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Abstract

Many outstanding image approaches in computer vision have been proposed and signifi-

cant advances have been achieved. Variational methods and deep learning techniques are

two excellent branches which have shown strong performance in many applications with

great achievements. In addition, stochastic programming also shows great potential to im-

prove existing computer vision techniques because of its solid mathematical foundations in

probability and stochastic processes. In the area of variational methods, continuous multi-

variate models originally established for physical phenomena are commonly used for image

processing tasks in recent decades, which have also resulted in solid mathematical theories.

Stochastic programming provides useful tools to design and control stochastic systems using

mathematical programming techniques, with the purpose to make optimal decisions under

uncertainty. Large sets of applications have proved its value in applied science. In the field

of deep learning, the trained neural network enables machines to make decisions compara-

ble, or with higher accuracy than human in image classification and recognition. A huge

amount of research was conducted on natural and medical images resulting in significant

progress and promising outcomes. In recent years, convolution neural network (CNN) based

deep learning approaches have attracted broad attention and gradually become dominant

for solving a large amount of problems in various image tasks.

The aim of this thesis is to investigate some effective approaches to tackle different

problems in computer vision. In particular, we first study the effectiveness of variational

and PDE based methods for illusory contour reconstruction and image segmentation, and

then design the corresponding optimization algorithms for efficiency improvement. Next,

we formulate variational image segmentation problems in the optimization framework of

stochastic programming, tackling diverse segmentation problems with random noises. In

the third part, we focus on exploring the fusion approaches integrating varaitional models

and deep neural networks for challenging image tasks using unsupervised and supervised

learning respectively. It is expected that the integration of these two approaches is able to

result in significant performance gains.

The first focus of this thesis is the investigation of variational and PDE based meth-
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ods, we discuss capabilities of several constraints in important features preserving, image

information utilizing and significant gains of introducing some famous mathematical the-

ory. The following problems are addressed: (i) color image restoration and inpainting via

multi-channel total curvature; (ii) Euler’s elastica based illusory contour reconstruction and

image segmentation; (iii) nonlinear diffusion based image segmentation. Extensive experi-

ments are conducted on different images to validate the proposed approaches as well as the

merits of the designed algorithms in terms of computational efficiency.

The second focus of this thesis is to convert the monotone stochastic variational inequal-

ity problems in mathematics to diverse problems of unsupervised image segmentation with

random noises by transforming the original minimization problems into the optimization

framework of a two-stage stochastic programming. As far as I know, it is the first attempt

to apply stochastic programming in image tasks. Then a general numerical algorithm based

on progressive hedging algorithm (PHA) is proposed. Technically, all the sub-problems de-

rived from the framework of PHA can be solved by using the curvature-weighted approach

and the convex relaxation method. Then, an alternating optimization strategy is applied

by using some powerful accelerating techniques. Extensive experiments have been con-

ducted on both synthetic and real images, which displayed significant gains of the proposed

segmentation models and demonstrated the advantages of the developed algorithms.

The third focus of this thesis lies in the investigation of deep variational architectures,

integrating the good properties of both variational and deep learning techniques in order

to produce results with higher performance. Two main approaches are proposed by in-

troducing three different integration frameworks built on variational energy functional and

CNN-oriented deep networks. One is an unsupervised model with applications in image

restoration, inpainting, decomposition and texture segmentation. Another is designed to

segment the prostate gland from a MRI dataset including different prostate images with

limited resolution and quality. Technically, a 3D CNN model V-net is designed specifically

for volumetric medical images is set for the first phase. Then the detected prostate-like

map is then passed to the next phase for optimization via variational approach.

In summary, we propose three main approaches for several image processing problems

motivated by variational methods, stochastic programming and deep learning techniques

in this thesis. Some future work will lie in investigating robust approaches for challenging

image understanding tasks.
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Chapter 1

Introduction

Occlusion, texture analysis, intensity homogeneity and illusory contours of target objects

are some of the challenging problems in reconstructing and recognizing integrated shapes

correctly in image understanding, some examples are shown in Fig.1-1. Although much

research effort has been invested on these problems, current approaches based purely on

low-level information such as intensity, colour and textures show limited ability on tackling

them, especially when images come in extremely low quality, e.g., with large amount of

noise or damage and limited resolution.

A desirable property for image processing algorithms is to restore images without losing

important features such as edge sharpness, smoothness, corner and contrast etc. Such pre-

processing is a crucial step in image analysis. In the last two decades, there have been many

variational models [8,39,126,148] proposed to achieve such a goal. The classical first order

Total Variation (TV) model or Rudin-Osher-Fatemi (ROF) model [140] for image denoising

can be considered as the foundation of such models due to their edge preserving capability.

For example, image inpainting [15] and decomposition models [172] were proposed based

on the Total Variation model. However there are some weakness in the TV model, such as

the staircase effects and the smearing of corners. In order to ameliorate the staircase effect,

various higher order variation models have been proposed [33,104,167]. The curvature-based

restoration models [158, 209] are able to preserve edges and corners while eliminating the

staircase effect. Among all the curvature-based models, Eulers elastica model [160,166,212]

not only has the capabilities mentioned above, but is also able to restore the missing part

of edges or shapes in images, which is of great significance for image understanding with
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(a) Fingers are occluded

(b) Original image (c) Structure

(d) Tissues and background share similar feature

(e) Gaps of incomplete letters can be interpolated

Figure 1-1: Examples for various types of challenging problems in reconstructing and rec-
ognizing integrated shapes in computer vision.

problems such as occlusion, large damages or noises, etc.

Partial differential equations (PDE) based variational image processing originated in

the 1980s and was well developed in the next few years. It works very well in preserving

important image features, dealing with situations such as large intensity inhomogeneity,

object occlusion etc, and is memory efficient in computation. Discrete image data as well as

the associated operators are formulated in the perspective of continuation, whose solution is

iteratively obtained by minimization of certain energy functional. A wide range of reliable

numerical schemes for variational models are available, and they can be easily implemented

and accelerated.

Variational methods were developed from mathematical analysis, which focused on in-

vestigating the extreme value of energy functional with respect to some unknown function.
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A functional refers to a mapping relationship between a function set and a real number

set and can be viewed as the function of functions. A variational problem is to search the

extreme value of some specific functional. The solution of the functional extreme value

problem is usually determined by minimizing a certain energy functional. When a basic

variational model has been successfully established, some modifications or extensions can be

made on this model to obtain results with improved performance and achieve wider applica-

tions. In general, the implementation of such modifications and extensions is straightforward

and simple. However, there still exists limitations, e.g. the results are quite sensitive to

numerous predefined parameters and heavily depend on initial settings and the number of

iterations.

Unfortunately, uncertain information contained in images could be a tough problem for

variation methods, which should be taken into full consideration. For example, existing

variational segmentation models would fail to produce desired results on noisy images es-

pecially when the type of noise is unknown or there are more than one type of noise in

the image. This is due to the fact that they all rely on a one-to-one mapping relationship

between the parameters to be evaluated and the images with specific probability density

distribution, without the capability to properly detect and deal with the random noises in

the images. The aim of stochastic programming [16, 130, 150, 175] is to determine optimal

responses to information involving uncertainty. With the rapid development of stochastic

programming theory, a variety of models are formulated to solve the optimization problems

with random data. Stochastic programming are useful in many practical situations. It

would be a good way to tackle the tough problem caused by uncertainty by introducing

stochastic programming theory into variational framework. Besides, general-purpose opti-

mization approaches may not be able to apply directly. Designing applicable approaches to

solve the associated problems is another important research direction.

In recent years, machine learning technology has been on its rise and drawn a lot of

attention in computer science. Current studies on machine learning can deal with datasets

of prior shapes with random geometries, and can cope with image noise and clutter, as well

as partial occlusions. According to [92], conventional machine-learning techniques lack the

ability of processing natural data in their raw form. Representation learning is one of the

useful tools tackling this kind of limitation, which enables a machine to be fed with raw

data and to automatically obtain the representations needed for different tasks. In the field

3



of deep learning, shared lower representation layers are defined and composed, then very

complex features can be learned with excellent results, especially in image classification [2]

and recognition [87]. A huge amount of research was conducted on natural images resulting

in significant progress and promising outcomes. Among them, convolutional neural network

(CNN) [52,88,152] is one of the most well-known approaches with significant achievements

for a wide range of applications in computer vision and machine learning. CNN architecture

especially works well on 2D image-based training datasets. Most of the state-of-the-art

outcomes in computer vision usually rely on large amounts of available data. However,

it is difficult for deep learning techniques to make good enough decisions when dealing

with unseen data [14]. In addition, models based on deep learning are restricted to pixel-

level processing. While variational methods perform very well in tackling these limitations.

Deep learning techniques based on the convolutional neural network (CNN) and variational

methods based on partial differential equations (PDE) are two excellent branches which

have shown strong performance in many applications. It is expected that the integration of

these two approaches is able to result in innovative ideas with performance gains.

In this thesis, we focus on investigating effective approaches motivated by classic varia-

tional methods, stochastic programming and deep learning techniques for different problems

in computer vision. The effectiveness not only refers to higher accuracy and precision but

also higher computational efficiency. One key observation in research is that the fusion ap-

proaches can bring in new thinking, new tools and developments. Variational methods and

stochastic programming can be incorporated since they are both related to optimal decision

making. Introduction of stochastic programming endows vatiational methods the additional

ability to deal with uncertain data. The possibility of the fusion between variational meth-

ods and deep learning due to their similar process for obtaining optimal solution, which is

to minimize the objective function (i.e., the energy functional in variational methods). The

minimization of the energy functional can be done in a data-driven way using deep neural

networks.

1.1 Research Objectives

The main purpose of this thesis is to develop different robust approaches to tackle the pixel-

level image problems, including image processing, illusory contour capture, decomposition
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and segmentation. After conducting an in-depth literature review in this direction, we

identify several focuses of our research.

• The first focus of this research is variational and PDE based methods for

various image tasks. In computer vision, there are some major challenges need to

be tackled: Large noises or damages could easily influence the final results since they

may hide important features; Occlusion and intensity homogeneity could result in

serious difficulties. Illusory contours is a common problem caused which is difficult to

be dealt with in standard segmentation approaches; Computational efficiency need to

be improved. Therefore, the research objectives of this part are identified as follows.

(i) Image restoration such as denoising for removing noise, inpainting for restoring

large damages: the proposed models will also be extended into colour images.

(ii) Illusory contour capture and illusory shape reconstruction: new models to be

proposed, which not only aims to reconstruct the missing contours or shapes of

the objects but also produce results with higher accuracy and more significant

details.

(iii) Exploration of reliable mathematical techniques.

• The second focus is to solve the above mentioned problems containing un-

certainty by embedding stochastic property into variational energy func-

tional. Current variational segmentation models with capability of tackling noises are

designed for specific noises. When the type of noise is unknown or there are more than

one type of noise in the image, it would turn into a difficult problem. The research

objectives of this part are given as follows.

(i) Solve problems of two-phase segmentation and segmentation with depth on im-

ages with unknown noises or arbitrary damages. Develop techniques with better

properties in dealing with image feature information for further performance

improvement.

(ii) Explore methods for solving such an optimization problem and the associated

problems caused by the constraints derived from (i).

• The third focus is to explore the advantages of deep variational learning

approaches. This part bridges the gap between two popular yet disconnected areas
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in computer vision, the classic variational methods and deep learning. The approaches

proposed here are to answer the questions:

(i) How to incorporate the variational methods and deep learning to inherit the

merits of both techniques?

(ii) As a well-known approach in image processing research, can some useful features

from variational methods still be beneficial for deep learning?

(iii) For unsupervised learning, is it possible for deep learning architecture to provide

prior information into the variational framework and greatly improve the perfor-

mance? Can deep networks serve as the prior descriptors containing adequate

image statistics?

(iv) For supervised learning, can deep networks learn an initialization probability

map for the variational methods? Can the learned probability reference give a

helpful guidance for variational methods?

1.2 Thesis Structure and Contribution

In this thesis, the content of each chapter is briefly described as follows:

• Chapter 2 introduces the background in three key aspects including the preliminary

knowledge related to this thesis. In this chapter, we begin with the introduction

of variational techniques including partial differential equations (PDE), the major

effects of Eulers elastica constraint, the evolution of level set methods and the original

Mumford-Shah model for image segmentation. Then some basic ideas of stochastic

programming in the field of mathematical optimization are introduced briefly. Lastly

the basics of deep learning are introduced, firstly the multi layer neural network

(i.e. deep feedforward network), subsequently a short survey in terms of some recent

advances in CNNs such as its basic architecture and applications. Developments of

CNNs based on supervised learning and unsupervised learning are also provided.

• Chapter 3 focuses on the three different types of variational energy functionals pro-

posed for various image tasks and the fast numerical schemes optimizing each varia-

tional energy functional with high efficiency. The contribution in this chapter: (i)

Image processing: a multi-channel total curvature model based on L1 norm (MTC-L1)
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for vector-valued image restoration and inpainting is proposed. The alternating direc-

tion method of multipliers (ADMM) is introduced in this context; (ii) Illusory contour

reconstruction: an equivalently reduced variational level set formulation is proposed

by taking the level set functions as signed distance functions. An ADMM developed

version is designed for this model; (iii) Image segmentation: a variational model is

proposed for image segmentation based on active contours, nonlinear diffusion and

level sets. Two fast numerical schemes are presented: ADMM comes first, followed

by the normal vector projection method (NVPM). Experiments results validate the

effectiveness of the proposed models and demonstrate their advantages by comparing

with traditional methods.

• Chapter 4 describes the incorporation of the classic variational methods and stochas-

tic programming. The contribution in this chapter is that a novel variational for-

mulation established by stochastic programming is proposed, which is able to properly

deal with the random noises and improve the segmentation performance for noisy im-

ages. The Eulers elastica constraint is also embedded into the formulation to further

enhance the segmentation performance. The proposed formulation of stochastic op-

timization is solved via the progressive hedging algorithm (PHA). Technically, all

the sub-problems derived from the framework of PHA can be solved by using the

curvature-weighted approach and the convex relaxation method. Another ADMM

developed version is then applied by using some powerful accelerating techniques.

Extensive experiments conducted on both synthetic and real-world images, and com-

pared with existing classic models, demonstrate significant advantages of the proposed

variational models.

• Chapter 5 proposes the incorporation of the classic variational methods with deep

learning techniques. The contribution in this chapter is that an unsupervised

learning based multi-task deep variational model is proposed. It incorporates the

CNN based deep image prior (DIP) architecture into the classic variational image

processing models, which is presented in a unified form. The minimization problem

solving strategy is transformed from iteratively minimizing the sub-problem for each

variable to automatically minimizing the loss function by learning the generator net-

work parameters. The proposed deep variational (DV) model contributes to the high-
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order version and applications such as image restoration, inpainting, decomposition

and texture segmentation, especially the simultaneous implementation of these tasks.

The experimental results have demonstrated significant advantages of the proposed

deep variational model.

• Chapter 6 proposes a fusion approach between variational methods and deep learning

techniques for medical image segmentation. Different from the DV model described

in Chapter 5, the focus of this chapter is to establish a prostate MRI segmentation

framework built on the well-known CNN architecture V-net, then a designed vari-

ational system is embedded into the architecture. Currently, the best results are

obtained by CNN. However there still exist some problems when we apply CNN for

the prostate segmentation, such as data distribution issue caused by insubstantial and

inconsistent intensity levels and vague boundaries of the prostate in MRI. The con-

tribution in this chapter: for segmenting the prostate gland from a MRI dataset

including different prostate images with limited resolution and quality, we propose a

prostate MRI segmentation framework based on the well-known CNN architecture V-

net and the variational method in this Chaper. A global histogram matching approach

is proposed to make intensity distribution of the MRI dataset closer to uniformity.

In order to capture the real boundaries and improve the accuracy of segmentation, a

module of variational models is employed to help improve the performance. Exten-

sive experiments are conducted on a data set including different prostate images with

limited resolution and quality, and the results validate the proposed approach, with

better performance than the existing methods based on the original CNN or pure

variational models.

• Chapter 7 summarizes this thesis and discusses some potential directions for the

future work.
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Chapter 2

Background

This chapter starts with a basic description of the most common variational techniques,

including partial differential equations (PDEs), level sets, Mumford-Shah model, Euler’s

elastica constraint and some popular image processing methods. Then a brief review of

stochastic programming is presented, as well as the most widely studied and applied stochas-

tic programming models, the two-stage programs. Lastly we introduce the deep learning

models which are popularly used for computer vision problems, the deep feedforward net-

work and convolutional neural network (CNN).

2.1 Variational Techniques

2.1.1 Partial Differential Equations

There is a long history for digital image processing with plenty of useful approaches pro-

posed. It is hence difficult to say which approach is the most original. 1-D signal processing

techniques might lay the foundation, utilizing filter theory, spectral analysis, or basic con-

cepts of probability and statistics. In modern image processing, PDEs [8,39,126,148] have

become one of the most popular techniques with successful applications. As a famous tool

which was intensively developed in image analysis since the 1990s, PDEs provide reliable

calculus to solve variational problems. In addition, PDEs are also seen as a powerful tool to

describe phenomena such as diffusion, transport, reaction, and so on. It can be usually ob-

served that a PDE is established closely related to a specific physical problem. Researchers

also found out that the physical background of PDEs performs well in image processing.
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The basic concept of PDE based methods for image processing is that the image changes

according to a certain PDE for the model defined in a continuous setting. Once the existence

and the uniqueness of the solution for the PDE have been proven, the desired result can

be obtained. Thus the primary task is to establish a reasonable PDE, that is to build a

model. The common ways of such modelling are: (1) formulate the energy functional, then

obtain its Euler-Lagrange equation (i.e. PDE) by variational methods; (2) draw an analogy

between the expected changes on the image and some physical processes, for example, image

smoothing and impurity diffusion, then build the corresponding PDE. After the model has

been built, the most important step turns into how to solve the obtained PDE. However,

the intrinsic discontinuity contained in the image associated functions, the nonlinearity of

PDEs, and the huge amounts of image data may cause difficulties in numerical solution.

Finite-Difference Schemes

The ideal way for solving a PDE problem is that the analytical solution can be determined,

since we can know precisely about all the details of the solution. Unfortunately such an ideal

case is rare. Most of the time differential equations are very difficult to solve analytically

or models are needed for computer simulations. It is necessary to obtain the approximation

solution using some numerical schemes such as the finite difference, finite element method

and spectral method. In image processing applications, the most common way to solve

PDE is the finite difference, since images are in discrete digital format captured through

uniform sampling. They naturally compose the uniform grid needed for the finite difference

scheme. One essential point here is to implement discretization by transforming a contin-

uous equation into an algebraic equation. Accordingly, the computational domain will be

discretized into a grid which consists of multiple elements.

The central idea of the finite difference scheme is to approximate the partial derivative

of a function with respect to some variable by the ratio of the difference in function values

at two neighbour points to the distance between these two points. For instance, there are

three difference expressions for the first-order partial derivative of function u at one point

(i, j) in space:

Forward difference:

 ∂+
x ui,j =

(
∂u
∂x

)+ ≈ ui+1,j−ui,j

4x

∂+
y ui,j =

(
∂u
∂y

)+ ≈ ui,j+1−ui,j

4y

,
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Backward difference:

 ∂−
x ui,j =

(
∂u
∂x

)− ≈ ui,j−ui−1,j

4x

∂−
y ui,j =

(
∂u
∂y

)− ≈ ui,j−ui,j−1

4y

,

Central difference:

 ∂0
xui,j =

(
∂u
∂x

)0 ≈ ui+1,j−ui−1,j

24x

∂0
yui,j =

(
∂u
∂y

)0 ≈ ui,j+1−ui,j−1

24y

,

where 4x = 4y = h is the uniform interval, and x, y denote coordinate directions. A

spatial instruction is shown in Fig. 2-1 to illustrate the pixel location in the spatial digital

image domain.

Figure 2-1: Spatial instruction for pixel location.

2.1.2 Level Sets

When conducting image segmentation using PDE, the problem is first modeled as an en-

ergy functional according to the processing requirements. Traditional way of minimizing

the energy functional is to solve Euler-Lagrange equation using the gradient descent method

(GDM). In early days geometric active contour model [25, 26] was computed in the vari-

ational framework, a PDE with reference to curve evolution was generated by the Euler-

Lagrange equation. Next this PDE was transformed into the PDE for level set function

evolution. Afterwards, the energy functional can be directly defined using level sets, then

the segmentation task is implemented through minimizing the energy functional. This is

11



known as the variational level set method. The level set method proposed by Osher and

Sethian [123] was originally applied in the field of fluid mechanics. As an effective represen-

tation for evolving curves and surfaces because of automatic change of topology, level set

method was widely used in scientific researches and engineering practice. In 1993, Caselles

et al. [25] took the lead in applying level set method for image segmentation. Since then

many more researches began to focus on level sets based segmentation techniques.

Variational level set method uses 3-D implicit equation to represent the closed curve

in image domain. Today this curve evolution based representation has become a classic

method in the area of variational methods. The numerical computation of level sets can

be accomplished without the parametrization process, which shows obvious advantages in

calculation and implementation. The main idea of the level set formulation is to implicitly

represent a given interface Γ(t) (t represents time) as the zero level set of a Lipschitz contin-

uous function ϕ (R2 → R). The function ϕ has the following property and its corresponding

graph explanation is shown in Fig. 2-2:


ϕ(x, y, t) > 0, if (x, y) is inside Γ(t)

ϕ(x, y, t) = 0, if (x, y) is at Γ(t)

ϕ(x, y, t) < 0, if (x, y) is outside Γ(t)

. (2.1)

Figure 2-2: Graph explanation for level sets.

In general, ϕ is defined as a signed distance function in order to keep stability in nu-

merical implementation.


ϕ(x, y, t) = d(Γ(t), x, y), if (x, y) is inside Γ(t)

ϕ(x, y, t) = 0, if (x, y) is at Γ(t)

ϕ(x, y, t) = −d(Γ(t), x, y), if (x, y) is outside Γ(t)

, (2.2)
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where d(Γ(t), x, y) denotes the shortest Euclidean distance from point (x, y) to Γ(t), and

from which its Eikona equation is derived as

|∇ϕ(x, y, t)| = 1. (2.3)

For an image defined in domain Ω with boundary Γ(t), according to the co-area and area

formulas in [5, 102], we will have

length(Γ) =
∫
Ω
|∇H(ϕ)|dx =

∫
Ω
δ(ϕ)|∇ϕ|dx, (2.4)

area(Ω) =
∫
Ω
H(ϕ)dx, (2.5)

where H(ϕ) and δ(ϕ) are Heaviside function and Dirac delta function respectively, with the

definitions given below

H(ϕ) =

 1, if ϕ ≥ 0

0, otherwise
(2.6)

δ(ϕ) =
∂H(ϕ)

∂ϕ
, (2.7)

In fact, these kinds of original definitions for H(ϕ) and δ(ϕ) are difficult to calculate as

there are non-differential functions. In practice, these two functions are often approximated

via introducing a small positive parameter ε in the calculation of H(ϕ) and δ(ϕ) [5,102] by

denoting as Hε(ϕ) and δε(ϕ). In this way, we can obtain some feasible computing forms of

Heaviside function and Dirac delta function. H1ε(ϕ) and δ1ε(ϕ) were presented in [205] and

H2ε(ϕ) and δ2ε(ϕ) were provided in [40,123,171] as below:

H1ε(ϕ) =


1, if ϕ > ε

0, if ϕ < −ε

1
2

(
1 + ϕ

ε + 1
π sin

(πϕ
ε

))
, if |ϕ| ≤ ε

, (2.8)
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δ1ε(ϕ) =

 0, if |ϕ| > ε

1
2ε

(
1 + cos

(πϕ
ε

))
, if |ϕ| ≤ ε

. (2.9)

H2ε(ϕ) =
1

2

(
1 +

2

π
arctan

(ϕ
ε

))
, (2.10)

δ2ε(ϕ) =
1

π

ε

ε2 + ϕ2
. (2.11)

Fig. 2-3 draws the graphs of H1ε(ϕ), δ1ε(ϕ), H2ε(ϕ) and δ2ε(ϕ) respectively. In this thesis,

we adopt the regularization forms given in H2ε(ϕ) and δ2ε(ϕ).

Figure 2-3: Regularization of the Heaviside function and Dirac function.

2.1.3 Mumford-Shah Model

In image segmentation, major advances were made in two-phase image segmentation [37,

40, 41] in the early days. Mumford-Shah model proposed by Mumford D and Shah J [116]

is regarded as the most significant region-based model. In recent years, the model has

been extended for many other applications. In 2001, Chan and Vese proposed the Chan-

Vese model [40] for active contours to detect objects in a given image. It is a numerical

realization of the Mumford-Shah model based on variational level sets. Nevertheless, as the

complexity of the images increases, two-phase image segmentation was not able to meet the

actual needs. Therefore, Mumford-Shah models in different types of multiphase level set

frameworks for image segmentation were proposed to satisfy the demands. On the basis

of statistical mechanics, Zhao et al. [205] investigated multiphase motion segmentation by

using the level set method and proposed a model which can represent n different regions

by n level set functions. In order to reduce the number of level set functions, Chan et
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al. continued their work and proposed multiphase segmentation model [171] which is a

generalization of the Chan-Vese model.

The Mumford-Shah model is not built on the gradient method for edge detection which

is sensitive to disconnected edges. The basic idea is to find a pair (u(x, y), C) for a given

image f , where u(x, y) is a piecewise smooth approximation of the initial image f , and C

refers to the edges between subregions of the image. The Mumford-Shah functional can be

expressed as follows

E(u, C) =
∫
Ω
(u− f)2dx+ µ

∫
Ω\C

|∇u|2dx+ ν · length(C), (2.12)

where Ω ∈ R2 is the image domain, µ and ν are nonnegative constants. The main aim is to

detect the real edges C0, which is achieved by minimizing the functional E(u, C) in (2.12)

over u and C. In the process of energy functional minimization, the proximity between u

and f can be guaranteed by the first term of (2.12). The second term keeps the smoothness

of u in subregions except edges C (i.e. Ω \ C), which could make the segmentation curves

unaffected by the influences of image noises or textures. The third length term provides a

constraint on the evolution curves to match the real object boundaries as close as possible.

However, there are several difficulties in solving Mumford-Shah functional E(u, C) pre-

sented in (2.12). It can be observed from the first two terms that u should be obtained

on the image domain Ω ∈ R2, while the third term denotes the segmentation curves C as

one-dimensional. In addition, the functional E(u, C) is not convex, and may have multiple

local minima. It is hence inevitable that difficulties arise in practical applications. The

alternative solutions tackling this problem are to adopt approximate representations. One

of the most famous approximate representations is proposed by Chan and Vese [40] based

on variational level sets. They transformed the Mumford-Shah functional into the following

expression using piecewise constant level set method:

E(ϕ, c) = α1

∫
Ω
(c1 − f)2H(ϕ)dx+ α2

∫
Ω
(c2 − f)2(1−H(ϕ))dx (2.13)

+ γ

∫
Ω
|∇H(ϕ)|dx,

where c = c1, c2 are the image average values of the subregions inside and outside the

evolution curve C.
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2.1.4 Euler’s Elastica Constraint

Similar to the previous definitions, Ω is generally supposed to be the image domain and f

is the initial image. As described in [160], when performing different image tasks, different

definitions for the subset Γ of Ω and f should be introduced. For image denoising [50,211],

f represents the noisy image and Γ = Ω. For image inpainting [159], we have a damaged

area that need to be inpainted: D ⊂ Ω denotes the missing or broken part of the image.

Here f is the damaged image and Γ = Ω \ D is the non-damaged area. Inpainting needs

to generate the missing content relying on the available data from Γ, which is achieved by

minimizing the corresponding Euler’s elastica energy functional. For image zooming [160],

if the size of the given image f is M1 × M2, then Ω should be defined on the region size

[r(M1 − 1) + 1] × [r(M2 − 1) + 1] (r is a constant scaling factor) and Γ should be defined

as Γ = {(i, j) ∈ Ω|i ≡ 1 mod r, j ≡ 1 mod r}. In this case, the intensity values of image

on Ω \ Γ are interpolated via Euler’s elastica energy. The general Euler’s elastica energy

functional for the image tasks mentioned above is given as follows

E(ϕ, c) =

∫
Ω
(α+ β(∇ · ∇u

|∇u|
)2)|∇u|dx+

η

s

∫
Γ
|u− f |sdx, (2.14)

where parameters η > 0 and s ≥ 1. Fig. 2-4 presents an example of image denoising based on

Euler’s elastica constraint. Fig. 2-4(a) shows a noisy image with Gaussian white noise (mean

0 and the standard deviation 10). The restored images using the classic TV model [140] and

Euler’s elastica constraint are presented in (b) and (c) respectively. The result by Euler’s

elastica was initially presented in [160]. Some advantages of Euler’s elastica constraint are

shown by the comparison between the results shown in (b) and (c): the degraded regions

can be recovered better and more image details such as edges can be preserved in (c). More

discussions in terms of these properties can be found in [209].

Furthermore, Euler’s elastica constraint can also help to produce good results for image

segmentation. Euler’s elastica-based segmentation techniques play an important role due

to their crucial roles in boundary reconstruction and image restoration.

(1) Two-phase Euler’s elastica based segmentation: Zhu, Tai, and Chan [212] pro-

posed the Chan-Vese-Euler (CVE) model designed for the foreground shape recovery prob-

lem by combining the CV model [40] and Euler’s elastica regularizer [159], actually embed-

ding the properties of inpainting or interpolation contained in Euler’s elastica constraint
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(a) Noisy image (b) TV model [140] (c) Euler’s elastica [160]

Figure 2-4: Euler’s elastica used for image denoising.

into curve evolution. This model could recover the illusory contours and form a complete

meaningful object, even without requiring initialization of fixed points. According to their

work, the energy functional is defined as

E(φ, c) = α1

∫
Ω
(f − c1)

2Hε(ϕ)dx+ α2

∫
Ω
(f − c2)

2(1−Hε(ϕ))dx (2.15)

+

∫
Ω

(
α+ β

(
∇ ·
(

∇ϕ

|∇ϕ|

))2)
|∇Hε(ϕ)|dx,

s.t. |∇ϕ| = 1,

where α1, α2, α, β are positive penalty parameters, ϕ is a level set representation as

described in (2.2). The last term of this functional is the classic Euler’s elastica term.

We illustrate the effects of Euler’s elastica constraint for image segmentation in Fig. 2-

5. Fig. 2-5(a) gives the original image with disconnected part, the final results obtained

by minimizing the classic segmentation functional [40] and Euler’s elastica segmentation

functional are presented in (b) and (c) respectively. (d)-(g) show the intermediate steps of

recovering the gaps to get an integrated "bar" via Euler’s elastica.

(2) Segmentation with depth information: In [121], Nitzberg, Mumford and Shiota

defined the problem of segmentation with depth information as a problem of recovering

occluded shapes and their ordering relations based on a 2D image. The variables defined

in this problem are in three folds: 1) the shapes of the regions R1, R2, · · · , Rn to which

different objects belong; 2) the ordering relations among objects; 3) the pixel intensities of
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(a) Original image (b) (2.13) from [40] (c) Euler’s elastica [159]

(d) Intermediate 1 (e) Intermediate 2 (f) Intermediate 3 (g) Intermediate 4

Figure 2-5: Euler’s elastica used for image segmentation.

objects. Without loss of generality, one can assume that the objects R1, R2, . . . , Rn in an

image are in ascending order, i. e., R1 is the nearest object to the observer while Rn is the

farthest one (i.e. background). Let R′
i be defined as the visible part of Ri, i.e., R′

1 = R1,

R′
i = Ri −

⋃
j<iRj , (i = 2, . . . , n). In addition, R′

n+1 = Ω −
⋃

j<n+1Rj is defined as the

visible background. Based on the above assumptions and definitions, the level set based

energy functional is formulated as in [210]

E(ϕ, c) =

n∑
i=1

∫
Ω
(α+ β|κi|)|∇ϕi|δ(ϕi)dx+

∫
Ω
(f − cn+1)

2
n∏

j=1

(1−H(ϕj))dx

+
n∑

i=1

∫
Ω
(f − ci)

2H(ϕi)
i−1∏
j=1

(1−H(ϕj))dx

 , (2.16)

where α, β are two positive penalty parameters, ci ∈ Ri is the pixel intensity of the i-th

object, and f is the image to be processed. κi denotes the curvature of boundary for region

Ri. Here |κ| is chosen to substitute the square in Euler’s elastica term so that the object cor-

ners can be preserved when |κ| becomes large. In contrast, the model containing curvature

related terms in quadratic form would inevitably smear those corners. The difference on the

selection of curvature function between κ2 and |κ| for elastica term reflecting in segmenta-
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tion performance were also discussed in [166, 210]. The level set function ϕ is represented

by a continuous signed distance function. H(x) and δ(x) are Heaviside function and Dirac

delta function described in detail in [40, 171]. Fig. 2-6 shows the effects of Euler’s elastica

based segmentation with depth, which can successfully segment objects with occlusions (a

hand is occluded by a pen). The original image is given in Fig. 2-6(a), results obtained

by traditional multiphase segmentation and Euler’s elastica based segmentation with depth

approach are shown in (b) and (c). The images used here were directly taken from [166].

(a) Original image (b) multiphase segmentation [171]

(c) Euler’s elastica based segmentation with depth [166]

Figure 2-6: Euler’s elastica used for segmentation with depth.

2.1.5 Variational Image Processing

Image Recovery

The classical first order Total Variation (TV) model [9] for image de-noising can be stated

as the minimization of the following functional

E(u) =

∫
Ω
|∇u|dx+ λ

∫
Ω
(u− f)2dx. (2.17)

where f(x) is an observed image defined on the domain , u is the restored image from f(x),

"∇" is the gradient operator. The first term in (2.17) is the regularization term in total

variation form, the second one is the data-fitting term in `2 form, which is why (2.17) is

called the TV-`2 model.
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The idea of replacing the `2 norm with `1 norm in the one-dimensional space was first

proposed in [3]. The authors [119] extended model (2.17) for image restoration using the

following energy functional

E(u) =

∫
Ω
|∇u|dx+ λ

∫
Ω
|u− f |dx. (2.18)

This is the functional of the TV-`1 model. In comparison with the classic TV model, The

TV-`1 model has the merit of being contrast and geometry preserving meanwhile inheriting

the feature of edge preserving.

The counterpart of (2.17), i.e. the MTV-`2 model for color images using coupled regu-

larization terms was proposed in [17,189] as follows:

E(~u) =

∫
Ω

√√√√ m∑
i=1

|∇ui|2dx+ λ

m∑
i=1

∫
Ω
(ui − fi)

2dx, (2.19)

where ~f = [f1, f2, ..., fm]T is a color image defined on domain Ω, and ~u = [u1, u2, ..., um]T

is its restored counterpart with m = 3. In this case, the MTV-`1 version is stated as

E(~u) =

∫
Ω

√√√√ m∑
i=1

|∇ui|2dx+ λ

m∑
i=1

∫
Ω
|ui − fi|dx. (2.20)

The problem of staircase effect still exists for this model. As described in [62, 209], the

`1-norm of curvature, i.e. total curvature (TC), can be used to design a regularization term

for the variation image restoration model in gray image de-noising. The following functional

was used in [211]:

E(u) =

∫
Ω

∣∣∣∣∇ ·
(

∇u√
1 + |∇u|2

)∣∣∣∣dx+ λ

∫
Ω
|u− f |dx, (2.21)

where ∇ ·
( ∇u√

1+|∇u|2
)

is the mean curvature of the geometric surface z = u(x), and "∇·" is

the divergence operator. In this chapter, we use another curvature-based form as described

below:

E(u) =

∫
Ω
|κ|dx+ λ

∫
Ω
|u− f |dx. (2.22)
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where the curvature term κ is represented as κ = ∇·
( ∇u
|∇u|

)
. According to the total variation

term, |∇u| can keep piece-wise constant image intensity u, as a result of image smoothing

and edges preserving. Similarly, the first term
∣∣∇ ·

( ∇u
|∇u|

)∣∣ of (2.22) can preserve the piece-

wise constant normal ∇u
|∇u| of images. Thus, the points corresponding to some discontinuous

normals, i.e. the corners in images, can be preserved. To the best of our knowledge, the

above variational problem cannot be easily solved mathematically since functional (2.22)

is non-convex and non-smooth. It has become a difficult issue to find a proper variant

equivalent to (2.22) for obtaining its solution.

Illusory Contour Reconstruction

In this subsection, we will review the original variational level set model for illusory contour

capture model before presenting our contributions in the next Sections. In [208], Zhu et al.

proposed an energy functional as follows. The reconstructed contour can be obtained by

minimizing the following energy functional with respect to ϕ.

E(ϕ) =

∫
Ω
(1 + µC(d)κ+(d))|d|δ(ϕ)|∇ϕ|dx+ λ

∫
Ω
H(d)H(ϕ)dx

+

∫
Ω
(a+ bκ(ϕ)2)δ(ϕ)|∇ϕ|dx. (2.23)

where Ω represents the image region, µ, λ, a and b are non-negative parameters. C(x) de-

notes a cut-off function used to limit the calculation to the region near the corners containing

concave and convex points and is given by

C(x) =

 1, |x| ≤ ε

0, |x| > ε
, (2.24)

where ε is a positive constant, and we find through experiments that generally the value

ε = 3 can produce good results. d and ϕ in Eq. 2.23 are both level set functions. The

zero level set of d represents boundaries of the objects in an image, which is an important

reference and control term; and the zero level set of ϕ represents illusory contours. The

signed distance function is usually used as the level set function. As described in [208], a

standard signed distance function can be obtained by solving the following Hamilton-Jacobi
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equation

∂d

∂t
= sign(u)(1− |∇d|), (2.25)

where u denotes the entire image region, which only takes two distinct values (1 for occu-

pied regions in the image and -1 for the background). Thus, the signed distance function

d obtained by (2.25) is positive in the regions occupied by objects and negative on the

background. In addition, d can be initialized by standard segmentation methods directly,

while the signed distance function ϕ can be initialized randomly without any constraint.

H(x) and δ(x) in (2.23) are Heaviside function and Dirac delta function respectively.

To avoid the non-differential functions, these two functions are often approximated via

introducing a small positive parameter as in [102]. In this way, some feasible forms of

Heaviside function and Dirac delta function can be obtained. More details can be found

in [40,171].

More importantly, the curvature κ is represented as κ(ϕ) = ∇·
( ∇ϕ
|∇ϕ|

)
. In [208] κ2 is used

rather than |κ| in (2.23) since |κ| may not complete the illusory contour in a smooth way.

Specifically, κ+(d) = max(κ(d), 0) is used to differentiate the concave points (κ(d) > 0)

and convex points (κ(d) < 0). Thus in the process of the contour evolution, the concave

points can be kept to reconstruct the illusory boundaries. This approach can be seen as the

contour completion based on the known concave points.

Image Segmentation

The classic variational formulation of the Chan-Vese model for image segmentation will

be introduced here. The Chan-Vese model [40] initially proposed for two-phase image

segmentation can be solved as a minimization problem of Munford-Shah functional [116]

which has been transformed into an equivalent variational level set formulations. Based on

the piece-wise constant approximation, it divides one image into two heterogeneous regions

by using the zero level set. Combined with the binary level set function, the Chan-Vese

model can be written as the following form:

E(u, φ) = α1

∫
Ω
(u1 − f)2φdx+ α2

∫
Ω
(u2 − f)2(1− φ)dx+ γ

∫
Ω
|∇φ|dx (2.26)
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where f(x) is a given image, and α1, α2 are positive parameters. γ is also a positive param-

eter which controls the trade-off between the fitting data term and the regularization [8].

u1, u2 ∈ u are piece-wise constants which represent the mean intensity values of the regions.

φ(x) is the binary level set representation supposed to take on either 0 or 1, which is defined

as:

φ(x) =

 1, if x ∈ Ω1

0, if x 6∈ Ω1,
(2.27)

where Ω1 is a closed region inside Ω. This method does not have to reinitialize the level

sets during the evolution procedure. Thus the convergence speed can be accelerated. The

Chan-Vese model (2.26) can be transformed into the following minimization problem math-

ematically:

min
u,φ∈{0,1}

{
E(u, φ) =

∫
Ω
r(u1, u2)φdx+ γ

∫
Ω
|∇φ|dx

}
, (2.28)

where r(u1, u2) = α1(u1−f)2−α2(u2−f)2. Note that the binary constraint for φ will cause

non-convexity in sub problems (2.28). Authors in [20] demonstrated that certain non-convex

minimization problems could be equivalent to the following convex minimization problems

by adopting the convex relaxation and the thresholding method. The minimization problem

(2.28) can be rewritten as:

min
u,φ∈[0,1]

{
E(u, φ) =

∫
Ω
r(u1, u2)φdx+ γ

∫
Ω
|∇φ|dx

}
. (2.29)

Recently the Chan-Vese model has become an important tool for image segmentation. In

this model, active contours can automatically detect interior objects in a given image whose

boundaries are not necessarily defined using techniques of curve evolution. Moreover, the

initial curve can be placed anywhere in the image. It can detect and preserve the locations

of boundaries well without smoothing the initial image, even if the image is noisy.

Nonlinear diffusion regularization

The main idea of the non-linear diffusion technology is that the diffusion coefficient depends

on the local image property in the diffusion procedure. Specifically, the diffusion coefficient
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can automatically increase in smooth regions so that the noise can be suppressed. Similarly,

the coefficient can automatically decrease in edge regions so that the edges can be preserved.

After Perona and Malik proposed the PM model [128], many extensions are presented. In

1997, its general variational model [9] was proposed by Aubert and Vese. Several customarily

used potential functions (PF) ϕ are given in Table 2.1.

Table 2.1: Potential functions for the regularization term.

No. ϕ(|∇φ|) source
(i) |∇φ|p, 0 < p ≤ 2 [119]
(ii)

√
1 + |∇φ|2 [174]

(iii)
√
1 + |∇φ|2 − 1 [1]

(iv) |∇φ|2
1+|∇φ|2 [60]

(v) log(1 + |∇φ|2) [71]
(vi) log(cosh(|∇φ|)) [43]

(vii) 1− λ2e−
|∇φ|2

2λ2 [120]
(viii) λ2 log(1 + |∇φ|2

λ2 ) [120]

(ix) 2λ2(
√
1 + |∇φ|2

λ2 − 1) [42]
(x) |∇φ| − α log(1 + |∇φ|

α ) [66]

Nonlinear diffusion can transform the image estimation into a temporal evolution whose

stable solution is the favourable result of image processing. It can produce new filtering

methods by simply recombining some other filtering methods. Due to its strong robustness,

it can be extended into many other aspects in image processing.

Segmentation Models Incorporating Noise Distributions

Noisy image segmentation problems are investigated [108,127,146] using specific parameter

estimation based on different noise distributions. All the related parameters are calculated

via the maximum a posteriori probability (MAP) estimation from the viewpoint of Bayesian

probability models. For example, estimation of variance information is used for images de-

graded with Gaussian noise; The square of image intensity value with capacity of enhancing

weak properties is incorporated in the Rayleigh model; Models with great segmentation

performance of dealing with Poisson and Gamma noises are built on the standard deviation
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and average. The general variational functional is written as follows

E(θ, φ) = α1

∫
Ω
Q1(x, θ1)φdx+ α2

∫
Ω
Q2(x, θ2)(1− φ)dx+ γ

∫
Ω
|∇φ|dx, (2.30)

where α1, α2, γ are positive penalty parameters, φ is a binary level set as defined in functional

(2.15). Specific representations of function Q derived from the maximum likelihood method

and the computation of their related parameters are given in Table 2.2. θ = (µ, σ) refers to

the corresponding parameters of function Q need to be estimated.

Table 2.2: Potential functions of different noise distributions.

Functions Gaussian noise Rayleigh noise
Qi(i=1,2)

1
2 log 2π + log σi +

(f−µi)
2

2σ2
i

2 log σi − log f + f2

2σ2
i

Parameters µi =
∫
Ω fφ2−i(1−φ)i−1dx∫
Ω φ2−i(1−φ)i−1dx σ2

i =
∫
Ω f2φ2−i(1−φ)i−1dx

2
∫
Ω φ2−i(1−φ)i−1dx

θi = (µi, σi) σ2
i =

∫
Ω(f−µi)

2φ2−i(1−φ)i−1dx∫
Ω φ2−i(1−φ)i−1dx

Functions Poisson noise Gamma noise
Qi(i=1,2) σi − f log σi

f
µi

+ logµi

Parameters
σi =

∫
Ω fφ2−i(1−φ)i−1dx∫
Ω φ2−i(1−φ)i−1dx

µi =
∫
Ω fφ2−i(1−φ)i−1dx∫
Ω φ2−i(1−φ)i−1dxθi = (µi, σi)

2.2 Stochastic Programming Theory

Mathematical programming is about decision making, or planning. Stochastic programming

is a type of mathematical programming specifically for decision making under uncertainty.

In other words, stochastic programming can be regarded as a type of mathematical pro-

gramming with random parameters. Stochastic programming models utilize the fact that

although uncertainty is contained in the optimization problem, probability distributions

governing the data should be known or can be estimated. In most cases, the real world

problems inevitably include unknown parameters while a decision should be made. The

prerequisite for applying stochastic programming is that the parameters are assumed to lie

in some given possible values even though they are uncertain. First formulated as mathe-

matical programs in the late 1950s, nowadays stochastic programming has become a useful

modelling paradigm. Here we also take some applications of stochastic programming as

examples in solving real-life decision problems in Fig. 2-7.

25



Figure 2-7: The list of application areas of stochastic programming.

2.2.1 Two-stage Stochastic Programming

Two-stage stochastic programming [130,134,150] is well known as the most widely studied

and applied stochastic programming model. All the random event decisions should be made

in its first stage. Then a final decision is made in the second stage that compensates for any

possible bad result from the first-stage decision. With the same definition as the stochastic

programming, a two-stage stochastic programming is also an optimization problem which is

determined by the two decisions from each stage individually. In the first stage, all variables

associated with every random vector need to be decided before the realization of uncertain

vector, whereas variables for the second stage are decided after observing the random vector.

Let ξ be the random vector and let Ξ be the set of all the possible realizations of ξ (assumed

to be finite). Then, the response mapping x(·) of a two-stage stochastic programming has

the following form:

x(·) : ξ 7→ x(ξ) = (x1(ξ), x2(ξ)) ∈ Rn1 × Rn2 = Rn,

where x1(ξ) is the first-stage decision variable and x2(ξ) is the second-stage decision variable.

Consider the Hilbert space L consisting of all the mappings x(·) ∈ Rn. Since in the two-

stage model the first decision is made before ξ is realized, the solution to the two-stage

stochastic programming problem should satisfy the so-called nonanticipativity constraint
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x(·) ∈ N , where

N := {x(·) = (x1(·), x2(·)) ∈ L | x1(ξ) does not depend on ξ}.

Clearly, N is a subspace of L. In addition, suppose every decision x(·) must satisfy a set of

constraints and the constraints generally depend on ξ. We write this fact in the form of

x(·) ∈ C ⊂ L, which means x(ξ) ∈ C(ξ) ∀ξ ∈ Ξ,

where each C(ξ) refers to a nonempty closed convex subset of Rn and the set C therefore

denotes a nonempty closed convex subset of L. Ξ is the set of all the possible realizations of

ξ (assumed to be finite). Let the total cost of the decison x(ξ) in two stages be f(x(ξ), ξ).

Then the two-stage stochastic programming problem can be formulated as

min
x(·)

F (x(·)) = Eξ[f(x(ξ), ξ)] :=
∑
ξ

p(ξ)f(x(ξ), ξ)

s.t. x(·) ∈ C ∩ N , (2.31)

where E stands for the expectation, p(ξ) > 0 represents the known probability of each

scenario ξ, and the sum of these probabilities is 1, that is: Σξp(ξ) = 1. In the formulation

shown in (2.31), in the first stage we have to make a decision x before the realization of the

uncertain data ξ. In the second stage, after ξ becomes available, we can obtain the optimum

by solving an appropriate optimization problem. Fig. 2-8 demonstrates the procedure of

two-stage stochastic programming.

2.2.2 The Progressive Hedging Algorithm for Two-stage Stochastic Pro-

gramming

The progressive hedging algorithm (PHA) was originally designed by Rockafellar and Wets

[136] for multistage stochastic minimization problems and it has recently been extended [134]

to monotone stochastic variational inequality (SVI) problems of the form

x(·) ∈ N and w(·) ∈ M such that −∇F (x(·))− w(·) ∈ NC(x(·)), (2.32)
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Figure 2-8: A diagram for two-stage stochastic programming.

where F is a convex continuously differentiable functional, NC(x(·)) is the normal cone

to C at x(·), N is a linear subspace of the Hilbert space L composed of all x(·), and M

is the complementary subspace of N . The notation of x(·) indicates that the solution of

Problem (2.32) is a function and L is therefore a functional space. This understanding

of (2.32) is particularly suitable for multistage stochastic optimization, where the best

response function x(ξ) is sought for each realization of a random vector ξ. In such cases

Problem (2.32) represents the necessary condition for optimality and it is also sufficient if

the stochastic programming problem is convex.

If f(·, ξ) in (2.31) is a continuously differentiable convex function, the following Karush-

Kuhn-Tucker (KKT) conditions will be both necessary and sufficient for the optimality of

x(·):

−∇F (x(·)) ∈ NC∩N (x(·)). (2.33)

When certain constraint qualifications such as ri C ∩ N 6= ∅ (or C ∩ N 6= ∅ if the sets C(ξ)

are all polyhedral) are met, the following equality holds.

NC∩N (x(·)) = NC(x(·)) +NN (x(·)).
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Since N is a subspace, which yields that NN (x(·)) = N⊥ := M. Based on this equality,

the SVI (2.33) can be rewritten as the following equivalent form:

x(·) ∈ N and w(·) ∈ M such that −∇F (x(·)) ∈ NC(x(·)) + w(·). (2.34)

Subsequently, SVI (2.32) can be easily obtained from (2.34) just through moving the term

w(·) from the righthand side to the lefthand side. One can also regard SVI (2.32) as an

equivalent alternative extension of (2.33). The focus of PHA is to transform solving the

original problem stated in (2.33) into solving the problem

−∇F (x(·))− w(·) ∈ NC(x(·)) ⇐⇒ −∇xf(x(ξ), ξ)− w(ξ) ∈ NC(ξ)(x(ξ)), ∀ξ. (2.35)

As described in [134], the powerful feature of PHA is its capability of decomposition in terms

of solving separate "deterministic" problem for each scenario ξ, while keeping each iteration

in the space N by projection. In this regard, the vector w(·) serves as the multiplier vector

for the nonanticipativity constraint, each of the w-iteration is also kept in the space M, as

shown in the following description of the algorithm.

Algorithm 2.1 PHA in two-stage stochastic programming

Given xν(·) ∈ N and wν(·) ∈ M := N⊥ with a fixed parameter r > 0,

Step 1. For every ξ, solve

x̂ν(ξ) = argminx(ξ)∈C(ξ) {f(x(ξ), ξ) + wν(ξ)Tx(ξ) + r
2‖x(ξ)− xν(ξ)‖2};

Step 2. Update xν+1(·) = PN (x̂ν(·)), wν+1(·) = wν(·) + r(x̂ν(·)− xν+1(·)).

ν := ν + 1, repeat until a stopping criterion is met.

Here the existence and uniqueness of the solution x̂ν(ξ) will be guaranteed by the fact

that the r-term makes the related minization subproblems be strongly convex. PN is the

projection mappings onto the linear subspaces N , and actually has the following explicit

form in the two-stage stochastic programming:

PN (x(·)) := (z1(·), z2(·)) with z1(ξ) =
∑
ξ

p(ξ)x1(ξ) and z2(ξ) = x2(ξ) ∀ ξ. (2.36)

If problem (2.31) is convex and there exists at least one solution, the sequence generated by
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PHA converges to an optimal solution. More details in terms of theorems and proofs can

be found in [134]. An alternative proof of its convergence is provided in [153] in terms of

alternating direction method of multipliers (ADMM). The convergence properties of PHA

for the two-stage stochastic programming problem can be summarized as follows.

2.2.3 Convergence properties of the PHA

(Theorem 2 of [134]) As long as the (monotone) variational inequality (2.32) satisfies the

constraint qualification and has at least one solution, the sequence {xν(·), wν(·)} generated

by the progressive algorithm will converge to some pair (x̄(·), w̄(·)) satisfying (2.34) and

thus furnish x̄(·) as a solution to (2.32). In this case, the distance expression

||xν(·)− x̄(·)||2 + 1

r2
||wν(·)− w̄(·)||2

will form a decreasing sequence that goes to zero. The decrease will surely be at a linear

rate if, in particular, the sets C(ξ) are polyhedral and the functions f(x(ξ), ξ) are convex

quadratic (including linear as a special case).

2.3 Deep Learning models

Deep learning techniques are derived from a broader set of machine learning methods based

on artificial neural networks (ANNs). ANNs were computing systems established according

to the structure and action of the human brain. Deep learning often performs better in

feature representation by learning from large amounts of data.

There are three main learning types in conducting computer vision tasks: supervised,

semi-supervised and unsupervised. Supervised models usually accomplish the learning task

based on the available examples which are well labeled and obtain the desired function for

predicting correctly. Semi-supervised training does not require as much effort as super-

vised training to collect the data. Only a small amount of labeled examples as well as a

large number of unlabeled or weakly labeled examples are required during training process.

Unsupervised learning refers to the system can make predictions for unseen data totally

without any prior labelled samples.
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2.3.1 Deep Feedforward Network

Deep feedforward network is one typical deep learning model, which is also known as the

multilayer perceptron (MLP). An example of a simple neuron is shown in Fig. 2-9. In a

neuron, input information x = [x1, ..., xi, ..., xn] flows to the output o through the function

f(·) in the forward direction. Such an architecture consisting of a single neuron with one or

more inputs, a processor, and a single output is called a perceptron. In Fig. 2-9, a mapping

is defined as  s =
∑n

i=1wixi

o = f(s)
=⇒ o = f(x;θ), (2.37)

where the bias is neglected. The aim of deep feedforward network is to obtain the appro-

priate approximation of function f∗(·). From the mapping presented in (2.37), the optimal

approximation can be obtained by tuning the parameter θ = w = [w1, ..., wi, ..., wn] with

the learning algorithm, rendering f(·) as close as possible to f∗(·).

Figure 2-9: An example of one neuron.

In practice, the information feature should be described via nonlinear function. Hence

f(·) should be a pointwise nonlinear activation function. There are three options for the

common nonlinear activation functions: a hyperbolic tangent (Tanh), logistic sigmoid and

the rectified linear (ReLU) function. In general, ReLu is recommended due to the non-

saturation of its gradient, which greatly accelerates the convergence of stochastic gradient

descent compared to the Tanh or sigmoid functions. Table 2.3 gives the formulations and

plots of the three activation functions respectively.

Fig. 2-9 describes the basic architecture of a neuron, and a neural network is composed
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Table 2.3: Formulations and plots of different active functions.

Hyperbolic tangent Logistic sigmoid Rectified linear unit

Tanh(x) = e2x−1
e2x+1

sigmoid(x) = 1
1+e−x ReLU(x) = max(0, x)

of more than one neurons in most cases. One typical example of deep feedforward network

(i.e. multilayer perceptron) or MLP is given in Fig. 2-10. A MLP consists of at least three

layers of nodes: an input layer, a hidden layer (may contain many hidden layers) and an

output layer. In the MLP example shown in Fig. 2-10, the input layer has four nodes

(blue), the output layer contains one node (red) and the middle three are hidden layers (six

nodes for each layer). MLP was successfully used in various applications, such as function

approximation, classification, pattern recognition and so on. There are many disadvantages

of MLP which make it insufficient for modern advanced computer vision tasks. The first

disadvantage is that the number of total parameters in MLP may be very high since one

perceptron is used for each input, inevitably leading to redundancy in such high dimensions.

Another disadvantage is that it is prone to lose pixels and neglect spatial information, which

is caused by the inputs in flattened vectors. In recent years, MLP has been surpassed by

Convolutional Neural Network (CNN). There are three main reasons for this situation: (1)

CNN is able to reduce the number of parameters by sharing weights; (2) The smaller and

shared weights make CNN much more efficient in computer vision tasks; (3) Furthermore,

the problem of losing pixels and spatial information is also solved by CNN using the sparse

connectivity.

2.3.2 Convolutional Neural Networks

Convolutional neural networks (CNNs) [52, 88, 92, 152] can be regarded as a special case

of fully connected MLPs, which is designed for processing data that has a grid-like struc-
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Figure 2-10: An example of multi-layer perceptron (MLP).

ture. For example, time series data is in one dimensional grid structure as the samples

taken at regular time intervals and images can be seen as two dimensional pixel grid. The

word "convolutional" in convolutional neural networks demonstrates that the convolution

operation is used, which is a special type of linear operation. CNN is a class of neural

networks that applies convolution operation instead of the general matrix multiplication

in at least one layer. An example of a convolution operation is shown in Fig. 2-11. The

convolutional layer aims to produce feature representations of the inputs by training and in

practice different feature maps are needed to attain the desired performance. The feature

maps are generated after the filters or kernels have passed over the image (a feature map

is generated by a single filter). The filter can provide important information about the

influence of nearby pixels, which forms the basis for image analysis. The size of a filter

is usually specified by the user (generally 3 × 3 or 5 × 5) and the filter is moved across

the image from top left to bottom right. These filters introduce translation invariance and

parameter sharing, bringing in tremendous success for CNNs in a variety of applications.

When designing the network, the values of the filters are randomly initialized, and then

continuously updated through training. It is rare that two filters are the same, unless the

number of chosen filters is extremely large. Following convolution operations shown in Fig.
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2-11, the value at location (0, 0) of feature map is calculated as follows:

o(io, jo) =

m∑
i=0

n∑
j=0

xio+i,jo+jwi,j , (2.38)

In the above, o(io, jo) is the point value at location (io, jo) of the feature map, and the

coordinate range of the filter is [0 : m, 0 : n]. xi,j refers to the image intensity and w(i, j)

denotes the value of the filter (at location (i, j)) respectively. It should be noted that

the equation obtaining o0,0 showed in Fig. 2-11 does not follow the strict definition for

convolution in theory. Actually, (2.38) is the cross-correlation function. Cross-correlation

means sliding filter across an image. Convolution means sliding a flipped kernel across an

image. The commutativity of convolution is guaranteed by the flipped kernel. Convolution

is usually used together with other functions in practice, and this combination is commonly

noncommutative, which means the order of when each function is applied cannot be changed.

Hence cross-correlation is directly used as convolution in many machine learning libraries.

Figure 2-11: An example of convolution operation.

If convolutions are applied on a normal image, the result will be down-sampled by an

amount depending on the size of the filter, as shown in Fig. 2-11. After the convolution
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operation is performed by sliding the 3 × 3 filter over the input, the size of the resulting

feature map is smaller than the input (the dotted rectangle in Fig. 2-11 represents the

original size). This is because the convolution filter needs to be contained in the input.

Padding is a very useful tool to make the feature maps the same size as the input image.

After feature maps are obtained, they are then taken through an activation function to

introduce nonlinearities to CNNs.

CNNs are also in the multi-layer structure that can extract different features. An ex-

ample of basic CNN architecture is presented in Fig. 2-12 with two convolutional layers,

two pooling layers, and two fully connected layers which makes the final predictions of the

image for classification.

Convolutional Layers

Convolutional layers are the layers where filters are applied to the previous layer. It aims

to learn feature representations of the inputs by convolving the input with kernels and

then pass the results to the next layer. Different feature maps can be obtained by using a

set of different kernels of the convolutional layer. This is where most of the user-specified

parameters are set in the network.

Pooling Layers

The pooling layer (also called the sampling layer) is used to reduce the dimensionality

of the network, as well as manage the sensitivity of the filters to noise and variations.

This has the effect of making the resulting down-sampled feature maps more robust to

changes in the position of the feature in the image. Pooling layer is usually added after the

convolutional layer. It can be seen from the example given in Fig. 2-11, the feature map

of the first convolutional layer is connected to its corresponding feature map of the pooling

layer. Then the output of the last pooling layer is passed to fully connected layers for final

predictions. There are two common pooling methods used in the pooling operation: average

pooling and max pooling, which calculate the average/maximum value for each patch on

the feature map.
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Fully Connected Layers

The fully connected layers are placed in the last part of the network before producing the

final predictions. This is similar to the output layer of an MLP where every neuron in

the previous layer is connected to every one in the next layer. The output of the previous

layers is flattened, then is fed into a fully connected layer that drives the final classification

decision.

Figure 2-12: An example of basic CNN architecture.

Apart from the above three main types of layers in a CNN, other types such as de-

convolution layer (or called a transposed convolutional layer) can also be added into the

network design when conducting tasks involving CNN visualization, pixel-wise prediction,

image generation, etc. The common way for implementing deconvolution layer is the same

as the implementation for convolution layer, which means deconvolution layer with kernel

size of (o, i, k × r, k × r) equals convolutin layer with kernel size of (o × r2, i, k, k), r refers

to the upscaling ratio. For example, authors in [200] applied deconvolution to unsupervised

feature learning by learning a set of kernels and feature maps to reconstruct the image

in an unsupervised way. Deconvolution was utilized in [199] to map the feature activities

obtained from convolution layer back to the input pixel space, showing what input pattern

can result in a given feature map. Since pixel-wise prediction like image segmentation [101]

and image generation [131] need to be implemented on the same size of the original image,

deconvolution can also be used as a way for upsampling. An example briefly introducing

the CNN architecture with deconvolution is given in Fig. 2-13.

36



Figure 2-13: An example of CNN architecture with deconvolution.

2.4 Summary

Some basic introductions including preliminary knowledge related to the topics of this thesis

are provided in this chapter. First, a brief introduction of some widely used variational

techniques is presented: the evolution of PDE, basic operations, definitions of level sets, the

original concept of segmentation, and important regularized terms, followed by summaries

of classic variational models. Next, we describe the stochastic programming theory shortly.

The two-stage stochastic programming of this theory motivates us a lot to explore the

impact of randomness of inputs on outputs. Progressive hedging algorithm for solving two-

stage stochastic minimization problems as well as the convergence is also demonstrated.

Last, some basics of deep learning such as common network architectures including artificial

neural networks (ANNs) model, the multilayer neural networks and the convolutional neural

networks (CNNs) models are introduced.

After the associated background knowledge have been reviewed in this chapter, the

following chapters will describe different approaches tackling various image tasks inspired

by variational methods, stochastic programming and deep learning techniques in detail. To

begin with, the first focus of this thesis with regard to variational and PDE based methods

for image restoration, illusory contour reconstruction and segmentation will be illustrated

in the next chapter.
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Chapter 3

Variational and PDE Based

Methods for Diverse Image Tasks

3.1 Introduction

Image Restoration

It is a crucial step in image analysis for applications such as medical imaging, pattern

recognition, and video surveillance, etc. In recent two decades, numerous variational models

[8,124,126,148] have been proposed for a very wide range of image processing applications,

and the classical first order Total Variation (TV) model or Rudin−Osher−Fatemi (ROF)

model [9] can be considered as the starting point of these models due to its excellent edge

preserving property. However this TV model has some demerits, such as staircase effects,

smearing corners and image contrast reduction. In order to remedy its drawbacks of contrast

loss, Alliney [3,4], Nikolova [119], Chan and Esedoglu [35] replaced the `2 data fitting term

in TV model with the L1 norm. In order to ameliorate the staircase effect, some researchers

proposed various higher order variation models. For instance, Lysaker et al. [105] proposed

a model that directly incorporates the second order derivative information into the model
0 c© 2018 Elsevier. This chapter is based on, as well as with permission from [Tan, L., Liu, W., &

Pan, Z. Color Image Restoration and Inpainting via Multi-Channel Total Curvature. Applied Mathematical
Modelling, 2018. DOI: https://doi.org/10.1016/j.apm.2018.04.017].

0 c© 2019 Springer. This chapter is based on, as well as with permission from [Tan, L., Li, L., Liu,
W., & Pan, Z. Fast Computational Approach for Illusory Contour Reconstruction. Multimedia Tools and
Applications, 2019. DOI: https://doi.org/10.1007/s11042-018-6546-8].

0 c© 2019 American Institute of Mathematical Sciences. This chapter is based on, as well as with per-
mission from [Tan, L., Li, L. An, S., & Pan, Z. Nonlinear diffusion based image segmentation using two fast
algorithms. Mathematical Foundations of Computing, 2019. DOI: https://doi.org/10.3934/mfc.2019011].
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for image de-noising. Chambolle and Lions [31] used a higher order method by means

of an informal-convolution of the first order and second order regularization terms. The

former can preserve edges and the latter can keep the image smoothness. Based on the first

order ROF model, Bredies et al. [18] proposed a total generalized variation (TGV) model

with different order for image de-noising. Another example of combining the first and

second order regularization terms were presented by Chan et al. [34], who applied the TV

minimization together with weighted coefficients based on Laplacian. Zhu and Chan [209]

and Yip and Zhu [192] proposed a mean curvature variation model to effectively remove

noises. It is worth mentioning that the curvature-based restoration models (i.e. Zhu and

Chans model [209]) are able to preserve edges and corners while eliminating the staircase

effect completely. In addition, Chan et al. [151] used the Eulers elastica of level curves

as a smooth function in a regularization term for image inpainting. In [38, 56, 110], they

used the curvature term directly to solve inpainting problems, producing excellent edge

and corner preservation. After the curvature-based models were first proposed by Nitzberg

and Mumford [122] in early 1990s, these models are widely extended for segmentation with

depth [166,210] and construction of illusory shapes [83] etc.

Although the aforementioned curvature based models can overcome the side effects of

the ROF model effectively, they cannot be directly applied to color image processing due

to the different diffusion in each image channel. Technically, the coupled regularization

terms for color image restoration must be designed similarly as in the first order variation

model for color image restoration. For color image processing, restoring each channel sep-

arately using the first order variation models usually results in blurred edges [17, 104, 167]

due to the different diffusion in each channel. Considering the coupling effects, Sapiro and

Ringach [143] proposed an anisotropic filter to diffuse color image according to directions

of maximal and minimal changes in an image. The concept of Riemannian geometry and

law of Polyakov action [139] in theoretical physics were used by Brook et al. [22] in their

proposed energy minimization models. A celebrated Color TV (CTV) model was proposed

in [17] by considering the global coupling of different channels in color image. Yang et

al. [189], Bresson and Chan [19], Aujol and Kang [10] and Duval et al. [55] proposed the

Multi-channel TV (MTV) and Vector TV (VTV) models, respectively, based only on the

local coupling information of different color channels, thus these models have higher compu-

tational efficiency than the CTV models. In [196], Yu et al. compared the edge preserving
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ability of different vector variation models and tested the efficiency of their corresponding

split Bregman algorithms. Moreover, the non-local [81] CTV and MTV regularization terms

were also applied to color image denoising and inpainting.

Illusory Contour Reconstruction

Illusory contours [84] in an image are a well-known phenomenon, which contains some miss-

ing boundaries of objects, as shown in Fig. 1-1. They are visual organization of disconnected

edge segments which are extremely difficult for computers to identify automatically but easy

for human to obtain. Illusory contour capture/reconstruction [59, 85, 133] aims to fill the

absent boundaries or recover some missing shapes. In fact, illusory contour capture plays

an important role in image analysis and computer vision, such as object recognition and

tracking. It can also be extended for segmentation with depth problem [6, 122, 210], using

curvature information to recover shapes for occluded objects or establish their ordering rela-

tion in a specific scene based on only one single image. Researches [181–184] achieve object

detection, recognition and motion estimation in complex background scenarios. However,

the existing standard segmentation approaches [40,41,142,171] cannot achieve such illusory

contour recovery successfully. They are generally region-based approaches, mainly depend-

ing on region features (e.g. gray scale intensity distribution) of an image. Missing edges

of internal objects without necessary region features cannot be identified and connected

smoothly.

The research work based on a typical partial differential equation (PDE) by Sarti et

al., [144] was considered the beginning of variational models for computing illusory con-

tours. They managed to connect many non-existing edges using some fixed points, including

some concave and convex points. However, the results of this method are subject to the

initialization of the fixed points and the recovered boundaries are straight lines other than

smooth curves. Later, Zhu et al., proposed a new model [208] using Eulers elastica [115,212]

based on variational level set method [40,124,171], which could recover the illusory contours

regardless of whether the missing boundaries are straight lines or curves, even without re-

quiring initialization of fixed points. However, a series of higher order evolution equations

are derived in this work, which are extremely difficult to discretize, especially when the

fourth-order nonlinear PDEs appeared in their approach. The traditional gradient descent

method was utilized to solve these equations and the solution process is extremely slow. In
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recent years some related methods have been proposed, e.g., text image deblurring [75, 79]

using prior information, and image smoothing [78] via extrema interpolation etc., which

inspire us to apply to the variational illusory contour capture model [208] for fast algorithm

design.

Other similar works were conducted by Sarti et al. [145] and Jung et al. [82], where they

proposed a computational model for segmentation of images with missing boundaries. The

approach in [145] was depending on some reference points and their associated surfaces,

while authors in [82] designed a low-order model directly based on admissible contours.

Both works are edge-based and they have some limitations: the evolutionary curves in

these models may not stay on the correct edges if the gray scale values change slightly

around edge points, i.e., these approaches were not robust for noisy images.

Motivated by works in [117, 158, 160, 166], we propose an simplified variational level

set formulation for illusory contour capture problem. This is achieved by taking the level

set functions as signed distance functions. The main difference between the variational

level set formulation we proposed and the models in [109, 117, 151, 158, 160, 209, 211] is

that our proposed formulation is constrained by some nonlinear Eikonal equations based

on definitions of the signed distance functions. Usually, these constrained equations are

guaranteed to be satisfied by solving a dynamic HamiltonJacobi equation using the upwind

finite difference scheme [154,155] or the fast sweeping method [204], or the constraints can

be dealt with using the penalty function method [93].

The baseline work [208] for capturing illusory contours remains one of the most im-

portant and relevant work in the field. Since then, there is few research focusing on fast

algorithm in illusory contours capture in terms of level sets. However, there have been many

researches [85, 129, 187] aiming to solve the same problem using other techniques, such as

point flow or event related potential (ERP) technique. As a classic variational method using

3D implicit equations to represent any closed curve in a plane, there are many advantages of

the variational level set approach. 1) Evolution curve can naturally realize topology change

along with evolution of the level set function, while the level set function can maintain the

effectiveness and one can obtain stable solution; 2) There is no need to track the motion of

curves at different moments, since curve evolution can be achieved only through updating

level set function in a fixed coordination; 3) It is convenient to calculate certain features

(eg. normal vector, curvature etc.) in this approach; and 4) The level set approach can be
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easily extended to high dimensional space.

Nonlinear Diffusion Based Image Segmentation

Mumford-Shah model [116] is a milestone in the development process of variational PDEs

based image segmentation. Much of the subsequent research progresses are based on it. One

important type of methods, the region-based geodesic active contour model, is derived from

it. However, the Mumford-Shah model includes two energy terms defined in two-dimensional

image space and one-dimensional contour space respectively. There are inevitable difficulties

in the course of solving them. A series of approximation approaches are presented which

might be roughly classified into three branches. In 1990, Ambrosi and Tortorilli proposed an

equivalent model [5] based on Gamma convergence theory by introducing auxiliary variables

and approximating the construction of elliptic function. This forms the Gamma-convergence

branch for variational image segmentation. The second branch is the variational level set

method [166,176,185] based piece-wise constant approximation of the Mumford-Shah model.

In 2001, Chan and Vese proposed the two-phase Chan-Vese model [40], which is especially

applicable to the circumstance of blurring or discontinuous boundaries, hence it became the

most famous model in this branch. The third branch is an extended version of the second

one. The typical representative in this branch is the global convex segmentation model,

which was transformed from the Chan-Vese model with constraints and the relaxation-

based method by Bresson et al. [20, 162].

Nonlinear diffusion technology is a widely used method for image denoising, which has

given rise to several significant applications [67,132,207]. During operations, different strate-

gies can be adopted to get better diffusion effects according to the differences between the

edge region and the non-edge region. Thus it can adaptively smoothern images regions

and enhance edges. In 1990, Perona and Malik creatively introduced the thermal balance

equation based anisotropic diffusion model [128]. In their famous research, φ was defined as

a function. The final result of φ obtained through iterative calculation represented the de-

noised target image. As its corresponding regularization term is λ2 ln(1+ |∇φ|2/λ2) (where

λ > 0 is a threshold value), we can know: (a) If |∇φ| > λ, the pixels are enhanced; (b)

If |∇φ| < λ, the pixels are reduced; (c) If |∇φ| = λ, the pixels are invariant. In this way,

it is effective for both smoothing and edge-preserving in the filtering process. In 1992,

Catte et al. [27] extended Perona and Maliks algorithm by applying Gaussian smoothing
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to diminish the effect of noise and improve the model adaptability. Subsequently many

authors [1, 42, 43, 60, 66, 71, 119, 120, 174] designed various diffusion terms to control the

diffusion effects by considering the neighbourhood features based on their respective con-

siderations. It should be noted that the regularization term must be reasonably designed

in order to preserve useful details such as edges in the image as much as possible.

Fast optimization schemes

In order to improve the computational efficiency and avoid solving the nonlinear higher-

order PDEs, a lot of research work in terms of fast methods [19,124,177,180,191] have been

systematically proposed for energy minimization problems. Among them, the alternating

direction method of multiplier (ADMM) played a prominent role due to its attractive prop-

erties of simple implementation and broad applicability. For instance, ADMM is widely

used to minimize the energy functionals of image denoising [147], inpainting models [191]

and some other complicated high-order models [100, 149] fast and effectively. Though a

good result could be obtained by the traditional gradient descent flow algorithm, the com-

putation cost utilizing the method of finite difference associated with high-order variables

is very expensive. The main objective of ADMM is to solve the constrained optimization

problems with multiple variables [61, 188] by minimizing the augmented Lagrangian func-

tional via an alternating direction optimization strategy. The energy functional including

high-order variables can be simplified using the introduction of low-order variables which

can be computed by the easier iterative algorithm. Thus ADMM not only significantly

reduces the order of the variables but also requires fewer steps in its solution process.

The curvature related terms bring extra computational complexity due to the existence

of nonlinear higher-order derivatives. This issue also appears in other variational mod-

els such as the nontexture image inpainting [191] and image denoising [186] with features

(edge, corner, smoothness, contrast, etc.) preservation. Hence, it is essential to take some

mathematical optimization techniques, for example, global solution, stability guarantee and

calculation acceleration etc., into consideration in the process of algorithm design. In [158],

Tai presented a brief review on how to use the ADMM method for solving minimization

problems related to curvature. Instead of solving high order nonlinear PDEs, ADMM is

applied to transform the energy minimization problem of the proposed model into some

separate subproblems, which are then solved alternatively. For each subproblem, many
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useful tools such as fast Fourier transform (FFT) [50,114], projection formula [160], analyt-

ical soft thresholding equation [164, 165, 179] and threshold method [32, 36] can be applied

for further accelerating. In this chapter, fast numerical schemes for optimizing variational

energy functionals will be elaborated. Firstly, the standard ADMM is designed for the cur-

vature based image processing model by introducing some auxiliary variables and Lagrange

multipliers. Secondly, one type of ADMM developed versions is introduced for the illusory

contour capture model, the ADMM-projection (from now on written as ADMM-P) method.

It is to simplify the variational level set formulation by replacing curvatures with Laplacians

of level set functions. Another salient feature of this method is that the Eikonal equations

can be satisfied indirectly by introducing some auxiliary variables and implementing a direct

projection [166,190]. The idea of solving the segmentation problem with depth in [166] gives

us inspiration for illusory contour reconstruction, and the approach in [190] dealing with

Eulers Elastica item provides us some ideas for the proposed ADMM-P approach in this

chapter. The proposed ADMM-P is superior compared to algorithms based on traditional

gradient descent method (GDM) in terms of computational efficiency. We design two fast

algorithms to solve the nonlinear diffusion based general segmentation model: a standard

ADMM and a new fast algorithm, a normal vector projection method (NVPM) based on

normal vector projection and alternating optimization. To further improve the computing

efficiency of NVPM, Nesterovs optimal first-order method [63] is applied.

In this chapter, we propose several models: MTC-`1 model for image denoising (3.1)

and inpainting (3.61), illusory contour capture model (3.35), and nonlinear diffusion based

general segmentation model (3.47). Significant performance gains of these proposed models

and the advantages of the fast algorithms designed for them will be demonstrated in this

chapter via experiments.

The rest of this chapter is organized as follows. From Section 3.2 to Section 3.4, the

proposed novel variational models for diverse image tasks and the corresponding algorithm

framework are given. In Section 3.5, extensive experiments on natural color images are

presented to validate the effectiveness of the proposed models. Summary is given in Section

3.6.

44



3.2 Proposed Multi-Channel Total Curvature Model for Im-

age Restoration

3.2.1 The Functional of Variational MTC-`1 Model and its GDM method

Motivated by the development of MTV-`1 from TV-`1 for color image de-noising, we attempt

to propose a new model based on multi-channel coupled total curvature and `1 fidelity

term, i.e., the MTC-`1 model for color image restoration with properties of edge, corner,

smoothness, contrast and geometry preserving.

Let ~f = [f1, f2, ..., fm]T be a color image defined on a domain , and ~u = [u1, u2, ..., um]T

be its restored counterpart. Before introducing a formal definition of MTC-`1 model, we will

review the functional of MTV-`1 model first. Its smoothness term defined in Section 3.2.1

can be expressed as
∫
Ω

√
m∑
i=1

|∇ui|2dx, where ∇ui = [∂x1ui, ∂x2ui]
T , (x1, x2) ∈ Ω . Analog

to (2.20) and (2.22), the MTC-`1 model for color image restoration can be developed as

follows based on the coupled total curvature of multi-channels

E(~u) =

∫
Ω

√√√√ m∑
i=1

|κi|2dx+ λ
m∑
i=1

∫
Ω
|ui − fi|dx, (3.1)

where κi = ∇ ·
( ∇ui
|∇ui|

)
is curvature which is also presented in (2.22), the first term on the

right side is the MTC regularization term, and the second term is the data fidelity term

based on `1 norm. For edge preserving, total curvature possesses similar property with total

variation, its value is large on the edge while small on smooth region, an appropriate λ can

achieve effective edge keeping. As discussed in (2.22),
∣∣∇·

( ∇u
|∇u|

)∣∣ contained in the first term

can preserve the piece-wise constant normal ∇u
|∇u| of images. Thus, the points corresponding

to some discontinuous normals, i.e. the corners in images, can be preserved. AS the similar

analysis stated in [209], the evolution equation of (3.1) behaves like the biharmonic heat

equation, which can remove the small scale noise then achieve efficient smoothness. Since

curvature is in high-order form, which can effectively ease the staircase artifacts. The second

term in `1 form can preserve image contrast as well as remove outliers and irregularities.

By using the standard variational method, the following GDM equations can be obtained
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via minimizing the functional (3.1).

∂ui
∂t

= −∇ ·
{

1

|∇ui|

[
∇(Ψ′(κ))−

(
∇(Ψ′(κ)) · ∇ui

|∇ui|

)
∇ui
|∇ui|

]}
− λ

ui − fi
|ui − fi|

, (3.2)

where Ψ(κ) =

√
m∑
i=1

|κi|2 and Ψ′(κ) = ∂Ψ(κ)
∂κi

. More details on the explicit computation and

proofs are given in [38].

Instead of solving (3.1) directly by using the conventional variational method or solving

the related GDM equation as mentioned in this section, we transform the original min-

imization problem into several sub optimization problems by introducing some auxiliary

variables and then solve them using an alternating directional optimization strategy.

Our contributions in this section can be summarized as follows:

• A variation model using the multi-channel total curvature based on `1 norm (MTC-`1)

for color image restoration is proposed, which aims to preserve image contrast, remove

anomalies and irregularities (i.e. impulsive noise) from images, eliminate the staircase

effect, and preserve edges and corners;

• A coupled regularization terms are used based on curvatures motivated by the concept

of MTV model, to achieve edge and corner preserving for color images;

• Instead of solving the nonlinear fourth order partial differential equations directly,

we design a fast algorithm based on ADMM by transforming the original energy

minimization problem of the proposed MTC-`1 model into six sub-problems, which

are then efficiently solved by FFT, analytical soft threshold formula, and projection

methods.

3.2.2 Application of ADMM to MTC-`1 Model

The ADMM scheme for (3.1) is more complicated than the one for its scalar counterpart

(2.22) due to the coupled regularization terms and the associated variables. For clarity, we

use the boldface ~x to denote one composite vector whose components are vectors and the

lean type ~x to denote a vector whose components are scalars. Based on the basic idea of

ADMM, we now introduce some auxiliary vector ~p = [~pT1 , ~p
T
2 , ..., ~p

T
m]T with ~pi = [pi1, pi2]

T

and ~n = [~nT
1 , ~n

T
2 , ..., ~n

T
m]T with ~ni = [ni1, ni2]

T such that ~pi = ∇ui and ~ni =
~pi
|~pi| , which are
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solutions of the following constrained minimization problem.

min
~u,~p,~n

E(~u,~p, ~n;~λ1,~λ2) =

∫
Ω

√√√√ m∑
i=1

|∇ · ~ni|2dx+ λ
m∑
i=1

∫
Ω
|ui − fi|dx (3.3)

+
µ1

2

m∑
i=1

∫
Ω
||~pi|~ni − ~pi|2dx+

m∑
i=1

∫
Ω

~λi1 · (|~pi|~ni − ~pi)dx

+
µ2

2

m∑
i=1

∫
Ω
|~pi −∇ui|2dx+

m∑
i=1

∫
Ω

~λi2 · (~pi −∇ui)dx.

In fact, we aim to use (3.3) to replace the minimization of (3.1) equivalently, where

µ1, µ2 are predefined penalty parameters, and λ1, λ2 are Lagrangian multipliers as ~λ1 =

[~λ11, ~λ21, ..., ~λm1]
T , ~λ2 = [~λ12, ~λ22, ..., ~λm2]

T . However, this model can not be solved directly

using the ADMM method due to its large computational costs since there are still some

high-order terms in calculation. As discussed by [158, 160], a new auxiliary vector ~m =

[~m1, ~m2, ..., ~mm]T with the constraint ~m ≈ ~n is introduced, which can be seen as relaxations

of ~n in the process of designing a fast and efficient algorithm. In addition, ~m also belongs

to the space R2m, the same as ~n. Here it should be noted that |~mi| ≤ 1 since ~m ≈ ~n,

which is a very important prerequisite requirement. Generally the constraint |~mi| ≤ 1 is

guaranteed by solving its steady or dynamic Eikonal equation. In this chapter, a projection

method is used with a very explicit form to achieve this. Therefore we can easily obtain

|~pi| − ~mi · ~pi ≥ 0 from the mathematical point of view. This kind of constraint, which only

needs a `1-norm for penalization, can be utilized to obtain a simple functional and this is a

good way to obtain a relaxed functional. For further simplification, another two auxiliary

variables ~q = [q1, q2, ..., qm]T and ~v = [v1, v2, ..., vm]T are introduced, which are defined in

Ωm such that q = ∇̄ · ~n = [∇ · ~n1,∇ · ~n2, ...,∇ · ~nm]T and ~v = ~u − ~f . More details will be

given in the next subsection.

Finally the corresponding functional can be derived from (3.1) through the ADMM. It

can be observed that the obtained functional can successfully avoid dealing with high-order
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terms.

E(~u, ~q, ~p, ~m,~n, ~v;~λ1,~λ2, ~λ3,~λ4, ~λ5) =

∫
Ω

√√√√ m∑
i=1

|qi|2dx+ λ
m∑
i=1

∫
Ω
|vi|dx (3.4)

+ µ1

m∑
i=1

∫
Ω
||~pi| − ~mi · ~pi|2dx+

m∑
i=1

∫
Ω
λi1(|~pi| − ~mi · ~pi)dx

+
µ2

2

m∑
i=1

∫
Ω
|~pi −∇ui|2dx+

m∑
i=1

∫
Ω

~λi2 · (~pi −∇ui)dx

+
µ3

2

m∑
i=1

∫
Ω
|qi −∇ · ~ni|2dx+

m∑
i=1

∫
Ω
λi3(qi −∇ · ~ni)dx

+
µ4

2

m∑
i=1

∫
Ω
|~ni − ~mi|2dx+

m∑
i=1

∫
Ω

~λi4 · (~ni − ~mi)dx

+
µ5

2

m∑
i=1

∫
Ω
|vi − (ui − fi)|2dx+

m∑
i=1

∫
Ω
λi5[vi − (ui − fi)]dx+

m∑
i=1

δ<(~mi),

where, ~λ1, ~λ2, ~λ3, ~λ4, ~λ5 are Lagrange multipliers and µ1, µ2, µ3, µ4, µ5 are positive

penalty parameters. ~λ1, ~λ2, ~λ3, ~λ4, ~λ5 are defined as ~λ1 = [λ11, λ21, ..., λm1]
T , ~λ2 =

[~λ12, ~λ22, ..., ~λm2]
T , ~λ3 = [λ13, λ23, ..., λm3]

T , ~λ4 = [~λ14, ~λ24, ..., ~λm4]
T and ~λ5 = [λ15, λ25, ..., λm5]

T .

< is a set defined as < = {~mi ∈ L2(Ω) | |~mi| ≤ 1a.e. in Ω} and δ<(·) is a characteristic

function on <:

δ<(~mi) =

 0 ~mi ∈ <

+∞ otherwise
. (3.5)

With these definitions, the constraint |~mi| ≤ 1 has been successfully embedded into the

energy functional.

The Minimization for All the Six Subproblems

In order to solve (3.1) efficiently with the ADMM, the unknowns ~u0, ~q0, ~p0, ~m0, ~n0, ~v0,
~λ0
1, ~λ

0

2, ~λ0
3, ~λ

0

4, ~λ0
5 are initialized at k = 0. Some minimization problems with respect to one

specific variable can be solved while others are temporarily fixed at each step from k to k+1

until convergence. This reflects the property of alternating direction optimization approach.

Using this idea, the optimization problem (3.1) can be divided into six subproblems of
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minimization in the iterative process from the kth to (k + 1)th step:



~uk+1 = argmin{ε1(~u) = E(~u, ~qk, ~pk, ~mk,~nk, ~vk;~λk
1,
~λ
k

2,
~λk
3,
~λ
k

4,
~λk
5)}

~qk+1 = argmin{ε2(~q) = E(~uk+1, ~q, ~pk, ~mk,~nk, ~vk;~λk
1,
~λ
k

2,
~λk
3,
~λ
k

4,
~λk
5)}

~pk+1 = argmin{ε3(~p) = E(~uk+1, ~qk+1, ~p, ~mk,~nk, ~vk;~λk
1,
~λ
k

2,
~λk
3,
~λ
k

4,
~λk
5)}

~mk+1 = argmin{ε4(~m) = E(~uk+1, ~qk+1, ~pk+1, ~m,~nk, ~vk;~λk
1,
~λ
k

2,
~λk
3,
~λ
k

4,
~λk
5)}

~nk+1 = argmin{ε5(~n) = E(~uk+1, ~qk+1, ~pk+1, ~mk+1,~n, ~vk;~λk
1,
~λ
k

2,
~λk
3,
~λ
k

4,
~λk
5)}

~vk+1 = argmin{ε6(~v) = E(~uk+1, ~qk+1, ~pk+1, ~mk+1,~nk+1, ~v;~λk
1,
~λ
k

2,
~λk
3,
~λ
k

4,
~λk
5)}

(3.6)



λk+1
i1 = λk

i1 + µ1(|~pk+1
i | − ~mk+1

i · ~pk+1
i )

~λk+1
i2 = ~λk

i2 + µ2(~p
k+1
i −∇uk+1

i )

λk+1
i3 = λk

i3 + µ3(q
k+1
i −∇ · ~nk+1

i )

~λk+1
i4 = ~λk

i4 + µ2(~n
k+1
i − ~mk+1

i )

λk+1
i5 = λk

i5 + µ5[v
k+1
i − (uk+1

i − fi)]

(3.7)

where

ε1(~u) =
µ2

2

m∑
i=1

∫
Ω
|~pi −∇ui|2dx+

m∑
i=1

∫
Ω

~λi2 · (~pi −∇ui)dx (3.8)

+
µ5

2

m∑
i=1

∫
Ω
|vi − (ui − fi)|2dx+

m∑
i=1

∫
Ω
λi5[vi − (ui − fi)]dx+

m∑
i=1

δ<(~mi)

ε2(~q) =

∫
Ω

√√√√ m∑
i=1

|qi|2dx+
µ3

2

m∑
i=1

∫
Ω
|qi −∇ · ~ni|2dx+

m∑
i=1

∫
Ω
λi3(qi −∇ · ~ni)dx (3.9)

ε3(~p) = µ1

m∑
i=1

∫
Ω
||~pi| − ~mi · ~pi|2dx+

m∑
i=1

∫
Ω
λi1(|~pi| − ~mi · ~pi)dx (3.10)

+
µ2

2

m∑
i=1

∫
Ω
|~pi −∇ui|2dx+

m∑
i=1

∫
Ω

~λi2 · (~pi −∇ui)dx
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ε4(~m) = µ1

m∑
i=1

∫
Ω
||~pi| − ~mi · ~pi|2dx+

m∑
i=1

∫
Ω
λi1(|~pi| − ~mi · ~pi)dx (3.11)

+
µ4

2

m∑
i=1

∫
Ω
|~ni − ~mi|2dx+

m∑
i=1

∫
Ω

~λi4 · (~ni − ~mi)dx+

m∑
i=1

δ<(~mi)

ε5(~n) =
µ3

2

m∑
i=1

∫
Ω
|qi −∇ · ~ni|2dx+

m∑
i=1

∫
Ω
λi3(qi −∇ · ~ni)dx (3.12)

+
µ4

2

m∑
i=1

∫
Ω
|~ni − ~mi|2dx+

m∑
i=1

∫
Ω

~λi4 · (~ni − ~mi)dx

ε6(~v) = λ
m∑
i=1

∫
Ω
|vi|dx+

µ5

2

m∑
i=1

∫
Ω
|vi − (ui − fi)|2dx+

m∑
i=1

∫
Ω
λi5[vi − (ui − fi)]dx (3.13)

In summary, the ADMM can be presented in a pseudo code format as follows. Next we will

consider each sub-problem individually.

ADMM for MTC-`1 model.
Step 1: Initialize the unknown values, ~u0, ~q0, ~p0, ~m0, ~n0, ~v0, ~λ0

1, ~λ
0

2, ~λ0
3, ~λ

0

4, ~λ0
5

Step 2: For k ≥ 1, solve the following problems alternatively
2.1. Subproblem 1 for ~uk+1:
~uk+1 = argmin{ε1(~u) = E(~u, ~qk, ~pk, ~mk,~nk, ~vk;~λk

1,
~λ
k

2,
~λk
3,
~λ
k

4,
~λk
5)}

2.2. Subproblem 2 for ~qk+1:
~qk+1 = argmin{ε2(~q) = E(~uk+1, ~q, ~pk, ~mk,~nk, ~vk;~λk

1,
~λ
k

2,
~λk
3,
~λ
k

4,
~λk
5)}

2.3. Subproblem 3 for ~pk+1:
~pk+1 = argmin{ε3(~p) = E(~uk+1, ~qk+1, ~p, ~mk,~nk, ~vk;~λk

1,
~λ
k

2,
~λk
3,
~λ
k

4,
~λk
5)}

2.4. Subproblem 4 for ~mk+1:
~mk+1 = argmin{ε4(~m) = E(~uk+1, ~qk+1, ~pk+1, ~m,~nk, ~vk;~λk

1,
~λ
k

2,
~λk
3,
~λ
k

4,
~λk
5)}

2.5. Subproblem 5 for ~nk+1:
~nk+1 = argmin{ε5(~n) = E(~uk+1, ~qk+1, ~pk+1, ~mk+1,~n, ~vk;~λk

1,
~λ
k

2,
~λk
3,
~λ
k

4,
~λk
5)}

2.6. Subproblem 6 for ~vk+1:
~vk+1 = argmin{ε6(~v) = E(~uk+1, ~qk+1, ~pk+1, ~mk+1,~nk+1, ~v;~λk

1,
~λ
k

2,
~λk
3,
~λ
k

4,
~λk
5)}

2.7. Update Lagrange multipliers using (3.7)
Step 3: The iteration loop will be terminated if the stopping criteria (described in

Termination Criteria) are satisfied.

The alternating direction method of multipliers (ADMM) has the capability of reduc-

ing the possibility of ill-conditioning [63] and making the numerical computation stable

through iterative Lagrangian multiplier during the process of the minimization. In this sec-
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tion, (3.8)(3.13) will be solved alternately by different iterative methods and the Lagrange

multipliers will be updated in the end.

Subproblem 1: Computing the primal variable ~u. FFT [50, 114] is used for this

problem which is known for fast calculating linear equations in order to obtain the minimum

values of variables. When ~u is computed, the ith group of auxiliary variables ~qk, ~pk, ~mk, ~nk

and ~vk are assumed to be fixed. This concept is also applied in the following calculations.

The EulerLagrange equation of (3.8) can be obtained as follows:

µ2∇ · (~pki −∇ui) +∇ · ~λk
i2 − µ5[v

k
i − (ui − fi)]− λk

i5 = 0. (3.14)

As in [114], Eq. (3.14) is a screened Poisson equation for which FFT is a well known solver

with very low computational cost for imaging problems. The output of this algorithm is an

image obtained by applying the screened Poisson equation to each color channel separately.

For this purpose, let us first introduce an instrumental variable ~g = [g1, g2, ..., gm]T . The

calculation procedure is shown as follows:

−µ2(∂xxui + ∂yyui) + µ5ui = gi, (3.15)

where gi = −µ2∇·~pki −∇·~λk
i2+µ5(v

k
i +fi)+λk

i5. Then the identity operator I ~f(i, j) = ~f(i, j)

and shifting operators S±
x
~f(i, j) = ~f(i ± 1, j), S±

y
~f(i, j) = ~f(i, j ± 1) are used. Eq. (3.15)

can be now rewritten as:

(−µ2(S
−
x − 2I + S+

x + S−
y − 2I + S+

y ) + µ5)ui = gi. (3.16)

By using the properties of discrete Fourier transform, the corresponding relations be-

tween the Fourier transforms of the shifting operators and those of original functions
~f(yi, yj) can be given as: FFTS±

x
~f(yi, yj) = e±iZiFFT ~f(yi, yj) and FFTS±

y
~f(yi, yj) =

e±iZjFFT ~f(yi, yj). yi and yj are discrete frequencies. Zi = 2π
N1

yi, yi = 1, 2, ..., N1 and

Zj =
2π
N2

yj , yj = 1, 2, ..., N2. An algebraic equations can be obtained as:

(−2µ2(cosZi + cosZj − 2) + µ5)FFT (ui) = FFT (gi). (3.17)

It can be proved that the fast Fourier transform can be directly used in Ω. The discrete
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inverse Fourier transform IFFT will be used to update uk as follows.

uk+1
i = <

(
IFFT

(
FFT (gi)

(−2µ2(cosZi + cosZj − 2) + µ5)

))
, (3.18)

where <(·) represents the real part of a complex number.

Subproblem 2: Minimization with respect to ~q. The soft threshold formula proposed

in [164, 165, 179] is used here to calculate the variable ~q. It is one of the most classical

algorithms, which has been used widely to obtain the minimum values of the variables.

Here the variables ~uk+1 ~pk, ~mk,~nk and ~vk are fixed and we aim to calculate q. As the

EulerLagrange equation of (3.9) is given:

qi√
m∑
i=1

|qi|2
+ µ3

(
qi −∇ · ~nk

i +
λk
i3

µ3

)
= 0. (3.19)

The calculation result can be obtained via the generalized soft threshold formula as:

qk+1
i = max

(√√√√ m∑
i=1

(∇ · ~nk
i −

λk
i3

µ3
)2 − 1

µ3
, 0

) ∇ · ~nk
i −

λk
i3
µ3√

m∑
i=1

(∇ · ~nk
i −

λk
i3
µ3

)2

. (3.20)

Subproblem 3: The minimization with respect to ~p. The variables of ~uk+1 ~qk+1,

~mk,~nk and ~vk are fixed here. The EulerLagrange equation of (3.10) is:

(µ1 + λk
i1)

~pi
|~pi|

+ µ2

(
~pi −∇uk+1

i +
~λk
i2

µ2
− (µ1 + λk

i1)

µ2
~mk

i

)
= 0, (3.21)

~pk+1 can be obtained in the similar way as (3.20). The calculation results are given below:

~pk+1
i = (3.22)

max

(∣∣∣∣∇uk+1
i +

(µ1 + λk
i1)~m

k
i − ~λk

i2

µ2

∣∣∣∣− (µ1 + λk
i1)

µ2
, 0

) ∇uk+1
i +

(µ1+λk
i1)~m

k
i −~λk

i2
µ2∣∣∇uk+1

i +
(µ1+λk

i1)~m
k
i −~λk

i2
µ2

∣∣ ,
Subproblem 4: The minimization with respect to ~m. According to (3.11), when ~uk+1

~qk+1, ~pk+1, ~nk and ~vk are fixed, it is very easy to obtain the expansion of its EulerLagrange
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equation.

−(µ1 + λk
i1)~p

k+1
i − ~λk

i4 − µ4(~n
k
i − ~mi) + δ<(~mi) = 0. (3.23)

According to [160], we can obtain the closed-form solution of (3.23) through the following

equations. A simple projection method is used for guaranteeing the constraint of ~mk+1
i .


~mk+1

i = proj<( ~̃m
k+1
i ) =

 ~̃mk+1
i | ~̃mk+1

i | ≤ 1
~̃mk+1

i

| ~̃mk+1
i |

otherwise
=

~̃mk+1
i

max(| ~̃mk+1
i |, 1)

where ~̃mk+1
i = ~nk

i +
(µ1+λk

i1)~p
k+1
i +~λk

i4
µ4

(3.24)

Subproblem 5: The minimization with respect to ~n. When dealing with the itera-

tions for ~n, fast Fourier transform algorithm is used with the assumption that ~uk+1 ~qk+1,

~pk+1, ~mk+1 and ~vk+1 are fixed. The EulerLagrange equation of (3.12) is then obtained as

follows:

∇(qk+1
i −∇ · ~ni) +

∇λk
i3

µ3
+

µ4

µ3
(~ni − ~mk+1

i ) +
~λk
i4

µ3
= 0. (3.25)

According to the definition of (3.14) and (3.15), the coupled Eqs. (3.25) can be expressed

as two discrete forms: −(∂xxni1 + ∂xyni2) +
µ4

µ3
ni1 = −∂xq

k+1
i − ∂xλk

i3
µ3

+ µ4

µ3
mi1 −

λk
i41
µ3

−(∂yxni1 + ∂yyni2) +
µ4

µ3
ni2 = −∂yq

k+1
i − ∂yλk

i3
µ3

+ µ4

µ3
mi2 −

λk
i42
µ3

. (3.26)

By using the shifting operators mentioned in Subproblem 1, (3.26) can be written as:

 −((S−
x − 2I + S+

x )ni1 + (S+
x − S+

x S
−
y − I + S−

y )ni2) +
µ4

µ3
ni1 = hi1

−((S+
y − S−

x S
+
y − I + S−

x )ni1 + (S−
y − 2I + S+

y )ni2) +
µ4

µ3
ni2 = hi2

, (3.27)

where hi1 = −∂xq
k+1
i − ∂xλk

i3
µ3

+ µ4

µ3
mi1 −

λk
i41
µ3

and hi2 = −∂yq
k+1
i − ∂yλk

i3
µ3

+ µ4

µ3
mi2 −

λk
i42
µ3

. By

applying the discrete Fourier transform to both sides of (3.27), we will have the following
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system of linear equation.

(
a11 a12
a21 a22

)(
FFT (ni1)

FFT (ni2)

)
=

(
FFT (hi1)

FFT (hi2)

)
, (3.28)

with the coefficients :

a11 =
µ4

µ3
− 2(cosZi − 1)

a12 = −(1− cosZj +
√
−1 sinZj)(−1 + cosZi +

√
−1 sinZi)

a21 = −(1− cosZi +
√
−1 sinZi)(−1 + cosZj +

√
−1 sinZj)

a22 =
µ4

µ3
− 2(cosZi − 1)

.

The determinant of the coefficient matrix is D =
(µ4

µ3

)2 − 2µ4

µ3
(cosZi + cosZj − 2), which

proves to be always positive for all discrete frequencies if µ4

µ3
> 0. After the linear equations

are solved for each frequency, we can use the discrete inverse Fourier transform to obtain

~n: 
ni1 = <

(
IFFT

(
a22FFT (hi1)−a12FFT (hi2)

D

))
ni2 = <

(
IFFT

(
−a21FFT (hi1)+a11FFT (hi2)

D

)) . (3.29)

Subproblem 6: The minimization with respect to ~v. Now it is time to consider the

last set of variables v in Eq. (3.13). Let the five calculated variables ~uk+1 ~qk+1, ~pk+1, ~mk+1

and ~nk+1 be fixed, then the EulerLagrange equation of (3.13) can be obtained as:

λ
vi
|vi|

+ µ5

(
vi − uk+1

i + fi +
λk
i5

µ5

)
= 0. (3.30)

It is obvious that the exact soft threshold formula, which has been used to obtain ~qk+1 and

~pk+1, can be used to solve (3.30). ~nk+1 is then obtained based on the solution for ~qk+1.

vk+1
i = max

(∣∣∣∣uk+1
i − fi −

λk
i5

µ5

∣∣∣∣− λ

µ5
, 0

)
uk+1
i − fi −

λk
i5
µ5∣∣uk+1

i − fi −
λk
i5
µ5

∣∣ . (3.31)

Update of Lagrange multipliers. At the end of the implementation, the Lagrange

multipliers ~λk
1, ~λk

2, ~λk
3, ~λk

4 and ~λk
5 should be updated. In fact, they can be directly calculated

through (3.7).
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Termination Criteria

As described in [158, 166], the iterations in the proposed algorithm need to be terminated

when the following criteria are satisfied:

i. the constraint errors should be monitored in iterations:

(Rk
1 Rk

2 Rk
3 Rk

4 Rk
5) =

(
‖~Rk

1‖`1
‖Ω‖`1

‖~Rk
2‖`1

‖Ω‖`1
‖~Rk

3‖`1
‖Ω‖`1

‖~Rk
4‖`1

‖Ω‖`1
‖~Rk

5‖`1
‖Ω‖`1

)
(3.32)

with

~Rk
1 = [Rk

11 ... R
k
m1]

r = [|~pk1| − ~mk
1 · ~pk1 ... |~pkm| − ~mk

m · ~pkm]T

~Rk
2 = [Rk

12 ... R
k
m2]

r = [~pk1 −∇uk1 ... ~pkm −∇ukm]T

~Rk
3 = [Rk

13 ... R
k
m3]

r = [qk1 −∇ · ~nk
1 ... qkm −∇ · ~nk

m]T

~Rk
4 = [Rk

14 ... R
k
m4]

r = [~nk
1 − ~mk

1 ... ~nk
m − ~mk

m]T

~Rk
5 = [Rk

15 ... R
k
m5]

r = [vk1 − (uk1 − f1) ... v
k
m − (ukm − fm)]T

where ‖ ·‖`1 denotes the `1 norm on image domain Ω and ‖Ω‖`1 is the area of domain.

All components in (63) are calculated point by point. If Rk
i < ε (ε is a small enough

parameter) for i = 1, 2, ..., 5, the iteration of outer repeat k should be stopped. These

numerical indicators are also used to determinate the values of µi (i = 1, 2, ..., 5),

which can be used as the basis of penalty parameter adjustment.

ii. During the iteration, the relative errors of Lagrange multipliers and the solution ~uk

should be observed. They should reduce to a sufficiently small level:

Lk
i =

‖~λk
i − ~λk−1

i ‖`1
‖~λk−1

i ‖`1
(i = 1, 2, ..., 5) (3.33)

‖uki − uk−1
i ‖`1

‖uk−1
i ‖`1

iii. The relative energy error can also be chosen as the stopping criterion

‖Ek − Ek−1‖`1
‖Ek−1‖`1

≤ ε (3.34)

where Ek is the energy value of (3.4). The computation stops automatically when
‖Ek−Ek−1‖`1

‖Ek−1‖`1
is less than a predefined tolerance, which implies the energy approaches

its steady state.
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3.3 Proposed Simplified Variational Level Set Formulation

for Illusory Contour Reconstruction

3.3.1 A New Formulation for Illusory Contour Capture and its GDM

method

The original problem (2.23) can be formulated in an equivalently reduced version by taking

the signed distance functions as level set functions. If the level set functions are treated

as the signed distance functions with |∇ϕ| = 1 during computation, all the curvatures in

(2.23) can be replaced by Laplacians of level set functions. In this case, that is, κi =

∇ ·
( ∇ϕi

|∇ϕi|
)
= ∇ · (∇ϕ) = ∆ϕ. Therefore, the curvature will be reduced to κ = ∆ϕ.

According to this simplified form, the term κ(d) will be reduced to ∆d and it satisfies

κ+(d) = max(κ(d), 0) = max(∆d, 0) = (∆d)+. With the constraint |∇ϕ| = 1 in (3.35)

below, we can directly use the value |∇ϕ| = 1 to replace |∇ϕ| in Functional (2.23). Based

on this observation, the illusory contour capture functional (3.35) can be rewritten as the

following simplified version

E(ϕ) =

∫
Ω
(1 + µC(d)(∆d)+)|d|δ(ϕ)|∇ϕ|dx+ λ

∫
Ω
H(d)H(ϕ)dx

+

∫
Ω
(a+ b(∆ϕ)2)δ(ϕ)dx. (3.35)

s.t. |∇ϕ| = 1

It should be noted that Eq. (3.35) are equivalent to the original problem (2.23). A novel

model with reduced order terms is thus obtained with the constraint |∇ϕ| = 1. In this case,

the nonlinear fourth-order derivatives disappear and the re-initialization procedure of the

level set function can be avoided by adding the constraint instead. The computational cost

is hence reduced to some extent based on this new model.

In order to solve (2.23), Zhu [208] used the standard variational method to obtain the

following GDM equation for the final function ϕ:

∂ϕ

∂t
= ∇[(1 + µC(d)κ+(d))|d|] · ∇ϕ− λH(d)δ(ϕ) (3.36)

+[(1 + µC(d)κ+(d))|d|]|∇ϕ|∇ ·
(

∇ϕ

|∇ϕ|

)
+|∇ϕ|∇ ·

[
∇ϕ

|∇ϕ|
Ψ(κ)− 1

|∇ϕ|

(
∇(Ψ′(κ)|∇ϕ|)−

(
∇ϕ

|∇ϕ|
· ∇(Ψ′(κ)|∇ϕ|)

)
∇ϕ

|∇ϕ|

)]
,
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where Ψ(κ) = a+ bκ2.

There is a fourth order derivative in equations (3.2) and (3.36), which brings much

difficulty in solving them. In fact, there are three main computational disadvantages related

to the GDM equations (3.2) and (3.36) as listed below.

(1) Equation (3.2) and (3.36) are in the form of a standard Hamilton-Jacobi equation,

which can be solved iteratively using some explicit upwind-alike schemes. However,

the convergence of such iteration depends heavily on discretization of the nonlinear

fourth-order derivatives in the GDM equations above, which is proven to be tedious

and prone to errors;

(2) The property of the signed distance function was not utilized in the GDM algorithm

proposed in [208]. Specifically, the curvature item in (2.23) can be simplified via

the property of signed distance function (e.g. |∇ϕ| = 1) and then the model can be

simplified. After model simplification, the high-order derivatives mentioned above can

be avoided and the computational process can be simplified significantly;

(3) Another critical issue in (3.36) is the inevitable re-initialization procedure of the level

set function ϕ during the evolution process. It requires employing (2.25) regularly for

ϕ with u = ϕ(x, 0) in order to keep ϕ close to the signed distance function. This is

a critical issue in GDM approach and it has been discussed in many papers [93,166].

Such a process is removed in our proposed ADMM-P approach designed for solving

(3.35) numerically.

Our contributions in this section can be summarized as follows:

• A simplified variational level set formulation is proposed by taking advantage of the

property of signed distance functions;

• A fast ADMM method for optimizing the transformed model is developed. The main

difference between the models in [109, 117, 158, 211] and our proposed model is that

our proposed formulation is constrained by some nonlinear Eikonal equations based

on definitions of the signed distance functions.
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3.3.2 ADMM-P Algorithm for Illusory Contour Capture model

To improve the efficiency further, some fast algorithms can be designed and directly applied

to the equivalently simplified version (3.35). As many models containing the Eulers elastica

term are able to recover the noisy images with excellent performance, we also apply our

model for noisy images with minor modification. Experiments confirm that the proposed

model can achieve better performance on noisy images due to the simplified computation

procedure. We will follow the main ideas of ADMM combining with a proposed projection

method (i.e. ADMM-P algorithm) to solve the proposed model (3.35). Such operations can

remove the need of re-initialization for the level set function.

Firstly, some auxiliary variables are introduced, for example, ~w = [w1, w2]
T and v with

property ~w ≈ ∇ϕ, v ≈ ∇· ~w and the Lagrangian multipliers ~λ1, λ2. The constraint |∇ϕ| = 1

can be replaced by |~w| = 1, and this substitution would avoid the traditional re-initialization

process and would force |∇ϕ| = 1 by imposing the compulsory constraint for ~w. |~w| = 1 can

then be guaranteed automatically by implementing a projection. Based on this observation,

(3.35) can be transformed into the following augmented Lagrangian functional with some

explicit constraints:

E(ϕ, ~w, v;~λ1, λ2) (3.37)

=

∫
Ω
[(1 + µC(d)(4d)+)|d|δ(ϕ) + λH(d)H(ϕ)]dx+

∫
Ω
[a+ b(v)2]δ(ϕ)dx

+

∫
Ω

~λ1 · (~w −∇ϕ)dx+
µ1

2

∫
Ω
(~w −∇ϕ)2dx

+

∫
Ω
λ2(v −∇ · ~w)dx+

µ2

2

∫
Ω
(v −∇ · ~w)2dx

s.t. |~w| = 1

where µ1, µ2 are positive penalty parameters and ~λ1 = [λ11, λ12]. The approximations

~w ≈ ∇ϕ and v ≈ ∇ · ~w can be achieved by the maximization with respect to ~λ1 and λ2 in

the energy functional (3.37). Meanwhile, the constraint |∇ϕ| = 1 is replaced by |~w| = 1,

which can be guaranteed using the projection directly. It is noteworthy that this constraint

can also be guaranteed using the penalty function method, in which larger computational

expense would be inevitable. Next we propose a new approach to solve this functional.

Similarly, the proposed ADMM-P method can be implemented in finite steps with stop-

ping criteria. In each step, a sub-problem of minimization is carried out with respect to one
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variable while keeping other variables constant temporarily. For the formulations of (3.37),

the unknown values ϕ0, ~w0, v0, ~λ0
1, λ0

2 are initialized, then a procedure of optimization

is executed step by step. In each step, the calculation of (3.37) can be divided into the

following sub-problems


ϕk+1 = argmin{ε1(ϕ) = E(ϕ, ~wk, vk;~λk

1, λ
k
2)}

~wk+1 = argmin{ε2(~w) = E(ϕk+1, ~w, vk;~λk
1, λ

k
2)}

vk+1 = argmin{ε3(v) = E(ϕk+1, ~wk+1, v;~λk
1, λ

k
2)}

(3.38)

 ~λk+1
1 = ~λk

1 + µ1(~w
k+1 −∇ϕk+1)

λk+1
2 = λk

2 + µ2(v
k+1 −∇ · ~wk+1)

(3.39)

where (3.39) are used for updating the Lagrange multipliers. The functionals of the above

mentioned subproblems are given respectively below:

ε1(ϕ) =

∫
Ω
[(1 + µC(d)(4d)+)|d|δ(ϕ) + λH(d)H(ϕ)]dx (3.40)

+

∫
Ω
[a+ b(v)2]δ(ϕ)dx+

∫
Ω

~λ1 · (~w −∇ϕ)dx+
µ1

2

∫
Ω
(~w −∇ϕ)2dx

ε2(~w) =

∫
Ω

~λ1 · (~w −∇ϕ)dx+
µ1

2

∫
Ω
(~w −∇ϕ)2dx (3.41)

+

∫
Ω
λ2(v −∇ · ~w)dx+

µ2

2

∫
Ω
(v −∇ · ~w)2dx

ε3(v) =

∫
Ω
[a+ b(v)2]δ(ϕ)dx+

∫
Ω
λ2(v −∇ · ~w)dx+

µ2

2

∫
Ω
(v −∇ · ~w)2dx (3.42)

In summary, we can present the proposed ADMM-P approach in a pseudo code format

as follows.

Minimization of Each Subproblem

Subproblem 1: Calculation of the level set function ϕ. For the minimization of sub-

problems (3.40) with respect to the level set function ϕ, the corresponding Euler-Lagrange
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ADMM-P for the illusory contours capture functional.
Step 1: Initialization: ϕ0, ~w0, v0, ~λ0

1, λ0
2

Step 2: For k ≥ 1, solve the following problems alternatively
2.1. Subproblem 1: update ϕk+1 via
ϕk+1 = argmin{ε1(ϕ) = E(ϕ, ~wk, vk;~λk

1, λ
k
2)}

2.2. Subproblem 2: update ~wk+1 via
~wk+1 = argmin{ε2(~w) = E(ϕk+1, ~w, vk;~λk

1, λ
k
2)}

2.3. Subproblem 3: update vk+1 via
vk+1 = argmin{ε3(v) = E(ϕk+1, ~wk+1, v;~λk

1, λ
k
2)}

2.4. Subproblem 4: Update Lagrange multipliers via (3.39)
Step 3: Terminate the above iterations if the stopping criteria (described in

Termination Criteria) are satisfied.

equations are given by


(1 + µC(d)(4d)+)|d|δ′(ϕ) + λH(d)δ(ϕ) + [a+ b(vk)2]δ′(ϕ)

+∇ · ~λk
1 + µ1∇ · (~wk −∇ϕ) = 0 in Ω

(~λk
1 + µ1(~w

k −∇ϕ))~n = 0 on ∂Ω

, (3.43)

where ~wk and vk are fixed temporarily when ϕk+1 is calculated by using the semi-implicit

difference scheme and Gauss-Seidel iterative method. According to [107], |∇ϕ| can be used

to replace δ(ϕ), which accelerates the evolution process, and can be directly normalized via

|∇ϕ| = 1. From Subproblem 2 to 3, similar calculation of ADMM for MTC-`1 model can

be implemented here. We just present the obtained results, the whole solving process can

be found in [164].

Subproblem 2: Minimization of the auxiliary variable ~w. The Euler-Lagrange

equation with respect to ~w can be derived as below from (3.41) via calculus of variation

when the variables ϕk+1 and vk are kept constant temporarily, ~λk
1 + µ1(~w −∇ϕk+1) +∇λk

2 + µ2∇(vk −∇ · ~w) = 0

s.t. |~w| = 1
. (3.44)

Then we can obtain:
w̃k+1
1 = <

(
IFFT

(
a22FFT (g1)−a12FFT (g2)

D

))
w̃k+1
2 = <

(
IFFT

(
−a21FFT (g1)+a11FFT (g2)

D

)) . (3.45)
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The determinant of the coefficient matrix is D = µ2
1−2µ1µ2(cosZi+cosZj−2). This value

is always positive for all discrete frequencies if µ1 > 0. Finally, an important projection

technique is used to guarantee the constraint |~w| = 1 to be satisfied if we define

~wk+1 =
~̃wk+1

| ~̃wk+1|
. (3.46)

The constraint |∇ϕ| = 1 can be forced by imposing the compulsory constraint for ~w, hence

the traditional re-initialization process can be avoided through this projection.

Subproblem 3: Minimization of the auxiliary variable v. For the minimization of

(3.42), derive the Euler-Lagrange equation with respect to v while fixing the variables ϕk+1,

~wk+1 temporarily.

Updating the Lagrange multipliers. The Lagrange multipliers ~λk
1 and λk

2 need to be

updated via (3.39) after all sub-minimization problems have achieved their minimum.

Termination Criteria

For The stopping criteria for each sub-problem, please refer to the termination criteria

section given in Section 3.2.2 or [164].

Some specific methods are used to tune parameters in the implementation process of

the proposed approach. The two parameters in Functional (3.37), a and b, control the

length and curvature of the segmentation boundary. The ratio between a and b is related

to the connectivity and smoothness of the level lines. As discussed in [151, 158, 160], the

connection of disconnected level lines and smoothness of level lines can be guaranteed by a

large parameter b. In addition, another two parameters: µ1 and µ2 associated with Lagrange

multipliers in the augmented Lagrange energy functional (3.37) also should be tuned, as

discussed in Section 3.2.2.

3.4 Proposed Nonlinear diffusion based models for Image

Segmentation

3.4.1 Nonlinear Diffusion based Image Segmentation

Considering the advantages of using nonlinear diffusion as the regularization and the good

effects of active contour model mentioned above, we propose a novel model which combines
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these two technologies to get better effects for image segmentation. This variational model

for image segmentation is based on active contours [40], nonlinear diffusion (Table 2.1) and

level sets [176,210]. It includes a Chan-Vese model-based data fitting term and a regularized

term that uses the potential functions of nonlinear diffusion. The former term can segment

the image by region partition instead of having to rely on the edge information. The latter

term is capable of automatically preserving image edges as well as smoothing noisy regions.

Thus the variational formulation of our nonlinear segmentation model can be written as:

E(u, φ) =

∫
Ω
r(u1, u2)φdx+ γ

∫
Ω
ϕ(|∇φ|)dx. (3.47)

Our contributions in this section can be summarized as follows:

• A general variational model for image segmentation based on nonlinear diffusion tech-

nology and Chan-Vese model is proposed to obtain a higher quality of segmentation

results;

• ADMM is applied to transform the energy minimization problem of proposed model

into three subproblems. Moreover, we creatively propose a new fast algorithm, NVPM,

based on normal vector projection and alternating optimization method to solve our

model. To further improve the computing efficiency, Nesterovs optimal first-order

method [63] is applied into NVPM.

3.4.2 Design of ADMM and NVPM for the Nonlinear Diffusion Based

Image Segmentation.

I. ADMM for the Nonlinear Diffusion Based Image Segmentation

The implementation of ADMM for (3.47) is discussed briefly here as it has been already

described in detail previously. Firstly, an auxiliary vector ~w = [w1, w2]
T is introduced such

that ~w ≈ ∇φ = [∂xφ, ∂yφ]
T to transform the functional (3.47) into a constrained problem

as follows:

E(u, φ, ~w;~λ) =

∫
Ω
r(u1, u2)φdx+ γ

∫
Ω
ϕ(|~w|)dx (3.48)

+
µ

2

∫
Ω
|~w −∇φ|2dx+

∫
Ω

~λ · (~w −∇φ)dx,

s.t. ~w = ∇φ
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The implementation of ADMM is summarized in pseudo code as follows.

ADMM for the nonlinear diffusion based image segmentation
1. Initialization: u0 = 0, φ0 ∈ {0, 1}, ~w0 = 0 and ~λ0 = 0.
2. For k = 0, 1, ... solving the following problems alternatively:

2.1. Subproblem 1 about uk+1:
uk+1 = argmin{ε1(u) = E(u, φk, ~wk;~λk)}.

2.2. Subproblem 2 about φk+1:
φk+1 = argmin{ε2(φ) = E(uk+1, φ, ~wk;~λk)}.
φk+1 =

∏
φ(φ

k+1).
2.3. Subproblem 3 about ~wk+1:

~wk+1 = argmin{ε3(φ) = E(uk+1, φk+1, ~w;~λk)}.
2.4. Update Lagrange multiplier ~λk+1:

~λk+1 = ~λk + µ(~wk+1 −∇φk+1).
2.5. φk+1 needs to be processed by thresholding:

φk+1 =

{
1 φk+1 > α

0 otherwise

3. The overall loop will be terminated if the stopping criterions
(described in Termination Criteria) are satisfied.

For Subproblem 1 the unknown intensities u1 and u2 can be obtained by the conditions:

uk+1
1 =

∫
Ω fφkdx∫
Ω φkdx

and uk+1
2 =

∫
Ω f(1−φk)dx∫
Ω(1−φk)dx

.

For Subproblem 2 dealing with the iterations of ϕ, we can have:

φ̃k+1 = <
(
IFFT

(
FFT (g)

−2µ(cosZi + cosZj − 2)

))
, (3.49)

φk+1 =
∏
φ

(φ̃k+1) = max(min(φ̃k+1, 1), 0)

where g = −µ(∂−
x w

k
1 + ∂−

y w
k
2) − (∂−

x λ
k
1 + ∂−

y λ
k
2) − r(uk+1

1 , uk+1
2 ), and the projection

∏
φ(·)

is a simple truncation of φ̃k+1 to the interval [0, 1] according to [20,162].

For Subproblem 3 related to calculation of the auxiliary variable ~w, the soft thresholding

formulation is used to obtain the result: ~wk+1 = max
(
|∇φk+1− ~λk

µ |− γϕ′(|~w|)
µ , 0

) ∇φk+1−~λk

µ

|∇φk+1−~λk

µ
|
.

II. NVPM for the Nonlinear Diffusion Based Image Segmentation

As noted earlier, we can reduce the order of energy functional (3.47) and use an alternating

optimization method to solve the corresponding subproblems. It has been proved that an

alternating optimization method can improve calculation efficiency and reduce the com-

plexity. In this section, NVPM is proposed based on such an idea. It can be optimized

using Nesterovs optimal first-order methods [63] for accelerating the iterations. First, we
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introduce the computational procedure of NVPM. From the Euler-Lagrange equation of the

functional (3.47):

r(u1, u2)− γ∇ ·
(
ϕ′(|∇φ|) ∇φ

|∇φ|
)
= 0, (3.50)

It is very difficult to calculate the normal vector ∇φ
|∇φ| , and the high-order term ∇·

(
ϕ′(|∇φ|) ∇φ

|∇φ|
)

is believed to result in slow computation. Here we introduce an auxiliary vector ~p = [p1, p2]
r

such that ~p ≈ ∇φ
|∇φ| according to the concept of replacing high-order terms with low-order

terms to reduce the order of the variables. Thus the solving process can be simplified and

then alternating optimization method is selected to calculate variables as mentioned be-

fore. There are three separate subproblems for u, φ and ~p. The detailed implementation of

NVPM is shown as follows.

NVPM for the nonlinear diffusion based image segmentation
1. Initialization: u0 = 0, φ0 ∈ {0, 1}, ~p0 = 0.
2. For k = 0, 1, ... solving the following problems alternatively:

2.1. Subproblem 1 about uk+1:
uk+1 = argmin{ε1(u) = E(u, φk)}.

2.2. Subproblem 1 about φk+1:
φk+1 = argmin{ε2(φ) = E(uk+1, φ}

∣∣
~p≈ ∇φ

|∇φ|
.

φk+1 =
∏

φ(φ
k+1).

2.3. Subproblem 3 about ~pk+1:
~pk+1 = Π

~p≈ ∇φ
|∇φ|

(φk+1).
2.4. φk+1 needs to be processed by thresholding:

φk+1 =

{
1 φk+1 > α

0 otherwise

3. The overall loop will be terminated if the stopping criterions
(Termination Criteria) are satisfied.

The normal vector projection Π
~p≈ ∇φ

|∇φ|
(·) is used to constrain the instrumental vector ~p.

For k = 0, 1, ... the minimizers of variables u, φ and ~p in subproblems 1-3 can be obtained

by minimizing the energy functionals and the projection method:


ε1(u) =

∫
Ω r(u1, u2)φ

kdx

ε2(φ) =
∫
Ω r(uk+1

1 , uk+1
2 )φdx+ γ

∫
Ω ϕ(|∇φ|)dx

~pk+1 = Π
~p≈ ∇φ

|∇φ|
(φk+1)

. (3.51)
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In the following part, equations given in (3.51) will be solved, respectively.

Minimization of ε1(u) in (3.51) u1 and u2 can be obtained as uk+1
1 =

∫
Ω fφkdx∫
Ω φkdx

and

uk+1
2 =

∫
Ω f(1−φk)dx∫
Ω(1−φk)dx

.

Minimization of ε2(ϕ) in (3.51) The variables uk+1 and ~pk are fixed to calculate φ. By

introducing the instrumental vector ~p, the Euler-Lagrange equation (3.50) can be simplified

as follows:

r(uk+1
1 , uk+1

2 )− γ∇ · (ϕ′(|∇φ|)~pk) = 0. (3.52)

If this Euler-Lagrange equation is used to obtain φk+1 directly, the problem of convergence

difficulty or un-convergence will come into the energy curve. Thus, the gradient descent

method is added in order to achieve the absolute convergence as:
∂φ
∂t = γ∇ · (ϕ′(|∇φ|)~pk)− r(uk+1

1 , uk+1
2 ) in Ω

∂φ
∂~n = 0 on ∂Ω.

(3.53)

where the second formula of (3.53) is the boundary condition. After obtaining the value of

φk+1, the same projection method is used (as in (3.49)) to make sure φk+1 ∈ [0, 1].

Projection on ~p in (3.51) It is easy to calculate ~pk+1 according to (3.51) under the

condition of obtaining uk+1 and φk+1. Here the norm vector projection can be directly used

as:

~p =
∇φ

|∇φ|
. (3.54)

The numerical problem in above term is mainly caused by its singularity and nondifferen-

tiability. As described in [180], this term is usually approximated as ~p = ∇φ
|∇φ|=

∇φ√
|∇φ|2+ε

(ε

is a small positive constant to avoid zero division). Thus the range of ~pk+1 can be obtained

by the nature of the approximated norm vector as follows:

~pk+1 =


0 |∇φk+1| = 0

∇φk+1

|∇φk+1| =
∇φ√

|∇φ|2+ε
0 < |∇φk+1| ≤ 1

∇φk+1

|∇φk+1| =
∇φ√
|∇φ|2

|∇φk+1| > 1.

(3.55)

Using the constraint condition |~pk+1| ≤ 1 can summarize above nature, the following method
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can guarantee this constraint condition.

~pk+1 =
∇φk+1

max(|∇φk+1|, 1)
. (3.56)

which is a simple re-projection method, which seems to perform better. At the end of the

implementation, the binarization of φk+1 is required as well.

III. Developed version of NVPM: NVPM*

In this part, we will discuss how to optimize the normal vector projection method. From

NVPM, it can be seen that the key factor influencing the rate of convergence is the use

of gradient descent method. As described in [63], the solution process of Subproblem 2 in

NVPM can be accelerated through the over-relaxation iterative method. After obtaining

the piecewise constant parameters uk+1
1 and uk+1

2 , the over-relaxation parameter α and

intermediate variable φ̃ are introduced. φ should be calculated by the intermediate variable

as:

φk+1 = φ̃k + t
(
γ∇ · (ϕ′(|∇φ̃k|)~pk)− r(uk+1

1 , uk+1
2 )

)
. (3.57)

Then the over-relaxation parameter α is updated (set α0 = 1):

αk+1 =
1 +

√
4(αk)2 + 1

2
. (3.58)

The (k + 1)th and kth values of φ, α are used to update the intermediate variable φ̃:

φ̃k+1 = φk+1 +
αk − 1

αk+1
(φk+1 − φk). (3.59)

The rest of the steps will not be repeated because they are similar to (3.54)-(3.56) in NVPM.

Termination Criteria

The iterations need to be terminated when the criterions are satisfied. For details, please

refer to the termination criteria section given in Section 3.2.2 or [161].

NVPM has more concise algorithm framework and guarantees fast convergence of the

energy functional in theory. Therefore, it can greatly enhance the calculation efficiency for
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our segmentation models. It could also be a promising scheme to solve other variational

problems.

3.5 Experiments

In this section, our proposed models are applied to some synthetic and real images with

noise or damage. Experiments are conducted on the same platform (Matlab7.8) on a PC

(Intel (R), CPU: 2.60GHz, RAM: 16GB, cores number: 4, architecture: 64-bit).

3.5.1 MTC-`1 model for color image processing

The ratio (PSNR) is used for performance evaluation and it is defined as

PSNR = 10 log10
mMN ×MAX2

m∑
i=1

‖fi − ui‖2`2
. (3.60)

where m stands for the layers of the color image. M and N are the height and width,

respectively, of the original image. MAX is 255. ~u is the restored image, and ~f is the

original image. ‖ · ‖`2 denotes the `2 norm on image domain.

Experiments for image de-noising

A synthetic image of size 256×256, the popular Lena image of size 200×200, and a real

image of a building of size 237×237, are used as the test images for denoising. In these

experiments, the MTV-`1 model is used for comparison in order to show that the proposed

model can simultaneously improve the staircase effect while keep corners. First, we set

~u0 = ~f , ~q0 = ~v0 = ~0, ~p0 = ~m0 = ~n0 = ~0. and all the Lagrange multipliers are initially

set to be 0 for all the numerical experiments. The same initiations of variables in each

experiment are used in order to have a relatively neutral criterion. In this experiment, the

parameters for our proposed model are given as:

Fig. 3-1(a3): λ = 10, µ1 = 3 · 10−3, µ2 = 0.3, µ3 = 2 · 10−3, µ4 = 0.2, µ5 = 0.01;
Fig. 3-1(b3): λ = 1, µ1 = 0.3, µ2 = 0.02, µ3 = 2 · 10−3, µ4 = 2, µ5 = 0.05;
Fig. 3-1(c3): λ = 1.6, µ1 = 8 · 10−3, µ2 = 0.04, µ3 = 0.02, µ4 = 0.01, µ5 = 0.01;

In Fig. 3-1, results of the MTV-`1 model and the proposed model are first presented,

respectively. Fig. 3-1(a1), (b1) and (c1) show the noisy images. The Pepper and salt noise
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with the standard deviation 0.1 is used in (a1) and (b1), and the Gaussian noise with the

standard deviation 0.01 is used in (c1). The restored images by using the MTV-`1 model

are shown in Fig. 3-1(a2), (b2) and (c2). Fig. 3-1(a3), (b3) and (c3) show the results

of our proposed model. The residual images (Fig. 3-1(a4), (a5), (b7) and (b8)) and the

plots of horizontal intersections (Fig. 3-1(a6), (a7), (b9) and (b10)) are also given. To

see the detailed differences, a small block is cropped from the test images as shown in Fig.

3-1(b4)(b6) and (c4)(c6). From Fig. 3-1(a2) and the residual image (a4), it can be observed

that the corners of the star and triangle are smeared using the MTV-`1 model, but they

are preserved well using the proposed model as shown in Fig. 3-1(a3). This feature can be

seen clearly in Fig. 3-1(a5) and (a7). Moreover, the color of the objects in Fig. 3-1(a3)

and the darkness in Fig. 3-1(c3) look more similar to that in the original noisy images. It

demonstrates that our proposed model can keep the contrast invariant, i.e., the loss of image

contrast does not exist. The horizontal intersection obtained by randomly choosing three

slices with the same position in the noisy, original and result images is another perspective

to check the de-noising results. Compared with Fig. 3-1(a6), (a7) shows that the de-

noising intersection curve (red) in MTC-`1 almost overlaps with the original intersection

curve (blue), which validates that our proposed model performs better than MTV-`1. Fig.

3-1(b8) and (b10) shows that our model can restore more details for more complex images.

Comparisons of small regions shown in Fig. 3-1 demonstrate that our model is capable

of improving the staircase effect quite well. The parameters used for MTV-`1 model are

chosen as λ = 9 for Fig. 3-1(a2), λ = 7 for (b2) and λ = 3 for (c2), respectively.

From left to right, we can illustrate the relative residuals (3.32), the relative errors of

Lagrange multipliers (3.33), the relative error of uk and the energy curve along the outer

layer repeat k (3.34) in Fig. 3-2. These graphs are obtained from Fig. 3-1(a3) and (b3),

respectively. Other graphs from Fig. 3-1(c3) have similar profiles. In this section, we

show the original data and provide the results for 100 iterations. From these plots, it can

be observed that the proposed algorithm converges well before 100 iterations. They also

give important information about how to choose penalty parameters µi (i = 1, 2, ..., 5).

In order to guarantee the convergence as well as the speed of convergence, the constraint

errors Rk
i should converge to zero with nearly the same speed. If Rk

i goes to zero faster

than others, then µi should be decreased. Rk
i will converge to zero with the same speed as

the iteration proceeds and the energy will decrease to a steady constant value when µi are
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Figure 3-1: The denoising effects of MTV-`1 model and our proposed MTC-`1 model.

chosen properly.

In regard the efficiency of the proposed algorithm, the energy curves using GDM and

ADMM for our proposed model are depicted in Fig. 3-3. As in the above case, Fig. 3-

3(f) and (g) are obtained from Fig. 3-1(a3) and (b3), respectively. It is easy to see that

the ADMM has much faster convergence rate and higher efficiency in comparison with the

GDM.

Table 3.1 shows the comparisons of PSNR values and computation time using different

models. The number of iterations is the number of total outer iterations in Fig. 3-1. The

computational time is measured in seconds. It can be seen that the proposed model can

achieve much better PSNR values with similar time costs.

Table 3.1: Comparisons of PSNR, iterations and computational time.

Models PSNR (de-noising) Iterations Time (s)
Fig. 3-1(a2): MTV-L1 27.067 56 6.573
Fig. 3-1(a3): MTC-L1 28.660 55 6.688
Fig. 3-1(b2): MTV-L1 24.508 51 4.654
Fig. 3-1(b3): MTC-L1 28.136 48 5.191
Fig. 3-1(c2): MTV-L1 19.845 20 3.154
Fig. 3-1(c3): MTC-L1 24.231 22 3.644
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Figure 3-1 continued.

Experiments for image inpainting

A synthetic image of size 256×256, a parrot image of size 310×310 and a flower image of

size 309×255 are used as the test images for inpainting. The red regions in the first, second

and third rows are the inpainting domains. In these experiments, visual comparisons can be

made with the inpainted images subsequently. The damage types are marked by arbitrary

color paintings to illustrate that our proposed model can inpaint effectively and the micro

structures in feather and wing of the parrot show the benefit of our proposed model in edge
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(a) Rk
i (b) Lk

i (c) uk errors (d) The energy

(e) Rk
i (f) Lk

i (g) uk errors (h) The energy

Figure 3-2: The plots of parametric errors and the energy curve. (a-d) are obtained by
our MTC-`1 model from Fig. 3-1(a3). (e-h) are obtained by our MTC-`1 model from Fig.
3-1(b3).

preserving. The model to solve the image inpainting problem is stated as

E(~u) =

∫
Ω

√√√√ m∑
i=1

|κi|2dx+

m∑
i=1

∫
Ω
λD|ui − fi|dx, (3.61)

where λD = { 0 x∈ D
λ x∈Ω/D is the mask function to represent the broken region. The algorithm

for this inpainting model is the same as the one mentioned in Sections 3.4.1. Notice that

~vk+1 should be obtained through the following formula in this case,

vk+1
i = max

(∣∣∣∣uk+1
i − fi −

λk
i5

µ5

∣∣∣∣− λD

µ5
, 0

)
uk+1
i − fi −

λk
i5
µ5∣∣uk+1

i − fi −
λk
i5
µ5

∣∣ . (3.62)

The parameters used to obtain Fig. 3-4(a3) are shown as follows:

Fig. 3-4(a2): λ = 3, µ1 = 4 · 10−3, µ2 = 3 · 10−3, µ3 = 0.02, µ4 = 6 · 10−3, µ5 = 7 · 10−3;
Fig. 3-4(b2): λ = 2, µ1 = 2 · 10−3, µ2 = 4 · 10−3, µ3 = 2 · 10−3, µ4 = 0.02, µ5 = 0.02;
Fig. 3-4(c2): λ = 2, µ1 = 2 · 10−3, µ2 = 0.02, µ3 = 0.03, µ4 = 0.02, µ5 = 0.03;

In Fig. 3-4, some results of the MTV-`1 model and our proposed MTC-`1 model are

shown, respectively. Fig. 3-4(a1), (b1) and (c1) shows the damaged images. The restored
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(a) Convergence comparison (b) Convergence comparison

Figure 3-3: Comparisons of energy curves. (a): energy curves of using GDM and ADMM
for example shown in Fig. 3-1(a3); (b): energy curves of using the GDM and ADMM from
Fig. 3-1(b3).

images by using the MTV-`1 are shown in Fig. 3-4(a2), (b2) and (c2). Fig. 3-4(a3), (b3)

and (c3) shows the results of our proposed model. The differences can be better observed

by cropping a small block from test images as shown in Fig. 3-4(b4)(b6). It can be seen

that our proposed model performs particularly well in inpainting and the results are visually

much better. The parameters used for MTV-`1 model are chosen as λ = 9 for Fig. 3-4(a2),

λ = 7 for (b2) and λ = 3 for (c2), respectively.

Fig. 3-5 shows the relative residuals (3.32), the relative errors of Lagrange multipliers

(3.33), the relative error of uk and the energy curve along the outer repeat k (3.34). Only

the first 100 iterations are shown, and the plots in this section are shown in log-scale. The

convergence rates are the same as the original data. Fig. 3-4(a3) provides the information

for the graphs.

The energy curves by using the GDM and ADMM for our proposed model are given in

Fig. 6. It validates that the alternating direction method of multipliers has a significant

advantage in computational efficiency.

In Table 3.2, comparisons of PSNRs and computation time using different models are

shown. From the information in this table, it is obvious that our proposed model can achieve

much better performance in image inpainting.

MTC-`2 model compared with our proposed model

Experiments in terms of the scale spaces generated by MTC-`2 model and our MTC-`1
model on a real image are given in Fig. 3-7. The energy functional of MTC-`2 is shown as
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Figure 3-4: The inpainting effects of MTV-`1 model and our proposed MTC-`1 model.

follows:

E(~u) =

∫
Ω

√√√√ m∑
i=1

|κi|2dx+ λ
m∑
i=1

∫
Ω
(ui − fi)

2dx. (3.63)

Fig. 3-7(a1) and (b1) give the original Lena images of size 200×200. Different values for

parameter λ are set for these two models to see which one is better in contrast preserving.

(a2)(a6) show results of MTC-`2 model with scale space from λ = 3 to λ = 0.05. (b2)(b6)

show results of our proposed MTC-`1 model with bigger scale space from λ = 10 to λ =

0.001. When scale changes, it can be observed obviously that the `1 fidelity model maintains

their contrast much better, especially very small values for λ are used. For example, λ = 0.1:
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Figure 3-4 continued.

(a) Rk
i (b) Lk

i (c) uk errors (d) The energy

Figure 3-5: The plots of parametric errors and the energy curve. These plots are obtained
by our MTC-`1 model for image inpainting from Fig. 3-4(a3).

our model can produce very good result; λ = 0.05: the general outlines can be seen by our

model. Even though the parameter λ is gradually decreased to very low values, our model

still shows a stronger performance in contrast preserving.

Layered total curvature model based on `1 norm (LTC-`1) compared with our

proposed MTC-`1 model

In this section, we apply the total curvature to the layered color model and compare it with

the proposed model. Visual comparisons with the results are shown in Fig. 3-8 and it can

be observed that the results of two methods are very close as evidenced from Table 3.3.

The main idea of LTC-`1 model is to apply TC-`1 model on each channel, which can be
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(a) Convergence comparison

Figure 3-6: Comparisons of energy curves. (e): energy curves of using the GDM and ADMM
for example shown in Fig. 3-4(a3).

Table 3.2: Comparisons of PSNR, iterations and computational time.

Models PSNR (inpainting) Iterations Time (s)
Fig. 3-4(a2): MTV-L1 32.923 60 3.159
Fig. 3-4(a3): MTC-L1 36.219 35 4.853
Fig. 3-4(b2): MTV-L1 26.003 59 4.564
Fig. 3-4(b3): MTC-L1 27.412 42 5.671
Fig. 3-4(c2): MTV-L1 29.631 43 4.119
Fig. 3-4(c3): MTC-L1 31.211 25 5.064

stated as

E(~u) =

m∑
i=1

∫
Ω
|κi|dx+ λ

m∑
i=1

∫
Ω
|ui − fi|dx. (3.64)

The parameters used in our model for Fig. 3-8:

Fig. 3-8(a3): λ = 15, µ1 = 1 · 10−4, µ2 = 0.5, µ3 = 0.3, µ4 = 0.3, µ5 = 0.1;

In Fig. 3-8, some results of LTC-`1 model and the proposed MTC-`1 model are shown,

respectively. Fig. 3-8(a1) gives the noisy image. The restored images are shown in Fig.

3-8(a2) and (a3). To see the detailed differences, we crop a small block from the test images

as shown in Fig. 3-8(a4)(a6). Magnifications of the small block and histograms show that

LTC-`1 model may cause some blurred edges.

In Table 3.3, the comparisons of PSNR values and computation time by using different

models are shown. It can be seen that these two methods are similar in performance and

computing time. The only difference is that our model does better in coupling effect with

slightly higher PSNR value. The parameters used for LTC-`1 model are chosen as λ = 11

for Fig. 3-8(a2).
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Figure 3-7: Scale spaces generated by MTC-`2 model and our MTC-`1 model.

Table 3.3: Comparisons of PSNR, iterations and computational time.

Models PSNR (de-noising) Iterations Time (s)
Fig. 3-8(a2): LTC-L1 28.869 52 5.926
Fig. 3-8(a3): MTC-L1 29.449 35 4.688

3.5.2 Illusory Contour Capture

Experiments: Illusory Contour Capture on Synthetic Images

Some synthetic images of size 115×115 pixels containing a triangular and round objects

are used as test images in this section. Zhus original model (2.23) is used for comparison

in order to show the performance of our proposed model. Experiments validated that our

simplified model as shown in Eq. (3.35) can produce similarly good results as Zhus (2.23),

while our algorithm shows much better efficiency due to its simpler framework with easy

calculations. The time costs of using Zhus model (2.23) via GDM and our model (3.35)

via ADMM-P are compared in the experiments. ~w, v and all the Lagrange multipliers are

initially set to be 0 for all the numerical experiments. They are initialized the same way

to ensure a relatively fair comparison. The detailed implementation framework is shown in

Fig. 3-9 and all experiments follow the same procedure.

In Fig. 3-10, the original images are shown in (a1) and (b1), and results obtained by a

standard segmentation approach in [40] are presented in (a2) and (b2). (a3) and (b3) give
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Figure 3-7 continued.

the final results obtained by Zhus model (2.23), results from our model (3.35) are presented

in (a4) and (b4). It can be clearly seen that the results obtained by our simplified model

are nearly the same as those by Zhus model and the results obtained from the standard

segmentation [40] (shown in (a2) and (b2)) are totally different since the illusory contours

are not connected. Subsequently (a5) and (b5) show the important term d provided in

Eq. (2.25) and the initialization ϕ is shown in (a6) and (b6) for the two synthetic images.

Fig. 3-10(c) and (d) show the evolution process of the two approaches, in which (c) is for

Zhus intermediate procedure and (d) is for ours. It is clear that our approach is much

faster as it converges in 26 steps while Zhus approach needs to run 96 steps to converge. In

this experiment, the parameters for Zhus model with the GDM method and our proposed

ADMM-P algorithm are set (dt is the time step in GDM) as follow.

GDM method
the triangular object: µ = 15, λ = 2.5, a = 0.1, b = 0.001, dt = 0.2;
the round object: µ = 13, λ = 2, a = 0.1, b = 0.001, dt = 0.4.

our proposed ADMM-P algorithm
the triangular object: µ = 0.005, λ = 2.5, a = 0.1, b = 0.001, µ1 = 5 · 10−5, µ2 = 50;
the round object: µ = 0.005, λ = 1.5, a = 0.1, b = 0.001, µ1 = 5 · 10−5, µ2 = 50.

To further demonstrate the efficiency of our proposed algorithm, the iteration numbers

and computation time using the two models are shown in Table 3.4. It is easy to see that
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Figure 3-8: The denoising effects of LTC-`1 model and our MTC-`1 model.

our ADMM-P converges much faster.

Table 3.4: Number of iterations and time costs using GDM and ADMM-P methods.

Images Approaches Iterations Time (s)
Fig. 3-10(a3) GDM [208] 80 0.35
Fig. 3-10(a4) ADMM-P 14 0.062
Fig. 3-10(b3) GDM [208] 96 0.36
Fig. 3-10(b4) ADMM-P 26 0.095

Experiments: Illusory Contour Capture on Noisy Images

In this section, we apply our model on synthetic noisy images. In Fig. 3-11, (a1) is the

clean image (size 100×100), (a2) is the noisy image with the Salt & Pepper noise (standard

deviation 0.08), and (a3) shows the standard segmentation result of the noisy image using

the method described in [40]. (a4) and (a5) present the results by Zhu’s and our model

respectively. The foreground of the original image includes two separated parts as shown in

(a6) of Fig. 3-11. In Fig. 3-11(a6), the level set of d is shown, followed by the initialization

of ϕ in (a7). It can be seen that the result obtained by our approach is smoother than

the one from Zhu’s approach. Row (b) and (c) show the different performances between
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Figure 3-9: The procedure for illusory contour capture.

Zhu’s work and ours with different noise standard deviations (from small to large). It can

be observed that our illusory contour capture model is robust to noises and Zhus model

cannot achieve ideal results when the image is noisy. Besides, Zhu’s model seems to be

more easily affected by the areas with intense noises, while our model is able to obtain

smooth reconstruction of the illusory contours on different noise levels. In this experiment,

the parameters for the GDM method and our ADMM-P are summarized in the following.

GDM method
µ = 10, λ = 2.5, a = 0.1, b = 0.001, dt = 0.2.

our proposed ADMM-P algorithm
µ = 0.002, λ = 7, a = 0.1, b = 0.001, µ1 = 2 · 10−3, µ2 = 50.

Table 3.5 shows the time costs of Zhus and our models in order to compare their com-

putational efficiency.

Table 3.5: Number of iterations and time costs using GDM and ADMM-P methods.

Images Approaches Iterations Time (s)
Fig. 3-11(a4) GDM [208] 79 0.35
Fig. 3-11(a5) ADMM-P 25 0.10

Experiments: Illusory Contour Capture on Real Images (small size)

Next, illusory contour capture on real images containing part of a map (size 266×246), a

starfish (size 277×277) and a city square (size 256×256) are tested. Fig. 3-12(a1)-(a4) show

the original map image, the result from standard segmentation [40], and the final results
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Figure 3-10: Illusory contour capture for synthetic images.

from Zhu’s and our models. From left to right, Fig. 3-12(b1)-(b4) and (c1)-(c4) show d of

the starfish and square, initialization of ϕ and the results from Zhu’s and our models. Our

model can clearly perform well in real images. The parameters for the GDM method and

our ADMM-P in this experiment are selected as follows.

GDM method
map image: µ = 1, λ = 4, a = 0.05, b = 0.005, dt = 0.2;
starfish image: µ = 3, λ = 12, a = 0.1, b = 0.003, dt = 0.3;
square image: µ = 1, λ = 8, a = 0.1, b = 0.001, dt = 0.2.

our proposed ADMM-P algorithm
map image: µ = 0.005, λ = 10, a = 0.1, b = 1 · 10−4, µ1 = 8 · 10−5, µ2 = 50;
starfish image: µ = 0.05, λ = 10, a = 0.1, b = 0.001, µ1 = 5.5 · 10−5, µ2 = 50;
square image: µ = 0.05, λ = 10, a = 0.1, b = 0.001, µ1 = 6 · 10−5, µ2 = 10.

Table 3.6 shows the time costs using the two methods. It can be seen clearly that similar

results have been achieved using the proposed model using much less iterations.
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Figure 3-11: Illusory contour capture for noisy images.

Experiments: Illusory Contour Capture on Real Images (large size)

In order to further evaluate the performance of our approach, we apply our model on more

complicated images (large, high quality real images) in this section. Visual comparisons of

the results are shown in Fig. 3-13. An alpaca image of size 4000×3000 in Fig. 3-13(a1)

is used for testing. From our observation, initialization curve roughly enclosing the object

can help obtain good results efficiently, which is shown in (a2). The standard segmentation

result is shown in (a3). The negative influence of shadows are very clear here. The last two

images in (a4) and (a5) show the final segmentation by Zhus and our work respectively.

Table 3.6: Number of iterations and time costs using GDM and ADMM-P methods.

Images Approaches Iterations Time (s)
Fig. 3-12(a3) GDM [208] 265 1.89
Fig. 3-12(a4) ADMM-P 56 0.66
Fig. 3-12(b3) GDM [208] 310 2.03
Fig. 3-12(b4) ADMM-P 63 0.67
Fig. 3-12(c3) GDM [208] 178 1.62
Fig. 3-12(c4) ADMM-P 41 0.59
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Figure 3-12: Illusory contours capture for three real images.

It can be seen that the performances of two models are similar but as shown in Table 3.7

the advantage of our approach in efficiency is evident. The parameters used for the GDM

method and our proposed ADMM-P algorithm are given below.

GDM method
µ = 1, λ = 1300, a = 0.05, b = 0.1, dt = 0.2.

our proposed ADMM-P algorithm
µ = 0.005, λ = 2 · 103, a = 0.01, b = 0.1, µ1 = 3 · 10−4, µ2 = 10.

Table 3.7: Number of iterations and time costs using GDM and ADMM-P methods.

Images Approaches Iterations Time (s)
Fig. 3-13(a4) GDM [208] 52 115.62
Fig. 3-13(a5) ADMM-P 12 31.04

In general, experiments on synthetic images confirm that or proposed model consumes

less time in computation while producing similar or better results. When applying to real

and complex images, the time efficiency of our approach becomes more significant. When

dealing with noisy images, the benefits of our model become more obvious in terms of

accuracy with the increment of noise level. These advantages make our approach more

suitable for practical applications.
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Figure 3-13: Illusory contours capture for large real images.

3.5.3 Nonlinear Diffusion based Image Segmentation

In this section, the numerical results of our proposed model are applied to some grayscale

cases (synthetic and real images) and colour cases (real images). We choose the multi-

channel Chan-Vese model [37] as the variational framework by means of nonlinear diffusion,

and comparisons are done for both edge-based [26] and region-based [171] active contour

segmentation models. The same initial contours and initiations of variables for both meth-

ods in each experiment are used in order to have a relatively neutral setting for comparison.

The initial values of variables are shown as follows:

ADMM: u0 = 0, φ0 ∈ {0, 1}, ~w0 = 0, ~λ0 = 0;
NVPM: u0 = 0, φ0 ∈ {0, 1}, ~p0 = 0;
Optimized NVPM: t = 0.1, u0 = 0, φ0 ∈ {0, 1}, φ̃0 = φ0, ~p0 = 0.

Experiments: Segmentation on Grayscale Images

Synthetic images of size 182 × 178, 275 × 275, 256 × 256 and 254 × 254 are used as the

test images. In this experiment, our proposed model is applied to images with spatially

varying background and textures. Fig. 3-14 shows some results of our model. Geodesic

active contour model (GAC model [26]):

∂φ

∂t
= µ∇ ·

(
g(x)

∇φ

|∇φ|
)
− βg(x), (3.65)
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and, piece-wise smooth, active contour model (PSAC model [171]):


u1φ = fφ+ µ∇ · (φ∇u1)

u2(1− φ) = f(1− φ) + µ∇ · ((1− φ)∇u2)

∂φ
∂t = γ∇ ·

( ∇φ
|∇φ|

)
− α1((u1 − f)2 + µ|∇u1|2) + α2((u2 − f)2 + µ|∇u2|2)

, (3.66)

are used to compare with our model. The edge function g(x) in (3.65) is defined as g(x) =

1
1+|∇(Gσ∗f(x))|2 . The equations for obtaining the parameters value u1 and u2 of the PSAC

model were given in (3.66). According to definition, u1 and u2 in (3.66) are in the form of

functions while the ones in (2.26) are piece-wise constants. The PSAC model transforms

the piece-wise constant parameters u1 and u2 into variables that need to be calculated. Fig.

3-14 (a1)-(d1) show the initial curves. The segmentation results of our model are shown in

Fig. 3-14 (a2)-(d2). In practice, the results of our model using all the potential functions

shown in Table 2.1 are very close. Thus we do not discuss it too much in the following

experiments. The initial curves and results of GAC model and PSAC model are shown in

Fig. 3-15. The parameters used for each model are shown under each image. From Fig.

3-15 (e2) and (f2), it can be observed that the GAC model cannot detect interior contours of

the ring and the box, while the PSAC model cannot detect the objects with varying features

as shown in Fig. 3-15 (e3) and (f3). For regions with textures, both GAC and PSAC fail

in segmenting the complete regions (Fig. 3-15(g2)-(g3), (h2)-(h3)). In contrast, our model

can also successfully get the same results. The initial curves given in Fig. 3-15(e1) and

(g1). It does not depend so much on the position of the initial curve. Thus our model can

be considered to have better effects in detecting regions with smoothly spatially varying

features and textures.

An airplane image of size 414 × 243 and a squirrel image of size 212 × 153 are used as

the test images in this experiment. Visual comparisons can be made on the segmentation

results obtained by our model, GAC model and PSAC model. The same initial contours

are used in Fig. 3-16 (a1) and (b1). The results of our model, the GAC model and PSAC

model are given from left to right. It can be seen clearly that our proposed model has better

segmentation ability and precision on real images.

When dealing with the convex optimization problem, a threshold method has to be used

for both ADMM and NVPM to realize the binarization of φk+1. It is an important way

to achieve accurate results. Non-threshold solutions of the proposed methods are shown as
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Figure 3-14: Effects of our model.

follows. It can be observed that non-threshold often results in fuzzy regions (red circles in

Fig. 3-17 (d2)). In practice, we find the threshold of φk+1 could be set at an applicable

value of 0.5.

In Table 3.8, comparisons of iterations and computation time using different methods are

shown. The number of iterations is the number of total outer iterations. The computational

time is measured in seconds. Here PF (ii) and (iv) from Table 2.1 are chosen as examples.

It can be seen that the convergence ability of NVPM is nothing less than that of ADMM.

Table 3.8: Comparisons of iterations and time using different methods.

Image Methods Iterations Time (sec)

Fig. 3-16(a2)
PF (ii)

ADMM 6 0.184
NVPM 6 0.178
NVPM* 6 0.175

Fig. 3-16(b2)
PF (iv)

ADMM 16 0.215
NVPM 9 0.118
NVPM* 8 0.109

Experiments: Segmentation on Color Image

In this experiment, a bird image of size 300 × 380, a leaf image of size 210 × 280 and an

insect image of size 962 × 642 are used as the test images. Our nonlinear diffusion based
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Figure 3-15: Effects of GAC and PSAC model.

multi-channel model is defined as follows:

min
u,φ∈[0,1]

{
E(u, φ) = α1

∫
Ω

n∑
i=1

(u1i − fi)
2φdx+ α2

∫
Ω

n∑
i=1

(u2i − fi)
2(1− φ)dx

+ γ

∫
Ω
ϕ(|∇φ|)dx

} (3.67)

which uses multi-channel Chan-Vese model [37] as the variational framework. The same

initial contours for each image using different methods are shown in Fig. 3-18(a1), (b1) and

(c1). The segmentation results of our model, the GAC model and the PSAC model are given

subsequently. The result obtained by our model using ADMM is presented in Fig. 3-18(a2),

(b2) is using the NVPM algorithm framework and (c2) gives the NVPM* result. All the

potential functions presented in Table 2.1 can get very similar results. By comparing the

results of these models, it is clear that the GAC model can only detect the major objects.

It cannot capture detailed object structures (e.g., the birds plumage, the tips of the leaf

and the insects legs) and often results in fuzzy edges. The calculation for obtaining the

parameters value u1 and u2 of the PSAC model were given in (3.66). Parameter values u1

and u2 of our multi-channel model (3.67) can be obtained through a similar computation

in ε1(u) of ADMM and NVPM. It can be observed that the values from (3.66) are in the

form of function while the ones from ε1(u) of ADMM and NVPM are piece-wise constants.

PSAC model transforms the piece-wise constant parameters u1 and u2 into variables that
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Figure 3-16: Effects of our model, GAC model and PSAC model.

Figure 3-17: Non-threshold solutions of our methods. The first column: results of φ. The
second column: zoomed small sub-regions (red rectangles in (c1) and (d1)) for comparison.

need to be calculated. Through experiments the performance of PSAC can surpass GAC

in general, while inconstant values of u1 and u2 included in PSAC may cause the detected

objects with excessive details and some tiny structures such as the leaf stem and the insects

legs will also be smoothed by the regularizers |∇u1|2 and |∇u2|2.

In Fig. 3-19, plots of relative errors and energy versus iteration numbers of ADMM and

NVPM* are shown, for the experiment shown in Fig. 3-18(a2). As mentioned above, all

graphs related to our algorithms are drawn up to 50 iterations. By doing so, we can easily

observe the convergence of the algorithms. From this test, we can see that NVPM takes

fewer iterations to converge compared with ADMM. The two algorithms produce similar

results.

At last, the iterations and computational time of these algorithms are compared. Here

PF (vi), (viii), (ix) and (x) from Table 2.1 are chosen as examples. For colour image

segmentation, the performance achieved is similar to the gray image segmentation. We put

the results of this subsection in the summary table in [161].
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Figure 3-18: Effects of our model, GAC model and PSAC model on colour images.

Figure 3-19: Plots of parametric errors and energy curves. The first row is obtained by our
model using ADMM. The second row is obtained by our model using NVPM*.

3.6 Summary

The multi-channel total variation (MTV) based on `2 norm is capable of preserving object

edges and smoothing flat regions in color images. However, it will lead to loss of image

contrast, smear object corners, and staircase artifacts in the restored images. In order to

remedy these side effects, we propose a new multi-channel total curvature model based

on `1 norm (MTC-`1) for vector-valued image restoration in this chapter. By introducing

some auxiliary variables and Lagrange multipliers, we develop a fast algorithm based on

alternating direction method of multipliers (ADMM) for the proposed model, which allows

the use of the fast Fourier transform (FFT), generalized soft threshold formulas and projec-

tion method. Extensive experiments have been conducted on both synthetic and real color

images, which validate that the proposed approach performs better in image restoration,

and show advantages of the proposed ADMM over algorithms based on traditional gradient

descent method (GDM) in terms of computational efficiency.
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Next we model illusory contour reconstruction as a minimization problem with a tractable

variational level set formulation, utilizing Eulers elastica to reconstruct the illusory bound-

aries. However, this kind of formulation is very difficult to solve numerically as it is hard

to implement such optimization algorithms efficiently in practice. In this chapter, we pro-

pose an reduced variational level set formulation by taking the level set functions as signed

distance functions. Technically, an alternating direction method of multipliers incorpo-

rated with the projection method (ADMM-P) is developed by introducing some auxiliary

variables, Lagrange multipliers and applying an alternating optimization strategy. The

corresponding level set functions are regarded as signed distance functions during the com-

putation process using a simple algebraic projection method, which avoids the traditional

re-initialization process for conventional level set functions. Extensive experiments have

been conducted on both synthetic and real images, which validated the proposed approach,

and demonstrated the advantages of the proposed ADMM-P method over the existing al-

gorithms based on traditional gradient descent method (GDM) in terms of computational

efficiency.

Subsequently, a new variational model is proposed for image segmentation based on

active contours, nonlinear diffusion and level sets. It includes a Chan-Vese model-based

data fitting term and a regularized term that uses the potential functions (PF) of nonlinear

diffusion. The first term can segment the image by region partition instead of having to

rely on edge information. The second term is capable of preserving image edges as well

as smoothing noisy regions. To improve the computational efficiency, the implementation

of the proposed model does not directly solve the high order nonlinear partial differential

equations but instead exploit the efficient ADMM. In particular, we propose a new fast

algorithm, normal vector projection method (NVPM), based on alternating optimization

method and normal vector projection. Its stability can be the same as ADMM and it

converges faster. Extensive numerical experiments on grey and colour images validate the

effectiveness of the proposed model and the efficiency of the algorithms. In the next chapter,

the possibility of introducing excellent theories or mechanisms into variational methods to

tackle some existing restrictions will be investigated, which is also the second focus of this

thesis.
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Chapter 4

Stochastic Programming Based

Variational Segmentation

Approach for Noisy Images

4.1 Introduction

In image segmentation, the Mumford-Shah model [116] is regarded as one of the most

significant region-based models and has been applied to many applications. In 2001, the

two-phase Chan-Vese (CV) model [40] was proposed to detect objects in a given image.

With the increasing complexity of images, the multiphase segmentation models [69, 94]

were proposed and these models mainly represent different regions by using the level set

functions [164, 166, 176, 210]. In order to reduce the number of level set functions, Chan et

al. proposed a multiphase segmentation model [171], which is a generalization of CV model.

Some specific segmentation models [108, 127, 146] were also established subsequently

according to different noise distribution. They obtained the characteristic information con-

tained in images by estimating corresponding parameters. When dealing with noisy images,

it is known that many segmentation problems need a suitable noise model, e.g., synthetic

aperture radar, positron emission tomography, electron micrograph or medical ultrasound

imaging, etc. Especially when the data were collected with poor statistics, it is necessary to
0 c© 2020 Springer. This chapter is based on, as well as with permission from [Tan, L., Li, L., Liu,

W., Sun, J., & Zhang, M. A Novel Euler’s Elastica-Based Segmentation Approach for Noisy Images
Using the Progressive Hedging Algorithm. Journal of Mathematical Imaging and Vision, 2020. DOI:
https://doi.org/10.1007/s10851-019-00920-0].
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consider the influence of the noise probability distribution in segmentation implementation.

Recently, authors in [159, 166, 212] made some progress in achieving illusory contour

recovery while doing segmentation, which can identify absent boundaries or missing shapes

successfully without necessary region features. In detail, the fitting terms of two-phase

CV model and the Euler’s elastica term [159] were employed as the regularization in [212].

Its major contribution was that the missing boundaries were interpolated automatically

without specifying the regions. The work [166] improved the segmentation with depth

problem [121, 210] and achieved acceleration via the strategies of model simplification and

constraint projection. Its significant performance enhancements included shape reconstruc-

tion of occluded objects and determination of their ordering relation in a specific scene

based on only one single image. Many other works illustrated that the curvature-related

terms have played crucial roles in the boundary reconstruction [83,164] and image restora-

tion [163, 165, 211] with the capacity of producing excellent edge and corner preservation

results. All of these researches show the significant potential for curvature-based methods.

However, the segmentation models mentioned above cannot be directly applied for noisy

images when the type of noise is unknown or there are more than one type of noise in the

image. The reason is that in these models there exists a one-to-one mapping between the

parameters to be evaluated and the noisy images with some probability density distribu-

tion. Besides, the curvature-related terms will bring extra computational complexity due

to the existence of nonlinear higher-order derivatives. This issue also appears in other vari-

ational models such as the non-texture image inpainting [191] and image denoising [186]

with features (edge, corner, smoothness, contrast, etc.) preservation. Hence it is essential

to take some mathematical optimization techniques, for example with global solution, sta-

bility guarantee and calculation acceleration, into consideration in the process of algorithm

design.

To deal with stochastic noises in image segmentation in general, [134, 135] have given

us a great source of inspiration from the perspective of theory analysis. The authors there

extended the progressive hedging algorithm (PHA) for multistage stochastic variational

inequality problems and solved the stochastic complementarity problems in a two-stage for-

mulation. One of our major motivations in this chapter is to embed stochastic property

into segmentation energy functional for images with unknown noises or arbitrary damages

and solve the functional using PHA. Furthermore, Euler’s elastica term will be considered
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as the regularization in our variational formulations since it has better properties in dealing

with image feature information. Last but not least, in order to improve the computa-

tional efficiency and solve problems caused by the non-convex, non-differentiable, nonlinear

and higher-order terms involved in Euler’s elastica-related functional, algorithms such as

alternating direction method of multipliers (ADMM) [61, 186, 191], curvature-weighted ap-

proach [11, 50, 191] and convex relaxation method [32, 36] will be systematically designed

as a fusion for energy minimization. In this chapter, the performance of the proposed

approach in terms of accuracy, stability and practicability is validated through numerical

experiments.

Our contributions in this chapter can be summarized in the following aspects:

• We propose novel formulations for image segmentation with stochastic noises by trans-

forming the original energy minimization problems into the optimization framework

of stochastic programming.

• Euler’s elastica term is employed to achieve meaningful completion of missing bound-

aries, reconstruction of occluded structures and segmentation simultaneously, which

further enhances the performance of image segmentation .

• Our novel variational formulations are applied for the two-phase Euler’s elastica based

segmentation and segmentation with depth in both grayscale and color spaces respec-

tively.

• A general numerical algorithm based on PHA is proposed. Fusion of ADMM and cur-

vature weighted approach (ADMM-C) is designed for the minimization of the convex-

relaxed variational energy related subproblems. The minimization problems derived

from ADMM-C will be efficiently solved by Fast Fourier transform (FFT) [50, 114]

and analytical soft threshold formulas [164,165,179].

The rest of this chapter is structured as follows. Our proposed approach and algorithm

framework are illustrated in Section 4.2. The experiments conducted with performance

evaluation and comparison are described in Section 4.3 followed by the summary in Section

4.4.
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4.2 Novel Formulations for Different Segmentation Problems

Incorporating Stochastic Noises Via Progressive Hedging

The focus of our work is to formulate the noisy image segmentation process as a two-

stage stochastic programming problem, in which the first-stage decision is to determine

the curve of the object in the image and the randomness ξ is the distributions of noise,

then we adopt PHA framework to handle the curve under stochastic noises, which will be

described in detail in this section. Motivated by the research using PHA [134] to solve the

minimization problem of stochastic programming, we aim to propose novel formulations

tackling different segmentation issues in consideration of the advantages of Euler’s elastica

term and the influence of unknown noises. In this way, we not only can fulfill general

segmentation tasks with the classic model, but also can deal with some bad situations such

as low quality images with large noises, absent boundaries, missing shapes or occlusion.

Then our proposed formulations are incorporated with the developed ADMM-C algorithm

to obtain the optimal solutions efficiently.

Firstly, we attempt to formulate a new problem and apply progressive hedging algorithm

in stochastic programming to improve the segmentation performance. The obvious advan-

tage of this approach is not just that it is robust to noise, it can also deal with stochastic

noises, which means we do not need to know what specific types of noises are contained in

the image. Fig. 4-1 presents the comparison of results to further demonstrate this feature.

The original image is given in (a). (b) presents the image with unknown noises. Results

without or with PHA in stochastic programming are shown in (c) and (d) respectively. Here

we use the classic CV model [40] for segmentation. This application can also be utilized

as a preprocessing procedure providing the initialization of binary level set functions for

segmentation with depth. Specifically, the model can be expressed as the minimization of

the following energy functional

ECV
SP-gray(θξ, φξ) = α1

∫
Ω
Q1(x, θ1(ξ))φ(ξ)dx+ α2

∫
Ω
Q2(x, θ2(ξ))(1− φ(ξ))dx

+ γ

∫
Ω
|∇φ(ξ)|dx+

∫
Ω
(vk(ξ)φ(ξ) +

τ

2
(φ(ξ)− φk

ξ )
2)dx, (4.1)

which is an PHA-extended variational model from model (2.30). Here each element ξi of

set ξ = (ξ1, ξ2, · · · , ξN ) represents one specific noise type and Q(x, θ(ξi)) is the potential
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function estimated according to its noise distribution, which are all summarized in Table

2.2. Analog to the PHA framework in two-stage stochastic programming introduced in

Section 4.2.1, binary level set functions φ(ξ) = (φ(ξ1), φ(ξ2), · · · , φ(ξN )) are the variables

of Stage 1, which should be obtained separately by solving their minimization problems.

Likewise, φξ belongs to the variable of Stage 2 relying on the projection mappings PN

stated in (2.36) implemented on the obtained variables (φ(ξ1), φ(ξ2), · · · , φ(ξN )) from Stage

1. Before starting Stage 1 again, all the variables (φ(ξ1), φ(ξ2), · · · , φ(ξN )) are updated

with φξ. It is hence that φξ can be achieved by considering stochastic noise information

through PN . For the last two terms derived from PHA that are detailed in Algorithm

2.1 of Chapter 2, here w-term is replaced with v-term to avoid confusion since ~w will be

introduced as auxiliary variables in our algorithm design. v-term also need to be updated

after φξ is obtained. Then r-term is changed into τ -term accordingly. The necessity of these

two terms is also discussed in this chapter (Section 4.3.1). Until now, stochastic property

of noises has been successfully formulated into a classic CV segmentation model by taking

advantage of PHA framework.

(a) Original image (b) Noisy image (c) Classic CV (d) Developed CV

Figure 4-1: Example of PHA in stochastic programming for segmentation improvement.
(a): original image; (b): noisy image; (c): results obtained by CV model; (d): results
obtained by CV model with PHA in stochastic programming.

The region-based CV model is well known for its capabilities of being insensitive to

noises and capturing desired results even on weak boundaries. From Fig. 4-1(c), we can

see that the performance of CV model may be influenced by stronger noises. Fig. 4-1(d)

validates that the classic CV model using PHA in stochastic programming can achieve

improvements for standard segmentation.

This improved CV-PHA model can be extended into Euler’s elastica based segmentation

functional. The new models with Euler’s elastica term possess the following abilities: 1)

producing standard segmentation results as good as the classic CV model [40]; 2) achieving
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better performance on images with strong unknown noises, missing boundaries or fuzzy areas

(e.g. it can complete the disconnected parts of the branch in Fig. 4-1(d), while CV-PHA

functional (4.1) without Euler’s elastica term is not able to); and 3) additionally, recovering

occluded shapes while multiphase segmentation models [69,94,171] without Euler’s elastica

term can not.

4.2.1 Two-phase Segmentation Based Application

Based on the two-phase Euler’s elastica based segmentation formulated in (2.15) and the

CV-PHA model (4.1), we propose a novel segmentation model dealing with different noises

expressed as the following stochastic programming (SP) form. The reconstructed contour

can be obtained by minimizing the following energy functional with respect to φ(ξ).

Model I: Two-phase Euler’s elastica based Segmentation in Stochastic Program-

ming

arg min
θξ,φξ∈{0,1}

{
EEuler’s elastica

SP-gray (θξ, φξ)

= α1

∫
Ω
Q1(x, θ1(ξ))φ(ξ)dx+ α2

∫
Ω
Q2(x, θ2(ξ))(1− φ(ξ))dx (4.2)

+

∫
Ω
(α+ β

∣∣∣∣∇ · ∇φ(ξ)

|∇φ(ξ)|

∣∣∣∣)|∇φ(ξ)|dx+

∫
Ω
(vk(ξ)φ(ξ) +

τ

2
(φ(ξ)− φk

ξ )
2)dx

}

ξ = (ξ1, ξ2, · · · , ξN ) represent different noise distributions and Qi(x, θi(x)) contain the

stochastic information need to be estimated. φ(ξ) is the optimal solution of (4.2) under

distribution ξ. Here we continue the definition of φ(ξ) in [212] using the binary represen-

tation which can also be explained as a substitution φ = H(ϕ). As described in [212], this

binary representation was originally used for finding the global minimizer, and it can also

reduce the computational complexity to some extent such as avoiding calculations associ-

ated with level sets. It can be observed that (4.2) will reduce to the CV-PHA model (shown

as Functional (4.1)) when β equals 0. In this way, we can also regard CV based models

as particular cases of our proposed segmentation models. Functional (4.1) gives a good

example that incorporating different noise distributions into one formulation based on PHA

can enhance the ability of handling strong noise better than applying them separately and

the improved performance has been validated in Figure 4-1. In addition, Euler’s elastica
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was studied for visual construction in [83, 121, 210], of which the major advantages lied in

the effect of reconstructing illusory contours or recovering occluded shapes. From [164,166],

it was found that the good property of Euler’s elastica term is also reflected in its robust-

ness against noises. According to the limitation of functional (4.1) discussed previously, we

aim to employ Euler’s elastica term as the regularization in the PHA-based segmentation

framework so as to make progress in performance for image segmentation.

According to the segmentation model for vector-valued images proposed in [37], the

averages of the data terms over all channels are used for coupling. Let f = (f1, f2, . . . , fm)

be a original color image defined on a domain Ω. Then function Q should also be in the

multichannel form (Q1, Q2, . . . , Qm). In fact, our proposed model used to solve color image

segmentation can be stated as follows:

Model II: Two-phase Euler’s elastica based Segmentation in Stochastic Pro-

gramming (Multi-Channel)

arg min
θξ,φξ∈{0,1}

{
EEuler’s elastica

SP-color (θξ, φξ)

= α1

∫
Ω

m∑
l=1

Q1l(x, θ1l(ξ))φ(ξ)dx+ α2

∫
Ω

m∑
l=1

Q2l(x, θ2l(ξ))(1− φ(ξ))dx (4.3)

+

∫
Ω
(α+ β

∣∣∣∣∇ · ∇φ(ξ)

|∇φ(ξ)|

∣∣∣∣)|∇φ(ξ)|dx+

∫
Ω
(vk(ξ)φ(ξ) +

τ

2
(φ(ξ)− φk

ξ )
2)dx

}

where l = 1, 2, . . . ,m denotes the number of layers of a vector-valued image. Hence novel

Euler’s elastica based formulations embedding stochastic noises for two-phase segmentation

are obtained. In the following section we shall describe the numerical procedure of the

proposed models for solving the multistage stochastic programming problem.

4.2.2 PHA with ADMM-C Algorithm for Two-phase Segmentation Ap-

plication

In order to demonstrate the precise numerical procedure of PHA in solving (4.2) and (4.3),

we focus on the general model suitable for both gray space and color space cases. Detailed

proofs for convergence of this algorithm are provided in [134]. The original minimization
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problems (4.2) and (4.3) are based on separate sub optimization problems,

arg min
θξ,φξ∈{0,1}

{EEuler’s elastica
SP-general (θξ, φξ)} ⇒



argminθ,φ∈{0,1} {EEuler’s elastica
SP-general (θξ1 , φξ1)}

argminθ,φ∈{0,1} {EEuler’s elastica
SP-general (θξ2 , φξ2)}

argminθ,φ∈{0,1} {EEuler’s elastica
SP-general (θξ3 , φξ3)}

argminθ,φ∈{0,1} {EEuler’s elastica
SP-general (θξ4 , φξ4)}

(4.4)

where ξ = (ξ1, ξ2, · · · , ξN ) refer to noise distributions. For each distribution ξi, it has a

known probability p(ξi) > 0 which can be set empirically through experiments, and the

sum
∑

i p(ξi) = 1 has to be guaranteed. According to PHA approach, φξ can be obtained

by the following steps.

i). the minimization problems need to be solved separately, which are given in the right

side of (4.4).

(θk+1
ξi

, φk+1
ξi

) = arg min
θ,φ∈{0,1}

{
EEuler’s elastica

SP-general (θξi , φξi)

= α1

∫
Ω
Q∗

1(x, θ1(ξi))φ(ξi)dx+ α2

∫
Ω
Q∗

2(x, θ2(ξi))(1− φ(ξi))dx (4.5)

+

∫
Ω
(α+ β|κ(ξi)|)|∇φ(ξi)|dx+

∫
Ω
(vk(ξi)φ(ξi) +

τ

2
(φ(ξi)− φk

ξ )
2)dx

}

where κ = ∇ · ∇φ
|∇φ| . In the gray space, there is only one layer of the image information

to be calculated, which means Q∗(x, θ(ξi)) = Q(x, θ(ξi)). In the color space, Q∗(x, θ(ξi))

should be substituted with the coupling terms
∑

l Ql(x, θl(xii)). Q∗(x, θ(ξi)) is the potential

function for specific noise distribution in each channel of the image. Table 2.2 shows the

representations of Q(x, θ(ξi)) and estimations of parameters θ(ξi). φξi is the optimal solution

of (4.5) in distribution ξi.

ii). Next, all the obtained optimal solutions are utilized to gain the final optimum φξ.

φk+1
ξ =

N∑
i=1

p(ξi)φ
k+1
ξi

, (4.6)

iii). At last, the sub problems’ solutions φk(ξi) and the Lagrangian multipliers vk(ξi)
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need to be updated at the end of each iteration.



φk+1(ξ1) = φk+1
ξ

φk+1(ξ2) = φk+1
ξ

...

φk+1(ξN ) = φk+1
ξ

,



vk+1(ξ1) = vk(ξ1) + τ(φk+1(ξ1)− φk+1
ξ )

vk+1(ξ2) = vk(ξ2) + τ(φk+1(ξ2)− φk+1
ξ )

...

vk+1(ξN ) = vk(ξN ) + τ(φk+1(ξN )− φk+1
ξ )

. (4.7)

The updated φk+1(ξi), vk+1(ξi) and the parameters θk+1(ξi) derived from (4.5) are passed

to the next iteration from step i).

To solve the minimization problems (4.5) separately, both the simplification and ef-

fectiveness of the algorithm should be considered. There are three main computational

difficulties in the functional as listed below, followed by the corresponding algorithm de-

sign.

(i) One main challenge of the Euler’s elastica based functional is due to the non-smoothness

and non-convexity of g(κ) = α+ β|κ|. As described in [11,50,191], it is more efficient

when the curvature term g(κ) is computed separately from the functional (4.5). In-

spired by the concept of curvature weighted approach, we can rewrite functional (4.5)

as the following simplified version

(θk+1
ξi

, φk+1
ξi

) = arg min
θ,φ∈{0,1}

{
EEuler’s elastica

SP-general (θξi , φξi) (4.8)

= α1

∫
Ω
Q∗

1(x, θ1(ξi))φ(ξi)dx+ α2

∫
Ω
Q∗

2(x, θ2(ξi))(1− φ(ξi))dx

+

∫
Ω
g(κ(ξi))|∇φ(ξi)|dx+

∫
Ω
(vk(ξi)φ(ξi) +

τ

2
(φ(ξi)− φk

ξ )
2)dx

}

The proposed approach essentially reduces the minimization problem (4.8) to a total

variation type [140]. Here division by zero in g(κ) should be avoided. In practice,

the denominator is often replaced by |∇φ|ε = max(ε, |∇φ|) (ε is an arbitrarily small

positive parameter). Then g(κ(ξi)) is represented as ∇ · (∇φ(ξi))/|∇φ(ξi)|ε.

(ii) Note that the binary constraint for φ will also cause non-convexity in subproblems

(4.8). As demonstrated in [36], certain non-convex minimization problems can be
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equivalent to the following convex minimization problems

(θk+1
ξi

, φk+1
ξi

) = arg min
θ,φ∈[0,1]

{
EEuler’s elastica

SP-general (θξi , φξi) (4.9)

= α1

∫
Ω
Q∗

1(x, θ1(ξi))φ(ξi)dx+ α2

∫
Ω
Q∗

2(x, θ2(ξi))(1− φ(ξi))dx

+

∫
Ω
g(κ(ξi))|∇φ(ξi)|dx+

∫
Ω
(vk(ξi)φ(ξi) +

τ

2
(φ(ξi)− φk

ξ )
2)dx

}

This convex minimization scheme could find global minimizers for (4.8) by thresh-

olding the solution of (4.9), which was classified as a continuous min-cut algorithm.

Together with its equivalent form, the continuous max-flow algorithm, the min-cut

algorithm has been proved to be an exact convex relaxation of the original problem

as discussed in [13,197].

(iii) Another critical issue for solving (4.9) is the inevitable high order derivatives in nu-

merical implementation, which is tedious and prone to errors. A developed ADMM-C

algorithm is designed to apply on each sub problem by introducing auxiliary variables,

Lagrangian multipliers and an alternating directional optimization strategy.

The detailed implementation on solving each sub-problem by the ADMM-C algorithm

is presented as below. Firstly, some auxiliary variables are introduced, i.e., ~w(ξi) =

[w1(ξi), w2(ξi)]
T with property ~w ≈ ∇φ(ξi) and the Lagrangian multipliers ~λ(ξi) = [λ1(ξi),

λ2(ξi)]
T . (4.9) can then be transformed into the following augmented Lagrangian functional

(θk+1
ξi

, φk+1
ξi

, ~wk+1
ξi

) = arg min
θ,φ∈[0,1]

{
EEuler’s elastica

SP-general (θξi , φξi) (4.10)

= α1

∫
Ω
Q∗

1(x, θ1(ξi))φ(ξi)dx+ α2

∫
Ω
Q∗

2(x, θ2(ξi))(1− φ(ξi))dx

+

∫
Ω
g(κ(ξi))|~w(ξi)|dx+

∫
Ω
(vk(ξi)φ(ξi) +

τ

2
(φ(ξi)− φk

ξ )
2)dx

+

∫
Ω
(~λ(ξi) · (~w(ξi)−∇φ(ξi)) +

µ

2
(~w(ξi)−∇φ(ξi))

2)dx

}

where µ is a positive penalty parameter. It is worth noting that this kind of simple structure

of (4.10) requires fewer variables and parameters compared with other works [159,165] using

the ADMM to deal with the curvature term directly. After the initialization of φ0(ξi), ~w0(ξi)

and ~λ0(ξi), a minimization problem is carried out in each step with respect to one variable

while keeping other variables fixed temporarily. When the alternating optimization for all
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the variables is completed, the Lagrangian multipliers will be updated subsequently. This

gives

θk+1
ξi

= argmin
θ

{
α1

∫
Ω
Q∗

1(x, θ1(ξi))φ
k(ξi)dx+ α2

∫
Ω
Q∗

2(x, θ2(ξi))(1− φk(ξi))dx

}
, (4.11)

φk+1
ξi

= arg min
φ∈[0,1]

{
α1

∫
Ω
Q∗

1(x, θ
k+1
1 (ξi))φ(ξi)dx+ α2

∫
Ω
Q∗

2(x, θ
k+1
2 (ξi))(1− φ(ξi))dx

+

∫
Ω
(vk(ξi)φ(ξi) +

τ

2
(φ(ξi)− φk

ξ )
2)dx (4.12)

+

∫
Ω
(~λk(ξi) · (~wk(ξi)−∇φ(ξi)) +

µ

2
(~wk(ξi)−∇φ(ξi))

2)dx

}

~wk+1
ξi

= argmin
~w

{∫
Ω
g(κk+1(ξi))|~w(ξi)|dx+

∫
Ω

~λk(ξi) · (~w(ξi)−∇φk+1(ξi)) (4.13)

+
µ

2
(~w(ξi)−∇φk+1(ξi))

2dx
}
, where g(κk+1(ξi)) = ∇ ·

∇φk+1
ξi

|∇φk+1
ξi

|ε
,

~λk+1
ξi

= ~λk
ξi
+ µ(~wk+1(ξi)−∇φk+1(ξi)). (4.14)

To obtain θk+1 = (µ, σ): In the k + 1 step of the proposed ADMM-C, the average image

intensity values µξi as well as variances σξi in the foreground and background can be ob-

tained by using the standard variational method for (4.11). Table 2.2 gives all the solutions

for distributions ξ = (ξ1, ξ2, . . . , ξN ).

To obtain φk+1: Optimal value of φξi for a certain distribution ξi is obtained by solving

the minimization of (4.12) with respect to φ(ξi). We can get the update rule based on the

corresponding Euler-Lagrange equations

(−µ∆+ τ)φ(ξi) = τφk
ξ − rξi(θ

k+1
1 , θk+1

2 )− vk(ξi)−∇ · ~λk(ξi)− µ∇ · ~wk(ξi), (4.15)

where rξi(θ
k+1
1 , θk+1

2 ) = α1Q
∗
1(x, θ

k+1
1 (ξi))− α2Q

∗
2(x, θ

k+1
2 (ξi)). As discussed in [114], equa-

tion (4.15) is a screened Poisson equation for which the Fast Fourier transform (FFT)

[50, 114] is a well-known solver with very low computational cost for imaging problems.

Here FFT is applied to further improve the calculation efficiency. Equation (4.15) can be
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rewritten as

F ∗LFφ(ξi) = τφk
ξ − rξi(θ

k+1
1 , θk+1

2 )− vk(ξi)−∇ · ~λk(ξi)− µ∇ · ~wk(ξi), (4.16)

where L = −µF∆F ∗ + τ and F ∗ is the discrete inverse Fourier transform. φk+1
ξi

can then

be obtained as follows

φk+1
ξi

= F ∗(L−1F (τφk
ξ − rξi(θ

k+1
1 , θk+1

2 )− vk(ξi)−∇ · ~λk(ξi)− µ∇ · ~wk(ξi))). (4.17)

To obtain ~wk+1: The minimization problem (4.13) of ~w can be solved via the generalized

soft thresholding formula [164,165,179], which is given by

~wk+1
ξi

= max

(
|∇φk+1

ξi
−

~λk(ξi)

µ
| − g(κk+1(ξi))

µ
, 0

)
∇φk+1

ξi
−

~λk(ξi)
µ

|∇φk+1
ξi

−
~λk(ξi)

µ |
. (4.18)

The overall algorithm for the two-phase Euler’s elastica based segmentation in stochastic

programming is presented in a pseudo code format as follows.

Algorithm 4.1 Computing framework for (4.2) and (4.3) via PHA
Input: φ0(ξi), p(ξi), v

0(ξi), α, β, τ, α1, α2

for k ≥ 1, do the following steps recurrently

1: Obtain φk+1
ξi

via Algorithm 4.2

2: Update φk+1
ξ via Equation (4.6)

3: Update φk+1(ξi), vk+1(ξi) via Equation (4.7)

4: if some stopping criteria (given in Section 4.3.5) are satisfied break

Return optimal value φk+1
ξ after thresholding

Algorithm 4.2 Details for step 1 in Algorithm 4.1 via ADMM-C
If k = 1

input ~w0(ξi), ~λ
0(ξi), µ

else solve the following problems alternatively

1: Update θk+1
ξi

according to distribution laws

2: Update φk+1
ξ via minimization problem (4.12)

3: Update ~wk+1
ξi

via minimization problem (4.13)

4: Update ~λk+1
ξi

via (4.14) using gradient ascent method
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The idea of the ADMM-C method is intentionally applied for the non-convex, non-

smooth and non-linear problems in Euler’s elastics and it has attracted extensive attention.

ADMM algorithm has been analytically studied in [72, 99] and it has been used in many

other applications [117, 190] to successfully achieve excellent performances via solving a

variety of non-convex problems. The similar idea of ADMM-C in [50, 191] is adopted here

to deal with the sub-problems derived from PHA framework.

4.2.3 Segmentation with Depth Based Application

We intend to use stochastic programming skills similar to the ones applied in the two-phase

issue. Based on the original segmentation with depth model for gray space in (2.16), the

energy functional can be established by introducing random noise set as follows

Model III: Segmentation with Depth in Stochastic Programming

arg min
θξ,φξ∈{0,1}

{
EDepth

SP-gray(θξ, φξ) (4.19)

=

n∑
h=1

∫
Ω

(α+ β|∇ · ∇φh(ξ)

|∇φh(ξ)|
|)|∇φh(ξ)|dx+

n∑
h=1

∫
Ω

Qh(x, θh(ξ))φh(ξ)

h−1∏
j=1

(1− φj(ξ))dx

+

∫
Ω

Qn+1(x, θn+1(ξ))

n∏
j=1

(1− φj(ξ))dx+

n∑
h=1

∫
Ω

(vkh(ξ) · φh(ξ) +
τ

2
(φh(ξ)− φk

h(ξ))
2)dx


where h = 1, 2, . . . , n denotes the number of objects in the image, and φn+1(ξ) = 1 is set

for consistency of description. The above segmentation with depth incorporating stochastic

noises model can be extended to multichannel case. Analog to the coupling approach used

in (4.3), the formulation can be written as
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Model IV: Segmentation with Depth in Stochastic Programming (Multi-Channel)

arg min
θξ,φξ∈{0,1}

{
EDepth

SP-color(θξ, φξ) (4.20)

=
n∑

h=1

∫
Ω
(α+ β|∇ · ∇φh(ξ)

|∇φh(ξ)|
|)|∇φh(ξ)|dx

+

n∑
h=1

∫
Ω

m∑
l=1

Qhl(x, θhl(ξ))φh(ξ)

h−1∏
j=1

(1− φj(ξ))dx

+

∫
Ω

m∑
l=1

Q(n+1)l(x, θ(n+1)l(ξ))
n∏

j=1

(1− φj(ξ))dx

+
n∑

h=1

∫
Ω
(vkh(ξ) · φh(ξ) +

τ

2
(φh(ξ)− φk

h(ξ))
2)dx

}

According to the curvature-weighted approach used in (4.8), the simplified version can be

directly written as

arg min
θξ,φξ∈{0,1}

{
EDepth

SP-general(θξ, φξ) (4.21)

=
n∑

h=1

∫
Ω
g(κh(ξ))|∇φh(ξ)|dx+

n∑
h=1

∫
Ω
Q∗

h(x, θh(ξ))χh(ξ)dx

+

∫
Ω
Q∗

n+1(x, θn+1(ξ))χn+1(ξ)dx+

n∑
h=1

∫
Ω
(vkh(ξ) · φh(ξ) +

τ

2
(φh(ξ)− φk

h(ξ))
2)dx

}

where g(κh(ξ)) = ∇ · (∇φh(ξ))/|∇φh(ξ)|ε) and the definition of |∇φh(ξ)|ε is given in (4.8).

Q∗
h(x, θh(ξ)) is Qh(x, θh(ξ)) for gray space issue and

∑
l Qhl(x, θhl(ξ)) for color space issue.

The characteristic function for the h-th region reads χh(ξ) = φh(x)
∏

j=1:h−1(1 − φj(ξ)).

Particularly, χn+1(ξ) = φn+1(ξ)
∏

j=1:n(1 − φj(ξ)) =
∏

j=1:n(1 − φj(ξ)) representing the

(n+1)-th region background. In the next section we shall solve the above general formulation

under PHA with detailed implementation.

4.2.4 PHA with ADMM-C Algorithm for Segmentation with Depth

The numerical solution is similar to those used in the two-phase imaging tasks. The main

program loop for PHA is shown as follows
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i). the sub minimization problems of (4.21) need to be solved separately, which gives

(θk+1
h(ξi)

, φk+1
h(ξi)

)

= arg min
θh,φh∈{0,1}

{
EDepth

SP-general(θh(ξi), φh(ξi)) (4.22)

=

n∑
h=1

∫
Ω
g(κh(ξi))|∇φh(ξi)|dx+

n∑
h=1

∫
Ω
Q∗

h(x, θh(ξi))χh(ξi)dx

+

∫
Ω
Q∗

n+1(x, θn+1(ξi))χn+1(ξi)dx+

n∑
h=1

∫
Ω
(vkh(ξi) · φh(ξi) +

τ

2
(φh(ξi)− φk

h(ξ))
2)dx

}

ii). all the obtained optimal solutions (φh(ξ1), φh(ξ2), ..., φh(ξN )) are utilized to gain the

final optimum φh(ξ).

φk+1
h(ξ) =

N∑
i=1

p(ξi)φ
k+1
h(ξi)

. (4.23)

iii). the sub problems’ solutions φk
h(ξi) and the Lagrangian multipliers vkh(ξi) need to

be updated at the end of each iteration.



φk+1
h (ξ1) = φk+1

h(ξ)

φk+1
h (ξ2) = φk+1

h(ξ)

...

φk+1
h (ξN ) = φk+1

h(ξ)

,



vk+1
h (ξ1) = vkh(ξ1) + τ(φk+1

h (ξ1)− φk+1
h(ξ))

vk+1
h (ξ2) = vkh(ξ2) + τ(φk+1

h (ξ2)− φk+1
h(ξ))

...

vk+1
h (ξN ) = vkh(ξN ) + τ(φk+1

h (ξN )− φk+1
h(ξ))

. (4.24)

updated φk+1
h (ξi), vk+1

h (ξi) and the parameters θk+1(ξi) derived from (4.22) are passed to

the next iteration from step i).

In order to solve the minimization problems (4.22) in step i) separately, the proposed

ADMM-C algorithm is applied. Note that there are n binary functions (φ1(ξi), φ2(ξi), . . . , φn(ξi))

needed to be obtained for one specific noise distribution. Thus n auxiliary variables

(~w1(ξi), ~w2(ξi), . . . , ~wn(ξi)) are introduced and each component is defined as ~wh(ξi) = [~wh1(ξi), ~wh2(ξi)]
T

with property ~wh ≈ ∇φh(ξi). Likewise, n Lagrangian multipliers (~λ1(ξi), ~λ2(ξi), . . . , ~λn(ξi))

are also brought in with ~λh(ξi) = [~λh1(ξi), ~λh2(ξi)]
T . Based on the convex relaxation method,
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(4.22) is rewritten into the following augmented Lagrangian functional

(θk+1
h(ξi)

, φk+1
h(ξi)

, ~wk+1
h(ξi)

)

= arg min
θh,φh∈{0,1}

{
EDepth

SP-general(θh(ξi), φh(ξi)) (4.25)

=

n∑
h=1

∫
Ω
g(κh(ξi))|∇φh(ξi)|dx+

n∑
h=1

∫
Ω
Q∗

h(x, θh(ξi))χh(ξi)dx

+

∫
Ω
Q∗

n+1(x, θn+1(ξi))χn+1(ξi)dx+

n∑
h=1

∫
Ω
vkh(ξi) · φh(ξi) +

τ

2
(φh(ξi)− φk

h(ξ))
2dx

+

n∑
h=1

∫
Ω

~λh(ξi) · (~wh(ξi)−∇φh(ξi)) +
µ

2
(~wh(ξi)−∇φh(ξi))

2dx

}

where µ is a positive penalty parameter. Here h = 1, 2, . . . , n refer to the number of binary

level set functions and i = 1, 2, . . . , N refer to the number of noise distributions. In order

to solve (4.25) efficiently with ADMM-C, we first initialize the unknown φ0
h(ξi), ~w0

h(ξi) and
~λ0
h(ξi) at the initial iterative step k = 0. Next, some minimization problems are solved with

respect to only one kind of unknowns while others are temporarily fixed at each step from

k-th to (k+1)-th until convergence is reached. With this alternating direction optimization

strategy, the optimization problem (4.25) can be divided into three minimization problems

in the iterative process from k-th to (k + 1)-th step:

θk+1
h(ξi)

= argmin
θh

{
n∑

h=1

∫
Ω
Q∗

h(x, θh(ξi))χ
k
h(ξi)dx+

∫
Ω
Q∗

n+1(x, θn+1(ξi))χ
k
n+1(ξi)dx

}
,(4.26)

φk+1
h(ξi)

= arg min
φ∈[0,1]

{
n∑

h=1

∫
Ω
Q∗

h(x, θ
k+1
h (ξi))χh(ξi)dx+

∫
Ω
Q∗

n+1(x, θ
k+1
n+1(ξi))χn+1(ξi)dx

+

n∑
h=1

∫
Ω
(vkh(ξi)φh(ξi) +

τ

2
(φh(ξi)− φk

h(ξ))
2)dx (4.27)

+

n∑
h=1

∫
Ω
(~λk

h(ξi) · (~wk
h(ξi)−∇φh(ξi)) +

µ

2
(~wk

h(ξi)−∇φh(ξi))
2)dx

}
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~wk+1
h(ξi)

= argmin
~wh

{
n∑

h=1

∫
Ω
g(κk+1

h (ξi))|~wh(ξi)|dx+
n∑

h=1

∫
Ω

~λk
h(ξi) · (~wh(ξi)−∇φk+1

h (ξi))

+
µ

2
(~wh(ξi)−∇φk+1

h (ξi))
2dx
}
, where g(κk+1

h (ξi)) = ∇ ·
∇φk+1

h(ξi)

|∇φk+1
h(ξi)

|ε
, (4.28)

~λk+1
h(ξi)

= ~λk
h(ξi)

+ µ(~wk+1
h (ξi)−∇φk+1

h (ξi)). (4.29)

To obtain θk+1
h = (µh, σh): The average image intensity values µk+1

h (ξi) as well as variances

σk+1
h (ξi) in the foreground and background can be obtained by using the standard variational

method based on (4.26), which are given by the following equations (Table 4.1)

Table 4.1: Potential functions of different noise distributions for segmentation with depth
application.

Functions Gaussian noise Rayleigh noise
Qh′ 1

2 log 2π + log σh′ +
(f−µh′ )

2

2σ2
h′

2 log σh′ − log f + f2

2σ2
h′(h′ = 1, . . . , n+ 1)

Parameters µh′ =
∫
Ω fχh′dx∫
Ω χh′dx σ2

h′ =
∫
Ω f2χh′dx

2
∫
Ω χh′dx

θh′ = (µh′ , σh′) σ2
h′ =

∫
Ω(f−µh′ )

2χh′dx∫
Ω χh′dx

Functions Poisson noise Gamma noise
Qh′

σh′ − f log σh′
f
µh′

+ logµh′
(h′ = 1, . . . , n+ 1)

Parameters
σh′ =

∫
Ω fχh′dx∫
Ω χh′dx

µh′ =
∫
Ω fχh′dx∫
Ω χh′dxθh′ = (µh′ , σh′)

To obtain φk+1
h : For the minimization problem (4.27) with respect to the function φh(ξi),

the corresponding Euler-Lagrange equation is given as

(−µ∆+ τ)φh(ξi)

= −Q∗
h(x, θ

k+1
h (ξi))

h−1∏
j=1

(1− φj(ξi)) + τφk
h(ξ) − vkh(ξi)−∇ · ~λk

h(ξi)− µ∇ · ~wk
h(ξi)

+
n+1∑

s=h+1

{Q∗
s(x, θ

k+1
s (ξi))φs(ξi)

h−1∏
j=1

(1− φj(ξi))
s−1∏

j=h+1

(1− φj(ξi))} (4.30)

Though the above equation is very complicated, FFT can be applied here to accelerate the
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calculation. Equation (4.30) can be rewritten as

F ∗LFφh(ξi) = τφk
h(ξ) − Λh(ξi)− vkh(ξi)−∇ · ~λk

h(ξi)− µ∇ · ~wk
h(ξi), (4.31)

where L = −µF∆F ∗ + τ and F ∗ is the discrete inverse Fourier transform and

Λh(ξi) = Q∗
h(x, θ

k+1
h (ξi))

h−1∏
j=1

(1− φj(ξi))

−
n+1∑

s=h+1

{Q∗
s(x, θ

k+1
s (ξi))φs(ξi)

h−1∏
j=1

(1− φj(ξi))
s−1∏

j=h+1

(1− φj(ξi)).

Then we can obtain optimal value of φh(ξi) as follows

φk+1
h(ξi)

= F ∗(L−1F (τφk
h(ξ) − Λh(ξi)− vkh(ξi)−∇ · ~λk

h(ξi)− µ∇ · ~wk
h(ξi))). (4.32)

To obtain ~wk+1
h : The calculation result of ~w minimization problem (4.28) can be obtained

via the generalized soft thresholding formula as

~wk+1
h(ξi)

= max

(
|∇φk+1

h(ξi)
−

~λk
h(ξi)

µ
| −

g(κk+1
h (ξi))

µ
, 0

)
∇φk+1

h(ξi)
−

~λk
h(ξi)
µ

|∇φk+1
h(ξi)

−
~λk
h(ξi)

µ |
. (4.33)

The overall algorithm for the Euler’s elastica based segmentation with depth in stochas-

tic programming in a pseudo code format is presented as follows.

Algorithm 4.3 Computing framework for (4.19) and (4.20) via PHA
Input: φ0

h(ξi) (h = 1, . . . , n), p(ξi), v0h(ξi), α, β, τ

for k ≥ 1, do the following steps in turn

1: Obtain φk+1
h(ξi)

via Algorithm 4.4

2: Update φk+1
h(ξ) via Equation (4.23)

3: Update φk+1
h (ξi), vk+1

h (ξi) via Equation (4.24)

4: if some stopping criteria (given in Section 4.3.5) are satisfied break

Return optimal value (φk+1
1(ξ) , φ

k+1
2(ξ) , . . . , φ

k+1
n(ξ)) after thresholding
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Algorithm 4.4 Details for step 2 in Algorithm 4.3 via ADMM-C

If k = 1

input ~w0
h(ξi), and ~λ0

h(ξi)(h = 1, . . . , n), µ

else solve the following problems alternatively

1: Update θk+1
h(ξi)

according to distribution laws

2: Update φk+1
h(ξi)

via minimization problem (4.27)

3: Update ~wk+1
h(ξi)

via minimization problem (4.28)

4: Update ~λk+1
h(ξi)

via (4.29) using gradient ascent method

4.2.5 Termination Criteria

The stopping criteria for the entire algorithm are described in this section. As described

in [12,165], the iterations will be terminated when the following criteria are satisfied:

• For the major framework PHA in Algorithm 4.1 and Algorithm 4.3: During

iteration, the constraint errors of (φξi −φξ), the relative errors of Lagrange multipliers

and the optimal solutions should be monitored. They should decrease to a sufficiently

small level

Algorithm 1



Rk
τ =

N∑
i=1

p(ξi)‖φk
ξi
−φk

ξ‖L1

N∑
i=1

p(ξi)‖φ0
ξi
−φ0

ξ‖L1

Rk
vξ

=
‖vkξ−vk−1

ξ ‖L1

‖vk−1
ξ ‖L1

with vkξ =
N∑
i=1

p(ξi)v
k(ξi)

Rk
φξ

=
‖φk

ξ−φk−1
ξ ‖L1

‖φk−1
ξ ‖L1

Algorithm 3



Rk
τ =

n∑
h=1

N∑
i=1

p(ξi)‖φk
h(ξi)

−φk
h(ξ)

‖L1

n∑
h=1

N∑
i=1

p(ξi)‖φ0
h(ξi)

−φ0
h(ξ)

‖L1

Rk
vh(ξ)

=
‖vk

h(ξ)
−vk−1

h(ξ)
‖L1

‖vk−1
h(ξ)

‖L1
with vkh(ξ) =

N∑
i=1

p(ξi)v
k
h(ξi)

Rk
φh(ξ)

=
‖φk

h(ξ)
−φk−1

h(ξ)
‖L1

‖φk−1
h(ξ)

‖L1

where, ‖·‖L1 denotes the L1 norm on image domain Ω. All components are calculated
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in pixel wise. If Rk < l ( l is a small enough parameter), the iteration process will be

stopped. Note that Equation Rk
vξ

and Rk
vh(ξ)

can be quite small if the penalty param-

eters are large. This is due to their explicit dependence on the penalty parameters.

The relative energy error should also be considered. The following form can be used:

Rk
e = ‖Ek − Ek−1‖/‖Ek−1‖

where Ek =
∑

i=1:N p(ξi)E
k(ξi). The computation terminates when Rk

e is less than a

predefined tolerance, which indicates that the energy approaches its steady state.

• For sub minimization problems using ADMM-C in Algorithm 4.2 and Al-

gorithm 4.4: The following constraint errors of (~wξi −∇φξi) and the relative errors

of its corresponding Lagrange multipliers in iterations need to be monitored

Algorithm 2


Rk

~wξ
=

N∑
i=1

p(ξi)‖~wk
ξi
−∇φk

ξi
‖L1

N∑
i=1

p(ξi)‖~w0
ξi
−∇φ0

ξi
‖L1

Rk
~λξ

=
‖~λk

ξ−~λk−1
ξ ‖L1

‖~λk−1
ξ ‖L1

with ~λk
ξ =

N∑
i=1

p(ξi)~λ
k(ξi)

Algorithm 4


Rk

~wh(ξ)
=

n∑
h=1

N∑
i=1

p(ξi)‖~wk
h(ξi)

−∇φk
h(ξi)

‖L1

n∑
h=1

N∑
i=1

p(ξi)‖~w0
h(ξi)

−∇φ0
h(ξi)

‖L1

Rk
~λh(ξ)

=
‖~λk

h(ξ)
−~λk−1

h(ξ)
‖L1

‖~λk−1
ξ ‖L1

with ~λk
h(ξ) =

N∑
i=1

p(ξi)~λ
k
h(ξi)

All numerical quantities are presented in log scale. Some specific methods are used

to tune parameters in the implementation process of the proposed approach. The two

parameters in g(κ) = α+β|κ|, α and β, control the length and curvature of the segmentation

boundary. The ratio between a and b is related to the connectivity and smoothness of the

level lines. As discussed in [212], the connection of disconnected level lines and smoothness

of level lines can be guaranteed by a large parameter β. In addition, how to determine

the other two parameters: τ and µ associated with Lagrange multipliers will be illustrated.

Numerical indicators give the basis of penalty parameter adjustment. One example of their

values selection is given in Experiment 4.4.1.
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Lastly, the convergency of PHA needs to be considered. PHA is applied to the general

stochastic programming problems of two-phase image segmentation and segmentation with

depth in gray and color images, as formulated in (4.4) and (4.21). It is implemented relying

on the convex minimization for each scenario ξi (given in Algorithm 4.1 and Algorithm 4.3).

In this way, the sequence of pairs (φk
ξ , υ

k
ξ ) generated from PHA are sure to converge to a

solution pair. Please refer to [134] for discussion on the convergence of PHA theoretically

with clear proof.

4.3 Experiments

The proposed segmentation formulations and developed algorithm extensively on various

synthetic and real images for multiple purposes are applied. Experimental results are used

to validate the performance and efficiency of our proposed models and algorithm. All the

experiments are implemented on the same platform (Matlab 8.2) on a PC (Intel (R), CPU:

2.80GHz, RAM: 16GB, cores number: 4, architecture: 64-bit).

4.3.1 Experiments for Two-Phase Segmentation on Synthetic Images

Some synthetic images of size 256× 256 pixels are used as the test images. In these experi-

ments, two-phase CV model [40] and the CVE model [212] are used for comparison in order

to show the performance of our proposed model. The reason of choosing [40] and [212] for

comparison is that they are both classic models in variational segmentation with excellent

results. Firstly, we set v0(ξi) = 0, ~w0(ξi) = ~0, ~λ0(ξi) = ~0 and all the Lagrange multipliers

are initially set to be 0 for all the numerical experiments. The same initialization of vari-

ables in each experiment are used in order to have a relatively fair comparison. In Fig. 4-2,

results of the CV model, CVE model and our proposed model applied on noisy images are

presented. The original images, noisy images with stochastic noises including the Gaussian

noise, Rayleigh noise, Poisson noise and Gamma noise, and initialization for φ0 are shown

in (a) and (e). In addition, the pepper & salt noise is additionally contained in (a). Results

obtained by the CV model are presented in (b) and (f), by CVE model in (c) and (g), and

from our model (4.2) in (d) and (h) respectively. From left to right in (b)-(d) and (f)-(h),

we start with the optimal solution φξ, followed by final curves plotted on noisy images (red

lines) and final curves plotted individually (blue lines). It helps to distinguish the detailed
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differences between results obtained from different models by presenting the final results in

blue separately.

It can be clearly seen that the results of (d) and (h) obtained by our model (4.2) are

much better than those from the other two models. It is known that CV model is robust

against general noises. However when the noise level is getting much higher, CV model fails

to obtain the desired results as shown in (b) and (f). It completely fails since it is driven

by the mean level of the target region resulting in the fact that it cannot recognize whether

one particular pixel belongs to big noises or objects. CVE model has better performance as

shown in (c) for segmentation in noisy images as well as capturing meaningful structures.

However it ignores some relatively small objects, thus some small and homogeneous parts of

objects can not be captured as shown in (g). The CVE model fails there when the desired

object has similar density as the background. With the increase of the homogeneity, this

kind of drawback becomes more obvious.

It should be noted that all the noises contained in the images are random in our ex-

periments, which means we do not need to set specific percentage for each type of noise.

The noise level of one specific noise type could be 0%. The parameters for CV model, CVE

model and our proposed model are given as follows

CV model [40] CVE model [212]

Fig. 4-2(b): µ = 20, γ = 3 Fig. 4-2(c): α = 3, β = 15, µ = 20
α1 = 10, α2 = 10 α1 = 8, α2 = 8

Fig. 4-2(f): µ = 20, γ = 3 Fig. 4-2(g): α = 3, β = 10, µ = 20
α1 = 7, α2 = 7 α1 = 8, α2 = 8

Our proposed model (4.2) via PHA with ADMM-C

Fig. 4-2(d): α = 3, β = 25, τ = 5, µ = 20
α1 = 10, α2 = 10, p(ξ) = (0.4, 0.1, 0.3, 0.2)

Fig. 4-2(h): α = 3, β = 25, τ = 5, µ = 20
α1 = 7, α2 = 7, p(ξ) = (0.4, 0.1, 0.3, 0.2)

Fig. 4-3 demonstrates the performance of model 4.2 without the last two terms (υ(·)

term and τ -term). Some segmentation results obtained from our model (4.2) under this

assumption are given in Fig. 4-3(a) and (b). It can be observed that the segmentation

results are very close to the ones obtained when the last two terms are presented. However,

the convergence cannot be guaranteed without these two terms in general. Therefore, the

similar performances with or without the last two terms are only for special images, which

cannot be guaranteed in general without convergence analysis. Technically, w(·) serves as
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(a) Original, noisy images and initial con-
tour

(b) CV model results

(c) CVE model results (d) Our model (4.2) results

(e) Original, noisy images and initial con-
tour

(f) CV model results

(g) CVE model results (h) Our model (4.2) results

Figure 4-2: Two phase segmentation for synthetic noisy images with incomplete shapes and
letters. (a) and (e): original images, noisy images and the same initial φ0; (b) and (f):
results obtained by CV model; (c) and (g): results obtained by CVE model; (d) and (h):
final results from our proposed model (4.2).

the multiplier vector for the non-anticipativity constraint. Each of the w-iterates is forced

to stay in space M, thus the existence and uniqueness of the solution will be guaranteed.

The r-term makes the related minimization sub-problems be strongly convex. These two

terms are of great significance for our theoretical analysis as detailed in Section 4.2.3.

Fig. 4-4 gives an example that illustrates the convergence of the relative residuals given

in Section 4.3.5 (Rk
τ and Rk

~wξ
in Algorithm 4.1 & 4.3 ), the relative errors of Lagrange

multipliers (Rk
vξ

and Rk
~λξ

in Algorithm 4.1 & 4.3 ), the relative error of Rk
φξ

(in Algorithm

4.1 ) and the relative energy error Rk
e in our model respectively. They are obtained for the

image in Fig. 4-2(h). It is clearly shown that the proposed algorithm has converged well

before 100 iterations. They also give an important clue on how to choose the penalty
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(a) Results from (4.2) without υ(·) term and r-term (b) Results from (4.2) without υ(·) term and r-term

Figure 4-3: Segmentation results from our model (4.2) without the last two terms (υ(·)
term and r-term).

parameters t and m. In order to ensure convergence as well as achieving a high speed of

convergence, the errors Rk
τ , Rk

~w, Rk
v and Rk

~λ
should converge steadily with nearly the same

speed. If Rk
τ , Rk

~w go to zero faster than the others, τ and µ can be decreased and vice versa.

Rk
τ , Rk

~w will converge to zero with the same speed as the iteration proceeds and the energy

will decrease to a steady constant value when τ and µ are chosen properly.

(a) Rk
τ (b) Rk

~wξ
(c) Rk

vξ (d) Rk
~λξ

(e) Rk
φξ

(f) Rk
e

Figure 4-4: The relative residual plots according to the equations in Section 4.3.5. (a):
auxiliary variables in Rk

τ ; (b): auxiliary variables in Rk
~wξ

; (c): Lagrange multipliers in Rk
vξ

;
(d): Lagrange multipliers in Rk

~λξ
; (e): optimal solution Rk

φξ
; (f): the energy functional.

4.3.2 Experiments for Two-Phase Segmentation on Real Images

A tiger image of size 481 × 321 and a butterfly image of size 230 × 137 are used as the

test images. Visual comparisons with the results and the evolution process of our model

are provided. In Fig. 4-5, results of the color CV model [37], color CVE model and our

proposed model (4.3) are shown respectively. The color CVE model is stated as

E(φ, c) = α1

∫
Ω

m∑
l=1

(fl − c1l)
2φdx+ α2

∫
Ω

m∑
l=1

(fl − c2l)
2(1− φ)dx (4.34)

+

∫
Ω
(α+ βκ2)|∇φ|dx.
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Here we extend CVE model from gray scale to color scale according to the coupling approach

used in [37]. Fig. 4-5(a), (g) show the real noisy images. (b), (h) give the initialization

of φ0. The segmented images by using the color CV model are shown in (c) and (i). Fig.

4-5(d) and (j) show the results from the color CVE model. Results from our proposed model

are shown in (e) and (k). (f) and (l) show the intermediate evolution process of the contour

φξ obtained from our proposed model. The results from color CV model are chosen as the

input of φ0. φ0 can also be initialized randomly while the final results vary little. One

feature in the images is the discontinuous stripes on the tiger’s tail or the sparse spots on

the butterfly’s wings. With the proceeding of iteration, it can be observed that CV model

fails to capture the correct boundaries of the objects, while both CVE and our model are

able to complete an intact shape regardless of the existing gaps within the objects. However,

CVE model is inevitably influenced by the stochastic noises especially when these noises

smear the elongated structures like the tiger’s tail or the level of homogeneity increases.

The parameters used to obtain Fig. 4-5(c)-(e) and (i)-(k) are

Color CV model [37] Color CVE model (4.34)

Fig. 4-5(c): µ = 3, γ = 3 Fig. 4-5(d): α = 3, β = 8, µ = 20
α1 = 8, α2 = 5 α1 = 5, α2 = 5

Fig. 4-5(i): µ = 3, γ = 3 Fig. 4-5(j): α = 3, β = 20, µ = 20
α1 = 8, α2 = 5 α1 = 7, α2 = 7

Our proposed model (4.3) via PHA with ADMM-C

Fig. 4-5(e): α = 3, β = 4, τ = 5, µ = 80
α1 = 4, α2 = 4, p(ξ) = (0.6, 0.1, 0.2, 0.1)

Fig. 4-5(k): α = 3, β = 16, τ = 3, µ = 50
α1 = 4, α2 = 4, p(ξ) = (0.6, 0.1, 0.2, 0.1)

4.3.3 Experiments for Segmentation with Depth on Synthetic Images

The proposed models (4.19) and (4.20) using PHA will be compared with classic segmen-

tation with depth model (2.16) on synthetic images without stochastic programming. The

detailed implementation framework is shown as follows and all experiments for segmentation

with depth follow the same procedure.

In order to speed up the evolution of contours and improve the accuracy of results, we

initialize the binary level-set functions φ0
h(ξ1) = · · · = φ0

h(ξN ) using the results from the the
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(a) Noisy tiger image (b) Initialization φ0

(c) Color CV (d) Color CVE (e) Our model (4.3)

(f) Intermediate curve evolution from our model (4.3)

Figure 4-5: Two phase segmentation for real noisy images with incomplete shapes. (a) and
(g): noisy images; (b) and (h): initial φ0; (c) and (i): results obtained by CV model; (d)
and (j): results obtained by CVE model; (e) and (k): final results from our proposed model
(4.3); (f) and (l): intermediate curve evolution by our proposed model.

standard multiphase segmentation model in stochastic programming, which is given by

arg min
θξ,φξ∈{0,1}

{
EMulti

SP-general(θξ, φξ) (4.35)

=
n∑

h=1

∫
Ω
|∇φh(ξ)|dx+

n∑
h=1

∫
Ω
Q∗

h(x, θh(ξ))χh(ξ)dx+

∫
Ω
Q∗

n+1(x, θn+1(ξ))χn+1(ξ)dx

+
n∑

h=1

∫
Ω
(vkh(ξ) · φh(ξ) +

τ

2
(φh(ξ)− φk

h(ξ))
2)dx

}

Different form the traditional ones [166,210] where contours are initialized by the standard

multiphase segmentation model without stochastic programming, we take the situation of

unknown noises into consideration. In experiments, it can be observed that the initializa-

tion of φ0
h(ξi) will be inevitably affected when big stochastic noises are contained in the

original image, which may lead to a failure for entire framework to obtain expected re-

sults. An example is shown below in Fig. 4-6. Fig. 4-6(a) shows the synthetic image

(size 100× 100) with two circles corrupted by random noises and the results from standard

multiphase segmentation. (b) shows the initialization of the binary level set functions us-
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(a) Noisy tiger image (b) Initialization φ0

(c) Color CV (d) Color CVE (e) Our model (4.3)

(f) Intermediate curve evolution from our model (4.3)

Figure 4-5 continued.

ing results from the standard segmentation method. The results obtained by traditional

segmentation with depth model [166,210] are presented in (c). It can be observed that the

traditional implementation framework do not work under the impact of big noises. Fur-

thermore, the CVE model was designed only for one foreground shape recovery without

considering segmentation with depth information, which is hence not applicable here.

Fig. 4-7 presents our novel framework for segmentation with depth in stochastic pro-

gramming. The same testing image is used. With the application of (4.35), we obtain

separate objects shown in (a) and initialize φ0
h in (b). Obvious advantage of our proposed

model (4.19) compared with the traditional framework is shown in (c), where the final shapes

are reconstructed successfully even though there existing big noises. The parameters used

for our proposed model (4.19) are

Our proposed model (4.19) via PHA with ADMM-C
Fig. 4-7(c): α = 3, β = 10, τ = 5, µ = 30, p(ξ) = (0.5, 0.1, 0.2, 0.2)
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(g) Noisy image and standard
multiphase segmentation re-
sults

(h) Initial φ0
h based on stan-

dard multiphase segmenta-
tion results

(i) traditional segmentation with depth re-
sults

Figure 4-6: Traditional segmentation with depth for an image with two circles. (a): noisy
images and results obtained by the standard multiphase segmentation model; (b): the
initialization for two binary functions φ0

h; (c): results obtained by traditional segmentation
with depth model [13,15].

(a) Noisy image and re-
sults obtained from func-
tional (4.35)

(b) Initial φ0
h for two binary

functions
(c) Our proposed model (4.19) results

Figure 4-7: Our proposed model (4.19) for an image with two circles. (a): noisy images and
results by the standard multiphase segmentation in stochastic programming model; (b): the
initialization for two binary functions φ0

h; (c): results obtained by our proposed model

In order to determine the ordering relations of the white circle and gray circle, we

minimize the energy functional (4.19) based on the assumptions that the white circle is

occluded by the gray circle or the gray circle is occluded by the white circle. The results

are listed in Table 4.2, from which we can deduce that the white circle, the gray circle and

the background are ordered from the nearest to farthest with respect to the observer.

Table 4.2: Minimal energies of different ordering relations.

Possible Order Minimum of energy functional
1. white circle ⇒ gray circle 18.56
2. gray circle ⇒ white circle 20.83

4.3.4 Experiments for Segmentation with Depth on Real Images

In the last experiment, a real image with a circle and a hand (size 360× 360) and the other

with a bird and a trunk (size 220 × 241) are shown in Fig. 4-8. Fig. 4-8(a) and (d) show

the original noisy image and the result from the standard segmentation model in stochastic
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programming plotted on the original noisy image. The two initial values for φ0
h are given

in (b) and (e). The final results from our model (4.20) are provided in (c) and (f). It can

be clearly seen that our model can perform well in real images. The parameters for our

proposed model (4.20) are given as follows

Our proposed model (4.20) via PHA with ADMM-C
Fig. 4-8(c): α = 3, β = 25, τ = 5, µ = 20, p(ξ) = (0.4, 0.1, 0.3, 0.2)
Fig. 4-8(f): α = 3, β = 25, τ = 3, µ = 10, p(ξ) = (0.5, 0.1, 0.3, 0.1)

(a) Noisy image and results
obtained from functional
(4.35)

(b) Initial φ0
h based on results

of functional (4.35)
(c) Our proposed model (4.20) results

(d) Noisy image and results
obtained from functional
(4.35)

(e) Initial φ0
h based on results

of functional (4.35)
(f) Our proposed model (4.20) results

Figure 4-8: Our proposed model (4.20) for real image. (a) and (d): noisy images and results
by the standard multiphase segmentation in stochastic programming model; (b) and (e):
the initialization for two binary functions φ0

h; (c) and (f): results by our proposed model.

To determine the ordering relations in Fig. 4-8(c) and (f), we minimize the energy

functional based on the assumptions including all the potential ordering respectively. From

the results listed in Table 4.3 and Table 4.4, we can choose the correct orderings which are

mapping to the minimal functional values.

Table 4.3: Minimal energies of different ordering relations for Fig. 4-8(c).

Possible Order Minimum of energy functional
1. green circle ⇒ hand 40.57
2. hand ⇒ green circle 45.26

There is one important thing to be noted here. When dealing with the convex opti-

mization problem, we have to use a threshold method to realize the binarization of φk+1
h(ξ).
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Table 4.4: Minimal energies of different ordering relations for Fig. 4-8(f).

Possible Order Minimum of energy functional
1. bird ⇒ trunk 28.56
2. trunk ⇒ bird 20.83

It is an important way to help find the accurate results. The histograms of non-threshold

and threshold results from Fig. 4-8(c) are given in Fig. 4-9. It provides a good way to

choose the threshold of φk+1
h(ξ). From experiment, we find that the threshold η = 0.5 could

be applicable.

(a) φ1ξ no thre (b) φ2ξ no thre (c) φ1ξ & thre (d) φ2ξ & thre

Figure 4-9: Histograms of the binary level set functions (non-threshold and threshold).

At last, the efficiency of our proposed PHA with ADMM-C algorithm is demonstrated

by the number of iterations and computation time in Table 4.5. The iterations and time

are shown according to Experiments 4.3.1 to 4.3.4. The computational time is measured in

seconds.

Table 4.5: Number of iterations and computational time.

Image Size Iterations Time
Fig. 4-2(d) 256× 256 73 1.25
Fig. 4-2(h) 256× 256 80 1.53
Fig. 4-5(e) 481× 321 55 7.6
Fig. 4-5(k) 230× 137 50 0.79
Fig. 4-7(c) 100× 100 45 1.23
Fig. 4-8(c) 360× 360 60 8.9
Fig. 4-8(f) 220× 241 55 2.69

4.4 Summary

Euler’s elastica-based segmentation models have strong capability of completing the missing

boundaries for existing objects in a clean image, but they are not working well for noisy
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images. In this chapter a Euler’s elastica-based approach is established that can properly

deal with random noises to improve the segmentation performance for noisy images. The

corresponding formulation of stochastic optimization is solved via PHA, and the description

of each individual scenario is obtained by the alternating direction method of multipliers.

Technically, sub-problems derived from the framework of PHA can be solved using the

curvature-weighted approach and the convex relaxation method. Then, an alternating opti-

mization strategy is applied using some powerful accelerating techniques including the fast

Fourier transform and generalized soft threshold formulas. Experiments have been con-

ducted on both synthetic and real images, which displayed significant performance gains

of the proposed segmentation models and demonstrated the advantages of the developed

algorithms. In the next chapter, we will turn into the third focus of this thesis, the method-

ological investigation on incorporation between vatiational methods and deep networks for

further performance improvements.
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Chapter 5

Multi-task Deep Variational Model

for Denoising, Inpainting,

Decomposition and Segmentation

5.1 Introduction

For image processing approaches, it is desirable to generate outputs without losing impor-

tant features (i.e. edge sharpness, smoothness, corner preservation and contrast etc.). As

illustrated in [160,163,164,166,189], variational image processing works very well in preserv-

ing important image features, dealing with situations such as large intensity inhomogeneity

etc. and requires less memory in computation. One stunning property of variational meth-

ods is that it can be easily combined with other advanced theories or incorporated into ex-

isting classic frameworks. For example, underwater dark channel prior method and nonlocal

means were incorporated into variational models for underwater image restoration [73,74],

and stochastic programming was applied for image segmentation with random noises [162],

results with improved performance were obtained and wider applicability was achieved.

In recent years, deep learning network is used with great success in computational

imaging. A huge amount of research was conducted on natural images resulting in significant

progress and promising outcomes. Among them, convolutional neural network (CNN) based

techniques have made significant achievements for a wide range of applications in image

processing problems. For example, Jin et al. [80] proposed a deep convolutional network

121



for image restoration problem with a focus on biomedical imaging with addition of residual

learning to enhance the training propagation of the visual information. Authors in [203]

first trained a set of effective CNN denoiser priors for denoising and then set them as

plug-in modules to tackle various inverse problems such as image deblurring and super-

resolution. Most of the state-of-the-art performance by CNNs for image processing problems

is achieved based on large training datasets. Thus it is reasonable to deduce that the

excellent capability of learning realistic image priors from data plays a significant role in

producing such satisfactory outcomes in CNNs. In fact, learning is only one of the main

reasons for the good performance of deep networks. A good example was given in [201],

which demonstrated that the structure of the network should correspond well with the

structure of the data. Similarly, authors in [170] put forward that image statistics can

be adequately captured by the structure of a single CNN generator network in a totally

unsupervised way. A unified framework [58] was built on top of [170] by coupling multiple

CNN generator networks to handled a wide variety of seemingly unrelated computer vision

tasks.

Several researches have showed the great potential for integrating these two excellent

techniques to form deep variational models. The recurrent neural network (RNN) was

employed in [91] to form the iterative curve deformation process for image segmentation.

Researches [29, 90] continued the idea of RNN and extended it to recurrent-CNN architec-

tures for medical image segmentation, which achieved state-of-the-art results. They both

modeled each time-step as a feedforward neural network architecture. The difference is

that the feature map in [90] was converted from a fully convolutional neural network (FCN)

model to a variational level set function, while [29] kept the curve evolution and modeled

the corresponding terms in the variational energy by two separate CNNs inspired from the

multi-scale image pyramid. According to [44], the loss function was creatively developed

with classic variational segmentation model containing contour length and region informa-

tion for the dense deep learning model optimization. These works were all designed for

supervised learning with specific purposes. Although authors in [98] proposed to use Total

Variation (TV) [140] as the regularization to improve the Deep Image Prior (DIP) [170]

framework. However, only one generator was used in DIP to produce the prior of the origi-

nal image, which is not sufficient when the original image was separated into several image

components.

122



As DIP [170] can adequately capture the image statistics by the structure of a single

CNN generator network independent of learning, double-DIP [58] showed the power of

the combination of multiple DIPs by regarding an image as a mixture of its basic layers

separately. The main interesting feature of variational methods is that the energy functional

with multiple variables utilizing different levels of image information is established in a self-

supervised manner. All these properties provide a promising potential for the integration

of these two approaches. Our proposed deep variational models may not work as well as

some methods particularly designed for a specific task. However, we believe that this is the

first work that unifies CNN architectures in a variational way for a wide variety of image

tasks.

For the incorporation of deep-image-prior networks and varaitional image pro-

cessing models, our contributions can be briefly summarized in the following

aspects:

• We propose a novel general model for multi-purpose unsupervised image tasks. An

integration approach is proposed, redesigning the variational model and DIPs to gen-

erate the output of each variable without iteration. Moreover, this general model

provides diverse novel selections of inductive bias for unsupervised learning, which is

stemmed from variational tools possessing self-supervision.

• The outstanding feature of our work is the simultaneous permission of multitasking,

which is different from other existing multi-purpose deep models. Furthermore, we

explore the potential on decomposition based image multiscale segmentation. Techni-

cally, high-order terms widely used in variational methods are incorporated for com-

pensating the problems contained in the TV term. They are applied in `1-norm

penalty to promote sparsity. The effects of these terms can further improve the per-

formance.

• With the incorporation of deep neural networks, limitations of the traditional iter-

ation based fast algorithms [162, 164, 166], being sensitive to numerous pre-defined

parameters and heavily dependent on initial settings, can be overcome. In contrast

to the classical variational approach, the energy functional serves as the loss func-

tion, and the minimization problem is directly achieved using a neural network by

back-propagation without any optimization algorithm design.
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The rest of this chapter is structured as follows. Section 5.2 shortly reviews the related

approaches in this field. Our proposed approach and the general framework are presented

in Section 5.3. The experiments conducted with performance evaluation and comparison

are described in Section 5.4, followed by the conclusion in Section 5.5.

5.2 Related Work

In this section, existing researches providing fundamental models for our work and used for

comparison are presented.

5.2.1 Variational Methods

In this subsection, the fundamental models in the field of variational methods including

five high-order models (all in denoising form as an example) and the Vese-Osher model

for decomposition are described first, then the edge weighted second order decomposition

model used for comparison is briefly introduced.

High-order variational models

Several well-known high-order variational models for image processing are reviewed in this

section, which are, Total Laplace (TL), Bounded Hessian (BH), Total Generalized Variation

(TGV), Euler’s Elastica (EE) and Total Curvature (TC).

Total Laplace. TL model [193] initially proposed for image denoising can be stated as the

minimization of the following energy functional

E(u) =
1

2

∫
Ω
(f − u)2dx+ α

∫
Ω
|∆u|dx, (5.1)

where f is an observed image defined on the image domain Ω, u is the restored image from

f . "∆" is the laplace operator, which is defined as ∆u = ∇·∇u = ∇·
(
∂xu
∂yu

)
= ∂x∂xu+∂y∂yu.

"∇" is the gradient operator and "∇·" is the divergence operator respectively.

Bounded Hessian. Authors [89, 105] investigated the properties derived from Hessian
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matrix and formulated a Hessian regularizer into the energy functional


E(u) = 1

2

∫
Ω(f − u)2dx+ α

∫
Ω |∇2u|dx

with ∇2u =

 ∂x∂xu ∂y∂xu

∂x∂yu ∂y∂yu

 . (5.2)

Total Generalized Variation. As described in [18, 54], TGV formulation is able to

reconstruct piecewise polynomial functions of arbitrary order (piecewise constant, piecewise

affine, piecewise quadratic etc.), which is of the following form


E(u, ~p) = 1

2

∫
Ω(f − u)2dx+ α

∫
Ω |∇u− ~p|dx+ β

∫
Ω |ε(~p)|dx

with ε(~p) =

 ∂xp1
∂yp1+∂xp2

2

∂yp1+∂xp2
2 ∂yp2

 . (5.3)

where ε(~p) is the symmetrised derivative in an auxiliary vector field and ~p is an auxiliary

variable such that ~p ≈ ∇u. The balance between the first and second derivative of the

image information is controlled by the ratio of positive weights α and β. It can be observed

that TGV expression is similar to Hessian (5.2), an illustration in terms of the relationship

between BH (5.2) and TGV (5.3) was given in [95]. Especially when ~p = ∇u, then the term

|∇u− ~p| of (5.3) equals 0 and ε(~p) turns into the BH term ∇2u of (5.2) as a result. Hence

we can obtain: |ε(~p)|TGV ≤ |∇2u|BH , which means TGV could be a better choice due to a

faster minimization process. More relevant information can be found in [95].

Euler’s Elastica. The EE model was presented subsequently in [160] with the formulation

as follows

E(u) =
1

2

∫
Ω
(f − u)2dx+

∫
Ω
(α+ β|∇ · ( ∇u

|∇u|
)|)|∇u|dx. (5.4)

where κ is the curvature of a 2D curve. `2-norm of the curvature was used in [160] in

the elastica regularizer as: (α + βκ2)|∇u|. The `1-norm of the curvature based regularizer

(α + β|κ|)|∇u| was suggested in [166] and [206]. From [166], it can preserve the object

corners better than the `2 form when conducting segmentation. In recent research [206]

(they set α = 1), it was also called the Total Absolute Curvature with better performance

in denoising, segmentation and inpainting over TV [140] and Euler’s elastica-`2 [160] model.
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Total Curvature. More recently, the `1-norm of curvature, i.e. total curvature [165, 211]

was used to design a regularization term for the variation image restoration model in gray

image denoising, and in this case, authors in [165] use the following form

E(u) =
1

2

∫
Ω
(f − u)2dx+ α

∫
Ω
|∇ · ( ∇u

|∇u|
)|dx. (5.5)

Here the mathematical expression of κ has been given in (5.4). As demonstrated in [165],

the first term of the right side (the data fidelity term) based on `1-norm can preserve

image contrast as well as remove outliers and irregularities. And the second part (the TC

regularization term) is to smooth image while preserve edges and corners of objects without

staircase artefact.

Several high order variational models are introduced in chronological order in this sec-

tion: from the earliest and simplest formulation TL to the latest one TC. The propositions

of them lead to the advantages of eliminating the staircase artefact with more natural piece-

wise planar images obtained as results for image processing and tackling the problem of the

edge or corner smearing over their first order counterparts. One well-known type of their

first order counterparts is the Total Variation (TV) [140]. All high-order models mentioned

above and their specific representations of energy functionals are summarized in Table 5.1.

Please note that we introduce these models in denoising formulation as example. In Table

5.1, different potential functions Ψ(u) can be given to describe diverse image tasks: for

denoising, Ψ(u) = (f −u)2; for inpainting [160,165], Ψ(u) = (m · (f −u))2, m = { 0 x∈ D
λD x∈Ω/D

is the mask function to represent the broken region D.

Table 5.1: High-order Energy Functionals

No. Name Functional
1. TL E(u) = 1

2

∫
ΩΨ(u)dx+ α

∫
Ω |∆u|dx

2. BH E(u) = 1
2

∫
ΩΨ(u)dx+ α

∫
Ω |∇2u|dx

3. TGV E(u, ~p) = 1
2

∫
ΩΨ(u)dx+ α

∫
Ω |∇u− ~p|dx+ β

∫
Ω |ε(~p)|dx

4. EE E(u) = 1
2

∫
ΩΨ(u)dx+

∫
Ω(α+ β|∇ · ( ∇u

|∇u|)|)|∇u|dx
5. TC E(u) = 1

2

∫
ΩΨ(u)dx+ α

∫
Ω |∇ · ( ∇u

|∇u|)|dx

No. Task Name Form of Ψ(u)

(i) denoising Ψ(u) = (u− f)2

(ii) inpainting Ψ(u) = (m · (u− f))2, m = { 0 x∈ D
λD x∈Ω/D
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The VeseOsher (VO) model

The main purpose of variational decomposition is to split an image f into the structural

component u and textural component v: f = u+ v, where u contains the main information

of geometric features like object edges and hues and v represents the oscillating patterns in-

cluding both textures and noise. It is a critical operation that makes it easier for subsequent

image manipulation such as detail enhancement, visual abstraction, scene understanding,

etc. Vese and Osher [172] proposed the VO model by using two functions ~g = [g1, g2]
T to

define the textures, and the energy functional reads

E(u,~g) =
1

2

∫
Ω
(f − u−∇ · ~g)2dx+ α

∫
Ω
|∇u|dx+ β

[ ∫
Ω
|~g|pdx

] 1
p

. (5.6)

This is a variant of the decomposition functional proposed by Meyer [112] who introduced

the concept of oscillation function modeling theory. As described in [112], if the v component

represents texture, then v belongs to the Banach space G with the following definition:

G = {v | v = ∇ · (~g), ~g = [g1, g2]
T , g1, g2 ∈ L∞(Ω)} (5.7)

induced by the G-norm defined as:

‖v‖G = inf
~g=[g1,g2]T

{‖
√

g21 + g22‖L∞ | v = ∇ · (~g), |~g| =
√
g21 + g22}. (5.8)

Meyer’s decomposition functional is expressed as

E(u) = ‖v‖G + α

∫
Ω
|∇u|dx, f = u+ v. (5.9)

But the fact is that above G-norm (5.8) in Meyer’s decomposition functional (5.9) would

cause difficulties in numerical implementation, which was then solved by [172] approximat-

ing the L∞ norm of |~g| by the Lp norm with the proposal of (5.6). The approximation is

stated as follows,

‖
√
g21 + g22‖L∞ = lim

p→∞
‖
√
g21 + g22‖Lp .
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According to the authors’ discussion in their paper, they found out that similar results could

be obtained when p was set as: 1 ≤ p ≤ 10, while p = 1 yielded faster calculations.

The edge weighted second order (EWSO) model

Recently above first order VO model has been developed into high-order. The edge weighted

second order (EWSO) model [54] adopted the specific BH regularizer integrating an edge

diffusivity function, with excellent decomposition performance. In our work, the loss func-

tion is also based on high-order VO model, thus we choose this model for comparison.

EWSO is stated in the following form:


E(u,~g) = 1

2

∫
Ω(u+∇ · ~g − f)2dx+ α

∫
Ω ξ(|∇f |)|∇2u|dx+ β

∫
Ω |~g|dx,

with ξ(|∇f |) = 1− exp
( −Ch

( 1
λ
|∇f |)h

)
.

(5.10)

∇2u in (5.10) is the BH regularizer defined in (5.2), ξ(·) is the edge diffusivity function:

h determines how fast ξ(·) changes; λ controls the smoothness of ξ(·); Ch is a constant

obtained by computing ∂Φ(s)
∂s

∣∣
s=λ

= 0 with Φ(s) = sξ(s). EWSO model has produced

higher performance compared with several classic variational models for decomposition

(VO model [172] and the infimal-convolution (INFCON) model [31]) and denoising (TV

model [140], TGV model [18] and the combined first and second order (CFS) model [125]).

The importance of the edge diffusivity function used as the weight matrix was discussed in

detail as well.

5.2.2 Convolutional Neural Network (CNN) based Approaches

Deep Image Prior (DIP)

The DIP architecture [170] was a CNN based generator network [65] with randomly ini-

tialized input. Its main idea was derived from the well-known U-net [137]. The obvious

advantages of DIP lie in: the network itself can produce desired clear images using only

the original degraded images without requiring any handcrafted prior; demonstrating the

significance of the use of inductive bias; acting as a "Swiss knife" with diverse applications.
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Here the optimization associated with our work is taken into consideration

 θ∗ = argmin
θ

Ψ(DIPθ(z), f)

such that y∗ = DIPθ∗(z)
, (5.11)

where z refers to the random input that will be mapped to the given degraded image f

by the DIP network, θ are the network parameters. y∗ represents the final output of the

network and θ∗ are the optimized parameters through obtaining the minimization of the

loss function Ψ(DIPθ(z), f). A graphic explanation for DIP is presented below.

Figure 5-1: Basic architecture of DIP.

As described in [170], DIP was used for focusing on the standard inverse problems of

denoising, superresolution, and inpainting. For other particular tasks such as DIP based

deblurring [98]. It should be noticed that all the formulations of loss function Ψ(·) are

consistent with the fitting terms contained in the variational energy functionals for related

image tasks. In addition, DIP serves as an image generator x = DIPθ(z) mapping a random

initialization z to an image x, analogously, the variables defined in variational methods are

calculated in the image domain, it thus creates possibility for DIP to produce one certain

variable. These properties give us strong inspiration about the possibility for an extension

of the DIP by embedding it into variational framework. Please note that the forms of

Ψ(DIPθ(z)) presented in Table 5.1(i)-(ii), where u should be replaced by DIPθ(z)) when

applying DIP into variational framework.

However, only one DIP is not sufficient for the cases including several variables. For

example, TGV functional in (5.3) contains multiple variables: u and ~p = [p1, p2]
T , which

requires two more generators to produce p1 and p2 if TGV is the loss function. The research

work presented in [58] motivates us with regard to the combination of multiple DIPs.
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Double-DIP

On the basis of the single DIP network, it is observed from [58] that multiple DIPs (also

called "double-DIP" even though there could be more than two) can successfully separate

the image into its natural "simpler" components that are independent of each other. Each

component needs to be generated by a DIP and the recombination of these components

should reconstruct the original image as much as possible. The general loss function de-

scribed in [58] is

Loss = LossReconst + α · LossExcl + β · LossReg.

note that :
LossReconst = |f − Î|

LossExcl : minimizes the correlation between the gradients of y1 and y2

LossReg : a task-specific mask regularization

(5.12)

Î denotes the reconstructed image that should be close to the original image f . As an

instance of two components {y1, y2} and a weight mask m, Î = m · y1 + (1 − m) · y2.

In this way, two DIPs are needed to produce {y1, y2}: yi = DIPθi(zi) with randomly

initialized input zi (i = 1, 2). In the case of unknown m, one more DIP is further necessary:

m = DIPθm(zm).

Structure-Texture Image Decomposition (STID)

The authors [170] gave another good deep variational example in terms of learning deep

variational prior for structure images by using CNNs to replace the TV prior. The multi-

scale context aggregation network (CAN) [194] was used to learn the projection operator

P(·,Θ), then P(·,Θ) worked as a modular part to solve the decomposition problem according

to the alternating direction method of multiplier (ADMM) in the following formulation:

E(u, v; γ) = λP(u,Θτ ) +

∫
Ω
|v|dx− γT

∫
Ω
(f − (u+ v))dx+

β

2

∫
Ω
(f − (u+ v))2dx. (5.13)

This is a novel model plugging CNN priors into an iterative smoothing process, where β > 0

is a penalty parameter and γ is a Lagrange multiplier. The loss function for training P(·,Θ)
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was stated as:

LossCAN (Θτ ) =
M∑

m=1

1

M
|P(f (m) + n(m)

τ ,Θτ )− n(m)
τ |, (5.14)

where nτ refered to the zero-mean Gaussian noise of variance τ and M (set to 1.5 × 105)

denoted the total number of training patches. P(·,Θ) is trained on several
√
τ ranging

from [45 : −1 : 1]. After accomplishing the image decomposition by training the projection

operator P(·,Θ), then each variable u, v and γ in (5.13) are calculated alternatively following

the ADMM.

STID demonstrated the feasibility and benefit of using CNN to produce the specific prior

in the variational framework. There are three main differences between STID and our work

proposed in this paper: 1) no need to pre-train a CNN architecture (CAN in STID), and

actually there is totally no pre-training process contained in our work; 2) any type of fast

algorithm including ADMM (used in STID) widely used for solving variational functionals

is not necessary our work; 3) we explore the potential for simultaneous implementations.

The motivation of our work is to treat the variational multi-task image processing as a

unsupervised deep learning problem, in which the unified model is still working as minimiza-

tion of the loss function. The framework is totally changed since we adopt DIP architecture

to generate the final output of each variable with random initialization. Central idea of

double-DIP creates the possibility for us to handle the situation that there exist multiple

variables contained in the unified model. Our work will be elaborated in the next section.

5.3 Proposed Multi-task Model

5.3.1 Loss Function Inspired by Multi-Task Variational Functional

Motivated by the research [118] developing the VO model to restore blurred images with

missing parts and [21] using a unified variational framework to generalize low- and high-order

regularization, we first attempt to design novel variational formulations tackling different

issues including denoising, inpainting and decomposition in consideration of the advantages

of high-order terms and sparsity promotion of `1-penalty. In this way, we can fulfill multiple

tasks with the general deep variational (DV) model. Without loss of generality, the general

variational model can be expressed as the minimization of the following decomposition
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functional
E(u, ~p,~g) = 1

2

∫
Ω Λ(u,~g)dx+

∫
Ω ζ(u)dx+ γ

∫
Ω |~g|dx

with Λ(u,~g) =


(f − u− λ∇ · ~g)2 for denoising

(m · (f − u− λ∇ · ~g))2 for inpainting

, (5.15)

where the potential function for specific image processing task Λ(u,~g) is provided according

to the definition of Ψ(u), m is the mask function denoting the broken region, both of them

can be found in Section 5.2.1. ζ(u) represents all the high-order terms in Table 5.1. In

(5.15), the corresponding expressions are presented as `1-based ζ(u) as follows

ζ(u) = (5.16)

TL : α|∂x∂xu+ ∂y∂yu|

BH : α|∂x∂xu|+ |∂y∂xu|+ |∂x∂yu|+ |∂y∂yu|

TGV : α(|∂xu− p1|+ |∂yu− p2|) + β(|∂xp1|+ |∂yp1+∂xp2
2 |+ |∂yp1+∂xp2

2 |+ |∂yp2|)

EE : (α+ β|∂x( ∂xu√
(∂xu)2+(∂yu)2

) + ∂y(
∂yu√

(∂xu)2+(∂yu)2
)|)(|∂xu|+ |∂yu|)

TC : α|∂x( ∂xu√
(∂xu)2+(∂yu)2

) + ∂y(
∂yu√

(∂xu)2+(∂yu)2
)|

.

In the context of variational methods, some fast algorithm [160, 162, 164, 165, 211] is

usually designed for the minimization of the energy functional formulated in (5.15) with

consideration of simplification and effectiveness of the algorithm. There are three main

computational difficulties contained in this classical approach: (i) The main critical issue

for solving (5.15) is the inevitable high order derivatives in numerical implementation, which

is tedious and prone to errors; (ii) Alternating directional optimization strategy based fast

algorithm is one solution, but the number of parameters (which can be considered as hyper-

parameters in loss function in deep learning approaches) needed to be manually tuned will

increase when auxiliary variables are introduced; (iii) Parameter sensitivity. In particular,

inspired by CNN based unsupervised learning approaches [58,170], we propose to employ the

classical variational functional to manage the CNN modules, and the optimization algorithm

commonly used for solving the variational functional is not necessary any more. Therefore,

the computational difficulties discussed above can be avoided. One of the most significant

points of our work is hence to show that the mutual benefit is indeed realized when a useful
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connection is established between these two approaches.

5.3.2 Multi-Task Deep Variational Architectures

Reduced Version (RV): Image Restoration including Denoising and Inpainting

Figure 5-2: Reduced version of the framework without decomposition capability. For TGV, the module in dashed
box need to be included into `1-based ζ(u). For other models, it should be omitted.

It can be easily observed that when γ = 0 and λ = 0, (5.15) will reduce to the pure high-

order based functional without the capability of decomposition. As in the models of TL,

BH, EE, and TC, there is only one variable u that needs to be calculated, just one CNN

architecture is involved in the framework to realize this reduced version. The associated

CNN architecture used in our model is the DIP module from [170]. For the reduced version

in relation to TGV model with more than one variable to be obtained, we can choose

the idea of coupled DIPs inspired by [58], which need another two CNN generators to gain

~p = [p1, p2]
T . In order to demonstrate the precise incorporation procedure, we derive the loss

functions in reduced version (5.17) and full version (5.18) for our proposed deep variational

model respectively and illustrate them specifically in Fig. 5-2 and 5-3 subsequently. With

the introduction of CNN based architecture and the condition γ = 0 and λ = 0, the original

minimization problems of energy functional (5.15) are transformed into the optimization

problems of the following loss functions,

for TL, BH, EE and TC :
LossRV = 1

2

∫
ΩΨ(DIPθ(z))dx+

∫
Ω ζ(DIPθ(z))dx

such that u = DIPθ(z)

,
(5.17)
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for TGV :
LossRV = 1

2

∫
ΩΨ(DIPθ(z))dx+

∫
Ω ζ

(
DIPθ(z),

 DIP1
θ1
(zp1)

DIP2
θ2
(zp2)

)dx
such that u = DIPθ(z), p1 = DIP1

θ1
(zp1), p2 = DIP2

θ2
(zp2)

.

Ψ(u) and ζ(u) are provided in Table 5.1 and Equation (5.16) respectively. The framework

for this reduced version is given in Fig. 5-2. From Fig. 5-2, it can be observed that

z is the randomly initialized input (uniform noise) of the DIP architecture and u is the

reconstructed image with the same size as the original image f degraded by noise or damage.

For situation of multiple variables, more DIPs are plugged into the framework to produce the

corresponding variables (e.g. ~p = [p1, p2]
T as shown in the dashed box). All the architectures

as well as their output layers (explicitly, u produced by one DIP architecture, p1, p2 produced

by another two DIPs denoted as DIP1 and DIP2 in Fig. 5-2) are coupled by the loss function

along some laws derived form traditional variational models from (5.1) to (5.5). In this

proposed RV, only one DIP considered when applying TL, BH, EE, and TC and three

DIPs involved for the case of TGV. All the architectures are trained simultaneously until

we obtain the desired output u.

Full Version (FV): Image Decomposition with effects of Denoising and Inpaint-

ing

Figure 5-3: Full version of the framework. For TGV-type, the module in dashed box need to be included into
`1-based ζ(u). For other models, it should be omitted.
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Accordingly, full variational version of (5.15) is formulated when γ and λ are set as positive

parameters (the textural components ~g are involved in the loss function in this way). With

the introduction of the textural components ~g = [g1, g2]
T , two DIP architectures are needed

to generate these two corresponding variables. Similar with the loss functions described in

the reduced version, the models of TL, BH, EE, and TC in this full version have one variable

u that needs to be calculated as the image structure component (e.g. the output) and two

variables g1 and g2 generated as the textural components. Hence three CNN models should

be involved in the framework, and five CNN architectures should be involved for ζ(·) using

TGV. The proposed deep variational loss function is as follows:

for TL, BH, EE and TC :

LossFV = 1
2

∫
Ω Λ

(
DIPθ(z),

 DIP3
θ3
(zg1)

DIP4
θ4
(zg2)

)dx+
∫
Ω ζ(DIPθ(z))dx

+ γ
∫
Ω

∣∣∣∣ DIP3
θ3
(zg1)

DIP4
θ4
(zg2)

∣∣∣∣dx
such that u = DIPθ(z), g1 = DIP3

θ3
(zg1), g2 = DIP4

θ4
(zg2)

,

for TGV :

LossFV = 1
2

∫
Ω Λ

(
DIPθ(z),

 DIP3
θ3
(zg1)

DIP4
θ4
(zg2)

)dx
+
∫
Ω ζ

(
DIPθ(z),

 DIP1
θ1
(zp1)

DIP2
θ2
(zp2)

)dx+ γ
∫
Ω

∣∣∣∣ DIP3
θ3
(zg1)

DIP4
θ4
(zg2)

∣∣∣∣dx
such that u = DIPθ(z), p1 = DIP1

θ1
(zp1), p2 = DIP2

θ2
(zp2),

g1 = DIP3
θ3
(zg1), g2 = DIP4

θ4
(zg2)

.

(5.18)

The full version of our framework with the parameters γ > 0 and λ > 0 (usually λ = 1) is

shown in Fig. 5-3. This version in the more complicated structure scales the application

range up for image decomposition and decomposition based texture segmentation. Besides

the two necessary DIPs (given in the dashed box) producing TGV variables ~p = [p1, p2]
T in

this version, two more DIPs are needed to generate the texture functions ~g = [g1, g2]
T . The

specific form of Λ(u,~g) is presented in (5.15). In this chapter, we intend to demonstrate and
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validate that the high performance and natural properties of deep neural networks can take

the theoretical mathematics and applied sciences based variational methods to a new level

with better outputs. In addition, the classical variational models and useful regularization

terms proposed in variational field can provide useful guidance for deep neural network

design and formulate strong constraints between each variable.

The surprising property of the proposed FV is the simultaneous implementation of

denoising, inpainting and decomposition. As far as we know, it is the first attempt for

deep unsupervised learning to achieve so many tasks at the same time. This is the most

significant capability that distinguishes our proposed DV model (5.18) from other multi-task

networks.

Developed Version: Texture Segmentation with Multiscale and Elastica Con-

straints

Figure 5-4: Texture Segmentation with Multiscale and Elastica Constraints Framework.

Based on the proposed FV, we can further extend it into image segmentation, which is

expected to widen its applications to texture segmentation. In addition, this extension can

be better developed by combining with multiscale representation and elastica constraints.

In particular, the loss function for this deep variational model is stated as:

LossFV-Seg =

∫
Ω
ζEE(DIPθφ(zφ))dx (5.19)

+

∫
Ω
Λ

(
DIPθ(z),

 DIP3
θ3
(zg1)

DIP4
θ4
(zg2)

)dx+ λ

∫
Ω
ζ(DIPθ(z))dx+ γ

∫
Ω

∣∣∣∣ DIP3
θ3
(zg1)

DIP4
θ4
(zg2)

∣∣∣∣dx
+

∫
Ω
(DIPθ(z)− c1)

2DIPθφ(zφ)dx+

∫
Ω
(DIPθ(z)− c2)

2(1− DIPθφ(zφ))dx

(such that φ = DIPθφ(zφ), u = DIPθ(z), g1 = DIP3
θ3(zg1), g2 = DIP4

θ4(zg2))
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There are three prominent parts in this developed extension. The first row: ζEE(·) is

the EE term of ζ(·) given in (5.16). The advantages of using EE (also called total absolute

curvature [206]) as the regularizer for the mask function φ (generated by DIPθφ(zφ)) lie

in the completion of meaningful missing boundaries, reconstruction of occluded structures

of objects and realization of segmentation simultaneously, which are also demonstrated

in [162].

The terms on the second row are exactly the same as the full version (the first loss

function) of our framework (5.18), which is a promising model for image decomposition and

restoration. Here the TGV regularizer is not suggested for ζ(·) since similar performance

is obtained from the experimental observation, while more variables will be introduced.

According to the similar work [202], TV [140] is adopted to measure the multiscale image

u and the scale parameter λ > 0 controls the scale of u. In contrast, we select ζ(·) as

the multiscale representation, introduce deep prior and establish the novel formulation for

wider applications.

The third row: c1 and c2 are the pixel intensities of foreground and background of the

image structure. This term is for boundary extraction in [202], or serves as the data fidelity

term for two-phase segmentation in [162]. Like [58,162], binary representation for the mask

φ in (5.19) is continued, the advantage is that we don’t need the extra regularization loss

used in [58] to realize the binarization of the learned segmentation mask. This term used

in our DV model can guarantee the generated φ to be binary automatically. Moreover, this

term naturally gives the constraints for image foreground and background, thus the extra

optimization procedure with the image hints to guarantee fore/back-ground used in [58] is

not required. As a result, the efficiency is improved. The framework of (5.19) is summarized

in Figure 5-4.

Please note that R(u, φ) refers to the term given on the third row of (5.19). The

proposed full version works as a sub-framework which is marked by orange box. With the

introduction of another two terms R(u, φ) and ζEE(φ) to the proposed loss function in full

version, its distinguished property is continued as well as developed: image segmentation

with effects of multiscale, structure-texture decomposition and restoration can be achieved

simultaneously. The feasibility and potential advantages of our deep variational model are

further proved through this extension in this section.

We have successfully achieved the unsupervised learning based deep variational model
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for multiple image processing tasks and we will show its effectiveness in next section with

extensive experiments for various applications.

5.4 Experimental Results

Platform and Dataset. All the experiments are conducted using Tesla V100 GPU. 30

natural images including both grayscale and colorscale (256×256 and 512×512) are set as

our testing images, of which the original color images prepared for decomposition are taken

from [45], the alpaca test images used in segmentation experiment are from the Alpaca

Molecular Research Team1 and the others are chosen from public datasets of set12, set14,

BSD500 and BM3D2. The proposed approach is compared with traditional ones which

adopt either CNN or variational methods, and the developed one, TV Regularized DIP,

respectively. The same initialized conditions are used for all methods to ensure a fair

comparison.

Parameter setting. One important feature of our proposed model (5.18) with its reduced

version (5.17) and developed version (5.19) is that the results are robust to the choice of

parameters and no more additional parameters will be introduced. For (5.18), α = 0.001,

β = 0.005, r = 0.05, λ = 1 are fixed throughout the experiment section. For (5.17), r = 0,

λ = 0. For (5.19), the settings keep the same.

5.4.1 Experiments for Denoising

In this subsection, experiment results by BM3D [49], TV [140], DIP [170], DIP-TV [98] and

our proposed model (5.15) on grayscale images with different input noise level are shown in

Table 5.2. The input signal-to-noise ratio (SNR) ranges from 5dB to 25dB. Comparisons

are made with their computed average SNRs to evaluate the denoising performance. It is

observed that our proposed model can produce comparable results among all above methods

in denoising.

For color images, we first take one typical example to show the ability of our proposed

approach for Pepper and Salt noise removal, visual comparison of some selected results

is given in Figure 5-5. Some similar results are not contained in this visual comparison
1Alpaca Molecular Research Team is from School of Pharmacy and Biomedical Sciences of Curtin Univer-

sity. The images were captured for the purposes of alpaca colour genetics research, with the verbal consent
of the owners/carers of the animals.

2http://www.cs.tut.fi/∼foi/GCF-BM3D/index.html#ref_results

138



Table 5.2: Average SNR for denoising comparison (grayscale).

Model
Img Noise SNR=5

σ=76.26
SNR=10
σ=53.43

SNR=15
σ=30.02

SNR=20
σ=14.24

SNR=25
σ=5.12

BM3D 19.20 21.78 24.61 27.42 30.4
TV 17.79 20.20 23.01 26.07 29.14
DIP 18.60 21.35 23.82 26.34 28.49

DIP-TV 19.36 21.89 24.37 26.79 28.89
RV-TL 19.18 21.08 24.34 27.69 31.11
RV-BH 19.07 21.19 23.72 27.53 31.24

RV-TGV 19.03 21.05 24.28 27.48 30.51
RV-EE 18.84 20.96 24.17 27.23 30.54
RV-TC 18.76 21.16 23.80 27.34 30.32

in consideration of paper length. The necessity of using the classic Multi-channel Total

Variation (MTV) [189] framework to couple the image information of each channel is then

discussed in Table 5.3. Technically, different variational coupling methods refer to the

corresponding coupled regularization terms. For color image processing problem, restoring

each channel separately using the first order variation (e.g. layered-channel TV (LTV))

models usually results in blurred edges due to different diffusion in each channel. To consider

the coupling effects, Sapiro and Ringach [143] proposed an anisotropic filter to diffuse color

image according to directions of maximal and minimal changes in an image. The concept

of Riemannian geometry and law of Polyakov action in theoretical physics were used by

Brook et al. in [22] to their proposed energy minimization models. A celebrated Color TV

(CTV) model was proposed in [17] by considering the global coupling of different channels in

color image. Most recently, Yang et al. [189] explored the Multi-channel TV (MTV) based

only on the local coupling information of different color channels. As described in [189],

restoration of similar quality was obtained from both MTV and CTV regularization while

MTV had higher computational efficiency than the CTV related models. On the other

hand, the common way for deep learning loss function tackling color images is in the form

of LTV. In this section, we discuss the necessity of the MTV framework for our proposed

deep variational model on color images compared with the LTV framework. Since there are

several types of regularization terms, all expressions of them are given in Table 5.3, where

i = 1, 2, ...,m denote the ith channel of a color image.

Figure 5-5 (a) gives the original synthetic image and (b) shows the noisy image, which

contains the Pepper and Salt noise with the standard deviation 0.1. Denoising results
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Table 5.3: Different regularization terms in frameworks of LTV and MTV

Terms LTV based MTV based

TL
m∑
i=1

∫
Ω |∆ui|

∫
Ω

√
m∑
i=1

|∆ui|2

BH
m∑
i=1

∫
Ω |∇2ui|

∫
Ω

√
m∑
i=1

|∇2ui|2

TGV
m∑
i=1

∫
Ω |∇ui − ~pi|+

m∑
i=1

∫
Ω |ε(~pi)|

∫
Ω

√
m∑
i=1

|∇ui − ~pi|2 +
∫
Ω

√
m∑
i=1

|ε(~pi)|2

EE
m∑
i=1

∫
Ω(α+ β|κi|)|∇ui|

∫
Ω

√
m∑
i=1

[(α+ β|κi|)|∇ui|]2

TC
m∑
i=1

∫
Ω |κi|

∫
Ω

√
m∑
i=1

|κi|2

from the Layered Total Curvature(LTC) [165], Multi-channel Total Curvature (MTC) [165],

DIP [170] and our proposed models (RV-TC (layered-channel), RV-TC (multi-channel) and

FV-EE (multi-channel)) are presented in (c) to (h), respectively. Here only part of models

are presented in Figure 5-5 since they are similar in visibility, but their major differences in

numerical evaluation (PSNR) are all provided in Table 5.4. It can be observed that CNN

based architecture has better capabilities boundary preserving, but our proposed models can

further improve this advantage. The popular multi-channel coupling method widely used

in variational field still keeps its superior performance when coupling with deep learning

technique compared to the layered calculation method, which is reflected in the resulted

PSNR presented in Table 5.4. Hence the multi-channel coupling method will be used for

all the color cases throughout the whole experiment section.
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(a) Original (b) Noisy (c) LTC (d) MTC

(e) DIP (f) RV-LTC (g) RV-MTC

Figure 5-5: Comparison of the effects between LTC [165], MTC [165], DIP [170] and our
proposed model. The detail differences are highlighted via rectangles. LTC and MTC
results were presented in [165], which are put here directly.

Table 5.4: Comparison of PSNR for Pepper and Salt noise removal (color synthetic), and
the difference between coupling methods using layered-channel and multi-channel

Noisy Img and Models (PSNR: dB)
Noisy MTV [189] LTC [165] MTC [165] DIP [170] DIP-LTV [98] DIP-MTV [98]
13.85 27.07 28.87 29.45 26.86 27.21 27.35

Proposed layered-channel RV (PSNR: dB)
RV-TL RV-BH RV-TGV RV-EE RV-TC
35.03 35.05 35.21 35.33 35.25

Proposed multi-channel RV (PSNR: dB)
RV-TL RV-BH RV-TGV RV-EE RV-TC
35.66 35.73 35.42 35.71 35.80

Proposed layered-channel FV (PSNR: dB)
FV-TL FV-BH FV-TGV FV-EE FV-TC
35.11 35.18 35.22 35.26 35.35

Proposed multi-channel FV (PSNR: dB)
FV-TL FV-BH FV-TGV FV-EE FV-TC
35.57 35.59 35.63 35.69 35.83
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5.4.2 Experiments for Inpainting

In order to demonstrate the performance of inpainting of the proposed architectures, results

obtained by pure variational methods (the classic MTV model [189] and MTC model [165])

and pure deep learning approach (original DIP [170]) are used for visual comparison as

shown in Figure 5-6. The DIP-TV proposed by [98] targeted image did not implement the

application for image inpainting. Thus it is not included in the comparison in this section.

In Figure 5-6, (a) shows the original undamaged image. The damaged image is given in

(b). The damage type is made complicated and large so as to illustrate that our model can

inpaint effectively when tackling such severe contamination. The results by MTV, MTC

and DIP are shown in Figure 5-6(c)-(e). Figure 5-6(f) shows the result of our proposed

RV-TL. Detailed differences can be observed in the small cropped blocks provided at the

bottom of Figure 5-6(a)-(f). It can be seen that all the models can achieve inpainting task

well, and the proposed model performs particularly well in inpainting and the results are

visually much better. For example, the flower boundary is more clear and the water drop is

reconstructed better by our RV-TL model shown in the cropped blocks in blue and green.

(a) Original Image (b) Damaged Image (c) MTV

(d) MTC (e) DIP (f) RV-MTL

Figure 5-6: Comparison of the effects between MTV [189], MTC [165], DIP [170] and our
proposed model (one reduced version and one full version). Some differences are highlighted
via rectangles. MTV and MTC results used here were taken from [165].
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In Figure 5-7, two experimental examples obtained by [206] and our RV-EE model on

inpainting problems are given. These two models have the same target function while the

pure variational methods was utilized in [206] with state-of-the-art performance. From

left to right, target images, inpainting results obtained by [206] and our RV-EE model are

shown in Figure 5-7(a)-(c), respectively. By comparing with the inpainting performance

on synthetic and real images of the variational model proposed in [206], it is obvious that

geometric features can be much better preserved by our RV-EE model, which is reflected in

the detailed water ripple, clear lawn edge and ideally recovered color bars (zoomed regions

in rectangles). We can see that deep networks could be a better choice for image priors,

promising results can be produced when the same target function is applied.

(a) Target Images (b) obtained by [206] (c) our proposed RV-EE

Figure 5-7: Comparison of the effects between [206] and our proposed RV-EE model. Target
Images and Results used here were initially presented in [206].

Here the results by our proposed RV-TL and RV-EE are presented in this subsection.

For the proposed models in the full version, the stunning feature is that they can realize

various tasks (denoising, inpainting and decomposition) at once not only performing well in

each task. To the best of our knowledge, they are the first architectures accomplishing such

multiple tasks at the same time. Thus we focus on discussing their performance in Section

4.4. Considering both of the simplification and effectiveness, we recommend EE and TC

for the potential function Ψ(u) when conducting practical applications.
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5.4.3 Experiments for Decomposition

In this section, pure variational EWSO model [54] and deep variational priors [86] are used

for comparison in order to show the performance of our proposed model for image decom-

position. EWSO model [54] was developed on the basis of the classic model in variational

decomposition with excellent results. Here, we choose the proposed FV-TC model as the

visual example for grayscale image decomposition. Fig. 5-8 presents the effects of EWSO

model with different parameter values α and β (as the authors set for their experiments)

and the proposed FV-TC model. Fig. 5-8(a)-(e) give the structure components decomposed

from the original texture image by the variational EWSO model and (f) is derived from our

FV-TC model. Obviously, (f) can keep more structure information since (a)-(e) all loss a

small region information near the face. Meanwhile, the texture is removed more completely

in (f), since the headscarf texture is more or less left on the edge near Barbara’s hair in other

results. More clear differences can be observed by zooming into a small region as shown in

Fig. 5-9. It can be seen that our proposed model performs better in edge preserving when

extracting image texture, comparing with EWSO model in their best parameter selections.

(a) (α = 1, β = 1) (b) (α = 10, β = 1) (c) (α = 100, β = 1)

(d) (α = 10, β = 10) (e) (α = 10, β = 100) (f) Our FV-TC

Figure 5-8: Comparison of the image decomposition between EWSO model [54] with various
parameter settings (under each image) and our proposed model. (a)-(e) are taken from [54]
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(a) EWSO (α = 15, β = 3) (b) Ours

Figure 5-9: Zoomed small sub-regions of the results from EWSO model taken from [54] with
the best parameter setting and our proposed model for detail comparison. The detailed
differences are highlighted via rectangles in three colors.

The approach proposed by Kim et al. [86] is then used to compare with our model

(FV-MTL, FV-MBH and FV-MTC) for colors image decomposition. Both STID and our

proposed model use CNN-based architecture to produce specific prior, the difference is that

there is no pretraining procedure required for the deep network or iterative calculation in

our optimization. Our full version for multi-channel case is extended on the basis of [173]

by applying the MTV coupling method to the high-order terms ζ(u) and the texture term

|~g|. In Fig. 5-10, (a), (d) and (g) give the original texture images. Results proposed in [86]

are presented in Fig. 5-10(b), (e) and (h). The last column including Fig. 5-10(c), (f)

and (i) show the results of our proposed approach. From the results in the first two rows,

it can be observed that our method achieves higher accuracy reflected in edge and detail

preserving. Our decomposed images are closer to the original images, as there are more

piece-wise constant regions contained in (b) and (e). In the last row, some texture shade

is still left on the vase from [86], which has been highlighted in a yellow rectangle in Fig.

5-10(h). In contrast, our FV-MTC result is smoother and cleaner as shown in Fig. 5-10(i).
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(a) Original image (b) Kim et al. [86] (c) Our FV-MTL

(d) Original image (e) Kim et al. [86] (f) Our FV-MBH

(g) Original image (h) Kim et al. [86] (i) FV-MTC

Figure 5-10: Comparison of the effects between Kim et al.’s work [86] and our proposed
model (FV-MTL, FV-MBH and FV-MTC) for decomposition in colorscale. (a), (d) and (g)
are taken from [45] and (b), (e) and (h) are the results from [86]

5.4.4 Experiments for Simultaneous Implementation of Denoising, In-

painting and Decomposition

In Figure 5-11, the excellent performance of our DV model (full version) on simultaneous im-

plementation of denoising, inpainting and decomposition is shown in (a)-(e). Original images

and degraded images (by noises and damages) are given in Figure 5-11(a)-(b). Structure

components and texture components extracted through decomposition are displayed in Fig-

ure 5-11(c)-(d). From these decomposed results, it can be clearly found that the noises are

successfully removed. Meanwhile, the damaged regions are inpainted as well, which demon-

strate that both of the structure and texture components can be restored simultaneously

by our DV model. Figure 5-11(e) shows the final reconstructed results obtained from our
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proposed DV model, combining the structure and texture components together. All these

tasks are realized via just one optimization procedure without any pre/post-processing in

a totally unsupervised manner. Until now, this outstanding property of our proposed DV

model distinguished from other deep networks with promising performance has been illus-

trated in this subsection.

(a) Original (b) Degraded (c) Structure (d) Texture (e) Reconstruction

Figure 5-11: Our proposed model (full version) for simultaneous implementation of denois-
ing, inpainting and decomposition in color.

5.4.5 Experiments for Simultaneous Implementation of Image Segmenta-

tion with Effects of Multiscale, Structure-Texture Separation and

Restoration

In the last experiment, we apply the DV model (5.19) developed from full version for mul-

tiscale and object segmentation, with the additional effects of structure-texture extraction

and restoration. The variational level set model for multiscale image segmentation [202]

and double-DIP networks [58] are used for comparison.
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Comparison with pure variational methods

We focus on evaluating our DV model on simple and complex real images in this subsection.

The research [202] is the most related and the latest work for multiscale segmentation,

which also motivates us a lot. The restoration effect of our model has been discussed in the

previous subsections, it will not be described here to avoid repetition. Figure 5-12 shows

two types of segmentation results, where the first original image (a) containing textures and

the second original image (b) contaminated by Gaussian and salt-and-pepper noises. Figure

5-12(c)-(e) present the multiscale segmentation results of [202] for the simple real image (a).

The results by [202] for the complex real image (b) are given in Figure 5-12(i). Compared

to [202] for multiscale segmentation on the simple real image, our proposed DV model (5.19)

can extract cleaner structure and preserve the boundary better when the scale λ became

larger, which can be seen in Figure 5-12(f)-(h). It is hence that the segmentation results

with higher accuracy were produced. Experimental results proved that the EE term for φ

also benefited the segmentation performance, the unexpected impurities can be neglected

by our model shown in Figure 5-12(f)-(g). For object segmentation on the complex real

image, Figure 5-12(j) showed that our proposed model kept more details of the airplane.

(a) flagstone (b) airplane

(c) [202] fine scale (λ = 0.01) (d) [202] medium scale(λ = 3) (e) [202] coarse scale (λ = 10)

(f) ours, (λ = 0.001) (g) ours, (λ = 0.003) (h) ours, (λ = 0.01)
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(i) [202] (j) ours

Figure 5-12: Performance comparison between [202] and our proposed model (5.19) for
multiscale and object segmentation with textures, impurities or noises. Original images
(a)-(b) and Results (c)-(e), (i) presented here were directly taken from [202].

5.4.6 Comparison with double-DIP networks

Visual comparisons of the segmentation results are shown in Figure 5-13. The original

images are presented in the first column, some of them containing illumination variation.

The segmentation results obtained by double-DIP [58] are shown in the second column,

where the final masks come first, followed by the segmentation results plotted with red

contour. The third column gives the final segmentation outputs by our work: (c) and (f)

provide the decomposed images (extracted structure components), binary final masks and

contoured segmentation results from left to right; (i), (l) and (o) show final binary masks

and contoured segmentation results respectively. Indeed the complicated background of

alpaca images cause difficulty for both the double-DIP and our proposed approach to some

extent. However, our approach performs better in higher accuracy and more non-alpaca

areas excluded. In addition, hints of foreground and background are needed for double-

DIP in advance and added to the loss of the first optimization (around 6000 steps for two

optimizations) for stable segmentation. On the contrary, this preprocessing of hint collection

is not necessary in our model. Only one optimization with less steps (around 300 steps) is

required. Further, double-DIP [58] cannot realize multiscale, decomposition or restoration

apart from segmentation in a training. In fact, there are very few deep networks can handle

so many tasks like our proposed one does for all we know.
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(a) Original

,

(b) [58] and its contours

, ,

(c) our FV-TL, binary result and its contours

(d) Original

,

(e) [58] and its contours

, ,

(f) our FV-BH, binary result and its contours

(g) Original

,

(h) [58] and its contours

,

(i) our binary FV-TGV and its contours

(j) Original

,

(k) [58] and its contours

,

(l) our binary FV-EE and its contours

(m) Original

,

(n) [58] and its contours

,

(o) our binary FV-TC and its contours

Figure 5-13: Performance comparison between Double-DIP [58] and our proposed model
(FV-TL, FV-BH, FV-TGV, FV-EE and FV-TC) for texture segmentation.
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5.5 Summary

In this chapter we proposed a general deep variational model (reduced version, full version

as well as the extension) via a comprehensive fusion approach. It is able to realize various

image tasks in a completely unsupervised way without learning from samples. Technically,

it can properly incorporate the CNN based deep image prior (DIP) architecture into the

classic variational image processing models. The minimization problem solving strategy is

transformed from iteratively minimizing the sub-problem for each variable to automatically

minimizing the loss function by learning the generator network parameters. The proposed

deep variational (DV) model contributes to the high order image edition and applications

such as image restoration, inpainting, decomposition and texture segmentation. Experi-

ments conducted have demonstrated significant advantages of the proposed deep variational

model. In the next chapter, we turn into supervised medical image segmentation through

another novel deep variational framework, in a totally different fusion manner.
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Chapter 6

Deep Variational Learning for

Prostate Segmentation

6.1 Introduction

Prostate cancer is one of the common cancers among men. In United States, it still con-

tributes to the highest number of new cancer cases with approximately more than 3 million

patients. It is extremely important to detect the presence of cancer cells for early treatment.

One reliable way to detect the presence of cancer cells is by extracting a small sample of

tissue from the prostate via a biopsy procedure where a needle is inserted through skin to

retrieve the tissue. This procedure can only be performed with guidance such as Magnetic

Resonance Imaging (MRI). Normally, the location boundary of the prostate region has to

be determined by the surgeon manually. This is a time-consuming task and the results

might vary among different surgeons. Such subjectivity will lead to discrepancy and longer

surgery preparation time.

It is hence essential to develop a framework which allows for efficient and robust prostate

segmentation based on medical images. Attempts to automate medical image analysis were

reported as early as in 1970s. In the last two decades, people have utilized basic pixel-level

features such as edge and curve to establish some basic mathematical shape models for

segmentation. The whole framework mainly consisted of manually arranged set of rules.
0 c© 2019 IOS Press. This chapter is based on, as well as with permission from [Tan, L., Liang, A., Li, L.,

Liu, W., Kang, H., & Chen, C. Automatic Prostate Segmentation Based on Fusion Between Deep Network
and Variational Methods. Journal of X-Ray Science and Technology, 2019. The final publication is available
at IOS Press through https://doi.org/10.3233/XST-190524].
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They do not adapt well with the inhomogeneity of MRI across various devices. Furthermore,

the strong reliance on hyperparameter tuning restricts their application. Due to these

limitations, it is essential to develop approaches which are capable of learning and adapting

to the great variety of MRI acquisition devices.

The application of automatic/semi-automatic segmentation of prostate in medical im-

ages has been extensively studied in the last two decades. Various types of methodologies

were employed such as contour-based, region-based, and supervised/unsupervised classi-

fication. Some approaches rely on features such as primitive edges [141], Active Shape

Model [213], Active Contour Model [198], level sets [164,166,171] and atlas-based [53], etc.

Each of these approaches has its own advantages and disadvantages. According to [68],

these classical techniques share two common limitations. The first is the necessity of having

carefully crafted features or prior information on the images, which limit their capability

to perform well in general. The second limitation is in addressing the non-uniformity of

intensity level in medical images. Normalization techniques or robust features are required

for reliable performance.

In recent years, deep learning network focused on Convolutional Neural Network (CNN)

is used with great success in medical image analysis. A huge amount of research was

conducted on MRI resulting in significant progress. Among them, CNN-based techniques

have made significant achievements for prostate segmentation. For example, Yu et al. [195]

proposed 3D convolutional network incorporated with a residual connection to enhance

the training propagation of the visual information. Meyer et al. [111] proposed a parallel

multi-branched residual CNN to involve triple-perspective axis (axial, coronal, and sagittal)

to form prostate boundary. Clark et al. [47] modified an existing CNN model, U-net,

by incorporating inception reduction blocks combined with the regularization Drop-out

technique to replace typical convolutional blocks.

Unfortunately, experiments conducted on many MRI dataset showed that classical CNN

approach could not achieve satisfactory outcomes. In general, a large number of parameters

of one deep CNN model are determined relying on a huge number of training images. If

the deep learning model is conducted on small medical image datasets, it may easily lead

to overfitting. We should pay attention to this limitation of deep network on our small

datasets and find some ways to tackle it. From our experiments, it has been observed that

CNN based models can perform well on approximating prostate location. However, it is
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difficult to keep the final curve close to the prostate boundary. This observation prompted

us to explore methods which have good boundary capture capacity. The strong ability of

variational methods to distinguish edges especially obscure edges interests us. In the last

two decades, there have been many variational models [48,148] proposed to achieve excellent

performances in image processing such as medical image analysis, pattern recognition, and

video surveillance, etc. With a well-established solid foundation in mathematics and high

efficiency, variational methods show significant potential for further development.

Deep learning techniques based on CNN and variational methods based on partial dif-

ferential equations (PDE) are two excellent branches which have shown strong performance

in many applications and made great achievements. It is expected that the combination of

these two approaches is able to advance the image segmentation significantly. In 2016, one

similar work was conducted by Cha et al. [28], where they proposed a computerized sys-

tem for bladder segmentation in CT urography (CTU). The approach used a deep-learning

convolutional neural network to obtain a likelihood map and then refined by 3D and 2D

level sets. Their approach cannot be applied for prostate segmentation since the prostate

boundaries in MRI are generally not as clear as the bladder edges in CTU. In some cases,

the shapes of the prostate in MRI are actually incomplete due to invisible boundaries and

certain internal structures.

Our contributions in this chapter can be summarized in three aspects:

• For CNN part, we propose an idea of global histogram matching. With this approach,

we ensure the intensity distribution of the MRI dataset is closer to uniformity and

the features can be stabilized. Consequently, more prostate shapes can be captured;

• For the variational part, the location reference of prostate provided by CNN helps

prevent the segmentation curve from being attracted into other regions with similar

intensity. Incorporated variational stage keeps the final curve close to the real prostate

boundary;

• With the fusion via deep network and variational methods, a significant accuracy

increase is achieved reflected in the evaluation section.

The rest of this chapter is structured as follows. The next section briefly reviews the

related approaches in this field. Afterwards, our proposed approach is presented on Method-
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ology section. The experiments conducted with performance evaluation and comparisons

are described in Experimental section followed by the summary as the last section.

6.2 Related Work

6.2.1 Learning-based Approaches

Typically, CNN architectures are generally applied for classification tasks with single label

output such as holistic image observation (e.g deciding whether the image contains a car).

Some recent examples were proposed by Luan et al. [103] and Wang et al. [178]. However, it

is not likely to be the case for medical image analysis [96]. For such application, it is essential

to include localization elements in the process to extract the regions of interest, which allows

further detection of the presence and location of the target object such as particular organs

or blood vessels. Further observation is also possible by performing semantic segmentation

where each pixel of the image is classified (e.g background/foreground).

Instead of having independent inference for each pixel, it would be wiser to process the

image input as a whole and generate output with a similar resolution that indicates the

class label for each pixel in one go. Fortunately, this is made possible with encoder and

decoder architectures which transform the output resolution close to or even the same as

the original size. This technique is also adopted for medical image analysis. One well-

known approach is the U-net architecture [138]. It learns the feature by downsampling

through a few consecutive convolutional blocks followed by symmetrical upsampling layers

in an attempt to recover the resolution, thus shaping the model framework like a character

’U’. The resolution recovery is made possible by the concatenated feature maps from the

previous convolutional layers on the same resolution level. This allows prior feature mapping

to contribute additional information. Another advantage of U-net is the utilization of data

augmentation to compensate for the limited availability of the medical image data which is

a very common problem in this research field. Such techniques generate additional training

data by applying transformations such as flipping and rotation. Since medical images are

commonly acquired in 3D manner such as Computed Tomography (CT) scan and MRI,

the idea of segmentation has also been expanded and applied on 3D data. For example,

U-net was extended into 3D U-Net [46] which works well on general medical image data if

sufficient training data is provided.
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We selected one of the robust 3D prostate segmentation CNN models known as V-

Net [113] for our proposed framework. It is based on the encoder-decoder-architecture

similar to U-net, but designed specifically to segment 3D regions extracted from stacked

MRI slices. For the problem of the imbalance between the number of foreground and

background voxels, a novel objective function was introduced by Milletari et al. [113] based

on the Dice overlap coefficient between the predicted segmentation and the ground truth

annotation. Data augmentation using random non-linear transformations and histogram

matching was applied to deal with the limited number of training volumes.

Since our experiment was performed on two different datasets, the images come from two

distinct intensity distributions, unlike the one used by Milletari et al [113]. In this chapter,

a global histogram matching approach is proposed to further improve the performance of V-

Net. We perform histogram matching transformation on all MRI (both training and testing)

to match the same MRI. This is made possible with the preprocessing phase to normalize

the distribution of the data intensity. However, it is not sufficient to cover the whole

data distribution between training and testing dataset by using the additional histogram

matching [64] utilized by Milletari et al. [113]. In this chapter, a global histogram matching

approach is proposed to further improve the performance of V-Net. We perform histogram

matching transformation on all MRI (both training and testing) to match the same MRI.

This is made possible by the preprocessing phase to normalize the distribution of the data

intensity.

6.2.2 Variational Methods

Variational image processing works very well in preserving important image features, dealing

with situations of large intensity inhomogeneity etc, and requires less memory in compu-

tation. A wide range of reliable numerical schemes for variational models are available,

and they can be easily implemented and accelerated. Variational methods were developed

from mathematical analysis, which focused on investigating the extreme value of energy

functional with respect to some unknown function. Functional refers to a mapping rela-

tionship between function set and real number set and can be viewed as the function of

functions. A variational problem is to search the extreme value of some specific functional.

The solution of the functional extreme value problem is usually determined by minimizing

a certain energy functional.
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The main advantages of variational methods are: (i) better local adaptability: Func-

tional is established on continuous image model, thus the change of some pixel point value

at time t only depends on the infinitesimal neighborhood of this pixel point. It is in this

sense there exists infinite local adaptability; (ii) high flexibility: when a basic model has

been successfully established, some modifications or extensions can be made on this model

to obtain results with improved performance and achieve wider applications. In general,

the implementation of such modifications and extensions is straightforward and simple; (iii)

low calculation cost: analytical solutions can be obtained, which means existing studies of

numerical analysis method can help in computation. Thus variational calculus can be a

suitable tool for dealing with large scale problems; (iv) high accuracy and stability: this

outstanding property of variational methods is that not only results can show desired per-

formance, but the existence, uniqueness, and stability of their numerical solution can also

be proved theoretically.

For algorithms used to calculate the energy functional efficiently, we will apply fast

methods. High-order terms in functionals are usually solved by iterative method and some

explicit schemes. The convergence would heavily depend on the discretization of the non-

linear high-order derivatives in gradient decent equation, which is proved to be tedious

and prone to errors. Reliable and efficient algorithms will be developed to accelerate

the computation based on the state-of-the-art alternating direction method of multipli-

ers (ADMM) [164, 165, 169], including schemes such as projection method, fast Fourier

Transform, soft threshold formula, etc. [164, 165]. Our experiments were conducted on a

challenging dataset where the resolution and quality of the MRI are limited.

3D CNN V-Net performed well on other data sets but is not suitable for our data set due

to limited resolution and low quality of the image (their testing datasets are up to 512×512,

while ours are 256×256). The strong ability of 2D variational method to distinguish edges

especially obscure edges motivates us. This combination approach results in significant

performance improvements, as detailed in the experiment section.

6.3 The Proposed Approach

The proposed solution consists of 2 major phases. We propose a framework based on the idea

of a multi-phased framework. We choose a 3D CNN model V-Net [113] designed specifically
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for volumetric medical images for the first phase. The detected prostate-like result is then

passed to the next phase for optimization via variational approach. To demonstrate our

proposed solution clearly, the entire approach is presented in a flowchart as follows.

Figure 6-1: The flowchart illustrates how to implement our approach.

6.3.1 V-Net and Training Configuration

Our work is motivated by [113], in which a V-Net approach is proposed for 3D prostate

segmentation. There are two main parts in this network structure: the left section involves

a compression path and the right part accomplishes the decompression to guarantee that

the output will reach the initial size. Convolutions with appropriate padding are all applied,

resulting in feature capturing of the input and resolution reduction at the end of each stage.

With the objective function based on the Dice coefficient and data augmentation approach,

the problems of imbalance between foreground and background and the limited number of
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annotated volumes for training are handled well. Our training configuration is quite sim-

ilar to the one used in [113]. We also utilized the N4ITK bias removal technique [169] on

all MRI. The original V-Net already [113] contained one data augmentation preprocessing

stage using random non-linear transformations and random histogram matching. Techni-

cally, the training images are randomly deformed by using a dense deformation field during

every training iteration with random non-linear transformation, and also the intensity dis-

tributions of the training volumes in each iteration were changed with random histogram

matching. The data augmentation method with these two techniques in the original v-Net

can help avoid overfitting caused by small datasets. Our observation reveals that such pre-

processing is not sufficient to justify for the whole dataset including both the training and

testing data, it may actually lead to loss of important information, especially for image

intensity normalization. Furthermore, our MRI images have lower resolution, inconsistent

contrast, and unclear prostate boundary in some cases (overall, it has lower quality), inten-

sity normalization is very important. On the other hand, the quality of training and testing

dataset of Promise12 dataset is quite consistent which makes the original V-Net easier to

produce good results. The disadvantages with only using the original V-Net for our MRI

images are demonstrated in our experiments such as the results given in Fig. 6-6(c).

We proposed an approach to solve the data distribution issue. Instead of having training

dataset performing histogram matching on multiple random targets, it is more efficient to

have an individual global image target for histogram matching. Fig. 6-2 illustrates the effect

of our proposed global histogram matching. MRI prostate slices from various patients are

shown in the top row, which visualizes the insubstantial and inconsistent intensity level.

Instead of performing random histogram matching to cover numerous levels of intensity

as proposed in [113], we select a global target for histogram matching (shown here as the

middle MRI slice). The first MRI slice from the PROMISE12 [97] training patient case 27

is chosen as the global target. As a result, uniformity of the brightness level on all MRI

slices is achieved, improving the stability of the visual features. Results given in Fig. 6-6(d)

validate our contribution.

As we are doing segmentation based on 2D medical images and the 3D volumes in our

chapter are built from a series of 2D medical images, the histogram matching is usually

used between two individual 2D grayscale images. We adopt this approach and achieve

significant improvement, the results have been shown in Experiment 6.4.3. Furthermore,
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Figure 6-2: Global histogram matching.

Amorim et al. [7] also introduced a 3D histogram matching approach directly transforming

the histograms within blocks extracted from the medical data for improving contrast in the

context of medical imaging, which will be one of our future research topics.

The improved V-Net shows some improvement in our problem. However, in many

situations, it is unable to achieve the desired results. For example, as shown in Fig. 6-5,

the segmentation in Fig. 6-5(d) cannot capture the prostate boundaries successfully. It is

hence necessary to explore approaches which could achieve this goal.

Dataset arrangement

Availability of medical images is typically limited and restricted due to privacy and confi-

dentiality issue. Prostate MRI dataset is no exception, with only small amount of public

database available for experiment purpose. One such database was published in the MIC-

CAI Grand Challenge, PROMISE12 [97]. In this database, 80 real-life patient data are

provided (50 for training and 30 for testing). The data acquisition was performed on var-

ious devices (vendors) and protocols which makes it even more challenging. We train the

V-Net model on the training dataset of PROMISE12 with 50 patients. One MRI slice is

selected as the target for global histogram matching to regularize the pixel intensity distri-

bution. Without losing the generality, the first MRI slice from Patient 27 is chosen as the

histogram matching target.
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Our experiments are conducted purposely on MRI images with a lower resolution where

the visual information is limited. The publicly available MRI dataset provided by the

Brigham and Womens Hospital [168] are chosen as the testing dataset. It contains MRI

data from approximately 230 patients with the resolution of 256×256 per image slice

(PROMISE12 dataset can reach up to 512×512). The ground truth of the prostate is

available for some patients on the axial perspective of MRI. We selected 35 MRI sets varied

in brightness and texture. Some examples are shown in Fig. 6-3.

Figure 6-3: Various examples of prostate MRI for testing.

6.3.2 Variational Approach for Prostate Segmentation

Due to the low quality of images and the problem of homogeneity, we need additional

aids such as restoration, enhancement before implementing segmentation and boundary

smooth. At last time coherence is used for final improvement. The variational method is

powerful in such aspects. By incorporating variational methods into the CNN model, object

segmentation on low quality images would be improved significantly. In this section, the

variational system used in our prostate segmentation will be introduced in detail.

Image restoration via high-order variational model

Medical images like CT or MRI generally contain noises inherently generated by the acqui-

sition procedure. Image restoration [165, 167] can be used for noise removal before other

processing. The classic total variation (TV) model [30] is capable of preserving object edges

and smoothing flat regions in image restoration. However, it will smear object corners and

produce staircase artifacts in the restored images. In order to remedy these side effects,
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some researchers have proposed various higher order variational models [165]. In our work,

we follow the high order curvature research proposed by Tan et al. [165] due to its excellent

performance in denoising and its efficiency. Multi-channel total curvature model is proposed

in [165] based on L1 norm for vector-valued image restoration. For our project, it is found

out that single channel form is sufficient for gray-scale MRI as follows

E(u) =

∫
Ω
|κ|dx+ λ

∫
Ω
|f − u|dx (6.1)

where f(x) is an observed image defined on the domain Ω, u is the restored image from

f(x). κ represents the curvature term given in (2.22).

The first term of (6.1) is the total curvature regularization term, and the second part

is data fidelity term based on `1 norm. The former term is to smooth the images while

preserving edges and corners of objects without staircase artifacts. The latter term can

preserve image contrast as well as remove outliers and irregularities.

A further enhancement for the weak boundaries is still needed. In some cases, the

segmentation curve can be attracted to wrong but strong edges. Hence some image en-

hancement techniques are desired as presented in the following section.

Multiscale enhancement based on the Hessian matrix

For segmentation, it is necessary to enhance object structures when there exist vague areas

or some obscure boundaries. Frangi et al. [57] employed multiscale image enhancement

techniques for this purpose. In their research, a Hessian matrix was utilized to determine

the likelihood of a vessel. As described by them, an ideal tubular structure in an image

generally has a property in the two eigenvalues of its Hessian matrix: λ1 being very small

(λ1 ≈ 0) and λ2 is of a large magnitude (|λ1| � |λ2|). They define a vesselness function via

V (s) =

 0 if λ2 > 0

exp(−<2
B

2β2 )(1− exp(− s2

2c2
)) otherwise

, (6.2)

Where β and c are parameters adjusting the line filter to the measures <B and s. <B is

given by <B = λ1/λ2. The final enhancement filter is determined by different scales: s,
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which is stated as

V (γ) = max
smin≤s≤max

V (s, γ) (6.3)

where smin and smax refer to the minimum and maximum scales respectively.

After this step, clear boundaries can be obtained for some cases, but homogeneity occurs

in other cases. This enhancement approach itself is not sufficient to tackle the problem,

which may fail to distinguish the prostate region from the background. Since in many MRI

images, it is difficult to distinguish the prostate object from the background. Multiphase

segmentation is engaged to divide regions even though there are only small changes in pixel

values.

Level sets based multiphase segmentation

In image segmentation, Mumford-Shah model proposed by Mumford D and Shah J [116]

is regarded as the most significant region-based model and has been applied to a many

applications. In 2001, two-phase Chan-Vese model [40] was proposed for active contours

to detect objects in a given image. As the complexity of the images increases, multiphase

segmentation is designed to satisfy the demands. Multiphase segmentation models [23]

mainly represent different regions by level set functions. In order to reduce the number of

level set functions, Chan et al. proposed a multiphase segmentation model [171] which is

a generalization of Chan-Vese model. Their scheme can naturally avoid the "overlap" and

"leakage" problem. In order to separate an image domain Ω into n subdomains: Ω =
n⋃

i=1
Ωi

and Ωi
⋂
i 6=j

Ωj = ∅, [171] defined up to n = 2m phases and m level set functions. Each pixel

belongs to one, and only one phase. A level set function representing an interface Γ(t) (t

represents time) is defined implicitly as the zero level set of a Lipchitz continuous function

ϕ: R2 → R which in turn can be defined in terms of time t as the following signed distance

function for efficient computation,


ϕ(x, t) = d(Γ(t), x) if x is inside Γ(t)

ϕ(x, t) = 0 if x is at Γ(t)

ϕ(x, t) = −d(Γ(t), x) if x is outside Γ(t)

, (6.4)
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where d(Γ(t), x) denotes the shortest Euclidean distance from x to Γ(t), from which its

Eikonal equation is derived as |∇ϕ(x, t)| = 1. For i = 1, 2, ..., n, let (b1i−1b
2
i−1...b

m
i−1) be the

binary representation of i − 1, where bki−1 = 0 ∨ 1. The characteristic function χi(x) of Ωi

can be written as the general expression: χi(x) =
m
Π
j=1

[bji−1 + (−1)b
j
i−1H(ϕj)]. The energy

functional for n phases is obtained as:

E(ϕ) =
m∑
j=1

∫
Ω
γ|∇H(ϕj)|dx+

n∑
i=1

αi

∫
Ω
Qiχidx (6.5)

where γ and αi are positive parameters. The function Qi is defined as (ci − f)2, where

ci is a constant which can be obtained by the mean intensity value of f inside Ωi as:

ci =
∫
fχidx/

∫
χidx.

Boundary smoothing and time coherence for further improvement

After the three steps above, objects with rough and raw boundaries can be obtained. While

in some cases, there still exists corners on boundaries and deviation in prostate locations.

The boundary smoothing and time coherence techniques are hence employed to improve the

final performance. Motivated by total variation [30] for image smoothing, similar method

can be extended for boundary smoothing. The final curves produced could be in prostate-

like shapes rather than being irregular polygons. Time coherence techniques can be effective

in corresponding results with deviation on the basis of center locations obtained by statistics.

The detailed process will be presented in a pseudo code as follows.

6.3.3 Platform

All the experiments are conducted using Matlab7.8 on a PC (Intel (R), CPU: 3.20 GHz,

RAM: 16 GB, cores number: 4, architecture: 64-bit). The proposed approach is com-

pared with traditional ones which only used either CNN or variational methods. The same

initialized conditions are set for all methods for fair comparison.

6.3.4 Numerical Evaluation

Appropriate metrics for evaluating the performance of image segmentation approaches have

been a topic for analysis and discussion. For example, PROMISE12 challenge utilizes met-

rics such as 95% Hausdorff distance [156] and Dice coefficient [51]. However, there are some
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Algorithm: Automatic Prostate Segmentation Fusion via
Deep Network and Variational Methods

1. {f1, f2, f3, ..., fn} are original MRI images from one patient.

{f1, f2, f3, ..., fn} ⇒
CNN: V-Net integrated with global

histogram matching
⇒ {I1, I2, I3, ..., In}

2. Initialization: u0i = Ii.

uk+1
i = argminE(ui) =

∫
Ω |κi|dx+ λ

∫
Ω |fi − ui|dx, i = 1, 2, ..., n.

3. (1) V (γ) = max
smin≤s≤max

V (s, γ) on uk+1
i .

(2) Initialization: ϕ0, f = uk+1
i .

ϕk+1 = argminE(ϕ) =
m∑
j=1

∫
Ω γ|∇H(ϕj)|dx+

n∑
l=1

αl

∫
ΩQlχldx.

(3) ûk+1
i = V (γ)

⋂
ϕk+1.

4. Boundary smooth and time coherence on {ûk+1
1 , ûk+1

2 , ûk+1
3 , ..., ûk+1

n }.

other applicable evaluation frameworks. Extensive review and analysis have been done

on various evaluation approaches on 3D medical segmentation. Among these evaluation

metrics, we selected seven prevalent ones from the five categories shown in Table 6.1.

Among these methods, ROC (Receiver Operating Characteristic) [70, 157] method is

typically used in classification tasks of two classes. To evaluate segmentation performance,

we consider the definitions of the ROC curve and AUC (Area Under the Curve) computation

[157]. According to their description, AUC is the area of the trapezoid defined by the single

measurement point and the lines TPR = 0 and FPR = 1, which is given by

AUC =
TPR− FPR+ 1

2
= 1− FPR+ FNR

2
. (6.6)

It is also important to note that the Mean Hausdorff Distance [156] is more stable and

robust to outliers compared to the original Hausdorff distance.

Table 6.1: Chosen Evaluation Metrics.

Categories Metrics
Overlap based Dice Coefficient [51] & Jaccard Coefficient [77]
Volume based Volumetric Similarity [24]

Pair counting based Adjusted Rand Index [76]
Probabilistic based ROC Curve Area [70,157]

Spatial distance based Mean Hausdorff Distance [156] & Mahalanobis Distance [106]
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6.4 Experiments

In this section, some numerical experiments on MRI slides of the prostate are presented

to validate the performance of our proposed approach. Our experiment results against the

7 metrics introduced in subsection Numerical Evaluation are shown in Table 6.2. They

are the average evaluations (along with the corresponding standard deviation) from 35

MRI test cases. We first observe the results from the original variational model and V-

Net on the first two columns. As expected, most of the results from various metrics of

Variational Model alone are less accurate compared to V-Net model due to the inadequacy

of prior information on prostate region. It is fascinating that Variational Model thrives on

both ROC area and Mahalanobis Distance metrics, however the application of V-Net and

histogram matching together reduces the gap and improves the performance on other metrics

(column 3). Most importantly, it can be seen that our proposed fusion approach achieve

significant improvement on all evaluation metrics. One example of 3-D reconstruction for

Table 6.2: Seven evaluation metrics on (a) Variational Method, (b) V-Net, (c) V-
Net+Histogram matching, (d) The proposed Method. Numbers in bracket represent the
standard deviation.

Metrics Var. Method V-Net V-Net+Hist. Proposed
Dice Coefficient 0.285 (0.165) 0.519 (0.224) 0.581 (0.185) 0.646 (0.138)

Jaccard Coefficient 0.177 (0.120) 0.380 (0.202) 0.432 (0.180) 0.491 (0.147)
Volumetric Similarity 0.436 (0.221) 0.690 (0.275) 0.740 (0.223) 0.831 (0.129)
Adjusted Rand Index 0.225 (0.145) 0.495 (0.215) 0.558 (0.177) 0.620 (0.133)

ROC Curve Area 0.805 (0.123) 0.735 (0.129) 0.758 (0.112) 0.846 (0.088)
Mean Hausdorff Distance 5.732 (2.699) 2.237 (1.908) 1.645 (1.456) 1.380 (1.205)

Mahalanobis Distance 0.782 (0.403) 0.924 (0.605) 0.704 (0.493) 0.684 (0.467)

prostate based on the segmentation from MRI slides is presented below, which serves as an

intuitive and visual evaluation. From Fig. 6-4, the advantages of our proposed framework

are validated, especially in terms of smoothness, uniformity, and accuracy.

In the following sections, the performance of our approach will be demonstrated visually

compared with existing methods. Experiments are conducted on all the images from 35

selected MRI sets, but only selected examples will be shown without loss of generality.

166



(a) Original V-Net (b) V-Net integrated
with global histogram
matching

(c) Variational models

(d) Our proposed ap-
proach

(e) Ground truth

Figure 6-4: 3-D reconstructions on: (a) Original V-Net. (b) V-Net with global histogram
matching. (c) Pure variational models. (d) Our proposed framework. (e) Ground truth.

6.4.1 Experiments for Comparison with Pure Variational Methods

All the prostate images of size 256×256 are used as the test images. In these experiments,

the results obtained by pure variational methods are used for comparison in order to demon-

strate that our fusion approach can achieve better results. Fig. 6-5 shows some results from

the variational methods and from the proposed approach respectively. The corresponding

ground truth images are shown in red for visual comparisons. Fig. 6-5(a) shows the original

images. The results of using pure variational methods (yellow line) and the ground truth

(red line) are presented in Fig. 6-5(b). Fig. 6-5(c) gives final results of our proposed fusion

method (yellow line) and the ground truth (red line). Zoomed-in images are shown in Fig.

6-5(d) and (e) to better demonstrate the performances. The zoomed views show the region

bounded by the blue rectangles in Fig. 6-5(b) and (c).

From the results presented in Fig. 6-5, it can be observed that our fusion method

achieved higher accuracy. More non-prostate areas are excluded. Comparisons of local

regions clearly demonstrate that our model is capable of improving the segmentation per-

formance.
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(a) Original images

(b) Variational results with ground truth

(c) Our results with ground truth

(d) Details (variational results)

(e) Details (our results)

Figure 6-5: The effects of variational models and our proposed approach from patient 6.
(a): Original MRI. (b): Variational results. (c): Our results. (d)-(e): Details.

6.4.2 Experiments for Comparison with the Original V-Net

Next, our approach will be compared with the original V-Net. In order to clarify the

detail improvements, V-Net integrated with global histogram matching results are also

presented in this section. In Fig. 6-6, the first two rows are the original MRI images and

the corresponding ground truth. The last 3 rows show results from the original V-Net,

V-Net integrated with global histogram matching, and our proposed framework.

Through comparison with the original V-Net, we can see the obvious advantages of our

approach, which can capture more prostate objects and reconstruct better prostate shapes

from the whole image sequence. Fig. 6-6(d) shows the incorporation with global histogram
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(a) Original images

(b) Ground truth

(c) Original V-Net results

(d) V-Net integrated with global histogram matching results

(e) Our proposed framework results

Figure 6-6: Comparison of patient 46. (a): Original MRI. (b): Ground truth. (c): Original
V-Net results. (d): V-Net integrated with global histogram matching results. (e): Our
proposed complete framework results.

matching can provide more location information of prostate for reference. Then combination

with variational methods achieves further improvement as given in Fig. 6-6(e).

6.4.3 Experiments for Comparison with V-Net Integrated with Global

Histogram Matching

The next experiment is to show the improvement of our method over the improved V-Net,

specifically, the V-Net integrated with global histogram matching. Fig. 6-7(a) shows the

original MRI image. The segmentation results including results from the improved V-Net

and our proposed approach are presented in Fig. 6-7(b) with the ground truth shown in

red. In Fig. 6-7(b), the blue line shows the result of the improved V-Net and the yellow

line shows our results.

It can be clearly seen that our segmentation results are closer to the real boundaries

of the prostate, and represent the prostate shapes better. In the first three images in Fig.
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(a) Original images

(b) Comparison of segmentation

Figure 6-7: The effects of pure improved V-Net and our proposed approach from patient
29. (a): Original MRI. (b): Results from V-Net integrated with global histogram matching
(blue line), our final results (yellow line) and the ground truth (red line).

6-7(b), there exist obvious deformations in the blue curves resulted from the improved V-

Net. Clearly the improved V-Net alone cannot reach the same accuracy as our approach,

with possible information loss or boundary misjudgment.

6.5 Summary

The focus of this chapter is prostate segmentation for MRI, which is a critical process for

guiding prostate puncture and biopsy. Currently, the best results are obtained by Convolu-

tional Neural Network (CNN). However there still exist some problems when we apply CNN

for the prostate segmentation, such as data distribution issue caused by insubstantial and
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inconsistent intensity levels and vague boundaries of the prostate in MRI. In this chapter,

we propose a global histogram matching approach to make intensity distribution of the

MRI dataset closer to uniformity. In order to capture the real boundaries and improve the

accuracy of segmentation, we employ a module built by variational models to help improve

the performance. Extensive experiments are conducted on a data set including different

prostate images with limited resolution and quality, and the results validate the proposed

approach, with better performance than the existing methods based on the original CNN

or pure variational models.
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Chapter 7

Conclusion and Future works

7.1 Conclusion

This thesis investigated approaches based on variational methods, stochastic programming

and deep learning techniques for pixel-level tasks in computer vision. There are three main

objectives.

• The first objective is to develop variational and PDE based methods for various im-

age tasks, including image restoration such as denoising, inpainting for restoring large

damages, illusory contour capture and nonlinear based segmentation, as well as ex-

ploration of reliable optimization schemes. In chapter 3, we propose the `1 based

multi-channel total curvature (MTC-`1) model for color image processing. In com-

parison with the MTV-`1 model, the proposed model would not smear object corners

and yield staircase artifacts. We also compare our proposed model with MTC-`2
model, and the results highlight the improvement of our model in image contrast

preserving. In addition, we observe that the LTC-`1 would be not able to keep color

image edges when applied to each channel respectively, while the MTC-`1 model can

achieve excellent performance in color image edge preservation. In order to improve

the efficiency of the proposed model, we develop a fast ADMM algorithm based on

an explicit discrete finite difference scheme, which is in fact an intuitive approach for

the proposed `1 optimization problem. We note that the ADMM method performs

with higher efficiency than the traditional gradient descent flow method. Numerical

experiments validate the performance of the proposed MTC-`1 model for color image
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denoising and inpainting in different cases.

• The existing model based level set method for capturing illusory contours is compu-

tational expensive and time consuming. Three major contributions are presented to

address this problem. Firstly, we propose a simplified variational level set formula-

tion by taking advantage of the property of signed distance functions. Secondly, we

develop the fast ADMM-P method by combining the ADMM method and projec-

tion method. Thus, the originally complicated problem is decomposed into a series

of simple sub-problems of optimization, and each sub-problem can be easily solved.

Lastly, the re-initialization process of the level sets is removed in numerical imple-

mentation. Extensive experiments have validated the effectiveness of the proposed

ADMM-P approach as it is much faster than the traditional algorithms based on the

GDM, which may be due to the merits of the Gauss-Seidel method, FFT method, pro-

jection method as well as model reduction. Furthermore, for noisy cases our proposed

approach achieves better performance than the original model.

• By using the concepts of nonlinear diffusion and Chan-Vese model, we propose a new

general model and apply it into grey and colour image segmentation. Our model can

detect regions with different features and has been successfully extended to colour

images. Then we propose a new fast algorithm NVPM based on the alternating

optimization method and normal vector projection. Also, an accelerated method is

applied to optimize NVPM. The good performance of our model and the efficiency of

the proposed algorithms has been validated by numerical experiments. Comparisons

of results and computational time obtained by ADMM and our proposed approach

indicate that NVPM requires shorter runtime while the quality of results is identical.

The second objective is to solve the problem of random noises contained in images

when conducting segmentation. Existing variational methods and applications were based

on known types of noises. In Chapter 4, this objective is achieved by a fusion approach

incorporating stochastic programming theory into variational models. It is also the first

work applying stochastic programming into image tasks to determining the uncertainty of

noises.

• We propose a novel variational approach for image segmentation with stochastic noises

and develop a progressive hedging algorithm to solve them. Our approach has three
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advantages: (1) improving segmentation ability for noisy images without the prerequi-

site that one given model corresponds to one specific noise distribution; (2) realizing

meaningful completion of missing boundaries and reconstruction of occluded struc-

tures of objects in a highly noisy background; (3) incorporating the ADMM method

and a curvature-weighted approach into the calculation procedure to guarantee the

segmentation quality on both convergence and efficiency. Extensive experiments were

conducted on images with multiple segmentation tasks which are more challenging

especially when the image quality is low. Experiment results demonstrate the sig-

nificant performance improvements of our work. Furthermore, for images with big

stochastic noises and damages, our proposed model achieves better performance than

the traditional model, which is of great significance for image understanding with

problems such as occlusion, large damages or noises.

The third objective is to explore the possibility of fusion approaches motivated by incor-

porating variational methods and deep learning, with better performance than the existing

methods purely from one field. The fusion approaches are elaborated in Chapter 5 and 6

respectively.

• A good example of connecting the pure image processing based variational methods

and the well-known CNN based deep-learning architecture is given. We propose a

novel deep variational model based on the idea of coupling variational framework

with DIPs which can be applied for various types of image tasks without the need for

training data. The advantages of our approach are: (1) improving image processing

capabilities for images with noises, damage regions, blur distortion and textures; (2)

realizing texture segmentation with no need of any prerequisite as a guidance, which

successfully extends the applications of image decomposition model and is robust to

noises; (3) focusing on model structure dominated performance, no need to design the

optimization algorithm that will inevitably introduce extra artificial parameters. For

CNN part, classic variational energy functional can provide proper guidance for the

architecture parameters tuning and strong constraints for each CNN models effect.

For the variational part, introduction of CNN as variable generator can substitute the

expensive mathematical calculation with respect to each variable and alleviate the

hyper-parameter sensitivity. Extensive experiments were conducted on images with
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various applications to demonstrate the encouraging performance of our work which

is comparable to and, sometimes greater than the state-of-the-art methods.

• Among the previous classical medical image analysis methods focusing on prostate

segmentation techniques, the ones being very close to our research are the pure vari-

ational method-based approaches [30, 57, 165, 171] and the deep CNN based v-net

model [113]. We proposed a prostate MRI segmentation framework based on the well-

known Convolutional Neural Network architecture V-net and the variational method.

We sequentially embed global histogram matching and a variational system into the

architecture to enhance the segmentation quality on both coverage and smoothness.

Compared with the pure variational methods through experiments, the advantages

of our proposed fusion approach lie in: i) the likelihood map obtained from deep

CNN model can provide some essential prior reference information for the pure vari-

ational methods, which makes the final results more stable; ii) the problem of the

final curves are easily attracted into the fake boundaries caused by homogeneous in-

tensities is addressed by the global histogram matching. As for the comparison with

v-net model on the low quality dataset, our proposed fusion approach can achieve

significant improvements in: i) more prostate objects can be detected by applying

the global histogram matching; ii) not only the localization elements to extract the

regions of interest are recognized more accurately, but also prostate shapes can be

better represented with the ability to capture real boundaries. Extensive experiments

were conducted on MRI with lower resolution which is more challenging due to the

limited image quality. Experiment results demonstrate the significant performance

improvements of our proposed approach.

7.2 Future Works

The satisfactory performances have validated all of the proposed approaches, but much

room still exists for further improvement. Below we list some possible directions for future

works:

• For image processing techniques based on variational methods, the strategies of model

simplification and constraint projection can be easily extended to other variational
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level set models with/without curvatures. In chapter 3, we concentrate on the fore-

ground reconstruction without restoring the background shape. In the future, we will

investigate the reconstruction of both the foreground and background. The idea pre-

sented in this part can be extended to help solve many other mathematical problems

in image processing in the future.

• For future research on variational formulation with stochastic programming, our work

will focus on embedding other powerful techniques such as deep network with genera-

tive capacity into a variational framework to cope with more complicated situations,

e.g., cluttering and partial occlusions.

• For future work on the incorporation of variational methods and deep learning tech-

niques, we will investigate more complicated problems such as segmenting salient

objects from images with complex background or lower resolution by designing inte-

gration approach based models.
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