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Abstract

This thesis studies various classes of nonlinear elliptic differential equations

with nonlocal terms, which arise from many disciplinary fields such as quan-

tum electrodynamics, semiconductor theory and chemistry. By using the vari-

ational method and the topological method, the existence and nonexistence of

solutions, multiple solutions and symmetric properties of solutions have been

established for various classes of nonlinear elliptic partial differential equations

with nonlocal terms.

The research includes two key parts. The first part, presented in Chap-

ter 3 and Chapter 4, is concerned with a class of nonlinear elliptic differential

equations with variational structure, which are the Euler-Lagrange equations

of variational functionals. We prove the existence of a nontrivial solution and

multiple solutions to elliptic equations with nonlocal terms by searching for

the critical points of the related variational functional. By using the critical

point theory, we establish the bounded sequence of the approximate solution to

prove the existence of solutions to the corresponding equations. On the other

hand, by developing the scaling technique, we establish the sufficient condi-

tion for breaking symmetry of the least energy solution of the elliptic equations

with nonlocal terms. A sufficient condition for the non-existence of solutions

is also obtained for the nonlinear elliptic equation with variational structure.
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Abstract iv

The second part, presented in Chapter 5, is concerned with a class of el-

liptic differential equations without variational structure, which cannot be re-

garded as an Euler-Lagrange equation of variational functional. By using the

Leray-Schauder degree theory and the method of upper and lower solutions,

we prove the existence of solutions to a class of elliptic equations with nonlocal

terms. We also develop a new method to establish the non-existence of solution

by a prior estimate to the solutions.

Keywords: Elliptic equation, nonlocal nonlinearity, variational methods,

Leray-Schauder degree
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Chapter 1

Introduction

1.1 General

It is widely known that many phenomena in nature and industrial pro-

cesses can be described by nonlinear partial differential equations. Various

classes of nonlinear partial differential equations have attracted worldwide

attention from many scholars because of their strong practical application,

which also bring many challenging problems to mathematicians. Nonlin-

ear partial differential equations have become an important bridge between

nonlinear problems in pure mathematics and natural sciences. In addi-

tion, the study of nonlinear partial differential equations based on practi-

cal problems has become a very important research field in applied math-

ematics. For example, the gauged field equations, including the gauged

Schrödinger equation in the Maxwell field, are the most important mathe-

matical model to study the gravitational force, the strong force, the weak

force and the electromagnetic interaction between objects in Physics. The

variational method, the topological degree theory, the fixed point theorem

and the upper and lower solutions method in nonlinear analysis are widely

used in the study of these differential equations arising from physical prob-

lems. The existence of solutions, the multiplicity of solutions and symmet-

ric property of solutions to the related nonlinear equations promote the
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CHAPTER 1. INTRODUCTION 2

development of a series of profound mathematical theories. Many mathe-

maticians carried out in-depth research on the related mathematical theo-

ries. For example, Strauss [102] studied the compact embedding theory of

Sobolev space with symmetric functions; Lions [13, 75, 76] developed the

principle of concentration and compactness; Rabinowitz [88] established

the global bifurcation theory with applications to the ordinary and par-

tial differential equation; Gidas-Ni-Nirenberg [42] used the moving plane

method to study the symmetric property of positive solutions to the scalar

field equation, etc.

This thesis focuses on the research of the existence and properties of

solutions to various classes of elliptic equations, which arise in the study

of the solitary wave solution of the gauged Schrödinger equation in the

Maxwell field. Under the Coulomb gauge condition, the Maxwell field can

be expressed as the integral form of a wave function [15], which forms

the standard nonlocal term of nonlinear elliptic equations for the study

of the solitary wave solution of the gauged Schrödinger equation in the

Maxwell field. Usually, these kinds of elliptic equations with nonlocal

terms related to the Maxwell field are known as Schrödinger-Poisson equa-

tions [15], which is one of the non-local problems of partial differential

equations that have attracted much attention in recent years. There had

been many literatures discussing the topic of standing wave solutions to

the Schrödinger-Poisson equations with various potential functions (see [2]

and the references therein). Due to the opposite signs of non-local terms

and local nonlinear terms, the variational functional corresponding to the

Schrödinger-Poisson equation is rich in geometric structure in the general

Sobolev space [91]. It is not easy to obtain a bounded approximation solu-

tion sequence by using the critical point theory directly. The existence of

standing wave solutions becomes a challenging problem due to the special

geometric structure of variational functional. Meanwhile, there exist new

phenomena in the property of the standing wave solution owing to the

appearance of standard nonlocal terms. For instance, there exist a priori es-

timates for the infinite modulus of the solution to the Schrödinger-Poisson



CHAPTER 1. INTRODUCTION 3

equations [57]; the existence of non-radial symmetric least energy solution

for the Schrödinger-Poisson equation was obtained in the bounded do-

main [92]. The study of the above mentioned new phenomena is mainly

limited to the Schrödinger-Poisson equation with standard local and non-

local nonlinear terms. However, it is inevitable to consider small error or

perturbation on local and nonlocal nonlinear terms in some special appli-

cations such as seeking numerical solutions, in which case the methods

established for solving the standard models are invalid for overcoming the

difficulties caused by the nonstandard model with small error or pertur-

bation. To study these nonlinear models with small error or perturbation,

we have to consider a class of elliptic equations with nonlocal terms under

general assumptions.

In the following, we briefly present the objectives and outline of this

thesis.

1.2 Objectives

Our main objectives are to study the existence of solution, multiple solu-

tions and symmetric properties of solutions to various classes of elliptic

equations under general assumptions on local terms and general nonlocal

terms. The specific objectives are listed as follows.

(1) Establish the existence of solution and multiple solutions to a class

of elliptic equations with general local nonlinearity.

We aim to investigate the existence of ground state solution and multi-

ple solutions to the Schrödinger-Poisson equations with general local non-

linearity. The Schrödinger-Poisson equations are equivalent to the follow-

ing elliptic equation with a nonlocal term.

−∆u+ V (x)u+ u(x)

∫
R3

u2(y)

4π|x− y|
dy = f(u), x ∈ R3, (1.1)

where V (x) is a potential function; u(x)
∫
R3

u2(y)

4π|x−y|dy is the nonlocal term

and f(u) is the general local nonlinearity. The general assumptions in this
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thesis on the potential and nonlinearity cover the case of harmonic poten-

tial and the Slater approximation exchange term, which are relevant to var-

ious physics models. From this point of view, we verify the stability of

the Slater approximation to the exchange term of the many-body system.

Specifically, we assume that

V (x) is a continuous function with lim
|x|→+∞

V (x) = +∞;

and

|f(u)| ≤ τ(|u|+ |u|p) holds for some τ > 0 and 1 < p < 2,

which cover a large class of perturbations to the Slater approximation ex-

change term |u|2/3u. We aim to establish the existence of nontrivial solu-

tions of (1.1) under general assumptions by showing the existence of critical

points of the following variational functional

1

2

∫
R3

|∇u|2 + V (x)u2dx+
1

16π

∫
R6

u2(x)u2(y)

|x− y|
dxdy −

∫
R3

F (u)dx,

where F (u) =
∫ u

0
f(s)ds. To overcome the difficulties arising from the gen-

eral assumption, we have to develop new methods to study the complex

geometric structure of the above functional.

(2) Study the existence of solutions and symmetric properties of so-

lutions to the elliptic equations with nonlocal nonlinearity by using the

variational technique.

The term u(x)
∫
R3

u2(y)

4π|x−y|dy in (1.1) is a standard nonlocal nonlinearity

arising from the Maxwell field. When a small error or perturbation occurs

to the standard nonlocal nonlinearity, many authors considered the follow-

ing nonlinear elliptic equation with nonlocal term,

−∆u+ V (x)u+
λ

4π
|u|q−2u(x)

∫
R3

|u(y)|q

|x− y|
dy = |u|p−1u, x ∈ R3, (1.2)

where V (x) is the potential function; p, q > 1 are the nonlinear exponents;

λ ∈ R is a parameter. When q = 2, (1.2) is equivalent to the Schrödinger-

Poisson equation (1.1). So far, very few literature has showed the symme-

try of solutions to (1.2) with general nonlinear exponent q > 1. We aim
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to study the effects of changing values of the nonlinear exponents p, q and

the parameter λ on the existence and symmetric properties of solutions to

the general elliptic equation model (1.2). Various methods have been estab-

lished to study the symmetric properties of solutions of elliptic equations.

However, the opposite signs of nonlocal terms and local nonlinear terms in

(1.2) make the classical method above not valid for the study of (1.2). We

aim to develop the scaling technique to study the symmetric properties of

the least energy solution of (1.2).

(3) Study the existence, nonexistence and a priori estimate of solu-

tions to nonlinear elliptic equations without variational structure.

We consider the elliptic equation with more general nonlocal nonlinear-

ity than (1.2).

−∆u+V (x)u+λ|u|r−2u(x)

∫
Ω

|u(y)|qG(x, y)dy = |u|p−1u, x ∈ Ω. (1.3)

where p, q, r are nonlinear exponents; λ is a parameter; Ω = R3 or Ω ⊂ R3 is

a bounded domain andG(x, y) is the Green function defined in the domain

Ω with homogeneous Dirichlet boundary conditions. When Ω = R3, we

get that G(x, y) = 1
4π|x−y| ; and it is clear to see that (1.3) with r = q is

equivalent to (1.2), which is the Euler-Lagrange equation in regard to the

functional

1

2

∫
Ω

|∇u|2 + V (x)u2dx− 1

p

∫
Ω

|u|p+1dx

+
λ

2q

∫
Ω×Ω

G(x, y)|u(x)|q|u(y)|qdxdy.

One could obtain the existence of non-trivial solution of (1.3) with r = q

by seeking the non-trivial critical points of the above functional. However,

(1.3) with r 6= q is a complex nonlinear problem without variational struc-

ture. The variational methods is invalid for the study of (1.3) with general

nonlinear exponents p, q and r. One of our objectives is to develop topo-

logical methods such as the method of upper and lower solutions and the

Leray-Schauder degree theory for studying the existence, nonexistence and

a priori estimate of solutions to (1.3) with general nonlinear exponents.
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1.3 Outline of the thesis

This thesis consists of 6 chapters. Chapter one presents the objectives of the

research, the background and the scope of the thesis. Chapter two gives a

review of literature, which discusses the current research status, methods

and progress in studying the existence and properties of solutions to var-

ious classes of nonlinear elliptic equations. The key research results are

presented in Chapter 3-5.

In Chapter 3, we consider the existence of a ground state solution, mul-

tiple solutions and non-existence of solution of the Schördinger-Poisson

equation (1.1) with V (x) = W (x) − µ, where W (x) is a potential, µ is a

parameter. If V (x) = W (x) − µ, the equation (1.1) is equivalent to the

following system, −∆u+ (W (x)− µ)u+ φ(x)u = f(u),

−∆φ = u2, lim
|x|→+∞

φ(x) = 0, x ∈ R3,
(1.4)

where f(u) is the nonlinearity. We consider the potential function and non-

linearity with general assumptions. Motivated by methods in [55, 59], we

first prove that the variational functional of (1.4) satisfies the Palais-Smale

compactness condition under general assumptions. Then, we obtain the

existence of solution and multiple solutions to (1.4) by applying the vari-

ation method. Moreover, we also get the nonexistence of solution to (1.4).

In Chapter 4, we investigate the nonlinear elliptic equation (1.2) with

V (x) = |x|2 − µ, where |x|2 is a harmonic potential, µ is a parameter. The

elliptic equation is equivalent to the following system, −∆u+ (|x|2 − µ)u+ λφ(x)|u|q−2u = |u|p−1u, x ∈ R3,

−∆φ = |u|q, lim|x|→+∞ φ(x) = 0,
(1.5)

where p, q > 1 are nonlinear exponents. Suppose that 1 < p < q < 5 and

λ > 0. For some µ ∈ R, it is proved that there exist multiple solutions of

(1.5). Assume q ∈ [2, 5), p ∈ ( 8q−5
7
, q). If the parameters λ, µ > 0 are close

to 0, we prove that the solution with the least energy of the problem (1.5) is
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not radially symmetric.

In Chapter 5, we consider the nonlinear elliptic equation (1.3), which is

equivalent to the following system,
−∆u+ V (x)u+ λφ(x)|u|r−2u = |u|p−1u, x ∈ Ω,

−∆φ(x) = |u|q, x ∈ Ω,

φ(x) = u(x) = 0 for x ∈ ∂Ω,

(1.6)

where λ is a parameter, V (x) is a potential and p, q, r > 1. For r, q ∈ (1, 5)

and p ∈ (1,min{r, q}), let

cp,r,q =
p(p− 1)

r(q − 1)

(
r − p
r

) r−p
p
(
q − p
q − 1

) (r−p)(q−p)
p−1

> 0.

If V (x) = 1, Ω ⊂ R3 is a bounded domain and λ ≥ cp,r,q, we prove that

the solution of (1.6) is trivial; if λ > 0 is small enough, we prove that (1.6)

has a positive solution by using the Leray-Schauder degree method. By

using the method of upper and lower solutions, we also obtain the suffi-

cient condition for the existence of a positive solution to (1.6) for the case

Ω = R3.

In Chapter 6, we summarize the results and innovations of our thesis

about the existence of solution, multiple solutions and symmetric proper-

ties of solutions to nonlinear elliptic equations with nonlocal terms.



Chapter 2

Literature Review

Nonlinear partial differential equations involve a very wide range of re-

search fields. Many researchers have devoted to study the existence of solu-

tions and multiple solutions of nonlinear elliptic equations. Many in-depth

theories have been established in nonlinear analysis for solving the prob-

lems related to nonlinear elliptic equations [20,60,96,97,127]. In this thesis,

we are interested in three kinds of nonlinear elliptic differential equations

with nonlocal terms, which arise from studying the physical models such

as the Hartree-Fock system and the gauged field theory [15, 82, 92].

In this chapter, we review the related literature by presenting the related

mathematical models arising from Physics and the methods used in the

study of the existence and symmetric properties of solutions to nonlinear

elliptic equations.

2.1 Previous studies on nonlinear models arising

from Physics

The gravitational force, the strong force, the weak force and the electromag-

netic interaction between objects in physics are studied by various kinds of

field equations including the following gauged Shrödinger equation [45,

8
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46, 49–51]

iD0φ+ V (x)φ+
3∑
k=1

DkDkφ = g(x, |φ|)φ, x ∈ R3, (2.1)

where V (x) is the potential function, g(x, s) is the local nonlinearity, i =
√
−1, φ : R4 → C is the scalar field, and Dk = ∂k + iAk is the covariant

derivative with Ak : R × R3 → R the components of the gauge potential

and k = 0, 1, 2, 3. Under the Coulomb gauge condition [109, 117], there is

one kind of special Maxwell fields as follows,

A1 = A2 = A3 = 0, and A0 = λ

∫
R3

u2(y)

4π|x− y|
dy with parameter λ > 0.

Let φ(t, x) = u(x)e−iωt be the standing wave with ω > 0 and u : R3 → R,

Followed by (2.1), we have

−∆u+ (V (x)− ω)u+ λu(x)

∫
R3

u2(y)

4π|x− y|
dy = g(x, |u|)u, x ∈ R, (2.2)

which is a nonlinear elliptic equation with nonlocal terms. If the parameter

λ = 0, (2.2) is reduced to the semilinear elliptic equation below,

−∆u+ (V (x)− ω)u = g(x, |u|)u, x ∈ R. (2.3)

When g(x, |u|) = |u|2/3, the equation (2.2) is the so called Schrödinger Pois-

son Slater equation, which was used by Slater to approximate the Hartree-

Fock equations [40, 72, 77, 99],

−∆ψj(x) + (V (x)− Ej)ψj + ψj

∫
R3

|ρ(y)|2

4π|x− y|
dy

−
∫
R3

N∑
k=1

ψk(x)ψk(y)ψj(y)

4π|x− y|
dy = 0,

(2.4)

where ρ = 1
N

N∑
k=1

|ψk(x)|2 with the orthogonal set of {ψj : R3 → C, j =

1, 2, · · · , N}. The Hartree-Fock equations are consistent with the Pauli ex-

clusion principle appeared in quantum mechanics system withN particles.

The most complex term
∫
R3

N∑
k=1

ψk(x)ψk(y)ψj(y)

4π|x−y| dy is called the exchange term.

Slater in [100] established a simple approximation of this term by

∫
R3

N∑
k=1

ψk(x)ψk(y)ψj(y)

4π|x− y|
dy ∼ Csρ1/3ψj(x), where C > 0.
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By the method of mean field approximation, the density ρ(x) above can be

estimated as ρ(x) ∼ u(x), where u(x) is the solution of (2.2) with positive

parameters.

In mathematics, many authors considered the nonlinear elliptic equa-

tion (2.2) as a class of elliptic equation. For example, if g(x, |u|) = |u|p−2

and V (x) − ω = ω, D’Aprile and Mugnai in [32] studied (2.2) by the

Schrödinger-Poisson equations below, −∆u+ ωu+ λφu = |u|p−2u, x ∈ R3,

−∆φ = u2, lim|x|→+∞ φ(x) = 0.
(2.5)

For ω > 0 and 2 ≤ 4 < 6, D’Aprile and Mugnai in [32] obtained the

existence of nontrivial solutions of (2.5) by using the variational method.

Ruiz [91] considered the existence and nonexistence of solution to (2.5) with

ω = 1 for the case λ > 0, p ∈ (1, 5). Ambrosetti and Ruiz showed in [4]

the multiplicity results of (2.5) when p ∈ (1, 5). Azzollini and Pomponio

proved in [8] that the existence of a ground state solution of (2.5) for p ∈
(2, 5). If V (x) is non-constant and satisfies the following conditions

(I) V : R→ R is measurable;

(II) V (∞) := lim
|z|→∞

V (z) ≥ V (x) and V (x) 6≡ V (∞);

(III) there exists C̃ > 0 such that
∫
R3 |∇u|2 +V (x)u2dx ≥ C̃(

∫
R3 |∇u|2 +

u2dx) > 0 for any u ∈ H1(R3).

Azzollini and Pomponio [8] obtained the existence of a ground state solu-

tion of  −∆u+ V (x)u+ φu = |u|p−1u, x ∈ R3,

−∆φ = u2, x ∈ R3,
(2.6)

for any p ∈ (3, 5). Zhao [126] established the existence of a ground state

solution to (2.6) for p ∈ (2, 5) under hypotheses (I) − (III). After that,

some classes of general Schrödinger-Poisson equations were introduced as

follows,  −∆u+ V (x)u+ λK(x)φu = f(x, u), x ∈ R3,

−∆φ = K(x)|u|2, x ∈ R3.
(2.7)
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Under some assumptions on the potential V (x),K(x) and the nonlinear-

ity f(x, u), the existence of solutions of (2.7) were obtained in [2, 4, 8, 19,

23–26, 36, 57, 70, 104, 125, 126]. There are also some other kinds of general

Schrödinger-Poisson equations such as the fractional Schrödinger-Poisson

equations, for more details, the reader is referred to [5–7,16,39,47,63,64,78,

87, 111, 120, 121, 123] and the references therein.

In some special applications such as seeking numerical solutions, one

has to consider the small error or perturbation on the nonlocal nonlinear

terms of the Schrödinger-Poisson equation. Recently, various kinds of gen-

eral Schrödinger-Poisson equations with perturbation on the nonlocal non-

linear terms have been treated via establishing the existence of solutions to

the elliptic equations below,

−∆u+ V (x)u+ λ|u|q−2u(x)

∫
R3

|u(y)|q

4π|x− y|
dy = |u|p−1u, x ∈ R3, (2.8)

which is the Euler-Lagrange equation of the functional

1

2

∫
R3

|∇u|2+V (x)u2dx+
λ

8qπ

∫
R6

|u(x)|q|u(y)|q

|x− y|
dydx− 1

p+ 1

∫
R3

|u|p+1
dx.

(2.9)

The authors in [66, 70, 85] studied the existence of solutions of (2.8) by ap-

plying the variational method. This thesis aims to study the existence, mul-

tiplicity and symmetric properties of solutions to various classes of nonlin-

ear equations including (2.8) and the following general elliptic equation

models, 
∆u+ V (x)u+ λφ(x)|u|r−2u = |u|p−1u, x ∈ Ω,

−∆φ(x) = |u|q, x ∈ Ω,

φ(x) = u(x) = 0 for x ∈ ∂Ω,

(2.10)

where p, q, r > 1 are nonlinear exponents, λ is a parameter, V (x) is a po-

tential, Ω = R3 or Ω is a bounded domain in R3. For the case Ω = R3 and

q = r, (2.10) is reduced to (2.8). For q 6= r, we get that (2.10) is not an

Euler-Lagrange equation of a variational functional.
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2.2 Methods for the existence of solutions to non-

linear elliptic equations

The variational method is a discipline founded at the end of the 17th cen-

tury, which is a powerful tool in the research of nonlinear elliptic equa-

tions. Many meaningful results for the existence of positive solutions, sign-

changing solutions and multiple solutions of nonlinear elliptic equations

were obtained by the variational mehtod [20, 60, 96, 97, 127]. It is closely

related to many mathematics branches, such as minimal surface theory,

mathematical physics, integral equations, differential geometry, and Rie-

mannian geometry, etc. The law of motion of all objects studied in the

variational problem obeys the variational principle, that is, transforming

the variational problem in nature into the extreme value problem or crit-

ical point problem of a certain functional under certain conditions. Thus,

the key to study nonlinear elliptic equations is to find the critical points of

the related functional. This is the basic idea of variational method and also

one of the most important methods of nonlinear functional analysis. The

Brachistochrone curve problem is the first variational problem in history,

which was raised by Johann Bernoulli in 1696 ( [41]). It is also a sign of

the development of variational methods. Weierstrass’s famous course had

epochal impact on this theory ( [44]), and it can be said that he was the

first to put it on an indisputable basis. The 20th and 23rd Hilbert problems

published in 1900 promoted the further development of this theory.

In recent decades, modern variational method has been continuously

developed and improved with the efforts of many mathematicians [3, 38].

In 1973, Ambrosetti and Rabinowitz proposed the minimax method in-

cluding the mountain pass lemma, which greatly promoted the develop-

ment of modern variational methods [3]. The Minimax theory is one of the

main theories of modern variational methods, and it is also a milestone in

the development of critical point theory and nonlinear differential equa-

tion theory [89]. Based on these theories, lots of famous mathematicians

have produced many pioneering results in the research of nonlinear ellip-
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tic problems and eigenvalue problems [3, 13, 71, 74–76].

Due to the opposite signs of non-local terms and local nonlinear terms

in the Schrödinger-Poisson equation, the corresponding variational func-

tional (2.9) with q = 2 in the Sobolev space is complex in geometric struc-

ture [91]. The special geometric structure of variational functional makes

the application of variational method for studying the existence of solu-

tion as a challenging problem. Usually, it is not easy to get a bounded

approximation solution sequence via the critical point theory. Many new

techniques have been developed to establish bounded sequence of approx-

imation solutions to the Schrödinger-Poisson equation. For example, the

monotonicity method established in [52] has been used together with the

Pohozaev-type identity to obtain the bounded Palais-Smale sequences [4,8,

126]; truncation techniques together with a priori estimate of solution were

applied to establish a bounded sequence of approximation solutions [61];

the Nehari manifold is also useful for establishing bounded Palais-Smale

sequences by the critical point theory [91,105]. The first step of successfully

applying the methods mentioned above is that these kinds of Schrödinger-

Poisson equations are the Euler-Lagrange equations of some variational

functionals. However, the small error or perturbation on the nonlocal terms

of the Schrödinger-Poisson equation reduces to a class of nonlinear elliptic

equations that do not have a variational structure. The variational method

is invalid to study the class of nonlinear elliptic equations with no vari-

ational structure. It is worth developing the topological method [83] for

the study of the existence of solutions to nonlinear elliptic equations with

general nonlocal terms.

Besides the variational method, some researchers examined the exis-

tence of solutions to nonlinear elliptic equations by the topological degree

method, such as the Leray-Schauder degree, the upper and lower solutions

method, as detailed in [4, 93] and the references therein.
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2.3 Method for the symmetric property of solutions

to nonlinear elliptic equations

There are new phenomena in the property of solutions to the Schrödinger-

Poisson equations owing to the appearance of standard nonlocal terms. For

instance, there is a priori estimate for the infinite modulus of the solution

to the Schrödinger-Poisson equation [57]; the ground state solution of the

equation is non-radically symmetric on the bounded domain [92]. The

Coulomb-Sobolev function space [73, 85] and the corresponding embed-

ding theorem [85,92] play a key role to study the symmetric property of the

ground state solution to the Schrödinger-Poisson equations [55]. Recently,

a class of elliptic equations with general nonlocal nonlinearity, which can

be regarded as small error or perturbation to the nonlocal terms of the

Schrödinger-Poisson equation, was widely studied by many authors and

the reader is referred to [9,66,70,85] and the references therein for more de-

tails on the research of existence of solutions and multiple solutions. How-

ever, very few work has been done involving the symmetric properties and

a priori estimate to the solutions of this class of elliptic equations with gen-

eral nonlocal nonlinearity. It is interesting to study the property for this

class of elliptic equations with general nonlocal nonlinearity.

Various methods have been established to study the symmetric prop-

erties of solutions to nonlinear elliptic equations. The method of moving

planes was established to study the symmetric properties of positive solu-

tions to nonlinear elliptic equations, as detailed in [17, 27, 42] for the semi-

linear elliptic equation and [28] for the integral equation. By the method

of moving planes established in [28], Ma and Zhao [81] proved the radially

symmetry of positive solutions to the stationary Choquard equation below.

∆u− u+ 2u

∫
R3

u2(y)

4π|x− y|
dy = 0, u ∈ H1(R3). (2.11)

The equation above is equivalent to the integral equation

u = K1 ∗ F (u,K2 ∗G(u)),

where K1 and K2 are kernels, F and G are positive nonlinear functions.
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The Schwarz symmetrization [71] and the reflection method [80] were es-

tablished to study the symmetric properties of minimizers of a class of vari-

ational problems related to the Laplacian equation with fractional powers,

the generalized Choquard functional and the Davy-Stewartson equation.

However, the methods mentioned above are invalid for a class of elliptic

equations (2.8) and (2.9), in which the nonlocal terms and local nonlinear

terms have opposite signs. It is worth studying the symmetric properties

of this class of elliptic equations (2.8) and (2.9) with general nonlocal non-

linearities.

2.4 Preliminaries

For the complement of this thesis and the convenience of the following

statement, we give some basics for the application of variational method

and topological method. This part includes some useful inequalities, criti-

cal point theorems and the Leray-Schauder degree theory , etc.

1.4.1 Some useful inequalities

Theorem 2.4.1. (Minkowski inequality, [95]) Let Ω ⊂ RN be a measurable set.

p ≥ 1, f1(x), f2(x) ∈ Lp(Ω), then

‖f1 + f2‖Lp(Ω) ≤ ‖f1‖Lp(Ω) + ‖f2‖Lp(Ω).

That is,(∫
Ω

|f1 + f2|pdx
)1/p

≤
(∫

Ω

|f1|pdx
)1/p

+

(∫
Ω

|f2|pdx
)1/p

.

Theorem 2.4.2. (Sobolev embedding theorem, Theorem 1.8, [116] ) The following

embedding

H1(Rn) ⊂ Lq(Rn), 2 ≤ q <∞, n = 1, 2,

H1(Rn) ⊂ Lq(Rn), 2 ≤ q < 2∗, N ≥ 3,

D1,2(Rn) ⊂ L2∗(Rn), 2 ≤ q <∞, n ≥ 3,
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is continuous. Specially, the following Sobolev inequality

S := inf
u∈D1,2(Rn),|u|2∗=1

|∇u|22 > 0

holds.

1.4.2 Critical point theory

Definition 2.4.3. ((PS)c condition, [84]) Let (X, ‖ · ‖X) be a real Banach space,

the dual space be (X∗, ‖·‖∗), the variational functional J ∈ C1(X,R) and c ∈ R.

If

J(un)→ c, J ′(un)→ 0 in X∗, as n→ +∞,

where J ′(un) is the Fréchet derivative of J(un). If any sequence {un} ⊂ X has

a convergent subsequence in X , then J is said to satisfy the Palais-Smale compact

condition ((PS)c condition for short).

Theorem 2.4.4. (Mountain pass lemma, [116]) Let X be a real Hilbert space, the

functional J ∈ C1(X,R), if J satisfies the following geometry structure,

(1) J(0)=0, there exist r, ρ > 0 such that J(u) ≥ ρ for any u ∈ X and

‖u‖X = r;

(2) there exists e ∈ X and ‖e‖X > r such that J(e) ≤ 0.

Let c = inf
γ∈Γ

max
t∈[0,1]

J(γ(t)), where

Γ = {γ ∈ C([0, 1], X) : γ(0) = 0, γ(1) = e}.

If J satisfies the (PS)c condition, then c is the positive critical value of the func-

tional J .

Let X be a real Banach space and Γ be the family of sets B ⊂ X \ {0}
such that B is closed and symmetric with regard to 0. For any B ∈ Γ, let

T =
{
k : k = 1, 2, · · · , there is an odd map ϕ ∈ C(B,Rk \ {0})

}
.

If T 6= ∅, the genus ofB can be defined by γ(B) = min
k∈Θ

k, otherwise γ(B) =

∞. Set γ(∅) = 0.

Remark 2.4.5. Let Sn−1 be a unit sphere in Rn. If B ⊂ H1(R3) \ {0} is homeo-

morphic to Sn−1 by an odd map, then γ(B) = n.
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Then, we state the Clark’s theorem as follows.

Theorem 2.4.6. [89, Theorem 9.1] Let X be a real Banach space. Assume

J(u) ∈ C1(X,R) is even, bounded below and satisfies the (PS)c condition,

J(0) = 0. For any n ∈ N, there exists B ∈ Γ such that γ(B) = n and

sup
u∈B

J(u) < 0. Then J(u) has at least j distinct pairs of critical points, and the

associated critical values are

ci = inf
B∈Γ,γ(B)≥j

sup
u∈B

J(u).

1.4.3 Topological degree theory

Definition 2.4.7. ( [29,83]) LetX be a Banach space, Ω ⊂ X is an open bounded

set, I is a identity operator, g : Ω̄ → X is a compact mapping, y ∈ Ω and

y 6∈ (I − g)(∂Ω), the Leray-Schauder degree degLS[I − g,Ω, y] of I − g in Ω

over y is

degLS[I − g,Ω, y] =
∑

a∈(I−g)−1(y)

(−1)σj(a),

where σj(a) is the sum of the algebraic multiplicities of the eigenvalues of f ′(a)

contained in ]1,∞[.

Theorem 2.4.8. ( [65]) The properties of the Leray-Schauder degree are listed

below.

(I)(Additivity) Let Ω = Ω1 ∪ Ω2, where Ω1 and Ω2 are disjoint open sets, if

y 6∈ (I − g)(∂Ω1) ∪ (I − g)(∂Ω2), then

degLS[I − g,Ω, y] = degLS[I − g,Ω1, y] + degLS[I − g,Ω2, y].

(II)(Existence) If degLS[I − g,Ω, y] 6= 0, then y ∈ (I − g)(Ω).

(III) (Homotopy invariance) Assume thatU ⊂ X×[0, 1] is bounded and open,

andH : Ū → X is a compact mapping. If h−H(h, λ) 6= y for each (h, λ) ∈ ∂U ,

then degLS[I − H(·, λ), Uλ, y] is not dependent on λ, where Uλ = {h ∈ X :

(h, λ) ∈ U}.



Chapter 3

Schrödinger-Poisson equation

with general nonlinearity

3.1 General

Nonlinear elliptic equation (1.1) with nonlocal terms arises from the Phys-

ical models such as gauged fields equation and Hartree-Fock system, for

more details, the reader is referred to [14, 15, 69, 74, 77, 82, 92, 100, 122] and

the references therein. If V (x) = W (x) − µ, (1.1) is equivalent to the fol-

lowing Schrödinger-Poisson system, −∆u+ (W (x)− µ)u+ φ(x)u = f(u),

−∆φ = u2, lim
|x|→+∞

φ(x) = 0, x ∈ R3,
(3.1)

where µ is a parameter, W (x) is a potential and f(u) is the nonlinearity.

The harmonic potential W (x) = |x|2 and the Slater term f(u) = |u|2/3u
are more relevant from the viewpoint of physics models [92,100]. Here, we

consider the potential function and nonlinearity of (3.1) with more general

application via the following assumptions:

(W1) W (x) is a continuous function, and lim
|x|→+∞

W (x) = +∞;

18
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(H1) there is a positive constant τ > 0, such that

|f(u)| ≤ τ(|u|+ |u|p), 1 < p < 2;

(H2) f(t) is nonnegative for small t > 0;

(H3) f(t) = −f(−t) for t ∈ R.

Obviously, W (x) = |x|2 satisfies (W1); and f(u) = |u|2/3u satisfies

(H1)-(H3). We denote by

E =

{
u ∈ D1,2(R3) :

∫
R3

|∇u|2 +W (x)u2dx < +∞
}

the Hilbert space with norm

‖u‖ =

{∫
R3

|∇u|2 +W (x)u2dx

}1/2

.

Under assumption (W1), we see that the embedding from E to Lp(R3) is

compact for all p ∈ [2, 6). Under assumptions (W1) and (H1), it is a stan-

dard process to prove that equation (3.1) is the Euler-Lagrange equation of

a functional on E, which is defined by

I(u) =
1

2

∫
R3

|∇u|2 + (W (x)− µ)u2dx+
1

4

∫
R3

φu(x)u2dx−
∫
R3

F (u)dx,

(3.2)

where φu(x) = 1
4π

∫
R3

u2(y)

|x−y|dy, F (u) =
∫ u

0
f(s)ds.

Problem (3.1) has been studied under various conditions on the poten-

tial and nonlinearity, and for more details the reader is referred to [8, 32,

57, 59, 61, 62, 91, 115, 126] and the references therein. From the references

mentioned above, the variable potentials V and nonlinearities f(u) give

different geometric properties of I . Indeed, as f(u) = |u|p−1u with p ≥ 3,

the function I satisfies the (PS)c condition, which means that any sequence

{un} ⊂ H such that I ′(un)
n→ 0 and {I(un)} is bounded, has a convergent

subsequence, as shown in [32] for W (x)− µ ≡ 1 and [8] for a nonconstant

potential W (x). If f(u) = |u|p−1u with p ∈ (1, 3), the geometric prop-

erties of I are more complex than those for p ∈ [3, 5). For example, we

do not know whether I satisfies the (PS)c condition when p ∈ (1, 3). To

overcome this difficulty, a related Pohozaev type equality is used to get a

bounded approximate sequence to the solution of (3.1) with p ∈ (2, 3), as
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in [126]. For the case f(u) = |u|p−1u with p ∈ (1, 2), the symmetric proper-

ties of functions are used to prove that the (PS)c condition of I holds when

W (x)−µ = 1; and therefore the existence of radially symmetric solution is

obtained [91]. If there is a small parameter in the coefficient of the nonlocal

term ‘φuu’ in (3.1), a truncated functional could be used to give a bounded

sequence of approximate solutions to (3.1) without the radial symmetry

constraint on the working functional space [61]. For non-constant positive

potential W (x)− µ and f(u) = |u|p−1u with p ∈ (1, 2), a priori estimate to

the solution of (3.1) is given in [57] to prove the compactness of a sequence

of approximate solutions to (3.1), so the existence of a ground state solution

is proved.

Under the general assumptions (W1),W (x)−µ is a sign-changing func-

tion for some µ. It is almost impossible to obtain a priori estimate as in [57]

to the solution of (3.1), although the nonlinearity f(u) has similar behav-

ior as |u|p−1u with p ∈ (1, 2). Since the coefficient of the nonlocal term

in (3.1) is not a small parameter, it is not possible to construct a truncated

functional as in [61] to give a bounded sequence of approximate solutions.

Motivated by the method in [55, 59], we first prove that the functional

of (3.1) satisfies the (PS)c condition under assumptions (W1) and (H1)

, then via the variational method, we establish the existence of a ground

state solution, multiple solutions and nonexistence of solutions to (3.1). The

main results together with the proofs are presented in Sections 3.2 and 3.3,

which have been published in [56].

By assumptions (W1) and (H1), we get that I ∈ C1(E,R) by the stan-

dard method in [89]. For any ϕ ∈ E, we have the Fréchet derivative of I

as

〈I ′(u), ϕ〉 =

∫
R3

∇u∇ϕ+ (W (x)− µ)uϕdx+

∫
R3

φuuϕdx−
∫
R3

f(u)ϕdx.

(3.3)

If I ′(u) = 0 inE−1, it is known that u is a critical point of I and thus a weak

solution of (3.1). To make these notations more clear, we give the following

definitions to be used later.
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Definition 3.1.1. u ∈ E is said to be a weak solution of (3.1) if

I ′(u)ϕ = 〈I ′(u), ϕ〉 = 0 for all ϕ ∈ E. (3.4)

Definition 3.1.2. Let G = {u ∈ E \ {0} : I ′(u) = 0}. Then v is said to

be a ground state solution to (3.1) if v is a weak solution of (3.1) and I(v) =

inf
u∈G

I(u) > −∞.

3.2 The (PS)c condition of variational functional

In this section, we prove that the functional I as defined in (3.2) satisfies

the (PS)c condition under the assumptions (W1) and (H1) by developing

Lemma 3.2.1 and 3.2.2 below. The following proof of the lemmas is based

on the methods in [55, 59]. But there are some differences at certain points

since we consider a more general case here. For convenience of the reader,

we give a complete proof as follows.

Lemma 3.2.1. Assume (W1) and (H1) hold. For any µ ∈ R, the sequence

{un} ⊂ H1(R3) with I(un) ≤ C is bounded.

Proof. It follows from −∆φun = u2
n and the Young’s inequality that

√
3

4

∫
R3

|un|3dx ≤
3

8

∫
R3

|∇un|2dx+
1

8

∫
R3

φunu
2
ndx. (3.5)

Let τ > 0 be given by (H1). We have∫
R3

F (un)dx =

∫
R3

∫ un

0

f(t)dtdx ≤ τ

2

∫
R3

u2
ndx+

τ

p+ 1

∫
R3

|un|p+1dx.

(3.6)

In the following, let θ > 0 be a given number sufficiently large such that∫
R3

√
3

4
|un|3 +

θ − τ
2

u2
ndx−

τ

p+ 1
|un|p+1dx ≥ 0.

It follows from (3.5) and (3.6) that
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Jθ(un) ,
1

2

∫
R3

|∇un|2dx+
θ

2

∫
R3

u2
ndx+

1

8

∫
R3

φunu
2
ndx−

∫
R3

F (un)dx

≥ 1

2

∫
R3

|∇un|2dx+
θ − τ

2

∫
R3

u2
ndx+

1

8

∫
R3

φunu
2
ndx

− τ

p+ 1

∫
R3

|un|p+1dx

=
1

8

∫
R3

|∇un|2dx+
3

8

∫
R3

|∇un|2dx+
1

8

∫
R3

φunu
2
ndx

+
θ − τ

2

∫
R3

u2
ndx−

τ

p+ 1

∫
R3

|un|p+1dx

≥
√

3

4

∫
R3

|un|3dx+
θ − τ

2

∫
R3

u2
ndx−

τ

p+ 1

∫
R3

|un|p+1dx

+
1

8

∫
R3

|∇un|2dx

=

∫
R3

√
3

4
|un|3 +

θ − τ
2

u2
n −

τ

p+ 1
|un|p+1dx+

1

8

∫
R3

|∇un|2dx

≥ 1

8

∫
R3

|∇un|2dx,

(3.7)

Let η = µ+ θ, by combining (3.2) and (3.7) we obtain that

I(un) = Jθ(un) +
1

2

∫
R3

(W (x)− µ− θ)u2
ndx+

1

8

∫
R3

φunu
2
ndx

≥ 1

8

∫
R3

|∇un|2dx+
1

8

∫
R3

φunu
2
ndx+

1

2

∫
R3

(W (x)− η)u2
ndx.

(3.8)

Let Ωη = {x ∈ R3 : W (x) < η}. If θ > 0 is large enough, then η > 0 and Ωη

is a non-empty bounded set by assumption (W1). Obviously, we see that

Ωη ⊂ Ω2η. Since I(un) ≤ C, it follows from (3.8) that

1

8

∫
R3

|∇un|2dx+
1

2

∫
R3\Ωη

(W (x)− η)u2
ndx+

1

8

∫
R3

φunu
2
ndx

≤ C − 1

2

∫
Ωη

(W (x)− η)|un|2dx

≤ C + (η + |min
x∈R3

W (x)|)
∫

Ωη

u2
ndx. (3.9)

For x ∈ R3 \ Ω2η, W (x) ≥ 2η and then
∫

Ω2η\Ωη(W (x) − η)u2
ndx ≥ 0, and

therefore, ∫
R3\Ωη

(W (x)− η)u2
ndx ≥

∫
R3\Ω2η

(W (x)− η)u2
ndx.
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This and (3.9) implies that

1

8

∫
R3

|∇un|2dx+
1

2

∫
R3\Ω2η

(W (x)− η)u2
ndx+

1

8

∫
R3

φunu
2
ndx

≤ C + (η + |min
x∈R3

W (x)|)
∫

Ωη

u2
ndx.

(3.10)

We claim that {|un|2} is bounded. Otherwise, there exists a subsequence

such that |un|2
n→ +∞. Let vn = un

|un|2 . By using (3.10) we have

1

8

∫
R3

|∇vn|2dx+
1

2

∫
R3\Ω2η

(W (x)− η)v2
ndx+

1

8
|un|22

∫
R3

φvnv
2
ndx

≤ C

|un|22
+ (η + |min

x∈R3
W (x)|)

∫
Ωη

|vn|2dx

≤ η + |min
x∈R3

W (x)|+ o(1), as n→ +∞. (3.11)

It follows that {|∇vn|2} must be bounded and
∫
R3 φvnv

2
ndx

n→ 0. Hence

{vn} is bounded in H1(R3). There exists v0 ∈ H1(R3) and up to a subse-

quence of {vn} such that

vn
n
⇀ v0 weakly in H1(R3)

and ∫
R3

φv0v
2
0dx ≤ lim inf

n→+∞

∫
R3

φvnv
2
ndx = 0.

Hence, v0(x) = 0 a.e. x ∈ R3 and the compact embedding theorem shows

that
∫

Ω2η
|vn|2dx

n→ 0 (Ω2η is bounded as mentioned above). Those facts

together with (3.11) imply that

lim
n→+∞

∫
R3\Ω2η

(W (x)− η)v2
ndx = 0.

Therefore,

η|vn|22 ≤
∫
R3\Ω2η

(W (x)− η)|vn|2dx+ η

∫
Ω2η

|vn|2dx
n→ 0,

which contradicts with |vn|2 ≡ 1. By using (3.10) and the assumption (W1),

we get

1

8

∫
R3

|∇un|2dx+
1

8

∫
R3

φunu
2
ndx ≤ C + (η + |min

x∈R3
W (x)|)|un|22.

So {‖un‖} is bounded. �
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Lemma 3.2.2. Assume (W1) and (H1) hold. Let µ ∈ R and {un} ⊂ E be a

bounded (P.S.) sequence for the functional I , i.e., as n→ +∞,

I(un)→c, and I ′(un)→0, in E−1.

Then {un} has a convergent subsequence in E.

Proof. Under assumption (W1), the embedding E ↪→ Lq(R3) is compact

for q ∈ [2, 6), there exists u ∈ Lq(R3) such that, up to a subsequence,

un
n→ u in Lq(R3). (3.12)

Let p be given by (H1) and n→ +∞, it follows from (3.12) that∣∣∣∣∫
R3

(f(un)− f(u))(un − u)dx

∣∣∣∣
≤ |un − u|2|f(un)− f(u)|2

≤ |un − u|2(|f(un)|2 + |f(u)|2)

≤ τ |un − u|2(|un|2 + |u|2 + |un|p2p + |u|p2p)

→ 0. (3.13)

By using the Hölder’s inequality, we have∣∣∣∣∫
R3

(φunun − φuu)(un − u)dx

∣∣∣∣
≤

∣∣∣∣∫
R3

φunun(un − u)dx

∣∣∣∣+

∣∣∣∣∫
R3

φuu(un − u)dx

∣∣∣∣ (3.14)

≤
({∫

R3

φunu
2
ndx

} 1
2

|φun |
1
2
6 +

{∫
R3

φuu
2dx

} 1
2

|φu|
1
2
6

)
|un − u| 12

5
.

By −∆φun = u2
n we see that

∫
R3 φunu

2
ndx = |∇φun |22 ≤ |un|412/5. Moreover,

Sobolev inequality implies that |φun |6 ≤ |∇φun |2. As n → +∞, it follows

from (3.12) and (3.14) that∣∣∣∣∫
R3

(φunun − φuu)(un − u)dx

∣∣∣∣ ≤ C|un − u| 125 → 0. (3.15)

On the other hand, it follows from (3.3) that

‖un − u‖2 = 〈I ′(un)− I ′(u), un − u〉+ µ

∫
R3

|un − u|2dx

−
∫
R3

(φunun − φuu)(un − u)dx+

∫
R3

(f(un)− f(u))(un − u)dx.
(3.16)

We also see that 〈I ′(un) − I ′(u), un − u〉
n→ 0 is obvious by assumption.

Then we prove this lemma by combining (3.13) and (3.15). �
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3.3 Existence and nonexistence of solutions

In this section, we develop three theorems, establishing conditions for the

existence of a ground state solution, multiple solutions, and the nonexis-

tence of solutions to (3.1).

Before presenting our theorems, we state the following eigenvalue prob-

lem,  −∆ψ +W (x)ψ = µψ, x ∈ R3,

ψ ∈ E.
(3.17)

Under the assumption (W1), the eigenvalue problem (3.17) has infinite

eigenvalues. Throughout this section, we denote by {ψm}∞m=1 ⊂ L2(R3)

the normalized eigenfunctions of (3.17) corresponding to the eigenvalues

{µm}∞m=1, i.e.,|ψm|2 = 1 for any m ∈ N. It is well known that µi → +∞ as

i→ +∞ and µ1 < µ2 ≤ µ3 ≤ · · · .

Firstly, the following two theorems are established for the existence of a

ground state solution and multiple solutions of equations (3.1).

Theorem 3.3.1. Assume (W1) and (H1)− (H2) hold. If µ > µ1, then (3.1) has

a ground state solution u ∈ E and I(u) < 0.

Theorem 3.3.2. Assume (W1) and (H1) − (H3) hold. If µm < µ for some

m ∈ N, there exist at least m pairs of distinct solutions ±uj to (3.1). Moreover,

I(±uj) < 0 for 1 ≤ j ≤ m.

Remark 3.3.3. We note that the potential W (x) under assumption (W1) may

be a sign-changing function. The Schrödinger-Poisson equation with some sign-

changing potentials has been studied in [58] by using the method of upper and

lower solutions. Theorems 3.3.1 and 3.3.2 are supplement to the previous research

in [58].

Remark 3.3.4. From Theorems 3.3.1-3.3.2, we see that (3.1) has nontrivial so-

lutions when the parameter µ is greater than µ1, which is the first eigenvalue of

problem (3.17). It is natural to ask whether there exist nontrivial solutions of (3.1)

for some µ < µ1. We partially answer this question in the following theorem,

which need the assumption below,

(W2): W (x) is nonnegative for x ∈ R3.
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Roughly speaking, we have the estimate that µ1 ≥ 0 under assumptions

(W1) and (W2).

Theorem 3.3.5. Assume (W1) − (W2) and (H1) hold. Let τ > 0 be given by

(H1) and Cp = 2
p−1
p−2 (p − 1)

1
2−p (2 − p) > 0. If µ < −τ 1

2−pCp − τ , then (3.1)

has only trivial solution in E.

The proofs of the three theorems are given below.

Proof of Theorem 3.3.1: Let µ1 be the first eigenvalue of (3.17) and

ϕ1 be the corresponding eigenfunction. Then
∫
R3 |∇ϕ1|2 + W (x)ϕ2

1dx =

µ1

∫
R3 ϕ

2
1dx. Let h > 0 be small enough, it follows from µ > µ1 and (H2)

that

I(hϕ1) = −µ− µ1

2

∫
R3

h2ϕ2
1dx+

1

4
h4

∫
R3

φϕ1
ϕ2

1dx−
∫
R3

F (hϕ1)dx

≤ −µ− µ1

2

∫
R3

h2ϕ2
1dx+

1

4
h4

∫
R3

φϕ1
ϕ2

1dx < 0. (3.18)

LetM = {u ∈ E, I(u) < 0}, N = {u ∈ E, I(u) ≥ 0}, then E = M∪N
andM⊂ E is bounded by Lemma 3.2.1. Since I is a continuous functional

on E, we get

0 > inf
u∈E

I(u) = inf
u∈M

I(u) > −∞. (3.19)

By assumption (H1) and the compactness of embedding E ↪→ Lq(R3) for

q ∈ [2, 6), we get that I is lower semicontinuous on E. Hence, there exists

u0 ∈ E such that

I(u0) = inf
u∈E

I(u) < 0.

Therefore, u0 is a nontrivial critical point of I with minimal energy and u0

is a ground state of (3.1). �

Proof of Theorem 3.3.2. From (3.19), we see that I is bounded from

below. By applying Lemmas 3.2.1 and 3.2.2, we obtain that I satisfies the

(P.S.) condition. It follows from assumption (H3) that the functional I is

even. It is clear to see that I(0) = 0. To apply Theorem 2.4.6 with X = E

to the functional I in (3.2), we construct the following set Sm = {u ∈
m⊕
j=1

Rψi, |u|2 = 1}, where ψi is the normalized eigenfunction of (3.17) re-
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lated to the i-th eigenvalue µi. For any um ∈ Sm, we have

um =
m∑
i=1

ciψi with
m∑
i=1

c2
i = 1.

It follows that

I(σum) =
σ2

2
(−µ+

m∑
i=1

c2
iµi) +

σ4

4

∫
R3

φumu
2
mdx−

∫
R3

F (σum)dx, (3.20)

where σ > 0. By the second equation in (3.1), we see that
∫
R3 φumu

2
mdx ≤

|um|412/5. Combining this with the Sobolev inequality implies that there

exists C > 0 such that
∫
R3 φumu

2
mdx ≤ C‖um‖4. By assumption (H2), we

see that F (σum) ≥ 0 for small σ > 0. Based on these facts, it follows from

(3.20) that

I(σum) ≤ σ2

2
(−µ+

m∑
i=1

c2
iµi) + Cσ4‖um‖4. (3.21)

Under assumption that µ > µm, we have

−µ+
m∑
i=1

c2
iµi < −µ+ µm < 0.

Let σ0 > 0 be small enough, from (3.21) we obtain that

I(σ0um) ≤ σ2
0

2
(−µ+ µm) + Cσ4

0‖um‖4 < 0. (3.22)

Let S = {σ0u : u ∈ Sm}. Remark 2.4.5 implies the genus γ(S) = m. By

(3.22), we obtain that

sup
u∈S

I(u) ≤ σ2
0

2
(−µ+ µm) + Cσ4

0 < 0,

where we used the norm equivalence in finite dimensional space. By The-

orem 2.4.6 with B = S and X = E, we get that I owns at least m distinct

pairs of critical points {±ui}mi=1 with I(±ui) ≤ sup
u∈S

I(u) < 0. �

Proof of Theorem 3.3.5. Let u ∈ E be a solution of (3.1), then∫
R3

|∇u|2 + (W (x)− µ)u2dx+

∫
R3

φuu
2dx−

∫
R3

f(u)udx = 0. (3.23)

It follows from −∆φu = u2 and Hölder inequality that

2

∫
R3

|u|3dx ≤
∫
R3

|∇u|2dx+

∫
R3

φuu
2dx. (3.24)
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By combining (3.23) and (3.24), we deduce that∫
R3

(W (x)− µ)u2 + 2|u|3dx−
∫
R3

f(u)udx ≤ 0. (3.25)

On the other hand, by assumption (H1) , there exists a constant τ > 0 such

that |f(u)| ≤ τ(|u| + |u|p) for p ∈ (1, 2). Combining this inequality with

assumption (W2) implies that∫
R3

(W (x)− µ)|u|2 + 2|u|3dx−
∫
R3

f(u)udx

≥
∫
R3

(W (x)− µ)|u|2 + 2|u|3 − τ |u|2 − τ |u|p+1dx

≥
∫
R3

(−µ− τ)|u|2 + 2|u|3 − τ |u|p+1dx (3.26)

Combining (3.25) with (3.26), we get that∫
R3

(−µ− τ)|u|2 + 2|u|3 − τ |u|p+1dx ≤ 0. (3.27)

Let h(t) := −µ−τ+2t−τtp−1. By calculation, we get that t0 = ( 2
τ(p−1)

)
1
p−2

is the unique minimizer of h(t) when p ∈ (1, 2). LetCp = (2/(p−1))
p−1
p−2 (2−

p) > 0 for p ∈ (1, 2). If µ < −τ 1
2−pCp − τ < 0, then h(t) ≥ h(t0) ≥ 0 holds

for all t ∈ R. Therefore, the inequality (3.27) implies that u(x) = 0 for

almost everywhere x ∈ R3 when µ < −τ 1
2−pCp − τ . �



Chapter 4

A class of elliptic equations

with nonlocal nonlinearity

4.1 General

We investigate the nonlinear elliptic equation (1.2) with V (x) = |x|2 − µ,

which is equivalent to the following system, −∆u+ (|x|2 − µ)u+ λφ(x)|u|q−2u = |u|p−1u, x ∈ R3,

−∆φ = |u|q, lim|x|→+∞ φ(x) = 0,
(4.1)

where |x|2 is the harmonic potential, p, q > 1, λ, µ ∈ R. If |u|q is integrable,

φ(x) = 1
4π

∫
R3

|u(y)|q
|x−y| dy is the nonlocal nonlinearity. If q = 2 and u is a

solution of (4.1), then, ψ(x, t) = e−iµtu(x) is the standing waves of the

following Schrödinger system iψt −∆ψ + |x|2ψ + λφ(x, t)ψ = |ψ|p−1ψ, x ∈ R3, t > 0

−∆φ(x, t) = |ψ|2,

which arises in the study of quantum mechanics such as the Hartree-Fock

equations and the Kohn-Sham equations [14, 15, 82, 91, 92, 94, 100].

Many authors have studied the model (4.1) under various conditions

(see [9, 66, 70, 85]). For the model (4.1) on a bounded domain, the authors

29
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in [9] studied the existence of solutions of the system below,
−∆u− λ|u|q−2uφ+ |u|p−1u = 0, x ∈ Ω,

−q∆φ = 2λ|u|q, x ∈ Ω,

u = φ = 0, on ∂Ω

where Ω is a bounded domain with smooth boundary ∂Ω, p ∈ (1, 5), λ > 0

and q > 1. They obtained that there are at least one nontrivial solution

for λ ∈ (0, λ0) with λ0 > 0 and p ∈ (1, 5). If the value of V (x) is constant,

and the nonlinear term |u|p−1u is replaced by the general nonlinearity f(u),

(4.1) is equivalent to −∆u+ bu+ λφ|u|q−2u = f(u), x ∈ R3,

−∆φ = |u|q, x ∈ R3,
(4.2)

where b > 0 and q ∈ [2, 5). The authors in [66] proved the existence of

positive radially symmetric solutions of the system (4.2) for the subcritical

case q ∈ [2, 5). They showed that there are at least one radially symmetric

positive solution of (4.2) for λ ∈ [0, λ0) with λ0 > 0. For the case q = 5,

the existence of solution to (4.2) was considered in [70,85]. Moreover, some

useful inequality related to (4.2) was established, and for more details the

reader is referred to Theorem 1 and Theorem 4 in [85].

In particular, for q = 2, system (4.1) becomes the following form −∆u+ V (x)u+ λφu = |u|p−1u, x ∈ R3,

−∆φ = u2, lim
|x|→∞

φ(x) = 0, x ∈ R3,
(4.3)

which is called the Schrödinger-Poisson system. This system arises from

studying the Schrödinger equation combined with the Poisson equation. If

V (x) ≡ 1 and λ = 1, the existence of a radial positive solution of (4.3) for

p ∈ (2, 5) was obtained in [32, 91]. If λ > 0 and p ∈ (1, 5), the existence

of multiple solutions to this system can be proved [4, 91, 98]. When V (x)

is not a constant, this system was also considered by many other authors

[57,67,86,125,126]. Recently, Jiang-Wang-Zhou [55] and Jiang-Wei-Wu [56]

studied the existence of ground state solution, multiple solutions and the

symmetry of solutions to some more general systems with nonlinearities.
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Inspired by the works mentioned above, we consider the existence and

radially symmetric property of solutions of (4.1) with q ∈ [2, 5), µ ∈ R and

V (x) = |x|2. For more information about the harmonic potential |x|2, we

refer the interested reader to [30].

Before presenting the main results, we introduce some notations, defi-

nitions and recall some useful inequalities related to the second equation

(Poisson equation) in (4.1). Let || · || and | · |k, respectively, be the standard

norms of H1(R3) and Lk(R3) with k ∈ (1,+∞). Denote

D1,2(R3) = {u ∈ L6(R3) : |∇u| ∈ L2(R3)},

H = {u ∈ D1,2(R3) :

∫
R3

|x|2u2dx <∞}.

Clearly H ⊂ H1(R3) and H is a Hilbert space. The scalar product and the

norm are given by

〈u, v〉H =

∫
R3

∇u∇v + |x|2uvdx and ‖u‖2H = 〈u, u〉H .

If u ∈ L 6q
5 (R3), by Lemma 2.1 of [91], we deduce that −∆φ = |u|q with

q ∈ [2, 5) has a unique solution in D1,2(R3) with the form

φ(x) := φu(x) =
1

4π

∫
R3

|u|q(y)

|x− y|
dy, for any u ∈ L

6q
5 (R3), (4.4)

and

‖∇φu(x)‖2 6 C‖u‖q6q/5,
∫
R3

φu(x)u2dx 6 C‖u‖2q6q/5. (4.5)

For u ∈ H , we define the variational functional of (4.1) as follows:

I(u) =
1

2

∫
R3

|∇u|2 + (|x|2 − µ)u2dx

− 1

p+ 1

∫
R3

|u|p+1
dx+

λ

2q

∫
R3

φu(x)|u|qdx

By (4.5), I is well defined and I ∈ C1(H,R) with

(I ′(u), v) =

∫
R3

∇u∇v + (|x|2 − µ)uvdx

+ λ

∫
R3

φu(x)|u|q−2uvdx−
∫
R3

|u|p−1
uvdx

for all v ∈ H with p ∈ (1, 5).
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The rest of the chapter is organized as follows. Section 4.2 discusses the

properties of the variational I(u). Section 4.3 establishes various results for

the existence and nonexistence of nontrivial solutions to (4.1). Section 4.4

studies the symmetric property of the ground state solutions, and Section

4.5 establishes the condition for the existence of multiple solutions of (4.1).

4.2 The property of variational functional

We find that I with 1 < p < q < 5 is bounded in H from below, for all

λ > 0, which also implies that I satisfies the (PS)c condition in H . We

give conclusions via the lemmas below.

Lemma 4.2.1. Assume that 1 < q < 5. If φu is the solution of−∆φ = |u|q with

u ∈ D1,2(R3), then the following inequality holds√
λ/4q

∫
R3

|u|q+1dx ≤ 1

4

∫
R3

|∇u|2dx+
λ

4q

∫
R3

φu|u|qdx. (4.6)

Proof. Let Ω+ = {x ∈ R3 : u(x) > 0}. By multiplying both sides of

−∆φ = |u|q with u+(x) = max{u(x), 0}, one has∫
Ω+

∇φu∇udx =

∫
Ω+

|u|q+1dx.

Let Ω− = {x ∈ R3 : u(x) < 0}, similarly, we get∫
Ω−

∇φu∇udx =

∫
Ω−

|u|q+1dx.

It follows that ∫
R3

∇φu∇udx =

∫
R3

|u|q+1dx.

The above equality together with the Young’s inequality yields√
λ/4q

∫
R3

|u|q+1dx ≤ 1

4

∫
R3

|∇u|2dx+
λ

4q

∫
R3

|∇φu|2dx. (4.7)

At the same time, we know that∫
R3

|∇φu|2dx =

∫
R3

φu|u|qdx. (4.8)

Then (4.6) holds by combining (4.7) and (4.8).
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Lemma 4.2.2. Assume 1 < p < q < 5. For any µ ∈ R and λ > 0, the sequence

{un} ⊂ H with I(un) ≤ C is bounded.

Proof. Followed by (4.6), we have√
λ/4q

∫
R3

|un|q+1dx ≤ 1

4

∫
R3

|∇un|2dx+
1

4q
λ

∫
R3

φun |un|qdx. (4.9)

Let cq,λ =
√
λ/4q and θ = 2

p+1
[ 1
(q+1)cq,λ

]
q−1
q−p , we see that

1

p+ 1
|t|p+1 ≤ θλ

2
t2 + cq,λ|t|q+1, ∀ t ∈ R. (4.10)

It follows from (4.9) and (4.10) that∫
R3

[
1

4
|∇u|2 +

λ

4q
φu|u|q −

1

p+ 1
|u|p+1

]
dx ≥ −θλ

2

∫
R3

u2dx, ∀ u ∈ H.

Therefore, for λ > 0, p ∈ (1, q) and u ∈ H , we get

I(u) ≥
∫
R3

[
1

4
|∇u|2 +

1

2
(|x|2 − θλ − µ)u2

]
dx+

λ

4q

∫
R3

φu|u|qdx,

which implies that∫
R3

[
1

4
|∇un|2 +

1

2
(|x|2 − θλ − µ)u2

n

]
dx+

λ

4q

∫
R3

φun |un|qdx ≤ C, (4.11)

Now we prove that {|un|2} is bounded. If not, |un|2
n→ +∞. Let vn = un

|un|2 ,

and |vn|2 = 1. Then, multiplying (4.11) by 1
|un|22

, we get∫
R3

[
1

4
|∇vn|2 +

|x|2

2
v2
n

]
dx+

λ

4q
|un|2q−2

2

∫
R3

φvn |vn|qdx

≤ θλ + µ

2
+

C

|un|22
. (4.12)

Thus, {vn} is bounded in H and has a convergent subsequence. Suppose

that vn
n
⇀ v weakly in H , then we have∫

R3

φvn |vn|qdx
n→
∫
R3

φv|v|qdx.

By (4.12) and |un|2
n→ +∞, we get that

∫
R3 φvn |vn|qdx

n→ 0. Then

0 = lim
n→+∞

∫
R3

φvn |vn|qdx =

∫
R3

φv|v|qdx =

∫
R3

|∇φv|2dx,

which indicates that v = 0 a.e. in R3. The result contradicts the fact that

|v|2 = lim
n→+∞

|vn|2 = 1, where we have used the compactness of embedding

from H to L2(R3). Because {un} is bounded in L2(R3), {un} is bounded in

H by (4.11). �
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Lemma 4.2.3. Assume that 1 < p < q < 5. For any µ ∈ R and λ > 0,

I(u) ∈ H is bounded from below.

Proof. We setH = {u ∈ H : I(u) < 0}∪{u ∈ H : I(u) ≥ 0}. Obviously,

{u ∈ H : I(u) < 0} ⊂ H is a bounded set. Followed by the definition of I

and H ↪→ Lp+1(R3), we have that there is a constant C1 > 0 such that

inf
u∈H

I(u) = inf
{u∈H:I(u)<0}

I(u) ≥ inf
{u∈H:I(u)<0}

−1

p+ 1

∫
R3

|u|p+1dx

≥ inf
{u∈H:I(u)<0}

−C1

p+ 1
‖u‖p+1 > −∞. �

4.3 Existence of nontrivial solutions

In this section, three theorems are developed, which establish the condi-

tions for the existence and nonexistence of the nontrivial solutions of (4.1)

upon the value of parameters µ and λ.

Before presenting the theorems, we first state the following eigenvalue

problem

−∆u+ |x|2u = µu, x ∈ R3. (4.13)

There exist eigenvalues {µi}+∞i=1 of problem (4.13) such that µi
i→ +∞.

Obviously, µ1 > 0. For each i ∈ N, we denote by ϕi the eigenfunction

corresponding to µi.

Theorem 4.3.1. Suppose that 1 < p < q < 5. For µ ≥ µ1, there exists a ground

state solution u0 of (4.1) for all λ > 0. Moreover, I(u0) = c0 < 0.

For the case µ < µ1, (4.1) has a non-trivial solution under the constraint

that λ > 0 is small; (4.1) has only trivial solution as λ > 0 is large, as

detailed in the following two theorems.

Theorem 4.3.2. Suppose that 1 < p < q < 5 and λ > 0. For µ < µ1, there

exists Λ > 0 such that problem (4.1) has trivial solution only if λ ≥ Λ.

Theorem 4.3.3. Suppose that 1 < p < q < 5 and µ < µ1. Then there is

a λ0 > 0 such that for any λ ∈ (0, λ0), (4.1) has a ground state solution u0

with I(u0) < 0. Moreover, (4.1) has a solution w of mountain pass type with

I(w) > 0.
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The proofs of the three theorems are given below.

Proof of Theorem 4.3.1. Recalling that ϕ1 is the eigenfunction corre-

sponding to the first eigenvalue of the operator−∆+ |x|2. The assumption

that 1 < p < q < 5 implies that p+ 1 < q + 1 < 2q. For µ ≥ µ1, if l > 0 is

small enough,

I(lϕ1) =
l2

2

∫
R3

|∇ϕ1|2 + (|x|2 − µ)ϕ2
1dx+

λl2q

2q

∫
R3

φϕ1
|ϕ1|qdx

− lp+1

q + 1

∫
R3

|ϕ1|p+1dx,

= (µ1 − µ)
l2

2

∫
R3

ϕ2
1dx+

λl2q

2q

∫
R3

φϕ1
|ϕ1|qdx

− lp+1

p+ 1

∫
R3

|ϕ1|p+1dx < 0.

By applying Lemma 4.2.3, we get that I(u) is bounded from below. Hence

we have

c0 = min
u∈H

I(u) < 0.

By using Lemma 4.2.3 again, we see that I(u) is coercive. So there exists a

point u0 ∈ H such that I(u0) = c0 < 0 and I ′(u0) = 0. �

Proof of Theorem 4.3.2. For any ε ∈ [0, 1), let

Fε(u) = (1− ε)
∫
|∇u|2dx+

∫
|x|2u2dx.

Then there exists ϕε ∈ H such that µε = Fε(ϕε) = inf
|ϕ|2=1

Fε(ϕ) and

µε ≤ Fε(e1) ≤ F0(e1) = µ1.

It follows that
∫
|∇ϕε|2dx ≤ µ1

1−ε and hence

0 ≤ µ1 − µε = inf
|u|2=1

F0(u)− inf
|u|2=1

Fε(u) ≤ F0(ϕε)− Fε(ϕε)

= ε

∫
|∇ϕε|2dx

≤ εµ1

1− ε
.

That is, lim
ε→0

µε = µ1. For δ0 ∈ (0, µ1−µ
2

) small, there exists a small ε0 > 0

such that µ1 − δ0 < ε0. Hence,

(µ1 − δ0)

∫
R3

u2dx < inf
|u|2=1

(1− ε0)

∫
R3

|∇u|2dx+

∫
R3

|x|2u2dx.
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As a result of (4.4), we have

I ′(u)u =

∫
R3

(1− ε0)|∇u|2 + (|x|2 − µ1 + δ0)u2dx+ ε0

∫
R3

|∇u|2dx

+ (µ1 − µ− δ0)

∫
R3

|u|2dx+ λ

∫
R3

φu|u|qdx−
∫
R3

|u|p+1dx.

≥ ε0

∫
R3

|∇u|2dx+ (µ1 − µ− δ0)

∫
R3

|u|2dx

+ λ

∫
R3

φu|u|qdx−
∫
R3

|u|p+1dx

≥
∫
R3

(µ1 − µ− δ0)|u|2 + 2
√
ε0λ|u|p+1 − |u|q+1dx.

Because of µ1 − µ− δ0 > 0 and 2 < p+ 1 < q + 1, there is a large constant

Λ > 0 such that I ′(u)u > 0 for all u ∈ H1 \ {0}when λ ≥ Λ. �

Proof of Theorem 4.3.3. If λ = 0, it is easy to know that inf I(u) = −∞.

That is, there exists ϕ1 ∈ H such that I(ϕ1) < 0. On the other hand, we

observe that lim
λ→0

I(ϕ1) = I0(ϕ1) < 0. Hence, inf I(u) < 0 if λ > 0 is small

enough. By using Lemma 4.2.3, we have inf I(u) > −∞when λ > 0. Since

I(u) is coercive, we get that there exists u0 ∈ H such that I(u0) = c0 < 0

and I ′(u0) = 0.

On the other hand, it is shown that I(0) = 0. If λ = 0, there exists

ρ, σ > 0 satisfying that

inf
‖u‖=ρ

I(u) > σ.

By the continuity of I(u), for each small λ > 0 there exist σλ > 0 and

ρλ ∈ (0, ‖u0‖) such that

inf
‖u‖=ρλ

I(u) > σλ.

By the mountain pass lemma (see Theorem 2.4.4 in Chapter 2), we get a

constant c1 > 0 and a sequence {un} ⊂ H such that

I(un)→ c1 > 0 and I ′(un)→ 0 in H, as n→ +∞.

It is showed that {un} is bounded by Lemma 4.2.3. So there exists u0 ∈ H
such that un

n→ u0 weakly in H . Noting the compactness of embedding

H ↪→ Lk for 2 < k < 6, it is easy to see that there exists a subsequence

{un} such that un
n→ w strongly in H . Thus, I ′(ω) = 0, I(ω) > 0 and ω is

a mountain pass type solution of (4.1). �
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4.4 The symmetry breaking for the solutions with

least energy

From Theorems 4.3.1 and 4.3.3, we see that (4.1) with µ > 0 has ground

state solutions. It is interesting to consider the symmetric property of those

ground state solutions.

In this section, we focus on the effects of external potential function on

the symmetry of the solutions with least energy. We show that solutions

with least energy of (4.1) for p ∈ ( 8q−5
7
, q) are not radially symmetric under

the effects of harmonic potential.

Firstly, we give some geometric properties of the functional I as follows.

For any a > 0, let v(x) = a
1

2(q−p)u(a
p−1

4(q−p)x), then we have

a
p−5

4(q−p)

∫
R3

|∇v|2 − a
p−1

2(q−p)µv2dx =

∫
R3

|∇u|2 − µu2dx,

∫
R3

|x|2v2dx =

∫
R3

|x|2a
1

(q−p)u2(a
p−1

4(q−p)x)dx = a
9−5p

4(q−p)

∫
R3

|x|2u2dx,∫
R3

|v|p+1dx = a
5−p

4(q−p)

∫
R3

|u|p+1dx,

and ∫
R3

|v(x)|q|v(y)|q

|x− y|
dx = a1+ 5−p

4(q−p)

∫
R3

|u(x)|q|u(y)|q

|x− y|
dx.

The above equalities imply that

I(u) =
1

2

∫
|∇u|2 + (|x|2 − µ)|u|2dx+

λ

2q

∫
φu|u|qdx−

1

p+ 1

∫
|u|p+1dx

= a
p−5

4(q−p)

(
1

2

∫
|∇v|2 +

[
a
p−1
q−p |x|2 − a

p−1
2(q−p)µ

]
|v|2dx

)
+ a

p−5
4(q−p)

(
λa−1

2q

∫
φv|v|qdx−

1

p+ 1

∫
|v|p+1dx

)
.

Let a = λ, we introduce the following functional.

J =
1

2

∫
|∇v|2 +

1

2q

∫
φv|v|qdx−

1

p+ 1

∫
|v|p+1dx

+ λ
p−1

2(q−p)

∫
R3

(λ
p−1

2(q−p) |x|2 − µ)|v|2dx.

Then,

I(u) = λ
p−5

4(q−p)J(v). (4.14)
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Let Hr = {u ∈ H(R3) : u(x) = u(|x|)}, we get that

λ
p−5

4(q−p) inf
u∈Hr

J(u) = inf
u∈Hr

I(u). (4.15)

In fact, for any u ∈ Hr, we have λ
1

2(q−p)u(λ
p−1

4(q−p)x) ∈ Hr. Thus,

I(u) = λ
p−5

4(q−p)J(λ
1

2(q−p)u(λ
p−1

4(q−p)x)) ≥ λ
p−5

4(q−p) inf
u∈Hr

J(u),

which implies that

inf
u∈Hr

I(u) ≥ λ
p−5

4(q−p) inf
u∈Hr

J(u).

For any u ∈ Hr, let w = λ−
1

2(q−p)u(λ−
p−1

4(q−p)x), we have w ∈ Hr and

λ
1

2(q−p)w(λ
p−1

4(q−p)x) = u(x). It follows from (4.14) that

λ
p−5

4(q−p)J(u) = λ
p−5

4(q−p)J(λ
1

2(q−p)w(λ
p−1

4(q−p)x)) = I(w) ≥ inf
v∈Hr

I(v),

which implies that inf
u∈Hr

I(u) ≥ λ
p−5

4(q−p) inf
u∈Hr

J(u). Thus (4.15) holds. Simi-

larly, we also have

λ
p−5

4(q−p) inf
u∈H

J(u) = inf
u∈H

I(u). (4.16)

Then we have the following lemma.

Lemma 4.4.1. Assume that p ∈ ( 8q−5
7
, q) and a positive constant µ < 1

2S
6

√
3
π

.

There exists a constant C > 0 (independent of λ > 0 ) such that inf
u∈H1

r

J(u) >

−C.

Proof. Let Ωµ = {x ∈ R3 : λ
p−1

2(q−p) |x|2 < µ}. By using the Cauchy

inequality and the Sobolev inequality, we get∣∣∣∣∣
∫

Ωµ

(λ
p−1

2(q−p) |x|2 − µ)v2dx

∣∣∣∣∣ ≤ S2|∇v|22

(∫
Ωµ

|λ
p−1

2(q−p) |x|2 − µ| 32dx
)2/3

= λ
−(p−1)
2(q−p) S2|∇v|22

(∫
|x|2<µ

||x|2 − µ| 32dx
)2/3

.

By the Cauchy inequality, we get that(∫
|x|2<µ

||x|2 − µ| 32dx
)2/3

≤
(∫
|x|2<µ

dx

)1/3 (∫
|x|2<µ

||x|2 − µ|3dx
)1/3

< 2µ2.
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It follows that∣∣∣∣∣
∫

Ωµ

(λ
p−1

2(q−p) |x|2 − µ)v2dx

∣∣∣∣∣ ≤ 2λ
−(p−1)
2(q−p) S2µ2

∫
|∇v|2dx.

Let β = 1− 4S2µ2 3
√

π
3

. Since q < p, we get that β > 0 as µ < 1
2S

6

√
3
π

.

J(v) ≥ β

2

∫
|∇v|2dx+

1

2q

∫
φv|v|qdx−

1

q + 1

∫
|v|q+1dx

.
= Φ(v).

Now we prove that Φ is coercive in Hr. For any v ∈ Hr, define the func-

tionals A,M : Hr → R as follows,

A(u) =

∫
R3

φu|u|qdx,

M(u) = β

∫
R3

|∇u|2dx+A(u).

Clearly, M(u) > 0 for any u ∈ Hr\{0}. Let

τ = [M(u)]
q−1
q−5 , w(x) = τ

2
q−1u(τx).

Then, ∫
R3

|u|p+1dx = τ 3− 2(p+1)
q−1

∫
R3

|w|p+1dx, (4.17)

and

M(w) = τ
5−q
q−1M(u) = 1.

It follows from p ∈ ( 8q−5
7
, q) and Theorem 4 in [85] that,

|u|2p+1 ≤ K
[
β

∫
R3

|∇u|2dx+ (A(u))
1
q

]
, ∀ u ∈ Hr

where K > 0 is a constant. Since M(w) = 1 and max
t≥0

(t
1
q − t) = q−1

q
qq−1,

we get that

|w|2p+1 ≤ K[β

∫
R3

|∇w|2dx+ (A(w))
1
q ]

= K[M(w) + (A(w))
1
q −A(w)]

≤ K(1 +
q − 1

q
qq−1). (4.18)

Followed by (4.17) and (4.18), we have that, for any u ∈ Hr\{0},

Φ(u) ≥ 1

4
M(u)− 1

q + 1

∫
R3

|u|q+1dx

=
1

4
M(u)− 1

q + 1
[M(u)]

2q−1
3

∫
R3

|w|q+1dx

≥ 1

4
M(u)−K1[M(u)]

2q−1
3 , (4.19)
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where K1 = 1
q+1

( 5
4
K)

q+1
2 . Note that 2(5−q)

5−p − 1 = 1 − 2(q−p)
5−q ∈ (0, 1) for

p ∈ ( 8q−5
7
, q), it follows from (4.19) that

β

2

∫
|∇v|2dx+

1

2q

∫
φv|v|qdx−

1

q + 1

∫
|v|q+1dx ≥ −C >∞

holds for some constant C. �

Let S = inf
u∈H1(R3)

|∇u|2
|u|6 . We can then establish the following theorem

which shows that the ground state solutions of (4.1) are nonradial if λ, µ >

0 are small.

Theorem 4.4.2. Assume q ∈ [2, 5), p ∈ ( 8q−5
7
, q) and µ ∈ (0, 1

2S
6

√
3
π

). Then

there exists λ1 > 0 such that any ground state of problem (4.1) must be nonradial

for 0 < λ < λ1.

Remark 4.4.3. The symmetry breaking property of the ground states to problem

(4.1) has been investigated in [92] (or [55]) specially for q = 2. Theorem 4.4.2 is

more general than the results in [92] (or [55]).

The proof of the theorem is given below.

Proof of Theorem 4.4.2. Since p < q, by Theorem 1.5 in [92], there

exists {un} ⊂ C∞0 (R3) such that
∫
R3 |un|p+1dx

n→+∞→ +∞ and

1

2

∫
R3

|∇un|2dx+
1

4qπ

∫
R6

|un|q(x)|un|q(y)

|x− y|
dxdy ≤ 1.

Let C be as given by Lemma 4.4.1 and choose large n0 ∈ N such that∫
R3 |un0

|q+1dx > (q + 1)(C + 2). Since un0
∈ C∞0 (R3), we may assume

that supp(un0
) ⊂ B(0, R) for some R > 0. Then,∫

R3

|x|2|un0
|2dx ≤ R2

∫
R3

|un0
|2dx,

There exists a small constant λ1 > 0 such that

λ
p−1
q−p

1

2

∫
R3

|x|2|un0
|2dx ≤ λ

p−1
q−p

R

2

∫
R3

|un0
|2dx < 1, for 0 < λ < λ1.

For 0 < λ < λ1, it follows that

J(u) ≤ 1

2

∫
R3

|∇un|2dx+
1

4πq

∫
R6

|un|q(x)|un|q(y)

|x− y|
dxdy

+ λ
p−1
q−p

1

2

∫
R3

|x|2|un0
|2dx− 1

p+ 1

∫
R3

|un|p+1dx

< −C.
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We get

inf
u∈H

J(u) ≤ Jλ(un0
) < −C.

This inequality together with Lemma 4.4.1 implies that

inf
u∈H

J(u) < inf
u∈Hr

J(u) (4.20)

holds for 0 < λ < λ1. From (4.15), (4.16) and (4.20) we get

inf
u∈H

I(u) < inf
u∈Hr

I(u) for small λ ∈ (0, λ1),

which implies that the ground state solutions are non-radially symmetric.

4.5 Existence of multiple solutions

In this section, we establish and prove the existence of multiple solutions

to (4.1) by using the Clark’s theorem and index theory.

Theorem 4.5.1. Assume 1 < p < q < 5 , λ > 0. For µ > µi with i = 2, 3, · · · ,
problem (4.1) has i pairs of solutions ±ui.

Proof. By Lemmas 4.2.3, we obtain that I is bounded below, and satisfies

the (PS)c condition. Let ϕk be the eigenfunction of (4.13) corresponding to

µk. Define

Sk = {u ∈
k⊕
j=1

Rϕi, |u|2 = 1}.

It follows that, for any uk ∈ Sk,

uk =
k∑
i=1

ciϕi with
k∑
i=1

c2
i = 1.

If µ > µk, we have

−µ+
k∑
i=1

c2
iµi < µk − µ < 0.

Thus, for l > 0 small,

I(luk) =
1

2
(−µ+

k∑
i=1

c2
iµi)l

2 +
l2qλ

2q

∫
R3

φuk |uk|qdx−
lp+1

4

∫
R3

|uk|p+1dx

≤ 1

2
(µk − µ)l2 + Cl2qλ‖uk‖2q −

lp+1

4

∫
R3

|uk|p+1dx

≤ 1

2
(µk − µ)l2 + Cl2qλ < 0,
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which indicates that

sup
u∈S

I(u) ≤ 1

2
(ω + µk)l

2 + Cl4λ < 0,

where S = {lu : u ∈ Sk}. Remark 2.4.5 implies that γ(S) = k. Setting

B = S, E = H1(R3) in Theorem 2.4.6, we get that I has at least k distinct

pairs of critical points {±ui}ki=1 with I(±ui) = ci < 0.



Chapter 5

A class of nonlinear elliptic

equations without variational

structure

5.1 General

We consider the nonlinear elliptic equation (1.3), which is equivalent to the

system below,
−∆u+ V (x)u+ λφ(x)|u|r−2u = |u|p−1u, x ∈ Ω,

−∆φ(x) = |u|q, x ∈ Ω,

φ(x) = u(x) = 0 for x ∈ ∂Ω,

(5.1)

where p, q, r > 1 are nonlinear exponents, λ is a parameter, V (x) is a poten-

tial and Ω = R3 or Ω ⊂ R3 is bounded. For the case Ω = R3, φ(x) = u(x) =

0 for x ∈ ∂Ω in this chapter means that lim
|x|→+∞

φ(x) = lim
|x|→+∞

u(x) = 0.

When q = r = 2, (5.1) was introduced to study the standing waves of the

Schrödinger-Poisson equation, which apppears in the mean field theory for

the Hartree Fock model, and the reader is referred to [2, 58, 82, 94, 100] for

details.

43
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When q = r ∈ [2, 5), the elliptic system (5.1) is the Euler-Lagrange

equation in regard to the functional Iλ : H1
0 (Ω)→ R,

Iλ(u) =
1

2

∫
Ω

|∇u|2 + V (x)u2dx− 1

p

∫
Ω

|u|p+1dx

+
λ

2q

∫
Ω×Ω

G(x, y)|u(x)|q|u(y)|qdxdy
(5.2)

where G(x, y) is the Green function for the Laplace operator, which was

defined in the domain Ω with homogeneous Dirichlet boundary conditions

[9, 32, 66, 93]. For the special case q = r ∈ [2, 5), one could obtain the

existence of nontrivial solutions by seeking the nontrivial critical points of

the functional Iλ in (5.2), for details see [9, 93] for the case when Ω ⊂ R3 is

bounded, and [4,8,66,85,91,115,126] for the case when Ω = R3. In general,

the existence of nontrivial solution is related to the value of the parameter λ

in the case q = r. For q = r = 2, (5.1) has a positive solution for p ∈ (1, 2),

when λ > 0 is small. However, (5.1) with p ∈ (1, 2) has only trivial solution

when λ > 0 is large, as shown in [93]. Similar conclusions for (5.1) with

q = r ∈ [2, 5) were obtained in [9]. When q = r, the functional Iλ in (5.2)

and inequalities such as∫
R3

|u|q+1dx ≤ l2

2

∫
R3

|∇u|2dx+
1

2l2

∫
Ω×Ω

G(x, y)|u(x)|q|u(y)|qdxdy, l > 0.

(5.3)

play a key role in the study of the existence and nonexistence of nontrivial

solutions of (5.1) [9, 66, 93]. When q 6= r, we do not know the variational

functional of (5.1) as well as the related inequalities as (5.3). In the case

q 6= r, the variational method seems invalid in studying the existence and

nonexistence of nontrivial solution to (5.1).

In this chapter, we study system (5.1) for two cases, that is Ω = R3 and

Ω ⊂ R3 is bounded. The new contribution of this chapter include two

aspects. First, by establishing a priori estimates to the solution and apply-

ing the degree theory, we obtain results for nonexistence and existence of

solutions to (5.1) with general condition including q 6= r in the bounded

domain Ω, which are given respectively in Sections 5.2 and 5.3. The other

contribution is the establishment of the existence of nontrivial solutions in

the case Ω = R3, which is presented in Section 5.4.
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5.2 A priori estimate and nonexistence of solutions

to elliptic equations

In Section 5.2 and Section 5.3, we study (5.1) on the bounded domain Ω ⊂
R3. For the sake of simplicity, we restrict V (x) = 1. Therefore, we investi-

gate the following system
−∆u+ u+ λφ(x)|u|r−2u = |u|p−1u, x ∈ Ω,

−∆φ(x) = |u|q, x ∈ Ω,

φ(x) = u(x) = 0 for x ∈ ∂Ω,

(5.4)

Denote by H1
0 (Ω) the Sobolev space, and

H1
0 (Ω) =

{
u(x) ∈ L2(Ω) : |∇u(x)| ∈ L2(Ω)

}
.

As in [43], we also denote the collection of continuous function in Ω by

C(Ω). For α ∈ (0, 1) and m ∈ N, let

Cm(Ω) =
{
u ∈ C(Ω) : ∂lu ∈ C(Ω) for l = 1, 2, · · · ,m

}
,

Cm,α(Ω) =

{
u ∈ Cm(Ω) : sup

x,y∈Ω

|∂lu(x)− ∂lu(y)|
|x− y|α

<∞, l = 1, 2, · · · ,m
}
.

The pair (u, φ) ∈ H1
0 (Ω)×H1

0 (Ω) is called the weak solution of (5.4), if∫
Ω

∇φ∇vdx =

∫
Ω

|u|qvdx

and∫
Ω

∇u∇vdx+

∫
Ω

uvdx+ λ

∫
Ω

φ(x)|u|r−2uvdx−
∫

Ω

|u|p−1uvdx = 0,

hold for v ∈ H1
0 (Ω). If (u, φ) of (5.4) belongs to C2(Ω)×C2(Ω), then (u, φ)

is called a classical solution of (5.4).

Motivated by Lemma 3.1 of [57], we first establish the a priori estimate

to the weak solution of (5.4) in Lemma 5.2.1. Then, a theorem is established

for the nonexistence of solution to (5.4), followed by proofs of the Lemmas

and the theorems.
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Lemma 5.2.1. Let the domain Ω ⊂ R3 be bounded and λ > 0. Assume r, q ∈
(1, 5) and p ∈ (1,min{r, q}). If (u, φ) ∈ H1

0 (Ω)×H1
0 (Ω) is a weak solution of

(5.4), it follows that

|u(x)| 6Mp,q,r,λ, a.e. in x ∈ Ω,

where Mp,q,r,λ = r−p
r

[
p(p−1)

λr(q−1)

] p
r−p
(
q−p
q−1

) p(q−p)
(r−p)(p−1)

.

Theorem 5.2.2. For r, q ∈ (1, 5) and p ∈ (1,min{r, q}), let

cp,r,q =
p(p− 1)

r(q − 1)

(
r − p
r

) r−p
p
(
q − p
q − 1

) q−p
p−1

> 0.

Suppose Ω ⊂ R3 is bounded. If λ ≥ cp,r,q, we get that the weak solution of (5.4)

is trivial.

Remark 5.2.3. Let (u, φ) be a weak solution of (5.4). For the special case q = r =

2, by the inequality (5.3) with l2 = q = 2, it is obvious that∫
Ω

(u2 − |u|p+1 + |u|3)dx ≤ 0

holds for λ ≥ 1/4 and p ∈ (1, 2), which implies u = φ = 0 ( see Theorem 4.1

in [91] for details). However, it is not clear whether the inequality (5.3) holds when

r 6= q. Hence, the method established in [91] can not be applied directly to study

the nonexistence of solution of (5.4) without conditon r = q. At the same time,

for q = r = 2, we have p ∈ (1, 2) and cp,2,2 = p
2
(p − 1)( 2−p

2
)

2−p
p (2 − p)

2−p
p−1

by Theorem 5.2.2. If p ∈ (1, 2) is close to 1, then cp,2,2 < 1
4
, which shows that

Theorem 5.2.2 improves Theorem 4.1 in [91].

Proof of Lemma 5.2.1: Since (u, φ) ∈ H1
0 (Ω)×H1

0 (Ω) is a weak solution

of (5.4), one has∫
Ω

∇u∇vdx+

∫
Ω

uvdx+λ

∫
Ω

φ(x)|u|r−2uvdx−
∫

Ω

|u|p−1uvdx = 0, (5.5)∫
Ω

∇φ∇vdx =

∫
Ω

|u|qvdx, (5.6)

holds for any v ∈ H1
0 (Ω). Let ρp,q = p−1

q−1

(
q−p
q−1

) q−p
p−1

, multiplying both sides

of (5.6) by ρp,q and using (5.6), we have∫
Ω

∇u∇vdx+

∫
Ω

[u+ cp,q|u|q − |u|p−1u]vdx+ λ

∫
Ω

φ(x)|u|r−2uvdx

= ρp,q

∫
Ω

∇φ∇vdx, for any v ∈ H1
0 (Ω).

(5.7)
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On the basis of the above equalities, let

v1(x) = (u(x)− ρp,qφ(x))+ and Ω1 = {x ∈ Ω : v1(x) > 0}, (5.8)

then we have v1 ∈ H1
0 (Ω) and u(x) > ρp,qφ(x) > 0 for all x ∈ Ω1. Taking

v(x) = v1(x) in (5.7), we get∫
Ω1

∇u∇v1dx+

∫
Ω1

[u+ρp,q|u|q−|u|p−1u]v1dx 6 ρp,q

∫
Ω1

∇φ∇v1dx. (5.9)

If p ∈ (1, q), we have s + ρp,qs
q − sp > 0 for all s > 0. Then, (5.9) implies

that ∫
Ω1

∇u∇v1dx− ρp,q
∫

Ω1

∇φ∇v1dx 6 0.

That is, ∫
Ω1

∇(u− ρp,qφ)∇v1dx =

∫
Ω1

|∇v1|2dx = 0. (5.10)

Hence, |Ω1| = 0 or v1|Ω1
≡ constant. According to the definition of Ω1

and v1 ≡ 0 in Ω \ Ω1, we get that u(x) 6 ρp,qφ(x) a.e. in Ω. In the same

way, we replace u by −u and repeat the above procedure, then we get that

−u(x) 6 ρp,qφ(x). Hence,

|u(x)| 6 ρp,qφ(x) a.e. in x ∈ Ω. (5.11)

In the following, we prove that

|u(x)| 6Mp,q,r,λ ,
r − p
r

[
p(p− 1)

λr(q − 1)

] p
r−p
(
q − p
q − 1

) p(q−p)
(r−p)(p−1)

a.e.x ∈ Ω. Let

v2(x) = (u(x)−Mp,q,r,λ)+ and Ω2 = {x ∈ Ω : v2(x) > 0}, (5.12)

then v2 ∈ H1
0 (Ω) and u(x) > Mp,q,r,λ > 0 for x ∈ Ω2. It is easy to get that

max
s>0
{sp − λ

ρp,q
sr} = Mp,q,r,λ if p ∈ (1, r). It follows from (5.5) and (5.11)

that ∫
Ω2

∇u∇v2 + uv2dx 6
∫

Ω2

upv2 −
λ

ρp,q
urv2dx 6

∫
Ω2

Mp,q,r,λv2dx,

The above gives∫
Ω2

|∇(u−Mp,q,r,λ)+|2 + |(u−Mp,q,r,λ)+|2dx

=

∫
Ω2

∇[u−Mp,q,r,λ]∇v2 + [u−Mp,q,r,λ]v2dx 6 0,
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which shows that |Ω2| = 0. Hence u(x) 6 Mp,q,r,λ a.e in x ∈ Ω. Similarly,

−u(x) 6Mp,q,r,λ. Hence

|u(x)| 6Mp,q,r,λ, a.e. in x ∈ Ω. (5.13)

Proof of Theorem 5.2.2: Let (u, φ) ∈ H1
0 (Ω)×H1

0 (Ω) be a weak solution

of (5.4), then a standard argument shows that u ∈ C2(Ω). We get∫
Ω

|∇u|2dx+

∫
Ω

u2dx+ λ

∫
Ω

φ(x)|u|rdx =

∫
Ω

|u|p+1dx.

If u is nontrivial, it follows from λ > 0 that∫
Ω

u2dx <

∫
Ω

|u|p+1dx,

which implies that

‖u‖L∞(Ω) > 1 for p > 1. (5.14)

By Lemma 5.2.1, we get

|u(x)| 6 r − p
r

[
p(p− 1)

λr(q − 1)

] p
r−p
(
q − p
q − 1

) p(q−p)
(r−p)(p−1)

, for all x ∈ Ω. (5.15)

Combining (5.14) with (5.15), we have

λ < cp,r,q ,
p(p− 1)

r(q − 1)

(
r − p
r

) r−p
p
(
q − p
q − 1

) q−p
p−1

.

Hence, (u, φ) must be trivial when λ ≥ cp,r,q. �

5.3 Existence of solution to an elliptic equation

From Theorem 5.2.2, we see that the small value constraint of parameter

λ > 0 is necessary for the existence of nontrivial solution of (5.4) with

general nonlinear exponents p, q, r.

The existence of solutions of (5.4) is investigated below by using the

Leray-Schauder degree. For this reason, we consider (5.4) as a small per-

turbation of the nonlinear equation,

−∆u(x) + u(x) = |u|p−1u(x), x ∈ Ω. (5.16)
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Let X = C0,α(Ω) and X0 = {u ∈ X : u(x) = 0 for x ∈ ∂Ω} be the Banach

spaces equipped with the norm

‖u‖ = sup
x∈Ω
|u(x)|+ sup

x,y∈Ω

|u(x)− u(y)|
|x− y|α

.

For each f ∈ X0, we get that −∆φ = f(x) possesses a solution

φ(x) =

∫
Ω

G(x, y)f(y)dy,

and G(x, y) is the Green function of the Laplace operator in the bounded

domain Ω, which has Dirichlet homogeneous boundary condition. We get

a well-defined compact operator ∆−1 : X → X0 by

∆−1(f) =

∫
Ω

G(x, y)|f(y)dy.

Let u+ = max{u, 0}. For each p, q > 1, r ≥ 2 and λ ∈ R, we define the

bounded continuous operator as

Nλ : X → X by Nλ(u) = (u+)p − u− λ∆−1(|u|q)(u+)r−1.

By using Nλ, we establish a compact perturbation of the identity map Qλ :

X → X by

Qλ(u) = u−∆−1 ◦Nλ(u).

It follows that the zeroes ofQλ are the solutions of (5.4). To apply the Leray-

Schauder degree theory, we calculate the derivative of Qλ at u ∈ X by the

following linear operator Q′λ(u) : X → X ,

Q′λ(u)[v]

= v −∆−1[p(u+)p−1v − v − λ(r − 1)∆−1(|u|q)(u+)r−2v

−λq∆−1(|u|q−2uv)(u+)r−1].

For q, r ≥ 2, p > 1 and λ ∈ R, we see that the derivative Q′λ(u) with

u ∈ X is a well defined bounded linear operator in X .

Now we can establish the following lemmas.

Lemma 5.3.1. Let p ∈ (1, 5), q > 1 and r ≥ 2. Then there is a R > 0 and

λ0 > 0 such that

degLS[Qλ, B(0, R), 0] = 0,

holds for all λ ∈ (0, λ0).
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Proof: Since p ∈ (1, 5), by Theorem 1.1 of [34] and the Schauder esti-

mate, we get that the solution u of (5.16) has a priori estimate ‖u‖ < R

for a positive constant R. The zeroes of Q0 are the solutions of (5.16). This

implies that {u ∈ X : Q0(u) = 0} ⊂ B(0, R) ⊂ X . A standard argument

(see Theorem 2.1 in [34]) implies that

degLS[Q0, B(0, R), 0] = 0. (5.17)

By the definition of Q0, there is δ > 0 such that ‖Q0(u)‖ > δ for all ‖u‖ =

R. We get that

Qλ(u)−Q0(u)

= −λ∆−1[(r − 1)∆−1(|u|q)(u+)r−2v + q∆−1(|u|q−2uv)(u+)r−1],

then there is λ0 > 0 such that ‖Qλ(u)−Q0(u)‖ < δ for any 0 ≤ |λ| ≤ λ0 and

‖u‖ ≤ R. Therefore, Qλ(u) 6= 0 for all ‖u‖ = R. By using the homotopy

invariance of the Leray-Schauder degree (see Theorem 2.4.8 in Chapter 2

for detail), we get that

degLS[Qλ, B(0, R), 0] = degLS[Q0, B(0, R), 0]) = 0

holds for all |λ| ∈ (0, λ0). �

Lemma 5.3.2. Assume λ ∈ R, q, r ≥ 2 and p > 1. Let R > 0 be given by

Lemma 5.3.1. Then there is a small ε ∈ (0, R) such that

degLS[Qλ, B(0, ε), 0] = degLS[Q′λ(0), B(0, ε), 0] = 1.

Proof: We know that Qλ(0) = 0 and Q′λ(0) is the identity operator on

X . By the inverse function theorem, we get that there is a small ε ∈ (0, R)

such that u = 0 is the unique solution of Qλ(u) = 0 in B(0, ε) = {u ∈
X : ‖u‖ < ε}. By the definition of Leray-Schauder degree, as stated in

Definition 2.4.7 of Chapter 2, we see that

degLS[Qλ, B(0, ε), 0] = 1

and

degLS[Q′λ(0), B(0, ε), 0] = 1.
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�

The following theorem is then developed, establishing the condition for

the existence of a positive solution of (5.4) when λ is small.

Theorem 5.3.3. Suppose Ω ⊂ R3 is bounded . For any q, r ≥ 2 and 1 < p < 5,

there exists a small λ0 > 0 such that (5.4) has a positive solution when |λ| ∈
(0, λ0).

Proof: Let λ0 andR be the number as given by Lemma 5.3.1. Let ε be the

number as given by Lemma 5.3.2. For |λ| ∈ (0, λ0), the additivity property

of the Leray-Schauder degree (Theorem 2.4.8 in Chapter 2) implies that

degLS[Qλ, B(0, R) \B(0, ε), 0]

= degLS[Qλ, B(0, R), 0]− degLS[Qλ, B(0, ε), 0]

= −1.

That is, there is v ∈ {u ∈ X : ε ≤ ‖u‖ < R} such that Qλ(v) = 0. The

standard regularity theory shows that v ∈ C2
0 (Ω) is a classical solution of

−∆v(x) + v(x) + λ(v+(x))r−1

∫
Ω

G(x, y)|v(y)|qdy = (v+(x))p,

where |λ| ∈ (0, λ0). Followed by the Maximum principle, we obtain that

v(x) is positive.

5.4 Existence of solution to an elliptic equation with

nonlocal nonlinearity

In this section, we consider system (5.1) for the case Ω = R3. If Ω = R3, then

G(x, y) = 1
4π|x−y| . For simplicity, we let V (x) = P (x)+µ and λ = 1, where

µ is a parameter, then (5.1) is equivalent to the following elliptic equation

with nonlocal term,

−∆u+ (P (x) + µ)u+ |u|r−2u

∫
R3

|u(y)|q

4π|x− y|
dy = |u|p−1u, x ∈ R3 (5.18)

where p, q > 1, r ≥ 2. Here, we give more constraint on the potential

function as follows.
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(P1) P (x) ∈ C0,α
loc (R3,R) ∩ L∞(R3), α ∈ (0, 1).

We introduce some notation and recall some basic results for the elliptic

equations and the Schröinger operators. We denote the norm of Lk(R3)

space by ‖·‖Lk , the norm ofW 2,k(R3) by ‖·‖W 2,k , and the norm ofD2,k(R3)

by ‖ · ‖D2,k for 1 6 k 6 +∞. Let

∩+∞
k=2 W

2,k(R3) = { u | u ∈W 2,k(R3) for any 2 6 k < +∞}.

We define the operator S: W 1,2(R3) ⊂ L2(R3)→ L2(R3) by

Su = −∆u+ Pu (5.19)

where P ∈ L∞(R3). As is well known, the operator S is self-adjoint

in L2(R3) and bounded below ( [1], Theorem 1.1). In particular, setting

Λ = inf(σ(S)), where σ(S) denotes the spectrum of S, then we have

Λ > inf
x∈R3

P (x) > −∞. In the following, we assume that

(P2) inf
x∈R3

P (x) < lim inf
|x|→+∞

P (x) and the first eigenvalue Λ of S is negative.

(P3) There exist τ > 0, l > 3
4

such that P (x) > τ 2H(τ |x|), where H(r) =
2l((2l−1)r2−3)

(r2+1)2
.

Remark 5.4.1. We see that H(r) is a sign-changing function. Meanwhile, we

can check that P (x) = τ 2H(τ |x|) satisfies the assumptions (P2) and (P3).

Remark 5.4.2. Under assumptions (P1) and (P2), we get that Λ is a simple eigen-

value of operator S, and the first eigenfunction ϕ has the following properties

ϕ ∈ C2(R3) ∩ (∩+∞
k=1W

2,k(R3)),

Sϕ = Λϕ,

ϕ(x) > 0 for all x ∈ R3,

lim
|x|→∞

ϕ(x)eγ|x| = 0 for all γ <
√
−Λ.

(5.20)

Motivated by [37], by the upper and lower solutions method, we study

the existence of a positive solution of (5.18).

Since there is a nonlocal term in (5.18) , the main difficulty in the appli-

cation of the upper and lower solutions method is finding the appropriate

lower-solutions and upper-solutions to (5.18).
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The rest of this section is structured as follows. First, the definitions

of the lower-solution and upper-solution for the problem are presented,

then various lemmas are introduced as preliminaries for establishing the

existence results, followed by a theorem establishing the condition for the

existence of nontrivial solutions.

Definition 5.4.3. An upper-solution of (5.18) is a positive function ψ(x) ∈
C2(R3) which satisfies

−∆ψ + P (x)ψ + µψ + |u|r−2ψ

∫
R3

|u(y)|q

4π|x− y|
dy > ψp x ∈ R3,

where u(x) ∈ {v ∈W 2,2(R3) : 0 < u(x) 6 ψ(x) a.e x ∈ R3}.

Definition 5.4.4. A lower-solution of (5.18), comparing with the upper-solution

ψ(x), is a positive function ϕ(x) ∈ C2(R3) which satisfies

−∆ϕ+ P (x)ϕ+ µϕ+ |u|r−2ϕ

∫
R3

|u(y)|q

4π|x− y|
dy 6 ϕp x ∈ R3,

where u(x) ∈ {v ∈W 2,2(R3) : 0 < u(x) 6 ψ(x) a.e x ∈ R3}.

To establish the upper-solutions and lower-solutions for problem (5.18),

we establish the L∞ estimation of the potential
∫
R3

|u(y)|q
4π|x−y|dy in the lemma

below.

Lemma 5.4.5. Let φ(x) =
∫
R3

|u(y)|q
4π|x−y|dy, where u is a measurable function.

Assume that 0 6 u 6 ψ(x) = β

(1+d2|x|2)
l , where β is a positive parameter, and

the constants d 6= 0, l > 1
2
. Then φ(x) ∈ L∞(R3) and

φ(x) 6 β2(
1

(2l − 1)d4l
+

5

6
), for any x ∈ R3

.

Proof. Since 0 6 u 6 ψ(x), we get

4πφ(x) =

∫
R3

|y|−1|u(x− y)|pdy

6 βq
∫
|y|61

|y|−1(1 + d2|x− y|2)
−ql
dy

+βq
∫
|y|>1

|y|−1(1 + d2|x− y|2)
−ql
dy. (5.21)
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A simple calculation shows that

βq
∫
|y|61

|y|−1(1 + d2|x− y|2)
−ql
dy 6 βq

∫
|y|61

|y|−1dy = 2πβq, (5.22)

and

βq
∫
|y|>1

|y|−1(1 + d2|x− y|2)
−ql
dy

= βq
∫
|y|>1
|x−y|>|y|

|y|−1(1 + d2|x− y|2)
−ql
dy

+βq
∫
|y|>1

|x−y|6|y|

|y|−1(1 + d2|x− y|2)
−ql
dy. (5.23)

βq
∫
|y|>1
|x−y|>|y|

|y|−1(1 + d2|x− y|2)
−ql
dy

6 βq
∫
|y|>1

d−2ql|y|−2ql−1
dy

=
2

(2ql − 1)
πβqd−2ql. (5.24)

βq
∫
|y|>1

|x−y|6|y|

|y|−1(1 + d2|x− y|2)
−ql
dy

= βq
∫

1<|x−y|6|y|
|y|−1(1 + d2|x− y|2)

−ql
dy

+β2

∫
|y|>1
|x−y|61

|y|−1(1 + d2|x− y|2)
−2l
dy. (5.25)

βq
∫

1<|x−y|6|y|
|y|−1(1 + d2|x− y|2)

−ql
dy

6 βq
∫

1<|x−y|
d−2ql|x− y|−2ql−1

dy

=
2

(2ql − 1)
πβqd−2ql. (5.26)

βq
∫
|y|>1
|x−y|61

|y|−1(1 + d2|x− y|2)
−ql
dy

6 βq
∫
|x−y|61

(1 + d2ql|x− y|2ql)−1dy

6
4πβq

3
. (5.27)
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From (5.21)-(5.27), we get that

|φ(x)| 6 βq( 1

(2ql − 1)d2ql
+

5

6
)

for any x ∈ R3. �

Based on the estimates above, we establish the lower solutions and up-

per solutions of problem (5.18) under the assumptions (P1)− (P3).

Lemma 5.4.6. Assume that P (x) satisfies (P1), (P2) and (P3). Let d and l be

given in (P3). Then there is a constant µ̄ > 0. If µ ∈ (0, µ̄], we have ψ(x) =
β

(1+d2|x|2)
l with β ∈ (0, µ

1
p−1 ] is an upper-solution of (5.18). Let β < 1, ε > 0

and ϕ(x) > 0 is the first eigenfunction of the operator S defined in (5.19), then

εϕ(x) is a lower-solution of (5.18) comparing with the upper-solution ψ(x).

Proof: Let ψ(x) = β

(1+d2|x|2)
l with β > 0. A simple calculation implies

that ∆ψ(x) = d2H(d|x|)ψ(x) with H(|x|) = 2l((2l−1)|x|2−3)

(|x|2+1)2
. If follows from

(P3) and β ∈ (0, µ
1
p−1 ] that

∆ψ + ψp = d2H(d|x|)ψ + ψp

6 P (x)ψ + ψp

6 P (x)ψ + βp−1ψ

6 P (x)ψ + µψ + |u|r−2ψ

∫
R3

|u(y)|q

4π|x− y|
dy,

holds for all u(x) ∈ W 2,2(R3) with 0 < u(x) 6 ψ(x). That is, ψ(x) =
β

(1+d2|x|2)
l with β ∈ (0, µ

1
p−1 ] and d > 0 is an upper-solution of (5.18).

If u(x) ∈ W 2,2(R3) with 0 < u(x) 6 ψ(x), by applying Lemma 5.4.5

with β ∈ (0, µ
1
p−1 ], we get that∫

R3

|u(y)|q

4π|x− y|
dy + µ 6 µ+ βq(

1

(2ql − 1)d2ql
+

5

6
)

6 µ+ µ
q
p−1 (

1

(2ql − 1)d2ql
+

5

6
). (5.28)

Let f(µ) = µ + µ
q
p−1 ( 1

(2l−1)d4l
+ 5

6
). For p, q > 1, we know that f(µ) is

increasing in [0,+∞) and f(0) = 0. If Λ < 0, there exists µ̄ ∈ (0,+∞)

such that

−f(µ) ≥ Λ, ∀µ ∈ (0, µ̄]. (5.29)
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Then (5.28) and (5.29) imply that

−
∫
R3

|u(y)|q

4π|x− y|
dy − µ ≥ Λ

holds for all µ ∈ (0, µ̄) and u(x) ∈ W 2,2(R3) with 0 < u(x) 6 ψ(x). Let

Λ be given by (P2). Since ϕ is the first eigenfunction of the operator S, we

have

−∆εϕ+ P (x)εϕ = Λεϕ ≤ −µεϕ− εϕ
∫
R3

|u(y)|q

4π|x− y|
dy, x ∈ R3,

If β ∈ (0, 1), then 0 < u(x) 6 ψ(x) < 1 implies that |u|r−2 < 1. It follows

that

−∆εϕ+ P (x)εϕ = Λεϕ (5.30)

≤ −µεϕ− |u|r−2εϕ

∫
R3

|u(y)|q

4π|x− y|
dy + (εϕ)

p
, x ∈ R3,

holds for any ε > 0. By Definition 5.4.4 and (5.30), we see that εϕ(x) with

ε > 0 is a lower-solution of (5.18) comparing with the upper-solution ψ(x).

�

To develop and prove the theorem for the existence of solutions, the

following classical conclusions are needed.

Lemma 5.4.7 (Proposition 27 in [33]; Proposition 3 in [101]). Let c > 0, then

we have

(i) For each f ∈ Lk(R3), 1 6 k 6 ∞, there is a unique solution u = T f ∈
Lk(R3) such that −∆u(x) + cu(x) = f on R3 in the distribution sense.

(ii)For f ∈ Lk(R3), 1 < k < +∞, we have T f ∈ W 2,k(RN3); and there exists

C(k, c) such that ‖T f‖W 2,k 6 C(k, c)‖f‖Lk

Lemma 5.4.8 (Proposition 4.4, [103]). Assume that P (x) ∈ L∞(R3), and Λ is

the first eigenvalue of S, u ∈ ker(S − ΛI). If Λ < P∞ = lim inf |x|→∞ P (x),

then |u(x)| 6 C‖u‖L∞e−µ|x| for all x ∈ R3, where µ ∈ (0,
√
P∞ − Λ) and C is

a constant.

Let ψ(x) and ϕ(x) be given by Lemma 5.4.6. By Lemma 5.4.8, we know

that |ϕ(x)| 6 C‖ϕ‖L∞e−µ|x| for all x ∈ R3, where µ ∈ (0,
√
P∞ − Λ). Then

by the decay of ϕ(x) and ψ(x), if ε is small enough, we have

εϕ(x) < ψ(x) for all x ∈ R3. (5.31)
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To apply the iterative methods, the following lemma is needed.

Lemma 5.4.9. Assume that K > 0 is a constant, the functions w and v are

defined on R3. Consider the equation below,

−∆u(x) +Ku(x) = h(x,w, v), x ∈ R3, (5.32)

where h is a function on R3×R×R. ψ(x) and ϕ(x) are defined in Lemma 5.4.6.

For k > 1, α ∈ (0, 1) and small ε > 0, suppose that h, v and w satisfy

(h1) if v, w ∈ C2,α
loc (R3) ∩W 2,k(R3) and εϕ(x) 6 u(x) 6 ψ(x), then

h(x,w, v) ∈ C0,α
loc (R3) ∩ Lk(R3);

(h2) if u ∈ C2,α
loc (R3) ∩W 2,k(R3) and εϕ(x) 6 u(x) 6 ψ(x), then

h(x, u(x), εϕ(x)) 6 h(x, u(x), u(x))

6 h(x, u(x), ψ(x));

(h3) if u ∈ C2,α
loc (R3) ∩W 2,k(R3) and εϕ(x) 6 u(x) 6 ψ(x), then

−∆εϕ(x) +Kεϕ(x) 6 h(x, u(x), εϕ(x)),

−∆ψ(x) +Kψ(x) > h(x, u(x), ψ(x)).

Then there is a sequence {un} ⊂ C2,α
loc (R3) ∩W 2,k(R3) such that

−∆un+1(x) +Kun+1(x) = h(x, un, un)

and

εϕ(x) 6 un(x) 6 ψ(x).

Lemma 5.4.9 is similar to Lemma 3.2 in [58]. The proof is omitted here.

Now, we develop and prove the existence theorem.

Theorem 5.4.10. Suppose that P (x) satisfies (P1), (P2) and (P3), then there

is µ̄ ∈ (0,+∞) such that for any µ ∈ (0, µ̄], (5.18) has a positive solution

u0 ∈ C2,α
loc (R3) ∩ (∩+∞

k=2W
2,k(R3))
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Proof. Let µ̄ be given by Lemma 5.4.6 and K > 0. For v, w ∈ C2,α
loc (R3) ∩

(∩+∞
k=2W

2,k(R3)) and µ ∈ (0, µ̄], let

g(x,w, v) = vp +

(
K − µ− P (x)− |w|r−2

∫
R3

|w(y)|q

4π|x− y|
dy

)
v. (5.33)

Obviously, the function g satisfies the assumption (h1) of Lemma 5.4.9.

Equation (5.18) is equivalent to

−∆u(x) +Ku(x) = g(x, u, u). (5.34)

Let ψ be as given in Lemma 5.4.6. By Lemma 5.4.5, we get that
∫
R3

|u(y)|q
4π|x−y|dy

is bounded for all 0 < u 6 ψ. So, under the assumption (P1), there is

K > 0 large enough such that

K − µ− P (x)− |u|r−2

∫
R3

|u(y)|q

4π|x− y|
dy > 0, for any x ∈ R3, (5.35)

holds for all 0 < u 6 ψ. Let ϕ(x) and ε be given by Lemma 5.4.6. Followed

by (5.33) and (5.35), we have

g(x, u(x), εϕ(x)) ≤ g(x, u(x), u(x))

≤ g(x, u(x), ψ(x))

holds for εϕ(x) 6 u(x) 6 ψ(x). That is, the function g satisfies the as-

sumption (h2) of Lemma 5.4.9. For small ε > 0, by Lemma 5.4.6 we see

that εϕ and ψ are the lower-solution and upper-solution of (5.18). By the

definitions of lower-solution and upper-solution, we see that g satisfies the

assumption (h3) of Lemma 5.4.9.

Now we can apply Lemma 5.4.9 to establish a sequence of {un}+∞n+1. In-

deed, let u1 = εϕ(x), where ε is small enough such that (5.31) is valid. It is

easy to see that u1 ∈ C2,α
loc (R3)∩ (∩+∞

k=2W
2,k(R3)) by (5.20). By Lemma 5.4.9,

we get {un}+∞n=1 ⊂ C2,α
loc (R3) ∩ (∩+∞

k=2W
2,k(R3)) such that εϕ(x) 6 un(x) 6

ψ(x) and

−∆un+1(x) +Kun+1(x) = g(x, un, un), x ∈ R3, (5.36)

It is clear that ψ ∈ L2(R3) ∩ L∞(R3). Followed by (5.33), we get

‖g(x, un, un)‖Lk 6 C‖ψ‖Lk , (5.37)
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holds for any n > 1, 2 6 k < +∞, where C > 0 is independent on n.

Followed by (5.36), (5.37) and Proposition 5.4.7, we get

‖un‖W 2,k 6 C‖ψ‖Lk , (5.38)

for all n ∈ N and k ≥ 2. There is a subsequence of {un}+∞n=1, still denoted

by {un}+∞n=1 and u0 ∈ ∩+∞
k=2W

2,k(R3), such that

un ⇀ u0 weakly in any W 2,k(R3), as n→ +∞

where 2 6 k < +∞. It is obvious that

lim
n→∞

∫
R3

un(x)[−∆η(x) +Kη(x)]dx

=

∫
R3

lim
n→∞

un(x)[−∆η(x) +Kη(x)]dx

=

∫
R3

u0(x)[−∆η(x) +Kη(x)]dx, (5.39)

and

lim
n→∞

∫
R3

un(x)[K − µ− P (x)− up−1
n ]η(x)dx

=

∫
R3

u0(x)[K − µ− P (x)− up−1
0 ]η(x)dx (5.40)

holds for all η(x) ∈ C∞0 (R3). By (5.37) and the lower semi-continuous

property of the norm, we have

‖u0‖W 2,k 6 C‖ψ‖Lk

holds for all 2 6 k < +∞. Moreover we have εϕ(x) 6 u0(x) 6 ψ(x) since

εϕ(x) 6 un(x) 6 ψ(x) for any n > 1. By using the compactness results of

the embedding theorem and the decay of un(x) uniformly as |x| → +∞,

we deduce that un(x)→ u0(x) uniformly on x ∈ R3 as n→ +∞. It follows

from the Lebesgue’s dominated convergence theorem that

lim
n→∞

‖un − u0‖Lk = 0, for all k ≥ 2.

Followed by the Hardy-Littlewood-Sobolev inequality, we get∣∣∣∣∫
R6

|un(y)|q|un|r−2un(x)η(x)

4π|x− y|
dydx−

∫
R6

|u0(y)|q|u0|r−2u0(x)η(x)

4π|x− y|
dydx

∣∣∣∣
n→∞→ 0 (5.41)
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holds for all η(x) ∈ C∞0 (R3). Combining (5.33), (5.40) and (5.41), we get

lim
n→∞

∫
R3

{g(x, un, un)− g(x, u0, u0)}η(x)dx = 0. (5.42)

By (5.36), we have∫
R3

{−∆un+1(x) +Kun+1(x)}η(x)dx =

∫
R3

g(x, un, un)η(x)dx (5.43)

holds for η(x) ∈ C∞0 (R3). Followed by (5.39), (5.40), (5.42) and (5.43), we

have ∫
R3

{−∆u0(x) +Ku0(x)}η(x)dx =

∫
R3

g(x, u0, u0)η(x)dx. (5.44)

Since u0 ∈ ∩+∞
q=2W

2,q(R3), we have u0 ∈ C1,α(R3) for some α ∈ (0, 1).

By (5.33) we have g(x, u0, u0) ∈ C0,α
loc (R3). Then (3.17) and Theorem 9.19

of [43] show that u0 ∈ C2,α
loc (R3) is a positive solution of (5.18).



Chapter 6

Summary and further research

6.1 Summary

This thesis are mainly devoted to the existence of solution, multiple solu-

tions and symmetric properties of solutions to various classes of nonlinear

elliptic equations with nonlocal terms. The main results and innovations

are summarized in the following.

1. We proved the existence of a ground state solution and multiple

standing waves of Schrödinger-Poisson equations with general local non-

linearity and unbounded potential. We established sufficient conditions

for the existence and nonexistence of solutions to equation (1.1). The as-

sumptions on the nonlinearity f(u) cover the case of Slater approximation

exchange term |u|2/3u. From this point of view, we verify the stability of

the method of Slater approximation to the exchange term of Hartree-Fork

system.

2. We studied a class of nonlinear nonlocal elliptic equations, which

are the Euler-Lagrange equations of the related variational functional. By

using the variational method, we proved the existence of solution and mul-

tiple solutions of the nonlinear elliptic equations with nonlocal terms. Our

theorems showed the effects of changing value of parameters µ and λ to the

existence and nonexistence of solutions of (1.2) with harmonic potential.
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We proved the non-radial symmetric property of the ground state solution

of (1.2) for 1 < p < q < 5. Ruiz [92] investigated the symmetry breaking

property of the ground states to problem (1.2) with q = 2 on the bounded

domain. We obtained a more general result.

3. We studied a class of nonlinear elliptic equations on the bounded do-

main and the unbounded domain, which are not the Euler-Lagrange equa-

tions of some variational functional. Without the variational structure, it

is not possible to obtain the existence of solution by using the variational

method. For q 6= r, we obtained the sufficient condition for the existence

and nonexistence of solutions to (1.3), comparing to research of (1.3) un-

der the assumption that q = r in [2]. By using the topological method,

we developed a framework for the study of the existence of solution to the

equation (1.3) without variational structure.

6.2 Further research

This thesis has achieved some results in the existence and properties of so-

lutions to a class of nonlinear elliptic equations with nonlocal terms, which

arise from the study of gauged field equations. Further research may be

carried out from the following aspects.

1. We will consider new estimates to the singular integral induced by

the gauged fields arising from the Chern-Simons field. We have studied the

Schrödinger equations in the Maxwell field in this thesis. However, there

are still some related problems in the Chern-Simons field to be considered.

When we investigate the variational functional, we need to solve problems

caused by the singular integral. We are going to estimate the upper bound

by using the Hardy-Littlewood-Sobolev inequality and consider the new

estimates for the singular integral in further research.

2. We will solve the nonlinear eigenvalue problem by developing some

new nonlinear analysis techniques. There is a series of eigenvalue problems

in analysing standing wave solutions in the gauged fields. Many scholars

studied the nonlinear eigenvalue problems by using the nonlinear analy-
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sis theories. For example, Rabinowitz [88] considered the eigenvalues for

some compact operators by the degree theory and established the global

bifurcation theory. After that, Stuart [103] investigated the eigenvalue of

the Hartree equation by the global bifurcation theory. We will generalize

the related techniques in the gauged fields to investigate some nonlinear

eigenvalue problems in further research.



Bibliography

[1] Agmon, S. (1985). Bounds on exponential decay of eigenfunctions of

Schrödinger operators. In Schrödinger operators (Como, 1984), Lecture

Notes in Math., v. 1159, 1–38. Springer, Berlin.

[2] Ambrosetti, A. (2008). On Schrödinger-Poisson systems. Milan J.

Math., 76, 257–274.

[3] Ambrosetti, A., & Rabinowitz, P. H. (1973). Dual variational methods

in critical point theory and applications. J. Functional Analysis, 14,

349–381.

[4] Ambrosetti, A., & Ruiz, D. (2008). Multiple bound states for the

Schrödinger-Poisson problem. Commun. Contemp. Math., 10(3), 391–

404.

[5] Ambrosio, V. (2018). An existence result for a fractional Kirchhoff-

Schrödinger-Poisson system. Z. Angew. Math. Phys., 69(2), No. 30,

13.

[6] Ambrosio, V. (2020). Multiplicity and concentration results for a frac-

tional Schrödinger-Poisson type equation with magnetic field. Proc.

Roy. Soc. Edinburgh Sect. A, 150(2), 655–694.

[7] Ambrosio, V. (2020). Multiplicity and concentration results for frac-

tional Schrödinger-Poisson equations with magnetic fields and criti-

cal growth. Potential Anal., 52(4), 565–600.

64



BIBLIOGRAPHY 65

[8] Azzollini, A., D’Avenia, P., & Pomponio, A. (2010). On the

Schrödinger-Maxwell equations under the effect of a general nonlin-
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[80] Lopes, O., & Mariş, M. (2008). Symmetry of minimizers for some

nonlocal variational problems. J. Funct. Anal., 254(2), 535–592.

[81] Ma, L., & Zhao, L. (2010). Classification of positive solitary solutions

of the nonlinear Choquard equation. Arch. Ration. Mech. Anal., 195(2),

455–467.

[82] Mauser, N. J. (2001). The Schrödinger-Poisson-Xα equation. Appl.

Math. Lett., 14(6), 759–763.



BIBLIOGRAPHY 72

[83] Mawhin, J. (1999). Leray-Schauder degree: a half century of exten-

sions and applications. Topol. Methods Nonlinear Anal., 14(2), 195–228.

[84] Mawhin, J., & Willem, M. (2010). Origin and evolution of the Palais-

Smale condition in critical point theory. J. Fixed Point Theory Appl.,

7(2), 265–290.

[85] Mercuri, C., Moroz, V., & Schaftingen, J. (2016). Groundstates and

radial solutions to nonlinear Schrödinger-Poisson-Slater equations at

the critical frequency. Calc. Var. Partial Differential Equations, 55(6),

No. 146, 58.

[86] Mugnai, D. (2011). The Schrödinger-Poisson system with positive

potential. Comm. Partial Differential Equations, 36(7), 1099–1117.

[87] Murcia, E., & Siciliano, G. (2017). Positive semiclassical states for a

fractional Schrödinger-Poisson system. Differ. Intergral Equ., 30(3-4),

231–258.

[88] Rabinowitz, P. H. (1971). Some global results for nonlinear eigen-

value problems. J. Funct. Anal., 7(3), 487–513.

[89] Rabinowitz, P. H. (1986). Minimax methods in critical point theory

with applications to differential equations, volume 65 of CBMS Re-

gional Conference Series in Mathematics. Published for the Conference

Board of the Mathematical Sciences, Washington; American Mathe-

matical Society, Providence.

[90] Ruiz, D. (2005). Semiclassical states for coupled Schrödinger-

Maxwell equations: concentration around a sphere. Math. Models

Methods Appl. Sci., 15(1), 141–164.

[91] Ruiz, D. (2006). The Schrödinger-Poisson equation under the effect

of a nonlinear local term. J. Funct. Anal., 237(2), 655–674.

[92] Ruiz, D. (2010). On the Schrödinger-Poisson-Slater system: behavior

of minimizers, radial and nonradial cases. Arch. Ration. Mech. Anal.,

198(1), 349–368.



BIBLIOGRAPHY 73

[93] Ruiz, D., & Siciliano, G. (2008). A note on the Schrödinger-Poisson-

Slater equation on bounded domains. Adv. Nonlinear Stud., 8(1), 179–

190.

[94] Sánchez, O., & Soler, J. (2004). Long-time dynamics of the

Schrödinger-Poisson-Slater system. J. Statist. Phys., 114(1-2), 179–204.

[95] Saxe, K. (2002). Beginning functional analysis. Undergraduate Texts

in Mathematics. Springer-Verlag, New York.

[96] Schechter, M., & Zou, W. (2003). Double linking theorem and multi-

ple solutions. J. Funct. Anal., 205(1), 37–61.

[97] Schechter, M., & Zou, W. (2005). Infinitely many solutions to per-

turbed elliptic equations. J. Funct. Anal., 228(1), 1–38.

[98] Seok, J. (2013). On nonlinear Schrödinger-Poisson equations with

general potentials. J. Math. Anal. Appl., 401(2), 672–681.

[99] Slater, J. (1930). Note on hartree’s method. Physical Review, 35(2), 210.

[100] Slater, J. (1951). A simplification of the hartree-fock method. Physical

review, 81(3), 385.

[101] Stein, E. M. (1970). Singular integrals and differentiability proper-

ties of functions. Princeton Mathematical Series, No. 30. Princeton

University Press, Princeton.

[102] Strauss, W. A. (1977). Existence of solitary waves in higher dimen-

sions. Comm. Math. Phys., 55(2), 149–162.

[103] Stuart, C. A. (1988). Bifurcation in Lp(RN) for a semilinear elliptic

equation. Proc. London Math. Soc. (3), 57(3), 511–541.

[104] Sun, J., & Ma, S. (2016). Ground state solutions for some Schrödinger-

Poisson systems with periodic potentials. J. Differential Equations,

260(3), 2119–2149.

[105] Sun, J., & Wu, T. (2020). On Schrödinger-Poisson systems under the

effect of steep potential well (2 < p < 4). J. Math. Phys., 61(7), 071506,

13.



BIBLIOGRAPHY 74

[106] Sun, J., Wu, T., & Feng, Z. (2016). Multiplicity of positive solutions

for a nonlinear Schrödinger-Poisson system. J. Differential Equations,

260(1), 586–627.

[107] Sun, J., Wu, T., & Wu, Y. (2017). Existence of nontrivial solution for

Schrödinger-Poisson systems with indefinite steep potential well. Z.

Angew. Math. Phys., 68(3), No. 73, 22.

[108] Tang, X., Chen, S., Lin, X., & Yu, J. (2020). Ground state solutions

of Nehari-Pankov type for Schrödinger equations with local super-

quadratic conditions. J. Differential Equations, 268(8), 4663–4690.

[109] Tarantello, G. (2008). Selfdual gauge field vortices, volume 72

of Progress in Nonlinear Differential Equations and their Applications.
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