

     
     = ⋅ + ⋅ +
     
     

A
S g S

A A A
  (4.80) 

( )
( )

( )( )
( ) ( )

drag
ref1 ll lH

l g

l l l lD D Df ff

T T Kβ
φ φ

ρ
∗

    − −
= ⋅ + ⋅        
    

A
S g S +

A A A
  (4.81) 

Equation (4.80) and (4.81) are known as phase flux predictors.  It should be noted that 

the f p∇  in Equation (4.78) and (4.79) remain un-discretized at this stage.  Another 

noteworthy point is that in Equation (4.80) and (4.81), in the face interpolation of the 

explicit part of the drag forces, the primary variable ϕφ  is used in place of ( )
fϕ ⋅U S  

to improve the convergence of the pressure-velocity coupling procedure, since drag 

force is the dominant force and can be large in some cases.  This is the reason why the 

explicit part of the drag force was excluded from ϕA  during the derivation of the mo-

mentum correction equations.  Substituting Equation (4.78) and (4.79) into Equation 

(4.77) yields the pressure equation: 

( ) ( ) [ ]

( )

1 1

1 1

g , f l , f

l lg g D fD f

g , f g l , f l g

g l

pα α
ρρ

α φ α φ
ρ ρ

∗ ∗

        ∇ ⋅ + ∇           

 
= ∇ ⋅ + + Γ −  

 

AA

� �� �
� �
� �
� �
� �
�� ��   (4.82) 

The pressure gradient term that has been left un-discretized can now be discretized as 

a Laplacian term on the LHS of Equation (4.82).  It should however be noted that the 

Laplacian term should be discretized in the way shown in Table 4.1, so that pressure-

velocity decoupling problem can be avoided.  See Appendix A3 for a demonstration. 

The volume expansion term due to interphase mass transfer (the last term) is treated 

explicitly as there is no obvious way to treat is implicitly. 
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PISO algorithm 

 Solving the pressure equation (4.82) gives a new pressure field.  The new pres-

sure field is then used to correct the phase flux ϕφ  using Equation (4.78) and (4.79), 

with the f p⋅∇S  discretized in the way shown in Equation (4.62).  This results in a set 

of conservative mixture volumetric flux F , which is defined as g , f g l , f lF α φ α φ= + .  It 

should however be noted that the resultant ϕφ  of each phase does not guarantee to 

obey mass conservation at this stage, as the pressure equation is derived from a mixture 

continuity equation.  Nevertheless, the mass non-conservativeness of ϕφ  will be made 

up by the change in the phase fraction distribution when the phase continuity equation 

(4.1) is solved to update the phase fraction distribution (see in Section 4.2.4).  Next, 

the cell center phase velocity ϕU  is to be updated in response to the new pressure.  

Unlike in the conventional PISO algorithm where the ϕU  is corrected directly using 

Equation (4.75) and (4.76), the ϕU  in this procedure is updated through reconstruction 

from the corrected phase flux ϕφ  (Rusche 2003).  This is to avoid the discretization of 

p∇  in Equation (4.75) and (4.76) that are defined at the cell center, which may lead to 

pressure-velocity decoupling.  The phase velocity is computed as follows: 

( )
( ) ( )

1

H
f f

f f
D

ϕ
ϕ ϕ

ϕ

φ
−

   
= + ⊗ ⋅   

   
∑ ∑

A
U n S n

A

ɶ    (4.83) 

where 
( )
( )

H

D f

ϕ
ϕ ϕ

ϕ

φ φ
 
 = − ⋅
 
 

A
S

A
ɶ .  The second term on the RHS of Equation (4.83) re-

constructs a cell center velocity field from ϕφɶ .  The reconstruction is based on the 

assumption that the following relationship is correct (see Appendix A4 for the deriva-

tion): ( )( ) ( )( )f f f

f f

⋅ ≈ ⋅∑ ∑n S a n S a , where a  is an arbitrary vector field and fn  is 

the unit vector normal to the cell face.  This relationship essentially assumes that the 

sum of the face flux of a cell computed using the cell center value is equivalent to that 

computed using the cell face values.  This is, of course, not strictly accurate and thus 
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the velocity field obtained from this approach would just be an approximation.  None-

theless, this is not a significant issue because in all conservation equations, phase flux 

ϕφ  is exclusively used in the convection terms instead of ϕU (i.e. phase flux is the 

primary variable).  The ϕU  is merely treated as a secondary variable for the construc-

tion of the discretized momentum equation. 

 At this point, although the new volumetric flux F , which is 

g , f g l , f lF α φ α φ= + , satisfies the mixture mass conservation, the resultant ϕU  may not 

obey the momentum equation.  This is because in Equation (4.78) and (4.79), the 

( )
HϕA , which contains the information of the velocities in the neighboring cells, was 

evaluated using ϕU  from the old time step (i.e. explicitly).  Therefore, the procedure, 

starting from Equation (4.75), needs to be iterated until the F  satisfies both the mix-

ture continuity and momentum equations (within a certain tolerance).  Of course, if the 

time step is sufficiently small, iteration may not be necessary (Versteeg and 

Malalasekera 2007).  It should be noted that the ( )
HϕA  is also evaluated using ϕφ  

from the old time step throughout the PISO algorithm. This, of course, would induce 

error but this error is neglected in the PISO algorithm due to the underlying assumption 

that the pressure-velocity coupling is more important than the non-linear coupling in 

the velocity convection term (Jasak 1996).  A flow chart of the pressure-velocity cou-

pling procedure is shown in Figure 4.7. 

4.2.4 Phase fraction transport equation 

The purpose of solving the phase mass continuity equation (4.1) or better 

known as the phase fraction transport equation is twofold: to obtain the evolution of 

phase fraction distributions, and to make up for the mass non-conservativeness of ϕφ , 

as mentioned in the previous section.  The vapor phase fraction transport equation can 

be discretized as follows: 
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( )g g

g g f
g

t

α
φ α

ρ
 ∂ Γ   + ∇ ⋅ = ∂

� �� � � �� � � �
� � � �� �� �� �

   (4.84) 

The source term on the RHS of Equation (4.84) is treated explicitly in order to be 

consistent with the explicit treatment of the interphase mass transfer term in the pres-

sure equation.   

 However, since the gφ  in the convection term (second term on the LHS of 

Equation (4.84)) is not conservative, the convection term cannot guarantee the bound-

edness of gα  (i.e. the solution of gα  may become negative or larger than 1, which is 

not physical).  In order to enforce boundedness, special numerical treatment is neces-

sary.  In OpenFOAM, the numerical treatment of Weller (Weller 2002b, Rusche 2003) 

is adopted.  According to Weller, the vapor phase transport equation is first re-arranged 

as follows: 

( ) ( )g g

g r l g

gt

α
α α α

ρ
∂ Γ

+ ∇ ⋅ + ∇ ⋅ =
∂

U U    (4.85) 

where g g l lα α= +U U U  and r g l= −U U U .  See Appendix A5 for the derivation.  

This equation is then discretized as follows: 

( ) ( )g g

g r l , f gf f
g

F
t

α
α φ α α

ρ
 ∂ Γ     + ∇ ⋅ + ∇ ⋅ =   ∂

� �� � � � � �� � � � � �
� � � � � �� � � �� �� �

  (4.86) 

where g g l lF α φ α φ= + , and r g lφ φ φ= − .  It can be seen that the convection term in 

Equation (4.84) is decomposed into the second and third terms of Equation (4.86).  

When there is no mass source (i.e. 0gΓ = ), the second term guarantees the bounded-

ness of gα  since F  is mass conservative, i.e. it satisfies the mixture continuity equa-

tion (4.82) exactly, so the task to enforce boundedness is left to the third term.  Bound-

edness can be ensured in the third term if the l , fα  is interpolated from the cell center 

using downwind scheme, whereas the g f
α    is interpolated from the cell center using 

upwind scheme.  This treatment ensures that, when gα  of a cell approaches 0, the out-

ward flux of gα  at the cell faces contributed by the third term (which will make 
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0gα < ) vanishes , and when gα  of a cell approaches 1, the inward flux of gα  at the 

cell faces contributed by the third term (which will make 1gα > ) vanishes.  Therefore, 

the boundedness of gα  can be enforced.  A demonstration of this numerical treatment 

is given in Appendix A6.  Although it is possible to use higher-order upwind and 

downwind schemes in the discretization of the third term to improve accuracy, this 

might compromise boundedness (Rusche 2003).   

 The source term on the RHS of Equation (4.86) poses another threat of un-

boundedness. In this study, only evaporation is considered, i.e. 0g

gρ
Γ

≥ .  This guaran-

tees the boundedness of gα  by zero but the boundedness by one may not be ensured.  

One simple solution to this is to make sure that gΓ  is non-zero only in the cells with 

gα  sufficiently less than one, e.g. 0 5g .α ≤ .  This treatment guarantees the bounded-

ness of gα  as long as the time step is small enough that the mass source term does not 

cause gα  to go beyond 1  in a time step, i.e. 0 5g

g

t .
ρ
Γ

∆ ≪ ,  which can be easily 

achieved in most cases provided that the mass source term is not too large.  It is recalled 

from Section 4.1.4 that B NU FS

g g g gΓ = Γ + Γ + Γ .  The B

gΓ  and NU

gΓ  are safe, as they are 

implemented within the bulk liquid where gα  is expected to be 0 5.≤ .  Care is how-

ever required when implementing FS

gΓ  to make sure that the aforementioned criterion 

is met.  This will be discussed along the free surface tracking routine that will be in-

troduced in Section 4.2.8. 

4.2.5 Energy equations 

The energy transport equation (4.26) is discretized in a way similar to the mo-

mentum equations, as follows: 
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( ) ( )
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f f

p ,

T Q
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ϕ ϕη η
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  (4.87) 

where eff f

, f

, f

ϕη
ϕ ϕ ϕ

ϕ

α
φ φ η

α δ
⋅∇

= −
+

S
.  The interphase heat transfer term is treated explicitly 

in consistent with the interphase mass transfer terms in other equations. 

4.2.6 Bubble number density transport equation with improved numerical im-

plementation 

The bubble number density transport equation (4.26) can be discretized as fol-

lows: 

[ ] [ ]( ) CO BK NU

g f

N
N

t
φ ψ ψ

∂
+ ∇ ⋅ = Φ + +

∂

� �� � � �� �� � � �� �� �
  (4.88) 

However, based on Equation (4.49) and (4.50), it can be inferred that both gα  (i.e. 

vapor) and N  (i.e. bubble) need to be transported consistently in order to yield correct 

interphase area density and bubble size.  There is no issue if the phase fraction transport 

equation (4.1) and bubble number density transport equation (4.45) are solved in their 

original form using the same discretization practice.  However, the phase fraction 

transport equation has been reformulated into Equation (4.85) to ensure boundedness.  

Although from a mathematical point of view the convection terms in Equation (4.85) 

and Equation (4.45) are consistent, they become inconsistent due to the difference in 

the discretization of the convection terms.  For example, the discretization of the con-

vection terms of Equation (4.85) requires the interpolation of the lα  (in the third term), 

while that of Equation (4.45) does not.  Solving Equation (4.85) and (4.45) for gα  and 

N , respectively, might result in locally fictitious interphase area density and bubble 

size.  Therefore, to ensure consistency, Equation (4.45) is reformulated and discretized 

in the exact same fashion as the phase fraction transport equation (4.85).  The refor-

mulated bubble number density transport equation is as follows: 
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( ) ( ) CO BK NU

r l

N
N N

t
α ψ ψ ψ∂ + ∇ ⋅ + ∇ ⋅ = + +

∂
U U   (4.89) 

The LHS is discretized in the same way as Equation (4.86) as: 

[ ] [ ]( ) [ ]( ) CO BK NU

r l , ff f

N
F N N

t
φ α ψ ψ

∂
+ ∇ ⋅ + ∇ ⋅ = Φ + +

∂

� �� � � � � �� � � �� � � � � �� �� �
  (4.90) 

The same differencing scheme is used for the third term, that is upwind scheme for 

[ ]
f

N  and downwind scheme for l , fα . A simple assessment of this implementation 

will be presented in Section 4.3.4.  On the RHS of Equation (4.90), the COΦ  is the 

discretized term arising from COψ .  The COψ  is a negative source term, which might 

cause N  to become negative ( N  should be bounded between 0 and positive infinity).  

Therefore, to avoid this, COψ  is treated implicitly as follows: 

[ ]
0

CO CO
N

N
ψΦ =
� �� �
� �
� �� �

   (4.91) 

where 0N  is the N in the old time step.  This treatment ensures that as 0N → , 

0COΦ → . 

4.2.7 Mixture k ε−  equations 

For the vapor-liquid mixture k ε−  equations (4.51) and (4.52), they are dis-

cretized as follows (Rusche 2003): 

[ ]( ) [ ] [ ]
eff

0kf
k

k
F k k P k

t k

ν ε
σ

 ∂ + ∇ ⋅ − ∇ ⋅ ∇ = − ∂  

� �� � � �� �� �� � � �� � � �� � � �� � � �� � � �� �
  (4.92) 

[ ]( ) [ ] [ ]
eff

1 2kf
F C P C

t k kε

ε ν ε εε ε ε
σ

 ∂ + ∇ ⋅ − ∇ ⋅ ∇ = − ∂  

� �� � � �� �� �� � � �� � � �� � � �� � � �� � � �� �
  (4.93) 

In the above-discretized equations, the negative source terms are treated implicitly to 

prevent negative values of k  and ε . 
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4.2.8 Simple routine for the tracking of free surface cells 

As mentioned in Section 4.1.4, the interphase heat and mass transfer terms at 

the free surface, FS
Qϕ  and FS

gΓ , are to be implemented only in the cells containing the 

liquid free surface.  However, the position of the free surface is part of the solution and 

is not known a priori.  To track the cells containing the free surface, a simple interface 

tracking routine is formulated.  This routine is based on the fact that phase fraction 

changes abruptly across the free surface.  Therefore, the cells containing the free 

surface would have the highest phase fraction gradient magnitude among the cells in 

the same cell column.  Here, it is assumed that the cell column aligns with the direction 

of the gravitational pull.  This procedure of this routine is as follows: 

1. Compute 
gα∇  . 

2. Compare the 
gα∇  in every cell of the first cell column. 

3. Identify the cell in the cell column with the maximum 
gα∇ . 

4. If the cell has 0 5g .α ≤ , recognize it as the free surface cell.  Else, recognize 

the closest cell below it that has 0 5g .α ≤  as the free surface cell. This step is 

to ensure the boundedness of gα  in the solution of phase fraction transport 

equation, as mentioned in Section 4.2.4. 

5. Go back to step 2 for the next cell column until the last cell column. 

It can be easily seen that this routine works best for orthogonal mesh and might fail 

for non-orthogonal mesh. Nevertheless, the benefits of this routine is that it is easy to 

ensure that only one cell is recognized as the free surface cell per cell column.   

4.2.9 Numerical interphase area density 

 The FS

Na  in Equation (4.37) and (4.38), and NU

Na  in Equation (4.43), (4.44) and 

(4.48) are required to convert the flux sources into volumetric sources so that they can 

be incorporated into the governing equations. 
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 The FS

Na  can be computed as: 

FS
FS

N

P

A
a

V
=  (4.94) 

where FSA  is the area of free surface in the free surface cells, and PV  is the cell volume.  

In this study, the free surface is assumed to be locally flat and horizontal for simplicity.  

This is illustrated in Figure 4.5.  This assumption is reasonable if the liquid free surface 

is not agitated vigorously and remains relatively calm.  For an orthogonal mesh, SA  is 

equal to one of the horizontal cell face area.  On a side note, it is due to this assumption 

that the free surface cell tracking routine introduced in the previous section should 

assign only one cell as the free surface cell per cell column. 

 

Figure 4.5: Simplification of the free surface area. 

 As for FS

Na , it can be expressed as: 

HS
NU

N

P

A
a

V
=  (4.95) 

where HSA  is the cell area adjacent to the heated surface boundary. 

4.2.10 Differencing schemes of governing equations 

The governing equations are discretized temporally using implicit Euler 

scheme.  limitedlinear scheme is used for the spatial discretization of convection terms 

                                       

 

                                                     

 

≈
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while linear scheme is used for the Laplacian terms discretization.  Excellent descrip-

tions of the Euler scheme and linear scheme can found in the thesis of (Jasak 1996).  

A description of the implementation of the second-order accurate limitedlinear scheme 

is given in Appendix A7.  It should be noted that the use of this higher-order convec-

tion scheme for the third term of Equation (4.86) and (4.90) might compromise bound-

edness, as mentioned in Section 4.2.4.  Therefore, for the discretization of this term, a 

bounded version of limitedlinear scheme is used, in which the scheme locally reverts 

to first-order upwind scheme whenever the local solution becomes unbounded (note 

that the upwind scheme and its higher order variants become the corresponding down-

wind schemes when the sign of the flux is inverted).   

4.2.11 Solution procedure 

The model is developed based on the basic two-phase flow model twoPhaseEu-

lerFoam available in OpenFOAM – 1.5.  The solution procedure is summarized as 

follows: 

1. Solve the wall partitioning model (Equation (4.53)) for wT  using bisection 

method.  A flow chart of this step is depicted in Figure 4.6.  Since heat flux 

considered in this study is of the orders of magnitude of 4 510 10− , the con-

vergence criteria of the bisection method is set to 310− , which translates to 

an accuracy of 8 – 9 significant figures. 

2. Solve the vapor phase fraction transport equation (4.86) for gα   and bubble 

number density equation (4.90) for N . 

3. Compute lα  (from 1g lα α+ = ), B

ia  (Equation (4.49)) and gd  (Equation 

(4.50)).  

4. Compute the coefficients of interphase drag, virtual mass force (Equation 

(4.67) - (4.70)) and bubble coalescence source (Equation (4.91)) for im-

plicit treatments (Equation (4.67) - (4.70)). 

5. Track the free surface cells using the routine presented in Section 4.2.8. 
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6. Compute the interphase lift and turbulent dispersion force (Equation (4.71) 

- (4.72)), I
Qϕ  (Equation (4.28)), gΓ  (Equation (4.29)) and bubble sources 

(Equation (4.47) and (4.48)) explicitly. 

7. Construct momentum equations (4.65) and (4.66). 

8. Perform pressure-velocity coupling using PISO algorithm.  A flow chart of 

the PISO algorithm is shown in Figure 4.7. 

9. Solve the mixture k ε−  equations (4.92) - (4.93). 

10. Solve the heat energy equation (4.87) for the liquid phase. 

11. Go back to step 1 for the next time step. 

 

Figure 4.6: Flowchart of bisection method to solve wall heat partitioning model 
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Figure 4.7: Flowchart of the PISO algorithm for the boiling model 

4.3 Model validation 

4.3.1 Validation strategy 

 Experimental boiling heat transfer data at the heater surface (i.e. boiling curve) 

is commonly used to validate macroscopic pool boiling models (Aminfar et al. 2012, 

Li et al. 2014, Salehi and Hormozi 2018, Ahmadpour et al. 2018).  In this study, to 

validate the current model more rigorously, published experimental data on both boil-

ing curve and void fraction (i.e. vapor phase fraction) distribution in the bulk liquid 
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Start #PISO 

Compute phase flux predictors 
 (Eq. (4.80) and (4.81)) 
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are used for model validation through three independent validation cases.  The details 

of each validation case are summarized as follows: 

• Validation case 1: Gerardi et al. (2009) performed a pool boiling experiment 

at atmospheric pressure using a horizontal heater surface.  In the experiment, a 

horizontal heater surface with a dimension of 30 10 mm× was submerged in a 

rectangular pool of deionized water.  The pool was surrounded by an isother-

mal bath which kept the pool at the saturation temperature.  The heater surface 

comprised of a thin Indium-Tin-Oxide film deposited on a sapphire substrate.  

The bubble contact angle measured on this heater surface was approximately 

90 degrees.  The heat flux on the heater surface was controlled by using a DC 

power source and the heater surface temperature was acquired by using an in-

frared high-speed camera, with a temperature uncertainty of around 2 K .  This 

data was also used by other researchers to validate their models (Li et al. 2014, 

Salehi and Hormozi 2018, Kamel et al. 2019). 

• Validation case 2: Iida and Kobayasi (1969) performed an atmospheric pool 

boiling experiment and measured the void fraction in the bulk liquid above a 

horizontal heater surface.  In the experiment, a circular copper heater surface 

with a diameter of 29mm was submerged in a large rectangular tank filled with 

purified water.  An auxiliary heater was used to maintain the water at the satu-

ration temperature.  The averaged void fraction distribution above the heater 

surface was measured using an electrical conductivity based probe method, 

with an uncertainty of about 3% in void fraction.  This data is used to compare 

with the calculated void fraction using the model.  However, the contact angle 

at the heater surface was not provided.  Nevertheless, in their results, low void 

fraction was observed near the heater surface.  Thus, it is expected that the 

contact angle was less than 90 degrees since the void-fraction near the heated 

wall reduces with the increase of surface wettability (for contact angle ≤  90 

degrees) (Liaw and Dhir 1989).  The contact angle is assumed to be 45 degrees 

in this case. 

• Validation case 3: Liaw and Dhir (1989) conducted a pool boiling experiment 

and measured the void fraction distribution in the bulk liquid adjacent to a ver-

tical copper heater surface.  In the experiment, a rectangular copper heater sur-

face with a width of 6 3 cm.  and a height of 10 3 cm.  was mounted on one side 
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of a liquid holding chamber.  The liquid chamber was a square duct with 14 cm

by 14 cm cross-section.  Water was used as the test fluid and the experiment 

was conducted at atmospheric pressure.  The bubble contact angle on the heater 

surface was 90 degrees.  The steady-state averaged void fraction profile in the 

bulk liquid adjacent to the heater surface was measured using a gamma densi-

tometer.  This data is used to validate the model. 

4.3.2 Computational domains, simulation setup and boundary conditions 

Validation case 1 

 Due to the large size of the pool compared to the heater surface in Gerardi et 

al. (2009) experiment, the boiling heat transfer at the heater surface is expected to be 

independent of the pool geometry (Li et al. 2014).  Thus, the experiment setup is sim-

plified into a 2-dimensional computational domain (Li et al. 2014, Kamel et al. 2019).  

The schematic diagram of the computational domain is illustrated in Figure 4.8.  The 

dimension of the computational domain is 300 mm 300 mm× .  A freeboard region is 

included in the domain.  The initial static water level is set to 150 mm , which results 

in a freeboard region of 150 mm  in height.  The freeboard region is filled with satu-

rated steam.  The heater surface with a length of 30mm is located at the bottom center 

of the pool.  The domain is discretized using 2mm rectangular structured mesh.  The 

boundary conditions are summarized in Table 4.2.  It should be noted that a gas outlet 

is specified at the top surface, thus the extra volume of vapor generated during phase 

change would escape through the outlet.  At the heater surface, uniform heat fluxes 

ranging from 0  to 2160 kW m  are applied.  The simulation is run in transient mode 

until the system reaches a plateau (i.e. no major change in the flow).  For numerical 

stability, the heat input is ramped up linearly from zero to the prescribed heat flux 

within 4 seconds.  The fluid thermophysical properties used in this case are summa-

rized in Table 4.3.   
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Figure 4.8: Schematic of computational domain of Validation case 1. 

Table 4.2: Boundary conditions of Validation case 1 

Variables Heated surface Walls Top surface 

gU  Slip No-slip Zero-gradient 

lU  No-slip No-slip Slip 

lT  Specify gradient (heat flux input) Zero-gradient Zero-gradient 

gα  Zero-gradient Zero-gradient Zero-gradient 

N  Zero-gradient Zero-gradient Zero-gradient 
p  Zero-gradient Zero-gradient 0 Pap =  

 

Table 4.3: Water thermophysical properties used in the boiling simulation. 

Fluid Properties Values 

( )3kg mgρ  0 58.  

( )3kg mlρ  958  

( )2m slη  71 433 10. −×  

( )sat KT  373  

( )2m sgν  52 07 10. −×  

( )2m slν  72 9396 10. −×  

( )N mlgσ  0 058.  

( )-1Kβ  6700 10−×  

( )kg molM  0 01802.  

WallsWalls

Top Surface

Heater Surface

Water

Saturated Steam
(Freeboard Region)

x

y
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Validation case 2 

 The pool boiling experiment of Iida and Kobayasi (1969) is simulated in 3 di-

mensions.  The schematic of the computational domain is illustrated in Figure 4.9.  The 

dimension of the computational domain is 330 30 20 cm× × (L x W x H).  A circular 

heater surface with a diameter of 29 mm  is located at the bottom center of the pool.  

The initial static water level is 12 cm .  The freeboard region is filled with saturated 

steam.  The boundary conditions and the fluid thermophysical properties used are the 

same as in Validation case 1.  Uniform heat fluxes of 2108 kW m  and 2188 kW m  

are applied at the heater surface.  The simulation is run in transient mode until a plateau 

is achieved. 

 

Figure 4.9: Schematic of computational domain of Validation case 2 

Validation case 3 

 The pool boiling experiment of Liaw and Dhir (1989) is simulated in 3 dimen-

sions.  The schematic of the computational domain is illustrated in Figure 4.10.  The 

dimension of the computational domain is 314 14 45 cm× ×  (L x W x H).  The heater 

surface is located on the left wall of the liquid chamber, and is 10 cm  from the base of 

the chamber.  The protrusion of the heater surface in the chamber is assumed to be 

3 cm .  The initial static water level is assumed to be 35 cm , which results in a free-

board region of 10 cm  in height.  The freeboard region is filled with saturated steam.  



143 
 

The domain is discretized using a rectangular uniform structured mesh with a size of 

2 mm .  The boundary conditions and fluid thermophysical properties used are the 

same as in Validation case 1.  A uniform heat flux of 2250kW m  is applied at the 

heater surface.  The simulation is run in transient mode until a plateau is reached. 

 

Figure 4.10: Schematic of computational domain of Validation case 3. 

4.3.3 Validation results 

 Figure 4.11 (a) shows the comparison between the simulated and experimental 

pool boiling curves for Validation case 1.  It can be seen that the simulated and exper-

imental results are in good agreement, which shows that the boiling heat transfer pre-

dicted by the model is accurate.   

Figure 4.11 (b) shows the comparison between the calculated and experimental 

averaged void fraction above the heater surface for Validation case 2.  The comparison 

shows generally favorable agreement, except in the region very close to the heater 

surface ( 0 2 mm− ).  This discrepancy is probably due to the macroscopic nature of 

the two-fluid model, which is not able to describe the exact dynamics of bubble nucle-

ation on the heater surface, since the bubble interface is not captured.  As the focus of 
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this study is the boiling physics in bulk liquid (away from heated wall), this discrep-

ancy should be acceptable. 

Figure 4.11 (c) depicts the comparison between the experimental and simulated 

average void fraction distribution evaluated on a horizontal mid-plane normal to the 

heater surface at a heat flux of 2250 kW m  for Validation case 3.  It can be seen that 

the simulated void fraction decreases slower with distance when compared to the ex-

perimental result.  This is probably due to the high void fraction ( 0 5.> ) in this case.  

At high void fraction, bubbles tend to cluster and coalesce into larger structures such 

as vapor pockets, which results in significant deviation from the bubbly flow regime, 

and thus the interfacial area between phases.  As a result, the modelling of interfacial 

area based on spherical bubble (bubbly flow) assumption in the model is no longer 

completely valid, which in turn results in errors in the prediction of interphase momen-

tum, heat, and mass transfer.  This is a very likely explanation for this discrepancy, as 

it had been shown in the work of Yeoh and Tu (2004) that the void fraction distribution 

during boiling strongly depends on the modelling of interfacial area.  Besides, as larger 

bubble structures have smaller effective interfacial area compared to small spherical 

bubbles, evaporation rate is lower in the former and this explains the lower overall 

void fraction in the experiment compared to the simulation.  This may outline the lim-

itation of the current model in pool boiling simulation at high heat flux, where the void 

fraction can potentially be high.  Nevertheless, the overall trend of the distribution are 

well-predicted by the model. 

In short, these validation results show that the validity of the current model is 

reasonably good.  Thus, the model is used to investigate the boiling physics within the 

bulk liquid during nucleate pool boiling, which will be presented in Section 4.4. 
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(a)     (b) 

 

(c) 

Figure 4.11: (a) Comparison between experimental and simulated boiling curve for 
Validation case 1 (with a RMSE of 0 71K. ), (b) comparison between experimental and 
simulated average void fraction above the heater surface for Validation case 2 (with 

RMSEs of 0.116 and 0.1 for 2109 kW m  and 2188kW m  cases, respectively), and (c) 

comparison between experimental and simulated average void fraction distribution at 
horizontal mid-plane normal to the heater surface for Validation case 3 (with a RMSE 
of 0.18). 
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4.3.4 Assessment of the reformulation of bubble transport equation 

 As mentioned in Section 4.2.6, the bubble number density transport equation 

(Equation (4.45)) needs to be solved consistently with the phase fraction 

transport/phase continuity equation (Equation (4.86)) in order to yield correct inter-

phase area density and bubble size.  In this section, the outcomes of solving Equation 

(4.45) in its original form (referred to as Case 1) and in the form shown in Equation 

(4.89) (referred to as Case 2) are assessed.  The test case used for this purpose is the 

same as Validation case 1.  Figure 4.12 shows the bubble size distribution at 

2160 kW m  and at 2st =  for Case 1.  It can be clearly seen that there are multiple 

unphysical bubble sizes appear abruptly in the liquid pool, which are abnormally large 

( )0 01 m.>  for the current simulation condition (note that the distribution shown in 

Figure 4.12 has been smoothed, so the actual spurious bubble sizes are larger than 

those shown).  This is because the phase fraction gα  and the bubble number density 

N  are not convected consistently, which results in a slight mismatch in their distribu-

tions.  This slight mismatch causes incorrect bubble sizes to be evaluated, especially 

at the edges of the distributions.  Figure 4.13 shows the same data for Case 2.  It can 

be observed that, unlike in Case 1, there is no spurious bubble sizes in the domain and 

the bubble size distribution appears smooth.  This is because gα  and N  are now 

solved consistently.  Besides, the typical bubble “mushroom” cloud can be clearly seen 

in Case 2.  Case 1 fails to capture this phenomenon as the spurious bubble sizes have 

led to incorrect interphase forces, which in turn affects the bubble migration.  There-

fore, the reformulation of the bubble number density transport equation proposed in 

Section 4.2.6 is indeed necessary. 
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Figure 4.12: Bubble size distribution at 2160 kW m and at 2 st =  for case 1  (the iso-

line represents 0 5g .α = ) 

 

Figure 4.13: Bubble size distribution at 2160 kW m  and at 2 st =  for case 2 (the iso-

line represents 0 5g .α = ) 

4.3.5 Sensitivity of fluid flow in bulk liquid to the liquid droplet size 

 In response to the statement made in Section 4.1.3 that the choice of liquid 

droplet size ld  does not affect the fluid flow in the bulk liquid, a sensitivity analysis 

of ld  is performed to demonstrate the validity of this statement.  The computational 

setup used for this purpose is the same as that in Validation case 1.  However, since it 
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was mentioned earlier that the value of ld  in the freeboard region will affect the evo-

lution of liquid free surface (and thus indirectly affects the fluid flow in bulk liquid), 

only the ld  in the bulk liquid is varied in this sensitivity analysis to make the compar-

ison fair.   The result of the sensitivity analysis is shown in Table 4.4.  The results 

clearly indicate that the fluid flow in the bulk liquid is insensitive to the choice of ld , 

thus the use of the default ld  value in OpenFOAM throughout the domain is consid-

ered acceptable. 

Table 4.4: Sensitivity of liquid velocity in bulk liquid to liquid droplet size ld  

Heat flux 

( )2kW m  
ld  ( )m  

Average liquid velocity 

in bulk liquid ( )-1ms  

Maximum liquid velocity 

in bulk liquid ( )-1ms  

30 

0.00001 0.104146 0.247961 

0.0001 0.105217 0.249683 

0.001 0.104178 0.247865 

160 

0.00001 0.152896 0.463723 

0.0001 0.154617 0.466741 

0.001 0.153975 0.465765 

4.4 Computational analysis of boiling characteristics in bulk liquid during nu-

cleate pool boiling under surface heating 

 In this section, the boiling physics that takes place within the bulk liquid at 

steady state is analyzed using the current model, which includes the fluid flow, tem-

perature distribution, bubble characteristics, and mass transfer profile.  The simulation 

case used for this purpose is the same as Validation Case 1 since a 2-D domain is more 

favorable for in-depth analysis.  In order to study the physics at different heat fluxes, 

two cases are studied.  The first case is pool boiling at a heat flux of 230 kW m , while 

the second case is pool boiling at a heat flux of 2160 kW m .  The former represents 

pool boiling at low heat flux while the latter represents pool boiling at high heat flux.   
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On the side note, two lines are defined in the domain to facilitate result analysis, 

namely Line A-B and Line C-D.  Line A-B is a vertical line at 0 15 mx .= , whereas 

Line C-D is a horizontal line at 0 12 my .= .  These lines are depicted in Figure 4.14 

(a) and (b), respectively. 

 

(a)     (b) 

Figure 4.14: (a) Vertical line A-B at 0 15 mx .=  and (b) horizontal line C-D at 

0 12 my .= . 

4.4.1 Fluid flow 

 Figure 4.15 (a) – (c) show the vapor phase fraction, vapor velocity and liquid 

velocity distribution at 230 kW m .  Based on the vapor phase fraction distribution 

(Figure 4.15 (a)), it can be seen that a vapor column forms in the middle of the pool as 

a result of the liquid evaporation.  The vapor gathers near the heater surface and 

spreads out in the upper region of the pool.  It is also noted that due to the fluid flow, 

the liquid free surface is agitated and becomes wavy.  This demonstrates the capability 

of the model to capture the evolution of liquid free surface, which allows the bulk 

liquid to deform freely and thus produces a more realistic result.  From the correspond-

ing vapor velocity field (Figure 4.15 (b)), it is seen that the vapor velocity is low when 

it initially departs from the heater surface.  The vapor then accelerates upwards under 

the effect of buoyancy and leaves the bulk liquid.  The corresponding liquid velocity 
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field (Figure 4.15 (c)) shows that the liquid rises in the middle of the pool and descents 

along the sides of the pool.  This forms two counter-rotating vortices on either side of 

the vapor column.  High liquid velocity is mainly observed in the middle of the pool. 

 

(a) 

 

(b) 
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(c) 

Figure 4.15: (a) Vapor phase fraction distribution, (b) vapor velocity field (isoline rep-

resents 0 5g .α = ) and (c) liquid velocity field (isoline represents 0 5g .α = ) at 

230 kW m . 

 At 2160 kW m , the overall fluid flow pattern is similar to that of 230 kW m , 

but with greater intensity.  Figure 4.16 (a) illustrates the vapor phase fraction distribu-

tion at 2160 kW m .  It can be seen that the overall vapor phase fraction in the bulk 

liquid is significantly higher than that in 230 kW m , as a result of the more intense 

liquid evaporation.  Interestingly, it is noticed that aeration occurs in the upper region 

of the pool, as indicated by the vapor phase fraction iso-lines shown in Figure 4.16 (a).  

The vapor disperses widely in the upper region and covers almost the entire length of 

the pool.  This aeration phenomenon has an important impact on the nature of mass 

transfer, as will be discussed later in Section 4.4.3.  Besides, the phase fraction distri-

bution also indicates that the liquid free surface is greatly distorted due to the more 

intense fluid flow.   Figure 4.16 (b) illustrates the corresponding vapor velocity field 

at 2160 kW m .  The result clearly shows that other than the upward moving vapor, 

some of the vapor slowly migrates towards both sides of the pool.  Besides, some vapor 

is trapped at the sides of the pool and circulates within the bulk liquid.  These 

contribute to the aeration phenomenon mentioned earlier.  Figure 4.16 (c) shows the 

corresponding liquid velocity field at 2160 kW m .  Similar to that at 230 kW m , two 

large liquid vortices form at both sides of the vapor column.  The liquid velocity is 
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much higher in this case.  In addition, it is interesting to note that, due to the distortion 

of the liquid free surface, the liquid circulates slightly downwards near the free surface, 

as marked in Figure 4.16 (c).  This shows that capturing the evolution of the free sur-

face allows a more realistic and intuitive prediction of liquid velocity.  This cannot be 

otherwise achieved if a simple wall (slip) or outflow boundary condition is imposed at 

the top boundary to represent the liquid free surface.   

 

(a) 

  

(b) 
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(c) 

Figure 4.16: (a) Vapor phase fraction distribution, (b) vapor velocity field (isoline rep-

resents 0 5g .α = ) and (c) liquid velocity field (isoline represents 0 5a .α = ) at 

2160  kW m . 

To gain insight into the physics behind the liquid flow, the individual inter-

phase forces acting on the liquid phase are studied.  Figure 4.17 (a) and (b) show the 

individual upward forces acting on the liquid phase along line A-B (see Figure 4.14 

(a)) at 230 kW m and 2160 kW m  respectively.  From the results, it can be seen that 

in both cases, the drag force (reaction force) exerted by the rising vapor bubbles is the 

dominant force that drives the liquid upwards in the middle of the pool and causes 

liquid circulation.  The virtual mass force also plays a role in pushing the liquid upward 

near the heater surface.  In comparison, the rest of the interphase forces play 

insignificant roles in the liquid circulation.  It is also noteworthy that the liquid buoy-

ancy force (blue broken line), which can typically result in a liquid velocity field pat-

tern similar to that shown in Figure 4.15 (c) and Figure 4.16 (c) (Liu et al. 2015), is 

negligible in both cases.  Thus, natural convection in liquid could be safely ignored in 

the simulation of pool boiling under surface heating.   
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(a)      (b) 

Figure 4.17:  Forces acting on liquid phase evaluated along line A-B at (a) 230 kW m  

and (b) 2160 kW m . Note that the buoyancy forces are on secondary vertical axis. 

Next, in order to understand the physics behind vapor bubble migration during 

pool boiling, the effects of various interphase forces on the vapor bubble migration are 

examined.  For this purpose, four extra simulation scenarios are performed: (1) only 

drag force is considered; (2) drag force and lift force; (3) drag force and virtual mass 

force; and (4) drag force and turbulent dispersion force.  The rest of the calculations 

remain the same.  The vapor phase fraction distribution in each scenario will be 

discussed next.  Additionally, for clearer comparisons, the vapor phase fraction in each 

scenario is evaluated along Line C-D (see Figure 4.14 (b)), and the results are depicted 

in Figure 4.22 for 230 kW m  and Figure 4.23 for 2160 kW m .   

Figure 4.18 (a) and (b) show the vapor phase fraction distributions in Scenario 

1 (drag force only) at 230 kW m  and 2160 kW m  respectively.  The results at both 

heat fluxes show that the vapor column in the middle of the pool does not spread much 

and remains essentially vertical.  This is expected, as the relative velocity between the 

vapor and liquid phases in the middle of the pool is mainly aligned along the vertical 

axis, so the drag force that acts on the vapor phase horizontally will be minimal.  Cu-

riously, in the result of high heat flux (Figure 4.18 (b)), the vapor phase fraction in the 

middle of the vapor column appears to be lower compared to that on the sides of the 

vapor column.  This can be seen clearer in Figure 4.23.  This appears to be counter-

intuitive as in this scenario, there is little to no horizontal interphase force that could 
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shift the vapor to the sides.  A careful examination of the vapor velocity field at 

2160 kW m  (Figure 4.16 (c)) reveals that this is because the upward vapor velocity 

is much higher in the middle of the vapor column compared to those on the sides.  This 

implies that the vapor phase fraction in the middle is transported much faster than those 

at the sides.  Consequently, this reduces the vapor residence time in the middle of the 

vapor column and thus leads to low vapor phase fraction.  This is not obvious in the 

case of 230 kW m due to the lower overall vapor velocity.   

 

(a) 

 

(b) 

Figure 4.18: Vapor phase fraction distributions in scenario 1 (drag only) at (a) 
230 kW m  and (b) 2160 kW m . 
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Figure 4.19 (a) and (b) depict the vapor phase fraction distributions in Scenario 

2 (drag and lift forces) at 230 kW m  and 2160 kW m  respectively.  It can be ob-

served that when lateral lift force is included in the calculation, the vapor column at 

both heat fluxes disperses wider (compared to Scenario 1).  This can be seen clearer in 

Figure 4.22 and Figure 4.23.  This is because the liquid velocity of the two counter-

rotating vortices (circulation) is highest in the middle of the pool and gradually reduces 

towards the individual vortex cores on the sides, as can be inferred from Figure 4.15 

(c) and Figure 4.16 (c).  This results in liquid shear. Since the vapor velocity is greater 

than the liquid velocity, this induces perpendicular (to the shear direction) lift force 

that migrates the spherical dispersed vapor toward the regions with lower liquid veloc-

ity, which is toward the sides in this case.  In the case of 2160 kW m , the vapor clearly 

spreads apart more as a result of the stronger liquid shear.   

 

(a) 
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(b) 

Figure 4.19: Vapor phase fraction distributions in Scenario 2 (drag and lift force) at (a) 
230 kW m  and (b) 2160 kW m . 

Figure 4.20 (a) and (b) depict the vapor phase fraction distributions in Scenario 

3 (drag and virtual mass forces) at 230 kW m  and 2160 kW m  respectively.  At 

230 kW m  (Figure 4.20 (a)), it can be seen that the virtual mass force has no signifi-

cant effect on the vapor bubble lateral migration when compared to that in Scenario 1.  

This is seen clearer in Figure 4.22, which indicates that the overall phase fraction pro-

file in Scenario 3 remains similar to that in Scenario 1.  This is mainly due to the low 

fluid velocity at low heat flux, which results in low relative phasic acceleration (Díaz 

et al. 2008).  Thus, it can be said that the effect of virtual mass force on vapor bubble 

migration is not drastic at low heat flux.  However, at 2160 kW m  (Figure 4.20 (b)), 

the vapor column sways to one side when the virtual mass force is considered.  In fact, 

the vapor column, in this case, is not steady but sways from side to side in a periodic 

manner.  This is probably due to the irregular relative phasic acceleration that occurs 

in the vicinity of the vapor column, which generates unbalance forces on the vapor as 

well as the liquid phase.  This can be seen in Figure 4.24, which reveals that the virtual 

mass force acts on the vapor column in an irregular manner.  This unbalance force 

makes the system asymmetry and results in oscillation in the liquid phase and thus 

causes the vapor column to oscillate as well.  Nevertheless, this effect is not apparent 

when all interphase forces are considered. 
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(a) 

 

(b) 

Figure 4.20: Vapor phase fraction distributions in Scenario 3 (drag and virtual mass 

force) at (a) 230 kW m  and (b) 2160 kW m . 

Figure 4.21 (a) and (b) show the vapor phase fraction distributions in Scenario 

4 (drag and turbulent dispersion force) at 230 kW m  and 2160 kW m  respectively.  

The results show that when turbulent dispersion force is considered, the vapor columns 

at both heat fluxes disperse significantly (compared to Scenario 1), especially in the 

top region of the pool.  Comparing Figure 4.22 and Figure 4.23 shows that the effect 

of turbulent dispersion force at 2160 kW m is much more drastic than that at 

230 kW m .  This is due to the presence of high phase fraction gradient caused by the 
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high vapor phase fraction at 2160 kW m , which is responsible for the turbulent dis-

persion force.  Another reason is due to the greater liquid velocity at 2160 kW m , 

which results in greater turbulence intensity.  This implies greater fluctuation in the 

forces acting on the dispersed vapor and hence causes the bubble to disperse more.  

Interestingly, by comparing Figure 4.21 (a) to Figure 4.15 (a), and Figure 4.21 (b) to 

Figure 4.16 (a), it is noted that the vapor phase fraction distributions at both heat fluxes 

in Scenario 4 bear close resemblance to that when all the interphase forces are consid-

ered.  This implies that, other than the dominant drag force, turbulent dispersion force 

has the most significant effects on the bubble migration during pool boiling in the 

current case compared to other interphase forces.  These comparisons also reveal that 

the aeration that happens at 2160 kW m  mentioned earlier is primarily caused by the 

presence of turbulent dispersion force.  As the vapor bubbles in the upper region of the 

pool are dispersed to the sides under the effect of turbulent dispersion force, these 

bubbles are caught by the strong horizontal liquid current near the free surface (see 

Figure 4.16 (c)), which causes even greater dispersion in the vapor.  Eventually, when 

the bubbles come close to the sidewalls, they are held by the downward liquid current 

at both ends of the pool.  Thus, this results in the aeration in the upper region of the 

liquid pool.  This also explains the higher vapor phase fraction at both ends of the pool, 

as indicated by the arrows in Figure 4.23 (a). 

 

(a) 
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(b) 

Figure 4.21: Vapor phase fraction distributions in scenario 4 (drag and turbulent dis-

persion force) at (a) 230 kW m  and (b) 2160 kW m . 

 

(a)      (b) 

Figure 4.22: Vapor phase fraction distributions for various scenario evaluated along 

line C-D at 230 kW m  (a) overall and (b) close-up. 

 

0.00

0.02

0.04

0.06

0.08

0.10

0 0.1 0.2 0.3

α
g

Distance along Line C-D (m)

Drag

Drag+Lift

Drag+Virtual Mass

Drag+Dispersion

0.00

0.02

0.04

0.06

0.08

0.10

0.12 0.14 0.16 0.18

α
g

Distance along Line C-D (m)

Drag

Drag+Lift

Drag+Virtual Mass

Drag+Dispersion



161 
 

 

(a)      (b) 

Figure 4.23: Vapor phase fraction distributions for various scenario evaluated along 

line C-D at 2160 kW m  (a) overall and (b) close-up. 

   

Figure 4.24: Virtual mass force vector (acting on liquid) in scenario 3 at 2160 kW m  

(normalized vectors). 

 While it may not be obvious in the vapor phase fraction distributions shown 

above, the vapor column in the pool for all scenarios (including the case with all the 

interphase forces considered) actually oscillates slightly and periodically from side to 

side, especially at higher heat flux.  This is due to the dynamic motion of the counter-

rotating liquid vortices in the pool.  This phenomenon is very similar to the bubble 

meandering phenomenon in bubble column (Krepper et al. 2007, Díaz et al. 2008, Li 

and Christian 2017), but with a much smaller degree of oscillation due to the large 
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aspect ratio of the pool.  This contributes to the slight unsymmetrical appearance 

shown in Figure 4.22 and Figure 4.23.  It can be seen in Figure 4.23 that the asymmetry 

in the vapor phase fraction of Scenario 3 is most pronounced, due to the more severe 

oscillation of the vapor column mentioned earlier. 

4.4.2 Temperature distributions and heat transfer 

Figure 4.25 (a) and (b) illustrate the liquid temperature distributions at 

230 kW m  and 2160 kW m  respectively.  The results at both heat fluxes indicate 

that the overall temperature of the liquid pool remains close to the saturation temper-

ature (373 K), as expected for a conventional boiling process at atmospheric pressure.  

Nevertheless, the simulation results reveal that the liquid in the close vicinity of the 

heater surface is superheated.  The superheat temperature is, however, low and the 

superheat remains very localized in both cases, i.e. the liquid temperature quickly 

drops to a temperature close to 373 K once it is away from the heater surface.  This is 

because, under surface heating, a large amount of vapor bubbles is generated exactly 

at the location where the heat source is (i.e. heater surface).  These vapor bubbles pro-

vide gas-liquid interface in the bulk liquid that allows evaporation to take place 

(Chemat and Esveld 2001).  As a result, the heat added to the liquid is immediately 

dissipated by the evaporation cooling at the bubble interface and thus prevents the 

superheat from building up in the pool.  This is evident in the overall mass transfer 

distributions of both cases (Figure 4.26 (a) and (b)), which confirm that mass transfer 

takes place vigorously in the region where most of the superheated liquid is.   
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(a) 

 

(b) 

Figure 4.25: Liquid temperature distributions at (a) 230 kW m and (b) 2160 kW m . 

 



164 
 

  

(a) 

  

(b) 

Figure 4.26: Overall interphase mass transfer distributions at (a) 230 kW m  and (b) 
2160 kW m . 

In the case of 2160 kW m , although the rate of heat input to the liquid is much 

higher than that at 230 kW m  (more than 500% higher), the liquid remains barely 

superheated (the amount of superheat in the liquid only increases about 50% compared 

to that at 230 kW m ).  This is due to the fact that at higher heat flux, the heater surface 

temperature is high, which causes more bubbles to nucleate at the heater surface (this 

can be seen later in Figure 4.28 (b) in Section 4.4.3).  This leads to a higher interphase 

area available within the bulk liquid for evaporation.  Besides, higher heat flux also 
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leads to higher relative phasic velocity (as indicated in Figure 4.27).  This implies that 

the bubble interface will be in contact with the ‘fresh’ superheated liquid more often, 

which directly results in more efficient heat and mass transfer (Yeoh and Tu 2004, 

Treybal 1980) (it should be noted that this phenomenon is not modelled explicitly, but 

rather captured macroscopically by the heat transfer coefficient correlation (Equation 

(4.31)) via Reynolds number).  As a result, evaporation can occur at a much higher 

rate within the bulk liquid and thus prevents the build-up of superheat, even though 

the rate of heat input is much higher.  This results in a “self-saturation” effect where 

an increase of heat input does not necessarily lead to a significant increase in the su-

perheat intensity.  Therefore, it can be concluded that under surface heating, the liquid 

can hardly be superheated, and the intensity of superheating is insensitive to heat input.   

 

Figure 4.27: Magnitude of relative phasic velocity evaluated along line A-B at 
230 kW m  and 2160 kW m . 

4.4.3 Vapor bubble characteristics and mass transfer profile 

 Figure 4.28 (a) and (b) illustrate the bubble number density distributions at 

230 kW m  and 2160  kW m  respectively.  As expected, the bubble number density 

at 2160  kW m  is much higher than that at 230 kW m  due to higher bubble nuclea-

tion rate at higher wall temperature.  This allows more vigorous evaporation to take 

place in the liquid at 2160  kW m , which quickly dissipates the superheat in the liquid, 

as discussed previously.  In both cases, the bubble number density is higher close to 
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the heater surface and eventually reduces in higher regions as the bubbles spread out.  

However, a closer look at the bubble number density distributions reveals the bubble 

number density in the middle of the vapor column is relatively lower compared to 

those at the sides.  This is because the upward vapor velocity in the middle of the vapor 

column is high, which lead to lower bubble residence time there.  Although this phe-

nomenon happens to the vapor phase fraction as well, it is not as obvious in the phase 

fraction distribution (Figure 4.15 (a) and Figure 4.16 (a)), as the effect has been com-

pensated to some degree by the increase of vapor phase fraction due to evaporation.  

On a side note, it should be noted that the bubble number density above the free surface 

is fictitious and should be disregarded, as there is no bubble there.  This does not affect 

the results of the simulation in any way, because in the region above the free surface, 

none of the governing equations involve bubble number density N , interphase area 

density B

ia  or bubble diameter gd . 

 

(a) 
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(b) 

Figure 4.28: Bubble number density distributions at (a) 230 kW m  and (b) 
2160 kW m . 

Figure 4.29 depicts the average bubble Sauter diameter evaluated along line A-

B at 230 kW m  and 2160  kW m .  In both cases, the bubbles that detach from the 

heater surface grow vigorously in size at the location near the heater surface.  The 

bubble diameter when it initially detaches from the heater surface predicted by Equa-

tion (4.41) is around 0 00078 m. .  This implies that the bubbles (volume) near the 

heater have expanded approximately 8 times at 230 kW m  and 16 times at 

2160  kW m .  One obvious reason for the vigorous bubble growth near the heater sur-

face is due to the intense evaporation in the superheated liquid close to the heater sur-

face.  Another factor is due to the bubble coalescence near the heater surface.  This is 

evident in Figure 4.30, which shows the bubble generation rate within the bulk liquid 

evaluated along Line A-B (see Figure 4.14 (a)) at both heat fluxes.  It can be observed 

that intense bubble coalescence happens near the heater surface in both cases.  This is 

mainly due to high vapor density near the heated surface, which promotes coalescence.  

This had also been observed in the subcooled flow boiling experiment conducted by 

Lee et al. (2002), in which the small bubbles detached from the heated wall increased 

in size due to coalescence as they moved away from the heated wall.  By comparing 

both cases, the overall bubble coalescence rate is higher at 2160  kW m  due to the 

higher amount of vapor, greater bubble sizes and more intense turbulence eddies, 
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which increase the probability of coalescence.  On the side note, a slight bump is ob-

served at a slight distance (about 0.01m) away from the heater in the bubble number 

generation plot for 230 kW m  (see Figure 4.30).  This is due to higher vapor density 

at that location, which is in turn caused by the slight ‘necking’ of the vapor column at 

that position (see Figure 4.15 (a)). This results in slightly higher bubble coalescence 

rate and thus the slight bump. 

 

Figure 4.29: Average bubble Sauter diameter evaluated along line A-B. 

 

Figure 4.30: Bubble number density generation rate within bulk liquid evaluated along 
line A-B. Note that the vertical axis is negative, which indicates bubble coalescence 
rate. 
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 With the knowledge of bubble size and flow velocity in the domain, the as-

sumption of spherical bubble (assumption 4) can now be justified.  The physical justi-

fication is as follows.  In the current investigation, the nominal bubble size is about 

1 5mm.  in diameter.  By taking the maximum relative phasic velocity in the domain 

(about -10 25ms. ), this nominal bubble size translates to a Weber ( We ) number of 

about 1.5.  This We  indicates that the bubbles begin to deviate from spherical shape 

and become ellipsoid.  One primary effect of the change in bubble shape is the change 

in the interfacial area of the bubble, which governs the interfacial transfers (e.g. drag, 

heat transfer, evaporation etc.).  Nevertheless, according to the studies of Figueroa-

Espinoza and Legendre (2010) and Legendre et al. (2012), the change in interfacial 

area due to the deviation from spherical bubble shape can be accounted for by incor-

porating a correction factor.  For We 1 5.=  , the corresponding correction factor is only 

about 1.02, regardless of the Morton number (Legendre et al. 2012).  This implies that 

the spherical bubble shape assumption in the study only causes about 2% error in the 

estimation of bubble interfacial area (or interphase area density B

ia ).  Thus, the use of 

spherical bubble assumption in the current study should be acceptable. 

Next, the interphase mass transfer profile is examined.  Figure 4.31 illustrates 

the distribution of interphase mass transfer due to bubble nucleation ( NU

gΓ ) along the 

heater surface at 230 kW m  and 2160  kW m .  It can be seen in both cases that the 

magnitude of NU

gΓ  is lower on both sides of the heater surface.  This is due to the 

counter-rotating liquid vortices which bring cooler water to the heater surface from 

both sides (see Figure 4.25 (a) and (b)).  This leads to the cooling of the heater surface 

on both of its sides and thus reduces the rate of bubbles nucleation there.  Figure 4.32 

(a) and (b) depict the distributions of interphase mass transfer due to evaporation 

within the bulk liquid at bubble interface ( B

gΓ ) at 230 kW m  and 2160  kW m  re-

spectively.  In both cases, the B

gΓ  essentially follows the temperature distributions, as 

it is directly driven by the interphase heat transfer.  Figure 4.33 (a) and (b) show the 

distributions of mass transfer due to evaporation at the liquid free surface ( FS

gΓ ) at 

230 kW m  and 2160  kW m  respectively.  In both cases, the magnitude of FS

gΓ  is 
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higher in the middle of the free surface, as it is directly above the heater surface.  Fur-

thermore, it can be observed that the location of the non-zero FS

gΓ  in each case exactly 

matches the location of liquid free surface depicted in the vapor phase fraction distri-

bution of each case (Figure 4.15 (a) and Figure 4.16 (a)).  This signifies that the simple 

routine presented in this work successfully tracks the instantaneous position of the 

liquid free surface, even when the free surface is distorted.   

 

Figure 4.31: Mass transfer due to bubble nucleation at heater surface. 

  

(a) 

 



171 
 

  

(b) 

Figure 4.32: Distributions of mass transfer in liquid bulk at (a) 230 kW m  and (b) 
2160 kW m . 

  

(a) 
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(b) 

Figure 4.33: Distribution of mass transfer at liquid free surface (a) 230 kW m  and (b) 
2160 kW m . 

Next, the contribution of NU

gΓ , B

gΓ  and FS

gΓ  to the total interphase mass trans-

fer are examined.  Figure 4.34 depicts the percentage of contribution of NU

gΓ , B

gΓ  and 

FS

gΓ  at 230 kW m  and 2160  kW m .  For both cases, B

gΓ  dominates the overall phase 

change process, which signifies that most of the heat is dissipated through the evapo-

ration within the bulk liquid.  On the other hand, NU

gΓ  contributes the least to the over-

all phase change process at both heat fluxes.  These observations are in agreement with 

the conclusion of Gerardi et al. (2009), which suggested that most of the heat trans-

ferred to the liquid is indirectly dissipated by the evaporation at the superheated liquid 

layer instead of the evaporation that takes place directly on the heater surface.  Alt-

hough NU

gΓ  is unimportant to the overall phase change process in terms of the magni-

tude, it plays a significant role in providing vapor bubbles that is necessary for B

gΓ  to 

take place (Chemat and Esveld 2001, Michael P áMingos 1992), which prevents su-

perheat from building up in the pool.  As for the contribution of evaporation at the 

liquid free surface FS

gΓ , it is surprising to see that at 230 kW m , the liquid surface 

evaporation plays a significant role in the overall evaporation process, instead of being 

negligible as one might expect.  However, at 2160  kW m , the contribution of liquid 
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surface phase change reduces greatly.  This is because at low heat flux ( 230 kW m ), 

the amount of bubble nucleates from the heater surface is relatively low.  This contrib-

utes to lower interfacial area density in the bulk liquid, and thereby lower B

gΓ .  As a 

result, the superheat cannot be fully dissipated within the bulk liquid.  The remaining 

superheat will thus be dissipated through surface evaporation when the superheated 

liquid reaches the free surface.  In contrast, at high heat flux ( 2160  kW m ), the bubble 

nucleation rate is much higher.  On top of that, the gas hold-up within the bulk liquid 

is high at high heat flux, as a result of the aeration phenomenon in the bulk liquid 

mentioned previously in Section 4.4.1.  These phenomena lead to higher interphase 

area density in the bulk liquid.  As a result, most of the superheat can be dissipated by 

B

gΓ   before it reaches the free surface.  From here, it can be concluded that free surface 

evaporation is important at low heat flux but become less important as the heat flux 

increases.  The results also suggest that free surface evaporation has to be accounted 

for in pool boiling simulations in order to predict the boiling physics more realistically. 

 

Figure 4.34: Contribution of different modes of interphase mass transfer. 

4.5  Roles of freeboard region in pool boiling simulation 

 Generally, the boundary condition at the top boundary of a liquid pool can be 

imposed in three different ways: 1) include a freeboard region above the liquid pool, 

2) impose a “degassing” boundary condition at the liquid free surface, and 3) impose 
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a constant pressure boundary condition at the liquid free surface (Nygren 2014).  In 

order to understand the roles of freeboard region in pool boiling simulation, the fol-

lowing cases are studied: 

• Case A: Simulation of pool boiling with freeboard region included in the cal-

culation. 

• Case B: Simulation of pool boiling with the typically used “degassing” bound-

ary condition imposed at the liquid top surface to represent the liquid free sur-

face. 

• Case C: Simulation of pool boiling with zero pressure boundary condition (out-

flow condition) imposed at the liquid top surface. 

These cases are performed in smaller domains for clearer comparisons.  The compu-

tational domains of these cases are illustrated in Figure 4.35.  The dimension of the 

computational domain for Case A is 100 mm 150 mm× , whereas the computational 

domain dimension for Case B and C are 100 mm 100 mm× .  All cases have the same 

amount of water.  For case A, the domain is partially filled with water with an initial 

static water level of 100 mm .  The freeboard region is filled with saturated steam.  Free 

slip condition is applied at the top boundary for the liquid phase and outflow condition 

for the gaseous phase.  As for Case B, the domain is fully filled with water.  ‘Degassing’ 

boundary condition, which has been widely used to represent the liquid free surface 

(Krepper et al. 2007, Li et al. 2014, Díaz et al. 2008), is applied at the top boundary to 

mimic/model the liquid free surface.  Unfortunately, it is unclear how exactly the ‘de-

gassing’ boundary condition available in commercial software is implemented.  Nev-

ertheless, this condition is implemented in the current study by specifying an outflow 

condition for the gaseous phase and a free slip condition for the liquid phase at the top 

boundary.  In Case C, the domain is fully filled with water.  A simple outflow condition 

is applied for both phases at the top boundary.  In all cases, an 80mm long heater 

surface is placed at the center of the bottom boundary.  Uniform heat fluxes of 

240 kW m and 2120 kW m  are applied at the heater surface.  Other boundary condi-

tions are the same as in Section 4.3.2.  The simulations are performed in transient mode.  

For numerical stability, the heat input is ramped up linearly from 0 to the prescribed 

heat flux within 4 seconds.  Also, for fair comparisons, the liquid free surface evapo-

ration is deactivated in this study.  The rest of the calculations for all cases remain the 
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same as in the previous section.  The performance of the three cases is assessed in three 

perspectives, namely mass conservation, velocity field prediction, and energy conser-

vation. 

 

Figure 4.35: Computational setup of Case A (Left), Case B (middle) and Case C 
(Right). 

4.5.1 Mass conservation 

 Figure 4.36 and Figure 4.37 show the vapor phase fraction distributions and 

the corresponding liquid velocity fields for all cases at 240 kW m and 2120 kW m , 

respectively.  The first observation that can be made from the vapor phase fraction 

distributions of Case A at both heat fluxes is that the water level increases significantly 

when boiling takes place, especially at 2120 kW m .  This is due to the fact that water 

expands approximately 1600 times in volume when it turns into vapor.  The generated 

vapor displaces large amount of water and hence causes the water level to rise signif-

icantly.  With the freeboard region included in the domain, Case A faithfully repro-

duces this phenomenon.  On the other hand, the use of degassing and outflow boundary 

conditions obviously are unable to capture this phenomenon, as is evident in the phase 

fraction distributions of Case B and C.  In Case B, the displaced water, which is not 

allowed to leave the domain, is compensated by a reduction in lα , whereas in Case C, 
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the displaced water simply leaves the domain.  These undoubtedly result in poor mass 

conservation.   

 

 

(a) 

 

 

(b) 

Figure 4.36: (a) Vapor phase fraction distribution and (b) liquid velocity field of Case 

A (Left), Case B (middle) and Case C (right) at 240kW m . 
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(a) 

 

 

(b) 

Figure 4.37: (a) Vapor phase fraction distributions and (b) Liquid velocity field of Case 

A (Left), Case B (middle) and Case C (right) at 2120 kW m . 
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To gain deeper insight, the mass conservation in each case is quantified by 

computing the difference between the initial mass, and the sum of mass evaporated 

and the mass remained in the domain (i.e. conservation error = initial mass – mass 

evaporated – mass remained).  The mass evaporated and the mass remaining in the 

domain are respectively calculated using Equation (4.96) and (4.97).  The results are 

tabulated in Table 4.5. 

10

0

Mass Evaporated
t

g

t V

dVdt

=

=

= Γ∫ ∫    (4.96) 

Mass Remained l l

V

dVρ α= ∫    (4.97) 

Table 4.5: Mass conservation error of all cases at 240 kW m and 2120 kW m . 

Heat Flux 

( )2kW m   

Cases Mass Conservation 

Error ( )kg m  

Mass Conservation 

Error ( )%  

40 A 65 70 10. −×   0 000059.   

B 0 74.−   7 72.   

C 0 66.−   6 85.   

120 A 31 98 10. −×  0 00020.   

B 2 95.−   30 79.   

C 1 62.−   16 90.   

 

As can be seen in Table 4.5, the mass conservation error for Case A is essentially 

negligible.  In contrast, a considerable amount of mass is lost for Case B and C, espe-

cially at high heat input.  This is certainly undesirable if the mass conservation is of 

concern, such as in the simulation of physical separation of liquid mixture.  Besides, 

if the pool boiling is powered by MW heating, mass loss in Case B and C will definitely 

affect the accuracy, as the volumetric MW heat generation in liquid depends on the 

mass/volume of the liquid (Ratanadecho et al. 2002, Cha-um et al. 2011).  Similarly, 

if US is applied during boiling, the mass/volume loss in Case B and C would greatly 

affect the result, as the acoustic wave propagation is sensitive to the dimension and 
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aspect ratio of the medium (Klima et al. 2007).  Thus, in order to achieve good mass 

conservation, modelling of the freeboard region is necessary. 

By comparing the vapor phase fraction distributions of all cases (Figure 4.36), 

it is plain to see that at 240 kW m  the vapor phase fraction distributions in Case A 

and B are similar, whereas that in Case C is different, whereas at 2120 kW m , the 

vapor phase fraction distributions in all cases are different.  These are strongly related 

to the velocity field in each case, which will be discussed later in this section.   

Interestingly, in the vapor phase fraction distribution of Case B at both heat 

fluxes, it is noticed that a small lump of vapor appears in the upper region of the do-

main, which is obviously spurious.  This is because the water initially displaced by the 

vapor ‘disappeared’.  Therefore, in an attempt to obey continuity, some vapor does not 

leave the domain in order to fill the ‘gap’ and thus a small lump of vapor forms in the 

top region.  This does not happen to Case C because the liquid can re-enter the domain 

through the outlet.  If the simulation continues for a longer period, it is expected that 

the vapor lump in Case B will eventually form a freeboard region as the evaporation 

continues to take place.  Therefore, the numerical efforts required to tackle the issues 

caused by the inclusion of freeboard region, such as those presented in this work, might 

still be necessary in Case B if the simulation time is long, or the test fluid is very 

volatile, which would lead to quick formation of freeboard region. 

4.5.2 Velocity prediction 

Next, the velocity field in each case is examined.  At 240 kW m  (Figure 4.36 

(b)),  it can be observed that the velocity fields in Case A and B are similar.  In Case 

A and B, the water rises on the right side of the domain.  As the water does not leave 

the domain, the water turns around near the free surface/top boundary and descents 

along the left side of the domain, which is in line with engineering intuition.  Since the 

velocity fields are similar, the vapor phase fraction distribution in Case A and B are 

also alike.  Nonetheless, some subtle differences in the velocity field between Case A 

and B are still noticeable, such as the size of the liquid vortex and velocity magnitude 
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at certain locations.  In contrast, a large discrepancy is observed in the velocity field 

of Case C.  The water leaves the domain on the left side of the domain and re-enters 

from the right side.  This liquid flow pattern is apparently incorrect for a batch system.  

Thus, it can be said that the vapor phase fraction distribution in Case C is therefore 

incorrect as well.   

When the heat flux is increased to 2120 kW m , all cases show different veloc-

ity fields (Figure 4.36 (b)).  In Case A, due to the substantial change in the aspect ratio 

of the bulk liquid, the liquid circulation becomes more complex.  Two large vortices 

spanning about half of the height of the domain can be clearly seen.  Due to these 

vortices, the vapor rises to the free surface along a tortuous path.  This bears some 

resemblance to the gas-liquid flow pattern in a bubble column reactor, which has a 

liquid aspect ratio similar to that in Case A (Díaz et al. 2008).  In contrast, due to the 

fixed bulk liquid aspect ratio, Case B and C fail to produce this phenomenon.  By 

comparing the velocity field of Case B to that of Case A, it can be seen that Case B 

only manages to capture the liquid circulation in the lower region of the pool.  The 

information of the second vortex in the upper region is completely lost.  In Case C, the 

velocity field is again incorrect as the liquid leaves the domain instead of circulating.  

From these results, it can be concluded that the inclusion of the freeboard region is 

necessary in order to correctly predict the liquid circulation during pool boiling, espe-

cially at high heat input.  Pezo and Stevanovic (2011), who simulated pool boiling at 

a very high heat flux (close to Critical Heat Flux), also came to the same conclusion. 

4.5.3 Energy conservation 

Next, energy conservation in the three cases is investigated.  To quantify the 

energy conservation error, the difference between the total energy input to the system 

totalE  , and the sum of enthalpy consumed by phase change EΓ   and remaining super-

heat in the domain SHE  is computed for each case (i.e. conservation error = totalE  - EΓ  

- SHE ).  totalE , EΓ  and SHE  are calculated using Equation (4.98), (4.99), and (4.100), 

respectively. 
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( )SH l p ,l l l sat
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E c T T dVρ α= −∫    (4.100) 

Figure 4.38 (a) and (b) illustrate the percentage error of energy conservation of all 

cases for various simulation times at 240 kW m  and 2120 kW m  respectively.  The 

results show that the energy conservation for all cases is not perfect, and they appear 

to fluctuate over the course of the simulation.  The time-averaged energy conservation 

error of all cases at both heat fluxes are tabulated in Table 4.6.  It can be seen that the 

energy conservation in Case A and Case B are acceptable, as the average error for each 

case is below 5%.  However, from the current results, it is difficult to judge whether 

Case A or B has better energy conservation as the errors appear to change arbitrarily 

with heat flux (e.g. Case B is better at 240 kW m , while Case A is better at 

2120 kW m ).  As for Case C, the energy conservation is poor, with average errors 

greater than 10% at both heat fluxes.  This is because the superheat in the liquid is 

convected out of the domain by the outgoing liquid velocity, and cool liquid re-enters 

the domain (see Figure 4.36 (b) and Figure 4.37 (b)).  This leads to energy loss and 

thus poor energy conservation.   
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(a)      (b) 

Figure 4.38: Energy conservation error for all cases at various simulation times at (a) 
240kW m  and (b) 2120 kW m . 

Table 4.6: Time-averaged energy conservation error of all cases 240 kW m  and 
2120 kW m . 

Heat Flux ( )2kW m   Cases Time-averaged Energy Conserva-

tion Error ( )%   

40 A 3 92.   

B 1 87.   

C 15 86.   

120 A 3 07.   

B 3 61.   

C 12 51.   

 

 One major reason behind the imperfect energy conservation in Case A and B 

is due to the implementation of the energy transport equation in non-conservative form 

(Equation (4.26)).  Although from a mathematical point of view the transport equations 

in non-conservative form and conservative form are equivalent, they are no longer 

strictly equivalent after numerical discretization (Park et al. 2009) (a demonstration of 
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this is given in Appendix A8).  Therefore, the conservation of energy cannot be guar-

anteed when the non-conservative energy transport equation is solved.  Since the trans-

formation of the transport equations into non-conservative form is required in this 

model to avoid singularity issues caused by the inclusion of the freeboard region, the 

imperfect energy conservation can be viewed as the limitation of the current model.  

This limitation will be tackled in Chapter 6. 

 In short, this simple study shows that the inclusion of a freeboard region in 

pool boiling simulation plays important roles in ensuring mass conservation and 

providing better velocity field prediction.  In this regard, neither the degassing bound-

ary condition nor the outflow boundary condition is able to produce satisfactory results.  

In terms of energy conservation, both the inclusion of a freeboard region and the use 

of degassing boundary condition are able to produce reasonable results.  On the other 

hand, the use of outflow boundary condition to represent free surface would result in 

significant energy conservation error and should be avoided. 

4.6 Closure 

 In this work, a macroscopic nucleate pool boiling model with the inclusion of 

a freeboard region is developed in OpenFOAM.  This model solves “Phase Intensive” 

two-fluid model, energy equation, one-size group bubble transport equation, mixture 

k ε−  equations and wall heat partitioning model.  The model is validated against ex-

perimental data.  Using the validated model, the boiling physics in the bulk liquid is 

investigated.  The simulation results show that: 

1. Drag force plays dominant roles in liquid circulation during pool boiling.  It is 

then followed by virtual mass force. 

2. The effect of natural convection on liquid circulation is negligible. 

3. Turbulent dispersion force plays an important role in spreading the vapor bub-

bles and causing aeration in the liquid pool. 

4. Under surface heating, the overall bulk liquid is barely superheated regardless 

of the heat flux (only about 1 2K−  in the close vicinity of the heater surface).  

This is because vapor bubbles are generated exactly at the location of the heat 
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source, which allow intense evaporation to occur within the bulk liquid and 

immediately consume most of the superheat in the liquid.  The generation of 

vapor bubbles increases with the increase of heat flux and thus results in a self-

saturation effect where the increase of heat flux does not result in a significant 

increase of liquid superheat. 

5. Vapor bubble size increases drastically near the heater surface due to intense 

evaporation and bubble coalescence. 

6. In the current simulation conditions, liquid free surface evaporation plays a 

significant role in the overall phase change process (about 45% at 230 kW m ), 

but becomes less significant when heat flux increases (about 11% at 

2160 kW m ). 

In addition, the roles of freeboard region in pool boiling simulation are exam-

ined by comparing a pool boiling simulation case with the inclusion of freeboard re-

gion (Case A) to another two cases that respectively use degassing boundary condition 

(Case B) and outflow boundary condition (Case C) to represent the liquid free surface.  

The results indicate that: 

1. Only Case A is able to capture the rise in water level during pool boiling 

2. Case A ensures good mass conservation (error < 0 0002. % ), while the other 

two cases result in a considerable mass loss (error 10%> ). 

3. At low heat input, Case A and B predict similar velocity fields.  However, at 

high heat input, only Case A is able to capture the alterations in liquid circula-

tion caused by the changes in the size of the bulk liquid. 

4. Case C predicts incorrect liquid velocity field as the liquid is able to leave and 

re-enter the domain. 

5. The energy conservation in Case A and B is satisfactory (error 5%< ).  Case 

C exhibits poor energy conservation (error 10%> ). 

The model and findings will serve as a basis for subsequent studies of liquid 

boiling under MW and US irradiation.  In the next chapter, computational modelling 

of liquid heating under simultaneous MW and US irradiation (Objective 2) will be 

presented. 
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CHAPTER 5  

 

 

 

MODELLING OF LIQUID HEATING SUBJECT TO SIMULTANEOUS  

MICROWAVE AND ULTRASOUND IRRADIATION 

This chapter describes the work conducted to achieve Objective 2.  The moti-

vation for achieving Objective 2 is briefly recalled as follows.  The literature survey 

shows that there is no computational study of liquid heating under simultaneous MW 

and US irradiation (MS-US) reported, and a multiphysics model that describes the 

aforementioned phenomenon is not available.  It is important to understand the phe-

nomenon, as liquid heating plays important roles in various MW-US assisted processes, 

such as extraction and organic synthesis process.  Therefore, the goals of the work 

presented in this chapter are to:  

1) Experimentally conduct liquid heating under simultaneous MW-US irradi-

ation to obtain liquid temperature histories for model validation. 

2) Develop a new multiphysics model that describes the heat transfer in liquid 

when subject to simultaneous MW-US irradiation.   

3) Validate the model against the experimental data. 

4) Investigate the thermal-fluid behavior under simultaneous MW-US irradi-

ation numerically and compare it against that under individual MW irradi-

ation.   

5) Investigate the effects of operating conditions on the heating process. 

The work presented in this chapter has been published in the following journal: 
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• Lee, G. L., M. C. Law, and VC-C. Lee. 2019. "Modelling of liquid heating 

subject to simultaneous microwave and ultrasound irradiation." Applied Ther-

mal Engineering 150: 1126-1140. (Impact factor: 4.725). 

5.1 Experimental setup and methods 

Two liquid heating experiments were carried out to collect data for model val-

idation, namely (1) water heating under individual MW irradiation and (2) water heat-

ing under simultaneous MW and US irradiation.  These experiments were carried out 

using a modified MW oven (Samsung ME711K) and a laboratory-scale ultrasonic liq-

uid processor (Industrial Sonomechanics LSP-500) with a Polyether ether ketone 

(PEEK) horn.  

Figure 5.1 shows the overview of the experimental setup.  In Experiment 1, a 

250ml beaker filled with 175 1ml±  of distilled water was placed at the center of the 

MW oven.  MW heating was carried out at a MW power of 300W for a duration of 70 

s.  At a MW power of 300W, the magnetron was automatically triggered on and off at 

a constant interval.  The duty cycle was approximated using a MW leakage detector 

and was found to be approximately 13s ON and then followed by 17s OFF.  In Exper-

iment 2, the setup was the same as in Experiment 1, but with the US applied simulta-

neously (at 20 kHz).  The tip of the US horn was submerged at the center of the water 

sample for a depth of approximately 1.5 cm.  The water heating process was carried 

out at a MW input power of 300W.  Three US input powers were used, which were 

13W, 21W, and 28W.  The heating process was conducted for a duration of 70s for 

each US input power.  In both experiments, the water temperature histories at two 

different locations were measured using two fiber optic thermometer probes (Luxtron 

FOT Lab Kit).  The positions of the measuring points (P1 & P2) in the water are illus-

trated in Figure 5.2.  The liquid temperature range of these experiments was about 

25 45 C− ° .  
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Figure 5.1: Setup of the MW-US liquid heating experiment. 

 

Figure 5.2: Temperature measuring points in the water sample. P1 was at 
192 5mmx .= , 105 5mmy .=  and 135mmz =  from the origin, whereas P2 was at 

155mmx = , 96mmy =  and 135mmz =  from the origin. 

5.2 Modelling of MW-US Liquid Heating 

5.2.1 Modelling assumptions 

 Several major assumptions are made to simplify the current mathematical 

model.  The assumptions are as follows: 
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1. In view of the short heating time and low liquid temperature range considered 

in this study ( 25 45 C− ° ), the liquid properties are treated as constants.   

2. Based on the facts that the glass beaker is a poor thermal conductor, the airflow 

within the MW cavity is almost stationary, and the temperature difference be-

tween the liquid and surrounding air is low (due to low temperature range), the 

heat loss to the surrounding is assumed negligible.   

3. The air, beaker, and the PEEK horn are transparent to MW. 

4. The MW cavity has a perfect rectangular shape. 

5. The water sample in the beaker has a perfect cylindrical shape. 

6. Cavitation bubbles are assumed to be spherical since cavitation bubbles are 

very small ( 5µm~ ). 

7. The cavitating water is considered as a single-phase liquid, as the gas fraction 

during cavitation is very small ( 55 10−× ) (Burdin et al. 1999). 

5.2.2 Computational domain 

 The computational domain for liquid heating under simultaneous MW-US ir-

radiation is illustrated in Figure 5.3. The MW cavity has a dimension of 

3330 309 211 mm× ×  (L x W x H), and the dimension of the cylindrical water sample 

is 32 5 mm.  in radius and 55 mm  in height.  The dimension of the waveguide is 

350 109 22 54 61 mm. .× ×  (L x W x H).  The water is located at the center of the cavity 

and the distance between the base of the water sample and the base of the MW cavity 

is 95 mm .  The radius of the cylindrical US horn submerged in water is 10 5 mm. , 

with a submergence depth of 15 mm .   
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Figure 5.3: Computational domain of the model 

 To facilitate data analysis, the simulation results will be evaluated on various 

2-D planes defined in the domain.  Figure 5.4 (a) shows three cross-sectional planes in 

the MW cavity at 0 165 mx .= (named as y-z plane 1), 0 1545 my .= (named as x-z 

plane 1) and 0 105 mz .= (named as x-y plane 1).  These planes will be used to study 

the electric field intensity in the MW cavity.  Figure 5.4 (b) shows 4 cross-sectional 

planes in the water samples at 0 165 mx .= (named as y-z plane 2), 0 1545 my .=

(named as x-z plane 2), 0 1225 mz .= (named as x-y plane 2), and 0 14 mz .= (named 

as x-y plane 3).  These planes will be used to study the conditions in the sample.  In 

addition, to aid result discussion, the sides of the water sample are named according to 

Figure 5.4 (c).   

   

(a)      (b) 
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(c) 

Figure 5.4: (a) y-z plane 1 at 0 165 mx .= , x-z plane 1 at 0 1545 my .= and x-y plane 

1 at 0 105 mz .= in the MW cavity, (b) y-z plane 2 at 0 165 mx .= , x-z plane 2 at 

0 1545 my .= , x-y plane 2 at 0 1225 mz .= and x-y plane 3 at 0 14 mz .= in the water 

sample, (c) sides of the water sample. 

5.2.3 Overview of the mathematical model and major contributions to the 

model development 

Liquid heating under simultaneous MW-US irradiation involves the following 

physics: (1) electromagnetic wave propagation, (2) acoustic wave propagation, (3) 

acoustic cavitation, (4) single-phase flow, and (5) heat transfer.  An overview of the 

new model is illustrated in Figure 5.5.   

The new model is developed in COMSOL Multiphysics V5.3a.  It is a powerful 

commercial software that allows scientific simulations with the coupling of multiple 

physics.  Although this model could have been developed in OpenFOAM (with inten-

sive coding), COMSOL is chosen instead to accelerate model development and nu-

merical studies, as the numerical framework to solve most of the governing equations 

(e.g. electromagnetics, acoustic, and single-phase flow) of this model are readily avail-

able in COMSOL.  The elements with a red border in Figure 5.5 are the new additions 

that need to be implemented manually in COMSOL.  The major contributions to the 

model development are as follows: 
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1) Formulation of a new modelling framework (see Figure 5.5) for the simu-

lation of liquid heating under simultaneous MW-US irradiation. 

2) Implementation of a new non-linear acoustic model that takes into account 

the non-linear effect of acoustic cavitation in COMSOL. 

3) Formulation of a new non-linear acoustic streaming model. 

4) Shams et al. (2011) proposed a stable numerical scheme to solve the bubble 

dynamic equation for hydrodynamic cavitation.  This scheme is extended 

to acoustic cavitation with heat and mass transfer in this work. 

 

 

Figure 5.5: Overview of the new model for liquid heating under simultaneous MW and 
US irradiation. 

5.2.4 Electromagnetic wave propagation (Physic 1) 

 MW is a type of electromagnetic field.  Hence, the propagation of MW is gov-

erned by Maxwell’s Equations.  Maxwell’s Equations, formulated in frequency do-

main, is given as follows (Law et al. 2016): 
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( ) 2 0ω µε∇× ∇× − =E E    (5.1) 

where E is the electric field [ V m ], 2 fω π= [ -1rads ], f  is the MW frequency [Hz], 

which is 2 45 GHz. , µ  is the permeability of the medium and ε  is the permittivity of 

the medium.  In frequency domain, the permittivity ε  of a lossy material can be ex-

pressed as a complex number, ( )0 r rjε ε ε ε ′′= − , where 0ε  [ -1Fm ] is the permittivity 

of the free space, rε ′  is the relative dielectric constant of the medium, and ε ′′  is the 

relative dielectric loss of the medium.  The dielectric constant represents the ability of 

a medium to store electrical energy, whereas the dielectric loss represents the ability 

of a medium to convert the electrical energy into heat energy.  The ratio of rε ′′  to rε  is 

commonly known as the loss tangent, tanδ .   

5.2.5 Acoustic wave propagation (Physic 2) 

 US propagates in the form of an acoustic pressure wave in liquid.  Acoustic 

wave propagation in a pure liquid can be easily described by a linear Helmholtz equa-

tion, which is a widely used approach in many US simulations (Tudela et al. 2014).  

However, US propagation in liquid is often accompanied by acoustic cavitation, where 

numerous small cavitation bubbles form, expand and collapse violently in the liquid.  

These bubbles act as mechanical oscillators and energy dissipators, which cause vari-

ous non-linear phenomena in the acoustic wave, such as wave dispersion and attenua-

tion (Louisnard 2012a).  The linear models as well as the linearized acoustic models 

based on the assumption of linear oscillation of cavitation bubbles (Commander and 

Prosperetti 1989) are often found to be incapable of capturing the complex non-linear 

behavior of the acoustic field propagation (Dogan and Popov 2016, Tudela et al. 2014).  

Thus, a non-linear acoustic model is necessary in order to produce a realistic result.   

 In this study, a new non-linear model put forward by Louisnard (2012a) is 

adopted to account for the non-linear behavior of acoustic pressure waves in the cavi-

tating liquid.  This model is developed by recasting the well-reputed time-dependent 

Caflisch et al. (1985) equation into a non-linear Helmholtz equation through elegant 
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mathematical manipulations.  The non-linear Helmholtz equation derived by 

Louisnard (2012a) reads: 

( )2 0P k P P∇ + =    (5.2) 

where P  is the complex harmonic acoustic pressure [ Pa ] and k  is the complex wave-

number [ -1m ], which is a strong function of the acoustic pressure amplitude P  (this 

is where the non-linearity comes from).  The k  can be expressed as: 

rk k jα= −    (5.3) 

where rk  and α  are the real wavenumber [ -1m ] and wave attenuation coefficient 

[ -1m ], respectively, and 1j = − .  The rk  describes the spatial frequency of the 

acoustic wave, whereas the α  describes the wave attenuation per unit distance.  The 

rk  and α  are computed by solving the following simultaneous expressions: 

( )
22

2 0
2 2 2

0

4 P bP

P

R N
k

c

π ωω
ω ω

ℜ = +
−

   (5.4) 

( )2
2

2 th v
l P bk N

P
ρ ω Π + Πℑ = −    (5.5) 

where ℜ  denotes the real part, ℑ  denotes the imaginary part, Pω  is the angular fre-

quency of acoustic pressure wave [ -1rads ], 0ω  is the angular resonant frequency of 

bubbles [ -1rads ], c  is the sound speed in liquid [ -1ms ], 0R  is the ambient bubble ra-

dius [ m ], lρ  is the liquid density [ -3kgm ], and bN  is the bubble number density in 

the liquid [ -3m ].  Equation (5.4) describes the dispersion relation between the acoustic 

frequency and wavelength, whereas Equation (5.5) describes the acoustic energy dis-

sipation by the oscillation of cavitation bubbles.  In fact, both the formulation of the 

real (i.e. dispersion) part and the imaginary (i.e. attenuation) part of  2
k  should be non-

linear.  However, in Louisnard (2012a) model, only the formulation of the imaginary 

part of 2
k  is non-linear (i.e. Equation (5.5)), whereas that of the real part (i.e. Equation 

(5.4)) is based on the linear wave dispersion theory of Commander and Prosperetti 

(1989).  This is because it was shown by Louisnard (2012a) that the non-linear atten-
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uation plays a dominant role in non-linear wave propagation, and thus the precise mod-

elling of the real part of 2
k  is of minor importance.  Therefore, the use of linear dis-

persion theory for the formulation of the real part of 2
k  is a good approximation.  See 

the paper of Louisnard (2012a) for more information.   

 Equation (5.5) implies that the non-linear acoustic energy dissipation by a sin-

gle cavitation bubble consists of two major parts, namely thermal dissipation thΠ  and 

viscous dissipation vΠ [ 2 -3kgm s ].  The period averaged rate of thermal dissipation by 

a single cavitation bubble, thΠ , can be expressed as follows: 

0

1 b
th g

V
p dt

t

τ

τ
∂ Π = − ∂ 

∫    (5.6) 

where τ  is the period of the acoustic wave [ s ], gp  is the gas pressure inside the bub-

ble [ Pa ] and bV  is the bubble volume [ -3Wm ].  For a spherical bubble, 34
3bV Rπ= , 

where R  is the instantaneous bubble radius [ m ].  Although the actual physical mean-

ing of Equation (5.6) is the period-averaged rate of work done by the gas in a single 

cavitation bubble on the surrounding liquid, it was shown by Louisnard (2012a) that it 

is equivalent to the period averaged rate of heat transfer from a single cavitation bubble 

to the surrounding liquid based on first law of thermodynamic with the assumption of 

periodic oscillation.  Thus, Equation (5.6) implies the thermal loss from a cavitation 

bubble to the surrounding liquid.  On the other hand, the period averaged rate of vis-

cous dissipation by a single bubble, vΠ , is expressed as follows: 

0

1
16v l RR dt

τ
πµ

τ
′Π = ∫    (5.7) 

where lµ is the viscosity of liquid, R is the instantaneous bubble radius and the prime 

symbol represents the time derivative.  The R  and its time derivative in both Equation 

(5.6) and (5.7) can be obtained by solving non-linear Keller-Miksis equation, which 

will be detailed later in Section 5.2.6.  Since the solution of R  is non-linear, this ren-

ders thΠ  and vΠ , and thus ( )2
kℑ  non-linear. 

 In order to solve Equation (5.2) along with Equation (5.4) and (5.5), the distri-

bution of bN  must be known.  It is well-known that during acoustic cavitation, the 
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cavitation bubbles arranged themselves in complex localized structures such as bubble 

filaments, clusters and clouds due to the presence of Bjerknes force (a net force acting 

on an oscillating bubble due to pressure gradient) (Louisnard et al. 2009).  However, 

due to the incomplete understanding of the distribution of cavitation bubbles, there is 

no reliable theory for the accurate prediction of the distribution of bN  in cavitating 

liquid (Louisnard et al. 2009).  Consequently, it is typically approximated with the 

assumption of simple bubble distribution profiles, such as spatially homogeneous 

(Louisnard et al. 2009) and profiles that linearly depend on the acoustic pressure am-

plitude (Dahnke and Keil 1999, Jordens et al. 2013). In this study, the distribution of 

bN  is estimated based on that used by Louisnard (2012a), in which a constant amount 

of cavitation bubbles is assumed to exist only in the regions where the acoustic pres-

sure amplitude is beyond Blake threshold, i.e.: 

0

0 B

b

b B

P P
N

N P P

 <= 
≥

   (5.8) 

where BP  is the Blake threshold [ Pa ]. Blake threshold is the pressure amplitude at 

which beyond it causes the oscillation of cavitation bubbles to turn from gentle har-

monic oscillation into inertial controlled rapid expansion and violent collapse. It can 

be computed as follows: 

1 23

0
0

24
1 where

27 1
lg

B

S
P p , S

S R

σ  
 = + =  +  

 (5.9) 

The 0bN  in Equation (5.8) is calculated based on the ambient bubble size 0R  and the 

ambient gas fraction 0gα  through the following relation: 3
0 0 0

4
3 b gR Nπ α= .  The am-

bient void fraction is taken to be 55 10−× , which is the typical value measured in ex-

periments (Burdin et al. 1999).   

The 0ω  required by Equation (5.4) can be computed as follows (Tudela et al. 

2014): 

( )2 0
0 2

0 0 0

2 lg

l

p

R R p

σ
ω

ρ
 

= ℜ Φ − 
 

   (5.10) 
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( ) ( ) ( )1 2 1 2

3

1 3 1 coth 1j j j

γ
γ χ χ χ

Φ =
 − − −
 

  (5.11) 

where 0p  is the atmospheric pressure, lgσ  is the gas-liquid surface tension coefficient, 

γ  is the specific heat ratio of the gas inside the bubble and 2
0g PRχ η ω= , with gη

being the thermal diffusivity of the gas [ 2 -1m s ]. 

5.2.6 Cavitation bubble dynamics (Physic 3) 

 The evaluation of vΠ  and thΠ  in the non-linear Helmholtz equation (Equation 

(5.5)) requires the cavitation dynamic of a single cavitation bubble (i.e. R  and its time 

derivative).  The non-linear cavitation bubble dynamic can be described by solving 

Keller-Miksis equation, which takes liquid compressibility into account (Keller and 

Miksis 1980) :  

( )

2

0

3
1 1

2 3

21
1 4 lg

g A g l

l

R R
RR R

c c

R R R
p p p p

c c R R

σ
µ

ρ

′ ′   ′′ ′− + −   
   

 ′ ′   ′= + − − + − −  
  

(5.12) 

where Ap  is the instantaneous acoustic pressure, 0p  is the atmospheric pressure.  The 

gas pressure inside the bubble, gp , is described by a Van der Waals equation of state 

(Toegel et al. 2000): 

( )
tot

3 34
3

B g

g

h

n k T
p

R Rπ=
−

   (5.13) 

where totn  is the total number of gas molecules in the bubble, Bk  is the Boltzmann 

constant [ -2 -4Wm K  ], gT  is the gas temperature in the bubble [ K ] and hR  is the hard-

core radius [ m ], which is taken as 0 8 86R . .   

In order to correctly predict the thermal dissipation thΠ , the heat and mass 

transfer at the bubble interface should be accounted for (Louisnard 2012a).  In other 

words, the dependency of  totn , gT  and hR  in Equation (5.13) on the heat and mass 
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transfer across the bubble interface should be considered.  In this study, the heat and 

mass transfer across the bubble interface is modelled based on the thermal diffusion 

layer approach (Toegel et al. 2000).  According to this method, the cavitation bubble 

is divided into two discrete domains, namely a thin ‘cold’ boundary layer near the 

bubble interface, and a ‘hot’ homogeneous bubble core, as shown in Figure 5.6.  The 

quantities (e.g. gT  and species concentration) in the boundary layer is assumed to vary 

linearly with radius.  The gas pressure is assumed homogeneous throughout the bubble.  

The quantities at the bubble interface are assumed to be in equilibrium with the liquid. 

The total number of gas molecules in the bubble, totn , changes due to mass 

transfer across the interphase.  For cavitation in water, the gas in the cavitation bubble 

comprises of non-condensable gas (assumed to be argon gas only) and water vapor, 

thus 
2tot Ar H On n n= + .  The Arn  remains unchanged, whereas 

2H On  changes depending 

on the stage of cavitation through evaporation and condensation.  The rate of change 

of water vapor in the bubble, 
2H On′ , can be approximated by the following first-order 

ordinary differential equation (Toegel et al. 2000): 

2

2

H O2
H O 4 e

g

d

N N
n R D

l
π

−
′ = (5.14) 

where gD  is the gas binary diffusion coefficient [ 2 1m s− ] in the boundary layer, eN  is 

 

Figure 5.6: Schematic of the thermal diffusion layer approach for the modelling of heat 
and mass transfer in a cavitation bubble. 

Bubble interface

‘Hot’ bubble core

‘Cold’ boundary 

layer

l

R
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the equilibrium water vapor number density at the bubble interface, N  is the water 

vapor number density [ -3m ] in the bubble and dl  is the thickness [ m ] of the diffusive 

boundary layer.  The dl  changes during the expansion and contraction of the bubble.  

According to the instantaneous diffusive penetration depth, the dl  can be approxi-

mated as ( )mind gl RD R ,R π′= .  The gD  is evaluated based on Chapman-

Enskog theory using a Lennard Jones 12-6 potential with corrections for high pressure 

using the properties at the interface.  The precise calculation of gD  is given in Appen-

dix A9.  The eN  is evaluated according to the vapor pressure of water at the liquid 

temperature and N  is evaluated as 
2 2H O H O bN n V= . 

 The rate of temperature change in the bubble core is computed based on the 

following ODE, which is derived from the first law of thermodynamics (Toegel et al. 

2000): 

2H O4 3
1i g

Bg b i gb
g l g g T

iv ,g v ,g v ,g

n kp V TQ
T T T T

C C Ce
θ

θ ′′   ′ = − + − −  
−  

∑  (5.15) 

( )
( ) 2

2

Ar H O2

3
3

2 1

i g

i g

T

i g

v ,g B B
T

i

T e
C n k n k

e

θ

θ

θ
  
  = + +  

 −   

∑  (5.16) 

where bQ  is the rate of heat diffusion into the bubble [ W ],  lT  is the liquid tempera-

ture at the bubble interface [ K ], v ,gC  is the gas heat capacity [ -1JK ], and iθ  is the 

characteristic vibrational temperature of water vapor [ K ].  The rate of heat diffusion 

at the bubble interface, bQ , is modelled based on the analogy between thermal and 

mass diffusion as (Toegel et al. 2000): 

( )24 minl g

b g th g

th

T T
Q R , l R R ,R

l
π λ η π

−
′= =  (5.17) 

where gλ  is the thermal conductivity of the gas mixture, thl  is the thickness [ m ] of 

the thermal boundary layer and gη  is the thermal diffusivity of the gas mixture.  The 

gη  is evaluated as follows (Toegel et al. 2000): 
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( )Ar4 2 5
g

g
e BN . N k

λη = +  (5.18) 

where Ar Ar bN n V= .  The gλ  is evaluated based on Chapman-Enskog theory, see Ap-

pendix A9 for the precise calculation.   

Solving Equation (5.12), along with Equation (5.13), (5.14) and (5.15), for a 

bubble with an ambient radius of 0R  excited by a sinusoidal forcing pressure 

( )sinA Pp P tω= −  gives the bubble radius history, which will then be used to evaluate 

thΠ  and vΠ  in Equation (5.5).  In this study, the ambient bubble radius, 0R , is as-

sumed to be 65 10 m−× , which is the commonly used value in acoustic cavitation sim-

ulations (Vanhille and Campos-Pozuelo 2008, 2009, Lebon et al. 2017).  This bubble 

size is also close to the commonly measured ambient bubble sizes in low frequency (~ 

20 kHz) acoustic fields (Burdin et al. 1999). 

5.2.7 Fluid flow and heat transfer (Physic 4 and 5) 

When US is propagating in liquid, the attenuation of the acoustic pressure wave 

causes a net flow in the liquid, which is known as acoustic streaming.  There are gen-

erally three ways to simulate acoustic streaming.  The first approach is by solving un-

steady compressible Navier-stokes equations with physically vibrating solid boundary, 

or oscillating pressure or velocity boundary conditions (Parvizian et al. 2014, Sajjadi 

et al. 2015, Rahimi et al. 2017, Tzanakis et al. 2018, Riedel et al. 2020).  This approach 

is, however, not suitable in this study as the time scale of US oscillation is much 

smaller (of the order of 5 610 s 10 s− −− , and cavitation at a time scale of 6 910 s 10 s− −− ) 

than the time scale of other physics (i.e. thermal-fluid) considered in this study (of the 

order of seconds), so this approach could be computationally very expensive to imple-

ment.  The second way to simulate acoustic streaming is by assuming a fictitious ve-

locity inlet at the ultrasound horn tip (Trujillo and Knoerzer 2011, Huang et al. 2014).  

This approach, unfortunately, requires a fictitious outlet in the domain, which might 

cause heat loss as heat energy could be convected out of the domain through the outlet.  

Moreover, this approach does not reflect the actual physics of the process.  The third 
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approach is to include a radiation body force in incompressible Navier-Stokes equa-

tions, which is computed from the acoustic pressure amplitude and attenuation (Xu et 

al. 2013, Jiao et al. 2014, Solovchuk et al. 2017, Wang et al. 2017, Fang et al. 2018, 

Komarov and Yamamoto 2019).  This approach is easy to implement and yet has good 

physical implications (depending on how the acoustic field is modelled). Thus, the 

current study adopts the third approach.   

The fluid flow in the distilled water is described by incompressible Navier-

Stokes equations: 

( ) ( ) ( )( )Ttl
l l l l l l l A Bp

t
ρ ρ µ µ∂  + ⋅∇ = ∇ ⋅ − + + ∇ + ∇ + +  ∂

U
U U I U U F F   (5.19) 

0l∇ ⋅ =U  (5.20) 

where lU  is the liquid velocity, p  is the hydrodynamic pressure, I  is identity vector, 

tµ  is the turbulence viscosity, superscript T  represents transpose, AF  and BF  are the 

acoustic radiation and buoyancy forces respectively [ -2 -2kgm s ].  The AF  depends on 

the local attenuation coefficient and acoustic pressure amplitude (Xu et al. 2013): 

2

2

2
A US

l

P
c

α
ρ

 
=  
 

F n    (5.21) 

where USn  is the unit vector in the propagation direction of US.  In this study, the USn  

is assumed to act in the direction outward normal to the horn tip surface, and the AF  

is implemented only in the region below the horn surface, as shown in Figure 5.7.  This 

is reasonable because, as will be shown in the results later (Section 5.5.3), the wave 

attenuation mainly takes place in the region close to the horn tip surface.  Thus, the 

majority of the body force will be located in the vicinity of the horn tip surface.   
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Figure 5.7: Schematic of the implementation of the radiation body force in the liquid 
sample (shaded region). 

The buoyancy force, BF , is induced by the thermal expansion of liquid.  It is modelled 

using Boussinesq approximation: 

( )refB l lT Tρ β= − −F g    (5.22) 

where β  is the thermal expansion coefficient of water, lT  is the water temperature and 

refT  is the reference temperature, which is taken as the ambient temperature.   

When US is applied in the liquid, it has been shown that at a US input power 

greater than 41 10 W−× , the induced acoustic streaming takes the form of an inertial- 

dominated turbulent jet (Lighthill 1978, Trujillo and Knoerzer 2011, Parvizian et al. 

2014).  Thus, a turbulence model is required to capture the turbulence.  In this study, 

the turbulent flow during acoustic streaming is modelled using the modified standard 

k ε−  model (Lebon et al. 2015): 

( ) ( )
t

l l
l l l l l l k ,l l l cv

k

k
k k P S

t

µρ ρ µ ρ ε
σ

  ∂ + ⋅∇ = ∇ ⋅ + ∇ + − +  ∂   
U  (5.23) 

( ) ( )
2

1 2

t

l l l l
l l l l l l k ,l l

l l

C P C
t k kε

ε µ ε ερ ρ ε µ ε ρ
σ

  ∂ + ⋅∇ = ∇ ⋅ + ∇ + −  ∂   
U (5.24) 

where lk  is the liquid turbulent kinetic energy, ε  is the liquid turbulent energy dissi-

pation and k ,lP  is the turbulent kinetic energy production.  The model constant kσ , εσ , 
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1C  and 2C  are as per the original model.  An extra turbulence source term cvS  is in-

cluded in Equation (5.23) to account for the turbulent effect caused by the oscillation 

of cavitation bubbles.  The expression of this term is as follows (Lebon et al. 2015): 

21
cv g l

c

R
S Y dt

tτ

ρ
τ

′
= ∫  (5.25) 

where gY  is the gas mass fraction in liquid, and ct  is the characteristic time of cavita-

tion [s ].  The bubble interface radial velocity R′  [ 1ms− ] can be obtained from Equa-

tion (5.12).  Assuming periodic oscillation of the cavitation bubble, the characteristic 

time is taken to be the period of the acoustic pressure wave (Lebon et al. 2016). 

 The heat transfer in the liquid is described by heat transport equation as follows: 

( )
Pr

t

p ,l l MW USl
l p ,l l p ,l l l l lt

cT
c c T T Q Q

t

µ
ρ ρ λ

  ∂ + ⋅∇ = ∇ ⋅ + ∇ + +   ∂    
U   (5.26) 

where lT  is the liquid temperature, lλ  is the water thermal conductivity, Prt  is the tur-

bulent Prandtl number, MWQ  is the volumetric MW heat source and USQ  is the volu-

metric US heat source [ -3Wm ].  The MWQ  depends on both the dielectric loss of the 

medium ε ′′ and the local electric field E .  It is given by (Pitchai et al. 2014): 

2

0
MW

Q fπ ε ε ′′= E    (5.27) 

The USQ  can be evaluated based on the local pressure amplitude and wave attenuation 

coefficient as follows (Mohsin and Meribout 2015): 

2US

l

Q P
c

α
ρ

=    (5.28) 
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5.2.8 Boundary and initial conditions 

 Electromagnetic wave propagation: 

 At the port of the waveguide, a 10TE  MW source is applied.  At the walls of 

the MW cavity, a perfect conducting boundary condition is imposed, which is given 

by: 

0B× =E n    (5.29) 

where bn  is the unit vector normal to the boundary.  At the interface between two 

different media, a continuity condition is imposed: 

( )1 2 0B × − =n E E    (5.30) 

( )1 1 2 2 0B ε ε⋅ − =n E E    (5.31) 

 Acoustic wave propagation: 

 At the horn tip surface, a constant pressure amplitude 0P  is prescribed.  0P  is 

evaluated based on the power drawn by the US transducer, USP , as follows (Niazi et 

al. 2014): 

0
Horn

2 US lP c
P

A

ρ=  (5.32) 

where HornA  is the surface area of the horn tip surface [ 2m ].  At the side surface of the 

horn, an infinitely hard boundary condition ( 0BP∇ ⋅ =n ) is imposed, whereas at the 

water surface and the sample walls, infinitely soft boundary conditions ( 0P = ) are 

imposed (Klima et al. 2007).   
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 Fluid flow and heat transfer: 

 At the sample walls, no-slip conditions are imposed for the liquid velocity and 

wall function boundary conditions are imposed for the turbulence model.  At the water 

surface, free-slip condition is prescribed.  For heat transfer, adiabatic conditions 

( 0l BT∇ ⋅ =n ) are employed at all boundaries.  The initial conditions are 0l =U  and 

296 5 KlT .= . 

5.3 Numerical methods and implementations 

5.3.1 Maxwell’s equations, Helmholtz equation, Navier-Stokes equations and 

heat transport equation 

 The new model is implemented in COMSOL Multiphysics v5.3, which em-

ploys Finite Element Method.  The computational domain is discretized into non-uni-

form tetrahedral elements.  The Maxwell’s equations (5.1) are solved in frequency do-

main using Electromagnetic Waves module.  In the default settings, the equations are 

discretized spatially using quadratic elements (second-order), and the resultant matrix 

is solved iteratively using FGMRES solver.  The Helmholtz equation (5.2) is solved 

in frequency domain using Pressure Acoustics module.  Although this module does 

not support the new non-linear acoustic model used in this study, the new acoustic 

model can be implemented by specifying custom relations for the non-linear complex 

wavenumber k  (Equation (5.3)).  The computation of k , which requires the solution 

of Keller-Miksis equation (5.12), will be implemented separately in MATLAB 2016a.  

This will be further discussed shortly (see Section 5.3.4).  In the default settings, the 

non-linear Helmholtz equation is discretized spatially using quadratic Lagrange ele-

ments.  The resultant non-linear matrix is solved iteratively using Damped Newton 

Method.  The Navier-Stokes equations (5.19) and (5.20), and the k ε−  equations 

(5.23) and (5.24) are solved in time-dependent mode using Turbulent Flow module, 

whereas the heat transport equation (5.26) is solved in time-dependent mode using 

Heat Transfer in Fluids module.  By default, the equations are discretized using linear 
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elements.  The resultant matrices are solved directly using PARDISO solver.  The time 

step for these equations is determined adaptively using Backward Differentiation For-

mula, but the maximum time-step is restricted to 0.1s to avoid the loss of brief transient 

details.   

5.3.2 Cavitation bubble dynamics 

The Keller-Miksis equation (5.12) is discretized and solved using 4th  order 

Runge-Kutta method.  By treating the Keller-Miksis equation as two coupled first-

order ordinary equations, the solutions of Equation (5.12) can be computed as follows: 

0nR R R= + ∆    (5.33) 

0nR R R′ ′ ′= + ∆    (5.34) 

where the superscript n  and 0  represent the quantities in the current time step and the 

old time step, respectively.  According to 4th order Runge-Kutta method, the R∆  and 

R′∆  can be expressed as: 

1 2 3 42 2

6

R R R R
R

∆ + ∆ + ∆ + ∆∆ =    (5.35) 

1 2 3 42 2

6

R R R R
R

′ ′ ′ ′∆ + ∆ + ∆ + ∆′∆ =    (5.36) 

The 1R∆ , 1R′∆ , 2R∆ , 2R′∆ , 3R∆ , 3R′∆ , 4R∆ , and 4R′∆  are computed successively as 

follows:  

0
1R hR′∆ = , ( )0 0

1 bR h t , R , R′ ′∆ = ⋅F   (5.37) 

0 1
2 2

R
R h R

′∆ ′∆ = + 
 

, 0 01 1
2 2 2 2b

R Rh
R h t , R , R

′∆ ∆ ′ ′∆ = ⋅ + + + 
 

F  (5.38) 

0 2
3 2

R
R h R

′∆ ′∆ = + 
 

,  0 02 2
3 2 2 2b

R Rh
R h t , R , R

′∆ ∆ ′ ′∆ = ⋅ + + + 
 

F  (5.39) 
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( )0
4 3R h R R′ ′∆ = + ∆ , ( )0 0

4 3 3bR h t h, R R , R R′ ′ ′∆ = ⋅ + + ∆ + ∆F   (5.40) 

Here, h  is the time step [ s ], bt  is the simulation time for cavitation [ s ], and the func-

tion { } { } { }( )bt , R , R′F  returns R′′ .  The function F  is expressed as: 

{ } ( ) { } { }
{ } { } { } { }

{ } { }

2

0

21 3
1 4 1

2 3

1

lg

g A g l

l

R R R R
p p p p R

c c R R c

R
R

c

σ
µ

ρ
′ ′ ′

′ ′+ − − + − − − −
=

′
−

    
    
    

 
 
 

F   (5.41) 

where 

{ }( )sinA P bp P tω= −    (5.42) 

{ }( )
tot

3 34
3

B g

g

h

n k T
p

R Rπ
=

−
   (5.43) 

{ }( ) { }( )
{ } { }

{ }( ) { }( )

tot tot

3 33 3

22
3 tot 0 0tot

2 23 33 3

4 4
3 3

3
3 8 86
4 4

3 3

B g B g

g

h h

B g
B g

h h

k T n n k T
p

R R R R

n k T R Rn k T R R .

R R R R

π π

π π

′ ′
′ = +

− −

′′
− +

− −

  (5.44) 

In the above relations, the quantities in {}⋅  are to be replaced by the respective function 

arguments in Equation (5.37) - (5.40). The equilibrium bubble radius is updated by 

solving the following equation for 0
n

R : 

( )
tot

0 3
0 0

2

4
3

n n

lg B g

n
n

n k T
P

R R

σ
π

+ =    (5.45) 

The 0R′  in Equation (5.44) is approximated as ( )0
0 0 0

n
R R R h′ = − . 

The amount of gases and the gas temperature in the bubble are updated by 

solving Equation (5.14) and (5.15) using Euler forward method: 

0
tot tot tot
n

n n hn′= +    (5.46) 
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2 2

0
H O H O tot
n

n n hn′= +    (5.47) 

0n

g g gT T hT ′= +    (5.48) 

To solve the ODEs (5.12), (5.14) and (5.15) using the above numerical method, 

an appropriate time step h  is required.  Due to the extremely sharp variations in the 

bubble radius during the instant of the major collapse, an extremely small time step is 

required to prevent instability, which could lead to long simulation time.  In order to 

ensure numerical stability while keeping the computational time reasonable, an adap-

tive time-stepping scheme based on the stability-analysis is employed when solving 

Equation (5.12), (5.14) and (5.15).  This scheme was originally proposed for hydrody-

namic cavitation (Shams et al. 2011).  It is extended for acoustic cavitation with heat 

and mass transfer in this study.  In the following, the procedure of the scheme will be 

briefly presented.   

Firstly, the Jacobian matrices J  of the ODEs are evaluated.  For second-order 

ODE, i.e. Equation (5.12), the J  is evaluated as (named RJ  to avoid ambiguity): 

R

R R
R R

R R
R R

′ ′∂ ∂ ′∂ ∂ =
 ′′ ′′∂ ∂

′∂ ∂ 

J  (5.49) 

Equation (5.49) can be evaluated analytically or numerically.  In this study, due to the 

difficulty (owing to the complexity arising from the coupling between bubble dynam-

ics and heat and mass transfer) in the analytical evaluation of RJ , RJ  is evaluated nu-

merically using central finite differencing as follows: 

( ) ( ) ( ) ( )0 0 0 0 0 0 0 0

0 1

2 2

b b b bR t ,R ,R t ,R ,R t ,R ,R t ,R ,R′ ′ ′ ′+ ∆ − − ∆ + ∆ − − ∆

∆ ∆

=
 
 
 
  

J F F F F   (5.50) 

where the function F  is that presented in Equation (5.41), and ∆  is a small difference 

(e.g. 121 10−× ).  As for the first-order ODEs, i.e. Equation (5.14) and (5.15), the J  is 

expressed as: 
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φ
φ

φ
′∂ = ∂  

J    (5.51) 

where totnφ =  and gTφ =  for Equation (5.14) and (5.15) respectively.  They are re-

spectively evaluated numerically as: 

( ) ( )tot tot tot tot
tot 2n

n n n n′ ′ + ∆ − − ∆
=  ∆ 

J    (5.52) 

( ) ( )
2

g g g g

Tg

T T T T ′ ′+ ∆ − − ∆
 =

∆  

J    (5.53) 

 In the next step, the amplification matrix ξ , which represents the ratio of the 

new solution to the old solution, is evaluated as h= +ξ I J , where I  is the identity 

matrix.  This is done for all three ODEs.  After that, the eigenvalues of ξ , 1λ  and 2λ , 

are evaluated (note that φJ  has only one eigenvalue), and the maximum deviation of 

the eigenvalues from unity, δ , is computed as 

( )1 2max 1 1,δ λ λ= − −    (5.54) 

The main idea of this scheme is to keep the eigenvalue of ξ  close to one, i.e. to keep 

δ  as small as possible.  To achieve this, the time step h  is resized using bisection 

method such that the resultant δ  is small enough (e.g. less than 0.01).  The procedure 

to resize the time step h  will be detailed later in Figure 5.9 (c).  Applying this scheme 

independently to the three ODEs (Equation (5.12), (5.14) and (5.15)) yields three time 

steps, namely Rh , totnh  and Tgh .  The smallest one among these time steps will be cho-

sen to solve all the ODEs, i.e. ( )totmin
gR n Th h ,h ,h= .  In this study, the h  varies be-

tween 2010 s−  and 710− s, depending on the driving pressure amplitude and the stage of 

bubble cavitation. 

 The above numerical method is implemented in MATLAB 2016a.  The verifi-

cation of the numerical method for the cavitation bubble dynamic simulation will be 

presented in the next section. 
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5.3.3 Verification of numerical method for cavitation bubble dynamics 

Figure 5.8 (a) – (c) show the side by side comparisons of bubble radius, bubble 

equilibrium radius and amount of water vapor between the current simulation results 

(using the numerical method present in the previous section) and that reported by 

Toegel et al. (2000).  It can be seen that the agreement is very good, which shows that 

the bubble dynamic equations are solved correctly using the current numerical method.  

No numerical difficulty is observed too, which implies that the adaptive time-stepping 

scheme works well.  The minor discrepancy between the results is probably due to the 

difference in the gas properties used, which were not detailed by Toegel et al. (2000). 

 

 

(a) 
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(b) 

 

 

(c) 

Figure 5.8 Comparisons of (a) bubble radius, (b) bubble equilibrium radius, and (c) 
amount of water vapor between the current simulation results (top) and that obtained 
from Toegel et al. (2000) (bottom) for an acoustic frequency of 26500 Hz, initial 

0 4 5µmR .=  and 300KlT = . 
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5.3.4 Solution procedure 

The coupling between electromagnetic wave propagation and other physics is 

one-way, due to the constant properties assumption (Assumption 1).   

The two-way coupling between acoustic cavitation and other physics (i.e. 

acoustic wave, fluid flow and heat transfer) is as follows: Acoustic cavitation depends 

on other physics through the liquid temperature lT  and acoustic pressure amplitude 

P , whereas other physics depends on acoustic cavitation through the complex wave-

number k  (acoustic wave propagation) and cvS  (turbulence).  To simplify the cou-

pling, the liquid temperature, lT  , is assumed to be constant at 296K  during the simu-

lation of acoustic cavitation (i.e. acoustic cavitation does not depend on the change of 

liquid temperature).  This assumption is reasonable due to the low temperature range 

considered in this study.  With this assumption, the coupling between the acoustic 

cavitation and other physics is reduced to only through P , k  and cvS .  However, due 

to the strong non-linear coupling between the acoustic wave propagation and acoustic 

cavitation (coupled through k  and P ) , the convergence of the acoustic pressure field 

(solution of Equation (5.2), which is to be sought iteratively) can be very expensive to 

achieve, as the simulation of acoustic cavitation needs to be performed every iteration 

when solving for the acoustic pressure field.  This issue can be mitigated by encapsu-

lating the effect of acoustic cavitation on k , which depends on P , in the form of 

algebraic functions, i.e. ( )k f P=  .  In this way, the simulation of acoustic cavitation 

can be made independent from the simulation of acoustic waves as well as the rest of 

the physics.  Therefore, the cavitation bubble dynamic equations (Equation (5.12), 

(5.14) and (5.15)) can be solved before the actual simulation of the heating process, 

for a range of P  ( 0 20atm− ) in MATLAB 2016a.  The resultant R  and R′  are then 

used to evaluate vΠ  and thΠ   (Equation (5.6) and (5.7)), and thus k  at different P .  

These results are then fitted using piecewise polynomial functions for both rk  and α  

(both are functions of P ), which will then be input into the Pressure Acoustics mod-

ule in COMSOL.  The same is done for cvS .  The R′  resulted from the solution of 
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bubble dynamic equations is used to compute cvS  (Equation (5.25)) at different P .  

The resultant fitted piecewise polynomial function is then input into the Turbulence 

Flow module in COMSOL.  The resultant piecewise polynomial functions used in this 

study are given in Appendix A10.  Using these piecewise functions, the simulation of 

the heating process can proceed without the need to solve for bubble dynamics. 

The solution procedure of the new model is shown in Figure 5.9. Note that #CV 

is only required to be performed once for a given liquid temperature. 
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(c) 

Figure 5.9 (a) Solution procedure of the new model, (b) solution procedure of 
cavitation simulation and (c) adaptive time stepping scheme. 
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5.3.5 Dielectric and thermal-physical properties of liquid 

The fluid (water) properties used during the simulation are tabulated in Table 

5.1. 

Table 5.1: Fluid properties used in the simulation 

Fluid Properties Values Reference 

lρ  1000 3kg.m−  - 

lµ  0.001 Pa.s  - 

rε ′  79 (Komarov et al. 1999) 

rε ′′  12.5 (Komarov et al. 1999) 

c  1482 1m.s−  (Lebon et al. 2017) 

lλ  0.609 1 1WK m− −  (Cha-um et al. 2011) 

pc  4190 1 1Jkg K− −  (Cha-um et al. 2011) 

PrT  0.9 - 

iθ  2294.27, 5261.71, 5403.78 K (Atkins et al. 2018) 

β  6207 10−× K-1 - 

lgσ  0.0728 1Nm−  (Jiang et al. 2017) 

 

5.3.6 Mesh independence tests 

Figure 5.10 (a) shows the volume-averaged electric field norm in the water 

sample for the different amount of mesh elements that covers the electromagnetic do-

main (i.e. whole domain).  The value does not vary significantly when the number of 

mesh elements increases from 161111 to 320689 (difference < 0.06%).  Thus, the mesh 

number of 320689 is selected to solve Maxwell’s Equation (Equation (5.1)).  Figure 

5.10 (b) shows the volume-averaged velocity magnitude and temperature in the water 

sample for the different amount of mesh elements that cover the fluid domain.  There 
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is no significant change in the values when the number of mesh elements increases 

from 58508 to 114027 (< 1% for velocity and < 0.3% for temperature).  Hence, the 

mesh element number of 114027 is chosen to discretize the fluid domain. 

 

(a)      (b) 

Figure 5.10: (a) Average electric field norm versus the amount of mesh elements, (b) 
average velocity magnitude and temperature versus the amount of mesh elements. 

5.4 Computational analysis of liquid heating under individual MW irradia-

tion 

When simulating liquid heating under individual MW irradiation, the Helm-

holtz equation is not solved.  The US horn in the computational domain (Figure 5.3) 

is removed.  The turbulence model is deactivated as well, as the fluid flow is laminar 

during MW induced natural convection (Ratanadecho et al. 2002). 

5.4.1 Validation of MW liquid heating model  

 Figure 5.11 shows the comparison between experimental and simulated water 

temperatures at point P1 and P2 (see Figure 5.2) when subject to a MW input power 

of 300W.  Good agreement can be observed, which shows that the model is valid.  

However, in contrast to the experimental result, the local temperature at P1 predicted 
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by the model during the OFF cycles tends to fluctuate.  This fluctuation is caused by 

the natural convection in the water during the OFF cycles, which brings hot or cool 

water to P1.  This was not detected in the experiment by the fiber optic probe, probably 

because the probe has a length of about 15mm, which covers a finite region instead of 

a point.  This reduces the spatial sensitivity of the thermometer and thus results in the 

discrepancy.  This discrepancy is not obvious at P2 due to the lower fluid velocity and 

lower spatial temperature difference in the lower region, as will be shown later in Fig-

ure 5.15.  The validated model is used to study MW liquid heating, which will be 

presented in the subsequent sub-sections. 

 

Figure 5.11: Comparison of temperature history at P1 and P2 between experimental 
data and simulation results. The RMSEs are 1 1 C. °  and 0 5 C. °  at P1 and P2, respec-
tively. 

5.4.2 Electric field intensity and MW power absorption 

Figure 5.12 (a) and (b) illustrate the effect of water sample on the electric field 

norm distribution in the MW cavity.  When there is no water sample (no-load condition, 

Figure 5.12 (a)), the electric field intensity in the cavity alternates between high and 

low magnitudes, with the distance between two close peak/trough being half the wave-

length of the MW (~ 6cm).  This is a clear indication of the presence of strong standing 
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waves in the cavity, which is by virtue of the strong (or perfect) MW reflection at the 

metallic wall.  Since the strongly reflected MWs have similar amplitudes as the inci-

dent MWs, the interference between the reflected and incident MW form strong stand-

ing waves (Sadiku 2014).   

On the other hand, when there is a water sample (loaded condition, Figure 5.12 

(b)), the distribution of the electric field intensity changes substantially due to the in-

teractions between the MW and sample.  Three phenomena are noteworthy here, which 

clearly portrays the MW-sample interactions.  Firstly, it can be seen that the electric 

field intensity is much weaker in the water sample compared to those elsewhere (about 

one order lower in magnitude).  This is mainly due to the high difference in the dielec-

tric properties between the air and the water sample (i.e. high impedance mismatch), 

which causes a major part of the incident MW to be reflected from the sample surface 

(Ratanadecho et al. 2002).  Secondly, the characteristic of the standing wave in the 

cavity (i.e. the alternating high and low electric field intensity) diminishes significantly 

compared to that during the no-load condition, and the distribution appears smeared 

and distorted.  This indicates the presence of travelling waves in the cavity.  The oc-

currence of travelling waves is mainly due to the MW energy absorption in the water 

sample, which causes the oppositely travelling waves (i.e. reflected waves and incident 

waves) to have different amplitudes, and thus leads to the weaker standing waves but 

stronger travelling waves in the cavity.  Lastly, it is observed that the electric field 

intensity is high in the surrounding vicinity of the water sample.  This is caused by the 

constructive interference of MW near the sample surface when the waves reflected 

from the sample surface combine with the incoming waves.  Since the constructive 

interference effect appears in multiple regions around the water sample, this evidently 

indicates that the MW travels into the water sample in multiple directions (i.e. without 

a predominant direction), despite the waveguide being on one side of the sample.  In 

short, the aforementioned phenomena show that the interactions between the MW and 

sample are mainly attributed to MW reflection and absorption. 
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(a) 

 

(b) 

Figure 5.12: Electric field intensity distributions in the MW cavity when (a) not loaded 
and (b) loaded with water sample 

 Figure 5.13 (a), (b), and (c) show the electric field intensity in the MW cavity 

plotted on x-y plane 1, y-z plane 1, and x-z plane 1 respectively.  From Figure 5.13 (a), 

it can be seen that the electric field intensity is higher on the left and right sides of the 

water sample.  Whereas from Figure 5.13 (b) and (c), the electric field intensity is 

generally higher on the upper side of the water sample.  Since these high electric field 
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intensities near the sample is a result of constructive inference effect between the in-

coming and reflected MWs, the aforementioned observations suggest that the majority 

of the MW travels into the sample from the left, right and top sides of the sample.   

   

(a)     (b) 

 

(c) 

Figure 5.13: Electric field intensity plotted on (a) x-y plane 1, (b) y-z plane 1 and (c) 
x-z plane 1 

 Figure 5.14 (a) - (d) show the MW power absorption in the water sample plot-

ted on x-y plane 2,  x-z plane 2, y-z plane 2, and sample surface respectively.  From 

Figure 5.14 (a) and (b), it can be observed that high MW energy absorption is located 

near the center region of the water sample.  This is caused by the MW refraction at the 

cylindrical sample wall, which converges the incoming MW to the central axis of the 

water sample and causes strong constructive interference there.  This phenomenon is 

commonly known as MW core effect (Hui and Sherkat 2005).  Besides, it is observed 
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that the MW energy absorption is generally higher on the left and right sides (see Fig-

ure 5.14 (a)), as well as in the upper region (see Figure 5.14 (b)) of the sample.  This 

is consistent with the conclusion made earlier that the majority of the MW travels into 

the sample from these three sides.  In addition, the MW energy absorption in the sam-

ple exhibits fringe-like patterns (i.e. alternating high and low energy, more obvious in 

Figure 5.14 (a) and (b)).  This is due to the formation of standing waves in the sample, 

as the oppositely propagating MWs interfering with each other, especially the MWs 

that enter oppositely from the left and right sides.  Furthermore, from Figure 5.14 (c) 

and (d), it is seen that some MW energy is focused near the edges of the sample.  This 

is commonly known as the MW edge effect (Datta 2001), which is caused by MW 

bending at the sharp edges (Hui and Sherkat 2005).   

 

(a)     (b) 

 

(c)     (d) 

Figure 5.14: Microwave power absorption ( )-3Wm  in the water sample evaluated on 

(a) x-y plane 2, (b) x-z plane 2, (c) y-z plane 2 and (d) sample surface. 
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5.4.3 Heat Transfer and fluid flow 

The liquid temperature distributions and the corresponding velocity fields at 

various times are illustrated in Figure 5.15 (a) – (f).  To assess the global temperature 

uniformity, the temperature standard deviation (STDEV) of the water sample at vari-

ous times are evaluated and plotted in Figure 5.16.  High STDEV represents poor uni-

formity and vice versa. The temperature standard deviation is calculated as follows: 

( )
( )2

mean

STDEV
1

n

l ,i l ,

i n
l

T T

T
n

=
−

=
−

∑
   (5.55) 

where n  is the number of finite element nodes in the fluid domain.   

 

(a)     (b) 

 

(c)     (d) 
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(e)     (f)  

Figure 5.15: Temperature distributions ( )C°  and velocity fields in the water sample 

during individual MW irradiation at (a) 5 st = , (b) 10 st = , (c) 15 st = , (d) 29 st = , 

(e) 35 st = , (f) 70 st = . 

 

Figure 5.16: Temperature standard deviation ( )C°  of the water sample during individ-

ual MW irradiation at various times. 

From Figure 5.15 (a) (at 5st = ), the temperature distribution in the water is 

similar to the MW power absorption distribution (Figure 5.14 (b) and (c)), as the heat 

transfer during the early heating stage is dominated by heat conduction (Ratanadecho 

et al. 2002, Cherbański and Rudniak 2013).  The hotspots are mainly located along the 

central axis of the sample.  The maximum temperature difference in the water sample 

is around 6.4 ̊ C.  From the corresponding velocity field distribution, it is observed that 
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natural convection begins to take place due to the temperature difference in the sample.  

The hot water in the middle as well as the left and right sides of the sample rises and 

descents on the front and backside where the MW power absorption is lower.  The 

average velocity magnitude is about 10 002ms.
− . 

At 10st = , the hotspot in the center region shift to the upper region under the 

effect of natural convection (Figure 5.15 (b)).  Besides, high temperatures are also seen 

at the upper edge, due to the MW edge effect as well as the fluid flow which sweeps 

the hot water to the edge.  The corresponding velocity field shows that natural convec-

tion becomes stronger and more developed.  This improves convective heat transfer 

and makes the liquid mixing more efficient.  As a result, the temperature distribution 

becomes locally more homogeneous when compared to the early stage.  However, the 

water at the base remains cool, with temperatures similar to that at 5st = .  This is due 

to low MW power absorption in the lower region (see Figure 5.14 (b)) and the fact that 

cool water tends to descend.  Consequently, the upper region becomes progressively 

hotter, while the lower region remains cool, which leads to a high temperature differ-

ence between the upper and lower region.  This observation is consistent with the cur-

rent experimental results (Figure 5.11) and the experimental results presented by Sturm 

et al. (2012).  Due to this phenomenon, the global temperature uniformity in the sample 

worsens when the heating continues, as indicated by the continuous rise in the temper-

ature standard deviation since 0st =  depicted in Figure 5.16.   

At 15st = (Figure 5.15 (c)), the magnetron has been turned off for 2s.  As the 

heat transfer in the water is allowed to take place without external heat source, the 

temperature uniformity in the water begins to improve.  This is indicated by a drop in 

the temperature standard deviation at 13 st >  as depicted in Figure 5.16.  The corre-

sponding velocity field shows that multiple small vortices form in the water, as the 

water with different temperatures (and thus different buoyancy forces) attempts to 

reach mechanical equilibrium.  The occurrence of these small vortices explains the 

fluctuation of the local temperature at point P1 during the OFF cycles depicted in Fig-

ure 5.11.  The velocity field also reveals that the natural convection in the water be-

comes weaker as the heating stops.   
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At 29st =  (Figure 5.15(d)), although the MW had been turned off for a sub-

stantially long period (16s), the temperature non-uniformity remains high, with a max-

imum temperature difference of about 8 C° .  The water exhibits a stratified tempera-

ture profile, with high and low temperatures in the upper and lower regions, respec-

tively.  This is because the fluid flow in the water is minimal, which can be seen in the 

corresponding velocity field, as the mechanical equilibrium in the water has essentially 

been achieved.  As a result, due to the very limited liquid mixing as well as the poor 

thermal conductivity of water, the improvement in the temperature uniformity during 

the OFF cycle is insignificant, as can be seen in Figure 5.16.  This observation suggests 

that cyclic heating, which has been reported to be able to improve the temperature 

uniformity in solid samples (Gulati et al. 2016), may not be helpful when the sample 

is liquid. 

At 35st =  ( Figure 5.15 (e)), the MW has been turned back on for 5 seconds 

since the last OFF cycle.  The temperature profile remains basically stratified.  Inter-

estingly, the corresponding velocity field shows that the fluid flow becomes weaker 

compared to that during the initial stage ( 5st = ).  The average velocity magnitude is 

only about 10 0013 ms. − .  This is due to the accumulation of less-dense hot water in the 

top region and denser cool water in the lower region during the last OFF cycle.  Since 

the hot water has less tendency to descend and vice versa for the cool liquid, this con-

tributes to stability in the liquid and thus poorer liquid circulation.  As a result, the 

liquid mixing becomes weaker compared to the early stage and hence the temperature 

uniformity continues to reduce since the MW was turned back on (see Figure 5.16).   

At 70st =  (Figure 5.15 (f)), the water has been heated for an effective period 

of 36s.  The temperature distribution remains similar to that at 35st = , but the tem-

perature uniformity is poorer, with a maximum temperature difference of about 

19 4 C. ° .  The corresponding velocity field shows that the fluid flow is even weaker 

compared to that at 35st = , with an average velocity of only about 10 001 ms. − .  This 

is because as the heating time increases, the temperature difference between the hot 

water in the upper region and cold water in the lower regions becomes higher, which 

leads to higher stability and thus further hinders the liquid circulation in the sample.  

Consequently, the temperature uniformity deteriorates significantly with the MW heat-

ing time (see Figure 5.16). 
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5.5 Computational analysis of liquid heating under simultaneous MW and US 

irradiation 

5.5.1 Validation of MW-US liquid heating model 

Figure 5.17 (a) – (c) show the comparisons between the experimental and sim-

ulated water temperature histories at point P1 and P2, subject to a MW power of 300W 

and US powers of 13W, 21W, and 28W respectively.  The comparisons show good 

overall agreement, except the slight over-prediction of the water temperature, which is 

believed to be mainly contributed by the MW leakage due to the modification done to 

the oven (e.g. the openings for the insertion of optic fiber probes and US horn).   
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(b) 

 

(c) 

Figure 5.17: Comparison between experimental and simulated water temperature his-
tories under MW-US irradiation at points P1 and P2 and at US powers of (a) 13W, (b) 
21W and (c) 28W. The RMSEs at point P1 are 0 87 C. ° , 1 71 C. ° , and 1 28 C. °  for US 
powers of 13W, 21W and 28W, respectively. The corresponding RMSEs at point P2 
are 1 27 C. ° , 1 73 C. ° , and 1 53 C. ° . 

In order to further explore the validity of the newly formulated non-linear 

acoustic streaming model, an extra acoustic streaming simulation case is performed.  

This simulation case is based on the acoustic streaming experiment by Kumar et al. 

(2006), which had a setup similar to the current study.  In Kumar’s experiment, an US 

horn with a diameter of 0.013m was submerged at the center of a cylindrical vessel 
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filled with tap water.  The submergence depth of the horn in water was 0 02 m. .  The 

diameter of the vessel was 0 135 m.  and the volume was 2 liters.  The velocity field in 

the vessel was measured using a Laser Doppler Anemometer.   

Figure 5.18 shows the comparison between the simulated (solid line) and meas-

ured axial velocity along the axial axis of the cylindrical vessel at US input power of 

30W.  Figure 5.19 shows the vector plots (on r-z plane) of the simulated velocity and 

the measured velocity in the vessel at US input power of 70W.  It can be seen that the 

model underestimated the fluid flow velocity in the water sample.  This could be due 

to the limitation of the acoustic model.  It has been demonstrated by Louisnard (2012b) 

that the acoustic model tends to underestimate the wave attenuation in the region away 

from the US horn.  Louisnard (2012b) attributed this to the difficulty in the estimation 

of the cavitation bubble number density in the liquid, as the understanding of the cav-

itation bubble distribution is still incomplete.  Another reason is due to the fact that at 

high acoustic pressure amplitudes (more than about 3atm  in the current case), the os-

cillation of the cavitation bubble is no longer periodic and stable (Yasui 2002).  Since 

stable periodic bubble oscillation is one of the major assumptions in the derivation of 

the non-linear acoustic model, this could have resulted in the discrepancy.  Neverthe-

less, good qualitative agreements can be observed from the comparisons, which shows 

that the acoustic streaming model is valid, at least qualitatively.  Although successful 

acoustic streaming simulations that agree well with measurements can be found in the 

literature, such as the simulation works of Kumar et al. (2006), Trujillo and Knoerzer 

(2011), Ishiwata et al. (2012), Xu et al. (2013) and Wang et al. (2017), these simula-

tions involved a certain degree of experimental fitting and thus had limited implication 

on the fundamental physics of the process, as well as lack of generalization.  For in-

stance, in the simulation work of Kumar et al. (2006), experimentally measured liquid 

velocities at various locations in the sample were input to the simulation.  In the sim-

ulation work of Trujillo and Knoerzer (2011), experimental fitting was performed to 

determine the important parameters of their ‘fictitious’ acoustic streaming model (Stu-

art streaming model), which could be case dependent.  Most importantly, their models 

do not reflect the actual physics of acoustic streaming and cavitation.  In the work of 

Xu et al. (2013), the acoustic streaming was predicted based on the acoustic pressure 

attenuation coefficient measured from experiments.  Similar experimental fitting was 

also seen in the work of Wang et al. (2017) and Ishiwata et al. (2012).  In contrast, the 
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strength of the current acoustic streaming model lies in the fact that it is purely theo-

retical/mechanistic which does not require any experimental fitting.  It considers the 

fundamental physics of acoustic streaming, especially the effect of non-linear acoustic 

cavitation on energy dissipation, which is not reflected in the vast majority of currently 

available acoustic streaming models.  Nonetheless, more effort is necessary to improve 

the quantitative output of the current acoustic streaming model.  Considering that US 

sonication is a very complex process (Tudela et al. 2014), the good qualitative agree-

ment from a theoretical/mechanistic model is deemed a good achievement. 

 

Figure 5.18: Comparison between simulated liquid axial velocity (from both non-lin-
ear and linear acoustic models) and experimental data at an US power of 30W. The 

RMSEs are -10 22ms.  and -10 35ms.  for non-linear and linear models, respectively. 

In order to demonstrate the significance of the non-linear acoustic model 

adopted in the current simulation, the Kumar’s experiment is simulated again using 

the commonly used linear dispersion acoustic model (Jamshidi et al. 2012, Dähnke et 

al. 1999, Dähnke and Keil 1999, Jordens et al. 2013, Fang et al. 2018, Komarov and 

Yamamoto 2019) in place of the non-linear acoustic model.  Briefly, the formulation 

of the linear dispersion model (or known as Commander and Prosperetti (1989) model), 

which considers the linear dissipation of cavitation bubbles, is as follows: 
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where the expression of 0ω  and Φ  are given earlier in Equation (5.10) and (5.11).  

The same bubble conditions are used, which are 11
0 1 10bN = ×  and 6

0 5 10 mR
−= × .  

The result from the linear model is shown in Figure 5.18 (broken line).  It can be clearly 

seen that the use of the linear model predicted extremely low axial velocity.  On top 

of that, the linear model result shows poor qualitative agreement with the experimental 

data.  Conversely, the result of the non-linear model shows a significantly better agree-

ment with the experimental data, both qualitatively and quantitatively.  This compari-

son vividly portrays the importance of the non-linear acoustic dissipation in producing 

a realistic acoustic streaming field.   

 The validated model is used to study simultaneous MW-US liquid heating, 

which will be presented in the subsequent sub-sections. 

 

(a)     (b) 

Figure 5.19: Vector plots (on r-z plane) of (a) simulated velocity and (b) measured 
velocity (reproduced from Kumar et al. (2006), with permission from Elsevier) in the 
cylindrical vessel at US power of 70W. The maximum velocity in (a) is about 0.7ms-1 
and in (b) is about 1.6 ms-1. 
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5.5.2 MW and US power absorption 

 Figure 5.20 (a) – (d) show the water MW power absorption plotted on x-y plane 

2, x-z plane 2, y-z plane 2, and sample surface respectively.  From Figure 5.20 (b), it 

can be seen that the local MW power absorption in the upper region is slightly higher 

compared to that during individual MW heating (Figure 5.14 (b)).  This can be seen 

clearer in Figure 5.21, which shows the water MW power absorption on x-y plane 3 

for the case with and without the presence of an US horn.  This is due to the huge 

impedance mismatch at the horn/water interface (as the horn is transparent to MW), 

which causes MW reflections at the horn surface.  This results in extra constructive 

interference and thus higher local MW power absorption in the upper region of the 

sample.  Besides, from Figure 5.20 (c) and (d), it can be observed that the submergence 

of US horn in the water causes additional sharp edges in the water sample, which leads 

to the MW energy concentration at this edge.  These observations suggest that the 

placement, shape, and size of the US horn can be important factors that determine the 

MW heating pattern in the sample.  This is very similar to the effect of placing a re-

flecting material (e.g. ceramic and metal annuli) in a sample, which can lead to a sig-

nificant change in the MW heating pattern (Samanta and Basak 2010).   

 

(a)                                                               (b) 
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(c)                                                               (d) 

Figure 5.20: MW power absorption ( )-3Wm  in the water sample evaluated on (a) x-y 

plane 2, (b) x-z plane 2, (c) y-z plane 2 and (d) sample surface. 

 

(a)                                                              (b) 

Figure 5.21: MW power absorption ( )-3Wm  in the water sample evaluated on x-y 

plane 3 when (a) no horn and (b) the US horn is submerged in the water. 

 Figure 5.22 (a) – (c) show the volumetric US power absorption in the water 

sample at US powers of 13W, 21W, and 28W respectively.  In contrast to the MW 

power absorption (Figure 5.20), which is distributed essentially throughout the water 

sample, the volumetric US power absorption is very localized at the horn tip surface, 

regardless of the US power level.  A comparison of the magnitude between the local 

MW and US power absorption reveals that the local US power absorptions at all three 
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power levels are about one order higher than that of MW power absorption.  This im-

plies that, although the overall US power added to the water is much lower than that 

of MW, the local US power absorption can be extremely high, which could potentially 

lead to local overheating.   

 

(a)                                                                  (b) 

 

(c)  

Figure 5.22: Volumetric US power absorption ( )-3WmUS
Q  in water sample evaluated 

on x-z plane 2 at US powers of (a) 13W, (b) 21W and (c) 28W. 

5.5.3 Acoustic pressure distribution 

Figure 5.23 (a) – (c) show the acoustic pressure distributions in the water sam-

ple at US powers of 13W, 21W, and 28W respectively.  For clarity, the acoustic pres-
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sure distributions at different US powers are evaluated along the axial axis of the cy-

lindrical sample and the results are illustrated in Figure 5.24.  The results show that 

the US wave attenuates drastically near the horn tip surface for all power levels.  This 

is because the acoustic pressure in the close vicinity of the horn tip surface is greater 

than the Blake threshold (the Blake threshold is about 1.05 atm for 5µm  bubbles), 

which causes the cavitation bubbles in that region to expand and collapse very vio-

lently.  This phenomenon, which is commonly termed “inertial cavitation” (Neppiras 

1980), dissipates a majority of the acoustic energy and thus leads to heavy attenuation 

of the US waves.  Once the US is attenuated to magnitudes below the Blake threshold, 

the US attenuation stops (since in this model it is assumed that there is no cavitation 

bubble at pressures below the Blake threshold.  The attenuation would be negligible 

even if there is any cavitation bubble).  It should be noted that the reduction in the 

acoustic pressure when approaching the walls is not a consequence of wave attenuation, 

but is rather caused by the infinitely soft boundary impose at the wall.  The boundary 

condition implies that the wall vibrates with the US, so the pressure must be zero at 

the wall. 

In order to gain insights into the mechanisms of acoustic energy dissipation by 

transient cavitation, the dynamics and the states of a cavitation bubble when it is driven 

by pressure waves with amplitudes slightly below (0.9 atm) and above (1.2 atm) the 

Blake threshold are examined.  Figure 5.25 (a) shows the instantaneous radius of a 

cavitation bubble driven by the waves at the aforementioned amplitudes.  At 0.9 atm, 

the bubble basically oscillates about harmonically with a small amplitude.  In contrast, 

at 1.2 atm, the bubble drastically expands to about 8 times its original radius during 

the rarefaction cycle of the acoustic pressure.  As the acoustic pressure enters its com-

pression cycle at around 2 5µs. , the bubble collapses very violently (the gradient is 

almost vertical!) and the process is followed by a series of rebounds.  Figure 5.25 (b) 

shows the corresponding bubble interface radial velocity.  It can be seen that at 1.2atm, 

the bubble radial velocity is very high at the instant of bubble collapse, whereas that 

at 0.9 atm is very low, which is almost stationary in comparison to that at 1.2 atm.  

Based on Equation (5.7), the fast bubble radial motion at 1.2 atm causes the kinetic 

energy to be quickly converted into thermal energy through liquid viscous dissipation 

and therefore leads to a considerable loss in the acoustic energy.  Figure 5.25 (c) shows 

the bubble interior temperature.  At 0.9atm, the bubble is almost in thermal equilibrium 
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with the surrounding liquid.  On the contrary, at 1.2atm, the bubble interior tempera-

ture reaches as high as 8000K during the instance of the major collapse.  This is be-

cause the bubble collapse happens too quickly that the thermal energy inside the bub-

ble (gained from the work done by the acoustic wave and gas compression) has insuf-

ficient time to escape.  As a result, the bubble collapses almost adiabatically and the 

interior temperature rises drastically.  This causes a high temperature difference be-

tween the bubble interior and the surrounding liquid.  Consequently, after the collapse, 

the extreme heat in the bubble diffuses out into the cool surrounding liquid at a high 

rate and leads to acoustic energy loss.  Since the acoustic pressure near the horn tip is 

much greater than the Blake threshold, the aforementioned dissipation phenomena, 

which intensify with the pressure amplitude, explain the drastic US wave attenuation 

near the horn tip surface (Louisnard 2012a).  Besides, since the acoustic energy is 

dissipated in the form of heat, this also explains the narrow localization of the volu-

metric US power absorption in the vicinity of the horn tip (see Figure 5.22).   

A comparison of the acoustic pressure magnitudes between different US pow-

ers reveals an increase in the US power only leads to an increase in the acoustic pres-

sure in the region very close to the horn tip, but not the overall acoustic pressure in-

tensity in the water sample (see Figure 5.24).  This is because an increase in acoustic 

pressure amplitude also causes more violent cavitation activities and thus higher wave 

attenuation (Louisnard 2012a).  As a result, the overall acoustic pressure intensity in 

the water sample does not increase with the input power, which is in agreement with 

the experiment observation by Campos-Pozuelo et al. (2005).   

       

(a)                                                                 (b) 
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(c) 

Figure 5.23: Acoustic pressure distribution ( )PaP  in the water sample at US powers 

of (a) 13W, (b) 21W and (c) 28W. 

 

Figure 5.24: Acoustic pressure in the water sample along the central axis below the 
horn tip at different US powers. 
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(a) 

 

(b) 

 

(c) 

Figure 5.25: (a) Instantaneous bubble radius, (b) bubble interface radial velocity and 
(c) bubble interior temperature of a cavitation bubble excited by acoustic pressure 
waves at amplitudes of 1.2 atm and 0.9 atm. 
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5.5.4 Heat transfer and fluid flow 

In this section, since the thermal-physical behavior at the medium US power 

(21W) is just between those of the low (13W) and high (28W) US powers, they are 

omitted in the subsequent sections for conciseness.  Figure 5.26 (a) and (b) show the 

temperature distributions and velocity fields in the water sample at 5st =  for 

13WUSP =  and 28WUSP =  respectively.  From the velocity fields at both US powers, 

it can be readily observed that the fluid flow is dominated by the fast acoustic stream-

ing.  The water is drawn towards the horn tip surface and moves downward.  The flow 

then spreads near the base and rises along the sidewall.  The flow velocity is generally 

high in the middle to lower region but is low in the upper region.  As expected, the 

flow speed increases with the US power, since higher US power leads to higher atten-

uation and thus higher acoustic radiation force.  The maximum velocity magnitudes in 

the sample at 13WUSP = and 28WUSP =  are -10 16 ms.  and -10 19 ms. , respectively, 

whereas the average streaming velocity magnitudes are -10 027 ms.  and -10 033 ms. , re-

spectively.  These velocity magnitudes are clearly much higher than that of pure natu-

ral convection during individual MW irradiation (about 10 times).  Besides, the results 

show that the fluid velocity in the tangential direction of the sample is insignificant 

(the magnitude of tangential velocity is only about 4% of that of radial and axial ve-

locities), which indicates that the flow is basically axisymmetric.  This agrees well 

with the experimental measurement by Kumar et al. (2006).   

 

(a)      (b) 

Figure 5.26: Temperature distributions and velocity fields in the water sample at 
5 st =  and at US powers of (a) 13W and (b) 28W. 
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Based on the corresponding temperature distributions at both US powers, it can 

be clearly seen that the temperature uniformity is greatly improved compared to that 

during individual MW irradiation (Figure 5.15 (a)).  The maximum temperature dif-

ference is about 2 9 C. °  at 13WUSP = , and 2 4 C. °  at 28WUSP = , as opposed to 6 4 C. °  

in the case of individual MW irradiation.  This is mainly attributed to the forced con-

vection induced by acoustic streaming, which significantly improves the mixing effi-

ciency.  Besides, the turbulent mixing generated by acoustic cavitation also plays a 

factor.  Figure 5.27 shows the turbulence kinetic energy distributions in the sample.  It 

can be seen that the turbulence kinetic energy in the main cavitation zone, which is 

located near the horn tip, is high.  The turbulence kinetic energy is transported along 

with the fluid flow and thus leads to heat transfer augmentation throughout the sample.  

As expected, the temperature difference is lower at higher US power, since the fluid 

flow is faster and the turbulence effect of cavitation is more intense. 

 

(a)                                                            (b) 

Figure 5.27: Turbulent kinetic energy ( )2 -2m s  in the water sample evaluated on x-z 

plane 2 at a US power of (a) 13W and (b) 28W. 

Although the heat transfer is greatly improved, some degree of temperature 

non-uniformity is still noticeable.  The temperature distributions at both US powers 

(Figure 5.26 (a) and (b)) show that a hotspot appears in the upper left region of the 

sample.  This is caused by the high MW power absorption in that region (see Figure 

5.21 (b)), as well as the MW edge focusing effect at the left upper edge of the sample 

(see Figure 5.20 (d)).  The MW edge effect can be seen clearer in Figure 5.28, which 

shows the surface temperature of the sample.  Since the fluid flow in the upper region 
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is low, the aforementioned factors lead to heat accumulation and thus the formation of 

the hotspot in the upper left region of the sample.  Besides, a hotspot also appears in 

the vicinity of the horn tip surface in both cases.  This is due to the narrow localization 

of US power absorption near the horn tip (see Figure 5.22).  Interestingly, the hotspot 

near the horn tip becomes more dominant at higher US power despite the faster stream-

ing velocity.  This implies that overheating can potentially happen in the region close 

to the horn tip.  Apart from that, the water temperature on the left and right sides of 

the sample is generally higher compared to the front and back sides, due to the higher 

MW energy deposition there (see Figure 5.20 (a)), as well as the inadequate liquid 

mixing in the tangential direction. 

 

(a)                                                                (b) 

Figure 5.28: Surface temperatures ( )C°  at 5 st =  and at US powers of (a) 13W and 

(b) 28W. 

Figure 5.29 (a) and (b) show the temperature distributions and velocity fields 

in the water sample at 29st =  for 13WUSP =  and 28WUSP = , respectively.  At 

29st = , the magnetron has been in OFF cycle for 16s.  It can be seen that, with con-

stant US irradiation, the temperature distributions in the water sample at both input 

powers become essentially homogeneous.  However, the temperature in the region be-

low the horn tip remains high, especially at higher US input power.  The maximum 

temperature difference in the water sample is about 0 95 C. °  for 13WUSP =  and 1 6 C. °  

for 28WUSP = .  This indicates that higher US input power does not necessarily lead 

to a better temperature uniformity during MW OFF cycle, due to the higher US power 

absorption.   
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(a)     (b) 

Figure 5.29: Temperature distributions and velocity fields in the water sample at 
29 st =  and US power of (a) 13W and (b) 28W. 

 Figure 5.30 (a) and (b) show the temperature distributions and velocity fields 

in the water sample at 70st =  for 13WUSP =  and 28WUSP =  respectively.  The tem-

perature distributions and velocity fields for both US powers remain basically un-

changed when compared to those during the initial stage ( 5st = ).  By examining the 

temperature range of the sample, it is interesting to see that despite the long heating 

time, the temperature difference in the water remains similar to that during the initial 

stage.  This is in contrast to the individual MW heating case, where the temperature 

uniformity increases significantly with heating time.  The maximum temperature dif-

ference in the water sample is about 2 5 C. °  for 13WUSP =  and 2 4 C. °  for 28WUSP = , 

which are similar to those obtained during the initial stage of heating ( 5st = ).  This 

indicates that at the current MW and US power levels, the local heat addition and heat 

transfer are almost balanced, thus the temperature uniformity is insensitive to the heat-

ing time. 
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(a)      (b) 

Figure 5.30: Temperature distributions and velocity fields in the water sample at 
70 st =  and at US power of (a) 13W and (b) 28W. 

In order to assess the global temperature uniformity in the water during the 

different stages of heating, the standard deviation of the water temperature at various 

times are evaluated for both US powers.  The results are shown in Figure 5.31.  A 

comparison of the results with that during individual MW heating (Figure 5.16) clearly 

indicates the significant improvement in the water temperature uniformity by the US 

irradiation (about 8 times better at 70st = ).  The results at both US powers show that 

the temperature uniformity deteriorates during the early period of the ON cycles and 

then gradually becomes stabilized.  During the OFF cycles, the temperature uniformity 

improves rapidly and then remains constantly good.  These patterns repeat in each ON-

OFF cycle, and the overall temperature uniformity does not deteriorate with the heat-

ing time, as opposed to that during individual MW irradiation.  By comparing the two 

US powers, it is clear that higher US input power improves the temperature uniformity, 

but only during the ON cycles.  During the OFF cycles, low US power performs better 

due to the lower US power absorption, as discussed earlier.   

Since the temperature uniformity in water during simultaneous MW and US 

irradiation with cyclic heating is insensitive to the heating time, it would be interesting 

to examine the heating performance during continuous heating.  Figure 5.32 shows the 

temperature standard deviation at various times for continuous water heating under 

simultaneous MW and US irradiation.  The results show that even without cyclic heat-

ing, the temperature uniformity remains steadily good and does not deteriorate with 
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heating time.  This implies that under the current operating conditions, cyclic heating 

is not necessary and thus the heating can be carried out continuously to reduce heating 

time. 

 

Figure 5.31: Temperature standard deviation in the water sample at US power of 13W 
and 28W. 

 

Figure 5.32: Temperature standard deviation in the water sample at US power of 13W 
and 28W during continuous MW-US irradiation. 
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5.6 Computational case studies on the effects of operating conditions 

 Three case studies are performed to investigate the effects of lateral placement 

of US horn, submergence depth of US horn, and sample geometry on the water heating 

process during simultaneous MW and US irradiation.  In all cases, the MW input 

power is 300W, whereas the US input power is 28W.  The heating process in each case 

study is conducted continuously (both MW and US) for 30s.  All the results shown in 

this section are evaluated at 30st = . 

5.6.1 Effects of lateral placement of US horn 

Three lateral locations of the US horn placement are studied, namely the center 

of the sample, 1.5cm offset in the negative x-direction (left) from the center, and 1.5 

cm offset in the negative y-direction (front) from the center.  The results for locations 

offset in positive directions (right and back) are found to be similar to the counterparts 

and hence are omitted in this section.  The submergence depth of the horn is kept 

constant at 1.5 cm for all cases. 

Figure 5.33, Figure 5.34, and Figure 5.35 show the temperature and velocity 

fields of the sample when the US horn is placed at the center, left side and front side, 

respectively.   

    

(a)                 (b) 
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(c) 

Figure 5.33: Temperature and velocity fields on (a) x-z plane 2, (b) y-z plane 2 and (c) 
x-y plane 3 when the horn is placed in the center. 

 

 (a)     (b) 

 

(c) 

Figure 5.34: Temperature and velocity fields plotted on (a) x-z plane 2, (b) y-z plane 
2 and (c) x-y plane 3, when the horn is offset 1.5 cm in negative x-direction. 
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(a)                                                          (b) 

 

(c) 

Figure 5.35: Temperature and velocity fields plotted on (a) x-z plane 2, (b) y-z plane 
2 and (c) x-y plane 3 when the horn is offset 1.5 cm in negative y direction. 

In general, each case shows similar patterns in the temperature and velocity 

distributions, in the sense that the high temperature and high velocity are located under 

the horn tip.  Nevertheless, one particular phenomenon is noteworthy.  When the US 

horn is offset from the center position, hotspots appear in the narrow region between 

the horn and the sample wall (see Figure 5.34 (a) & (c) and Figure 5.35 (b) & (c)).  

This is because when the distance between the horn and the wall reduces, the incoming 

MW travels over a shorter distance between each reflection when it is reflected back 

and forth between the horn surface and the sample wall.  Since shorter distance implies 

lower MW attenuation, this causes a higher number of reflections before the MW is 

completely absorbed (see Figure 5.36 for a schematic illustration).  This traps the MW 
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energy within the narrow region and thereby causes the formation of hotspots in the 

narrow region between the horn and the sample wall.  This is evident in Figure 5.37, 

which illustrates the MW power absorption distribution plotted on x-y plane 3.  High 

MW power absorption was found to occur in the narrow region between the horn and 

the sample wall, which clearly does not present when the horn is away from the wall 

at the center of the water sample.  This observation suggests that one should avoid 

placing the horn too close to the wall to prevent the formation of additional hotspots.   

  

(a)      (b) 

Figure 5.36: Schematics of MW propagation and absorption in the region between the 
sample wall and the horn when the horn is located (a) at the center of the sample and 
(b) close to the sample wall. 

 

(a)                                                            (b) 
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(c)  

Figure 5.37: MW power absorption distribution ( )-3Wm  evaluated on x-y plane 3 

when the horn is (a) at the center, (b) offset 1.5 cm in negative x direction and (c) offset 
1.5 cm in negative y direction. 

 As a result of the aforementioned phenomenon, it is found that when the horn 

was placed in the center, this gives lower temperature standard deviation which is 

o0 48 C. , hence better temperature uniformity.  The temperature standard deviations 

are o0 58 C. and o0 60 C. when the horn was placed offset in negative x- and y-direc-

tions respectively.   

5.6.2 Effects of US horn submergence depth 

 US horn submergence depth refers to the perpendicular distance between the 

water surface and the horn tip surface.  Two US horn submergence depths, d , are 

studied, namely 0 005 md .=  (low depth) and 0 04 md .= (high depth).  Other depths 

will be studied subsequently. 

 Figure 5.38 (a) and (b) show the volumetric MW power absorption distribu-

tions in the liquid plotted on x-z plane 2 for low and high depths, respectively.  In low 

depth case, since the disturbance of the MW power distribution by the horn is minimal, 

the majority of the MW power absorption is located in the middle (along the central 

axis) of the sample.  On the contrary, the MW power absorption in the high depth case 
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is more widely distributed (i.e. away from the central axis), as deeper horn submerg-

ence leads to a greater area for MW reflection to take place.  This results in more MW 

heating in the outer region of the sample.   

 

(a)      (b) 

Figure 5.38: MW power absorption distributions ( )-3Wm  in the sample evaluated on 

x-z plane 2 for (a) 0 005 md .= and (b) 0 04 md .= . 

Figure 5.39 (a) and (b) show the temperature and velocity fields plotted on x-z 

plane 2 for low and high depths respectively.  Based on the velocity fields, it can be 

seen that the overall liquid is slower when the horn submergence is deep.  The maxi-

mum liquid axial velocity magnitudes below the horn tip are -10 1 ms.  and -10 17 ms.  

for high and low depths, respectively.  This is owing to the short distance between the 

horn tip surface and the base of the sample, since shorter distance leads to shorter 

acceleration time.  Besides, the shorter distance also causes the reaction force at the 

sample base to have a greater counter effect on the flow.  Hence the liquid axial veloc-

ity reduces when the horn is placed closer to the base of the sample.  This observation 

is in agreement with the experimental results of Mandroyan et al. (2009), which 

showed that the liquid axial velocity magnitude reduces when an electrode (i.e. an 

obstacle) was placed in front of an US transducer.   
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(a)      (b) 

Figure 5.39: Temperature distribution and velocity fields in the sample plotted on x-z 
plane 2 for (a) low depth case and (b) high depth case. 

From the corresponding temperature distributions, the global temperature uni-

formity in the high depth case is much worse than that of the low depth case, with a 

temperature difference of about 5 5 C. °  as opposed to about 1 5 C. °  in the low depth 

case.  In the high depth case, it can be seen that water with high temperatures accumu-

lates in the upper left region of the sample, which does not occur in the low depth case.  

This is due to the low velocity magnitude in the high depth case mentioned earlier, as 

well as the flow obstruction by the deep submergence of the US horn, which hinders 

the global liquid circulation in the sample (i.e. the flow speed is fast in the lower region 

but slow in the middle to upper region due to the obstruction).  Consequently, hot water 

tends to accumulate in the upper region under the effect of natural convection and leads 

to high temperature difference.  Another reason for the accumulation of hot water lies 

in the difference in the MW power distributions (see Figure 5.38 (a) and (b)).  In the 

low depth case, the MW power is mainly distributed near the central axis where the 

flow velocity is fast, whereas in the high depth case, the MW power is mainly distrib-

uted away from the central axis where the flow velocity is slow.  The condition in the 

latter case undoubtedly leads to a less effective heat transfer scenario and thus contrib-

uted to the formation of hot water accumulation in the upper region.  This, on the side 

note, indicates that the placement of US horn should depend on the location of high 

MW power absorption in order to make the heat transfer process more efficient. 

Nevertheless, in Figure 5.39 (b), one might wonder why the hotspot/heat accu-

mulation in the high depth case only occurs in the upper left region but not in the upper 
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right region, since the overall MW power absorption on both the left and right sides is 

similar (see Figure 5.38 (b)).  This could be explained as follows.  Firstly, the MW 

edge effect is less severe at the upper right edge (which can be inferred from Figure 

5.20 (d)).  Secondly, in the high depth case, the overall gravity center of the MW power 

absorption in the left region is located at a higher position compared to that in the right 

region (see Figure 5.38 (b)).  This hinders the water circulation and thus causes the 

accumulation of heat energy in the upper left region.  On the contrary, in the right 

region of the sample, as the overall gravity center of the MW power absorption is at a 

lower position, this encourages natural convection and hence prevents the accumula-

tion of heat energy.  This phenomenon is clearly portrayed in Figure 5.40, which de-

picts the velocity magnitude distribution and velocity field in the sample in the high 

depth case.  It can be seen that the liquid circulation only spans about half the sample 

height in the left region of the sample, whereas the liquid circulation spans almost the 

full height in the right region of the sample.  As a result of these factors, the heat 

accumulation only occurs in the upper left region of the sample in the high depth case. 

 

Figure 5.40: Liquid velocity magnitude and velocity fields in the sample plotted on x-
z plane 2 for the high depth case. 

In order to see the overall trend when the horn submergence depth is varied, 

the average velocity magnitudes and temperature standard deviations of the water sam-

ple at various horn submergence depths are evaluated and shown in Figure 5.41.  It 

can be seen that the average liquid velocity magnitude generally shows a decreasing 

trend when the submergence depth increases due to the reasons analyzed earlier, ex-

cept in when the depth is very shallow ( 0 005m 0 015md . .= − ).  On the other hand, the 
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temperature uniformity becomes poorer when the horn depth increases, as a direct con-

sequence of the decreasing liquid circulation.  Nevertheless, it is interesting to see that 

despite the higher average velocity magnitude at 0 015 md .=  compared to that at 

0 005 md .= , the temperature uniformity in the former case is poorer.  This is due to 

the more severe flow obstruction by the horn at 0 015 md .= , which results in the more 

severe liquid stagnation and thus heat accumulation in the upper region of the sample, 

as can be seen in the temperature and velocity fields of the respective cases (Figure 

5.33 (a) for 0 015 md .= , and Figure 5.39 (a) for 0 005 md .= ).  Consequently, this 

overhauls the positive effect of the faster average velocity magnitude and thus leads to 

the poorer overall temperature uniformity at 0 015 md .= . 

In short, this study shows that in order to obtain a more homogeneous temper-

ature distribution, one should reduce the submergence depth of the US horn in the 

liquid sample. 

 

Figure 5.41: Temperature standard deviation and average velocity in the sample at 
different submergence depth of US horn. 
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5.6.3 Effects of sample geometry 

 Three common sample geometries are studied and compared, namely cylindri-

cal, cubic, and spherical cap geometries.  These geometries have the same volume, 

which is 175ml.  The dimension of the cylinder geometry is the same as that in the 

previous studies.  For the cubic sample, the dimension of each edge is 0.056m, while 

for the spherical cap sample, the dimension is 0.0367m in radius and 0.055m in height.  

The submergence depth of the horn is kept the same at 1.5 cm for all cases.   

 Figure 5.42 (a) – (c) show the MW power absorption in all cases.  As a result 

of the MW refraction at the curved wall, the MW power is focused to a line near the 

axial axis of the cylindrical sample, whereas the MW power is focused to a point near 

the center of curvature of the sphere cap.  Quite the contrary, the MW power absorption 

in the cubic geometry is mainly focused at the edges of the sample rather than in the 

interior of the sample due to the lack of curved surface.  A comparison of the MW 

power absorption magnitudes of all cases reveals that the MW focusing effect is 

strongest in the spherical shape as it is capable of converging MW in all directions to 

a point.  It is then followed by cylindrical and cubic geometries. 

 

(a)      (b) 
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(c) 

Figure 5.42: MW power absorption distributions ( )-3 -1Wm s  in (a) cylindrical, (b) 

spherical cap and (c) cubic samples geometries. 

 Figure 5.43 (a) – (f) show the surface temperature distributions, interior tem-

perature distributions, and velocity fields for all cases.  In the cylindrical sample, 

hotspots are mainly found near the US horn and in the upper left region of the sample, 

whereas in the spherical cap sample, other than the hotspot at the horn tip, there is no 

other major hotspot.  In the cubic sample, hotspots are mainly located at the edges of 

the cubic sample.  From the velocity fields, it is interesting to see that, in contrast to 

the monotonous axisymmetric circulation flow pattern in the cylindrical and spherical 

cap samples, the velocity field in the cubic sample presents a more complex flow.  To 

better visualize the flow pattern, the velocity streamlines of the cubic geometry case 

are evaluated and shown in Figure 5.44 (the pattern repeats every quarter, so only a 

quarter is shown for clarity).  The streamlines show that a large vortex is formed on 

the diagonal plane of the sample, and there are two perpendicular smaller vortices on 

either side of the large vortex.  The rotation axis of the smaller vortices in the lower 

region is parallel to the sample wall, whereas those in the upper region is perpendicular 

to the sample wall.  This creates a more complex mixing effect and leads to the unique 

temperature distribution shown in Figure 5.43 (e).  In terms of velocity magnitude, the 

spherical cap sample has the highest overall velocity which is 10 039 ms. − , as it has a 

large round surface which encourages liquid circulation.  This is followed by cylindri-

cal ( 10 035 ms. − ) and cubic geometries ( 10 032 ms. − ). 
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(a)                                                                        (b) 

 

(c)                                                                        (d) 

 

(e)                                                                        (f) 

Figure 5.43: (a) Surface temperature in cylindrical sample, (b) interior temperature and 
velocity field in cylindrical sample, (c) Surface temperature in spherical cap sample, 
(d) interior temperature and velocity fields in spherical cap sample, (e) Surface tem-
perature in cubic sample, (f) interior temperature and velocity fields in cubic sample. 
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Figure 5.44: Velocity streamlines in cubic sample (only the streamline in a quarter of 
the sample is shown for clarity). 

 The temperature standard deviation in cylindrical, spherical cap, and cubic ge-

ometries are 0 49 c. ° , 0 32 c. ° and 0 43 c. °  respectively.  This indicates that, with US 

horn position at the center of the sample, the spherical cap geometry gives the best 

temperature uniformity.  This is because the spherical cap geometry converges most 

of the MW energy to the location directly below the horn tip surface (see Figure 5.42 

(b)).  Since the fluid flow is strongest below the horn tip, this leads to efficient heat 

transfer and hence better temperature uniformity.  Besides, the faster overall liquid 

velocity in spherical cap geometry also contributes to the good temperature uniformity.  

The cubic geometry gives better temperature uniformity compared to the cylindrical 

geometry, despite the facts that the horn is located away from the location with high 

MW power absorption and the overall liquid velocity is lower.  This is due to three 

factors.  Firstly, the MW focusing effect in the cubic geometry case is weaker than that 

in the cylindrical case (see Figure 5.42), which leads to less intense local heating.  Sec-

ondly, the liquid velocity magnitude is high at the vertical edges of the sample, as can 

be seen in Figure 5.45 (indicated by the four bright spots at the corners).  Since the 

MW focusing effect is also located at the edges (see Figure 5.42 (c)), the fast liquid 

velocity at the edges quickly convects the heat away and prevents heat accumulation.  

Thirdly, it is due to the complex, multi-directional fluid flow pattern in the cubic sam-

ple, which results in additional mixing effects.   
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Figure 5.45: Liquid velocity magnitude in cubic sample evaluated on an x-y plane at 
half the height of the sample. The four bright spots at the corners indicate fast fluid 
flow at the corners. 

5.7 Closure 

 In this work, a model that describes liquid heating under simultaneous MW 

and US irradiation was formulated.  The model solves Maxwell’s equations, non-linear 

Helmholtz equations, Keller-Miksis equation, heat transfer and momentum conserva-

tion equations.  The model was validated against experimental data using a modified 

MW oven and a lab-scale ultrasonic liquid processor, as well as experimental data 

from the literature.  It was demonstrated the significance of the non-linear acoustic 

model in producing a realistic acoustic streaming field.  Using the developed numerical 

model, water heating under individual MW irradiation was studied, and then followed 

by water heating under simultaneous MW-US irradiation.  The water sample shape is 

cylindrical.  In the former study, the simulation results indicate that: 

1. The water temperature distribution is highly non-uniform during individual 

MW irradiation. 

2. The water temperature in the upper region becomes progressively higher as the 

heating process continues, while the water temperature in the lower region re-

mains cool. 

3. The natural convection in water becomes weaker as heating continues, and the 

water temperature uniformity deteriorates significantly with heating time. 
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4. Cyclic MW irradiation helps to improve the temperature uniformity in water, 

but the effect is minimal. 

In the latter study, the simulation results show that 

1. The submergence of US horn in the water affects the MW heating pattern. 

2. The local US power absorption in the water is significantly higher than the 

local MW power absorption, despite the US input power being much lower 

than that of MW.  This may cause local overheating. 

3. Acoustic streaming and cavitation induced by US greatly enhance the temper-

ature uniformity in the water. 

4. Fluid flow in the water is dominated by fast acoustic streaming.  However, the 

liquid velocity is low in the upper region. 

5. Hotspots in the water are mainly located near the US horn tip surface and in 

the upper region of the water sample.   

6. Higher US input power results in faster liquid flow, and thus better temperature 

uniformity. 

7. In the current simulation study, the water temperature uniformity is essentially 

insensitive to heating time, under both cyclic and continuous MW irradiation 

conditions. 

Several case studies were also performed to examine the effects of lateral 

placement of US horn, US horn submergence depth, and sample geometry on the water 

heating process under simultaneous MW-US irradiation.  The simulation results show 

that: 

1. For the cylindrical water sample, the central placement of the US horn gives 

the best temperature uniformity compared to offset placements. 

2. Placing the US horn close to the sample wall can potentially lead to the for-

mation of hotspots. 

3. High US horn submergence depth reduces the streaming velocity and obstructs 

the liquid circulation, thus results in poorer temperature uniformity. 

4. The fluid flow patterns in cylindrical and spherical cap water samples are ax-

isymmetric, whereas the cubic water sample results in a complex and multi-

directional flow pattern. 
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5. With the central placement of the US horn, spherical cap geometry gives the 

best temperature uniformity, followed by cubic and cylindrical geometries. 

The model developed in this study could be a useful tool to understand liquid heating 

phenomena under simultaneous MW and US irradiation.  Thus, this model could be 

helpful in the design and optimization of MW-US systems.  In the next chapter, com-

putational studies of liquid boiling under MW irradiation will be presented. 

  



261 
 

CHAPTER 6  

 

 

 

COMPUTATIONAL MODELLING OF HEATING AND BOILING  

PHENOMENA IN SINGLE-COMPONENT LIQUID UNDER MICROWAVE 

IRRADIATION 

This chapter describes the work conducted to achieve Objective 3.  The moti-

vation for achieving Objective 3 is briefly recalled as follows.  From the literature 

survey, most of the computation studies on MW liquid heating reported in the literature 

were conducted at near ambient conditions or temperatures well-below the liquid sat-

uration temperature, including the study presented in the previous chapter (Chapter 5).  

Besides, there has been no computational study on MW liquid boiling. The fundamen-

tal understanding of MW liquid heating and boiling at high temperatures is important 

in the design and improvement of MW-assisted processes, such as MW-assisted ex-

traction, organic synthesis, and reactive distillation, as these processes are typically 

conducted at high temperatures or boiling/reflux conditions for optimum efficiency.  

Therefore, the goals of this work are to: 

1) Develop a two-stage multiphysics model that describes MW heating and 

boiling phenomena in single-component liquid.  This model comprises of 

two successive models, namely Model 1 and Model 2.  Model 1 describes 

MW liquid heating and boiling process with the liquid flow remains as a 

pure single-phase liquid flow, whereas Model 2 describes MW liquid boil-

ing process with the fluid flow behaves as a vapor-liquid two-phase flow. 

More details on the roles of Model 1 and 2 will be given in Section 6.3. 

2) Validate the model experimentally. 
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3) Investigate the physics associated with MW heating of water from the am-

bient temperature to boiling condition. 

The liquid vessel (flask) used in this study is a round-bottom flask, for two 

reasons. Firstly, it was found in the previous study (Chapter 5) that spherical cap ge-

ometry leads to better temperature uniformity during simultaneous MW-US irradiation. 

Secondly, it is intended to collect vapor during the experiment for model validation, 

so a round-bottom flask (with necks) is convenient for this purpose. 

The work presented in this chapter has been published in the following journal: 

• Lee, G. L., M. C. Law, and VC-C. Lee. "Numerical modelling of liquid heating 

and boiling phenomena under microwave irradiation using OpenFOAM." In-

ternational Journal of Heat and Mass Transfer 148 (2020): 119096. (Impact 

factor: 4.947) 

6.1 Experimental setup and methods 

 Two experiments were conducted for model development and validation, 

namely (1) MW water heating, and (2) MW water heating and boiling.  Although it 

was possible to combine both experiments (since Experiment 1 was a part of Experi-

ment 2), this was not done in this work.  The rationale behind this will be explained 

shortly.  These experiments were carried out using a multi-mode MW oven (Samsung 

ME711K).  It should be noted that this MW oven was a different unit from that used 

in the previous study (Chapter 5).  Figure 6.1 (a) and (b) show the overviews of the 

experimental setup for Experiment 1 and 2, respectively.   
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(a) 

 

(b) 

Figure 6.1: Overview of (a) MW water heating experiment (Experiment 1) and (b) 
MW water heating and boiling experiment (Experiment 2). 

In Experiment 1, a three-neck round-bottom flask filled with 200 1ml±  of dis-

tilled water was placed at the center of the MW cavity.  The water sample was heated 

at a MW power of 300W (at 2.45 GHz) until the water temperature reaches its satura-

tion temperature.  At this power, the magnetron was automatically turned on and off 



264 
 

at a constant interval of 29.5s  (11s ON period followed by 18.5s OFF period).  During 

the heating process, two fiber optic thermometer probes (Luxtron FOT Lab Kit) were 

positioned inside the water sample for local water temperature measurement.  The po-

sition of each temperature measuring point (P1 & P2) is illustrated in Figure 6.2.  The 

local temperature histories obtained from this experiment would be used to validate 

the performance of Model 1 in simulating MW water heating. 

 

Figure 6.2: Schematic of internal temperature measuring points (P1 & P2) in Experi-
ment 1 and external temperature measuring points (P3 & P4) in Experiment 2. P1 is 
located at 0.15 mx = , 0.135 my = , 0.14 mz = , P2 is located at 0.16 mx = , 

0.1 my = , 0.145 mz = ,  P3 is located at 0.16 mx = , 0.135 my = , 0.185 mz = , and 

P4 is located at 0.16 mx = , 0.095 my = , 0.145 mz = . The reference point (origin) 

is shown in Figure 6.5. 

In Experiment 2, the same flask filled with the same amount of distilled water 

was placed in the same position in the MW cavity.  A small amount of soda-lime glass 

anti-bumping granules (about 30 pieces, about 2-3mm in diameter each) was added to 

the water to promote nucleate boiling and thus to prevent dangerous flash boiling.  The 

central neck of the flask was coupled to a condenser to collect the vapor, whereas the 

side necks of the flask were sealed.  The water was heated at a MW power of 300W 

from room temperature until it boiled for 10 mins.  The volume of the distillate con-

densed during the boiling process was measured using a 10ml  measuring cylinder.  
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Unlike in Experiment 1, the internal local water temperature was not measured in this 

experiment.  This was because the submergence of the fiber optic cables in water will 

introduce surfaces with micro-cracks at the cable-water interface, which will cause 

unintended bubble nucleation (i.e. boiling) to occur at the fiber optic cables and probes 

(Chemat and Esveld 2001, Yeong et al. 2019).  Since this phenomenon is not ac-

counted for in the modelling, it should be avoided in the experiment for consistency.  

Besides, the boiling at the fiber optic thermometer cables and probes will lead to un-

reliable temperature measurement due to evaporation cooling.  Thus, these were the 

major reasons why the MW heating experiment (i.e. Experiment 1), in which the in-

ternal local temperature measurement was done, was conducted separately.  In order 

to gain temperature information, the temperature of the flask external surface was 

measured instead, by attaching the fiber optic probes at the flask external surface.  The 

temperature measuring points on the flask external surface (P3 & P4) are illustrated in 

Figure 6.2.  The external temperature histories and volume history of the distillate 

would be used to validate the performance of both Model 1 and 2 in the simulation of 

MW liquid heating and boiling. It should be noted that Model 1 is able to simulate 

boiling as well, as boiling under MW irradiation may take place without vapor bubbles, 

as will be shown later in Section 6.12.1. 

6.2 Modelling assumptions 

 The assumptions made to simplify the models are as follows: 

1) The air, vapor, flask, and anti-bumping granules are transparent to MW. 

2) Phase change is assumed negligible when the liquid temperature is below the 

saturation temperature (Ratanadecho et al. 2002). 

3) The flow is assumed laminar when there is no dispersed vapor bubble in the 

liquid (Ratanadecho et al. 2002).  Otherwise, it is assumed turbulent. 

4) The anti-bumping granules are not physically modelled, but its bubble nuclea-

tion effect is accounted for in the computational cells adjacent to the anti-

bumping granule surface (see later in Figure 6.10).   

5) The vapor phase remains at the saturation temperature (Son et al. 1999). 
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6) The vapor bubbles remain approximately spherical (Yeoh and Tu 2006, 

Krepper et al. 2013). 

7) Vapor bubbles are generated only at the anti-boiling granule surface.  It is as-

sumed that no bubble is generated at the flask wall, as the wall temperature is 

lower than the bulk liquid during MW irradiation (Chemat and Esveld 2001).  

This will be justified in this study. 

8) Condensation in the sample is assumed negligible. 

6.3 Overview of the model and contributions to the model development  

In this work, the study of MW water heating and boiling process is divided into 

two stages, namely ‘MW heating stage’ and ‘MW boiling stage’.  ‘MW heating stage’ 

refers to the MW heating of water from the ambient temperature until the maximum 

water temperature reaches the saturation temperature, whereas ‘MW boiling stage’ re-

fers to the subsequent stage after the ‘MW heating stage’.  A two-stage model, which 

comprises of Model 1 and Model 2, is developed in OpenFOAM to describe MW water 

heating and boiling process.  The computational simulation is performed by executing 

Model 1 and 2 successively.  The simulation of MW liquid heating and boiling process 

before the inception of vapor bubble nucleation at the anti-bumping granules (where 

the liquid flow remains as pure single-phase flow) is handled by Model 1, whereas that 

after the inception of vapor bubble formation (where the fluid flow becomes gas-liquid 

two-phase flow) is handled by Model 2, which uses the final solutions of Model 1 as 

the initial conditions.  The relationships between the different study stages and models 

are illustrated in Figure 6.3. 

 

Figure 6.3: Relationship between different study stages and models. 
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 MW water heating and boiling process involves the following physics: (1) elec-

tromagnetic wave propagation, (2) single-phase liquid flow/two-phase vapor-liquid 

flow, and (3) heat and mass transfer.  Overviews of Model 1 and Model 2 are illustrated 

in Figure 6.4 (a) and (b) respectively. 

 

(a) 
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(b) 

Figure 6.4: Overviews of (a) Model 1, and (b) Model 2.  Elements with red border are 
new additions to the buoyantPimpleFoam and twoPhaseEulerFoam. 

Model 1 is developed based on the compressible thermal-fluid solver buoy-

antPimpleFoam, whereas Model 2 is developed based on the compressible two-phase 

flow solver twoPhaseEulerFoam, both available in OpenFOAM v1712 (window ver-

sion).  Model 2 is also an extension of the model presented in Chapter 4.  The elements 

with a red border in Figure 6.4 are the new additions to the solvers.  The major contri-

butions to the model development are: 

1) Formulation of a novel framework for the simulation of MW heating and 

boiling of single-component fluid (water). 
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2) Extension of the capability of the aforementioned solvers to simulate MW 

propagation and heating. 

6.4 Modelling of single-phase MW liquid heating and boiling (Model 1) 

6.4.1 Computational domain 

 The computational domain for Model 1 is shown in Figure 6.5.  The MW cavity 

has a dimension (L x W x H) of 3330 309 211 mm× × , and the dimension of the rec-

tangular waveguide (L x W x H) is 350 109.22 54.61 mm× × .  The water in the round-

bottom flask has a spherical cap geometry.  The center of the flask is located at 

160 mmx = , 135 mmy =  and 145 mmz =  from the origin.  The diameter of the 

spherical cap sample is 80mm .  The initial static water level in the sample is 55mm.   

 

Figure 6.5: Computational domain of Model 1. 

 In order to facilitate numerical result analysis, the numerical results would be 

evaluated on three two-dimensional planes defined in the water sample.  These planes 

are respectively located at 0.16mx = (named as y-z plane), 0.145mz =  (named as x-

y plane) and 0.135my =  (named as x-z plane), as shown in Figure 6.6. 
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Figure 6.6: x-y plane, y-z plane and x-z plane defined in the water sample. 

6.4.2 Electromagnetic wave propagation modelling (Physic 1) 

Governing equations 

 MW is a type of electromagnetic wave.  Thus, its propagation is governed by 

Maxwell’s equations, which are given, in time domain, as follows (Ratanadecho et al. 

2002): 

t

∂∇ × = −
∂
B

E    (6.1) 

t

∂∇ × =
∂
D

H J +    (6.2) 

0∇⋅ =D    (6.3) 

0∇⋅ =B    (6.4) 

where E  is the electric field [ V m ], B  is the magnetic flux density [ T ], H  is the 

magnetic field [ -1Am ], J  is the current density [ -2Am ], and D  is the electric flux den-

sity [ -2Cm ].  In order to achieve closure, the following constitutive relations are re-

quired (Ratanadecho et al. 2002):  

µ=B H    (6.5) 
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σ=J E    (6.6) 

ε=D E    (6.7) 

where µ , σ  and ε  are the permeability [ -1Hm ], electric conductivity [ -1Sm ], and 

permittivity [ -1Fm ] of the medium respectively.  The ε  and µ  are commonly ex-

pressed as 0rε ε ε=  and 0rµ µ µ=  respectively, where 0ε  and 0µ  are the permittivity 

and permeability of the free space, and rε  and rµ  are the relative permittivity and per-

meability of the medium.  The rε  and rµ  essentially describe the ability of a medium 

to store electrical and magnetic energy respectively.  The σ , on the other hand, dic-

tates the lossiness of the medium, since higher electric conductivity leads to higher 

current density and thus higher Ohmic loss.  It can be expressed as follows: 

02 tanrfσ π ε ε δ=    (6.8) 

where f  is the frequency of the electromagnetic wave [ Hz ], and tanδ  is the loss tan-

gent of the medium, which is a measure of the ability of a medium to convert electrical 

energy into thermal energy.  The lossiness of a medium can also be characterized by 

penetration depth pd  [ m ], which is defined as the depth from a medium surface where 

the magnitude of the electric field intensity in the medium decays to 1
e

−  of that at the 

medium surface (Law et al. 2016).  It is written as: 

( )
0

22 2 1 tan 1
p

r

c
d

fπ ε δ
=

+ −
   (6.9) 

where 0c  is the speed of light in the free space.  The lossier the medium is, the shorter 

the penetration depth. 

MW power absorption 

According to Poynting theorem, the MW power absorption in the medium, 

MWQ  [ -3Wm ], can be computed from the root mean squared electric field intensity as 

follows (Zhang et al. 2000): 

2

02 tanMW

r rmsQ fπ ε ε δ= E    (6.10) 
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MW excitation 

To introduce MW into the MW cavity, the waveguide is excited by a transverse 

electric ( 10TE  mode) MW source on a cross-sectional plane near the waveguide port 

(see Section 6.6.5 for more details).  The excitation fields are (Ratanadecho et al. 2002): 

( )WG
0

WG

sin sin 2y

z
E E ft

W

π π
 

=  
 

   (6.11) 

y

z

E
H

Z
=    (6.12) 

where yE  is the y-component of electric field, zH  is the z-component of magnetic 

field, 0E  is the electric field amplitude, WGW  the width of the waveguide [ m ], WGz  is 

the position along the WGW  [ m ], and Z  is the wave impedance in the waveguide [ Ω ].  

0E  can be computed using Poynting theorem (Ratanadecho et al. 2002): 

2WG
0MW

A
P E

Z
=    (6.13) 

where MWP  is the MW power [ W ] and WGA  is the cross-sectional area of the wave-

guide [ 2m ].  For a rectangular waveguide excited in TE mode, Z  can be calculated 

using the following expression (Pozar 2009): 

0

2

1 c

Z
Z

f

f

=
 −  
 

 (6.14) 

where 0Z  is the impedance of free space, cf  is the cut-off frequency of the waveguide 

[ Hz ], which can be calculated using the following expression (Pozar 2009): 

2 2

0

WG WG2c

c m n
f

W H

   
= +   

   
   (6.15) 

where m  and n  are modes (1 and 0 respectively for 10TE  mode), and WGH  is the 

height of the waveguide cross-section [ m ]. 
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6.4.3 Single-phase fluid flow and heat transfer modelling (Physic 2 and 3) 

 Since the liquid temperature range considered in this study is wide, the 

Boussenesq approximation technique used in the previous studies (Chapter 4 and 5) 

for the modelling of liquid natural convection is no longer accurate.  Therefore, the 

fluid flow in the distilled water is modelled by solving single-phase compressible Na-

vier – Stokes equations (for liquid phase l ): 

( ) 0l
l l

t

ρ ρ∂ + ∇ ⋅ =
∂

U    (6.16) 

( ) ( ) ( )( )Tl l

l l l l l l rgh lp
t

ρ
ρ µ ρ

∂  + ∇ ⋅ − ∇ ⋅ ∇ + ∇ = −∇ − ⋅ ∇  ∂
U

U U U U g x   (6.17) 

where rghp  is the modified pressure [ Pa ], x  is the position vector [ m ], and the rest of 

the symbols carry their usual meanings.  The rghp  is obtained by removing hydrostatic 

pressure from the total pressure p  [ Pa ], i.e.  

rgh lp p ρ= − ⋅g x     (6.18) 

It should be noted that in Equation (6.17), the original pressure gradient and gravity 

terms have been replaced by the terms on the RHS due to the pressure modification.  

A derivation is given in Appendix A11.  The purposes of the pressure modification are 

to improve numerical stability, to avoid the occurrence of spurious current when the 

mesh is non-orthogonal, and to simplify the definition of boundary conditions 

(Márquez Damián 2013).   

 The heat transfer in the liquid is described by the total energy equation: 

( ) ( )( )
,

l l l FS MWl
l l l l l l l

p l

h dp
h h Q Q

t dt c

ρ κ λκ ρ
 ∂ +

+ ∇ ⋅ + − = ∇ ⋅ ∇ + ⋅ + +  ∂  
U U g   (6.19) 

where lh  and lκ  are the liquid enthalpy [ 1Jkg− ] and kinetic energy [ 1Jkg− ], 
2

2
l

lκ =
U

, 

respectively.   The liquid temperature lT  [ K ] can be computed from lh  by solving the 

following expression: 
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( )
ref

,

lT

p l l l l
T

c T dT h=∫    (6.20) 

where ( ),p l lc T  is the temperature-dependent specific heat capacity of liquid and refT  

is the reference temperature (e.g. 298K).  The FS

lQ  is the volumetric heat source 

[ -3Wm ] due to evaporation at the free surface. 

6.4.4 Modelling of evaporation cooling at free surface (Physic 3) 

 When the water sample is purely single-phase, evaporation can only take place 

at the free surface.  The evaporation at the free surface is modelled using Tanasawa’s 

phase change model (Tanasawa 1991), which is a simplified model of the well-known 

Hertz-Knudsen model (i.e. Equation (4.35)).  This model is a good approximation to 

the original for most phase change process, except at micro- or nanoscales (Kharangate 

and Mudawar 2017).  This simplified model requires less input compared to the orig-

inal model, which helps to reduce uncertainties.  According to this model, the mass 

flux (from liquid to vapor) at the free surface FSm  [ -2 -1kgm s ] can be expressed as: 

( )fg sat

3 2
sat

2

2 2
g lFS e

e

h T TM
m

R T

ρσ
σ π

−
=

−
(6.21) 

where eσ  is the evaporation accommodation coefficient, M is the molar mass 

[ -1kgmol ], R  is the gas constant [ -1 -1Jmol K ], gρ  is the vapor density [ -3kgm ], fgh  is 

the specific latent heat of vaporization [ -1Jkg ] and, satT  is the saturation temperature 

[ K ].  The eσ  and is taken as 0.03 (Paul 1962, Marek and Straub 2001, Carey 1992).  

The evaporation heat flux at the free surface can be expressed as: 

fg
FS FS

q m h= −     (6.22) 

This heat flux is implemented as a source term in the heat transport equation rather 

than as a boundary condition at the free surface to avoid the evaluation of meaningless 

temperature at the free surface boundary.  The source can be expressed as: 
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FS FS FS

l NQ q a=    (6.23) 

where FS

Na  is the numerical interphase area density at the free surface [ -1m ].  FS

lQ  is 

only implemented in the cells adjacent to the free surface boundary.  In this model 

(Model 1), the liquid mass reduction by evaporation is neglected due to the large latent 

heat of vaporization of water.  Thus, only the evaporative heat source (Equation (6.23)) 

is considered.  Since the evaporation when the liquid temperature is below the satura-

tion temperature is negligible, Equation (6.23) is active (on a cell-by-cell basis) only 

when the liquid temperature at the free surface reaches the saturation temperature. 

6.4.5 Boundary and initial conditions 

Maxwell’s equations 

 At the metallic walls of the MW cavity, perfect electric conductivity boundary 

conditions are imposed (Ratanadecho et al. 2002): 

0B× =E n   and  0B⋅ =H n   (6.24) 

where Bn  is the unit vector normal to the boundary.  At the interface boundary be-

tween two media, 1 and 2 (e.g. fluid sample and air), continuity boundary conditions 

are imposed (Ratanadecho et al. 2002): 

1 2B B× = ×E n E n  , 1 2B B× = ×H n H n , 1 2B B⋅ = ⋅D n D n , and 1 2B B⋅ = ⋅B n B n  (6.25) 

 As for the initial conditions, 0=E  and 0=H . 

Transport equations 

The boundaries of the liquid domain are illustrated in Figure 6.7.  The boundary 

initial conditions of the transported quantities are summarized in Table 6.1.  In Table 

6.1, the convection and radiation cooling boundary condition at the wall is imple-

mented by first solving Equation (6.26) for the flask external wall temperature FT  [ K ], 

and then calculate the resultant heat flux using Equation (6.27): 
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( ) ( ) ( ), 4 4 0F F l B

c F F T F

F

T T
H T T T T

d

λ
γ σ∞ ∞

−
+ − + − =   (6.26) 

( ) ( ),F F l S

B l l

F

T T
T

d

λ
λ

−
⋅ ∇ =n    (6.27) 

Here, Fλ  is the thermal conductivity of the flask wall [ W K.m ], l ,BT  is the liquid tem-

perature at the wall boundary [ K ], Fd  is the thickness of the flask wall [ m ], T∞  is the 

ambient temperature [ K ], Fγ  is the emissivity of the flask wall , and Tσ  is Stefan-

Boltzmann constant [ -2 -4Wm K ].  As for the convection and radiation cooling boundary 

condition at the free surface, the equation is: 

( ) ( ) ( )4 4
, ,B l l c l B l T l BT H T T T Tλ γ σ∞ ∞− ⋅ ∇ = − + −n  (6.28) 

where lγ  is the emissivity of the liquid.  Here, the convection heat transfer coefficient 

cH  is assumed to be ( )210 W m .K (Pitchai et al. 2012).  The fixedfluxGradient bound-

ary condition for pressure field in Table 6.1 adjusts the pressure gradient at the bound-

ary such that the velocity fluxes of both phases at the boundary are that specified by 

the velocity boundary conditions.  The numerical formulation of this boundary condi-

tion will be given later in Section 6.7.2. 

 

Figure 6.7: Boundaries of Model 1. 

Anti-bumping 
granule surface

Water

Free surface

Wall
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Table 6.1: Boundary and initial conditions of Model 1 

Variables 
Wall and anti-bumping 

granule surface 
Free surface 

Initial condi-

tions 

lU  No-slip Slip -10ms  

lT  
Convection and radiation 

cooling 

Convection and radia-

tion cooling 
296K  

rghp  fixedfluxGradient fixedfluxGradient 
51 10 Parghp = ×  

 

6.5 Modelling of two-phase MW liquid boiling (Model 2) 

6.5.1 Computational domain 

 The computational domain for Model 2 is the same as Model 1, except that the 

spherical cap fluid domain is replaced with a spherical fluid domain, as shown in Fig-

ure 6.8.  This is to account for the freeboard region (i.e. the region above the liquid 

free surface) during the boiling simulation to ensure mass conservation (Rusche 2003). 

 

Figure 6.8: Computational domain of Model 2. 
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6.5.2 Modelling of electromagnetic wave propagation (Physic 1) 

 The modelling of electromagnetic wave in Model 2 is the same as Model 1, 

which is by solving Maxwell’s equations (Equation (6.1) - (6.4)).  In order to account 

for the change in liquid dielectric properties due to the presence of vapor bubbles dur-

ing boiling, the dielectric properties mixing rule proposed by Looyenga (1965) is used.  

According to this mixing rule, the mixture relative dielectric constant and conductivity 

of the vapor-liquid mixture can be respectively expressed as: 

( ) 3
1 3 1 3 1 3
, , ,r r g r l g r lε ε ε α ε = − +     (6.29) 

( ) 3
1 3 1 3 1 3
g l g lσ σ σ α σ = − +    (6.30) 

where the subscript l  and g  refer to liquid and vapor respectively, and gα  denotes 

the vapor phase fraction. 

6.5.3 Vapor-liquid flow modelling (Physic 2) 

 When vapor bubble nucleation occurs at the anti-bumping granules during 

boiling, the process switches from a single-phase flow problem to a two-phase vapor-

liquid flow problem.  As it is intended to simulate a complete boiling process, the 

vapor-liquid flow during boiling is modelled macroscopically based on Two-fluid ap-

proach.  Since a freeboard region is included in the domain, numerical treatment is 

necessary to avoid equation singularities.  In the previous study (Chapter 4), this issue 

was handled by solving “Phase-intensive” or non-conservative conservation equations.  

However, it was found that this approach yields less than satisfactory energy conser-

vation (see Section 4.5.3).  To mitigate the energy conservation problem, the conser-

vation equations are solved in their original conservative form in this study (which 

guarantees the conservation of the conserved quantity provided that the discretization 

scheme is conservative).  Details on the numerical treatment implemented to avoid 

singularity issues will be provided later in Section 6.8. 
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Governing equations 

The averaged mass and momentum conservation equations for an arbitrary 

compressible phase ϕ , are as follows (Rusche 2003, Yeoh and Tu 2006): 

( ) ( )
t

ϕ ϕ
ϕ ϕ ϕ ϕ

α ρ
α ρ

∂
+ ∇ ⋅ = Γ

∂
U    (6.31) 

( ) ( ) ( )eff

I

rgh m

dt

p

ϕ ϕ ϕ
ϕ ϕ ϕ ϕ ϕ ϕ

ϕ ϕ ϕ ϕ ϕ ϕ

α ρ
α ρ α

α α ρ α Γ

∂
+ ∇ ⋅ + ∇ ⋅

= − ∇ − ⋅ ∇ + + +

U
U U τ

g x G F F

  (6.32) 

where the subscript ϕ  represents the phase: gϕ =  represents the vapor phase, lϕ =  

represents the liquid phase, and ϕΓ  is the interphase mass transfer [ -3 -1kgm s ].   

 In Equation (6.32), the effective viscous stress tensor, eff
ϕτ  [ 1 -2kgm s− ], is given 

by ( )eff T 2 2

3 3
t kϕ ϕ ϕ ϕ ϕ ϕ ϕµ µ  = − + ∇ + ∇ − ∇ ⋅ + 
 

τ U U I U I .  Similar to Model 1, the pres-

sure has been modified, and the original pressure gradient and gravity terms have been 

replaced by rgh mpϕ ϕ ϕ ϕα α ρ α− ∇ − ⋅ ∇ +g x G  on the RHS.  Here, the modified pressure 

rghp  is defined as rgh mp p ρ= − ⋅g x , where mρ  is .  The ϕG , for 

each phase, is expressed as ( )g l g lα ρ ρ= −G g  and ( )l g l gα ρ ρ= −G g .  The mathe-

matical details of the pressure modification are given in Appendix A11.  The ϕ
Γ

F  rep-

resents the interphase momentum transfer due to interphase mass transfer [ -2 -2kgm s ]. 

It is, for each phase, given by ( ) ( )g g l g g

+ −Γ = Γ + ΓF U U  and 

( ) ( )l l g l l

+ −Γ = Γ + ΓF U U .  The modelling of the interphase momentum transfer, I

ϕF  

[ -2 -2kgm s ], will be discussed next. 

Interphase momentum transfer 

Due to the inclusion of a freeboard region, there are multiple interchanging 

phase configurations co-existing in the domain (e.g. vapor phase exists as the dispersed 

m g g l lρ α ρ α ρ= +
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phase in the bulk liquid and as the continuous phase in the freeboard region, and vice 

versa for the liquid phase).  This can be handled easily by a blending interphase mo-

mentum transfer model (Weller 2002, Rusche 2003), such as that presented in Chapter 

4.  In the newer release of OpenFOAM, a similar but slightly more sophisticated blend-

ing model is adopted.  This model blends between three sets of interphase force for-

mulation depending on the local phase configurations (dispersed-continuous, continu-

ous-dispersed, or mixed).  Based on this model, the total interphase force acting on the 

vapor phase ( I

gF ) can be divided into three contributions as follows (note that 

I I

l g= −F F ): 

( ) ( )1 1 2 21I I I I

g g in l g and l l in gf f f f− − − − − −= − + − +F F F F   (6.33) 

where I

g in l− −F  is the interphase force acting on the vapor phase when the vapor phase 

is dispersed in the liquid phase (i.e. when 0gα → ), I

g and l− −F  is the interphase force 

acting on the vapor phase when there is no obvious dispersed or continuous phase (i.e. 

when 0.5gα ≈ ), and I

l in g− −F  is the interphase force acting on the vapor phase when the 

liquid phase is dispersed in the vapor phase (i.e. when 1gα → ).  1f  and 2f  are blend-

ing functions that control the proportions of the three contributions.  In this study, 

hyperbolic blending functions are used (Rusche 2003): 

( )( ),maxD

1

1 tanh 20

2

g g
f

α α+ −
=    (6.34) 

( )( ),maxD

2

1 tanh 20

2

l l
f

α α+ −
=    (6.35) 

where ,maxDgα  and ,maxDlα  are respectively the maximum vapor and liquid phase frac-

tions at which they can be considered fully dispersed.  They are set to 0.4 in this study.  

Figure 6.9 shows the proportion of each interphase force contribution with Equation 

(6.34) and (6.35) used.  It can be seen that when 0.4gα <  and 0.6gα > , the interface 

force is dominated by I

g in l− −F  and I

l in g− −F  respectively, as the vapor and liquid phases 

are considered fully dispersed in the respective cases.  On the other hand, when 

0.5gα ≈  where both vapor and liquid phases have approximately the same proportion, 
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the I

g and l− −F  blends in to account for the force interaction when both phases are neither 

dispersed nor continuous phase.  Hence, by adopting this model, a full range of phase 

configurations can be accommodated elegantly. 

 

Figure 6.9: Proportion of 
g in l− −F , 

g and l− −F  and 
l in g− −F  at a full range of vapor phase 

fraction when hyperbolic blending functions Equation (6.34) and (6.35) are used. 

The I

g in l− −F , I

g and l− −F  and I

l in g− −F  require closure.  Considering that the vapor is 

dispersed in the liquid as spherical bubbles, the I

g in l− −F  can be decomposed into 

drag VM lift TDI

g in l g in l g in l g in l g in l− − − − − − − − − −= + + +F F F F F .  In this study, the individual forces are mod-

elled using the more widely adopted closures rather than those presented previously in 

Section 4.1.3.  The individual interphase forces are modelled as follows (Weller 2002, 

Rusche 2003, Burns et al. 2004): 

drag
drag 3

4
g in l l

g in l g r r

g

C

d

ρ
α − −

− − =F U U    (6.36) 

VM VM DD

D D
g gl l

g in l g g in l lC
t t

α ρ− − − −
 

= − 
 

UU
F    (6.37) 

( )lift lift
g in l g g in l l r lCα ρ− − − −= × ∇×F U U    (6.38) 
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drag
TD TD3

4 Sc

t
g in l l gl l

g in l g g in l rt

g l l g

C
C

d

ρ αν αα
α α

− −
− − − −

 ∇∇= −  
 

F U   (6.39) 

The drag coefficient drag
g in lC − − , and lift coefficient lift

g in lC − −  are given previously in Equa-

tion (4.12) and (4.15), respectively.  The virtual mass coefficient VM
g in lC − −  is set to 0.5 

(Yeoh and Tu 2009).  The turbulent dispersion coefficient TDC  is the set to 1, and Sct

l  

is taken as 0.9 (Yeoh and Tu 2009). 

I

l in g− −F  can be modelled in the same way as I

g in l− −F , but with the properties of 

vapor and liquid phase interchanged. 

 As for the modelling of I

g and l− −F  , segregated model (Marschall 2011), which 

is developed for the modelling of partially penetrating segregated flow, is employed, 

as in the current study  is only possible to take place near the liquid free sur-

face.  According to this model,  g and l− −F  can be expressed as: 

( )segregated g g lI

g and l g and l rI

g l

α µ µ
ς

δ µ µ− − − −

∇
= =

+
F F U   (6.40) 

where ς  is the dimensionless friction coefficient and Iδ  is the width of the interfacial 

transition region [ m ], which is defined as 
1I

g

δ
α

=
∇

 .  ς  can be decomposed into 

two contributions, namely the tangential inertial contribution and tangential shear con-

tribution, thus ReI
m n µς π= + , where Re I  is the interfacial Reynolds number, µπ  is 

the viscous shear contribution, m  and n  are adjustable parameters.  The Re I  and ππ  

are defined as ( )Re
I

m rI

g l g l g l

ρ δ
α α µ µ µ µ

=
+

U
 and 

( )
( )

g l g l g g l l

g l g l

µ

α α µ µ α µ α µ
π

µ µ µ µ
+

=
+

, re-

spectively. In this study, m  and n  are taken as 1.5 and 8 respectively (Marschall 

2011). 

0 5g .α ≈
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Pressure equation 

 For pressure-velocity coupling, a pressure equation is derived.  Firstly, the 

mass continuity equation for each phase is written in non-conservative form and com-

bined to form a mixture volume continuity equation, which reads (Rusche 2003): 

( ) D D 1 1

D D
g g g l l l

g g l l g

g l g lt t

α ρ α ρα α
ρ ρ ρ ρ

 
∇ ⋅ + = − − + Γ −  

 
U U  (6.41) 

Substituting the momentum equations of both phases into Equation (6.41) yields the 

implicit pressure equation.  More details on this will be given in Section 6.8.2. 

Phase fraction transport equation 

 The phase fraction distribution of the vapor phase is updated by solving the 

vapor phase fraction transport equation, which is derived from the vapor phase conti-

nuity equation (i.e. Equation (6.31)): 

( ) D

D
g g g g g

g g

g gt t

α α ρ
α

ρ ρ
∂ Γ

+ ∇⋅ = − +
∂

U    (6.42) 

The phase fraction distribution of the liquid phase is updated from the constitutive 

relation 1g lα α+ = .  More details on the numerical implementation of Equation (6.42) 

will be discussed in Section 6.8.3. 

6.5.4 Heat and mass transfer (Physics 3) 

Governing equation 

The heat transfer in the vapor-liquid flow can be described by averaged energy 

transport equations: 
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( )( ) ( )( ) ( )eff

MW

h dp
h

dt dt

Q Q

ϕ ϕ ϕ ϕ
ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ

ϕ ϕ ϕ ϕ

α ρ κ
α ρ κ α α

α ρ Γ

∂ +
+ ∇ ⋅ + + ∇ ⋅ −

= ⋅ + +

U q

U g

 (6.43) 

where eff
ϕq  [ -2Wm ] is defined as eff

, Pr

t

t

p

h
c

ϕ ϕ
ϕ ϕ

ϕ

λ µ 
= − + ∇  

 
q .  The Qϕ

Γ  represents the in-

terphase enthalpy transfer due to interphase mass transfer [ -3Wm ].  It is given by 

I

g g gQ h
Γ = Γ  and I

l l lQ hΓ = Γ  for the vapor phase and liquid phase, respectively, where 

sat

ref
,

T
I

g p g
T

h c dT= ∫   and 
sat

ref
,

T
I

l p l
T

h c dT= ∫ .  The MW heat source MWQ  is computed from 

Equation (6.10).  Due to Assumption 5, solving the energy equation for the liquid 

phase is sufficient.  The liquid temperature is computed by solving Equation (6.20). 

Interphase heat and mass transfer: 

 The modelling of interphase heat and mass transfer in this model is very similar 

to that proposed previously in Section 4.1.4.  Since the detailed description was already 

given in Section 4.1.4, the modelling is only briefly recalled here for completeness, 

and some differences are highlighted.   

During boiling under MW heating, the heat and mass transfer can be divided 

into three modes: 1) heat and mass transfer within the bulk liquid at the bubble inter-

face, 2) heat and mass transfer at the liquid free surface, and 3) heat and mass transfer 

during bubble nucleation at the anti-bumping granule surface.  Thus, 

I B FS NU
Q Q Q Qϕ ϕ ϕ ϕ= + +  and B FS NU

ϕ ϕ ϕ ϕΓ = Γ + Γ + Γ . 

Mode (1).  The heat transfer between the dispersed bubble and continuous liq-

uid can be expressed as: 

( )B B B B

l l i l satQ f H a T T= −    (6.44) 

where B

lH  is the heat transfer coefficient [ -2 -1Wm K ] and B

ia  is the interphase area 

density between dispersed vapor and continuous liquid [ -1m ].  The B

lH  computed 

from Ranz and Marshall (1952) correlation (Equation (4.31)).  The multiplier Bf  is to 



285 
 

make sure B

lQ  is effective only within the bulk liquid.  It is calculated using Equation 

(4.32). The corresponding interphase mass transfer can be computed from Rankine-

Hugonoit jump condition (Equation (4.33)) as: 

fg

B
B l
g

Q

h
Γ =    (6.45) 

B B

l gΓ = −Γ    (6.46) 

Note the difference in the denominator between Equation (6.45) and (4.34), as the Qϕ
Γ  

in Equation (6.43) is expressed in terms of the interfacial enthalpy rather than the bulk 

fluid enthalpy. 

Mode (2).  The interphase heat and mass transfer at the free surface is modelled 

as: 

fg
FS FS FS

l NQ m h a=    (6.47) 

FS FS FS

g Nm aΓ =    (6.48) 

where FSm  [ -2 -1kgm s ] is computed using Tanasawa’s model (Equation (6.21)), and 

FS

Na  is the numerical interphase area density at the free surface [ -1m ].  The FS

lQ  is only 

implemented in the cells that contain the free surface.  See later in Section 6.8.7 for 

the method to track the free surface cells. 

 Mode (3).  The interphase mass transfer during bubble nucleation at the anti-

bumping granules is given by (Yeoh and Tu 2009): 

3
bw

ac bw 6
NU NU

g g N

d
N f a

π ρ
 

Γ =  
 

   (6.49) 

where NU

Na  is the numerical interphase area density [ -1m ].  As there is currently no 

specific correlations for the modelling of acN  [ -2m ], bwd  [ m ] and bwf  [ -1s ] on anti-

bumping granules, the generally adopted empirical and semi-empirical correlations are 

used (Yeoh and Tu 2009): 

( ) 1.805

ac sat210 lN T T = −    (6.50) 
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( )
lg

bw 0.0208
l g

d
σ

θ
ρ ρ

=
−g

   (6.51) 

( )
bw

bw

4

3
l g

l

f
d

ρ ρ
ρ
−

=
g

   (6.52) 

The contact angle θ  is assumed to be 45 degrees.  The corresponding interphase heat 

transfer is: 

fg
NU NU

l gQ h= −Γ    (6.53) 

6.5.5 Interphase area density modelling (Auxiliary model) 

 The interphase area density between the dispersed vapor and continuous liquid, 

B

ia , is modelled similarly as in previous study (Chapter 4), where an average bubble 

number density equation is solved (Ishii et al. 2002): 

( )g RC WE TI NU

N
N

t
ψ ψ ψ ψ∂ + ∇ ⋅ = + + +

∂
U  (6.54) 

where N is the averaged bubble number density, whereas , ,RC WE TIψ ψ ψ  and NUψ  are 

the bubble generation/destruction rates due to random collision coalescence, wake en-

trainment coalescence, turbulence impact breakup, and bubble nucleation, respectively 

[ -3 -1m s ].  RCφ , WEφ  and TIφ  can be modelled as follows (Ishii and Hibiki 2010, Ishii et 

al. 2005): 

( )
1 1 12 3 3 3

,maxP

1 111 1 1 1
3 33 3 3 3
,maxP,maxP ,maxP

3
1 expRC g l g g

RC T

g gg g g g

C

d

α ε α α
ψ

α απ α α α

  Γ   = − − −
  −−   

  (6.55) 

1 23

4

3 WE D g r

WE

g

C

d

α υ
ψ

π
Γ

= −    (6.56) 
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1 13 2

11
3

3 We We
1 exp 1 , We We

We We

0, We We

TI g l c c
c

TI
g

c

d

α ε
ψ π

 Γ     − − >    =    


≤

 (6.57) 

where ,maxPgα  is the maximum allowable vapor fraction when the bubbles are closely 

packed (taken as 0.741 (Hibiki and Ishii 2002)), lε  is the liquid turbulent energy 

dissipation [ 2 -3m s ].  In Equation (6.56), rυ  [ -1ms ] is the bubble terminal velocity 

1
4

7 lg4
2

2
r l

l

σ ρ
υ α

ρ
 ∆ 

=  
 

g
, and DC  is the drag coefficient computed using rυ .  We  is 

the turbulent Weber number, which is defined as 
2

lg

We l t gU dρ
σ

= , where tU  [ -1ms ] is 

the root mean square of velocity fluctuation and Wec  is the critical Weber number, 

which is experimentally determined to be 6 (Ishii and Hibiki 2010).  The empirical 

constant RCΓ , WEΓ , TIΓ , and TC  are 0.016, 0.0076, 0.17 and 3 respectively (Ishii and 

Hibiki 2010).  As for NUψ  [ -3 -1m s ], it can be expressed as: 

ac bw
NU

NU NN f aψ =    (6.58) 

where NU

Na  is the numerical interphase area density at the anti-bumping granule sur-

face. 

 With spherical bubble shape assumption, the N  can be related to the inter-

phase area density and bubble diameter through the following expressions (Yeoh and 

Tu 2009): 

( ) 1
2 336B

i ga Nπα=    (6.59) 

( )6 B

g g id aα=    (6.60) 
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6.5.6 Turbulence modelling (Auxiliary model) 

 In the previous study (Chapter 4), a basic two-phase mixture turbulence model 

was used to avoid singularity issues when the phase fraction approaches zero (due to 

the inclusion of a freeboard region).  However, the accuracy of the mixture model has 

not been studied rigorously.  Fortunately, in the newer release of OpenFOAM, a new 

numerical framework had been formulated to tackle the singularity issue associated 

with the two-phase turbulence model, which describes the turbulence in each phase 

rather than the mixture turbulence.  Therefore, the commonly used two-phase turbu-

lence models can be applied.  More details on the numerical framework will be dis-

cussed later in Section 6.8.6.  In this study, the turbulence in the liquid phase during 

boiling is described using the k ε−  model by Lahey Jr (2005): 

( ) ( )
eff

,

2

3
l l l l

l l l l l l l k l l l l l l l l

k

k
k k P k

t

α ρ µα ρ α α α ρ ε α ρ
σ

∂  
+ ∇ ⋅ − ∇⋅ ∇ = − − ∇ ⋅ ∂  

U U   (6.61) 

( ) ( )

( )

eff

1 , 2 1 3

2

3

l l l l
l l l l l l

l
l k l l l l l l l l

l

t

C P C C C
k

ε

α ρ ε µα ρ ε α ε
σ

ε α α ρ ε α ρ ε

∂  
+ ∇⋅ − ∇⋅ ∇ ∂  

 = − − + ∇⋅ 
 

U

U

(6.62) 

where the turbulence production term ,k lP  [ 1 -3kgm s− ] is defined as 

( ) ( )( )( )T

, 2 devt

k l l l l l lP µ µ= + ∇ ⋅ ∇ + ∇U U U , and 
2

0.6t l
l g g r

l

k
C dµµ α

ε
= + U .  The 

model constant 1 2, , , kC C Cµ σ  and εσ  are as per the standard k ε−  model.  The 

model constant 3C  is -0.33.   

As l gρ ρ≫ , the turbulence in the dispersed vapor phase is computed directly 

from the liquid turbulence (Behzadi et al. 2004).  The vapor turbulence kinetic energy 

and vapor turbulence dissipation can be expressed as follows: 

2
g t lk C k=    (6.63) 

2
g t lCε ε=    (6.64) 

where tC  is the turbulence response function, which is the ratio of the root mean 
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squared velocity fluctuation of the dispersed phase to that of the continuous phase.  

This function is expressed as (Behzadi et al. 2004): 

( ) ( )
01 1 gf

t tC C e
α−= + −    (6.65) 

where ( )0

3

1 2
t

g l

C
β

β ρ ρ
+=

+ +
 , 

drag4
6

3

4 3 2

g l g in l r

l

g

l l

C
C k

d
µ

α ρ

β
ρ ε

− − 
  
 =

U

, and

( ) 2 3180 4710 42600g g g gf α α α α= − + . 

6.5.7 Boundary and initial conditions 

The boundary and initial conditions of the Maxwell’s equations are the same 

as those in Model 1. For the fluid domain, the boundaries are illustrated in Figure 6.10.  

The boundary and initial conditions are summarized in Table 6.2. 

 

Figure 6.10: Boundaries of the fluid domain in Model 2. 
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Table 6.2: Boundary and initial conditions for Model 2. 

Varia-

bles 

Walls and anti-bumping granule 

surface 
Opening 

Initial condi-

tions 

gU  No-slip Outlet From Model 1 

lU  No-slip Outlet From Model 1 

rghp  fixedFluxPressure 
51 10 Parghp = ×  From Model 1 

lT  Convection and radiation cooling Zero Gradient From Model 1 

,g Nα  Zero Gradient Zero Gradient 0 

,l lk ε  Wall Function (Yeoh and Tu 2009) Zero Gradient 0 

 

6.5.8 Fluid properties and simulation parameters 

 The fluid properties and parameters used in the simulation (in both Model 1 

and 2) are given in Table 6.3. 

Table 6.3: Simulation parameters. 

Parameters Value References 

( )-3kgmlρ  3 1 3 21.002 10 1.334 10 3.075 10l lT T− −× − × − ×  (Kell 1975) 

( )-3
g kgmρ  0.58  - 

( )Pa.slµ  
3 5 7 2

9 3

1.551 10 3.413 10 3.441 10

1.302 10

l l

l

T T

T

− − −

−

× − × + ×

− ×
 (Kestin et al. 1978) 

( )( )W m.Klλ  1 3 5 25.561 10 2.283 10 1.119 10l lT T− − −× + × − ×  (Ramires et al. 
1995) 

( )-1 -1
, Jkg Kp lc  

3 2 2

4 3 6 4

4.21 10 2.026 4.427 10

3.731 10 1.391 10

l l

l l

T T

T T

−

− −

× − + ×

− × + ×
 (Kell 1975) 

rε  2 2 488.15 0.414 0.131 10 0.046 10l lT T− −− + × − × (Cha-um et al. 
2011) 
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tanδ  
3 4 2

7 3

0.323 9.499 10 1.27 10

6.13 10

l l

l

T T

T

− −

−

− × + ×

− ×
 (Cha-um et al. 

2011) 

( )-2 -4Wm KTσ  85.67 10−×  - 

( )lg N mσ  0.059 (Lal et al. 2015) 

( )mFd   0.003 - 

( )( )W m.KFλ  1.14 - 

Fγ , γ  0.96 - 

 

6.6 Numerical implementation of electromagnetic wave propagation using 

FDTD method in Model 1 and Model 2 

 OpenFOAM does not support the simulation of electromagnetic wave propa-

gation.  Therefore, this functionality has to be added manually.  In both Model 1 and 

Model 2, the time-dependent Maxwell’s equations are solved numerically using Finite 

Difference Time Domain (FDTD) method, which is one of the most widely used and 

robust methods for electromagnetic wave problems (Garcıa et al. 2003).  In what’s 

follows, the numerical implementation of FDTD will be presented. 

6.6.1 Discretization of Maxwell’s equations 

In FDTD, the Maxwell’s equations are discretized using finite difference ap-

proximation on a unique Cartesian grid called Yee’s grid.  An important feature of 

Yee’s grid is that the electric field components and magnetic field components are 

staggered half step apart in both space and time.  The spatially staggered electromag-

netic fields in a unit cell of Yee’s grid is illustrated in Figure 6.11.  The magnetic fields 

and the electric fields are defined in alternate half time-steps (e.g. xE , yE , zE  are de-

fined at time 0, , 2 ,...t t t= ∆ ∆ , whereas xH , yH , zH  are defined at time 
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3 5, , ,...2 2 2
t t tt ∆ ∆ ∆= ).  Yee’s grid offers a number of advantages over the conven-

tional collocated grid.  Firstly, in Yee’s grid, each electric field component is immedi-

ately surrounded by four circulating magnetic fields, and vice versa for each magnetic 

field component.  This ensures divergence-free behavior of the electromagnetic fields 

(Rumpf 2006).  This implies that the divergence equations of the Maxwell’s equations, 

i.e. Equation (6.3) and (6.4) are implicitly satisfied, thus only the Maxwell’s curl equa-

tions, i.e. Equation (6.1) and (6.2), need to be solved during the implementation of 

FDTD.  Secondly, Yee’s grid naturally satisfies the physical boundary conditions at 

the interface between two media, if the interface is parallel to one of the Cartesian 

coordinates (Rumpf 2006).  Therefore, it is not required to explicitly specify the con-

tinuity boundary conditions of the electric and magnetic fields at the media interface 

(i.e. Equation (6.25)).  Lastly, the spatially staggered nature of the electric and mag-

netic field components allows the finite difference approximation of the curl operator 

in the Maxwell’s curl equations to be computed without the need of field interpolations 

(i.e. the curl of a field at a point can be evaluated directly using the values in the im-

mediate neighboring points), which make the numerical calculation highly efficient 

(Rumpf 2006). 

 

Figure 6.11: A Yee’s grid cell (Rumpf 2006). 

By applying linear scheme for the discretization of the Maxwell’s curl equa-

tions, the discretized Maxwell’s curl equations on a Yee’s grid cell at point ( ), ,i j k , at 

time t  for E , and at time 2t t+ ∆  for H , in an isotropic medium, are as follows (note 
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that all the field components in a Yee’s grid cell, i.e. Figure 6.11,  are indexed with the 

same position indices , ,i j k  for better readability) (Rumpf 2006): 

, , 1 , , , , , ,, 1, , ,

2 2, ,

i j k i j k i j k i j ki j k i j k

x xy yz z t t t ti j kt t t t
H HE EE E

y z t
µ

++
+∆ −∆

−−−
− = −

∆ ∆ ∆
  (6.66) 

, , , ,
, , 1 , , 1, , , ,

2 2, ,

i j k i j k
i j k i j k i j k i j k

y yx x z z t t t ti j kt t t t
H HE E E E

z x t
µ

+ +
+∆ −∆

−− −
− = −

∆ ∆ ∆
  (6.67) 

1, , , , , , , ,, 1, , ,

2 2, ,

i j k i j k i j k i j ki j k i j k

z zy y x x t t t ti j kt t t t
H HE E E E

x y t
µ

+ +
+∆ −∆

−− −
− = −

∆ ∆ ∆
  (6.68) 

, , , , 1, , , 1,

2 2 2 2

, , , , , , , ,

, , , ,

2

i j k i j ki j k i j k

y yz zt t t t t t t t

i j k i j k i j k i j k

x x x xi j k i j kt t t t t t

H HH H

y z

E E E E

t
σ ε

−−

+∆ +∆ +∆ +∆

+∆ +∆

−−
−

∆ ∆

+ −
= +

∆

  (6.69) 

, , , , 1 , , 1, ,

2 2 2 2

, , , , , , , ,

, , , ,

2

i j k i j k i j k i j k

x x z zt t t t t t t t

i j k i j k i j k i j k

y y y yi j k i j kt t t t t t

H H H H

z x

E E E E

t
σ ε

− −

+∆ +∆ +∆ +∆

+∆ +∆

− −
−

∆ ∆

+ −
= +

∆

  (6.70) 

, , 1, , , , , 1,

2 2 2 2

, , , , , , , ,

, , , ,

2

i j k i j k i j k i j k

y y x xt t t t t t t t

i j k i j k i j k i j k

z z z zi j k i j kt t t t t t

H H H H

x y

E E E E

t
σ ε

− −

+∆ +∆ +∆ +∆

+∆ +∆

− −
−

∆ ∆

+ −
= +

∆

  (6.71) 

where x∆ , y∆ , z∆  are the grid spacing in x, y, and z directions respectively, and t∆  

is the time step.  The grid spacing’s x∆ , y∆  and z∆  are constants in a uniform grid.  

In a non-uniform grid, x∆ , y∆  and z∆  are functions of the position.  By rearranging 

Equation (6.66) - (6.71), the following update equation for each field component in 

their respective future time steps can be obtained as follows: 

( )
, , 1 , ,, 1, , ,

, , , , , ,

2 2

i j k i j ki j k i j k
i j k i j k y yz zi j k t t t t

x x Ht t t t

E EE E
H H m

y z

++

+∆ −∆

 −− = + −
 ∆ ∆
 

ɶ ɶ   (6.72) 
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( )
, , 1 , , 1, , , ,

, , , , , ,

2 2

i j k i j k i j k i j k
i j k i j k x x z zi j k t t t t

y y Ht t t t

E E E E
H H m

z x

+ +

+∆ −∆

 − −
 = + −
 ∆ ∆
 

ɶ ɶ   (6.73) 

( )
1, , , , , 1, , ,

, , , , , ,

2 2

i j k i j k i j k i j k
i j k i j k y y x xi j k t t t t

z z Ht t t t

E E E E
H H m

x y

+ +

+∆ −∆

 − − = + −
 ∆ ∆
 

ɶ ɶ   (6.74) 

( )

( )

, , , ,, ,
1

, , , 1, , , , , 1

2 2 2 2, ,
2

i j k i j ki j k

x E xt t t

i j k i j k i j k i j k

z z y yt t t t t t t ti j k

E

E m E

H H H H
m

y z

+∆

− −

+∆ +∆ +∆ +∆

=

 − −
 + − ∆ ∆ 
 

ɶ ɶ ɶ ɶ   (6.75) 

( )

( )

, , , ,, ,
1

, , , , 1 , , 1, ,

2 2 2 2, ,
2

i j k i j k
i j k

y E yt t t

i j k i j k i j k i j k

x x z zt t t t t t t ti j k

E

E m E

H H H H
m

z x

+∆

− −

+∆ +∆ +∆ +∆

=

 − −
 + − ∆ ∆ 
 

ɶ ɶ ɶ ɶ   (6.76) 

( )

( )

, , , ,, ,
1

, , 1, , , , , 1,

2 2 2 2, ,
2

i j k i j ki j k

z E zt t t

i j k i j k i j k i j k

y y x xt t t t t t t ti j k

E

E m E

H H H H
m

x y

+∆

− −

+∆ +∆ +∆ +∆

=

 − −
 + − ∆ ∆ 
 

ɶ ɶ ɶ ɶ   (6.77) 

where , , 0
, ,

i j k

H i j k

r

c t
m

µ
∆= , 

, , , ,
, , 0
1 , , , ,

0

2

2

i j k i j k
i j k r
E i j k i j k

r

t
m

t

ε ε σ
ε ε σ

− ∆=
+ ∆

, and , , 0 0
2 , , , ,

0

2

2
i j k

E i j k i j k

r

c t
m

t

ε
ε ε σ

∆=
+ ∆

. 

The , ,i j k

Hm , , ,
1

i j k

Em , and , ,
2

i j k

Em  are known as update coefficients.  It should be noted that, 

in the update equations (6.72) - (6.77), the electric field H  has been normalized and 

changed into Hɶ  according to , , , ,0

0

i j k i j kµ
ε

=H Hɶ , in order to reduce the round-off er-

rors during calculation.  From the update equations, it can be easily seen that the FDTD 

method is a type of leap-frog explicit scheme, in which the Hɶ  and E  are updated ex-

plicitly and alternatively when marching forward in time. 
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6.6.2 Incorporation of perfectly matched layer (PML) 

 When a physical electromagnetic wave leaves the problem space and propa-

gates into an open space, it will keep on propagating forward as long as it is not hitting 

a boundary that causes reflections or scattering.  However, in computational simulation, 

it is impossible to model an infinitely large space, or open space, that allows an out-

going wave to keep propagating forward.  In other words, there will be truncations in 

the computational domain, which isolates the domain of interest (i.e. problem space).  

When electromagnetic waves hit the truncation boundaries, unphysical reflections can 

happen, which would obscure the solutions in the problem domain.  This is illustrated 

in Figure 6.12 (a).  One effective way to avoid unphysical reflection is by introducing 

an absorbing layer next to the truncation boundary, which absorbs the outgoing wave 

completely before it hits the truncation boundaries, as depicted in Figure 6.12 (b).  This 

can be achieved by introducing fictitious conductivity (i.e. loss) in the absorbing layer.  

However, arbitrarily introducing loss in the absorbing layer would result in unphysical 

reflection at the interface between the problem space and absorbing layer due to im-

pedance mismatch.  Therefore, careful tuning of the loss parameters in the absorbing 

layer is crucial, so that the impedance of the absorbing layer exactly matches that of 

the problem space (i.e. air) in all possible incident direction of the waves.  Such an 

absorbing layer is commonly known as a perfectly matched layer (PML).  In this study, 

uniaxial PML is employed to absorb outgoing waves (Rumpf 2020).  This PML ab-

sorbs outgoing waves by introducing a uniaxial anisotropic loss in the absorbing layer.  

In what follows, the incorporation of uniaxial PML into Maxwell’s equations for a 

general case will be presented.  

 

(a) 
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(b) 

Figure 6.12: Illustration of (a) the unphysical reflection of an outgoing wave at trun-
cation boundary, and (b) the absorption of an outgoing wave by an absorbing layer. 

For a general electromagnetic wave problem, the problem space could be com-

pletely unbounded, so the waves could propagate out of the domain in any direction.  

To absorb the outgoing waves in all possible direction, one could enclose the problem 

space with PMLs in a rectangular manner, that is two PMLs in each direction (see the 

example in Figure 6.13).  The relative electromagnetic properties of the PMLs in x, y, 

and z directions, which are uniaxial anisotropic, are denoted using tensors [ ]xS ,  [ ]zS  

and [ ]zS , respectively.  In most cases including the current case, the background me-

dium in the problem space is air.  Thus, as one of the criteria to avoid reflection, the 

relative electromagnetic properties of the PMLs should be tuned such that their relative 

impedances match that of the air. The relative impedance of air (assumed to be the 

same as the free space) is given by air 1r

r

n
µ
ε

= = .  One way to ensure impedance 

matching is by allowing the permittivity and permeability of the PMLs to be the same.  

Thus, 

[ ] ,PML ,PML

0 0

0 0

0 0
x r x r x

a

b

c

 
    = = =     
  

S µ ε    (6.78) 

where a , b  and c  represent the diagonal elements of the electromagnetic properties 

tensor [ ]xS  in x, y, and z directions respectively, which are complex (numbers).  The 
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same format applies to 
y

  S  and [ ]zS .  However, the above procedure only avoids 

reflection at one incident angle.  According to Snell’s law and Fresnel’s equation, in 

order to prevent reflection at all incident angles, the electromagnetic properties of the 

PMLs need to be uniaxial anisotropic and satisfy the following conditions: 
1

b c
a

= =  

for the PMLs in x-direction, 
1

a c
b

= =  for the PMLs in y-direction, and 
1

a b
c

= =  for 

the PMLs in the z-direction.  Thus, Equation (6.78), for the PMLs in their respective 

directions, can be rewritten as follows (Rumpf 2020): 

[ ]
1 0 0

0 0

0 0

x

x x

x

s

s

s

− 
 =  
 
 

S    (6.79) 

1

0 0

0 0

0 0

y

y y

y

s

s

s

−

 
 

  =   
 
 

S    (6.80) 

[ ]
1

0 0

0 0

0 0

z

z z

z

s

s

s
−

 
 =  
  

S    (6.81) 

In frequency domain, the elements of the tensors can be expressed as follows: 

0

1 x
xs

j

σ
ωε

′
= +    (6.82) 

0

1 y

ys
j

σ
ωε

′
= +    (6.83) 

0

1 z
zs

j

σ
ωε

′
= +    (6.84) 

where 1j = − , ω  is 2 fπ  and σ ′  is the fictitious conductivity [ -1Sm ] (i.e. loss). 

From Equation (6.82) - (6.84), it can be seen that, when 0σ ′ = , the anisotropic 

electromagnetic property tensors reduce to isotropic tensors with all the diagonal ele-

ments equal to 1, which correspond to the electromagnetic properties of the original 
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background medium (i.e. air in this case).  Therefore, for a problem space bounded by 

uniaxial PMLs, the tensors in Equation (6.79) - (6.81) can be applied everywhere in 

the computational domain.  In the region where 0σ ′ = , the PMLs are not effective and 

this region corresponds to the problem space, whereas in the region with 0σ ′ ≠ , the 

PMLs are effective and the waves will be absorbed.  This is illustrated by a 2-D exam-

ple shown in Figure 6.13.  In this study, the non-zero fictitious conductivity in the 

PMLs are formulated as 0
2x y z t

εσ σ σ′ ′ ′= = = ∆  (Rumpf 2020).  However, due to nu-

merical discretization, small degree of unphysical reflection can still happen at the 

PML-air interface.  Hence, for the best PML performance, the fictitious conductivity 

should increase gradually from the problem domain into the PMLs.  Thus, in this study, 

the fictitious conductivity in the PMLs are tapered as follows (Rumpf 2020): 

3

0 PML

PML2x

x

x

t L

εσ
 ′ =  ∆  

,

3

0 PML

PML2y

y

y

t L

εσ
 

′ =   ∆  
, and 

3

0 PML

PML2z

z

z

t L

εσ
 ′ =  ∆  

, where PMLx , PMLy , 

PMLz  are the distance into the PMLs in x, y, and z directions respectively, and PMLxL , 

PMLyL , PMLzL  are the thickness of the PMLs in the respective directions. 

 

Figure 6.13: An illustration of the distribution of fictitious conductivity in a 2-D do-
main. 

After determining the electromagnetic properties [ ]xS , 
y

  S  and [ ]zS   of the 

PMLs, the next step is to incorporate the them into the discretized Maxwell’s equations.  

The Maxwell’s equations with PML incorporated, formulated in frequency domain, 

can be expressed as follows: 
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[ ]0 rjωµ µ∇× = −E S H    (6.85) 

[ ]0 rjσ ωε ε∇× = +H E S E    (6.86) 

where [ ]S  is the combination of the tensors (6.79) - (6.81), i.e.: 

[ ] [ ] [ ]

0 0

0 0

0 0

y z

x

x z
x y z

y

x y

z

s s

s

s s

s

s s

s

 
 
 
 
  = ⋅ ⋅ =   
 
 
  

S S S S    (6.87) 

Equations (6.85) - (6.86) are to be converted into time domain and discretized.  Details 

on the conversion can be found in the thesis of Rumpf (2006).  The final update equa-

tion for each field component, with uniaxial PML incorporated, is as follows (Rumpf 

2006): 

Update equation for xHɶ   

, ,, , , , , , , ,, , , , , , , ,
1 2 3 4 22 2

i j ki j k i j k i j k i j ki j k i j k E i j k i j k
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H m H m C m I m I

−∆+∆ −∆
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where 
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i j ki j k E
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Update equation for yHɶ   

, ,, , , , , , , ,, , , , , , , ,
1 2 3 42 2 2

i j ki j k i j k i j k i j k
i j k i j k E i j k i j k
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where 

, , , , , , , ,
, ,

0 2
0 0

1

2 4

i j k i j k i j k i j k
i j k x z x z
Hy

t
m

t

σ σ σ σ
ε ε

′ ′ ′ ′+ ∆= + +
∆

 , 

, , , , , , , ,
, ,

1 , , 2
0 0 0

1 1

2 4

i j k i j k i j k i j k
i j k x z x z
Hy i j k

Hy

t
m

m t

σ σ σ σ
ε ε

 ′ ′ ′ ′+ ∆= − − ∆ 
, 

, , 0
2 , , , ,

0

1

r

i j k

Hy i j k i j k

Hy

c
m

m µ
= − , 

, ,
0, ,

3 , , , ,
0 0

1
i j k

yi j k

Hy i j k i j k

Hy r

c t
m

m

σ
ε µ

′∆
= − , ( ) ( ), , , , , ,

4 , , 2
0 0

1i j k i j k i j k

Hy x zi j k

Hy

t
m

m
σ σ

ε
∆ ′ ′= − ,  

, ,, ,

0

t
i j ki j k

E

CEy yt T
T

I C
=

=∑ , 
2

, , , ,

2
2

t t
i j k i j k

Hy yt t T
T t

I H
−∆

−∆
=∆

= ∑ ɶ , 

, , 1 , , 1, , , ,
, ,

i j k i j k i j k i j k
i j k x x z zE t t t t

y
t

E E E E
C

z x

+ +− −
= −

∆ ∆
  

Update equation for zHɶ   
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Update equation for xE   
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Update equation for yE   
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 Update equation for zE   
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In the above update equations, m  is the update coefficients, C  represents the curl of 

the electromagnetic fields, CI  is the integration of C , and I  is the integration of the 

electromagnetic fields.  The superscript of C  represents either the electric or magnetic 

field, whereas the subscript of C represents the x, y, or z component of the curl oper-

ator.  In the region where , , , , , , 0i j k i j k i j k

x y zσ σ σ′ ′ ′= = = , Equation (6.88) - (6.93) revert 

to Equation (6.72) - (6.77).   

6.6.3 Construction of dielectric material (fluid sample) of arbitrary shape on 

Cartesian Yee’s grid using 2x grid and dielectric smoothing techniques  

 Despite the several important benefits, one major consequence of adopting 

Yee’s grid is that each field component is located at a physically different location (see 

Figure 6.11).  If the interface between two different media (with very different elec-

tromagnetic properties, say the fluid sample and air) is located within a Yee’s grid cell, 

some of the field components in a Yee’s cell would lie in one medium while the rest 

would be in the other medium.  In such a case, using one set of electromagnetic prop-

erties for each Yee’s grid cell (i.e. using the same properties for all the field compo-

nents in a Yee’s grid cell), such as that in conventional finite difference method, may 

cause errors.  As a result, a very high grid resolution might be required to reduce the 

error to an acceptable level.  In order to mitigate this problem, one set of electromag-

netic properties is defined for each field component rather than each cell.  In other 

words, instead of having one rε , one rµ , and one σ  in each grid cell (shared by all 

field components), three rε , three rµ  and three σ  are defined in each grid cell, 
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namely ,r xε , ,r yε , ,r zε , ,r xµ , ,r yµ , ,r zµ , xσ , yσ  and zσ .  Each of these properties ex-

ists at the same location as its corresponding field component.  For example, ,r xε  and 

xσ  exist at where xE  exists, and ,r zµ  exists at where zH  exists. Note that this is not 

necessary for the fictitious conductivity σ ′  in the PMLs, as the PMLs can be posi-

tioned without cutting through the grid cells.  In order to evaluate the values of the 

individual property elegantly, 2x grid technique is employed (Rumpf 2006).  In what 

follows, the procedure of implementing the 2x grid technique is illustrated through a 

simple example. 

 Figure 6.14 illustrates the procedure of implementing 2x grid technique using 

a simple 2-D example.  In this example, it is desired to model a circular dielectric 

material, with dielectric constant ,circlerε , relative permeability ,circlerµ  and electric con-

ductivity circleσ , on a 4 by 4 2-D Yee’s grid with air as the surrounding medium, as 

shown in Figure 6.14 (a).  It can be clearly seen that the field components zE , yH  and 

xH  are located at different points in the Yee’s grid cells (in 2-D, only zE , yH  and 

xH exist), and the boundary of the dielectric material slices through the grid cells.  

Therefore, a set of electromagnetic properties are defined for each field component in 

a cell, namely ,r zε , ,r xµ , ,r yµ and zσ .  ,r zε  and zσ  are located at where zE  exists, 

,r xµ  is located at where xH  exists, and ,r yµ  is located at where yH  exists.  The value 

assigned to each of these properties are to be determined based on 2x grid technique.  

The procedure of 2x grid technique, based on the current example, is as follows: 

1. Generate a new grid with twice the resolution of the original Yee’s grid. This 

grid is called 2x grid.  Next, the field components in the original Yee’s grid are 

overlaid onto the 2x grid.  Due to the increased resolution, the 2x grid has only 

one field component in each grid cell, as shown in Figure 6.14 (b). 

2. Define temporary material properties for each grid cell on the 2x grid, namely 

,2r zε , ,2r xµ , ,2r yµ  and 2zσ .  They are initialized with the electromagnetic 

properties of the surrounding medium. 

3. According to the area of each grid cell on the 2x grid cell covered by the die-

lectric material, assign ,circlerε ,  ,circlerµ  and circleσ  to ,2r zε , ,2r xµ , ,2r yµ  and 
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2zσ .  For instance, if more than 50% of the area of a grid cell on the 2x grid is 

covered by the dielectric material, the temporary material properties of that cell 

are assigned with the electromagnetic properties of the dielectric material. Oth-

erwise, they are left to have the electromagnetic properties of the background 

medium.  After this procedure, the visual representation of the temporary ar-

rays ,2r zε , ,2r xµ , ,2r yµ  and 2zσ  would appear like that illustrated in Figure 

6.14 (c), where the shaded cells represent the cells with ,2r zε , ,2r xµ , ,2r yµ , 

2zσ  assigned with ,circlerε ,  ,circlerµ  or circleσ . 

4. Overlay the temporary properties ,2r zε , ,2r xµ , ,2r yµ  and 2zσ  on the 2x grid 

onto ,r zε , ,r xµ , ,r yµ and zσ  on the original Yee’s grid.  Since ,r zε , ,r xµ , ,r yµ

and zσ  exist at the location of their corresponding field components, which are 

alternately present and absent on the 2x grid, only the ,2r zε , ,2r xµ , ,2r yµ  and 

2zσ  in every other cell of the 2x grid are assigned to ,r zε , ,r xµ , ,r yµ and zσ .  

For instance, only the ,2r zε  on the odd rows and odd columns of the 2x grid 

are assigned to ,r zε , and only the ,2r yµ  on the odd rows and even columns of 

the 2x grid are assigned to ,r xµ .  After this procedure, the visual representation 

of ,r zε / zσ  , ,r xµ  and ,r yµ  on the original Yee’s grid would be those depicted 

in Figure 6.14 (d), (e), and (f), respectively.  The shaded cells are the cells 

having the electromagnetic properties of the dielectric material. 

  

(a)      (b) 
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(c)      (d) 

     

(e)      (f) 

Figure 6.14: An example of the procedure of implementing 2x grid technique.  (a) the 
circular dielectric material on Yee’s grid, (b) the circular dielectric material on 2x grid, 
(c) assignment of electromagnetic properties on 2x grid, (d) a visual representation of 

rzε  or zσ  on the original Yee’s grid, (e) a visual representation of yµ  on the original 

Yee’s grid and (f) a visual representation of xµ  on the original Yee’s grid.  Shaded 

cells mean that the electromagnetic properties in those cells is assigned with the elec-
tromagnetic properties of the circular dielectric material. 

The 2x grid technique can be easily extended to 3-D. The resultant electromag-

netic properties for each field component, i.e. ,r xε , ,r yε , ,r zε , ,r xµ , ,r yµ , ,r zµ , xσ , yσ  

and zσ , will be used in place of rε , rµ  and σ  in the respective update equations 

(6.88) - (6.93). 
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 The FDTD method, like other finite difference methods, works best with a 

structured Cartesian grid.  However, Cartesian Yee’s grid does not conform well to 

dielectric materials with curved surfaces.  While stair-case approximation is an option, 

it usually requires a very high grid resolution to obtain converged solutions.  One way 

to mitigate this problem is by adopting Dey-Mittra averaging (Dey and Mittra 1999).  

This method works by assigning the electromagnetic properties to the points on the 

Cartesian Yee’s grid based on local averaging.  In this study, Dey-Mittra averaging is 

adopted in conjunction with 2x grid technique to better approximate material with 

curved surfaces on Cartesian Yee’s grid.  The implementation procedure is briefly 

demonstrated using a 2 dimensional example.  In this example, it is desired to model 

a circular dielectric material on a 9 by 9 Yee’s grid, as shown in Figure 6.15 (a).  The 

procedure of Dey-Mittra averaging with 2x grid technique, based on this example, is 

as follows: 

1. Create a new grid with a much higher resolution, e.g. 10 times higher than the 

original Yee’s grid.  Construct the dielectric material on the high resolution 

grid.  The result is shown in Figure 6.15 (b), where the black cells represent 

the grid cells with the electromagnetic properties of the dielectric material as-

signed, whereas the unshaded cells are the cells with the electromagnetic prop-

erties of the background medium. 

2. Create a 2x grid, which has twice the resolution of the original Yee’s grid. 

3. Overlay the 2x grid onto the high-resolution grid.   

4. Using each cell of the 2x grid as an averaging window, average the electro-

magnetic properties on the high-resolution grid and assign the averaged elec-

tromagnetic properties to the 2x grid.  The result is shown in Figure 6.15 (c).   

5. According to the positions of the corresponding field components, assign the 

averaged electromagnetic properties in every other cell of the 2x grid to the 

original Yee’s grid based on the 2x grid technique discussed earlier. 

6. After the aforementioned procedure, the visual representations of ,r zε / zσ , 

,r xµ  and ,r yµ  would look like those depicted in Figure 6.15 (d), (e), and (f), 

respectively.   
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(a)      (b) 

   

(c)      (d) 
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(e)      (f) 

Figure 6.15: The procedure of Dey-Mittra averaging with 2x grid techniques.  (a) a 
circular dielectric material on a 9 by 9 Yee’s grid, (b) the circular dielectric material 
constructed on a high resolution grid, (c) a 2x grid assigned with average electromag-
netic properties computed from the high resolution grid, (d) a visual representation of 

rz zε σ  on the original Yee’s grid, (e) a visual representation of yµ  on the original 

Yee’s grid, (f) a visual representation of zµ  on the original Yee’s grid. 

6.6.4 Parallelization of FDTD 

 In order to reduce the computational time of FDTD simulation, the FDTD al-

gorithm is parallelized to take advantage of computers with multiple processing units.  

Domain decomposition method is adopted to parallelized FDTD, which works by di-

viding the problem domain into several sub-domains, distributing each sub-domain to 

each process, and allowing each process to compute the solutions of each sub-domain 

simultaneously.  Since the solution of each sub-domain is inter-dependent, inter-com-

munication between processes is required.  This is implemented based on Message 

Passing Interface using OpenMPI.  In what follows, the parallelization of FDTD is 

briefly explained using a simple example shown in Figure 6.16. 
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Figure 6.16: Schematic of FDTD parallelization. 

 In this simple example, it is desired to perform parallel FDTD simulation on a 

4 by 4 2-dimentional Yee’s grid using 2 processes.  The first step of the parallelization 

is to decompose the Yee’s grids, say vertically, into two subdomains with equal size, 

and distribute each of them to each process, as shown in Figure 6.16.  Process 1 has 

the left sub-domain (column 1 and 2 of the original grid) and process 2 has the right 

sub-domain (column 3 and 4 of the original grid).  The FDTD computation is imple-

mented on each subdomain simultaneously by the two processes.  Based on the update 

equations (6.88) -(6.93), it can be seen that the curl calculations, i.e. EC  and HC , re-

quire the field data from the neighboring cells.  However, for the cells that are located 

at the boundaries of the two sub-domain, i.e. the cells in column 2 for process 1 and 

the cells in column 3 for process 2, one of their neighboring cells is with the other 

process.  Therefore, message passing is required.  For instance, when process 1 at-

tempts to evaluate E

yC  for the grid cells in column 2, process 2 is programmed to send 

the required zE  in column 3 to process 1.  Similarly, when process 2 attempts to eval-

uate H

zC  for grid cells in column 3, process 1 is programmed to send the required yH  
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field in column 2 to process 2.  In this way, process 1 and 2 works dependently and 

simultaneously to compute the solution and thus high efficiency can be achieved.  This 

ideology can be straight-forwardly extended to 3-dimensional FDTD simulation. 

6.6.5 Implementation of PML and MW soft source in the MW oven 

 In the current case, according to the computational domain depicted in Figure 

6.5 and Figure 6.8, the MW will leave the problem domain only through the waveguide.  

Therefore, only one PML is required to be placed at the port of the waveguide (along 

x-direction), as shown schematically in Figure 6.17.  The PML is 20 cells thick. 

 

Figure 6.17: Implementation of PML in the MW cavity. 

 As for MW excitation in the MW oven, a simple TE10 mode soft source is 

injected through a plane located at one end of a waveguide near the PML to simulate 

the incident MW generated by a magnetron, as shown in Figure 6.18.  Numerically, 

this is implemented by adding electric and magnetic field source terms to the electric 

and magnetic fields at the location of the source plane.  For a TE10 mode MW in a 

rectangular waveguide orientated as shown in Figure 6.5 and Figure 6.8, only yE  and 

zH  are excited.  Thus,  

, , , , , ,
,

is js ks is js ks is js ks

y y y SourceE E E= +    (6.94) 

, , , , , ,
,

is js ks is js ks is js ks

z z z SourceH H H= +    (6.95) 

where is , js  and ks  are the indices of the Yee’s grid cells located at the source plane 



312 
 

in x, y, and z directions.  The , ,
,

is js ks

y SourceE  and , ,
,

is js ks

z SourceH  are computed according to Equa-

tion (6.11) and (6.12). 

 

Figure 6.18: Implementation of PML and source plane in the MW cavity. 

6.6.6 Courant’s stability condition for FDTD 

 In order to ensure the stability of FDTD, which is a conditionally stable explicit 

method, the time step is chosen such that it fulfills the Courant’s stability condition. 

This condition ensures that the wave does not travel across more than one cell in a time 

step. 

( ) ( ) ( )0 2 2 2

min min min

1

1 1 1
t

c
x y z

∆ <
+ +

∆ ∆ ∆

   (6.96) 

6.6.7 General solution procedure of FDTD 

 The general solution procedure of FDTD is illustrated in the flowchart shown 

in Figure 6.19.  The simulation time when solving Maxwell’s equations is named as 

EMt  to avoid ambiguity. The FDTD method is implemented using user code and inte-

grated into the buoyantPimpleFoam and twoPhaseEulerFoam solvers in OpenFOAM 

v1712 (the foundation of Model 1 and 2, respectively). 
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6.6.8 Verification of the FDTD code implemented in OpenFOAM 

 In order to verify the FDTD code in OpenFOAM, some test cases are simulated 

and the results are compared with that computed by COMSOL Multiphysics (a popular 

commercial software for electromagnetic simulations).  The test cases chosen for this 

purpose are 2-D MW heating of a rectangular liquid layer and 3-D MW heating of a 

cylindrical liquid sample.  These test cases are run in parallel on a 12-core workstation.   

Case 1: 2-D MW heating of a rectangular liquid layer 

 In this case (adapted from Ratanadecho et al. (2002)), a rectangular container 

filled with water is heated in a rectangular waveguide.  The computational domain is 

depicted in Figure 6.20 (a).  Two PMLs are defined at both ends of the waveguide to 

simulate the absorption of outgoing waves by matched loads.  The computational do-

main is discretized using non-uniform Cartesian Yee’s grid.  Based on the wavelength 

of MW in air and water, coarser grids are used to discretize the air region whereas fine 

grids are used to discretize the water region.  Grid grading (grid spacing increases/de-

creases gradually) is applied at the transition regions between the fine and coarse grids 

in order to maintain the accuracy of the calculation close to second-order.  The grid is 

depicted in Figure 6.20 (b).  A comparison of RMS of the electric field along the mid-

dle axial direction of the waveguide predicted by the FDTD in OpenFOAM and COM-

SOL is shown in Figure 6.21.  The result shows excellent agreement. 
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Figure 6.19: General solution procedure of FDTD. 
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(a)      (b) 

Figure 6.20: (a) Computational domain and (b) computational grid of 2D MW heating 
of liquid layer. 

 

Figure 6.21: Comparison of the RMS of electric field predicted by FDTD simulation 
and COMSOL. 

Case 2: 3-D MW heating of a cylindrical water sample 

 The case used for this purpose is the same as that in Chapter 5 (Section 5.2.2).  

For domain discretization, coarser grid cells are used to discretize the air region and 
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fine grid cells are used to discretize the water region.  Grid grading is applied at the 

transition zones between the coarse and fine grids.  The discretized domain is illus-

trated in Figure 6.22, with a total of 5.5 million grid cells.  Dey-Mittra averaging tech-

nique is used in conjunction with 2x grid technique to construct the cylindrical water 

sample on the Yee’s grid.  The rε  and tanδ  used are 79.08 and 0.162 respectively.  

The implementation of the PML and MW source plane is as shown in Figure 6.18. 

 

Figure 6.22: Computational grid of 3D MW heating of cylindrical liquid sample. 

Figure 6.23 (a) and (b) show the distributions of the RMS of electric field in-

tensity in the MW cavity computed by FDTD in OpenFOAM and COMSOL, respec-

tively, whereas Figure 6.24 (a) and (b) show the corresponding MW power absorptions 

in the cylindrical water sample.  It can be clearly observed that the agreements between 

the results are excellent, other than the slight numerical differences.   

These two verification cases evidently show that the FDTD routine developed 

in OpenFOAM is implemented correctly. 
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(a)      (b) 

Figure 6.23: RMS of electric field distribution predicted by (a) FDTD simulation and 
(b) COMSOL. 

    

(a)      (b) 

Figure 6.24: MW power absorption distribution in the water sample predicted by (a) 
FDTD simulation and (b) COMSOL. 

6.7 Numerical implementation of transport equations of Model 1 

The transport equations are discretized using Finite Volume Method. The dis-

cretized equation will be expressed using the OpenFOAM notation that is previously 

given in Section 4.2.1.  The numerical implementation presented in this section is 

based on that implemented in buoyantPimpleFoam solver, with some changes made 

to adapt the solver to the current study. 
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6.7.1 Momentum equation discretization 

 The liquid momentum equation (6.17) is discretized as follows: 

[ ]( ) [ ]( ) [ ]( )

( ) ( )T T2
tr

3

l l

l l l l

l l l rgh l

J
t

p

ρ
µ

µ ρ

∂
+ ∇ ⋅ − ∇ ⋅ ∇

∂

  − ∇ ⋅ ∇ − ∇ = −∇ − ⋅ ∇    

U
U U

U U I g x

� �� � � � � �� � � � � �� � � �� �
� �� �   (6.97) 

where tr  is trace and lJ  is the mass flux ( )l l l f
J ρ= ⋅U S  [ -1kgs ].  Nevertheless, this 

lJ  is not computed directly but rather obtained from the pressure-velocity coupling 

procedure so that the lJ  is conservative.  It should be noted that the pressure and den-

sity gradient terms on the RHS of Equation (6.97) are not discretized at this stage to 

prevent decoupling issues (see Appendix A3 for more information).  By rearranging 

Equation (6.97), the liquid velocity correction equation can be written as: 

( )
( ) ( ) ( )

1 1H
l rgh l

D D D

p ρ= − ∇ − ⋅ ∇
A

U g x
A A A

   (6.98) 

where A  is the system of linear algebraic equations resulting from Equation (6.97)

without the pressure and density gradient/gravity terms.  See Section 4.2.1 for the in-

troduction of the operator ( )
A

⋅  and ( )
D

⋅ .  Note that ( )
H

A , which contains the velocity 

information in the neighboring cells, is evaluated explicitly using the last known ve-

locity. 

6.7.2 Pressure-velocity coupling 

PISO algorithm is adopted for pressure-velocity coupling.  Before that, a pres-

sure equation is derived from the mass continuity equation (6.16).  The mass continuity 

equation is discretized as follows: 

( ) 0l
lJ

t

ρ∂ + ∇ ⋅ =
∂

   (6.99) 
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The lJ  is obtained by interpolating Equation (6.98) to the cell faces and dotting it with 

S : 

( )
( ) ( ) ( )
l l lH

l f rgh f l

D D Df f f

J p
ρ ρ ρ ρ

     ⋅= ⋅ − ⋅∇ − ⋅∇          
     

A g x
S S S

A A A
  (6.100) 

Substituting Equation (6.100) into (6.99) yields the pressure equation: 

( )
( )

( ) ( )
ll l lH

rgh f l

D D Df f

p
t

ρρ ρ ρ ρ
      ∂ ⋅  ∇ ⋅ ∇ = + ∇ ⋅ ⋅ − ⋅∇           ∂        

A g x
S S

A A A

� �� �
� �
� �
� �� �

  (6.101) 

The pressure and density gradient terms can now be discretized using linear scheme 

without inducing any decoupling problems as they are defined at the cell faces in the 

pressure equation, as opposed to that in the momentum equation which are defined at 

the cell center. 

 The procedure of PISO algorithm is as follows (Jasak 1996).  Firstly, the mo-

mentum equation (6.97) is solved using the rghp  from the old time step to obtain an 

approximation of the velocity field.  This step is commonly known as the “momentum 

predictor”.  In this step, it is required to discretize the gradient terms on the RHS of 

Equation (6.97), which are defined at the cell center.  To avoid decoupling issue, they 

are not discretized at the cell center, but rather discretized at the cell faces and then 

reconstructed to the cell center.  Thus, the RHS of Equation (6.97) is evaluated as fol-

lows: 

( ) ( )( )
1

rgh l f f f rgh f lf
f f

p pρ ρ
−

   
−∇ − ⋅ ∇ ≈ ⊗ ⋅ − ⋅∇ − ⋅ ⋅∇   

   
∑ ∑g x n S n S g x S   (6.102) 

where fn  is the unit vector normal to the cell faces (See Appendix A4 for more infor-

mation on the reconstruction procedure).  In the next step, using the approximation of 

the new velocity field, construct the pressure equation (6.101), and solve it for the new 

pressure field.  The new pressure field is then used to update lJ  using Equation (6.100), 

which will make the lJ  mass conservative.  This step is called “pressure solution”.  



320 
 

After that, the velocity field is updated explicitly with the reconstruction of the pres-

sure and density gradient terms (like in the “velocity predictor” step) using the new 

pressure field, as follows: 

( )
( ) ( ) ( )

( )( )

1

, wherelH
l f f

f fD D

f rgh f lf

J

J p

ρ

ρ

−

∇

∇

   
= + ⊗ ⋅   

   

= − ⋅∇ − ⋅ ⋅∇

∑ ∑
A

U n S n
A A

S g x S

  (6.103) 

This step is called “explicit velocity correction”.  The “pressure solution” and “explicit 

velocity correction” steps are iterated, using the last known velocity field in each iter-

ation, until a certain tolerance is reached.  Upon convergence, the velocity field satis-

fies both mass and momentum conservation. The total pressure p  can be obtained 

from Equation (6.18). 

 During the “pressure solution” step, fixedfluxPressure boundary condition is 

imposed at the boundaries where the velocity is specified (see Table 6.1) to ensure flux 

consistency.  This boundary condition specifies the B lρ∇  at the boundary according 

to the velocity specified at the boundary.  The expression for this boundary condition 

can be obtained by rearranging Equation (6.100) and using the specified velocity at the 

boundary, i.e.: 

( )
( ) ( ) ( )

( )

l lH
B l l l B

D DB B
B rgh

l

D B

p

ρ ρ ρ ρ

ρ

   ⋅⋅ − ⋅∇ − ⋅      
   ⋅∇ =

 
  
 

A g x
S S U S

A A
S

A

 (6.104) 

where the superscript B  represents quantities at the boundary.  The ( )( )H B
A  is eval-

uated using the specified velocity at the boundary. 

6.7.3 Energy transport equation discretization 

The energy transport equation (6.19) is discretized as follows: 
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Newton-Raphson method is used to solve Equation (6.20) iteratively to obtain lT : 

( )
( )

ref
,

1

,

i
lT

p l l l l
Ti i

l l i

p l l

c T dT h
T T

c T

+
−

= −
∫

   (6.106) 

where the superscript i  denotes iteration. 

6.7.4 Differencing schemes and time steps for transport equations 

The temporal terms are discretized using implicit Euler scheme.  For the prop-

erty in the convection terms, linear upwind scheme is used for velocity, whereas 

VanLeer scheme is used for other variables.  For the surface gradients, including that 

in the Laplacian terms, they are discretized using linear scheme.  Linear interpolation 

is used for the rest of the variable interpolation.  Adaptive time-stepping is imple-

mented such that the maximum Courant number Co  at each time step is kept below 

0.5.  The courant number is defined as: 

Co l

fl P

t
J

Vρ
∆= ∑    (6.107) 

6.7.5 Solution procedure 

 As the dielectric properties of water change with liquid temperature, the two-

way coupling between electromagnetic wave propagations and the rest of the physics 

is necessary.  Due to the extremely short time scale of electromagnetic wave propaga-

tion, the electromagnetic wave propagation can be safely treated as a quasi-steady pro-

cess.  With this assumption, the two-way coupling can be achieved using the iterative 
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scheme proposed in by Zhang et al. (2000).  According to this scheme, Maxwell’s 

equations are solved first using a very small time step ( EMt∆  ~ 121 10−× s) to obtain a 

quasi-steady rmsE  solution for the calculation of MWQ .  Using this MWQ , other equa-

tions are then solved and allowed to march in time using large time steps ( t∆  

~ 0.001s ).  The MWQ  is updated every time the local dielectric properties of water 

change substantially (e.g. 10%), by re-solving Maxwell’s equations using the new di-

electric properties.  In between updates, MWQ  is assumed constant.  The solution pro-

cedure of Model 1 is shown in Figure 6.25 (see Figure 6.19 for the definition of FDTD 

initialization and FDTD loop).  Model 1 will be terminated once the liquid temperature 

in the cells adjacent to the anti-bumping granule surface reaches satT , and the final 

solutions would be brought over to Model 2 as its initial conditions. 
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Figure 6.25: Solution procedure of Model 1. 
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6.8 Numerical implementation of transport equations of Model 2 

The numerical implementation presented in this section is based on that imple-

mented in twoPhaseEulerFoam solver, with some changes made to adapt the solver to 

the current study. Some analysis of the code implementation is also given in this sec-

tion. 

6.8.1 Momentum equations discretization 

The LHS of the momentum equation (6.32) is discretized as follows:  

( )( ) ( ) ( )

( ) ( )

eff
,

T T2
tr ...

3

f

c

r
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t

e

ϕ ϕ ϕ
ϕ ϕ ϕ ϕ ϕ ϕ

ϕ ϕ ϕ ϕ ϕ ϕ

α ρ
ρ α µ

α µ

 ∂ +      + ∇ ⋅ − ∇ ⋅ ∇   ∂

  
 − − ∇ ⋅ ∇ − ∇ =      

U
U U

U U U I

� �� � � � � �� � � � � �� � � � � �� �� �� �

� �� �� �

  (6.108) 

The r  in the first term is a small residue added to the phase fraction to avoid the equa-

tion from becoming singular when 0ϕα → .  The r  is defined as: 

( )max ,0r ϕδ α= −    (6.109) 

where δ  is a small positive value (e.g. 410− ).  Although this way of singularity pre-

vention might cause numerical noise to creep into the solution (Kashiwa et al. 1993), 

this has not been found to be an issue in the current study.   

 In the convection term of Equation (6.108), the volumetric flux Fϕ  is defined 

as ( )
fϕ ϕα ⋅U S  [ 3 1m s− ].  It should however be noted that this Fϕ  is not evaluated di-

rectly, but is rather obtained from the solutions of pressure and phase fraction transport 

equations (see Section 6.8.2 and 6.8.3).  This is to ensure the Fϕ  is volume conserva-

tive.  Another important fact about this Fϕ  is that it is treated as the primary conserva-

tive flux in the convection terms of all transport equations (except the bubble number 

transport equation, see Section 6.8.4).  In other words, all the conserved quantities will 

be transported by the same volumetric flux field Fϕ .  This is to ensure the consistent 
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coupling between equations, which is a feature that was missing in the older versions 

of twoPhaseEulerFoam solver, on which the boiling model developed in Chapter 4 is 

based.  In twoPhaseEulerFoam solver, an extra mass continuity correction term (the 

fourth term) is included in Equation (6.108).  The continuity error c
eϕ  is expressed as: 

( ) ( ),
c

fe F
t

ϕ ϕ
ϕ ϕ ϕ ϕ

α ρ
ρ

∂
= + ∇ ⋅ − Γ

∂
   (6.110) 

This correction term is, presumably, to correct for the non-conservativeness of Fϕ ϕρ  

in the convection term, due to the fact that volumetric flux Fϕ  is used as the primary 

conservative flux rather than the mass flux Fϕ ϕρ  (i.e. volume is conserved, rather than 

mass).  The rationale behind the use of volumetric flux instead of mass flux will be 

discussed shortly in Section 6.8.2.  Besides, as will be seen later in Section 6.8.3, Fϕ  

is actually not strictly volume conservative due to the need to enforce the boundedness 

of the phase fraction.  Thus, this correction term is added to the discretized momentum 

equation to account for the error. 

 The RHS of the momentum equation (6.32) is discretized as: 

TD... I

rgh mpϕ ϕ ϕ ϕ ϕ ϕ ϕα α ρ α Γ= − ∇ − ⋅ ∇ + + + +g x G F F Fɶ ɶ  (6.111) 

where the I

ϕFɶ  is the discretized terms arising from the interphase forces other than the 

turbulent dispersion force TD
ϕF , and ϕ

Γ
Fɶ  is the discretized terms arising from ϕ

Γ
F .  The 

rghpϕα ∇ , mϕα ρ⋅ ∇g x , and TD
ϕF  are not discretized at this stage as they contain first-

order differential terms, which could cause decoupling issues if not discretized 

properly (see Appendix A3 for a demonstration).  They are to be treated at cell faces 

during the pressure-velocity coupling procedure, where face interpolation can be 

avoided. 

 The I

ϕFɶ  can be expanded as drag VM lift segregatedI

ϕ ϕ ϕ ϕ ϕ= + + +F F F F Fɶ ɶ ɶ ɶ ɶ , where drag
ϕFɶ , 

VM
ϕFɶ , lift

ϕFɶ  and segregated
ϕFɶ  are the discretized terms arising from drag

ϕF , VM
ϕF , lift

ϕF , and 

segregated
ϕF .  These interphase forces are treated semi-implicitly to ensure stability, ex-

cept the lift force, which is difficult to be treated implicitly.  Thus: 
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lift lift
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The ϕ
Γ

F  is treated semi-implicitly for enhanced stability, hence the g

Γ
Fɶ and l

ΓFɶ  are

( ) ( )g g l g g

+ −Γ  = Γ + Γ  F U U
� �ɶ � �
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 and ( ) ( ) [ ]l l g l l

+ −Γ = Γ + ΓF U U� �ɶ � �� � , respectively. 

 Following a way similar to the procedure of Weller (2002) (adopted in Chapter 

4, which is more robust than the conventional method in two-phase flow with phase 

separation), the momentum correction equations are derived from Equation (6.108) 

and (6.111) as follows (Rusche 2003): 
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where ϕA  is the system of linear algebraic equations resulting from Equation (6.108) 

and (6.111) without the (un-discretized) pressure gradient, (un-discretized) density 

gradient, gravity, (un-discretized) turbulent dispersion force, explicit part of the dis-

cretized drag force and lift force terms. The dragK  and TDK are 

drag drag
drag

1 2

3
(1 )

4
g in l l l in g g

g r

g l

C C
K f f

d d

ρ ρ
α − − − − 

= − +  
 

U , and 

( )
TD drag TD drag

TD
1 2

3 1 1
1

4

t t

g in l g in l l l l in g l in g g g

g rt t

g l l g l g

C C C C
K f f

d Sc d Sc

ρ ν ρ ν
α

α α
− − − − − − − −  

= − + +    
  

U .  Note 

that the formulation of the turbulent dispersion force in Equation (6.39) has been re-

duced here in Equation (6.120) and (6.121) due to 0g lα α∇ + ∇ =  for two-phase flow. 

These excluded terms are to be treated at cell faces during the pressure-velocity cou-

pling procedure.  Similar to Model 1, the ( )
HϕA  in Equation (6.120) and (6.121) is 

evaluated using the last known velocity field. 

6.8.2 Pressure-velocity coupling 

The pressure-velocity coupling is based on PISO algorithm.  A pressure equa-

tion is to be derived from the mixture volume continuity equation (6.41).  It can be 

seen from Equation (6.41) that the densities of the individual phases had been extracted 

from their respective mass continuity equations before being combined to form the 

mixture volume continuity equation, instead of combining the mass continuity equa-

tions of both phases directly to form a mixture mass continuity equation.  This is be-

cause it had been reported that the use of a mixture mass continuity equation during 

the pressure-velocity coupling procedure leads to poor conservation of the lighter 

phase, as the lighter phase can hardly influence the mixture mass balance (Carver 1984, 
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Rusche 2003).  This issue can be considerably circumvented if a mixture volume con-

tinuity equation is used instead, and thus the mixture continuity equation is expressed 

in the form shown in Equation (6.41).  Due to the use of the mixture volumetric con-

tinuity equation, this explains why the volumetric flux Fϕ  is used as the primary con-

servative flux in all the transport equations as opposed to the mass flux, as mentioned 

earlier. 

The mixture volumetric continuity equation can be discretized as follows: 

( ), ,

D D 1 1

D D
g g g l l l

g f g l f l g

g l g lt t

α ρ α ρα φ α φ
ρ ρ ρ ρ

 
∇ ⋅ + = − − + Γ −  

 
  (6.122) 

The interphase mass transfer term is treated explicitly as there is no obvious way to 

treat it implicitly.  The ϕφ  is the phase flux at cell faces, ( )
fϕ ϕφ = ⋅U S  [ 3 1m s− ].  Its 

expression can be obtained by expressing Equation (6.120) and (6.121) at cell faces 

and dotting with S , i.e.: 
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drag

g
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g gD Df f

K
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( ) ( )
drag

l
l l f rgh g

l lD Df f

K
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αφ φ φ∗    
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S

A A
  (6.124) 

where ϕφ ∗  is the phase flux predictor, which is given as: 
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Substituting Equation (6.123) and (6.124) into the mixture continuity equation (6.122) 

yields the pressure equation: 

( ) ( )

( ) ( )
drag drag

, ,

D D 1 1

D D

g g l l
rgh

lg D fD f

g f g l l f l g

lg D fD f

g g g l l l
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g l g l
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t t
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α ρ α ρ
ρ ρ ρ ρ

∗ ∗

          ∇ ⋅ + ∇             

            = ∇ ⋅ + + +                
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AA

AA
  (6.127) 

The gradient terms that have been left un-discretized can now be discretized at the cell 

face in the way shown in Equation (4.62).  The compressibility terms 
D

Dt

ϕ ϕ ϕ

ϕ

α ρ
ρ

 are 

not evaluated directly, but rather computed as follows (see Appendix A12 for deriva-

tion): 

( ) ( )
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f F
t F

t t

ϕ ϕ
ϕ ϕϕ ϕ ϕ ϕ

ϕ
ϕ ϕ

α ρ
ρα ρ α

ρ ρ

∂
+ ∇ ⋅ ∂ ∂= − + ∇ ⋅ ∂ 

  (6.128) 

When solving the pressure equation, fixedfluxPressure boundary condition is imposed 

at the boundaries where the velocities are specified (see Table 6.2) to ensure flux con-

sistency.  This boundary condition can be derived from Equation (6.123) and (6.124), 

which reads: 

( ) ( )

( ) ( )

drag drag

, , , , , , , ,g B g B l B g B l B l B g B l B
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U S U S
A A

S

A A

  (6.129) 

The subscript B  represents quantity at the boundary, ,Bϕφ  and ,Bϕφ∗  are evaluated us-

ing ,Bϕ ⋅U S .  
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 After solving the pressure equation, the conservative mixture volumetric flux 

F  is corrected explicitly using the new pressure field as follows (since the explicit 

expression of F  is used in the construction of the pressure equation): 

( ) ( )

( ) ( )
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drag
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g f g l f l
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  (6.130) 

Next, the individual phase fluxes ϕφ  are to be corrected using the new pressure field.  

However, an examination of Equation (6.123) and (6.124) shows that ϕφ  of each 

phase is coupled to each other through the linking coefficient ( )
drag

D f

K

ϕ

 
 
 
 A

.  Correcting 

the phase fluxes explicitly using Equation (6.123) and (6.124) might compromise con-

vergence of the pressure-velocity coupling if the magnitude of the linking coefficient 

is large (since drag force is the dominant interphase force).  Therefore, in OpenFOAM, 

partial elimination is applied to Equation (6.123) and (6.124).  By replacing the lφ  in 

Equation (6.123) using Equation (6.124) and vice versa for the gφ  in Equation (6.124), 

one gets the following expressions: 
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( ) ( )

( ) ( )1

drag

l
l f rgh g

l lD Df f

l
drag drag

lg D fD f

K
p

K K

αφ φ

φ

∗ ∗   
− ⋅∇ +      
   =

   
 −       

S
A A

AA

  (6.132) 
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Although it is possible to evaluate the individual phase flux using the above equations, 

this is not done.  Instead, the phase fluxes are evaluated as follows to enhance coupling 

between the two phases: 

g g F Fφ φ= + −    (6.133) 

Expanding the third term on the RHS yields: 

( )1

g g g g l l

g g l l

l r

F

F

F

φ φ α φ α φ

α φ α φ

α φ

= + − −

= + − −

= +

   (6.134) 

The same procedure is performed for lφ  and the following can be obtained: 

l g rFφ α φ= −    (6.135) 

where r g lφ φ φ= − , which is evaluated using Equation (6.131) and (6.132).  It should 

be noted that the individual phase fluxes are not conservative at this point due to the 

use of mixture continuity equation for the derivation of pressure equation.  They can 

be made conservative after the phase fraction transport equation is solved (see Section 

6.8.3). 

 After updating the fluxes, the velocities are to be updated. The mixture velocity 

is updated with the reconstruction of the pressure gradient, density gradient/gravity, 

turbulence dispersion force and lift force terms from the cell faces as follows to avoid 

spurious oscillatory solutions or decoupling: 

( ) ( )
drag drag
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g g l l l g
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K K
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where 
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Similar to the phase flux correction, the individual velocity fields are updated with 

partial elimination as follows: 

g l rα= +U U U    (6.139) 

l g rα= +U U U    (6.140) 
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   (6.141) 

 Due to the explicit correction of the fluxes and velocities, the aforementioned 

procedure needs to be iterated until convergence, i.e. until both volume and momentum 

conservations are satisfied. 

6.8.3 Phase fraction transport equation 

As mentioned previously in Chapter 4, solving the vapor phase fraction 

transport equation (6.42) with the convection term in its original form does not ensure 

the boundedness of gα  due to the non-conservativeness of gφ .  To mitigate the issue, 

the convection term of Equation (6.42) is reformulated and discretized in the same way 

as that in Chapter 4, but using Euler explicit for the temporal discretization: 

( ) ( ), , ,

D

D
g g g g g

g f r l f g f

g g

F
t t

α α ρ
α φ α α

ρ ρ
 ∂ Γ  + ∇ ⋅ + ∇⋅ = − +
∂

� �� �
� �
� �
� �� �

  (6.142) 

where r g lφ φ φ= − .  The compressibility term is computed explicitly using Equation 

(6.128) and the mass generation term is treated explicitly to be consistent with the 

pressure equation (6.127). 
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As discussed in Chapter 4, the second term on the LHS of Equation (6.142) 

ensures the boundedness of gα  as F  is conservative.  On the other hand, the third 

term enforces boundedness if the gα  and lα  are interpolated to the cell faces using 

upwind and downwind schemes (based on rφ ), respectively (see Appendix A6 for a 

demonstration).  However, as upwind and downwind schemes are only first-order ac-

curate, solving Equation (6.142) using these schemes can be very diffusive (Rusche 

2003).  Using higher-order upwind and downwind schemes improves accuracy but 

might compromise boundedness.  Therefore, in order to use higher-order schemes 

without compromising boundedness, Equation (6.142) is solved using the corrected 

flux computed from Multi-dimensional Limiter for Explicit Solution (MULES) tech-

nique, which is based on Flux Corrected Transport (FCT) technique (Zalesak 1979).  

This technique ensures the boundedness a transported quantity by limiting the flux of 

that quantity computed using higher-order scheme such that the higher-order scheme 

is used to the greatest extent without introducing local minimum or maximum in the 

solution (which violates transportiveness).  In OpenFOAM, the MULES is imple-

mented in a slightly different way compared to the conventional FCT method.  Equa-

tion (6.142) can be written as:  

0
, ,

n

g P g P g

fP

t
F Sources

V
α α ∆= − +∑   (6.143) 

where 
gF  is the gas volumetric flux. Briefly, the procedure of MULES is as follows: 

1. Compute lower-order flux LF  at cell faces using a lower order interpolation 

scheme that guarantees a monotonous solution.  The LF  is defined as 

,L g fF Fα= , with 
gα  interpolated to the cell faces using upwind scheme.  This 

flux guarantees a monotonous solution as F  strictly satisfy the mixture conti-

nuity equation and the upwind scheme preserves transportiveness. 

2. Compute higher-order flux HF  using a higher-order scheme that might create 

an unbounded solution.  Specifically, H g , f g , f l , f rF Fα α α φ= + , with g , fα  eval-

uated using a higher-order upwind scheme and l , fα  evaluated using a higher-

order downwind scheme (e.g. second-order VanLeer scheme). 

3. Compute anti-diffusive flux AF , which is defined as A H LF F F= − . 
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4. Correct LF  using limited AF . The corrected flux is called CF , which is given 

by C L AF F Fλ= + , where λ  is a limiter that varies between 0 and 1.  When 

0λ = , CF  corresponds to LF , whereas when 1λ = , CF  corresponds to HF .  

The value of λ  is determined such that CF  does not introduce any local ex-

treme.  In OpenFOAM, λ  is computed iteratively.  More details on the calcu-

lation of λ  is given in Appendix A13. 

5. Update the n

gα  field using Equation (6.143) with the corrected flux, i.e. 

g CF F= . 

By using this technique, if the initial field of lα  is bounded, the solution of lα  in the 

future time steps will also be bounded, regardless of the scheme being used.   

 The gF  in Equation (6.143), which is calculated from g CF F= , is treated as the 

primary volumetric flux for all the transport equations of the vapor phase.  For that of 

the liquid phase, lF  is obtained from: 

l gF F F= −    (6.144) 

 From the above procedure, it can be seen that the gF  no longer strictly satisfies 

the original phase fraction transport equation (6.42), as it has been limited numerically 

to ensure boundedness of the boundedness of 
gα . Therefore, a continuity correction 

term is added in the momentum equation (6.108), as well as others to make up for the 

error. 

6.8.4 Bubble number density transport equation 

 As mentioned previously in Section 4.2.6, the gα  (i.e. vapor) and N  (i.e. bub-

bles) need to be transported consistently (convected by the same flux) to avoid spuri-

ous interphase area density B

ia  and bubble diameter gd .  The primary volumetric flux 

Fϕ , which is used consistently in all other transport equations, cannot be used here, 
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since N  is convected by phase flux rather than volumetric flux.  Thus, following the 

procedure previously proposed in Section 4.2.6, the bubble number density equation 

(6.54) is reformulated in the same way as the vapor phase fraction transport equation 

(6.142).  The discretized reformulated bubble number density equation is: 

[ ] ( ) ( ) ( )[ ]
, 0

RC WE

f r l f f TI NU

NN
N N

t N

ψ ψ
φ φ α ψ ψ

+∂
+ ∇⋅ + ∇ ⋅ = + +

∂

� �� � � �� �
� �� �
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  (6.145) 

The discretized equation is solved explicitly using MULES, which is in the same way 

as the vapor fraction transport equation (6.142).  In the MULES algorithm for this 

equation, the LF  is defined as L fF Nφ= , with fN  evaluated using upwind scheme, 

whereas the HF  is defined as 1,H f r f fF N Nφ φ α= + , with fN  and 1, fα  evaluated us-

ing higher-order upwind scheme and downwind scheme, respectively.  As for the 

source terms, the negative source terms are treated implicitly, whereas the positive 

source terms are treated explicitly.  The 0N  is N  in the old time step. 

 When computing the resultant interphase area density and bubble diameter, 

Equation (6.59) and (6.60) are numerically treated as follows: 

( )( ) ( )( ) 1
2 3

36 max , max ,B

i ga Nπ α δ δ=    (6.146) 

( )( )( )max minmax min 6 , ,g g id a d dα=    (6.147) 

where δ  is a small positive factor (e.g. 410− ).  Equation (6.146) avoids 0B

ia =  when 

gα  or N  approaches zero, as zero B

ia  can potentially cause numerical issues, such as 

division by zero in other equations.  Equation (6.147) limits gd  to a sensible range 

between mind  and maxd  for stability.  In this study, 4
min 1 10 md

−= ×  and 

2
max 1 10 md

−= ×  are used. 

6.8.5 Liquid energy transport equation 

The liquid energy transport equation is discretized as follows: 
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  (6.148) 

Following the strategy implemented in the original twoPhaseEulerFoam solver to sta-

bilize the energy equation in the limit of 0ϕα =  (i.e. to prevent equation singularity), 

the first and second terms on the RHS of Equation (6.148) have been added, with the 

second term treated implicitly.  Since the coefficient 
,

B B B

l i

p l

f H a

c
 in the stabilizing terms 

is always non-zero, Equation (6.148) will not become singular when 0lα → .  In fact, 

in the original solver, other than to stabilize the equation, these two terms are also 

meant to treat the interphase heat transfer term implicitly.  More information on this 

can be found in an analysis given in Appendix A14.   

The I

lQ  and lQ
Γ  on the RHS of Equation (6.148) are deliberately treated ex-

plicitly in order to be consistent with the pressure and phase fraction transport equa-

tions.  Although the first two terms on the RHS makes the B

lQ , which is a part of I

lQ , 

semi-implicit (see Appendix A14 for more information), the resultant heat and mass 

transfer inconsistency between the energy, pressure, and vapor phase fraction transport 

equation should be negligible.  This is because B

lQ  is not dominant in the current study, 

as will be shown later in the result (Section 6.12.2), and more importantly, the time 

step used in this study is small, so the inconsistency between the semi-implicit and 

explicit treatment should be minimal. 

6.8.6 Liquid k ε−  equations 

The liquid k ε−  equations are discretized as follows: 
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  (6.149) 
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where ϑ  is the phase transfer coefficient.  The last two terms on the RHS of the above 

equations are to stabilize the equations when 0lα → . These two terms allow a contri-

bution from the vapor phase to blend into the above equations when 0lα →  and thus 

prevents the equations from becoming singular.  The ϑ  is formulated as: 

( ) 1
max ,0 min ,ginv

l l l

gk t

ε
ϑ α α ρ

 
= −   ∆ 

   (6.151) 

where inv

lα  is the liquid phase fraction at which the phase inversion is considered to 

have occurred, i.e. the liquid phase fraction begins to approach 0.  It is taken as 0.3.  

The g

gk

ε
 is known as the vapor turbulence time scale.  To see the rationale behind this 

numerical implementation, let lα  be zero.  It can be seen that Equation (6.149) does 

not become singular, as the last two terms will remain.  Equation (6.149) becomes: 

[ ]g ginv inv

l l l l l g

g g

k k
k k

ε ε
α ρ α ρ=
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� �
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   (6.152) 

Solving the above equation gives l gk k= . This is actually physical because when 

0lα → , the turbulence in the liquid phase should follow that of the vapor phase.  The 

same applies to Equation (6.150). 
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6.8.7 Free surface cells tracking routine and numerical interphase area density 

The interphase heat and mass transfer term at the free surface, FS
Qϕ  and FS

g
Γ , 

are to be implemented only in the cells that contain the liquid free surface.  Since the 

position of the free surface is part of the solutions and is not known a priori, it needs 

to be tracked.  In the previous study (Chapter 4), a simple routine was proposed for 

this purpose.  However, that routine works best with an orthogonal mesh. The fluid 

domain in the current study has a spherical geometry, and thus a fully orthogonal mesh 

is not possible (staircase approximation is obviously not acceptable).  Therefore, a 

more generally applicable routine is proposed here to track the free surface cells.  This 

routine tracks the free surface cells by looking for cells that have the following criteria 

satisfied simultaneously: 

• Have 0 5g .α ≤  

• Have at least one neighboring cell with 0 5g .α < . 

• Have at least one neighboring cell with 0 5g .α > . 

The benefits of this routine compared to that proposed in the previous study are that it 

is applicable to unstructured mesh and it can be easily parallelized.  However, it might 

recognize more than one cells as the free surface cells in a cell column if the free 

surface is heavily agitated (i.e. the free surface may not be one-cell thick).  Neverthe-

less, this is not an issue in the current study as the free surface remain relatively calm. 

The numerical interphase area density FS

N
a  in Equation (6.47) and (6.48), and 

NU

N
a  in Equation (6.49) and (6.58) are required to convert the flux sources into volu-

metric sources so that they can be incorporated in the governing equations. The FS

N
a  

can be computed as: 

FS
FS

N

P

A
a

V
=  (6.153) 

where FS
A  is the area of free surface in the free surface cells, and 

P
V  is the cell volume.  

In this study, the free surface is assumed to be locally flat and horizontal for simplicity. 
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Thus, FS
A  in a free surface cell is taken to be the area of one of its cell faces that is 

orientated horizontally. 

As for NU

N
a , it can be expressed as: 

ABGS
NU

N

P

A
a

V
=  (6.154) 

where ABGS
A  is the cell area adjacent to the anti-bumping granule surface boundary. 

6.8.8 Solution procedure 

The differencing schemes used are the same as that in Model 1.  Adaptive time-

stepping is used, in which the time step is determined such that the maximum Courant 

number does not exceed 0.5.  The Courant number Co  in Model 2 is defined as: 

Co max , r

f fP P

t t
F

V V
φ

 ∆ ∆=  
 

∑ ∑    (6.155) 

The coupling between the FDTD and transport equations is achieved in the same way 

as in Model 1.  The solution procedure of Model 2 is shown in Figure 6.26. 
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Figure 6.26: Solution procedure of Model 2. 
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6.9 Grid and mesh independent tests 

 Since Model 1 and Model 2 represent two substantially different physics, grid 

(for electromagnetics) and mesh (for fluid flow) independent tests are performed sep-

arately for Model 1 and Model 2.  Note that the FDTD grid and Finite Volume mesh 

overlap at the liquid sample, and the data communication between them is achieved 

through simple field mapping. 

6.9.1 Model 1 

 The electromagnetic domain (i.e. the whole domain where Maxwell’s equa-

tions are solved) is discretized using Cartesian Yee’s grids.  The region near the sample 

(short MW wavelength) is discretized using fine grids, whereas the air region (long 

MW wavelength) is discretized using coarse grids in order to optimize the simulation 

performance (similar to that shown in  Figure 6.22).  Figure 6.27 shows the average 

MW power absorption in the water sample for various amounts of grid points.  The 

result shows that the difference in the average power absorption is less than 1% when 

the amount of grid points is increased from 1,772,145 to 2,830,149.  Therefore, when 

running Model 1, the grid point amount of 1,772,145 is chosen to discretise the electro-

magnetic domain.  This amount corresponds to a coarse grid spacing of 5 mm and a 

fine grid spacing of 1.25mm. 

 

Figure 6.27: Average MW power absorption in the water sample for various amount 
of grid points (for Model 1). 

275

277

279

281

283

285

287

289

291

293

0 1000000 2000000 3000000

A
v

e
ra

g
e

 p
o

w
e

r 
a

b
so

rp
ti

o
n

 (
W

)

Number of grid points



342 
 

 The fluid flow domain (i.e. fluid sample) is discretized into non-uniform struc-

tured finite volume mesh.  Figure 6.28 shows the temperature distribution in the water 

sample evaluated along the line 0.135 m, 0.145my z= =  at 150st =  and 330st = .  

This line is chosen as it passes through the center point of the sample where most of 

the MW power is located.  The difference is small when the mesh size reduces from 

1.5 mm to 1 mm (with RMSE of  0.13 K  at 150st =  and 0.1 K  at 330st = ).  Hence, 

1.5 mm mesh size is selected. 

 

Figure 6.28: Temperature distribution in the water sample along line
0.135 m, 0.145my z= = at 150st =  and 330st =  for various mesh sizes. 

6.9.2 Model 2 

 A similar grid-independent test is performed for Model 2.  Figure 6.29 (a) 

shows that the average MW power absorption in the water sample converges when the 

amount of grid points is increased from 1,191,968 to 2,830,149 (the difference after 

subsequent refinement is only about 1%).  Thus the grid points amount of 1,191,968 

is chosen for the electromagnetic domain discretization.  This corresponds to a coarse 

grid spacing of 5 mm and a fine grid spacing of 1.5 mm. 
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(a)       (b) 

Figure 6.29: (a) Average MW power absorption in the water sample for various 
amount of grid points (for Model 2), (b) Vapor phase fraction in the water sample 
evaluated along line 0.135 m, 0.145 my z= =  at 10st =  for various mesh sizes. 

 The fluid sample in Model 2 is discretized into non-uniform structured finite 

volume mesh.  For Two-fluid gas-liquid flow simulations, it is a common practice to 

use bubble-size criterion during meshing, in which the mesh size should be greater 

than the bubble diameter (Díaz et al. 2008, Krepper et al. 2007, Vaidheeswaran and 

de Bertodano 2017).  This is due to the fact that the local averaging of the dependent 

variables in Two-fluid model is performed over a spatial region that is assumed to be 

greater than the bubble size.  Thus, a mesh size smaller than bubble size would lead to 

“model error”.  In the current study, the bubble departure diameter predicted by Equa-

tion (6.51) is about 2mm.  The largest bubble diameter in the domain (after evaporation) 

is expected to be less than 6 mm, therefore a mesh size of 6mm could be appropriate.  

However, the wavelength of MW in boiling water is only about 16mm.  The use of 

6mm mesh size implies that the wavelength of MW is only covered by about 2.5 cells, 

which is clearly insufficient to properly resolve the heating profile.  Besides, the di-

mension of the current case is relatively small (the flask is only 0.08m in diameter).  

This mesh size implies that the maximum cells permissible along the diameter is only 

about 13, which is too coarse and could lead to considerable truncation error (Díaz et 

al. 2008).  Due to these reasons, the traditional mesh independent test is conducted 

instead of following the bubble-size restriction. 
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Figure 6.29 (b) shows the vapor phase fraction distribution in the water sample 

evaluated along the line 0.135 m, 0.145 my z= = at 10st =  for various mesh sizes.  

The result shows some interesting outcomes.  It is observed that the result is converg-

ing when refined from 3mm until 2mm, but diverges on further refinement.  This is 

evident in Table 6.4, which shows the RMSE of the vapor fraction between each re-

finement.  Similar finding is also reported in other works, such as those reported by 

Díaz et al. (2008) and Bech (2005).  One possible explanation is that, when refining 

from 3mm to 2mm, the reduction in truncation error is greater than the increase in 

“model error”, which leads to the reduction of the overall error.  When refining from 

2mm to 1mm, the mesh size is now considerably smaller than the bubble size and the 

increase in “model error” overtakes the reduction in truncation error and thus leads to 

the diverging behavior.  Therefore, based on the current results, a mesh size of 2mm 

is chosen as it seems to provide a reasonable compromise between model and trunca-

tion errors. 

Table 6.4: RMSE of vapor fraction between mesh size refinements. 

Refinement (mm) RMSE of vapor fraction 

3 to 2.5  0.00198 

2.5 to 2  0.00072 

2 to 1.5 0.00259 

1.5 to 1  0.00278 

6.10 Model validation 

6.10.1 Validation of MW liquid heating simulation 

 Figure 6.30 shows the comparison between experimental (from Experiment 1) 

and simulated local water temperature histories (from Model 1) at point P1 and P2 at 

a MW power of 300W.  The comparison shows that the simulation underestimates the 

local water temperature at both locations.  This is probably due to the uncertainty of 

the exact power output of the magnetron in the experiment.  To confirm this argument, 
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the experimental power absorption in the water was determined using calorimetric 

method and found that the average power absorption was approximately 358W, which 

is greater than the indicated input power of 300W on the oven.  This explains the higher 

local temperature in the experiment.  Nevertheless, the heating profile and the temper-

ature difference between the two locations, including the changes in the overall gradi-

ent of the temperature histories (e.g. a change in the overall gradient at about 90st =  

at P2, as indicated by the arrows in Figure 6.30), are well-predicted by the model, and 

thus showing that the model is able to simulate MW liquid heating with reasonable 

accuracy.  It should be noted that the rapid equalization of the measured temperatures 

at P1 and P2 near the end of the experiment was due to the significant vapor bubbling 

along the fiber optic cable and probes submerged in the liquid when part of the liquid 

reached the saturation temperature, which was not taken into account in the model. 

 

Figure 6.30: Comparison between experimental and simulated local water temperature 
history at point P1 and P2. The RMSEs are 6 C°  and 6 4 C. °  respectively. 

6.10.2 Validation of MW liquid heating and boiling simulation 

 Figure 6.31 shows the comparison between experimental (from Experiment 2) 
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and P4 at a MW power of 300W.  The external flask surface temperatures in the sim-

ulation are obtained using Equation (6.26).  Based on the experimental results, the 

measured flask external surface temperature at both P3 and P4 increases monotonously 

during MW heating stage, with the temperature P3 increases at a higher rate.  At about 

590st = , the measured temperature at P3 becomes approximately steady.  This indi-

cates that boiling had begun to take place.  It should be noted that boiling might have 

begun before 590st =  as the temperature at P3 does not represent the maximum tem-

perature in the sample.  Although boiling occurs, the measured temperature at P4 con-

tinues to increase at a similar rate to that before boiling.  This is a clear indication that 

the boiling is taking place without vapor bubbles rising in the bulk liquid.  This is 

because if there were vapor bubbles in the bulk liquid, this would cause intense mixing, 

and the measured temperature at P3 and P4 would have reached equilibrium within a 

short period, as can be inferred from Figure 6.30.  At about 720st = , the measured 

temperature at P4 becomes (about) steady henceforth, which shows that the water sam-

ple is in the boiling condition throughout the domain. 

 

Figure 6.31: Comparison between experimental and simulated flask external surface 
temperature history at point P3 and P4. The RMSEs are 3 9 C. °  and 5 5 C. °  at points P3 
and P4, respectively. 
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The simulation results show very similar trends to the measured results, with 

indicates that the overall physics of the MW heating and boiling process is well-cap-

tured by the models, including the fact that no vapor bubble is formed in the bulk liquid 

during the initial stage of the boiling process.  However, there are some discrepancies 

in the simulated results.  Although the comparison shows good agreement during the 

MW heating stage, the simulation over-predicts the temperature after the boiling be-

gins ( 590s> ).  The good agreement during the MW heating stage appears to be in 

contradiction with the validation results shown earlier in the previous section which 

suggests that the simulation under-predicts the water temperature due to the higher 

MW input power in the experiment.  A careful comparison between the measured and 

simulated temperature at P3 reveals that the boiling process in the simulation takes 

place about 60 s later compared to that in the experiment.  This implies that the prob-

lem of lower simulation MW input power is also associated with the current simulation 

results.  Therefore, one logical explanation for such a contradiction could be the over-

prediction of the flask external temperatures by the models.  In other words, the over-

prediction brings the originally under-predicted simulation temperatures closer to the 

measured temperatures.  This also explains the over-prediction of the simulated tem-

perature after the boiling occurs. 

One possible reason for the over-prediction of the flask outer surface tempera-

tures by the models could be due to the errors in the estimation of the solid flask wall 

parameters, such as the thickness, thermal conductivity, and emissivity of flask wall, 

as well as the convection heat transfer coefficient at the outer flask wall.  Although the 

errors in these parameters do not have a significant influence on the internal water 

temperature (due to the poor thermal conductivity of water), it can have a considerable 

impact on the external temperature.  Besides, another (most) likely source of error is 

due to the use of Equation (6.26) to estimate the flask external surface temperature.  

Equation (6.26) assumes that the heat transfer in the flask wall is one-dimensional (i.e. 

thin layer), and is in a quasi-steady state with the water temperature adjacent to the 

flask wall.  This may not be sufficient to fully describe the thermal behavior within the 

solid flask wall during the experiment, which can be potentially 3-dimensional and 

unsteady, since the temperature of the solid flask wall is not uniform.  Further discus-

sion on this will be given in the next chapter (Section 7.5.2), where more insight into 
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this discrepancy is gained.  A way to better predict the flask external surface tempera-

ture would be to treat the heat transfer at the wall as a conjugate heat transfer problem 

(i.e. solving the temperature field in the solid wall as part of the solution), but this is 

beyond the scope of this study and may make the current model unnecessarily complex. 

Besides, one can observe that the measured temperature at P4 is slightly lower 

compared to that at P3, but this is not the case for the simulated results.  This is prob-

ably due to the fact that the measuring point P4 was close to the point where the sample 

rests on the support (a beaker, see Figure 6.1 (a)), which leads to additional heat loss, 

as the beaker conducts the heat away. Another possible reason is the existence of the 

anti-bumping granules at the bottom of the flask, which results in a greater thermal 

resistance near P4.  The anti-bumping granules are not physically accounted for in the 

simulation and thus results in such a discrepancy.   

In the simulation, the models predict that after the initial stage of MW boiling 

stage (boiling without vapor bubbles), vapor bubbles are generated from the anti-

bumping granules at 830st > (see later in Section 6.12.2).  However, this phenomenon 

is not well-reflected from the measured flask outer surface temperature, and one might 

perceive that no vapor bubble was formed in the bulk liquid throughout the experiment.  

In order to prove the validity of this phenomenon, some photographs of the condition 

in the water sample were taken immediately (within 1 to 2 seconds) after the MW oven 

was turned off at the end of Experiment 2.  Two of the photographs are shown in Figure 

6.32.  It can be seen that there were indeed vapor bubbles rising from the anti-bumping 

granules, which qualitatively confirms the numerical prediction.  Furthermore, the 

photographs also show that no vapor bubble or bubble nucleus is generated at the flask 

wall.  This confirms the validity of modelling Assumption 7. 
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Figure 6.32: Photographs of the condition in the water sample at the end of Experiment 
2. 

 Figure 6.33 illustrates the comparison between experimental and simulated 

(obtained from both Model 1 and 2) volume history of the distillate.  The distillate 

volume in the simulation is computed by integrating the total rate of mass transfer over 

the entire space and time domain.  The comparison generally shows favorable agree-

ment.  However, some discrepancies are noticeable.  Firstly, the overall rate of distil-

late production is slightly higher in the experimental result.  This is expected due to 

the higher MW input power in the experiment, as mentioned earlier.  Secondly, the 

simulation result shows a gradual increase in the production rate of the distillate at the 

beginning of the boiling process (at about 650s 720st≤ ≤ , indicated by an arrow in 

Figure 6.33), which is not portrayed in the experimental result.  This is mainly because 

the initially generated vapor in the experiment was condensed at other surfaces before 

entering the condenser, such as the surfaces at the flask wall above the free surface, 

the flask necks and the distillation adapter, as these surfaces are at lower temperatures 

when the boiling had just started.  As a result, the initial profile of the volume history 

was not captured in the experiment.  This explanation is further supported by the fact 

that the experiment started collecting distillate at about the same time as the simulation, 

since the experiment should have produce distillate about 3-4 ON-OFF cycles earlier 

than the simulation, provided the higher MW input power in the experiment.  This 

evidently implies that the initially vaporize water was indeed condensed in the flask 

before entering the condenser for collection.  Next, there is a change in the production 

profile at about 830st =  in the simulation result.  The experimental result does not 

exhibit this behavior due to the significant delay in the distillate collection during each 
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ON-OFF cycle, as the vapor took time to condense in the condenser and flow to the 

measuring cylinder.  This made the instantaneous monitoring of the production rate 

difficult using the current experimental method.  As a result, the experimental result 

exhibits a similar profile throughout.  The profile change in the simulation result is due 

to the significant change in the boiling behavior, which will be further discussed in 

Section 6.12.2.  Furthermore, there is a sudden increase in the production of distillate 

at about 830st =  in the simulation result (circled in Figure 6.33), and this is not seen 

in the experimental data.  A possible explanation could be the insufficient sensitivity 

of the experimental method, which is due to the unintended vapor condensation before 

the vapor entered the condenser and the consequent refluxing of the sample, as well as 

the accumulation of the condensed water in the condenser.  As a result, the amount of 

distillate collected in the experiment during each ON-OFF cycle appears to be incon-

sistent.  Based on the simulation, this sudden increase in the distillation production in 

the simulation result is caused by the inception of bubble nucleation at the anti-bump-

ing granules, which results in rapid dissipation of superheat (and thus rapid evapora-

tion) in the water, which will be discussed in detail in Section 6.12.2.  In the simulation, 

the inception of bubble nucleation occurs near the beginning of the ON cycle and thus 

the rapid evaporation occurs within a ON-OFF cycle.  However, in the experiment, the 

inception of bubble nucleation could have happened near the end of the ON cycle, 

which might have caused the rapid evaporation to occur over the span of two ON-OFF 

cycles.  As a result, the sudden increase in the distillate production was ‘shared’ by 

two cycles and thus it is not obvious in the experimental result.  Despite the aforemen-

tioned discrepancies, the overall trend is at least well-captured by the model.  A more 

sophisticated experimental method might be necessary in the future in order to better 

validate the models. 

In short, the aforementioned validation results show that the models developed 

in this study are reasonably valid, and they capture the essence of MW liquid heating 

and boiling.  Thus, the models are used to investigate the physics associated with MW 

liquid heating and boiling, and the results are presented in the subsequent sections.  

The simulated MW liquid boiling behavior will also be compared qualitatively with 

those reported in the literature to gain more confidence on the validity of the current 

model.  
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Figure 6.33: Comparison of experimental and simulated volume history of distillate. 
The RMSE is 1 72ml. . 

6.11 Computational results of MW heating stage  

In the previous study presented in Chapter 5, the MW heating of water was 

numerically investigated only for a narrow temperature range up to 45 C°  (close to 

ambient temperature), where all the sample properties were treated as constants.  In 

this section, MW heating of water from ambient temperature until saturation tempera-

ture (with temperature-dependent properties) is investigated, as an extension to the 

previous work.   

For heating time 590st < , the temperature in the water sample is below the 

saturation temperature.  Thus, this duration is considered as MW heating stage in this 

study (see Figure 6.3).  The simulation results presented in the following sections are 

obtained from Model 1. 

0

5

10

15

20

25

590 690 790 890 990 1090 1190 1290

V
o

lu
m

e
 (

m
l)

Time (s)

Exp.

Sim.

Sudden 

increase
Increasing 

rate



352 
 

6.11.1 Electric field distribution and MW power absorption 

Figure 6.34 (a) and (b) illustrate the RMS electric field intensity rmsE  in the 

MW cavity with and without the water sample under initial (ambient) condition.  When 

there is no sample (Figure 6.34 (a)), the electric field intensity shows a somewhat reg-

ular pattern where the intensity alternates between high and low values.  The distance 

between two close high or low values is about half the wavelength of the MW in the 

air (~6 cm).  This indicates the formation of strong standing waves in the cavity, due 

to the perfect MW reflections at the metal cavity walls.  On the other hand, when there 

is a water sample in the cavity (Figure 6.34 (b)), the water sample interacts with the 

field and significantly changes the electromagnetic field distribution.  The distribution 

appears irregular and smeared due to the wave reflection at the sample surfaces and 

absorption by the sample.  Figure 6.34 (c) illustrates the rmsE  in the cavity when the 

sample is at the boiling temperature.  It is seen that despite the slight changes in rmsE  

in the cavity, there is a significant change within the sample due to the change in the 

sample dielectric properties.  To investigate further on this change, the MW power 

absorption within the sample throughout the heating process is examined next. 

 

(a) 
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(b) 

 

(c) 

Figure 6.34: Root mean squared electric field intensity ( )1Vm−  in the MW cavity (a) 

without water sample, (b) with water sample at ambient temperature and (c) with water 
sample at boiling temperature. 

 Figure 6.35 (a) – (d) show the MW power absorption distributions in the water 

sample evaluated on x-y plane at 2st = , 200st = , 400st =  and 590st =  respectively.  

Figure 6.36 (a) – (d) show the same data evaluated on x-z plane.  It is seen that high 

MW power absorption is mainly located near the center of curvature of the spherical 

cap sample, although the penetration depth of MW in the water at room temperature 

is only approximately 14mm , which is significantly shorter than the radius of the sam-

ple ( 40mm ).  This is due to the MW refraction at the curved sample surface, which 

converges the MW to the center region (focal point) of the sample.  As a result, strong 

constructive inference occurs near the focal point and leads to the high MW power 
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absorption.  This is commonly known as the MW core effect (Hui and Sherkat 2005).  

Besides, it is interesting to observe that, as the heating time increases, the local MW 

power absorption near the center region increases monotonously.  This is because of 

the significant drop in the loss tangent tanδ  of the water sample when the water tem-

perature increases.  In other words, the MW penetration depth in water increases sig-

nificantly when the liquid temperature increases (increases to as high as 87mm  at the 

boiling temperature).  As a result, more MW power reaches the center of the flask and 

thus stronger constructive interference occurs.  One significant consequence of this 

phenomenon is that the MW heat the sample more non-uniformly as the heating time 

increases.  This is evident in Figure 6.37 (a), which shows the standard deviation of 

the MW power absorption in the sample at various times.   

 In addition, the MW power absorption distributions show a fringe-like pattern 

with alternating high and low magnitudes.  This shows the formation of standing waves 

in the water sample, as the oppositely propagating waves in the sample interfere with 

each other (both the interference of waves that enter the sample from opposite direc-

tions and the interference of waves reflected at the sample wall within the sample).  

When the heating time increases, it is seen that the distance between the fringes in-

creases.  This is because the water dielectric constant drops with liquid temperature, 

which leads to the increase of MW wavelength.  Besides, this alternating high and low 

power absorption pattern also becomes more pronounced as the heating time increases 

(this can be clearly seen by comparing Figure 6.36 (c) and Figure 6.36 (d)), which 

indicates that the standing waves become stronger.  This is due to the increase of MW 

penetration depth in the water, which results in stronger interference and more reflec-

tions within the sample (as the MW is attenuated less).   

By evaluating the overall MW power absorption, it is found that there is no 

significant change in the total power absorption with heating time (see Figure 6.37 (b)), 

despite the significant change in the local MW power absorption.   
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(a)      (b) 

 

(c)      (d) 

 

Figure 6.35: MW power absorption distribution ( 3Wm− ) plotted on x-y plane at (a) 
2st = , (b) 200st = , (c) 400st =  and (d) 590st =  respectively. 
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(a)      (b) 

                     

(c)      (d) 

 

Figure 6.36: MW power absorption distribution ( 3Wm− ) plotted on x-z plane at (a) 
2st = , (b) 200st = , (c) 400st =  and (d) 590st =  respectively. 
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(a)      (b) 

Figure 6.37: (a) Standard deviation of MW power absorption at various time, (b) Over-
all MW power absorption at various times. 

6.11.2 Heat transfer and fluid flow 

 Figure 6.38 (a) – (d) show the temperature distributions and velocity fields in 

the sample evaluated on x-y plane and y-z plane at 4st = , 10st = , 28st =  and 

40st =  (early phase of the heating process).  In order to assess the temperature uni-

formity during the early phase, the standard deviations of the temperature distributions 

for the first three ON-OFF cycles ( 0 90st = − ) are evaluated.  The corresponding av-

erage flow velocities in the sample are also evaluated and the results are shown in 

Figure 6.39. 

At 4st = , the temperature distribution bears some resemblance to the MW 

power absorption distribution (see Figure 6.38 (a)), as the heat transfer during the ini-

tial phase is dominated by conduction (Ratanadecho et al. 2002, Cherbański and 

Rudniak 2013).  The hotspots are mainly in the upper center region of the sample.  The 

velocity field shows that natural convection takes place due to the temperature differ-

ence.  At 10st = , the natural convection becomes more vigorous (Figure 6.38 (b)).  

The signature of the MW power absorption distribution in the temperature distribution 

diminishes and the hotspots shift to the upper region of the sample.  It can be observed 

that the temperature in the upper region of the sample increases significantly, but that 
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in the lower region remains cool (only increases slightly since 4st = ).  This is mainly 

due to the low MW power absorption in the lower region (see Figure 6.35) and the fact 

that cold water is denser.  This results in poorer temperature uniformity, as is seen in 

Figure 6.39 that the temperature standard distribution rises significantly from 0st =  

to 10st = .  At 28st = , the magnetron has been turned off for 17s.  Since there is no 

external heat source, the temperature uniformity slightly improves, as indicated by a 

drop in the temperature standard deviation (see Figure 6.39).   It can be observed that 

the temperature distribution becomes stratified as the hot water accumulates in the up-

per region and vice versa for the cold water.  At 40st = , the magnetron is turned back 

on for about 10s since the last OFF cycle.  The temperature distribution is similar to 

that at 10st = , but the overall flow velocity is significantly lower compared to that 

during the first ON cycle.  This is due to the stratified temperature profile that forms 

during the OFF cycle, which establishes mechanical stability and hinders the liquid 

circulation.  This explains the significantly lower average velocity in the sample ever 

since the first ON-OFF cycle, as is seen in Figure 6.39.  Based on the temperature 

standard deviation, it is seen that the temperature uniformity in the sample continues 

to rise significantly with heating time as the temperature in the upper region increases 

at a faster rate compared to that in the lower region.   

  

(a)      (b) 
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(c)     (d) 

Figure 6.38: Liquid temperature distributions ( C° ) and velocity fields ( 1ms− ) in the 
sample during early phase at (a) 4st = , (b) 10st = , (c) 28st =  and (d) 40st = . 

 

Figure 6.39: Temperature standard deviation and average velocity in the sample for 
the first three ON-OFF cycles. 

Figure 6.40 (a) – (d) show the temperature distributions and velocity fields in 

the sample at 98st = , 216st = , 422st =  and 570st =  respectively (intermediate and 

late phases of the MW heating stage).  The temperature distributions during the inter-

mediate and late phases show a similar stratified profile to that during the early phase 

(i.e. 40st = ).  The maximum temperature difference in the sample increases with the 

heating time.  Based on the velocity fields, it is interesting to observe that during the 
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intermediate phase ( 98st = ), the flow stratifies into two layers at about half the height 

of the sample.  The water in the top layer circulates at a higher velocity compared to 

that in the bottom layer.  This is due to two reasons.  Firstly, the water viscosity in the 

upper region of the sample is considerably lower compared to that in the lower region 

due to the higher temperature.  Secondly, most of the MW power absorption is distrib-

uted in the upper region of the sample.  The former leads to lower flow resistance in 

the upper region, whereas the latter implies that most of the driving force of the natural 

convection is localized in the upper region, which is unfavorable for global liquid cir-

culation.  Consequently, the flow separates into two distinct regions with different flow 

speeds.  This leads to an interesting phenomenon where the temperature in the upper 

region of the sample gradually becomes more uniform as the heating continues.   

Figure 6.41 shows the temperature standard deviation and average velocity in 

the sample throughout the MW heating stage.  The temperature standard deviation 

shows that the temperature uniformity in the sample deteriorates significantly with 

heating time, but with a gradually reducing rate.  This is due to the gradually intensi-

fying liquid circulation, as indicated by the average velocity magnitude plot (see the 

broken line in Figure 6.41).  One obvious reason for the increase in the average flow 

velocity is due to the reduction in the water viscosity.  Another factor is due to the 

increase of MW heating non-uniformity in the sample with heating time (see Figure 

6.37 (a)).  This might appear to be counter-intuitive since higher MW heating non-

uniformity typically implies poorer temperature uniformity.  This is because higher 

MW heating non-uniformity induces greater mechanical instability in the sample.  For 

instance, as can be seen in Figure 6.35, the MW power absorption in the center region 

of the sample increases significantly with heating time (i.e. becomes more non-uni-

form).  This results in a more localized/focused and thus greater buoyancy force in that 

region, which in turn leads to a more intense liquid circulation.  As a result, the flow 

velocity increases with heating time. 

 Besides, based on the temperature standard deviation, it is observed that the 

MW irradiation with duty cycles improves the temperature uniformity in the sample 

during each OFF period of the cycles, but the effect is barely significant.  For compar-

ison, an extra simulation of MW water heating without duty cycles is performed and 

the temperature standard deviation history is evaluated.  Figure 6.42 illustrates the 

comparison of the temperature standard deviation histories.  The comparison shows 
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that MW heating with duty cycle only improves the temperature uniformity by about 

15%, but the heating time required for the water to reach its saturation temperature is 

increased by about threefold.  This result suggests that duty cycle, which has been 

reported to be able to improve temperature uniformity in solid samples (Gulati et al. 

2016), is ineffective in liquid samples.  If short heating time is of utmost importance, 

duty cycle should not be used.   

 

(a)      (b) 

 

(c)      (d) 

Figure 6.40: Liquid temperature distributions ( C° ) and velocity fields ( 1ms− ) in the 
sample at (a) 98st = , (b) 216st = , (c) 422st =  and (d) 570st =  (intermediate and 
late phases). 
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Figure 6.41: Temperature standard deviation and average velocity in the sample for 
the whole duration of MW heating stage. 

 

Figure 6.42: Comparison of temperature standard deviation in the sample between 
MW heating with and without duty cycles. 

6.12 Computational results of MW boiling stage 

At 593st = , the maximum local water temperature reaches its saturation tem-

perature, and thus MW heating at 593st >  is considered as MW boiling stage. 
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6.12.1 Boiling physics during initial phase 

The initial phase of MW boiling stage is defined as the stage before the incep-

tion of bubble nucleation at the anti-bumping granules.  The flow during the initial 

phase remains as single-phase and thus the results presented in this section are still 

obtained from Model 1.  The MW power absorption distribution during the initial 

phase is similar to that depicted in Figure 6.35 (d) and Figure 6.36 (d), and thus it is 

not shown here to avoid redundancy.   

Figure 6.43 (a) – (c) show the temperature distributions and velocity fields in 

the sample evaluated on x-y plane and y-z plane during the initial phase of the MW 

boiling stage at 630st = , 688st =  and 748st =  respectively (these instants corre-

spond to the end of ON cycle of 22nd , 24th, and 26th ON-OFF cycles respectively).  The 

temperature distributions during the initial phase clearly show that a significant portion 

of the sample is superheated beyond the saturation temperature.  Michael P áMingos 

(1992) and Chemat and Esveld (2001) conducted MW liquid boiling experiments and 

reported a similar finding.  This is in contrast to conventional boiling process (i.e. un-

der surface heating), where the water essentially remains at its saturation temperature, 

as shown in the study presented in Chapter 4.  This is mainly attributed to the lack of 

bubble nucleation at the wall during MW heating.  Although this is originated from 

the assumption of the model that no bubble nucleation occurs at the flask wall, this 

assumption can be physically justified by the simulation results as follows: Generally, 

the occurrence of vapor bubble nucleation relies on the bubble nuclei trapped in the 

micro-size crevices and scratches on the wall, which are known as nucleation sites.  In 

order for significant bubble nucleation to take place at the wall, the liquid temperature 

adjacent to the wall, or wall temperature, needs to be at least higher than the saturation 

temperature corresponds to the gas pressure inside the trapped bubble nuclei/embryo 

(a few degrees higher than atmospheric saturation temperature is typically required 

due to higher pressure in the nuclei (Ghiaasiaan 2007), depending on the surface char-

acteristics, such as roughness and wettability).  However, based on the MW power 

absorption in the sample (Figure 6.35 (d)), it can be seen that most of the MW heat 

source is distributed in the bulk liquid away from the wall, which is in contrast to the 

conventional heating.  This, in conjunction with the heat loss to the surrounding, leads 

to low liquid temperatures in the close vicinity of the wall (about 96 98 C− °  in the 
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upper region, which is below the saturation temperature), as is evident in the temper-

ature distributions (Figure 6.43 (a) – (c)).  As a result, the active nucleation sites are 

not activated and thus no bubble nucleation occurs at the wall.  This agrees with the 

experimental finding of Chemat and Esveld (2001).  Due to the lack of vapor bubble 

and thus liquid-gas interface within the bulk liquid, evaporation cannot take place 

within the bulk liquid, where the MW power absorption is significant.  Consequently, 

the absorbed MW energy is trapped in the bulk liquid and thus leads to the superheat-

ing phenomenon.  On the contrary, during conventional heating, the wall temperature 

is significantly higher than the saturation temperature of the liquid by virtue of the 

surface heating, which leads to significant bubble nucleation at the wall.  Since both 

the heat source and bubble nucleation are located at the same location (i.e. at the heated 

wall), the heat transferred to the liquid is immediately dissipated by the bubbles 

through evaporation at the bubble interface.  Thus, significant liquid superheat does 

not occur during conventional heating.  This outlines the fundamental difference be-

tween boiling under conventional heating and that under MW heating.  Although in 

the current case anti-bumping granules are present at the base of the sample, no vapor 

bubble is generated due to the low water temperature near the base.  This suggests that 

anti-bumping granules, which are meant to promote nucleate boiling and prevent liq-

uid superheating, are ineffective during the initial phase of the MW boiling process.   

 

(a)      (b) 
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(c)      (d) 

Figure 6.43: Temperature ( C° ) and velocity fields ( 1ms− ) in the sample at (a) 630st = , 
(b) 688st = , 748st =  and (d) 826st = . 

 Besides, it can be observed that the water temperature near the free surface is 

relatively lower and is close to the saturation temperature.  This indicates that intense 

evaporation takes place at the water free surface.  In other words, surface boiling is 

taking place.  This is in agreement with the experimental observation by Chemat and 

Esveld (2001), who observed that numerous bubbles formed on the liquid free surface 

during MW boiling, which is direct evidence of surface boiling.  This surface boiling 

results in intense evaporation cooling near the free surface.  However, this cooling is 

insufficient to effectively dissipate the superheat in the liquid, mainly due to the inef-

ficient mixing in the sample, as the natural convection velocity is only of the order of 

0.01 m/s.  As a result, the MW heat absorbed cannot be transferred quickly to the free 

surface and this causes the superheat to build-up in the sample.   

 Due to the free surface evaporation cooling, the water temperature in the upper 

region increases at a much slower rate compared to that during the MW heating stage, 

and thus the temperature difference in the sample gradually reduces.  The velocity 

fields, on the other hand, show that the free surface cooling gradually leads to an im-

proved global liquid circulation compared to that during the intermediate and late 

phases of the MW heating stage, as the denser cool liquid near the free surface tend to 

descend along the wall while the superheated liquid in the center tends to rise.  Con-

sequently, the stratified velocity field that appears during the intermediate and late 

phases of the MW heating stage gradually diminishes as the heating continues. 
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The average superheat temperature in the water is about 0 7 C. ° , 2 5 C. ° , and 

3 2 C. °  at 630st = , 688st =  and 748st =  respectively.  The superheat temperature in 

the sample increases with heating time, but with a decreasing rate since higher super-

heat temperatures also lead to a higher evaporation rate.  This implies that the MW 

power absorption and evaporative cooling are approaching an equilibrium state.  

Michael P áMingos (1992), who used fiber-optic technique to measure water superheat, 

reported a similar result that water in a round-bottomed flask can be superheated to 

about 4 degrees under MW irradiation.  However, the simulation results show that the 

local water superheat near the center of curvature region can reach as high as 8 C°  due 

to the MW core effect.  The maximum superheat temperature in the water is about 

3 9 C. ° , 5 8 C. ° , and 8 C°  at 630st = , 688st =  and 748st =  respectively.  This was 

not reported in Michael P áMingos (1992) experiment, probably due to the use of point 

measurement technique in the experiment, which is insufficient to give a complete 

description of the superheating profile (Law et al. 2016).  Other reasons could be the 

difference in the operating conditions, such as the volume of the sample, shape, and 

size of the MW cavity, and the MW power used. 

 Figure 6.43 (d) shows the temperature and velocity field in the water sample at 

826st = .  At this instant, the magnetron has been turned off for 17.5s since the last 

ON cycle (and right before the next ON cycle).  Despite the lack of MW heat source 

for a substantially long period, the evaporation at the liquid free surface is incapable 

of dissipating all the superheat in the water.  The average and maximum superheat 

temperatures in the water sample are 1 8 C. °  and 2 6 C. °  respectively.  This is mainly 

due to the insufficient mixing in the sample. 

6.12.2 Boiling physics after the initial phase 

During the 29th ON-OFF cycle (826s 837st≤ ≤ ), the water temperature in the 

cells adjacent to the anti-bumping granules reaches the saturation temperature.  Bubble 

formation is expected at the anti-bumping granules, so the simulation henceforth is 

performed using Model 2 with the final solutions of Model 1 as the initial conditions.  
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The final temperature and velocity fields of Model 1 have been shown in Figure 6.43 

(d).  For clarity, the time at 826st ≥  is renamed as 2t  and the time restarts from 0s . 

Figure 6.44 (a), (c), (e), (g) and (i) show the vapor phase fraction distributions 

and vapor velocity fields in the sample evaluated on x-y plane at 2 4st = , 2 6st = , 

2 8st = , 2 10st =  and 2 11st =  respectively and Figure 6.44 (b), (d), (f), (h) and (j) show 

the corresponding liquid temperature distributions and liquid velocity fields evaluated 

on x-y plane and y-z plane.   

 
(a) Vapor phase fraction distribution and vapor 

velocity field at 
2

4st =  

 
(b) Liquid temperature distribution and liquid 

velocity field at 
2

4st =  

 
(c) Vapor phase fraction distribution and vapor 

velocity field at 
2

6st =  

 
(d) Liquid temperature distribution and liquid 

velocity field at 
2

6st =  
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(e) Vapor phase fraction distribution and vapor 

velocity field at 
2

8st =  

 
(f) Liquid temperature distribution and liquid 

velocity field at 
2

8st =  

 
(g) Vapor phase fraction distribution and vapor 

velocity field at 
2

10st =  

 
(h) Liquid temperature distribution and vapor 

velocity field at 
2

10st =  

 
(i) Vapor phase fraction distribution and vapor 

velocity field at 
2

11st =  

 
(j) Liquid temperature distribution and liquid 

velocity field at 
2

11st =  

 

Figure 6.44: Vapor phase fraction, vapor velocity field, liquid temperature ( C° ), and 

liquid velocity field ( -1ms ) in the sample at various times. The isoline represents 

0.5gα = . 
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At 2 4st = , it can be seen that a small amount of dispersed vapor (i.e. vapor 

bubbles) appears at the anti-bumping granules and rises to the water surface (Figure 

6.44 (a)), as the water temperature near the anti-bumping granules reaches the satura-

tion temperature.  Despite the presence of vapor bubbles in the bulk liquid, the corre-

sponding liquid temperature field shows that the superheat in the sample remains high, 

with average and maximum superheat temperatures of 1 5 C. °  and 7 9 C. °  respectively 

(Figure 6.44 (b)).  This is because the amount of dispersed vapor in the bulk liquid at 

this instant is very low.   

At 2 6st = , the vapor phase fraction distribution shows that more dispersed va-

por is generated in the sample as the temperature increases (Figure 6.44 (c)).  Interest-

ingly, it is observed that the vapor phase fraction distribution exhibits a unique char-

acteristic where the vapor phase fraction increases gradually with the sample height.  

This is in contrast to that during conventional boiling where the vapor phase fraction 

remains similar when the vapor rises, as shown in the previous study presented in 

Chapter 4.  This is mainly attributed to the spatially distributed MW heat source.  Con-

sequently, when the vapor bubbles rise and pass through the MW heat source and thus 

the resultant superheated liquid, vigorous evaporation takes place continuously at the 

bubble interface and thus leads to the continuous bubble growth.  On the contrary, this 

does not happen in conventional boiling as there is no significant heat source once the 

vapor bubbles move away from the heated surface.  Based on the liquid temperature 

distribution (Figure 6.44  (d)), it is seen that due to the substantial amount of dispersed 

vapor in the bulk liquid compared to that at 2 4st = , the superheat temperature in the 

water begins to reduce, which can be seen in the corresponding liquid temperature 

distribution.  The average and maximum superheat temperatures are about 1 3 C. °  and 

3 6 C. °  respectively.  The hotspot is mainly located in the center region of the sample.  

Besides, due to the momentum transfer between the vapor and liquid phases, the rising 

vapor bubbles cause the water to circulate at velocities significantly higher than that 

during the MW heating stage (see Figure 6.44 (d)), with average and maximum veloc-

ity magnitude of -10 0187 ms.  and -10 09 ms.  respectively (about 4-5 times higher than 

that during MW heating stage in terms of average liquid velocity magnitude).  The 

liquid circulation is essentially axis-symmetric, where the water in the center region 

rises, spreads out near the free surface and descends along the wall.  This intense liquid 
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circulation has significant impacts on the evaporation mass transfer and the thermal 

behavior of the liquid, as will be discussed later. 

At 2 8st = , even more dispersed vapor is generated within the sample (Figure 

6.44 (e)), due to the self-intensification effect where a higher amount of vapor leads to 

a higher rate of evaporation (higher interphase area) in the bulk liquid and thus a fur-

ther increase in the amount of vapor.  Based on the corresponding liquid temperature 

distribution (Figure 6.44 (f)), it is apparent that the superheat in the sample has been 

reduced significantly, with the average and maximum degree of superheat of about 

0 8 C. °  and 1 4 C. °  respectively.  The liquid circulation becomes more developed and 

intense, with average and maximum velocity magnitudes of 10 062ms.
−  and 10 18ms.

−  

respectively.  Moreover, it is interesting to see that the hotspot is distributed almost 

evenly along the central axis of the sample.  This may appear counter-intuitive, pro-

vided that most of the MW heat source is located in the center region of the sample 

and the liquid current is moving upwards in the middle of the sample.  This can be 

explained by the fact that the vapor phase fraction is increasing gradually with the 

sample height.  In the lower region, due to the low vapor phase fraction, the interphase 

area density available for evaporation is low.  This results in a slower evaporation rate 

in the lower region and thus promotes superheat accumulation.  On the other hand, the 

vapor phase fraction in the upper region is higher and this leads to a higher interphase 

area density (larger bubble) and thereby higher evaporation rate in the upper region.  

Consequently, the amount of superheat in the upper region is brought down to a level 

similar to that in the lower region, despite the higher MW energy absorption in the 

upper region.   

At 2 10st = , it is observed that the overall vapor phase fraction in the bulk liq-

uid reduces compared to that at 2 8st =  (Figure 6.44 (g)).  This is due to the reduction 

of liquid superheat in the sample, which in turn reduces the rate of evaporation in the 

bulk liquid.  The corresponding liquid temperature distribution shows a further, but 

minor reduction in the liquid superheat (Figure 6.44 (h)).  The average and maximum 

superheat temperatures are about 0 6 C. °  and 1 2 C. ° , respectively.  This shows that the 

system is about to reach an equilibrium, where the liquid superheat no longer reduces.  

The velocity field shows that the liquid circulation becomes less intense due to the 
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reduced dispersed vapor.  At 2 11st =  (Figure 6.44 (i) and (j)), it can be readily ob-

served that the vapor phase fraction, liquid temperature, and liquid velocity fields are 

almost identical to that at 2 10st = , which shows that the system has reached a quasi-

equilibrium state within 10 seconds.   

Chemat and Esveld (2001) conducted MW liquid superheating experiment and 

reported that the addition of boiling stone (which is basically the same as anti-bumping 

granules, but larger) in the superheated liquid sample removes all the superheat in it.  

This is somewhat inconsistent with the current simulation results, which suggests that 

the presence of anti-bumping granules only removes the majority but not all the super-

heat.  This is probably due to the use of the Infrared sensor in their experiment for the 

liquid superheat measurement.  Infrared sensor thermometer does not measure through 

liquid, so it is only capable of measuring the surface temperature of the liquid.  The 

current simulation results show that most of the superheat is located in the internal 

region of the sample and the liquid temperature near the outer surface is low (close to 

the saturation temperature).  Therefore, the superheat measurement in their experiment 

might only account for surface temperature and thus might not be sufficient to provide 

a complete temperature profile of the superheating phenomenon.  Other reason could 

be due to the difference in the operating conditions.  For instant, they used of a cylin-

drical liquid vessel in their experiment, which has a lower MW focusing effect com-

pared to the spherical vessel.  Furthermore, the MW power used in their experiment 

was only 75W.  The liquid type was different as well.  These factors could be respon-

sible for the somewhat inconsistent conclusion.  On the other hand, in the MW boiling 

experiment of Ferrari et al. (2015), it was reported that the internal liquid superheat 

temperature measured during MW boiling with boiling chips (similar to the anti-bump-

ing granules) using fiber-optic probes was about 1 C° , which showed that some super-

heat remains in the liquid even though bubble nucleation occurred.  This agreed well 

with the current simulation result.   

As opposed to conventional boiling where the liquid temperature remains es-

sentially at saturation temperature, the liquid remains superheated despite the occur-

rence of nucleate boiling at the anti-bumping granules (as shown in Figure 6.44 (j)).  

The main reason is that the majority of the MW power absorption (or MW heat source) 

is distributed away from where the bubble nucleation occurs, which is at the anti-



372 
 

bumping granules or the base of the sample (see later in Figure 6.46).  This is in con-

trast to conventional boiling where the bubble nucleation occurs exactly at where the 

heat source is.  As a result, the bubble nucleation during MW boiling is limited.  Con-

sequently, the liquid superheat cannot be fully dissipated.   

In order to gain further insights into the mechanisms of superheat dissipation 

by the anti-bumping granules, the contributions of different types of interphase mass 

transfer from 2 0st =  to 2 11st =  (i.e. corresponds to the ON cycle of the 29th ON-OFF 

cycle) are evaluated and the results are plotted in Figure 6.45.  It is interesting to see 

that, throughout the whole cycle, the free surface evaporation, FS

gΓ , dominates the 

overall evaporation process.  At 2 4st < , the evaporation only takes place at the free 

surface, which is expected as the liquid temperature near the anti-bumping granules 

has not reached the saturation temperature.  At 2 4st > , the evaporation at the anti-

bumping granules NU

gΓ  and that in the bulk liquid B

gΓ  begin to contribute to the overall 

mass transfer process as nucleate boiling begins.  However, it is surprising to observe 

that their contributions are much lower compared to that of FS

gΓ  (only about one-tenth 

of FS

gΓ ).  This implies that the significant reduction of the superheat in the bulk liquid 

discussed earlier is not mainly caused by the evaporation at the interface of the vapor 

bubbles generated from the anti-bumping granules, as one might expect.  Conversely, 

it is the intense liquid circulation in the sample caused by the rising vapor bubbles that 

is responsible for the significant superheat removal.  The intense liquid circulation 

constantly transports the superheat liquid near the upper center region of the sample 

(where the MW power absorption is high) upward and constantly replenishes the free 

surface with the ‘fresh’ superheated liquid.  This leads to the quick removal of super-

heat in the liquid by surface evaporation and inhibit the build-up of superheat.  There-

fore, it can be concluded that the vapor bubbles generated by anti-bumping granules 

inhibit the accumulation or build-up of superheat in two ways: (1) by enhancing the 

heat transfer to the liquid free surface and (2) by providing gas-liquid interface within 

the bulk liquid.  The former is dominant (about 90%) in the current case.   
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Figure 6.45: Contribution of different types of interphase mass transfer in the sample 
at various times (t2). 

  In recent studies, it was reported that MW irradiation is able to induce a posi-

tive alteration in the vapor-liquid equilibrium of some specific binary liquid mixtures 

and thus enhance the separation efficiency of lighter components from the mixtures 

during MW-assisted distillation (Altman et al. 2010, Gao et al. 2013, Li et al. 2017).  

Altman et al. (2010) reported that the enhancement by MW is effective only if the 

vapor-liquid interphase where the evaporation is taking place is exposed to the MW.  

MW heating of the bulk liquid only does not lead to the improvement.  Therefore, one 

useful implication that can be inferred from the aforementioned observation (that the 

free surface evaporation dominates the overall boiling process) is that, during MW-

assisted distillation (or at least during MW-assisted simple distillation), the beneficial 

effect of MW on the vapor-liquid equilibrium could be maximized by directing the 

MW toward the liquid free surface from above.   

Since most of the superheat (including the superheat accumulated during the 

initial phase) is dissipated during the 29th ON-OFF cycle, this explains the sudden in-

crease in the production rate of distillate shown earlier in Figure 6.33 at about 830st = .  

Besides, as the presence of vapor bubbles prevents the accumulation of superheat, this 

causes the change in the profile of distillate production rate shown in Figure 6.33 at 

about 830st > . 
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Next, the effect of vapor bubbles on the MW power absorption distribution is 

examined.  Figure 6.46 (a) – (c) show the MW power absorption distribution evaluated 

on x-y plane at 2 4st = , 2 8st =  and 2 11st =  respectively.  At 2 4st = , there is minimal 

vapor in the bulk liquid and thus the MW power absorption distribution at this instant 

is similar to that in pure liquid.  At 2 8st = , as a vapor column forms in the middle of 

the sample, it can be readily observed that the MW power absorption near the center 

region reduces.  Obviously, this is because the presence of vapor bubbles reduces the 

ability of water to absorb MW power.  Besides, the MW power absorption at a small 

region near the bottom of the sample slightly increases, as a result of the change in the 

MW propagation within the sample caused by the presence of vapor bubbles.  At 

2 11st = , the MW power absorption remains similar to that at 2 8st = , as there is not 

much difference in the vapor phase fraction distribution. 

 

(a)      (b) 
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(c) 

Figure 6.46: MW power absorption in the sample evaluated on x-y plane at (a) 2 4st = , 

(b) 2 8st =  and (c) 2 11st = . 

 Figure 6.47 shows the liquid temperature distribution and velocity field in the 

sample at 2 29st =  (right before the next ON-OFF cycle).  At this instant, the magne-

tron has been turned off for 18s.  Despite the lack of vapor bubbles, it can be readily 

observed that all the superheat is removed in the sample and in fact, the liquid temper-

ature is below the saturation temperature due to the heat loss to the surrounding.  This 

is in contrast to that during the initial stage of the boiling state where there is high 

accumulation of superheat in the sample even though the MW heating has stopped for 

a long period (see Figure 6.43 (d)).  This is due to the inertia of the liquid current which 

continues to circulate the liquid and brings the superheated liquid to the free surface 

for dissipation.  Consequently, the superheat can be fully dissipated during the OFF 

cycle.  It should be noted that the temperature above the liquid free surface is spurious 

and should be disregarded as there is no liquid there. 
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Figure 6.47: Liquid temperature distribution and liquid velocity field in the sample at 

2 29st = . The isoline represents 0.5gα = . 

In the subsequent ON-OFF cycles, the boiling behavior remains similar to the 

current ON-OFF cycle and thus they are not presented here. 

6.13  Closure 

 In this work, numerical simulation of MW heating of water sample in a multi-

mode MW oven from the ambient condition until the boiling condition was conducted.  

The effect of anti-bumping granules was considered in the study.  As the fluid flow is 

expected to change from single-phase flow into two-phase flow during the heating 

process, a two-stage model which consists of two successive model, namely Model 1 

and Model 2, were formulated in OpenFOAM to handle the different flow character-

istics.  Model 1 describes single-phase MW water heating, which solves Maxwell’s 

equations, Navier-Stokes equation, and heat conservation equation.  Model 2 describes 

gas-liquid two-phase MW water boiling, which solves Maxwell’s equations, Two-

Fluid Eulerian-Eulerian mass, momentum and energy conservation equations, bubble 

number density conservation equation and k ε−  equation.  The mathematical and nu-

merical details of the models were presented.  During the MW heating and boiling 

simulation, Model 1 was first executed until the inception of vapor bubble nucleation.  
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Model 2 was then executed by using the final solutions of Model 1 as the initial con-

ditions.  The models were validated against experimental data.   

 The numerical study was divided into two stages, namely the MW heating 

stage and MW boiling stage.  MW heating stage refers to MW heating of water from 

the ambient condition until the maximum temperature reaches the saturation tempera-

ture, whereas MW boiling stage refers to the subsequent events.  In the former study, 

the simulation results indicated that: 

1. High local MW power absorption is mainly located near the center of curvature 

of the spherical cap water sample. 

2. The maximum local MW power absorption increases with the increase in the 

water temperature. 

3. The water temperature distribution generally exhibits a stratified profile, with 

high temperatures in the upper region and low temperatures in the lower region. 

4. The liquid circulation stratifies horizontally into two layers as the heating time 

increases, due to the significantly lower water viscosity in the upper region of 

the sample. 

5. The temperature uniformity of the sample deteriorates considerably with the 

heating time.  However, as the temperature increases, water viscosity drops and 

leads to higher flow velocity, which in turn causes the temperature uniformity 

to deteriorate at a decreasing rate due to the improved mixing. 

6. MW irradiation with duty-cycle slightly improves the temperature uniformity 

but it significantly lengthens the heating process. 

In the latter study, the simulation results showed that: 

1. During the initial phase, the upper region of the sample is superheated.   

2. During the initial phase, bubble nucleation does not occur as the vessel wall 

temperature is low and the water temperature in the lower region, where the 

anti-bumping granules were located, was lower than the saturation temperature. 

3. During the initial phase, evaporation only takes place at the free surface.  Free 

surface evaporation alone is unable to remove the superheat due to insufficient 

mixing. 
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4. During the later phase where the water temperature at the anti-bumping gran-

ules reaches the saturation temperature, bubble nucleation starts to occur at the 

anti-bumping granules. 

5. Bubble generation at the anti-bumping granules removes the majority of the 

superheat in the sample and results in intense liquid circulation. 

6. The bubble generation at the anti-bumping granules removes and prevents the 

accumulation of superheat through two mechanisms: improves the heat transfer 

to the free surface (intensifies free surface evaporation) and provides gas-liquid 

interface within the water sample that allows evaporation to take place within 

the bulk liquid.  The former is dominant in the current study. 

7. Liquid free surface evaporation plays dominant roles during MW boiling. 

The models and findings could be useful to understand MW assisted distillation 

process.  The developed model could also be incorporated into the simulation of MW 

assisted processes that involve boiling, such as extraction, chemical systhesis, bio-

diesel production.  In the future, the effect of operating conditions, such as the position, 

geometry, and size of the sample, the type of liquid, the MW power and frequency, as 

well as the MW cavity size, could be studied in order to gain a more thorough 

understanding of the MW liquid heating and boiling phenomena.  In the next chapter, 

computational modelling of MW liquid heating and boiling phenomena in binary 

liquid mixtures (Objective 4) will be presented. 
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CHAPTER 7  

 

 

 

COMPUTATIONAL MODELLING AND INVESTIGATION OF 

MICROWAVE HEATING AND BOILING PHENOMENA IN BINARY 

LIQUID MIXTURES 

This chapter describes the work conducted to achieve Objective 4.  The moti-

vations for achieving Objective 4 are briefly recalled as follows.  MW superheating 

effect in liquid is one of the major reasons behind the significant enhancement of var-

ious physical and chemical processes by MW irradiation (Kappe et al. 2013, Harrison 

and Whittaker 2003, Li et al. 2019), such as MW-assisted extraction and organic syn-

thesis, since higher temperatures accelerate reactions and mass transfer (Werth et al. 

2015, Li et al. 2019, Chemat and Esveld 2001).  While there were some experimental 

studies reported in the literature that dedicated to investigating the superheating effect 

of MW during liquid boiling, computational study of the aforementioned phenomenon 

is not reported.  In the work presented in the previous chapter, the author made the first 

attempt to develop a full-scale MW liquid boiling model and investigated the boiling 

physics of water under MW irradiation.  The model successfully reproduced the widely 

reported MW liquid superheating effect and the underlying physics was investigated.  

Nonetheless, the model was limited to MW boiling/superheating of single-component 

liquid (e.g. water).  However, in many industrial processes, MW heating of single-

component liquid is more of an exception than a rule.  Therefore, it is of paramount 

importance to develop a model that can simulate MW heating and boiling of liquid 

mixtures.  The availability of such model does not only allow comprehensive studies 

of MW heating and boiling physics in liquid mixtures for new scientific discoveries, 

but also allows the prediction of superheating or superboiling conditions, such as the 
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intensity and location of superheat hotspots in samples, which could be useful in the 

development and optimization of MW-assisted processes that take advantage of liquid 

superheating.  Besides, the model might also be useful in the investigation of the re-

cently explored MW-assisted distillation processes (Gao et al. 2013, Li et al. 2019), 

since heating and boiling of liquid mixtures are the essences of a distillation process.  

Therefore, the goals of this work are to: 

1) Develop a model that describes MW heating and boiling of binary liquid mix-

tures. 

2) Validate the model experimentally. 

3) Investigate the physics associated with MW heating and boiling of binary liq-

uid mixtures. 

4) Investigate the effects of operating conditions on the MW heating and boiling 

physics. 

In this study, methanol-water binary mixture is chosen as the test fluid, as it is one of 

the commonly encountered solvents in many applications and its physical properties 

are well-studied and well-documented in the literature. On a side note, a single model 

will be developed in this study for both MW heating and boiling processes, as opposed 

to the somewhat cumbersome successive two-stage model presented in the previous 

chapter.   

 The work presented in this study has been published in the following journal: 

• Lee, G. L., M. C. Law, and VC-C. Lee. 2020. "Numerical modelling and in-

vestigation of microwave heating and boiling phenomena in binary liquid mix-

ture using OpenFOAM." International Journal of Thermal Sciences. (Impact 

factor: 3.476, accepted, in press). 

7.1 Experimental setup and methods 

For model development and validation, two experiments were conducted, 

namely: 1) MW heating of methanol-water mixture from the ambient temperature to 

near boiling temperature, and 2) MW heating of methanol-water mixture from ambient 
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temperature until it boils for 2 mins.  The methanol-water mixture had 30% methanol 

volumetric concentration.  Both experiments were conducted using a multi-mode MW 

oven (Panasonic NN-ST65JBMPQ) at a continuous MW power of 300W (at 2.45GHz).  

Figure 7.1 (a) and (b) show the overview of Experiment 1 and 2, respectively.  The 

experimental procedure of the two experiments and the equipment used are similar to 

those presented in the previous chapter, and thus will not be repeated here.  The major 

differences from the previous work are: 

• A new MW oven was used, which supports continuous MW irradiation.  

This is because it was found in the previous studies that cyclic MW heat-

ing of liquid considerably lengthens the heating time without providing 

significant benefits.  Thus, the study under continuous MW irradiation 

would be more practically meaningful. 

• 183 1ml±  of methanol-water mixture (30% v/v) was heated and boiled. 

• In Experiment 2, both volume and mass histories of the distillate were 

measured to estimate the distillate composition.  The mass was measured 

using a weighing balance (see Figure 7.1 (b)). 

• The coordinates of the temperature measuring points were changed (due 

to the new oven), see Figure 7.2 (P1 and P2 for Experiment 1, and P3 and 

P4 for Experiment 2). 

To estimate the actual power output of the MW oven (to be supplied to the 

simulation as input), a modified International Electrotechnical Commission (IEC) 

method similar to that adopted by Pitchai et al. (2012) and Liu et al. (2014) was em-

ployed in this study.  This method works by measuring the average power absorption 

in the sample using calorimetric method and then estimate the oven output power ac-

cording to the measured power.  At the prescribed MW input power of 300W (indi-

cated on the display panel of the oven), the measured averaged power absorption in 

the sample was about 330-360W, which was greater than the prescribed power. There-

fore, for better comparisons between the experiment and simulation results, the MW 

input power in the simulation should be increased.  Energy loss happens when part of 

the MW propagates back to the magnetron.  Considering that the experimental setup 

has a low S11 parameter of -12.6 dB or a low input-to-reflected power ratio of 0.0542 

(if the setup is modelled as that shown later in Figure 7.4), the experimental MW power 
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output at the waveguide port is expected to be close to the measured power.  Thus, the 

MW input power is assumed to be 360W in the simulation case during model valida-

tion. 

 

(a) 

 

(b) 

Figure 7.1: Overview of (a) Experiment 1: MW heating of methanol-water mixture 
and (b) Experiment 2: MW heating and boiling of methanol-water mixture. 
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Figure 7.2: Temperature measuring points in Experiment 1 and Experiment 2 (not to 
scale).  P1 is at 175mmx = ,  200mmy = , 182 5mmz .= . P2 is at 185mmx = ,  

175mmy = , 182 5mmz .= . P3 is at 175mmx = ,  200mmy = , 142 5mmz .= . P4 is at 

175mmx = ,  170mmy = , 182 5mmz .= .  All positions are relative to the origin shown 

in Figure 7.1. 

7.2 Modelling of MW heating and boiling of binary liquid mixtures 

7.2.1 Overview of the mathematical model and major contributions to the 

model development 

 The modelling of MW heating and boiling of binary liquid mixtures involves 

the coupling of the following three major physics: (1) electromagnetic wave propaga-

tion; (2) two-phase, two-component fluid flow; and (3) two-phase, two-component 

energy and mass transfer within and between each phase.  The model is developed 

based on the reactingTwoPhaseEulerFoam solver available in OpenFOAM Version 6.  

The reactingTwoPhaseEulerFoam solver is a general-purpose Two-fluid solver for a 

system of two compressible multispecies fluid phases, with one phase dispersed in the 

other.  It supports basic interphase heat and mass transfer, as well as turbulence.  This 

solver is majorly modified to achieve the current objective.  An overview of the math-

ematical model developed in this work is illustrated in Figure 7.3. 
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The major contributions to the model development are: 

1. A new framework for the simulation of MW heating and boiling of binary 

mixtures is formulated (Figure 7.3). 

2. The capability of electromagnetic wave simulation is added to the solver. 

3. The Two-fluid model of the solver is extended into a hybrid Two-fluid-

Volume-of-Fluid (Two-fluid-VOF) model which is able to simulate cou-

pled dispersed and segregated two-phase flows.   

4. New interphase heat and mass transfer closures that employ appropriate 

interfacial jump conditions that ensure energy and mass conservation, com-

bined with vapor-liquid equilibrium relations, are incorporated into the 

solver.  They are formulated separately for dispersed and segregated phase 

configurations in order to be compatible with the hybrid two-phase flow 

model.  Special numerical treatment is introduced to the interphase heat 

and mass closures for the segregated phase configuration so that they could 

be applied on a mesh with a reasonably low resolution.   

 In Figure 7.3, the elements with a red border are the new major additions or 

modifications to the reactingTwoPhaseEulerFoam solver.  Minor modifications are 

also made to the existing elements of the solver in response to the major changes.  The 

mathematical description of the model will be presented in the subsequent sections.  

Although some of the equations had been detailed in the previous chapter, they are 

briefly repeated here for completeness.  

7.2.2 Modelling assumptions 

 To simplify the model, the following assumptions are made: 

1. The air, vapor, flask, fiber optic probes, and anti-bumping granules are trans-

parent to MW. 

2. The flow is assumed laminar when there is no dispersed vapor bubble in the 

liquid.  Otherwise, it is assumed turbulent. 
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3. The anti-bumping granules are not physically modelled, but its bubble nuclea-

tion effect is accounted for in the computational cells adjacent to the anti-

bumping granule surface (see Figure 7.6 later).   

4. The dispersed vapor bubbles remain approximately spherical. 

5. Vapor bubbles are only generated at the anti-boiling granules and no bubble is 

generated at the flask wall (Michael P áMingos 1992).  This had been experi-

mentally justified in the previous study (see Section 6.10.2). 

6. Condensation is negligible. 

7. Perfect isothermal mixing of liquid and vapor components. 

8. The vapor-liquid equilibrium of methanol-water mixture is MW independent. 

 

Figure 7.3: Overview of the MW heating and boiling model for binary mixtures. Ele-
ments with a red border are the new additions or modifications to the original react-

ingTwoPhaseEulerFoam solver in OpenFOAM. 
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7.2.3 Computational domain 

 The computational domain is shown in Figure 7.4.  The dimension (L x W x 

H) of the MW cavity is 3355 365 251 mm× × , and the dimension of the waveguide is 

350 86 43 mm× × .  The three-necked round bottom flask is simplified into a single-

necked spherical flask since the side necks were sealed in the experiment.  The flask 

diameter is 80 mm , while the neck diameter is 30 mm .  The initial static liquid level 

in the flask is 50 mm .  The center of the spherical flask is located at 185 mmx = , 

205 mmy =  and 182 5 mmz .=  from the origin. 

 

Figure 7.4: Computational domain. 

7.2.4 Electromagnetic wave propagation and power absorption (Physic 1) 

 The MW propagation in the MW cavity and sample is governed by Maxwell’s 

equations, which are given as follows (Ratanadecho et al. 2002): 

t

∂∇ × = −
∂
B

E    (7.1) 

t

∂∇ × =
∂
D

H J +    (7.2) 

0∇⋅ =D    (7.3) 
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0∇⋅ =B    (7.4) 

Solving the above equations required the following constitutive relations 

(Ratanadecho et al. 2002): µ=B H , σ=J E , and ε=D E .  The material properties in 

the constitutive relations can be expressed as:  

0rε ε ε= ,  0rµ µ µ= ,  2 tanfσ π ε δ= ,  and tan rδ ε ε′′=  (7.5) 

 The MW heat source in the medium can be computed from the root mean 

squared electric field intensity as follows (Zhang et al. 2000): 

2

02 tanMW

r rmsQ fπ ε ε δ= E    (7.6) 

 For MW excitation in the cavity, the waveguide is excited by a transverse elec-

tric ( 10TE  mode) MW source.  The excitation fields are (Ratanadecho et al. 2002): 

( )WG
0

WG

sin sin 2y

z
E E ft

W

π π
 

=  
 

   (7.7) 

y

z

E
H

Z
=    (7.8) 

Details on the above equations can be found in the previous chapter (Section 6.4.2).   

7.2.5 Fluid flow based on Hybrid Two-fluid-VOF method (Physic 2) 

Based on the current experimental setup, the fluid flow problem in the sample 

is a combination of dispersed and segregated two-phase flow problems: dispersed va-

por-liquid flow in the bulk liquid, and a clearly defined vapor-liquid interface between 

the bulk liquid and the freeboard region (i.e. the region above the liquid free surface), 

as illustrated in Figure 7.5.  To simulate this problem, One-fluid Eulerian approach 

with interface capturing method, or best known as the ‘Direct Numerical Simulation’ 

method in the context of multiphase flow simulation, such as the popular Volume of 

Fluid (VOF) method, is clearly not practical here.  This is because it requires extremely 
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small mesh sizes (and hence very small time steps) to resolve the small dispersed bub-

bles.  Hence, the more computationally efficient Two-fluid Eulerian-Eulerian ap-

proach, which does not resolve the interface, is more appropriate in the current study.  

This approach only resolves the macroscopic (or mean) characteristics of the two-

phase flow and uses constitutive relations to model the physics associated with the 

unresolved interface.  As a result, it is very computationally efficient and thus suitable 

for the global simulation of two-phase flow, such as the current case.  Nevertheless, 

based on the author’s previous work on MW water boiling (Chapter 6), it was found 

that the evaporation at the free surface during MW boiling dominates the overall phase 

change process.  Hence, it would be wise to resolve and capture the sharp interface at 

the free surface to better predict the heat and mass transfer, especially in the current 

case which involves two components.  Therefore, a hybrid Two-fluid-VOF method 

based on the work of Wardle and Weller (2013) is adopted in this study, where the 

flow is modelled based on Two-fluid formulation with a VOF method applied ‘on top’ 

for sharp interface capturing at the free surface.  In what follows, the Two-fluid for-

mulation, which is the foundation of this hybrid method, will be described first, and 

then followed by the VOF method.   

 

Figure 7.5: Schematic of the flow condition in the sample during MW boiling. 

Liquid

Bubbles

Vapor

Free surface

Anti-bumping 
granules
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Two-fluid mass and momentum conservation equations 

In Two-fluid formulation, only the macroscopic (or mean) characteristics of 

the two-phase flow are resolved, by solving averaged conservation equations for each 

phase.  The small scale physics associated with the unresolved interface is modelled 

using suitable constitutive relations.  The averaged mass and momentum conservation 

equations for an arbitrary phase ϕ  ( gϕ =  represents the vapor phase, and lϕ =  rep-

resents the liquid phase), are expressed as follows (Rusche 2003, Yeoh and Tu 2009, 

Haelssig et al. 2010): 

( ) ( )
t

ϕ ϕ
ϕ ϕ ϕ ϕ

α ρ
α ρ

∂
+ ∇ ⋅ = Γ

∂
U    (7.9) 

( ) ( ) ( )eff

I

rgh m

dt

p

ϕ ϕ ϕ
ϕ ϕ ϕ ϕ ϕ ϕ

ϕ ϕ ϕ ϕ ϕ ϕ

α ρ
α ρ α

α α ρ α Γ

∂
+ ∇ ⋅ + ∇ ⋅

= − ∇ − ⋅ ∇ + + +

U
U U τ

g x G F F

  (7.10) 

The modelling of the rate of mass generation ϕΓ  will be discussed later in Section 

7.2.6.  The expression of variables and terms in Equation (7.10) had been detailed in 

the previous work (Section 6.5.3).   

 To solve the momentum equation (7.10), a pressure equation is needed.  The 

pressure equation is derived by first combining the mass continuity equations of each 

phase (with density extracted) into a mixture volumetric continuity equation, which 

reads (Rusche 2003): 

( ) D D 1 1

D D
g g g l l l

g g l l g

g l g lt t

α ρ α ρα α
ρ ρ ρ ρ

 
∇ ⋅ + = − − + Γ −  

 
U U  (7.11) 

Then, the mixture continuity equation is recast into a pressure equation by substituting 

the momentum equations (i.e. Equation (7.10)) into the gU  and lU  of Equation (7.11).  

More details will be given in Section 7.3.3.   
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 In order to obtain the evolution of the vapor (and liquid) phase fraction distri-

bution, a vapor phase fraction transport equation derived from the vapor mass conti-

nuity equation is solved (Rusche 2003): 

( ) ( ) D

D
g g g g g

g r l g

g gt t

α α ρ
α α α

ρ ρ
∂ Γ

+ ∇⋅ + ∇ ⋅ = − +
∂

U U   (7.12) 

where g g l lα α= +U U U   and r g l= −U U U .  This equation is solved for gα , and the 

phase fraction of the other phase can be obtained from 1g lα α+ = .  It should be noted 

that the convection term of Equation (7.12) has been reformulated to enforce bound-

edness, see Section 4.2.4 for more information.   

Selective interface capturing by interface compression (VOF method) 

 The sharp free surface in the sample is intended to be captured as mentioned 

earlier.  In principle, with sufficiently fine mesh, the Two-fluid model discussed above 

is capable of resolving sharp interface, as this model also solves for the phase fraction 

distribution, which is exactly the scalar indication function used in the One-fluid VOF 

method to distinguish sharp interface (Gopala and van Wachem 2008).  However, in 

either One-fluid or Two-fluid method, due to numerical diffusion, the interface that is 

captured solely based on the solution of phase fraction transport equation is prone to 

smearing (Hänsch et al. 2012).  The problem worsens when mass transfer occurs 

across the interface.  Therefore, it is necessary to employ special techniques to keep 

the interface sharp.  Various techniques had been developed for this purpose, and a 

detailed assessment of the available techniques is provided in the work of Gopala and 

van Wachem (2008).  In this study, the interface compression technique proposed by 

Weller, which is one variant of the VOF method, is adopted for interphase capturing 

and sharpening (Rusche 2003, Wardle and Weller 2013).  Despite the relatively poorer 

accuracy, this technique remains attractive due to its lower computational cost and 

excellent mass conservativeness (Wardle and Weller 2013, Gopala and van Wachem 

2008).  This technique works by introducing an artificial compressive term to the LHS 

of the phase fraction transport equation (i.e. Equation (7.12)) (Wardle and Weller 

2013): 
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( ) ( ) ( ) D

D
g g g g g

g r l g c l g

g gt t

α α ρ
α α α α α

ρ ρ
∂ Γ

+ ∇ ⋅ + ∇⋅ + ∇⋅ = − +
∂

U U U   (7.13) 

where cU  is the artificial compression velocity [ -1ms ] that compresses gα  normally 

to the interface to maintain the interface sharpness.  The multiplier l gα α  ensures that 

the compressive term is only active in the vicinity of the interface.  The magnitude of 

cU  is taken as that of gU  scaled by a positive scalar coefficient Cα  ( 0 1Cα≤ ≤ ), 

which controls the strength of the compressive term, thus (Wardle and Weller 2013): 

I

c gCα=U U n  ,  gI

g

α
α

∇
=

∇
n    (7.14) 

 In the current case, interface capturing is only necessary in the vicinity of the 

free surface.  This can be achieved elegantly by introducing a dynamic, spatially var-

ying Cα , which acts as local binary switches that switch the interface compression 

term on ( 1Cα = ) and off ( 0Cα = ) locally depending on the phase configuration.  

When the phase configuration in a control volume is recognized as segregated (i.e. 

near the free surface), the compression term is turned on and the interface is sharpened 

and captured.  On the other hand, when the phase configuration in a control volume is 

recognized as dispersed (i.e. the dispersed bubbly flow in the bulk liquid), the com-

pression term is turned off and the solutions are equivalent to those produced by the 

original Two-fluid model.  To achieve this, the switching function proposed by Cerne 

et al. (2001) is used: 

0

1

, g g*
C

, g g*
α

<
=  ≥

  ,  ( )max

g

g

g
α

α

∇
=

∇
  (7.15) 

where g  is the local normalized vapor phase fraction gradient and g*  is a threshold 

value.  This function works based on the fact that the phase fraction gradient in the 

region where the phase segregation occurs is significantly higher than that in the phase 

dispersion (bubbly) region.  In this study, g*  is taken as 0.3.  However, it is found in 

this study that this switching function may fail when the interface is significantly 

smeared by high mass transfer rate.  Therefore, on top of this function, a stricter switch-
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ing algorithm is imposed.  This algorithm, on a cell-by-cell basis, sets Cα  to 1 when-

ever there is at least one neighboring cell with 0 5g .α > , and sets Cα  to 0 otherwise.  

This is based on the assumption that the gα  is less than 0.5 in the dispersed bubbly 

region. 

 Since the vapor phase fraction is compressed in Equation (7.13), other quanti-

ties of the vapor phase (e.g. momentum, energy, species etc.) should be compressed as 

well.  The liquid phase should also react to this compression.  This will be handled in 

the numerical implementation detailed in Section 7.3.4. 

Interphase momentum transfer 

 The I

ϕF  in Equation (7.10) denotes the interphase momentum transfer.  Similar 

to the previous model (Chapter 6), it is computed based on a blending interphase mo-

mentum transfer model to account for the simultaneous existence of multiple phase 

configurations in the flow domain.  This model blends between multiple interphase 

force models, each is dedicated for one phase configurations (either dispersed-contin-

uous, continuous-dispersed, or mixed), depending on the phase fraction.  According to 

this model, the interphase force acting on the vapor phase, I

gF , can be written as (note 

that I I

l g= −F F ): 

( ) ( )1 2 2 1 21I I I I

g g in l l in g g and lf f f f f− − − − − −= − + + − −F F F F   (7.16) 

where 1f  and 2f  are the blending functions.  Interphase drag, virtual mass, lateral lift 

and turbulent dispersion forces are considered in the formulation of I

g in l− −F  and I

l in g− −F .  

As for I

g and l− −F , segregated model (Marschall 2011) is used.  The formulation of these 

forces can be found in the previous study (Section 6.5.3). 

Essentially, the I

ϕF  in Equation (7.10) accounts for the interphase momentum 

interaction that is unresolved by the Two-fluid model.  As a result, this term is no 

longer meaningful at the resolved free surface.  The vapor and liquid velocities at the 

resolved interface should be the same according to the no-slip condition.  For this pur-

pose, in the hybrid Two-fluid-VOF model developed by Štrubelj and Tiselj (2011), an 
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arbitrary function that results in a large interphase drag force is applied at the resolved 

interface to equalize the phase velocities.  This large interphase force, however, may 

compromise numerical stability.  Therefore, this approach is not adopted in this study.  

Instead, following the work of Wardle and Weller (2013) for simplicity, it is assumed 

that the interface no-slip condition at the free surface is of minor importance in the 

current case and the aforementioned formulations for I

ϕF  remain valid at the resolved 

interface. 

7.2.6 Energy and mass transfer (Physic 3) 

Two-fluid energy and species conservation equations 

 The energy and species/mass transfer in the flow can be described by the fol-

lowing averaged energy and species conservation equations (Rusche 2003, Yeoh and 

Tu 2009, Haelssig et al. 2010): 

( )( ) ( )( ) ( )eff

I MW Y

h dp
h

dt dt

Q Q Q Q

ϕ ϕ ϕ ϕ
ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ

ϕ ϕ ϕ ϕ ϕ ϕ ϕ

α ρ κ
α ρ κ α α

α ρ Γ

∂ +
+ ∇ ⋅ + + ∇ ⋅ −

= ⋅ + + + +

U q

U g

  (7.17) 

( ) ( ) ( )i , I

i , i ,

Y
Y S S

t

ϕ ϕ ϕ
ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ

α ρ
α ρ α Γ∂

+ ∇ ⋅ + ∇ ⋅ = +
∂

U j   (7.18) 

 In Equation (7.17), the hϕ  represents the specific enthalpy, and the ϕκ  is the 

specific kinetic energy.  The effq  is defined as eff

Pr

t

t

p ,

h
c

ϕ ϕ
ϕ ϕ

ϕ

λ µ 
= − + ∇  

 
q , where ϕλ  is 

the thermal conductivity.  The Qϕ
Γ , which is the interphase enthalpy transfer due to 

interphase mass transfer, is given by I

g g gQ h
Γ = Γ  and I

l l lQ h
Γ = Γ  for vapor and liquid 

phases, respectively, where 
ref

I
T

I

p,
T

h c dTϕ ϕ ϕ= ∫ , with IT  being the interface temperature.  

The MW power absorption, MW
Qϕ  is computed from Equation (7.6).  The Y

Qϕ  term, for 
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a system with two species, can be written as 

2

1

Y

i , i i

i p,

Q h D Y Y
c

ϕ
ϕ ϕ ϕ ϕ

ϕ

λ
ρ

=

   
 = ∇⋅ − ∇ + ∇        
∑ , where 

ref

T

i , p ,i ,
T

h c dT
ϕ

ϕ ϕ ϕ= ∫ .  The I
Qϕ  de-

notes the interphase heat transfer, which requires modelling for closure (see later in 

the next sub-section).  The temperature field of each phase, Tϕ , can be computed from 

the enthalpy using the following expressions: 

( )
ref

2

1

T

p , p , i , p ,i ,

iT

h c dT , c Y c

ϕ

ϕ ϕ ϕ ϕ ϕ ϕ
=

= =∑∫    (7.19) 

where refT  is the reference temperature (e.g. 298 K).   

 In Equation (7.18), i ,Y ϕ  is the mass fraction of species i  in phase ϕ .  The 

diffusive flux ij  [ -2 -1kgm s ] is expressed as iD Yϕ ϕρ− ∇ , where Dϕ  [ 2 1m s− ] is the 

mutual diffusion coefficient.  The Sϕ
Γ  [ -3 -1kgm s ], which is the interphase species 

transfer due to interphase mass transfer, can be defined as I

g g i ,gS Y
Γ = Γ  and I

l l i ,lS YΓ = Γ  

for vapor and liquid phases, respectively.  The I
Sϕ  [ -3 -1kgm s ] represents interphase 

species transfer (see later in the next sub-section for its modelling).  In this study, since 

the sample is a binary mixture, solving Equation (7.18) for one species (e.g. methanol) 

is sufficient.  The mass fraction of the other species (e.g. water) of each phase is 

obtained from 
2

1

1i ,

i

Y ϕ
=

=∑ . 

The modelling of the interphase heat and mass transfer terms, which include 

I
Q ,ϕ ϕΓ  and I

Sϕ , as well as the computation of the interfacial properties I I

i ,gT ,Y  and I

i ,lY , 

will be presented in the next sub-section.   

Interphase heat and mass transfer 

 In the current case, the interphase heat and mass transfer occur simultaneously 

in the following three modes: (1) heat and mass transfer at the dispersed vapor bubble 

interface in the bulk liquid, (2) heat and mass transfer at the free surface, and (3) heat 

and mass transfer during bubble nucleation at the anti-bumping granules.  Thus, 
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I B FS NU
Q Q Q Qϕ ϕ ϕ ϕ= + + , B FS NU

ϕ ϕ ϕ ϕΓ = Γ + Γ + Γ  and I B FS NU

i , i , i , i ,S S S Sϕ ϕ ϕ ϕ= + + .  In the fol-

lowing, the modelling of each mode is presented. 

Mode (1) 

 The interphase heat and mass transfer at the (unresolved, sub-grid) vapor bub-

ble interface can be written as: 

( )B B B I

g g gQ H a T T= −   and  ( )B B B I

l l lQ H a T T= −   (7.20) 

( )B B B I

i ,g g g i i ,g i ,gS K a Y Yρ= −   and  ( )B B B I

i ,l l l i i ,l i ,lS K a Y Yρ= −   (7.21) 

( )1 2
B B B B

g ia m mΓ = +   and  B B

l gΓ = −Γ   (7.22) 

where B

ia  is the interfacial area density [ -1m ] between dispersed vapor and continuous 

liquid (see Section 7.2.7 for its modelling), 1
Bm  and 2

Bm  are the mass flux [ -2 -1kgm s ] 

of species 1 and 2 from liquid phase to vapor phase (i.e. positive for evaporation).  It 

should be noted that the interface temperature is no longer a constant in the current 

case as the liquid saturation temperature changes with the composition at the interface.  

The liquid heat transfer coefficient B

lH  [ -2 -1Wm K ] is modelled based on the widely 

used Ranz and Marshall (1952) correlation: 

0 5 0 33Nu 2 0 6Re Pr. .

l l l.= +  (7.23) 

where Re l r g

l

l

dρ
µ

=
U

, Nu
B

l g

l

l

H d

λ
=  and Pr p,l l

l

l

c µ
λ

= .  The B

gH  [ -2 -1Wm K ] is mod-

elled based on the analytical solution of heat transfer from the surface of a sphere to 

the fluid inside the sphere, which is Nu 10g = , where Nu
B

g g

g

g

H d

λ
= .  The mass trans-

fer coefficients are model similarly due to analogy.  The liquid mass transfer coeffi-

cient B

lK  [ 1ms− ] is modelled using Froessling correlation (Froessling 1968): 

0 5 0 33Sh 2 0 552Re Sc. .

l g l.= +   (7.24) 

where Sh
B

l g

l

l

K d

D
=  and Sc l

l

l lD

µ
ρ

=  .  As for B

gK , Sh 10g =  is imposed, where 
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Sh
B

g g

g

g

K d

D
= .  Since Mode (1) only takes place within the bulk liquid, B

Qϕ , B

i,S ϕ  and 

B

ϕΓ   are zero everywhere except in the bulk liquid (i.e. region with 0 5g .α < ). 

 Evaluation of Equation (7.20) - (7.22) requires the knowledge of the interfacial 

properties I I

i ,gT ,Y , and I

i ,lY , as well as mass fluxes 1
Bm  and 2

Bm .  These properties can 

be obtained by solving the interface jump conditions which enforce mass and energy 

conservations across the interface (Haelssig et al. 2010): 

( ) ( ) 1 fg 1 2 fg 2 0B I B I B B

l l g g , ,H T T H T T m h m h− + − + + =   (7.25) 

( ) ( )1 1 1 1 2 1 0B B I B B I

l l ,l ,l ,lm K Y Y m m Yρ+ − − + =    (7.26) 

( ) ( )1 1 1 1 2 1 0B B I B B I

g g ,g ,g ,gm K Y Y m m Yρ− − − + =    (7.27) 

Equation (7.25) essentially states that the net heat flux across the interface must be 

equal to that consumed/released by the phase change process, whereas Equation (7.26) 

and (7.27) indicate that the mass/species consumed on one side of the interface must 

appear on the other side and vice versa.  It is important to note that these jump condi-

tions are formulated based on the Two-resistance concept, where the heat and mass 

transfer resistance is residing in the fluids themselves rather than at the interface (i.e. 

no resistance at the interface) (Treybal 1980).   

 The aforementioned interface jump conditions cannot be solved for the inter-

facial properties and mass fluxes yet as there are five unknowns but there are only 

three equations.  Two additional relations are required to close the system.  Since there 

is no resistance at the interface, the vapor-liquid equilibrium (VLE) condition of the 

binary mixture prevails at the interface (Haelssig et al. 2010, Liu et al. 2009).  There-

fore, two extra relations can be established based on suitable VLE data that relates 

1
I I

,gT ,Y , and 1
I

,lY  (i.e. T-xy correlations).  They could be obtained either from theoreti-

cal models or empirical correlations. 

Based on the experimental works of Gao et al. (2013) and Li et al. (2017), the 

conventional VLE of some specific binary mixtures can be significantly altered by 
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MW irradiation.  It was postulated that this is caused by the selective heating capability 

of MW on a molecular level, which heats different species (with different dielectric 

loss) at different rates.  Unfortunately, the current model is unable to capture this effect 

mechanistically as the model is based on continuum mechanics.  Despite that, it is 

possible to include this effect in the model by incorporating empirical or theoretical 

sub-models that predict the MW dependent VLE of binary mixtures (e.g. modified 

Non-Random Two Liquid or UNIFAC models, which depends on the MW parameters 

such as local electric field intensity and frequency) in the interface jump conditions 

formulation.  However, as the research on the enhancement effect of MW on VLE is 

still in its infancy (Li et al. 2017), such sub-models are currently unavailable, at least 

for the methanol-water mixture used in this study.  In fact, the effect of MW on the 

VLE of methanol-water mixtures is yet investigated in the open literature.  Considering 

the facts that this effect only happens to specific binary mixtures and the dielectric 

losses of methanol and water are similar at boiling temperatures, the VLE of methanol-

water is assumed to be independent of MW (Assumption 8).  Hence, the empirical 

polynomial correlations of conventional VLE of methanol-water mixture are used in 

order to close the interface jump conditions (Equation (7.25) - (7.27)) (Asada 2012): 

( ) ( )3 25 3
1 2 2953 10 4 9783 10 0 0374471 10 599I I I I

,gY . T . T . T .− −= − × + × − +ɶ ɶ ɶ   (7.28) 

( ) ( )
( )

4 37 4
1

22

7 9767 10 2 6075 10

3 1201 10 1 5888 27 8586

I I I

,l

I I

Y . T . T

. T . T .

− −

−

= − × + ×

− × + −

ɶ ɶ

ɶ ɶ
  (7.29) 

where species 1 represents methanol, and the over-tilde represents temperature con-

verted to degree Celsius.  Equation (7.25), (7.26), (7.27), (7.28) and (7.29) form a sys-

tem of five coupled non-linear equations with five unknowns 1
Bm , 2

Bm , 1
I

,gY , 1
I

,lY  and 

IT .  Thus the heat and mass transfer problem for Mode (1) can be closed.  These 

equations are solved iteratively using Newton-Raphson method. 

Mode (2) 

 Since the interface at the free surface is captured, the interphase heat and mass 

transfer terms for Mode (2) can be expressed in the direct form as follows: 

FS FS I I

g N g gQ a Tλ= − ∇ ⋅n   and  FS FS I I

l N l lQ a Tλ= ∇ ⋅n   (7.30) 
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FS FS I I

i ,g N g g i ,gS a D Yρ= − ∇ ⋅n   and  FS FS I I

i ,l N l l i ,lS a D Yρ= ∇ ⋅n  (7.31) 

( )1 2
FS FS FS FS

g Na m mΓ = +   and  FS FS

l gΓ = −Γ    (7.32) 

where I∇  is the gradient at the interface, and FS

Na  is the numerical interphase area den-

sity at the free surface necessary for the conversion of the flux sources into volumetric 

sources (see Section 6.8.7).  These interphase transfer terms are only applied to the 

cells that contain the free surface.  These cells are tracked using the same algorithm 

implemented in the previous model (see Section 6.8.7). 

 Similar to Mode (1), the evaluation of Equation (7.30) - (7.32) required the 

knowledge of the interfacial properties 1
I

,gY , 1
I

,lY  and IT , as well as mass fluxes 1
FSm  

and 2
FSm  [ -2 -1kgm s ].  These can be obtained by solving the interface jump conditions 

similar to that in Mode (1), but in the direct form (Haelssig et al. 2010): 

1 fg 1 2 fg 2 0I I I I FS FS

g g l l , ,T T m h m hλ λ∇ ⋅ − ∇ ⋅ − − =n n  (7.33) 

( )1 1 1 2 1 0FS I I FS FS I

,g l l ,l ,lm D Y m m Yρ+ ∇ ⋅ − + =n    (7.34) 

( )1 1 1 2 1 0FS I I FS FS I

,g g g ,g ,gm D Y m m Yρ+ ∇ ⋅ − + =n    (7.35) 

The same VLE correlations (Equation (7.28) and (7.29)) can be used to relate the in-

terfacial properties.  Thus, a system of five coupled non-linear equations (Equation 

(7.28) - (7.29) and (7.33) - (7.35)) with five unknowns can be formed and solved for 

1
FSm , 2

FSm , 1
I

,gY , 1
I

,lY  and IT .  However, the interface jump conditions need to be dis-

cretized before implementation.  The numerical discretization and implementation of 

these interface jump conditions will be discussed in Section 7.3.6.   

Mode (3) 

Vapor bubble nucleation is a very complex phenomenon and the Two-fluid 

model is incapable of describing such behavior as the bubble interface is not resolved.  

Hence, in Two-fluid simulations, the bubble nucleation is often modelled by means of 

empirical or semi-empirical correlations (Krepper et al. 2007, Yeoh and Tu 2004).  

The current study takes the same approach.   
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The total mass flux NUm  [ -2 -1kgm s ] due to bubble nucleation can be expressed 

as (Yeoh and Tu 2009): 

3
bw

ac bw 6
NU

g

d
m N f

π ρ
 

=  
 

   (7.36) 

The acN  [ -2m ], bwd  [ m ] and bwf  [ -1s ] are computed using the empirical/semi-empir-

ical correlations discussed previously in Section 6.5.4 (Equation (6.50) – (6.52)). 

 To compute the heat flux due to the bubble nucleation, the knowledge of the 

composition in the vapor leaving the liquid is required.  This could be obtained from 

interface jump conditions, as in Mode (1) and (2).  However, since empirical/semi-

empirical correlations are used for the total mass flux prediction (Equation (7.36)), the 

previously mentioned interface jump conditions (Equation (7.25) - (7.27) or (7.33) - 

(7.35)) are no longer applicable.  To get around this issue, it is assumed that the vapor 

leaving the liquid during bubble nucleation is in equilibrium with the liquid.  Besides, 

it is assumed that the vapor in the nucleating bubbles is at the saturation temperature, 

i.e. sat
I

gT T T= = .  Although these assumptions induce errors, it was shown in the au-

thor’s previous work (Chapter 6) that the contribution of Mode (3) is much lower than 

Mode (1) and (2), so the error could be kept minimal.  Based on these assumptions, 

the following simplified interface jump conditions can be established: 

( ) 1 fg 1 2 fg 2 0NU I NU NU

l l , ,H T T m h m h− + + =     (7.37) 

1 1
NU NU I

,gm m Y=    (7.38) 

 Based on the simplified interface jump conditions, the following expressions 

of the interphase transfer terms can be obtained: 

( ) ( )1 fg 1 2 fg 2
NU NU I NU NU I I

l l l N ,g , ,g ,Q H T T a m Y h Y h= − = − +  (7.39) 

NU NU NU

g Na mΓ =   and  NU NU

g lΓ = −Γ   (7.40) 

where NU

lH  is the heat transfer coefficient during nucleation, NU

Na  is the numerical 

interphase area density necessary to convert the surface flux sources into volumetric 

sources (see Section 6.8.7), and NUm  is obtained from Equation (7.36).  The IT , 1
I

,gY  
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and 2
I

,gY  are computed based on the local liquid composition 1,lY  using the VLE rela-

tions (Equation (7.28) and (7.29)).  The NU

gQ , NU

i ,lS  and NU

i ,gS  are zero due to the as-

sumptions made.  These interphase transfer terms are only applied to the cells adjacent 

to the anti-bumping granule surface (see Figure 7.6), and are zero everywhere else.   

7.2.7 Interphase area density modelling (Auxiliary model) 

 Based on one size group population balance method, the interphase area den-

sity B

ia  and bubble diameter gd  [ m ] can be obtained by solving the following bubble 

number transport equation (Ishii et al. 2002): 

( ) ( )( ) RC WE TI NU

r c l

N
N N

t
α ψ ψ ψ ψ∂ + ∇ ⋅ + ∇ ⋅ + = + + +

∂
U U U  (7.41) 

with ( ) 1
2 336B

i ga Nπα=  and ( )6 B

g gd aα= .  It should be noted that the convection 

term of Equation (7.41) had been formulated in the same way as Equation (7.12) to 

ensure consistency (more details can be found in Section 4.2.6).  The detailed model-

ling of RCψ , WEψ , TIψ , and NUψ  can be found in the previous study (Section 6.5.5).   

7.2.8 Turbulence modelling (Auxiliary model) 

 The turbulence in the liquid phase is modelled based on the two-phase k ε−  

model by Lahey Jr (2005).   

( ) ( )
eff

2

3

l l l l
l l l l l l

k

l k ,l l l l l l l l

k
k k

t

P k

α ρ µα ρ α
σ

α α ρ ε α ρ

∂  
+ ∇ ⋅ − ∇ ⋅ ∇ ∂  

= − − ∇ ⋅

U

U

  (7.42) 
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( ) ( )

( )

eff

1 2 1 3

2

3

l l l l
l l l l l l

l
l l l l l l l l

l

t

C P C C C
k

ε

α ρ ε µα ρ ε α ε
σ

ε α α ρ ε α ρ ε

∂  
+ ∇⋅ − ∇⋅ ∇ ∂  

 = − − + ∇ ⋅ 
 

U

U

(7.43) 

where ( ) ( )( )( )T
2 devt

k ,l l l l l lP µ µ= + ∇ ⋅ ∇ + ∇U U U .  The liquid turbulent viscosity 

[ Pa.s ] is given as 
2

0 6t l
l g g r

l

k
C . dµµ α

ε
= + U .  The model constant 1 2 kC ,C ,C ,µ σ  and 

εσ  are as per the standard k ε−  model.  The model constant 3C  is -0.33.  Due to As-

sumption 2, the turbulence equations are solved only when the maximum gα  in the 

bulk liquid is sufficiently high (e.g. 0 01g .α > ). 

 As for the turbulence of the vapor phase, a unique blending two-phase turbu-

lence model available in OpenFOAM, called continuousGasKEpsilon, is applied for 

the turbulence of the vapor phase.  This blending model blends between a two-phase 

k ε−  model similar to that in Equation (7.42) and (7.43) (but with the constant 3 0C = ) 

when the vapor phase is continuous, and an algebraic model similar to that was used 

in the previous model, which computes the vapor turbulence when from the turbulence 

of the continuous liquid phase, when the vapor phase is dispersed.  Based on this model, 

the effective viscosity of the vapor phase can be written as: 

( )1eff t t t t

g g g g ,lf fµ µ µ µ= + + −    (7.44) 

The tf  is a blending function.  It is formulated as: 

0 5

0 5
gt

inv

g

.
f

.

α
α

−
=

−
   (7.45) 

where inv

gα  is the vapor phase fraction above which the vapor is considered as the con-

tinuous phase and below which the vapor phase is considered as the dispersed phase.  

inv

gα  is taken as 0.7.  The continuous vapor turbulent viscosity t

gµ  is defined as 
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2
gt

g

g

k
Cµµ

ε
=  .  The t

g ,lµ , which is the vapor turbulent viscosity computed from the liq-

uid phase, is expressed as VM 3

20

t
t l
g ,l g l

l

C
µµ ρ ρ
ρ

  = + + Ω  
  

, where  

( )
( )

1 exp

1 exp

l g

l g

θ θ
θ θ

−
Ω =

+
, 

kϕ
ϕ

ϕ

θ
ε

= , 21

18g g g

l

dθ ρ
µ

= , VM
g g lCρ ρ ρ= + . The virtual mass 

coefficient VMC  is 0.5.   

7.2.9 Boundary and initial conditions 

Electromagnetic wave 

 At the metallic walls of the MW cavity, perfect electric conductivity boundary 

conditions are imposed (Ratanadecho et al. 2002): 

0B× =E n   and  0B⋅ =H n   (7.46) 

 At the interface boundary between two media, 1 and 2 (e.g. fluid sample and 

air), continuity boundary conditions are imposed (Ratanadecho et al. 2002): 

1 2B B× = ×E n E n  , 1 2B B× = ×H n H n , 1 2B B⋅ = ⋅D n D n , and 1 2B B⋅ = ⋅B n B n  (7.47) 

 As for the initial conditions, 0=E  and 0=H . 

Transport equations 

 The boundaries of the fluid domain are illustrated in Figure 7.6.  The boundary 

conditions of transported variables are summarized in Table 7.1. 
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Figure 7.6: Boundaries of the fluid domain. 

Table 7.1: Boundary conditions of flow variables. 

Variables 
Walls and Anti-bumping 

granule surface 
Outlet 

gU , lU  No-slip Zero gradient 

rghp  fixedFluxPressure 
51 10 Parghp = ×  

lT  
Convection and radiation 

cooling (Eq. (6.26) & (6.27)) 
Zero gradient 

1 1g g ,l ,gT , ,N ,Y ,Yα  Zero gradient Zero gradient 

k ,ϕ ϕε  Wall function Zero gradient 

 

 The initial rghp  is set to 51 10 Pa× .  The initial temperatures of both phases are 

set to the ambient temperature 298K .  The initial phase fractions in the domain are set 

according to the initial static liquid level in the experiment.  The initial composition in 

the liquid phase is set according to the experiment, whereas the initial composition in 

the vapor phase is assumed to be in equilibrium with the liquid phase at the bubble 

point (i.e. the saturation temperature).  The rest of the transported quantities are set to 

zero. 

Liquid

Vapor

Walls Anti-bumping 
granule surface

Outlet
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7.2.10 Physical properties of methanol-water mixture 

Dielectric properties of liquid phase 

 The dielectric properties of the liquid methanol-water mixture depend on the 

composition and temperature.  For the composition dependency of the dielectric con-

stant, mixing rules could be adopted.  One mixing rule that yields good results for 

methanol-water mixture is that proposed by Jouyban et al. (2004) (6% average error 

when compared to the experimental data (Singh et al. 2014)): 

( )2
1 2

1 1 2 2 1 2
0

ln ln ln

j

j ,l ,l

r ,l ,l r ,l ,l r ,l ,l ,l

j l

A Y Y
Y Y Y Y

T
ε ε ε

=

 −
 = + +
 
 

∑   (7.48) 

where the constants are 0 181A = , 1 33 3A .=  and 2 16 9A .= − , subscript 1 and 2 repre-

sent the methanol and water species, respectively.  Unfortunately, to the best of the 

authors' knowledge, there is no mixing rule for the dielectric loss of binary liquid mix-

tures.  Therefore, Equation (7.48) is also used for the dielectric loss prediction.  This 

yields less accurate, but acceptable results when compared against the experimental 

data (Singh et al. 2014) (9.5% average error). 

 To account for the temperature dependency of the dielectric properties of the 

liquid mixture, empirical values/correlations are used for the dielectric properties of 

the individual species when applying the mixing rule (Equation (7.48)), as shown in 

Table 7.2.   

Table 7.2: Empirical values/correlations for the dielectric properties of individual spe-
cies in liquid phase. 1 represents methanol, 2 represents water. The over-tilde repre-
sents unit conversion to Celsius. 

Dielectric 
properties of 

individual spe-
cies in liquid 

Empirical values/correlations Ref. 

1r ,lε  24 5.  
(Campos et 

al. 2014) 

1,lε ′′  17 295 0 1605 l. . T− ɶ   (Campos et 

al. 2014) 
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2r ,lε  2 2 4 388 15 0 414 0 131 10 0 046 10l l l. . T . T . T− −− + × − ×ɶ ɶ ɶ  (Cha-um et 

al. 2011) 

2tan ,lδ  3 4 2 7 30 323 9 499 10 1 27 10 6 13 10l l l. . T . T . T− − −− × + × − ×ɶ ɶ ɶ  (Cha-um et 

al. 2011) 

 

Dielectric properties of vapor phase 

 The vapor phase is transparent to MW.  Thus, 1r ,gε =  and 0gε ′′ = . 

Dielectric properties of vapor-liquid mixture 

 When solving Maxwell’s equations, the liquid with vapor dispersed in it is 

treated as a heterogeneous vapor-liquid mixture.  To compute the vapor-liquid mixture 

dielectric properties, the mixing rule proposed by Looyenga (1965), which is suitable 

for heterogeneous mixture with spherical inclusions, is used: 

( ) 3
1 3 1 3 1 3

r r ,g r ,l g r ,lε ε ε α ε = − +   (7.49) 

( ) 3
1 3 1 3 1 3

g l g lε ε ε α ε ′′ ′′ ′′ ′′= − +   (7.50) 

This is applied throughout the fluid domain.  It should be noted that rε  and ε ′′  are 

related to σ  through Equation (7.5). 

Thermophysical properties of vapor and liquid phases 

 The thermophysical properties of the mixture are also temperature and compo-

sition dependence.  The models used for the calculation of the mixture flow properties 

are summarized in Table 7.3.  The details of the models are given in Appendix A15.  

The empirical correlations and values of the physical properties of the individual com-

ponents are tabulated in Table 7.4. 
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Table 7.3: Models for mixture flow properties 

Mixture flow 
properties 

Liquid phase Vapor phase 

ϕρ  
2

1
l i ,l i ,l

i

Yρ ρ
=

=∑  Ideal gas law 

p ,c ϕ  
2

1
p,l i ,l p ,i ,l

i

c Y c
=

=∑  
2

1
p ,g i ,g p,i ,g

i

c Y c
=

=∑  

ϕµ  Lobe correlation viscosity 
model (Li and Carr 1997) 

Modified Wilke’s method 
(Asada 2012) 

ϕλ  Spencer-Danner-Li correlation 
(Asada 2012) 

Wassiljewa equation (Reid et 

al. 1987) 

Dϕ  
Wilke and Chang correlation 
and Vignes diffusivity model 

(Reid et al. 1987) 

Fuller gas diffusivity model 
(Reid et al. 1987) 

 

Table 7.4: Correlations or values of thermophysical properties of individual compo-
nents in both liquid and vapor phases 

Properties 

(1 = Methanol, 

2 = Water) 
Correlations / Values Refs 

1,lρ  3 2971 68 0 3178 1 02 10l l. . T . T−− − ×   (Asada 2012) 

2,lρ  
2 2 2

5 3

4 2949 10 4 994 1 3468 10

1 0403 10

l l

l

. . T . T

. T

−

−

× − − ×

+ ×
 (Kell 1975) 

1p, ,lc  2 23398 7 11 942 3 035 10l l. . T . T−− + ×   (Asada 2012) 

2p , ,lc  
4 2 2

3 3 6 4

2 3379 10 2 2282 10 0 97183

1 892 10 1 391 10

l l

l l

. . T . T

. T . T− −

× − × +

− × + ×
 (Kell 1975) 

1p, ,gc  2 25454 7 38 24 2 6254 10g g- . . T . T
−+ − ×   (Asada 2012) 

2p , ,gc  2 22936 7 7 9908 1 525 10g g. . T . T
−− + ×   (Asada 2012) 

1,lµ  
2 4

7 2 10 3

1 8603 10 1 4371 10

3 8117 10 3 4315 10

l

l l

. . T

. T . T

− −

− −

× − ×

+ × − ×
  (Asada 2012) 
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2,lµ  
2 4 6 2

9 3

6 3 10 5 1307 10 1 4102 10

1 3017 10

l l

l

. . T . T

. T

− − −

−

× − × + ×

− ×
 (Kestin et al. 

1978) 

1,gµ  6 8 11 22 0758 10 4 7270 10 2 6883 10g g. . T . T
− − −− × + × − × (Asada 2012) 

2 ,gµ  7 87 5652 10 3 5477 10 g. . T
− −− × + ×   (Theiss and 

Thodos 1963) 

1,lλ  4 7 20 3566 7 4178 10 7 3565 10l l. . T . T− −− × + ×   (Asada 2012) 

2 ,lλ  3 5 20 90101 8 3922 10 1 1189 10l l. . T . T− −− + × − ×  (Ramires et al. 
1995) 

1,gλ  2 4 7 23 7029 10 2 42 10 5 685 10g g. . T . T
− − −× − × + ×   (Asada 2012) 

2 ,gλ  2 4 7 23 9877 10 2 0621 10 4 5141 10g g. . T . T
− − −× − × + ×   (Asada 2012) 

lgσ   0 05.   (Asada 2012) 

 

7.3 Numerical implementation 

 Most of the equations in the current model are numerically implemented in 

ways similar to those in the previous model (Chapter 6).  Therefore, those that had 

been detailed in the previous chapter will only be briefly covered, and more emphasis 

will be put on the new implementation.   

7.3.1 Maxwell’s equations 

 Finite Difference Time Domain (FDTD) method is employed to solve Max-

well’s equations numerically, which employs staggered Yee’s grid (Rumpf 2006).  

When constructing the fluid sample on the Cartesian Yee’s grid, Dey-Mittra dielectric 

averaging technique (Dey and Mittra 1999) in conjunction with 2x grid technique is 

adopted to better conform the curved surface of the sample to the grid.  Besides, Uni-

axial Perfectly Matched Layer is implemented at the port of the waveguide to absorb 

outgoing waves.  A detailed description of the numerical implementation of FDTD 

had been provided in the previous study (see Section 6.6).   
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In this study, due to the larger MW cavity used, the numerical dispersion error 

of FDTD is expected to be more pronounced compared to the previous case.  Therefore, 

to compensate for the numerical dispersion error, the dielectric properties are multi-

plied by a correction factor corrf  when solving the Maxwell’s equation (compensate 

only for the x-direction) (Suzuki and Kashiwa 2002): 

( )
( )

00

0 0

sin 2

sin 2
EM

corr

EM

k n xc t
f

n x k c t

∆∆=
∆ ∆

 (7.51) 

where 0 02k f cπ=  and n  is the refractive index in air, which is 1.   

 The two-way coupling between electromagnetics and other transport equations 

is achieved based on the iterative scheme proposed by Zhang et al. (2000), which has 

been presented in Section 6.7.5.  The FDTD method is implemented using user code 

and integrated into the reactingTwoPhaseEulerFoam solver. 

7.3.2 Momentum equations 

 The LHS and RHS of the momentum equations are discretized as Equation 

(7.52) and (7.53), respectively. 

( )( ) ( ) ( )

( ) ( )

eff

T T2
tr

3

, f

c

r
F

t

e ...

ϕ ϕ ϕ
ϕ ϕ ϕ ϕ ϕ ϕ

ϕ ϕ ϕ ϕ ϕ

α ρ
ρ α µ

α µ

 ∂ +      + ∇ ⋅ − ∇ ⋅ ∇   ∂

  
 − − ∇ ⋅ ∇ − ∇ =      

U
U U

U U U I

� �� � � � � �� � � � � �� � � � � �� �� �� �

� �� �� �

  (7.52) 

TDI

rgh m... pϕ ϕ ϕ ϕ ϕ ϕ ϕα α ρ α Γ= − ∇ − ⋅ ∇ + + + +g x G F F Fɶ ɶ   (7.53) 

The Fϕ  in the convection term is the volumetric flux ( )
f

Fϕ ϕ ϕα= ⋅U S . However, it is 

not evaluated directly, but is rather obtained from the solutions of pressure and phase 

fraction transport equations.  On the RHS, the pressure gradient, density gradient, and 

turbulent dispersion force are not discretized at this stage and will be discretized when 

constructing the pressure equation to avoid oscillatory solutions (see Appendix A3).  



409 
 

More details on the treatment of other interphase momentum transfer forces I

ϕFɶ  and 

ϕ
Γ

Fɶ  can be found in the previous chapter (Section 6.8.1). 

7.3.3 Pressure-velocity coupling 

The pressure-velocity coupling is based on PISO algorithm.  A pressure equa-

tion is derived from the mixture volume continuity equation by substituting the discre-

tized momentum equations into it.  The final form of the pressure equation is: 

( ) ( )

( ) ( )
drag drag

D D 1 1

D D

g g l l
rgh

lg D fD f

g , f g l l , f l g

lg D fD f

g g g l l l
g

g l g l

p

K K

t t

α α α α

α φ φ α φ φ

α ρ α ρ
ρ ρ ρ ρ

∗ ∗

          ∇ ⋅ + ∇             

            = ∇ ⋅ + + +                

 
− − + Γ −  

 

AA

AA
  (7.54) 

where ϕφ  is the phase flux ( , fϕ ϕφ = ⋅U S ).  The *

gφ , *

lφ , and 
D

Dt

ϕ ϕ ϕ

ϕ

α ρ
ρ

 are expressed 

as follows: 

( )
( ) ( )

( )
( )

( ) ( )
liftTD

g g l g lg* H
g f m

g g gD D Df f

g

f g

g gD Df f

K

α α ρ ρα
φ ρ

α

     −⋅
     = ⋅ − ⋅∇ + ⋅
     
     

   
   − ⋅∇ + ⋅
   
   

A g x
S S g S

A A A

F
S S

A A

ɶ
  (7.55) 

( )
( ) ( )

( )
( )

( ) ( )
liftTD

l g l gl* lH
l f m

l l lD D Df f

l
f g

l lD Df f

K

α α ρ ραφ ρ

α

 −   ⋅
 = ⋅ − ⋅∇ + ⋅             

   
+ ⋅∇ + ⋅      
   

A g x
S S g S

A A A

F
S S

A A

ɶ
  (7.56) 
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( ) ( )
( )D

D

, f F
t F

t t

ϕ ϕ
ϕ ϕϕ ϕ ϕ ϕ

ϕ
ϕ ϕ

α ρ
ρα ρ α

ρ ρ

∂
+ ∇ ⋅ ∂ ∂= − + ∇ ⋅ ∂ 

  (7.57) 

The solution of the pressure equation is then used to correct the phase fluxes and ve-

locities.  The details had been given in the previous chapter (section 6.8.2). 

7.3.4 Phase fraction transport equation 

The reformulated phase fraction transport equation (7.13) with interface com-

pression  is discretized as follows: 

( ) ( )( ) D

D
g g g g g

g , f r c l , f g , f

g g

F
t t

α α ρ
α φ φ α α

ρ ρ
 ∂ Γ  + ∇ ⋅ + ∇⋅ + = − +
∂

� �� �
� �
� �
� �� �

 (7.58) 

where F  is the mixture volumetric flux g g l lF α φ α φ= + , rφ  is the relative phase flux 

r g lφ φ φ= − , and cφ  is the interface compression phase flux, which is computed as: 

r I

c , f f

F
Cα

φ
φ

 +
= ⋅  

 
n S

S
   (7.59) 

The individual phase fluxes ϕφ  are obtained from the pressure-velocity coupling pro-

cedure (Section 7.3.3). 

 As mentioned in the previous studies, Equation (7.58) ensures the boundedness 

of gα  only if g , fα  and l , fα  in the third term are evaluated using first-order upwind 

and downwind schemes (based on the direction of r cφ φ+ ), respectively.  To use higher 

order upwind and downwind schemes without compromising boundedness, Equation 

(7.58) is solved explicitly using the corrected volumetric flux computed from MULES 

technique.  The introduction and procedure of this technique can be found in the pre-

vious chapter (Section 6.8.3).  When solving Equation (7.58) using MULES, the lower 

order flux, LF , is defined as L g , fF Fα=  with g , fα  evaluated using first-order upwind 

scheme, and the higher-order flux, HF , is defined as ( )H g , f g , f l , f r cF Fα α α φ φ= + + , 
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with g , fα  evaluated using a higher-order upwind scheme and l , fα  evaluated using a 

higher-order downwind scheme (e.g. second-order VanLeer scheme).  The corrected 

flux C L HF F Fλ= +  is used in the calculation of the convection terms of Equation 

(7.58), where λ  is the limiter. 

 To ensure that the convection flux in all transport equations are consistent, the 

corrected flux CF  is also used as the volumetric flux in all the transport equation of 

the vapor phase, e.g. the gF  in Equation (7.52) is g CF F= .  The liquid phase counter-

part is computed as follows: 

l gF F F= −    (7.60) 

Other than ensuring the convection flux is consistent, it should be noted that this im-

plementation also ensures that all other quantities (e.g. momentum, energy, species, 

etc.) correctly respond to the interface compression. 

7.3.5 Energy and species transport equations 

The energy transport equation (7.17) of both phases are discretized as follows: 

( ) ( ) ( )

( ) ( ) ( )

eff
c

, f f
p ,

c

, f , f

B B B B

i i

p , p ,

h
F h h e h

t c

dp
F e

t dt

H a H a
h h Q

c c

ϕ ϕ ϕ ϕ ϕ
ϕ ϕ ϕ ϕ ϕ ϕ

ϕ

ϕ ϕ ϕ
ϕ ϕ ϕ ϕ ϕ ϕ

ϕ ϕ
ϕ ϕ ϕ ϕ ϕ

ϕ ϕ

α ρ α λ
ρ

α ρ κ
ρ κ κ α

α ρ

 ∂         + ∇ ⋅ − ∇ ⋅ ∇ − ∇ ⋅       ∂  

∂
+ + ∇ ⋅ − ∇ ⋅ −

∂

 = − + ⋅ +  U g

� � � �� � � �� � � �� � � � � � � �� � � �� � � �� �� � � �� �� �� �

� �� � ɶ� �
� �� �

I MW Y
Q Q Qϕ ϕ ϕ

Γ+ + +

  (7.61) 

On the RHS, the I
Qϕ
ɶ  is the term arising from the discretization of the interphase heat 

transfer term I
Qϕ .  Special care is required when discretizing I

Qϕ  as it is a strong func-

tion of the dependent variable Tϕ .  For I

lQ , it is treated explicitly in order to be con-

sistent with the explicit treatment of the interphase mass transfer term in the pressure 
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and phase fraction transport equations.  As for I

gQ , it is treated semi-implicitly to pre-

vent instability (oscillatory behavior), which is caused by the low vapor density.  Alt-

hough this violates the energy conservation in the vapor phase due to the inconsistency 

between the implementation of the interphase mass transfer and interphase energy 

transfer, this is not a significant issue in the current case as the boiling process is pri-

marily driven by the heat in the liquid phase rather than the vapor phase.  In other 

words, energy conservation in the vapor phase is of minor importance compared to 

that in the liquid phase.  Thus, I
Qϕ
ɶ , for each phase, is expressed as: 

I I B FS NU

l l l l lQ Q Q Q Q= = + +ɶ    (7.62) 

( )0

FS NU

g gI B I

g g gI

g

Q Q
Q Q h h

h h

+
 = + −  −

� �� �ɶ � �
� �� �

   (7.63) 

where 0
gh  is the gh  from the old time step.  It should be noted that in Equation (7.63), 

the B

gQ  is expressed explicitly as the stabilizing terms (the first two terms on the RHS 

of Equation (7.61)) will make it semi-implicit (see Appendix A14 for more infor-

mation on the roles of the stabilizing terms).  However, this also implies that the B

lQ  

in Equation (7.62) will also be treated semi-implicitly by the stabilizing terms and 

causes energy conservation error in the liquid phase.  Nevertheless, this is not a signif-

icant issue as the stability factor of B

lQ  in Equation (7.61) of the liquid phase, which 

is 
B B

l i

l l p ,l

H a
t

cα ρ
∆ , is kept far less than 1 in the current case (about 0.005 in the worst case), 

so the semi-implicit and explicit treatment of B

lQ  does not make a significant differ-

ence.  The Qϕ
Γ  is deliberately treated explicitly for both phases for consistency with 

the mass transfer terms in the pressure and phase fraction transport equation.  The rest 

of the sources are treated explicitly. 

 The species transport equation (7.18) of both phases are discretized as follows: 
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( ) ( ) ( )

( )

i ,

, f i , i ,f

c I

i , i , i , i , i ,

Y
F Y D Y

t

e Y Y Y S S

ϕ ϕ ϕ
ϕ ϕ ϕ ϕ ϕ ϕ ϕ

ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ

α ρ
ρ α ρ

δρ δρ Γ

 ∂      + ∇ ⋅ − ∇ ⋅ ∇   ∂

   − ∇ ⋅ = − + +   

� �� � � � � �� � � � � �� � � �� �� �� �� �� �

� � � � ɶ� � � �� �� �

 (7.64) 

where the first two terms on the RHS are the stabilizing terms that stabilize the equa-

tion when 0ϕα → , δ  is a small positive stabilization factor (e.g. 410− ), and I
Sϕ
ɶ  is the 

terms arising from the discretization of I
Sϕ .  Similar to that in the energy equations, 

the I
Sϕ
ɶ  is treated explicitly for the liquid phase and semi-implicitly for the vapor phase 

i.e.: 

I I

i ,l i ,lS S=ɶ    (7.65) 

( )0

I

i ,gI I

i ,g i ,g i ,gI

i ,g i ,g

S
S Y Y

Y Y
 = −  −

� �� �ɶ � �
� �� �

   (7.66) 

where 0
i ,gY  is the i ,gY  in the old time step. The i ,S ϕ

Γ  is deliberately treated explicitly in 

both phases for consistency with other equations. 

7.3.6 Enforcement of interface jump conditions at the free surface with special 

numerical treatment 

 To implement the interface jump conditions (Equation (7.33) - (7.35)) at the 

free surface (Mode (2) of interphase heat and mass transfer), it is necessary to first 

identify the cells that contain the free surface.  This is done by employing a simple 

routine that searches for cells with 0 5g .α ≤  and at the same time having neighboring 

cells with 0 5g .α >  and 0 5g .α <  simultaneously.  These cells are recognized as free 

surface cells.   

 Once the free surface cells are identified, the interface jump conditions are to 

be implemented in these cells.  For the convenience of discussion, an arbitrary portion 

of a 2-D free surface interface on a uniform Cartesian mesh is used for illustration 

purposes, as shown in Figure 7.7 (a).  The red line represents the interface, the shaded 
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cell P is the free surface cell in which the interface jump conditions are currently being 

implemented, and the neighboring cells are named N, E, S, and W.  The In  points 

from the liquid to vapor phase.   

 

(a)     (b) 

Figure 7.7: An arbitrary potion of a 2-D free surface on a uniform Cartesian mesh. 

 Since the exact location of the interface is unknown in VOF methods (unless 

reconstructed), the interface is assumed to pass through the cell center of cell P (see 

Figure 7.7 (b)).  With this assumption, the interface jump conditions can be discretized 

as follows: 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 fg 1 2 fg 2 0

E I N I I W I S

g g g gI I I I

g x y x y

E I N I I W I S
I I I Il l l l

l x y x y

FS FS

, ,

T T T T T T T T
n n n n

x y x y

T T T T T T T T
n n n n

x y x y

m h m h

λ

λ

+ + − −

− − + +

 − − − −
+ + +  ∆ ∆ ∆ ∆ 

 − − − −− + + + ∆ ∆ ∆ ∆ 

− − =

  (7.67) 

( ) ( ) ( ) ( )

( )

1 1 1 1 1 1 1 1
1

1 2 1 0

E I N I I W I S

FS ,l ,l I ,l ,l I ,l ,l I ,l ,l I

l l x y x y

FS FS I

,l

Y Y Y Y Y Y Y Y
m D n n n n

x y x y

m m Y

ρ
− − + + − − − −

+ + + +  ∆ ∆ ∆ ∆ 

− + =

  (7.68) 
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( ) ( ) ( ) ( )

( )

1 1 1 1 1 1 1 1

1

1 2 1 0

E I N I I W I S

,g ,g ,g ,g ,g ,g ,g ,gFS I I I I

g g x y x y

FS FS I

,g

Y Y Y Y Y Y Y Y
m D n n n n

x y x y

m m Y

ρ
+ + − −− − − −

+ + + +
∆ ∆ ∆ ∆

− + =

 
  
    (7.69) 

where I

xn   and I

yn   are the scalar components of In  in x- and y- direction respectively, 

and the superscript N  , E  , S  , and W  represent the quantity in neighboring cells.  

Equation (7.67), (7.68), (7.69), (7.28) and (7.29) can be simultaneously solved for the 

interfacial properties and mass fluxes using Newton-Raphson method. These proper-

ties are required when computing the interphase transfer sources.  The gradient oper-

ator in the interphase heat and mass transfer terms at the free surface (Equation (7.30) 

- (7.31)) can be discretized in the same way as follows (based on the example shown 

in Figure 7.7 (b)): 

( ) ( ) ( ) ( )
E I N I I W I S

g g g gFS FS I I I I

g N g x y x y

T T T T T T T T
Q a n n n n

x y x y
λ

+ + − −− − − −
= − + + +

∆ ∆ ∆ ∆

 
  
 

   (7.70) 

( ) ( ) ( ) ( )
E I N I I W I S

FS FS I I I Il l l l
l N l x y x y

T T T T T T T T
Q a n n n n

x y x y
λ

− − + + − − − −= + + + ∆ ∆ ∆ ∆ 
  (7.71) 

( ) ( ) ( ) ( )1 1 1 1 1 1 1 1

E I N I I W I S

,g ,g ,g ,g ,g ,g ,g ,gFS FS I I I I

i ,g N g g x y x y

Y Y Y Y Y Y Y Y
S a D n n n n

x y x y
ρ

+ + − −− − − −
= − + + +

∆ ∆ ∆ ∆

 
 
 

   (7.72) 

( ) ( ) ( ) ( )1 1 1 1 1 1 1 1

E I N I I W I S

FS FS I I I I,l ,l ,l ,l ,l ,l ,l ,l

i ,l N l l x y x y

Y Y Y Y Y Y Y Y
S a D n n n n

x y x y
ρ

− − + +− − − −
= + + +

∆ ∆ ∆ ∆

 
 
 

  (7.73) 

 Unfortunately, Equation (7.67) - (7.73) yield correct results only if the mesh 

resolution is sufficiently fine.  This is because the local heat transfer coefficient adja-

cent to the interface is very large during phase change (i.e. very steep temperature 

gradient near the interface).  Hence, the cell heat transfer coefficient near the interface, 

cellH  [ -2 -1Wm K ], which depends on the mesh size, must be at least equal to the local 

phase change heat transfer coefficient in order to capture the thermal behavior cor-

rectly.  According to Equation (7.67), the cellH  (e.g. in the x-direction) can be ex-

pressed as cellH xϕλ= ∆ .  To get an estimation of the necessary mesh size, the popu-

lar theoretical gas kinetic model of Schrage (Kunkelmann and Stephan 2009), which 



416 
 

describes the apparent heat transfer coefficient at the interface during phase change 

(denoted by PC

lH  [ -2 -1Wm K ]), could be used: 

2
fg

3 2
sat

2

2 2
gPC e

l /

e

hM
H

R T

ρσ
σ π

=
−

   (7.74) 

where M is the molar mass [ -1kgmol ] and R  is the gas constant [ -1 -1Jmol K ].  In this 

study, the accommodation coefficient eσ  is taken as 0.03 (Paul 1962, Marek and 

Straub 2001, Carey 1992).  This equation can be generalized to binary liquid mixtures 

by using the mixture gas properties (Kern and Stephan 2003).  By evaluating Equation 

(7.74) using the methanol-water vapor properties, and by taking 0 5l .λ =  as an approx-

imation, the maximum allowable mesh size necessary to resolve the PC

lH  is as small 

as 62 6 10 m. −× , which is several orders smaller than the typical mesh size used in CFD 

simulations! While this mesh size is reasonable in small scale simulations of multi-

phase flow, such as the 2-D work presented in by Haelssig et al. (2010), this is clearly 

beyond the practical limit of the current study. 

 To capture the thermal behavior at the interface while using a reasonably large 

mesh size ( 0 1 mm.∼ ), the cellH  for both the liquid and vapor phase in Equation (7.67) 

(7.70) and (7.71) are virtually increased by multiplying it by a large factor L .  Thus, 

Equation (7.67) is rewritten as (the same applies to Equation (7.70) and (7.71), note 

that xL  and yL  are the x and y components of L ): 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
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− − − −
− + + +

∆ ∆ ∆ ∆

− − =

    
    
    

    
    
    

  (7.75) 

This could be seen as if the mesh size is refined.  From a physical perspective, this 

approach is reasonable as the artificially increased cellH  will tend to keep the temper-

ature near the interface close to IT  (or satT  at the interface), which is in line with the 

physic of a phase change process (Kunkelmann and Stephan 2009).  Besides, from a 

numerical perspective, this approach could be seen as a method similar to the “penalty 

approach” in Finite Element Method (Rao 2017), in which an arbitrarily large factor 
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is added (or multiplied) to the source and the central coefficient of specific nodes in 

the assembled equation matrix in order to enforce prescribed values to those nodes.  

The current method carries the same spirit in the sense that a large factor L  is used to 

enforce IT  (or satT ) to the free surface cells (note that the IT  in Equation (7.67) and 

others is on a sub-grid level).   

Now, it is necessary to determine an appropriate value for L .  In “penalty ap-

proach”, the arbitrary factor can be as large as possible for better enforcement.  The 

same applies to the current method.  However, Equation (7.74) dictates the theoretical 

maximum limit of the phase change heat transfer coefficient (Ghiaasiaan 2007), i.e. 

there is a physical maximum limit for L .  Therefore, the value of L  is chosen such 

that the cellH  is equal to that calculated using Equation (7.74), i.e. L  is computed from 

the following equation: 

22 II
y y PCx x

l l

L nL n
H

x y
λ

  
+ =    ∆ ∆   

   (7.76) 

where xL  is defined as I

x xL L n=  and I

y y

y
L L n

x

∆=
∆

 (note that yL  is normalized to 

account for the possibility that x y∆ ≠ ∆ ).  This renders the current numerical approach, 

in some sense, analogous to the popular Wall Function method in near-wall turbulence 

prediction (Launder and Spalding 1983).  In Wall Function method, empirical univer-

sal wall functions (or law of the wall) are used to approximate the wall viscosity in 

coarse cells adjacent to a wall, whereas in the current approach, a correlation based on 

gas kinetic theory (i.e. Equation (7.74)) is used to approximate the phase change heat 

transfer coefficient in coarse cells near an interface.   

 Since the multiplication of L  is seen as a virtual mesh size reduction factor, 

this treatment is also implemented consistently in Equation (7.68), (7.69), (7.72) and 

(7.73) using the same xL  and yL  values.  This method can be easily extended to 3-D. 

However, as the mesh size is but virtually reduced, this could cause weak cou-

pling between the interphase source terms and the dependent variables, which can po-

tentially result in locally spurious solutions.  This is because the interfacial properties, 
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mass fluxes, and the interface transfer source terms (to be applied in cell P) are com-

puted using the dependent variables in the neighboring cells E, S, W, and N, but not 

those in cell P, as can be seen in Equation (7.67) - (7.73).  One way to mitigate the 

issue is by decomposing the source terms and implementing them in the neighboring 

cells rather than in cell P.  Nevertheless, a simpler way is taken in this study.  Since 

the mesh size is virtually reduced, it would be more logical to use the field values of 

cell P rather than the neighboring cells when solving the jump conditions and calcu-

lating the interphase source terms.  Therefore, the neighboring field values in Equation 

(7.67) - (7.73) are replaced by that of cell P.  Thus, Equation (7.67) - (7.73), after some 

algebraic manipulations, could be simplified as: 

( ) ( ) 1 fg 1 2 fg 2 0I P I P FS FS

g g l l , ,T T T T m h m hλ λΨ − + Ψ − + + =   (7.77) 

( ) ( )1 1 1 1 2 1 0FS I P FS FS I

l l ,l ,l ,lm D Y Y m m Yρ+ Ψ − − + =   (7.78) 

( ) ( )1 1 1 1 2 1 0FS I P FS FS I

g g ,g ,g ,gm D Y Y m m Yρ− Ψ − − + =   (7.79) 

( )FS FS I P

g N g gQ a T Tλ= Ψ −     (7.80) 

( )FS FS I P

l N l lQ a T Tλ= Ψ −    (7.81) 

( )1 1
FS FS I P

i ,g N g g ,g ,gS a D Y Yρ= Ψ −     (7.82) 

( )1 1
FS FS I P

i ,l N l l ,l ,lS a D Y Yρ= Ψ −    (7.83) 

where 
I I

x x y yL n L n

x y

 
 Ψ = +
 ∆ ∆
 

, with xL  and yL  computed from Equation (7.76).  Now, 

the source terms at cell P depend on the field values in cell P, so the decoupling can 

be avoided. 
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7.3.7 Solutions of interface jump conditions 

The coupled non-linear interface jump conditions and VLE correlations (Equa-

tion (7.25) - (7.29) for Mode (1), and Equation (7.77) - (7.79), (7.28) - (7.29) for Mode 

(2)) are solved iteratively using Newton Raphson method on a cell by cell basis (note 

that the interface jump conditions for Mode (3) can be solved directly).  Since the 

interface jump conditions for both modes have the same form, they can be cast into 

general forms as follows: 

( ) ( ) 1 fg 1 2 fg 2 0I I

l g g l , ,
ˆ ˆ ˆ ˆH T T H T T m h m h− + − + + =   (7.84) 

( ) ( )1 1 1 1 2 1 0I I

l l ,l ,l ,l
ˆˆ ˆ ˆm K Y Y m m Yρ+ − − + =   (7.85) 

( ) ( )1 1 1 1 2 1 0I I

g g ,g ,g ,g
ˆˆ ˆ ˆm K Y Y m m Yρ− − − + =  (7.86) 

where B
Ĥ Hϕ ϕ= , B

K̂ Kϕ ϕ=  and B

i im̂ m=  for Mode (1), and Ĥϕ ϕλ= Ψ , K̂ Dϕ ϕ= Ψ  

and FS

i im̂ m=  for Mode (2).  Before pursuing the solutions, Equation (7.85) and (7.86) 

can be combined and rearranged to give an extra expression for the total mass flux m̂ : 

( ) ( )1 1 1 1

1 2
1 1

I I

l l ,l ,l g g ,g ,g

I I

,g ,l

ˆ ˆK Y Y K Y Y
ˆ ˆ ˆm m m

Y Y

ρ ρ− + −
= + = −

−
 (7.87) 

 The basic idea of the current solution method is to solve the equation system 

for IT , and then compute resultant interfacial properties and mass fluxes directly from 

IT .  The correction equation for IT  based on Newton Raphson method is as follows: 

( ) ( ) 1 fg 1 2 fg 21

1 2
fg 1 fg 2

i i i iI I

l g g l , ,i i
I I

i i

l g , ,I I

ˆ ˆ ˆ ˆH T T H T T m h m h

T T
ˆ ˆm mˆ ˆH H h h
T T

+
− + − + +

= −
   ∂ ∂+ + +      ∂ ∂   

  (7.88) 

where i  is the iteration cycle.  The interface-temperature derivative of the mass fluxes 

of individual species can be expressed as: 

( ) 11
1

I

,g I

g g ,gI I I

Yˆ ˆm mˆ ˆK m Y
T T T

ρ
∂∂ ∂= + +

∂ ∂ ∂
   (7.89) 
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2 1
I I I

ˆ ˆˆm mm

T T T

∂ ∂∂= −
∂ ∂ ∂

   (7.90) 

The interface-temperature derivative of the total mass flux can be computed from 

Equation (7.87), i.e.: 

( )
( )

( )
( )

1 1 1 1
2

1 1

1 1 1 1

2

1 1

I I
g g l l ,g g g ,g l l ,l ,l

I I
I I

,g ,l

I I
g g l l ,l g g ,g l l ,l ,g

I
I I

,g ,l

ˆ ˆ ˆ ˆK K Y K Y K Y Ym̂

T TY Y

ˆ ˆ ˆ ˆK K Y K Y K Y Y

TY Y

ρ ρ ρ ρ

ρ ρ ρ ρ

 + − − ∂∂  = −
 ∂ ∂− 

 + − − ∂ +
  ∂− 

  (7.91) 

The 1
I

,g

I

Y

T

∂
∂

 and 1
I

,l

I

Y

T

∂
∂

 can be easily computed by differentiating Equation (7.28) and 

(7.29) with respect to IT .  The above equations should be evaluated explicitly using 

the last known values in all variables. 

 To summarize, the numerical procedure of solving the interface jump condi-

tions is as follows: 

1) Compute 
i

m̂  using Equation (7.87). 

2) Compute 
i

I

m̂

T

∂
∂

 using Equation (7.91). 

3) Compute 1

i

I

m̂

T

∂
∂

 and 2

i

I

m̂

T

∂
∂

 using Equation (7.89) and (7.90). 

4) Compute 1

i
m̂  using Equation (7.85) with ( )1 2ˆ ˆm m+  replaced by 

i
m̂  com-

puted from step 1. 

5) Compute 2

i
m̂  as 2 1

i i i
ˆ ˆ ˆm m m= − . 

6) Compute 
1i

IT
+

 using Equation (7.88). 

7) Compute the residue of Equation (7.84) by substituting 
1i

IT
+

, 1

i
m̂  and 2

i
m̂  

into it. 

8) Repeat step 1 to 7 for the next iteration if the residue of Equation (7.84) is 

greater than a predetermined tolerance (e.g. 310− ). 
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9) If 
1i

IT
+

 has converged (residue less than tolerance), compute 
1

1

i
m̂

+
, 

1

2

i
m̂

+
, 

1

1

i
I

,gY
+

 and 
1

1

i
I

,lY
+

 (Equation (7.85), (7.87), (7.28) and (7.29)) using 
1i

IT
+

. 

7.3.8 Bubble number density transport equation 

As mentioned in the earlier studies, the bubble number density transport equa-

tion (7.41) must be transported consistently with the phase fraction transport equation 

to avoid spurious interphase area density and bubble diameter.  Therefore, the inter-

phase compression velocity is also included in Equation (7.41).  It is discretized as: 

[ ] ( ) ( )( ) [ ]
0

RC WE
TI NU

f r c l , f f

N
FN N N

t N

ψ ψφ φ α ψ ψ
∂ ++ ∇⋅ + ∇⋅ + = + +

∂

� � � �� � � �
� � � �
� � � �� �� �

  (7.92) 

Following the phase fraction transport equation, Equation (7.92) is solved explicitly 

using the correct volumetric flux computed using MULES technique.  In this case, the 

lower order flux, LF , is defined as L fF FN=  with fN  evaluated using upwind 

scheme, and the higher-order flux, HF , is defined as ( )H f f l , f r cF N F N α φ φ= + + , 

with fN  evaluated using a higher-order upwind scheme and l , fα  evaluated using a 

higher-order downwind scheme (e.g. second-order VanLeer scheme).   

7.3.9 Turbulence equations 

 The k ε−  equations (7.42) and (7.43) for both phases are discretized in the 

same way as in the previous study, that is: 
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( ) ( )
eff

0

2

3

2

3

f
k

k

k ,

k
F k k

t

k
P k

k

k

ϕ ϕ ϕ ϕ
ϕ ϕ ϕ ϕ ϕ

ϕ
ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ

ϕ

ϕ ϕ ϕ ϕ ϕ

α ρ µ
ρ α

σ

α α ρ ε α ρ

α ρ ω

+

−

 ∂       + ∇ ⋅ − ∇ ⋅ ∇     ∂  

      = − − ∇ ⋅   
 

 − ∇ ⋅ + 
 

U

U

� � � �� � � �� �� � � � � �� � � � � �� �� � � �� �� �� �

� � � �� � � �� � � �� � � �� � � �� �� �
  (7.93) 

( ) ( )
eff

1 2 1 3

1 3

2

3

2

3

, f f

k

F
t

C P C C C
k k

C C

ϕ ϕ ϕ ϕ
ϕ ϕ ϕ ϕ ϕ

ε

ϕ ϕ
ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ

ϕ ϕ

ϕ ϕ ϕ

α ρ ε µ
ρ ε α ε

σ

ε ε
α α ρ ε α ρ ε

α ρ

+

 ∂       + ∇ ⋅ − ∇ ⋅ ∇     ∂  

  
   = − − + ∇ ⋅       

 − + ∇ ⋅ 
 

U

U

� � � �� � � �� �� � � � � �� � � � � �� �� � � �� �� �� �

� �� � � �� � � �� � � �� �� � � �� �

,ϕ ε ϕε ω
−
 +


 (7.94) 

where k ,g g l g gk kω ϑ ϑ  = −  
� �� �� � , [ ]k ,l l g l lk kω ϑ ϑ= −� �� �� � , ,g g l g gεω ϑ ε ϑ ε = −  

� �� �� � , and 

[ ],l l g l lεω ϑ ε ϑ ε= −� �� �� � .  The gϑ  is formulated as ( ) 1
max 0 mininv l

g g g

l

, ,
k t

εα α ρ
 

−  ∆ 
 

with 0 3inv

g .α = , whereas lϑ  is formulated as ( ) 1
max 0 min ginv

l l l

g

, ,
k t

ε
α α ρ

 
−   ∆ 

 with 

0 7inv

l .α = . 

7.3.10 Solution procedure 

The solution procedure of the new model is illustrated in Figure 7.8.  On a side 

note, the model is used to simulate the MW heating of methanol-water mixture from 

the ambient condition until the mixture boils for several mins.  The fluid domain ini-

tially contains a bulk liquid mixture with a freeboard region filled with the mixture 

vapor phase (with a composition in equilibrium with the liquid at the saturation tem-

perature) on top.  However, the vapor phase in the freeboard region will tend to con-

dense as it is in a highly non-equilibrium state under the ambient temperature and 

pressure.  This is, of course, spurious as there should not be any pure vapor phase 
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under the ambient conditions.  However, the existence of the vapor phase in the domain 

is necessary since one cannot model nothingness.  One could introduce a third species 

which is non-condensable (e.g. air) in the vapor, but this would make the model un-

necessarily complex (three species VLE correlations might be required, with one spe-

cies being the non-condensable gas, which is rarely reported in the literature).  There-

fore, to avoid spurious vapor condensation before the mixture reaches the saturation 

condition, the calculation of mass transfer source terms is only activated, on a cell-by-

cell basis, when the liquid mixture reaches the initial saturation temperature (computed 

based on the initial liquid composition, which is about 85 C°  in the current case).  

When the calculation of mass transfer source terms is deactivated, the interphase heat 

transfer I
Qϕ  is computed according to the interface temperature IT  obtained from con-

ventional heat balance (Equation (7.95) is used for B
Qϕ , whereas Equation (7.96) is 

used for FS
Qϕ ): 

B B

l l g gI

B B

l g

H T H T
T

H H

+
=

+
   (7.95) 

l l g gI

l g

T T
T

λ λ
λ λ

+
=

+
   (7.96) 
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(b)
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(c) 

Figure 7.8: (a) Overall solution procedure of the new model, (b) procedure of the 
calculation of interphase heat and mass transfer, (c) PISO algorithm.  See Section 6.6.7 
for the details of FDTD initialization and FDTD loop. 

7.4 Grid and mesh independent tests 

 The developed model requires two grids: FDTD grid that covers the whole re-

gion (i.e. the MW cavity and the sample), and CFD mesh that covers only the fluid 

domain.  Therefore, two separate grid/mesh independent tests are conducted.  Note 

that the two grids overlap in the fluid region.   

Start #PISO 

Construct momentum 
equation (Eq.  (7.52) & (7.53)) 

Construct pressure equa-
tion (7.54) 

Solve pressure equation  

 Initial residue  
>  ? 

Correct phase fluxes and 
velocities  

End #PISO 

Yes 

No 
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7.4.1 FDTD grid-independent test 

Table 7.5 shows the average MW power absorption in the sample at different 

grid resolutions.  The result converges at a grid resolution of 22.5/11.3, so it is chosen 

to solve Maxwell’s equations. 

Table 7.5: Average MW power absorption at different grid resolutions 

Grid points per wavelength in air/fluid Average MW power absorption (W) 

10/5 193.174 

15/7.5 251.593 

22.5/11.3 286.757 

33.75/17 287.816 

 

7.4.2 Finite volume mesh independent test 

The fluid domain is discretized using a non-uniform structured Finite Volume 

mesh.  The mesh size near the free surface region is about 4 times smaller than other 

regions to resolve the free surface.  The commonly used bubble size criterion (e.g. the 

mesh size should be 1.5 times the largest bubble size (Krepper et al. 2007)) for mesh 

size selection in Two-fluid simulations is not followed here.  This is because in the 

current case (expected bubble sizes are in the range of 2 – 5 mm), such criterion will 

lead to a very coarse mesh resolution, with only about 11 cells along the diameter of 

the fluid domain.  This may lead to serious discretization errors.  Besides, the resultant 

mesh resolution is also insufficient to resolve the MW heating profile (only 2 cells per 

wavelength).  Therefore, a traditional mesh independent test is performed.  Table 7.6 

shows the results.  While not unexpected, the results diverge as the mesh size reduces.  

A similar mesh dependent effect is also seen in the authors’ previous study (Chapter 

6), as well as others (Buwa and Ranade 2002, Pfleger and Becker 2001).  This is prob-
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ably because the ‘model error’ of the Two-fluid model increases as the mesh size be-

comes increasingly smaller than the bubble size, since the Two-fluid model is derived 

based on averaging over a region assumed to be greater than the dispersed bubble.  

This makes the test somewhat inconclusive.  Nevertheless, considering that 2.25mm 

mesh size is able to provide a sufficient resolution of more than 5 points per wave-

length for the MW heating profile while not being too much smaller than the bubble 

size, this mesh size is chosen to solve the fluid flow equations.  More studies might be 

required in the future to reduce the mesh dependency of the model.   

Table 7.6: Average liquid temperature at different mesh sizes 

Nominal mesh size (mm) Average liquid temperature (K) 

5 359.0122 

3.375 359.0128 

2.25 359.1042 

1.5 359.3735 

 

7.5 Model validation 

7.5.1 Comparisons between experimental and simulation results 

 As mentioned in Section 7.1, the MW power input at the waveguide port in the 

simulation case is increased to 360W for better comparison.  Figure 7.9 (a) shows the 

comparison between the experimental (from Experiment 1) and simulated local liquid 

temperature at point P1 and P2 during the MW heating stage at 360W.  The comparison 

shows good agreement.  The trends and the temperature difference between the two 

points are well-predicted, which confirms the capability of the model to simulate MW 

liquid heating process accurately. 
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(c) 

Figure 7.9: Experimental and simulated (a) internal liquid temperature histories at 
points P1 and P2 during MW heating, with RMSEs of 2 84 C. °  and 2 74 C. °  at points 
P1 and P2, respectively, (b) flask external temperature histories at point P3 and P4 
during MW heating and boiling, with RMSEs of 3 46 C. °  at both points, (c) volume 
and mass histories of distillate during MW boiling, with RMSEs of 0 75ml.  and 0 73g.  

for volume and mass, respectively. 

 Figure 7.9 (b) shows the experimental (from Experiment 2) and simulated flask 

external temperatures at point P3 and P4 throughout the MW heating and boiling pro-

cess.  From the comparison, while the agreement at point P3 is reasonably good, some 

discrepancies is observed at point P4, especially in the beginning of the heating process 

( 50st < ).  Since such discrepancy does not show up in Figure 7.9 (a), it can be deduced 

that this is most probably due to the presence of anti-bumping granules (which is not 

physically included in the model) near the measuring point P4 (at the base of the flask) 

in Experiment 2, which causes slight local liquid stagnation, and thus heat accumula-

tion in that local region. In the simulation, it is observed that the local MW power 

absorption near the base of the sample decreases significantly in magnitude as the 

heating progresses (reduces from about 6 33 5 10 W m. ×  to 6 31 5 10 W m. ×  from 0s  

to 100s , see later in Figure 7.10).  This explains why the discrepancy only occurs in 

the beginning and the agreement becomes better afterwards, since lower MW power 

absorption leads to less heat accumulation in the stagnation zone in the experiment. 
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This also indirectly shows that the MW power absorption distribution predicted by the 

model qualitatively matches the experiment.  

 Figure 7.9 (c) depicts the experimental (from Experiment 2) and simulated vol-

ume and mass histories of the distillate.  The comparisons show generally favorable 

agreement.  The slopes of volume and mass histories are well-predicted.  The average 

experimental methanol mass fraction in the distillate, determined based on the distil-

late volume and mass information, is about 0.608, which agrees well with that of the 

simulation, which is 0.617.  This also indicates that Assumption 8 is most probably 

valid. 

 In short, these validation results show that the model is reasonably valid, and 

thus is used to study the MW heating and boiling physics in the methanol-water mix-

ture.  Nonetheless, a better way to validate the model would be to compare the exper-

imental and simulated superheat temperature within the liquid during MW boiling.  

However, the measurement of liquid superheat temperature is not possible with the 

current fiber-optic probes due to the serious bubbling (boiling) at the probes and along 

the cable, as mentioned previously in Section 6.1.  Therefore, better equipment is re-

quired in the future to further validate the model, such as fiber-optic cables and probes 

with surfaces that are less susceptible to bubble nucleation. 

7.5.2 Additional discussion 

By comparing the validation results for the flask external wall temperatures 

between the current study and the previous study in Chapter 6 (i.e. by comparing Fig-

ure 7.9 (b) to Figure 6.31), it is curious to see that the previously seen discrepancy in 

Figure 6.31, where the measured flask external wall temperature during boiling is 

lower than the simulation, is not observed in the current study in Figure 7.9 (b), alt-

hough the same modelling approach is applied for the solid flask wall heat transfer in 

both studies.  To gain insights into this matter, Experiment 2 of the current study was 

conducted again, but using the MW oven from the previous study.  Interestingly, the 

flask wall temperature at P3 during boiling in this repeated experiment turned out to 

be lower (about 76 78 C− ° ) compared to that measured in the current oven (about 
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80 82 C− ° , as depicted in Figure 7.9 (b)).  This clearly indicates that the major cause 

of this issue is due to the difference in the MW oven used, specifically the difference 

in the MW heating mode (i.e. duty cycle in the previous oven versus continuous irra-

diation in the current oven).  In the previous oven, the magnetron is turned on about 

one-third of the time and is turned off about two-third of the time, alternating at a 

regular interval.  Since the flask wall has different temperatures at different locations 

(for example, the flask wall above the liquid level is cooler than that contacting with 

liquid, as well as due to hot and cold spots in the liquid), the long period without heat-

ing allows more time for the heat in the solid flask wall to transfer to cooler area and 

lose to the surrounding, i.e. more time for 3-dimensional heat transfer to occur, and 

thus the lower temperature.  This supports the argument made in the previous study 

(Section 6.10.2) that the most likely explanation for the lower temperature in the meas-

urement compared to the simulation in the previous study (Figure 6.31) is due to the 

assumption of 1-dimensional heat transfer in the solid wall in the model.  In contrast, 

in the current oven, the heating is occurring continuously and thus the effect of 3-

dimensional heat transfer is much less pronounced.  

7.6 Computational study of the physics of MW heating and boiling of metha-

nol-water mixture 

 In this section, the study is divided into two stages: MW heating stage and MW 

boiling stage.  The former refers to the MW heating of the mixture from the ambient 

temperature until the highest liquid temperature reaches the saturation temperature (or 

bubble point), whereas the latter refers to the stage after the former.  The setup used in 

the discussion is the same as that in the experiment (30% (V/V) methanol-water mix-

ture heated at a prescribed MW power of 300W). 
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7.6.1 MW heating stage 

 Figure 7.10 (a) – (n) shows the MW power absorption, liquid temperature and 

velocity fields at various times during the MW heating stage.  To facilitate the assess-

ment of the temperature uniformity in the sample, the liquid temperature standard de-

viation history is evaluated and illustrated in Figure 7.11.  A higher standard deviation 

signifies poorer temperature uniformity and vice versa. 

 

(a) MW power absorption at 2st =  

 

(b) Liquid temperature and velocity 
fields at 2st =  

 

(c) MW power absorption at 4st =  
 

(d) Liquid temperature and velocity 
fields at 4st =  

 

(e) MW power absorption at 20st =  
 

(f) Liquid temperature and velocity 
fields at 20st =  
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(g) MW power absorption at 40st =  
 

(h) Liquid temperature and velocity 
fields at 40st =  

 

(i) MW power absorption at 60st =  
 

(j) Liquid temperature and velocity 
fields at 60st =  

 

(k) MW power absorption at 80st =  
 

(l) Liquid temperature and velocity 
fields at 80st =  
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(m) MW power absorption at 100st =  
 

(n) Liquid temperature and velocity 
fields at 100st =  

 

Figure 7.10: MW power absorption, temperature and velocity fields in the liquid at 
various times during MW heating stage. 

 

Figure 7.11: Liquid temperature standard deviation throughout the MW heating pro-
cess. 

Based on the MW power distributions at the beginning of the heating process 

(at 2st =  and 4st = , Figure 7.10 (a) and (c)), high MW power absorption is observed 

near the center of curvature of the sample due to the convergence of MW at the sample 

wall (i.e. MW core effect (Hui and Sherkat 2005)).  Besides, considerably strong MW 
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is because the waveguide is located at the lower right side of the sample (see Figure 

7.4), which causes a major incidence of MW from the lower right direction.  However, 

an extra simulation case shows that by shifting the sample vertically to a lower region 

(from 205mmy =  to 125mmy = ), the originally strong MW power absorption in the 

lower right region changes its position to the lower left region, as can be seen in Figure 

7.12, despite the waveguide being on the lower right side of the sample.  This implies 

that the reason behind the high MW power absorption in the lower right region is far 

more complex than just the position of sample relative to the waveguide.  In fact, the 

MW propagation in a multi-mode MW cavity is typically unintuitive due to multiple 

MW reflections at the cavity walls and the sample surface, thus the MW can propagate 

into the sample without particular directions.  Hence, this emphasizes the importance 

of numerical simulation to predict the MW field distribution in a multi-mode cavity.   

 

Figure 7.12: MW power distribution in the sample of an extra case when the position 
of the sample is shifted vertically downward by 80mm from the original position. 

The temperature field at 2st =  (Figure 7.10 (b)) shows that the temperature 

distribution follows the MW power absorption distribution, as the liquid is essentially 

quiescent.  Due to the lack of mixing, the temperature uniformity deteriorates signifi-

cantly at the beginning of the heating stage (see Figure 7.11 at 2st = ).  At 4st =  (Fig-

ure 7.10 (d)), due to the significant MW heating in the lower right region, the liquid 

there rises and results in liquid circulation in the sample.  This strongly alters the tem-

perature distribution, and the hotspots rise to the upper region of the sample.  Besides, 

the liquid circulation improves the temperature uniformity, as indicated by a signifi-

cant drop in the liquid temperature standard deviation at 2st >  (Figure 7.11).  At 
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20st =  and 40st = (Figure 7.10 (f) and (h)), the flow becomes more developed.  The 

flow essentially circulates in an anti-clockwise direction when viewing on the x-y 

plane, due to the asymmetric MW heating in the lower right region.  The hotspots are 

mainly located in the upper center region of the sample, with some offset to the right.   

 As the heating progresses, it is seen that the MW heating pattern in the sample 

changes significantly over time (see Figure 7.10 (a), (c), (e), (g), (i), (k) and (m)).  In 

particular, the MW power absorption near the center of curvature of the sample in-

creases significantly and dominates the MW heating in the sample (note the difference 

in the color scales).  The originally strong MW heating in the lower right region of the 

sample in the earlier stage becomes less pronounced in comparison.  This is because 

the relative dielectric loss of the mixture drops significantly when the temperature rises, 

which in turn increases the MW penetration depth in the sample.  This has significant 

impacts on the temperature and flow fields.  Based on the temperature fields at 60st =  

and 80t s=  (Figure 7.10 (j) and (l)), the major change in the MW heating pattern 

causes the hotspots to shift from the upper right to the upper center region.  Besides, 

when viewing the corresponding velocity field on the x-y plane, it is seen that the 

strength of the global anti-clockwise liquid circulation diminishes compared to earlier, 

i.e. the global mixing becomes weaker.  This is because as the MW heating pattern 

changes, the gravity center of the MW power absorption gradually shifts upwards.  As 

a result, the temperature uniformity begins to deteriorate with the heating time at about 

40st ≥  (see Figure 7.11).  At 100st = , the temperature distribution (Figure 7.10 (n)) 

remains similar to that at 80st = .  However, it is noteworthy that a new flow pattern 

is developed, where the flow rises at the center of the flask and descents along the 

sidewall.  Throughout the MW heating process, the lower region remains the coolest 

area in the sample, owing to the effect of natural convection. 

7.6.2 MW boiling stage 

 At about 120st = , the maximum liquid temperature reaches the bubble 

point/saturation temperature (~ 85 C° ) of the mixture.  Therefore, the subsequent 

events are considered as the MW boiling stage.  The MW power absorption during this 
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stage is similar to the MW heating stage at 100st =  (Figure 7.10 (m)), thus they are 

not shown in this section to reduce redundancy.  Figure 7.13 illustrates the vapor phase 

fraction, vapor velocity, liquid temperature, and liquid velocity fields at various times 

throughout the MW boiling stage. 

 

 
 (a) Vapor phase fraction and velocity 

distributions at 130st =  

 
 (b) Liquid temperature and velocity 

fields at 130st =  

 
(c) Vapor phase fraction and velocity 

distributions at 136st =  

 
(d) Liquid temperature and velocity 

fields at 136st =  

 
(e) Vapor phase fraction and velocity 

distributions at 138st =  

 
(f) Liquid temperature and velocity 

fields at 138st =  
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(g) Vapor phase fraction and velocity 

distributions at 142st =  

 
(h) Liquid temperature and velocity 

fields at 142st = (note: vector field re-
scaled) 

 
 (i) Vapor phase fraction and velocity 

distributions at 146st =  

 
 (j) Liquid temperature and velocity 

fields at 146st = (note: vector field re-
scaled) 

Figure 7.13: Vapor phase fraction, vapor velocity, liquid temperature and liquid ve-
locity fields at various time during MW boiling stage. 

 Initial phase of MW boiling stage 

  At 130st = , the liquid temperature distribution (Figure 7.13 (b)) shows that 

significant liquid superheating occurs near the upper center region of the sample.  The 

liquid is heated above its bubble point or saturation temperature, with a maximum 

superheat temperature ( l satT T− ) of about 5 C°  ( satT  is about 85 C° , computed based 

on local composition).  This phenomenon is in qualitative agreement with the MW 

liquid superheating experiments (Chemat and Esveld 2001, Michael P áMingos 1992, 

Ferrari et al. 2015).  This was also observed in the previous study on MW water boiling.  

The main reasons for this phenomenon are similar to those detailed in the previous 

chapter (Section 6.12.1).  Briefly, it is due to the fact that most of the MW power 

absorption is distributed away from the sample wall (see Figure 7.10 (m)).  Conse-
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quently, this leads to low liquid temperatures (below the mixture saturation tempera-

ture) at the wall (as is evident in Figure 7.13 (b)) and bubble nucleation cannot occur.  

Since evaporation cannot take place within the bulk liquid without bubbles, this leads 

to the build-up of superheat in the sample.  In the current case, it is expected that the 

liquid temperature adjacent to the wall needs to be significantly higher than the mixture 

saturation temperature in order for bubble nucleation to occur due to the decent wetta-

bility of the methanol-water mixture on the Borosilicate glass wall (Sumner et al. 2004, 

Michael P áMingos 1992).  Based on the corresponding vapor phase fraction distribu-

tion (Figure 7.13 (a)), it is seen that no bubble nucleation occurs at the anti-bumping 

granules, due to the low liquid temperature at the base.  Nonetheless, evaporation is 

still able to take place at the free surface, as indicated by the lower temperatures near 

the free surface (see Figure 7.13 (b)).  This is consistent with the experimental obser-

vation of Chemat and Esveld (2001), who observed significant bubbling at the free 

surface during MW boiling.  Despite the intense evaporation cooling at the free surface, 

the superheat in the bulk liquid cannot be effectively dissipated due to the insufficient 

mixing.  At 136st =  (Figure 7.13 (d)), the liquid superheating intensifies, with a larger 

portion of liquid superheated in the upper region at a maximum superheat temperature 

of about 6 C° .  It is, however, seen that the global mixing in the sample improves com-

pared to that at 130st = , due to the evaporation cooling at the free surface. 

 The above-discussed phenomena associated with the superheat build-up apply 

to both single-component liquid and binary mixtures.  However, in binary mixtures, 

there is another unique mechanism that contributes to the superheat build-up.  During 

the evaporation of the methanol-water mixture, the vapor is richer in methanol com-

pared to the liquid due to higher volatility of methanol.  This implies that the liquid 

methanol concentration at the interface must be lower than that in the bulk liquid, as a 

negative liquid methanol concentration gradient is required in order to achieve a higher 

methanol concentration in the vapor phase (as mass transfer occurs along negative 

mass gradient, see an illustration in Figure 7.14 (a)).  As a result, the liquid saturation 

temperature at the free surface, where evaporation occurs, increases.  In other words, 

the interface temperature (i.e. IT ) at the free surface becomes higher, since the inter-

face is always at the saturation temperature (Ghiaasiaan 2007).  This results in a ‘caged’ 

or ‘shielding’ effect, where the saturation temperature at the interface, which is the 

only ‘exit’ for the superheat dissipation, is higher than that within the bulk liquid.  This 
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is evident in Figure 7.15 (a) and (b), which show the interface temperature IT  at the 

free surface at 130st =  and 136st =  when viewed from the top (while the satT  in the 

bulk liquid is only about 85 2 C. ° ).  It can be easily deduced that the increase of the 

interface temperature would reduce the rate of interphase heat transfer due to the lower 

liquid temperature gradient, as illustrated in Figure 7.14 (b).  Consequently, this con-

tributes to the build-up of superheat in the bulk liquid.  On top of that, this shielding 

effect could be further intensified by the inefficient liquid mixing in the sample.  This 

is because, the inefficient mixing results in the accumulation of liquid with low meth-

anol concentration near the free surface, as the liquid with richer methanol is evapo-

rated at the free surface.  This can be readily seen in Figure 7.15 (c) and (d), which 

show the liquid methanol concentration at 130st =  and 136st = .  This eventually 

leads to a further increase of the IT  and thus intensifies the shielding effect.  Never-

theless, in the current case, the shielding effect is less prominent due to the low con-

centration difference in the sample.  In the case with a high concentration difference 

(perhaps through careful design), it is expected that this effect could play an important 

role in the superheat build-up.  A graphical illustration of the three mechanisms that 

lead to MW superheating is shown in Figure 7.16. 

      

(a)      (b) 

Figure 7.14: (a) Schematic of the liquid methanol concentration profile near the free 
surface, (b) schematic of the liquid temperature profile near the free surface, where 

IT ′  is the increased IT . 
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(a)      (b) 

    

(c)      (d) 

Figure 7.15: (a) interface temperature at free surface at 130st = , (b) interface temper-
ature at free surface at 136st = (c) Liquid methanol concentration at 130st = , (d) Liq-
uid methanol concentration at 136st = . 
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Figure 7.16: Schematic of the three mechanisms that lead to superheat build-up in the 
sample. 

Figure 7.17 (a) and (b) depict the corresponding methanol mass fraction in the 

vapor phase at 130st =  and 136st = , respectively.  At both instants, the vapor that 

leaves from the center of the free surface has a lower methanol concentration compared 

to that leaves elsewhere.  This is because of the higher superheat temperature near the 

center region of the sample (see Figure 7.13 (b) and (d)), and thus the higher interface 

temperatures near the center of the free surface (see Figure 7.15 (a) and (b)), since a 

higher liquid temperature results in a greater increase in the vapor pressure of water 

compared to that of methanol, as reflected in the VLE data (Equation (7.28) and 

(7.29)).  This result suggests that the MW superheating effect could compromise the 

purity of lighter components in vapor and thus could be detrimental to the effectiveness 

of processes such as MW-assisted distillation.  Therefore, while taking advantage of 

the superiorities of MW heating over conventional heating, careful control of liquid 

superheat during MW-assisted distillation might be necessary to preserve the purity of 

the lighter components in the vapor. 
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(a)      (b) 

Figure 7.17: Methanol mass fraction in the vapor phase at (a) 130st =  and (b) 
136st = . The isoline represent the location of free surface. 

Nonetheless, the conclusion in the previous paragraph might appear to be in 

contradiction with the experimental works of Gao et al. (2013) and Li et al. (2017), 

which suggested that MW irradiation could improve the separation efficiency of binary 

mixtures by distillation process (i.e. result in a richer lighter component in the vapor 

phase compared to conventional distillation).  It should be noted that such improve-

ment is due to the unique effect of MW which positively shift the VLE of binary mix-

tures.  In the current study, however, the VLE of the methanol-water mixture is as-

sumed to be independent of the MW irradiation, since it was experimentally reported 

that the aforementioned MW effect only occurs to certain specific binary mixtures (Li 

et al. 2017).  Therefore, the aforementioned conclusion is valid as long as the conven-

tional VLE of the binary mixture of concern does not alter significantly under MW 

irradiation.   

 Later phase of MW boiling stage 

 At 138st = , it is observed that vapor bubbles begin to generate at the anti-

bumping granules (see Figure 7.13 (e)), as the liquid temperature at the anti-bumping 

granules reaches the saturation temperature.  The vapor phase fraction gradually in-

creases with the height of the sample, as evaporation takes place continuously at the 
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bubble interface when they pass through the superheated bulk liquid.  The liquid cir-

culation begins to intensify due to bubble drag (see Figure 7.13 (f), note the rescaled 

vector field).  As a result, the corresponding liquid temperature distribution becomes 

more homogeneous (Figure 7.13 (f)).  At 142st = , more vapor bubbles are generated 

in the sample and the liquid circulation intensifies significantly (Figure 7.13 (g) and 

(h)).  The circulation pattern is essentially axis-symmetric.  As the presence of vapor 

bubbles allows evaporation to take place within the bulk liquid as well as results in 

enhanced liquid mixing, the superheat temperature greatly reduces.  The hotspots are 

mainly in the upper region.  At 146st =  (Figure 7.13 (g) and (h)), the flow and thermal 

behaviors are similar to those at 142st = , which shows that the system is roughly at a 

quasi-steady state.  It is interesting to see that, despite the presence of vapor bubbles 

and intense liquid mixing, the superheat in the sample cannot be fully dissipated.  The 

maximum and average superheat temperatures in the sample are 2 5 C. °  and 1 3 C. ° , re-

spectively.  This resembles the MW “super-boiling” phenomenon reported by Ferrari 

et al. (2015).  This is mainly due to the low (limited) bubble nucleation rate at the anti-

bumping granules, since the MW power absorption near granules (at the base) is low 

(see Figure 7.10 (m)).   

Figure 7.18 shows the average methanol concentration in the rising vapor bub-

bles at different heights of the sample at 138st =  and 142st = .  It is observed that the 

methanol concentration in the vapor bubbles reduces as the bubbles rise in the sample.  

This is due to the gradual increase in the liquid superheat temperature with sample 

height, since higher superheat temperature reduces the concentration of the lighter 

component in the vapor, as discussed earlier.  This effect is more intense at 138st =  

due to the higher superheat temperature.  This once again emphasizes the detrimental 

effect of the liquid superheating by MW on the purity of the lighter component in the 

vapor phase. 
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Figure 7.18: Average methanol mass fraction in vapor bubbles along the sample 
height. 

 Later phase of MW boiling stage without anti-bumping granules 

 The discussion thus far discussed the MW boiling physics with the presence of 

anti-bumping granules.  It would be interesting to see how the system behaves without 

the presence of anti-bumping granules (i.e. absence of vapor bubble throughout the 

MW boiling process).  It should be noted that the case without anti-bumping granules 

shares the same initial MW boiling physics as that with anti-bumping granules (at 

138st <  depicted in Figure 7.13 (a) – (d)), as the anti-bumping granules play no role 

during the initial phase.  Thus only the results during the later phase are presented.   

 Figure 7.19 (a) – (d) show the liquid temperature and velocity fields in the 

sample without anti-bumping granules at 140st = , 146st = , 158st =  and 170st =  

(later phase).  The velocity fields indicate that the general flow pattern is quite similar 

to the case with anti-bumping granules but with significantly slower flow speeds and 

more transient.  To assess the flow behavior, the average liquid velocity during the 

MW boiling stage without anti-bumping granules is evaluated and shown in Figure 

7.20.  It can be seen that the liquid circulation intensity continues to increase since the 

initial phase and becomes somewhat stable within a short period after the later phase 

begins.  Based on the temperature distributions (Figure 7.19), it is observed that the 
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liquid superheat in the later phase continues to intensify as oppose to the case with 

anti-bumping granules discussed previously, due to the absence of vapor bubbles and 

inefficient mixing.  This indicates that the limitation of bubble nucleation in the sample 

is an effective way to increase the superheat intensity in the liquid.  In real applications, 

this could be done in many ways, such as altering the wall surface properties and re-

ducing the wall temperature through air cooling.  The hotspots are generally located 

near the upper center region, as well as in the liquid vortices formed by the liquid 

circulation.   

   

(a)                  (b) 

   

(c)       (d) 

Figure 7.19: Liquid temperature and velocity fields in the sample without anti-bump-
ing granules at (a) 140st = , (b) 146st = , (c) 158st =  and (d) 170st = . 
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Figure 7.20: Average liquid velocity during MW boiling stage without anti-bumping 
granules. 

 Superheating behavior throughout MW boiling stage 

 To gain deeper insights into the boiling behavior, the time histories of the max-

imum and average superheat temperatures in the sample, both with and without anti-

bumping granules, are evaluated.  The results are depicted in Figure 7.21.   

 During the initial phase (120 136s t s≤ ≤ ), the maximum superheat temperature 

generally show an increasing trend, while the average superheat temperature increases 

initially and then drops due to the improved natural convection mentioned earlier.   

 During the later phase of the MW boiling process without anti-bumping gran-

ule (the broken lines at 138st > ), the average liquid superheat temperature increases 

continuously at a rapid rate, whereas the maximum liquid superheat temperature only 

increases slightly in comparison.  This indicates that the increase in heating time 

mainly increases the amount/volume of superheat in the sample rather than the super-

heat temperature.  Therefore, if one wishes to have high superheat intensity, he or she 

should consider changing the design rather than increasing the heating time.  It is note-

worthy that at about 155st = , both the average and maximum superheat temperatures 

gradually approach a plateau.  This implies that, even with the absence of vapor bubble, 
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the natural convection during the liquid superheating process is sufficient to allow the 

system to reach a plateau within a considerably short time, where the heat added by 

the MW is roughly equivalent to the heat dissipated by the evaporation at the free 

surface, which is against one’s probable expectation that the superheat temperature 

will rise persistently with the heating time.  This agrees well with the reported MW 

superheating experiments (Michael P áMingos 1992, Chemat and Esveld 2001), which 

showed that the superheat temperature in MW batch-heated liquid increases rapidly 

and eventually reaches a plateau stage within a short period (about 10 to 30 seconds 

depending on operating conditions). 

 On the other hand, during the later phase of the MW boiling stage with anti-

bumping granules (the solid lines at 138st > ), the generated vapor bubbles greatly 

reduce the maximum superheat temperature and at the same time inhibit the build-up 

of superheat amount in the sample.  To understand the underlying mechanisms of su-

perheat dissipation, the contributions of different modes of mass transfer during the 

MW boiling stage with anti-bumping granules are evaluated and shown in Figure 7.22.  

As expected, similar to the previous study in Chapter 6, the evaporation at the free 

surface dominates the overall phase change process.  This implies that the vapor bub-

bles inhibit the build-up of liquid superheat mainly by efficiently transporting the su-

perheated liquid to the free surface for rapid heat dissipation, rather than through bub-

ble nucleation and evaporation at the bubble interface (i.e. nucleate boiling), as one 

might expect. 
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Figure 7.21: Average and maximum superheat temperature in the sample with and 
without anti-bumping granules. 

 

Figure 7.22: Contribution of different mode of mass transfer to the overall phase 
change process in the sample during MW boiling stage with anti-bumping granules. 
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 Vapor methanol concentration throughout MW boiling stage 

Figure 7.23 shows the time histories of the instantaneous methanol concentra-

tion in the vapor released from the mixture during MW boiling with and without the 

anti-bumping granules.  In the case with anti-bumping granules, the methanol concen-

tration in the released vapor deteriorates significantly at a rapid rate during the initial 

phase ( 126s 136st≤ ≤ ), due to the increasing liquid superheat temperature.  At 

138s 142st≤ ≤ , vapor bubbles begin to generate at the anti-bumping granules.  It can 

be seen that the purity of methanol in the released vapor improves due to the reduced 

superheat temperature in the liquid, as well as the better mixing.  In the subsequent 

period, the purity of methanol in the released vapor shows a steady and slow declina-

tion, due to the gradual reduction of the methanol concentration in the liquid as the 

boiling process progresses.  On the other hand, for the case without anti-bumping gran-

ules, the overall instantaneous methanol concentration in the vapor is significantly 

lower due to the high superheat temperature. 

 

Figure 7.23: Instantaneous methanol mass fractions evaporated from the mixture at 
various time. 
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7.7 Effects of operating conditions on MW heating and boiling of binary mix-

tures 

 In this section, parametric studies of four common operating conditions, 

namely the (1) liquid methanol concentration, (2) MW power, (3) sample geometry, 

and (4) sample volume, are conducted to investigate their effects on both MW heating 

and MW boiling of the methanol-water mixture.  For each operating condition, both 

scenarios, with and without anti-bumping granules, are studied.  The reason to study 

the former scenario is obvious, as it is desirable to attain a high superheating effect in 

many applications.  The study of the latter scenario is equally important because, in 

the applications such as those involving MW heating of liquid with solid substances 

(e.g. fruits and plants), the rough solid-liquid interface could serve as a good nucleation 

site for nucleate boiling to occur.  The cases with anti-bumping granules can thus serve 

as good representations of such conditions.   

 According to the studies in the previous section, the MW heating and boiling 

process, with and without anti-bumping granules, involves the chronological events 

illustrated in Figure 7.24.  It should be reminded that the anti-bumping granules only 

play roles during the later phase of the MW boiling stage.  The results in this section 

will be presented according to Figure 7.24.  Besides, as the beginning time of the MW 

boiling stage in different cases can be very different, the time during the MW boiling 

stage is redefined as 2t  for better comparisons (see Figure 7.24). 



453 
 

 

Figure 7.24: The chronological events that occurs during MW heating and boiling pro-
cess. 

7.7.1 Effects of methanol concentration in the liquid mixture 

 Three different liquid methanol volumetric concentrations are studied, namely 

10%, 30%, and 50%.  Other simulation conditions remain the same as in the previous 

section. 

 MW heating stage 

 Figure 7.25 shows the liquid temperature standard deviation at various times 

during the MW heating stage for all cases.  The results indicate that the overall tem-

perature uniformity improves with the increase of methanol concentration.  This is 

mainly due to the different MW heating pattern in each case.  Figure 7.26 (a) and (b) 

show the MW power absorption for 10% case and 50% case respectively at 2st =  

(that of the 30% case has been shown in Figure 7.10 (a)).  The same data at 40st =  is 

shown in Figure 7.26 (c) and (d).  Figure 7.27 (a) and (b) show the corresponding 

liquid temperature and velocity fields at 40st =  for 10% and 50% cases, respectively 

(30% case has been shown in Figure 7.10 (h)).  From the MW power absorption (Fig-

ure 7.26 (a) – (d)), it can be observed that as the methanol concentration increases, the 
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proportion of MW power absorption in the lower right region increases whereas that 

near the center of curvature reduces.  This is because the dielectric loss of the mixture 

increases with the methanol concentration (i.e. the MW penetration depth reduces), as 

methanol is lossier than water.  Consequently, the gravity center of the MW power 

absorption shifts towards the lower right region when the methanol concentration in-

creases, which leads to stronger natural convection and thus better temperature uni-

formity (as can be clearly seen in Figure 7.27).  Nevertheless, at very high temperatures 

(near the end of the MW heating stage), the originally better temperature uniformity 

in the 30% case becomes similar to that of the 10% case.  This is mainly due to the 

significant increase of MW penetration depth at high temperatures which weakens the 

natural convection.  The average liquid velocities at the end of the MW heating stage 

for 10% and 30% become similar, which are 10 0118 ms. −  and 10 0111 ms. − , respec-

tively.  On the other hand, the average velocity of the 50% case at the end of MW 

heating stage remains high, which is 10 0141 ms. − , as the temperature does not reach 

as high as the other two cases (due to a lower boiling point).  Thus, the 50% case has 

the best temperature uniformity throughout the MW heating process. 

 

Figure 7.25: Liquid temperature standard deviation at different liquid methanol volu-
metric concentrations. 
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(a)      (b) 

        

(c)      (d) 

Figure 7.26: MW power absorption at 2st =  for liquid methanol volumetric concen-
tration at (a) 10% and (b) 50%. MW power absorption at 40st =  for liquid methanol 
volumetric concentration of (c) 10% and (d) 50%.  

 

(a)      (b) 

Figure 7.27: Liquid temperature and velocity fields at 40st =  for liquid methanol vol-
umetric concentration of (a) 10% and (b) 50%. 
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 Initial phase of MW boiling stage 

 Figure 7.28 (a) and (b) show the average and maximum superheat temperatures 

throughout the MW boiling stage for all cases with and without anti-bumping granules.  

During the initial phase of the boiling process (about 2 20st < ), the superheat in the 

sample with 50% concentration builds up at the slowest rate due to the strongest natu-

ral convection that carries on since the MW heating stage.  On the other hand, while 

having a similar flow speed, the superheat builds up quicker in the 30% case compared 

to the 10% case.  This is mainly due to the lower mixture heat capacity in the former 

case. 
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(b) 

Figure 7.28: (a) Average and (b) maximum superheat temperature in the sample with 
and without anti-bumping granules at different methanol concentrations. The vertical 
broken lines represents the end of initial phase of the respective cases.  

 Later phase of MW boiling stage 

 In the later stage of the MW boiling process without anti-bumping granules 

(see the broken lines in Figure 7.28 (a) and (b) at 2 20st > ), the superheat intensity 

(note that superheat intensity is defined as a collective term for both maximum and 

average superheat temperatures) increases with the methanol concentration, as the 

mixture heat capacity drops with the methanol concentration.  In the case with anti-

bumping granules (see the solid lines in Figure 7.28 (a) and (b) at 2 20st > ), the same 

trend could be observed, except for that with very low methanol concentration (10%).  

The 10% case gives the highest superheat intensity, mainly because of the low amount 

of dispersed vapor in the bulk liquid, as is evident in Figure 7.29 (a) and (b), which 

illustrate the quasi-steady vapor phase fraction distributions in the 10% and 50% cases 

respectively (the 30% case has been shown in Figure 7.13 (i)).  This is because the 

latent heat of vaporization of the mixture is high at low methanol concentration.  As a 
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result, the liquid circulation is the weakest in the 10% case (the average liquid velocity 

in 10%, 30%, and 50% cases are 10 052 ms. − , 10 058 ms. −  and 10 06 ms. − , respectively), 

and thus leads the slowest superheat dissipation.  On the other hand, despite the faster 

liquid circulation in the 50% case, the corresponding superheat intensity is higher than 

that in the 30% case.  This is due to the lower heat capacity in the 50% case, which 

overhauls the effect of faster liquid circulation. 

 

(a)      (b) 

Figure 7.29: Quasi-steady vapor phase fraction distribution in the sample with anti-
bumping granules at liquid methanol volumetric concentration of (a) 10% and (b) 50%. 

7.7.2 Effects of MW power 

 Three MW power levels are studied: 150W, 300W and 450W.   

 MW heating stage 

 Figure 7.30 (a) and (b) show the liquid temperature and velocity fields in the 

sample during the MW heating stage at 20st = , for 150W and 450W respectively (and 

those at 300W have been shown in Figure 7.10 (f)).  The temperature and flow fields 

in all cases are similar, as the MW power only changes the electromagnetic field in-

tensity rather than its distribution.  The velocity fields show that the liquid circulation 

intensifies with MW power.  Figure 7.31 shows the temperature standard deviations in 

the sample for all cases.  It is observed that, despite the better mixing, the temperature 

uniformity is poorer at higher power levels.  This is because of the higher difference 
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in the local power absorption in the sample at higher power levels, which results in a 

greater temperature difference and thus outweighs the effect of stronger liquid circu-

lation.   

     

(a)      (b) 

Figure 7.30: Liquid temperature and velocity fields at 20st =  for a MW power of (a) 
150W and (b) 450W. 

 

Figure 7.31: Liquid temperature standard deviation during MW heating stage at dif-
ferent MW powers. 
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 MW boiling stage 

 Figure 7.32 (a) and (b) depict the average and maximum superheat tempera-

tures in the sample throughout the MW boiling stage for all cases.  It can be easily 

observed that the superheat intensity increases with MW power, regardless of the pres-

ence of anti-bumping granules.  This is in agreement with the experimental findings 

of Chemat and Esveld (2001).   

 Besides, higher MW power also increases the liquid circulation throughout the 

MW boiling stage, particularly during the later phase of the MW boiling stage with 

anti-bumping granules.  Figure 7.33 (a) and (b) show the quasi-steady vapor phase 

fraction and liquid velocity fields in the sample at 150W and 450W during the later 

phase of the MW boiling stage with anti-bumping granules (that of 300W is given in 

Figure 7.13 (i) and (j)).  It is evident that the higher MW power results in a greater 

amount of dispersed vapor in the bulk liquid, which leads to the more intense liquid 

circulation at higher MW power.  These observations imply that processes such as 

MW-assisted organic synthesis and extraction could benefit from higher MW power, 

as higher liquid superheat intensity and stronger fluid flow typically enhance the rate 

of reaction and mass transfer (Werth et al. 2015).   
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(b) 

Figure 7.32: (a) Average and (b) maximum superheat temperature in the sample with 
and without anti-bumping granules at various MW powers. The vertical broken lines 
represents the end of initial phases in the respective cases. 

     

(a)      (b) 

Figure 7.33: Quasi-steady vapor phase fraction and liquid velocity fields in the sample 
with anti-bumping granules during the later phase of MW boiling at (a) 150W and (b) 
450W. 
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 Vapor composition throughout MW boiling stage 

 Next, the instantaneous methanol mass fraction in the vapor leaving the liquid 

mixture with the presence of anti-bumping granules for all cases are examined (the 

cases without anti-bumping granules are dropped as they are known (from the previous 

section) to produce vapor with poor methanol concentration).  As the rate of evapora-

tion at different power levels are different, the results for all cases are evaluated against 

the amounts (mass) of vapor produced rather than against time for a better comparison.  

Figure 7.34 illustrates the results.  It can be readily observed that the methanol purity 

in the vapor deteriorates with MW power, due to the higher liquid superheat tempera-

ture at higher MW power.  This is more pronounced during the initial phase of the 

boiling process due to the high superheat accumulation.   

 

Figure 7.34: Instantaneous methanol concentration in the vapor leaving the liquid 
throughout the MW boiling process with anti-bumping granules at different MW pow-
ers. 

 In Figure 7.34, it is curious to see in the result of 150W that there are several 

dips at approximately periodic intervals.  This is because of the dynamic behavior of 

the bubble nucleation in the sample.  As the bubble nucleation occurs at the anti-bump-

ing granules, the superheat temperature reduces.  However, the reduction of superheat 
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temperature (in conjunction with heat loss to the surroundings) decreases the bubble 

nucleation rate.  This, in turn, encourages the superheat to build up and causes the 

bubble nucleation to increase again.  This process repeats and thus causes the bubble 

nucleation rate, and thereby the superheat, to vary periodically.  This is reflected in the 

fluctuation of the maximum superheat temperature at 150W in Figure 7.32 (b) (solid 

line).  Hence, this explains the periodic dips in the result at low power.  This effect is 

not pronounced at the higher power levels as the power levels are sufficiently high to 

allow steady bubble nucleation.   

7.7.3 Effects of sample geometry 

 Three typical sample geometries are studied, namely spherical cap, cylindrical 

and rectangular geometries.  The volume and the initial liquid height in all cases are 

kept the same.  The dimension of the spherical cap liquid sample is as described in 

Section 7.2.3, whereas the dimension of the cylindrical liquid sample is 0.034m in 

radius and 0.05m in height.  The dimension of the rectangular liquid sample is 

30 06 0 06 0 05 m. . .× × .   

 MW heating stage 

 Figure 7.35 (a) – (d) show the MW power absorption distributions in the cy-

lindrical and rectangular samples at 2st =  and 100st =  (those of the spherical cap 

sample have been shown in Figure 7.10 (a) and (m)).  In the cylindrical sample (see 

Figure 7.35 (a)), high MW power absorption mainly occurs along the central axis of 

the sample due to the MW core/focusing effect.  This is similar that in the spherical 

cap sample, but with a lower focusing effect as the cylindrical curved surface con-

verges the MW onto a line instead of a point.  On the other hand, for the rectangular 

sample (see Figure 7.35 (b)), the MW power is mainly located at the corners due to 

the MW edge effect (Datta 2001), which is caused by the bending of MW at the sharp 

corners (Hui and Sherkat 2005).  In all cases, high MW power absorption also occurs 

in the lower right region of the sample.  As the heating progresses (at 100st = ), the 

MW core effect in the cylindrical and spherical samples become more pronounced, as 
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a direct consequence of the increased MW penetration depth.  As for the rectangular 

sample, the MW power absorption distribution shifts inwards due to the same reason.  

The MW power is more widely distributed in the rectangular sample compared to oth-

ers, due to the lack of curved surfaces for MW convergence. 

 

(a)      (b) 

  

(c)      (d) 

Figure 7.35: MW power absorption distributions in (a) cylindrical sample at 2st = , (b) 
rectangular sample at 2st = , (c) cylindrical sample at 100st = , and (d) rectangular 
sample at 100st = . 

 Figure 7.36 (a) – (b) show the liquid temperature and velocity distributions for 

the cylindrical and rectangular samples respectively at 40st = , and Figure 7.36 (c) and 

(d) show the same data at 100st = (and those of the spherical cap sample are presented 

in Figure 7.10 (h) and (n), respectively).  In the spherical cap sample, the hotspot is 

located in the upper center region, whereas in the cylindrical sample, the hotspots are 
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distributed in the upper region as well as near the lower center region.  In the rectan-

gular sample, it is interesting to see that the hot liquid generally accumulates in the 

upper region of the sample and results in a stratified temperature profile.  The spherical 

cap geometry results in the hottest hotspot due to the most severe MW focusing effect.  

Oppositely, the hotspots in the rectangular sample are generally cooler, as the MW 

power absorption is more widely distributed. 

 

(a)     (b) 

 

(c)     (d) 

Figure 7.36: Liquid temperature and velocity fields in (a) cylindrical sample at 40st = , 
(b) rectangular sample at 40st = , (c) cylindrical sample at 100st = , and (d) rectangu-
lar sample at 100st = . 
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Figure 7.37 shows the time histories of the liquid temperature standard devia-

tion and the average liquid velocity for all cases during the MW heating stage.  Based 

on the standard deviation plots, it is seen that both cylindrical and spherical cap geom-

etries give better temperature uniformity than the rectangular sample, despite the much 

stronger MW focusing (core) effect (e.g. about 2 - 4 times stronger at 100st = ).  This 

is against the typical impression that a higher MW focusing effect will result in poorer 

heat uniformity due to more intense local MW heating (Gulati et al. 2015, Law et al. 

2016).  This is because of two reasons.  Firstly, it is due to the stratified temperature 

profile in the rectangular sample (see Figure 7.36 (b) and (d)), which induces stability 

and hinders the natural convection, as is evident in the average liquid velocity plot.  

Secondly, it is because a strong MW focusing effect also results in more intense and 

focused buoyancy force in the liquid sample, which leads to better global liquid circu-

lation and mixing.  This also helps to avoid the formation of the stratified temperature 

profile that happens in the rectangular sample.  Therefore, rectangular geometry should 

be avoided during MW liquid heating for better temperature uniformity.  Nevertheless, 

as shown in the previous studies (Chapter 5 and 6), as well as the results that will be 

presented later in this chapter, the stratified temperature profile is also possible to take 

place in cylindrical and spherical cap samples when they are subject to other operating 

conditions (e.g. different sample size, MW cavity, cyclic heating, etc.), despite the 

strong MW focusing effect.  Thus, it should be concluded that the strong MW focusing 

effect can only reduce the tendency of the formation of a stratified temperature profile, 

but not prevent it.   
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Figure 7.37: Liquid temperature standard deviations and average liquid velocities for 
all geometries during MW heating stage. 

The comparison between the results of the cylindrical and spherical cap sam-

ples shows that cylindrical geometry yields better temperature uniformity (Figure 

7.37).  This is mainly because the MW core effect in the cylindrical sample occurs at 

a lower position, which encourages natural convection.  Thus, the results suggest that 

the cylindrical geometry should be used during MW liquid heating to yield the best 

temperature uniformity.  However, one might argue that the lower position of the MW 

core effect in the cylindrical sample is just an occasional event.  The MW core effect 

might take place in other regions, for example, in the upper center region, and lead to 

poorer temperature uniformity if the MW heating setup is altered (e.g. by changing the 

sample position).  This may be true as there is no clue in the results suggesting that the 

MW will always be focused in the lower center region of the cylindrical sample.  Nev-

ertheless, in the spherical sample, the MW power can only be focused to the upper 

center region of the sample, as that is where the center (or point) of curvature of the 

spherical cap sample is.  In contrast, there is a freedom to alter the location of the MW 

core effect in a cylindrical sample, as the MW focusing is taking place on a line instead 

of a point.  By considering this fact, it can, therefore, be concluded that cylindrical 
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geometry is more preferable for better temperature uniformity when compared to 

spherical cap geometry. 

 Initial phase of MW boiling stage 

 The average and maximum superheat temperatures in all cases throughout the 

MW boiling stage, with and without anti-bumping granules, are presented in Figure 

7.38 (a) and (b) to provide an overview of the superheating conditions. 
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(b) 

Figure 7.38: (a) Average and (b) maximum superheat temperature in all geometries 
with and without anti-bumping granules throughout the MW boiling stage. The verti-
cal broken lines represents the end of initial phases in the respective cases. 

Figure 7.39 (a) and (b) show the snapshots of the liquid temperature and ve-

locity distributions for the cylindrical and rectangular samples respectively during the 

initial phase of the MW boiling stage at about 2 14st ≈  (those of the spherical cap sam-

ple is presented in Figure 7.13 (d)).  In both the cylindrical and spherical cap samples 

(Figure 7.39 (a) and Figure 7.13 (d)), the superheat hotspots are mainly located near 

the region where the MW core effect occurs, and these hotspots drive the global liquid 

circulation in the samples.  The liquid flow is faster in the spherical cap sample, due 

to the hotter hotspot and the round wall surface that is favorable for liquid circulation 

(i.e. the descendent of cool liquid near the free surface due to evaporation, and the rise 

superheated liquid at the center).  On the contrary, the superheat hotspots are widely 

spread in the rectangular sample and the flow pattern is irregular (see Figure 7.39 (b)), 

with no predominant liquid circulation pattern as opposed to the other two cases.  This 

is mainly attributed to the widely distributed (i.e. less focused) MW heat source in the 

rectangular sample (see Figure 7.35 (b)), as well as the stable stratified temperature 

profile that formed since the MW heating stage, with hinder global circulation. 
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(a)     (b) 

Figure 7.39: A snapshot of the liquid temperature and velocity fields in (a) cylindrical 
and (b) rectangular samples during the initial phase of MW boiling stage. 

From the average superheat plot in Figure 7.38 (a) (at 2 14st ≈ ), it is clear that 

the amount of superheat in the rectangular sample is the highest due to the weakest 

global liquid mixing in the rectangular sample, which reduces the rate of superheat 

dissipation at the free surface.  Oppositely, the spherical cap sample gives the lowest 

superheat intensity (see Figure 7.38 (a)), due to the strongest global liquid circulation.  

In terms of maximum superheat temperature (Figure 7.38 (b)), all cases are similar. 

 Later stage of MW boiling stage (without anti-bumping granules) 

 Figure 7.40 (a) and (b) show the snapshots of the liquid temperature and ve-

locity fields during the later phase of the MW boiling stage without anti-bumping gran-

ules for the cylindrical and rectangular samples respectively (at about 2 30st = ).  Those 

of the spherical cap sample have been shown in Figure 7.19 (c).  In the cylindrical 

sample (Figure 7.40 (a)), it is interesting to see that as more liquid is superheated (i.e. 

the temperature difference in the sample reduces), the originally ordered liquid flow 

during the initial phase becomes very chaotic and transient.  As a result, the superheat 

hotspots show the same chaotic behavior.  This is in contrast to the spherical cap sam-

ple (Figure 7.19 (c)), where the flow and temperature distribution remain similar to 
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those during the initial phase.  This is because, in the cylindrical sample, the high MW 

heating occurs at a lower position.  Consequently, the rising hot liquid is prone to the 

disturbance by the descending cool liquid near the free surface, as can be seen in the 

upper region of the velocity field (Figure 7.40 (a)).  Another reason is due to the sharp 

perpendicular edges in the cylindrical sample, which is not favorable for liquid circu-

lation.  On the contrary, the high MW heating in the spherical cap sample occurs near 

the free surface.  The MW focusing effect is also stronger, which results in a stronger 

buoyancy force.  Therefore, when combined with the auxiliary effect of the round sur-

face, the flow is less sensitive to the evaporative cooling at the free surface and the 

predominant liquid circulation can be maintained throughout the boiling process.  As 

for the rectangular sample, the flow and thermal behaviors remain similar to that dur-

ing the initial phase.  In terms of the liquid flow speed, the result remains the same as 

that during the initial phase, where the spherical cap sample is the highest, followed 

by the cylindrical sample and rectangular sample.   

 Based on the average superheat plots in Figure 7.38 (a) during the later phase 

for the cases without anti-bumping granules (the broken lines at 2 20st > ), the rectan-

gular geometry provides the highest superheat intensity.  This is due to the least effi-

cient liquid mixing, as a direct consequence of the widely distributed MW power ab-

sorption.  Oppositely, the spherical cap geometry gives the lowest superheat intensity 

due to the strong predominant liquid circulation mentioned earlier.  Thus, rectangular 

geometry is the most preferable to attain high superheat intensity in the sample.  On a 

side note, when comparing Figure 7.38 to Figure 7.32 (for the cases without anti-bump-

ing granules, i.e. the broken lines), it is interesting to see that the superheat intensity 

in the rectangular sample is at a similar level to that in the spherical cap sample when 

subject to a higher MW power (450W).  This implies that the use of rectangular sample 

geometry could significantly reduce the energy consumption that is otherwise needed 

to achieve a high level of superheat intensity.   
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(a)      (b) 

Figure 7.40: A snapshot of the liquid temperature and velocity fields in (a) cylindrical 
and (b) rectangular samples without anti-bumping granules during the later phase of 
MW boiling stage. 

 Later stage of MW boiling stage (with anti-bumping granules) 

Figure 7.41 (a) – (d) show the quasi-steady vapor phase fraction, liquid tem-

perature and liquid velocity distributions with anti-bumping granules for the cylindri-

cal and rectangular samples during the later phase of MW boiling stage (at about 

2 30st = ).  Those of the spherical cap sample have been shown in Figure 7.13 (i) and 

(j).  Based on the liquid velocity fields (Figure 7.41 (b) and (d) and Figure 7.13 (j)), it 

is seen that, while the cylindrical and spherical geometries produce the same flow pat-

tern, the flow pattern in the rectangular geometry is slightly more complex.  The 

streamlines of the flow pattern are shown in Figure 7.42 (only a quarter is shown for 

clarity).  This is mainly because of the non-axisymmetric nature of the rectangular 

sample, as opposed to that in the other cases.  Nevertheless, the overall flow charac-

teristic remains similar for all cases, where the liquid rises in the inner region and 

descends in the outer region.   
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(a) Vapor phase fraction distribution in cy-
lindrical sample 

 

(b) Liquid temperature and velocity 
distributions in cylindrical sample 

 

(c) Vapor phase fraction distribution in rec-
tangular sample 

 

(d) Liquid temperature and velocity 
distributions in rectangular sample 

 

Figure 7.41: Quasi-steady vapor phase fraction, liquid temperature and liquid velocity 
distribution in the cylindrical and rectangular samples during the later phase of MW 
boiling stage with anti-bumping granules. 
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Based on the corresponding vapor phase fraction distributions (Figure 7.41 (a) 

and (c) and Figure 7.13 (i)), it is observed that in the rectangular sample, more dis-

persed vapor is generated compared to the other cases.  This is mainly because the 

MW power absorption in the rectangular sample is distributed more in the outer region 

(i.e. away from the vertical central axis, see Figure 7.35 (b)).  Since the liquid in the 

outer region is descending, the anti-bumping granules at the base are exposed to a 

higher liquid temperature and thus more vapor bubbles are generated.  It is worth not-

ing that the higher dispersed vapor generation in the rectangular sample also results in 

a faster liquid circulation compared to the other two cases, with an average liquid ve-

locity of -10 0651 ms. , while that in the cylindrical and spherical cap samples are 

-10 0536 ms.  and -10 059 ms. , respectively.  While having a similar rate of dispersed 

vapor generation, the spherical cap sample has a higher flow speed than the cylindrical 

sample, mainly due to the round wall that favors liquid circulation. 

Based on the corresponding liquid temperature distributions (Figure 7.41 (b) 

and (d) and Figure 7.13 (j)), it is seen that the cylindrical and spherical cap samples 

exhibit similar temperature distributions, where the superheat hotspots are located in 

the upper region.  On the contrary, the superheat hotpots in the rectangular sample 

span about the full height of the sample due to the more outwardly distributed MW 

 

Figure 7.42: Streamline plot in the rectangular sample (only a quarter is shown). 
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power absorption.  From the average and maximum superheat temperature plots (Fig-

ure 7.38 solid lines at 2 20st > ), all geometries perform similarly in terms of the su-

perheat intensity.  The spherical cap geometry produces a slightly higher maximum 

superheat temperature due to the stronger MW core effect.  Despite the similar super-

heat intensity, the rectangular geometry could be more preferable due to the more in-

tense liquid circulation mentioned earlier, since faster liquid flow usually implies im-

proved mass transfer rate in many processes (Treybal 1980), especially those involve 

solid-liquid interactions.   

 Vapor composition throughout MW boiling stage 

Figure 7.43 shows the instantaneous methanol mass fraction in the released 

vapor for all cases with anti-bumping granules.  The results show that the three cases 

behave similarly, as the superheat temperatures in all cases are comparable for most 

of the time (see Figure 7.38 (b)).  Nevertheless, it is curious to see a dip in the result 

of the rectangular geometry at about 2 20st = , which is when the bubble nucleation 

begins.  This is due to the high amount of superheat accumulation in the liquid before 

the inception of bubble nucleation, as can be seen in Figure 7.38 (a) ( 2 20st < ).  When 

the inception of vapor bubble nucleation takes place, the sudden appearance of the 

vapor bubbles and the resultant intense liquid flow momentarily cause very rapid dis-

sipation of the highly accumulated superheat, as indicated by a rapid drop in the aver-

age superheat temperature at about 2 20st = .  Due to the rapid superheat dissipated, 

the liquid temperature at the vapor-liquid interface is high, and this leads to the tem-

porary drop of the methanol concentration in the released vapor.  This is not pro-

nounced in other cases due to the significantly lower superheat accumulation before 

the inception of bubble nucleation (see Figure 7.38 (a) for other cases). 
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Figure 7.43: Instantaneous vapor methanol mass fraction during MW boiling stage 
with anti-bumping granules for different geometries. 

7.7.4 Effects of sample volume 

 Three different sample volumes are studied, namely 90ml (small volume), 

183ml (medium volume) and 360ml (large volume).  The general geometrical features 

of the sample, such as the shape and aspect ratio, are kept similar in all cases.  Other 

operating conditions remain the same as before.  The dimension of the small sample 

is 0 0325m. in radius with an initial liquid level of 0 04m. , whereas that of the large 

sample is 0 051m.  in radius with an initial liquid level of 0 063m. .  The dimension of 

the medium sample is the same as that presented in Section 7.2.3.   

 MW heating stage 

 Figure 7.44 (a) and (b) show the MW power absorption distributions in the 

small and large samples respectively at the beginning of the MW heating stage, 

whereas Figure 7.44 (c) and (d)  show the same data when the samples are about to 

reach the saturation condition.  Those of the medium sample have been shown in Fig-

ure 7.10 (a) and (m).  It can be observed that when the sample volume increases, the 
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MW core effect near the center of curvature of the sample reduces significantly.  This 

is because, in the larger sample, the converging MW travels a longer distance before 

reaching the center of curvature, which causes it to be attenuated more and thus leads 

to the weaker core effect.  In all cases, the MW core effect grows stronger as the liquid 

temperature increases. 

       

(a)      (b) 

    

(c)      (d) 

Figure 7.44: MW power absorption in (a) small sample at 2st = ,  (b) large sample at 
2st = ,  (c) small sample at 60st =  and  (d) small sample at 240st = . 

 Figure 7.45 (a) and (b) show the liquid temperature and velocity fields when 

the maximum liquid temperature reaches about 45 C°  ( 20st = , 40s and 80s for small, 

medium and large volume respectively).  Those in the medium sample have been 
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shown in Figure 7.10 (h).  The temperature distributions in the medium and large sam-

ples are quite similar, with the hotspots located mainly in the upper center region.  Op-

positely, the temperature distribution in the small volume case is partially stratified 

and is significantly less homogeneous (i.e. large temperature difference) when com-

pared to others.  This is mainly due to the significantly stronger MW core effect in the 

upper center region of the small sample, to a point that the majority of the MW power 

is distributed in the upper center region compared to other, potentially, lower regions, 

which is unfavorable for natural convection and global mixing.  As a result, the global 

anti-clockwise liquid circulation pattern that takes place in both medium and large 

samples (when viewing on the x-y plane, see Figure 7.45 (b) and Figure 7.10 (h)) is 

not seen in the small sample.  The flow is the weakest and this leads to a huge temper-

ature difference of about 10 C°  in the small sample.  Figure 7.45 (c) and (d) show the 

liquid temperature and velocity fields for small and large volume samples respectively 

when the maximum liquid temperature reaches about 80 C°  ( 60st = , 100s and 240s 

for small, medium and large volume, respectively).  Those of the medium sample have 

been shown in Figure 7.10 (n).  The temperature distributions and flow fields in the 

medium and large samples remain similar (Figure 7.10 (n) and Figure 7.45 (d)).  Con-

versely, in the small sample (Figure 7.45 (c)), it is interesting to see that the velocity 

field stratifies into two distinct layers at about half the height of the sample, with the 

upper layer flowing faster than the lower.  This is due to the large temperature differ-

ence between the two layers, which causes the liquid viscosity in the upper layer to be 

significantly lower than that in the lower layer, and thereby results in the stratified flow 

field.  The corresponding temperature distribution becomes considerably stratified as 

a result.  A comparison of flow speed showed that the liquid circulation improves with 

sample volume (average liquid velocity is 10 0084ms. − , 10 0147ms. −  and 10 0174ms. −  

for small, medium and large samples, respectively).   

 To assess the overall temperature uniformity, the temperature standard devia-

tion of all cases are evaluated and shown in Figure 7.46.  As expected, the small sample 

produces a significantly poorer liquid temperature uniformity compared to other cases, 

with the temperature uniformity deteriorates persistently with heating time.  On the 

other hand, the large sample gives better temperature uniformity than the medium sam-

ple due to better mixing.  Another reason is due to the higher mass in the large sample, 

which greatly reduces the rate of temperature increase in the sample.  In other words, 
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the MW power density in the large sample is the lowest.  This allows more time for 

the heat transfer to take place and thus yields better temperature uniformity. 

       

(a)      (b) 

     

(c)      (d) 

Figure 7.45: Liquid temperature and velocity fields in (a) small sample at 20st = , (b) 
large sample at 80st = , (c) small sample at 60st = , (d) large sample at 240st = . 
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Figure 7.46: Liquid temperature standard deviation during MW heating stage for dif-
ferent sample volumes. 

 Initial phase of MW boiling stage 

 To facilitate discussions hereafter, the average and maximum superheat tem-

peratures in all cases are shown in Figure 7.47 to provide an overview of the super-

heating conditions throughout the MW boiling stage.   
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(b) 

Figure 7.47: (a) Average and (b) maximum superheat temperature for different sample 
volumes throughout the MW boiling stage with and without anti-bumping granules. 
The vertical broken lines represents the end of initial phases in the respective cases. 

 Figure 7.48 (a) and (b) show the liquid temperature and velocity fields for the 

small and large samples during the initial phase of the MW boiling process ( 2 18st =  

and 2 30st =  for small and large samples respectively).  Those of the medium sample 

have been shown in Figure 7.13 (d).  The temperature distributions in all cases are 

quite similar in terms of the position of the superheat hotspots.  From the velocity field 

of the small sample (Figure 7.48 (a)), it is interesting to see that the originally poorest 

liquid circulation during the MW heating stage improves significantly here and be-

comes the strongest among all cases.  In fact, it can be seen that as the sample size 

reduces, the liquid convection intensifies.  The average liquid velocities in the small, 

medium and large samples are 10 0295ms. − , 10 0197ms. −  and 10 0132ms. − , respec-

tively.  This is because of the stronger MW core effect in the smaller samples.  When 

coupled with the intense evaporation cooling at the free surface, the stronger MW core 

effect leads to greater instability in the liquid and thus stronger natural convection.  As 

a result, the stratified temperature profile in the small sample that appeared earlier 

during the MW heating stage is eliminated.   
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 Based on the average and maximum superheat temperature plots (Figure 7.47) 

during the initial phase ( 20st ≤ ), it is seen that the superheat intensity is greater as the 

sample volume reduces, despite the stronger liquid circulation.  This is mainly due to 

three reasons.  The first obvious reason is due to the stronger MW core effect in the 

smaller sample, which leads to intense localized heating.  Secondly, it is due to the 

lower MW power density in the smaller sample.  The third reason is because of the 

smaller area of the free surface in the smaller sample, which implies a lower rate of 

superheat dissipation rate.  This suggests that careful manipulation of the available free 

surface area could play important roles in controlling the superheat intensity.  One 

might perceive that the smaller the free surface area, the better the performance in 

terms of superheat intensity.  Although this is theoretically true, it should be noted that 

in real applications, the resultant high superheat intensity would also increase the ten-

dency of bubble nucleation within the sample, so the superheat intensity might not be 

as high as intended.  Therefore, in-depth studies are necessary to yield an optimum 

superheating effect for given operating conditions. 

 

(a)      (b) 

Figure 7.48: Liquid temperature and velocity fields in (a) small sample at 2 18st =  and 

(b) large sample at 2 30st =  during the initial phase of MW boiling stage. 

 Later phase of MW boiling stage (without anti-bumping granules) 

 Figure 7.49 (a) and (b) show the liquid temperature and velocity fields for small 

and large samples respectively during the later phase of the MW boiling stage without 
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anti-bumping granules.  Those in the medium sample have been shown in Figure 7.19 

(c).  The temperature distributions and flow patterns are similar in all cases.  From the 

average and maximum superheat plots (broken lines in Figure 7.47 (a) and (b) at 

2 20st > ), it is seen that the trend of superheat intensity during the later phase is the 

same as that during the initial phase, where the superheat intensity increases with the 

decrease of sample volume, due to the same reasons mentioned previously for the ini-

tial phase.  Nevertheless, in the experimental work of Chemat and Esveld (2001), it 

was found that the superheat temperature in the liquid was insensitive to the sample 

volume.  This could be due to the following reasons.  Firstly, in their experiment, the 

area of the free surface was kept constant.  The effect of this is obvious.  Secondly, 

their experiment was conducted in a mono-mode cavity, which might have resulted in 

less diverse changes in the MW power distribution as the sample volume changes.  

These could have caused the inconsistent conclusion.   

  

(a)      (b) 

Figure 7.49: Liquid temperature and velocity fields in (a) small sample at 2 38st =  and 

(b) large sample at 2 60st =  during the later stage of MW boiling stage without anti-

bumping granules. 

To see the intensity of the liquid circulation, the average liquid velocity mag-

nitudes of all cases since the beginning of MW boiling stage are evaluated and shown 

in Figure 7.50 (the vertical broken lines mark the beginning of the later phase for the 

respective cases).  It turns out that, when the temperature difference in the sample 

diminishes during the later phase of MW boiling stage (as more liquid is heated to the 
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saturation temperature), the average flow speeds in all cases become close to each 

other.  Overall, the flow speed during the later phase is highest in the medium sample, 

followed by small and large samples.   

 

Figure 7.50: Average liquid velocity magnitudes in small, medium and large samples. 

 Later stage of MW boiling stage (with anti-bumping granules) 

 Figure 7.51 shows the quasi-steady vapor phase fraction, liquid temperature 

and liquid velocity fields for small and large samples during the later phase of the MW 

boiling process with anti-bumping granules.  The vapor phase fraction distributions 

show that more dispersed vapor is generated within the bulk liquid when the sample 

volume reduces.  Consequently, the liquid velocity increases with the reduction of the 

sample volume.  From the liquid temperature distributions, no significant difference is 

noticed between cases, other than the slight non-symmetricity in the medium and large 

cases.  From the average and maximum superheat temperature plots for the cases with 

anti-bumping granules during the later phase (solid lines in Figure 7.47 (a) and (b) at 

2 20st ≥ ), it is seen that the superheat intensity in the sample increases when the sam-

ple volume decreases, due to the stronger MW core effect, higher energy density and 

the smaller free surface area.  This explains the higher vapor phase fraction in the bulk 

liquid of the smaller sample, as higher superheat temperature leads to higher bubble 
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nucleation.  Since the small sample results in both higher flow speed and higher su-

perheat intensity, the smaller volume is, therefore, more preferable for processes such 

as MW-assisted organic synthesis, trans-esterification, and extraction processes. 

 

(a) Vapor phase fraction distribution in 
the small sample 

 

(b) Liquid temperature and velocity 
fields in the small sample 

 

(c) Vapor phase fraction distribution in 
the large sample 

 

(d) Liquid temperature and velocity 
fields in the large sample 

 

Figure 7.51: Quasi-steady vapor phase fraction, liquid temperature and velocity fields 
in small and large samples during the later phase of MW boiling stage with anti-bump-
ing granules. 

 Vapor composition throughout MW boiling stage 

 Figure 7.52 shows the instantaneous methanol mass fraction in the vapor for 

all cases during the MW boiling stage with anti-bumping granules.  As expected, the 

large sample produces the best methanol purity in the vapor due to the lowest superheat 

temperature in the sample.   
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Figure 7.52: Instantaneous vapor methanol mass fraction throughout the MW boiling 
stage with anti-bumping granules for different sample volumes. 

7.7.5 Summary of the effects of operating conditions 

 The effects of the four operating conditions on MW heating and boiling of 

methanol-water mixture are summarized in Table 7.7:
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Table 7.7: Summary of the effects of operating conditions 

Operating condi-
tions 

MW heating stage 

MW boiling stage 

Initial phase 
Later phase without anti-

bumping granules 
Later phase with anti-bumping granules 

Methanol 
concentration 
in the vapor 

phase 

Volumetric 
methanol con-

centration (10%, 
30% and 50%) 

Higher concentration, better 
mixing and better tempera-
ture uniformity. 

Superheat builds up quicker 
with higher concentration, ex-
cept the 50% case due to faster 
liquid circulation. 

Superheat intensity increases 
with concentration. 

Superheat intensity increases with concentra-
tion, except for the 10% case due to low bub-
ble nucleation. 

Not applica-
ble. 

MW power 
(150W, 300W 

and 450W) 

Higher power, stronger liq-
uid circulation but poorer 
temperature uniformity. 

Superheat intensity and flow 
speed increases with MW 
power.   

Superheat intensity and flow 
speed increases with MW 
power. 

Higher MW power increases the vapor gener-
ation in the liquid, flow speed and superheat 
intensity. 

Concentration 
reduces with 
MW power. 

Sample geometry 
(Spherical cap, 
cylindrical and 

rectangular) 

Cylindrical geometry gives 
the best temperature uni-
formity, followed by spheri-
cal cap and rectangular ge-
ometries. 

Superheat intensity is the high-
est and flow speed is the lowest 
for rectangular sample, fol-
lowed by cylindrical and 
spherical sample. 

Superheat intensity is the high-
est and flow speed is the low-
est for rectangular sample, fol-
lowed by cylindrical and 
spherical sample. 

Rectangular sample generates the most vapor 
in the liquid and results in the strongest circu-
lation, followed by spherical and cylindrical 
sample.  All geometries behave similarly in 
terms of superheat intensity. 

All geome-
tries behave 
similarly. 

Sample volume 
(90ml, 180ml 
and 360ml) 

Higher volume, better mix-
ing and better temperature 
uniformity. 

Superheat intensity and flow 
speed reduces with volume.   

Superheat intensity reduces 
with volume.  Flow speed is 
highest in medium sample, fol-
lowed by small and large sam-
ples. 

Superheat intensity reduces with sample vol-
ume.  The amount of vapor generated in bulk 
liquid and flow speed decreases with sample 
volume. 

Concentration 
increases with 
sample vol-
ume. 
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7.8 Closure 

 MW heating and boiling of binary mixtures are common in many MW-assisted 

industrial applications such as MW-assisted extraction, distillation, and organic 

synthesis processes.  Deep understanding of the interactions between various physical 

variables is undoubtedly crucial in ensuring the effectiveness of MW-assisted 

processes.  Therefore, to facilitate understanding, a new multiphysics model that de-

scribes MW heating and boiling of binary mixtures was developed in OpenFOAM.  In 

the new model, Maxwell’s equations were solved for the electromagnetic field distri-

bution in the cavity and the sample.  A hybrid Two-Fluid-Volume-of-Fluid method 

was adopted to model the boiling vapor-liquid flow, which exhibits both dispersed and 

segregated natures.  Appropriate interface jump conditions, combined with vapor-liq-

uid equilibrium relations, were implemented to describe the interphase heat and mass 

transfer correctly.  The predicted temperature profile and distillation composition by 

the model showed favorable agreement with the experimental data.  The new model 

was used to investigate MW heating and boiling phenomena in methanol-water mix-

ture (in a spherical flask) heated in a multi-mode MW cavity.  The study was divided 

into two stages, namely MW heating stage (from the ambient to near saturation condi-

tion) and MW boiling stage (saturation condition). 

 During the MW heating stage, some major conclusions are: 

1. The hotspot is mainly located near the upper center region of the sample due 

to the MW core effect. 

2. The global mixing in the sample becomes poorer as the heating progresses.   

3. The sample temperature uniformity reduces with heating time. 

During the MW boiling stage with the presence of anti-bumping granules, the major 

findings are: 

1. During the initial phase, the upper center region of the sample is highly super-

heated by MW.  This is due to the absence of bubble nucleation in the bulk 
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liquid, inefficient liquid mixing, as well as higher liquid saturation temperature 

at the interface. 

2. The high superheat in the sample reduces the methanol concentration in the 

vapor. 

3. After a period, as the liquid temperature near the anti-bumping granules 

reaches the saturation temperature, vapor bubble nucleation occurs and the su-

perheat intensity reduces significantly.  The presence of vapor bubbles prevents 

the build-up of superheat mainly by enhancing the convection heat transfer to 

the free surface. 

4. The bubble nucleation is limited, thus it only reduces but not eliminates the 

superheat in the sample, thus results in ‘superboiling’ phenomenon, where the 

sample remains superheated while bubble nucleation takes place. 

5. The presence of anti-bumping granules improves the methanol concentration 

in the vapor due to the lower superheat temperature. 

During the MW boiling process without anti-bumping granules (i.e. no vapor bubble 

generation), the simulation results showed that: 

1. High superheat intensity (both the temperature and amount of superheat) is at-

tained in the liquid due to the absence of vapor bubbles throughout the boiling 

process.  This indicates that the limitation of bubble nucleation is an effective 

way to achieve high superheat intensity. 

2. Increasing heating time mainly increases the amount/volume of superheat in 

the liquid rather than the superheat temperature.   

3. The superheat intensity does not rise persistently with heating time as one 

might expect.  The natural convection during liquid superheating eventually 

brings the system to approach a plateau (within about 30 seconds since super-

heating begins). 

 In the subsequent study, the effects of four operating conditions were investi-

gated, namely the liquid methanol concentration, MW power, sample geometry, and 

sample volume.  In each case, both scenarios, with and without anti-bumping granules, 

were studied.  Under the current simulation conditions, the major conclusions are: 
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1. During MW heating, higher methanol concentration improves the temperature 

uniformity.  During MW boiling without anti-bumping granules, higher meth-

anol concentration leads to higher superheat intensity due to lower heat capac-

ity.  During MW boiling with anti-bumping granules, the same conclusion ap-

plies, except when the methanol concentration is very low. 

2. During MW heating, lower MW power improves the temperature uniformity.  

During MW boiling with and without anti-bumping granules, higher MW 

power leads to improved liquid circulation and superheat intensity. 

3. During MW heating, cylindrical sample geometry provides the best tempera-

ture uniformity, followed by spherical cap and rectangular geometry.  During 

MW boiling without anti-bumping granules, rectangular geometry provides the 

most intense superheating effect.  During MW boiling with anti-bumping gran-

ules, all geometries provide similar superheat intensity.  The rectangular ge-

ometry results in more dispersed vapor and thus stronger liquid circulation. 

4. During MW heating, larger sample volume provides better temperature uni-

formity.  During MW boiling with and without anti-bumping granules, smaller 

sample volume yields higher superheat intensity.  In the case with anti-bump-

ing granules, smaller sample volume yields more dispersed vapor and stronger 

liquid circulation. 

 The new model and findings could be useful to understand processes that in-

volve MW liquid heating and boiling, particularly those that take advantage of the MW 

superheating effect, such as MW-assisted organic synthesis, bio-diesel production, and 

extraction process.  This would be helpful in the design and optimization of these pro-

cesses.  Furthermore, the model could also be used to investigate the recently explored 

MW-assisted distillation process.  Although the current model is unable to mechanis-

tically simulate the positive effect of MW irradiation on the VLE that happens to spe-

cific mixtures, it is possible to incorporate such effect by integrating empirical or the-

oretical sub-models that predict the MW dependent VLE (e.g. modified Non-Random 

Two Liquid or UNIFAC models) into the current model.  Therefore, the current model 

could serve as a basis for the simulation of MW-assisted distillation with the MW 

dependent VLE when the previously mentioned sub-models become available in the 

future.  In the next chapter, the major conclusions of this research project will be pre-

sented and future recommendations will be outlined.   
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CHAPTER 8  

 

 

 

CONCLUSIONS 

This chapter summarizes the key contributions and findings of this research, 

and also provides some recommendations for future research.  

8.1 Contributions and findings 

Microwave (MW) and Ultrasound (US) technologies are some of the most 

promising techniques for the enhancement of various physical and chemical processes 

such as extraction and organic synthesis.  However, the commercial implementation 

of these technologies for process intensification at industry scales is very limited due 

to insufficient understanding of the underlying mechanisms.  Therefore, the present 

study aims to gain insights into liquid heating and boiling phenomena under MW and 

US irradiation by means of computational multiphysics simulation.  The contributions 

and findings of the present study have been extensively discussed at the end of Chapter 

4, 5, 6, and 7.  In the following, the most important contributions and findings are 

summarized: 

1) A new macroscopic nucleate pool boiling model for conventional heating is 

developed and validated. The key novelty of this model is the ability to simu-

late boiling process with the inclusion of a freeboard region.  This model is 

used to understand the boiling physics that takes place in the bulk liquid during 

conventional heating, which will later be useful when understanding the more 
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complex boiling phenomenon under MW and US irradiation. The findings of 

this study include: 

• Turbulent dispersion force plays an important role in spreading the va-

por bubbles and causing aeration in the liquid pool. 

• The liquid is hardly superheated under conventional heating. This is 

because vapor bubbles are generated exactly at the location of heat 

source (i.e. heated surface), which rapidly dissipate the heat added to 

the liquid through evaporation at the bubble interface. 

• Increasing the heat input barely increases the superheat intensity in the 

liquid, as more vapor bubbles are generated at higher heat input, which 

consumes more heat and results in a self-saturation scenario. 

• Evaporation at the liquid free surface plays a significant role in the 

overall phase change process, but becomes less important as heat input 

increases. 

• The inclusion of a freeboard region during boiling simulation provides 

better mass conservation and velocity field prediction. This highlights 

the strength of the new model compared to conventional boiling models. 

2) A new model that describes liquid heating under simultaneous MW and US 

irradiation is developed and validated.  This model is used to study the heating 

of a cylindrical water sample under individual MW irradiation and simultane-

ous MW-US irradiation in a multi-mode MW cavity. The findings using this 

model include: 

• The newly formulated non-linear acoustic streaming sub-model (a part 

of the new model) yields a significantly better acoustic streaming ve-

locity field compared to the typically used linear acoustic model. 

• Liquid heating under individual MW irradiation leads to highly non-

uniform temperature distribution, as MW heat source is distributed 

widely in the sample, which hinders natural convection. 

• Simultaneous MW and US irradiation greatly enhances the temperature 

uniformity in the sample, due to acoustic streaming and acoustic cavi-

tation. 
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• Under simultaneous MW and US irradiation, the presence of a US horn 

in the sample leads to additional MW reflections in the sample and 

changes the MW power absorption distribution. 

• Under simultaneous MW and US irradiation, placing the US horn close 

to the sample wall leads to the formation of hotspots. 

• High US horn submergence depth leads to poorer temperature uni-

formity due to the flow obstruction by the horn and the significant 

change in the MW power distribution. 

• Sample with spherical cap geometry leads to better temperature uni-

formity compared to cylindrical and cubic geometry. 

3) A new two-stage model that describes heating and boiling of single-component 

liquid under MW irradiation is developed and validated.  This model is used to 

study the heating of a spherical cap water sample from the ambient conditions 

until boiling under MW irradiation in a multi-mode MW cavity.  The effect of 

anti-bumping granules is included.  The findings using this model include: 

• High MW power absorption mainly occurs at the center of curvature of 

the sample due to MW convergence and constructive interference (MW 

core effect). 

• During the heating process, the MW core effect intensifies with the 

heating time due to the decrease in the dielectric loss of water. 

• During the heating process, the temperature uniformity deteriorates 

with the heating time. 

• MW boiling initiates at the liquid free surface. 

• During the initial phase of MW boiling process, the upper region of the 

sample is significantly superheated (up to 8 C° ).  The build-up of su-

perheat in the sample is due to two reasons.  Firstly, most of the MW 

power absorption occurs in the region away from the wall which leads 

to no bubble nucleation at the wall.  Secondly, the liquid mixing in the 

sample is inefficient, which leads to the slow transportation of super-

heated liquid to the liquid free surface where evaporation can occur. 

• After a period, the liquid temperature at the anti-bumping granules 

reaches the saturation temperature and vapor bubbles generation occurs. 

The vapor bubble removes the majority of the superheat that built-up 
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during the initial phase (reduce to about 1 C° ), mainly by significantly 

enhancing the liquid circulation, and minorly by allowing evaporation 

to takes place within the bulk liquid at the bubble interface. 

• Evaporation at the free surface dominates the overall phase change pro-

cess (~90%). 

4) A new model that describes heating and boiling of binary liquid mixtures under 

MW irradiation is developed and validated.  This model is used to study the 

heating of a spherical cap methanol-water sample from the ambient condition 

until boiling under MW irradiation in a multi-mode MW cavity.  The findings 

using this model include: 

• During MW heating, the temperature uniformity decreases with the 

heating time due to the intensification of the MW core effect, which 

causes the gravity of the MW power absorption to shift upwards. 

• During MW boiling, significant superheating occurs. Other than the 

lack of vapor bubble nucleation and inefficient liquid mixing, this phe-

nomenon is also caused by the higher saturation temperature at the va-

por-liquid interphase compared to that in the bulk liquid, due to the 

lower methanol concentration at the interphase. 

• When there is no anti-bumping granule added, the maximum liquid 

superheat temperature increases rapidly and then reaches a plateau 

within a short period (about 10s since superheating begins). Further 

heating mainly increases the amount/volume of superheat rather than 

the superheat temperature. After a period (about 30s), the system 

reaches a plateau. 

• When there are anti-bumping granules in the sample, the bubble 

nucleation at the granules only reduces the superheat intensity but not 

completely dissipate the superheat.  

• MW liquid superheating leads to poorer methanol concentration in the 

vapor, which could be detrimental to processes such as MW-assisted 

distillation. 

• Mixtures with higher methanol concentration improve temperature uni-

formity during MW heating. It also leads to higher superheat intensity 

during MW boiling due to lower heat capacity. 
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• Higher MW power leads to poorer temperature uniformity during MW 

heating, and higher superheat intensity during MW boiling. 

• Rectangular sample geometry leads to stronger superheat intensity dur-

ing MW boiling without anti-bumping granules. With anti-bumping 

granules added, rectangular, cylindrical, and spherical cap samples re-

sult in a similar level of superheat intensity. 

• Smaller sample volume leads to poorer temperature uniformity during 

MW heating. It also leads to stronger superheat intensity during MW 

boiling. 

The new models and findings in the present research could open up new ave-

nues for the understanding of MW- and US- assisted processes, and thus helpful in the 

design, scale-up, improvement, and optimization of these processes. 

8.2 Recommendations for future research 

The recommendations for future research are as follows: 

1) Based on the models developed in the current study, a new model that describes 

MW boiling of binary liquid mixtures under simultaneous MW and US irradi-

ation can be developed. The new elements that need to be considered in this 

new model are: 

• Correlations/sub-models that describe the number density of cavitation 

bubble emergence in the bulk liquid, at the walls and, most importantly, 

at the horn tip surface. 

• Correlations/sub-models for the Bjerknes force. Correlations/sub-mod-

els for the bubble coalescence and disintegration during acoustic cavi-

tation. This is important in the estimation of the bubble number density 

distribution. 

• Vapor-liquid equilibrium correlations that cover the changes in both 

temperature and pressure. 
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• Coding to implement the non-linear Helmholtz equation in Open-

FOAM, and a parallel non-linear solver to solve the non-linear Helm-

holtz equation in OpenFOAM.  

• A multi-time scale framework similar to that adopted for MW liquid 

heating simulation is required, in which the acoustic cavitation is sim-

ulated at small time steps, whereas the rest of the physics are simulated 

at large time steps. 

2) The models developed in Chapter 5 to 7 could be further improved by incor-

porating Marangoni effect.  Marangoni effect is macroscopic convection due 

to surface tension difference at gas-liquid interface (i.e. free surface in the cur-

rent study).  Conventionally, Marangoni flow is mainly caused by the temper-

ature and concentration gradients at the interface.  However, there are recent 

experimental studies (e.g. experiments by Parmar et al. (2014), Asada et al. 

(2015), Saptoro et al. (2016)) reporting that the surface tension of liquids can 

be significantly affected by MW irradiation, which suggests that Marangoni 

flow under MW irradiation may depend on other additional mechanisms.  This 

implies that the modelling of Marangoni flow under MW irradiation using the 

conventional methodology (i.e. solely based on temperature and concentration 

gradients) may not necessarily lead to better predictions.  The underlying 

mechanism on how electromagnetic field uniquely affects surface tension is 

yet fully understood.  Thus, more studies are required to understand the under-

lying mechanism before it can be modelled accurately. 

3) A more direct way to validate the MW boiling model is to compare the liquid 

superheat temperature to that measured in the experiment.  However, in the 

present study, the currently available fiber-optic thermometer is incapable of 

measuring the superheat temperature in the liquid due to the occurrence of nu-

cleate boiling on the cable and probes, which affects the measurement.  This 

could be overcome in the future by using fiber-optic cables and probes that are 

less susceptible to bubble nucleation. 

4) The effects of more operating conditions can be explored, such as MW fre-

quency, US frequency, size of MW cavity, position of waveguide, type of liq-

uid, etc. 
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5) Experiment studies of MW enhanced distillation need to be conducted to de-

velop reliable sub-models/correlations that describe MW dependent vapor-liq-

uid equilibria. 

6) As many MW- and US- assisted processes involve solid materials, solid-liquid 

interactions can be incorporated into the models. 

7) In certain practical cases, such as extraction, the proportion of organic solvent 

(such as the methanol used in Chapter 7) in a mixture typically dominates other 

components (more than 50%).  Binary mixture with a higher proportion of 

methanol can be studied in the future to gain more practical insights into the 

MW heating and boiling process of binary mixtures. 
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APPENDICES 

Appendix A1: Derivation of “Phase-intensive” momentum and heat conservation 

equations 

The original averaged momentum conservation equation for an incompressible 

phase ϕ  is given by: 

( ) ( ) ( )eff
I

p
dt

ϕ ϕ ϕ ϕ ϕ ϕ
ϕ ϕ ϕ ϕ ϕ ϕ

ϕ ϕ

α α
α α α

ρ ρ

Γ∂ + +
+ ∇ ⋅ + ∇ ⋅ = − ∇ + +

U F F F
U U τ g   (A.1) 

where the ϕ
Γ

F  for each phase is given by: 

( ) ( )g g l g g

+ −Γ = Γ + ΓF U U    (A.2) 

( ) ( )l l g l l

+ −Γ = Γ + ΓF U U    (A.3) 

The operator ( )+⋅  returns the value inside the parenthesis if it is positive and returns 

zero otherwise, whereas ( )−⋅  returns the (negative) value inside the parenthesis if it is 

negative and returns zero otherwise.  To obtain the “Phase-intensive” momentum 

equation, Equation (A.1) is first converted into non-conservative form.  This is done 

by applying product rule to the first three terms on the LHS of Equation (A.1).  The 

following equation is obtained: 

( ) ( ) eff eff

I

dt dt

p

ϕ ϕ
ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ

ϕ ϕ ϕ ϕ
ϕ

ϕ ϕ

α
α α α α α

α
α

ρ ρ

Γ

∂ ∂ 
+ ⋅∇ + + ∇ ⋅ + ∇ ⋅ + ∇ ⋅ 

 

+ +
= − ∇ + +

U
U U U U τ τ

F F F
g

  (A.4) 
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Next, divide Equation (A.4) by ϕα : 

( ) eff eff

I

dt dt

p

ϕ ϕ ϕ ϕ
ϕ ϕ ϕ ϕ ϕ ϕ

ϕ ϕ

ϕ ϕ ϕ

ϕ ϕ ϕ

α α
α

α α

ρ α ρ

Γ

∂ ∂ ∇ ⋅ 
+ ⋅∇ + + ∇ ⋅ + ∇ ⋅ + 

 

+ +∇= − + +

U U
U U U τ τ

F F F
g

  (A.5) 

According to mass conservation, the term ( )
dt

ϕ
ϕ ϕ

α
α

∂ 
+ ∇ ⋅ 

 
U  in the third term on the 

LHS of Equation (A.5) is equivalent to ϕ

ϕρ
Γ

 .  The third term on the LHS of Equation 

(A.5) can be brought to the RHS and incorporated into ϕ
Γ

F .  The ϕ
Γ

F  for each phase is 

now written as: 

( ) ( )g g l g g g g

+ −Γ = Γ + Γ − ΓF U U U    (A.6) 

( ) ( )l l g l l l l

+ −Γ = Γ + Γ − ΓF U U U    (A.7) 

Note that ( ) ( )ϕ ϕ ϕ
+ −

Γ = Γ + Γ  , the ϕ
Γ

F  for each phase finally becomes 

( ) ( ) ( ) ( )
( ) ( )

g g l g g g g g g

g l g

+ − + −Γ

+

= Γ + Γ − Γ − Γ

= Γ −

F U U U U

U U

  (A.8) 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )or

l l g l l l l l l

l g l g l g

+ − + −Γ

−+

= Γ + Γ − Γ − Γ

= Γ − Γ −

F U U U U

U U U U
  (A.9) 

Thus, a “Phase intensive” momentum equation is obtained.   

The “Phase-intensive” heat transport equation is obtained in a similar way.  The 

original averaged heat transport equation is: 

( ) ( ) ( )eff
I

p ,

T Q Q
T

dt c

ϕ ϕ ϕ ϕ
ϕ ϕ ϕ ϕ ϕ

ϕ ϕ

α
α α

ρ

Γ∂ +
+ ∇ ⋅ + ∇ ⋅ =U q   (A.10) 
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Qϕ
Γ  for each phase is given by: 

g g p ,g gQ c T
Γ = Γ    (A.11) 

g l p ,l lQ c T
Γ = Γ    (A.12) 

By applying product rule to the first three terms on the LHS and dividing the whole 

equation by the phase fraction ϕα , Equation (A.10) becomes: 

( ) eff eff
I

p ,

T T Q Q
T

dt dt c

ϕ ϕ ϕ ϕ ϕ ϕ
ϕ ϕ ϕ ϕ ϕ ϕ

ϕ ϕ ϕ ϕ ϕ

α α
α

α α α ρ

Γ∂ ∂ ∇ ⋅ + 
+ ⋅∇ + + ∇ ⋅ + ∇ ⋅ + = 

 
U U q q   (A.13) 

Bring the third term on the LHS to the RHS, incorporate it into the Qϕ
Γ  and make use 

of the phase continuity equation (i.e. ( )
dt

ϕ ϕ
ϕ ϕ

ϕ

α
α

ρ
∂ Γ

+ ∇ ⋅ =U ), the Qϕ
Γ  for each phase 

now reads: 

0g g p,g g g p,g gQ c T c T
Γ = Γ − Γ =   (A.14) 

0l l p,l l l p ,l lQ c T c T
Γ = Γ − Γ =   (A.15) 

Thus, a “Phase intensive” energy equation is obtained. 

Appendix A2: Decomposition of non-conservative convection term 

Consider a general property φ  convected by a velocity field U .  The non-con-

servative convection term φ⋅∇U  can be expanded as: 

x y y

x y z

U U U
x y z

φ φ φφ

φ φ φ

 ∂ ∂ ∂⋅∇ = ⋅ ∂ ∂ ∂ 

∂ ∂ ∂=
∂ ∂ ∂

U U i + j + k

+ +

   (A.16) 

Now, consider a conservative convection term, expanded using product rule: 
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( ) yx z
x y z

yx z
x y z

UU U
U U U

x x y y z z

UU U
U U U

x y z x y z

φ φ φφ φ φ φ

φ φ φ φ φ φ

∂∂ ∂∂ ∂ ∂∇ ⋅ = + +
∂ ∂ ∂ ∂ ∂ ∂

∂∂ ∂∂ ∂ ∂= + +
∂ ∂ ∂ ∂ ∂ ∂

U + + +

+ + +

  (A.17) 

Substitute (A.17) into (A.16), 

( ) yx z
UU U

x y z
φ φ φ φ φ

∂∂ ∂∇⋅ = ⋅∇
∂ ∂ ∂

U U + + +    (A.18) 

Rewriting the last three terms of Equation (A.18) into a compact form and rearranging 

the equation, the following equation is obtained: 

( ) ( )φ φ φ⋅∇ = ∇ ⋅ − ∇ ⋅U U U    (A.19) 

Appendix A3: Discretization of pressure gradient term in momentum equation 

The momentum equation has a pressure gradient p−∇  term.  The finite volume 

discretization of the pressure gradient term with linear interpolation can lead to spuri-

ous solutions during pressure-velocity coupling.  To demonstrate this, consider discre-

tized mass and momentum equations for an incompressible fluid for a control volume 

cell P as follows: 

( ) 0
P f

f

∇⋅ ≈ ⋅ =∑U S U    (A.20) 

1
P

P P P
V

P

a H pdV
V

= − ∇∫U    (A.21) 

where Pa  is the coefficient at cell P.  The PH  consists of the sum of neighboring co-

efficients multiplied by the corresponding velocities in neighboring cells, and all 

sources except the pressure gradient term.  In this demonstration, PISO algorithm is 

be used for pressure-velocity coupling.  As an example, consider cell P as one of the 

cells in the 1-dimensional equidistant control volume array shown in Figure A.1.  The 

cell face shared by N1 and P is called 1f  and that shared by P and N2 is called 2f . 
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Figure A.1: One-dimensional equidistant control volume array.  The currently 
considered cell is Cell P, with two faces 1f  and 2f .  The neighboring cells are called 

N1 and N2, whereas the second neighboring cells are called N3 and N4. 

The pressure gradient term in Equation (A.21) can be re-written by invoking 

Gaussian theorem: 

p

f

fV S

pdV pd p−∇ = − ≈ −∑∫ ∫ S S    (A.22) 

According to Figure A.1, the discretized pressure gradient term with central differenc-

ing scheme for face interpolation is: 

1 2 1 2
1 2 2 2 2

N P P N N N
f f f

f

p p p p p p
p p p

+ + −− = − = − =∑S   (A.23) 

Note that 1=S  for 1-dimensional case.  Here, it can be seen that the discretized pres-

sure gradient in cell P does not depend on the pressure value at P.  The implication of 

this will be seen later.  Substitute the result into (A.21): 

1 21

2
N NP

P

P P P

p pH

a V a

−= +U    (A.24) 

The same procedure can be done for the adjacent cells and yields the following ex-

pressions: 

1 3
1

1 1

1

2
N N P

N

N P N

H p p

a V a

−= +U , 2 4
2

2 2

1

2
N P N

N

N P N

H p p

a V a

−= +U  (A.25) 

Following the procedure of PISO algorithm, the cell velocity is to be interpolated to 

the cell faces and substituted into the mass continuity equation for pressure-velocity 

PN1 N2

1f 2f

N3 N4
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coupling.  The interpolated velocities using central differencing at cell faces 1f  and 

2f  are as follows: 

1 1 3 1 2
1

1 1

1

2 2 2 4 4
N P N N P N NP

f

N P P N P

H p p p pH

a a V a a

 + − −= = + + + 
 

U U
U  (A.26) 

2 2 1 2 4
2

2 2

1

2 2 2 4 4
P N N N N P NP

f

P N P P N

H p p p pH

a a V a a

 + − −= = + + + 
 

U U
U   (A.27) 

Substituting Equation (A.26) and (A.27) into Equation (A.20) yields: 

1 2

2 1
3 4

1 1 2 2 2 1

0

0

1 1 1 1 1

2 2 2 2

f

f

f f

N N
N P N

P N N N N N N

H H
p p p

V a a a a a a

⋅ =

− + =

  
− + + = −   
  

∑S U

U U   (A.28) 

The LHS of Equation (A.28) basically describes the effect of pressure on the velocity 

at cell faces 1f and 2f  (i.e. a momentum source).  However, it involves, apart from 

the value of cell P, the pressure values of the second neighboring cells but not the 

immediate neighboring cells.  This means that the LHS of  Equation (A.28) cannot 

‘sense’ the pressure difference between the neighboring cells.  This can lead to pres-

sure-velocity decoupling and thus spurious oscillation in the solutions of pressure and 

velocity fields.  To see the problem clearer, consider the famous ‘checker-board’ pres-

sure field as an example, where the pressure value alternates between high and low 

values, as shown in Figure A.2. 

 

Figure A.2: ‘Checker-board’ pressure field. 

PN1 N2

1f 2f

p=10 0 10 0 10
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Based on engineering intuition, it can be easily deduced that the pressure gradient at 

face 1f  and 2f  will draw the fluid out of control volume P.  However, when evalu-

ating the LHS of Equation (A.28) based on the pressure values depicted in Figure A.2 

( 1 2N Na a=  for uniform fluid properties and uniform mesh), the result is zero.  This 

implies that the velocity field does not change in response to the pressure field, which 

is clearly incorrect for such a highly non-uniform pressure field.  The origin of the 

problem lies in the interpolation of the pressure value from cell centers to cell faces. 

 A common cure to this problem is by adopting Rhie and Chow (1983) interpo-

lation practice.  The main idea of Rhie and Chow (1983) interpolation is that, during 

the interpolation of the cell center velocities to cell faces in the derivation of pressure 

equation using continuity equation, a dissipation term is added to damp the spurious 

oscillation.  More details on the scheme can be found in the book by Versteeg and 

Malalasekera (2007).  However, in OpenFOAM, rather than adopting the Rhie and 

Chow (1983) interpolation explicitly, the pressure-velocity decoupling problem is 

avoided through an elegant discretization procedure that carries an equivalent effect as 

if the Rhie and Chow (1983) interpolation is used explicitly.  The procedure is known 

by some as a procedure that is “in the spirit of Rhie and Chow” (Jasak 1996, Rusche 

2003).  This procedure works by constructing pseudo momentum equations at cell 

faces by interpolating the coefficients to the cell faces (Moukalled et al. 2016).  In this 

procedure, the pressure gradient term is not discretized during the discretization of the 

momentum equation, but is approximated as follows: 

p

P

V

pdV pV∇ ≈ ∇∫    (A.29) 

Substituting Equation (A.29) into Equation (A.21), PU  can be expressed as: 

1P
P

P P

H
p

a a
= − ∇U    (A.30) 

Interpolating the velocity to cell face yields: 

 ( )1f

f f

f f

H
p

a a
= − ∇U   (A.31) 
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Substituting Equation (A.31) into the mass continuity equation (A.20) gives: 

1 f

f

f ff f

H
p

a a

   
⋅ ∇ = ⋅      
   

∑ ∑S S    (A.32) 

Considering the finite volume discretized term of an arbitrary divergence term as 

ff
φ φ∇ ⋅ ≈ ⋅∑ S , it can be easily shown that Equation (A.32) is the discretized terms 

of: 

1 P

P P

H
p

a a

   
∇ ⋅ ∇ = ∇⋅   
   

   (A.33) 

The LHS of Equation (A.33) is a second-order differential term, which can be 

discretized without any decoupling problem if the pressure gradient is evaluated di-

rectly at the cell faces as: 

N P
f

N P

p p
p

−⋅∇ =
−

S S
x x

   (A.34) 

where x  is the position vector of the cell center.  If one considers the 1-dimensional 

cells depicted in Figure A.1, evaluate the LHS of Equation (A.32) for cell P produces: 

1 1 2 2
1 2

1 2
1 2

1 1 2 2

1 2
1 1 2 2

1 1 1

1 1

1 1 1 1

f f f f f

f f f f

N P N P
f f

f N P f N P

N P N

f f f f

p p p
a a a

p p p p

a a

p p p
a x a x a x a x

     
⋅ ∇ = ⋅ ∇ + ⋅ ∇          
     

   − −= +      − −   

 
= − + +  ∆ ∆ ∆ ∆ 

∑S S S

S S
x x x x

  (A.35) 

From Equation (A.35), it is apparent that the discretized LHS of Equation (A.33) de-

pends on the pressure value at cell P as well as those in the immediate neighboring 

cells, so the pressure-velocity decoupling can be avoided.  To demonstrate this, the 

‘checker-board’ pressure field shown in Figure A.2 is considered once again.  Evalu-

ating Equation (A.35) using the ‘checker-board’ pressure field yields a non-zero neg-

ative value, which implies that the momentum will ‘diffuse’ out of cell P, which is in 
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agreement with the expectation that the fluid will be drawn out of cell P by the pressure 

gradient. 

Appendix A4: Cell center vector field reconstruction from cell face flux field 

The reconstruction of a vector 
P

a  from the corresponding flux field 
f

F = ⋅S a  

defined at cell faces can be performed as follows: 

( )
1

P f f

f f

F

−
   

⊗ ⋅   
   
∑ ∑a = n S n    (A.36) 

where fn  is the unit normal vector of cell face.  To see the rationale behind this equa-

tion, bring the inversed term on the RHS to the LHS, which yields: 

( )f P f

f f

F
 

⊗ ⋅ 
 
∑ ∑n S a = n    (A.37) 

Using the identity ( ) ( )⊗ ⋅ ≡ ⋅a b c b c a , and 
f

F = ⋅S a  , one gets: 

( )( ) ( )( )f P f f

f f

⋅ ⋅∑ ∑n S a = n S a    (A.38) 

which is the underlying assumption made to allow vector reconstruction. 

Appendix A5: Re-arrangement of vapor phase fraction transport equation 

The vapor phase fraction transport equation is: 

( )g g

g g

g
t

α
α

ρ
∂ Γ

+ ∇ ⋅ =
∂

U    (A.39) 

By defining the vapor-liquid mixture velocity U  as 
g g l l

α α= +U U U , the 
g

U  in the 

divergence operator can be written as: 
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( )
( )

1

g g g g l l g

g g l l l g l l

l g l

α α
α α α α

α

= − + = − − +

= + − − = + −

= + −

U U U U U U U U

U U U U U U

U U U

  (A.40) 

Let 
r g l

= −U U U , Equation (A.39) can be re-arranged as: 

( ) ( )g g

g r l g

g
t

α
α α α

ρ
∂ Γ

+ ∇ ⋅ + ∇ ⋅ =
∂

U U    (A.41) 

Appendix A6: Enforcement of the boundedness of phase fraction in the third term 

of re-arranged phase fraction transport equation 

The discretization of the third term of the rearranged vapor phase fraction 

transport equation (A.41) is as follows: 

( ) ( ) ( ), ,r l g r l f g r l f gf f
f

α α φ α α φ α α   ∇ ⋅ ≈ ∇ ⋅ =   ∑U
� �� �
� �� �

  (A.42) 

The discretized term ensures the boundedness of 
g

α  if the 
,l f

α  is interpolated from 

the cell center value by downwind scheme whereas the 
g f

α    is interpolated from the 

cell center value by downwind scheme.  To demonstrate this, consider 1-dimensional 

control volume cells as shown in Figure A.3, with the cell values of 
g

α  and 
l

α  shown 

below the figures.  For this demonstration, Equation (A.42) is treated explicitly for 

simplicity. 

   

(a)    (b) 

Figure A.3: Two 1-dimensional sample cases. 

P Ng
Fα

0
,g P

α = 0 3
,

.
g N

α =
1

,l P
α = 0 7

,
.

l N
α =

P Ng
Fα

1
,g P

α = 0 3
,

.
g N

α =
0

,l P
α = 0 7

,
.

l N
α =
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Consider two limiting cases: in the first case (Figure A.3 (a)), the cell center value of 

,g P
α  in cell P is 0 and the relative phase flux 

r
φ  is non-zero and is flowing out of cell 

P at the right face, whereas in the second case (Figure A.3 (b)), the cell center value of 

,g P
α  in cell P is 1 and the non-zero 

r
φ  is flowing into cell P at the right face.  Accord-

ing to Equation (A.42), the flux of 
g

α  at cell face is defined as 
, ,g r l f g f

Fα φ α α= .   

In the first case, it can be easily deduced that if the outward 
g

Fα  is non-zero, 

the 
,g P

α  will become negative (i.e. unbounded).  Since 
r

φ  is non-zero and is flowing 

outward, the discretization scheme should ensure that the resultant 
g

Fα  is zero in order 

to prevent unboundedness.  When the earlier mentioned numerical treatment is used, 

the 
g

Fα  is calculated ( ) ( ) ( ) ( )0 7 0 0
, ,

.
g r l f g f r

downwind upwind
Fα φ α α φ= = = .  Since 

0
g

Fα = , the 
,g P

α  will not become negative and stay bounded.  In the second case, if 

the inward flux 
g

Fα is non-zero, the 
,g P

α  will become greater than 1 (i.e. unbounded).  

When the numerical treatment mentioned earlier is used, the 
g

Fα  is calculated 

( ) ( ) ( )( )0 0 3 0
, ,

.
g r l f g f r

downwind upwind
Fα φ α α φ= = = .  It can be seen that by interpolating 

l
α  using downwind scheme, the convection of 

,g P
α  into cell P by 

r
φ  can be prevented, 

and 
,g P

α  will not become greater than 1. 

Appendix A7: Implementation of linearlimited scheme in OpenFOAM 

linearlimited scheme is a second-order Total Variation Diminishing (TVD) 

scheme.  To understand its implementation, consider an arbitrary portion of a mesh 

shown in Figure A.4, which consists of 4 cells N1, P, N2 and N3, and the faces between 

them are defined as f2, f1 and f3.  On this mesh, an arbitrary profile of a general prop-

erty φ  is shown by the red line and dots.  F  is the mass flux at face f1.  It is positive 

if it is flowing from P to N2, and is negative otherwise. 
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Figure A.4: Variation of an arbitrary quantity φ  on a 1-dimensional mesh. 

As an example, consider now the task is to evaluate the value of 1f
φ  at face f1.  The 

value of 1f
φ  can be evaluated by interpolation from nearby cell values (values at cell 

P and N2).  The interpolation can be generally expressed as: 

( )1 1
f P N

w wφ φ φ= + −    (A.43) 

where w  is a scheme dependent weight defined at the cell face which ranged from 0 

to 1 to control the contribution of each neighboring value.  If one considers a scheme 

that blends between linear interpolation (second-order accurate but unbounded) and 

upwind differencing (first-order accurate but bounded), the w  can be defined as: 

( ) ( )
10

1
x

w f Fψ ψ += + −    (A.44) 

where ψ  is a flux limiter function that limits the contribution of the higher-order 

scheme (in this case second-order linear interpolation) to ensure boundedness, 
x

f  is 

the interpolation factor or the ratio of distances between f1 & N2 and N2 & P, i.e. 

1 2

2

f N

N P

−

−

x x

x x
, and ( )

10
F

+
 return 1 if F  is positive and zero otherwise.  In the limit of 

0ψ = , Equation (A.43) becomes upwind interpolation, whereas in the limit of 1ψ = , 

Equation (A.43) becomes linear interpolation or central differencing.  Based on the 

TVD concept, ψ  can be generally expressed as a function of r , where r  is the ratio 

of consecutive gradients of φ .  According to Figure A.4 (at face f1), r  is defined as: 

F

PN1 N2 N3f2 f1 f3

1N
φ 2f

φ P
φ 1f

φ
2N

φ
3f

φ
3N

φ
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1

2

2 3

2

if 0

if 0

P N

N P

N N

P N

F

r

F

φ φ
φ φ

φ φ
φ φ

− ≥ −=  − <
 −

,

,

   (A.45) 

The relationship between ψ  and r  should satisfies the following condition in order to 

produce a bounded solution: 

0 2,
r

ψ ψ ≤ ≤ 
 

   (A.46) 

Furthermore, in order for the scheme to be second-order accurate, the relationship be-

tween ψ  and r  should satisfy the following conditions: 

1 for 0 1

1 for 1

r r

r r

ψ
ψ

≤ ≤ < <
≤ ≤ ≥    (A.47) 

Graphically shown in Figure A.5, schemes that have rψ −  relationships that fall 

within the shaded (grey and blue) region satisfy boundedness, and those fall within the 

hatched (blue) region are second-order accurate.   

 

Figure A.5: rψ −  relationship diagram.  A scheme with rψ −  relationship that falls 

within the grey area is bounded, whereas a scheme with rψ −  relationship that falls 

within the blue area is bounded and second-order accurate.  Adapted and modified 
from Jasak (1996). 

 In limitedlinear scheme, the rψ −  relationship is as follows: 
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2
max min 1 0, ,r

k
ψ   =   

  
   (A.48) 

where k  is an adjustable variable (between 0 and 1), which controls the strength of the 

limit.  In this study, default value 1k =  is used.  The relationship rψ −  described in 

Equation (A.48) is highlighted in red in Figure A.5, which shows that limitedlinear is 

a bounded and second-order accurate scheme.  Thus, when evaluating 1f
φ  using lim-

itedlinear scheme, r  is first computed using Equation (A.45), then ψ  is computed us-

ing Equation (A.48).  Finally, 1f
φ  can be evaluated via Equation (A.44) and (A.43). 

 In OpenFOAM, however, the limitedlinear scheme (and other convection 

schemes) is implemented differently from the way discussed above in order to make 

the scheme compatible with unstructured mesh.  Based on Equation (A.45), it can be 

seen that the evaluation of 1f
φ  requires the values at far upwind cells (e.g. N1 or N3 

depending on the sign of F ) via r .  In OpenFOAM, however, the code is imple-

mented in such a way that each cell face has access only to the data at the face itself as 

well as the data at the immediate neighboring points (e.g. the cell face f1 has access to 

the values at f1, P and N1 only).  This is based on the consideration that the far upwind 

cells might not exist in an unstructured mesh, and, presumably, to conserve memory.  

To solve this issue, the r  is redefined over the faces rather than over the neighboring 

cells, since the face values should also comply with the boundedness criterion.  Thus, 

in the case where F  is positive, r  is redefined as (Jasak 1996): 

2 1 2

1 1

1P f f f

f P f P

r
φ φ φ φ
φ φ φ φ

− −
= = −

− −
   (A.49) 

The cell face f1 has no access to 2f
φ , therefore Equation (A.49) needs to be further 

transformed.  By considering that 1f
φ  is interpolated from the neighboring values 

through the interpolation factor 1 x
f −  ( 1 1 2x f P N P

f − = − −x x x x ), the 1f P
φ φ−  in 

Equation (A.49) can be rewritten as: 
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( ) ( )
( ) ( )

2
1 1 2 1 2

2

1 21

N P

f P x N P x N P

N P

x N Pf

f f

f

φ φφ φ φ φ

φ

− −

−

−
− = − = −

−
= ∇ ⋅ −

x x
x x

d x xˆ
  (A.50) 

where 2
ˆ ,

N P
= −d

d = d x x
d

.  In the next step, the 1 2f f
φ φ−  in Equation (A.49) is re-

written as: 

( )
( ) ( )

1 2
1 2 1 2

1 2

1 2
ˆ

f f

f f f f

f f

f fP

φ φ
φ φ

φ

−
− = −

−

= ∇ ⋅ −

x x
x x

d x x

   (A.51) 

Substituting Equation (A.50) and (A.51) into (A.49), one gets: 

( ) ( )
( ) ( )

1 2

1 21

1
f fP

x N Pf

r
f

φ

φ−

∇ ⋅ −
= −

∇ ⋅ −

d x x

d x x

ˆ

ˆ
   (A.52) 

Based on the fact that point P is located in the middle of the cell P, the following 

relation holds: 

1 2 1
1

2 2

2 2f f f P

x

N P N P

f −

− −
= =

− −
x x x x

x x x x
   (A.53) 

Substituting Equation (A.53) into (A.52) yields: 

( )
( )

( )
( )21

2 2
1 1P P

N Pf

r
φ φ

φ φ φ
∇ ⋅ ∇ ⋅

= − = −
∇ ⋅ −

d d

d
   (A.54) 

It can be seen that the r  now depends only on the data in the nearest cells, but with 

the expense of an additional evaluation of the gradient of φ  at cell centers prior to the 

interpolation.  The same transformation can be done when F  is negative.  Thus, the 

final expression of r  reads: 

( )
( )
( )

( )

2

2

2

2
1 if 0

2
1 if 0

P

N P

N

N P

F

r

F

φ
φ φ

φ
φ φ

 ∇ ⋅
− >

−=  ∇ ⋅ − ≤
 −

d

d
   (A.55) 
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Appendix A8: Numerical non-equivalence between conservative and non-con-

servative transport equations 

Consider an averaged mass continuity equation and averaged transport equa-

tion for a general averaged property αφ  in incompressible fluid without diffusion and 

source as follows: 

( ) 0
t

α α∂ + ∇ ⋅ =
∂

U    (A.56) 

( ) ( ) 0
t

αφ
α φ

∂
+ ∇ ⋅ =

∂
U    (A.57) 

Applying product rule to Equation (A.57) yields: 

( ) ( ) 0
t dt

φ αα α φ φ α∂ ∂ + ⋅∇ + + ∇ ⋅ = ∂  
U U    (A.58) 

By virtue of the mass continuity equation, the third term is zero.  Thus, the non-con-

servative form of Equation (A.57) is: 

0
t

φ φ∂ + ⋅∇ =
∂

U    (A.59) 

From a mathematical point of view, Equation (A.59) is equivalent to Equation (A.57) 

if Equation (A.56) is satisfied.   

Using explicit Euler scheme, Equation (A.56), (A.57) and (A.59) can be dis-

cretized as follows: 

( )
0

0 0
n

P f f

f

V F
t

α α α− + =
∆ ∑    (A.60) 

( )
0 0

0 0 0
n n

P f f f

f

V F
t

α φ α φ α φ− + =
∆ ∑    (A.61) 

( ) ( )
0

0 0 0
n

P f f f f

f f

V F F
t

φ φ φ φ− + − =
∆ ∑ ∑    (A.62) 

where 
f f

F = ⋅U S .  Now, consider a 1-dimensional mesh shown in Figure A.6 as an 

example and it is currently evaluating 
P

φ  in the next time step. 
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Figure A.6: Three 1-dimensional cells. 

In this demonstration upwind differencing is used for interpolation, and 1
P

V =  and 

1t∆ =  are assumed.  From Equation (A.60) and based on Figure A.6 , one gets: 

( )( ) ( )( )
0 0 0

1 1 2 2 0

0 2 0 08 0 1 01 0 2 0

0 188

. . . . .

.

n

P P

n

P

n

P

F Fα α α α
α

α

− − + =
− − + =

=
   (A.63) 

In the next step, n

P
φ  is evaluated using the discretized conservative equation (A.61) as: 

( ) ( )( ) ( )( )( ) ( )( )( )
0 0 0 0 0 0

1 1 1 2 2 2 0

0188 0 2 2 0 08 01 1 0 1 0 2 2 0

1 9574

. . . . . .

.

n n

P P P P

n

P

n

P

F Fα φ α φ α φ α φ
φ

φ

− − + =
− − + =

=
  (A.64) 

Evaluate n

P
φ  using the discretized non-conservative equation (A.62) as: 

( )
( )( ) ( )( ) ( )

0 0 0 0
1 1 2 2 1 2 0

2 0 08 1 01 2 0 08 01 2 0

1 92

. . . .

.

n

P P P

n

P

n

P

F F F Fφ φ φ φ φ
φ

φ

− − + − − + =
− − + − − + =

=
  (A.65) 

It can be seen that n

P
φ  in Equation (A.64) and (A.65) are similar, but not exactly equiv-

alent. 

P N2N1

1

1

01

1

.
N

N

α
φ

=
=

0 2

2

.
P

P

α
φ

=
=

2

2

0 3

3

.
N

N

α
φ

=
=

1 0 08.F = 2 0 1.F =
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Appendix A9: Binary diffusion coefficient and thermal conductivity of gas mix-

ture in a cavitation bubble 

The binary diffusion coefficient of gas mixture (with species 1 and 2) at low 

density is given as (Storey and Szeri 1999): 

( )
3

0 127
12 2

12 12

2 628 10.
lo

g

p T M
D

p Tσ
−

∗
= ×

Ω
   (A.66) 

where M  is molecular mass in -1gmol , σ  is the collision diameter in Angstroms, Ω  

is the collision integral using the Lennard-Jones 12-6, and T ∗  is the reduced tempera-

ture 
l

T k ∋ , and k∋  is the potential parameter in Kelvin.  At high-density conditions 

(i.e. compression), the binary diffusion coefficient can be corrected as follows: 

12 12 121oD D Y=    (A.67) 

3 31 2 2 1
12 1 1 2 2

1 2 1 2

4 42 2
1

3 4 4 3 4 4
Y N N

σ σ σ σσ σ
σ σ σ σ

   + +
= + +   + +   

  (A.68) 

where N  is the number density of the gas. 

 The gas mixture thermal conductivity is given by (Storey and Szeri 1999):  

( )2
0 01.

m l

g

m m m m

R M T
k

M Tσ ∗
=

Ω
   (A.69) 

where subscript m  denotes the mean effective molecular properties, and R  is the uni-

versal gas constant. The mean molecular properties in Equation (A.66) and (A.69) are 

computed using the mixture rules of Chung (Reid et al. 1987), as follows: 

( )1 2

ij i j
σ σ σ= ; 

1 2

ij i j
k k k

 ∋ ∋ ∋     =              
; 

2
i j

ij

i j

M M
M

M M
=

+
; 3 3

m i j ij

i j

X Xσ σ=∑∑ ;  

( ) 3

3

i j ij
ij

i j

m m

X X k

k

σ

σ

∋
∋  = 

 

∑∑
;  ( )m l

m
T T k

∗ = ∋ ; 
( )

( )

21 22

2

i j ij ij
ij

i j

m

m
m

X X k M

M
k

σ

σ

 ∋
 

=  
∋ 

 

∑∑
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Here, the subscripts i  and j  represent species, and X  is the mole fraction of the spe-

cies. 

Appendix A10: Piecewise polynomial functions for acoustic pressure amplitude 

dependent wave number and cavitation turbulent kinetic energy source 

For a water temperature of 296 K , the piecewise polynomial functions for the 

acoustic pressure amplitude dependent wavenumber, rk jα− , are summarized in Ta-

ble A.1 and Table A.2, whereas that of cavitation turbulent kinetic energy source is 

summarized in Table A.3. 

Table A.1: Piecewise polynomial function for real wavenumber of non-linear acoustic 
model. 

Pressure amplitude 
range 0P P p

∗ =  
Piecewise function for ( )1mrk −   

0 1−   83 77rk .=   

1 2 4.−   571 23 412 83rk . P .∗= −  

2 4 3. −   141 77 617 88rk . P .∗= −  

3 20−   

3 6 5

4 3 2

2 44863809 10 0 275363748

11 3017447 222 086222 2211 13059

10422 6658 15439 4166

r
k . P . P

. P . P . P

. P .

− ∗ ∗

∗ ∗ ∗

∗

= − × +

− + −

+ −
  

 

Table A.2: Piecewise polynomial function for attenuation factor of non-linear acoustic 
model. 

Pressure ampli-

tude range 

0P P p
∗ =  

Piecewise function for ( )1mα −  

0 0 9.−  

6 5 4

3 2

167 76489038 490 22283950 584 75011370

366 39806660 129 50480463 25 46668934

2 79722284

. P . P . P

. P . P . P

.

α ∗ ∗ ∗

∗ ∗ ∗

= − +

− + −
+
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0 9 1. −  171 51457392   153 35093216. P .α ∗= −   

1 1 1.−  1321 65999   1303 49635. P .α ∗= −   

1 1 1 2. .−  529 856255   432 512240. P .α ∗= −   

1 2 3. −  

6 5 4

3 2

75 5350191 1049 63430 6204 25524

19781 8699 35186 7937 31846 7767

11454 2220

. P . P . P

. P . P . P

.

α ∗ ∗ ∗

∗ ∗ ∗

= − +

− + −
+

  

3 20−  

3 6 5

4 3 2

2 46960928 10 0 277232114

11 3673942 223 241177 2221 75058

10470 2690 15524 7190

. P . P

. P . P . P

. P .

α − ∗ ∗

∗ ∗ ∗

= − × +

− + −
+ −

  

 

Table A.3: Piecewise polynomial function for cavitation induced turbulence kinetic 
energy source. 

Pressure am-

plitude range 

0P P p
∗ =  

Piecewise function for cvS  

0 0 85.−  

6 5 4

3 2

3

2 68156190 6 16878037 5 54788294

2 39603140 0 527062001 0 0483910317

1 47784971 10

cvS . P . P . P

. P . P . P

.

∗ ∗ ∗

∗ ∗ ∗

−

= − +

− + −

+ ×

  

0 85 0 9. .−  869773280  0 699234710 4cv P .S . ∗ −=   

0 9 1. −  17.3662515 15.546 1  065cvS P∗= −   

1 1 05.−  167.702904 165.88 8  271cvS P∗= −   

1 05 2. −  
3 2213 035545 1005 73262

927 975686 122 906360

cvS . P . P

. P .

∗ ∗

∗

= −

+−

+
  

2 3−  

6 5 4

3 2

3552 53384 50947 7733 300986 655

936105 532 1613176 86 1456354 18

536606 701

cvS . P . P . P

. P . P . P

.

∗ ∗ ∗

∗ ∗ ∗

= − +

− + −
+

  

3 20−   

3 6 5 4

3 2

1 24498613 10 0 0848981875 2 23189560

28 9078505 205 559616 904 892685

784 822353

cvS . P . P . P

. P . P . P

.

− ∗ ∗ ∗

∗ ∗ ∗

= − × + −

+ − +
−
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Appendix A11: Pressure modification in momentum equations 

Single-phase flow.  The pressure gradient and gravity terms on the RHS of 

single-phase liquid momentum equation is given by: 

... ...
l

p ρ= −∇ + +g    (A.70) 

Define modified pressure as follows: 

rgh l
p p ρ= − ⋅g x    (A.71) 

The gradient of Equation (A.71) is: 

rgh l l l
p p pρ ρ ρ∇ = ∇ − ∇ ⋅ ∇ − ∇ ⋅ − ⋅ ∇g x = g x g x   (A.72) 

The ∇ ⋅g x  on the RHS of Equation (A.72) can be expressed as: 

( ) ( ) ( ) ( )y y y

x y z

y

g y g y g y
g x g y g z

x y z

g

∂ ∂ ∂
∇ ⋅ = ∇ + + = + +

∂ ∂ ∂
= =

g x i j k

j g

  (A.73) 

Thus, Equation (A.72) becomes 

rgh l l
p p ρ ρ∇ = ∇ − − ⋅ ∇g g x    (A.74) 

Rearranging Equation (A.74) gives: 

l rgh l
p pρ ρ−∇ + = −∇ − ⋅ ∇g g x    (A.75) 

The substitution of Equation (A.75) into Equation (A.70) completes the pressure mod-

ification. 

Two-phase flow.  The pressure gradient and gravity terms on the RHS of two-

phase momentum equation is given by: 

... ...pϕ ϕ ϕα α ρ= − ∇ + +g    (A.76) 

Define modified pressure as follows: 
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rgh m
p p ρ= − ⋅g x    (A.77) 

where 
m g g l l

ρ α ρ α ρ= + .  The gradient of Equation (A.77) is: 

rgh m

m m

m m

g g l l m

p p

p

p

p

ρ
ρ ρ
ρ ρ
α ρ α ρ ρ

∇ = ∇ − ∇ ⋅
∇ − ∇ ⋅ − ⋅ ∇

= ∇ − − ⋅ ∇
= ∇ − − − ⋅ ∇

g x

= g x g x

g g x

g g g x

   (A.78) 

For the vapor phase, multiply Equation (A.78) by 
g

α  and expand: 

( )

( )

1
g rgh g g g g g l l g m

g l g g g l l g m

g g g g l g g l l g m

g g g g l g l g m

p p

p

p

p

α α α α ρ α α ρ α ρ
α α α ρ α α ρ α ρ
α α ρ α α ρ α α ρ α ρ
α α ρ α α ρ ρ α ρ

∇ = ∇ − − − ⋅ ∇
= ∇ − − − − ⋅ ∇
= ∇ − + − − ⋅ ∇

= ∇ − + − − ⋅ ∇

g g g x

g g g x

g g g g x

g g g x

  (A.79) 

Rearranging Equation (A.79) gives: 

( )g g g g rgh g m g l g l
p pα α ρ α α ρ α α ρ ρ− ∇ + = − ∇ − ⋅ ∇ + −g g x g   (A.80) 

The substitution of Equation (A.80) into Equation (A.76) completes the pressure mod-

ification for the vapor phase.  As for the liquid phase, multiply Equation (A.78) by 
l

α  

and proceed with the same procedure. 

Appendix A12: Derivation of phase fraction transport equation 

The averaged mass conservation equation of phase ϕ  is: 

( ) ( )
t

ϕ ϕ
ϕ ϕ ϕ ϕ

α ρ
α ρ

∂
+ ∇ ⋅ = Γ

∂
U    (A.81) 

Applying product rule yields: 

( )
t t

ϕ ϕ
ϕ ϕ ϕ ϕ ϕ ϕ ϕ

α ρ
ρ α α ρ

∂ ∂   
+ ∇ ⋅ + + ∇ = Γ   ∂ ∂   

U U   (A.82) 
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Rearranging Equation (A.82) gives the phase fraction transport equation: 

( ) D

Dt t t

ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ
ϕ ϕ ϕ ϕ

ϕ ϕ ϕ ϕ

α α ρ α ρ
α ρ

ρ ρ ρ ρ
∂ ∂ Γ Γ 

+ ∇⋅ = − + ∇ + = − + ∂ ∂ 
U U   (A.83) 

where 
D

Dt

ϕ  is the substantive derivative.  By rearranging Equation (A.83), the 

D

Dt

ϕ ϕ ϕ

ϕ

α ρ
ρ

 can be expressed as: 

( )D

Dt t

ϕ ϕ ϕ ϕ ϕ
ϕ ϕ

ϕ ϕ

α ρ α
α

ρ ρ
Γ ∂ 

= − + ∇ ⋅ ∂ 
U    (A.84) 

Substituting the LHS of Equation (A.81) into the mass generation term yields: 

( ) ( )
( )D

D
t

t t

ϕ ϕ
ϕ ϕ ϕϕ ϕ ϕ ϕ

ϕ ϕ
ϕ ϕ

α ρ
α ρα ρ α

α
ρ ρ

∂
+ ∇ ⋅ ∂ ∂= − + ∇ ⋅ ∂ 

U

U   (A.85) 

Appendix A13: Calculation of limiter in MULES for bounded solutions of 

transport equation 

Consider a transport equation of an arbitrary scalar property φ  with a linear-

ized source Sp Suφ +  as follows: 

( ) Sp Su
t

φ φ φ∂ + ∇ ⋅ = +
∂

U    (A.86) 

Its explicit discretized form reads: 

01 1
1

n P
P

fP

F Su
t VSp

t

φφ
  
 = − + ∆ −  ∆ 

∑    (A.87) 

where subscript P  represents the currently considered cell center, ( )
f

F φ= ⋅U S .  

When using MULES, corrected flux CF  is used, thus: 
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01 1
1

n P
P C

fP

F Su
t VSp

t

φφ
  
 = − + ∆ −  ∆ 

∑    (A.88) 

Define a lower order flux LF  that guarantees a monotonous but diffusive solution, and 

a higher-order flux HF  that provides a solution with better accuracy but might create 

unboundedness.  Next, define an anti-diffusive flux as A H LF F F= − .  This is the flux 

that reduces the diffusion in the lower order scheme when a higher-order scheme is 

used, which might create unboundedness.  The AF  need to be limited so that the anti-

diffusiveness of the higher-order flux is attained to the greatest extent without creating 

new local extremes.  Thus, the CF  used in Equation (A.88) should be C L f AF F Fλ= + , 

where fλ  is the limiter (between zero and one) defined at the cell faces that control 

the amount of anti-diffusive flux: 

( )
01 1

1
n P
P L f A

fP

F F Su
t VSp

t

φφ λ
  
 = − + + ∆ −  ∆ 

∑   (A.89) 

Since LF  will not create new local extremes, the possible new local extremes will only 

be created by AF .  If AF  at a face of a cell is flowing into the cell, it will increase the 

value of Pφ  and thus possibly create a new local maximum in the cell.  Oppositely, if 

AF  is flowing out of a cell, the Pφ  will decrease and possibly create a new local mini-

mum in the cell.  In the following, the iterative procedure to determine the fλ  is pre-

sented (Márquez Damián 2013). 

Step 1.  Denote the sum of inward AF  which might create a local maximum as 

P+  (defined at cell center), whereas the sum of outward AF  that might create a new 

local minimum as P− .  They are expressed mathematically as: 

A

f

P F
+ −= −∑ , A

f

P F
− +=∑   (A.90) 

where AF +  is the outward AF , whereas AF −  is the inward AF  (negative value).    
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 Step 2.  Evaluate the local maximum ,P MAXφ  and minimum ,P MINφ  by compar-

ing the φ  among the neighboring cells., i.e.: 

( )0 0
, 1 2max , ,...P MAX N Nφ φ φ=  , ( )0 0

, 1 2min , ,...P MIN N Nφ φ φ=  (A.91) 

Step 3.  Denote Q+  as the extra inward flux that will bring ,P Lφ  to ,P MAXφ  in 

the next time step, and denote Q− as the extra outward flux that will bring ,P Lφ  to 

,P MINφ  in the next time step, where ,P Lφ  is Pφ  computed using LF .  In other words, 

Q+  is the maximum permissible inward flux without introducing a new local maxi-

mum, whereas Q−  is the maximum permissible outward flux without introducing a 

new local minimum, i.e. from Equation (A.89), 

0

,

1 1 1
1

P
P MAX L

fP P

F Su Q
t V VSp

t

φφ +
  
 = − + + ∆ −  ∆ 

∑   (A.92) 

0

,

1 1 1
1

P
P MIN L

fP P

F Su Q
t V VSp

t

φφ −
  
 = − + − ∆ −  ∆ 

∑   (A.93) 

Rearranging the above equations yields: 

0
,

1 1
P P MAX P L

f

Q V Sp Su F
t t

φ φ+   = − − − +  ∆ ∆  
∑   (A.94) 

0
,

1 1
P P MIN P L

f

Q V Su Sp F
t t

φ φ−   = − − + −  ∆ ∆  
∑   (A.95) 

A visual representation of the quantities P± , Q± , ,P MAXφ , and ,P MINφ  is shown in a 1-

dimensional example depicted in Figure A.7. 

Step 4.  Initialize the face limiter fλ  (the true limiter used to limit AF ) to unity.  

Defines two temporary cell limiters, namely inflow limiter Pλ +  and outflow limiter Pλ − , 
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at the cell center.  The Pλ +  represents the limiter for the inward AF  , whereas Pλ −  rep-

resents the limiter for the outward AF .  One of these temporary limiters will later be 

assigned to fλ  depending on the flux. 

 

Figure A.7: Variation of an arbitrary quantity φ  and the corresponding visual 

representation of P± , Q± , ,P MAXφ , and ,P MINφ . 

Step 5.  Denote lP+  as the limited P+ , and lP−  as the limited P− : 

l f A

f

P Fλ+ −= −∑ , l f A

f

P Fλ− +=∑   (A.96) 

 Step 6.  Compute the cell limiters λ +  and λ −  as follows: 

max min ,1 ,0l
P

P Q

P
λ

− +
+

+

  +=    
  

   (A.97) 

max min ,1 ,0l
P

P Q

P
λ

+ −
−

−

  +=    
  

   (A.98) 

The numerator in Equation (A.97) represents the maximum permissible inward flux 

without introducing a new local maximum with the consideration of the quantity re-

moval by the limited outward AF , whereas the denominator represents the sum of in-

ward AF  (quantity addition).  Thus, Equation (A.97) essentially means that the Pλ +  

should limit the inward AF  to the maximum permissible value.  Similarly, Equation 

PN1 N2

0
1Nφ

0
2Nφ

,P MAXφ

,P MINφ

,
n

P Lφ
Q

+

Q
−

P
+

P
−



524 
 

(A.98) means that the Pλ −  should limit the outward AF  to its maximum permissible 

value. 

 Step 7.  Assign Pλ +  or Pλ −  to fλ  according to the condition below: 

( )( )
( )( )

,

,

min ,min , if 0

min ,min , if 0

f P N A P

f

f P N A P

F

F

λ λ λ
λ

λ λ λ

− +

+ −

 >= 
≤

  (A.99) 

where ,A PF  is the flux flowing out of cell P.  The rationale behind this condition is that, 

since the AF  at a face is shared by two cells, the smallest limiter (i.e. strongest limiting 

effect) between the two cells should be used so that no new local extreme is created in 

either cell.  As AF  at a face between two cells is an inflow for one cell and at the same 

time is an outflow for the other cell, the opposite pair of the temporary limiters are 

compared.  Now, a new fλ  field is obtained.  Step 5 – 7 are iterated for a predeter-

mined number of iteration (by default three iterations). 

Appendix A14: Analysis of the numerical aspects of the two-phase energy equa-

tions in twoPhaseEulerFoam solver 

Taking the liquid phase as an example, the RHS of the liquid energy equation 

in the original twoPhaseEulerFoam (in OpenFOAM v1712) in the discretized form is: 

[ ]( ) [ ]( ) [ ] [ ]( )

( ) ( ) ( )

( ) [ ]
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,

,

, ,

l l l l
l f l l l l c l

p l

l l l
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B B B B
B B l i l i
l i g l l l l l l

p l p l

h
F h h e h

t c

dp
F e

t dt

H a H a
H a T T h h

c c

α ρ λρ α
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α ρ

 ∂
+ ∇ ⋅ − ∇ ⋅ ∇ − ∇ ⋅  ∂  

∂
+ + ∇ ⋅ − ∇ ⋅ −

∂

= − + − + ⋅U g

� �� � � �� � � � � �� �� � � � � �� �� � � �� �
� �� �� � � �

� �� �
� �
� �� �

  (A.100) 

where, ( ),l l f lF α= ⋅U S .  The first term on the RHS is the interphase heat transfer.  The 

heat transfer coefficient is expressed as B

lH  here, because the original solver only sup-

ports the interphase heat transfer when one phase is dispersed in the other.  The second 
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and third terms on the RHS are added to the discretized energy equation for two nu-

merical purposes.  Firstly, they are to stabilize the equation when 0lα → .  In the limit 

of 0lα = , it can be seen that the equation does not become singular, as the first three 

terms on the RHS will remain.  The equation becomes: 

[ ] ( )
, ,

B B B B
B Bl i l i

l l l i g l

p l p l

H a H a
h h H a T T

c c
= + −

� �� �
� �
� �� �

   (A.101) 

Assuming that ,p lc  is a weak function of lT , the following relations can be obtained: 

[ ]
ref

,

l n

l

p l

h
T T

c
≈ − , 0

ref
,

l
l

p l

h
T T

c
≈ −   (A.102) 

where the superscript n  represents quantities in the new time step, whereas the super-

script 0  represents quantities in the old time step.  Substitute the above relations into 

Equation (A.101): 

( ) ( ) ( )0 0 0
ref ref

B B n B B B B

l i l l i l l i g lH a T T H a T T H a T T− = − + −   (A.103) 

Solving this equation gives 0n

l gT T= .  This implies that the equation will be stable, and 

at the same time, the solution is physical, since when 0lα →  the liquid temperature 

should follow that of the vapor phase.   

 Secondly, the second and third terms on the RHS of Equation (A.100) are to 

treat the interphase heat transfer term (first term on the RHS) semi-implicitly to avoid 

potential numerical instability, as the solution may become oscillatory when B

lH  is 

large.  To see how they work, substitute Equation (A.102) into the first three terms on 

the RHS of Equation (A.100) yields: 

( ) ( ) ( )0 0 0
ref ref... ...B B B B B B n

l i g l l i l l i lH a T T H a T T H a T T= − + − − − +   (A.104) 

By simplifying the above equation, the interphase heat transfer term becomes: 

( )0B B n

l i g lH a T T−    (A.105) 
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It can be seen that the interphase heat transfer term is a function of n

lT  in the new time 

step, and thus the term becomes semi-implicit.   

The same applies to the energy equation of the other phase. 

Appendix A15: Models for the thermophysical properties of vapor and liquid 

phases of methanol-water binary mixture 

Conversions between mass fraction, mole fraction and volume fraction 

 The conversions between mass fraction Y , mole fraction X , and volume frac-

tion β  are summarized in Table A.4. 

Table A.4: Conversions between mass fraction Y , mole fraction X , and volume frac-
tion β . 

Quantity\ 

Conver-

sion from 

Y  X  β  

Y  - 2

1

i i
i

j jj

X M
Y

X M
=

=
∑

  
2

1

i i
i

j jj

Y
ρ β

ρ β
=

=
∑

 

X  2

1

i i
i

j jj

Y M
X

Y M
=

=
∑

 - 
( )

( )2

1

i i i

i

j j jj

M
X

M

ρ β
ρ β

=

=
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β  2

1

i i
i

j jj

Y

Y

ρβ
ρ

=

=
∑

 
( )

( )2

1

i i i

i

j j jj

X M

X M

ρ
β

ρ
=

=
∑

 - 

 

Ideal gas law for vapor mixture density 

According to the Dalton’s law and ideal gas law, the vapor mixture density can 

be expressed as: 
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( )1 1 2 2g

g

p
X M X M

RT
ρ = +    (A.106) 

Lobe correlation viscosity model for liquid mixture viscosity 

 The methanol-water liquid mixture viscosity can be computed from (Li and 

Carr 1997): 

( ) ( )1 1 2 2 2 2 1 1exp expl ,l ,lµ β µ β β µ β= Θ + Θ    (A.107) 

where subscript 1 and 2 represent methanol and water respectively, and 1Θ  and 2Θ  

are Lobe coefficients for methanol and water respectively.  The polynomial fitting of 

the Lobe coefficients are as follows (Li and Carr 1997): 

8 5 6 4 4 3
1

2 2 2

5 6923 10 9 0443 10 5 0999 10

1 1932 10 9 2585 10 1 4612

l l l

l l

. T . T . T

. T . T .

− − −

− −

Θ = × − × + ×

− × + × +
  (A.108) 

8 5 6 4 4 3
2

2 2 1

5 7436 10 9 1608 10 5 1725 10

1 2172 10 1 1322 10 2 1836

l l l

l l

. T . T . T

. T . T .

− − −

− −

Θ = − × + × − ×

+ × − × +
  (A.109) 

Note that the lT  used here is in degree Celcius.  The above correlations are only valid 

in the temperature range of 15 65 C− ° .  For temperatures outside of this range, constant 

extrapolation is used. 

Modified Wilke’s method for vapor mixture viscosity 

 The viscosity of methanol-water vapor mixture viscosity can be calculated 

from modified Wilke method (Asada 2012): 

( ) ( )
1 2

12 2 1 21 1 21 1
,g ,g

g
X X X X

µ µ
µ

ϕ ϕ
= +

+ +
   (A.110) 

where ϕ  are the interaction parameters, which are given by: 
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2 4
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   (A.112) 

Spencer-Danner-Li correlation for methanol-water liquid mixture thermal conductiv-

ity 

 Spencer-Danner-Li correlation for methanol-water liquid mixture thermal con-

ductivity is given as: 

2 2

1 1

2 i ,l j ,l

l i j

i j i ,l j ,l

λ λ
λ β β

λ λ= =
=

+∑∑    (A.113) 

Wassiljewa equation for methanol-water vapor mixture thermal conductivity  

 Wassiljewa equation is used for the methanol-water vapor mixture thermal 

conductivity (Reid et al. 1987): 

2

2
1

1

i i ,g

g

i
j ij

j

X

X

λ
λ

ϕ=

=

=∑
∑

   (A.114) 

where ijϕ  is computed from Equation (A.111) and (A.112) with µ  replaced by λ  for 

i j≠  , otherwise it is 1. 

Wilke and Chang correlation and Vignes diffusivity model for methanol-water liquid 

mutual mass diffusivity 

 The liquid mutual mass diffusivity is expressed as (Reid et al. 1987): 

( ) ( )2 10 0
12 21

X X

l ,l ,l TD D D α=    (A.115) 

The infinite mass diffusivities, 0
12 ,lD  and 0

21,lD , are expressed as: 
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where 1 1 9.φ = , 2 2 26.φ = , 1 0 0425V .=  and 2 0 0756V .=  if species 1 is methanol and 

species 2 is water.  The thermodynamic factor Tα  is approximated as 0.72. 

Fuller gas diffusivity model for methanol-water vapor mixture mutual diffusivity 

 The mutual diffusivity of methanol-water vapor mixture can be computed as 

(Reid et al. 1987): 

( ) ( )

7 1 75

1 3 1 3

12 1 2
0

1 43 10 .

g

g

V V

. T
D

p
M

p

−×
=

 ∑ + ∑
 

   (A.118) 

where 0p  is the atmospheric pressure, [ ]12
1 2

2

1 1
M

M M
=

+
 , V∑  is the sum of 

atomic diffusion volumes.  1 31 25V .∑ =  and 2 10 73V .∑ =  if species 1 is methanol and 

species 2 is water. 

Appendix A16: Permission license for copyrighted materials 

The permission license for the copyrighted materials are listed in Table A.5. 

Table A.5: Permission license 

Figures Publishers Permission License ID 

1.1 Elsevier 4831190498695 

1.2 & 1.4 Royal Society of Chemistry 1035504-1 

1.3 (a) Elsevier 4831200877699 

1.3 (b) Elsevier 4831201047192 

1.5 Cambridge University Press 9780521882767 



530 
 

2.2 Elsevier 4831230247813 
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2.4 & 2.8 (a) Taylor and Francis 
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2.8 (b) Elsevier 4865271363587 
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Mechanical Engineers 
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