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Abstract

Establishing a link to quantify the e↵ect of liquid and solid pore infill on elas-

tic moduli, dispersion and attenuation in porous media is of great interest for

many geophysical applications, such as reservoir characterization and time-lapse

seismic monitoring. This quantification requires comprehensive knowledge of the

physical properties and the fraction of each component, the interactions between

one component to another, and the pore geometry.

In microporous media like fluid (gas or Newtonian fluid)-saturated rocks, elas-

tic wave velocities measured at ultrasonic frequency are frequently observed to

be greater than predicted by the Biot-Gassmann theory. This di↵erence is usu-

ally explained by squirt-flow dispersion. A number of theoretical models have

been proposed to quantify this e↵ect, but more or less problems exist in these

models. On the one hand, some of these models are developed based on di↵erent

theories. The question then arises whether these models give similar or di↵erent

predictions. On the other hand, most models concern the high-frequency limit

and the Gassmann low-frequency limit rather than the full frequency range. Sim-

ilar to the squirt-flow dispersion in fluid-saturated rocks, there exists so-called

”solid squirt” e↵ect in porous rocks saturated with elastic solid or viscoelastic

substances. The presence of elastic solid or viscoelastic substances causes shear

resistance, which prevents the pressure communication between di↵erent compli-

ances of pores. Several solid substitution schemes have been proposed to model

the solid squirt e↵ect, but they are insu�cient to explain the experimental data.

The research above concerns the issue of microporous media. In nanoporous
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media, ultrasonic measurements also provide us with a convenient way to study

the elastic properties of nanoporous medium and various pore infill. Although

applying poroelasticity theories that are proven to be e↵ective in microporous

media to nanoporous media directly is questionable, it is quite useful to study

their applicability.

In this thesis, three squirt-flow dispersion models, including the equivalent

inclusion-average stress (EIAS), the crack-pores e↵ective medium (CPEM), and

the Mavko-Jizba model (MJ) as well as its generalization (MJG), are first com-

pared analytically. Subsequently, numerical examples are used to demonstrate

the similarities and di↵erences of these models. When we assume sti↵ pores

to be spheres and a small crack density, we show analytically and numerically

that the three models give almost identical predictions. When the sti↵ pores are

spheroids with an aspect ratio < 1, the predictions of the two inclusion-based

models – EIAS and CPEM models – are invalid while the MJ and MJG mod-

els are valid at ultrasonic frequencies. Preference for the selection of one model

or another depends on the pore geometry information. If the pore geometry is

specified, the two inclusion-based models should be used. Otherwise, the MJ and

MJG model would be preferred.

Then, we develop a micromechanically consistent model which integrates a

stress-dependency model of dry velocities or moduli with a micromechanical

model that characterizes a typical fluid-saturated compliant pore as a soft in-

clusion between adjacent grains. The stress-dependency model allows us to ex-

tract the pore geometry information at each pressure. We can obtain the fraction

and the spectrum of aspect ratios for compliant pores as a function of e↵ective

pressures. The micromechanical model provides us with a method to model the

frequency e↵ect at full frequency range. We then apply this micromechanically

consistent model to the ultrasonic and low-frequency measurements on several

fluid-saturated sandstone and carbonate samples. The model predictions are rea-

sonably consistent with the laboratory measurements.
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Subsequently, we develop a triple-porosity model to characterize the solid

squirt e↵ect observed in the ultrasonic measurements on a sandstone sample

saturated with a solid substance. This model divides pores into di↵erent shapes:

sti↵, compliant and so-called intermediate. Each type of pores is assumed to have

a single aspect ratio. Solid squirt e↵ect occurs between sti↵ and compliant pores

at relatively low-pressure (say < 100 MPa) and between sti↵ and intermediate

pores at relatively high-pressure (say 200-500 MPa or above). However, such

pressures are hard to approach in most rock physics laboratories, thus an essential

parameter, the high-pressure limit dry moduli of a hypothetical rock containing

only sti↵ pores, is hard to obtain. To address this problem, we employ a numerical

simulation method based on the finite element method integrated with a self-

consistent medium theory to invert the aspect ratio, and in turn to compute the

parameter. Modeling results for liquid-octadecane-saturated show an excellent

consistency with the predictions of the Gassmann theory, which implies that this

model will reduce to the Gassmann theory when the pore infill is a Newtonian

fluid. Modeling results for solid-octadecane-saturated show a reasonable fit to

the laboratory measurements, performing better than other solid substitution

models.

Finally, we explore the e↵ect of liquid and solid infill on the moduli of nanoporous

media. To this end, we apply the Gassmann theory and the e↵ective medium

theory to a Vycor glass sample saturated with liquid and solid argon. One uncer-

tainty in this study is related to the elastic constants of non-porous Vycor glass,

which is hard to obtain in laboratory measurements. To address this issue, we

first assume the nanopores to be spheroids of the same shape and can be char-

acterized by a single average aspect ratio. We then apply the e↵ective medium

theory to invert the aspect ratio for the nanopores. Subsequently, we substitute

the obtained aspect ratio into the same e↵ective medium theory to compute the

elastic moduli of non-porous Vycor glass. Modeling results using the Gassmann

theory show a good agreement with the measured moduli of Vycor saturated with
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liquid argon. Estimates by the di↵erential e↵ective medium theory also show a

reasonable agreement with the measured shear modulus of the Vycor glass sat-

urated with solid argon, but a considerable discrepancy in bulk modulus. This

discrepancy may be caused by the confinement e↵ect in nanopores, which makes

the elastic properties of ”confined” matter di↵er significantly from the ”bulk”

state.

To this end, we have analysed the e↵ect of liquid and solid infill on elastic

moduli, dispersion and attenuation in porous media. This will help shape the

understanding of the relationship between the properties of pore infill and porous

rocks, which will have a potential for reservoir characterization and time-lapse

seismic monitoring.
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1.1 Background and Motivation

Establishing a link between the pore fills and porous media is of considerable

interest in geophysical practice, such as seismic reservoir characterization and

time-lapse seismic monitoring. This requires an understanding of the fraction

and elastic properties of minerals and pore infill, the interactions among these

components, and the pore geometry. Pore infill can be either gas, liquid or

solid. Gas pore infill includes air, CO2, steam, and hydrocarbon gas. Liquid

pore infill can be oil, brine and magma. Solid pore infill can be gas hydrates,

salt, bitumen, ice, kerogen (Saxena et al., 2016). For porous rocks saturated with

fluid, dispersion and accompanied attenuation of seismic waves have attracted

substantial attention because hydrocarbon reservoirs are frequently observed to

exhibit significant P-wave attenuation, especially at low frequencies within the

seismic band (Chapman, Liu, & Li, 2006; Quintal, Schmalholz, & Podladchikov,

2011; Rapoport, Rapoport, & Ryjkov, 2004). A comprehensive understanding of

the e↵ect of fluid on the dispersion and attenuation of porous media can help

in the quantitative interpretation and seismic inversion, especially for identifying

the fluid-type and its distribution in a reservoir. For rocks saturated with elastic

solids or viscoelastic substances, quantifying the e↵ect of pore infill on the elastic

moduli of porous rocks are also important, especially for heavy oil or bitumen

(Bianco, Kaplan, & Schmitt, 2010; Schmitt, 1999). Heavy oil plays an important

role in energy source in some areas of the world. Yet, analysis of elastic properties

of rocks saturated with elastic solids or viscoelastic substances until recently

received relatively little attention.

At low frequencies, the elastic properties of fluid-saturated porous media are

given by the Gassmann theory (Gassmann, 1951). Yet, at ultrasonic frequen-

cies, the elastic properties are often observed to be significantly greater than the

predictions of the Biot-Gassmann theories (Biot, 1956a; Gassmann, 1951). This

e↵ect is known as squirt dispersion, one mechanism that characterizes the wave-

induced fluid flow at pore-scale. The squirt-flow mechanism was first proposed
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by Mavko and Nur (1975) as an explanation of observed viscoelastic relaxation

in the asthenosphere. This di↵erence between the Gassmann low-frequency limit

and ultrasonic-frequency limit is usually explained by a double-porosity concept

(Shapiro, 2003; Walsh, 1965): relatively sti↵ pores and relatively compliant (soft)

pores. Sti↵ pores dominate the pore space while compliant pores occupy only a

small portion of the pores pace. Compliant pores are present between adjacent

grains and explain the stress e↵ect on elastic velocities or moduli. The existence

of compliant pores in a dry rock decreases the elastic moduli substantially. When

a rock is saturated with fluid, an elastic wave will cause di↵erent fluid pressures

build-up in compliant and sti↵ pores, and thus pressure gradients between them.

At su�ciently low frequencies, such pressure gradients have ample time to reach

an equilibrium. This satisfies the key assumption of the Gassman theory. Yet at

much higher frequencies, there is no time for the fluid pressure gradients to relax

such that compliant pores are isolated from each other and from sti↵ pores. This

sti↵ening e↵ect significantly increases the elastic moduli of porous rocks, making

them much higher than those in the low-frequency limit.

One class of theoretical models of squirt-flow dispersion characterizes the sti↵

pores by one aspect ratio within the range of 0.1–1 and the compliant pores by

a spectrum of aspect ratios (<0.01) (Mavko & Nur, 1979; O’Connell & Budian-

sky, 1977; Palmer & Traviola, 1980). Another approach assumes both typical

sti↵ and compliant pores to be spheroids each with one aspect ratio (de Paula,

Pervukhina, Makarynska, & Gurevich, 2012; Gurevich, Makarynska, de Paula, &

Pervukhina, 2010; Pride, Berryman, & Harris, 2004). Mavko and Jizba (1991)

(referred as MJ) utilized the double-porosity pore structure to derive simple and

general expressions for the elastic moduli of the rock with pores and cracks of

arbitrary shapes in the high-frequency limit. In this model, sti↵ pores remain

dry while compliant pores are saturated with fluid. This state is termed as so-

called ”unrelaxed” frame. Then, the saturated moduli can be obtained by using

the Gassmann theory (in which the dry bulk modulus is replaced with the bulk
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modulus of the unrelaxed frame).

Gurevich, Makarynska, and Pervukhina (2009) pointed out that the pore fluid

in the MJ model must be liquid, and extended the MJ model to the case of

fluids with arbitrary bulk modulus (referred as MJG). The MJ and MJG models

are both independent of pore space parameters such as aspect ratio, explicitly.

In contrast, two inclusion-based models, the equivalent inclusion-stress (EIAS)

model (Endres & Knight, 1997) and the crack-pores e↵ective medium(CPEM)

model (Adelinet, Fortin, & Guéguen, 2011), are designed for elastic media with

spherical pores and oblate spheroidal cracks, thus the predictions of these two

models explicitly are controled by the aspect ratio of cracks and the volume

fraction of spherical pores and cracks. Now comes the question of whether the

predictions of the three models are similar or di↵erent. Neither Endres and

Knight (1997) nor Adelinet et al. (2011) compared their models to the MJ model

analytically or numerically. Adelinet et al. (2011) numerically compared the

modeling results of the CPEM model to those given by the EIAS model and

found a considerable di↵erence, which they ascribed to the use of the Kuster

and Toksöz (1974) model (referred as KT) in the EIAS model. Such explanation

appears unsatisfactory because the models of both Kachanov (1993) and KT

are designed using the same Eshelby (1957) theory. Hence, it is important to

compare the three di↵erent models to figure out the similarities and di↵erences

among them analytically and numerically.

In contrast to the low-frequency limit, which is given by the Gassmann theory,

and the high-frequency limit, which is given by the MJ and MJG models, model-

ing dispersion and attenuation at intermediate frequencies require the knowledge

of the pore geometry. This fact helps explain why there are a number of models

of squirt attenuation and dispersion and no universally accepted model. One ap-

proach describes the pore shape by several distinct aspect ratios (Gurevich et al.,

2010; Pride et al., 2004), but this theory has several “free” parameters describing

the pore geometry, including the fraction of compliant pores and the pore aspect
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ratio. These parameters are hard to measure and have to be obtained by fitting

to laboratory measurements, but an excellent fit is insu�cient to prove that the

approach is adequate. This uncertainty limits the applicability of the approach.

To tackle this uncertainty, an alternative direct and more rigorous method is

to obtain a spectrum of aspect ratios for compliant pores through the analysis

of the stress-dependency of the dry velocities or moduli of porous rocks. Mor-

lier (1971) first proposed a quantitative link between the continuous spectrum

of aspect ratios at each pressure and the stress-dependency of the velocities or

moduli. This quantitative relationship was refined by Zimmerman (1991) and

David and Zimmerman (2012). In particular, David and Zimmerman (2013) em-

ployed this relationship and proposed a model for estimating the frequency e↵ects

on the moduli. However, di↵erent from the theories of Gurevich et al. (2010);

Murphy (1982); Pride et al. (2004), or Glubokovskikh, Gurevich, and Saxena

(2016), this approach does not give an explicit solution to the micromechanical

problem for the fluid pressure gradients between pores of di↵erent shapes. In-

stead, it assumes that compliant pores are either isolated or inter-connected with

each other. Hence, it would be interesting to develop a model that integrates

the stress-dependency model with the micromechanical model of Gurevich et al.

(2010) and Glubokovskikh et al. (2016).

The above discussion concerns rocks saturated with Newtonian fluids (liquids

or gases). On the other hand, for rocks saturated with elastic solids or high-

viscous materials or non-Newtonian fluids such as gas hydrates, salt, bitumen,

ice or kerogen, the Gassmann theory is inapplicable due to presence of the pore in-

fill with shear resistance, which will prevent the pressure communication between

compliant and sti↵ pores (Glubokovskikh et al., 2016; Makarynska, Gurevich,

Behura, & Batzle, 2010; Saxena & Mavko, 2014). Ciz and Shapiro (2007) (ref-

ereed as CS model) extended the Gassmann theory for solid-saturated porous

rocks. This approximation is identical to the Gassmann theory for bulk mod-

ulus and gives a similar expression for shear modulus. However, recent studies
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(Glubokovskikh et al., 2016; Saxena & Mavko, 2014) showed that the CS model

significantly underestimates the elastic moduli of porous rocks saturated with

elastic solids or non-Newtonian fluids. This is due to that the CS model also

follows the crucial assumption of the Gassmann theory, which assumes spatial

uniform stress throughout the entire pore space. This assumption only makes

sense when the pores are assumed to be of approximately the same shape. How-

ever, when compliant and sti↵ pores both are present, this assumption is no longer

valid.

Mavko and Saxena (2013) and Saxena and Mavko (2014) proposed the embed-

ded bound theory and argued that this theory defines the upper and lower bound

for fluid/solid substitution. This theory assumes non-uniform stress throughout

the pore space. Although this theory guarantees that the solid substitution results

lie between the upper and lower bounds, it cannot be used to quantify the results

without the knowledge of microstructural information. Makarynska et al. (2010)

pointed out that the existence of low-aspect-ratio pores will cause significant in-

crease of the di↵erence between the e↵ective shear modulus of porous rock in a

dry or solid-saturated state. This e↵ect is similar to the sti↵ening e↵ect that oc-

curs in fluid-saturated rocks at ultrasonic frequencies. Leurer and Dvorkin (2006)

termed this similarity as ”solid squirt”. Hence, to describe this sti↵ening e↵ect

in the solid-saturated rocks, Glubokovskikh et al. (2016) adopted the solution of

Tsai and Lee (1998) and modeled the saturated compliant pores as soft inclu-

sions between adjacent grains. However, our experiments suggest that this model

is insu�cient to accurately characterize laboratory data. de Paula et al. (2012)

showed that on the one hand, the elastic moduli of a hypothetical rock containing

only equant pores obtained from ultrasonic measurements are much smaller than

the predictions by any e↵ective medium theory for spheres (Berryman, 1980). On

the other hand, the estimated characteristic frequency of a typical compliant pore

is close to the seismic frequency band but is well below ultrasonic frequencies.

Thus, de Paula et al. (2012) argued that the squirt-flow e↵ects are also a↵ected
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by the existence of so-called intermediate pores, which are softer than sti↵ pores

but much sti↵er than compliant pores. The same approach can be used to charac-

terize the moduli of rocks saturated with elastic solids or high-viscous substances.

Indeed, the parameters of compliant pores can be estimated through the analy-

sis of the stress-dependency of the dry velocities or moduli. However to obtain

the parameters of intermediate pores, we need to know the aspect ratio of sti↵

pores, which cannot be obtained directly as the high-pressure limit, where both

compliant and intermediate pores are closed but only sti↵ pores remain open, cor-

responds to much higher pressures (say 200-500 MPa or above). Such pressures

are out of reach of most rock physics laboratories and sometimes can crush core

samples (Fortin, Guéguen, & Schubnel, 2007; Wong, David, & Zhu, 1997; Zhang,

Wong, & Davis, 1990). Therefore, the high-pressure limit dry bulk and shear

moduli cannot be measured directly. Alternatively, numerical simulation directly

from microtomographic images of the porous samples using finite element method

(FEM) provides a promising tool to compute these moduli (Arns, Knackstedt,

Pinczewski, & Lindquist, 2001; Arns, Knackstedt, Pinczewski, & Garboczi, 2002;

Roberts & Garboczi, 2000). If we assume that only sti↵ pore can be resolved in

the digital rock images, the simulated elastic moduli using the FEM can be used

to represent the high-pressure limit moduli.

Theories and models mentioned above are proposed and developed for macro-

porous materials. Applying these theories directly to nanoporous media is ques-

tionable. Physical properties of nanostructured materials, including nanoconfined

matter and nanostructured non-porous matrix, may di↵er significantly from those

of ”normal” bulk materials (Huber, 2015). However, the combination of ultra-

sound and gas adsorption plays as a promising tool in characterizing nanoporous

media. Elastic properties of liquid and solid pore infill can be obtained directly

from ultrasonic measurements. So far, ultrasound method has been widely used

for studying various pore infills (Charnaya et al., 2001; Molz, Wong, Chan, &

Beamish, 1993; Page et al., 1995; Schappert & Pelster, 2008; Warner & Beamish,
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1988). Particularly, this method can be used to estimate the fraction of pore

infill (Warner & Beamish, 1988), pore pressures (Schappert & Pelster, 2016),

phase transition of the pore infill (Charnaya et al., 2001), pore filling dynamics

(Page et al., 1995). Gor and Gurevich (2018) showed that the predictions of the

Gassmann theory are almost identical to the measured moduli of Vycor saturated

with fluids, such as n-hexane (Page et al., 1995) and argon (Schappert & Pelster,

2014). Now comes the question of whether the poroelasticity theory can be used

to characterize the e↵ect of solid infill on the elastic moduli of nanoporous media.

Schappert and Pelster (2013) published the data of the measured moduli of Vy-

cor saturated with solid argon. Using the data of the moduli of Vycor saturated

with argon in the liquid or solid state, we can explore the e↵ect of liquid and

solid pore infill on the moduli of nanoporous media through numerical analysis

using poroelasticity theory and elastic e↵ective medium theory. This will help

develop methods to characterize confined fluid and solid phases using ultrasonic

measurements.
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1.2 The Objectives and Outlines

The general objective of this thesis is to study and model the e↵ect of liquid and

solid pore infill on elastic moduli, dispersion and attenuation in porous media. As

discussed in section 1.1, several squirt-flow models have been proposed to quantify

the moduli dispersion in fluid-saturated rocks, but their range of applicability

is unclear. Thus it is important to compare and contrast the di↵erences and

similarities among these models analytically and numerically in order to figure

out the advantages and disadvantages of these models, which forms the first

objective of the thesis.

Objective 1. Compare the predictions of the the equivalent inclusion-

stress (EIAS), the crack-pores e↵ective medium (CPEM) and MJ and

MJG models of seismic dispersion in porous rocks, and analyse their

ranges of applicability and limitations

At intermediate frequencies that lie between the Gassmann low-frequency

limit and the high-frequency limit given by the above models, quantifying the

moduli dispersion requires the knowledge of pore geometry. As discussed in sec-

tion 1.1, the existing models commonly characterize the pore shapes by spheroids

with several aspect ratios. This treatment is oversimplified and restrictive as the

pore shapes cannot be described by several distinct aspect ratios. Thus, it is

essential to obtain a spectrum of aspect ratios rather than a single one directly

from laboratory measurements. Besides, a micromechanical model is necessary

to give a solution to the micromechanical problem for the fluid flow pressure gra-

dients between pores of di↵erent shapes. Those requirements lead to the second

objective of this thesis.

Objective 2. Develop a micromechanically consistent model to quan-

tify the e↵ects of pressure and frequency on moduli dispersion and

attenuation in fluid-saturated rocks and analyse the validity of the

proposed model against laboratory measurements.

For rocks saturated with elastic solids or viscoelastic substances or non-Newtonian
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fluids, as discussed in section 1.1, the existing models including the CS model and

the double-porosity model both underestimate the e↵ects of pore infill on the

overall rock moduli when compared against laboratory measurements. Hence, it

is desirable to develop a new model to study the e↵ects of elastic solids or vis-

coealstic substances on the overall elastic properties of porous and cracked rocks,

which forms the third objective of this thesis.

Objective 3. Develop a model to describe the e↵ects of liquid and

solid infill on the elastic moduli of porous sandstones such that the

model predictions are consistent with laboratory measurements.

Theories and models mentioned above are proposed and developed for macro-

porous materials. For nanoporous media, ultrasound is believed to be a promising

tool for characterizing the e↵ects of pore infill on the elastic velocities or moduli.

However, as discussed in section 1.1, many of the existing results were qualitative

rather than quantitative. Hence, it is fascinating to quantify the e↵ect of various

pore infill, solid or fluid, on the properties of nanoporous media using poroelas-

ticity and elastic e↵ective medium theory, which forms the fourth objective of

this thesis.

Objective 4. Estimate the elastic properties of nanoporous media

saturated with liquid and solid pore infill and compare the numerical

modeling results against laboratory measurements.
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1.3 Thesis publications and their relations to

the thesis topic

The thesis is presented by five peer-reviewed journal papers. This chapter starts

an overview of all the papers that highlights the main achievements relevant to

the topic. Then, a detailed description is given for each paper to show what they

have achieved and how they are interlinked.

1. Sun, Y., Carcione, J. M., and Gurevich, B. (2020). Squirt-flow

seismic dispersion models: A comparison. Geophysical Journal

International , 222 (3), 2068-2082.

Wave propagation in porous rocks shows anelastic properties including ve-

locity or moduli dispersion, and dissipation of energy. Such anelastic properties

depend on frequency (Carcione, 2014; Jones, 1986; Müller, Gurevich, & Lebe-

dev, 2010, e.g.). Several theoretical models (Adelinet et al., 2011; Endres &

Knight, 1997; Gurevich et al., 2009; Mavko & Jizba, 1991) have been proposed

to quantify the seismic dispersion, which is defined as the di↵erence between low-

and high-frequency moduli (Alkhimenkov et al., 2020; Chapman, Zatsepin, &

Crampin, 2002; Dvorkin, Mavko, & Nur, 1995; Mavko & Nur, 1975; Murphy III,

Winkler, & Kleinberg, 1986; O’Connell & Budiansky, 1977; Palmer & Traviola,

1980; Pride et al., 2004). In paper 1, we compare and contrast three squirt-flow

dispersion models: Mavko and Jizba (1991) (MJ) model and its generalization

(Gurevich et al., 2009, MJG), the Equivalent Inclusion- Stress (EIAS) model (En-

dres & Knight, 1997) and its dilute approximation and the Crack-Pores E↵ective

Medium(CPEM) model (Adelinet et al., 2011). The three models are all based

on a binary pore structure in which pores are composed of sti↵ pores and com-

pliant pores (cracks). The MJG model is valid for porous media with pores and

cracks of arbitrary shapes. Both EIASD and CPEM models are developed based

on idealized geometries of spheres and ellipsoids. We first perform a detailed

analytical comparison of these models, and then carry out a numerical analysis
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to demonstrate the similarities and di↵erences between these models. Both an-

alytical and numerical comparisons show that when assuming sti↵ pores to be

spheres and a small crack density, the predictions of the three models are identi-

cal. Subsequently, we suggest the preference of one model to another. If the pore

geometry information is known or assumed, the EIASD or CEPM model would

be preferred. Otherwise, the MJG model should be employed. In this paper,

the Zener model is only used as a simple way to estimate attenuation from dis-

persion. While a priori the attenuation/dispersion pair does not have to adhere

to the Zener model, existing models of squirt flow show that it does, see e.g.,

Carcione and Gurevich (2011).

2. Sun, Y., and Gurevich, B. (2020). Modeling the e↵ect of pressure

on the moduli dispersion in fluid-saturated rocks. Journal of

Geophysical Research: Solid Earth , 125 (8), e2019JB019297.

For squirt-flow e↵ects or solid squirt e↵ects, a series of approaches characterize

the pore shapes by one or two aspect ratios for compliant pores (double-porosity

or triple porosity model) and a single aspect ratio for sti↵ pores (de Paula et

al., 2012; Gurevich et al., 2010; Pride et al., 2004). An alternative series of

theories describe the compliant pores by a spectrum of aspect ratios and the sti↵

pores by a single aspect ratio (O’Connell & Budiansky, 1977; Palmer & Traviola,

1980). However, these theories have several “free” parameters such as compliant

porosity, the aspect ratio of compliant pores, etc. These parameters are hard to

measure such that we have to obtain them by fitting to laboratory measurements.

However, an excellent fitting is insu�cient to prove that the model is adequate,

thus it will lower the usefulness of the model.

To address this uncertainty, we develop a micromechanically consistent model

that incorporates the stress-dependency model into a micromechanical squirt-flow

model. This model, on the one hand, provides a direct and more rigours approach

to invert a continuous spectrum of aspect ratios rather than one for compliant

pores through the analysis of stress-dependency of dry velocities or moduli, on the
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other hand, provides an explicit solution to the mechanical problem for the fluid

pressure gradients between pores of di↵erent compliances. We then apply this

model to two sandstones samples saturated with water. The model predictions for

the elastic moduli at ultrasonic frequency agree well with the ultrasonic measure-

ments and are consistent with the Gassmann theory in the low-frequency limit.

We then apply this model to two carbonates saturated with glycerin. The model

predictions for the moduli dispersion and attenuation at low-frequency match

well with the laboratory measurements using the forced-oscillation method.

3. Sun, Y., Gurevich, B., Lebedev, M., Glubokovskikh, S., Mikhalt-

sevitch, V., and Guo, J. (2019). A triple porosity scheme for flu-

id/solid substitution: theory and experiment. Geophysical Prospect-

ing , 67 (4), 888–899.

Similar to squirt-flow e↵ect in fluid-saturated rocks, Makarynska et al. (2010)

suggested that the existence of compliant pores will cause a considerable increase

in the di↵erence between the shear resistance of the porous rocks in a dry state or

saturated with elastic solid or viscoelastic substances. Leurer and Dvorkin (2006)

recognized this similarity and termed this sti↵ening e↵ect as ”solid squirt”. To

quantify this e↵ect, a number of theoretical models, including bounds and de-

terministic models, have been proposed (Ciz & Shapiro, 2007; Glubokovskikh

et al., 2016; Saxena & Mavko, 2014, 2015). However, a significant discrepancy

between the model predictions and experimental data still remains. To address

this mismatch, we first extend the dual-porosity model of Glubokovskikh et al.

(2016) model and propose a triple pore structure in which pores are divided into

compliant, intermediate and sti↵ pores. This triple-porosity model can be used

to characterize the solid squirt e↵ect between compliant and sti↵ pores at rela-

tively low pressures and between intermediate and sti↵ pores at relatively higher

pressures. Applying the proposed mode to a sandstone sample saturated with

octadecane in the liquid or solid state shows a reasonable agreement with the

measurements. Besides, the triple-porosity model performs better than several
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other substitution schemes when comparing the model predictions against labo-

ratory measurements. This implies that the solid squirt e↵ect is controled by the

combination of compliant, intermediate and sti↵ pores.

4. Sun, Y., Gurevich, B., Glubokovskikh, S., Lebedev, M., Squelch,

A., Arns, C., and Guo, J. (2019). A solid/fluid substitution

scheme constrained by pore-scale numerical simulations. Geo-

physical Journal International , 220 (3), 1804-1812.

One uncertainty in the above method lies in the moduli of a hypothetical rock

in a dry state. As discussed earlier, in the high-pressure limit, the hypothetical

rock contains sti↵ pores only. However, this pressure corresponds to 200-500

MPa or above, which is out of reach of most rock physics laboratories (Fortin et

al., 2007; Wong et al., 1997; Zhang et al., 1990). To eliminate the uncertainty,

we introduce a pore-scale numerical simulation method integrated with the self-

consistent medium theory. First, we obtain a series of numerically simulated

elastic moduli of porous rock in a dry state based on di↵erent selected fragments

of a microtomographic rock image using the finite element method (FEM) (Arns

et al., 2001, 2002; Roberts & Garboczi, 2000). In this process, we assume the

majority of the porosity resolved is sti↵ porosity. This assumption only applies to

microtomographic images with a voxel size of about 2-5 µm, which is the minimum

voxel size currently available. Rather than using the simulated moduli for the

hypothetical rock directly, we invert the aspect ratio for sti↵ pores by comparing

the predictions of self-consistent medium theory against the numerical simulation

results. Then, we substitute the aspect ratio into the self-consistent medium

theory and compute the moduli of the hypothetical rock in the high-pressure

limit. This modification avoids the need to specify the shape of sti↵ pores in the

implementation of the triple-porosity model, thus enhances the predictive power.

Besides, the resulting predictions of properties of the fluid and solid-filled rock

have no adjustable parameters and are consistent with measured properties.
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5. Sun, Y., Gurevich, B., and Gor, G. Y. (2019). Modeling elastic

properties of vycor glass saturated with liquid and solid adsor-

bates. Adsorption , 25 (5), 973–982.

Previous papers focus on studying the e↵ect of liquid and solid infill on elastic

moduli, dispersion and attenuation in microporous media, in which the pore size

is at mm to µm. In this work, we explore the e↵ect of liquid and solid argon on

the moduli of porous Vycor glass using the Gassmann theory and the e↵ective

medium theory. We assume the nanopores to be spheroids with a single aspect

ratio. Under this assumption, we estimate the parameters, such as the moduli

of non-porous Vycor and the aspect ratio for nanopores. Then, we compare the

modeling results against the measured moduli of Vycor saturated with argon in

the liquid or solid state. Predictions of the Gassmann theory match well with the

measured moduli of Vycor saturated with argon in the liquid state at temperature

T=80K. Estimates of the di↵erential e↵ective medium theory show a reasonable

fit to the measured shear modulus of Vycor saturated with argon in the solid state

at temperature T=74 K. However, there exists a considerable overestimation in

bulk modulus, which might be caused by the confinement e↵ect of ”bulk” argon

in nanopores. Taking into account the pore geometry might produce a better

match to experiments, but but it appears information about pore geometry is

scarce due to small (nanoscale) size of the pores in Vycor. Moreover, from the

analysis of the measurements, it appears that properties of confined argon close

to the melting point (which are not well understood) have a greater e↵ect on the

discrepancy than the shape of pores. Biot theory has indeed been used by some

authors to describe mechanics of Vycor class, but as shown by Gor and Gurevich

(2018) at ultrasonic frequencies of 6-13 MHz, the velocities are consistent with

the low-frequency (Gassmann) limit of Biot theory, and thus are not a↵ected by

Biot’s dispersion.

The five peer-reviewed journal papers together form a framework of char-

acterizing the e↵ect of liquid and solid infill on elastic moduli, dispersion and
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attenuation in porous media. With the help of di↵erent methods that character-

ize the pore structure, we have developed a number of models for micro-porous

rocks saturated with di↵erent pore infill (either fluid, high viscoelastic material,

or elastic solid) and explored the e↵ects of pore infill (either fluid or solid) on the

elastic properties of the nanoporous medium. These works will have a potential

for characterizing the squirt-flow dispersion from laboratory or field data, describ-

ing the elastic properties of the heavy-oil reservoir and 4D seismic monitoring.
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1.4 Conclusions and Outlook

1.4.1 Conclusions

The main conclusions that are drawn from the five peer-viewed journal papers

forming this thesis are:

1. Sun, Y., Carcione, J. M., and Gurevich, B. (2020). Squirt-flow

seismic dispersion models: A comparison. Geophysical Journal

International , 222 (3), 2068-2082.

(1) An analytical comparison shows that when crack density is small and

sti↵ pores are spheres, the predictions of the three models (MJG model and

two idealized theoretical approaches EIASD and CPEM) are consistent. The

numerical analysis further confirms this conclusion.

(2) When we assume sti↵ pores to be oblate spheroids with one aspect ratio

< 1, the EIASD and CPEM models predict the higher moduli than the MJG

model.

(3) Our analysis shows that the predictions of inclusion-based models corre-

sponds to the true high-frequency limit (109 Hz or higher) while the predictions

of the MJG model corresponds to ultrasonic frequency (about 106 Hz). Yet, the

EIASD and CPEM models can be modified to be consistent with the MJG model

by using the Gassmann theory to account for the fluid e↵ect in sti↵ pores.

(4) Since the three models give almost identical predictions, preference for se-

lecting one model or another is quite useful. When the pore geometry is specified,

the EIASD or CPEM model should be used. Otherwise, the MJG model would

be preferred. But these models only apply to the case of low crack density. For

relatively higher crack density, the EIAS model should be used since this model

considers the interactions between cracks to some degree.

2. Sun, Y., and Gurevich, B. (2020). Modeling the e↵ect of pressure

on the moduli dispersion in fluid-saturated rocks. Journal of

Geophysical Research: Solid Earth , 125 (8), e2019JB019297.
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(1) We propose a mechanically consistent model that incorporates a stress-

dependency model of velocities or moduli, which allows us to obtain a spectrum of

aspect ratio for compliant pores at each pressure, into a micromechanical model,

which characterizes the wave-induced fluid pressure relaxation at each frequency.

(2) The most important aspect of the proposed model is that this scheme

avoids the need for fitting to laboratory measurements on saturated samples. It

provides a direct and more rigorous approach to obtaining a continuous distri-

bution of aspect ratios rather than one aspect ratio for compliant pores through

the analysis of the stress-dependency of velocities or moduli, thus, this treatment

enhances the predictive power.

(3) Applying the proposed model to the Fontainebleau and Vosges sandstone

samples saturated with water gives reasonable modeling results for the elastic

moduli, which are consistent with the ultrasonic measurements. More impor-

tantly, the predictions of the proposed model at low-frequency also match well

with the laboratory measurements of the Coquina and Indiana carbonate samples

saturated with glycerin using the low-frequency forced oscillation technique.

3. Sun, Y., Gurevich, B., Lebedev, M., Glubokovskikh, S., Mikhalt-

sevitch, V., and Guo, J. (2019). A triple porosity scheme for flu-

id/solid substitution: theory and experiment. Geophysical Prospect-

ing , 67 (4), 888–899.

4. Sun, Y., Gurevich, B., Glubokovskikh, S., Lebedev, M., Squelch,

A., Arns, C., and Guo, J. (2019). A solid/fluid substitution

scheme constrained by pore-scale numerical simulations. Geo-

physical Journal International , 220 (3), 1804-1812.

(1) We extend the double-porosity model and propose a triple-porosity model

in which pores are divided into three type – sti↵, compliant and so-called inter-

mediate.

(2) The essential parameters for the triple-porosity model can be obtained

from the stress-dependency of velocities or moduli of porous rocks.
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(3) A significant drawback is an uncertainty of the dry moduli in the high-

pressure limit, which is a key to the triple-porosity model. This essential param-

eter is hard to estimate directly from laboratory measurements. To tackle this

problem, we introduce a pore-scale numerical simulation method integrated with

the self-consistent medium theory.

(4) The numerical simulation method based on the finite-element method at

pore-scale allows us to compute the dry elastic moduli directly from the microto-

mographic rock images. The self-consistent medium theory allows us to overcome

the uncertainty of the numerically simulated elastic moduli, which depends on the

selection of an ”appropriate” fragment. The combination of these two theories

provides us with an approach to invert a single aspect ratio for sti↵ pores and

estimate the dry moduli in the high-pressure limit.

(5) The modified triple-porosity model gives a reasonable fit to the measured

moduli of a Bentheim sandstone saturated with octadecane in the liquid or solid

state, performing much better than the models of Ciz and Shapiro (2007) and

Glubokovskikh et al. (2016).

5. Sun, Y., Gurevich, B., and Gor, G. Y. (2019). Modeling elastic

properties of vycor glass saturated with liquid and solid adsor-

bates. Adsorption , 25 (5), 973–982.

(1) Our modeling results show that the predictions of the Gassmann theory

agree well with the measured moduli of Vycor saturated with argon in the liquid

state at the temperature T = 80 K. Only a minor discrepancy is detected, which

might be caused by the measurements error. This agreement us well consistent

with the molecular modeling results (Dobrzanski, Maximov, & Gor, 2018; Gor,

2014; Gor et al., 2015).

(2) Estimates using the di↵erential e↵ective medium theory also agree well

with the measured shear modulus of Vycor saturated with argon in the solid

state at temperature T=74 K. However, the modeling results significantly overes-

timate the e↵ective bulk modulus compared against the measurements. Possible
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reasons that can account for this estimation might be the incompleteness of phase

transition during the experiments and the di↵erence between the bulk modulus

of the ”bulk” and the ”nano-confined” solid argon.

(3) Our modeling results deepen the understanding of the e↵ect of liquid and

solid pore infill on the moduli of nanoporous media using poroelasticity and elastic

e↵ective medium theory. This will help develop methods to characterize confined

fluid and solid phases using ultrasonic measurements.

1.4.2 Outlook

Quantifying the e↵ect of liquid and solid pore infill on elastic moduli, dispersion,

and attenuation is of great interests in geophysical applications. This thesis has

achieved some progress that can help gain a deeper understanding of this issue.

Aiming at di↵erent pore infill, we have proposed several theoretical models to

estimate their e↵ects quantitatively. Next steps would concentrate on exploring

several issues.

In papers 2-5, I compared the proposed models against experimental data,

especially in paper 2, I use the low-frequency forced-oscillation data to validate

my predictions. More such comparisons are in order. Indeed, the model in paper

2 is more rigorous and was developed after the work on the 3rd and 4th paper.

As such, in the future, it would be useful to build upon my model described in

paper 2.

The proposed models assume that there are no interactions between cracks.

This approximation may be inadequate for large crack density. Under this circum-

stance, complex methods such as di↵erential e↵ective medium theory (Berryman,

1980; David & Zimmerman, 2012; Norris, 1985; Salganik, 1973) may be employed.

It would be straightforward to extend the proposed framework to estimate the

interactions of cracks by incorporating any e↵ective medium scheme, but the

expressions would be too complex and need an iterative solution.

Furthermore, analytical squirt-flow models employed in this thesis all assume
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no elastic interaction between cracks and pores. Alkhimenkov et al. (2020) showed

by numerical simulation of a model geometry that this assumption results in some

errors in predicted magnitude and shape of the moduli dispersion and attenuation.

Hence, it would be interesting to develop theories accounting for the connection

e↵ect between the compliant and the sti↵ pores.

Also, the proposed models are limited to isotropic elastic media. Many porous

media such as limestone, dolomite and shale are all anisotropic. Hence, it would

be important to extend our models to anisotropic media using the framework

proposed by Collet and Gurevich (2013, 2016a, 2016b).

Besides, the proposed model for fluid-saturated rocks is limited to dispersion

that only occurs between compliant pores and sti↵ pores. We do not consider

the interactions between compliant pores. This only applies to moderate to high-

porosity rocks in which crack to pore flow dominates. For cracked rocks with

low porosity, fluid flow between cracks will dominate. Then, the proposed model

would be unsuitable and need to be extended to consider the fluid flow between

cracks and pores and the flow between crack to crack.

Moreover, the test of our models should be regarded as strictly preliminary.

Further laboratory experiments and real-field data are required to verify and im-

prove our models. For solid-saturated media, experiments on di↵erent kinds

of samples with a broader pressure range are necessary. Field data such as

well-logging and seismic data of heavy oil reservoir are desirable. For fluid-

saturated media, experiments both at ultrasonic frequency and low-frequency

with a broader pressure range are essential to shed light on the understanding of

the e↵ect of liquid pore infill on elastic moduli, dispersion and attenuation.

Some of the models developed in this thesis quantify the e↵ect of fluid using the

Gassmann theory, where the dry frame modulus is replaced with the unrelaxed

frame modulus. However, the solid in this system is not uniform, and hence,

strictly speaking, the Gassmann theory is not applicable. It would be interesting

to develop a more theoretically consistent approach using the theory of Brown
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and Korringa (1975).
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S U M M A R Y
The anelastic properties of porous rocks depend on the pore characteristics, specifically, the
pore aspect ratio and the pore fraction (related to the soft porosity). At high frequencies,
there is no fluid pressure communication throughout the pore space and the rock becomes
stiffer than at low frequencies, where the pore pressure is fully equilibrated. This causes a
significant difference between the moduli at low and high frequencies, which is known as
seismic dispersion and is commonly explained by the squirt-flow mechanism. In this paper,
we consider and contrast three squirt-flow dispersion models: the modified Mavko–Jizba
model, valid for a porous medium with arbitrary shapes of the pores and cracks, and two
other models, based on idealized geometries of spheres and ellipsoids: the EIAS (equivalent
inclusion-average stress) and CPEM (cracks and pores effective medium) models. We first
perform analytical comparisons and then compute several numerical examples to demonstrate
similarities and differences between the models. The analytical comparison shows that when
the stiff pores are spherical and the crack density is small, the theoretical predictions of the
three models are very close to each other. However, when the stiff pores are spheroids with
an aspect ratio smaller than 1 (say, between 0.2 and 1), the predictions of inclusion based
models are not valid at frequencies of ultrasonic measurements on rock samples. In contrast,
the predictions of the modified Mavko–Jizba model are valid at ultrasonic frequencies of
about 106 Hz, which is a typical frequency of laboratory measurements on core samples. We
also introduce Zener-based bulk and shear dispersion indices, which are proportional to the
difference between the high- and low-frequency stiffness moduli, and are a measure of the
degree of anelasticity, closely related to the quality factors by view of the Kramers–Kronig
relations. The results show that the three models yield similar moduli dispersion with very
small differences when the crack density is relatively high. The indices versus crack density
can be viewed as a template to obtain the crack properties from low- and high-frequency
velocity measurements.

Key words: Microstructure; Acoustic properties; Seismic attenuation.

1 I N T RO D U C T I O N

Wave propagation in rocks shows anelastic properties, namely, velocity dispersion and dissipation of energy depending on frequency (e.g.
Jones 1986; Müller et al. 2010; Carcione 2014). In many rocks, the dispersion is caused by squirt flow, that is by fluid pressure equilibration
between stiff pores, which occupies almost all the pore space, and soft pores or cracks, whose overall volume is very small but which strongly
affect the overall rock moduli and are themselves sensitive to effective pressure (e.g. Walsh 1965; Zimmerman 1991; Zhang et al. 2019a, b).
At low frequencies, the pore fluid has enough time to equilibrate throughout the pore space, and the wet-rock moduli are given by Gassmann
(1951) equations. Conversely, at high frequencies, there is not enough time for fluid pressure to equilibrate between soft and stiff pores, and
hence the overall moduli become higher. The difference between low- and high-frequency moduli quantifies seismic dispersion (Mavko &
Nur 1975; O’Connell & Budiansky 1977; Palmer & Traviola 1980; Murphy et al. 1986; Dvorkin et al. 1995; Chapman et al. 2002; Pride
et al. 2004; Alkhimenkov et al. 2020).

Several theoretical models have been proposed to quantify this dispersion. Mavko & Jizba (1991) proposed a model for so-called
unrelaxed frame, whose soft pores are liquid saturated while stiff pores are dry. The moduli of the fully liquid-saturated rock are then
computed using Gassmann equation (in which the dry bulk modulus is replaced with the modulus of the unrelaxed frame). In the Mavko &

2068 C!The Author(s) 2020. Published by Oxford University Press on behalf of The Royal Astronomical Society.
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Jizba (1991, MJ) model, the pore fluid must be liquid, but (Gurevich et al. 2009) generalized the MJ model to fluids of arbitrary bulk modulus.
Similarly to Gassmann equation, both the original MJ model and the generalized version of Gurevich et al. (2009, MJG) do not depend on
the parameters of the pore space, such as aspect ratios, explicitly.

In contrast, the equivalent inclusion-average stress (EIAS) model (Endres & Knight 1997) and the crack-pores effective medium(CPEM)
model (Adelinet et al. 2011) use effective medium theory designed for elastic media with pores and cracks of oblate spheroidal shape, and
their predictions explicitly depend on these aspect ratios and volume fractions of these pores and cracks. Thus, the question arises as to
whether their predictions are the same or similar. Neither Endres & Knight (1997) not Adelinet et al. (2011) compare their results to the MJ
model. Adelinet et al. (2011) numerically compared the CPEM results to the EIAS results and found a significant discrepancy, which they
attribute to the use of Kuster & Toksöz (1974, KT) model in the EIAS. This explanation is unconvincing as both Kachanov (1993) and KT
models are based on the same Eshelby (1957) theory.

In general, it is extremely difficult to observe dispersion in seismic or acoustic field data due to limited frequency range of field data,
which seldom cover more than one decade in frequency. However dispersion is directly related to attenuation, which is known to affect seismic
and acoustic field data. Precise dependence of attenuation on frequency is controlled by details of the pore shape distribution. However,
the Zener or standard-linear solid model (e.g. Carcione 2014) provides a precise mathematical relation between the amount of dispersion
and the minimum quality factor, Q0, of the relaxation peak, or equivalently, the maximum dissipation factor, Q"1

0 . The model satisfies the
KramersKronig relations (Carcione et al. 2019). We introduce here the bulk and shear dispersion indices based on the Zener model, which
are proportional to the difference between the high- and low-frequency stiffness moduli, and are a measure of the degree of anelasticity. The
associated quality factor is that of the Zener model, which is a good representation of the relaxation peaks related to the squirt-flow attenuation
mechanism, by which flow from fluid-filled microcracks (and grain contacts) to the stiff pore space and vice versa, induces energy dissipation
(Carcione & Gurevich 2011). Biot (1962) was the first to discuss this mechanism and proposed a viscoelastic mechanical model to describe
it.

In this paper, we perform a detailed analytical comparison of the dispersion predicted by the three models, CPEM, MJ with its
generalization MJG and EIAS with its dilute approximation, and illustrate their similarities and differences by numerical examples. Plots of
the dispersion indices as a function of the crack fraction and aspect ratio can be viewed as templates to obtain these properties from low- and
high-frequency velocity measurements.

2 T H E D I S P E R S I O N M O D E L S

We study three models, namely, the generalized MJ model (Mavko & Jizba 1991; Gurevich et al. 2009), the EIAS model by Endres &
Knight (1997) and CPEM model of Adelinet et al. (2011). In the EIAS and CPEM models, the medium under study consists on an isotropic
distribution of pores or cracks, respectively spheres and spheroids, whereas the MJ model considers pores and cracks of of more general
shapes (with aspect ratio on the order of 1 for pores and #1 for cracks). Here, the crack fraction is denoted by c and the aspect ratio
by a.

The EIAS and CPEM models yield the low-frequency bulk and shear moduli, K0 and µ0, and the high-frequency bulk and
shear moduli, K$ and µ$, as functions of the aspect ratio and crack fraction. Both models have their root in the work of Es-
helby (1957). The physics behind these inclusion-based models is as follows. A wave induces a higher fluid pressure in the cracks
and the excess pressure is relieved to the spherical pores, so that K$ > K0. This effect increases as the crack aspect ratio
decreases.

2.1 THE EIAS MODEL

Endres & Knight (1997) assume that the stiff pores are spheres and the soft pores are spheroidal (penny-shaped) cracks of aspect ratio a #
1. At high frequencies, they assume that cracks are hydraulically isolated from the pores. The corresponding moduli K$ and µ$ predicted
by Endres & Knight (1997, eqs 32 and 33), are

K$ = Ks + !(K f " Ks)"
1 " !(1 " " )

,

µ$ = µs(1 " !)
1 " !(1 " # )

, (1)

where Kf is the fluid bulk modulus, ! is the total porosity, and

" = (1 " c)P1 + cP2,

# = (1 " c)Q1 + cQ2 (2)

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/article-abstract/222/3/2068/5855493 by C

urtin U
niversity Library user on 13 July 2020



2070 Y. Sun, J. M. Carcione and B. Gurevich

(Endres & Knight 1997, eqs 54 and 55) with

P1 = Ks + 4µs/3
K f + 4µs/3

,

P2 = Ks

K f + $a%
, % = µs · 3Ks + µs

3Ks + 4µs

Q1 = 1 + µs/&, & = µs

6
· 9Ks + 8µs

Ks + 2µs
,

Q2 = 1
5

!
1 + 8µs

$a(µs + 2%)
+ 2 · K f + 2µs/3

K f + $a%

"
, (3)

where P1 and Q1 correspond to spherical (stiff) pores and P2 and Q2 to penny-shaped (soft) cracks, with very low aspect ratios. Coefficients
P2 and Q2 are approximations for a # 1. Ks and µs are the bulk and shear moduli of the grains.

At low frequencies, Endres & Knight (1997) assume complete fluid pressure communication between pores and cracks, the effective
moduli are (Endres & Knight 1997, eqs 34 and 35),

K0 = Ks + !Ks(K f " Ks)"0

(1 " !)(Ks " K f ) + [K f + !(Ks " K f )]"0
,

µ0 = µs(1 " !)
1 " !(1 " #0)

, (4)

where " 0 and # 0 corresponds to the values of " and # when Kf = 0.
The EIAS model is consistent with the Hashin–Shtrikman bounds when applied to two-phase systems regardless of the pore shape

spectrum. It has no restrictions on the crack density, since it includes interactions between cracks in some form. Endres & Knight (1997) also
developed a dilute approximation given by their eqs (48)–(51). We refer to this dilute EIAS model as EIASD. Since both MJ and CPEM models
assume a dilute concentration of cracks, the EIASD model is more suitable for comparison with these other models. The high-frequency wet
moduli predicted by the EIASD model are

K$ = K 2
s

Ks + !(Ks " K f )"

µ$ = µs

1 + !#
, (5)

where " and # are given in eq. (2). Taylor expansion of the right-hand side of eqs (1) and (5) in powers of ! shows that they coincide for !

# 1.

2.2 The CPEM model

An alternative dispersion model was porposed by Adelinet et al. (2011), who also describe the pore space by a combination of spherical pores
and penny-shaped cracks. Their high-frequency wet-rock moduli are given by

Ks

K$
= 1 + !p

3(1 " 's)
2(1 " 2's)

#
(p

1 + (p

$
+ 16(1 " '2

s )
9(1 " 2's)

#
(c

1 + (c

$
) (6)

and

µs

µ$
= 1 + !p

15(1 " 's)
7 " 5's

+
!

16(1 " 's)
15(1 " 0.5's)

+ 32(1 " 's)
45

#
(c

1 + (c

$"
), (7)

where !p = !(1 " c) is the stiff porosity,

(p = 2Ys

9(1 " 's)

#
1

K f
" 1

Ks

$
, (c = $Ysa

4(1 " '2
s )

#
1

K f
" 1

Ks

$
, (8)

and

Ys = 9Ksµs

3Ks + µs
and 's = 3Ks " 2µs

2(3Ks + µs)
(9)

are the mineral Young modulus and Poisson ratio, respectively. ) is the crack density defined by

) = 3!c

4$a
= 3!c

4$a
(10)

(Gurevich 2003, eq. 36 ), where !c = !c is the soft porosity.
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The high-frequency dry-rock moduli, Km0 and µm0, can be obtained from eqs (6) and (7) by taking (p % $ and (c % $, so that (p/(1
+ (p) = 1 and (c/(1 + (c) = 1. The low-frequency wet-rock moduli K0 and µ0 are given by Gassmann equations

K0 =
Ks " Km0 + !Km0

%
Ks/K f " 1

&

1 " ! " Km0/Ks + !Ks/K f
and µ0 = µm0, (11)

where Km0 and µm0 are the high-frequency dry-rock moduli previously obtained. Actually, the low- and high-frequency dry-rock moduli are
identical (no dispersion in dry rock, Adelinet et al. 2011).

2.3 Mavko–Jizba moduli

Mavko & Jizba (1991) proposed a model for squirt dispersion in cracked rocks, where the main results are the so-called unrelaxed frame bulk
and shear moduli, Km$ and µm$, obtained under an assumption that the stiff pores are dry but the soft (compliant) pores are filled with a
fluid.

The unrelaxed frame bulk and shear moduli Km$ and µm$ are given by

1
Km$

& 1
Kh

+
#

1
K f

" 1
Ks

$
!c (12)

and

1
µm$

= 1
µm0

" 4
15

#
1

Km0
" 1

Km$

$
, (13)

where Kh is the dry bulk modulus of the rock without soft porosity (without cracks).
However, the MJ model is only valid for liquid-saturated rocks. For rocks with much softer fluids (e.g. gas), Gurevich et al. (2009)

generalized eq. (12) to

1
Km$

= 1
Kh

+ 1
1

1
Km0

" 1
Kh

+ 1#
1

K f
" 1

Ks

$
!c

. (14)

while shear modulus is given by the same eq. (13).
Then, the high-frequency wet-rock bulk and shear moduli are given by Gassmann equations,

K$ =
Ks " Km$ + !Km$

%
Ks/K f " 1

&

1 " ! " Km$/Ks + !Ks/K f
and µ$ = µm$. (15)

Effectively, the unrelaxed frame consists of two ‘minerals’, the original mineral and the fluid in the cracks, but strictly speaking, this
system is not actually Gassmann consistent and the full Brown–Korringa extension for mixed mineralogy should be used (Brown & Korringa
1975). Usually, this approach is impractical as there is no rigorous recipe to define the extra constant.

3 A NA LY T I C A L C O M PA R I S O N O F D I S P E R S I O N M O D E L S

In this section, we perform a detailed analytical comparison of the dispersion predicted by the three models and illustrate their similarities
and differences. We first compare one of inclusion-based models, CPEM, against the MJG model, and then show that the moduli predicted
by the two inclusion-based models are almost identical.

3.1 Comparison between the CPEM and MJG models

3.1.1 Bulk modulus

As discussed above, the MJG model relates the high-frequency modulus of the saturated rock to the dry-rock modulus of the same rock but
without cracks. To obtain a similar relationship from the CPEM model, we note that the dry-rock bulk modulus Km0 can be obtained from eq.
(6) by taking (p % $ and (c % $,

Ks

Km0
= Ks

Kh
+ 16(1 " '2

s )
9(1 " 2's)

), (16)

where

Ks

Kh
= 1 + 3(1 " 's)

2(1 " 2's)
!p. (17)
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Here, we have used the identity

16(1 " '2
s )

9(1 " 2's)
)(c = !cYs

3(1 " 2's)

#
1

K f
" 1

Ks

$
= !c Ks

#
1

K f
" 1

Ks

$
. (18)

which follows from the second eq. (8) and the definition of crack density (10).
The bulk modulus of the unrelaxed frame Km$ can be obtained from eq. (6) by assuming that the stiff pores are dry, and hence (p %

$,

Ks

Km$
= Ks

Kh
+ 16(1 " '2

s )
9(1 " 2's)

)

#
(c

1 + (c

$
. (19)

or

Ks

Km$
= Ks

Kh
+

'

(()
1

16(1 " '2
s )

9(1 " 2's)
)

+ 1
16(1 " '2

s )
9(1 " 2's)

)(c

*

++,

"1

. (20)

Using eqs (16) and (18), eq. (20) becomes

1
Km$

= 1
Kh

+ 1
1#

1
Km0

" 1
Kh

$ + 1

!c

#
1

K f
" 1

Ks

$
. (21)

This equation is identical to the MJG eq. (14) in form.
Rewriting eq. (6) as

Ks

K$
= 1 + !p

3(1 " 's)
2(1 " 2's)

#
(p

1 + (p

$
+

'

(()
1

16(1 " '2
s )

9(1 " 2's)
)

+ 1
16(1 " '2

s )
9(1 " 2's)

)(c

*

++,

"1

, (22)

we obtain

1
K$

= 1
K sat

h

+ 1
1#

1
Km0

" 1
Kh

$ + 1

!c

#
1

K f
" 1

Ks

$
, (23)

where K sat
h is the bulk modulus of the fluid-saturated rock without soft porosity (without cracks),

Ks

K sat
h

= 1 + !p
3(1 " 's)
2(1 " 2's)

#
(p

1 + (p

$
. (24)

Eqs (23) and (21) are similar. Indeed, the second terms in the right-hand sides of the two equations are identical. The difference is that eq.
(21) is written for the unrelaxed frame, while eq. (23) is for the fully saturated medium. An approximate equivalence between these equations
can be established by applying Gassmann equation to both sides of eq. (21). This is done in Appendix A, where we show that eq. (23) is
consistent with Gassmann equation.

3.1.2 Shear modulus

The dry-rock shear modulus µm0 can be obtained from eqs (7) by taking (c % $, so that (c/(1 + (c) % 1,

µs

µm0
= 1 + !p

15(1 " 's)
7 " 5's

+
!

16(1 " 's)
15(1 " 0.5's)

+ 32(1 " 's)
45

"
). (25)

Subtracting this equation from eq. (7) gives

µs

µ$
" µs

µm0
= "32(1 " 's)

45
)

(c + 1
. (26)

Similarly, for the bulk modulus, subtracting eq. (16) from eq. (19), we obtain

Ks

Km$
" Ks

Km0
= "16(1 " '2

s )
9(1 " 2's)

)

(c + 1
. (27)

Combining eqs (26) and (27) gives

1
µ$

" 1
µm0

= 2Ks(1 " 2's)
5µs(1 + 's)

#
1

Km$
" 1

Km0

$
(28)
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or

1
µ$

= 1
µm0

" 4
15

#
1

Km0
" 1

Km$

$
. (29)

If the stiff pores are spherical, then the shear modulus of the rock without cracks is independent of the fluid compressibility, µ$ = µm$, and
hence eq. (29) is identical to eq. (13).

3.1.3 Fluid effect in stiff pores

As discussed previously, if the stiff pores are spherical, the high-frequency limit wet-rock moduli predicted by the CPEM model are identical
to those given by the MJG model. However, in real rocks, stiff pores are unlikely to have aspect ratio close to 1. More likely stiff pores could
be approximated by spheroids with an aspect ratio as between 0.1 and 1 (or a range of aspect ratios). For bulk modulus, the KT approximation
is consistent with Gasssman equation for a dilute concentration of spheroidal pores of any single aspect ratio. Indeed, the Gassmann theory
assumes that the fluid pressure is the same in all the pores. Even though the KT theory assumes that pores are isolated, bulk compression
will induce the same fluid pressure in all the spheroidal pores. However if stiff pores are a mix of spheroids with more than one aspect ratio
as (Zimmerman, 1991; Xu and White, 1995), the predictions of the KT and Gassmann equations will differ. In fact, the KT theory assumes
that pores are isolated; hence the fluid pressure in pores of different aspect ratio will be different. Even if all pores are interconnected, in the
high-frequency limit the fluid pressure will not have enough time to equilibrate, and hence in this limit the moduli should be consistent with
the KT theory.

For the shear modulus, the high-frequency limit of the rock with stiff pores only computed using an effective medium theory (Kuster
& Toksöz 1974; Berryman 1980) will deviate from the dry-rock modulus even when all of the stiff pores have a single aspect ratio as # 1.
Indeed, this theory assumes that pores are isolated, and hence pressure induced by shear deformation in differently oriented spheroidal pores
will be different. Thus, the resulting shear modulus will depend on the fluid compressibility unless all pores are spherical.

The high-frequency (or no-flow) limit predicted by the effective medium theory is only attained at frequencies above the characteristic
frequency of squirt flow between stiff pores, fsq = a3

s µs/* (here as refers to the characteristic aspect ratio of a range or distribution of aspect
ratios of pores), where * is dynamic viscosity of the pore fluid (Jones 1986; Gurevich et al. 2010). For a water-saturated quartz sandstone
and as = 0.2 and fsq & 3.5 ' 1011 Hz. Typical frequencies of ultrasonic rock-physics measurements are between 0.1 and 1 MHz, which are
much smaller than fsq. At these frequencies, fluid pressure will have ample time to equilibrate between stiff pores, and hence the moduli of
the crack-free rock should be given by Gassmann equation. Hence, the contribution of stiff pores to the moduli should be computed with the
Gassmann equation, as is done in the MJ and MJG models, rather than with any effective medium theory designed for isolated pores.

3.2 Comparison between the CPEM and EIASD models

The CPEM and MJG models are ‘non-interactive’, that is, the effect of the compliant pores (cracks) on the elastic compliances is linear in
crack density (or crack porosity). Hence, strictly speaking, these models are only valid for a dilute crack concentration, although Grechka &
Kachanov (2006) showed numerically that non-interactive models often provide reasonable approximations for crack densities as high as 0.2.

In contrast, the EIAS model attempts to account for interaction between cracks, and thus the effect of cracks on the rock compliance
is non-linear. Thus, the EIAS model will only agree with the CPEM for a dilute concentration of cracks. Below, we compare the dispersion
predicted by the CPEM and EIASD models.

3.2.1 Bulk modulus

For the bulk modulus of fluid-saturated rocks, we rewrite the EIASD model by Endres & Knight (1997, eq. 48) as

Ks

K$
= 1 + Ks " K f

Ks

%
!p P1 + !c P2

&
. (30)

Substituting the pore-shape factor P2 from the second eq. (3) gives

Ks

K$
= 1 + !p

Ks " K f

Ks
P1 + !c

Ks " K f

K f + $a%
. (31)

On the other hand, the CPEM eq. (6) gives

Ks

K$
= 1 + !p

'

(()
1

3(1 " 's)
2(1 " 2's)

(p

+ 1
3(1 " 's)
2(1 " 2's)

*

++,

"1

+

'

(()
1

16(1 " '2
s )

9(1 " 2's)
)(c

+ 1
16(1 " '2

s )
9(1 " 2's)

)

*

++,

"1

. (32)
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Furthermore, from eqs (8) and (9), we have

3(1 " 's)
2(1 " 2's)

(p = 3Ys

3(1 " 2's)

#
1

K f
" 1

Ks

$
= Ks " K f

K f
,

3(1 " 's)
2(1 " 2's)

= 3Ks + 4µs

4µs
,

16(1 " '2
s )

9(1 " 2's)
) = !c Ks

$a%
. (33)

Substituting eqs (18) and (33) into eq. (32) gives

Ks

K$
= 1 + !p

(Ks " K f )
Ks

P1 + !c
Ks " K f

K f + $a% " $a%
K f

Ks

. (34)

Eqs (31) and (34) differ by a term using the first-order Taylor expansion

+ = !c
Ks " K f

Ks

$a%K f

(K f + $a%)2
(35)

For a small aspect ratio a, the difference in eq. (35) is always on the order of a!c and hence is negligible compared to the third term in eq.
(31), which is always on the order of a

!c
. Thus, the EIASD and CPEM predictions for the bulk modulus are almost identical.

3.2.2 Shear modulus

For the shear modulus of fluid-saturated rocks, we rewrite the EIASD model by Endres & Knight (1997, their eq. 49) as
µs

µ$
= 1 + !" = 1 + !p Q1 + !c Q2. (36)

Substituting the pore-shape factor Q2 from eq. (3) gives

µs

µ$
= 1 + !p Q1 + 8µs!c

5$a(µs + 2%)
+ 4

15
µs!c

K f + $a%

#
1 + 3

2
K f

µs

$
+ !c

5
. (37)

On the other hand, the CPEM eq. (7) reads

µs

µ$
= 1 + !p Q1 +

-
16(1 " 's)

15(1 " 0.5's)
) + 32(1 " 's)

45
)

#
1 + 1

(c

$"1
.

. (38)

Furthermore, from eqs (10) and 1 " 's = µs/(2%), we have

16(1 " 's)
15(1 " 0.5's)

) = 8µs!c

5$a(µs + 2%)
,

32(1 " 's)
45

)

#
1 + 1
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= 4
15
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Ks " K f

Ks($a% + K f ) " K f $a%
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(39)

Using the identities (39) in eq. (38) gives

µs

µ$
= 1 + !p Q1 + 8µs!c

5$a(µs + 2%)
+ 4

15
µs!c

Ks " K f

Ks($a% + K f ) " K f $a%
. (40)

If, as usually assumed, the aspect ratio a is small, then $a%Kf # KsKf, hence, eq. (40) reduces to

µs

µ$
= 1 + !p Q1 + 8µs!c

5$a(µs + 2%)
+ 4

15
µs!c

K f + $a%

#
1 " K f

Ks

$
. (41)

Eqs (37) and (41) differ by a term

+ = !c

5
+ 4

15
µs!c K f

K f + $a%

#
3

2µs
+ 1

Ks

$
. (42)

For a small aspect ratio a, the crack porosity is also small and hence the term !c/5 is always negligible. Furthermore, the second term in the
right-hand side of eq. (42) is on the order of 2!c/3 or smaller, and hence is also negligible. Thus the EIASD and CPEM predictions for the
shear modulus are almost identical, with a relative difference on the order of the crack porosity.

The above analysis shows that the dispersion predicted by the three models (we compared the EIASD instead of the EIAS model for a
dilute concentration of cracks) are almost identical with a very small difference. This consistency will be illustrated more clearly in the next
section.
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4 N U M E R I C A L C O M PA R I S O N O F D I S P E R S I O N M O D E L S

4.1 The dispersion index

Following eq. (B4), the bulk and shear dispersion indices are defined as

DK = K$ " K0

2
(

K0 K$
and Dµ = µ$ " µ0

2
(

µ0µ$
. (43)

respectively, and are directly related to the bulk and shear quality factors. These indices, inspired by the Zener model described in Appendix B,
are similar to those defined by Endres & Knight (1997), that is D = (M$ " M0)/M0.

The P-wave dispersion index is

DP = E$ " E0

2
(

E0 E$
, (44)

where

E = K + 4
3

µ. (45)

The S-wave dispersion index is DS = Dµ.
Assuming that M is the P-wave modulus, a dispersion index for the P-wave velocity can be defined from eq. (B5) as

Dv = v$

v0
" 1 & 1

Q P
= DP , (46)

where QP is the P-wave quality factor. A similar equation for the S wave can be obtained.

4.2 Parametrization of the models

In the three models discussed above, the MJG and CPEM models assume a small crack density. In contrast, the EIAS model is not restricted
to a small crack density as it includes the interaction between cracks in some form. Indeed, the approach of Endres & Knight (1997) ensures
that the EIAS predictions are always within the Hashin–Shtrikman bounds. However inclusion interactions, and hence accuracy of the EIAS
model, depend on crack size distribution and the spatial distribution of crack centres.

Hence, in order to illustrate the similarities and differences of the dispersion predicted by the three models, we first compare the EIAS
model and its dilute approximation—EIASD model. We then present the results of the comparison of the EIASD, MJG and CPEM models.
The aim in this step is to make their parameters consistent. To this end, we assume that the dry-rock moduli Km0 and µm0 in the MJG model
are given by eq. (5) of the EIASD model with Kf = 0. Also, Kh is the bulk modulus of the dry rock with pores only (no cracks) and hence
should be given by the first of eq. (5) with

Kh = Ks

1 + !p P1
, (47)

with P1 is given by the first eq. (3) and Kf = 0.
We assume that Ks = µs = 39 GPa, Kf = 2.25 GPa (water) and ! = 0.1. Numerical comparisons of the model predictions are presented

in the next section.

4.3 Numerical results

The low- and high-frequency (a) bulk and (b) shear moduli predicted by the EIAS and EIASD models for a = 0.001 are displayed in Fig. 1.
The pore fluid is water. As can be seen, the EIASD model gives an almost same dispersion range for bulk modulus with values shifted up
compared to the EIAS model but a narrow dispersion range for shear modulus. The bulk dispersion predicted by the EIAS and EIASD models
is much higher than the shear dispersion.

Fig. 2 shows the low- and high-frequency (a) bulk and (b) shear moduli of the water-saturated rocks predicted by the EIASD, MJG
and CPEM models for a = 0.001. The normalized bulk and shear differences of the MJG and EIASD models relative to the CPEM model
are presented in Figs 2(c) and (d). As can be observed, in all cases, the low-frequency (relaxed) moduli are lower than the high-frequency
(unrelaxed) ones as expected (the dispersion index should be positive). At low frequencies, the EIASD and MJG models have the same
predictions for bulk and shear moduli compared to those given by the CPEM model. At high frequencies, the EIASD has the same prediction
for bulk modulus but a smaller prediction for shear modulus compared to those given by the CPEM model when the crack density is relatively
high. Different from the performance of the EIASD model, the MJG model gives a higher prediction for the bulk modulus but a smaller
prediction for the shear modulus compared to those given by the CPEM model when the crack density is relatively high. These behaviours are
demonstrated more clearly in Figs 2(c) and (d), which are consistent with the previous analytical comparison in Section 4.2. The agreement
between the three models is very good also for other aspect ratios.
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2076 Y. Sun, J. M. Carcione and B. Gurevich

Figure 1. Comparison between the EIAS (dashed–dotted and solid lines) and EIASD (dotted and dashed lines) low- and high-frequency (a) bulk and (b) shear
moduli as a function of the crack density and an aspect ratio a = 0.001. The fluid is water.

Figure 2. Comparison between the MJG, EIASD and CPEM low- and high-frequency (a) bulk and (b) shear moduli as a function of the crack density and an
aspect ratio a = 0.001. (c) and (d) correspond to the normalized bulk and shear differences of the MJG and EIASD models in high-frequency limits relative to
those given by the CPEM model. The fluid is water.

Fig. 3 shows the (a) bulk and (b) shear dispersion indices predicted by the MJG model when the fluid is water, compared to those of the
EIASD model. The differences at relatively high crack density, from a practical point of view, are actually small. Basically, the dispersion (and
attenuation) increases with increasing crack density and decreases with increasing aspect ratio. Aspect ratios equal or greater than 0.1 show
very weak attenuation, with bulk and shear quality factors Q > 1/10"3 & 1000. Although strictly not applicable due to the non-interaction
assumption, it can be shown that for ) > 0.3 all the three models show a very good agreement. Figs 3(c) and (d) show the same data displayed
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Dispersion models’ comparison 2077

Figure 3. (a) and (b) Comparison between the EIASD (circles) and MJG (lines) bulk and shear dispersion indices and (c) and (d) their Zener quality factors
as a function of the crack density and three values of the aspect ratio a. The fluid is water.

Figure 4. Comparison between the EIASD (circles) and CPEM (lines) (a) bulk and (b) shear dispersion indices as a function of the crack density and three
values of the aspect ratio. The fluid is water.

in Figs 3(a) and (b), but in terms of the Zener quality factor, where it can clearly be seen that attenuation is higher for the smaller aspect ratio,
that is a higher dispersion index.

Fig. 4 compares the (a) bulk and (b) shear dispersion indices estimated from the EIASD and CPEM models. As can be seen, the two
models yield very similar values, showing the consistency of the results by using two different theoretical approaches.

Fig. 5 compares the (a) bulk and (b) shear dispersion indices by using the MJG (solid and dash lines) and (open circles and squares)
MJ models when the fluid is gas, with Kf = 0.01 GPa, which roughly corresponds to methane at a pore pressure of 30 MPa and a depth of
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Figure 5. Comparison between the MJG (solid and dash lines) and original MJ (open circles and squares) (a) bulk and (b) shear dispersion indices as a function
of crack density and two values of the aspect ratio. The fluid is gas. The open squares with a = 10"3 represent unphysical values, since the dispersion index is
negative.

Figure 6. Comparison between the EIASD (circles) and MJG (lines) (a) bulk, (b) shear and (c) P-wave dispersion indices as a function of crack density and
three values of the aspect ratio. The fluid is gas. Part (d) is the P-wave dispersion indices for water-saturated condition.

3 km. As can be seen, the MJ model cannot be used for relatively high aspect ratios (e.g. say a > 10"4), since it yields negative values of the
dispersion index. This confirms the recognition that the original MJ model is valid only for liquid (Gurevich et al. 2009). Anelasticity for gas
is weaker compared to water, that is for ) =0.1 and a = 0.001 the bulk quality factor is approximately 96 in Fig. 5(a, dash line), whereas it is
15 in Fig. 3(a).

Fig. 6 shows the (a) bulk, (b) shear and (c) P-wave dispersion indices of the MJG model (open circles) when the fluid is gas, compared
to those of the EIASD model (solid lines). Dispersion and attenuation is lower than for water-saturated rocks (Fig. 3), and is significant only
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Figure 7. Effect of the aspect ratio of the stiff pores, as, on the low (relaxed) and high (unrelaxed) (a) bulk and (b) shear moduli and (c) bulk and (d) shear
quality factors. The aspect ratio of the cracks in (a) and (b) is a = 10"3 and the fluid is water. The model is based on the MJG relations.

at low aspect ratios and high crack density. Fig. 6(d) shows the P-wave indices of the MJG model when the fluid is water, compared to those
of the EIASD model. It shows similar characteristics as those of Fig. 6(c), with higher bulk and shear dispersion indices. It can be shown that
the dispersion index of the P-wave velocity [eq. (46)] is almost identical to that of the P-wave modulus E for QP ) 1 (not shown).

It should be noted that the above comparisons are based on the assumption that the stiff pores are spherical. In real rocks stiff pores may
have a lower aspect ratio, for example lie in a range 0.1 < a < 1. For stiff pores in a shape of an oblate spheroid with an aspect ratio as * 1,
the coefficients P1 and Q1 in the first and third eqs (3) are

P1 = 1
3

Tii j j , and Q1 = 1
5

(Ti ji j " P1), (48)

where Tiijj and Tijij are given in appendix A of Berryman (1980) or in Mavko et al. (2009, p. 189, the inclusion moduli should be taken equal
to zero).

The effect of the aspect ratio of the stiff pores on the (a) and (b) bulk and shear moduli and (c) and (d) Zener quality factor is illustrated
in Fig. 7. We compare the MJG results for spherical stiff pores (as = 1) and oblate spheroidal stiff pores (as = 0.2). The fluid is water. As
can be observed, at constant crack density the dispersion and attenuation are weaker for decreasing aspect ratio of the stiff pores, and the
low-frequency (relaxed) moduli are the same at high crack density. Fig. 8 compares the MJG and EIASD models for as = 0.2. Both the moduli
and quality factors (and dispersion indices as a consequence) are similar. Similar behaviours are obtained for the bulk and shear moduli.

5 C O N C LU S I O N S

We have performed a comparative analysis of Zener-based dispersion indices obtained with the generalized Mavko–Jizba relations, and two
inclusion-based models that incorporate pore geometry and fluid pressure communication to model the elastic behaviour of porous rocks.
The inclusion-based models models are based on a combination of stiff (equant) pores and penny-shaped cracks. The low-frequency moduli
correspond to full fluid pressure equilibration between cracks and pores, whereas at high frequencies, the cracks are hydraulically isolated
from pores. The difference between these two conditions results in significant moduli and velocity dispersion.
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Figure 8. Comparison between the EIASD (symbols) and MJG (lines) (a) bulk, (b) shear moduli and (c) bulk and (d) shear quality factors as a function of
crack density and three values of the aspect ratio. The aspect ratio of the stiff pores is as = 0.2 and the aspect ratio of the cracks in (a) and (b) is a = 10"3. The
fluid is water.

As demonstrated by the numerical comparisons, such dispersion (and attenuation) increases with crack density and decreases with
increasing aspect ratio. Bulk modulus dispersion and attenuation are stronger than those for shear deformations. Aspect ratios equal or greater
than 0.1 show very weak attenuation. Both analytical and numerical comparisons show that the three models yield very similar values, showing
the consistency of the results by using two idealized theoretical approaches (EIASD and CPEM) compared to the MJG relations. Anelasticity
for gas-saturated rocks is weaker than for liquid saturation. The dispersion indices can be viewed as a template to obtain the crack properties
from low- and high-frequency velocity measurements.

Theoretical analysis and numerical examples show that when stiff pores are spherical and crack density is small, the predictions
of all the models considered are almost identical. However when stiff pores are oblate spheroids with an aspect ratio less than 1 (say
between 0.2 and 1), the high-frequency moduli predicted by inclusion-based models are considerably higher than the predictions of the
MJG model. This is because the inclusion-based models assume that at high frequencies the pores are hydraulically isolated from each
other, and hence correspond to the true high-frequency limit, which is attained at frequencies of 109 Hz or higher, which are irrelevant
for measurements on rocks. In contrast, in the MJG model, the effect of stiff pores is modelled with Gassmann’s theory, and hence
its high-frequency limit corresponds to a case where pores are assumed disconnected from cracks, but interconnected with each other.
Our analysis shows that these assumptions of the MJG model hold at ultrasonic frequencies on the order of 106 Hz. The two inclusion
based models can be easily made consistent with the MJG model by accounting for the effect of fluid in stiff pores using Gassmann’s
theory.

Since predictions of all the three models are very similar, the preference for one model or another is a matter of convenience. When the
specific pore space geometry is known or assumed, the inclusion based models would be preferred (but the effect of fluid in stiff pores should
be treated with Gassmann’s theory). Of the inclusion-based model, the non-interactive models are simpler and hence preferred when the
crack density is low, but the EIAS model must be used for high crack densities. Conversely, when not much is known about pore geometry,
the MJG model would be the most logical choice.
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A P P E N D I X A : W E T - RO C K B U L K M O D U LU S B A S E D O N T H E U N R E L A X E D M J G
M O D U LU S

To verify if eqs (23) and (14) are equivalent, we need to rewrite eq. (23) for a saturated medium. A wet-rock modulus K$ for a medium with
a high-frequency unrelaxed bulk modulus Km$, is given by the Gassmann equation

K$ = Km$ + Kh S(Km$), (A1)

where S(Km$) = ,2M/Kh, , = 1 " Km$/Ks and M = Ks/[(1 " Km$/Ks)/Ks " !(1 " Ks/Kf)] (e.g. Carcione 2014).
We know that for most rocks Kf # Km and hence the Gassmann correction to the unrelaxed modulus [the second term in the right-hand

side of eq. (A1)] is small compared to the first term. We can make this fact explicit by introducing a small parameter ( into eq. (A1),

K$ = Km$ + (Kh S(Km$). (A2)

Note also that by construction the second term in the right-hand side of eq. (14) is very small, so that we can write

Km$ & Kh(1 + -h). (A3)
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where -h = Kh!c(1/Ks " 1/Kf) # 1. Substitution of eq. (A3) into eq. (A2) gives

K$ = Kh (1 + -h + (S [Kh(1 + -)]) . (A4)

Expanding S[Kh(1 + -h)] in powers of -h yields

K$ = Kh (1 + -h + ( [(S(Kh) + -h S1]) , (A5)

or

K$ = Kh(1 + -h + (S(Kh) + (-h S1). (A6)

The last term in eq. (A6) contains a product of two small parameters and hence can be neglected, thus eq. (A6) reduces to

K$ = Kh [1 + -h + (S(Kh)] . (A7)

Considering K sat
h = Kh[1 + (S(Kh)], eq. (A7) simplifies to

K$ = K sat
h + -h Kh = K sat

h

#
1 + -h

Kh

K sat
h

$
. (A8)

Similar to -h , we define -sat
h = K sat

h !c(1/Ks " 1/K f ) # 1 and obtain

K$ = K sat
h

#
1 + -h

Kh

K sat
h

$
= K sat

h

-

1 + -sat
h

#
Kh

K sat
h

$2
.

. (A9)

Since -sat
h # 1 and Kh/K sat

h & 1 " (S(Kh), eq. (A9) reduces to

K$ = K sat
h (1 + -sat

h ). (A10)

Eq. (A10) approximates to eq. (23).

A P P E N D I X B : T H E Z E N E R M O D E L

A classical model of viscoelastic behaviour is the Zener model, which is defined by the complex modulus

M(.) = M$ " M$ " M0

1 + ı./
, (B1)

where . is the angular frequency, / is a relaxation time, M0 = M(0) and M$ = M($) are the relaxed and unrelaxed moduli (low and high
frequencies, respectively), ı =

(
"1, and M$ + M0 holds (e.g. Carcione 2014). The Zener model satisfies the Kramers–Kronig relations

(e.g. Carcione et al. 2019). Function (M " M$)(.) has a unique pole in the upper half .-plane, that is, at ı /. and therefore it is analytic
in the lower half .-plane as required by causality. Its inverse time Fourier transform is causal and smooth for t > 0, since it is basically an
exponential function of time.

The quality factor is defined as

Q(.) = MR

MI
= M0 + M$(./ )2

./ (M$ " M0)
(B2)

(e.g. Carcione 2014, p. 91) which has the minimum value

Q0 = 2
(

M$ M0

M$ " M0
= 2v$v0

v2
$ " v2

0

(B3)

(Carcione 2014, p. 96), where we have defined the phase velocities at zero and infinite frequency as v0 and v$, such that M0 = 0v2
0 and

M$ = 0v2
$, where 0 is the mass density.

Let us define the Zener dispersion index as the inverse of the minimum quality factor, or dissipation factor, as

D = 1
Q0

= M$ " M0

2
(

M$ M0
= v2

$ " v2
0

2v$v0
(B4)

It is easy to show that the amount of velocity dispersion is

+v = v$ " v0 = v0

#
Q"1

0 +
/

1 + Q"2
0 " 1

$
& v0

Q0
, (B5)

where the approximation holds for low-loss solids (Q0 ) 1). This is a simple relation between the maximum velocity dispersion and the
minimum Q (higher attenuation). The Kramers–Kronig relations are more general and reflect the fact that if velocity dispersion is known for
all frequencies then Q is known for all frequencies and vice versa.
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Modeling the Effect of Pressure on the Moduli
Dispersion in Fluid!Saturated Rocks
Yongyang Sun1 and Boris Gurevich1

1Centre for Exploration Geophysics, Curtin University, Perth, WA, Australia

Abstract Laboratory experiments of ultrasonic velocities of !uid!saturated rocks are often much higher
than the predictions of the Gassmann theory. This difference is usually attributed to the velocity
dispersion caused by !uid pressure relaxation between pores of different shapes and orientation. This paper
proposes a simple model to characterize pressure and frequency effects on the elastic moduli of
!uid!saturated rocks in a broad frequency range. The proposed model incorporates micromechanics of
wave!induced !uid pressure relaxation at grain contacts (between crack!like contacts and stiff pores) into
pressure dependency of elastic moduli. Previously, the pressure dependency of the velocities or elastic
moduli was ascribed to the progressive closure of cracks with the increasing effective pressure and expressed
as an integral of crack compliance over the range of aspect ratios. For isolated cracks, this compliance is a
function of crack geometry only. For cracks hydraulically connected to stiff pores, this crack compliance
can be replaced by a frequency!dependent solution of the micromechanical problem of !uid pressure
relaxation between a single crack and surrounding pores. The resulting equation expresses the bulk and
shear moduli of the !uid!saturated rock as functions of both pressure and frequency. Furthermore, if
pressure!dependent moduli of both dry and !uid!saturated moduli are known, the aspect ratio distribution
can be obtained from the pressure dependency of the dry moduli, and then the saturated moduli can be
computed with no adjustable parameters. The model predictions show reasonable agreement with
laboratory data measured using ultrasonic and forced oscillation techniques.

1. Introduction

Elastic wave velocities and corresponding elastic moduli of !uid!saturated rocks often exhibit frequency
dependency due to the wave !ow between pores of different shapes and orientations (Borgomano et al., 2019;
Chapman et al., 2019; Jones, 1986; Mavko & Nur, 1975; Mikhaltsevitch et al., 2015; O'Connell &
Budiansky, 1977; Pimienta et al., 2017; Winkler, 1986). At low frequencies, the !uid pressure is spatially uni-
form throughout the pore space, and hence, the effective elastic moduli of !uid!saturated rocks satisfy the
Gassmann (1951) theory. At higher frequencies, the !uid pressure does not have enough time to equilibrate
within one period of the wave, and hence, the grain contacts become stiffer. This, in turn, causes the elastic
moduli to increase and no longer "t the Gassmann theory (Gurevich et al., 2009b; Mavko & Jizba, 1991;
Wulff & Burkhardt, 1997). Expressions for high!frequency moduli have been derived by Mavko and
Jizba (1991) (referred to as MJ model) and generalized by Gurevich et al. (2009b). The elastic moduli at inter-
mediate frequencies lie between the low! and high!frequency regimes, but their prediction is nonunique as
they depend on the distribution of cracks shapes and orientations.

A number of theories have been proposed to estimate the frequency!dependent moduli. One class of theories
describes the pore structure based on a continuous distribution of pore shapes (O'Connell &
Budiansky, 1977; Palmer & Traviolia, 1980). An alternative approach characterizes the pore geometry by
two or three distinct aspect ratios (de Paula et al., 2012; Gurevich et al., 2010; Pride et al., 2004). However,
all these theories have a number of “free” parameters characterizing the pore shapes (such as pore aspect
ratio and the amount of compliant porosity). These parameters are never known and are usually obtained
by "tting to the experimental data. This reduces the predictive power and usefulness of these models as a
good "t is not necessarily a proof that the model is adequate.

The goal of this paper is to overcome this uncertainty and obtain such parameters independently from the
pressure dependency of the velocities or elastic moduli. Indeed, the pressure dependency of the velocities
or elastic moduli is controlled by the shape and fraction of compliant pores or cracks. Hence, the analysis
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of this dependency can be used to estimate these parameters. One such approach was developed by de Paula
et al. (2012) and Sun et al. (2018), who adopted the theoretical model of pressure dependency of dry velocities
previously proposed by Shapiro (2003). However, the Shapiro (2003) model does not explicitly include the
pore shape parameters; hence, de Paula et al. (2012) and Sun et al. (2018) assumed that compliant pores
in the Shapiro (2003) model all have the same aspect ratio. However, this assumption is rather arbitrary
and restrictive. Indeed, it is well known that rocks cannot be adequately described by cracks with a single
aspect ratio.

A more rigorous and direct approach is to obtain the distribution of aspect ratios directly from the stress
dependency of dry velocities. The quantitative relationship between the stress dependency of the elastic
moduli and pore shape distribution was "rst proposed by Morlier (1971), re"ned by Zimmerman (1991)
and more recently by David and Zimmerman (2012). Later, David and Zimmerman (2013) developed a
model for frequency!dependent moduli based on the work of David and Zimmerman (2012). However,
unlike the theories of Murphy (1982), Pride et al. (2004), Gurevich et al. (2010), or Glubokovskikh
et al. (2016), the approach of David and Zimmerman (2013) does not explicitly solve the micromechanical
problem of wave!induced !uid !ow between pores of different shapes. Instead, it assumes that pores are
either in full communication or isolated and uses the cross frequency as a "tting parameter.

In this paper, we develop a mechanically consistent model that combines the stress!dependent model of dry
velocities of David and Zimmerman (2012) with the micromechanical squirt!!ow model of Gurevich
et al. (2010) and Glubokovskikh et al. (2016) to account for the pressure and frequency effects on the elastic
moduli of !uid!saturated rocks. First, we brie!y review the theoretical model of David and
Zimmerman (2012) for the pressure dependency of the dry moduli as a function of the distribution of aspect
ratios. Then, we also brie!y describe a micromechanical model for pressure relaxation between compliant
pores (with a single aspect ratio) and stiff pores. We then develop an approach that incorporates this pressure
relaxation between compliant and stiff pores into the model of pressure dependency of the moduli. The
resulting model gives elastic moduli and attenuation factors as functions of both pressure and frequency.
We then illustrate the model using published laboratory measurements performed with ultrasonic and
forced oscillation techniques and obtain a reasonable agreement between the model predictions and the
measurements.

2. Background Theory
2.1. Pressure Dependency of Moduli

Numerous laboratory studies show that the elastic velocities or moduli of dry rock increase substantially
with increasing effective pressure (con"ning pressure minus pore pressure) (Eberhart!Phillips et al., 1989;
Han et al., 1986; Zimmerman, 1991). This pressure dependency is often explained by the progressive closure
of cracks depending on their aspect ratios (Walsh, 1965; Zimmerman, 1991). Although these cracks make up
a small proportion of the pore space, they have signi"cant effects on the effective velocities of porous rocks as
they have much higher compliances (and hence they close at much lower pressures than stiff pores) than say
spherical or near!spherical pores. David and Zimmerman (2012) considered an isotropic rock with matrix
moduli Ks and Gs and total porosity ! and assumed that the pore space is characterized by compliant pores
!c with a distribution of small aspect ratios (usually in a range between 10!4 and 10!2) and a group of non-
closable stiff pores with the speci"c volume !s, which are assumed to have a single aspect ratio between 0.1
and 1, that is, much larger than any of the compliant pores. With effective pressure increasing, compliant
pores are gradually closing. When effective pressure approaches a much higher value, compliant pores are

closed completely and the moduli Khp
dry and G

hp
dry (superscript hp refers to the high!pressure limit) only corre-

spond to the effects of nonclosable stiff pores. In this limit, the dry velocities or moduli typically increase lin-
early or remain constant with increasing effective pressure. Thus, any deviation from this linear variation is
caused by the closure of cracks with increasing effective pressure. Therefore, the pressure dependency of dry
moduliKdry(p) andGdry(p) allows the extraction of crack aspect ratio distribution at each pressure. Those dry
moduli can be obtained directly from ultrasonic measurements on dry samples assuming that the frequency
dispersion of the dry moduli is negligible (Mikhaltsevitch et al., 2019; Pimienta et al., 2017).
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2.1.1. Pressure Dependency of the Dry Moduli
As explained earlier, the pressure dependency of the velocities or moduli is governed by compliant pores,
which are often approximated by penny!shaped cracks with small aspect ratios. According to David and
Zimmerman (2012), in a noninteractive approximation, the dry bulk and shear moduli Kdry and Gdry are
given by their eq. 40 and 41 with Kf ! 0

Khp
dry

Kdry p! " # 1$ !"0 > "* p! " c "0
! "

1 !
"* p! "
"0

# $
! Pdry "0 ! "* p! "; #hpdry

% &' (
d"0; (1)

Ghp
dry

Gdry p! "
# 1$ !"0 > "* p! " c "0

! "
1 !

"* p! "
"0

# $
! Qdry "0 ! "* p! "; #hpdry

% &' (
d"0; (2)

where Pdry and Qdry de"ne the bulk and shear excess compliances of dry pores. For ellipsoidal pores, ana-
lytical expressions for Pdry and Qdry can be found in Berryman (1980) and David and Zimmerman (2011).
Also, in Equations 1 and 2,

#hpdry # 3Khp
dry ! 2Ghp

dry

% &
= 6Khp

dry $ 2Ghp
dry

% &
;

where #hpdry is the Poisson's ratio of the dry porous matrix without compliant pores (cracks). "0 is the crack

aspect ratio distribution at zero pressure, which is given in Appendix B. c("0) is the crack porosity distri-
bution function. "*(p) is the critical aspect ratio such that all cracks having aspect ratios smaller than "*(p)
will close completely at pressure p

"* p! " #
4 1 ! #hpdry

% &2
' (

3$Khp
dry 1 ! 2#hpdry

% & p: (3)

Note that "*(p) is also equal to the decrease of aspect ratio caused by pressure p. All cracks having aspect
ratios higher than "*(p) will have the same amount of decrease in aspect ratios, which gives the effective
crack aspect ratio distribution at each pressure p as "(p) = "0 ! "*(p).

The advantage of using a noninteractive approximation is that Equations 1 and 2 are uncoupled and only
contain the unknown effective moduli Kdry(p) and Gdry(p) on the left!hand side. Thus, the integrals in these
equations can be evaluated analytically.
2.1.2. Pressure Dependency of the Moduli of Saturated Rock in the Low! and
High!Frequency Limits
In order to model the pressure effects on the frequency!dependent moduli of !uid!saturated rocks in a full
frequency range, we "rst compute the !uid!saturated moduli in the low! and high!frequency limits. In the
low!frequency limit, the saturated moduli K lf

sat and Glf
sat are obtained by the Gassmann (1951) equation

K lf
sat # Kdry $

Ks ! Kdry
! "2

Ks ! K f! "!$ Ks ! Kdry
! "; (4)

Glf
sat #Gdry; (5)

where Kf is the bulk modulus of the !uid.

In the high!frequency limit, it is convenient to obtain the moduli of the saturated rockKhf
sat andG

hf
sat through a

two!stage process. First, de"ne the moduli of the modi"ed frame (a rock in which cracks are "lled with the
liquid but the stiff pores are dry), and then calculate the effect of !uid in stiff pores using Gassmann equa-
tions (Mavko & Jizba, 1991). The modi"ed frame moduli Kmf(p) and Gmf(p) can be obtained by replacing the
dry cracks in Equations 1 and 2 with !uid!saturated cracks,
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Khp
dry

Kmf p! "
# 1$ !"0 > "* p! " c "0

! "
1 !

"* p! "
"0

# $
1 !

K f

Khp
dry

 !

! Psat "0 ! "* p! "; K f

Khp
dry

; #hpdry"

 #

d"0;

"

(6)

Ghp
dry

Gmf p! "
# 1$ !"0 > "* p! " c "0

! "
1 !

"* p! "
"0

# $
! Qsat "0 ! "* p! "; K f

Khp
dry

; #hpdry

 !" #
d"0; (7)

where Psat and Qsat are bulk and shear excess compliances of wet cracks. Then, the bulk modulus of the
fully saturated rock is obtained by substituting Kmf(p) given by Equation 6 for Kdry(p) in Gassmann's equa-
tion, Equation 4.

The high!frequencymoduli obtained by this approach is similar to but somewhat different from eqs. (40) and
(41) of David and Zimmerman (2012) for !uid!saturated rocks, because in their equations, the effect of !uid
in stiff pores is expressed through the effective medium theory, rather than Gassmann's equations. However,
since the pressure in stiff pores should be approximately uniform, these two methods should give similar
results (Sun et al., 2020).

Mavko and Jizba (1991) showed that at for liquid!saturated rocks, the modi"ed frame moduli at ultrasonic
frequencies are related to dry moduli by equations

1
Kmf p! "

# 1

Khp
dry

$ 1
K f

!
1
Ks

# $
!c; (8)

and

1
Gmf p! "

# 1
Gdry p! "

!
4
15

1
Kdry p! "

!
1

Kmf p! "

# $
; (9)

It is shown in Appendix A that Equations 6 and 7 are approximately consistent with Equations 8 and 9.

2.2. Dispersion

MJ model is only valid for liquid!saturated rocks. For rocks saturated with softer !uids (e.g., gas), Gurevich
et al. (2009b) (referred to MJG) generalized these equations to give

1
Kmf p! "

# 1

Khp
dry

$ 1
1

1
Kdry p! "

!
1

Khp
dry

$ 1
1
K f

!
1
Ks

# $
!c

; (10)

1
Gmf p! "

# 1
Gdry p! "

!
4
15

1
Kdry p! "

!
1

Kmf p! "

# $
: (11)

For "nite (intermediate) frequencies (partially relaxed pores), Gurevich et al. (2010) showed that the moduli
obey the same Equations 10 and 11 but with !uid modulus Kf replaced by a frequency!dependent quantity
K*

f %! " given by the solution of the elastic problem for a !at contact between grains "lled with a viscous !uid.
Glubokovskikh et al. (2016) simpli"ed and generalized the approach of Gurevich et al. (2010) to account for
solid and viscoelastic pore "ll. For a particular case of a !uid pore "ll with dynamic viscosity &, the corre-
sponding expression for K*

f %! " is given by Tsai and Lee (1998)

K*
f %! " # K f $

4
3
G*
f %! " !

K f !
2
3G

*
f %! "

! "2

K f $
4
3
G*
f %! "

# $
'f
2"

I0
'f
2"

% &

2I1
'f
2"

% & ! G*
f %! "

; (12)
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where

'f #

)))))))))))))))))))))))))))))
36G*

f %! "
3K f $ 4 G*

f %! "

s

;

where " ! 1 is the aspect ratio of the grain!to!grain contact (or crack), Ik is a modi"ed Bessel function of
the "rst kind of the order k, and G*

f %! "#i%&.

3. Modeling the Pressure!Dependent Moduli at Intermediate Frequencies

In the high!frequency limit, the pressure dependency of the bulk and shear moduli of the modi"ed frame is
de"ned by Equations 6 and 7. The moduli at lower frequencies can be obtained by replacing the !uid bulk
modulus Kf in Equations 6 and 7 with K*

f %! "

Khp
dry

Kmf p; f! "
# 1$ !"0 > "* p! " c "0

! "
1 !

"* p! "
"0

# $
1 !

K*
f %! "
Khp

dry

 !

! P "0 ! "* p! "; K*
f %! "
Khp

dry

; #hpdry

 !" #

d"0; (13)

Ghp
dry

Gmf p; f! "
# 1$ !"0 > "* p! " c "0

! "
1 !

"* p! "
"0

# $
! Q "0 ! "* p! ";K

*
f %! "
Khp

dry

; #hpdry

 !" #
d"0: (14)

Equations 13 and 14 essentially generalize the approach of Gurevich et al. (2010) to a broad range of aspect
ratios (and their dependence on pressure). Once the modi"ed frame moduli Kmf(p, f) and Gmf(p, f) are
obtained from Equations 13 and 14, the fully saturated moduli Ksat and Gsat can be computed using
Equations 4 and 5 with Kdry(p) and Gdry(p) replaced by the modi"ed frame moduli Kmf(p, f) and Gmf(p, f).

In the dry case, Equations 13 and 14 are uncoupled and only contain the unknown effective moduli Kmf(p, f)
and Gmf(p, f) on the left!hand side. In contrast to Equations 1 and 2, in Equations 13 and 14, factors P and Q
depend on the aspect ratio in a complicated way, and thus, the integrals cannot be evaluated analytically but
can be easily computed numerically.

Equations 13 and 14 with Equation 12 are the central results of this paper. They give the dependency of the
moduli on both pressure and frequency. This is illustrated in the next section by comparing the model pre-
dictions against laboratory measurements.

4. Comparisons to Published Laboratory Data
4.1. Comparisons to Ultrasonic Measurements
4.1.1. Crack Aspect Ratio Distribution
To illustrate our model, we apply the scheme to the published laboratory measurements of ultrasonic P! and
S!wave velocities and density on two isotropic sandstone samples. One data set consists of the ultrasonic
measurements of David and Zimmerman (2012) on a Fontainebleau sandstone sample at a frequency of
1 MHz, in the effective pressure range of 0–90 MPa (here pore pressure is set to 5 MPa, and con"ning pres-
sure is increased gradually). Fontainebleau sandstone is a well!sorted system of pure quartz ideal for rock
physics analysis as it has almost the same grain size of 250 !m. Another set is the ultrasonic measurements
of Fortin et al. (2007) on a Vosges sandstone sample at a frequency of 1 MHz, in an effective pressure range
from 0 to 110 MPa. This sample has a mineral composition of ~50% quartz, ~20% oxides micas, and ~30%
feldspar. Grain sizes are from 80 to 150 !m with an average value of 110 !m. Since the anisotropy is lower
than 1.5%, we can treat this sample as isotropic. Physical properties of these two samples are presented in

Table 1
Properties of the Two Samples and Pore Fluid in This Study (David & Zimmerman, 2012; Fortin et al., 2007)

Sandstone
Porosity

(%)
Bulk density (dry) (kg/

m3)
Matrix Ks
(GPa)

Matrix Gs
(GPa)

Water Kf
(GPa)

Water &
(Pa·s)

Fontainebleau 4 1,950 37 44 2.24 10!3

Vosges 25 2,544 39 24 2.20 10!3
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Table 1. The pore !uid was water with the bulk modulus Kf = 2.24 GPa measured at 10 MPa for the
Fontainebleau sandstone, and Kf = 2.20 GPa for Vosges sandstone sample measured at 5 MPa (David &
Zimmerman, 2012). The viscosity of water & is taken to be 10!3 Pa·s.

The work!ow described in the previous section requires the high!pressure limit dry moduli Khp
dry and Ghp

dry . For

Fontainebleau sandstone sample, we take these values directly from the measurements at the highest pressure
fromDavid and Zimmerman (2012). The reason is that both dry (open circles) and water!saturated (solid circles)
bulk and shear moduli shown in Figures 1a and 1b level off (within measurement errors) at pressures over
70 MPa, which implies that cracks are closed completely at such pressures. Conversely, both dry and
water!saturated moduli of Vosges sandstone sample (Figures 1c and 1d) show a steady linear increase at high
pressures over 50 MPa, which is due to the closure of stiffer pores (Gurevich et al., 2009a). Such linear tends
are commonly observed in many rocks (de Paula et al., 2012; Shapiro, 2003; Sun et al., 2018; Vernik &
Hamman, 2009). Thus, for the Vosges sandstone sample, in a slight deviation from the approach of David and

Zimmerman (2012), we assume that moduli Khp
dry and Ghp

dry of the host medium are linear functions of pressure.

Then, we obtain the crack density ((p) by least!square "tting of the values of the pressure dependency of
ultrasonic velocities and density (Figure 2). Open (solid) circles show the inverted crack density obtained
from the dry bulk (shear) modulus only at each pressure. Solid line gives the "tting result from both the bulk
and shear moduli simultaneously using an exponential dependence of the crack density ((p) on pressure:

( p! " # (0e!
p
p "; (15)

where (0 is the crack density at p = 0 and bp is a scaling factor. The good "t shows that the assumption of
crack density that obeys an exponential decay law is adequate and meaningful, at least for these two sand-
stone samples.

Figure 1. Ultrasonic measurements of the dry (open circles) and water!saturated (solid circles) bulk and shear moduli
of the (a and b) Fontainebleau and (c and d) Vosges sandstone samples.
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Figure 3 presents the modeling results of the effective dry bulk and shear moduli (solid lines) for
Fontainebleau (a and b) and Vosges (c and d) sandstone sample versus effective pressure against ultrasonic
measurements (open circles). For the Fontainebleau sandstone sample, similarly to David and
Zimmerman (2012), the stress!dependent model "ts the dry bulk and shear moduli reasonably well. For
the Vosges sandstone sample, we observe that the combination of an exponential term and a linear term
(dash line) describes the pressure dependency more accurately.

Figure 4 shows the crack density (("0) as a function of crack aspect ratio distribution "0 at zero pressure.
Open (solid) circles show the inverted crack density obtained from the dry bulk (shear) modulus only at each
pressure, while the solid line shows the modeling results using Equation B5 in Appendix B, which proves
that an exponential pressure dependency of compressibility implies an exponential distribution of crack
aspect ratios (David & Zimmerman, 2012; Morlier, 1971; Zimmerman, 1991).

Figure 2. Crack density modeling for the (a) Fontainebleau and (b) Vosges sandstone samples as a function of effective
pressure. Open (solid) circles show the inverted crack density obtained from the dry bulk (shear) modulus only at
each pressure. Solid line gives the "tting result from both bulk and shear moduli simultaneously.

Figure 3. Fitting of the effective dry bulk and shear moduli (solid lines) of the (a and b) Fontainebleau and (c and d)
Vosges sandstone samples versus effective pressure against ultrasonic measurements (open circles).
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Once the crack aspect ratio distribution "0 zero pressure and the critical aspect ratio "*(p) are obtained, we
can obtain the crack porosity distribution function as

c a! " # !
4
3
$"

d(
d"

; (16)

and cumulative porosity distribution function as

C a! " # ! !"0 > "* p! "c a! " 1 !
"* p! "
"0

# $
d"0; (17)

(David & Zimmerman, 2012).

Figure 5 illustrates the pressure effects on the crack porosity distribution function c(") (a and b) and cumu-
lative crack porosity function C(a) (c and d) as a function of the effective crack aspect ratio distribution for
Fontainebleau (a) and Vosges (b) sandstone samples respectively, which are very similar to the result of
David and Zimmerman (2013). As expected, crack porosity is sensitive to the effective pressure. The increase
of effective pressure from 0 to 10 MPa leads to a decrease in crack porosity of over 50% for both
Fontainebleau and Vosges samples (Figures 5a and 5b). This decrease can also be illustrated by the pressure
dependency of cumulative porosity distribution in Figures 5c and 5d. The crack porosity decreases from
0.017% to 0.0076% for the Fontainebleau sample and from 0.11% to 0.045% for Vosges samples with the
increase of effective pressure from 0 to 10 MPa.
4.1.2. Pressure and Frequency Effects on the Moduli of the Fluid!Saturated Rocks
Parameters obtained above allow us to compute the pressure and frequency dependence of the saturated
moduli using Equations 13 and 14. Figure 6 shows the model predictions for water!saturated bulk and shear
moduli (real part) for the Fontainebleau (a and b) and Vosges (c and d) sandstone samples versus the wave
frequency at increasing effective pressure, 0 MPa (solid line), 10 MPa (dashed line), 20 MPa (dash!dotted
line), and 50 MPa (dotted line), respectively. Predicted bulk and shear moduli show signi"cant dispersion
between the seismic (~Hz) and ultrasonic (~MHz) frequencies at pressures below 50MPa where most cracks
are still open. At zero pressure, model predictions for Fontainebleau sandstone show increases of 21.8% and
11.4% for bulk and shear moduli respectively between low! and high!frequency limits. For Vosges sandstone,
the differences between low! and high!frequency bulk and shear moduli are 37.8% and 17.3%, respectively.
However, at high pressures (around 50 MPa), no dispersion of either bulk or shear moduli is observed. This
behavior is consistent with our expectation that pressure gradients between compliances of different shapes
control the !uid and frequency effects on the moduli of !uid!saturated rocks. With increasing effective pres-
sure, the frequency dependence of bulk and shear moduli is decreased as cracks are gradually closed. Note
that at high frequency (it depends on the crack aspect ratio distribution, here around 1 MHz), the bulk mod-
ulus is almost independent of effective pressure as all the compliant pores are closed. Therefore, the value of
the bulkmodulus is approaching that of the host medium. For the shearmodulus, the behavior is different as
water at 1 MHz still has negligible shear resistance. Indeed, the characteristic frequency of viscous shear

Figure 4. Inverted crack density for the (a) Fontainebleau and (b) Vosges sandstone samples as a function of the aspect
ratio distribution at zero pressure. Open (solid) circles show the inverted crack density obtained from the dry bulk (shear)
modulus only at each pressure. Solid lines give the "tting result from both the bulk and shear moduli simultaneously.
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relaxation is fv = "Gs/2$&, where " is the crack aspect ratio and Gs the mineral shear modulus (O'Connell &
Budiansky, 1977). For water!saturated cracks with " = 10!3 in quartz, fv is about 0.6 · 1010 Hz. Increasing
effective pressure leads to the gradual closure of cracks, which increases shear modulus.

Figure 7 shows the model predictions for water!saturated bulk and shear moduli for the Fontainebleau (a
and b) and Vosges (c and d) sandstone samples versus the effective pressure at increasing frequencies f of
1 Hz, 1 KHz, and 1 MHz. For the Fontainebleau sandstone sample, model predictions at ultrasonic fre-
quency (red line) for water!saturated bulk (a) and shear (b) moduli show a reasonable match with ultrasonic
measurements (solid circles). The bulk modulus at such frequencies appears to be independent of effective
pressure, which indicates that the rock is in the fully unrelaxed state. Besides, model predictions (blue line)
at 1 Hz for water!saturated bulk and shear moduli are almost identical to the estimates for bulk (stars) and
shear (open circles) moduli from the Gassmann theory, which show that our model is Gassmann consistent
in the low!frequency limit.

For the Vosges sandstone sample, model predictions (red line) give a reasonable "t for the shear modulus of
water!saturated sandstone measured at 1 MHz (solid circles). However, there is a clear discrepancy for bulk

Figure 5. (a and b) Differential c(") and (c and d) cumulative C(") crack porosity distribution versus the effective crack aspect ratio at different effective
pressures for the Fontainebleau and Vosges sandstone samples.
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Figure 6. Model predictions for water!saturated bulk and shear moduli for the (a and b) Fontainebleau and (c and d)
Vosges sandstone samples as a function of frequency at different effective pressures.

Figure 7. Model predictions for water!saturated bulk and shear moduli for the (a and b) Fontainebleau and (c and d)
Vosges sandstone samples as a function of effective pressure at different frequencies.
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modulus at all pressures. The reason for this systematic discrepancy may be in the mineral composition of
Vosges sandstone, which is much more complex than Fontainebleau sandstone. The moduli of some of its
minerals are not well de"ned, and hence, the overall mineral modulus needed for the Gassmann equation
has some uncertainty. Moreover, strictly speaking, the Gassmann theory is not valid for multimineral
rocks (Mavko & Mukerji, 2013); instead, a more general model of Brown and Korringa (1975) should be
used, but parameters of this model are hard to de"ne independently.

Hence, we treat the mineral bulk modulus for the Vosges sandstone as an adjustable parameter. The value
Ks = 53 GPa gives the best "t between the predicted and measured moduli at high pressures. The updated
modeling for the Vosges sandstone sample is shown in Figure 8. At higher pressures, the Gassmann predic-
tion (stars) is now consistent with laboratory measurements (solid circles) at ultrasonic frequencies. Yet, at
low pressures, there exists some discrepancy between the modeling results and ultrasonic measurements.

One possible reason is the uncertainty of the “dry” rock velocities or moduli obtained from laboratory mea-
surements. One uncertainty in the practice of ultrasonic measurements is that even a small amount of water
adsorbed in the cracks results in a signi"cant weakening of the dry velocities or moduli. This effect has been
reported by numerous studies (Murphy, 1982; Pimienta et al., 2017; Wyllie et al., 1962; Yurikov et al., 2018).
The ultrasonic measurements of dry velocities are conducted at room relative humidity (RH). Suchmeasure-
ments will cause the uncertainty of the dry velocities or moduli obtained, which might account for the mis-
match between the model predictions and ultrasonic measurements of the Vosges sandstone sample. Note
that this effect is most pronounced at the lowest effective pressures, where the adsorption stress is compar-
able to the applied pressure.

Another possible reason for the discrepancy can be related to the use of the modi"ed frame concept. In par-
ticular, recent numerical simulations (Alkhimenkov et al., 2020) show that the frequency dependency of the
elastic moduli can be strongly affected by the interaction between the crack and the pores connected to it.
This effect is ignored in our work but will be explored in future studies.

Additionally, the pore structure characterization in this paper is based on the assumption of ellipsoidal pore
shapes, which are amenable to analytical solutions in closed form based on the Eshelby theory (O'Connell &
Budiansky, 1974; Walsh, 1965). This treatment might be oversimpli"ed as almost no realistic cracks have
ellipsoidal shapes (Mavko & Nur, 1978). Thus, the crack aspect ratio distribution obtained from the stress
dependency of dry velocities or moduli is nonunique and depends on the crack model chosen. Indeed, an
alternative model can be developed based on the concept of rough cracks, where stress dependency corre-
sponds to asperities coming into contact or complex!shaped cracks (Mavko & Nur, 1978). However, we cur-
rently do not have a micromechanical squirt!!ow model for these geometries. This is an interesting subject
for future research but is outside the scope of the present paper.

4.2. Comparisons With Forced Oscillation Measurements

We also apply the proposed model to the published forced oscillation data on two glycerin!saturated carbonate
samples measured by Borgomano et al. (2019). Forced oscillation method is ideal for measuring dispersion and

Figure 8. Model predictions for (a) water!saturated bulk and (b) shear moduli for the Vosges sandstone samples as a
function of effective pressures at different frequencies. The plots are an update of Figures 7c and 7d by adjusting the
bulk modulus of the matrix to Ks = 53 GPa.
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attenuation in rocks (Batzle et al., 2006; Mikhaltsevitch et al., 2014; Paffenholz & Burkhardt, 1989; Pimienta
et al., 2017; Spencer, 1981). The use of glycerin which is much more viscous than water is essential to lower
the characteristic frequency of squirt !ow, so it falls within the frequency range of quasi!static forced
oscillation measurements (below 100 Hz). Borgomano et al. (2019) measured dispersion for four carbonate
samples using forced oscillation measurements and showed that two of the samples exhibit squirt!!ow
dispersion. One of them is Coquina limestone consisting of >97% calcite. The measurements were performed
at effective pressures from 3.5 to 25 MPa for dry rock and up to 10 MPa and in a full!frequency range from 0.2
to 100 Hz for glycerin!saturated condition (pore pressure is set to 2 MPa, and con"ning pressure is increasing).
Another set is a thermally cracked Indiana limestone composed of pure calcite (69% fossiliferous calcite and
31% cement calcite). The hydrostatic oscillation was performed at pressures from 3.5 to 20 MPa for dry rock
and up to 20 MPa and in a full!frequency range of 0.01–1 Hz for glycerin!saturated condition. Physical
properties of these two samples are given in Table 2.

Figure 9 shows the "tting (solid line) for the dry bulk modulus of the Coquina (a) and Indiana (b) limestone
samples against the forced oscillation measurements (open circles). Since the neither drained nor undrained

moduli level off at the highest pressure available, the high!pressure limit modulus Khp
dry cannot be obtained

directly from the measurements; instead, we invert Khp
dry from the measurements of the bulk modulus of the

glycerin!saturated sample at the pressure of 20 MPa and the highest frequency using the Gassmann equa-
tion; see Table 2.

Figures 10a and 10b show the bulk modulus measured in a forced oscillation apparatus (symbols) and mod-
eling results (lines) for the bulk modulus of the glycerin!saturated Coquina limestone sample and corre-
sponding attenuation as a function of frequency. The measured bulk modulus at pressures 3.5 (solid
circles) and 5 MPa (red diamonds) is signi"cantly smaller than that for the undrained condition (horizontal
line) as estimated from the Gassmann theory at pressure 3.5 MPa. This indicates that at these pressures, the

Table 2
Properties of the Two Limestone Samples and Pore Fluid in This Study (Borgomano et al., 2019)

Sandstone
Porosity

(%)
Matrix Ks
(GPa)

Crack!free matrix

)hpdry

Crack!free matrix Khp
dry

(GPa)
Glycerine Kf

(GPa)
Glycerine &

(Pa·s)

Coquina 7.5 77 0.2 54 4.36 1
Indiana 13.9 77 0.2 35.5 4.36 1

Figure 9. Best "t (solid lines) of the dry bulk modulus for the (a) Coquina and (b) Indiana limestone samples measured with the forced oscillation method (open
circles).

10.1029/2019JB019297Journal of Geophysical Research: Solid Earth

SUN AND GUREVICH 12 of 18



rock has been signi"cantly weakened by nonmechanical interaction with glycerin. Since these effects cannot be
modeled with any squirt!!owmodel, we do not attempt tomodel the data at pressures of 3.5 and 5MPa and only
present the modeling for the highest pressure of 10 MPa (blue line). For the modulus (Figure 10a), the modeling
gives an excellent match with the measurements (blue squares), in terms of dispersion magnitude, characteristic
frequency, and shape. This match is much better than for the model with a single crack aspect ratio (Gurevich
et al., 2010) (blue dashed line). For the attenuation (Figure 10b), the characteristic frequency is predicted reason-
ably well, but the magnitude of the attenuation peak is underestimated by about 45%.

For the cracked Indiana limestone, the undrained bulk modulus (taken as the measured modulus at the lowest
frequency of 0.01 Hz) for the glycerin!saturated sample shows a dramatic variation with pressure (Figure 10b).
Indeed, from pressure 3.5 (solid circles) to 20MPa (magenta triangles), the increase in the bulkmodulus is almost
22 GPa, which is much larger than for the dry modulus or the undrained modulus of the water!saturated sample
(about 11 GPa) (see Fig. 8c of Borgomano et al., 2019). Similarly to the case of the Coquina, this suggests that the
rock has been signi"cantly altered by nonmechanical interactionwith glycerin, and hence, themeasurements for
glycerin saturated samples cannot be modeled using pressure dependency of the dry moduli. Instead, we obtain
the dry bulkmodulus from the undrainedmodulus (measurements at the lowest frequency of 0.01 Hz) by invert-
ing the Gassmann equation (Zhu &McMechan, 1990). Furthermore, we had to exclude the measurements at the
pressure of 3.5 MPa due to the negative values obtained from the inversion. Indeed, the measured undrained
modulus of 19 GPa at the pressure of 3.5 MPa is well below the lower Hashin!Shtrikman (or Wood) bound for
a mixture of calcite and glycerin (23 GPa). The inverted dry bulk modulus for the pressures at 5, 10, and
20 MPa is shown in Figure 9b.

Figure 10. Comparison of the predictions (lines) for the frequency!dependent bulk modulus of the glycerin!saturated
Coquina limestone sample and its corresponding attenuation as a function of frequency against the low!frequency
measurements using the forced oscillation method (symbols).

Figure 11. Comparison of the predictions (lines) for the frequency!dependent bulk modulus of the glycerin!saturated
Indiana limestone sample and its corresponding attenuation as a function of frequency against the low!frequency
measurements using the forced oscillation method (symbols).
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Figures 11a and 11b show the frequency!dependent bulk modulus (Figure 11a) of the glycerin!saturated
Indiana limestone sample and the corresponding attenuation (Figure 11b) as a function of frequency. At
5 MPa, the present model (red line) gives a reasonably good match with the measurements (red diamonds)
and better than the dual!porosity model (red dashed line). At higher pressures of 10 and 20MPa, all the mod-
els predict much smaller dispersion (see Figure 6a), which is broadly consistent with the measurements. For
the attenuation (Figure 11b), similarly to the Coquina limestone sample, the present model (red line) gives a
good estimate of the characteristic frequency but underestimates its magnitude. The measured attenuation
for higher pressures is negative and cannot be predicted. These negative values may be used to quantify the
measurement errors.

5. Discussion

We have presented a simple model to estimate the effects of !uid and pressure on the frequency!dependent
moduli of !uid!saturated rocks. This model combines the stress dependency of dry moduli described by
David and Zimmerman (2012) with the micromechanical squirt!!ow pressure relaxation model of
Gurevich et al. (2010) and Glubokovskikh et al. (2016). Application of this model to two sandstone samples
shows a reasonable match with laboratory measurements. However, there are some discrepancies; in parti-
cular, the model does not explain the signi"cant pressure dependency of the bulk modulus of !uid!saturated
Vosges sandstone at the effective pressures below 15 MPa (Figure 8).

Comparison with the measurements of the Vosges sandstone sample at ultrasonic frequencies (Figures 7c
and 8a) may seem inadequate because we argue that at such frequencies, they are in an unrelaxed regime.
However, as shown in de Paula et al. (2012), this is not always true. Indeed, in the unrelaxed regime, the bulk
modulus of most granular rocks is independent of pressure or increases linearly with increasing pressure
(see, e.g., red lines in Figures 7a and 7c). Yet the measured ultrasonic water!saturated bulk (solid circles)
modulus of the Vosges sandstone sample in Figure 7c shows signi"cant pressure dependency. This shows
that the moduli are not fully relaxed and cannot be modeled using any high!frequency theory. Indeed, they
require a theory that models the rock moduli as a function of frequency as well as pressure. This cannot be
done with either the model of David and Zimmerman (2012) (which only applies to the fully unrelaxed
regime) or with the Gurevich et al. (2010) and Glubokovskikh et al. (2016) models, which cannot model pres-
sure dependency. It might be modeled with the approaches of de Paula et al. (2012) and Sun et al. (2018), but
the approach proposed in the present paper is much more rigorous and consistent.

The tests of our model against forced oscillation data should be regarded as strictly preliminary, as the very
limited range of pressures for the dry or drained moduli is grossly insuf"cient to estimate the aspect ratio
distribution with reasonable certainty. For this purpose, we explored a number of published data sets of
forced oscillation measurements on several glycerin!saturated rocks (Borgomano et al., 2019; Chapman
et al., 2019; Mikhaltsevitch et al., 2016; Pimienta et al., 2015) but encountered the same problem. We endea-
vor to pursue such measurements in the near future.

The proposed model uses noninteractive approximation, where the effects of all cracks are additive. For very
large crack densities, this approach may be inadequate, and more complex schemes such as differential
effective medium (Berryman, 1980; David & Zimmerman, 2012; Norris, 1985; Salganik, 1973) may be
required. The proposed framework can incorporate any effective medium scheme, but the equations will
become more complicated and would need to be solved by iteration.

Though the proposed model has been derived for !uid!saturated rocks, the pressure relaxation model of
Glubokovskikh et al. (2016) is more general and can also incorporate solid and viscoelastic pore "ll
(Mikhaltsevitch et al., 2019; Sun et al., 2018; Sun et al., 2019). Thus, the present model can be easily extended
to also incorporate these rheologies. This is important for a number of applications such as mineral substitu-
tion and prediction of viscoelastic properties of heavy oil rocks, where attenuation and dispersion may be
even more signi"cant (Ciz et al., 2009; Ciz & Shapiro, 2007; Saxena et al., 2016).

The model is limited to dispersion due to !ow between cracks and pores, which is dominant for moderate to
high!porosity rocks. For low!porosity cracked rocks, where crack!to!crack !ow dominates, the proposed
model is unlikely to be applicable.
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The present model is also limited to isotropic rocks. Stress dependency of elastic properties of anisotropic
rocks is an active topic of research, but the micromechanical model of squirt !ow is general and can account
for anisotropy (Collet & Gurevich, 2016).

6. Conclusion

We have developed a scheme to model the pressure and frequency effects on the elastic moduli of
!uid!saturated rocks. This model combines the stress dependency of dry velocities of David and
Zimmerman (2012) with the micromechanical model of squirt!!ow relaxation (Glubokovskikh et al., 2016;
Gurevich et al., 2010). In the proposed model, the pore space consists of two parts: compliant cracks that
have a distribution of aspect ratios and stiff pores that have a single aspect ratio between 0.1 and 1. By quan-
titatively characterizing the crack closure process, we obtain the crack aspect ratio distribution at each pres-
sure. Combined with the modi"ed bulk modulus of !uid!saturated cracks derived from the squirt!!ow
dispersion models, modi"ed frame moduli can be predicted by computing the effect of !uid!"lled cracks
in a dry porous matrix at each pressure. Then, fully !uid!saturated moduli at different frequencies can be
obtained by using Gassmann equation for stiff pores. Applying this model to the Fontainebleau and
Vosges sandstone samples gives reasonable "ts to laboratory measurements at ultrasonic frequencies.
More importantly, the model predictions for two carbonate samples give a reasonable match to the bulk
modulus dispersion measured with the forced oscillation technique.

The signi"cance of the proposed model lies in the fact that it eliminates the need for "tting parameters and
thus increases its predictive power. Indeed, previous squirt!!ow models (Chapman et al., 2002; Gurevich
et al., 2010; Murphy et al., 1986; Pride et al., 2004) describe dispersion and attenuation for a given aspect ratio
of penny!shaped cracks. This parameter is never known and has to be obtained from "tting to the data, thus
reducing the predictive power of the models. Moreover, it is well known that rocks cannot be adequately
described by cracks with a single aspect ratio and hence the previous models are too idealized and cannot
describe the behavior of real rocks. Attempts to overcome this problem have been proposed by de Paula
et al. (2012) and Sun et al. (2019) by using so!called triple porosity concept. However, the framework of
David and Zimmerman (2012) provides a more rigorous and direct approach to obtaining aspect ratio distri-
bution from the pressure dependency of dry moduli. Thus, incorporation of squirt!!ow relaxation into the
equation for the pressure dependency of elastic moduli provides an internally consistent squirt!!ow model
for velocity and attenuation as functions of both frequency and pressure.

Appendix A

Equations 6 and 7 give the modi"ed framemoduli Kmf(p) and Gumf(p) of a hypothetical rock in which cracks
with a distribution of aspect ratios are saturated with !uid while stiff pores remain dry. This appendix pro-
vides the equivalence of these equations with the MJ model.

A.1 Bulk Modulus

In Equation 6, factor Psat "0 ! "* p! ";
Kf

Khp
dry

; #hpdry

 !
denotes the bulk excess compliance caused by the

!uid!saturated crack. For a penny!shaped crack, it is expressed in an analytical form (Berryman, 1980)

Psat #
Khp

dry

K f $ $ "0 ! "*p% &*hpdry
; (A1)

where *hpdry#Ghp
dry 3Khp

dry $ Ghp
dry

% &
= 3Khp

dry $ 4Ghp
dry

% &
:

For cracks, generally, we have "0 < 0.01. Hence, for liquid!saturated condition, we have$ "0 ! "*p
* +

*hpdry!K f.

So that Psat " Khp
dry=Kf and is independent of "0.

Thus, Equation 6 reduces to
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Khp
dry

Kmf p! "
# 1$

Khp
dry

K f
1 !

K f

Khp
dry

 !

!"0 > "* p! "c "0
! "

1 !
"* p! "
"0

# $
d"0; (A2)

From David and Zimmerman (2012), we have

!"0 > "* p! "c "0
! "

1 !
"* p! "
"0

# $
d"0 # !c; (A3)

and hence, Equation A2 further simpli"es to

1
K f p! " #

1

Khp
dry

$ 1
K f

!
1

Khp
dry

 !

!c: (A4)

Since
1

Khp
dry

!
1
K f

and
1
K f

!
1

Khp
dry

#
1
K f

!
1
Kg

, Equation A4 is consistent with the MJ Equation 8 for bulk

modulus.

A.2 Shear Modulus

The shear excess compliance for !uid!saturated spheroidal cracks is given by (Berryman, 1980)

Qsat #
1
5

1$
8Ghp

dry

$"0 Khp
dry $ 2*hpdry

% &$ 2
K f $

2
3
Khp

dry

K f $ $"0*hpdry

2

64

3

75#Qdry $
1
5

2$ 4
3

Ghp
dry

K f
!
4
3

Ghp
dry

$"0*hpdry

 !

: (A5)

Substituting this relationship and Equation 1 into Equation 11 gives

1
Gmf p! "

# 1
Gdry p! "

!
4
15

1
Kdry p! "

!
1

Khp
dry

 !
$ 2
5

1

Ghp
dry

!c $
4
15

1
K f

!c: (A6)

According to Equation A4, we get

4
15

1
Kmf p! "

!
1

Khp
dry

 !
# 4
15

1
K f

!
1

Khp
dry

 !
!c: (A7)

Substituting Equation A7 into Equation A6 leads to

1
Gmf p! "

# 1
Gdry p! "

$ 4
15

1
Kmf p! "

!
1

Kdry

# $
$ 2
5

1

Ghp
dry

!c $
4
15

1

Khp
dry

!c: (A8)

Recalling that !c ! 1, Equation A8 reduces to the MJG Equation 9.

Appendix B

David and Zimmerman (2012) showed that crack aspect ratio distribution "0 at zero pressure can be com-
puted by the integral

"0 # 3
4$

!
( "! "
(0

Cdry (! " ! Chp
dry

% &

(
dp
d(

d(; (B1)

where Chp
dry is the inverse of Khp

dry, Cdry(() is the compressibility of dry rock as a function of crack density,

which is given by
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Cdry (! " # Chp
dry $ Chp

dry

16 1 ! #hpdry
% &2

' (
(

9 1 ! 2#hpdry
% & ; (B2)

where (0 can be computed from Cdry at zero pressure using Equation B2.

Combining Equations B1 and B2 gives

"0 # Chp
dry

4 1 ! #hpdry
% &2

' (

3$ 1 ! 2#hpdry
% & !

( "! "
(0

dp
d(

d(: (B3)

From Equation 16, it is convenient to obtain

dp
d(

#!
bp
(
: (B4)

Substitution of Equation B4 into Equation B2 gives

"0 # Chp
dry

4 1 ! #hpdry
% &2

' (

3$ 1 ! 2#hpdry
% & bpln(

0

(
: (B5)

This relationship suggests that an exponential pressure dependency of compressibility implies an exponen-
tial distribution of crack aspect ratios.

Data Availability Statement
The data can be found in Fortin et al. (2007), David and Zimmerman (2012), and Borgomano et al. (2019).

References
Alkhimenkov, Y., Caspari, E., Gurevich, B., Barbosa, N. D., Glubokovskikh, S., Hunziker, J., & Quintal, B. (2020). Frequency!dependent

attenuation and dispersion caused by squirt !ow: Three!dimensional numerical study. Geophysics, 85(3), MR129–MR145.
Batzle, M. L., Han, D. H., & Hofmann, R. (2006). Fluid mobility and frequency!dependent seismic velocity—Direct measurements.

Geophysics, 71(1), N1–N9.
Berryman, J. G. (1980). Long!wavelength propagation in composite elastic media II. Ellipsoidal inclusions. The Journal of the Acoustical

Society of America, 68(6), 1820–1831.
Borgomano, J. V., Pimienta, L. X., Fortin, J., & Guéguen, Y. (2019). Seismic dispersion and attenuation in !uid!saturated carbonate rocks:

Effect of microstructure and pressure. Journal of Geophysical Research: Solid Earth, 124(12), 12,498–12,522.
Brown, R. J., & Korringa, J. (1975). On the dependence of the elastic properties of a porous rock on the compressibility of the pore !uid.

Geophysics, 40(4), 608–616.
Chapman, M., Zatsepin, S. V., & Crampin, S. (2002). Derivation of a microstructural poroelastic model. Geophysical Journal International,

151(2), 427–451.
Chapman, S., Borgomano, J. V., Yin, H., Fortin, J., & Quintal, B. (2019). Forced oscillation measurements of seismic wave attenuation and

stiffness moduli dispersion in glycerine!saturated Berea sandstone. Geophysical Prospecting, 67(4), 956–968.
Ciz, R., Saenger, E. H., Gurevich, B., & Shapiro, S. A. (2009). Temperature!dependent poroelastic and viscoelastic effects on microscale—

Modelling of seismic re!ections in heavy oil reservoirs. Geophysical Journal International, 176(3), 822–832.
Ciz, R., & Shapiro, S. A. (2007). Generalization of Gassmann equations for porous media saturated with a solid material. Geophysics, 72(6),

A75–A79.
Collet, O., & Gurevich, B. (2016). Frequency dependence of anisotropy in !uid saturated rocks—Part II: Stress!induced anisotropy case.

Geophysical Prospecting, 64(4), 1085–1097.
David, E., & Zimmerman, R. W. (2011). Compressibility and shear compliance of spheroidal pores: Exact derivation via the Eshelby tensor,

and asymptotic expressions in limiting cases. International Journal of Solids and Structures, 48(5), 680–686.
David, E., & Zimmerman, R. W. (2012). Pore structure model for elastic wave velocities in !uid!saturated sandstones. Journal of

Geophysical Research, 117, B07210.
David, E., & Zimmerman, R. W. (2013). Model for frequency!dependence of elastic wave velocities in porous rocks. Paper presented at the

Poromechanics V: Proceedings of the Fifth Biot Conference on Poromechanics, C. Hellmich, B. Pichler, and D. Adam.
de Paula, O. B., Pervukhina, M., Makarynska, D., & Gurevich, B. (2012). Modelinsg squirt dispersion and attenuation in !uid!saturated

rocks using pressure dependency of dry ultrasonic velocities. Geophysics, 77(3), WA157–WA168.
Eberhart!Phillips, D., Han, D., & Zoback, M. (1989). Empirical relationships among seismic velocity, effective pressure, porosity, and clay

content in sandstone. Geophysics, 54(1), 82–89.

10.1029/2019JB019297Journal of Geophysical Research: Solid Earth

SUN AND GUREVICH 17 of 18

Acknowledgments
The authors are grateful to Samuel
Chapman, Jerome Fortin, Stanislav
Glubokovskikh, Junxin Guo, Maxim
Lebedev, and Vassili Mikhaltsevitch for
constructive discussions and
comments. We are especially grateful to
Emmanuel David, who critically
reviewed an earlier version of the
manuscript, including mathematical
derivations, and made many insightful
comments and useful suggestions. The
authors thank Yves Guéguen, Erik
Saenger, and an anonymous reviewer
for their careful reading of our
manuscript and many insightful
comments and suggestions. The
authors thank the sponsors of the
Curtin Reservoir Geophysics
Consortium (CRGC) and the China
Scholarship Council (CSC) for "nancial
support. The authors declare that there
is no con!ict of interest concerning the
publication of this paper.



Fortin, J., Guéguen, Y., & Schubnel, A. (2007). Effects of pore collapse and grain crushing on ultrasonic velocities and Vp/Vs. Journal of
Geophysical Research, 112, B08207. https://doi.org/10.1029/2005JB004005

Gassmann, F. (1951). Über die Elastizität poröser Medien: Vierteljahrsschrift der Naturforschenden Gesellschaft in Zürich. 96, 1–23.
Glubokovskikh, S., Gurevich, B., & Saxena, N. (2016). A dual!porosity scheme for !uid/solid substitution. Geophysical Prospecting, 64(4),

1112–1121.
Gurevich, B., Makarynska, D., de Paula, O. B., & Pervukhina, M. (2010). A simple model for squirt!!ow dispersion and attenuation in

!uid!saturated granular rocks. Geophysics, 75(6), N109–N120.
Gurevich, B., Makarynska, D., & Pervukhina, M. (2009a). Are penny!shaped cracks a good model for compliant porosity? In SEG Technical

Program Expanded Abstracts 2009 (pp. 3431–3435): Society of Exploration Geophysicists.
Gurevich, B., Makarynska, D., & Pervukhina, M. (2009b). Ultrasonic moduli for !uid!saturated rocks: Mavko!Jizba relations rederived and

generalized. Geophysics.
Han, D.!H., Nur, A., & Morgan, D. (1986). Effects of porosity and clay content on wave velocities in sandstones. Geophysics, 51(11),

2093–2107.
Jones, T. D. (1986). Pore !uids and frequency!dependent wave propagation in rocks. Geophysics, 51(10), 1939–1953.
Mavko, G., & Jizba, D. (1991). Estimating grain!scale !uid effects on velocity dispersion in rocks. Geophysics, 56(12), 1940–1949.
Mavko, G., & Mukerji, T. (2013). Estimating Brown!Korringa constants for !uid substitution in multimineralic rocks. Geophysics, 78(3), L27–L35.
Mavko, G., & Nur, A. (1975). Melt squirt in the asthenosphere. Journal of Geophysical Research, 80(11), 1444–1448.
Mavko, G., & Nur, A. (1978). The effect of nonelliptical cracks on the compressibility of rocks. Journal of Geophysical Research, 83(B9),

4459–4468.
Mikhaltsevitch, V., Lebedev, M., & Gurevich, B. (2014). A laboratory study of low!frequency wave dispersion and attenuation in

water!saturated sandstones. The Leading Edge, 33, 616–622.
Mikhaltsevitch, V., Lebedev, M., & Gurevich, B. (2015). A laboratory study of attenuation and dispersion effects in glycerol!saturated Berea sand-

stone at seismic frequencies. In SEG Technical Program Expanded Abstracts 2015 (pp. 3085–3089). Society of Exploration Geophysicists.
Mikhaltsevitch, V., Lebedev, M., & Gurevich, B. (2016). Validation of the laboratory measurements at seismic frequencies using the

Kramers!Kronig relationship. Geophysical Research Letters, 43, 4986–4991. https://doi.org/10.1002/2016gl069269
Mikhaltsevitch, V., Lebedev, M., Gurevich, B., Sun, Y., & Glubokovskikh, S. (2019). A seismic!frequency laboratory study of solid substi-

tution in Bentheim sandstone. Journal of Geophysical Research: Solid Earth, 124, 5492–5499. https://doi.org/10.1029/2018jb016960
Morlier, P. (1971). Description of the state of rock fracturization through simple non!destructive tests. Rock Mechanics, 3(3), 125–138.
Murphy, W. F. (1982). Effects of microstructure and pore !uids on the acoustic properties of granular sedimentary materials. Ph. D. dis-

sertation, Stanford University.
Murphy, W. F., Winkler, K. W., & Kleinberg, R. L. (1986). Acoustic relaxation in sedimentary rocks: Dependence on grain contacts and

!uid saturation. Geophysics, 51(3), 757–766.
Norris, A. N. (1985). A differential scheme for the effective moduli of composites. Mechanics of Materials, 4(1), 1–16.
O'Connell, R. J., & Budiansky, B. (1974). Seismic velocities in dry and saturated cracked solids. Journal of Geophysical Research, 79(35),

5412–5426.
O'Connell, R. J., & Budiansky, B. (1977). Viscoelastic properties of !uid!saturated cracked solids. Journal of Geophysical Research, 82(36),

5719–5735.
Paffenholz, J., & Burkhardt, H. (1989). Absorption and modulus measurements in the seismic frequency and strain range on partially

saturated sedimentary rocks. Journal of Geophysical Research, 94(B7), 9493–9507.
Palmer, I., & Traviolia, M. (1980). Attenuation by squirt !ow in undersaturated gas sands. Geophysics, 45(12), 1780–1792.
Pimienta, L. X., Borgomano, J. V., Fortin, J., & Guéguen, Y. (2017). Elastic dispersion and attenuation in fully saturated sandstones: Role of

mineral content, porosity, and pressures. Journal of Geophysical Research: Solid Earth, 122, 9950–9965. https://doi.org/10.1002/
2017jb014645

Pimienta, L. X., Fortin, J., & Guéguen, Y. (2015). Bulk modulus dispersion and attenuation in sandstones. Geophysics, 80(2), D111–D127.
Pride, S. R., Berryman, J. G., & Harris, J. M. (2004). Seismic attenuation due to wave!induced !ow. Journal of Geophysical Research, 109,

B01201. https://doi.org/10.1029/2003jb002639
Salganik, R. (1973). Mechanics of bodies with many cracks. Mechanics of Solids, 8(4), 135–143.
Saxena, N., Mavko, G., Hofmann, R., Gurevich, B., Glubokovskikh, S., Aliyeva, S., & Dutta, P. (2016). Rock!physics models for heavy!oil

and organic!solid substitution. The Leading Edge, 35(6), 506–510.
Shapiro, S. A. (2003). Elastic piezosensitivity of porous and fractured rocks. Geophysics, 68(2), 482–486.
Spencer, J. W. Jr. (1981). Stress relaxations at low frequencies in !uid!saturated rocks: Attenuation and modulus dispersion. Journal of

Geophysical Research, 86(B3), 1803–1812.
Sun, Y., Carcione, J. M., & Gurevich, B. (2020). Squirt!!ow seismic dispersion models: A comparison. Geophysical Journal International,

222(3), 2068–2082.
Sun, Y., Gurevich, B., Glubokovskikh, S., Lebedev, M., Squelch, A., Arns, C., & Guo, J. (2019). A solid/!uid substitution scheme con-

strained by pore!scale numerical simulations. Geophysical Journal International, 220(3), 1804–1812.
Sun, Y., Gurevich, B., Lebedev, M., Glubokovskikh, S., Mikhaltsevitch, V., & Guo, J. (2018). A triple porosity scheme for !uid/solid sub-

stitution: Theory and experiment. Geophysical Prospecting, 67(4), 888–899.
Tsai, H.!C., & Lee, C.!C. (1998). Compressive stiffness of elastic layers bonded between rigid plates. International Journal of Solids and

Structures, 35(23), 3053–3069.
Vernik, L., & Hamman, J. (2009). Stress sensitivity of sandstones and 4D applications. The Leading Edge, 28(1), 90–93.
Walsh, J. (1965). The effect of cracks on the compressibility of rock. Journal of Geophysical Research, 70(2), 381–389.
Winkler, K. W. (1986). Estimates of velocity dispersion between seismic and ultrasonic frequencies. Geophysics, 51(1), 183–189.
Wulff, A. M., & Burkhardt, H. (1997). Mechanisms affecting ultrasonic wave propagation in !uid!containing sandstones under high

hydrostatic pressure. Journal of Geophysical Research, 102(B2), 3043–3050.
Wyllie, M., Gardner, G., & Gregory, A. (1962). Studies of elastic wave attenuation in porous media. Geophysics, 27(5), 569–589.
Yurikov, A., Lebedev, M., Gor, G. Y., & Gurevich, B. (2018). Sorption!induced deformation and elastic weakening of Bentheim sandstone.

Journal of Geophysical Research: Solid Earth, 123, 8589–8601. https://doi.org/10.1029/2018jb016003
Zhu, X., & McMechan, G. A. (1990). Direct estimation of the bulk modulus of the frame in a !uid!saturated elastic medium by Biot theory.

In SEG Technical Program Expanded Abstracts 1990 (pp. 787–790): Society of Exploration Geophysicists.
Zimmerman, R. W. (1991). Aspect Ratio Distributions. In Compressibility of sandstones (pp. 128–139). Amsterdam; Oxford; New York:

Elsevier.

10.1029/2019JB019297Journal of Geophysical Research: Solid Earth

SUN AND GUREVICH 18 of 18

https://doi.org/10.1029/2005JB004005
https://doi.org/10.1002/2016gl069269
https://doi.org/10.1029/2018jb016960
https://doi.org/10.1002/2017jb014645
https://doi.org/10.1002/2017jb014645
https://doi.org/10.1029/2003jb002639
https://doi.org/10.1029/2018jb016003


2.3 A triple porosity scheme for fluid/solid substitution: theory and
experiment 67

2.3 A triple porosity scheme for fluid/solid sub-

stitution: theory and experiment



Geophysical Prospecting, 2019, 67, 888–899 doi: 10.1111/1365-2478.12677

A triple porosity scheme for fluid/solid substitution: theory
and experiment

Yongyang Sun1!, Boris Gurevich1,2, Maxim Lebedev1, Stanislav Glubokovskikh1,
Vassili Mikhaltsevitch1 and Junxin Guo1

1Department of Exploration Geophysics, Curtin University, GPO Box U1987, Perth, WA 6845, Australia, and 2CSIRO Energy, 26 Dick
Perry Avenue, Kensington, WA 6151, Australia

Received September 2017, revision accepted July 2018

ABSTRACT
Quantifying the effects of pore-filling materials on elastic properties of porous rocks
is of considerable interest in geophysical practice. For rocks saturated with fluids, the
Gassmann equation is proved effective in estimating the exact change in seismic veloc-
ity or rock moduli upon the changes in properties of pore infill. For solid substance or
viscoelastic materials, however, the Gassmann theory is not applicable as the rigidity
of the pore fill (either elastic or viscoelastic) prevents pressure communication in the
pore space, which is a key assumption of the Gassmann equation. In this paper, we
explored the elastic properties of a sandstone sample saturated with fluid and solid
substance under different confining pressures. This sandstone sample is saturated
with octadecane, which is a hydrocarbon with a melting point of 28°C, making it
convenient to use in the lab in both solid and fluid forms. Ultrasonically measured
velocities of the dry rock exhibit strong pressure dependency, which is largely re-
duced for the filling of solid octadecane. Predictions by the Gassmann theory for
the elastic moduli of the sandstone saturated with liquid octadecane are consistent
with ultrasonic measurements, but underestimate the elastic moduli of the sandstone
saturated with solid octadecane. Our analysis shows that the difference between the
elastic moduli of the dry and solid-octadecane-saturated sandstone is controlled by
the squirt flow between stiff, compliant, and the so-called intermediate pores (with an
aspect ratio larger than that of compliant pore but much less than that of stiff pores).
Therefore, we developed a triple porosity model to quantify the combined squirt flow
effects of compliant and intermediate pores saturated with solid or viscoelastic infill.
Full saturation of remaining stiff pores with solid or viscoelastic materials is then con-
sidered by the lower embedded bound theory. The proposed model gave a reasonable
fit to the ultrasonic measurements of the elastic moduli of the sandstone saturated
with liquid or solid octadecane. Comparison of the predictions by the new model to
other solid substitution schemes implied that accounting for the combined effects of
compliant and intermediate pores is necessary to explain the solid squirt effects.

Key words: Rock physics, Elastic, Fluid.

INTRODUCTION

Quantifying the exact change in seismic velocity or elastic
moduli of porous rocks upon changes in properties of pore

!E-mail: yongyang.sun@postgrad.curtin.edu.au

infill is of considerable interest in geophysical practice. Natu-
rally occurring pore infill can be gases (e.g. methane, CO2,
helium and steam), liquids (e.g. brine, light oil, heavy oil
and magma) and solids (e.g. clay, bitumen, kerogen, salt,
ice and gas hydrates; Saxena and Mavko 2015). For rocks
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saturated with fluids, the Gassmann equation (Gassmann
1951) is widely proved effective in predicting the change in
quasistatic undrained rock moduli upon change in pore-fluid
properties without any detailed knowledge of pore geometry.
(The predictions by the Gassmann equation only depend on
the porosity, and fluid and frame stiffnesses. The Gassmann
theory also stipulates that fluid has no effects on the overall
shear modulus.) For rocks saturated with solid or viscoelastic
materials, however, the Gassmann theory is not applicable as
the finite rigidity of the pore-filling material (either solid or
viscoelastic) prevents pressure communication throughout the
entire pore space, which is a key assumption of the Gassmann
theory.

Ciz and Shapiro (2007; C&S) proposed an extension of
the Gassmann equation to the case of solid substance filling
by defining a new heuristic parameter, which is related to
volume-averaged strain within the pore space. This parameter
depends on the pore geometry and the elastic moduli of the
pore infill. However, it is hard to estimate in practice. Hence,
they proposed approximated equations, which reduce to the
Gassmann equation for bulk modulus and a similar equation
for shear modulus. But Saxena and Mavko (2014) pointed
out the C&S model tends to largely underestimate the elastic
moduli of solid-filled rocks. Hence, Mavko and Saxena (2013)
and Saxena and Mavko (2014) derived generalized equations,
referred as the embedded bound theory, for fluid/solid substi-
tution under a general case of non-uniform (spatially variant)
stresses. The relations are built on recursive use of the Hashin
and Shtrikman (1963) bounds for two-phase materials. This
guarantees that the substitution results are physically realiz-
able. General substitution equations require the knowledge
of microstructural information, which is usually unavailable
as the digital rock images of rocks cannot be used to resolve
the very thin pores. Indeed, Makarynska et al. (2010) showed
that the presence of pores with a low aspect ratio leads to
a dramatic increase of the difference between effective shear
moduli of the dry and solid saturated rock, an effect similar
to the stiffening effect of squirt flow in fluid-filled rocks at ul-
trasonic frequencies. This similarity was recognized by Leurer
and Dvorkin (2006) who proposed the term ‘solid squirt’ to
describe the stiffening of the compliant grain contacts by a
solid infill. More generally, the works of Leurer and Dvorkin
(2006) and Makarynska et al. (2010) highlight the fact that
the presence of pores with a range of compliances leads to
strong heterogeneity of the stress field in the pore infill, which
in turn has a strong effect on the effective moduli of the solid-
saturated rocks. Here and next, the compliance of the pores
refers to their behaviour in the dry rock, and is controlled by

their aspect ratio: the smaller the aspect ratio, the larger the
compliance.

To take into account the heterogeneity of the stresses
in pore space quantitatively, Saxena and Mavko (2015) ex-
tended the approach of Gurevich, Makarynska and Per-
vukhina (2009) to model the effects of solid-filled compli-
ant pores on the overall elastic stiffness using the formalism
proposed by Sayers and Kachanov (1991) and Sayers and
Kacganov (1995). However, we note that this scheme has an
important assumption that confining pressure induces differ-
ent stress gradients within compliant and stiff pores, both of
which are still spatially uniform. This implies that compli-
ant pores are assumed to be completely isolated from stiff
pores, which is analogous to high-frequency limit. Hence,
this scheme is not consistent with the Gassmann equation
in the low-frequency limit. To overcome this inconsistency,
Glubokovskikh, Gurevich and Saxena (2016) employed the
solution of Tsai and Lee (1998) to model the deformation
of a grain-to-grain contact open into a stiff pore space. Each
compliant pore is approximated as a plane circular interlayer
with traction-free edges. Comparison of the model predictions
against laboratory measurements shows that this model accu-
rately predicts the general trend but shows some discrepancy,
especially for shear modulus. They attributed the mismatch to
the oversimplified rock microstructure underlying the theoret-
ical mode. Besides, their predictions are close to those given by
the lower embedded bound theory, which defines the smallest
change upon solid substitution. Saxena and Mavko (2015)
argued that for porous rocks with a mix of stiff and soft or
compliant pores, the true change in effective elastic moduli will
be larger than that predicted by the lower embedded bound
theory as this theory corresponds to the case of equilibrated
pressure communication in pore space without any compliant
pores. To explore this issue further, we conducted solid sub-
stitution experiments on a Bentheim sandstone sample. The
sample is prepared from the same block as the samples used
for experiments described by Saenger et al. (2016). Our ex-
periments, reported later in this paper, show that the dual
porosity scheme of Glubokovskikh et al. (2016) is not suffi-
cient to explain the data. When studying dispersion in a large
number of fluid-saturated sandstones, De Paula et al. (2012)
showed that the characteristic frequency of typical compli-
ant pores lies close to the seismic frequency domain, but is
well below the ultrasonic frequency. Thus, compliant and stiff
pores might not fully account for the solid squirt effects in the
experiments. Besides, the measured elastic moduli of a rock
with only equant pores present, are significantly smaller than
those given by the effective medium model for spherical pores
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(Berryman 1980). Hence, De Paula et al. (2012) argued that
the squirt effects are caused by the presence of the so-called
intermediate pores, which are softer than stiff pores but much
stiffer than compliant pores. This provides a good prospective
to better characterize the solid squirt effects.

In this work, we generalize the Glubokovskikh et al.
(2016) model to the case of triple pore structure, including
stiff, compliant and the so-called intermediate pores, in order
to account for the solid squirt effects. To this end, we used
the derived relations to estimate the unrelaxed rock frame
moduli that account for the solid squirt effects. The unrelaxed
rock frame contains compliant and intermediate pores filled
with solid or viscoelastic materials. The remaining stiff pores
are then saturated with solid or viscoelastic materials by the
lower embedded bound theory to predict the undrained rock
moduli. The validity and applicability of the developed model
is tested using ultrasonic measurements of a sandstone sam-
ple saturated with octadecane, a hydrocarbon with a melting
point of 28°C, which makes it convenient to use both in solid
and fluid forms in the laboratory. We also compare the new
solid substitution scheme to the ones discussed above.

THEORETICAL MODEL

We consider a typical rock with bulk modulus Kg and shear
modulus µg. The pore space is divided into three parts – stiff
!s, compliant !c and intermediate pores !m. Effective porosity
is characterized by the sum of three types of pores as ! = !s

+ !c + !m. By construction, each typical intermediate pore is
defined as a pore with an aspect ratio larger than that of com-
pliant pores but much less than that of stiff pores. This implies
that both compliant and intermediate pores are deformed to
much larger degree than do stiff pores. In that case, the ef-
fects of stiff, compliant and intermediate pores saturated with
solid or viscoelastic substances can be treated successively.
To estimate the fully saturated elastic moduli of a rock with
a mix of stiff, compliant and intermediate pores, a plausi-
ble approach is to perform the computation in three steps.
First, we conduct analysis of the pressure-dependent dry rock
moduli (Kdry, µdry) to obtain the parameters for fluid/solid
substitution. Second, we substitute these parameters into the
derived relations to estimate the unrelaxed rock frame moduli
where both compliant and intermediate pores are saturated
with solid or viscoelastic materials but stiff pores still remain
empty. Once the unrelaxed rock frame moduli are known, the
undrained rock moduli can be obtained by the lower embed-
ded bound theory, appropriate for stiff pores embedded into
homogeneous rock matrix.

Compliant, intermediate and stiff porosity

Following Mavko and Jizba (1991) and using the disconti-
nuity formalism by Sayers and Kachanov (1991) and Sayers
and Kacganov (1995), Gurevich et al. (2009) represented the
expressions of unrelaxed rock frame moduli as

1
Kuf c

= 1
Khc

+ sBNc (1)

and

1
µuf c

= 1
µhc

+ 4
15

sBNc + 2
5

sBTc, (2)

where Khc and µhc are the dry rock frame moduli of a hypo-
thetical rock with compliant pores closed and stiff porosity
equal to the unstressed value. The symbol s = A/V is surface-
to-volume ratio of all discontinuities. BNc and BTc are the
normal and tangential specific compliance of a typical com-
pliant inclusion. When compliant pores are empty, equations
(1) and (2) reduce to

1
Kdry

= 1
Khc

+ sBdry
Nc (3)

and

1
µdry

= 1
µhm

+ 4
15

sBdry
Nc + 2

5
sBdry

Tc , (4)

where Bdry
Nc and Bdry

Tc are the dry normal and tangential specific
compliance of a typical compliant inclusion.

Following De Paula et al. (2012), intermediate porosity
will exhibit an exponential decay with increasing confining
pressure, similar to compliant porosity but at much higher
confining pressures. In analogy to equations (1)–(4), the ex-
pressions of unrelaxed rock frame moduli at much higher
confining pressures when all compliant pores are closed can
be written as

1
Kuf m

= 1
Khm

+ sBNm (5)

and

1
µuf m

= 1
µhm

+ 4
15

sBNm + 2
5

sBTm, (6)

where Khm and µhm are the dry rock frame moduli of a hy-
pothetical rock with both compliant and intermediate pores
closed and stiff porosity equal to the unstressed value. BNm

and BTm are the normal and tangential specific compliance
of a typical intermediate inclusion. Furthermore, the defor-
mation of stiff pores at relatively large confining pressures is
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neglected. When all intermediate pores are empty, equations
(5) and (6) also reduce to

1
Kdry

= 1
Khm

+ sBdry
Nm (7)

and
1

µdry
= 1

µhm
+ 4

15
sBdry

Nm + 2
5

sBdry
Tm , (8)

where Bdry
Nm and Bdry

Tm are the dry normal and tangential specific
compliance of a typical intermediate inclusion. Note that for
large confining pressure where all compliant pores are closed,
Kufc = Kufm. Thus, the variation of elastic moduli of a porous
rock due to the combined effects of compliant and intermedi-
ate pores can be expressed to the following form:

1
Kuf

= 1
Khm

+ sBNc + sBNm (9)

and
1

µuf
= 1

µhm
+ 4

15
(sBNc + sBNm) + 2

5
(sBTc + sBTm). (10)

Similarly, when both compliant and intermediate pores
are empty, equations (9) and (10) reduce to

1
Kdry

= 1
Khm

+ sBdry
Nc + sBdry

Nm (11)

and
1

µdry
= 1

µhm
+ 4

15

!
sBdry

Nc + sBdry
Nm

"
+ 2

5

!
sBdry

Nc + sBdry
Tm

"
.

(12)

Subtracting equations (11) and (12) from equations (9)
and (10) separately, we obtain the following relations between
the elastic moduli of the fully saturated and dry frame:

1
Kuf

# 1
Kdry

= s
!

BNc # Bdry
NC

"
+ s

!
BNm # Bdry

Nm

"
, (13)

1
µuf

# 1
µdry

= 4
15

#
s
!

BNc # Bdry
Nc

"
+ s

!
BNm # Bdry

Nm

"$

+ 2
5

#
s
!

BTc # Bdry
Tc

"
+ s

!
BTm # Bdry

Tm

"$
. (14)

Equations (13) and (14) give the effective elastic moduli
of the unrelaxed rock frame if the pore infill’s compliances
and the dry frame moduli are known. Note that the equations
require the knowledge of relations between the compliances
of the dry and saturated with solid or viscoelastic materi-
als both for compliant and intermediate inclusions having Kf

and µf. To use equations (13) and (14), we have to estab-
lish the relations between the dry and saturated compliances
of compliant and intermediate pores. As defined, a typical
compliant inclusion is approximated as a plane circular in-
terlayer with traction-free edges. Hudson (1981) first derived
and Schoenberg and Douma (1988) reorganized the relations
for penny-shaped cracks:

1
sBNc

= 1

sBdry
Nc

+
Mf c

!c
, (15)

1
sBTc

= 1

sBdry
Tc

+
µ f c

!c
, (16)

where Mfc refers to the proper effective compressional stiff-
ness of the pore fill for compliant pores and !c is the com-
pliant porosity as a function of confining pressure. Similarly,
relations between the dry and saturated compliances of inter-
mediate pores can be written as

1
sBNm

= 1

sBdry
Nm

+
Mf m

!m
(17)

and

1
sBTm

= 1

sBdry
Tm

+
µ f m

!m
, (18)

where Mfm refers to the proper effective compressional stiff-
ness of the pore infill for intermediate pores, !m is the inter-
mediate porosity as a function of confining pressure. There
is a comprehensive discussion given by Glubokovskikh et al.
(2016) about the solution to accurately characterize the circu-
lar interlayer. In this work, we employed the solution of Tsai
and Lee (1998) suggested by Glubokovskikh et al. (2016). The
effective compression stiffness of a circular interlayer can be
expressed as

Mf = K f + 4
3

µ f #
%
K f # 2

3 µ f

&2

%
K f + 4

3 µ f

& "# f I0("# f )
2I1("# f )

, (19)

where # f =
'

36µ f
3K f +4µ f

, "=r/h is an inverse aspect ratio of com-

pliant or intermediate pores and Ik refers to a modified Bessel
function of the first kind of the order k.

Substituting equations (15)–(18) into equations (13) and
(14), we can obtain the relations for estimating the unrelaxed
rock frame moduli containing compliant and intermediate
pores:

1
Kuf

= 1
Khm

+ 1
1

1
Kdry

# 1
Kuf m

+ Mf c
!c

+ 1
1

1
Kuf m

# 1
Khm

+ Mf m
!m

, (20)
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. (21)

Equations (20) and (21) show that if the pore infill is a
fluid, then Mf c = Mf m = 0 and µ f = 0, and hence the un-
relaxed rock frame moduli Kuf and µuf reduce to the ini-
tial dry rock moduli Kdry and µdry. This corresponds to the
low-frequency limit. In the opposite limiting case, Mf tends
to P-wave modulus of the pore infill Lf, which corresponds
to the high-frequency limit. This behaviour is expected due
to stiffening effect of the adhesion at the top and bottom of
the interlayer. This implies that the proposed model for the
estimation of unrelaxed rock frame moduli gives a continuous
transition from low frequency to high frequency.

Once the unrelaxed rock frame moduli are known, the
fully saturated rock moduli can be obtained by the lower em-
bedded bound theory (Saxena and Mavko 2014) since the in-
duced stresses in stiff pores are likely to be approximated equi-
librated. For the undrained bulk modulus Ksat, this method
gives

Ksat = Kbc +

!
1 # Kbc

Kg

"2

!s
K f

+ 1#!s
Kg

# Kbc
(Kg )2

, (22)

where
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"
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Kuf µ f

/ . (23)

Meanwhile, for the undrained shear modulus µsat, this
method gives

µsat = µbc +

!
1 # µbc

µg

"2

!s
µ f

+ 1#!s
µg

# µbc
(µg )2

, (24)

where
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(1 # !s)
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and

$ = µ

8
9K + 8µ

K + 2µ
. (26)

Stress dependency

Equations (20) and (21) require the knowledge of dry rock
frame moduli and the fraction of compliant and intermedi-
ate pores at different confining pressures as well as other re-
lated parameters. These parameters can be extracted from the
pressure-dependent dry rock moduli. Shapiro (2003) derived
the pressure-dependent dry rock moduli by the presence of
stiff and compliant pores, which can be written as

Kdry = Khc

0
1 + %s

.
1

Khc
# 1

Kg

/
P # %c!c0e# %c P

Khc

1
(27)

and

µdry = µhc

0
1 + %sµ

.
1

Khc
# 1

Kg

/
P # %cµ!c0e# %c P

Khc

1
, (28)

where % s and % c are the pressure sensitivity coefficients for
stiff and compliant porosity, % sµ and % cµ are the shear pres-
sure sensitivity coefficients for stiff and compliant porosity, re-
spectively. !c0 is value of compliant porosity in the unstressed
rocks. Shapiro (2003) further gave the pressure-dependent
stiff and compliant porosity to the following form:

!s(P) = !s0 # P
.

1
Khc

# 1
Kg

/
, (29)

!c(P) = !c0e# %c P
Khc . (30)

Indeed, Pervukhina, Gurevich, Dewhurst, and Siggins
(2010) verified the linear relationship between the rock mod-
uli and stiff porosity and the exponential relationship between
the rock moduli and compliant porosity up to the pressure of
100 MPa with the simultaneous measurements of ultrasonic
velocities and porosity for a suit of sandstones. As defined, in-
termediate pores tend to deform to much greater extent than
stiff pores. Thus, the intermediate porosity will exhibit an ex-
ponential decay with increasing confining pressure, which is
similar to the compliant porosity but at much higher confining
pressures

!m(P) = !m0e# %mP
Khm , (31)
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where !m0 is the initial value of intermediate porosity in the
unstressed rocks, %m is the bulk sensitivity coefficient for in-
termediate pores. Thus, closure of intermediate porosity at
much higher confining pressure tend to affect the dry rock
moduli in a similar way as closing of compliant porosity at
low confining pressures, which can be expressed as

Kuf m(P) = Khm

0
1 # %m!m0e# %mP

Khm

1
(32)

and

µuf m(P) = µhm

0
1 # %µm!m0e# %mP

Khm

1
. (33)

Note that for much higher confining pressures (above 50–
100 MPa, suggested by De Paula et al. 2012), Kufm = Kuf and
µufm = µuf. As a result, the variation of the pressure-dependent
dry rock moduli due to the combined effect of compliant and
intermediate porosity can be written as

Kdry = Khm

0
1 # %m!m0e# %mP

Khm # (1 + !m0)%c!c0e# %c P
Khc

1
(34)

µdry = µhm

0
1 # %m!m0e# %mP

Khm # (1 + !m0)%c!c0e# %c P
Khc

1
. (35)

Equations (34) and (35) give an explicit dependency of the
dry rock moduli on pressure and frequency. All the required
parameters can be extracted directly from the fitting to the
ultrasonic experimental data for dry materials. Note that such
estimation of parameters does not involve fitting the moduli
of the rock saturated with a fluid or solid infill and hence is
independent from those measurements. A detailed workflow
is described below.

Parameter estimation workflow

In this section, we outline the workflow to be applied to the ul-
trasonic dry rock moduli under different confining pressures.
This workflow will be utilized to derive the fraction of stiff,
compliant, and intermediate porosity and other related pa-
rameters for fluid/solid substitution. Then, these parameters
will be used to predict fully saturated rock moduli.

1 Dry rock moduli Kdry and µdry under different confining
pressures are obtained from the ultrasonic compressional
and shear velocities Vp and Vs along with density.

2 Required parameters (Khc, µhc, !c0, % c, %µc, % s, %µs) for com-
pliant and stiff pores are obtained by the least-square fitting
of the pressure-dependent dry rock moduli with coupled
equations (27) and (28).

3 The characteristic aspect ratio "c of a typical compliant in-
clusion can be related to the stress sensitivity coefficient % c

of an elastic medium with a dilute concentration of ellip-
soidal cavities (Kuster and Toksöz 1974; Christensen 2005)
by equation (36)

%c = Khc(3Khc + 4µhc)
&"cµhc(3Khc + µhc)

. (36)

4 Given that the effects of compliant pores are characterized by
an exponential term and the effects of intermediate porosity
are characterized by a linear term as stiff porosity at rela-
tively small confining pressures, the values of Kds(Pi) under
different confining pressures can be obtained by adding the

exponential term Khc%c!c0e# %c
Khc

Pi from the dry bulk moduli
Kdry(Pi).

5 Similarly, parameters for intermediate porosity (!m0, %m,
Khm, %m, %µm) are obtained by the least-square fitting of
pressure-dependent dry rock moduli with coupled equations
(32) and (33) if the pressure-dependent dry rock moduli are
available at relatively high confining pressures.

6 Or since Khm and µhm represent the case when both compli-
ant and intermediate pores are closed, the coherent potential
approximation (CPA) effective medium model for spherical
pores (Berryman 1980) can be employed to compute Khm

and µhm with the aspect ratio estimated from the analysis of
micro-CT images for stiff pores. In that case, other related
parameters for intermediate porosity can be estimated with
the given Khm and µhm.

7 Similar to compliant porosity, the characteristic aspect ra-
tio of intermediate pores can be computed by equation
(37)

%m = Khm(3Khm + 4µhm)
&"mµhm(3Khm + µhm)

. (37)

8 Using parameters derived from steps (1) to (7), we can com-
pute the unrelaxed rock frame moduli through equations
(20) and (21).

9 Then, the elastic moduli of the fully saturated rock can be
obtained through equations (22) and (24).

Experimental validation

To examine the validity and applicability of the developed
model, we apply it to a sandstone sample saturated with liquid
and solid octadecane. It is a hydrocarbon with a melting point
of 28°C, which makes it convenient to use both in the fluid
and solid form in the laboratory.
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Figure 1 Ultrasonic velocities in octadecane for a range of
temperature.

Figure 1 illustrates the results of ultrasonic velocities of
octadecane (99% purity, Sigma-Aldrich) measured by trans-
mission method (Crane and Knopp 2009) for a range of tem-
peratures. Measurement is performed at room pressure using
piezoelectric S-wave transducers V153 RM (central frequency
0.5 MHz). Such transducer is a source and a receiver of both
P- and S-waves (Lebedev et al. 2013).

As we observe, the compressional wave velocity remains
unchanged while the shear wave velocity vanishes at temper-
ature above 28°C, which behaves like a fluid. Solid and open
symbols represent the case of different cooling rate within
the measurements. Note that at a slow cooling rate (open
symbols), the measured compressional velocity gradually in-
creases with the temperature decreasing. This implies that
the transition of liquid–solid is more homogeneous. How-
ever, at a fast cooling rate (solid symbols), the measured
compressional velocity sharply increased. This implies that
some parts of the liquid octadecane pore fill becomes solid
while other parts still remain liquid. That is why we ob-
serve the shear wave velocity ‘earlier’ than in the previous
case.

In this work, we use 3.87 and 1.46 GPa for the bulk and
shear moduli of the solid octadecane at temperature 22.4°C.
For the liquid octadecane, we use 1.53 GPa for the bulk mod-
ulus. The measured density of octadecane is 777 kg/m3. Note
that we observe slight density change of octadecane due to the
transition from liquid to solid form. This might lead to sig-
nificant effects on the velocities’ prediction of fully saturated
sandstone sample. The other used parameters are summarized
in Table 1. The sample rock frame (bulk, 36 GPa; shear, 40
GPa) predominantly comprises mineral quartz (97%) and has
a porosity of 23.56%.

Table 1 The parameters used for computation of the sandstone satu-
rated with liquid and solid octadecane

Kg µg Kf (solid) µf (solid) Kf (fluid) !

36 GPa 40 GPa 3.87 GPa 1.46 GPa 1.53 GPa 0.2356

Measurements

For this sample rock, ultrasonic P- and S-wave velocities of
the dry and octadecane-saturated (both fluid and solid forms)
sandstone as a function of confining pressure are conducted in
the range from 0 to 35 MPa using an experimental set-up de-
scribed in Lebedev et al. (2013). Our approach is to measure
velocities of dry sandstone firstly under different confining
pressures. And then, we put the sandstone on the top of solid
octadecane and vacuum the target in vacuum chamber for
24 hours. After that, we start heating the sample and solid
octadecane. As we observe, octadecane melts gradually and
fluid-form octadecane is moving up into the pore space by
capillary force. At the end, the sandstone sample is fully satu-
rated with liquid octadecane, although it is unknown whether
this achieves 100% saturation. It might be possible to achieve
full saturation using a capillary imbibition method (McCann
and Sothcott 1992) but it is unclear if it will work for octade-
cane. Then, we measure the velocities of liquid-octadecane-
saturated sandstone again. After that, we cool the sample
down to 20–25°C and carry out the measurement once more.

Within the experiment, pore volume of the sample is
vented to the atmosphere. No pore pressure control has been
done. This means that for fluid-saturated rock, the pore pres-
sure is zero and the effective pressure is the same as the con-
fining pressure. However, this is not true for solid-filled rock:
application of the confining pressure to such rock will induce
a heterogeneous stress field within the pore fill, and the effec-
tive pressure is unknown. Hence, for solid-filled rocks it is not
possible to measure any properties as a function of effective
pressure, only as a function of confining pressure.

R E S U L T S

As aforementioned in the workflow, the estimation of the
unrelaxed rock frame moduli requires the knowledge of the
pressure-dependent rock moduli and other related param-
eters for stiff, compliant and intermediate porosity. Our
model starts from the fitting of the experimental data to
derive these parameters. Non-linear least-square fitting of
the pressure-dependent dry rock moduli are implemented on
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Figure 2 Bulk and shear moduli of a dry Bentheim sandstone versus confining pressure. (a and b) Calculated from ultrasonic velocities up to
50 MPa (blue open circles) and predicted variations due to closing of compliant pores (magenta solid line). (c and d) Predicted variations due
to closing of compliant and intermediate pores up to 500 MPa with the assumption of an aspect ratio for stiff pores to 1, 0.4, and 0.22 (dashed
lines).

the sandstone sample through coupled equations (27) and
(28).

Figure 2(a–d) provides the fitting results of the dry sand-
stone moduli against the experimental data as a function of
confining pressure in the range from 0 to 35 MPa. Blue open
circles are the dry bulk and shear moduli calculated from the
ultrasonic velocities of a dry Bentheim sandstone sample. And
the magenta solid line show the approximation of the elastic
moduli through coupled equations (27) and (28). The fitting
gives the compressional sensitivity coefficient for compliant
pores % c = 3.16 $ 103, which corresponds to an aspect ratio
"c = 1.78 $ 10-4. The results show that the dry rock mod-
uli have a considerable increase with the confining pressure
increasing. This trend is well characterized by the combina-
tion of an exponential term and a linear term. Note that the
exponential term vanishes at pressure 10–20 MPa, which cor-
responds to the closure of soft or compliant pores. Thus, we
can obtain the bulk and shear moduli of the dry sandstone in
high pressure limit, where all compliant pores are closed and
only stiff pores are left, for 11.60 and 11.44 GPa, respectively.

Shapiro (2003) assumes that stiff pores have an aspect
ratio of order one (the so-called equant pores, Thomsen
1995), and concludes that the contribution of the deforma-
tion of stiff porosity is small compared to that of compliant
porosity, and thus can be neglected. However, compared to
the value computed by the coherent potential approximation
(CPA) for spherical pores 29.11 GPa, we observe an obvi-
ous difference of 10 GPa. This implies that the mismatch be-
tween the fitted dry rock moduli in the high pressure limit
and the estimated elastic moduli of a rock with stiff poros-
ity only by the CPA cannot be explained by the presence
of stiff pores with an aspect ratio of unity. Indeed, several
experimental studies show that in many cases, the contribu-
tion of stiff porosity term in equations (27) and (28) (i.e.
the term that varies linearly with confining pressure at rel-
atively small pressures) is significant (Eberhart-Phillips et al.
1989; Vernik and Hamman 2009; Gurevich et al. 2010). In
other words, this suggests that in addition to stiff and com-
pliant pores, the entire pore space contains pores with an
aspect ratio larger than that of compliant pores but much
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Figure 3 Compliant porosity (red solid line) and intermediate porosity (blue dashed line) in a Bentheim sandstone as a function of confining
pressure: (a) up to 50 MPa and (b) above 50 MPa. Note that compliant porosity exhibits an exponential decay with increasing pressure increasing
at low pressures. On the other hand, intermediate porosity shows an exponential decay in much broader pressure range, so that the decay at
low pressures is almost linear.

less than that of stiff pores, which are defined as intermediate
pores.

Such porosity would exhibit an exponential decay with
the increasing confining pressure and approach the closure at
much higher confining pressures. However, according to the
definition of intermediate porosity, the fitting of equations
(32) and (33) require the dry rock moduli in much higher
pressure limit, which is not available in this work. Thus, we
use the CPA method to compute the elastic moduli in much
higher pressure limit where both compliant and intermediate
pores are closed. Note that the aspect ratio for stiff pores,
which can be estimated from the analysis of micro-CT images
of the pore structure in the following-up research, is unknown
in this work. Therefore, we conduct the computation with
three assumed aspect ratios for stiff pores. The dashed lines in
Fig. 2(c,d) show the projected pressure-dependent dry moduli
of the sandstone in a broader pressure range, as predicted by
the model with intermediate porosity involved through equa-
tions (32) and (33). The larger the aspect ratio, the larger the
dry rock moduli in much higher pressure limit. Correspond-
ingly, the pressure dependency of compliant porosity and in-
termediate porosity are shown in Fig. 3(a,b) (for intermediate
porosity, only aspect ratio of 0.22 is given). Note the linear
behaviour of intermediate porosity at pressure below 50–60
MPa. However, at a broader range of confining pressures, in-
termediate porosity exhibits a significant exponential trend,
which is very similar to compliant porosity. Thus, an increase
of the range of pressures of ultrasonic experiments can help
reduce the range of possible aspect ratios of stiff pores.

D I S C U S S I O N

With the knowledge of required parameters derived for
fluid/solid substitution, we first compare the validity and ap-
plicability of dual pore structure solid substitution scheme
with other methods against the ultrasonic P- and S-wave ve-
locities in Fig. 4(a,b). First of all, the ultrasonically measured
elastic moduli of the dry sandstone exhibit strong pressure de-
pendency, which is significantly reduced for the filling of solid
octadecane in the rock. Second, we observe that the Gassmann
fluid predictions (blue open circles) show a good agreement
with the measured liquid-octadecane-saturated bulk modulus
(black solid circles), but a little discrepancy for shear modulus.
However, the Ciz and Shapiro (2007; C&S) model (black solid
triangles) significantly underestimates the solid-octadecane-
saturated bulk and shear moduli (black solid triangles), which
is consistent with the current understanding of limitations of
this theory. Similar to the Gassmann theory, the C&S model
also obeys the assumption of the equilibrated stress distribu-
tion through the entire pore space and neglects the effects
of stiffening due to squirt flow between compliant and stiff
pores. Even with these effects taken into account, the dual
pore structure scheme by Glubokovskikh et al. (2016) model
(red stars), give predictions very close to the values given by
the lower embedded bound theory (magenta solid line), which
defines the smallest change upon solid substitution that oc-
curs in equilibrated pore space. This implies that only com-
pliant and stiff pores might not fully describe the solid squirt
effects.
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Figure 4 Octadecane-saturated moduli of a Bentheim sandstone predicted by a number of substitution schemes as a function of confining
pressure: (a) bulk and (b) shear moduli. Predictions by the Gassmann theory (blue open circles) have a good agreement with the measured liquid-
octadecane-saturated (black solid circles) bulk modulus but a slight discrepancy for shear modulus. However, the C&S (black solid triangles)
model significantly underestimate the measured bulk and shear moduli of the sandstone saturated with solid octadecane. By comparison, dual
porosity model (red stars) gives a closer estimates but still has a clear discrepancy for both bulk and shear moduli. Moreover, this model
give predictions close to those given by the lower embedded bound theory (magenta solid line), which defines the smallest change upon solid
substitution that occurs in equilibrated pore space.

Figure 5(a,b) provides the predictions of the present triple
porosity model (red solid circles, red solid diamonds and red
solid squares) against the estimates given by other solid sub-
stitution schemes aforementioned. The predictions using an
aspect ratio of 1 (red solid squares) for stiff pores largely over-
estimate the solid-octadecane-saturated rock moduli. This im-
plies that the assumption of De Paula et al. (2012) in his paper
that only equant pores left when both compliant and interme-
diate pores are closed is worth exploring. Meanwhile, predic-
tions with an aspect ratio of stiff pores for 0.22 match well
with the ultrasonically measured elastic moduli. This aspect

ratio is consistent with values of aspect ratios for sand-related
pores in the literature (Xu and White 1995). The agreement
indicates that the triple porosity combination might account
for the solid squirt effects more precisely. However, it seems
very interesting that the bulk modulus of the solid-octadecane-
saturated rock has no variation with the increasing of con-
fining pressure, which accords well with the predictions by
the present model. Meanwhile, the shear modulus implies
a slightly increasing trend, which is not consistent with the
present theory. A plausible cause of this difference is the in-
stability of the ultrasonic measurements at relatively small

Figure 5 Octadecane-saturated moduli of a Bentheim sandstone predicted by a number of substitution schemes as a function of confining
pressure. (a) Bulk and (b) shear moduli. Compared to other substitution schemes, the triple porosity model gives the best fit to ultrasonic
measurements of both bulk and shear moduli (blue solid squares) with the assumption of an aspect ratio for stiff pores to 0.22 (red solid circles).
Moreover, this model (blue open circles) also has a good agreement with the measured liquid-octadecane-saturated (black solid circles) bulk
modulus, but a slight discrepancy for shear modulus.
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confining pressures as only few points of data are available.
Thus, more data are needed to examine the applicability of
the proposed model.

CONCLUSIONS

In this paper, we present a simple solid substitution scheme
based on the concept of a triple pore structure in order to
better account for the solid squirt effects. We extend the
Glubokovskikh et al. (2016) model to a more general case con-
taining stiff, compliant and the so-called intermediate pores.
Intermediate pores tend to deform to a greater extent than
do stiff pores but much less than do compliant pores. At rel-
atively large confining pressures, intermediate pores are ap-
proximated as a plane circular interlayer with traction-free
edges, which is similar to compliant pores at relatively small
confining pressures. Exact equations are derived to estimate
the unrelaxed rock frame moduli, which consider the effects
of solid substance or viscoelastic materials saturated both in
the compliant and intermediate pores. And the lower embed-
ded bound theory is employed to estimate the fully saturated
rock moduli for the remaining stiff pores. The equations only
require the knowledge of dry rock moduli at given confining
pressure. All the required parameters for solid substitution can
be extracted from the fitting results of pressure-dependent dry
rock moduli. No adjustable parameters are included in the
expressions.

Using a sandstone sample saturated with octadecane, we
explore the validity and applicability of the proposed model
against other solid substitution schemes. Ultrasonically mea-
sured dry rock moduli exhibit significant pressure depen-
dency, which is considerably reduced by the filling of solid oc-
tadecane in the rock. Predictions by the Gassmann theory ac-
cord well with ultrasonic measurements of bulk modulus but
a small discrepancy for shear modulus of the sandstone satu-
rated with liquid octadecane. However, the Ciz and Shapiro
(2007; C&S) model largely underestimates the elastic moduli
of the solid octadecane filled rock. This suggests that stiffen-
ing occurs due to substantial reduction of compliance of grain
contacts by the solid infill. The C&S model cannot be used to
describe the solid squirt effects. Solid substitution based on the
binary pore structure performs better than the C&S model.
However, predictions of these models are very close to those
given by the lower embedded bound theory, which defines
the smallest change upon solid substitution in the equilibrated
pore space. This implies that only compliant and stiff pores
might not fully describe the solid squirt effects. Comparison
of the triple porosity model proposed in this paper against

the ultrasonic measurements of the solid-filled rock moduli
reveals a reasonable fit for bulk modulus but a little discrep-
ancy for shear modulus at small confining pressures, which is
probably due to the instability of the ultrasonic measurements
at relatively small confining pressures. Moreover, the scheme
also reduces to the Gassmann equation when the pore fill is
fluid or inviscid liquid.
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Glubokovskikh S., Gurevich B. and Saxena N. 2016. A dual-porosity
scheme for fluid/solid substitution. Geophysical Prospecting 64,
1112–1121.

Gurevich B., Makarynska D., de Paula O.B. and Pervukhina M. 2010.
A simple model for squirt-flow dispersion and attenuation in fluid-
saturated granular rocks. Geophysics 75, N109–N120.

Gurevich B., Makarynska D. and Pervukhina M. 2009. Ultrasonic
moduli for fluid-saturated rocks: Mavko-Jizba relations rederived
and generalized. Geophysics 74, N25–N30.

C" 2018 European Association of Geoscientists & Engineers, Geophysical Prospecting, 67, 888–899



Triple porosity scheme for fluid/solid substitution 899

Gurevich B. and Saxena N. 2015. A simple recipe for solid sub-
stitution at low frequencies and application to heavy oil rocks.
Paper presented at the 77th EAGE Conference and Exhibition
2015.

Hashin Z. and Shtrikman S. 1963. A variational approach to the elas-
tic behavior of multiphase materials. Journal Mechanics Physical
Solids 11, 127–140.

Hudson J.A. 1981. Wave speeds and attenuation of elastic waves in
material containing cracks. Geophysical Journal International 64,
133–150.
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S U M M A R Y
Estimating the effects of pore filling material on the elastic moduli or velocities of porous
and fractured rocks attracts widespread attention. This effect can be modelled by a recently
proposed triple-porosity scheme, which quantifies this effect from parameters of the pressure
dependency of the elastic properties of the dry rock. This scheme divides total porosity
into three parts: compliant, intermediate and stiff. Each type of pores is assumed to be
spheroidal and characterized by a single aspect ratio. However, the implementation of this
model requires the asymptotic values of the elastic moduli at much higher pressures where only
non-closable pores remain open. Those pressures are beyond the capacity of most rock physics
laboratories and can even crush typical sandstone samples. Experimental data at such pressures
are usually unavailable. To address this issue, we introduce pore-scale numerical simulations
in conjunction with effective medium theories (EMT) to compute the asymptotic values
directly from the microtomographic images. This workflow reduces the uncertainty of model
predictions on the geometric information of stiff pores and strengthens the predictive power
and usefulness of the model without any adjustable parameters. Applying this to a Bentheim
sandstone fully filled with liquid and solid octadecane gives a reasonable match between model
predictions and laboratory measurements. This success verifies the accuracy and applicability
of the model and indicates its potential in further exploitation and characterization of heavy
oil reservoirs and other similar reservoirs.

Key words: Acoustic properties; Seismic attenuation; Microstructure.

1 I N T RO D U C T I O N

A link between the elastic moduli of rocks and the properties of
pore-filling materials is required for many geophysical applications
such as reservoir characterization from seismic data or 4-D seismic
monitoring. Establishing such a link requires an understanding of
the interactions among the rock matrix, pore space, and solid or
liquid pore fill. Pore fill can be gas (e.g. air, hydrocarbon gas, CO2

and steam), liquid (e.g. brine, oil, magma) or solid (e.g. kerogen,
bitumen, salt, ice, gas hydrates, etc.) (Saxena et al. 2016). For a fluid
pore fill (liquid or gas), the Gassmann (1951) equation gives an ex-
act relationship between the dry and saturated moduli, and has been
widely employed to predict the change in saturated elastic moduli
upon the change of fluid properties without any detailed geometrics
information (Smith et al. 2003). The Gassmann theory also stip-
ulates that the effective shear modulus is unaffected by the pore

fluid properties (Berryman 1999). However, the Gassmann theory
has an important restriction: it assumes that the pressure in the pore
fill is spatially uniform. Thus for rocks filled with solid substances
or high-viscosity or non-Newtonian fluids, the Gassmann theory is
invalid as the shear compliance of the pore fill impedes the pres-
sure communication between different pores (Makarynska et al.
2010; Saxena & Mavko 2014; Glubokovskikh et al. 2016; Sun et al.
2018).

Ciz & Shapiro (2007, referred to as C&S model) derived an
approximate extension of the Gassmann equation to a solid pore fill.
However, recent studies (Saxena & Mavko 2014; Glubokovskikh
et al. 2016; Sun et al. 2018) show that the C&S model gives a lower
bound to the elastic moduli of porous and fractured rocks saturated
with a solid or high-viscosity liquid because it also assumes that
stress throughout the pore fill is spatially uniform. This assumption
should be accurate if all pores are of approximately the same shape,

1804 C! The Author(s) 2019. Published by Oxford University Press on behalf of The Royal Astronomical Society.
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but can be violated if the pore space contains pores with a range of
shapes and compliances.

Laboratory experiments show that the dry moduli increase with
increasing effective pressure (which is defined as the difference
between the confining pressure and pore pressure). Several authors
have ascribed the significant initial change in elastic moduli with
increasing effective pressure to the closure of crack-like compliant
pores (Walsh 1965; Zimmerman et al. 1986; Shapiro 2003). In
particular, Shapiro (2003) developed a model based on a binary
pore structure by dividing the total porosity into two parts: stiff or
equant porosity, which is the dominant portion of the pore space, and
soft or compliant porosity, whose total volume is small, but which
controls the pressure dependency of the elastic moduli. Makarynska
et al. (2010) showed that the presence of compliant pores increases
the effect of the solid pore fill on the effective moduli—an effect
similar to squirt flow in rocks saturated with a fluid at ultrasonic
frequencies (see Leurer & Dvorkin 2006).

The disproportional effect of the compliant pores on the elastic
moduli of rocks saturated with a solid is modelled by Saxena &
Mavko (2015). However, their approach assumes that the compliant
pores are isolated from the stiff pores. Therefore, the stress in the
pore fill is not uniform and hence the scheme of Saxena & Mavko
(2015) does not reduce to the Gassmann equation for a fluid pore
fill. To ensure Gassmann consistency, Glubokovskikh et al. (2016)
modelled the compliant pores as grain-to-grain contacts open into
stiff pores. Compliant pores are modelled as thin circular disks with
traction-free edges. The stiffness of the disk is calculated using the
solution of the elastic problem by Tsai & Lee (1998). Although this
model gives the general trend of the overall elastic moduli resulting
from the solid pore fill, the model predictions systematically devi-
ate from experimental data, especially for the shear modulus. This
discrepancy is similar to the one observed for liquid-filled rocks at
ultrasonic frequencies (de Paula et al. 2012) and probably occurred
because the binary structure model of the pore space is oversimpli-
fied. Indeed some studies show that in addition to compliant and
stiff pores there exist pores with intermediate compliance, which are
responsible for gradual increase of the dry bulk and shear moduli
with pressure of up to hundreds of MPa (Shapiro 2003; Wang et al.
2005; Adelinet et al. 2010).

Recently, Sun et al. (2018) generalized the model of
Glubokovskikh et al. (2016) to a triple-porosity scheme by adding,
similarly to de Paula et al. (2012), a newly defined type of pores
called intermediate pores. Intermediate pores are defined as hav-
ing an aspect ratio between that of compliant pores and of the stiff
pores. The pressure dependency of the dry moduli is governed by
the conjunction of those three pore structures. Two kinds of stress
relaxation within the pore space are modelled: (1) between com-
pliant and ‘stiff’ (plus intermediate pores) pores in a relatively low
pressure range and (2) between intermediate and stiff pores in a high
pressure range. Intermediate porosity decreases in an exponential
way at much higher pressures, which behaves similar to the com-
pliant porosity at lower pressures. However, the implementation of
this method requires the dry bulk and shear moduli Khm and µhm in
high-pressure limit where rocks are assumed to contain stiff pores
only. The pressures corresponding to this limit (200"500 MPa) are
beyond the capacity of most rock physics laboratories and can even
crush typical sandstone samples (Zhang et al. 1990; Wong et al.
1997; Fortin et al. 2007). Therefore, Khm and µhm cannot be mea-
sured directly. Sun et al. (2018) computed Khm and µhm using an
effective medium theory (EMT). This approach requires knowledge
of the aspect ratio of stiff pores. Detailed analysis of this issue gives
a plausible range of such aspect ratios, and thus the model predicts

a range of the elastic moduli of solid-filled sandstone. Sun et al.
(2018) applied this approach to a Bentheim sandstone fully satu-
rated with solid octadecane and found that the experimental data lie
well within the predicted range. Yet, the prediction uncertainty (as-
sociated with lack of knowledge of the effective aspect ratio of stiff
pores) reduces the predictive power and usefulness of the theoretical
model.

The aim of this paper is to eliminate the uncertainty of model
predictions by determining the effective aspect ratio of stiff pores
directly from microtomographic images of the pore samples. This
is done by numerically simulating Khm and µhm directly from the
3-D image of a rock fragment using finite element method (FEM)
(Roberts & Garboczi 2000; Arns et al. 2001, 2002), and inverting
these moduli for the aspect ratio using the EMT (assuming that most
of the porosity resolved in the image is stiff porosity). An alternative
would be to use simulated Khm and µhm directly in the theoretical
model. However, such moduli would likely vary from fragment
to fragment due to spatial variation of porosity. Determining the
effective aspect ratio of stiff pores is likely to be more robust.

In this work, we first reproduce the theories of the triple-porosity
model and modify the workflow by pore-scale numerical simula-
tions based on FEM. We then demonstrate the details of how numer-
ical simulations help constrain the predictions of the triple-porosity
model. In the end, we compare the modified model predictions with
other solid substitutions schemes against the laboratory measure-
ments.

2 T R I P L E - P O RO S I T Y M O D E L

In order to account for the pressure dependency of the elastic mod-
uli, Sun et al. (2018) proposed a triple-porosity model, in which the
pore space is divided into stiff, intermediate and compliant pores.
This triple-porosity structure is necessary for adequate characteri-
zation of the pore geometry, which in turn is essential for modelling
the fluid effects (de Paula et al. 2012; Sun et al. 2018). Total poros-
ity ! is divided into three parts: compliant !c, intermediate !m and
stiff !s . The three types of pores are modelled as spheroids, each
with a different aspect ratio. The main results that are used to com-
pute the ‘unrelaxed’ frame moduli Ku f and µu f , which correspond
to the moduli of a hypothetical rock in which all non-stiff pores
(including compliant and intermediate pores in this work) are fully
saturated with fluid and stiff pores remain empty, are described by
the following equations (Sun et al. 2018):

1
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= 1
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1

1
Kdry
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, (2)

where Khm and µhm are the high-pressure dry moduli (in this high-
pressure limit all pores except stiff pores are assumed completely
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closed), Kdr y and µdr y are the pressure-dependent dry moduli calcu-
lated directly from ultrasonic velocities and density, Kd and µ d cor-
respond to the dry moduli of a hypothetical rock in which compliant
pores are closed, !c and !m are the pressure-dependent compliant
and intermediate porosity, respectively, µ f is the shear modulus of
the pore fill, and M f c and M f m are the modified compression stiff-
ness of a typical fluid- or solid-saturated compliant and intermediate
pore respectively as given by Tsai & Lee (1998).

Once Ku f and µu f are obtained, we can compute the undrained
moduli by saturating the remaining stiff porosity using the lower
embedded bound theory (Mavko & Saxena 2013; Saxena & Mavko
2014; Glubokovskikh et al. 2016). We do not reproduce the deriva-
tion details but outline the workflow to obtain all the parameters
(Khm , µhm , !c, !m , Kd , µd , M f c and M f m) in equations (1) and (2)
(an extension of the workflow described by Sun et al. (2018).

(1) Dry moduli Kdr y and µdr y are computed from the pressure
dependency of ultrasonic P- and S-wave velocities and the measured
density.

(2) Parameters of compliant pores (!c0,"c, #c) are obtained di-
rectly from the deformation equations (3) and (4) based on the
dual-porosity model by Shapiro (2003) through the least square fit-
ting of the pressure dependency of the dry moduli calculated in step
(1).

Kdr y = Khc

#
1 + "s

!
1

Khc
" 1

Kg

"
P " "c!c0e" "c P

Khc

$
(3)

and

µdr y = µhc

#
1 + "sµ

!
1

µhc
" 1

µg

"
P " "cµ!c0e" "c P

Khc

$
, (4)

where Khc and µhc represent the dry moduli of a hypothetical rock
in which compliant pores are closed and the porosity of stiff pores
equal to zero-pressure value, !c0 is the initial compliant porosity
at zero pressure, Kg and µg are the bulk and shear moduli of the
mineral matrix, "c and "cµ are the bulk and shear stress sensitivity
coefficients of compliant pores, and "s and "sµ are the bulk and
shear stress sensitivity coefficients of stiff pores.

(3) Similarly to compliant pores, parameters of intermediate
pores (Khm , µhm , !m0, "m , "µm) could be derived directly from
the deformation equations

Kd = Khm

%
1 " "m!m0e" "m P

Khm

&
(5)

and

µd = µhm

%
1 " "µm!m0e" "m P

Khm

&
, (6)

where "m and "µm are the bulk and shear stress sensitivity coeffi-
cients of intermediate pores. !m0 is the initial intermediate porosity
at zero pressure. For large pressures where compliant pores are
closed, Kd = Kdr y and µd = µdr y . Kd can be obtained from the

sum of Kdry and the exponential term Khc"c!c0e" "c P
Khc , and µd can

be obtained in the same way. If the pressure dependencies of the
dry moduli are available at relatively high pressures (50"500 MPa),
the parameters (Khm , µhm , !m0, "m , "µm) can be obtained by the
least-square fitting directly. However, ultrasonic velocities at these
pressures are seldom available. Thus, we choose to compute the
elastic moduli Khm and µhm by pore-scale numerical simulations
using finite element method. At the voxel size of 2"5 µm these im-
ages do not contain compliant or even intermediate pores, and thus
the simulated dry moduli can be expected to correspond to the mod-
uli of the rock containing only stiff pores (so called ‘Swiss Cheese’
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Figure 1. Ultrasonic P- (open squares) and S-wave (open circles) velocities
of octadecane as a function of temperature.

rock, see Shapiro 2003). This assumption is consistent with the
results of Saenger et al. (2016), who simulated elastic properties
from digital images obtained under different confining pressures
and found that simulated P- and S-wave velocities are not sensitive
to the confining pressure. Then, other parameters (!m0, "m , "µm)
of intermediate pores can be obtained from Khm and µhm , as well
as from the slope of the linear decay of the intermediate porosity
versus pressure at relatively small effective pressures. This slope is
in turn obtained from the first-order Taylor expansion (7) and (8) of
deformation equations (5) and (6)

Kd = Khm (1 " "m!m0) + " 2
m!m0 P (7)

and

µd = µhm

!
1 " "µm!m0 + "µm"m!m0

Khm

"
. (8)

(4) Pore-scale numerical simulations can only be performed on
a pore-scale image of a mm-size rock fragment. Since porosity can
be spatially varying, the simulation results depend on the choice of
the fragment, which in turn creates an uncertainty in Khm and µhm .
To deal with this issue, we choose to invert the effective aspect ratio
of stiff pores using the EMT based on the numerical simulation. We
then substitute the obtained aspect ratio and measured total porosity
of the entire sample into the same EMT to calculate Khm and µhm .

(5) With all the parameters obtained from previous steps, we then
calculate the unrelaxed rock frame moduli using equations (1) and
(2).

(6) Finally, we compute the fully saturated moduli through the
lower embedded bound theory by saturating the remaining open
stiff pores with a fluid or a true solid.

Previous workflow presents the procedure of using the triple-
porosity scheme to estimate the effective moduli of porous rocks
saturated with fluids or true solids. Within the workflow, pore-scale
numerical simulations are key in deriving the parameters of inter-
mediate pores and are described in next section.

3 A P P L I C AT I O N

3.1 Experimental data of a Bentheim sandstone

In order to illustrate the validity and applicability of the modified
model constrained by pore-scale numerical simulation presented
in previous sections, we apply the model to the data of Sun et al.
(2018). This ultrasonic data is measured on a Bentheim sandstone,
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Figure 2. Ultrasonic P wave (a) and S wave (b) of the dry (open circles), liquid- (open squares) and solid-octadecane-saturated (solid squares) Bentheim
sandstone as a function of confining pressures.

Table 1. Material properties for the mineral (Vernik 1998) and pore fills
used for the modeling and simulations. Kg and µg is the bulk and shear
moduli of matrix.

Kg µg K f (solid) µ f (solid) K f (fluid) !

37.3 GPa 38.2 GPa 3.87 GPa 1.46 GPa 1.53 GPa 23.56
per cent

which has a porosity of 23.56 per cent and is very homogeneous,
predominantly comprised of 97 per cent quartz with small portion of
accessory feldspars, heavy minerals and Fe-(hydr) oxides (Dubelaar
& Nijland 2015). As shown in Fig. 1, the pore fill, octadecane,
was chosen because it has a melting/freezing point of Tm = 28
#C, making it easy to perform laboratory experiments with this
substance in both liquid and solid states.

Figs 2(a) and (b) demonstrate the laboratory measurements of
ultrasonic P- and S-wave velocities of the sample in a dry state
(open circles) and liquid- (open diamonds) and solid-octadecane
(solid squares) saturated in the pressure range of 6–30 MPa. In
the dry state, both P- and S-wave velocities increase clearly with
the increasing confining pressure. However, under the condition of
solid-octadecane saturated, the pressure dependency of velocities
is reduced. To model this difference, we will need the physical
properties of the dry sample and octadecane in liquid and solid
forms. These properties are summarized in Table 1.

Note that the ultrasonic measurements on dry sample yield the
dry bulk and shear moduli of the rock as the dry velocities are not
dispersive (Adelinet et al. 2010; Adam & Otheim 2013). Hence, the
dry moduli can be obtained directly from those dry velocities and
measured density. In the following sections, we will present analysis
of velocities and moduli as functions of confining pressure rather
than effective pressure, because it is impossible to independently
control pore pressure in the solid pore fill.

3.2 Numerical simulations

3.2.1 Image acquisition

Digital rock images used in this study are acquired by 3-D X-
ray microscope VeraXRM-500 (ZRadia-Zeiss) at X-ray energy of
60 kV at the voxel size of 2 µm on the same Bentheim sandstone For
simulation purposes, image segmentation—which is the procedure
of attributing different ranges of grey levels to various phases—
controls the accuracy of pore-scale numerical simulations. The first
step in this procedure is using a 3-D non-local filter to supress the

noise effects. The threshold image segmentation is achieved using
combination of Avizo 9.3 software (mainly image processing) and
the ImageJ/Fiji software with the 3-D ImageJ Suite plugin (analysis,
Ollion et al. 2013). The maximum size of the original data set
obtained from the cylindrical core samples is 510 $ 550 $ 893
voxels. As shown in Figs 3(a)–(d), several subsets of different sizes,
are extracted for numerical simulations. All these subsets have the
same voxel size of 2 µm and are segmented to two-phase images:
mineral matrix and pore space.

3.2.2 Property prediction

Microstructures defined by the extracted digital images have been
already discretized and ready for the numerical computation of
elastic moduli. We calculate the elastic moduli of the mixture system
with FEM (Roberts & Garboczi 2000; Arns et al. 2001, 2002). The
digital image is assumed to have periodic boundary conditions.
Elastic moduli of the matrix are set to Kg = 37.3 GPa and µg =
38.3 GPa, given by Vernik (1998) (average values of the elastic
moduli of clean arenites and arenites). Elastic moduli of the pore
fill K f and µ f are set to zero in order to simulate the dry moduli.
Numerical simulation results based on the four different discretized
images (Figs 3a–d) are presented in Table 2.

Table 2 shows that all the simulations overestimate the dry elas-
tic moduli compared with the experimental data at pressure Pe

= 6 MPa. This is consistent with the previous assumption that
numerical simulations from microtomographic X-ray images only
corresponds to the effects of stiff pores. We assume that the ‘best’
simulation results are identical to the high-pressure limit moduli
Khm and µhm . This cannot be established directly. Indeed, not only
laboratory equipment is mostly limited to P < 50–100 MPa, but
even if we could measure rocks at pressures of 200–2000 MPa,
these pressures would likely be outside the elastic regime. However,
as suggested by a number of authors (Arns et al. 2007; Andrä et al.
2013; Saenger et al. 2016), we can infer this information indirectly.
A typical X-ray microtomographic has a linear size of 1000 voxels
and is about 10"50 average linear sand grain sizes. Thus, a typi-
cal grain has a length of about 20"100 voxels. The thinnest grain
contacts that can be confidently resolved have a thickness of 5 vox-
els (at least!). Hence the smallest aspect ratio that can be resolved
is a = 0.05–0.25 (or larger if we need more. These contacts will
close at pressures P = aK , where K is bulk modulus of the rock
matrix. For the Bentheim sandstone, K % 10 GPa; this gives P on
the order of 500"2500 MPa. However, the simulations presented
in Table 2 show that numerical simulations depend on the choice of

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/article-abstract/220/3/1804/5663615 by C

urtin U
niversity Library user on 16 January 2020



1808 Y. Sun et al.

Figure 3. Pore space images of different sizes (a) 510 $ 550 $ 893, (b) 128 $ 128 $ 128, (c) 256 $ 256 $ 256, and (d) 256 $ 256 $ 256 of subsets extracted
from the original cylinder core plugs with the same voxel size of 2 µm. Images (c) and (d) are the subsets of the same size extracted from different place in the
original data set.

Table 2. Simulated dry moduli using different fragments of the digital
images.

Kdr y (GPa) µdr y (GPa) !

128 $ 128 $ 128 19.06 18.49 18.65 per
cent

256 $ 256 $ 256 (upper) 15.98 14.17 21.73 per
cent

256 $ 256 $ 256 (lower) 13.76 13.20 25.84 per
cent

510 $ 550 $ 893 17.06 16.29 21.34 per
cent

Pe = 6 MPa 11.67 9.59

the fragment, which in turn creates an uncertainty in Khm and µhm .
To address this issue, we use the simulation results in conjunction
with EMT to determine the effective aspect ratio of stiff pores and
then substitute the aspect ratio into the same EMT to compute Khm

and µhm .

3.2.3 Computation of the aspect ratio of stiff pores

In order to compute the aspect ratio of stiff pores, in Figs 4(a)
and (b), we compare the numerical simulation results (open circles)
against the predictions given by the Self-Consistent Approximation

(SCA, Berryman 1980; Ogushwitz 1985) method, assuming the
pore geometry of spheres (red dashed line), needles (blue dotted
line), and spheroids with an aspect ratio of 0.5 (dashed line), 0.23
(solid line) and 0.1 (dotted line). We note that the predictions given
by setting the aspect ratio of stiff pores to 0.23 provide a satisfac-
tory fit to our numerical simulation results. Then, in Figs 5(a) and
(b), we compare the numerical simulation results against the pre-
dictions given by different EMT methods: the SCA, Kuster-Toksoz
(referred to as KT) model (Kuster & Toksöz 1974) and differen-
tial effective medium theory (referred to as DEM, Cleary et al.
1980; Norris 1985; Zimmerman 1991) using the same aspect ra-
tio of 0.23 for stiff pores. The SCA method gives the predictions
closest to our numerical predictions. This suggests that the SCA
method is the best option to compute the effective aspect ratio of stiff
pores.

We then compute the high-pressure limit moduli Khm =
14.74 GPa and µhm = 14.20 GPa by substituting the aspect ra-
tio of stiff pores #s = 0.23 into the SCA method. Then, following
the eqs (7) and (8) in the previous section, we obtain the parameters
of intermediate pores ("m, "µm, !m0). To this end, as shown in Ta-
ble 3, all the parameters required in the eqs (1) and (2) are obtained
from the pressure dependency of ultrasonic velocities and density.
We then compare the model predictions against the experimental
data in next section.
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Figure 4. Comparison of the pore-scale numerical simulations to the predictions for the dry bulk (a) and shear (b) moduli using the SCA method assuming
different pore shapes.
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Figure 5. Comparison of the pore-scale numerical simulations to a range of theories used to predict the dry bulk (a) and shear (b) moduli using the same aspect
ratio of 0.23 for stiff pores.

Table 3. The parameters of compliant and intermediate porosity of the Bentheimer sandstone obtained
by applying the workflow of Section 3 to ultrasonic measurements in a dry state.

"c #c "m #m !c0 !m0

3.16 $ 103 1.78 $ 10"4 1.37 $ 102 4.2 $ 10"3 9.75 $ 10"4 1.6 $ 10"3
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Figure 6. Dry bulk (a) and shear (b) moduli of a Bentheim sandstone as a function of pressure up to 50 MPa. The bulk and shear moduli calculated from the
ultrasonic velocities are shown by open circles. Variations of the elastic moduli modelled for low pressures and caused by the closure of the compliant and
intermediate pores are shown by the solid line and dashed–dotted line, respectively.
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Figure 7. Dry bulk (a) and shear (b) moduli of a Bentheim sandstone as a function of pressure up to 500 MPa. The bulk and shear moduli calculated from
the ultrasonic velocities are shown by open circles. Variations of the elastic moduli modelled for low pressures and caused by the closure of the compliant and
intermediate pores are shown by the solid line and dashed–dotted line, respectively.
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Figure 8. Comparison of the experimental bulk (a) and shear (b) moduli of a Bentheim sandstone saturated with liquid- and solid-octadecane against predictions
of different models as a function of confining pressure. Open circles, diamonds and solid squares are the dry, liquid- and solid-octadecane-saturated moduli
calculated from the ultrasonic velocities and density respectively. Open triangles are the predictions of the triple-porosity scheme constrained by pore-scale
numerical simulations. Solid diamonds and triangles are the predictions of the C&S and dual-porosity models.

Alternatively, aspect ratio could be estimated by inverting the
moduli of each fragment (Arns et al. 2003; Liu et al. 2018).
Given that the moduli for all fragments closely follow the single
aspect ratio trend (Figs 4 and 5), this approach should give similar
results.

3.3 Results

Figs 6(a) and (b) show the least square fitting of the theoretical
pressure dependency of the dry moduli (solid line) to the measure-
ments (open circles) for pressures up to 50 MPa. We observe that a
combination of exponential and linear terms accounts well for the
increase of the dry moduli with the increasing effective pressure.
Note that the exponential trend attributed to the compliant cracks
closure vanishes within 10"20 MPa. On the other hand, the linear
term (dashed–dotted line) is ascribed to the gradual closure of stiff
pores (including intermediate pores). However, at pressures up to
500 MPa [see Figs 7(a) and (b), a zoom-in plot of Figs 6(a) and (b)],
the dry moduli also show an exponential increase resulting from
the closure of intermediate pores, similar to the behaviour of com-
pliant pores at low pressures (<20 MPa). This behaviour at higher
pressures has been documented by the ultrasonic measurements of
several eclogites and country rocks under confining pressure up to
800 MPa by Wang et al. (2005), which exhibit an approximately

exponential increase of the dry moduli with the increasing confining
pressures.

We then substitute the parameters from Table 3 into our model
and give the model predictions, as shown in Figs 8(a) and (b). First,
we see that the C&S model (solid diamonds) gives much lower
prediction of the solid-octadecane-saturated moduli in comparison
with the experimental data (solid squares). The dual-porosity model
(solid triangles) performs much better, but still has a clear discrep-
ancy compared against the experimental data. Compared with the
C&S model and the dual-porosity model, the present model (open
triangles) gives more accurate estimates, which agree well with the
laboratory measurements of the elastic moduli of the sandstone sat-
urated with solid octadecane. Moreover, in the case of liquid octade-
cane in the pore space (open diamonds), the present model (solid
circles) gives predictions that are consistent with the Gassmann
theory.

4 D I S C U S S I O N

One important feature of our scheme is that we assume the rock
contains three types of pores, compliant, intermediate and stiff. Each
type of pores is described to be spheroidal and has an aspect ratio.
While this is a crude simplification in regard to the realistic pore
shapes, such treatment seems to provide a good fit to the pressure
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dependency of the dry moduli. In this sense, this approximation is
reasonable and effective.

Different from the recognition of a binary pore structure, we add
a newly defined pore type, intermediate, to explain the pressure
effects on the dry moduli at much higher pressures. As defined, in-
termediate porosity decreases in an exponential law at intermediate
pressures, say 200"1000 MPa. We do not claim that this behavior
of the pores at such high pressures is realistic. Indeed, those pres-
sures are beyond the capacity of most rock physics laboratories and
can even crush typical sandstone samples (Zhang et al. 1990; Wong
et al. 1997; Fortin et al. 2007), though not mantle rocks (Wang
et al. 2005). Sandstones at such pressures probably lie outside of
the elastic regime. Yet the assumption of the behavior of veloci-
ties at such pressures is helpful for understanding of pore space
geometry.

Application of our model requires the asymptotic values of the
dry moduli in high-pressure limit that are usually unknown or hard to
obtain directly from ultrasonic measurements due to the restriction
of narrow measurement range of pressures. This work introduced
pore-scale numerical simulations based on FEM in conjunction with
the SCA to determine the effective aspect ratio of stiff pores and
then compute the values by substituting the aspect ratio into the
SCA. Such treatment implies that the numerical simulation results
only correspond to the effects of stiff pores, while soft (compliant
and intermediate) pores in the digital rock images are not resolved.
While this assumption is reasonable for digital rock images with
the voxel size of about 2"5 µm, the smallest voxel size currently
available, future developments might provide more direct ways to
characterize the pore shapes.

Another potential limitation of our approach is that the model
is only suitable for pure sandstone. For shaley sandstone or other
complex composite rocks, the pressure effects on the dry moduli are
more complicated, and not only controlled by the closure of cracks.
Moreover, the pore shapes information extracted from digital rock
images is different from those of pure sandstone. Such influence
might be studied in future work.

5 C O N C LU S I O N S

We present a simple scheme for fluid or solid substitution con-
strained by pore-scale numerical simulation based on finite element
method. This scheme relates the change of the effective elastic mod-
uli of porous and fractured rocks to the moduli of pore fill, including
fluids, high-viscosity fluids and elastic solids. Pore-scale numerical
simulations based on FEM are used to successfully determine the
aspect ratio of stiff pores directly from microtomographic images
in conjunction with the self-consistent medium theory. Then, the
asymptotic values of dry moduli in high-pressure limit where only
non-closable pores remain open are obtained using the SCA and
then substituted into the scheme to estimate the effective elastic
moduli of porous and fractured rocks saturated with various pore
fills. The workflow avoids the need to assume the specific geome-
try of stiff pores and reduces the uncertainty of model predictions
without any adjustable parameters. This strengthens the predictive
power and usefulness of the model in predicting the effective elastic
moduli of rocks resulting from the change in the moduli of pore fill.
Successful application to a liquid- and solid-octadecane-saturated
Bentheim sandstone has verified the accuracy and applicability of
this scheme and indicated its potential in further exploitation and
characterization of heavy oil and similar reservoirs.
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Abstract
A combination of ultrasonic experiments with gas adsorption is a promising tool for improved characterization of nanoporous 
materials. The use of ultrasound requires understanding of the e!ects of adsorbates on the elastic properties of nanoporous 
medium. This issue is not trivial, because nanostructured materials, as well as nanoconfined matter, may exhibit physical 
properties that di!er substantially from the properties of “normal” bulk materials. In this paper, we investigate the change 
of elastic properties of Vycor glass filled with adsorbed liquid and solid argon within the context of elasticity and compare 
the modeling results with the ultrasonic measurements. The modeling requires the knowledge of solid moduli of Vycor glass 
and the pore geometry, which cannot be measured directly. Instead, we estimate these parameters from the dry moduli using 
so-called Di!erential E!ective Medium (DEM) theory, in which the pores are assumed to be of spheroidal shape character-
ized by a single aspect ratio. Predictions of the Gassmann equation give an excellent fit to the measured elastic moduli of 
Vycor glass completely filled with liquid argon at temperature 80"K. Estimates of the DEM show a reasonable agreement 
with ultrasonic measurements on the elastic moduli of Vycor glass fully saturated with solid argon at 74"K in shear modulus 
but a significant overestimate in bulk modulus. This might be due to the e!ects of the confinement on the moduli of argon 
in nanopores. Although the validation and generalization of this conclusion requires further laboratory experiments for a 
number of well characterized solid–fluid systems, our finding shed light on the understanding of elastic properties of nano-
porous materials mixed with adsorbates in various phases. These results provide steps toward development of methods for 
ultrasonic characterization of confined fluid and solid phases.

Keywords Ultrasound"· Characterization"· Elasticity"· E!ective medium theory"· Vycor

1 Introduction

Gas adsorption is a classical tool used for characterization of 
porous materials (Gregg and Sing 1982). When adsorption 
in porous material is studied, the primary interest is typically 
focused on an adsorption isotherm, which provides a lot of 
information about the porous material and its interaction 

with the adsorbate (Thommes and Cychosz 2014; Thommes 
et"al. 2015). In recent years, however, the idea of using data 
complementary to adsorption isotherms for extracting the 
information about the porous materials has started to attract 
attention. In particular the mechanical e!ects of adsorp-
tion are of interest, e.g. the adsorption-induced deforma-
tion (Gor et"al. 2017); the strain isotherms measured during 
the adsorption process strongly depend on the pore size and 
surface chemistry, and thus are suitable fingerprints of the 
materials (Kowalczyk et"al. 2016; Balzer et"al. 2016; Ustinov 
and Do 2006; Siderius et"al. 2017).

Another approach is to probe the elastic properties of 
adsorbates in the pores, which are also related to the pore-
sizes (Gor et"al. 2015; Dobrzanski et"al. 2018; Maximov and 
Gor 2018) and surface properties (Evans and Stewart 2015; 
Nygård 2016; Gor 2017). The elastic properties of adsorb-
ates can be readily probed by ultrasound, as the speeds of 
acoustic waves propagation have simple relations to elastic 
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moduli. Ultrasound has been employed for studying numer-
ous adsorbates (Molz et"al. 1993; Page et"al. 1995; Charnaya 
et"al. 2001; Schappert and Pelster 2008; Warner and Beam-
ish 1988), bringing, in particular, information of amount 
adsorbed (Warner and Beamish 1988), dynamics of pore fill-
ing (Page et"al. 1995), pressures in the pores (Schappert and 
Pelster 2016), solid–liquid phase transitions (Charnaya et"al. 
2001), etc… However, many of those results were qualitative 
rather than quantitative. In order to make the ultrasonic data 
measured in porous materials quantitative, the knowledge of 
elasticity of composite materials has to be employed. The 
application of theories used for macroporous materials to 
nanoporous materials is questionable, because nanostruc-
tured materials, as well as nanoconfined matter, may exhibit 
physical properties that di!er substantially from the proper-
ties of “normal” bulk materials (Huber 2015).

Recently, Gor and Gurevich (2018) showed that the elas-
tic moduli of Vycor glass fully saturated with adsorbed flu-
ids, such as argon (Schappert and Pelster 2014) and n-hex-
ane (Page et"al. 1995), are consistent with the predictions 
of the Gassmann equation (Gassmann 1951), which relates 
elastic moduli of saturated porous media to the moduli of 
the dry porous matrix and the saturating fluid. However, 
the Gassmann theory also requires the knowledge of the 
bulk modulus of the solid Vycor matrix, which cannot be 
measured directly. Gor and Gurevich (2018) estimated this 
modulus in two independent ways: (1) from deformation of 
the Vycor glass caused by adsorption of water (Amberg and 
McIntosh 1952) and (2) from the moduli of the dry Vycor 
glass using e!ective medium theory (EMT). These two 
approaches gave similar values, and were used by Gor and 
Gurevich (2018) to compute the end members of the predic-
tions of the Gassmann equation. However both approaches 
have their weaknesses. The drawback of the first approach 
is that the adsorption-induced deformation data used for the 
calculation of bulk modulus were measured over 65"years 
ago, and it is not certain that the samples measured were 
identical to the ones used in the ultrasonic experiments. The 
second approach has an uncertainty related to the shapes 
of nanopores in the Vycor glass, which are necessary for 
the calculation of elastic moduli using the EMT. Moreover, 
the estimates made were based on the assumption that the 
pores are circular cylinders, as often accepted for interpret-
ing adsorption data in Vycor glass (Thommes et"al. 2006; 
Landers et"al. 2013; Kolesnikov et"al. 2018). In addition, 
the question of estimating the elastic moduli of Vycor glass 
completely saturated with solid adsorbates remains open.

Recently Schappert and Pelster (2013b) reported ultra-
sonic measurements on the elastic moduli of Vycor glass 
saturated with adsorbed solid argon. These data, together 
with the previous measurements of Vycor glass saturated 
with liquid argon (Schappert and Pelster 2013a), can help 
quantify the effect of various adsorbates on the elastic 

properties of nanoporous materials. Within the context of 
elasticity, we study these quantitative e!ects by comparing 
the experimental data against the EMT modeling results. 
Such EMT modeling requires the knowledge of solid moduli 
of Vycor matrix and the geometrics of nanopores, which 
cannot be measured directly from the laboratory experi-
ments. In this work, we estimate these parameters from the 
dry moduli using one specific EMT, so-called Di!erential 
E!ective Medium (DEM) theory. Then, substituting these 
parameters as well as the elastic moduli of both liquid and 
solid argon into the same DEM, we investigate the change 
of elastic properties of nanoporous Vycor glass filled with 
various phase adsorbates. This paper provides a framework 
that helps understand the quantitative e!ects of liquid and 
solid adsorbates on the elastic properties of a composite 
nanoporous system.

2  Data

To achieve understanding of the e!ects of various adsorbates 
on the elastic properties of a nanoporous medium, it is use-
ful to start with a simple system. We consider the ultrasonic 
measurements carried out during adsorption of vapors on 
a Vycor glass, in which the pores are filled with liquid and 
solid argon. From the molecular standpoint argon is one of 
the simplest adsorbates, due to its non-specific van der Waals 
interactions between the argon atoms and with the glass sur-
face, and it is straightforward to model argon adsorption and 
its elastic properties in particular via molecular simulations 
(Coasne et"al. 2009; Gor et"al. 2015, 2016; Dobrzanski et"al. 
2018). Therefore, the system of Vycor glass and adsorbed 
argon can be regarded as an ideal system to study the influ-
ences of nanoconfinement on thermodynamics of fluids, in 
particular its elastic properties, as well as the liquid–solid 
phase transitions.

In this paper, we use the data of Schappert and Pelster 
(2008, 2013a, b, 2014), who measured the adsorbed fraction 
dependence of ultrasonic velocities in a Vycor glass 7930, 
saturated with argon at temperatures of T = 80"K (liquid) and 
74"K (solid) (we call it sample 1). Note that confined argon 
freezes at lower temperature than the melting point of bulk 
argon (T = 84"K), and in pores of Vycor glass is frozen below 
T = 76"K (Schappert and Pelster 2011). In the experiments of 
Schappert and Pelster (2008, 2013a, b, 2014), a dry Vycor 
glass is gradually saturated by means of vapor adsorption at 
a constant temperature.

Figure"1a, b show the ultrasonic measurements on the 
e!ective bulk and shear moduli of a Vycor glass during 
adsorption (solid red squares) and desorption (open red 
squares) of liquid argon at T = 80"K as a function of filling 
fraction of argon. Figure"1b shows that the e!ective shear 
modulus remains almost independent of argon saturation, 
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which implies that the adsorbed liquid argon does not a!ect 
the e!ective shear modulus of the porous sample. At the 
same time, the e!ective bulk modulus increases sharply 
upon capillary condensation when the filling fraction 
approaches 100%. This result is consistent with the conven-
tional theory of poroelasticity (Gassmann 1951; Biot 1956) 
and suggests that the nanoconfined argon at 80"K is in liquid 
state.

Figure"2a, b show the ultrasonic measurements on the 
e!ective bulk and shear moduli of the same Vycor glass 
filled with solid argon at T = 74"K, which is below the freez-
ing point of argon confined in Vycor nanopores T = 76"K 
(Schappert and Pelster 2011). The moduli are plotted as a 
function of filling fraction of argon. Similarly to the Vycor 
glass filled with liquid argon, both the e!ective bulk and 
shear moduli remain almost constant until the filling frac-
tion approaches 0.66. Within the range of 0.66–0.89, both 

the e!ective bulk and shear moduli show a gradual increase, 
which implies the increased amount of frozen argon. When 
the filling fraction is 0.89 at T = 74"K, the shear modulus 
remains approximately constant at further filling while the 
e!ective bulk modulus continues to increase. No appropriate 
explanation has been found so far in literature to account for 
this significant di!erence, which might lead to non-negligi-
ble e!ects on our modeling results. Given that our focus in 
this paper is the case of full saturation f = 100%, this behav-
ior at partial saturation will be the attention of our future 
work.

Computing the e!ective elastic properties of Vycor 
glass saturated with liquid or solid argon requires the 
knowledge of the elastic properties of each constituent, 
the volume fractions of the components, and the spatial 
distributions of how the various phases are arranged rela-
tive to each other. In this work, we have the dry moduli K0 

Fig. 1  E!ective bulk and shear moduli of Vycor glass during filling the pores with liquid argon at T = 80"K as a function of filling fraction of 
argon (bulk K0 = 7.73"GPa and shear G0 = 6.86"GPa moduli of the dry sample)

Fig. 2  E!ective bulk and shear moduli of Vycor glass during filling with solid argon at T = 74"K as a function of filling fraction of argon (bulk 
K0 = 7.79"GPa and shear G0 = 6.88"GPa moduli of the dry sample)
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and G0 , porosity ! , and saturated moduli. However, the 
moduli Ks and Gs of Vycor matrix [sometimes referred to 
as backbone, see Bentz et"al. (1998)], cannot be measured 
directly because the same Vycor cannot be manufactured 
in non-porous form. The knowledge of the dry moduli K0 
and G0 is insu#cient to estimate Ks and Gs as the depend-
ence of the dry moduli K0 and G0 on the solid moduli Ks 
and Gs is controlled by the pore geometry, which is also 
too complex. Therefore, additional information is required 
to obtain Ks and Gs.

Such information is contained in the ultrasonic meas-
urements on the elastic properties of Vycor glass fully sat-
urated with liquid and solid argon if the moduli of “bulk” 
liquid and solid argon are known. These values are indeed 
well documented (Keeler and Batchelder 1970; Anderson 
and Swenson 1975; Shimizu et"al. 2001; Barker and Dobbs 
1955). However, ultrasonic measurements show that argon 
confined in Vycor glass may not be completely frozen at 
T = 74"K (Schappert and Pelster 2013a), and its moduli 
may be lower than that of bulk argon. Specifically, Schap-
pert and Pelster (2013a) showed that the shear modulus of 
Vycor glass saturated with argon increases continuously 
with the decrease of temperature down to T = 12"K, and 
this increase is much more rapid than for dry Vycor glass, 
see Fig."3. These measurements were done on a slightly 
di!erent sample, which we call sample 2, with a porosity 
of 25%, which is smaller than that of sample 1 (28%). 
However since all Vycor glass was produced using a stand-
ard manufacturing process, it is reasonable to assume that 
these two samples share the same solid moduli Ks and Gs.

3  Methods

Generally, the e!ective elastic properties of a porous medium 
depend on the elastic properties of each constituent, the vol-
ume fractions of the various components, and the spatial dis-
tributions of how the various phases are arranged relative to 
each other. If the geometrical details are unknown, the pre-
dictions are limited to the upper and lower bounds of e!ec-
tive elastic properties of the composite medium. A number of 
theories have been developed to find possible ranges of the 
e!ective elastic properties of the composite medium regard-
less of any geometric details. For any given volume fraction 
of constituents, the e!ective moduli will fall between the 
bounds, but the position of the moduli between the bounds 
depends on the geometric details (Mavko et"al. 2009). Another 
group of approaches are based on e!ective medium theories 
(EMT), which describe the macroscopic elastic properties of 
a composite medium in terms of the volume fractions and the 
constituent moduli, assuming a specific inclusion geometry. 
Here we consider one bound method, Hashin–Shtrikman (HS) 
bounds (Hashin and Shtrikman 1963), which are the tightest 
possible bounds for isotropic mixtures, and one EMT method, 
the modified Kuster–Toksöz theory (KT) (Kuster and Tok-
söz 1974; Berryman 1980), which is called the di!erential 
e!ective medium (DEM) theory (Cleary et"al. 1980; Norris 
1985; Zimmerman 1990). This method is exact for low poros-
ity and takes into account the interactions between pores for 
high porosity. These two approaches are described as follows.

3.1  Rigorous bounds

One common way to estimate the elastic properties of multiple 
materials is to find the bounds or the ranges of solutions, espe-
cially when the microstructure is unknown or too complicated. 
Berryman (1980) discussed various rigorous bounds on the 
e!ective moduli of composites. For example, the well-known 
Voigt (arithmetic) and Reuss (harmonic) averages are, respec-
tively, rigorous upper and lower bounds for both bulk K and 
shear G moduli. Tighter bounds for elastic moduli of isotropic 
mixtures have been derived by Hashin and Shtrikman (1963). 
Moreover it has been shown that HS bounds are realizable, that 
is, for any volume fractions of the constituents, there always 
exists their possible geometrical configuration for which HS 
bounds are exact. The expressions for HS bounds are given by
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Fig. 3  E!ective shear modulus during temperature cycles, cooling 
(closed markers) and heating (open markers), for di!erent fillings of 
Vycor glass. Note that the e!ective shear modulus of the completely 
filled sample increases markedly on cooling. In this case, the value of 
the slope of the increase, however, is considerably smaller for tem-
peratures below about 30"K
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where K and G are the bulk and shear moduli of two con-
stituents denoted by subscripts s and f with volume fractions 
(1 ! !) and ! , respectively. These expressions give the upper 
bound (denoted by ‘+’) when constituent s is sti!er than 
constituent f, and the lower bound (denoted by ‘$’) when 
constituent f is sti!er than constituent s.

3.2  Speci!c inclusion shape methods

In addition to rigorous bounds there are methods to estimate 
the e!ective moduli for particular geometries. These meth-
ods are collectively known as e!ective medium theories or 
EMT. Most EMT methods use the solution for the elastic 
deformation of a single inclusion of one material in an infi-
nite background medium of the second material and then use 
one scheme or another to estimate the e!ective moduli when 
there is a distribution of these inclusions (Mavko et"al. 2009). 
In particular, the KT theory is based on the long wavelength, 
first-order scattering of elastic waves in a two-phase medium 
(Berryman 1980). According to this theory, e!ective elastic 
bulk and shear moduli K and G of a mixture of a solid with 
the moduli Ks and Gs with a volume fraction 1 ! ! , and fluid 
or solid pore filling with the moduli Kf  and Gf  and volume 
fraction ! , are given by the equations

where !s = Gs

6

(9Ks+8Gs)
(Ks+2Gs)

. The coe#cients Psf  and Qsf  describe 
the e!ect of an inclusion in a background medium s , and 
depend on the inclusion shapes. Wu (1966) gave the expres-
sions for spheroidal inclusions of arbitrary aspect ratio ! as

and

where the tensor Tijkl
!

Ks,Gs,Kf ,Gf , !
"

 relates the uniform 
far-field strain field to the strain within the spheroidal inclu-
sion and is a function of the host and inclusion moduli 
as well as the pore aspect ratio ! . Detailed mathemati-
cal expressions of the components of the tensor Tijkl are 
given in (Berryman 1980). When the pore space is empty 
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, Eqs."(3) and (4) reduce to
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where superscript 0 indicates that coe#cients P and Q are 
calculated for empty pores.

The KT model described by Eqs."(3), (4) and (7), (8) is 
exact in the limit of small volume fraction of inclusions, 
but might be inaccurate for large volume fractions and may 
even violate rigorous bounds, especially for strongly oblate 
inclusions (Berryman 1980). Since the porosity of Vycor 
(0.25–0.28) glass is not small, it is preferable to use the KT 
model in an iterative manner, by adding a small amount of 
inclusions at each iteration. Such scheme is known as the dif-
ferential e!ective medium (DEM) (Cleary et"al. 1980; Norris 
1985; Zimmerman 1990). The DEM scheme is known to 
be realizable, that is, there always exists a geometrical con-
figuration, for which its predictions are exact (Norris 1985; 
Milton 2002). In the following analysis we will use the DEM 
for our calculations, but will still refer to Eqs."(3)–(8) for 
simplicity.

Most commonly, the DEM scheme is used to estimate 
the e!ective bulk K and shear G moduli from porosity ! , 
bulk and shear moduli of the solid matrix Ks and Gs , and the 
pore geometry ! . Here we do the opposite: using the DEM 
for empty pores, we estimate the solid moduli Ks and Gs and 
the pore geometry ! from the bulk K0 and shear G0 moduli 
of the dry sample and the porosity ! . Then, these parameters 
are substituted into the same DEM and the Gassmann equa-
tion but for argon-filled pores to predict the e!ective elastic 
moduli of nanoporous medium filled with adsorbed fluids 
or solids and compared with the ultrasonic measurements.

3.3  The Gassmann equation

When the pore is filled with a fluid ( Gf  = 0), the e!ective 
bulk modulus K of the fluid-saturated medium is related 
to the dry bulk modulus K0 by an exact equation known as 
the Gassmann equation (Gassmann 1951; Berryman 1999)

Equation"(9) shows that the bulk modulus K of the satu-
rated medium is fully determined by the bulk moduli of the 
solid Ks , dry frame K0 and fluid Kf  , and the porosity ! , and 
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is independent of the aspect ratio of the pores. However, the 
dependence on pore shape is implicit in Eq."(9) as it controls 
the ratio K0!Ks . At the same time, the shear modulus of the 
fluid-saturated medium G equals to that of the dry material 
G0,

the Gassmann equation is widely used in exploration and 
production geophysics to estimate properties of subsurface 
fluids from seismic reflections (Smith et"al. 2003). The 
Gassmann equation provides an exact link between dry and 
saturated moduli irrespective of geometry, and hence for 
fluid saturated materials is preferable to any other EMT.

3.4  Work"ow

Using the data presented in Sect."2, we develop a work-
flow combining the data of sample 1 and sample 2 to 
obtain the solid moduli Ks and Gs and the pore geometry ! 
according to the DEM theory. Then, the effective moduli 
of Vycor glass completely filled with liquid and solid 
argon are obtained by substituting these parameters into 
the same DEM theory. These predictions are then com-
pared to the ultrasonic measurements. Detailed workflow 
is as follows:

1. Assuming the Poisson’s ratio ! of the dry Vycor glass 
is independent of temperature and equals that of sam-
ple 1, we obtain the dry bulk modulus K0 at T = 30"K 
from the measured dry shear modulus G0 of sample 2 
at this temperature. The temperature of 30"K is taken 
as a reference, since at a higher temperature it is known 
that thermodynamic properties of confined solid argon 
noticeably di!er from those of the bulk argon (Molz 
et"al. 1993; Knorr et"al. 2003).

2. For sample 2 at T = 30"K, we calculate the solid moduli 
Ks , Gs , and the aspect ratio ! from the dry moduli K0 and 
G0 , and the e!ective shear modulus G of Vycor glass 
fully saturated with solid argon using the Eqs."(7) and 
(8).

3. We attribute the temperature dependence of the shear 
modulus of the dry Vycor sample 2, shown in Fig."3, to 
the variation of solid modulus. This dependence gives 
a factor 1.03 for the di!erence between the moduli at 
T = 74"K and at T = 30"K. Thus, we obtain the solid 
shear modulus Gs at T = 74"K.

4. Assuming that sample 1 and sample 2 share the same 
solid shear modulus Gs at T = 74"K, we calculate the 
solid bulk modulus Ks and the aspect ratio ! from the 
dry moduli K0 and G0 and the solid shear modulus Gs of 
sample 2 using the Eqs."(7)–(9).

(10)G = G0.

5. Substituting the solid moduli Ks and Gs and the aspect 
ratio ! into the Eqs." (3) and (4) and the Gassmann 
Eq."(9), we estimate the e!ective elastic moduli of Vycor 
glass fully saturated with liquid and solid argon and 
compare the modeling results to the ultrasonic meas-
urements.

4  Results

Using the ultrasonic measurements on the elastic moduli 
of Vycor glass (sample 1 and 2) completely filled with 
adsorbed liquid and solid argon shown in Sect."2, we carry 
out the modeling using the methods presented in Sect."3 
and compare the results to the experiments.

4.1  Deriving solid moduli of#Vycor matrix 
from#the#data of#sample 2 at#T = 30#K

As presented in the workflow, both the bound estimates 
and the EMT theories require the knowledge of the solid 
moduli of Vycor matrix, which cannot be measured 
directly. In this work, we use the DEM theory, in which 
the pore structure is modelled as a spheroid characterized 
by a single pore aspect ratio ! , to estimate the solid moduli 
Ks and Gs based on the data of both sample 1 and 2.

Since all Vycor is produced using the same manufac-
turing process, we assume that sample 1 and 2 should 
share the same solid moduli. As presented in Fig." 2, 
Schappert and Pelster (2008) reported the bulk modu-
lus K0 = 7.73"GPa, the shear modulus G0 = 6.86"GPa, and 
the porosity ! = 0.28 of the dry sample 1. Further, for 
the same sample used in experiments with solid argon at 
T = 74"K, Schappert and Pelster (2013b) reported slightly 
higher values: the bulk modulus K0 = 7.79"GPa and the 
shear modulus G0 = 6.86"GPa (the di!erence could be 
due to a slight temperature dependence of the properties 
of Vycor glass or a slight di!erence in pore geometry). 
However, the pore geometric details are unknown, which 
means that the e!ective aspect ratio ! of the pores is una-
vailable. Hence Eqs."(7) and (8) cannot be solved for three 
unknowns.

As discussed earlier, Schappert and Pelster (2013a) 
reported the variation of the e!ective shear modulus of 
Vycor glass (sample 2) saturated with adsorbed argon 
against temperature, which is presented in Fig." 3. At 
T = 30"K, the shear moduli of sample 2 when dry and 
filled with solid argon are G0 = 7.90"GPa and G = 8.87"GPa 
respectively. It is reasonable to assume that the Poisson’s 
ratio ! of the dry Vycor glass is independent of tempera-
ture and equals that of sample 1 ( ! = 0.31). This yields 
the dry bulk modulus of sample 2 K0 = 8.94 GPa. Then 
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Eqs."(7) and (8) can be written for the dry bulk and shear 
moduli K0 and G0 , while Eq."(4) gives the e!ective shear 
modulus G of the solid argon filled sample 2. These three 
equations can be solved for three unknowns ( Ks , Gs and 
! ) provided the elastic moduli of solid argon at T = 30"K 
are known. For the solid argon moduli, we use the data 
of Barker and Dobbs (1955), who reported the bulk 
Kf  = 2.27"GPa and shear Gf  = 1.10"GPa moduli of solid 
argon at T = 30"K. Solving the equations with these moduli 
gives Ks = 16.69"GPa, Gs = 15.82"GPa, and ! = 0.68. Note 
that the dry shear modulus G0 = 7.90"GPa at T = 30"K is 
higher than at T = 74"K (7.67"GPa) by a factor 1.03. As 
the temperature dependence of the dry shear modulus G0 is 
caused by the corresponding variation of the solid modu-
lus Gs , the latter should be smaller at T = 74"K than at 
T = 30"K by a factor 1.03, and thus equals Gs = 15.36"GPa.

4.2  Constituent moduli used for#estimating 
the#elastic moduli of#Vycor glass fully saturated 
with#liquid argon at#T = 80#K and#solid argon 
at#T = 74#K

With the dry bulk K0 and shear moduli G0 of sample 1 as 
well as the solid shear modulus Gs = 15.36"GPa derived from 
sample 2 at T = 74"K, we solve the Eqs."(7) and (8) to obtain 
the solid bulk modulus of Vycor matrix Ks = 15.94"GPa 
and the pore aspect ratio ! = 0.75 of sample 1. The value 
Ks = 15.94"GPa is close to the value Ks = 16.1"GPa estimated 
by Gor and Gurevich (2018) from adsorption-induced defor-
mation experiments but slightly smaller than that we derived 

for sample 2 at T = 30"K ( Ks = 16.20"GPa). This di!erence is 
unlikely to a!ect our modeling results, as the estimate of Gs 
from the DEM theory is relatively insensitive to K0 . Moreo-
ver, the value Ks is not used for any further calculations.

Calculation of the e!ective elastic moduli of Vycor glass 
completely filled with liquid and solid argon using the DEM 
theory also requires the elastic moduli Kf  and Gf  of liquid 
and solid argon at the corresponding temperature. For liquid 
argon at T = 80"K, we use the value Kf  = 1.06"GPa (Gor et"al. 
2015). For solid argon at T = 74"K, we use Kf  = 1.88"GPa and 
Gf  = 0.85"GPa, which are also given by Barker and Dobbs 
(1955). These values are consistent well with the later meas-
urements by Keeler and Batchelder (1970).

4.3  Comparison of#the#predictions by#the#DEM 
with#the#ultrasonic measurements at#T = 74 
and#T = 80#K

Substituting the constituent moduli into the same DEM 
theory, Eqs."(3), (4), and the HS bounds, Eqs."(1), (2), give 
the predictions of the e!ective elastic properties of Vycor 
glass fully saturated with liquid and solid argon. Figure"4a–c 
show the comparison between the predictions of the e!ec-
tive elastic moduli of Vycor glass saturated with liquid or 
solid argon and the experiments as a function of the filling 
fraction. Solid and dashed lines give the predictions of dif-
ferent methods presented in Sect."3. Figure"4a shows that 
the prediction of the Gassmann equation for Vycor glass 
fully (f = 1) saturated with liquid argon at T = 80"K gives 

Fig. 4  Predictions of the 
Gassmann equation (solid blue 
line), the DEM theory (magenta 
dotted lines), HS bounds (black 
dashed and solid lines) for the 
elastic moduli of Vycor glass 
against ultrasonic measure-
ments (squares) as a function 
of the filling fraction of argon: 
bulk modulus of Vycor glass 
saturated with liquid argon (a); 
bulk (b) and shear (c) moduli 
of Vycor glass saturated with 
solid argon. The pore geometry 
is modelled as a spheroid with 
an aspect ratio of 0.75 (Color 
figure online)
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an excellent agreement with the ultrasonic measurements. 
This conclusion was drawn earlier by Gor and Gurevich 
(2018), who obtained the solid modulus Ks in a di!erent 
way, namely from adsorption-induced deformation.

Figure"4b, c show the predictions of the e!ective bulk and 
shear moduli of Vycor glass fully (f = 1) saturated with solid 
argon using the DEM theory (magenta dotted line) and the 
HS bounds (black dashed and solid lines), and the experi-
mental data (red squares, both open and closed symbols). We 
observe that the DEM theory significantly overestimates the 
e!ective bulk modulus of Vycor glass fully saturated with 
solid argon at T = 74"K, as shown in Fig."4b. At the same 
time, for the e!ective shear modulus (Fig."4c), the prediction 
is within 0.2 GPa from the experiments, which is probably 
within the measurement error.

5  Discussion

We have explored the applicability of elastic mixture the-
ories to nanoporous medium, commonly employed and 
proved effective in describing the wave propagating in 
macroporous media. To this end, we have applied these theo-
ries to the ultrasonic measurements on Vycor glass saturated 
with liquid and solid argon. Since the solid moduli of Vycor 
matrix Ks and Gs are unknown, we chose to invert these val-
ues from the experimental data of dry and solid argon-filled 
shear modulus of Vycor glass at T = 30"K. The values Ks and 
Gs were then used to predict the e!ective elastic moduli of 
Vycor glass completely filled with liquid argon at T = 80"K 
and solid argon at T = 74"K respectively.

We have found that predictions of the Gassmann equa-
tion give an excellent fit to the ultrasonic measurements on 
the elastic moduli of Vycor glass fully saturated with liquid 
argon at T = 80"K. This agreement was earlier concluded by 
Gor and Gurevich (2018) using the solid modulus Ks esti-
mated in a di!erent way, namely from adsorption-induced 
deformation. The estimated effective shear modulus of 
Vycor glass completely filled with solid argon at T = 74"K 
by the DEM theory also shows a reasonable fit to the experi-
ments. However, we observe a significant discrepancy in 
the e!ective bulk modulus. This might have resulted from 
several possible reasons:

First, Schappert and Pelster (2013a) pointed out that the 
phase transition of argon in completely filled pores might not 
be instant but continuous over a broad temperature range of 
about 45"K (from 75"K down to 30"K). At T = 74"K, some 
portion of the filling argon probably remains in the liquid 
state. However, given that the predicted e!ective shear mod-
ulus is much closer to the ultrasonic measurements than the 
bulk modulus, the existence of liquid argon at T = 74"K is not 

consistent with the data, as the presence of the liquid argon 
would have a!ected the e!ective shear modulus to a greater 
extent than the bulk modulus (since the shear modulus of 
liquid is zero).

Second, the confinement of argon in nanopores might a!ect 
its elastic moduli. Note that all the elastic moduli of both liq-
uid and solid argon we use in this work are the properties of 
“bulk” argon. Moreover, it is unclear whether the confinement 
a!ects the bulk and shear moduli in the same way. Ultrasonic 
measurements, presented in Fig."4a, b, show that the e!ec-
tive bulk modulus of Vycor glass saturated with solid argon at 
T = 74"K is very close to that for Vycor filled with liquid argon 
at T = 80"K. This suggests that the bulk modulus of confined 
argon at T = 74"K (which is close to the melting point of argon 
in confinement of T = 76"K) might be close to that of liquid 
argon at T = 80"K. Note that this conclusion follows directly 
from the experiments, and not from any theories used for our 
calculations.

Additionally, an important assumption of our estimates is 
that all the components of the mixture are isotropic. However, 
Keeler and Batchelder (1970) observed that solid argon exhib-
its elastic anisotropy, which might a!ect the elastic properties 
of the mixture. Yet, it appears unlikely for this e!ect to lead 
to the significant di!erence between the e!ective bulk and 
shear moduli.

It is insightful to compare the composite models used above 
for the elastic properties of Vycor glass to the models used to 
model its adsorption properties. Adsorption studies also rely 
on simple geometrical models for pores, mainly slit-shaped, 
cylindrical and spherical (Thommes and Cychosz 2014). 
Adsorption isotherms on Vycor glass, which has long chan-
nel-like pores, are typically described within the cylindrical 
pore model (Landers et"al. 2013). A recent molecular simu-
lation study of elastic properties of argon confined in silica 
mesopores suggested that a spherical pore model is more reli-
able and free of some artifacts related to the anisotropy of fluid 
confined in cylindrical pores (Gor et"al. 2015; Dobrzanski et"al. 
2018). Our analysis shows that the pore geometry might be 
slightly ‘sti!er’ than cylinders but ‘softer’ than spheres: the 
average pore sti!ness is comparable to that of spheroids with 
an aspect ratio of about 0.75.

Our analysis is based on a single aspect ratio, which is a 
limitation. Apparently the aspect ratio range is not very broad, 
as evidenced by lack of dependence of the Vycor sample shear 
modulus on liquid fraction. Indeed, the presence of low-aspect 
ratio pores (cracks) in addition to near spherical or cylindrical 
ones would cause a variation of the shear modulus with liquid 
fraction (O’Connell and Budiansky 1977; Mavko and Jizba 
1991). Yet the measured shear modulus of Vycor is almost 
exactly independent of liquid fraction (Fig."1b). According to 
the squirt flow theory (Jones 1986; Müller et"al. 2010), this 
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means that the smallest aspect ratio ! present in such quantity 
as to have an e!ect on elastic properties is larger than a critical 
aspect ratio !c defined by the equation

where Ks is the bulk modulus of the solid. For the parameters 
of liquid argon in Vycor (viscosity ! = 2.7 % 10$4"Pa"s) and 
frequency of ultrasonic experiments ( f  = 6–13"MHz), this 
means that ! ! 0.01 . Still there may be a range of aspect 
ratios > 0.1, which our approach does not account for. Unfor-
tunately, to our knowledge no information on the distribution 
of pore shapes in Vycor is available in the literature. In the 
absence of such information, a single aspect ratio is the most 
reasonable approach, as the corresponding model will have 
the minimal number of parameters. However, the range of 
aspect ratios ! > 0.1 may still be responsible for some of the 
discrepancy between model predictions and observations.

6  Conclusions

We have explored the validity and applicability of elastic-
ity, widely employed and proved e!ective in macroporous 
medium, within a nanoporous medium. Our analysis shows 
that predictions of the Gassmann equation give an excellent 
fit to the ultrasonic measurements on the e!ective elastic 
moduli of Vycor glass fully saturated with liquid argon at 
T = 80"K. Very small deviations are observed, which prob-
ably are related to the confinement e!ects on the thermody-
namics of argon in nanopores. This observation is consistent 
with the calculations from molecular modeling (Gor 2014; 
Gor et"al. 2015; Dobrzanski et"al. 2018).

Theoretical estimates using the DEM theory also agree 
well in the e!ective shear modulus of Vycor glass com-
pletely filled with solid argon at T = 74"K, which is probably 
within the measurement errors, but significantly overesti-
mate the e!ective bulk modulus. Three possible reasons are 
proposed to explain the discrepancy. The first one is that 
the phase transition of argon is not thoroughly finished at 
such temperature. Some portion of argon still remains in 
the liquid state. Another important reason is that solid argon 
exhibits non-negligible anisotropy, which might a!ect the 
e!ective elastic properties of the mixture. Last but not the 
least, the discrepancy suggests that although the shear modu-
lus of solid argon confined in nanopores is close to that of 
bulk argon at such temperature, the bulk modulus might be 
totally di!erent, showing a significantly lower value than 
that of bulk argon. This peculiarity of confined solid argon 

(11)!c =
3

!

f "

Ks

,

is consistent with the observation of some other thermody-
namic properties (Molz et"al. 1993; Wallacher and Knorr 
2001).

Although further laboratory experiments for a number of 
well characterized solid–fluid systems are required to verify 
these conclusions, our results shed light on the understand-
ing of elastic properties of nanoporous materials saturated 
with various adsorbates and provide steps toward develop-
ment of methods for ultrasonic characterization of confined 
fluid and solid phases.
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