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Abstract

The detection of signal from the Epoch of Reionisation (EoR) is the next fron-

tier of observational cosmology and will revolutionise galaxy formation studies.

However, because of the extreme challenges that have to be overcome to detect

the 21 cm signal, understanding the process of reionisation of the universe via

simulation is of utmost importance to help narrow down the search. Large-scale

simulations that model the formation and evolution of galaxies and their effects

on the IGM have been extensively used to study this elusive epoch. It is, there-

fore, imperative that the results from both semi-numerical models and complete,

hydrodynamical simulations match well and that their components are as realis-

tic as possible in order to probe different aspects of the EoR. The ultimate goal

of this PhD thesis, thus, is to explore and enhance different areas of reionisation

studies to help supplement future 21 cm observations.

One main limitation of large-scale simulations is that they suffer from lim-

ited resolution due to the vast volume used, hence the role of small, low mass

galaxies in the early stages of reionisation has often been neglected. To alle-

viate this problem, I modelled low-mass haloes from cosmological simulations

using the instantaneous binned distribution of the number or mass of haloes that

is approximated by a log-normal distribution. In addition to the deterministic

halo bias that captures the average property, I modelled its stochasticity and its

correlation in time. I tested the robustness of our new scheme against various

statistical measures, and showed that temporally-correlated stochasticity gener-

ates mock halo data that matches the real N-body data better than that from

temporally-uncorrelated stochasticity.

In addition to the resolution limitation, the effects of realistic foregrounds have

not been well studied in works aiming to constrain the astrophysical parameters

that influence cosmic reionisation. To move towards more realistic scenarios, I
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explored the effects of applying more realistic foreground and instrument models

to the 21cm signal, and gauged the ability to estimate astrophysical parameters

with these additional complexities. A highly-optimized version of 21cmFAST

that is integrated into 21cmMC was used to generate lightcones of the brightness

temperature fluctuation for Bayesian parameter estimation. Next, a statistical

point-source foreground model and an instrument model were included. I found

that the inclusion of realistic foregrounds and instrumental components biases the

parameter constraints due to unaccounted cross-power between the EoR signal,

foregrounds and thermal noise.

Finally, current EoR research has not considered the possibility that there is

a correlation between the EoR signal and the foreground sources, even though

the foregrounds are the evolutionary descendants of the sources that reionised the

universe. To explore this possible correlation, I used the Genesis N-body sim-

ulation coupled with the semi-analytic model Meraxes to study self-consistent

reionisation and foregrounds. I compared the luminosity function of the fore-

grounds generated by Meraxes to the observed foregrounds at 1.4 GHz and and

employed an extreme reionisation model and investigated its effects on the fore-

grounds in the power spectrum space. I found that the ratio of the foreground

power between the extreme model and the default reionisation model is consistent

within uncertainties of unity, even with implemented variance arising from the

spectral index and lightcone-generation randomization.

The results of the research presented in this thesis have illuminated areas of

EoR studies that have not been properly explored before. These will be use-

ful for future 21 cm experiments, especially in the era of the next-generation

interferometers such as the Square Kilometre Array.
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Chapter 1

Introduction

1.1 General Overview

The last century has seen many exciting discoveries in the field of astronomy and

cosmology. Different studies and findings combine together to provide a more

coherent overview of the universe, from the very beginning to the present day.

1.1.1 The History

At the end of the 19th century, the discovery of the relationship between the

frequency of a wave and its velocity in an effect known as the Doppler shift

led to the finding of spectral lines from stars that have been Doppler shifted

(Doppler, 1842; Hearnshaw, 1992). This provided the first hint to the real state

of our Universe, which at that time was believed to be in an ethereal steady-

state whereby matter is continuously created, without beginning or end. The

effect of the lengthening of the wavelength of celestial sources came to be known

as redshift, a term that is important in astronomy and cosmology, whereby the

redshift, z, is given by

z =
λo
λe
− 1, (1.1)

with λo and λe being the observed and emitted wavelengths respectively.

Increasing findings of redshifted objects resulted in an understanding that

the universe is actually expanding. This idea was first discussed by Georges

Lemâıtre in his publication entitled “Un Univers homogène de masse constante

et de rayon croissant rendant compte de la vitesse radiale des nébuleuses extra-
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galactiques” (“A homogeneous universe of constant mass and increasing radius

accounting for the radial velocity of extra-galactic nebulae”) (Lemâıtre, 1927). In

this paper, Lemâıtre reported that the velocity of a celestial object is proportional

to its distance and presented the value of the proportionality constant. He even

hypothesized that the universe started from a singular point which then expanded

over time – an idea that directly opposed the widely-accepted view of a steady-

state universe. Lemâıtre’s work, however, did not gain enough attention from the

scientific community, possibly because it was written in French hence limiting its

pool of readers.

It was not until two years later when the American Edwin Hubble published

his research on the recessional velocity of extra-galactic nebulae (Hubble, 1929)

that the scientific community began to accept the idea that the universe is expand-

ing. Hubble’s observation reported the relation between the recessional velocity

and distance of an object, along with an updated value of the proportionality

constant, both previously found by Lemâıtre. These two findings – respectively

known as the Hubble’s law1 and Hubble’s constant – provided the foundations

for modern cosmology.

A few years after, in 1933, the discovery of extra-terrestrial radio signals

from the depths of the Milky Way by Karl Jansky (1933) pioneered the field of

radio astronomy. This opened up the possibility of studying objects from the

early universe, whose radiation emits in, or has been redshifted to, the radio

regime. Radio astronomy was further revolutionised in 1964 via the accidental

discovery of the Cosmic Microwave Background (CMB) by Penzias & Wilson

(1965). The steady-state universe theory was unable to explain the presence of

CMB radiation, hence a new theory gained popularity: the Big Bang theory.

This theory suggested that the universe started from singularity before cosmic

expansion and that the CMB is a remnant of this “explosion”.

During the same year of Jansky’s discovery and the birth of radio astron-

omy, Fritz Zwicky first postulated the existence of the exotic, unknown substance

dubbed as dark matter based on his observation of the velocity dispersion of galax-

1It is now called the Hubble-Lemâıtre Law by the International Astronomical Union (IAU)
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ies in the Coma cluster (Zwicky, 1933). However, much like Lemâıtre’s work in

1927, Zwicky’s finding was not well known. It was not until the 1970’s when Vera

Rubin and Kent Ford studied the rotation curves of spiral galaxies (Rubin &

Ford Jr, 1970; Rubin et al., 1978) that the theory of dark matter became widely

accepted. In the next decade, other observations, particularly of the anisotropies

of the CMB, further supported the existence of dark matter.

Finally, at the end of the previous century, independent studies of distant

type Ia supernovae showed that cosmic expansion is in fact accelerating (Riess

et al., 1998; Perlmutter et al., 1999). These studies led to the discovery of the last

missing piece of the cosmological model puzzle: dark energy. The cosmological

constant, Λ, which was introduced by Einstein in his general relativity model de-

notes the energy density of empty space (Einstein, 1917) and is used to represent

dark energy. Not much is known about dark energy except that it drives the

acceleration of the expansion of the universe, however it is commonly assumed to

be a characteristic energy of the vacuum.

1.1.2 The Consensus

The current consensus on the standard paradigm of the universe is the Lambda

Cold Dark Matter (ΛCDM) model, in which the Big Bang is governed by dark

energy and cold dark matter, in addition to normal matter. The composition of

these components in the universe is: 68% dark energy, 27% dark matter, and 5%

ordinary matter. As suggested by the term “dark”, the nature of the first two

components are still being debated. Dark matter takes up almost 85% of matter

in the universe, thereby dominating the mass in the universe.

The evolution of the universe as we know it is summarized in Figure 1.1.

The birth of our universe happened approximately 13.8 billion years ago from an

energetic “explosion” of space from a primordial singularity in an event known as

the Big Bang. This was instantaneously followed by a brief exponential expansion

of space during cosmic inflation, which caused density fluctuations to amplify

(Vilenkin, 1985). The heating of the universe resumed at the end of inflation until

the temperature was hot enough for the continuous creation and destruction of
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Figure 1.1: The evolutionary timeline of the universe from the Big Bang to the
present day. Credit NASA and WMAP team.

fundamental particles and their antiparticles. At this time, radiation dominated

the processes in the early universe (Peacock, 1999).

As the universe expanded, the temperature dropped, and hence production

of matter ceased. This, in turn, triggered the annihilation of anti-matter until

an excess of matter was left, in a process called baryogenesis. The loss of energy

further led to the creation of light atomic nuclei during primordial nucleosynthesis

a few minutes after the Big Bang (Kolb & Turner, 1981). Matter existed as an

opaque plasma until the universe cooled down sufficiently for the baryons to

combine together, thus forming neutral atoms around 370,000 years later. The

event known as the epoch of recombination allowed photons to decouple from

matter, thus producing what we now call the CMB. It lasted for around 10,000

years before the last scattering of photons occurred. Due to the lack of standard

sources of photon emission, the succeeding period is called the cosmic dark ages

(Furlanetto et al., 2006b; Barkana & Loeb, 2001).

Formation of structure in the universe is believed to have stemmed from mi-

nuscule Gaussian density perturbations that occurred during cosmic inflation of
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the universe. These fluctuations are large at small scale but homogeneous and

isotropic at large scale. Over time, they were amplified via gravitational insta-

bility until their self-gravity started to dominate; this resulted in the collapse of

matter to form gravitationally bound systems and the first ionising sources (Kolb

& Turner, 1981; Barkana & Loeb, 2001).

These luminous sources gave out radiation that illuminated the cold, dark uni-

verse during the Cosmic Dawn, thus ending the cosmic dark ages. The photons

were then absorbed by the surrounding neutral hydrogen in the IGM, forming

bubbles of ionised hydrogen. At the end of their lifetimes, these sources emitted

X-ray radiation that pre-heated the neutral hydrogen IGM, with no large-scale

reionisation actually occurring, and recombination dominated. During the subse-

quent period, called the Epoch of Reionisation, as more and larger structures were

formed, reionisation of the universe began in earnest. The bubbles of reionised

regions intercepted with each other, eventually reionising the entire universe to

what we see today (Furlanetto et al., 2006b; Morales & Wyithe, 2010).

1.2 Reionisation of the Universe

Studies of the cosmic dawn and the succeeding Epoch of Reionisation (hereafter

EoR) of hydrogen are key to understanding the universe. For one, the formation

of the first cosmic structures signifies the transition of the gravitational growth

of the universe from the linear to non-linear regime (Furlanetto et al., 2006b) i.e.

from a homogeneous and isotropic state to the complex web-like form that we see

today. Reionisation thus provides a platform to study the initial conditions of the

density perturbations which gave birth to the primordial luminous sources, and

more importantly, to understand galaxy and star formation processes (Barkana

& Loeb, 2001), without the need to have complete details on the cosmology.

Indeed, to further understand the cosmology of the early universe, we need to

probe the dark ages and cosmic dawn, but because these periods are earlier that

the EoR, the need for cutting-edge instruments with high-sensitivity means that
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their detection may be currently out of our reach2. Therefore detection of the

EoR signal is one of the most important frontiers in observational cosmology and

galaxy formation.

1.2.1 Sources of Reionisation

Although the results remain inconclusive due to lack of observation, the main

sources of reionisation radiation are believed to be the first stars and their de-

scendants. Based on theoretical work, minihaloes – dark matter haloes with low

mass – are generally conceived to host the first stars (Population III stars) respon-

sible for the early stages of cosmic dawn at around z ∼ 20 (Bromm et al., 2009).

These stars are believed to be unusually massive and metal poor because of the

pristine matter environment, presence of background radiation, and absence of

substructures in the early universe (Silk, 1977). Simulations of EoR sources have

demonstrated that heating of the IGM reduces the cooling of baryons, which is

necessary for cosmological dark matter halos to collapse and form stars hence po-

tentially delaying cosmic reionisation (Simpson et al., 2013; Ocvirk et al., 2016).

In addition, studies also show that the mechanism of radiative feedback can sup-

press the formation of stars in dwarf galaxies due to intense photoionising UV

radiation, hence they are less likely to contribute photons for reionisation of the

IGM (Dixon et al., 2016). The effects of these phenomena occurring during the

early stages of EoR, however, are not fully understood.

After their death, these first stars continue to contribute to reionisation by

emitting X-ray radiation either through supernovae explosion or through the for-

mation of blackholes (Johnson & Bromm, 2007). Several studies have shown that

they may have helped in pre-ionising large volumes of the IGM unreachable by

UV radiation from stars. However, X-ray radiation could influence reionisation

by suppressing small-scale structure formation and by heating of the IGM, both

of which could affect star formation in dwarf galaxies (Ricotti & Ostriker, 2004;

Madau et al., 2004; Knevitt et al., 2014). In addition, if X-ray radiation were the

main cause of reionisation, the tomography of the expected reionisation bubbles

2A claimed detection of the cosmic dawn has been reported and will be discussed in detail
in §1.4.8.
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in the universe would be affected.

1.2.2 Physics of Reionisation

Simulations of the first generations of reionisation sources are highly dependent

on processes governing star formation. Due to its overwhelming abundance in

the universe, dark matter is a key driver in the formation of structures.

Dark matter particles interact with each other only through gravity, form-

ing dark matter halos. This cycle continues, causing the halos to grow in size

and mass until a critical overdensity threshold, ∆, is reached. The dark matter

halo then collapses, pulling the baryons and heating them to the virial tempera-

ture (Tvir), corresponding to a certain mass threshold (Mmin), following the virial

theorem
3

2mp

kBTvir =
3

5

GM

2Rvir

. (1.2)

Here, mp is the mass of a proton, kB is the Boltzmann constant, G is the grav-

itational constant, and M is the cumulative gravitating mass of the halo within

radius Rvir. The equation represents the equilibrium between the kinetic and

the gravitational energy of a halo, where a halo will only collapse and form stars

through the cooling and condensation of gas if it has reached Mmin.

Since primordial baryonic matter is predominantly composed of hydrogen, the

minimum Tvir that allows the heated hydrogen gas to emit photons is 104 K, based

on the atomic cooling property of hydrogen (Oh & Haiman, 2002; Osterbrock &

Ferland, 2006). The emitted photons then escape the halo, cooling down the

gas, which in turn, allows the gas to condense and form stars. The Mmin that

corresponds to this value of Tvir is presumed to be ∼ 108M� at z ∼ 10 (Johnson

et al., 2008; Lidz, 2016).

Assuming that every dark matter halo above Mmin hosts a star-forming galaxy,

the average number of ionising photons emitted per hydrogen atom, (nγ/nH), is

given by
nγ
nH

= ζfcoll(M > Mmin). (1.3)

ζ is the efficiency of the production of ionising photons by baryons that have
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collapsed into stars, where ζ = AHefescf?Nγ for AHe = 4/(4− 3YHe) in which YHe

is the mass fraction of helium, fesc is the fraction of ionising photons escaping

into the IGM, f? is the fraction of baryonic matter in stars, Nγ is the number

of ionising photons produced per baryon in the stars, and fcoll is the collapse

fraction of matter into a star-forming galaxy (Furlanetto et al., 2006a). The

radius for propagating ionising photons (local mean free path) inside the cosmic

HII regions is postulated to be short as the photons do not have to travel far

before encountering the neutral gas.

After the gas in the IGM has been reionised, a key parameter that ensures

the gas stays ionised is its average recombination time, t̄rec. Recombination time

is dependent on the clumping factor of the reionised gas in the IGM, C, which

measures the average ratio of ionised hydrogen to the hydrogen gas in the IGM,

following

C =
〈ρ2
g;ionised〉
〈ρg〉2

, (1.4)

with ρg and ρg;ionised being the density of hydrogen gas and density of ionised

hydrogen gas in the IGM, respectively (Furlanetto et al., 2006b). In the early

universe, it is reasonable to assume the case-B recombination rate at which the

recombination directly to the ground state has been excluded and photons are

not re-absorbed. At a temperature of T0 = 2× 104 K, this yields

t̄rec = 0.93
3

C

(
1 + z

7

)−3
T0

2× 104

0.7

[Gyr]. (1.5)

Because t̄rec is fairly long, it is believed that the ionised fraction during the EoR

is reflective of the total photons output from all reionising sources, inclusive of

smaller, dimmer objects (Lidz, 2016).

The previous parameters are combined together to give the mean fraction of

the IGM volume in each of the ionised and neutral phases as a function of time,

which is described by Lidz (2016) as

d〈xi〉
dt

=
d(nγ/nH)

dt
− 〈xi〉
t̄rec

, (1.6)

where 〈xi〉 denotes the volume-averaged ionised fraction. This differential equa-
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tion gives the quantity of newly ionised atoms which increases proportional to

the number of new ionising photons, but decreases proportionally to the current

amount of ionised hydrogen due to recombination. A few caveats of this equality,

however, include the dependence of t̄rec on the degree of clumping of the IGM,

the inclusion of certain regions in 〈xi〉, the disregard of spatial bias between the

ionising sources and photons, the assumption that the photons are immediately

absorbed by the IGM, and the neglect of spatial bias in the clumping factor.

As mentioned earlier, the first generations of metal-free and metal-poor Pop-

ulation III stars are believed to have driven reionisation of the IGM in the early

universe due to feedback processes. Galaxy stellar mass, M?, is assumed to be

related to the mass of the host halos, Mh, that are larger than a critical mass,

Mcrit (Mh > Mcrit), following a simple scaling relation (Mirocha, 2019):

M?(z,Mh) = f̃?(z,Mh)Mh(z); (1.7)

or, for the star formation rate, Ṁ?, and mass accretion rate, Ṁh:

Ṁ?(z,Mh) = f?(z, Ṁh)Ṁh(z,Mh). (1.8)

Here, f̃? and f? are the star formation efficiencies that are dependent on Mh

and Ṁh respectively. Although Mcrit is very uncertain at high redshift, for the

formation of Population III stars in minihaloes (Visbal et al., 2014),

Mcrit = 2.5× 105

(
1 + z

26

)−3/2

(1 + 6.96(4πJLW)0.47)M�, (1.9)

where JLW [10−21ergs−1cm−2Hz−1sr−1] is the Lyman-Werner background inten-

sity, corresponding to photons with energy 11.2 - 13.6 keV.

Furthermore, X-ray emission is expected to help pre-ionise regions of the IGM

unreachable by UV radiation from stars after the cosmic dawn. The correlation

between X-ray luminosity in the photon energy range of 0.5-8 keV, LX , and Ṁ?

is given by (Furlanetto et al., 2006b)
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LX = 3× 1039fX
Ṁ?

M�yr−1
[ergs−1], (1.10)

where fX is the unknown X-ray renormalization factor at high redshift, which is

assumed to be proportional to 〈xi〉.

1.2.3 Modelling the Universe

Exploration of a physical understanding of the EoR is conducted through com-

prehensive modelling of the luminous sources and their evolution during the EoR,

which are dependent on these astrophysical processes:

• gas cooling - molecular hydrogen, Lyman-α, bremsstrahlung, recombination

and collisional ionisations;

• star formation - pressure from turbulence, magnetic fields, and gravity

causes the core to collapse;

• radiative emission - causes ionisation of hydrogen and helium and heating

of gas;

• supernova - explosions produce hot gas suppressing further star formation,

while ejecta and galactic winds transfer mass into the IGM;

• gas and energy feedback - cycle of matter from and into the IGM.

Simulating these processes relies heavily on modelling the key driver of struc-

ture formation: the dark matter particles. By doing dark matter only N -body

simulations, we get an understanding of galaxy formation and clustering in the

universe because the dark matter haloes act as a cosmic scaffolding for the for-

mation of cosmic structures (Dayal & Ferrara, 2018). The latest generation of

N -body simulations use billions of mass elements to trace galaxy evolution in a

volume of space in which each mass element is treated as a collection of particles

of dark matter with a given mass.
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In general, N -body simulations determine the force on each element i, ~Fi,

following the equation

~Fi = −
∑
j 6=i

G
mimj(~ri − ~rj)
|~ri − ~rj|3

− ~∇ · φext(~ri), (1.11)

where mi is the mass of particle i, φext(~ri) is the external potential at ~ri and

~ri − ~rj is the relative distances between the masses (Trenti & Hut, 2008). Using

methods such as the particle-based (Barnes & Hut, 1986), particle-mesh based

(Hockney & Eastwood, 1988) or a hybrid of both (Springel, 2005), Equation 1.11

is solved to determine the forces on each element from all other particles for each

discrete time step, referred to as ‘snapshot’, within a comoving frame. Based on

the hirearchical structure formation ansatz that galaxies form inside clumps of

dark matter, sophisticated codes are then used to identify the clumps, which are

known as dark matter ‘haloes’, and construct their merger history for a complete

halo catalogue.

Although N -body simulation is an excellent tool to study large-scale structure

formation, it is not physically motivated because of the absence of an important

component: baryonic matter. Unlike dark matter, baryons are able to dissipate

energy through radiative processes. This is the motivation behind hydrodynam-

ical or cosmological simulations in which primordial baryons are coupled with

dark matter and goes through complicated but rigorous gas dynamic processes to

form cosmic structures. Equations of gravity, hydrodynamics and thermodynam-

ics are simultaneously solved either using Euler, Lagrangian or Euler-Lagrangian

methods for particles and/or grid cells representing dark matter, gas and stars

(Somerville & Davé, 2015). The specifics of these methods are beyond the scope

of this thesis but they essentially decide how clumps of particles are defined and

which time frame (fixed vs fluid frame) is used to calculate their properties such

as mass and temperature (Dayal & Ferrara, 2018).

Cosmological simulation involving more than one single galaxy, however, still

lacks the resolution to model small scale processes that are involved in star for-

mation. Because of this, sub-grid modelling of the interstellar medium is done
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numerically whereby converging clumps of gas are assigned a value of Ṁ? that

is proportional to the density of gas, ρgas, (Schmidt, 1959; Katz, 1992) if ρgas

exceeds a certain threshold (Springel, 2005). Moreover, increasing interest in

studying the EoR gave rise to numerical and semi-numerical models for sub-grid

physics in which more resolved models of galaxy formation that are run on the

base of N -body simulations are coupled with radiative transfer models which de-

scribe the interactions and propagation of radiation (Trac & Gnedin, 2011) via

emission, absorption and scattering processes. The coupling enables realization of

both small scale and large scale structures that are necessary for reionisation stud-

ies (Iliev et al., 2014). Nevertheless, despite being a more accurate representation

of the physical processes involved, hydrodynamical simulation is computationally

expensive and time-consuming (Thoul & Weinberg 1995; Tormen 1996).

Because of this disadvantage, semi-analytical simulations were developed.

With this type of simulation, the dark matter component is modelled separately

to produce dark matter merger trees via N -body simulations or analytical pre-

scriptions such as the Press-Schecter (PS; Press & Schechter, 1974) or excursion

set formalism (Bond et al., 1991). They are then combined with various analyti-

cal recipes for baryonic processes such as the ones listed earlier. As the baryons

are treated using equations, semi-analytic models generally output average bary-

onic properties over a given halo, thus lacking sub-grid resolution. However, the

use of a Monte Carlo approach to study individual objects or global quantities

provides an efficient way of exploring a large parameter space that are occupied

by the unknown, which helps reduce computational load and enables galaxies

with much more complexity to be simulated (Somerville & Primack, 1999). This

is why semi-analytic models are generally used to generate results that match

with observation, especially for large and surveys, before a complete hydrody-

namical simulation is run to understand the full physics; the use of SAMs thus

complements the use of hydrodynamical simulations.
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1.3 Reionisation Probes

The EoR happened 150 million to one billion years after the Big Bang. Though

it is very challenging to look back so far in the past, there are a few tools that

can be used to observe and study cosmic reionisation.

1.3.1 Cosmic Microwave Background

The Cosmic Microwave Background (CMB) is one potential probe of the reion-

isation of the IGM. It is the earliest radiation that can be observed, revealing

the Last Scattering Surface of photons from the Big Bang. These photons had

to propagate through the ever-expanding universe, causing their wavelength to

increase and energy to decrease. This relic radiation comprises of plasma fluctu-

ations which were rapidly cooled down by cosmic inflation and thus were frozen

in the CMB map, as shown in Figure 1.2. Although the CMB only provides an-

gular spatial information, observation of the CMB has managed to provide two

reionisation constrains thus far, which we will present in this section. These con-

strains arise from the optical depth of the Thomson scattering of free electrons

and from the kinematic Sunyaev-Zel’dovich effect of inverse Compton scattering

which distorts the CMB.

Figure 1.2: The anisotropies of CMB radiation from the Wilkinson Microwave
Anisotropy Probe (WMAP) satellite. Credit: NASA and WMAP team.
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The evolution of the IGM from a neutral to an ionised environment provides

an increase in the number of free electrons available for Thomson scattering. The

optical depth τ of this process given by Reichardt (2016) is

τ =

∫
neσTdl, (1.12)

with ne and σT being the number of electrons and the Thomson cross-section

respectively, and l is the line-of-sight distance. τ is insensitive to the progression

of 〈xi〉 because of its integral nature, but it is useful to constrain the redshift of

reionisation as the column depth of electrons, and consequently τ , increases with

respect to redshift.

In addition, the CMB is also polarized when the IGM is reionised. This is

because reionisation causes the free electrons to scatter radiation in a quadrupole

radiation field, resulting in linear polarization of the CMB. The amplitude of the

polarized signal scales as τ and so its power scales as τ 2. The polarization signal

from reionisation of the Universe, also known as the “reionisation bump”, was first

detected by the Wilkinson Microwave Anisotropy Probe (WMAP) satellite from

its measurement of temperature-polarization correlation (Kogut et al., 2003). The

bump is unique to τ and is not shared by any of the other five standard ΛCDM

parameters. Current optical depth constraints were published by Planck 2015

whereby τ = 0.058± 0.012 (Adam et al., 2016).

The kinematic Sunyaev-Zel’dovich (kSZ) effect is essentially a Doppler shift

effect on scattered photons due to the velocity of the free electrons relative to

the CMB. The kSZ differential temperature signal following Reichardt (2016) is

given by

∆TkSZ

TCMB

(n̂) = n̄e,0σT

∫
a(η)−2e−τ(η)x̄e(η)(1 + δx)(1 + δb)(−n̂ · v)dη. (1.13)

Here, τ(η) is the optical depth from observer to conformal time, x̄e(η) is the

mean ionisation fraction at η, a is the scale factor at η, n̄e,0 is the mean electron

density at z = 0, δb and δx are perturbations in the baryon density and ionisation

fraction respectively, n̂ is the line-of-sight unit vector and v is the peculiar ve-
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locity of free electrons at η (Reichardt, 2016). For non-relativistic kSZ effect, the

observed CMB temperature scales as (v/c)ne where v is the line-of-sight velocity

of electrons, and ne is the density of free electrons.

The main contribution to the kSZ signal comes from δb, which gives a ho-

mogeneous signal, and δx, which gives a patchy signal. The latter’s amplitude

and power depends on reionisation duration and bubble size respectively. The

power of the homogeneous and inhomogeneous (“patchy”) kSZ contributions are

expected to be comparable and cannot be differentiated in current data due to the

signal’s angular and spectral dependence (Reichardt, 2016). Current constraint

on the kSZ power, DkSZ, is DkSZ = 2.9± 1.3 µK2 at multipole moment, l, of 300

obtained by the South Pole Telescope Sunyaev-Zel’dovich (SPT-SZ) effect survey

(George et al., 2015).

1.3.2 Quasars

Quasars, commonly referred to as Quasi-Stellar Objects (QSO), are ultra-luminous

Active Galactic Nuclei (AGNs) believed to host a supermassive blackhole in their

centers, which are surrounded by a gaseous accretion disk. Quasars are one of the

most distant objects that have been currently observed, seen as unresolved point-

sources mostly in optical or near-infrared (NIR) observation (although there are

a few radio-loud quasars being detected in radio observation). Quasars are ex-

tremely rare and only 500 have been detected so far (Mortlock, 2016). However,

those formed before the completion of the reionisation of the Universe provide a

direct probe to the EoR because they provide photons which are believed to have

helped reionise the universe and act as beacons to study the IGM line-of-sight to

them.

These photons can undergo a few different mechanisms such as scattering and

damping before being absorbed by neutral hydrogen in the IGM. The scattering

of photons by a neutral hydrogen atom is dependent on the sum of the cross-

sections of Rayleigh, Raman and photo-ionisation scattering. Out of these three,

the Rayleigh scattering cross-section is dominant, in which it is affected by the

resonant Lyman series peaks and the damping wing at long wavelength (Mortlock,
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2016).

Figure 1.3: The spectra from a few high-redshift quasars from Fan et al. (2006).
The Gunn-Peterson trough is clearly visible in the spectra of QSOs at z > 6.

One important tool in the study of quasars is the Lyman-α absorption line,

which originates from electrons in hydrogen being excited from the ground state

to the second lowest quantum energy state. The energy difference between the two

levels corresponds to absorption of a photon with a wavelength of 1216 Angstroms

(Å). More energetic photons are initially emitted by quasars, but because of the

expansion of the universe, they are redshifted, and thus their wavelengths are

stretched. When the wavelength coincides with 1216 Å, the photons are absorbed

by neutral hydrogen, thus producing the absorption lines in the spectrum. The

series of quasar absorption lines along the LOS to a quasar are collectively known

as the Lyman-α forest.

At high redshift, these absorption lines get more and more dense due to in-

creasing amount of neutral hydrogen, until the lines finally overlap. During the

EoR, more energetic photons with energy bluer than Lyman-α are absorbed by
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neutral hydrogen atoms while the rest are scattered. After reionisation has been

completed, there are no more neutral hydrogen regions hence these photons are

no longer affected and can travel freely in the IGM. In between these two epochs,

there is a region where the intrinsic flux blueward of Lyman-α is mostly zero.

This region is called the Gunn-Peterson trough. An example of QSO spectra

with the Gunn-Peterson trough visible at z ≥ 6 are shown in Figure 1.3.

The Gunn-Peterson optical depth, τGP, gives the optical depth of the IGM in

the presence of neutral hydrogen related to the Lyman series resonance scattering,

as derived by Gunn & Peterson (1965). It is given by

τGP =

∫ ze

0

σα [νo(1 + z)]nHI(z)
dl

dz
dz, (1.14)

where ze is the redshift of the emitted photon that is blueward of, i.e. with

shorter wavelength than, the Lyman-α line, νo is the observed frequency, dl is the

proper length interval, and σα is the cross-section for the Lyman-α transition.

The discovery of a z = 2.1 quasar by Schmidt (1965) confirmed this calculation

by Gunn & Peterson (1965). τGP, however, is expected to saturate (� 1) at z ≥ 6

because HI is more dense earlier in the universe, hence the Gunn-Peterson effect

is only suitable to probe the end of cosmic reionisation (Mortlock, 2016).

1.3.3 High Redshift Galaxies

Another possible probe of the EoR is high redshift galaxies. Detection of these

galaxies, similar to quasars, are dependent on the Lyman-α process. However,

instead of the absorption line, high redshift galaxy studies make use of the Lyman-

α emission line. Galaxies emitting strong Lyman-α lines with a certain minimum

rest frame Equivalent Width (EW) are known as Lyman-α Emitters (LAEs). For

a galaxy to be deemed an LAE, its EW needs to be > 20 Å, although the EW

threshold may sometimes be higher (Dijkstra, 2016).

Another type of distant galaxy that can be used to study the EoR is Lyman

Break Galaxies (LBGs). They refer to Lyman-α emitting galaxies whose spectra

drop-out or break at wavelengths shorter than 912 Å, but are bright at longer
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wavelengths. The drop-out happens due to radiation at higher frequencies being

completely absorbed by the neutral hydrogen gas in regions close to the galaxy

known as the Circum-Galactic Medium (CGM). The Lyman-α fractions from

LBGs increases from 2 < z < 6 (Stark et al., 2010, 2011), but suddenly decreases

at z ∼ 7 (Fontana et al., 2010; Ono et al., 2011).

The transfer of Lyman-α photons from a galaxy to the foreground CGM and

IGM is complicated and highly dependent on radiative transfer processes. In

the ISM, the escape fraction of Lyman-α is anti-correlated to the dust content,

but is assisted by outflows and low column density perforation (Jensen et al.,

2013; Dijkstra, 2014). In the IGM, the scattering and suppression of Lyman-α

photons are dependent on the velocity field and density of the CGM. The reduced

observation of Lyman-α flux from galaxies at z > 6 provides constraints not only

on the redshift of reionisation, but also on the 〈xi〉 at z = 7, which is found to be

≤ 0.5 based on comparison with simulations (Dijkstra et al., 2011; Jensen et al.,

2013).

1.3.4 Neutral Hydrogen (HI)

The 21 cm radiation from the spin-flip, hyperfine transition of neutral hydrogen

(HI) is a forbidden transition that rarely occurs spontaneously. However, because

HI is so prevalent in the Universe, its signal is commonly observed from space. In

addition, because the transition has a long average lifetime i.e taking a few million

years before the transition finally happens, the emission line has an extremely

narrow natural width, which is mostly unaffected by broadening effects except

from Doppler shift. Although the 21 cm line is very weak, it is a promising

probe of reionisation because of the abundance of neutral hydrogen in the early

universe. It can be observed in all directions, hence potentially allowing for the

study of the tomography of the IGM in the early universe (Madau et al., 1997).

As the CMB radiation from the epoch of recombination precedes the 21 cm

signal from the EoR, it can hence be used as a background radiation field of ref-

erence because of its near-isotropic nature, with variations of only up to 10−5 of

TCMB (Pritchard & Loeb, 2012). Observation of variations in the brightness tem-
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perature, TB – the temperature of a radiating blackbody with the same intensity,

Iν – can thus be attributed to the reionisation process itself.

An important quantity that determines the 21 cm TB is the spin temperature

of HI, TS. It not a physical temperature; rather, it relates to the proportion of

the two populations of spin states of HI atoms. TS is driven by the interaction

of HI with CMB photons, the collision with electrons and other particles, and

the scattering of UV photons. The first process pushes the spin states to reach

thermal equilibrium with the CMB, while the other two processes disrupt this

coupling. Which effect ends up dominating TS is dependent on both the expansion

of the universe and the radiation from the primordial reionising sources (Pritchard

& Loeb, 2012). With the CMB as a background, the radiative transfer equation

along the line-of-sight passing through a cloud with TS and optical depth, τν , is

given by

TB(ν) = TS(1− e−τν ) + TCMBe
−τν . (1.15)

For a hydrogen cloud, τν can be solved by integrating the profile of the 21 cm

line multiplied by the number of atoms in the singlet state between the energy of

the triplet and singlet states along the proper distance (Furlanetto et al., 2006b).

The exact details of the derivation is beyond the scope of this thesis, but taking

into account that the IGM gas expands uniformly with the Hubble flow and that

the hydrogen column density depends on the neutral fraction of hydrogen, xHI,

at a certain reference frequency ν0,

τν0 ≈ 0.0092(1 + δ)(1 + z)3/2xHI

TS

[
H(z)

dv‖/dr‖(1 + z)

]
. (1.16)

Here, δ is the overdensity of baryons, dv‖/dr‖ is the gradient of the line-of-sight

velocity component, and H(z) is the Hubble’s constant (Furlanetto et al., 2006b).

Substituting Equation 1.16 into Equation 1.15 and subtracting by TCMB, the

differential brightness temperature δTB can thus be quantified by

δTB(ν) ≈ 9xHI(1 + δ)(1 + z)3/2

(
1− TCMB

TS

)[
H(z)

dv‖/dr‖(1 + z)

]
[mK]. (1.17)

There are two distinct regimes of the δTB field: absorption when TS < TCMB,
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and emission when TS > TCMB. The latter is expected to dominate during the

reionisation era, in which δTB will be saturated when TS � TCMB (Furlanetto

et al., 2006b).

Because the 21 cm signal is very faint, the power spectrum is the primary

metric used to characterise the EoR signal because the variance contains a signif-

icant majority of the information, and has far greater SNR since it averages over

many modes which are independent in noise, but not in signal. The power spec-

trum measures the spatial variance of a signal over a spatial volume V (Nasirudin

et al., 2020) and is defined as

P (k) ≡
|〈δT †B(~k)δTB(~k)〉|~k|=k|

V
[mK2 Mpc−3h3], (1.18)

where k is the spatial scale in Fourier space. A related metric that is routinely

used in current experiments is the dimensionless 1-D power spectrum, which is

given by

∆2
21(k) =

k3

2π2
P (k) [mK2]. (1.19)

Although there is an increasing disquiet over the use of the power spectrum

because of the loss of non-Gaussian information (e.g. Mondal et al. (2015, 2016,

2017); Majumdar et al. (2018); Shaw et al. (2019)), the power spectrum is still

currently the main metric used in 21 cm experiments.

An example of the evolution of the globally-averaged amplitude of the 21 cm

signal across redshift is presented in Figure 1.4. The panels show the lightcone

evolution of δTB (top panel), the sky-averaged or global brightness temperature,

¯δTB (middle panel), and the dimensionless 1-D power spectrum of ¯δTB, which is

referred to as ¯δTB ∆2
21

3, at k = 0.1 and k = 0.5 Mpc−1 as labelled (bottom panel)

versus redshift from Mesinger et al. (2016). The specific magnitude and timing

of the trends in the global signal can greatly vary depending on the physics but

in general, there are five critical phases in which the global signal is influenced

by different astrophysical processes.

The first two phases happened during the cosmic dark ages. In the first

3This is now commonly denoted as ∆21 with the unit of mK2. However, for clarity and
consistency, in this section, we use ¯δTB ∆2

21 when referring to Figure 1.4.
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Figure 1.4: An example of the evolution of the 21 cm signal across redshift.
The panels show the lightcone evolution of δTB (top panel), the sky-averaged or
global brightness temperature, ¯δTB (middle panel), and the dimensionless 1-D
power spectrum of ¯δTB ( ¯δTB ∆2

21 ) at k = 0.1 and k = 0.5 Mpc−1 as labelled
(bottom panel) versus redshift from Mesinger et al. (2016).

phase, TS was coupled to the kinetic temperature of the gas in the IGM, TK ,

because of the high density of the IGM. The IGM decoupled from the CMB and

cooled adiabatically following TK ∝ (1 + z)2 while the cooling of the CMB was

proportional to (1 + z) (Furlanetto, 2016). The signal thus was in the absorption

regime i.e negative in this phase, corresponding to the uniform red region in

the leftmost part of the top panel of Figure 1.4. In principle, the signal from

this phase provides a clear probe of the matter power spectrum, but it will be

extremely difficult to observe (Furlanetto, 2016) because this phase happened in

the very early universe, hence detection of this signal is beyond the sensitivity of

current instruments.

In the second phase, z ∼ 30, collisional coupling ended due to the decreasing

density of the IGM with cosmological expansion. The spin states were driven to

thermal equilibrium with the CMB due to the increasing inefficacy of collisional
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coupling. This caused the IGM signal to dim over time until there was no signal

left (Furlanetto, 2016), as shown in Figure 1.4 where the top panel goes from red

to black.

The third phase kicked in when the primordial luminous sources formed.

These first stars generated Lyman-α photons which helped re-couple TS to TK

at the rate of dark matter halo collapse (Furlanetto, 2016). This phase marked

the start of cosmic dawn and corresponds to the transition from black to yellow

region in Figure 1.4, whereby the signal is in the absorption regime.

The fourth phase happened in the second half of cosmic dawn. The start of

this phase corresponds to where ¯δTB is at a minimum, which is when the IGM

heating began to become significant. The death of the first luminous sources

contributed to X-ray radiation, resulting in the heating of the IGM. TS was

increasingly driven to thermal equilibrium with TK until they were coupled. The

signal changed from absorption to emission when TK surpassed TCMB. ¯δTB ∆2
21

peaked during this phase due to the large fluctuations in the IGM temperature

(Furlanetto, 2016), as evident from the transition from yellow to blue in the top

panel of Figure 1.4.

The final phase happened during the EoR. TK � TCMB so the third term of

Equation 4.2 saturated. The signal rapidly decreased once reionisation started,

finally vanishing when reionisation completed (Furlanetto, 2016), as shown by

the transition from blue to black in the plot.

Although the 21 cm signal is very faint, the availability of HI during the EoR

makes up for this limitation. Its high sensitivity to the diffuse HI content in the

IGM is also very useful because unlike the Gunn-Peterson optical depth which

will saturate during cosmic reionisation, the IGM optical depth from the spin-

flip transition is only ∼ 1% because of the low energy needed for the transition

(Furlanetto, 2016). In addition, 21 cm line observations will enable a 3-D study

of the neutral IGM in the early universe across cosmological redshift (Madau

et al., 1997). The 21 cm line is thus the most promising probe for the EoR

and its detection is one of the key scientific goals of current and future radio

instruments.
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1.4 21 cm Experiments

Detection of the 21 cm signal from the cosmic dawn and the succeeding EoR is

considered to be one of the final frontiers of observational cosmology. Because

the signal has been redshifted as a result of the expansion of the universe, it

now lies in the low-frequency radio regime of the electromagnetic spectrum. The

signal can be probed by the current and next generation of low-frequency radio

telescopes.

Radio astronomy is a relatively new sub-field of astronomy that started in

the 1930’s with the detection of radio signals from the Milky Way by Karl G.

Jansky (Jansky, 1933). Since then, radio observations have managed to capture

new, non-thermal celestial objects such as quasars (Matthews & Sandage, 1963),

pulsars (Hewish et al., 1968), and masers (Goldreich & Keeley, 1972), along with

radio galaxies (Baade & Minkowski, 1954). It then gained popularity from the

detection of the Cosmic Microwave Background (Penzias & Wilson, 1965) which

supports the Big Bang theory. At the same time, radio instruments have also

undergone major evolution since the first detection of astronomical radio signal

in 1932. Because of the complexity of radio instruments, we only discuss some

important first-order components that may affect cosmic dawn and EoR studies

in this thesis.

Interferometric techniques were first explored in the optical regime by Michel-

son who measured the diameter of some close-by stars (Michelson, 1890; Michel-

son & Pease, 1921) and was later explored by Ryle & Vonberg who studied the

sun in the radio regime (Ryle & Vonberg, 1946). Since then, the use of large

steerable, single-dish radio antenna has been supplemented by the use of multi-

ple linked antennas or dishes known as radio interferometers. The latter utilizes

the displacement between the separate elements to resolve observations, as op-

posed to using the physical size of the antenna. This allows radio interferometers

to obtain high angular resolution compared to other types of telescopes because

the angular resolution of a telescope is proportional to λ/D, where D is the diam-

eter of the observing element, and λ the wavelength. The popularity of “large-N”
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interferometers is growing due to increased computer capacity.

The electric fields or voltages from a signal received at point x as a function of

ν, E(x, ν)4, captured by the pair of antennas (i, j) are then cross-correlated and

averaged over time and source position, yielding the output, V (xi,xj, ν), given

by

V (xi,xj, ν) = 〈AiE(xi, ν)A†jE
†(xj, ν)〉, (1.20)

where the raised † indicates the complex conjugate and A is the antenna response.

Briefly, by taking into account the spatial incoherence of astronomical radiation,

we can exchange the expectation with the integral and re-write the measured

correlation of the electric fields between two antennas as

V (xi,xj, ν) ≈
∫
B(s, ν) I(s, ν)e−2πiνs·(xi−xj)/cdΩ, (1.21)

where B(s, ν) ≈ AiA
†
j, s is the position of the astronomical sources, I(s, ν) is

the observed intensity and dΩ is the solid angle of the celestial sphere for the

observation (Bridle et al., 1989).

For clarity, we can re-write the notations as follows: u is the baseline displace-

ments in Fourier space, which are defined as u = (u, v, w) = ( r1
λ
, r2
λ
, r3
λ

), where r1

and r2 are the physical, horizontal displacement between the baseline antennas

and r3 is the vertical displacement of the baselines; and s is transformed to 2-D

coordinates l = (l,m) = (sin θ cosφ, sin θ sinφ), where θ is the zenith angle, φ

the azimuthal angle around the zenith pole, and l2 +m2 < 1. Substituting these

into Equation 1.21, in the presence of a beam attenuation, the measured corre-

lation between the electric fields, formally known as the visibility V (u, v, w, ν) in

interferometry, is thus given by

V (u, v, w, ν) =

∫ ∫
I(l,m, ν)B(l,m, ν)

e−2πi[ul+vm+w(
√

1−l2−m2−1)]

√
1− l2 −m2

dldm [Jy].

(1.22)

Here, B(l,m, ν) is the “primary beam” attenuation between a pair of antennas.

For co-planar instruments with small Field-Of-View (FOV), the effects of sky

4These are complex numbers because the electric field is a wave, characterized by an ampli-
tude and phase.
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curvature are negligible and it is easily seen that
√

1− l2 −m2 ≈ 1 and w ≈ 0,

implying that the flat-sky approximation of the visibility (Vflat(u, v, ν)) is given

by

Vflat(u, v, ν) ≈
∫ ∫

I(l,m, ν)B(l,m, ν)e−2πi[ul+vm] dldm [Jy]. (1.23)

For interferometers that meet these requirements, the visibility thus can be sim-

plified to a 2-Dimensional Fourier Transform of the beam-attenuated intensity of

the sources. V (u, v, w, ν) or Vflat(u, v, ν) then undergoes a Fourier Transform in

the spectral dimension, yielding V (u, v, w, η) or Vflat(u, v, η) respectively, which

can then be cylindrically or spherically averaged to give the 2-D power spectrum5.

The angular and line-of-sight modes in cosmological unit, k⊥ and k‖, can be

respectively converted from the Fourier modes in observation unit, |u| and η,

following Morales & Wyithe (2010), where

k⊥ =
2π|u|
DM(z)

[Mpc−1h], (1.24)

and

k‖ =
2πH0f21E(z)

c(1 + z)2
η [Mpc−1h]. (1.25)

Here, DM(z) is the transverse comoving distance, H0 is the Hubble constant,

f21 is the rest frequency of the 21 cm hydrogen hyperfine transition and E(z) is

defined as

E(z) =
√

Ωm(1 + z)3 + Ωk(1 + z)2 + ΩΛ. (1.26)

where ΩΛ, and Ωk are the dimensionless density parameters for dark energy and

the curvature of space.

Another important aspect of radio synthesis is in calibrating the visibility

data to set a reference. This step is usually done after removing contaminants

from radio interference and also data from broken antennas that can affect the

quality of data. The details of calibration are beyond the scope of this thesis but

a brief summary of the two most-used methods are presented here.

5The exact steps taken to compute the power spectrum will be discussed in detail in §2.2.
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In sky-based calibration, unresolved sources that have high Signal-to-Noise

Ratio (SNR) are usually used as calibrators. Bright calibrators are used as reli-

able standard sources to compare high SNR measurements with a model so that a

correction can be made in the gain when observing the target source (Thompson

et al., 2017). Sky-based calibration is, however, very dependent on the sky model

and at low frequency (ν < 300 MHz), the sky map is incomplete. In this case,

redundant calibration, which makes use of equally-spaced and oriented antennas

that probe the same Fourier mode, can be used to calibrate the gains. This is be-

cause baselines with equal spacing and orientation have visibilities that are equal,

hence they contain information on the complex gains that include atmospheric

and instrumental effects; information about the absolute flux scale and position,

however, are not retained in the product of the visibility and gains (Wieringa,

1992). Redundant calibration is thus less dependent on the completeness of the

sky model.

With interferometers, instrumental noise is less of a problem because it is un-

correlated between each antenna so it can be averaged down with time and band-

width, unlike the signal, which is correlated. This helps the calibration process of

interferometers. In addition, each antenna should have the same beam-width and

should respond to the same effective intensity distribution that is the product of

the intensity of the sky and the mean beam profile. In reality, however, antennas

may have nonidentical shapes hence each pair does not necessarily respond to the

same effective intensity distribution (Thompson et al., 2017).

Unsurprisingly, single element radio telescopes are relatively less complicated

than interferometers. Their calibration process usually involves ensuring that the

flux of a particular source is the same as the standard flux from catalogues. This

involves accurate measurement of system noise, Tsys, which is given by

Tsys = TA + TLP[1/ε− 1] + (1/ε)TR, (1.27)

where TA and TR are the temperatures of the antenna and receiver respectively,

TLP is the physical temperature of the transmission line between the antenna and

the receiver, and ε is the efficiency of the transmission (0 ≤ ε ≤ 1). Because
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there is only one element, single element radio telescopes usually have low SNR,

although they can observe a large fraction of the sky and capture a lot of signal.

In addition, although single element radio telescopes have higher sensitivity to

extended structures, they have poor angular resolution because of their limited

size. This is why they are mostly used to study the global signal from the cosmic

dawn and EoR in the context of 21 cm cosmology.

The detection of signal from cosmic dawn and EoR is one of the key science

goals of most current low-frequency telescopes. Here we present some relevant

current and future 21 cm experiments instruments.

1.4.1 Murchison Widefield Array (MWA)

Figure 1.5: The MWA Phase II tiles at the MRO in Western Australia.

The MWA is a low-frequency radio aperture array telescope located at the

radio-quiet zone, the Murchison Radio Astronomy Observatory (MRO) site, in

Western Australia. The array operates in the 80 – 300 MHz frequency range.

It comprises tiles with an effective area per tile (Aeff) of 21 m2 and a full-width
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half-maximum FOV of 26◦ at ν0 = 150 MHz, which is useful for large sky surveys.

Each 4.4 m × 4.4m tile consists of a 4 × 4 grid of dual polarization “bow-tie”

dipoles, as shown in Figure 1.5. The MWA reionisation observing scheme spans

two 30 MHz bands, between 137 – 167 MHz and 167 – 197 MHz (Tingay et al.,

2013; Jacobs et al., 2016).

There are two configurations of the MWA: compact and extended. The for-

mer consists of tiles that are mostly distributed within ∼ 300 m of the core, and

is primarily used for EoR science; the latter comprises of pseudo-randomly dis-

tributed tiles up to a 6 km diameter from the core. The compact configuration

also hosts many redundant baselines to aid calibration steps in EoR data analysis

(Wayth et al., 2018). Although the MWA’s collecting area is small (∼ 2, 800 m2),

its compact design makes up for this limitation in terms of the power spectrum

sensitivity (Dillon et al., 2015). When the MWA was first commissioned, the

MWA Phase I array consisted of 128 pseudo-randomly distributed tiles across

the MRO (Lonsdale et al., 2009). In early 2017, the MWA Phase II upgrade was

commissioned, whereby an additional 128 tiles were deployed at the MRO site,

resulting in a total of 256 tiles; however, only 128 tiles are active during each

observation time (Wayth et al., 2018).

1.4.2 Low Frequency Array (LOFAR)

LOFAR is a phased-array low-frequency interferometer that operates between 10

- 250 MHz, with a low band of 10 - 90 MHz and a high band of 110 - 250 MHz.

It consists of 40 separate stations distributed over the northeastern part of the

Netherlands and 14 additional international stations distributed all over Europe.

The core station, which is located in Dwingeloo, Netherlands, comprises 24 tiles

of dipole antennas distributed within a radius of 2 km; other stations, known as

remote stations, consist of 48 tiles arranged over an area of ∼40 km east-west and

70 km north-south, although only the inner 24 tiles are used at the same time as

the core station. Six of the core stations are located on a raised, 320 m diameter

island known as the “Superterp” as shown in Figure 1.6. Similar to the MWA,

each LOFAR tile consists of of 4 × 4 dual-polarization dipoles with a physical
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Figure 1.6: The LOFAR Superterp stations in Dwingeloo, Netherlands from van
Haarlem et al. (2013).

dimension of 5 m × 5 m. Its FOV can range from ∼ 2 - 1200◦, depending on

the observing frequency and the station configuration (van Haarlem et al., 2013).

The LOFAR international stations are used for forming the sky model, and not

for EoR science.

1.4.3 Giant Metrewave Radio Telescope (GMRT)

The GMRT is situated near Pune, India and is managed by the National Centre

for Radio Astrophysics of India. Unlike other 21 cm experiments instruments, it

comprises 30 fully-steerable stationary parabolic antennas, each with a diameter

of 45 m, as shown in Figure 1.7. It has two distinct configurations: a compact

configuration consisting of 14 antennas distributed within 1 km2, and a Y-shaped

configuration for the remaining antennas, yielding a maximum baseline of 25 km.

GMRT operates from 150 to 1500 MHz, with six frequency bands centred around

50, 153, 233, 325, 610 and 1420 MHz. It has a total FOV at FWHM of ∼ 3.8◦ at

150 MHz. Although its unique features means that it can be used for a variety of

experiments, the two main scientific goals of GMRT are to detect the EoR signal
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Figure 1.7: A lit-up GMRT dish in Pune, India. Credit: SKA.

and to study pulsars (Swarup et al., 1991).

1.4.4 Precision Array for Probing the Epoch of Reioniza-

tion (PAPER)

PAPER was a low-frequency interferometer consisting of two distinct arrays lo-

cated in United States of America (USA) and South Africa’s Radio Quiet Zone,

the Karoo region. The PAPER array in USA comprised 32 antenna-arrays dis-

tributed across the National Radio Astronomy Observatory site near Green Bank,

West Virginia. The antennas were dual-polarization sleeved dipoles mounted on

grounding structures to reduce gain variations arising from the ground conditions

(Parsons et al., 2010). The array at this site was mainly used for engineering and

field testing purposes. The South African array consisted of a 64 non-steerable

antenna-array with dual linear polarization, with a FWHM primary beam of 60◦.

It operated between 110 - 190 MHz, which was divided into 2048 narrow fre-

quency channels, each of width 48.83 kHz (Pober et al., 2012). The antennas

were re-configurable and had operated in both fully-redundant and minimally-
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Figure 1.8: A PAPER antenna element that is mounted on a grounding structure.
Credit: SKA Africa.

redundant configurations. The latter configuration allowed PAPER to boost its

power-spectrum sensitivity but sacrifices its ability to form a reasonable image

from the data. PAPER was the precursor to another instrument, the Hydrogen

Epoch of Reionization array, and has been decommissioned.

1.4.5 Hydrogen Epoch of Reionization Array (HERA)

HERA is a radio intereferometer designed to probe the EoR. It is located in

the Karoo region, South Africa, alongside the PAPER and the future SKA-mid.

HERA uses information, lessons, and results learnt from MWA and PAPER for its

engineering design. The full HERA instrument will be made up of 350 elements

operating between 50 to 250 MHz with 1024 frequency channels. Unlike other 21

cm experiments, HERA is made up of non-steerable parabolic dishes that are 14 m

in diameter, with a FWHM FOV of 10◦. The dishes are packed into a hexagonal

grid 300 m across, leading to a total collecting area of ∼54,000 m2 (DeBoer

et al., 2017). The elements are distributed in a highly-redundant configuration to

make use of redundant calibration and increased SNR on cosmologically-relevant
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modes. HERA also has a split-hexagon configuration, which gives it a boost in

its uv coverage (Dillon & Parsons, 2016).

MWA LOFAR GMRT PAPER HERA
FOV at 150 MHz (◦) 26 10 3.8 60 10
Total collecting area (m2) ∼2,800 ∼8,500 ∼48,000 ∼18,000 ∼54,000
Frequency Range (MHz) 139 - 198 115 - 180 134 - 167 110 - 190 100-200
k modes 0.1 - 1 0.4-1.2 0.01 0.5 -
Redundant calibration Yes Yes No Yes Yes

Table 1.1: A summary of the specifications of the 21 cm interferometric ex-
periments. Note that HERA has not published any limit so we do not have
information on its k modes.

1.4.6 Next Generation Radio Interferometer

The GMRT, MWA, and LOFAR are precursor or pathfinder instruments for an-

other next-generation radio instrument, the Square Kilometre Array (SKA). The

SKA is an international collaboration aiming to build the largest radio telescope

with an expected Acoll of a square kilometre. It will have two distinct arrays

probing two different frequency ranges: the mid frequency part (SKA-Mid) will

be located at the Karoo region alongside PAPER, while the low-frequency part of

the future SKA (SKA-low) will be located at the MRO, Western Australia, along-

side the MWA. SKA-Low, which is primarily used for EoR science, is expected

to have a frequency resolution of 1 kHz with a frequency band of 50 to 200 MHz

and a FOV of 2.5◦ - 10◦. In addition, it will have 13, 000 dipoles in 512 stations

with the size of each station being ∼ 35 m (Dewdney et al., 2009; Mellema et al.,

2013), corresponding to an effective area of ∼ 300 m2. The SKA is thus expected

to be around 15 times more sensitive than the MWA, thus potentially allowing

for a tomographic study of the EoR bubbles (Mellema et al., 2013).

1.4.7 Global 21 cm Experiments

Because the global 21 cm experiment is relatively less complicated than the inter-

ferometric 21 cm experiment, here we briefly discuss some of the instruments that

are currently online. The Experiment to Detect the Global Epoch of Reionization
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Signature (EDGES) experiment is one of the ongoing single-antenna instruments

that aim to detect the global 21 cm signal from cosmic dawn and EoR. It operates

a low-band (50 - 100 MHz), a mid-band (∼ 60 − 150 MHz) a high-band (90 -

190 MHz) single-antenna instrument and is located at the MRO in Western Aus-

tralia. The instruments each comprise a radio receiver and a single-polarisation

dipole antenna pointed at zenith on top of a 30 m× 30 m ground shield. The

two instruments are separated by a distance of 150 m and have been online since

2015 (Bowman et al., 2008; Monsalve et al., 2017).

The Broadband Instrument for Global HydrOgen ReioNization Signal (BIGHORNS)

is another experiment that shares the same scientific goal. It consists of a broad-

band biconical antenna that is mounted 52 cm above a 3 m × 3 m wire mesh

ground screen that operates between 10 to 480 MHz. BIGHORNS has been

deployed at three different locations in Western Australia: Muresk, Eyre Bird

Observatory (EBO) and Wondinong Station from late 2012 to mid 2014. The

BIGHORNS system antenna is expected to be replaced with a conical log spiral

antenna that has a FWHM of 70 - 80◦ at all frequencies and operates between 10

to 300 MHz (Sokolowski et al., 2015).

The Shaped Antenna measurement of the background RAdio Spectrum 2

(SARAS 2) is another instrument that shares the same scientific goal. It is

located at the Timbaktu Collective in Southern India. It is a wide-band, wide-

field monopole antenna made up of two elements: a circular aluminum disk with

a radius of 0.435 m on the ground, and a sphere with a diameter of ∼ 0.3 m on

top of an inverted cone. The exact size of the disk ensures that only sinusoids of

period 350 MHz are produced from the internal reflection of currents. SARAS 2

operates between 40 to 230 MHz with 4096 frequency channels. The antenna has

a FWHM beam width of 45◦ (Singh et al., 2017).

1.4.8 Current Results and Limits

Currently, only one claimed detection has been published by a global 21 cm

experiment, while none has been published by interferometric 21 cm experiments.

A claimed detection of signal from the cosmic dawn has been reported by
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Figure 1.9: The flattened absorption lines from cosmic dawn as reported by
Bowman et al. (2018). The different colors correspond to the different hardware
configurations used to verify the finding.

Bowman et al. (2018) with the EDGES experiment. EDGES has reported a

flattened absorption trough in the globally-averaged spectrum centred at 78 MHz.

It has a best-fit FWHM of 19 MHz and an amplitude of 0.5 K, as shown in Figure

1.9. This result has also been tested with multiple hardware configurations. The

timing of the profile is fairly consistent with expectations for the 21 cm signal

from cosmic dawn, but the best-fit amplitude of the profile is at least a factor

of two greater than the largest predictions presented by Cohen et al. (2017).

Bowman et al. (2018) provides possible explanations for the absorption trough,

which can be achieved if gas and background radiation temperatures decouple as

early as z ∼ 250 or if dark matter particles have specific mass and cross-sections

that can lower the gas temperature; the calculations for the latter are presented

in Barkana (2018). The results from EDGES are still awaiting verification from
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other independent global 21 cm and low-frequency interferometric experiments.

So far, there is still no reported detection of the EoR signal from any of the

21 cm interferometric experiments. There are, however, several published upper

limits from the following experiments: MWA by Dillon et al. (2014), Dillon et al.

(2015), Beardsley et al. (2016), Barry et al. (2019), Li et al. (2019a) and Trott

et al. (2020); LOFAR by Patil et al. (2017) and Mertens et al. (2020); and GMRT

by Paciga et al. (2013). PAPER has initially published a competitive upper limit

of (22.4 mK)2 at z = 8.4 and 0.15 h Mpc−1 ≤ k ≤ 0.5 1 h Mpc1, but it has since

been retracted (Ali et al., 2018) because of unaccounted signal loss (Cheng et al.,

2018). A revised set of limits from PAPER have been published by Kolopanis

et al. (2019). The current lowest upper limits are presented in Figure 1.10 whereby

the blue squares represent the PAPER limit, the green circles, red pentagon,

and purple triangle represent the MWA limit, the yellow diamond represent the

LOFAR limit, and the black star represent the GMRT limit. The left panel shows

the limit with respect to wavenumber, while the right panel is with respect to

redshift. The various possible reionisation models from 21cmFast (Mesinger

et al., 2011) (grey lines) are also included to provide a baseline to show where

we are now with the upper limits. Notice that we are still a factor of ∼100 away

from observing the EoR, although current experiments are continuously pushing

down the limits.

1.5 Challenges in 21 cm EoR Experiments

The faint nature of the signal from the early universe, coupled with the many

difficulties faced by these experiments, makes 21 cm EoR experiments very chal-

lenging. This is why, so far, there is only only one reported detection from

the cosmic dawn and a null detection of the 21 cm signal from EoR by all the

experiments. Here we briefly summarise the main difficulties faced by 21 cm

experiments. There are, of course, other difficulties besides those presented be-

low e.g. data processing/size, complexity of the statistical characterization and

failure modes in the instrument, but they are considered as second-order effects,

7https://github.com/ronniyjoseph/Thesis Plotting
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Figure 1.10: Current lowest EoR limits with respect to wavenumber (left panel)
and redshift (right panel) from PAPER by Kolopanis et al. (2019) (blue square),
MWA by Li et al. (2019a), Barry et al. (2019) and Trott et al. (2020) (green circles,
red pentagon, and purple triangle respectively), LOFAR by Mertens et al. (2020)
(yellow diamond), and GMRT by Paciga et al. (2013) (black star). The various
possible reionisation models from 21cmFast (Mesinger et al., 2011) (grey lines)
are also included for comparison. Credit: R.C. Joseph7.

therefore are beyond the scope of this thesis.

1.5.1 Foregrounds

The EoR happened between 150 million to 1 billion years after the Big Bang,

which means at least 12.8 billion years have lapsed between then and now. The

first structures in the universe have since perished and have contributed to, or

even evolved into, more complex forms that also produce radiation in the radio

regime of the electromagnetic spectrum. Their emission thus contaminates the

observation of the EoR signal. These ‘foregrounds’ of galactic and extra-galactic

origins are expected to be up to 5 orders of magnitude brighter than the EoR

signal (Shaver et al., 1999). They can be categorized into either discrete sources

or extended sources.
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Discrete foregrounds are generally extra-galactic objects that radiate both

thermally and non-thermally. They are mainly made up of star forming galaxies

and radio-loud AGN. At ν = 1.4 GHz, the AGN population dominates the source

count for flux density Sν ≥ 0.1 Jy, while lower Sν range are dominated by star

forming galaxies. An example of the Euclidean-normalized differential source

count distribution of the two types of point source foregrounds from Mauch &

Sadler (2007) are shown in Figure 1.11. Continuum point sources are considered

to be one of the most challenging issues to tackle in the search for EoR signal.

Because high-redshift radio astronomy is fairly recently established, a complete

sky map at low frequency is not available. It is thus hard to completely peel the

point sources from the data. Moreover, low brightness, unresolved point sources

can contaminate modes in the power spectrum, which we will show later.

Extended foregrounds can originate from both galactic and extra-galactic

sources. One important radiative process in extended sources is bremsstrahlung,

which directly translates to “braking radiation” in German. In this process,

electrons moving through the intergalactic medium suddenly decelerate because

of deflection from a different set of charged particles; the loss of kinetic energy

thus produces radiation. It is also known as free-free emission because electrons

remain free before and after the deflection process instead of being captured.

Bremsstrahlung can be classified into three categories: thermal emission, free-free

absorption, and relativistic bremsstrahlung (Rybicki & Lightman, 2008). For ex-

tended foregrounds, thermal emission from ionised hydrogen clouds (HII regions)

is the most relevant type of free-free emission process that can affect the search

for the reionisation signal because of its strong emission.

Another source of diffuse foreground comes from synchrotron radiation origi-

nating from galactic sources. Synchrotron radiation has been extensively studied

since the 1950’s. Also known as magnetobremsstrahlung, this radiation originates

from relativistic electrons advancing through plasma (Ginzburg & Syrovatskii,

1965). Synchrotron emission is one of the main contributors of foregrounds in

the sky at low radio frequency (∼ 70%), followed by extra-galactic continuum

point sources (∼ 27%) (Shaver et al., 1999).
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Figure 1.11: The Euclidean-normalized differential source count distribution of
AGN (black circle) and star forming galaxies (white circle) from Mauch & Sadler
(2007).
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Finally, galactic radio recombination lines (RRLs) also contribute to diffuse

foregrounds. They are produced by atoms cascading into the lower energy states,

effectively emitting photons with the same energy level as the difference in the

states. The first RRLs at low radio frequencies were discovered by Pedlar et al.

(1978) and although multiple studies have discovered these lines within 14 ≤

ν ≤ 1420 MHz, RRLs in the frequency range relevant to reionisation studies

(100 ≤ ν ≤ 200 MHz) are not well studied. Currently, all known RRLs in the low

frequency range are limited to carbon transitions. Because their optical depth is

comparable to the EoR signal, RRL emissions can easily be mistaken for the 21

cm signal (Peters et al., 2011) and confound the search. To complicate matters,

research suggests that the RRL emission transitions into absorption below 150

MHz (Payne et al., 1989).

Both diffuse and point-source foreground emission are a nuisance to the 21

cm reionisation studies because they dominate the sky at lower frequencies. This,

coupled with the faint nature of the 21 cm signal and our incomplete sky model,

makes the search very challenging. There is, however, one clear difference between

the foregrounds and the EoR signal in frequency space that can aid the search;

the former is expected to be spectrally smooth, whereas the latter is expected to

be “decoherent.” Most research relies on this stark difference to characterize and

manage foreground contamination in the data (Shaver et al., 1999; Jelić et al.,

2008). When foregrounds are spectrally smooth, they are fully confined to low-k||

modes (assuming an appropriate spectral taper function is employed), while the

spectrally structured EoR occupies a much larger region of k||-space, effectively

providing a clear ‘window’ into the EoR signal.

However, this simplistic picture is complicated in actual 21 cm experiments, in

which baselines sample different k⊥ scales at different frequencies (often dubbed

‘baseline migration’) and introduce extra spectral structure for long baselines. As

shown in Figure 1.12, this causes foreground power to smear into the region in the

power spectrum that is expected to be dominated by the EoR signal, known as the

“EoR window.” This foreground contaminated area that arises from migrating

baselines is referred to as the “foreground wedge.”

39



Figure 1.12: The left panel shows the foreground contamination (darker grey
region) due to instrumental effects in 3-D and the right panel shows the same
region after 2-D averaging from Thyagarajan et al. (2013).
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Because foregrounds are a major challenge in the search for the EoR signal,

several 21 cm studies have explored different ways to simulate this contaminant.

Here, we briefly discuss two methods of simulating foregrounds by Jelić et al.

(2008) and FG21cm (Li et al., 2019b).

Jelić et al. (2008) includes both extra-galactic and galactic foregrounds in

their simulation intended for LOFAR-EoR experiments. The main component of

the galactic foregrounds – the diffuse synchrotron emission – is assumed to have

certain amplitude, A(x, y, z, ν), and spectral index, β, that are spatially modelled

as 3-D Gaussian random fields. TB is then found by integrating A(x, y, z, ν) along

z for each ν. Moreover, linear polarization is also accounted for by assuming that

the Stokes parameters Q and U are proportional to the unpolarised Tb. In ad-

dition to synchrotron emission, radiation from supernova remnants is modelled

as a power-law in which the spectral index is based on the catalogue of Green

(2006). Furthermore, based on the relation between free-free emission and the

Hα recombination line, the brightness temperature at 120 MHz is set to 2.2 K for

a power-law spectrum with an index of -2.15. For extragalactic foregrounds, Jelić

et al. (2008) uses the method of Jackson (2005) and simulates Fanaroff–Riley

type I (FR I) and FR II radio sources (Fanaroff & Riley, 1974; Jackson & Wall,

1999), along with star-forming galaxies, as point-sources based on the number

density and source distributions from Laing et al. (1983)8 with their clustering

drawn from the Rayleigh-Levy random walk by Mandelbrot (1975, 1977). Fi-

nally, a foreground contribution from radio galaxy clusters is also included in the

simulation based on the publicly-available catalogue from The Hubble Volume

Project9 (Jelić et al., 2008).

Another foreground simulation code that has been more recently developed is

FG21sim10. Instead of modelling a 3-D map of the synchrotron emission like Jelić

et al. (2008), FG21sim produces a 2-D map of this component based on observa-

tions by Giardino et al. (2002) and Haslam et al. (1982) at 408 MHz, with varying

spectral index between -2.7 to -2.9. However, it does not include the polarized

8This catalogue used by Jackson (2005) only reports bright sources, hence an extrapolation
of the flux densities are need to go down to sub-mJy range.

9http://www.mpa-garching.mpg.de/galform/virgo/hubble.
10https://github.com/liweitianux/fg21sim
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component of Galactic synchrotron radiation. Also, similar to the approach of

Jelić et al. (2008), the brightness temperature from free-free emission is simu-

lated based on its relation with Hα found at 30 GHz. However, FG21sim sets its

spectral index following a broken power-law with -2.10 for ν ≤ 10 GHz and -2.15

for ν > 10 GHz (Wang et al., 2010). For extragalactic foregrounds, FG21sim

includes radio clusters by using the PS formalism (Press & Schechter, 1974) to

generate dark matter haloes and sophisticated astrophysics that are beyond the

scope of this thesis to generate a sky image of their brightness contribution (Li

et al., 2019b). Lastly, four discrete extragalactic foreground components are

also included based on the work by Wilman et al. (2008): star-forming galaxies

(disk-like); radio-quiet AGNs (point-source); FRI and FRII sources (point-like

core with extended lobe); and GHz peaked spectrum (GPS) and compact steep

spectrum (CSS) AGNs (point-like).

1.5.2 Instrumental Systematics

As we have established earlier, radio interferometers are more complicated than

single-element radio instruments and its systematics can affect the observation

data for 21 cm experiments. Besides migrating baselines, other examples of these

interferometric features include: the primary beam responses change between

antennas, pointing and polarisation; the dipole array structure yields complex,

frequency-dependent beam patterns; and signal transport over coaxial cable can

lead to cable reflections which imprints frequency structure into the signal chain

(Nasirudin et al., 2020). Furthermore, there are potential extra effects such as

cross-talk i.e. artificial signal produced by an interferometer that contaminates

the visibilities, thermal drift of receiver noise, and temporary non-redundancy

caused by malfunctioning antennas.

In addition, the large FOV introduces wide-field effects that can introduce

artefacts in the data if the visibilities or calibrations are not processed correctly

(Thompson et al., 2017). Accurately calibrating low-frequency interferometer

arrays also requires a full understanding of the elements involved, from the un-

known antenna gains and phases to the unknown atmospheric and ionospheric

42



disturbances (Wijnholds et al., 2010), in addition to complete knowledge of the

sky signal.

This list is non-exhaustive and is just meant to provide a brief overview of

how complicated radio interferometers are and how instrumental effects can affect

21 cm experiments. The key feature of instrumental systematics is that they can

be spectrally non-smooth. This spectral structure couples with the bright (but

otherwise smooth) foregrounds and yields power outside the standard foreground

wedge. Even very low-level instrumental spectral structure (on the order of 1 part

in 105 can completely overwhelm the sought-after signal throughout the window,

due to the overwhelming relative amplitude of the foregrounds. Instrumental

effects are one of the main challenges in 21 cm experiments, hence it is extremely

important that they are properly accounted for in the data analysis step.

1.5.3 Radio Frequency Interference (RFI)

The use of radio waves in human activity has long preceded its use in astronomy.

From communication to navigation, there are various applications of radio waves

in modern technology. These waves can diffract and reflect depending on their

wavelengths, causing interference between different transmitted signals. As such,

they can also interfere with the EoR signal and end up in 21 cm experiment

observations. Although most RFI comes from human activity, they can also

originate from nature e.g. thunderstorms, solar activities (Hamidi et al., 2012),

and meteors (Zhang et al., 2018) can produce powerful radio jets.

In interferometric data, the appearance of RFI is usually short-lived in time,

and mostly narrow-band in frequency. It also usually occurs in a similar set of

channels repeatedly but randomly. Its presence will contaminate the entire EoR

window because narrow-band RFI appears like a delta function in frequency. It

is thus imperative to get rid of RFI in the observation data and interpolate over

the missing channels appropriately.

There are currently a few methods to mitigate and manage RFI in radio

astronomy. One important step is to establish radio quiet zones in which strict

regulations on radio transmitters and devices are imposed in the area to manage
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the RFI level. The first radio quiet zone established for radio astronomy is the

United States National Radio Quiet Zone which is located in an area in the

borders of Virginia, West Virginia, and Maryland in the USA, and where the

NRAO was built. Other global radio quiet zones include the MRAO in Western

Australia and the Itapetinga Radio Observatory in Brazil (Cohen et al., 2003).

Despite these efforts, residual RFI can still end up in data because of sig-

nal reflection from airplanes (Wilensky et al., 2019), the moon (McKinley et al.,

2012, 2018), and satellites (Zhang et al., 2018). To mitigate this issue, data

contaminated with RFI are ignored from the data analysis step with help from

RFI softwares which essentially search for sudden unnatural ‘jumps’ in time and

frequency per antenna. This can be done applying a 2-D high-pass filter on the

visibility amplitude, for example, as implemented by the AOFlagger software

(Offringa, 2010), which is used by the MWA (Offringa et al., 2015) and LOFAR

(Offringa et al., 2012). In addition, a filter can be used whereby the frequency

ranges that are used commercially, especially those used by Frequency Modulat-

ing (FM) radio stations, are removed from the observation data. This method is

currently employed by LOFAR to avoid saturating their receivers with RFI (Of-

fringa et al., 2013), which can cause non-linearity in the gains due to saturation

outside the RFI channel even though the affected channels have been excluded

from the data analysis process.

1.5.4 Ionosphere

The outermost part of the Earth’s atmosphere – the ionosphere– is susceptible

to ionisation effects from the sun and cosmic rays. This ionised layer can affect

the propagation of radio waves either by scattering radio signal into different

directions or by absorbing the signal (Evans & Hagfors, 1968; Davies, 1990).

The ionosphere can even emit radio thermal emission (Hsieh, 1966) that can

complicate the search for the 21 cm EoR signal. The severity of these effects

varies at different timescales and is dependent on a number of factors such as

solar activity, solar cycle, and cosmic radiation flux. The phase fluctuations from

ionospheric effects can cause scintillation noise that can be of the same order of
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magnitude as thermal noise (Vedantham & Koopmans, 2016).

Currently, management of ionospheric effects in reionisation experiments make

use of calibration algorithms to correct ionospheric phase errors. This method

utilizes either a direction-dependent ionospheric phase calibration algorithm to

measure and correct the phase shift of bright sources (Cotton et al., 2004) or

source-peeling to model the ionospheric phase shift (Intema et al., 2009). Iono-

spheric calibration method is, however, computationally expensive and challeng-

ing. This gave rise to another method which aims to characterize the ionospheric

effects in the data and utilize that information to decide whether to include or

ignore the data in the data analysis (Jordan et al., 2017).

1.6 Thesis Motivation

The detection of HI signal from cosmic reionisation will revolutionise galaxy for-

mation studies because of the intricate correlation between one and the other.

This is because the birth to the first cosmic structures produces the radiation

that reionised the IGM. In turn, the process of cosmic reionisation and galaxy

formation are both dependent on the linear to non-linear transition of the universe

gravitational growth, which sets the initial conditions of the density perturbations

that gave formed the first structures in the universe. Because of these correla-

tions, detection of the EoR signal will have a major impact on our understanding

of the early universe and how it came to be.

Because of the extreme challenges that have to be overcome to detect the 21

cm signal, understanding the process of reionisation of the universe via simula-

tion is of utmost importance to help narrow down the search. Exploration of

the parameters affecting reionisation and quantification of the 21 cm signal are

key to help supplement observation by constraining different reionisation models

resulting from the different values of these parameters. As such, large-scale sim-

ulations that model the formation and evolution of galaxies in the early universe

and their effects on the IGM have been extensively used to study the EoR and

provide a set of baseline answers to these questions:

45



• What are the sources of reionisation?

• When did reionisation of the universe commence and conclude?

• What are the parameters that directly affect cosmic reionisation?

So far, simulations have provided us with a rough estimate on the start and end of

cosmic reionisation and the global evolution of the signal, among other properties.

These theoretical insights have indeed been useful in narrowing down the search

for the signal, especially by providing a guideline on the range of frequencies to

probe with our instruments.

In reionisation studies, semi-numerical models, which utilize prescriptions to

describe astrophysical processes, are generally employed to ensure that the reion-

isation parameter space can be efficiently sampled in the evaluation process. The

numerical approximations used by these models, however, need to align with the

results from complete hydrodynamical and radiative transfer simulations. It is,

therefore, imperative that the components in both types of simulations are as

realistic as possible in order to provide accurate answers to the listed questions

and aid 21 cm observations.

One main limitation of large-scale simulations is that they suffer from limited

resolution due to the vast volume used, hence the role of small, low mass galaxies

in the early stages of reionisation has often been neglected. In addition to this

limitation, the effects of realistic foregrounds have not been well studied in works

aiming to constrain the astrophysical parameters that influence cosmic reionisa-

tion. Moreover, current research has not considered the possibility that there is

a correlation between the EoR signal and the foreground sources, even though

the foregrounds are the evolutionary descendants of the sources that reionised

the universe. The ultimate goal of this PhD thesis, thus, aims to explore and

enhance these areas to help supplement future 21 cm observations, especially in

the era of the SKA.
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Chapter 2

Methodology

The main goal of this thesis is to address some first-order limitations of current

reionisation studies. This is done via:

• the inclusion of stochasticity and temporal correlation of low-mass haloes

in simulations (Chapter 3)

• the exploration of effects of including realistic foregrounds and instrument

models in EoR parameter constraints (Chapter 4)

• the study of self-consistent foregrounds from reionisation simulations (Chap-

ter 5)

In this chapter, we present the relevant simulation codes (CubeP3M, Gadget-2,

21cmFAST, and Meraxes), the main statistical metric (the power spectrum),

the Bayesian inference method (the Markov Chain Monte Carlo algorithm), and

the EoR model discriminating tool (21cmMC) that are employed throughout

this thesis to achieve the aforementioned goals, before briefly summarizing the

chain that links them together.

2.1 Simulation Software

In general, there are two ways to model cosmic reionisation: 1) the output of a

cosmological N -body simulation serves as the input of either a radiative transfer

model (when baryons are present) or semi-analytic model (for dark matter only)

to simulate the physics of reionisation; or 2) the cosmic-web structures and the

astrophysics are both modelled using prescriptions in semi-numerical simulations.
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Here, we describe theN -body simulation codes CubeP3M and Gadget-2, which

are used in Chapters 3 and 5 of this thesis respectively, the semi-numerical reion-

isation model 21cmFast that is used in Chapter 4, and describe the relevant

processes involved in these simulations.

2.1.1 CubeP3M

CubeP3M is a publicly-available1 high-performance N -body code designed to

map the temporal evolution of a system of N particles that only interact gravita-

tionally. It is written in Fortran90 and uses the Particle-Particle-Mesh (P2M)

algorithm whereby clumps of particles are assigned into grids known as a “mesh”

of a certain mean density. These density values are then used to solve Poisson’s

equation:

∇2φ(x) = 4πGρ(x), (2.1)

with respect to the particle’s position in the mesh and which mesh it resides in,

x. Here, φ and ρ are the gravitational potential and mass volume density in the

mesh, respectively.

Solving Equation 2.1 in Fourier space yields

φ̃(k) =
−4πGρ̃(k)

k2
≡ ω̃φ(k)ρ̃(k). (2.2)

The potential, φ, in real space can then be solved using the inverse Fourier Trans-

form and convolution theorem, yielding

φ(x) =

∫
ωφ(x′)ρ(x′ − x)dx′. (2.3)

The number of operations to solve (O) scales with N as O(N logN) because of

the ability to use Fast Fourier Transform (FFT) with the PM method (Harnois-

Déraps et al., 2013). In a traditional PM algorithm, because the particles interact

with each other through the mean field instead of directly, the small-scale grav-

1Available on Github at https://github.com/jharno/cubep3m

48



itational interactions that are below the mesh size are suppressed (Hockney &

Eastwood, 1988). The P2M algorithm resolves this issue by coupling the mean

field description on large scales with a direct, suppressed treatment on small scales

(Harnois-Déraps et al., 2013).

The CubeP3M code imposes a Cloud-In-Cell (CIC) interpolation for the

coarse grid and a Nearest-Grid-Point (NGP) interpolation for the fine grid. The

former assumes that the particles are cubes of “clouds” of uniform density with

size equal to the grid cell volume, while the latter assumes that the particles

are point-like and the entire mass of the particle is assigned to the grid cell that

hosts the particle (Hockney & Eastwood, 1988). The halo finder implemented

in the code is based on the spherical overdensity algorithm whereby a spherical

shell encapsulating the clumps of particles are evolved outwards until the mean

density in the shell falls below the overdensity cut-off of 178 in units of mean

density, corresponding to a top-hat collapse model (Lacey & Cole, 1994).

CubeP3M also utilizes Message-Passing-Interface (MPI) parallelization in

which small cubical sub-volumes are split from the global simulation volume and

assigned to a distinct MPI node, where a second cubical division occurs as shown

in Figure 2.1. The independent sub-volume tasks that can be done in parallel in

the node are known as the tiles. To ensure that the long-range force from the

coarse grid and the short-range force from the fine mesh grid can be matched, i.e

interpolated, a buffer region is implemented surrounding each tile. This allows

CubeP3M to scale well up to 27 000 cores, making the code computationally

efficient (Harnois-Déraps et al., 2013).
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Figure 2.1: 2-D depiction of the CubeP3M code sub-volume decomposi-
tion process in each MPI node from Harnois-Déraps et al. (2013). Here,
nf physical node dim, nf physical tile dim, and nf buff are the fine-mesh
cells in the entire node, fine-mesh cells in the tile, and the buffer region corre-
sponding to 24 fine cells respectively.
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2.1.2 GADGET-2

Gadget-2 is a cosmological hydrodynamic simulation software that is massively-

parallel and publicly-available2 (Springel, 2005). Although Gadget-2 can simu-

late both dark matter and gas particles, we limit the discussion to processes that

are related to dark matter only because we are only interested in this component

in our research.

Gadget-2 uses a hybrid method called TreePM, which combines the PM

algorithm with a particle-based approach called the hierarchical tree code algo-

rithm. In the tree method, gravitational interactions are approximated using

multipole moments whereby distant particles are grouped into expanding cells

known as the “root” nodes. These cells are then recursively divided into smaller

daughter cells until only single particles are left in the cells known as leaf nodes.

Starting from the root to the leaf, the cells are repeatedly evaluated based on

the multipole expansion of the node moments until a suitable partial force is ob-

tained from the tree. Because the particles are not dealt with separately, similar

to the PM approach, O scales with N as O(N logN) for the tree code method.

Gadget-2 uses the PM approach on large scale gravitational interactions, and

the direct tree approach for short range forces, thus resolving the suppression of

small scales issue that PM algorithm has (Springel, 2005).

The particle dynamics can be described by the Hamiltonian, H, given by

H =
∑
i

p2
i

2mia(t)
+

1

2

∑
ij

mimjϕ(x i − x j)

a(t)
. (2.4)

Here, p i, mi, and x i are the momentum, mass, and the comoving coordinate

vectors of particle i respectively; ϕ is the interaction potential between two par-

ticles i and j, and a(t) is the universe scale factor from the Friedman-Lemâıtre

model (Springel, 2005). Because Gadget-2 assumes a periodic boundary condi-

tion in the simulation cube of a discretized particle system, the mean density is

2Available at https://wwwmpa.mpa-garching.mpg.de/gadget/
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subtracted from Equation 2.1, yielding the peculiar potential, φ, of

φ(x) =
∑
i

miϕ(x)ρ(x− xi). (2.5)

This is split into two components in the Fourier space, φ(k) = φshort(k)+φlong(k),

where,

φlong(k) = φ(k)e−k
2r2s , (2.6)

whereby rs describes the spatial scale of the force split. The short-range compo-

nent is then solved in real space by noting that for a simulation cube with length,

L, when rs � L,

φshort(x) = −G
∑
i

φ
mi

ri
erfc

(
ri

2rs

)
. (2.7)

Here, ri is the minimum distance from particle i to coordinate x (Springel, 2005).

2.1.3 21cmFAST

21cmFAST is a fast, highly-efficient semi-numerical reionisation simulation code

that is publicly-available on Github3 (Mesinger et al., 2011). It is written in C

but has a fully-featured Python wrapper and is based on an existing reionisation

code called DexM (Mesinger & Furlanetto, 2007).

Based on Mesinger & Furlanetto (2007), the initial condition of matter parti-

cles, set at z = 300 in 21cmFAST, is assumed to be a linear density field whereby

the density field of the universe is described by the overdensity, δ(x ) ≡ ρ(x )/ρ̄−1,

at coordinate, x and mean density in the volume, ρ̄. In Fourier space, this yields

δ(k) =
V

N

∑
δ(x )eik ·x , (2.8)

where V , N , and k are the volume of the box, the number of cells in the box, and

the Fourier wavevector respectively. The linear density field can be fully repre-

sented as a Gaussian field, whose statistical properties are completely described

by the power spectrum, P (k) ≡ 〈|δ(k)|〉/V . For each independent wavevector,

3Available at https://github.com/21cmFAST/21cmFAST
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21cmFAST thus sets

δ(k) =

√
V P (k)

2
(ak + ibk) (2.9)

with ak and bk drawn from a zero-mean Gaussian distribution. It then uses first-

order perturbation theory – also known as the Zel’dovich approximation – to

move the particle and simulate gravitational collapse, following x 1 = x + ψ(x ),

where x , x 1, and ψ(x ) are the initial Lagrangian coordinates, updated Eulerian

coordinates, and the displacement vector respectively. Because δ(x )� 1 due to

the linearity of the field,

δ(x ) = −∇ · {[1 + δ(x )]ψ(x )}

≈ −∇ · ψ(x ); (2.10)

the linear velocity and density fields are thus related by

v(k , z) =
ik

k2
Ḋ(z)δ(k), (2.11)

where D(z) is the first moment of the linear growth factor that has been nor-

malized such that D(0) = 1, whereby the differentiation is performed in k-space.

With the first-order Zel’dovich approximation, the velocity field can be separated

into a space and time component, therefore the spatial part of the calculation

only needs to be performed once for each simulation (Mesinger & Furlanetto,

2007; Mesinger et al., 2011).

The main difference between 21cmFast and Dexm is in the algorithm to

generate the ionisation fields. 21cmFast bypasses the need to identify halos by

using the evolved density field and the conditional Press-Schecter mass function

generated by the semi-numeric algorithm FFRT (Zahn et al., 2011), based on

the excursion-set formalism (Furlanetto et al., 2004). In this method, ionised

cells, whether fully or partially ionised, with collapse fraction, fcoll(x , z, R) that

is smoothed on decreasing scales from a maximum radius (Rmax) down to the cell

size, are evaluated based on the criterion

fcoll(x , z, R) ≤ ζ−1, (2.12)
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for some efficiency parameter, ζ. If the requirement in Equation 2.12 is satis-

fied, only the central cells are flagged as ionised (fully or partially), as opposed

to the entire spherical region as implemented by Dexm. By skipping the halo-

finding and consequently, tree-building procedures, 21cmFAST is able to save

some computational time and resources, making the code highly-efficient and ex-

tremely fast (Mesinger et al., 2011).

In the remainder of this section, we discuss the computation of relevant astro-

physical parameters adopted in 21cmFAST. The brightness temperature calcu-

lation employed in 21cmFAST is identical to Equation 4.2. The redshift space

distortion effects brought by the term dvr/dr are included in this calculation

whereby taking the derivative of Equation 2.11 yields

dvr
dr

(k , z) = ikrvr(k , z) (2.13)

≈ −k
2
r

k2
Ḋ(z)δnl(k). (2.14)

Additionally, TS which is used to compute δTB is described as

TS =
T−1

CMB + xαT
−1
α + xcT

−1
K

1 + xα + xc
, (2.15)

where Tα is the colour temperature of the gas assumed to be closely coupled to

TK (i.e. Tα ≈ TK (Field, 1959)), xα is the Wouthuysen-Field coupling coefficient

(Wouthuysen, 1952; Field, 1958) from the Lyman-α background of first generation

stars, and xc is the collisional coupling coefficient. The complete calculation of

the Lyman-α background, which affects the calculation of TS, is beyond the scope

of this thesis. It is however, dependent on the angle-averaged specific intensity,

JX(x , E, z), for photon energy, E, which is solved by integrating the X-ray specific

intensity, εX(x , Ee, z
′), over the lightcone following Greig & Mesinger (2017)

JX(x , E, z) =
(1 + z)3

4π

∫ ∞
z

dz′
c dt

dz′
εX(x , Ee, z

′)e−τ [erg s−1keV−1cm−2sr−1],

(2.16)

where e−τ is the probability that a photon emitted at an earlier redshift, z′,

54



remains un-absorbed until z due to IGM attenuation, Ee is the energy in the

emitted time-frame where Ee = E(1 + z′)/(1 + z), and

εX(x , Ee, z
′) =

LX

SFR
(x , Ee, z

′)ρcrit,0Ωbf?(1 + δnl)
dfcoll(z

′)

dt
[erg s−1keV−1cm−3].

(2.17)

Here, LX/ SFR(x , Ee, z
′) [erg s−1 keV−1 M−1

� yr] is the specific X-ray luminosity

per unit star formation escaping the galaxies, ρcrit,0 is the current critical den-

sity, and the terms in the square brackets represent the SFR density along the

lightcone.

Based on these calculations, 21cmFAST uses the properties of each cell in the

simulation volume to compute the 3-D 21 cm background from δTB, which is given

by Furlanetto et al. (2006b) in Equation 4.2. The full evolution of the 21 cm signal

is available either as a complete lightcone or separate volumes at each redshift.

The results from 21cmFAST matches well with hydrodynamical simulation from

Trac et al. (2008) down to scales which are relevant for current and upcoming 21

cm experiments (& 1 Mpc) (Mesinger et al., 2011). This agreement, along with

21cmFAST’s ability to generate the full reionisation history of large simulation

volumes in a fast and efficient manner, makes the code extremely valuable for

reionisation studies.

2.1.4 MERAXES

The semi-analytic model Meraxes from the Dark-ages Reionization And Galaxy

Observables from Numerical Simulation (DRAGONS) project4 is designed to

study the formation of galaxies and their effects during the EoR (Mutch et al.,

2016). It uses the output from an N -body simulation to populate the centre of

the dark matter haloes with galaxies. The properties of the haloes are then used

to model astrophysical processes related to galaxy formation and evolution, which

include gas infall and cooling, star formation, AGN and supernova feedback, metal

enrichment, reionisation feedback and black hole growth. In this work, we use the

latest version of Meraxes with updates in the black hole growth and supernova

4http://dragons.ph.unimelb.edu.au/
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feedback introduced by Qin et al. (2017b) and Qiu et al. (2019) respectively. We

discuss the astrophysical processes that are most relevant to our work below.

Meraxes embeds each newly-formed galaxy with a central black hole of mass

103 M�h
−1 (Qin et al., 2017b). Black hole growth is dependent on the reservoirs

of hot gas in the halo component and cold gas in the disk component of the

galaxy, whereby black holes grow via radio mode for the former and quasar mode

for the latter (Croton et al., 2016).

Hot gas from the galaxy reservoir is accreted at the Bondi-Hoyle accretion

rate (ṀBondi) of

ṀBondi =

(
2.5πG2

c3
s

)
M2
•ρhot, (2.18)

where G is the gravitational constant, cs is the speed of sound, M• is the black

hole mass and ρhot is the density of the hot gas reservoir.

The growth of black hole, however, is limited by the Eddington limit, MEdd.

This value is found by integrating the Eddington accretion rate, ṀEdd, over a

time interval, ∆t. ṀEdd is related to the Eddington luminosity limit, LEdd, by

ṀEdd = LEdd/(0.1c
2) whereby

LEdd ≡M•

(
4πGmpc

σT

)
. (2.19)

Here, mp, c, and σT are the mass of a proton, the speed of light, and the Thomson

scattering cross-section of the electron. The integration thus leaves us with

MEdd = M•

[
exp

(
ε∆t

ηtEdd

− 1

)]
, (2.20)

where ε, η, and tEdd are the Eddington ratio (assumed to be 1), fraction of

accreted mass that is radiated, and the Eddington accretion time-scale (tEdd ≡
σT c

4πGmp
) respectively. Note that in Equation 2.20, ∆t is the time interval between

two snapshots and that M• is the mass of black hole at the start of the time
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interval. The growth in mass in radio mode is given by

∆M radio
• = (1− η) min

(
Mhot,MEdd, khṀBondic

2
)
, (2.21)

where kh is a free parameter that modifies the efficiency of the growth because

not all black holes accrete at the full Bondi-Hoyle rate.

The accretion of cold gas from the galaxy reservoir is triggered by a galaxy-

galaxy merger or disk instability. The growth in mass in quasar mode is assumed

to be accreted at ṀEdd and is given by (Qin et al., 2017b)

∆Mquasar
• = min

Mcold,MEdd,
kMcold(

1 + 280 km s−1

Vvir

)2

 , (2.22)

where Vvir is the virial velocity of the dark matter halo in the galaxy and k is a

free parameter that modifies the growth in quasar mode5.

Moreover, Meraxes assumes that stars are only formed if Mcold is greater

than the critical mass, Mcrit, which is given by

Mcrit = ΣSF

(
Vmax

100 km/s

)(
rdisk

10 kpc

)
1010M�. (2.23)

Here, ΣSF is a free parameter, Vmax is the maximum circular velocity of the host

halo, and rdisk is the disk scale radius, which is defined as rdisk = 3Rvir
a√
2
, where

Rvir is the virial radius of the host halo and a is the spin parameter. The mass

of newly-formed stars, ∆M?, is then given by

∆M? = αSF

(
Mcold −Mcrit

tdyn;disk

)
∆t (2.24)

where αSF is a free parameter that sets the star formation efficiency, and tdyn;disk

is the dynamical time of the disk that is defined by tdyn;disk = rdisk/Vmax.

5k is proportional to the merger ratio for merger-triggered growth.
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In addition, the reionisation model adopted by Meraxes is based on 21cm-

Fast (Mesinger et al., 2011; Mesinger et al., 2014). In this model, reionisation

processes and galaxy evolution are self-consistently evolved from the start of the

halo merger history. It uses the excursion set formalism to find ionised regions

when the resulting number of ionising photons is greater than the number of

absorbed and recombined photons following

Nb?(r)Nγfesc ≥ (1 + N̄rec)Natom(r). (2.25)

Here, Nb?(r), Nγ, N̄rec and Natom are the respectively the numbers of stellar

baryon in a sphere of radius r, ionising photons emitted per stellar baryon, mean

recombination per baryon, and atoms being ionised within the same volume, and

fesc is the escape fraction of the emitted photons.

Helium is assumed to be singly ionised at the same rate as hydrogen, hence

Equation 2.25 can be re-written in terms of the integrated stellar mass (M?(r))

and total mass (Mtot(r)) within the volume, yielding (Mutch et al., 2016)

M?(r)

mp

Nγfesc ≥ (1 + N̄rec)
fb(1− 3

4
YHe)Mtot(r)

mp

, (2.26)

where YHe is the helium mass fraction, and fb is cosmic baryon fraction,

fb = Ωb/Ωm. The term (1 − 3
4
YHe) corresponds to the combined number of

hydrogen and helium atoms per baryon.

The calculation of δTB in Meraxes follows the calculation from Furlanetto

et al. (2006b) but assumes it to be saturated i.e the kinetic temperature of the

gas is much larger than the temperature of the CMB. Meraxes outputs the 3-D

tomography of the 21 cm signal, along with a comprehensive dataset detailing the

galaxy properties, over the entire history of the simulation. The self-consistent

treatment of processes governing reionisation and galaxy formation in Meraxes

allows for a realistic study of the correlation between them.
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2.2 Power Spectrum

The power spectrum is the primary metric used to quantify the cosmic reionisa-

tion signal because of the signal’s partially6 Gaussian property and faint nature.

As briefly mentioned in §1.3.4, it measures the variance of a signal over a volume.

For a simulation cube with periodic boundary conditions, the power spectrum

can be simply computed by taking a FFT over the 3-D volume of the simulation

box, and then spherically averaging the resulting Fourier-space cube.

In practice, however, we do not observe noiseless periodic cubic regions of the

sky sampled at regular intervals. Real observations are made in volumes that

have complex window functions – due to the primary beam and bandpass of the

instrument – and are sampled differently in angular and line-of-sight dimensions,

dependent on the physical layout of the array and its frequency sampling char-

acteristics. If the simple power spectrum gained from Fourier-transforming a

periodic simulation can be considered the ‘true’ power spectrum, then real obser-

vations are ‘estimates’ of this true spectrum, and many analysis techniques have

been finely honed to improve the robustness of this estimate (Liu et al., 2014).

It is therefore crucial, when analysing the ability of an instrument to obtain es-

timates of astrophysical parameters via their influence on this power spectrum

estimate, to forward-model this ‘estimated’ power spectrum with all of its realis-

tic instrumental effects. Such a procedure can be divided into two separate parts:

forward-modelling and data-reduction.

Forward-modelling steps

1. Convolution of instrumental beam with the simulation

2. 2-D FFT over the ‘angular’ or ‘perpendicular’ modes of the (mock) obser-

vation volume to obtain a grid of visibilities (critical)

6Being spherically-averaged, the power-spectrum is able to produce higher signal-to-noise on
the inherently faint signal than metrics which do not integrate over phase information. While
this comes with a trade-off in that the power spectrum is insensitive to non-Gaussianity in
the spatial fluctuations, a significant fraction of the information in the field is captured by the
Gaussian approximation.
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3. Evaluation/interpolation of uniform grid of visibilities onto discrete baseline

locations of the actual instrument per frequency

4. Addition of all instrumental systematics, including thermal noise, to the

visibilities

The forward-modelling part involve steps that are taken to simulate data that

looks like the expected observed visibilities. The first and second steps are rep-

resented by Equations 1.22 and 1.23 in §1.4. Note that steps 2 and 3 can be

combined by using a direct Fourier Transform at each baseline location instead

of a FFT. However, it requires that the observation be treated as discrete point

sources and, thus, can be quite slow because discrete FT has O ∼ N2 rather than

N logN . On the other hand, sampling the visibilities onto the baseline locations

can also be memory-intensive and time-consuming due to the need for 2-D inter-

polation.

Data-reduction steps

1. Re-gridding i.e. arranging and averaging the visibilities on a regular 2-D

grid of k⊥, at each frequency slice

2. Application of a frequency taper (optional)

3. 1-D FFT over the frequency dimension of the gridded visibilities

4. Spherical or cylindrical averaging of the volume

The steps listed in the data-reduction part are generally the same ones that

are used on real observation data. Step 1 can be non-trivial depending on the

treatment of the visibilities. One simple gridding method that can be applied

is by incoherently summing the visibilities whereby all baselines that fall in a

particular k-cell are assumed to be located at the centre of the cell. However,

depending on how large the cells are and how well-sampled the k modes are, the

baselines may contribute to a different cell because they ‘migrate’ with frequency

following k⊥,i = (ν/ν0)k⊥,i,0 for spatial Fourier mode k⊥,i,0 at previous frequency,
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ν0.

As a result, sharp steps in frequency may be induced in the resulting averaged

visibilities because the transition of a baseline out of a cell is instantaneous. As

we have mentioned in §1.5.1, 21 cm experiments rely on the spectral smoothness

of the foregrounds in frequency space to distinguish between foregrounds and the

“lumpy” EoR signal. This is the motivation behind doing the forward-modelling

and data-reduction steps with utmost care so that no artificial structure is intro-

duced.

To mitigate the issue arising from the sharp spectral structure of foregrounds,

a smooth gridding kernel can be applied. This means that each baseline con-

tributes some of its visibility to each cell in the grid, with the actual percentage

being dependent on the position of the cell relative to the baseline, and the visi-

bilities at each cell centre can be added coherently.

Mathematically, the optimal gridding kernel to apply is the Fourier-transform

of the primary beam7 (Hazelton et al., 2013), B̃(x‖,k⊥), where the weight at cell

j for baseline i, wij(ν) = B̃(x‖,k⊥,j − (ν/ν0)ki,0). The gridded visibility at cell j,

Vgrid(k⊥,j, x‖), for comoving distance, x‖
8, is given by

Vgrid(k⊥,j, x‖) =

Nbl∑
i=0

wijV (k⊥,i, x‖)

Nbl∑
i=0

wij

, (2.27)

where Nbl is the number of all included baselines. For convenience, we let

Wj =
Nbl∑
i=0

wij.

To further aid readers in understanding this step, we visualize it in Figure

2.2 for a simplified 2-D grid with 42 cells, 2 baselines, and a Fourier Gaussian

7It can be seen via the convolution theorem and Equation 1.23 that each baseline “sees” a
windowed patch of the Fourier-transformed sky, with the window corresponding to the FT of
the primary beam (Tegmark, 1997)

8This is inversely proportional to ν and proportional to z.
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Figure 2.2: 2-D depiction of the gridding process involving a Gaussian gridding
kernel for 42 grid cells with 2 baselines. The different coloured regions correspond
to the visibilities convolved with the normalized gridding kernel, with the actual
position of the baseline represented by the coloured circles. The centre of cells
that receive contributions from the convolved visibility are shown by the black
crosses. At the centre of the cell in which both baselines contribute to the visibility
(diamond marker), the convolved values are coherently averaged to give the final
visibility of that cell, based on Equation 2.27.
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beam gridding kernel. The different coloured regions correspond to the visibil-

ities convolved with the normalized gridding kernel, with the actual position of

the baseline represented by the coloured circles. The centre of cells that receive

contributions from the convolved visibility are shown by the black crosses. At the

centre of the cell in which both baselines contribute to the visibility (diamond

marker), the convolved values are coherently averaged to give the final visibility

of that cell.

Next, a frequency taper can be applied before performing a 1-D FFT along the

frequency axis. The taper is necessary to reduce spectral leakage in the side lobes

due to the limited bandwidth (Thyagarajan et al., 2013) which can contaminate

the EoR window (Morales & Hewitt, 2004), which is shown in Figure 1.12. In

this research, we use the Blackman-Harris taper which has a correlation length

of 4 cells.

Finally, the visibility cube is cylindrically or spherically averaged to give the

2-D or 1-D power spectrum respectively. For the 2-D power spectrum, P (k⊥, k‖),

this involves binning the gridded cell, k⊥,j, based on the radial bin, k⊥, and

finding the average following

P (k⊥, k‖) ≡

k⊥,j∈k⊥∑
j=0

W 2
j V
†

grid(k⊥,j, x‖)Vgrid(k⊥,j, x‖)

k⊥,j∈k⊥∑
j=0

W 2
j

, (2.28)

where † denotes the conjugate, and

Vgrid(k⊥, k‖) =

∫
Vgrid(k⊥, x‖)φ(x‖) exp(−2πik‖ · x‖)dx‖, (2.29)

with frequency taper, φ(x‖), and Fourier dual of the x‖, k‖.

The convolution of Vgrid(k⊥,j, k‖) with V †grid(k⊥,j, k‖) in Equation 2.28 is not

limited to a conjugate of itself; in fact, 21 cm experiments often use Vgrid(k, k‖)

from different observations that are statistically identical (i.e. same pointing) to

cancel the contribution of instrumental noise in the power spectrum because while
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the signal remains unchanged from multiple observations at the same epoch, the

noise is uncorrelated. In Chapter 4, however, we use the Vgrid(k⊥, k‖) from the

same observation to calculate the power spectrum.

2.3 Parameter Estimation

Estimating cosmic reionisation parameters is a non-trivial pursuit because of the

relatively unknown nature of the early universe. In this section, we summarize

the well-known statistical method, the Markov Chain Monte Carlo, and its ap-

plication in constraining the parameters of reionisation via the tool, 21cmMC.

2.3.1 Markov Chain Monte Carlo

The Markov Chain Monte Carlo (MCMC) method was first introduced by Metropo-

lis et al. (1953) and was later made general by Hastings (1970) with the method

known as the Metropolis-Hastings algorithm. It combines repeated sampling of

random realizations (Monte Carlo) with the ansatz that the probabilities of these

realizations are only dependent on the probability at the previous state (Markov

Chain) to obtain numerical results on the expectation and variance of functions

under this distribution. This method involves a proper sampling of the posterior

Probability Density Function (PDF) of the models generated via a random walk,

and using the PDF or some likelihood function to analyse the distribution data.

Suppose that the target PDF, P (x), for which we would like to sample is

related to another function, P ∗(x), such that

P (x) =
P ∗(x)

Y
, (2.30)

for multiplicative variable, Y , and state or position x. The original MCMC

method, the Metropolis-Hastings algorithm, attempts to solve P (x) by proposing

a density Q which is dependent on current state x(t) and proposed state x′. Note

that Q is not required to be similar to P , and can be modelled for example, by

a simple Gaussian distribution around x(t). The samples are evaluated based on
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the quantity, q, which is the multiplied ratios of the densities given by

q =
P ∗(x′)

P ∗(x(t))

Q(x(t)|x′)
Q(x′|x(t))

. (2.31)

Notice that we do not have to solve for Y because it is cancelled out in Equation

2.31 (MacKay, 2003).

The sample is accepted if q ≥ af ∈ (0, 1], whereby at the next step, x(t+ 1) is

set to x′; otherwise, the previous value is kept i.e. x(t+ 1) = x(t). The accepted

sample of states are thus not independent. The minimum number of iterations

that give a sample which is independent of the initial sample is known as the

auto-correlation time, τ , and is generally given by τ ' (L/ε)2, where L is the

largest length scale of the accepted states, and ε is the step size (MacKay, 2003).

The first and second moment of P (x) can therefore be computed from the set

of accepted, independent samples. The Metropolis-Hastings algorithm forms the

basis of MCMC method but some minor adjustments may be added to simplify

the process, giving rise to other specialized MCMC algorithms.

One such modification was introduced by Goodman & Weare (2010) which

made use of a a set of sampling algorithm that are linearly invariant. This method

involves an ensemble of K walkers, S = {xk}, that are simultaneously evolved

whereby Q of one walker k is chosen based on the current position of the K − 1

walkers in the complementary ensemble, S[k] = {xj;∀j 6= k}. xk(t) is updated by

drawing a walker, xj, randomly from S[k] using the “stretch move”, where

x′ = xj + Z[xk(t)− xj]. (2.32)

Here, the scaling variable, Z, is drawn from a density distribution, g(Z = z),

which is symmetric if g
(

1
z

)
= zg(z), therefore the chain satisfies the detailed

balance P (xk(t) → x′) = P (x′ → xk(t)). Goodman & Weare (2010) sets a = 2

for

g(z) ∝


1√
z

if z ∈ [ 1
a
, a],

0 otherwise,

(2.33)
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and the evaluation quantity is given by

q = ZN−1 P ∗(x′)

P ∗(xk(t))
, (2.34)

for N -dimensional parameter space. Because the proposed states are not random

as in the traditional MCMC method, with this algorithm, less iterations are

needed to yield an independent set of samples, resulting in a lower τ .

2.3.2 21cmMC

21cmMC is a publicly-available9 MCMC reionisation analysis tool that is de-

signed to statistically compare a mock observation to the 3-D tomographic maps

generated by 21cmFAST. 21cmMC makes use of a Python wrapper to enable

the use of the highly-efficient, parallelized MCMC module Emcee (Foreman-

Mackey et al., 2013), which implements the basic Metropolis-Hastings algorithm

and the affine invariant sampling method discussed in the previous section within

a parallelized environment.

The likelihood statistic used in 21cmMC is the 1-D 21 cm power spectrum

and the uncertainty in 21cmMC’s quantitative evaluation is based on the noise

profiles of the low-frequency interferometers which are computed by 21cmSense

(Pober et al., 2013; Pober et al., 2014), whereby

∆2
21(k) ≈ X2Y

k3

2π

Ω′

2t
T 2

sys [mK2]. (2.35)

Here, X2Y , Ω′, and t are the cosmological normalization that depends on the

observing bandwidth and redshift, the beam-dependent normalization based on

Parsons et al. (2014), and the cumulative time spent by all baselines within

a certain k mode, respectively. A fiducial value of 20% modelling uncertainty

is added in quadrature with the total noise power spectrum in Equation 2.35.

21cmMC uses 21cmFAST to model the astrophysics and cosmology, which has

been explained in §2.1.3.

Recall from Chapter 1 that Tvir is proportional to Mmin and in the literature,

9https://github.com/21cmFAST/21CMMC
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Mmin is commonly assumed to be∼ 108M�, yielding Tvir ∼ 104 K. In 21cmFAST,

Tvir and Mmin are, in fact, related via

Mmin = 108h−1
( µ

0.6

)−3/2
(

Ωm∆c

18π2Ωz
m

)−1/2(
Tvir

1.98× 104

)3/2(
1 + z

10

)−3/2

M�,

(2.36)

where µ is the mean molecular weight, Ωz
m = Ωm(1 + z)3/[Ωm(1 + z)3 + ΩΛ],

and ∆c = 18π2 + 82(Ωz
m) − 39(Ωz

m)2. The 21cmFast component in 21cmMC

allows the critical temperature threshold, Tvir, to vary within a user-specified

range which can be larger than 104 K.

The implementation of 21cmFast used by 21cmMC describes the ionising

threshold, ζ, from Equation 2.12 as

ζ =

(
fesc

0.3

)(
f?

0.05

)(
Nγ

4000

)(
2

1 + nrec

)
. (2.37)

Here, nrec is the typical number of times a hydrogen atom recombines and ζ is

essentially the UV ionising efficiency of high-redshift galaxies.

In the implementation of 21cmFast used by 21cmMC, the quantity LX from

Equation 2.17 is assumed to be a power-law, LX ∝ EαX , for X-ray spectral index,

αX. In addition, photons with energy below the threshold, E0, are assumed to be

absorbed by the host galaxy InterStellar Medium (ISM), and the rate integrals

have an arbitrary upper limit of 10 keV to avoid divergent behaviour for αX ≤ 0.

Furthermore, the X-ray efficiency is normalized based on an integrated soft-band

luminosity of < 2 keV per unit SFR, whereby

LX<2 keV/SFR =

∫ 2 keV

E0

dEeLX/SFR [ergs−1keV−1M−1
� yr]. (2.38)

The quantities αX, E0, and log10(LX<2 keV/SFR) are available to be constrained

by 21cmMC. The default range of these parameters are presented in Table 2.3.2.

Note that there are, of course, other parameters that can be constrained by

21cmMC but we limit the discussion to those that are most relevant to our

research.
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Parameter Unit Default range
log10(Tvir) K [4, 6]

ζ - [10, 250]
αX - [-0.5, 2.5]
E0 keV [0.1, 0.5]

log10(LX<2 keV/SFR) erg s−1 keV−1 M−1
� yr [38.0, 42.0]

Table 2.1: The default range of some 21cmMC astrophysical parameters which
are most influential during cosmic reionisation.

2.4 Summary of Methods

The various tools we have discussed in this chapter are extensively used in the

following chapters to include realistic components in reionisation studies. We

summarize the use of each tool in helping to constrain reionisation parameters

in Figure 2.3. Recall that we can either 1) use the result of an N -body simula-

tion as an input to a semi-analytical model to simulate the physics of reionisa-

tion (enclosed in orange dotted line); or 2) use a semi-numerical model such as

21cmFAST to generate both the cosmic-web structures and the astrophysics; for

simplicity, we chose the latter. Note that not all of these tools are actually used

to constrain reionisation parameters in this thesis; only those that are within the

dashed blue line are used in Chapter 4. The other tools are used in Chapter 3

and 5 to address the resolution issues affecting low-mass haloes in N -body sim-

ulations (enclosed in green dash line) and the relationship between foregrounds

and cosmic reionisation (enclosed in orange dash line), respectively.
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Figure 2.3: A summary of the relationship between the tools we have presented
that are used to achieve the final goal of reionisation studies: parameter estima-
tion. Note that not all of these tools are actually used to constrain reionisation
parameters in this thesis; only those that are within the dashed blue lines are
used in Chapter 4. The other tools are used in Chapter 3 and 5 to address the
resolution issues affecting low-mass haloes in N -body simulations (enclosed in
green dash line) and the relationship between foregrounds and cosmic reionisa-
tion (enclosed in orange dash line), respectively.
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Chapter 3

Modelling the stochasticity of high-

redshift halo bias

This work was published by Nasirudin, A., Iliev, I. T., and Ahn K. in the Monthly

Notices of the Royal Astronomical Society, Volume 494, Issue 3, pp.3294-3309.

DOI: 10.1093/mnras/staa853

3.1 Abstract

As explained in 1.2.3, a very large dynamic range with simultaneous capture of

both large- and small-scales in the simulations of cosmic structures is required

for correct modelling of many cosmological phenomena, particularly at high red-

shift. This is not always available, or when it is, it makes such simulations

very expensive. We present a novel sub-grid method for modelling low-mass

(105M� ≤ Mhalo ≤ 109M�) haloes, which are otherwise unresolved in large-

volume cosmological simulations limited in numerical resolution. In addition

to the deterministic halo bias that captures the average property, we model its

stochasticity that is correlated in time. We find that the instantaneous binned

distribution of the number of haloes is well approximated by a log-normal dis-

tribution, with overall amplitude modulated by this “temporal correlation bias”.

This is the first time that such bias has been included in sub-grid modelling of

haloes. The robustness of our new scheme is tested against various statistical

measures, and we find that temporally correlated stochasticity generates mock

halo data that is significantly more reliable than that from temporally uncor-
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related stochasticity. Our method can be applied for simulating processes that

depend on both the small- and large-scale structures, especially for those that

are sensitive to the evolution history of structure formation such as the process

of cosmic reionisation. As a sample application, we generate a mock distribution

of medium-mass (108 ≤ M/M� ≤ 109) haloes inside a 500 Mpch−1, 3003 grid

simulation box. This mock halo catalogue bears a reasonable statistical agree-

ment with a halo catalogue from numerically-resolved haloes in a smaller box, and

therefore will allow a very self-consistent sets of cosmic reionisation simulations

in a box large enough to generate statistically reliable data.

3.2 Introduction

Cosmological haloes are the sites where most active astrophysical processes occur.

Understanding the formation, evolution and spatial distribution of cosmological

haloes thus allows theoretical access to many astrophysical phenomena and links

to observational cosmology. The halo information is typically summarised in the

form of a halo catalogue. Modelling galaxy surveys in observational cosmology

and studies of the process of cosmic reionisation, which generates observational

features at cosmological scales, are both examples that can benefit from reliable,

realistic halo catalogues.

For cosmic reionisation modelling in particular, properly understanding the

nature of the ionising sources responsible for the Epoch of Reionization (EoR) is

an important problem that can aid in interpreting current and future detection

experiments. Minihaloes, small haloes in which gas cannot cool through atomic

line cooling, are generally conceived to be the site of the first, Pop. III, stars

responsible for the early stages of EoR (Barkana & Loeb, 2001; Dayal & Ferrara,

2018). At the same time, both the stellar-mass binaries and the progenitors of

super-massive black holes are believed to be among the main sources of X-ray

radiation, which heats the neutral inter-galactic medium (IGM) unreachable by

UV radiation from stars (Ricotti & Ostriker, 2004; Madau et al., 2004; Knevitt

et al., 2014). The later stages of reionisation are thought to be dominated by
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emission from more massive galaxies, with halo masses above about 108M�,

which we refer to as atomically cooling haloes (ACHs) based on their dominant gas

cooling mechanism. These can in turn be split into low-mass ACH (LMACHs),

with masses less than about 109M�, for which the gas accretion onto them can

be suppressed by radiative feedback, and the larger, high-mass ACH (HMACHs)

which are largely unaffected by such feedback (Iliev et al., 2007; Dixon et al., 2016;

Ahn et al., 2015). The process of reionisation is believed to be inhomogeneous

and anisotropic on large scales (Iliev et al., 2014), hence a large-volume simulation

box is needed to capture the extent of the processes involved. However, this also

means that cosmic reionisation simulations often have a relatively low resolution,

resulting in the need for sub-grid modelling of the low-mass haloes in which the

majority of reionisation sources reside.

One perspective towards modelling the sub-grid halo population is the peak-

background split scheme (Bardeen et al., 1986) which provides a framework for

understanding how haloes form in a way biased toward high-density environment.

In this approach, a halo is associated with the linear overdensity δlin that satisfies

the halo formation criterion, δlin > δc, where δc ≈ 1.686 is the critical overden-

sity. This put theoretical foundations under the well-known Press-Schechter (PS)

formalism (Press & Schechter, 1974), whose fudge multiplicity factor 2 was later

explained rigorously by Bond et al. (1991) through their extended Press-Schechter

formalism (or the excursion set formalism). The halo bias due to a large-scale

density environment specified by its linear overdensity ∆linear can also be natu-

rally accounted for in this framework, because the small-scale density fluctuation

now only needs to satisfy the modified criterion δlin > δc−∆linear (Cole & Kaiser,

1989). Mo & White (1996) calculated a fully nonlinear bias prescription, by

combining this peak-background split scheme with the spherical top-hat collapse

model.

A notable shortcoming of both the average PS halo mass function and the

nonlinear halo bias model by Mo & White (1996) is that the number of haloes

predicted this way does not match the numerically simulated haloes well, espe-

cially massive, rare haloes at any given epoch. The discrepancy in the average
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halo mass function stimulated a set of fitting functions based either on a more

detailed theory in the halo formation, supported by simulation data (e.g. Sheth

& Tormen 1999, ST hereafter) or empirical fits to numerical simulations (Jenkins

et al. 2001; Warren et al. 2006; Reed et al. 2007; Lukić et al. 2007; Lim & Lee 2013;

Watson et al. 2014). The discrepancy in the biased halo mass function seems to

be resolved by a simple yet attractive solution by Barkana & Loeb (2004, BL

hereafter), which is a hybrid scheme of combining the ST mass function and the

bias prescription from the extended PS formalism. Ahn et al. (2015) extended

this idea to combine the average mass function of simulated haloes, instead of the

ST mass function, and the bias prescription from the extended PS formalism, and

have found that this scheme has an excellent predictive power on the nonlinear

bias of haloes in the high-redshift regime.

In order to add more naturality to the sub-grid modelling, however, the “de-

terministic” prescription described so far is not sufficient, and the stochasticity

of halo bias also needs to be implemented. This stochasticity does not follow the

pure Poisson distribution, because the correlation of haloes at the sub-grid level

produces a variance in the number of haloes, in addition to the usual shot noise

(Peebles, 1993; Dekel & Lahav, 1999). In the presence of the sub-grid correlation,

this additive variance extends the tails of the distribution function of the halo

number, or “super-Poissonian” distribution, which is well fitted by functional

forms by Saslaw & Hamilton (1984) and Sheth (1995).

The sub-grid modelling of haloes is naturally connected to the effort to gen-

erate mock halo catalogues under the knowledge of large-scale density field. This

idea is implemented in PINOCCHIO (Monaco et al., 2002, 2013) and PTHALOES

(Scoccimarro & Sheth, 2002; Manera et al., 2013), which generate mock halo cat-

alogues based on the quasi-linear density field. With an adaptive high-order

perturbation theory, mock catalogues can be generated even more precisely (e.g.

Patchy by Kitaura et al. 2014 in which they used the 2nd-order Lagrangian pertur-

bation theory but at the same time improved on mitigating the problems caused

by the unwanted free-streaming of particles in small scales). The feasibility to use

such a prescription to study e.g. the Baryon Acoustic Oscillation (BAO) feature
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in density power spectrum has been presented (Kitaura et al., 2014). In addi-

tion, the bias assignment method (BAM) is another way to generate mock halo

catalogues whereby the halo distribution is mapped onto a target dark matter

density field according to the field’s properties (Balaguera-Antoĺınez et al., 2019,

2020).

We find that one key ingredient is still missing in sub-grid modelling efforts

described above. This is the temporally correlated stochasticity: stochasticities in

the halo distribution at mutually nearby epochs should be correlated. This would

not be crucial if one is interested only in a limited range of redshifts. For example,

the study of BAO through galaxy surveys at low redshift may need to focus only

on the fields of halo population that is instantaneous or mildly changing in time.

However, in cases where continuous evolution is important, correlation of stochas-

ticity in time is also crucial. For example, in the study of cosmic reionisation,

how haloes are generated in time and space are cumulatively imprinted in the late

phase of the process in terms of the morphology of H II regions. Therefore, in this

paper, we present our quantitative study on the temporally correlated stochas-

ticity and the feasibility to use this prescription to self-consistently generating

mock halo catalogues both in time and space. Previously we have implemented

the deterministic bias only, without stochasticity, as sub-grid treatment. Never-

theless, through this method, we have found that small-mass haloes impact the

physics of reionisation quite substantially: minihaloes yield extended and self-

regulated reionisation epoch (Ahn et al. 2012; even found favoured by the CMB

polarization data by Planck: Heinrich et al. 2017), the observed 3-dimensional

(3D) imaging and 21-cm power spectrum depends on the minimum halo mass

(Dixon et al., 2016; Giri et al., 2018), and statistics of neutral gas islands in the

late phase of islands will be affected by LMACHs (Giri et al., 2019), to give a few

examples. Application of a self-consistently calculated stochasticity is therefore

expected to provide a more reliable picture on the physics of cosmic reionisation.

We note that this is the first time that a temporal bias has been included in

sub-grid modelling of haloes.

The simulations presented in this work use the following set of cosmological
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parameters ΩΛ = 0.73,ΩM = 0.27,Ωb = 0.044, h = 0.7, σ8 = 0.8, ns = 0.96 where

H0 = 100h km s−1 Mpc−1, broadly consistent with the WMAP 5-year data (Ko-

matsu et al., 2009) and latest Planck results (Planck Collaboration et al., 2020).

However, our method is generic and do not depend on the specific cosmology used

because it is purely based on the statistics of the data.

This paper is organized as follows. We describe our method to generate halo

bias that can assimilate the N -body simulation data in § 3.3. We present mock

realizations of haloes in those boxes that resolve haloes of given mass range, and

compare the resulting statistical measures of the actual N -body data and the

mock data in § 3.4.1. An application of our method to a large, 500h−1 Mpc box

with a test on its validity is described in § 3.4.2. We summarise our results and

discuss relevant issues in § 3.5.

3.3 Methodology

3.3.1 N-body simulation data

Halo bias is composed of the deterministic bias and the stochastic bias. The

former represents the average conditional probability that cells with given over-

density δ will host haloes of given mass range. The latter represents the unavoid-

able stochasticity, due to dependencies beyond local density, in the number (or

collapsed fraction) of haloes across cells with given δ. These two components can

be expressed in a single probability distribution function in terms of the average

quantity µ and at the least the standard deviation σ (that of the approximately

log-normal distribution in our case as in Equation 3.3), respectively.

Motivated by the physics of the radiation sources during the Cosmic Dawn and

EoR, we split the dark matter haloes into three physically-motivated mass ranges

(see e.g. Iliev et al., 2007): high-mass atomically-cooling haloes (HMACHs), de-

fined by Mhalo > 109M�; low-mass atomically-cooling haloes (LMACHs), with

108M� < Mhalo < 109M�, and minihaloes (MHs), with Mhalo < 108M�. We

focus on implementing the stochasticity of the latter two types in large-scale sim-

ulations, since HMACHs are relatively more easily resolved (Iliev et al., 2007)
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Figure 3.1: Halo mass functions in N -body simulations, with the box size of
6.3h−1 Mpc (top) and 114h−1 Mpc (bottom). The N -body halo data is plotted as
points and compared to the Sheth-Tormen mass function (solid lines) at different
redshifts (decreasing from top to bottom).
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Figure 3.2: PDF of the number of MHs, N5:8, contained within cells of given over-
density δ on our 143-grid 6.3h−1 Mpc-box. δ is shown on top of each subplot while
redshifts are shown on the left. The PDF of the N -body halo data (black solid) is fit
by a log-normal distribution (red dashed).

Figure 3.3: Same as in Fig. 3.2, but with the number of haloes sampled on a 443 grid.
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Figure 3.4: PDF of the LMACH collapsed fraction, fcoll,8:9, contained within cells of
given overdensity δ on our 643-grid 114h−1 Mpc-box. Plotting convention is the same
as in Figure 3.2.

Figure 3.5: Same as in Fig. 3.4, but with the collapsed fraction sampled on a 1283

grid.
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Figure 3.6: The evolution of µ with respect to overdensity for the 6.3 Mpch−1 (top
panels) and 114 Mpch−1 box(bottom panels) 143, 443, 1283 and 643 grid for several
representative redshifts, all as labelled.

Figure 3.7: The evolution of σ with respect to overdensity for the 6.3 Mpch−1 (top
panels) and 114 Mpch−1 box(bottom panels) with 143, 443, 1283 and 643 grid for
several representative redshifts, all as labelled.
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and thus sub-grid modelling is usually unnecessary, although our model is easily

extensible to such haloes as well. By definition, ACHs form stars efficiently by

cooling the gas through atomic line radiation, and the star formation therefore is

expected to be roughly proportional to the total amount of gas available, which

in turn is proportional to the collapsed fraction in such haloes. In contrast, gas in

MHs is easily disrupted and photo-evaporated by the first star(s) to form within

each halo, or in nearby haloes, thus we expect that each MH forms just one, or

at most a few stars, irrespective to its actual total gas mass. Therefore, in our

modelling for LMACHs we consider the local collapsed fraction, while for MHs we

consider the local number of haloes. Our model is applicable to either quantity.

The simulation data used throughout this work is based on a suite of N -body

simulations using the CubeP3M code (Harnois-Déraps et al., 2013). The halos

are identified on-the-fly using a spherical overdensity halo finder with overdensity

parameter of 180. The MH data is based on a high-resolution simulation in a

box of 6.3h−1 Mpc per side, with 17283 particles, force resolution of 182h−1 pc

and minimum halo mass resolved (with 20 particles or more) of ∼ 105M�. This

roughly corresponds to the halo ‘filtering mass’ (Gnedin, 2000) below which haloes

struggle to keep their gas content even before reionisation. The LMACHs data

is based on a simulation in a box of 114h−1 Mpc per side, with 30723 particles,

force resolution of 1.8h−1 kpc and minimum resolved halo mass of ∼ 108M�. To

illustrate the halo-mass resolution of each N -body simulation, we plot halo mass

functions (dn/dM) in Figure 3.1. The empirical mass function has a reasonable

agreement with a reference semi-analytical prediction, the Sheth-Tormen (ST)

mass function (Sheth & Tormen, 1999). The discrepancy observed in the high-

mass end is also reasonable, considering the usual over-estimation of the ST mass

function of rare haloes.

The density field is smoothed (using particle-in-cell, PiC, method) onto a

uniform grid1 of 143 and 443 cells when sampling MHs (hereafter N5:8), and into

643 and 1283 cells when sampling the local collapsed fraction of LMACHs (fcoll,8:9),

1In general, sub-grid modeling treats unresolved low-mass haloes as a single statistic per cell
– either the total halo count or the collapse fraction. These values are then used to assign the
number of ionizing stars per cell. Because their masses are small, they do not contribute to the
merger trees, so the specific mass and position distribution within the cell is not needed.
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given by

fcoll,8:9 =
M8:9

M
, (3.1)

where M8:9 is the mass of haloes between 108 and 109M� and M is the mass of

a cell. The local overdensity, δ, of each cell is defined by

δ =
ρ

ρ̄
− 1, (3.2)

where ρ is the average density of a cell and ρ̄ is the mean density of the universe.

3.3.2 Instantaneous halo bias in N-body simulation

We empirically quantify the instantaneous halo bias (“instantaneous bias” here-

after) from N -body simulation data. For now we ignore any possible temporal

correlation but just consider the local cell overdensity δ and redshift z. First, we

sample δ’s of cells with the bin width ∆δ = 0.1. This guarantees a reasonable

amount of sampling of grid cells for any δ < 10. Only for the highest-δ cells which

are rare, we enlarge the bin size substantially: cells of δ > 10 are grouped into

two coarse bins – 10 ≤ δ ≤ 15 and δ > 15. Second, for each δ bin, we measure the

empirical probability distribution function (PDF) of N5:8 or fcoll,8:9 by visiting all

cells of the given δ.

Any conditional parameters hereafter denote parameters measured in ap-

propriate bins; e.g. µ(z|δ = 0.5) is the average value of all µ(z|δ)’s when

δ ∈ [0.5 − ∆δ/2, 0.5 + ∆δ/2] = [0.45, 0.55]. The following terminology and

parameters are useful in describing the empirical, instantaneous stochasticity:

• x: the value of either N5:8 or fcoll,8:9.

• xmin(z|δ), xmax(z|δ): the minimum and maximum, respectively, of x found

in cells of overdensity δ at redshift z.

• µ(z|δ): the average of ln(x), given cells of δ at z.

• σ(z|δ): the standard deviation of ln(x), given cells of δ at z.
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• N+(z): the total number of non-empty cells at z.

• N0(z): the total number of empty cells at z.

• N+(z|δ): the number of cells of δ which are non-empty at redshift z.

• N0(z|δ): the number of cells of δ which are empty at z.

The empirical results for PDFs of N5:8 are shown in Figures 3.2 and 3.3, and

those for PDFs of fcoll,8:9 are shown in Figures 3.4 and 3.5. The PDFs are roughly

Gaussian close to its peak, but have considerable skewness away from it, and are

thus overall not well represented by a Gaussian. This “super-Poissonian” distri-

bution is caused by the non-zero auto-correlation of halo population in the sub-

cell scale (Peebles, 1980; Ahn et al., 2015), which can be well-fit by distribution

functions suggested by Saslaw & Hamilton (1984) and Sheth (1995). Instead, we

employ a lognormal distribution, with which the skewness is easily realized with

just two parameters – the average and the standard deviation of the logarithmic

– to fit the N -body simulation data:

f(x, z|δ) =
1

x

1

σ
√

2π
exp−

(ln x−µ)2

2σ2 , (3.3)

where µ = µ(z|δ) and σ = σ(z|δ). We use this lognormal PDF to represent

the PDF of non-empty cells only, since empty cells are not of interest here and

including them would distort distribution. Note that we do not take {µ, σ} as free

parameters to find the best fit to the N -body data, but instead use the empirical

values of {µ(z|δ), σ(z|δ)} taken from the N -body simulation data and check the

goodness of the fit afterwards by comparing the lognormal fit with the empirical

parameter values to the PDF of the N -body data. The evolution of empirical µ

and σ with respect to overdensity for some representative redshifts are shown in

Figure 3.6 and 3.7 respectively.

The lognormal fits (red dashed lines in Figs. 3.2 - 3.5) largely match the

empirical distributions well. In both cases of MHs and LMACHs, the lognormal

fit works better for the larger cell size: Ngrid = 14 case (Fig. 3.2) is better than

Ngrid = 44 case (Fig. 3.3) for MHs, and Ngrid = 64 case (Fig. 3.4) is better than

83



Ngrid = 128 case (Fig. 3.5) for LMACHs. The mismatch occurs in many cases,

but only in the tails of PDFs where the fractional contribution becomes relatively

unimportant. Only at high-redshift (z & 15), small cell-size cases for LMACHs

show the biggest mismatch (Fig. 3.5), even in its amplitude. Overall, we expect

that any resulting statistical measures from this lognormal fitting will be only

slightly different from those of the N -body data.

3.3.3 Implementing instantaneous halo bias

We now describe our scheme to realize instantaneous bias for generating mock

halo catalogues using the empirical parameters, described in section 3.3.2, as the

basis. A fluctuating 3D density field should be provided at a target redshift,

ideally by numerical simulations that resolve the nonlinear density environment

for given filtering scale (Eulerian cell size).

Our algorithm is described by the sequence below. Any quantity with a prime

symbol denotes a value related to the mock data.

1. Once the N -body particle density field is interpolated onto a uniform grid,

group the grid cells according to discrete bins of δ.

2. Among the cells of given δ, randomly choose a fraction P+(z|δ) of these

cells that will host haloes, with the “conditional occupation probability”

P+(z|δ) =
N+(z|δ)

N+(z|δ) +N0(z|δ)
, (3.4)

and leave the remaining cells devoid of any haloes. The number of non-

empty cells of δ in the given density field found this way, N ′+(z|δ), may

differ from N+(z|δ) in general, because N ′+(z|δ) = P+(z|δ)N ′(z|δ) where

N ′(z|δ) is the number of grid cells of δ in the given density field. Similarly,

the total of N ′+(z|δ), (N ′+(z)) should follow

N ′+(z) =
N+(z)

Ngrid

N ′grid. (3.5)

3. Use Monte Carlo sampling of x based on Equation (3.3) to populate these
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non-empty cells with haloes. Sample x from the bounded range x =

[xmin(z|δ), xmax(z|δ)].

4. When N ′+(z|δ) . 10 it is inappropriate to use the Monte Carlo sampling due

to rarity of such cells; in such cases the empirical data shows convergence

of x to µ(z|δ). If this happens, only use the deterministic bias, by setting

x = eµ(z|δ) in those cells.

This scheme only considers the instantaneous information, and thus can be

easily applied once the empirical parameters described in § 3.3.2 are available.

Note that when the range of δ in the given density field exceeds the range of the

empirical values due to e.g. the increased size of a simulation box, one needs to

extrapolate the empirical parameters for those outliers of δ.

3.3.4 Temporal halo bias in N-body simulation

Just as in the case of the instantaneous bias, we first find an empirical model for

the temporal stochastic halo bias (“temporal bias” hereafter) from N -body halo

data, and then develop a method to generate mock halo catalogues based on this

model. Ideally, it would be best to find e.g. a universal relation between the

redshift z and the degree of stochasticity for any given Eulerian or Lagrangian

cell. Unfortunately we could not find such a clean relation yet, but instead

found a model that reflects temporal stochasticity of N -body halo catalogues

to a significant extent. We will show how well this method mimics the actual

N -body halo catalogues in § 3.4 through various statistical measures.

Our empirical model for temporal stochasticity can be described by the fol-

lowing parameters, where appropriate binning is assumed for conditional values:

• ∆z+,i: the redshift interval during which an Eulerian cell i is not empty.

• ∆z: the full duration of our N -body simulation, under the assumption that

haloes of interest start to emerge in the simulation volume from the starting

redshift.

• δ̄i: the average overdensity of the cell i over ∆z.
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• f+,i ≡ ∆z+,i/∆z: the fraction of time during which the cell i is not empty.

• f+(δ̄): the time fraction that an Eulerian cell with mean overdensity δ̄ is

not empty. Here, δ̄ is the average of δ̄i of cells having f+,i = f+, and thus

this function relates f+ and δ̄ in averaged, deterministic way.

• N+(z|xprev,+): the total number of non-empty cells at z, among those cells

which had x = xprev ≡ x(zprev) > 0. Here, zprev is the redshift of the

N -body data recorded just before the redshift z.

• N0(z|xprev,+): the total number of empty cells at z, among those cells

which had x = xprev > 0.

Figure 3.8: Number of MHs, N5:8, per cell vs cell overdensity δ at z = 17.215
(upper panel) and z = 10.110 (lower panel) for 6.3 Mpc/h box and 143 grid (cell size
450 h−1kpc). Shown are the N -body halo data (left panels), the instantaneous mock
halo (middle panels), and temporal mock halo (right panels). Data points are projected
onto a 2-dimensional uniform grid of log10(1 + δ) and log10(N5:8), and are then shown
collectively as the ratio of the number of data points on each grid cell (color map) to
the total number of data points. The data is compared to the mean deterministic bias
(solid line) by Ahn et al. (2015).
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The halo catalogues from the N -body simulations cover the redshift range

6 < z < 25 and are equally spaced in time, every 11.5 Myr. There are 65

redshifts data for the 6.3h−1 (6.483 ≤ z ≤ 24.597) and 73 redshifts data for the

114h−1 Mpc data (6.000 ≤ z ≤ 24.597).

Figure 3.9: Same as Fig. 3.8, but for 443 grid (cell size 143h−1kpc).

3.3.5 Implementing temporal halo bias

We now describe our method to generate mock halo catalogues with temporal

bias, based on the empirical parameters described in Sections 3.3.2 and 3.3.4.

Again, a fluctuating 3D density field should be provided at target redshifts and

the uniform Eulerian grid is used, while any quantity with a prime symbol denotes

a value related to the mock data.

1. Set ∆z of the density field identical to ∆z of the N -body simulation that

were used to set parameters in § 3.3.4.

2. At starting redshift (zstart), which should also be identical to that of the
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N -body simulation, apply the scheme for instantaneous bias (§ 3.3.3) using

P+(zstart|δ) to choose the cells.

3. Presume that mock haloes were generated at zprev. Among the cells of

given x′ = xprev > 0 at zprev, randomly choose a fraction P0(z|xprev,+) of

these cells that will become empty at z, with the “conditional de-occupation

probability”

P0(z|xprev,+) =
N0(z|xprev,+)

N0(z|xprev,+) +N+(z|xprev,+)
, (3.6)

and let the remaining cells host haloes again at z. The number of these

empty cells at z given they were non-empty at zprev chosen this way, N ′0(z|xprev,+),

may differ from N0(z|xprev,+) in general, so similarly, N ′+(z|xprev,+), may

also differ from N+(z|xprev,+). Let “Group (+|+)” denote the group of

these cells which will still host haloes.

4. Get the total number of cells in Group (+|+) from step (iii), N ′+(z|+) =∑
bin of xprev

N ′+(z|xprev,+).

5. Exclude Group (+|+) from the whole set of grid cells at z. Let “Group (0)”

denote this group of cells. Note that Group (0) also includes cells that have

been de-occupied of halos at this redshift.

6. Obtain N ′+(z) using Equation 3.5 of § 3.3.3.

7. Inside Group (0), try selecting N ′+(z)−N ′+(z|+) cells through the following

procedure. For each and every cell inside Group (0), identify f+(δ̄)∗P+(z|δ)

as the probability for the cell to host haloes, where δ̄ is the average over-

density of the cell over ∆z. Perform Monte Carlo sampling cell by cell to

mark non-empty cells, and count their number N ′+(A|0). Check if N ′+(A|0)

is within pre-set tolerance of the target number N ′+(z) − N ′+(z|+). If not,

then iterate the Monte Carlo procedure until convergence. Let “Group

(+|0)” denote the resulting group of non-empty cells.

8. Finally, apply steps (iii) and (iv) in § 3.3.3 on all cells of both Group (+|+)
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and Group (+|0).

9. Steps (iii) – (viii) are done over all redshifts, taking the results from step

(ii) as the first case of zprev.

We note that the target number of non-empty cells at z is N ′+(z) (step vi)

is also the number of non-empty cells in the case of instantaneous bias following

Equation 3.5. This is because the temporal bias prescription should of course

satisfy the instantaneous statistics at the least. We also note that the smaller

xprev is, the larger P0(z|xprev,+) becomes, implying that cells containing a small

number or mass of haloes are relatively likely to become devoid of haloes in the

near future.

Moreover, the main reason we use f+(δ̄) instead of P+(z|δ) for the starting

redshift is because we want to assign the halo-hosting probability based on the

cell-density evolution. For the temporal stochasticity, the choice of cells at start-

ing redshift is extremely important because it could affect where halos are at later

redshifts, whereas for the instantaneous stochasticity, the halos are essentially re-

set at each redshift so the starting choice matters less. The density evolution is

a good tracer of this relationship instead of the instantaneous density alone.

3.4 Results

Based on the methodology presented in § 3.3, we can create mock realizations of

spatial halo distributions based on an input cosmological density field for a given

spatial resolution (cell size) and simulation volume. Our immediate aim and first

application for this method is to create such mocks as input for large-volume

radiative transfer simulations of cosmic reionisation for cases where low-mass

galaxies driving reionisation cannot be resolved numerically. This is discussed in

§ 3.4.2 below.

However, before discussing the large-scale mocks in § 3.4.2, we first demon-

strate in § 3.4.1 our methodology on the density fields derived from the same

high-resolution N -body simulations that provided the fitting parameters in the
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Figure 3.10: LMACHs collapsed fraction, fcoll,8:9, per cell vs cell overdensity δ at z =
12.603 (upper panel) and z = 7.570 (lower panel) for 114 Mpch−1 box and 643 grid (cell
size 1.781 h−1Mpc). Shown are the N -body halo data (left panels), the instantaneous
mock haloes (middle), and the temporal mock haloes (right). Data points are projected
onto a 2-dimensional uniform grid of log10(1 + δ) and log10(fcoll, 5:8), and are shown
collectively as the ratio of the number of data points on each grid cell (color map) to
the total number of data points. The data is compared to the mean deterministic bias
(solid line) by Ahn et al. (2015).

first place, both with and without the temporal bias. Since in this case we di-

rectly resolve the low-mass haloes of interest, we can evaluate the fidelity of our

mocks against the actual known halo numbers and spatial distribution.

Furthermore, the direct comparison of the cases with and without temporal

bias helps us understand the importance of its inclusion in modelling the stochas-

ticity. We start sampling the data from z = 30, but only start implementing the

stochasticity from z ≤ 25 to ensure that there is sufficient data to determine the

parameters that are truly reflective of the distribution.
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Figure 3.11: Same as in Fig. 3.10, but for 1283 grid (cell size 0.891 Mpc h−1).

3.4.1 Testing the method

In Figures 3.8 and 3.9, we show the relation between the number of MHs per cell,

N5:8, and the density of a cell, δ, at z = 17.215 (upper panels) and z = 10.110

(lower panels) based on data from our 6.3 Mpc h−1 box simulation with cell sizes

450h−1kpc and 143h−1kpc, respectively. Shown are the N -body simulation data

(left panels), the instantaneous mock haloes (middle panels), and temporal mock

haloes (right panels). The colours indicate the density of haloes and the solid

black lines correspond to the mean (deterministic) bias relation based on Ahn

et al. (2015). The particular redshifts shown are chosen as representative of the

early and late stages of the epoch during which the MHs are expected to be an

important component of and a regulating factor to early star formation (Ahn

et al., 2012). For consistency, we will use the same colour scheme throughout this

paper to represent the different types of data.

Similarly, Figures 3.10 and 3.11 show plots of the LMACH collapsed fraction,

fcoll,8:9 vs. δ at redshifts z = 12.603 (upper panels) and z = 7.570 (lower panels).
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Data is based on the 114 Mpc h−1 volume with 643 and 1283 grid cells per each

dimension (cell sizes of 1.781 Mpc h−1 and 0.891 Mpc h−1), respectively. We again

show the N -body simulation data (left panels), the instantaneous mock haloes

(middle panels), and temporal mock haloes (right panels). The illustrative red-

shifts shown roughly correspond to the beginning and the peak of the reionisation

process in certain classes of EoR models.

Figures 3.8 and 3.9 show that the relation between N5:8 and δ, including

stochasticity, closely replicates that of N -body MHs once the bias is sampled

from the lognormal distribution described in the previous section. This is true

for both the instantaneous and the temporal case with only minor differences. In

all cases the agreement with the mean bias trend (black curve) is excellent.

The stochasticities in the mock halo data have a good agreement with those

of the N -body halo data, but with some modest difference in the low-δ regime as

seen in Figures 3.10 and 3.11. A few “indentations” (or dips) in the distribution

of the N -body halo data (color map) on the δ – fcoll,8:9 plane are visible, which

are not apparent in the mock data (Figs. 3.10 and 3.11). These indentations

are the obvious result of the discreteness in the number of haloes per cell, N8:9,

which is simply integer numbers. The first “island” of the empirical distribution

seen at the lowest-fcoll,8:9 end in these figures correspond to a single halo per cell,

or N8:9 = 1. Due to the natural variance in the mass of these haloes, the actual

distribution is seen not as a line but as an island. The same applies to N8:9 > 1,

which quickly smears out the indentation feature as N8:9 increases. The mock

data of fcoll,8:9, however, is devoid of this indentation feature because fcoll,8:9 is

realized not from the mock halo but instead directly from applying a smooth PDF

of fcoll,8:9. Even though one can generate mock haloes first and then calculate

fcoll,8:9 later, to recover this indentation feature, we ignore this detail because this

feature appears in the very low-fcoll,8:9 end which takes only a minor fraction of

the whole data. Overall, the agreement between the empiral data and the mock

data seems reasonable.

Credibility of the generated mock halo catalogues can be tested in terms of

statistical measures, and we investigate (1) overall normalisations (either number
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Figure 3.12: Evolution of the absolute value of the percentage difference between
the N -body data and the total number of MHs, N5:8, (upper panels) and the LMACH
collapsed fraction, fcoll,8:9, summed over the grid (lower panels) vs. redshift, z, for the
6.3 Mpch−1 and 114 Mpch−1 box respectively. Plotted are the difference between the
N -body data and the instantaneous mock haloes (triangles) and the temporal mock
haloes (squares) for the 143, 443, 1283 and 643 grid, as labelled.

of haloes or total collapsed fraction) for the deterministic bias, (2) the temporal

correlation coefficient for the cell-wise evolution, and (3) the power spectrum for

the spatial clustering of haloes.

We show the overall normalisations and their evolution with redshift in Figure

3.12. In all cases, difference between the mock data and the N -body halo data

are modest, within ∼ 15%, and often substantially better, particularly at lower

redshifts. The mocks with temporal bias consistently match the simulations more

closely than those with instantaneous bias, within ∼ 2% below z = 10 and

otherwise within 5% or less except for the highest redshifts, where the rarity of

haloes make the correlation with the underlying density field weak. The mocks

follow the N -body halo data better for the lower-resolution grids for each volume,

and the temporal bias yields little difference for the number of MHs in that

case. The instantaneous bias is considerably worse than the temporal bias in
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Figure 3.13: Pearson correlation coefficient between consecutive time slices vs redshift
z for: (top) 6.3 Mpch−1 box with (left) grids of 143, and (right) 443, for the simulation
data, and realisations of instantaneous mock and temporal mock haloes as labelled;
(bottom) same as the top panels, but for 114 Mpch−1 box with (left) grids of 643 and
(right) 1283.

normalisations by up to a factor of 2-4, especially for higher grid resolutions.

Next we compare the Pearson correlation coefficient between consecutive time-

slices of the simulation data and the respective generated stochastic realisations.

The correlation coefficient is as usual defined as

rX,Y =
cov(X, Y )

σXσY

where X and Y are the fields being correlated, cov is the covariance matrix, and

σX,Y are the standard deviations of X and Y , respectively. The value of rX,Y

is 1 if X and Y are completely correlated, 0 if they are uncorrelated and −1 if

they are completely anti-correlated. We use the values of either N5:8 or fcoll,8:9

in each cell at current redshift and the closest previous redshift for X and Y

respectively. Results are shown in Fig. 3.13. For the simulation data, the late-

time correlation is fairly tight in all cases. At early times the correlation coefficient

is considerably lower than unity due to the increasing rarity of haloes, and the

related significant Poisson noise. At that epoch, the halo population, which form
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Figure 3.14: The lower panels show the P (k) and the upper panels show the per-
centage of absolute difference of the P (k) between the N -body data and the mock
realisations for the respective grids at z = 12.903. The black dash-dot line corresponds
to the N -body data, the cyan solid line corresponds to the generated instantaneous
mock haloes and the magenta dash line corresponds to the generated temporal mock
haloes. The percentage in the upper panel is capped at 50%.

stochastically in high-density regions, grows exponentially, thereby resulting in

the lower correlation with the previous time-slice. This effect is larger for more

massive haloes, as could be expected, as they are more strongly biased.

Randomly-sampled mocks without the temporal correlation bias significantly

underestimate the correlations compared to the simulation data, and yield almost

no correlation for LMACHs at high redshift (independent of the grid resolution).

As could be expected, in all cases the agreement is improved substantially by

including the temporal bias, although the correlation remains somewhat lower

than the simulated one. This agreement could potentially be improved further

by modifying our model to take into account the tight empirical time correlation

found in the simulation data, but at the expense of a more complex model.

Finally, we consider the spatial halo clustering in each case, as represented by

the spherically-averaged power spectrum P (k) whereby the grid sizes are 0.45,

0.14, 1.78 and 0.89 Mpc/h for the 14, 44, 64, and 1283 grids data; P (k)’s are

shown in Figures 3.14 (for z = 12.903) and 3.15 (z = 8.283). In these figures,

the lower panels show P (k), and upper panels show the percentage differences

between the mocks and the N -body halo data, for all cases as labelled. The
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Figure 3.15: Same as Figure 3.14 but for z = 8.283.

halo clustering of the mock realizations with temporal bias generally matches

the simulated one very well, within a few to 10 per cent. The only exceptions

are at small scales (k & 10hMpc−1) and at very high redshift (z > 20 for MHs

and z > 15 for LMACHs), due to the aforementioned rarity of haloes at high

redshift and the consequent Poisson noise, in which cases the discrepancy can

reach ∼ 50%. The agreement is considerably worse in general when the temporal

bias is not included, with typical differences of ∼20-50%. The only exception

is the MH numbers in the low-resolution grid, where the agreement becomes

better, indicating that the halo clustering is insensitive to the temporal bias in

this limited case.

3.4.2 Sub-grid Modelling of Temporal Stochasticity in Multi-

Scale Reionisation

We implement our fiducial method, namely assigning stochasticity sampled from

a log-normal distribution with temporal correlations (§ 3.3.5) in generating mock

halo catalogues on a 3003-grid density field in a large volume of 500 Mpch−1 per

side simulated with the CubeP3M code (Harnois-Déraps et al., 2013), in which

the mass resolution is 109M�. We have previously shown that 500 Mpch−1 box

is large enough to obtain very reliable statistics in various physical properties of
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Figure 3.16: The figure shows the LMACH collapsed fraction fcoll,8:9 per cell with
respect to δ at z = 17.848, 10.110 and 7.570 (left to right). The top panels correspond
to the actual N -body simulation data from our 114h−1 Mpc box on a 643 grid, while
the bottom panels show the generated mock haloes with temporal bias for 500h−1 Mpc
box on a 3003 grid. The plotting convention is the same as in Figure 3.10.
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EoR (Iliev et al., 2014), and 3003-grid is optimal for simulating patchy reionisation

with reasonable computational resources. The size of the grid cell is also chosen

to match the cell size of the 643-grid in 114 Mpch−1-box we used above for

the LMACHs collapsed fraction. This approach enables populating such a large

volume, which is usually limited in realizing small-mass haloes due to numerical

resolution limit, with LMACHs very reliably as shown in the previous sections.

In Figure 3.16 we show the modelled stochasticity with temporal correlations

of the fcoll;8:9 over a range of redshifts, representative of the early, middle and

late phases of reionisation, respectively. The overall characteristics of the mock

data are in good agreement with those of the N -body data, as intended. While

not clearly shown in Figure 3.16, the large volume contains cells with δ’s in the

more extended tail ends of the PDF than the small box. We note that it is again

difficult to simulate the apparent dip (dubbed as “indentation” in § 3.4.1) shown

in the N -body data with this prescription.

We compare the power spectra generated from the mock vs. N -body data

(Figure 3.17) to check the reliability of our approach for future reionisation sim-

ulations. For the range of redshifts shown and wavenumbers k . 1h−1 Mpc,

the error is no larger than ∼ 10 − 30%. At the same wavenumber range, P (k)

of the mock data has a trend to be larger at high z but gradually shifting to

be smaller at low z than that of the N -body data. Disagreement always exists

for k’s around the Nyquist value, whose impact on reionisation requires further

investigation. However, we expect that the influence of this will be minor if one

is only interested in relatively large-scale (k . 1h−1Mpc) phenomena.

3.5 Summary and Discussion

In this work we present a novel scheme developed for creating realistic sub-

resolution low-mass halo populations in large-scale N -body simulation volumes.

The mock haloes produced by our method reproduce the correct average local

numbers or collapsed fraction of the unresolved haloes very well, down to the

smallest halo masses, as well as their spatial clustering and local population evo-
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Figure 3.17: The lower panels show the P (k) and the upper panels show the per-
centage of absolute difference of the P (k) of fcoll;8:9 at the indicated redshift between
the N -body (114 Mpch−1, 643 grid, black dotted in lower panel) and mock data (500
Mpch−1, 3003 grid; magenta dashed).

lution. This new halo bias prescription can be used as a sub-grid model for studies

of structure formation for a range of applications that would otherwise be limited

in dynamic range, thereby enabling studies of the small-scale structures and their

impact within large, cosmological volumes.

We achieve this by including not only the deterministic bias as a function of

the local density environment (Ahn et al., 2015), but also an additional stochas-

tic bias, which accounts for its other dependencies, which yields a more natural

representation of the universe. Using very high-resolution N -body data, we have

compared two distinct methods for realising this stochastic bias: (1) stochasticity

reconstruction based on the current cell overdensity δ only and (2) one based on

both δ and the past history of the halo population in that locality. We found

the latter method, which we dubbed “temporal bias”, is superior to the former.

Including the temporal bias yields mock halo catalogues with significantly bet-

ter statistical properties than without it in terms of the local halo population

evolution as well as the power spectrum P (k) of the 3D halo-number field, both

compared to the high-resolution N -body data where the relevant halo range is

resolved.

There are a number of possible applications for our method. A direct ap-

99



plication of this temporal bias is in simulations of cosmic reionization. They

require very large dynamic range, since the H II region expansion is driven by

low-mass galaxies, while proper statistics of the patchiness demands very large

volumes to be followed (Iliev et al., 2014). Importantly, in this case, the evolu-

tion is cumulative and depends on the temporal evolution of structure formation.

This is in contrast to e.g. cosmology studies with galaxy surveys, where only an

instantaneous halo bias is necessary at any observed redshift. In the future, we

will use these results to perform very large-box simulations of cosmic reioniza-

tion with minimum halo mass of 105 − 108M� and 500h−1Mpc volume, which

requires applying our scheme to model the haloes with masses below 109M� and

thus to overcome the numerical resolution limit. The mock halo catalogue of

LMACHs we generated for this volume, presented in § 3.4.2 is promising, in a

reasonable agreement in terms of its statistical properties, especially P (k) of the

3D collapsed fraction field, compared to N -body halo data from a smaller volume

(114h−1Mpc), where LMACHs haloes are directly resolved.

This study shows that the temporal correlation in stochasticity plays an im-

portant role in shaping the statistical properties of cosmological haloes. This is

proven by the fact that the temporal bias (method 2 above) generates halo cat-

alogues in much better agreement with the N -body halo data than method (1)

in terms of P (k) and cross-correlations. This also implies that even when one

is to generate halo catalogues for the study of galaxy surveys, which seemingly

requires an instantaneous halo bias, this temporal bias scheme can work as a very

reliable solution. Further study along this line is warranted.

There are some caveats and room for improvement in our methodology. In

our current approach, the temporal bias is based on the complete history of a

given Eulerian cell, while in reality the stochasticity should only depend on the

past history. Furthermore, advection of matter to and from neighbouring cells

means that the Eulerian cell density does not contain the full information on the

matter field evolution. For a better temporal bias prescription, one may instead

adopt a scheme that takes a limited lookback-time history of an Eulerian cell

to mitigate these two problems. This requires further investigation, which we
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will address in the near future. While our approach and results are general, the

specific paramaterisation of the temporal bias is based on empirical fits based on

a specific structure-formation simulation. Therefore, if one were to apply this to

a universe described by a different set of cosmological parameters, our approach

would require a new small-box, high-resolution simulation resolving haloes of

our interest. It would be preferable to find a more analytical scheme that allows

deterministic temporal stochasticity in halo bias that could be easily re-calculated.

Regardless of this, our enhanced scheme, which accounts for the temporal

bias, provides significant improvement over the same scheme without temporal

bias, yielding a more accurate mock halo catalogues at high redshift, which will

be very helpful in improved descriptions of the cosmic reionization process and

interpretation of high-redshift observations. Using this approach will yield better

answers on how much impact low-mass haloes, which have usually been neglected

or treated with crude approximations, have on structure formation at high red-

shift and the history of cosmic reionization.
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Chapter 4

The Impact of Realistic Foreground

and Instrument Models on 21 cm

Epoch of Reionisation Experiments

This work was published by Nasirudin, A., Murray, S. G., Trott, C. M., Greig,

B., Joseph, R. C., and Power, C. in the Astrophysical Journal, Volume 893, Issue

2, id.118. DOI:10.3847/1538-4357/ab8003

4.1 Abstract

Predictions for the ability of 21-cm interferometric experiments to discriminate

Epoch of Reionisation (EoR) signal models are typically limited by the simplicity

of data models, whereby foreground signals and characteristics of the instrument

are often simplified or neglected. To move towards more realistic scenarios, we

explore the effects of applying more realistic foreground and instrument models to

the 21 cm signal, and the ability to estimate astrophysical parameters with these

additional complexities. We use a highly-optimized version of 21cmFAST, inte-

grated into 21cmMC, to generate lightcones of the brightness temperature fluc-

tuation for Bayesian parameter estimation. We include a statistical point-source

foreground model and an instrument model based on the Murchison Widefield

Array (MWA) scaled in observation time to have an effective sensitivity similar to

the future Square Kilometre Array (SKA). We also extend the current likelihood

prescription to account for the presence of beam convolution and foregrounds, the
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2-Dimensional Power Spectrum (PS), and the correlation of PS modes. We use

frequency bands between 150 and 180 MHz to constrain the ionising efficiency

(ζ), the minimum virial temperature of halos (Tvir), the soft X-ray emissivity

per unit Star Formation Rate (SFR) (LX/SFR ), and the X-ray energy thresh-

old (E0). We find that the inclusion of realistic foregrounds and instrumental

components biases the parameter constraints due to unaccounted for cross-power

between the EoR signal, foregrounds and thermal noise. This causes estimates

of ζ to be biased by up to 5σ but the estimates of Tvir, LX/SFR and E0 remain

unaffected and are all within 1σ.

4.2 Introduction

The Cosmic Dawn (CD) and the subsequent Epoch of Reionisation (EoR) mark

the end of the cosmic dark ages, during which time the baryonic content of the

dark, early universe existed in a warm, neutral state. The intergalactic medium

(IGM), predominantly comprised of hydrogen, was illuminated by photons from

the first ionising sources, forming regions of reionised hydrogen with temperatures

contrasting with the neutral IGM and background CMB (Barkana & Loeb 2001;

Furlanetto et al. 2006b). The significance of these periods is prevalent in almost

all areas of astrophysics, particularly in understanding the transition between the

current and early universe as well as the formation of primordial structures in the

universe.

A key probe into these epochs is the imprint of the 21 cm spin-flip transition

of neutral hydrogen (HI) that is redshifted into the low-frequency radio regime.

Recently, the Experiment to Detect the Global Epoch of Reionization Signature

(EDGES) published a measurement of a flattened absorption profile with timing

that somewhat coincides with the expected HI signal from the CD (Bowman

et al., 2018), although it needs further verification from independent experiments.

Detection of the EoR, however, has not been reported and remains one of the

key science goals of most current low-frequency interferometric telescopes (e.g.,

the Murchison Widefield Array (MWA) (Tingay et al., 2013; Wayth et al., 2018),
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the Hydrogen Epoch of Reionization Experiment (HERA) (DeBoer et al., 2017),

and the Low Frequency Array (LOFAR) (van Haarlem et al., 2013)).

Since direct imaging of the EoR remains beyond the sensitivity capabilities

of current experiments, these instruments aim to detect the spatial fluctuations

of the averaged power spectrum. In the near future, however, upcoming low-

frequency interferometers such as the Square Kilometre Array (SKA) (Dewdney

et al., 2009) and the final phase of HERA are expected to have the sensitivity to

directly detect the tomographic imprints of the EoR.

Even with experiments focused on the detection of the variance instead of di-

rect imaging of the EoR signal, its detection is still challenging due to astrophysi-

cal foregrounds and other contaminants. These include foregrounds from Galactic

and extragalactic origins (Jelić et al. 2010; Gleser et al. 2008), ionospheric dis-

tortion (Jordan et al., 2017), instrument noise and radio frequency interference

(Offringa et al., 2015). The foregrounds prove to be the primary contaminant as

they are expected to be up to 5 orders of magnitude brighter than the 21 cm signal

(Pritchard & Loeb, 2012). Various foreground mitigation and removal methods

have been extensively studied (e.g. see Liu & Shaw (2020) for details); however,

for foreground removal method such as source peeling, residual power is still left

in the power spectrum due to our incomplete knowledge of the extra-galactic

foregrounds. This is due to imperfect peeling and fainter sources existing below

the peeling threshold (Datta et al., 2010; Trott et al., 2012; Morales et al., 2012;

Vedantham et al., 2012)1.

Exploration of a physical understanding of the EoR is performed through

theoretical simulations of the sources and signal to help supplement observations

and constrain the signal. In particular, most simulation work has focused on

establishing the roles of the first ionising sources and finding the impact of as-

trophysical parameters on the signal (see eg. Barkana & Loeb 2001; Ricotti

& Ostriker 2004; Madau et al. 2004; Knevitt et al. 2014). Although countless

parameters may affect the EoR signal whose estimates vary across the literature,

some of the most influential EoR parameters (and their generally-accepted esti-

1In this work, we assume that the former is negligible and focus on the latter.
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mates) are: the number of ionising photons per baryon (Nγ ∼ 4000) (Barkana &

Loeb, 2005); the power-law scale of the baryonic gas fraction in stars with source

halo mass (α∗ ≈ 0.5) (Behroozi & Silk, 2015; Ocvirk et al., 2016); and the number

of times a hydrogen atom recombines (nrec ≈ 1) (Sobacchi & Mesinger, 2014).

The ultimate goal of understanding the EoR from 21 cm observations will

require constraining these parameters using theoretical models. It involves quan-

titatively evaluating the cosmic EoR signal by making use of one of the many

existing EoR simulations, usually semi-numerical, to extract information on the

astrophysics. Aside from comparing the results of fiducial reionisation simula-

tions with experimental data (Choudhury & Ferrara, 2005), other methods used

to achieve this goal include using the maximum likelihood (χ2) fitting (Barkana,

2009), and Bayesian analyses via model selection (Binnie & Pritchard, 2019) or

Monte Carlo Markov Chain (MCMC) methods (see eg. Harker et al., 2011; Patil

et al., 2014; Greig & Mesinger, 2015; Hassan et al., 2017)2. Alternative meth-

ods to on-the-fly MCMC sampling include emulating simulations using the power

spectrum (Kern et al., 2017) and using artificial neural networks (Shimabukuro

et al., 2017; Schmit & Pritchard, 2018) or convolutional neural network (Gillet

et al., 2019).

A particularly powerful existing code that uses the MCMC approach is 21cmMC

(Greig & Mesinger, 2015; Greig & Mesinger, 2017, 2018). 21cmMC is a paral-

lelized, efficient EoR analysis code that wraps the publicly-available EoR semi-

numerical simulator 21cmFAST (Mesinger et al., 2011) into its Bayesian MCMC

framework to produce an EoR lightcone per-iteration3. It uses the differential

brightness temperature field, constructed as a lightcone, to compute the spheri-

cally averaged power spectrum that is, in turn, used in the likelihood prescription.

Previous applications of 21cmMC have used 21cmSense4 to gauge the uncer-

tainties in the 1-Dimensional (1-D) power spectrum arising from the instrumental

2The recent work of Sims & Pober (2019) also uses an MCMC framework, but focuses on
estimating the power spectrum band-powers rather than astrophysical parameters, though it
mentions a simple extension to do so.

3In this work, we use the most recent version available at https://github.com/BradGreig/
Hybrid21cm. As of writing, the most up-to-date version of 21cmMC has moved permanently to
https://github.com/21cmFAST/21cmMC, and the underlying optimized 21cmFAST code has
been modularized and exists at https://github.com/21cmFAST/21cmFAST.

4https://github.com/jpober/21cmSense
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noise and smooth foregrounds, completely excising spherical k-modes dominated

by the latter (Pober et al., 2013; Pober et al., 2014). While this approach is a good

first-order approximation, it does not account for potential residual foreground

contamination in k-modes that it uses due to more complicated instrumental

systematics. This can cause difficulties in disentangling contamination and sig-

nal power, thus possibly leading to a biased estimate of reionisation parameters.

Moreover, it does not account for the induced chromaticity from the instrument

on the 21 cm signal.

This work provides an extension to 21cmMC in the publicly-available plug-

in py21cmmc-fg. Using this framework, we aim to explore the impact of fore-

ground and instrumental components on the ability to constrain the astrophysical

parameters of the EoR. We apply a statistical point-source foreground model and

an MWA-based instrument model to the 21cmMC lightcone outputs before av-

eraging to a power spectrum. It is these “corrupted” lightcones that we use to

estimate observed power spectra within the MCMC framework, thereby investi-

gating more realistic constraints on astrophysical parameters.

The paper is structured as follows. We first setup the mathematical frame-

work, which includes describing the foreground and instrumental effects we em-

ploy in our analysis, in §4.3. In §4.4, we analyze the observational effects on the

EoR lightcones and in §4.5, we present the MCMC analysis using 21cmMC with

our pipeline. We then discuss the results in §4.6 and conclude in §4.7.

4.3 Mathematical Framework

4.3.1 Interferometric Visibilities

The baseline displacement, u, is defined as u = x/λ, where x is the physical

displacement between the baseline tiles and λ is the wavelength. We define the

sky coordinate as l = (l,m) = (sin θ cosφ, sin θ sinφ), where θ is the zenith angle,

and φ the angle around the zenith pole.

Based on these definitions, the measured correlation of the electric fields be-

tween two sensors for an interferometric observation, the visibility V (u, ν) at
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frequency ν, in the flat-sky approximation is defined as

V (u, ν) =

∫
I(l, ν)B(l, ν) exp(−2πiu · l)dl [Jy], (4.1)

with I(l, ν) and B(l, ν) being the intensity of each point-source and beam at-

tenuation at sky coordinate l and frequency ν, respectively. Using the flat-sky

approximation whereby the effects of curvature are neglected, we assume that

the observed interferometric visibility is identical to the Fourier Transform of the

product of signal and the beam model. We will address the second-order effects

of spatial curvature on the visibility in future work.

4.3.2 Brightness Temperature and Power Spectrum

The EoR differential brightness temperature, δTb, can be quantified by (Furlan-

etto et al., 2006b)

δTb(z) ≈27xHI(1 + δnl)

(
H(z)

dv/dr +H(z)

)(
1− Tγ

Ts

)
×
(

1 + z

10

0.15

Ωmh2

) 1
2
(

Ωbh
2

0.023

)
[mK]. (4.2)

Here, xHI is the neutral fraction, δnl is the evolved Eulerian overdensity, H is

the evolving Hubble constant, dv/dr is the gradient of the line-of-sight veloc-

ity component, Tγ is the temperature of the CMB, Ts is the spin temperature

of , z is the redshift, Ωm is the dimensionless matter density parameter, Ωb is

the dimensionless baryonic density parameter and h is the normalized Hubble

constant.

For interferometric observations, the power spectrum (hereafter PS), is the

primary metric used to characterise the EoR signal. It measures the spatial

variance of a signal over a spatial volume V and is defined as

P (k) ≡
|〈δT †b (~k)δTb(~k)〉|~k|=k|

V
[mK2 Mpc−3h3], (4.3)

where k is the spatial scale in Fourier space. The PS can be computed either

108



directly from the image cube or from the observed interferometric visibilities,

whereby the signal is spherically-averaged over the 3-D spatial scales and is nor-

malised by the volume of the observed area of the sky. The dimensionless 1-D

PS is given by

∆2(k) =
k3

2π2
P (k) [mK2], (4.4)

and is routinely used in current experiments.

It is useful, however, to first compute the cylindrically-averaged 2-D PS,

P (k⊥, k‖). The angular and line-of-sight modes of the 2-D PS, k⊥ and k‖, are

converted from the Fourier dimensions following (Morales & Wyithe, 2010)

k⊥ =
2π|u|
DM(z)

[Mpc−1h], (4.5)

and

k‖ =
2πH0f21E(z)

c(1 + z)2
η [Mpc−1h]. (4.6)

Here, z is the observation redshift, DM(z) is the transverse comoving distance, H0

is the Hubble constant, f21 is the rest frequency of the 21 cm hydrogen hyperfine

transition and E(z) is defined as

E(z) =
√

Ωm(1 + z)3 + Ωk(1 + z)2 + ΩΛ, (4.7)

where ΩΛ, and Ωk are the dimensionless density parameters for dark energy and

the curvature of space. Because the 2-D PS bins the signal into separable perpen-

dicular and line-of-sight modes, it effectively allows for the management of sys-

tematic effects arising from the different modes, and hence is commonly used as an

initial step to decontaminate the cosmological EoR signal from the foregrounds.

Colloquially termed the “wedge”, the broad region of cylindrical k-space domi-

nated by the foregrounds can be understood as the signature of smooth-spectrum

foregrounds when being sampled by an imperfect instrument (Vedantham et al.,

2012; Trott et al., 2012; Parsons et al., 2012; Datta et al., 2010). The key im-

perfections are the band-limiting attenuation due to the primary beam, and the

discrete sampling of an interferometer, where the sampled wavemodes change
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with frequency (“chromaticity”).

4.3.3 Components of Observable Signal

In this subsection, we present the mathematical framework of the different com-

ponents of the observable signal, which is made of the EoR signal and foregrounds

as observed by our instrument model.

4.3.3.1 EoR Lightcones and Parameters

We use a model δTb field generated by 21cmFAST wrapped in 21cmMC. 21cm-

FAST is a semi-numerical EoR modelling tool designed to efficiently simulate the

21-cm signal using approximate methods combining the excursion-set formalism

(Bond et al., 1991; Furlanetto et al., 2004) and perturbation theory. The code

generates realizations of δnl, ionisation, peculiar velocity, and Ts in 3D which are

then combined to compute δTb during the EoR. The astrophysical parameters

involved in the code are customizable, allowing for the exploration of models and

parameter space affecting the EoR (Mesinger et al., 2011; Mesinger et al., 2014).

The key parameters that we are primarily interested in are:

• the ionising efficiency i.e., the number of ionising photons escaping into the

IGM per baryon (ζ [dimensionless])

• the minimum virial temperature of halos required to form stars in galaxies

(Tvir [K])

• the soft X-ray emissivity per unit Star Formation Rate (SFR) escaping

galaxies (LX/SFR [erg s−1 keV−1 M−1
� yr])

• the X-ray energy threshold for self-absorption by galaxies (E0 [keV]).

These four parameters are chosen due to their relatively high influence on the

δTb field, as they directly affect the parameters governing Tb given by Eq. 4.2,

particularly xHI
5. The fiducial values (and ranges) we adopt are based on Greig

521cmMC now includes an updated parameterization that uses >6 parameters, but we chose
this “legacy” set for ease of comparison to previous work.
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Parameter Fiducial Value Range
ζ 20.0 [10, 250]
log10(Tvir) 4.48 [4, 6]
log10(LX/SFR) 40.5 [38, 42]
E0 0.5 [0.1, 1.5]

Table 4.1: Fiducial astrophysical parameters and their ranges adopted in this
work.

& Mesinger (2017), Park et al. (2019) and Gillet et al. (2019) and summarised in

Table 4.1. We note that we only use these values in our final analysis in §4.6. For

exploration and validation purposes presented in §4.4 and 4.5, we use the default

parameters of ζ = 30 and log10(Tvir/K) = 4.7. We also use the same random seed

to generate the signal throughout this research.

We assume a Λ Cold Dark Matter (ΛCDM) universe using the default cosmo-

logical parameters values of 21cmFAST (h = 0.68, Ωb=0.048, Ωm= 0.31, Ωk=0,

and ΩΛ= 0.69), consistent with results from Adam et al. (2016).

The conversion from Tb to flux density S(ν) is given by the beam-modified

Rayleigh-Jeans law,

S(ν) =

(
2kBTb
Aeff

)
Ω× 1026 [Jy], (4.8)

where kB is the Boltzmann constant, Aeff is the effective area of the tile (units of

m2) and Ω is the angular size of the beam (units sr).

4.3.3.2 Point-Source Foreground Model

We use a simple point-source foreground model to simulate the effects of extra-

galactic foreground sources based on the power-law relation,

dN

dS
(S, ν) = αS−βν

(
ν

ν0

)−γβ
[Jy−1sr−1]. (4.9)

Here, dN/dS is the source spatial density per unit flux density, Sν is the flux

at a specific frequency ν, β is the slope of the source-count function, and γ is the

mean spectral-index of point sources. We fiducially use α = 4100 Jy−1 sr−1, β =

1.59, and γ = 0.8 at ν0 = 150 MHz based on an observational result from Intema
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et al. (2011).

Our adopted statistical foreground model, while an improvement over previous

modeling in the context of parameter estimation, is by no means complete. It

ignores potential point-source clustering (Murray et al., 2017), ionospheric effects

(Jordan et al., 2017; Mevius et al., 2016; Trott et al., 2018), and more subtly, any

potential correlations of the foregrounds with their antecedent EoR counterparts.

More importantly, we have not included a galactic diffuse foreground model in

this work. These effects are expected to be second-order, except for the diffuse

emission, which is bright and spatially-structured. These components are left as

extensions to this work.

4.3.3.3 MWA and SKA-based Instrument Model

Our instrument components are based on the MWA (Tingay et al., 2013; Wayth

et al., 2018) and the future SKA (Dewdney et al., 2009). The MWA is a low-

frequency radio aperture array telescope located at the Murchison Radio Astron-

omy Observatory (MRO) site in Western Australia. The array consists of 128

connected tiles with an effective area per tile (Aeff) of 21 m2 at 150 MHz. Each

tile consists of a 4x4 grid of dual polarization dipoles with a full-width half-

maximum field of view of 26◦ at ν0 = 150 MHz. It operates in the 80 – 300 MHz

frequency range, making it an excellent probe of the redshifted EoR signal. As

one of its primary scientific goals, the MWA reionisation observing scheme spans

two 30 MHz bands, between 137 – 167 MHz and 167 – 197 MHz (Jacobs et al.,

2016).

The low-frequency part of the future SKA (SKA-low) will be located at the

MRO alongside the MWA (Dewdney et al., 2009; Mellema et al., 2013). It is

expected to have a frequency resolution of 1 kHz with a frequency band of 50 to

200 MHz, and a Field-Of-View (FOV) of 2.5◦ – 10◦.

The instruments themselves are hugely complicated; e.g., primary beam re-

sponses change between antennas, pointing and polarisation (Sutinjo et al., 2015b);

the dipole array structure yields complex, frequency-dependent beam patterns

(Sutinjo et al., 2015b); and signal transport over coaxial cable can lead to cable re-
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flections (imprinting frequency structure into the signal chain) (Kern et al., 2020);

and the large FOV introduces wide-field effects (Thyagarajan et al., 2015a,b).

We restrict ourselves to the primary instrumental response, including baseline

sampling, FOV, and frequency-dependent primary beams, because these are the

leading-order effects, and leave other instrumental effects to future work. We also

neglect the fact that the earth is rotating and assume a fixed zenith pointing at

the same patch of the sky. Neglecting the rotation of the Earth changes the uv

coverage of the visibilities, hence the sample variance is different, and, due to the

wide FOV of the MWA, amounts to a reduction of the overall thermal noise by

(only) a factor of up to three on long baselines for the same total integration time.

While this should be kept in mind, it is tangential to the point of our present

work, and will be explored in more detail in future work.

We approximate the beam attenuation, B(l, ν), to be Gaussian-shaped with

B(l, ν) = exp

(
−|l|2

σ2
beam(ν)

)
, (4.10)

where

σbeam(ν) ' εc

νD
. (4.11)

Here, ε ' 0.42 is the scaling from the more natural Airy disk to a Gaussian

width, c is the speed of light and D is the tile diameter (4 m for the MWA).

Although the wide field-of-view of the MWA renders the flat sky-approximation

(and hence Eq. 4.1) inaccurate (Thyagarajan et al., 2015a,b), we will still use

it as a reasonable first approximation as the curved-sky treatment will be much

more important when using a more realistic beam with side-lobes, which enhances

the “pitchfork” effect. We assume a fixed zenith pointing of the instrument over

l ∈ (−1, 1) and pad the sky with zeros over 3 times the size of the sky to increase

the resolution of the discrete Fourier Transform.

We add thermal noise to our framework corresponding to both measurement

and radiometric noise. This is the uncertainty of the visibility arising from the

113



finite number of samples, given by

σN = 1026 2kBTsys

Aeff

1√
∆ν∆t

[Jy], (4.12)

where Tsys is the system temperature, ∆ν is the bandwidth of one frequency

channel, and ∆t is the integration time of the observation in seconds. σN is

essentially an estimation of the global sky signal (or temperature) for a given

set of information that is dependent on the sky temperature, bandwidth and

sampling time for each visibility.

In addition, we use the unnormalized6 Fourier Gaussian beam kernel in re-

gridding the visibilities after baseline sampling where the weight in cell i, wi is

given by

wi = exp(−[πσbeam(ν)|ui − uj|]2), (4.13)

for baseline j. The gridded visibility Vgrid(u, ν) is, hence, given by

Vgrid(u, ν) =

Nbl∑
i=0

wiV (ui, ν)

Nbl∑
i=0

wi

, (4.14)

where Nbl is the number of all included baselines. A Blackman-Harris frequency

taper (H(ν)) has also been applied to reduce spectral leakage in the side lobes

due to the limited bandwidth. Note that we do not normalize the beam and

taper, but the steps we have taken are consistent with those taken by current

21 cm experiments.

4.3.3.4 2-D Power Spectrum

In this work, we mostly use observational units hence k⊥ and k‖ are known as u

[unitless] and η [1 / MHz] respectively and the 2-D PS (P (u, η)) is in unit of Jy2

Hz2. We compute P (u, η) by cylindrically averaging the power of the visibilities

6The normalization cancels out in Equation 4.14.
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within radial bin u,

P (u, η) ≡

ui<u∑ (
Nbl∑
i=0

wi

)2

V †grid(ui, η)Vgrid(ui, η)

ui<u∑ (
Nbl∑
i=0

wi

)2 [ Jy2Hz2], (4.15)

where

Vgrid(u, η) =

∫
Vgrid(u, ν)H(ν) exp(−2πiη · ν)dν [ Jy Hz]. (4.16)

The full algorithm from §4.3.3.3 and 4.3.3.4 is summarized in Figure 4.1.

Figure 4.1: A summary of our instrumental algorithm.

4.3.4 Bayesian Parameter Estimation

Bayesian parameter estimation through Monte Carlo Markov Chain (MCMC)

is a powerful algorithm that is widely used in a variety of scientific fields to

constrain parameters of interest by determining their full posterior distribution.

We have chosen to use 21cmMC, an MCMC analysis tool designed to estimate

astrophysical parameter constraints from the EoR. It incorporates EoR simulation
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data produced on-the-fly by an optimized version of 21cmFAST to statistically

compare the models to either mock or observed data (Greig & Mesinger, 2015).

The existing log-likelihood prescription used by 21cmMC uses the 1-D PS and

is given by:

lnL = −1

2

∑
j

(PD(kj)− PM(θ, kj))
2

σ2
D(kj) + (αPM(θ, kj))2

, (4.17)

where PD is the 1-D PS of the experiment or mock data, PM is the model 1-

D PS, θ is the set of EoR parameters for the model, σ2
D is the uncertainty of

the experiment computed using 21cmSense (Pober et al., 2014), and α is a

variable corresponding to the uncertainty of the model, often set to 10–20% by

inspecting how close 21cmFAST is to radiative transfer models, with 15% being

the default value. All estimates are a function of wavenumber, k. In the presence

of foregrounds and the instrumental beam, this prescription is only optimal7 if

the following set of conditions is satisfied:

1. The brightness temperature fluctuations are truly Gaussian

2. The EoR signal is 3-D isotropic

3. The sources of uncertainty have 3-D isotropic signal

4. The PS modes for both the EoR and foregrounds are Gaussian

5. The PS modes are independent for both the EoR and foregrounds

6. The foreground noise is independent of the EoR parameters.

We postulate that the first and second conditions are valid first-order assumptions

and we leave the last one for future work. We discuss and address the others,

along with a summary of our improvements to 21cmMC, in the following sub-

subsections.

7It uses all available information to generate the likelihood and therefore posterior, rather
than losing some information by improper assumptions
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4.3.4.1 3-D Isotropic Uncertainties

The 1-D PS is employed because it provides complete information about the

isotropic EoR signal. However, it confounds the impact of foregrounds because

they naturally reside in a larger cylindrical Fourier space (i.e., smooth-spectrum

versus angular clustering). In a 1-D PS, the wedge-mode contaminates the entire

annulus because the foregrounds show a non-isotropic signature, corrupting some

otherwise good modes. Although some sort of avoidance method is typically

used to minimize the corruption of 1-D PS modes, it does not account for the full

information.

We extend the likelihood formalism by using the 2-D PS instead of the 1-D PS

as it allows for the management of systematic effects arising from k⊥ and k‖ modes

respectively. The 2-D PS is commonly used as an initial step to decontaminate

the cosmological EoR signal from the foregrounds in the forms of the “wedge” and

the “EoR window”. Foreground power dominates the lower k‖ modes, yielding

higher variance in the wedge as compared to the EoR window. Using the 2-D

PS means that modes in the same |~k|-annulus that may come from different k‖

modes (from within and without the wedge) can be treated independently, and

therefore the full information extracted.

4.3.4.2 Gaussianity and Independence of Instrument-Convolved Fore-

grounds

In Eq. 4.17, the use of σ2
D follows the assumption that the input data are Gaussian

and independent. While this will hold true for the EoR signal since the cosmolog-

ical signal is close to Gaussian, in the presence of foregrounds and instrumental

effects, this assumption might break. We will focus on investigating the Gaus-

sianity and independence of the instrument-convolved foregrounds because the

variance of the data is dominated by the variance of the foregrounds in most

bins. This can then dictate the appropriate formalism to adopt, without adding

unnecessary complexity. Since we have established in the previous sub-section

that we will be using the 2-D PS to accommodate the presence of foregrounds,

we will continue this discussion using the 2-D PS of instrument-convolved fore-
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grounds that were simulated based on our models; the ensemble is then used to

compute the skewness and correlation in each 2-D mode.

We investigate the Gaussianity of the 2-D PS by finding the skewness in bins of

k⊥ and k‖. The skewness measures the asymmetry of the probability distribution

about its mean, with a skewness of 0 being perfectly symmetric and increasing

skewness showing increasing asymmetry. Figure 4.2 shows the skewness of the

2-D PS of the instrument-convolved point source foregrounds. Over the primary

range of interest (0.1 to 1 h Mpc−1), the bins are predominantly close to Gaussian.

Regions of higher skewness are found only at either high k||, where the signal is

low, or low k||, where the foregrounds are strong so the mode is therefore heavily

down-weighted in the likelihood, and thus in our fits for the underlying parameters

θ. We are thus content to maintain the assumption of a Gaussian likelihood.

Figure 4.2: The skewness of the 2-D PS of the instrument-convolved point source
foregrounds. The bins are predominantly close to Gaussian over the primary range of
interest (0.1 to 1 h Mpc−1).

We investigate the assumption of independence of the instrument-convolved
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Figure 4.3: The correlation coefficient of the 2-D PS of the instrument-convolved
foregrounds between a single cell with all other cells. The horizontal and vertical plots
show cuts through the 2-D space at the chosen single cell locations, demonstrating the
degree of correlation in the angular and line-of-sight modes. Each chosen (k⊥, k‖) bin
is completely correlated with itself (black cell in main panels corresponding to highest
point in the smaller side panels). However, also note that the bin is highly correlated
over k‖ and the correlation spills over to the two k⊥ bins adjacent to the chosen bin.

foreground model by finding the correlation coefficient between k⊥- and k‖-bins in

the 2-D PS. The correlation measures the strength of the joint variability of two

random variables, in this case the bins of k⊥ and k‖, with possible values ranging

from -1 being completely anti-correlated to +1 being completely correlated. As

with Gaussianity (cf. §4.3.4.2), we focus on the foregrounds rather than the 21 cm

signal.

Figure 4.3 shows the correlation coefficient of the 2-D PS of the instrument-

convolved foregrounds of four individual (k⊥, k‖) bins with all other bins. The

right- and bottom- sub-panels of each major panel show the correlation coefficient

along a 1-D slice (in the displayed dimension) through the selected 2-D bin of each

main panel. The dotted black line divides the area between the wedge and the

EoR window. As expected, each chosen (k⊥, k‖) bin is completely correlated with

itself (black cell in main panels corresponding to highest point in the smaller side
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panels). However, we can also see that the bin is highly correlated over k‖ and the

correlation spills over to the two k⊥ bins adjacent to the chosen bin. This is due to

the frequency-dependence of the instrument, resulting in chromatic mode-mixing

of foregrounds (Morales et al., 2012; Datta et al., 2010; Vedantham et al., 2012;

Trott et al., 2012). As such, we can conclude that the 2-D PS of the instrument-

convolved foregrounds is not independent between modes and that we must use

the covariance, instead of the variance, in the likelihood prescription. Neglecting

the dependence of the modes may result in over-constraining of parameters, re-

gardless of whether the PS is is 1-D or 2-D.

We thus extend the likelihood prescription to use the multivariate normal

likelihood, lnL, following the use of the 2-D PS and the presence of foregrounds.

lnL is given by

lnL = −1

2

[(
PD − PM(~θ)

)T
Σ−1

(
PD − PM(~θ)

)]
, (4.18)

where Σ is the covariance8 of our fiducial noise and foreground (N + FG)

model with the addition of sample variance (second term of following equation),

so that the total variance, σ2
T , is given by

σ2
T = σ2(PN+FG;M) +

P 2
21;M∑

j(
Nbl∑
i=0

wi)2

; (4.19)

PD = PD(k⊥, k‖) = P21+N+FG;D (4.20)

is the (mock) data PS, assumed to be comprised of a 21 cm component, and a

noise and foreground component; and

PM(k⊥, k‖|~θ) = P21(k⊥, k‖|~θ21) + PN+FG(k⊥, k‖|~θN+FG) (4.21)

8Σ is computed numerically using the Monte Carlo method to simulate the noise and fore-
ground over 1000 random realizations at the fiducial parameters. The ensemble of realizations
is passed through the algorithm summarized in Figure 4.1 to produce the 2-D PS and calcu-
late Σ. This is pre-computed prior to the MCMC. We note that the covariance may not have
converged (see e.g Dodelson & Schneider (2013) and Taylor & Joachimi (2014)) hence further
investigation is necessary, but we have left this for future work.

120



is a parameter-dependent model of the data. Note that we use the expected power

of noise and foregrounds instead of just one specific realization for the model.

Because it is computationally-expensive and difficult to calculate the expected

power of all components at each iteration, we have modelled the 21 cm signal

separately and use the same expected foregrounds and noise power each time,

which is possible because we do not have θN+FG parameter in the likelihood.

This also assumes that the cross-power9 terms are negligible and is a reasonable

first-order approximation consistent with other works; however, we will see in

§4.6 that this assumption is not true.

Note that PD and PM are not the true power spectrum computed from the

simulation box. They are related to the true power spectrum, P ∗, by P = ŴP ∗

where Ŵ is all the window functions that encompasses the instrumental and anal-

ysis effects such as the beam and frequency taper used in this research. The fact

that we compute PD, PM , and Σ using exactly the same pipeline means that they

are self-consistent hence the effects of Ŵ should cancel out in the likelihood. Also

note that the form of Eq. 4.18 explicitly assumes that the covariance does not

depend strongly on the astrophysical parameters. Otherwise, it would require an

extra term of − ln det(Σ−1). This is a reasonable assumption for most cylindri-

cal k-modes which are dominated by foregrounds whose parameters we are not

directly interested in.

4.3.5 Extensions to 21cmMC

The foregrounds and instrumental components, along with other improvements

developed in this work and described in the previous sections, are combined in

a publicly-available plug-in to the new 21cmMC, called py21cmmc-fg10. It

makes use of 21cmMC’s new ability to allow the user to arbitrarily insert code

to modify the lightcone before producing a likelihood. This creates realizations of

the EoR signal obscured by the foregrounds which are measured by an instrument

model and then used as input to the log-likelihood.

9An explicit derivation of its variance is shown later in §4.6 (Equation 4.23)
10Found at https://github.com/BellaNasirudin/py21cmmc-fg

121

https://github.com/BellaNasirudin/py21cmmc-fg


To summarise, the extensions to 21cmMC that are available in py21cmmc-fg

include:

• a foreground model: includes both diffuse and point-source foregrounds

(although only the latter is used in this work for simplicity)

• an instrument model: includes a Gaussian beam model, the array base-

line sampling and thermal noise

• calculation of the 2-D PS: to separate the cosmological EoR signal from

the foregrounds

• the covariance of the PS: to account for the correlated instrument-

convolved foregrounds

• the likelihood prescriptions for the MCMC: expand to multivariate

normal distribution

• stitching of the lightcones: to account for the wide FOV of the instru-

mental beam model

• padding of the sky: to increase the image resolution for Fourier Trans-

form

• Fourier beam gridding kernel: to properly interpolate, average and

weight visibilities onto a grid

All of these have been discussed in detail in this section, except for the stitching

of the lightcones. We will discuss this in the next section (§4.4) when we explore

the observational effects on the EoR lightcones.

4.3.6 Comparison to Existing Framework

The final focus of this section is to compare the uncertainty level from our frame-

work, py21cmmc-fg, to that from the publicly-available existing framework,

21cmSense (Pober et al., 2013; Pober et al., 2014). In general, 21cmSense per-

forms a separate calculation of the instrument sensitivity arising from thermal
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noise and cosmic variance while avoiding the foreground-dominated region; the

uncertainty file is then used as input into 21cmMC. For more details, we refer

readers to Pober et al. (2013) and Pober et al. (2014).

For 21cmSense, we adopt the drift scan mode and “moderate” foreground

removal with the MWA Phase II baselines, Aeff = 21 m2 and Tsys = 240 K. We

also use ∆t = 2×105 hours in both frameworks. The reasoning behind this value

is explained in detail in §4.5, but in general, we use this value so that we can

approximate the noise level for 1000 hours observation of the future SKA LOW1.

Note that the uncertainty with sample variance is calculated differently in the

two frameworks. Our framework calculates σ2
T based on Equation 4.19, while

21cmSense defines σ2
T as

σ2
T (k) =

(∑
i

1

(P21(k) + PN,i(k))2

)− 1
2

, (4.22)

whereby an inverse-weighted summation is performed over the uv cell i for each k

mode bin (Pober et al., 2013). The main difference between the two frameworks

is the presence of the cross-terms between the EoR PS and the noise variance for

21cmSense.

In addition to the calculation of sample variance, 21cmSense and py21cmmc-

fg have a few key differences that can affect the total uncertainty level. We have

summarized these differences in Table 4.2. The resulting total uncertainty from

the two frameworks are presented in Figure 4.4. The total uncertainties loosely

match at the relevant modes where the signal dominates, with a difference of

less than half an order of magnitude. At high k, however, the difference is as

high as one order of magnitude. We attribute the difference in total uncertainty

to the missing Earth rotation synthesis which essentially fills up more uv space

hence increasing the overall noise level (i.e., less modes can combine coherently).

Even though the Fourier beam gridding kernel we employ partly takes this into

account, it does not restore the noise to the full level that it would be with a

proper rotation synthesis. We note that this is a shortcoming of our framework,

and is left for future work.
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Figure 4.4: The total uncertainty from 21cmSense (red solid line) compared to the
total uncertainty from our framework (black dash line) with Tsys = 240 K and ∆t =
2×105 hours.

21cmSense py21cmmc-fg
PS 1-D 2-D
Frequency-dependent baselines No Yes
Cross-power in variance Yes No
Foregrounds Avoidance Suppression
Earth rotation synthesis Yes No
Baseline sampling on EoR PS No Yes
Frequency taper No Yes
Gridding kernel No Yes

Table 4.2: The differences between 21cmSense and py21cmmc-fg.
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4.4 Observational Effects on EoR Lightcones

Figure 4.5: Comparison of the 1-D PS of the 7.5 Gpc box (red), the stitched 1.5
Gpc box (green dotted), and the stitched 1.5 Gpc coarsened to a resolution of 15 Mpc
(blue dash-dot). The 7.5 Gpc box and the stitched 1.5 Gpc box agree very well on most
scales, but the 1-D PS of the stitched and coarsened box differs from the 1.5 Gpc box
at high k due to finite resolution.

In this section, we explore the observational effects of adding foregrounds

to the EoR signal. This is first done by explaining the steps we have taken to

ensure that both the EoR signal and foregrounds can be added together. We then

analyse the effects on the 1-D and 2-D power spectra and compare the differences

in image space.

In order to add the foreground and EoR lightcones, they need to cover the

same angular size and have the same angular resolution. At z = 6, the resulting

angular sky size of a 1 Gpc/h simulation box, which is considered to be large

in theoretical studies, is merely ∼ 0.12 radian. On the other hand, the FOV of

the MWA is ∼ 1 radian. Running a massive box that covers the MWA FOV is

unrealistic and computationally expensive, so instead, we have made a realization

of the lightcone across the mock sky by assuming that the same structure is
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periodically repeated. To preserve the wavenumber, we have ensured that the

full box is used in the stitching i.e., we use an integer number of boxes. We

also limit ourselves to using scales smaller than the box size in the parameter

estimation to avoid systematics due to this repetition.

Furthermore, due to memory-limitation, we have opted to coarsen the EoR

signal using interpolation. Of course, the coarsening process can be avoided by

setting the EoR lightcone from 21cmFAST to be of the same angular size. This,

however, will affect the small-scale processes involved in determining δTb, so we

prefer to perform the coarsening post-stitching.

To study the effects of tiling and coarsening of the lightcone, we use simulation

boxes of size 1.5 and 7.5 Gpc, both with a resolution of 7.5 Mpc. While we

will typically work with the 2-D PS, we use the 1-D PS when comparing data

quantitatively in this section. We compare the 1-D PS of the 7.5 Gpc box, the

stitched 1.5 Gpc box, and the stitched 1.5 Gpc coarsened to a resolution of 15

Mpc in Figure 4.5. The y-axis shows the dimensionless 1-D PS while the x-axis

shows the k scales.

The 7.5 Gpc box and the stitched 1.5 Gpc box agree very well on most scales,

suggesting that stitching the box does not negatively affect the PS. However, the

1-D PS of the stitched and coarsened box differs from the 1.5 Gpc box at high

k11. This is, of course, expected as the coarsening of the box results in a different

resolution, hence affecting the small scale structure of the δTb. The stitching of

boxes and coarsening of the resolution may potentially affect the statistics of the

PS due to lack of cosmic variance.

Herein, we have been presenting plots in cosmological units. In the code and

hereafter in the paper, we have opted for observation units of Jy, Hz and radians

to minimise inconsistencies and errors in converting between the two units. Note

that the choice of units is inconsequential for the likelihood, as long as the same

units are used in numerator and denominator.

11The curves converge again at high k because modes ≥ 0.2 h/Mpc (corresponding to the
Nyquist value) is not reliable.
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4.5 MCMC Analysis

For parameter estimation, we use an EoR lightcone of size 750h−1Mpc with 250

cells. The lightcone is stitched together to cover 1 steradian of the sky and

coarsened to 800 cells (resolution of ≈ 24h−1Mpc) before being padded by zeros

to 3 times the sky size to increase the resolution for the Fourier Transform.

The bandwidth of the observation is 10 MHz from 150 to 160 MHz with 100

frequency channels. We assume that Tsys = 240 K, corresponding to the average

sky temperature at 150 MHz.

To ensure that our MCMC framework is consistent, we first perform simpler

tests in which we attempt to loosely constrain only two parameters, ζ and Tvir

(with fiducial values of ζ=30.0 and Tvir = 4.7 log10K). These systematic tests

include:

1. Uniform – regular and filled – uv sampling with no thermal noise or fore-

grounds

2. Uniform uv sampling with point-source foregrounds but no thermal noise

3. Uniform uv sampling with thermal noise but no foregrounds

4. MWA baseline sampling with thermal noise but no foregrounds

5. MWA baseline sampling with thermal noise and point-source foregrounds

Step 5 constitutes the end-goal of this work (but with all four parameters from

Table 4.1). Note that with these tests, we are not interested in properly estimating

the values of the parameters; we only want to gauge whether the MCMC walkers

would assemble around the right values, thereby the burn-in phase of the walkers

are still included in this section. We initially set the observation time to 1000

hours consistent with other research, but the observation time is later increased

to 2×105 hours (the motivation of which is explained later in this section). To

clarify, only steps 1 - 3 are done with 1000 hours of observation time. The final

two steps, along with everything else after, are done with 2×105 hours.
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Figure 4.6: A corner plot comparing the constraints our systematic tests: uni-
form uv sampling with no thermal noise or foregrounds (blue); uniform uv sam-
pling with point-source foregrounds but no thermal noise (orange); uniform uv
sampling with 1000 hours of thermal noise with the MWA but no foregrounds
(green); MWA baseline sampling with 2 × 105 hours of thermal noise with the
MWA but no foregrounds (red); MWA baseline sampling with 2 × 105 hours of
thermal noise with the MWA and point-source foregrounds (purple). The use of
2 × 105 hours of thermal noise with the MWA is comparable to the noise level
of 1000 hours with the SKA. The artificial “uniform” uv sampling unnecessarily
inflates the impact of thermal noise (green) as it restricts the number of baselines
per uv cell to one and the small collecting area of the MWA gives a signal-to-noise
ratio of order unity; both of these factors results in a biased estimate. With the
addition of baselines sampling and the use of SKA sensitivity, the constraints
are remain unbiased (purple and red) although the final test (red) gives a really
inflated constraint compared to the other tests. Note that these constraints still
have the burn-in phase included.
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We present a corner plot of our checks in Figure 4.6, which shows the projec-

tion of the values of the parameters over 1-D and 2-D space density. The black

dash lines show the actual value of the parameter while the colored, shaded re-

gions show the values of the estimated parameter that have been projected over

the density space in 1-D (diagonal plots) and 2-D (non-diagonal plots).

It is clear that convolving the stitched and coarsened EoR signal with the

Gaussian beam and implementing the 2-D PS and the multivariate normal dis-

tribution in the likelihood prescription do not negatively impact the parameter

estimation, as apparent from the constraints from Step 1 (blue region). The

addition of point source foregrounds in Step 2 (orange) does not significantly

expand the constraints. This can be attributed to the fact that the foreground

contamination is fully contained at smaller η due to the uniform uv sampling.

Figure 4.7: The power spectra of the EoR signal (left) and the thermal noise with the
MWA sensitivity (right) in unit of Jy2Hz2. With the uniform uv sampling, the signal
to noise ratio is of order unity for 1000 hours of observation time due to the small
collecting area of the MWA. While this is enough for an EoR signal detection over the
slope of the 1-D PS, it is not sensitive enough for EoR parameter estimation with the
MWA.

However, with the addition of thermal noise in Step 3 (green region), the peak
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of the distribution is significantly shifted with respect to the true value, indicating

that the results are biased. We note also that the artificial “uniform” uv sampling

unnecessarily inflates the impact of thermal noise, as it restricts the number of

baselines per uv cell to one. To investigate the cause of the bias, we plot the 2-D

PS of the EoR signal and the thermal noise, presented in Figure 4.7. With the

uniform uv sampling, the signal-to-noise ratio is of order unity for 1000 hours of

observation time due to the small collecting area of the MWA, either with the

MWA baselines sampling or the uniform uv sampling. While this is enough for

an EoR signal detection over the slope of the 1-D PS, it is not sensitive enough

for EoR parameter estimation with the MWA.

To enable parameter constraints for the remainder of the work, we henceforth

increase ∆t in Equation 4.12 to 2×105 hours for the MWA-based instrument

model that we have. This ∆t is equivalent to adopting an SKA-like sensitivity

for which Aeff = 300 m2 but is achievable with only 1000 hours. As seen in Step

4 (red region), both the use of the larger collecting area and the presence of

uv sampling reduces the noise, resulting in the MCMC converging to the model

values.

In Step 5 (purple region), the presence of point source foregrounds expands

the posteriors by 100% compared to thermal noise alone without bias. The reason

the purple contour is larger than the red, while the orange is not larger than the

blue, is that non-uniform sampling implies chromaticity which creates the wedge,

and therefore removes a lot of otherwise useful modes.

4.6 Parameter Estimation Results

Now that we have established the robustness of our additional model complexities,

we can use the MWA baseline sampling with thermal noise and point-source

foregrounds to constrain the four reionisation parameters in Table 4.1. We use

three different frequency bands: 150–160, 160–170, and 170–180 MHz to observe

the EoR signal, which is obscured by point-source foregrounds in the presence of

instrumental effects and thermal noise.
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Figure 4.8: An example trace plot from the 160–170 MHz band with thermal noise and
foregrounds. The blue lines show the true value of the parameter while the black lines
show the progression of the parameter estimation at each iteration. In this particular
case, we have ignored the walkers with lnL < −4000.
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Before we proceed with our results, we would like to emphasize that our

pipeline is computationally intensive and time-consuming. With 5 chains run for

each parameter, we have 20 walkers in total. One iteration per walker uses 10

GB of memory per node and takes roughly 20 minutes to completely simulate the

EoR brightness temperature field, tile and coarsen it to cover the whole sky, add

a Gaussian beam, Fourier Transform the beam-convolved sky and sample the uv

sample, re-grid the visibilities and cylindrically average them to find the 2-D PS

before finding the log-likelihood. The bottleneck of our pipeline is in re-gridding

the visibilities using a Gaussian beam kernel after baseline sampling, which takes

around 15 minutes to complete.

To test the performance, we use a Gaussian Process model to fit for the

maximum likelihood autocorrelation function which is used to estimate the au-

tocorrelation time, τ . We found that τ ≈ 200 iterations irrespective of which

frequency band is being used, with the recommended total iteration being 50τ .

However, because of the memory and time limitations we have mentioned above,

we have only run our chains up to around 5τ . This is not enough to definitively

claim that our chains have properly converged, but the results we currently have

are useful to give an initial estimate of how well we can constrain the EoR pa-

rameters in the presence of foregrounds and thermal noise with our pipeline and

gauge the plausibility of our assumptions.

Furthermore, in calculating our constraints, we have ignored walkers that are

stuck in local minima. An example of this is shown in Figure 4.8, where we

have plotted the trace plots which show the values of the four EoR parameters

at every iteration and the corresponding lnL after burn-in for the 160–170 MHz

band with thermal noise and foregrounds. In this particular case, we have ignored

the walkers with lnL < −4000.

We present a corner plot of the different observation bands in Figure 4.9 in

which the orange, green, and blue shaded regions represent the 150–160, 160–170,

and 170–180 MHz bands respectively. The black dashed lines show the true val-

ues of the parameters (ζ = 20, log10(Tvir) = 4.48 , LX/SFR = 40.5, and E0=0.5

keV). The darker/lighter shaded regions represent 1σ/2σ confidence regions cor-
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Figure 4.9: A corner plot comparing the constraints of EoR parameters in the
presence of instrumental noise and foregrounds in the different frequency bands:
150–160 (orange), 160–170 (green), and 170–180 (blue) MHz.
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Figure 4.10: The 2-D power spectra of the EoR signal (i.e. without foregrounds
or thermal noise) in the 160–170 MHz band for the true values (left) and the MCMC
values (middle) – the median values of ζ = 21.13, log10(Tvir) = 4.52 , LX/SFR = 40.00,
and E0=0.656 keV– along with their ratio. The true parameters give a maximum power
that is up to 6 times higher than the MCMC parameters in the EoR window, suggesting
that it is deceptively easy to discriminate between the two models.

responding to the 84th and 16th percentiles. From the figure, it is clear that

LX/SFR and E0 are relatively unconstrained in all frequency bands and that Tvir

is tightly constrained. Note that ζ and Tvir are quite correlated and biased in

all bands. This is especially true for the 160–170 MHz band in which the green

region is further from the truth values. The bias suggests that the primary effects

of ζ and Tvir are on regions which are most affected by foregrounds on the larger

scales. A bias indicates either a very anomalous noise realization (more than 2

sigma over the whole 2D parameter space), or an incorrect model.

To investigate the reason for the bias in the presence of foregrounds, we present

the 2-D power spectra of the EoR signal (i.e. without foregrounds or thermal

noise) in the 160–170 MHz band for the true values and the MCMC values –

the median values of ζ = 21.13, log10(Tvir) = 4.52 , LX/SFR = 40.00, and

E0=0.656 keV– along with their ratio in Figure 4.10. The true parameters give a

maximum power that is up to 6 times higher than the MCMC parameters in the

EoR window, suggesting that it is deceptively easy to discriminate between the

models.

In reality, however, it should be considered that the presence of foregrounds
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Figure 4.11: The 2-D power spectra of the data i.e. EoR signal, foregrounds and
thermal noise (left) and the EoR signal (middle) in the 160–170 MHz band along with
their difference (right). The negative power (white region) in the right panel is caused
by the unaccounted contribution of the cross-power terms between the EoR signal and
the foregrounds and thermal noise.

and noise may obscure modes that are vital for differentiation of these models.

Figure 4.11 shows from left to right: the 2-D PS of the data i.e. the EoR signal,

thermal noise and point source foregrounds, the 2-D PS of the true EoR signal

and the difference between these two. The negative power in the right panel is

caused by the unaccounted contribution of the cross-power terms between the

EoR signal and the foregrounds and thermal noise. This is because the EoR

signal and the expected thermal noise and foregrounds are modelled separately

as mentioned in §4.3.4.

We can estimate cross-power by looking at the variance of the difference be-

tween the 2-D power spectra of the data (PD) and the model (PM) for a single

realization of 21 cm power spectrum but with an ensemble of foregrounds and

noise realizations following

Var(PD − PM) = Var[〈|(V21 + VFG + VN)|2〉u

− 〈|(VFG + VN)|2 + |(V21)|2〉u]

= 〈2P21[Var(VFG) + Var(VN)]〉∗u, (4.23)
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Figure 4.12: The ratio of the variance of the PD − PM to the actual total variance,
σT .

where V21, VFG, and VN are the visibilities of the EoR signal, foregrounds and

noise respectively. For simplification, 〈 〉u denotes the cylindrical average in u

bin with weighting as described in §4.3.3 and 〈 〉∗u is the same as 〈 〉u except

the weighting is squared; see the appendix for the complete derivation. From

the equation, we can see that the variance is largest when P21 is larger than the

noise and foregrounds. To investigate this further, we present the ratio of the

variance of PD − PM and the true total variance σ2
T in Figure 4.12. The region

that is more correlated than the other modes is at u ≤ 30, whereby the size of the

correlated bins are dictated by the correlation lengths of the window functions.

This is evident from the red regions in the figure which extend over 2u by 4η

bins, corresponding to the correlation length of the MWA following D/λ and the

Blackman-Harris taper respectively.

To further explore the region where most of the biasing takes place and gauge

the net effect of the cross-power on the likelihood, we calculate the pseudo-
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Figure 4.13: -L̂ for the true (left) and MCMC (right) parameters. -L̂ is overall greater
for the true parameters, as apparent from the overwhelming red region in the left panel
coinciding with low u.

likelihood (L̂) given by

L̂ = −(PD − PM)2

σ2
T

. (4.24)

This is a variation of Equation 4.18 but with σ2
T instead of Σ. Figure 4.13 show

-L̂ for the true (left) and MCMC (right) parameters. -L̂ is overall greater for

the true parameters, as apparent from the overwhelming red region in the left

panel. This region coincides with low u, thus supporting our argument that this

region is more correlated. With realistic datasets whereby the visibilities from

the different components are summed before the PS is calculated, the likelihood

has biased signal discrimination power when the same steps are not taken for

the model. The likelihood favours whichever EoR model that accounts for the

cross-power term thus resulting in biased constraints.

In principle, the signal to noise ratio is greater than one in every PS cell

outside the wedge because of our low level of thermal noise. This results in the
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Figure 4.14: The ∆χ2 contours for the three bands using the best fitting parameters
from our framework which are presented in Table 4.3. With df = 2996, the 1σ level is
∼ 77. Because the constraints for LX/SFR and E0 from the MCMC look reasonably
inflated, we only focus on examining the ∆χ2 contours for ζ and Tvir.

use of all modes of the PS in calculating the likelihood, including the ones that

do not have any real constraining power, i.e. less signal. In addition, because the

signal is stronger at modes with u≤ 30, these modes are more affected by the

subtle cross-correlation effects from noise and foregrounds. The deficits in the

modelling can thus lead to biased answers as the likelihood tries to compensate

for the missing power.

Because our MCMC runs are shorter and may have not properly converged,

the constraints from the MCMC may be invalid. To sample the “true” 1σ contours

for a Gaussian posterior, we explore the ∆χ2 contours by assuming that the true

χ2 value is identical to the degree of freedom (df) (hence the 1σ level is
√

2df).

In Figure 4.14, we present the ∆χ2 contours for the three bands using the best

fitting parameters from the MCMC results shown in Figure 4.9. With df = 2996,

the 1σ level is ∼ 77. Because the constraints for LX/SFR and E0 from the MCMC

look reasonably inflated and unbiased, we focus on examining the ∆χ2 contours

for ζ and Tvir.
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150 - 160 MHz 160 - 170 MHz 170 - 180 MHz
ζ 20 19.67+0.23

−0.00 21.13+0.18
−0.23 19.33+0.77

−0.00

log10(Tvir) 4.48 4.47+0.01
−0.00 4.52+0.01

−0.04 4.46+0.04
−0.03

log10(LX/SFR) 40.5 40.09+0.48
−1.19 40.00+0.99

−0.92 40.22+0.94
−1.06

E0 500 531.51+209.64
−34.39 656.50+409.39

−242.44 739.60+385.11
−348.29

Table 4.3: Results of astrophysical parameter constraints from the MCMC for the
different frequency bands and with different components. The upper and lower
limit show the 1σ level from the ∆χ2 grid.

We see that there are multiple regions in the parameter space that satisfy

the 1σ condition in the middle and last frequency bands. This can confound the

parameter estimation via MCMC. Additionally, we can see that the constraints

for Tvir are not as tight as shown in Figure 4.9 but the constraints for the other

parameters match the results from the MCMC.

We present the estimated median values of the parameters from each of the

MCMC runs in Table 4.3, with the upper and lower limit being the 1σ level

from the ∆χ2 grid. In the presence of both foregrounds and thermal noise, Tvir,

LX/SFR and E0 are all within 1σ from the truth for the three frequency bands.

For ζ, however, the best fitting parameter values are off by as much as 5σ due to

the unaccounted cross-power terms. This suggests that the effects of ζ on the PS

space are primarily at low u region, since these modes are significantly impacted

by the missing power.

4.7 Discussion and Conclusion

Our 21cmMC plug-in, py21cmmc-fg, simulates statistical point-source fore-

grounds and instrumental components that include a Gaussian beam, uv-sampling

and thermal noise. It uses a Gaussian Fourier beam to re-grid the data before

spherically averaging it to compute the 2-D PS. The 2-D PS allows for the use

of the entire parameter space in the likelihood computation, effectively ensuring

that the effects of foregrounds are accounted for, even in the EoR window.

We show that the implementation of a multivariate normal likelihood and

the covariance of the noise and foregrounds appropriately down-weights modes
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that are contaminated by foregrounds, thus optimally accounting for all Gaussian

information. Additionally, the low level of noise ensures that all modes in the

EoR window are used in calculating the likelihood, even though not all modes

actually have constraining power. Due to incomplete sampling of the posteriors

and insufficient convergence of the chains, a cross-check with a Gaussian posterior

distribution is needed to properly constrain the parameters.

Furthermore, in order to accurately constrain the parameters, it is impera-

tive that future experiments take into account the cross-power terms between the

EoR signal and the foregrounds and noise. This can be done by either properly

modelling all the components together, or by quantifying the cross-power terms

separately and adding it to the framework we have developed. Nevertheless, both

of these approaches may be computationally expensive and require a lot of mem-

ory because the gridded visibilities from all the foregrounds and thermal noise

runs need to be stored and added to the EoR signal on each iteration.

Though our research does not address the full complexity of 21 cm parameter

estimation experiments, it is the first step towards a more realistic one. In the

future, however, it would be useful to include:

• Earth rotation synthesis;

• the full curved-sky visibility equation, including the w-term particularly for

the MWA;

• more realistic, non-Gaussian beams, including non-analytic ones such as the

MWA beam (Sutinjo et al., 2015a);

• multi-redshift parameter estimation;

• other systematics such as RFI, ionosphere, gain errors and cable reflections;

• diffuse Galactic foregrounds;

• clustered extragalactic point-source foregrounds; and
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• uncertain foreground parameters.

Out of all these effects, the inclusion of Earth rotation synthesis and Galactic

foregrounds are the most important because they can lead to a higher noise level

up to 3× for longer baselines, as shown by 21cmSense, and contain spatially-

structured signal, for the latter. Moreover, a further optimization of the code is

necessary for more accurate constraints and absolute convergence of the MCMC.
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4.8 Appendix

4.8.1 Fourier Conventions

The Fourier Transform (hereafter FT) conventions used in this paper are as fol-

lows. The continuous n-dimensional FT, F (k)∞, can be written as

F (k)∞ = n

√
|b|

(2π)1−a

∫
f(r) exp(−ibk · r)dnr, (4.25)
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where r is the comoving coordinate in real space, k is the Fourier dual of r, and

a and b are arbitrary constants (Murray, 2018). Conventionally, radio interfer-

ometry uses (a, b) = (0, 2π), while cosmology uses (a, b) = (1, 1). To approximate

a continuous FT, a discrete FT normalises by the physical length of the data set

(L) per number of data available for each dimension (N). The resulting modes,

k, measured from the transform are

k =
2π

b

m

L
,m ∈ (−N/2, ..., N/2). (4.26)

4.8.2 Variance of Residual

Let wi be the weights used in averaging from 3D (u, v, η)-space down to 2D (u, η)-

space, and Nu
uv is the number of UV cells in a given |u| bin; the variance of PD is

thus

Var(PD) =

∑Nu
uv

i∈uv w
2
iVar(Q)(∑Nu

uv
i∈uv wi

)2

≡ 〈Var(Q)〉∗u,

where

Q = V21V
†

21 + VFGV
†
FG + VNV

i†
N + 2Re(V21V

†
FG + V21V

†
N + VFGV

†
N). (4.27)

In our case, while both VFG and VN are complex random variables, V21 is not ran-

dom. We use the same random seed to create the signal that comprises the mock

data and all the model realizations throughout the MCMC (though these have

different input astrophysics). Essentially, we treat the signal field as deterministic

given the input parameters, and thus ignore cosmic variance. When taking the

variance of Q, this leads to all cross-terms involving Var(V21) or Var(P21) to be
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zero, leaving

Var(Q) =Var[PFG] + Var[PN ]

+4Var[Re(V21V
†
FG)] + 4Var[Re(V21V

†
N)] + 4Var[Re(VNV †FG)]

+4Cov[VFGV
†
FG,Re(V

†
21VFG)] + 4Cov[VNV

†
N ,Re(V

†
21VFG)]

+4Cov[VNV
†
N ,Re(V

†
21VN)] + 4Cov[VNV

†
N ,Re(V

†
NVFG)]

+8Cov[Re(V21V
†
N),Re(V †FGVN)], (4.28)

and the difference between the data and model variance is

∆Var(Q) =4Var[Re(V21V
†
FG)] + 4Var[Re(V21V

†
N)]

+4Cov[VFGV
†
FG,Re(V

†
21VFG)] + 4Cov[VNV

†
N ,Re(V

†
21VFG)]

+4Cov[VNV
†
N ,Re(V

†
21VN)] + 8Cov[Re(V21V

†
N),Re(V †FGVN)]. (4.29)

Assuming both VFG and VN to be proper complex random variables with a uni-

form phase distribution, we can simplify to

∆Var(Q) =4P21Var(V RFG) + 4P21Var(V RN )

+4(V R21 + V I21)[〈V 3,R
FG 〉 − 〈V

2,R
FG 〉〈V

R
FG〉] + 4(V R21 + V I21)[〈V 3,R

N 〉 − 〈V 2,R
N 〉〈V RN 〉]

+8(V R21 + V I21)〈V RFG〉Var(V RN ), (4.30)

where a superscript R indicates taking just the real component (which is sta-

tistically equivalent to the imaginary component). Here the 3-point term in the

noise disappears because it is symmetric about zero. Without explicitly mod-

elling the 3-point term of the foregrounds, we also assume that it is very much

sub-dominant – there is nothing to favour a negative over a positive foreground

visibility component. Recognising that Var(V R) = Var(V )/2, we finally obtain

∆Var(Q) = 2P21 [Var(VFG) + Var(VN)] . (4.31)
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Chapter 5

The Correlation between Self-Consistent

Foregrounds and Cosmic Reioni-

sation

5.1 Introduction

As we have already established, the search for the 21 cm signal from cosmic dawn

and the EoR is challenging due to the presence of foreground contaminants. They

originate from celestial objects and are expected to be up to 5 orders of magni-

tude brighter than the prized signal itself (Pritchard & Loeb, 2012). In the

radio regime, extra-galactic foregrounds are dominated by Active Galactic Nu-

clei (AGN) and star-forming galaxies. Much work has been done to statistically

model the foregrounds at low frequency (e.g. Shaver et al. 1999, Jackson 2005,

and Intema et al. 2011), whereby the sources are predicted to cover the sky fol-

lowing a certain distribution. Typically, studies assume a complete decoupling of

the high-redshift EoR signal from the statistical extragalactic foreground model

designed to match low-redshift observations (e.g. Jelić et al. (2008) and Gleser

et al. (2008)) and do not take into account that the foreground contaminants

are the evolutionary descendants of the same sources that reionised the universe

during the EoR, which are assumed to be second-order effects.

This assumption of foreground independence from EoR signal is motivated

by a few factors. Although cosmic reionisation has completed around z ∼ 6

based on existing observational constraints of the Gunn-Peterson trough from
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the spectra of high-redshift quasars (Fan et al., 2006), the number density of

AGN and the star formation rate do not peak until z ∼ 2 (Wolf et al., 2003;

Richards et al., 2006; Madau & Dickinson, 2014). The merger rate of galaxies is

also considerably constant before z ∼ 1 e.g. Fakhouri et al. (2010). These, along

with the separation of at least 300 Mpc between the two epochs, suggest that the

state of galaxies at the end of reionisation does not have a strong influence on

their evolution below z ∼ 6 as they are dominated by merger events, which are

highly stochastic and therefore, act to de-correlate the input reionisation from the

output foreground galaxies. The correlation between realizations of the Universe

at these different epochs given the same astrophysical parameters is thus expected

to be close to zero.

However, it is still possible that for the same Universe, there exists a corre-

lation between the inferred parameters of the 21 cm EoR signal and the extra-

galactic foreground contaminants in power spectrum space. To study this in

the context of the EoR, we need a simulation that covers the entire history of

structure formation down to the local universe. We utilize the halo merger trees

from the ASTRO 3D Genesis N -body simulation as input to Meraxes, which

provides the analytical prescriptions for the astrophysical processes involved in

reionisation and galaxy formation and evolution. The Genesis simulation box we

use contains 20483 dark matter particles in a 105 Mpc/h comoving box with 1283

grid (Poulton et al., 2020), run with a memory-lean version of the Gadget-2

code (Springel, 2005). It extends from z = 20 down to z = 0 with 132 snapshots

corresponding to an evenly-spaced logarithmic interval in the growth factor. In

addition, to ensure that we can efficiently sample the parameter space, a semi-

analytic model that studies both reionisation and galaxy formation is needed.

We utilize the code Meraxes (Mutch et al., 2016) to explore the effects of self-

consistent foregrounds and EoR signal in the power spectrum space. From this, we

can gauge whether the astrophysical parameters we use for the EoR simulations

have any statistically-significant impact on the foreground statistics. Moreover,

the study of self-consistent reionisation and foreground signals also allows for

a comparison between its statistical variation and the natural variation of the
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foreground observed from multiple sky pointings i.e., cosmic variance.

Furthermore, the correlation between foregrounds and reionisation may be

able to help with the EoR parameter estimation studies. The framework of

21cmMC (Greig & Mesinger, 2015; Greig & Mesinger, 2018) uses a prescrip-

tion to quantify the statistical likelihood of a set of data given an input model

and parameters. Explicit definition of this model is non-trivial thus some assump-

tions are implemented with a Gaussian likelihood, whereby separate reionisation

signal and foreground covariances are employed and the foreground covariance

term is assumed to be independent of EoR parameters (Greig & Mesinger, 2015;

Greig & Mesinger, 2018; Nasirudin et al., 2020). Our research will thus help

either reaffirm or reject the assumptions made and explore the possibility to use

foregrounds to understand cosmic reionisation.

In this work, we consider the standard paradigm of a flat Λ cold dark matter

universe with the most up-to-date parameters from Planck Collaboration et al.

(2016) whereby the reduced Hubble, matter density, baryon density, dark energy

density, average matter fluctuation, and spectral index parameters (h,Ωm,Ωb,ΩΛ, σ8, ns)

are 0.678, 0.308, 0.0484, 0.692, 0.815, and 0.968 respectively. We use the default

Meraxes parameters that have been calibrated in Qin et al. (2017a) with the

Tiamat N-body simulation. Note that a further calibration of Meraxes pa-

rameters is needed in the future because of the higher simulation resolution that

we use, which subsequently affects the observable properties of foregrounds, as

we will show in this work.

5.2 Methodology

In this section, we explain the scaling relations used to convert the black hole

mass and star forming rate of galaxies to radio luminosity at 1.4 GHz, and the

calculation of the power spectrum.
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5.2.1 Luminosity Scaling Relation

The luminosity, Lν , arising from arising from accretion of matter onto black holes

can be categorized into either radio-mode or quasar-mode based on the accretion

of hot or cold gas. Following previous works e.g. Meier (2002), Fanidakis et al.

(2011), and Amarantidis et al. (2019), Lν at ν = 1.4 GHz for the two accretion

modes are given by

νLradio
ν = Aradio

(
M•

109M�
× Ṁhot

0.01

)0.42

Lradio
jet [W], (5.1)

νLquasar
ν = Aquasar

(
M•

109M�

)0.32
(
Ṁcold

0.01

)−1.2

Lquasar
jet [W], (5.2)

where Ṁhot and Ṁcold are the accretion rates of hot and cold gas respectively

with respect to ṀEdd and

Lradio
jet = 2× 1045

(
M•

109M�
× Ṁhot

0.01

)
a2 [W Hz−1], (5.3)

Lquasar
jet = 2.5× 1043

(
M•

109M�

)1.1
(
Ṁcold

0.01

)1.2

a2 [W Hz−1]. (5.4)

a is the spin parameter and the values of Meraxes normalization parameters

are from Amarantidis et al. (2019) whereby Aradio = 8.0 × 10−5 and Aquasar =

5.0× 10−2.

For star-forming galaxies, the relations between Lν from free-free electrons

(Thermal; T) and synchrotron radiation (Non-Thermal; NT) origins and the

Star-Forming Rate (SFR) of stars with masses M > 5M� are given by

LT
ν

WHz−1 = 5.5× 1020
( ν

GHz

)−0.1 SFR

M�yr−1
, (5.5)

LNT
ν

WHz−1 = 5.3× 1021
( ν

GHz

)−0.8 SFR

M�yr−1
, (5.6)

based on results of Condon (1992).
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The conversion from Lν to the flux density, Sν , follows

Sν =
Lν

4πd2
L

(1 + z)1+α [W m−2 Hz−1], (5.7)

where dL is the luminosity distance and α is the spectral index of the Spectral

Energy Distribution (SED). We artificially set the value of α by randomizing its

value for each foreground source following a normal distribution with µ = 0.8

and σ = 0.05 to calculate Sν at low frequency. For clarity, the stochasticity of

the spectral index is one of the sources of our uncertainty in this research, the

other being the lightcone generation. Finally, Sν is converted to TB following the

Rayleigh-Jeans law and is given by

TB =

(
c2

2ν2kB

)
Sν [W m−2 Hz−1], (5.8)

where kB is the Boltzmann constant.

5.2.2 Source Count Distribution

To compare the self-consistently evolved foregrounds from Meraxes with a sim-

ple, commonly-used model that simulates the effects of extra-galactic point-source

foregrounds (e.g. in Murray et al. (2017) and Nasirudin et al. (2020)), we use the

source spatial density per unit flux density, dN/dS, given by

dN

dS
(S, ν) = αS−βν

(
ν

ν0

)−γ−β
[Jy−1sr−1]. (5.9)

Here, Sν is the flux at a specific frequency ν, β is the slope of the source-count

function, and γ is the mean spectral-index of point sources, with α = 4100 Jy−1

sr−1, β = 1.59, and γ = 0.8 at ν0 = 150 MHz based on an observational result from

Intema et al. (2011). This is different from the foreground simulation employed

by Jelić et al. (2008), which uses the method by Jackson (2005) to simulate a

sky that is extrapolated down to sub-mJy flux densities and includes an angular

correlation in populating their extra-galactic foreground in the mock sky, and by

Li et al. (2019b), which extrapolates the sky map from higher frequency down
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to low frequencies (refer to §1.5.1). We assume that foregrounds brighter than

10 mJy have been peeled from the observation and set Smin and Smax to be 10

nJy and 10 mJy respectively. We also assume that the sources are uniformly

randomly distributed in the sky.

5.2.3 Power Spectrum

In our research, we employ the Blackman-Harris window function in the spec-

tral dimension and smooth the visibilities over frequency via interpolation to

contain the foreground contamination in the 2-D power spectrum. For clarity,

hereafter, we refer to the estimated 2-D power spectrum with the frequency ta-

per as P (k⊥, k‖), where k⊥ and k‖ are the angular and line-of-sight modes. All

P (k⊥, k‖) in this work are computed between 150 to 160 MHz with 150 equally-

spaced frequency channels.

Given that the foreground model we use is purely based on Equation 5.9 and

that the foregrounds are uniformly distributed in the sky, the foreground power,

P (u, η), for spatial scale u and frequency scale η, can be derived analytically. In

the presence of a Gaussian beam model, Murray et al. (2017) describes this as

P (u, η) ≈ Kσ2µ2
1P (u)e−η

2(W
2u2

σ2
+σ2

f ), (5.10)

where K and W are the normalization constants, σ is the width of the Gaussian

beam, and µ1 is the first moment of the source count distribution

µn =

∫
Sn
dN

dS
dS [Jynsr−1]. (5.11)

P (u) is the angular power spectrum of the point-source foregrounds, assumed to

be a power law P (u) =
(
u
u0

)−κ
with spectral index κ, and σf is the width of the

frequency taper. Note that in Equation 5.10, the only terms that are dependent

on the sky model are µ1 and P (u). Given the assumption of a smooth power-law

SED for each source that we artificially enforce in this work, the foreground power

spectrum can really be factored into two parameters: 1) an overall amplitude

given by the integral of the source counts (µ1), and 2) a shape given by the
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Figure 5.1: The luminosity function of the foregrounds at 1.4 GHz, in which the
AGN and SFG from Meraxes are given by the solid red and cyan lines respectively,
the AGN observations by Smolčić et al. (2017) is given by the black dash line, and the
SFG observations by Mauch & Sadler (2007) and Upjohn et al. (2019) are given by the
yellow dotted and magenta dash dot lines respectively. Note that AGN observations
from Smolčić et al. (2017) are within 0 < z < 5.5, but the SFG observations from Mauch
& Sadler (2007) and Upjohn et al. (2019) are between 0 < z < 0.3 and 0 < z < 1.3
respectively; as such, the AGN and SFG from Meraxes are presented over the same
z ranges as the observations (0 < z < 1.3 for the SFG). The overall magnitude and
shape of the SFG luminosity function from our framework is consistent with both SFG
observations at log10(Lν) < 25. For the AGN, however, there is a discrepancy in both
the magnitude and shape of the luminosity function across log10(Lν). There is no
flattening in the AGN luminosity function from Meraxes at log10(Lν) > 25 and the
discrepancy is as high as 2 orders of magnitude.

angular power spectrum of the sources (P (u)). These two parameters are, in

turn, dependent on the dN/dS and κ respectively.

5.3 Results

We first compare the luminosity function of the AGN and Star Forming Galaxies

(SFG) foregrounds from one realization of a lightcone from Meraxes, to the

results with observations of AGN and SFG from Smolčić et al. (2017), Mauch

& Sadler (2007) and Upjohn et al. (2019) respectively at 1.4 GHz in Figure 5.1.
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Note that AGN observations from Smolčić et al. (2017) are for 0 < z < 5.5, but

the SFG observations from Mauch & Sadler (2007) and Upjohn et al. (2019) are

for 0 < z < 0.3 and 0 < z < 1.3 respectively; as such, the AGN and SFG from

Meraxes are presented over the same z ranges as the observations (0 < z < 1.3

for the SFG). The overall magnitude and shape of the SFG luminosity function

from our framework is consistent with both SFG observations at log10(Lν) < 25.

For the AGN, however, there is a discrepancy in both the magnitude and shape

of the luminosity function across log10(Lν). There is no flattening in the AGN

luminosity function from Meraxes at log10(Lν) > 25 and the discrepancy is

as high as 2 orders of magnitude. This shows that with its current calibrated

parameters, Meraxes over-predicts the number of AGNs observed at 1.4 GHz,

especially those that are more luminous.

Next, we compare P (k⊥, k‖) of the EoR and self-consistent Meraxes fore-

grounds run with the default parameters with the foregrounds from the Intema

et al. (2011) empirical model described in §5.2.2. We show P (k⊥, k‖) with respect

to k‖ for some values of k⊥ in Figure 5.2. The red region shows the foreground-

contaminated region because most of the foreground power is contained in the

first four k‖ cells, which is the width of the Blackman-Harris taper1. The EoR

signal (black line) dominates in the EoR window compared to the observed In-

tema foregrounds (cyan line) because most of the foreground power is contained

in the first four k‖ cells. However, the self-consistent Meraxes foreground power

(orange line) dominates all area in the power spectrum space and is up to ∼ 8

orders of magnitude brighter than the empirically observed foregrounds from In-

tema et al. (2011). This is consistent with our earlier observation that Meraxes

over-predicts the overall number of foreground sources, thus resulting in an overall

increase in foreground power throughout the power spectrum space. Even though

Meraxes over-predicts the number of foregrounds, Figure 5.2 suggests that this

does not affect the EoR physics because the level of EoR power is similar to the

magnitude prediction from other studies at z ∼ 6 e.g. (Mesinger et al., 2011).

To study the effects of changing the reionisation astrophysical parameters on

1Note that in this work we do not apply observational systematics such as baseline migration,
hence the ‘wedge’ is not present.
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Figure 5.2: P (k⊥, k‖) of the EoR, self-consistent foregrounds and the foreground
model with respect to k‖ for some k⊥. The red region shows the foreground-
contaminated region because most of the foreground power is contained in the first
four k‖ cells, which is the width of the Blackman-Harris taper. The EoR signal (black
line) dominates in the EoR window compared to the observed Intema foregrounds (cyan
line). However, the self-consistent Meraxes foreground power (orange line) dominates
all regions of the 2D power spectrum space and is up to ∼ 8 orders of magnitude
brighter than the empirically observed foregrounds from (Intema et al., 2011) across
all k‖.
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Figure 5.3: From top to bottom, the TB field lightcone from the implementation of
extreme reionisation models with fesc|z=5 ∈ [0.06, 1e−4, 1.0], dubbed as default, late,
and early respectively. The use of a lower/higher fesc|z=5 value (middle/bottom panel)
results in a(an) later/earlier completion of reionisation, as expected.
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the self-consistent foregrounds, we employ three different reionisation models by

fiducially increasing and decreasing the value of the escape fraction normalisation,

fesc|z=5, where, for a z-varying fesc model,

fesc = min

[
fesc|z=5

(
1 + z

6

)κ
, 1

]
(5.12)

and κ = 2.5 (Mutch et al., 2016). We refer to the use of fesc|z=5 ∈ [0.06, 1e−4, 1.0]

as default, late, and early models respectively; as the names suggest, they cor-

respond to extreme model of reionisation which radically affects the timing of

reionisation. The resulting TB field lightcones are shown in Figure 5.3. The use

of a lower/higher fesc|z=5 value (middle/bottom panel) results in a(an) later/ear-

lier completion of reionisation, as expected.

We then run 50 different realizations of lightcone and spectral index for the

three reionisation models that we have employed to look at their variance. Here-

after, the Meraxes uncertainties presented in this work arise from random gener-

ation of 1) the spectral indices, and 2) the lightcone in which different orientations

and chunks of comoving volumes are chosen each time. For clarity, we use the

same density field as input to Meraxes hence the variance that we have is not

the true cosmic variance. Random generation of the lightcone, however, some-

what represents cosmic variance. In addition, we have not taken into account the

uncertainty arising from the luminosity scalings that we have presented in §5.2.1.

We then compare the ratio of the P (k⊥, k‖) from the late and early models

to the P (k⊥, k‖) of the default model in Figure 5.4. The top panels show the

ratio of P (k⊥, k‖) for the EoR signal and the bottom panels show the ratio of

P (k⊥, k‖) for the foregrounds, with the left and right panels representing the late

and early models respectively. Note that the top right panel is completely empty

because for the early model, based on Figure 5.3, reionisation has ended in the

frequency range that we are interested in (150 ≤ ν ≤ 160 MHz corresponds to

∼ 7.9 ≤ z ≤ 8.5). In the top left panel, the ratio of the EoR signal for the late

model is as high as ∼ 90% greater than the default, which is expected because

reionisation of HI is still ongoing. Furthermore, the lower panels show that the

ratios of foreground power of the two models to the default also differ by as high
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Figure 5.4: The ratio of the P (k⊥, k‖) of EoR signal (top panels) and foregrounds
(bottom panels) of the late model (left panels) and early model (right panels) to the
default model. Note that the top right panel is completely empty because for the early
model as shown in Figure 5.3, reionisation has ended in the frequency range that we
are interested in (150 ≤ ν ≤ 160 MHz corresponds to ∼ 7.8 ≤ z ≤ 8.5). In the top left
panel, the ratio of the EoR signal for the late model is as high as ∼ 90% greater than
the default, which is expected because reionisation of HI is still ongoing. Furthermore,
the lower panels show that the ratios of foreground power of the two models to the
default also differ by as high as ∼ 90% and ∼ 25% in the foreground-dominated region
of the power spectrum, and as low as ∼ 50% and ∼ 10% in the rest of the power
spectrum space.

156



[ht]

Figure 5.5: The evolution of the ratio of the foregrounds P (k⊥, k‖) with the different
EoR models to the default model in some k⊥ cells with respect to k‖. The cyan,
red, and green regions represent the ratio of uncertainties of P (k⊥, k‖) for the late,
early, and default Meraxes runs respectively, in which the uncertainty arises from
the lightcone generation and spectral index variance. The dashed cyan line and dotted
red line represent the mean P (k⊥, k‖) ratio of the late and early model to the default
model.

as ∼ 90% and ∼ 25% in the foreground-dominated region of the power spectrum.

To explore the correlation between reionisation physics and foregrounds, we

present the foreground P (k⊥, k‖) ratio in some k⊥ cells with respect to k‖ for

two models to the default model in Figure 5.5. The cyan, red, and green regions

represent the ratio of uncertainties of P (k⊥, k‖) for the late, early, and default

Meraxes runs respectively, in which the uncertainty arises from the lightcone

generation and spectral index variance. The dashed cyan line and dotted red

line represent the mean P (k⊥, k‖) ratio of the late and early model to the default

model. The mean and uncertainty of the two extreme EoR models are distinct

from the default, deviating by at least 4σ and 2σ for the late and early model

respectively. Interestingly, the ratios are in increasing order based on the values
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of fesc|z=5, with the early model having the lowest ratio and the late model having

the highest ratio. This suggests that there may be a weak correlation between

reionisation and the foreground contaminants, although it is hard to ascertain

given that the AGN model is not accurate with respect to current observation.

Nevertheless, to further investigate this potential correlation, we plot the mean

Euclidean-normalized differential source count and the uncertainty arising from

the lightcone and spectral index variance for the different EoR models at 150 MHz

in Figure 5.6. Note that the uncertainty is calculated by running each reionisation

model 50 times with random spectral indices and lightcone generation, whereby

different directions and chunks of comoving volume are chosen each time. The

square, circle and triangle markers represent the values from the default, late, and

early runs respectively, the orange solid line shows the values from the foreground

model based on Intema et al. (2011), and the black dash line and grey region

show the mean value and uncertainty from multiple AGN simulations based on

Amarantidis et al. (2019), which is what we use for our AGN scaling relation as

described in §5.2.1.

The AGN produced by Meraxes are consistently higher than other AGN

simulations (black dash line), deviating by more than 1σ at Sν ≥ 0.5 mJy. On

the other hand, the shape and magnitude of the source count distribution of SFG

from Meraxes is comparable to the total observed foregrounds in the same Sν

range, with minimal difference of less than 0.5 order of magnitude. At low Sν ,

the source count from both the AGN and SFG from Meraxes are lower than

the Intema et al. (2011) observation. The fact that the foreground observation

is not deep enough, as is apparent from the lack of a spectral flattening caused

by the SFG in the orange solid line, may explain why the discrepancy between

simulation and observation is larger than that of the luminosity function at 1.4

GHz shown in Figure 5.1. Notice that for both the AGN and the SFG, the mean

differential source counts are relatively similar for the three extreme reionisation

scenarios that we have employed.

Although the fractional difference of the source counts from the different reion-

isation scenarios, as shown in Figure 5.5, is more than the cosmic variance of

158



Figure 5.6: The mean Euclidean-normalized differential source count and uncertainty
from the default, early, and late runs (square, triangle and circle narkers respectively
with colours as labelled), the foregrounds model based on Intema et al. (2011) (orange
solid line), and the mean value (black dash line) and uncertainty (grey region) from
multiple AGN simulations based on Amarantidis et al. (2019), which is what we use
for our AGN scaling relation as described in §5.2.1.
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∼ 7%, Figure 5.1 demonstrates that the uncertainty from the AGN simulation

and scaling relation outweighs the uncertainty from the correlation between the

extra-galactic foregrounds and the EoR. This is because the only sky-dependent

terms of the foreground power described in Equation 5.10 are the source count

distribution and the power-law index, and the fact that these two terms are com-

parable suggests that the change in foreground power resulting from the change

in EoR model is small.

5.4 Discussion and Conclusion

From the results presented in §5.3, we have demonstrated that the physics of

reionisation has little effect on foregrounds and consequently, its power spectrum.

Even with the relevant extreme reionisation scenarios employed, the resulting

source count distributions are all relatively similar, signifying that there is no

correlation between cosmic reionisation and foregrounds within the uncertainties

of this work because the uncertainty from the scaling relation outweighs the

uncertainty from the correlation. Although the Meraxes needs to be calibrated

to match with AGN observation, we do not expect the correlation to change by

much; the calibration will only cause the AGN foregrounds from Meraxes to

match with observations.

The question now is whether our fiducial uncertainty from the spectral index

that we have employed is larger than other sources of uncertainty? The scaling

relations used to translate the physical properties of the foregrounds to Lν and

Sν is a dominant source of uncertainty because they directly affect the observable

properties of these sources. This is evident from the large uncertainty arising from

the astrophysical model of multiple AGN simulations as reported by Amarantidis

et al. (2019) that is shown in Figure 5.6, suggesting that the variance of the

scaling relation – which is derived based on the results of these simulations –

will dominate over systematic dependence on EoR. Furthermore, a more robust

implementation of cosmic variance will also add more observational uncertainty

because the different realizations of the density field of the universe will have a
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large effect on the clustering of foreground sources.

Another related question is whether applying higher-order statistics (or dif-

ferent statistics) to the foregrounds do have discriminating power on reionisation

models. The power spectrum, or variance, is used because it captures the major-

ity of information on the EoR signal but a different metric can be applied to the

foreground, which may be able to distinguish the different reionisation scenarios

that precede our current epoch.

The result of our research shows that we cannot directly constrain the EoR

parameters by a better understanding of the foregrounds, hence we can only use

our knowledge of foregrounds to reduce the degrees of freedom for the EoR param-

eter constraints. However, this consequently means that the covariance matrices

of EoR and foregrounds can be properly separated and that the foreground co-

variance matrix does not depend strongly on the EoR parameters. A constant

covariance which is only dependent on the foreground parameters can therefore

be used in Bayesian analyses to map the EoR parameter space e.g. 21cmMC

(Greig & Mesinger, 2015; Greig & Mesinger, 2018), thus simplifying reionisation

parameter estimation studies.
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Chapter 6

Conclusion

In this thesis, we have addressed some first-order limitations in cosmic reionisation

studies that can potentially have severe effects in understanding the physics of

the EoR. Our implementation of the stochasticity and temporal correlation of

low-mass haloes based on the distribution from N -body simulations in Chapter

3 allows us to extend the resolution of dark matter simulations. We can thus

self-consistently study the impact low-mass galaxies have on their surroundings,

especially during the early stages of reionisation. This is important for 21 cm

studies because 1) the cosmic structures forming inside these low-mass haloes

set the initial conditions of the EoR, and 2) the imprint on the IGM that these

cosmic structures leave behind will reveal the tomography of the early universe

with respect to time.

In the future, one further research avenue that needs to be explored in detail

is the effect of including traditionally-unresolved haloes that are generated from

our method in radiative transfer simulations. While dark matter haloes form

the gravitational scaffolding of the universe, baryons and their physics govern the

astrophysical processes that trigger cosmic reionisation. Therefore, to understand

how our implementation affects the 21 cm signal from the EoR, it is imperative

that such a follow-up study is conducted.

In terms of our actual method to implement the stochasticity of temporally-

correlated, low-mass haloes, there are several main caveats that can be improved.

Our current method uses the entire history of the haloes from z ∼ 25 down to

z ∼ 6 in administering the temporal bias of these haloes; this means that we

have generalized the bias to encompass different epochs, e.g cosmic dawn and X-
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ray heating, whereas the contribution of ionising photons from low-mass haloes

during the EoR is supposed to be different. Therefore, instead of the entire

history, smaller sets of temporal evolution should be considered in the future.

Moreover, in reality, the temporal bias should only be based on the past con-

ditions of the haloes because the future should not have an effect on the present

conditions of the haloes. The reason we have implemented this method is to

somewhat take into account the spatial bias of these haloes with respect to the

overdensity field. By looking at the entire halo-hosting history of each cell in the

density field, we can see that some cells are more likely to host haloes e.g. due

to close proximity to other haloes. To enable the implementation of a more “re-

alistic” method whereby only the past is considered for the temporal correlation,

the spatial bias i.e. the clustering of the haloes needs to be implemented as well.

Nonetheless, we find our improved model accurately reproduces the average

local number or collapsed fraction of the low-mass haloes. Additionally, the clus-

tering and evolution of the halo population are generally in agreement with the

actual N -body simulation, as shown by the comparison of correlation coefficients

and power spectra from the two sets of data. The method that we have developed

to resolve low-mass haloes in N -body simulation is useful not only for reionisation

studies, but also for other studies that rely on a more complete and realistic halo

catalogue to explore the effects of small-scale structures on large, cosmological

volumes.

In Chapter 4, we have explored the effects of including realistic extra-galactic

foregrounds and instrumental components in EoR parameter estimation experi-

ments by developing a framework that complements 21cmMC. We find that the

results are biased because foreground power is separately added in the likelihood

function, whereby the cross-power terms between the 21 cm signal and the fore-

grounds in the EoR window are unaccounted for. This finding is important for

future 21 cm parameter estimation experiments whereby the observational data

has both foregrounds and 21 cm signal, along with other instrumental factors.

Consequently, the first improvement that should be implemented in our pipeline

is including the cross-power terms. Unfortunately, it can be computationally ex-

164



pensive because at each MCMC iteration, it will require that the gridded vis-

ibilities of foregrounds and thermal noise be stored and added to the gridded

visibilities of the EoR signal. Given that our pipeline takes 20 minutes per iter-

ation to go from simulating the reionisation model to finding the log-likelihood,

a further optimization of the software is critical to ensure that the MCMC can

sufficiently converge.

In addition, our pipeline does not incorporate a few complex components that

can influence the observational data. These include: Earth rotation synthesis

which directly impacts the visibility sampling and noise level; the curvature effects

of a wide-field array; realistic beams with sidelobes; diffuse Galactic foregrounds;

clustering of point-source foregrounds; and other systematics such as RFI and

ionospheric effects. The presence of these components in the data can potentially

skew the results of 21 cm parameter estimation because they directly affect the

resulting power spectrum, hence the effects of each component need to be properly

quantified and included in future work.

Despite these caveats, with the framework we have developed in Chapter 4,

for the first time, we have coherently combined realistic foregrounds with real-

istic instruments in 21 cm parameter estimation experiments and explored their

importance in this area of research. We have demonstrated that their presence

affects not only the wedge area of the power spectrum, which is what has always

been assumed in previous works, but also the EoR window hence skewing the

MCMC constraints of the reionisation parameters. Thus, realistic foregrounds

and instrument systematics must be included in future work to enable a more

robust constraint. The pipeline we have developed is publicly available, allowing

researchers to coherently apply instrumental effects on the signal as well as the

foreground contaminants.

Finally, in Chapter 5, we have explored the correlation between self-consistent

extra-galactic foregrounds and cosmic reionisation. In the EoR studies, an as-

sumption that these two components are uncorrelated has always been made,

although its validity has never been tested before. If it is found to be wrong,

this assumption could potentially affect the results from parameter estimation
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experiments. The results of our research, however, demonstrates that this as-

sumption is valid and that there is no statistical correlation between the cosmic

reionisation and foregrounds, hence the foreground power is insensitive to the

EoR parameters.

One caveat of our research on self-consistent foregrounds is the need to re-

calibrate the semi-analytic model Meraxes based on current observational con-

straints for the cosmological simulation that we use. This is because the current

parameters used in Meraxes overestimate the number of AGNs when used with

the slightly less resolved Genesis simulation. While the recalibrated parameters

are expected to cause the results of AGN from Meraxes to match with observa-

tions, we do not expect any further changes caused by this minor improvement in

terms of the correlation between the foreground galaxies and cosmic reionisation.

Moreover, instead of the calibration of Meraxes to account for the lower

resolution of cosmological simulation, we can in fact use our method of sub-

grid modelling low mass haloes from Chapter 3 to increase the resolution of

the Genesis N -body simulation. This will alleviate the need for recalibrating

the Meraxes parameters and will provide the most accurate model of galaxy

formation and evolution, along with cosmic reionisation.

Nevertheless, this is the first time that the correlation between self-consistent

foregrounds and the EoR has been explored in large-scale reionisation simulations.

Our discovery has confirmed the previously untested assumption that these two

components are uncorrelated within the limitations of current experiments and

models. Although this means that we cannot directly constrain the EoR pa-

rameters by their effect on observed foregrounds, our finding simplifies the EoR

parameter estimation studies via Bayesian analyses, such as the one we have per-

formed in Chapter 4. Since the foreground covariance does not depend on the

EoR parameters, it may be cleanly separated from the cosmic covariance of the

EoR.

Even though we have not included the uncertainties from the scaling relations

used to translate the physical properties of the foregrounds, the fact that our

version of “cosmic variance” shows a larger uncertainty than the correlation be-
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tween the EoR and foregrounds is indeed promising. This is because the scaling

relations directly affect the observable properties of the foregrounds sources. As

reported by Amarantidis et al. (2019), there is a large uncertainty arising from

the astrophysical model of multiple AGN simulations that are used to derive the

scaling relations. As such, the variance of the scaling relation will dominate over

systematic dependence on the EoR. This further demonstrates that the correla-

tion between the EoR and foregrounds is negligible compared to other sources of

uncertainty.

The work we have presented in this thesis supplements different aspects of

reionisation studies, encompassing the entire timeline from when the first struc-

tures were formed and eventually evolved into their bright foreground descen-

dants, down to our current time in which low-frequency radio interferometers are

observing the emission from these epochs. We have introduced new methods to

resolve temporally-correlation low mass haloes and implemented their stochas-

ticities, explored the effects of including realistic foregrounds and instrumental

systematics in the EoR parameter estimation experiment, and gauged the correla-

tion between self-consistent foregrounds and cosmic reionisation. These projects

are particularly useful in ensuring that EoR studies via simulation are as realistic

as possible so that we can have a better understanding of the astrophysics of

reionisation through a realistic lens. This information can, in turn, be used to

help narrow down the search for the EoR signal. With the upcoming deployment

of the next-generation low-frequency interferometers such as the SKA, in a few

years time, we can expect to have a 3-D tomography of the 21 cm signal that

contains more information than we currently have. Hopefully, with the assistance

from our various findings, we can perform more accurate EoR parameter estima-

tion experiments and consequently, have more accurate answers about the early

universe.
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Boötes field. I. Data reduction and catalog construction’. Astronomy and As-

trophysics 535:A38.

C. Jackson (2005). ‘The Extragalactic Radio Sky at Faint Flux Densities’. Pub-

lications of the Astronomical Society of Australia 22(1):36–48.

C. Jackson & J. V. Wall (1999). ‘Extragalactic radio-source evolution under the

dual-population unification scheme’. Monthly Notices of the Royal Astronomi-

cal Society 304(1):160–174.

185



D. C. Jacobs, et al. (2016). ‘The Murchison Widefield Array 21 cm power spec-

trum analysis methodology’. The Astrophysical Journal 825(2):114.

K. G. Jansky (1933). ‘Radio waves from outside the solar system’. Nature

132(3323):66–66.
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