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Abstract— In this paper, an asynchronous discrete-time opinion dynamics model on a social influence network is considered. At each time instant, a single individual activates and
updates two state variables simultaneously. The individual’s
new private opinion is a weighted average of her current
private opinion, the expressed opinions of her neighbors, and a
constant prejudice. Meanwhile, the individual’s new expressed
opinion is equal to her current private opinion, altered due to
a pressure to conform to the public opinion as perceived by
the individual, being the average expressed opinion among her
neighbors. We analyze the system for social networks which
are rooted, and show that if no individual holds a prejudice,
then a mild assumption on the activation sequence of the
individuals guarantees convergence. In particular, the expressed
and private opinions of all individuals converge to the same
value exponentially fast, with two lower bounds on convergence
speeds based on two different assumptions on the network
topology. Simulations are provided to illustrate the result, and
provide support to the conjecture that the system dynamics
may converge even if individuals hold an existing prejudice.

I. I NTRODUCTION
There has been a recent increase in interest among systems
and control researchers on studying opinion dynamics models on social networks. Opinion dynamics is concerned with
the study of how opinions form and evolve as individuals
interact and exchange opinions on a social network [1].
A great majority of the literature on opinion dynamics
grew from the seminal DeGroot model [2], which posits
that each individual holds an opinion, being a real valued
variable on a continuous interval, on some given topic.
In a discrete-time process, individuals’ opinions simultaneously evolve via a weighted averaging mechanism aimed
at modeling a plausible method by which an individual
processes exogenous learned information [3]. Since then, a
number of different models, based on weighted averaging,
have been proposed to expand the range of phenomena
that can be predicted. Popular and notable contributions
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include the Friedkin–Johnsen model [4], the Hegselmann–
Krause model [5], and the Altafini model [6], [7]. For further
information, an extensive tutorial and summary of the key
developments can be found in [8], [9].
Numerous studies in the literature of sociology, psychology and other related fields have identified that in many
group situations, an individual may express an opinion
that is not precisely her true private opinion, for a single
given topic. Such a phenomenon may also be intuitive to
the reader. In 1951, Solomon Asch illustrated in a set of
seminal experiments how group peer pressure can distort an
individual’s judgment and expressed support on a provably
true fact [10]. Many reasons exist for an individual to express
an opinion different to her private opinion, including preference falsification [11], and impression management [12].
A common underlying theme is that individuals often feel a
pressure to conform to a perceived or imposed social norm
within the group or social network they are interacting in.
Two recent works have been inspired by this body of literature, to develop models for expressed and private opinion
dynamics. The work of Duggins [13] proposed a model in
which individuals update asynchronously; the highly nonlinear complexities of the dynamics means detailed theoretical
analysis is difficult, if not impossible. The work of Ye et.
al. proposed a linear, synchronous Expressed and Private
Opinion (EPO) model expanding from the Friedkin–Johnsen
model and illustrated that the model could be used to
capture the outcomes of Asch’s experiments [14], and the
phenomenon of pluralistic ignorance [15]. A few works have
since expanded on the EPO model [16], [17].
One shortcoming of the EPO model, inherited from the
Friedkin–Johsen and DeGroot models, is the synchronous
nature of the dynamics. That is, all individuals simultaneously update their opinions. Asynchronous versions of many
popular synchronous opinion dynamics models exist [18]–
[22]. In such asynchronous models, it is typical that only a
single individual is active at any time instant, and only her
opinion(s) are changed, while all other individuals’ opinions
remain unchanged. The nature of the activation can vary;
an individual may interact in a pairwise, gossip-like manner
with a single neighbor, or may interact simultaneously with
multiple others in her neighborhood. The activation sequence
may occur over discrete-time instants in a deterministic or
probabilistic manner, or individuals may have independent
clocks driven by a Poisson process on a continuous time
interval.
In this paper, we consider the EPO model under asynchronous updating, which more accurately reflects the way

in which individuals interact in the real world. In particular,
we assume that at any discrete time instant, a single individual activates and learns of all of her neighbors’ expressed
opinions. Then, the activated individual updates her private
and expressed opinions simultaneously. The private opinion
evolves as a weighted average of the individual’s current
private opinion, the expressed opinions of others, and a
constant prejudice. The expressed opinion is the private
opinion of the individual, altered by a pressure to conform
to the average expressed opinion in her neighborhood. Over
a network which is assumed to be rooted, two convergence
results are obtained by assuming no individual is attached
to her prejudice, including lower bounds on the convergence
speeds. Simulations are provided to illustrate the theoretical
results, and provide support to the conjecture that even if
individuals are prejudiced, convergence can be established.
The rest of the paper is organized as follows. Section II
provides mathematical notation, relevant aspects of graph
theory, and introduces the opinion dynamics model. Section III provides theoretical results on convergence of the
system. Simulations are presented in Section IV, and the
paper is concluded in Section V.
II. P RELIMINARIES AND M ODEL I NTRODUCTION
To begin, we establish the mathematical notation to be
used in this paper. The n-column vectors of all ones and
zeros are given by 1n and 0n , respectively. The n×n identity
matrix is given by In . The ith canonical base unit vector of
Rn is denoted as ei . We say that a matrix A ∈ Rn×n is
nonnegative (respectively positive) if all of its entries aij are
nonnegative (respectively positive), and is denoted by A ≥ 0
and A > 0 respectively. A square matrix A ≥ 0 P
is said to be
n
stochastic if, for all i = 1, . . . , n, there holds j=1 aij =
1. A stochastic matrix A is a scrambling matrix if for any
pair of distinct row indices i and j, there always exists a
column index k such that both pik and pjk are positive. For
a stochastic matrix A, its coefficient of ergodicity τ (A) is
defined as
n
n
X
X
1
|als − aks | = 1 − min
min{als , aks }.
τ (A) = max
l,k
2 l,k s=1
s=1
(1)
Note that 0 ≤ τ (A) ≤ 1, and τ (A) < 1 if and only if A is
a scrambling matrix [23]. Moreover, τ (A) = 0 if and only
if A is a rank-one matrix with all rows equal.
A. Graph Theory
For a square matrix A ≥ 0, we can associate with it a directed graph G[A] = (V, E[A], A), where V = {v1 , . . . , vn }
is the set of vertices of G[A]. An edge eij = (vi , vj ) is
in the set of ordered edges E[A] ⊆ V × V if and only if
aji > 0. A self-loop for vertex vi exists if eii ∈ E[A].
The edge eij is said to be incoming with respect to vj and
outgoing with respect to vi . The incoming neighbor set and
the outgoing neighbor set of vi are defined as Niin = {vj ∈
V : (vj , vi ) ∈ E[A]} and Niout = {vk ∈ V : (vi , vk ) ∈ E[A]},
respectively. A directed path is a sequence of edges of the
form (vp1 , vp2 ), (vp2 , vp3 ), ..., where vpi ∈ V are distinct and

epi pi+1 ∈ E. For a directed graph G[A], a vertex vi is a root
of G[A] if for every other vertex vj of G[A], there exists a
directed path from vi to vj . We will say G[A] is rooted at
vi if vi is a root, and G[A] is strongly rooted if every other
vertex is an outgoing neighbor of vi .
Let G1 and G2 be two directed graphs with the same vertex
set {v1 , . . . , vn }. By the composition of G1 with G2 , written
G2 ◦ G1 , we mean the directed graph with the vertex set
{v1 , . . . , vn } and the edge set defined such that (vi , vj ) is an
edge of the composition if and only if there exists a vertex
vk such that (vi , vk ) is an edge of G1 and (vk , vj ) is an edge
of G2 .
B. Expressed and Private Opinion Model
The Expressed and Private Opinion (EPO) model in the
asynchronous updating framework will now be presented
formally, followed by discussions on its motivation; further
details are presented in [15]. Consider a population of n ≥ 2
individuals, indexed by i ∈ I , {1, . . . , n}, interacting in
a social network at discrete-time instants t = 0, 1, . . .. We
assume that each individual i ∈ I has a private opinion,
xi (t) ∈ R, and an expressed opinion, x̂i (t) ∈ R, on a given
topic that may evolve over time t. In general, an individual
may choose to express an opinion x̂i (t) not equal to her
private opinion xi (t), for a number of different reasons as
recorded by numerous studies in the social sciences. For
example, Timur Kuran has identified that preference falsification can occur when an individual falsifies her opinion,
to garner favours or subconsciously due to social pressure to
follow a norm [11].
Individuals discuss and exchange expressed opinions over
a network, modelled by a graph G[W ], according to the
following asynchronous dynamics. At each time t, a single
individual i is activated and updates her private and expressed
opinions simultaneously according to
xi (t + 1) = λi wii xi (t) + λi

n
X

wij x̂j (t) + (1 − λi )ui

j=1

(2a)
x̂i (t + 1) = φi xi (t) + (1 − φi )zi (t).

(2b)

The opinions of all other individuals are unchanged: for
individual j 6= i, xj (t + 1) = xj (t) and x̂j (t + 1) = x̂j (t).
In the sequel, we place clear assumptions on the frequency
of activation for the individuals, but we first detail the
parameters in Eq. (2). The influence weight wij ≥ 0 captures
the influence of individual
Pn j’s expressed opinion x̂j (t) in
Eq. (2a), and satisfies
j=1 wij = 1 for all i ∈ I. The
constant ui ∈ R is termed the prejudice of individual i, and
her susceptibility to influence is captured by the constant
λi ∈ [0, 1]. Thus 1 − λi measures individual i’s attachment
to the prejudice ui , with the most common choice being
ui = xi (0). The term zi (t) is called the public opinion as
perceived by individual i, and is defined as
zi (t) ,

n
X
j=1

mij x̂j (t),

(3)

Pn
where the weights mij ≥ 0 satisfy j=1 mij = 1.
The term zi (t) represents the group norm or standard
opinion of the social network as seen by individual i, so
that the constant φi ∈ [0, 1] is the resilience to the pressures
to conform to zi (t). In general, mij and wij are not the
same, and it may even be the case that one is zero and the
other positive. This is to reflect the fact that an individual i’s
private opinion may be shaped by one set of individuals in
the social network, but may feel a pressure to conform to a
different set of individuals (or to apply different weights).
We discussed above that many reasons exist for an individual to express an opinion different to her private opinion.
The evolution in Eq. (2b) is just one possible method for
individual i to determine x̂i (t + 1), but it is one which has
found significant support from the social science literature.
Specifically, Eq. (2b) captures individual i altering her private
opinion to be closer to local public opinion zi (t), with
(1 − φi )zi (t) representing the social “force” exerted. Such a
pressure to conform towards the perceived group standard
has been theorised, and supported by empirical evidence
[10], [24], [25]. It has been found that such pressures can
arise from unspoken traditions [26], a fear of appearing
different [10], or a desire to maintain a positive impression
as seen by others (impression management) [12].
To conclude, we formalise a standing assumption that will
be enforced for the rest of this paper.
Assumption 1. There exists a finite positive integer T such
that, for any t ≥ 0, every individual activates at least once
in the interval t, t + 1, . . . , t + T − 1.
We remark that the assumption on the activation of
individual agents is standard in multi-agent systems, and
agent-based models. One further assumption on the system
parameters is presented, for use in the subsequent analysis.
Assumption 2. For stochastic matrices W and M , wij > 0
if and only if mij > 0. Furthermore, there holds λi = 1, φi ∈
(0, 1), ∀i ∈ I.
We need the following lemmas to derive our main results.
Lemma 1. [23] For stochastic matrices A1 and A2 , the
following inequality holds for the coefficient of ergodicity
τ (A1 A2 ) ≤ τ (A1 )τ (A2 ).

(4)

Si = In − ei e>
i be the identity matrix with the ith diagonal
entry set equal to zero. Let W̃ be a diagonal matrix with
ith diagonal entry equal to wii , and Ŵ ≥ 0 be a matrix
with 0 on its diagonals, and ŵij = wij for all j 6= i. Thus,
W = W̃ + Ŵ . Further, define Λ = diag(λ1 , . . . , λn ) and
Φ = diag(φ1 , . . . , φn ).
Let x = [x1 , . . . , xn ]> ∈ Rn and x̂ = [x̂1 , . . . , x̂n ]> ∈ Rn
and u = [u1 , . . . , un ]> ∈ Rn denote the vector of all private opinions and all expressed opinions and all prejudices,
respectively. Then, define ζ = [x> , x̂> ]> as the vector of
all opinions among the individuals in the social network.
Next, define σ(t) : Z≥0 → I as the activation sequence
of individuals in the social network, so that individual i is
activated at time t if and only if σ(t) = i. The dynamics in
Eq. (2) for all i = 1, . . . , n can be equivalently expressed as
ζ(t + 1) = Pσ(t) ζ(t) + Uσ(t) ,

(5)

where, for all i ∈ I, we define


S + ei e>
ei e>
i ΛW̃
i ΛŴ
Pi = i
∈ R2n×2n ,
ei e>
Si + ei e>
i Φ
i (In − Φ)M
(6)
and
 >

e e (I − Λ)u
Ui = i i n
∈ R2n .
(7)
0n
For the case when λi = 1 for all i ∈ I, as in Assumption 2,
Pi becomes


Si + ei e>
W̃
ei e>
Ŵ
i
i
Pi =
,
(8)
ei e>
Si + ei e>
i Φ
i (In − Φ)M
and Ui = 02n is a vector of zeros. Let the vertex set of
G[W ] be denoted by {s1 , . . . , sn }. For the graph G[Pi ], let
the vertex set be denoted by {v1 , . . . , vn , vn+1 , . . . , v2n }
corresponding to the state ζ1 , ζ2 , . . . , ζ2n , respectively. If
wij > 0 if and only if mij > 0, and φi ∈ (0, 1), ∀i ∈ I,
then we have the following observations.
(O1) The vertices {vj , vn+j , j ∈ I\{i}} have self-loops in
the graph G[Pi ] for all i ∈ I. The vertices vi and vn+i
have self-loops in G[Pi ] if and only if wii > 0.
(O2) The edge (vi , vn+i ) ∈ E[Pi ] for all i ∈ I.
(O3) If (si , sj ) ∈ E[W ] for some j ∈ I\{i}, then (vn+i , vj )
and (vn+i , vn+j ) ∈ E[Pj ], as one can infer from the
upper block part ej e>
j Ŵ of Pj .

Lemma 2. Let G1 , G2 , and G3 be graphs with the same vertex
set {v1 , . . . , vn } and each vertex has a self-loop in Gi for
i = 1, 2, 3. If (vi , vj ) is an edge in G2 , then it is also an
edge in G3 ◦ G2 ◦ G1 .

Theorem 1. Suppose that Assumption 1 and Assumption 2
hold. If for all i ∈ I, wii > 0 and the network G[W ] is
rooted, then for the system (2), the expressed opinions and
the private opinions of all the individuals reach the same
value exponentially fast at a rate no slower than

Proof. For each i ∈ I, (vi , vi ) is an edge in G1 . Since (vi , vj )
is an edge in G2 , it is also an edge in G2 ◦G1 . The conclusion
follows from the fact that (vj , vj ) is an edge in G3 .

(1 − αnT ) nT ,

1

III. M AIN R ESULTS

where α is the smallest value of the nonzero entries among
all the matrices Pi , i ∈ I.

In this section, we analyse the evolution of the opinion
dynamics. To begin, we write the dynamics of the entire
social network. It is convenient to first introduce definitions
of certain matrices which will be useful toward this end. Let

Proof. The matrix Pi is given by (8) and Ui is a zero vector
under Assumption 2 and one can verify that Pi is a stochastic
matrix since W and M are both stochastic. Noting that
wii , mii > 0 and φi ∈ (0, 1) for all i ∈ I, it follows from

Observation O1 that the vertices in the graph G[Pi ] all have
self-loops.
The solution to Eq. (5) is given by
ζ(t) = Πtk=0 Pσ(k) ζ(0).
The matrix product Πtk=0 Pσ(k) is a stochastic matrix for all
t ≥ 0. The main idea of the theorem proof is to show that
Πtk=0 Pσ(k) converges to a rank-one stochastic matrix 12n v >
for some nonnegative vector v ∈ R2n
≥0 , exponentially fast as
t → ∞. This in conjunction with the above equation implies
that the state ζ(t) converges to c12n exponentially fast for
c = v > ζ(0) ∈ R. To do so, we will prove that for all t ≥ 0,
G[Pσ(t+(n−1)T −1) · · · Pσ(t) ] is strongly rooted at some vertex
and hence the matrix Pσ(t+(n−1)T −1) · · · Pσ(t) has a positive
column and is naturally a scrambling matrix.
Consider an arbitrary time instant t ≥ 0. Suppose that
si is a root of the graph G[W ]. By Lemma 3 in [27],
G[Pσ(t+(n−1)T −1) · · · Pσ(t) ] has the same graph structure
as G[Pσ(t+(n−1)T −1) ] ◦ · · · ◦ G[Pσ(t) ]. We will prove that
(vi , vj ) and (vi , vn+j ) are edges in G[Pσ(t+(n−1)T −1) ] ◦
· · · ◦ G[Pσ(t) ] for all j ∈ I and t ≥ 0, implying that
G[Pσ(t+(n−1)T −1) · · · Pσ(t) ] is strongly rooted at vi . In the
following, we consider two cases.
Case 1: The index j = i. Since the vertices in G[Pσ(t) ]
all have self-loops for all t ≥ 0, vi has a self-loop in
G[Pσ(t+(n−1)T −1) ]◦· · ·◦G[Pσ(t) ]. From Assumption 1, there
exists some t∗i satisfying t ≤ t∗i ≤ t + T − 1, such that
σ(t∗i ) = i, i.e. individual i is activated at time t∗i . It follows
from Observation O2 that (vi , vn+i ) ∈ E[Pσ(t∗i ) ] and then
(vi , vn+i ) is an edge in the graph G[Pσ(t+T −1) ]◦· · ·◦G[Pσ(t) ]
and also in G[Pσ(t+nT −1) · · · Pσ(t) ] by Lemma 2.
Case 2: The index j
6=
i. Suppose that
(si0 , si1 ), . . . , (sir−1 , sir ) is one shortest path with path
length r ≥ 1, from si to sj in the graph G[W ], where i0 = i
and ir = j. Since G[W ] is rooted, the shortest path from the
root si to any other vertex sj , j ∈ I\{i}, is of path length
at most n − 1 and therefore r ≤ n − 1. Since Assumption 1
holds, there exists some t∗1 satisfying t+T ≤ t∗1 ≤ t+2T −1,
such that σ(t∗1 ) = i1 , i.e. individual i1 is activated at time
t∗1 . Since (si0 , si1 ) ∈ E[W ], it follows from Observation O3
that (vn+i0 , vi1 ) and (vn+i0 , vn+i1 ) ∈ E[Pσ(t∗1 ) ] and so the
two edges belong to the edge set of the graph composition
G[Pσ(t+2T −1) ] ◦ · · · ◦ G[Pσ(t+T ) ] as well, in view of
Lemma 2. In case 1, it was shown that (vi0 , vn+i0 ) is an
edge in the graph G[Pσ(t+T −1) ] ◦ · · · ◦ G[Pσ(t) ]. Taking
the composition of G[Pσ(t+T −1) ] ◦ · · · ◦ G[Pσ(t) ] with
G[Pσ(t+2T −1) ] ◦ · · · ◦ G[Pσ(t+T ) ], we conclude that (vi0 , vi1 )
and (vi0 , vn+i1 ) are edges in G[Pσ(t+2T −1) ] ◦ · · · ◦ G[Pσ(t) ].
It follows from Lemma 2 that they are also edges
in G[Pσ(t+nT −1) ] ◦ · · · ◦ G[Pσ(t) ]. By induction, one
can derive that (vi , vj ) and (vi , vn+j ) are edges in
G[Pσ(t+(r+1)T −1) ] ◦ · · · ◦ G[Pσ(t) ]. Since r ≤ n − 1, (vi , vj )
and (vi , vn+j ) are edges in G[Pσ(t+nT −1) ] ◦ · · · ◦ G[Pσ(t) ]
from Lemma 2.
To conclude, we have established that G[Pσ(t+nT −1) ] ◦
· · · ◦ G[Pσ(t) ] is strongly rooted at vi , and so is
G[Pσ(t+nT −1) · · · Pσ(t) ]. Then, the matrix product

Pσ(t+nT −1) · · · Pσ(t) is a scrambling matrix. By the
definition of coefficient of ergodicity, it follows that

t+nT −1
τ Πk=t
Pσ(k) ≤ 1 − αnT .
By Lemma 1 and the fact that the coefficient of ergodicity
is no greater than 1, we obtain that for any t ≥ 0,
b

t

nT
τ (Πtk=0 Pσ(k) ) ≤ τ (Πk=0

≤ (1 − α
≤ (1 − α

cnT −1

Pσ(k) )

t
c
nT b nT

)

nT

t

) nT −1 ,

t
where b nT
c represents the largest integer less than or equal
t
to nT and Π−1
k=0 Pσ(k) is defined as Pσ(0) . This implies that
t

lim τ (Πtk=0 Pσ(k) ) ≤ lim (1 − αnT ) nT −1 = 0.

t→∞

t→∞

According to the property of the coefficient of ergodicity
stated below Eq. (1), the matrix product Πtk=0 Pσ(k) converges to a rank-one matrix exponentially fast as t → ∞
and thus the conclusion follows.
Theorem 2. Suppose that Assumption 1 and Assumption 2
hold. If for some i ∈ I, wii > 0 and the network G[W ] is
rooted at si , then for the system (2), the expressed opinions
and the private opinions of all the individuals reach the same
value exponentially fast at a rate no slower than
1

(1 − α2nT ) 2nT ,
where α is the smallest value of the nonzero entries among
all the matrices Pi , i ∈ I.
Proof. Note that Pi is given by (8) and Ui is a zero vector
under Assumption 2, but the diagonal entries of Pi are
not necessarily all positive since wii and mii can be zero.
The main idea to prove the theorem is similar to that in
Theorem 1, which is to show that Πtk=0 Pσ(k) converges to a
rank-one stochastic matrix exponentially fast as t → ∞. To
do so, we prove that for all t ≥ 0, G[Pσ(t+2nT −1) · · · Pσ(t) ]
is strongly rooted at some vertex and hence the matrix
Pσ(t+(n−1)T −1) · · · Pσ(t) has a positive column and is naturally a scrambling matrix.
Consider an arbitrary time instant t ≥ 0. Suppose that
wi0 i0 > 0 and the vertex si0 , i0 ∈ I is a root in G[W ].
Let t0 , t ≤ t0 ≤ t + T − 1, be the first time instant
when the agent i0 activates after t. Then it follows from
Observations O1 and O2 that (vi0 , vi0 ) and (vn+i0 , vn+i0 )
and (vi0 , vn+i0 ) are in E[Pσ(t0 ) ]. Since wi0 i0 > 0, it follows
from Observation O1 that for all j ∈ I, (vi0 , vi0 ) and
(vn+i0 , vn+i0 ) ∈ E[Pj ]; in contrast, if wkk = 0 for some
k ∈ I, then (vk , vk ) and (vn+k , vn+k ) are not in E[Pk ]. From
the definition of graph composition, it follows from above
that (vi0 , vi0 ) and (vn+i0 , vn+i0 ) and (vi0 , vn+i0 ) are edges
in G[Pj ] ◦ G[Pσ(t0 ) ]. By induction, it follows that (vi0 , vi0 )
and (vn+i0 , vn+i0 ) and (vi0 , vn+i0 ) are in the composition
G[Pσ(t) ] ◦ G[Pσ(t−1) ] ◦ · · · ◦ G[Pσ(t0 ) ] for all t ≥ t0 .
Suppose that sij are all outgoing neighbors of si0 on
G[W ], for j = 1, . . . , r. Let t1 be the first time instant
after t0 when the outgoing neighbor si1 of si0 activates.

Then (vn+i0 , vi1 ) and (vn+i0 , vn+i1 ) ∈ E[Pσ(t1 ) ] according
to Observation O3. The presence of a self-loop at vn+i0
in G[Pσ(t1 −1) ] ◦ . . . ◦ G[Pσ(t0 ) ] ensures that (vn+i0 , vi1 )
and (vn+i0 , vn+i1 ) belong to the edge set of G[Pσ(t1 ) ] ◦
G[Pσ(t1 −1) ] ◦ · · · ◦ G[Pσ(t0 ) ]. For any j ∈ I\{i1 }, one has
that (vn+i0 , vi1 ) and (vn+i0 , vn+i1 ) are edges in G[Pj ] ◦
G[Pσ(t1 ) ]◦· · ·◦G[Pσ(t0 ) ] since (vi1 , vi1 ) and (vn+i1 , vn+i1 ) ∈
E[Pj ]. Noting that (vn+i0 , vi1 ) and (vn+i0 , vn+i1 ) ∈ E[Pi1 ]
and (vn+i0 , vn+i0 ) is an edge in G[Pσ(t1 ) ] ◦ · · · ◦ G[Pσ(t0 ) ],
it holds that (vn+i0 , vi1 ) and (vn+i0 , vn+i1 ) are edges in
G[Pj ] ◦ G[Pσ(t1 ) ] ◦ · · · ◦ G[Pσ(t0 ) ] as well when j = i1 . By
induction, the two edges are in the edge set of the graph
composition G[Pσ(t) ] ◦ G[Pσ(t−1) ] ◦ · · · ◦ G[Pσ(t0 ) ] for all
t ≥ t1 .
We remark that the above argument applies to every
outgoing neighbors of i0 . Using the fact that every individual
activates at least once in every T steps, it follows that the
graph composition G[Pσ(t0 +T −1) ]◦· · ·◦G[Pσ(t0 ) ] contains the
edges (vn+i0 , vj ) and (vn+i0 , vn+j ) for all j = i1 , i2 , . . . , ir .
Let k1 , . . . , kp ∈ I\{i0 , . . . , ir } be the outgoing neighbors
of si1 . Let t2 be the first time instant after t0 + T −
1 when the outgoing neighbor k1 of si1 activates. Then
(vn+i1 , vk1 ) and (vn+i1 , vn+k1 ) ∈ E[Pσ(t2 ) ]. Due to the
presence of (vn+i0 , vn+i1 ) in G[Pσ(t2 −1) ] ◦ · · · ◦ G[Pσ(t0 ) ],
it follows that (vn+i0 , vk1 ) and (vn+i0 , vn+k1 ) are in the
edge set of G[Pσ(t2 ) ] ◦ G[Pσ(t2 −1) ] ◦ · · · ◦ G[Pσ(t0 ) ]. For
any j ∈ I\{k1 }, one can similarly show that (vn+i0 , vk1 )
and (vn+i0 , vn+k1 ) are edges in G[Pj ] ◦ G[Pσ(t2 ) ] ◦ · · · ◦
G[Pσ(t0 ) ]. When j = k1 , (vn+i1 , vk1 ) and (vn+i1 , vn+k1 ) ∈
E[Pk1 ] and so (vn+i0 , vk1 ) and (vn+i0 , vn+k1 ) are edges in
G[Pj ] ◦ G[Pσ(t2 ) ] ◦ · · · ◦ G[Pσ(t0 ) ] since (vn+i0 , vn+i1 ) is an
edge in G[Pσ(t2 ) ] ◦ · · · ◦ G[Pσ(t0 ) ]. One then concludes that
(vn+i0 , vk1 ) and (vn+i0 , vn+k1 ) are in G[Pσ(t) ]◦G[Pσ(t−1) ]◦
· · · ◦ G[Pσ(t0 ) ] for all t ≥ t2 . The above argument applies to
the outgoing neighbors of is , s = 1, . . . , r.
From the assumption that the graph G[W ] is rooted, one
knows that the vertex si0 can reach every other vertex in
G[W ] on a path of at most n − 1 edges. By repeatedly
applying the above arguments, one can derive that the graph
composition G[Pσ(t0 +(n−1)T −1) ] ◦ · · · ◦ G[Pσ(t0 ) ] contains
the directed edges (vi0 , vi0 ) and (vi0 , vn+i0 ) and (vn+i0 , vj )
for all j ∈ {1, . . . , 2n}\{i0 }. Since t0 ≤ t + T − 1,
one has t0 + (n − 1)T − 1 ≤ t + nT − 1. It is easy
to see that for any m1 , m2 ∈ I, the graph composition
G[Pm1 ] ◦ G[Pσ(t0 +(n−1)T −1) ] ◦ · · · ◦ G[Pt0 ] ◦ G[Pm2 ] contains
the directed edges {(vi0 , vi0 ), (vi0 , vn+i0 ), (vn+i0 , vj ), j ∈
{1, . . . , 2n}\{i0 }} and so does G[Pσ(t+nT −1) ]◦· · ·◦G[Pσ(t) ].
Since t ≥ 0 is an arbitrary time instant, using the definition
of graph composition again, one has that G[Pσ(t+2nT −1) ] ◦
· · · ◦ G[Pσ(t) ] contains the edges (vi0 , vj ) for all j ∈
{1, . . . , 2n}. By Lemma 3 in [27], G[Pσ(t+2nT −1) · · · Pσ(t) ]
has the same graph structure as G[Pσ(t+2nT −1) ]◦· · ·◦G[Pσ(t) ]
and hence the matrix Pσ(t+2nT −1) · · · Pσ(t) contains a positive column and is a scrambling matrix as well for all t ≥ 0.
The nonzero entry of Pσ(t+2nT −1) · · · Pσ(t) is lower bounded

by α2nT and its coefficient of ergodicity satisfies

t+2nT −1
τ Πk=t
Pσ(k) ≤ 1 − α2nT .
Similarly to the proof in Theorem 1, one has that
t

τ (Πtk=0 Pσ(k) ) ≤ (1 − α2nT ) 2nT −1 ,
which in turn implies
t

lim τ (Πtk=0 Pσ(k) ) ≤ lim (1 − α2nT ) 2nT −1 = 0.

t→∞

t→∞

It follows that Πtk=0 Pσ(k) converges exponentially fast to
a stochastic matrix 12n v > , for some nonnegative v ∈
t
R2n
≥0 . The equation ζ(t) = Πk=0 Pσ(k) ζ(0) then yields
limt→∞ ζ(t) = c12n , where c = v > ζ(0).
IV. S IMULATIONS
In this section, two numerical examples are presented,
first to illustrate the theoretical result, and then show more
complex system dynamics. Let
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and thus G[W ] is rooted at s1 . The parameters are set as
λi = 1, φi = 0.6, ∀i = 1, . . . , 5. We take the initial private
and expressed opinions of the five individuals as xi (0) =
i, and x̂i (0) = i − 0.1 for all i = 1, . . . , 5. In the first
simulation, every individual activates at least once every 12
steps, i.e., Assumption 1 holds with T = 12. The evolution of
the individuals’ expressed and private opinions are shown in
Fig. 1 and are observed to reach consensus and as consistent
with Theorem 2.
However, Assumption 2 assumes that λi = 1 for all
i ∈ I, i.e., no individual is attached to prejudice ui .
We conjecture that the system Eq. (5) will still converge
if we relax the assumption to allow λi < 1, i.e., some
individuals are attached to their prejudice ui . To illustrate this
conjecture, we take λi = 0.3, φi = 0.6, ∀i = 1, . . . , 5, i.e.,
every individual is partially attached to her prejudice. Every
individual activates at least once every 12 steps, and W and
the initial conditions are as above. Fig. 2 shows the evolution
of the five individuals’ expressed and private opinions which
all converge to some constants. However, different from
what has been observed in Fig. 1, in this case, there is a
discrepancy between each individual’s expressed and private
opinions and neither the expressed nor the private opinions
of the individuals reach a consensus. Convergence to a
persistent disagreement, and the aforementioned discrepancy
between expressed and private opinions, was observed in
multiple simulations, suggesting that a more general convergence result can be established that relaxes Assumption 2.
The proof for the convergence of the model (2) with the
parameters λi ∈ [0, 1] and φi ∈ [0, 1] is a future research
topic.
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Fig. 1. The evolution of the five individuals’ expressed and private opinions,
where λi = 1, φi = 0.6. (Solid and dashed lines represent private and
expressed opinions, respectively.)
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Fig. 2. The evolution of the five individuals’ expressed and private opinions,
where λi = 0.3, φi = 0.6. (Solid and dashed lines represent private and
expressed opinions, respectively.)

V. C ONCLUSIONS
In this paper, we have studied an asynchronous discretetime opinion dynamics model. At each time instant, a single
individual updates her expressed and private opinions. By
assuming all individuals activate at least once within a
finite time period, and the influence network is rooted, we
established convergence to consensus when no individual
was attached to her prejudice. Much future work remains
to be pursued. First, we aim to establish convergence under more general conditions, by allowing individuals to be
attached to their prejudices. Our simulations suggest that
besides convergence to a steady state of disagreement, the
system can exhibit a complex phenomenon in which the
steady state expressed and private opinions of the same
individual are different. Moreover, we hope to establish more
general convergence results in which the network influencing
individuals’ private opinions is different to the network
determining the public opinion. That is, the private opinion of
an individual may be influenced by the expressed opinion of
one set of individuals, but her expressed opinion is shaped by
the public opinion formed from a different set of individuals.
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