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Abstract

In this paper, we investigate the challenging problem of joint source and relay optimization for
two-way linear non-regenerative multiple-input multiple-output (MIMO) relay communication systems.
We derive the optimal structure of the source and relay precoding matrices when linear minimal mean-
squared error (MMSE) receivers are used at both destinations in the relay system. We show that for a
broad class of frequently used objective functions for MIMO communications such as the MMSE, the
maximal mutual information (MMI), and the minimax MSE, the optimal relay and source matrices have a
general beamforming structure. This result includes existing works as special cases. Based on this optimal
structure, a new iterative algorithm is developed to jointly optimize the relay and source matrices. We also
propose a novel suboptimal relay precoding matrix design which significantly reduces the computational
complexity of the optimal design with only a marginal performance degradation. Interestingly, we show
that this suboptimal relay matrix is indeed optimal for some special cases. The performance of the
proposed algorithms are demonstrated by numerical simulations. It is shown that the novel minimax
MSE-based two-way relay system has a better bit-error-rate (BER) performance compared with existing

two-way relay systems using the MMSE and the MMI criteria.
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I. INTRODUCTION

Relay communication is well known for being a cost-effective approach to improve the energy-
efficiency of wireless communications systems [1]. When nodes in the relay network are equipped with
multiple antennas, we have a multiple-input multiple-output (MIMO) relay system [2]-[7]. For a one-way
MIMO relay system (i.e., one source node sends information to one destination node), a unified framework
has been established in [3] to jointly optimize the source and relay precoding matrices for a broad class
of frequently used objective functions in MIMO communications. In [4], the source and relay matrices
were jointly optimized for a one-way MIMO relay system where the direct source-destination link is
non-negligible. The optimal power allocation in a multiuser MIMO relay system has been investigated in
[5]. Recently, one-way and two-way relay systems with multiple parallel MIMO relay nodes have been
investigated in [6].

In a two-way relay communication system, two source nodes exchange their information through an
assisting relay node. By resorting to the idea of analog network coding [8], the information exchange
can be completed in two time slots. In the first time slot, both source nodes concurrently transmit signals
to the relay node. In the second time slot, the relay node precodes the received signals and broadcasts
the precoded signals to both source nodes. Since each node knows its own transmitted signals, the
self-interference can be easily cancelled. Then the message from the other node can be decoded.

Distributed space-time coding has been designed in [9] for two-way relay communication with multiple
single-antenna relay nodes. For a two-way (and in general N-way) relay system with a multi-antenna
relay node and single-antenna source nodes, the relay beamforming issue has been investigated in [10]
and [11]. Beamforming algorithms have been developed in [12] and [13] for a two-way relay network
with multiple single-antenna relay nodes. For two-way MIMO relay systems, the optimal relay and source
matrices have been developed in [14] and [15] to maximize the two-way sum mutual information (SMI).
Minimal mean-squared error (MMSE) based two-way MIMO relay systems were proposed in [16] and
[17]. An algebraic norm-maximization relaying algorithm has been developed in [18]. Two-way relay
communication in a multiuser scenario was recently studied in [19] and [20]. An overview on the topics
of two-way MIMO relay communication can be found in [21].

In this paper, we investigate the joint source and relay precoding matrices optimization for a two-
way MIMO relay communication system where both source nodes and the relay node are equipped

with multiple antennas. Compared with existing works such as [10]-[21], the contributions of this paper
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can be summarized as follows. Firstly, we develop a unified framework for optimizing two-way linear
non-regenerative MIMO relay systems. This framework includes a broad class of frequently used Schur-
concave and Schur-convex objective functions for MIMO relay system design, while existing works only
focus on one specific criterion. Thus, this paper includes existing works as special cases. Moreover,
for the first time, we develop a two-way MIMO relay system using the criterion which minimizes the
maximum of the MSE (minimax MSE) of signal waveform estimation among all data streams’.

Secondly, for a broad class of frequently used Schur-concave and Schur-convex objective functions, we
show that the optimal relay and source matrices have a general beamforming structure. This interesting
outcome includes the results in existing works such as [10] and [14] as special cases. Based on this
optimal structure, an iterative algorithm is developed to jointly optimize the relay and source matrices.
Note that a rank-constrained optimization problem with a Schur-convex/Schur-concave objective function
and multiple trace/logdeterminant constraints is addressed in [23]. However, the joint source, relay, and
receiver matrices optimization problem in this paper is more challenging than the problem in [23], since
the former problem involves multiple matrix variables, while the latter one only deals with a single matrix
variable.

Thirdly, we propose a new suboptimal relay precoding matrix design which significantly reduces
the computational complexity of the optimal design with only a marginal performance degradation.
Interestingly, we show that this suboptimal relay matrix is indeed optimal for some special cases.

To study the performance of the joint source and relay matrices design algorithms, numerical simula-
tions are carried out using the following three objective functions: (1) The minimal sum MSE (MSMSE)
of the signal waveform estimation; (2) The maximal two-way SMI (MSMI); (3) The minimax MSE of
the signal waveform estimation. It is shown that the proposed iterative algorithm converges in only a
few iterations, which is important for practical two-way relay systems. We also show that the minimax
MSE-based relay algorithm has a better bit-error-rate (BER) performance compared with the commonly
used MSMSE and MSMI criteria. In this paper, for notational convenience, we consider a narrow band
single-carrier system. However, our results can be straightforwardly generalized to each subcarrier of
a broadband multi-carrier two-way MIMO relay systems. For multi-carrier two-way relay systems with

single antenna nodes, the optimal spectrum sharing and power allocation issue has been studied in [24].

'To the best of our knowledge, the minimax MSE design criterion has been considered only for one-way MIMO relay
communications. For two-way relay systems with single-antenna source nodes, the minimax symbol-error rate principle has
been recently applied for relay selection in [22]. However, minimax MSE-based two-way MIMO relay system design has not

been considered by existing works.
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The rest of this paper is organized as follows. In Section II, we introduce the model of a two-way linear
non-regenerative MIMO relay communication system. In Section III, we show that the optimal linear
receivers are the MMSE receivers. The joint source and relay matrices design algorithms are developed

in Section IV. In Section V, we show some numerical examples. Conclusions are drawn in Section VL.

II. SYSTEM MODEL

We consider a three-node MIMO communication system where nodes 1 and 2 exchange information
with the aid of one relay node as shown in Fig. 1. We assume that both nodes 1 and 2 are equipped
with N antennas, the relay node has M antennas®. The information exchange between nodes 1 and 2 is
completed in two time slots. In the first time slot, nodes 1 and 2 concurrently transmit, and the signal
vector from node ¢ is x; = B;s;, ¢ = 1,2, where s; is the N, X 1 source signal vector, and B; is the
N x N, source precoding matrix at node i. Here IV, is the number of information-carrying symbols.
Note that when N, = 1, we have a beamforming vector b; at node ¢. The signal vector y, received at

the relay node can be written as
yr = H;1B1s1 + H, 2Bosy + v, (D

where H,.;, © = 1,2, is the M x N channel matrix between the relay node and node 7, and v, is the
M x 1 noise vector at the relay node.

In the second time slot, the relay node linearly precodes y, with an M x M matrix F and broadcasts
the precoded signal vector x,, = Fy, to nodes 1 and 2. Using (1), the received signal vector at node ¢

can be written as
5/1' = Hi,rFHerES{ + Hi,rFHr,iBiSi + HZ'J«FVT + v, = 1, 2 (2)

where H, ,, 7 = 1,2, is the N x M channel matrix between node 7 and the relay node, and v;, i = 1,2,
is the N x 1 noise vector at node i. Here i =2 for i = 1, and i = 1 for i = 2.

We assume that the source signal vectors satisfy E[s;s{] = I,, i = 1,2, and all noises are independent
and identically distributed (i.i.d.) additive white Gaussian noise (AWGN) with zero mean and unit
variance. Here E[-] stands for the statistical expectation, I,, is an n x n identity matrix, and (-) denotes
matrix (vector) Hermitian transpose. In this paper, we assume that all MIMO channels are quasi-static,
that is, they remain constant (deterministic) over one time frame, but can change to another value in

the next time frame. Such quasi-static channel model has been widely used in one-way and two-way

*We assume that M, N > 2. The case of N = 1 has been addressed in [10].
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MIMO relay communications [3]-[7], [10]-[14]. We also assume that all three nodes know the channel
state information (CSI) of H,; and H; ., i = 1, 2, for example, through channel training and estimation
[25]. The relay node performs the optimization of F, B, Bs, and then transmits them to nodes 1 and
2. Together with the knowledge of H,; and H;,, i = 1,2, node 7 can then compute equivalent channel
matrices such as H; .FH, ;B; which are necessary for signal reception and self-interference cancellation.

Since node ¢ knows its own transmitted signal vector s; and H; ,FH, ;B;, the self-interference

component in (2) can be easily cancelled. The effective received signal vectors are given by
yi = H;,FH, ;B;s; + H;,Fv, + v; £ H;s; + v;,  i=1,2 (3)

where I:Ii = HMFH,,EBE, i = 1,2, is the equivalent MIMO channel seen at node ¢, and v; = H; Fv,+
v; is the equivalent noise vector at node .

Due to their lower computational complexity, linear receivers are used at nodes 1 and 2 to retrieve
the transmitted signals sent from the other node, and we have N, < min(M, N). The estimated signal
waveform vector is given by §; = Wf’ y2 and §y = Wfl y1, where W1 and Wy are N x N, weight
matrices. Note that a linear receiver is suboptimal when N, > 1. However, it reduces the complexity

drastically compared with a joint ML detection.

III. OPTIMAL LINEAR RECEIVER MATRICES

3 3

From (3), the MSE matrices of the signal waveform estimation E;(W;, F,B;) £ E[(8;—s;)(8;—s;)"],

1 =1,2, is a function of W;, F, and B3, and can be written as
E;(W;,F,B;) = (WIH,; — Iy, (WHH; — Iy,)? + WHC; W, i=1,2 4)

where Cg, £ E[\?NZH ] = HZ-,TFFH Hﬁ + 1y, 1 = 1,2, is the equivalent noise covariance matrix at node

1. Using (4), the MSE of the signal waveform estimation of the jth data stream at node ¢ is given by the

(4, j)-th element of E;(W;,F,B;) as
~ 2 . .
msei; = B|[5; - si,*| = B(W, F. By, =12 j=1- N, 5)
In this paper, we aim at minimizing

g({mse1,j}) + g({msez,;}) (6)

where {mse; j} = [mse; 1,--- ,mse; n,]7 contains the MSEs of all N, data streams at node i, ()7 denotes

matrix (vector) transpose, and the multivariate function ¢(-) is increasing in each one of its arguments
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while having the rest fixed. Using (5), the objective function (6) can be equivalently rewritten as

oD L a(d[B (W), F.By)]) + a(d[Eo(Wa. F. B)) )

where for a matrix A, d[A] is a column vector containing all main diagonal elements of A.

We consider the following transmission power constraint at the relay node

2
tr (F (Z H,,B;B/H +1 M) FH> <P (8)
=1

where tr(-) denotes matrix trace, and P, is the power available at the relay node. The transmission power

constraint at two source nodes can be written as
tr(B;B/) < P, i=1,2 9)

where P; is the available power at the ith source node. It can be seen that W; and W3 are not in
constraints (8) and (9).

The joint optimization over F, B;, and W, i = 1, 2, in (7) subjecting to (8) and (9) can be performed
over two stages. It is well-known in optimization theory [32, Sec. 4.1.3] that for any function f(-) (not
necessarily convex), I}I(ll;l flx,y) = m}in m;n f(x,y). In other words, we can always minimize a function
by first minimizing 0V7er some of the variables, and then minimizing over the remaining ones. Based on

this fact, we have

i d[E((W,F,B d[E2(W5, F, B
Wi Wa B by (o) {(AEH WL F, B2)]) + (d[Ey (W3, F, B)))
= pmn (min g(d[E1 (W1, F, By)]) + min q(d[Bo(Wa, F, B1)))). (10)

Interestingly, for two unconstrained inner minimization problems in (10), the optimal W; does not depend
on the specific form of ¢(-). The reason is twofold. First, for fixed F' and Bj, the minimization of mse; ;
with respect to w; ; (the jth column of W;) does not incur any penalty on the other substreams. Second,
q(+) is increasing in each one of its arguments. Therefore, we can simultaneously minimize all MSEs.
For any fixed B;, By, and F, two inner minimization problems in (10) are convex quadratic problems

and the optimal W, is the Wiener filter [26] given by
W = (HHY +C;) 'H;, i=1,2 (11)
where (-)~! stands for matrix inversion. In fact, mse; ; (5) can also be written as
H 2
mse;,; = E[\Wi,jyi = sig| ]
= wiElyiy{|wij — wiElyisi;] — (Elyisi ) wij + 1.
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The vector w; ; minimizing mse; ; above is given by wy,; = (Elyiy])'Elyis;,]. Since Ely;yH] =
I~LI:IZH + Cj;, and E[yisaj] = flm, we have wy,; = (I:IZICIf{ + C@i)_1f1¢7j. Here flm is the jth column

o

of H;. By putting w7, j = 1,---, N}, together into one matrix whose jth column is w7 ;, we obtain

l,j’
W? in (11). This proves that W? (11) indeed simultaneously minimizes all diagonal elements of E;.

After the optimal W; is obtained, the outer minimization problem in (10) can be written as

D q(d[ES(F,Bo)]) + q(d[ES(F, B1)]) (12)
2

s.t. tr (F <Z H,,B,B/HI + IM> FH> <P (13)
=1

tr(B;B) < P, i=1,2 (14)

where E2(F,B;) £ E;(W¢,F,B;), i = 1,2, is the MSE matrix using W¢. By substituting (11) back

into (4), we have
EJ(F,B;) = Iy, - HY (LAY + C;) 'H;
= [y, +HIC;'H,] ™, i=1,2 (15)

where the second equation is obtained by applying the matrix inversion lemma (A + BCD)™! = A~! —
A-'B(DA'B+C~!)"!DAL. After the optimal By, By, and F are obtained from solving the problem
(12)-(14), we get the optimal receiver matrices W and W§ from (11).

The two-stage optimization approach has the following advantages. Firstly, the receiver matrices in
(11) are always optimal for any fixed B;, Bo, and F. Secondly, using the optimal receiver matrices (11)
reduces the dimension of variables in the problem of (7)-(9). As a result, the outer minimization problem
(12)-(14) needs only to focus on the optimization of By, By, and F. This enables us to identify the
optimal structure of F and B; as shown later.

It has been shown in [3] that a broad class of frequently used MIMO relay system design objectives
can be written as a function of the main diagonal elements of the MSE matrix E?(F,B;) in (15). To
illustrate this interesting link, let us look at the following three examples. First, the sum of the MSE of
all data streams can be written as

Ny
MSE; = tr( [Ly, + B C ] 1) = S[ES(F, Byl (16)
j=1
Here [E?(F,B;)];; is the jth main diagonal element of E¢(F, B;), and is in fact the MSE of the signal
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waveform estimation of the jth data stream given by

)'h

b — 1|7

)HCL]’WQ

+ (w‘? 0

[E9(F,B;)]j; = |(we; i.j
= 1—h/;(h; ;b + Cij)"'h

~ 14 —1 .
=1+ hfjci,]-lhz',j} , j=1,-,Np

where C; ; = Cg, + I;IZI;If{ — fli’jflfj is the interference-plus-noise covariance matrix for the jth data
stream. Here the matrix inversion lemma is used to obtain the third equation.

Second, the negative MI (NMI) between source and destination is
NMI; = —log,|In, + Hf C;'H;| (17)

where |- | denotes matrix determinant. Since (17) is invariant to any unitary rotation of B;, we can choose
B; such that I:If{ C; 1I:Ii is diagonal. Thus we have

Ny
NMI; =) " log,[Ef(F, By)l;,; - (18)

i=1
Finally, the maximum of the MSE (MaxMSE) of the signal waveform estimation among all data streams

can be written as

MaxMSE; = max ([E(F, B;)];;) - (19)
J

From (16), (18), and (19) we see that all three functions are strongly linked to the main diagonal
elements of E?(F, B;). Moreover, it has been shown in [3] that (16) and (18) are Schur-concave functions
[28] with respect to d[E?(F, B;)], and (19) is a Schur-convex function [28] with respect to d[E¢(F, B;)].
In this paper, we consider ¢(-) which includes commonly used Schur-concave and Schur-convex objective

functions. As examples, we have
q(d[EY(F,By)]) + q(d[E3(F, B1)]) = tr(E}(F,B2)) + tr(E3(F, B1))
q(d[E{(F, B2)]) + q(d[E3(F, B1)]) = logy |ES(F, B2)| + log, |ES(F, By)|

q(d[EY(F, By)]) + q(d[E5(F, By)]) = max ([B9(F,B2)];,;) + max ([B3(F, B1)l;;)

when (16), (18), and (19) are chosen as the objective functions, respectively. Due to the limit of space, we
only listed three objective functions as examples. Please refer to [29] for a list of commonly used Schur-
concave/Schur-convex objective functions in MIMO systems. For an objective function which has not
been studied in existing works for two-way MIMO relay system, the optimal source and relay precoding

matrices can be obtained by using the unified framework developed in the next section, as long as the
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objective function is Schur-concave/Schur-convex. The Schur-convexity/Schur-concavity of ¢(-) will be
exploited in Section IV-B for a simplified relay matrix design. It will also be used in Section IV-C to

obtain the optimal source precoding matrices.

IV. JOINT SOURCE AND RELAY OPTIMIZATION

In this section, we develop algorithms to solve the joint source and relay optimization problem (12)-(14)
where ¢(-) is Schur-concave/Schur-convex. Since the problem (12)-(14) is nonconvex, a globally optimal
solution of F, B, B, is difficult to obtain with a reasonable computational complexity (non-exhaustive

searching). We develop an iterative algorithm to optimize (12). First we show the optimal structure of F.

A. Optimal Structure of Relay Precoding Matrix

For any feasible B; and By satisfying (14), the relay precoding matrix optimization problem is given

by
min  g(d[E?(F)]) + q(d[E3(F))) (20)
2
st tr <F (Z H,,BB/HY + IM> FH) <P. 1)
i=1

First we consider the scenario where M > 2N. The case of NV, < M < 2N will be discussed later. Let

us introduce the following singular value decompositions (SVDs)

H; £ [H, 2B, H,1B1] =U; T, V) (22)
H, 2 [H],, H],]" = Uyz, Vi (23)

where the dimensions of Uy, 3y, Vi are M x 2N, 2N, x 2Ny, 2N, x 2Ny, respectively, and the
dimensions of Usy, 39, Vo are 2N x 2N, 2N x 2N, M x 2N, respectively. Note that H; is in fact the
equivalent first-hop multiaccess MIMO channel from both source nodes to the relay node, while H is
actually the equivalent second-hop broadcast MIMO channel from the relay node to both nodes 1 and 2.
The following theorem establishes the optimal structure of F when M > 2N.

THEOREM 1: Using the SVDs (22) and (23) and a 2N x 2NN, matrix A, the optimal F as the solution
to the problem (20)-(21) is given by

F = V,AUL (24)
PROOF: See Appendix A. O
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Theorem 1 shows that the optimal relay precoding matrix can be viewed as a general form of
beamforming. The relay first performs receive beamforming using the Hermitian transpose of the left
singular matrix of the effective source-relay channel H; (22). Then the relay conducts a linear precoding
operation using A. Finally, a transmit beamforming is performed by the relay using the right singular
matrix of the relay-destination channel Hy (23).

In the case of N = 1 (or Ny = 1) and the MSMI objective, a similar result has been presented in
[10], where A is a 2 x 2 matrix. Interestingly, (24) extends the result in [10] from the case of single
antenna to the scenario of multiple antennas at both source nodes. Moreover, (24) generalizes the results
in [10] and [14] from the MSMI objective to a broad class of frequently used objective functions for
MIMO relay systems. Note that there are two differences between Theorem 1 and the result in [3]. First,
using the notation in this paper, A is a diagonal matrix in [3]. While in Theorem 1, A is not necessarily
diagonal. In fact, A is a non-square matrix if N, # N. Second, U; in [3] depends only on the channel
matrix. While in Theorem 1, U; is a function of both source precoding matrices B; and Bs. These
differences make optimizing the source and relay matrices in a two-way MIMO relay channel much
more challenging than for a one-way MIMO relay system.

By substituting (24) back into (20)-(21) and introducing Uy = [U2T,1, Ug’z}T, Vi = [Vfl,V{{Q],

the optimization problem (20)-(21) becomes
2
min 3 q(d[(Ty, + V12 AT S UL (U5, AA7 5, U8, + 1) U, 34 V) 1) 25)
i=1
s.t. tr(A(Z] + Ly, A7) < P, (26)

where the dimensions of Us; and Ug s are N x 2N, and the dimension of V11 and V5 are N x 2Ny,
For systems with M > 2N, since the dimension of A is smaller than F, solving the problem (25)-
(26) has a smaller computational complexity than solving the problem (20)-(21). For relay systems with
Ny < M < 2N, we directly solve the problem (20)-(21) using the projected gradient algorithm similar
to that listed in Table I shown later on to obtain (at least) a locally optimal solution of F.

In general, the problem (25)-(26) is nonconvex and a globally optimal solution is difficult to obtain with
a reasonable computational complexity (non-exhaustive searching). We can resort to numerical methods,
such as the projected gradient algorithm [30] to find (at least) a locally optimal solution of (25)-(26).
The advantage of the projected gradient algorithm is that it only requires information on the first-order
derivative (gradient) of the objective function. While other approaches for nonlinear programming, such

as the sequential quadratic programming (SQP) and the Newton method, require also the knowledge on
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the second-order derivative. Since the problem (25)-(26) has matrix variable, the complexity of computing
the second-order derivative of (25) with respect to A is much higher than that of the first-order derivative.
In the projected gradient algorithm, we need to compute the gradient of the objective function (25).
As an example, if f(A) = tr(E{(A)) +tr(E§(A)) is chosen as the objective function, then its gradient
V f(A) with respect to A can be calculated by using results on derivatives of matrices in [31] as
2
Vf(A) = -2 Z [ziz:lvfg [In, + Vi, 21 (Tan, — Zi) 21 VY] ‘QVLizlzz-AHzQUf;{iUz,iz:2 "
i=1
where Z; = (Ion, + AHEQUQZ-UMEQA)A, i =1,2. Then we obtain A £ A — tVf(A) by moving A
one step towards the negative gradient direction of f(A), where ¢ > 0 is the step size. Since A might
not satisfy the constraint (22), we need to project it onto the set given by (26). The projected matrix A
is obtained by minimizing the Frobenius norm of A — A (according to [30]) subjecting to (26), which

can be formulated as the following optimization problem

min tr((A — A)(A — A)Y) st tr(A(ST + Loy, )AT) < P (27)

Obviously, if tr (A(E% + 1z NI))AH ) < P,, then A = A. Otherwise, the solution to the problem (27) can

be obtained by using the Lagrange multiplier method and given by
A=A[\+ DIy, + 253!
where A > 0 is the solution to the nonlinear equation of
tr(A[(A + Do, + A%2] (32 4 Ion, ) [(A + Do, + A3 ‘IAH) - p. (28)

Since (28) is a monotonically decreasing function of A, the unique solution of (28) can be efficiently
obtained by the bisection method [30].

The procedure of the projected gradient algorithm is listed in Table I, where ¢,, and ~, are the step
size parameters at the nth iteration, maxabs(-) denotes the maximum among the absolute value of
all elements in a matrix, and € is a positive constant close to 0. The step size parameters ¢,, and 7,
are chosen by the Armijo rule [30], i.e., {, = t is a constant through all iterations, while at the nth
iteration, -y, is set to be 8"». Here m,, is the minimal nonnegative integer that satisfies the inequality of
FAMTDY — F(AM)) < aﬁm"tr((Vf(A(”)))H(A(") — A(”))>, a and B are constants. According to
[30], usually « is chosen close to 0, for example o € [1075,107!], and a proper choice of 3 is normally

from 0.1 to 0.5.
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TABLE 1

PROCEDURE OF APPLYING THE PROJECTED GRADIENT ALGORITHM TO SOLVE THE PROBLEM (25)-(26).

1) Initialize the algorithm at a feasible A Set n = 0.

2) Compute the gradient of (25) V f (A("));
Project AT = A — 1, Vf(A™) to the set of tr(A™ (X7 + Loy, )(A™)") < P, to obtain A™);
Update A with A+D = A 44 (AW — A(M),

3) If max abs(A("H) — A(")) < g, then end.

Otherwise, let n :=n + 1 and go to step 2).

B. Simplified Relay Matrix Design

In this subsection, we focus on relay systems with M > 2N and develop a relay precoding matrix
design algorithm which is suboptimal for general cases, but has a much lower computational complexity
than directly solving the problem (25)-(26). We will show that this suboptimal relay matrix is indeed

optimal for some special cases. Let us introduce

C

A = [Uf), Ul [ ] = UJC1 + UZ,LCy (29)

C,
where C; and Cq are N x 2NN}, matrices. Since [Ugl, U5{2] = U is a unitary matrix, for any A, we
have [CIT, Cg]T = Uy3sA. Thus, instead of optimizing A, one can equivalently optimize C; and Cos.

Substituting (29) back into (25), we obtain that Uy ;32 A = C;, i = 1,2, and thus
B —1
E2(C;) = [IM + Vi, 2, CH (C,CF 4 1y) 1Cizlvfi] o i=12 (30)

Interestingly, it can be seen from (30) that E? is only a function of C;, ¢« = 1,2. In other words, the
optimization variables are decoupled for E¢(C;) and E3(Cs).

Let us introduce the SVDs of
> Vi = PiILR], i=1,2 (31)

where 1I;, i = 1,2, are N, X N, diagonal matrices, R;, ¢ = 1,2, are N, X N, unitary matrices, and P;,
i = 1,2, are 2N, X N, semi-unitary matrices with Pf{ P; = In,. Substituting (31) back into (30), we
have

_ -1
E2(C)) = |Iy, + RALPZCH (C,CH + 1y) 1CiPimRﬁ] S =12 (32)
Let us introduce the SVD of C; as

C;,=U,A VY, i=1,2 (33)
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where A; is an Ny x N}, diagonal singularvalue matrix. It can be easily seen that U, is irrelevant to (32)
and can be any /N x [V, semi-unitary matrix (Ug U,, =1y,). However, U, affects the power constraint

(26) as explained later. Now we show that the optimal V., for the objective function (25) is given by
V. =Py, 1=1,2. (34)

In fact, for any B; and By in (22), one can always have B; = B;R, and B, = ByR; such that
the objective function (25) with By and By (i.e., E?(C;) becomes RfIE?(Ci)Ri, i =1,2) is equal to
>7 1 a(d[Eg(Cy)]), where

-1

E{(C) = |Ly, + ILPC (GO +1v) 'GP
-1
- [INb +ILPAV, A (A2 + INb)_lAingil'Ii] . i=12. (35)

For the objective function ¢(-), which is Schur-concave with respect to d[E$(C;)] such as (16) and (18),
it can be shown similar to [3] that the optimal V., for (35) are given by (34). In this case, EJ(C;) and
E$(C>) in (35) are diagonalized by C; and Cs respectively as E? = [INL—FHiAi (A?+1Nb)71AiHi] 71,

1 = 1,2, and the objective function (25) can be written as

2

Zq(d[(INb +ILA, (A2 +INb)*1Ai1L)*1D. (36)
=1

For a Schur-convex ¢(-) such as (19), it can also be shown from [3] that the optimal V., are given
by (34). In this case, for any B; and By in (22), the final source precoding matrices are taken as
B; = BiR,U,, and By = BoR Uy, where Uy, is an N, x N;, unitary matrix making E? = [Iy, +
Ug HiAi(A? + INb)_lAiHiUbi]_l have identical diagonal entries [3]. Consequently, for all Schur-
convex ¢(-), we only need to minimize 2?21 tr( [INb + HiAi(A% + INb)_lAiHi] _1). In other words,
q(+) in (36) is taken as the summation over all its variables for all Schur-convex ¢(-).

Now we consider the power constraint (26). From (29), A is given by

Cy

A =3x'ud : (37

Co
Substituting (33) and (34) into (37), which is then substituted back into (26), the transmission power

consumed by the relay node can be written as

tr(A(Z] + Lon,)AT) = tr(25'UF bd(U,, A1, U, Ag) 2bd(A UYL, AU ULESY)  (38)
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where bd(-) stands for a block diagonal matrix, and ® £ [Py, PQ]H(E% + Ion,) [P1, P2]. From (36)

and (38), the relay precoding matrix optimization problem (25)-(26) is converted to the following problem

2
. —1\—1
A s Zq(d[(INbJrH?A%(A?HNb) ) D (39)

s.t. tr(Z5'UY bd(U, A1, U, An) @bd(A UL, AU ULE ) <P (40)

Ccy?

ullu,, =1y, i=1,2 (41)
5i,n207 i:172) n:]-v"'7Nb (42)
where 0; ,, ¢ = 1,---, N}, denotes the nth main diagonal element of A;, ¢ =1, 2.

Note that although V., in (34) is optimal for the objective function (25), we can not prove the
optimality of (34) for the constraint function (26). This is the reason that this relay precoding matrix
design is suboptimal for general cases. However, compared with the problem (25)-(26), the dimension of
optimization variables in the problem (39)-(42) has reduced from 8N N, real numbers to 4N N 4+ 2N,
real numbers, which is significant especially when N is large. It will be shown in Section V that the
suboptimal design by solving (39)-(42) has only a marginal increase of MSE compared with solving
(25)-(26) directly using the projected gradient algorithm. Such performance-complexity tradeoff is very
important for practical two-way MIMO relay systems.

The problem (39)-(42) is nonconvex due to the unitary matrix constraints in (41). Before we develop
a numerical method to solve this problem, let us have some insights into the structure of this suboptimal
relay precoding matrix. Interestingly, we will show that for two special cases, the suboptimal relay matrix

is indeed optimal. By substituting (33) and (34) into (37), which is then substituted back into (24), we

obtain
U, A 0 pi
F=V,x;lul| Tt Ulut, (43)
0 U,A,| |PZ
We can also show from (31) that
pi I, 'RY 0 A%
luf = |t Mz ol (44)
Pl 0 IL'RY|[Vip
Finally, by substituting (44) back into (43), we can equivalently rewrite the relay precoding matrix as
U, AT 'RY 0 A
F=v,s;lul| oo Hs Ul £ R (45)
0 U, AT 'RY | | Vo
where
U, AL 'RH 0 A%
Fy= Vo3, lull,  Fy=| Tt . Fi=| U mull 46
0 U, AT, 'RY Vi
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Interestingly, it can be seen from (45) and (46) that the relay precoding matrix is composed of three
linear filters. First, we know from (22) that F; = H{I , and hence F; is a matched-filter (MF) for the
equivalent first-hop multiaccess MIMO channel H;. Then the signals are linearly filtered by F'5. Finally,
we can see from (23) that F3 = H;, where ()T denotes matrix pseudo inverse. Thus, F3 performs
zero-forcing (ZF) of the equivalent second-hop broadcast MIMO channel Hp.

THEOREM 2: The structure of F given by (45) is optimal for the two cases of
(a) R(H,1B1) LR(H,2By), RH{ ) LRH); (b) R(H,1B1)||R(H,2Bs), R(H{",) LR(HL,)

where R(-) stands for the range of a matrix.
PROOF: See Appendix B. O
It has been shown in [10] that for two-way relay systems with N = 1 (i.e. both source nodes have only
one antenna) and reciprocal first and second hop channels® (i.e. h,; = h{r =hy, h,o = hzT’r = hy),

a 0 a
bothF:HQIZF ]H{anszﬂgf[MF
0 bZF 0 bMF

F is also optimal when h; || he. Here azp, bzr, amr, byp are scalars that remain to be optimized based

] H{{ are optimal when h; | ho, and the latter

on the particular objective function. Interestingly, Theorem 2 extends the result in [10] to two-way relay
systems with N > 2 and without any channel reciprocity, and shows that (45) is optimal for the two
special cases given above. We would like to mention that although the two cases listed in Theorem 2
seldom appear in practical systems, they provide important theoretical results.

Now we show how to solve the problem (39)-(42) numerically using the projected gradient algorithm.
Since U,, and U,, only appear in the constraint functions, we can optimize U., and A; in an alternating
fashion. In each iteration, we first optimize A; and As by solving a problem consisting of (39), (40),

(42) with fixed U,, and U,,. This problem can be equivalently rewritten as

2 2
241
: in 47
e ;q<{(w§n+1)5gn+1}> @47

st. 0T [(L1e L) (LioLy)]é < Pr (48)
5i,n207 7::1727 n217"'7Nb (49)
where § £ (01,1, , 01N, 02,1, - - ,52,Nb]T, © denotes Khatri-Rao product, m; ,, n =1,---, Ny, is the

nth main diagonal element of IT;, i = 1,2, L; £ [bd(U, UX) Uzzgl]T, Ly 2 (23 +1Ly,) [P1, Pol,

Ccy?

and for a scalar a, {a,} = [a1, -+ ,an,]”. The subproblem (47)-(49) can be solved by the projected

3For the consistency of notations, here we use vector notations for channels due to N = 1.
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gradient algorithm. The gradient of (47) with respect to scalars d; ,, is easy to obtain. The projection onto
the feasible set specified by the quadratic constraint (48) can be performed in a way similar to (27).

With fixed A; and As, we update U., and U, by solving the following problem

min  tr(N¥bd(U,,, U, )Nobd(UH U Ny) (50)

Ccy)
c1y)Peg

st. UMU,, =1y, i=1,2 (51)

where N; 2 U3, N, £ bd(A1, Ag) @ bd(A1, As), and the objective function (50) is obtained
by rewriting the left-hand side of (40). The subproblem (50)-(51) can also be solved by the projected
gradient algorithm. The gradient of (50) with respect to U,,, denoted as Vg;(U,,,U,,), i = 1,2, can
be calculated using the results on derivatives of matrices in [31]. The projection of an N x N, matrix
INJQ = U, — vVygi(U,,U,,) onto the feasible set of I_J'ci given by (51) is performed by solving the
following problem for i = 1,2

min  tr((U,,
U.,

-U.)" (U, —U.,)) st. UMUO,, =1y, (52)
Let fjci = ’I'iI‘iGZH be the SVD of fjci. It can be easily shown using the Lagrange multiplier method
that the solution to the problem (52) is given by U, = Ti(-)fl . We would like to mention that in contrast
to (26), the feasible set specified by (51) is nonconvex. Using UgLH) = Ugl) + Yn (ﬂﬁ”) — U£”)) as in
the third line of step 2) in Table I may lead to an infeasible UgLH). Thus, at the nth iteration, U,(Z?H) is
directly updated as the projection of Ugl) —vani(UgL), Ug’;)), where the step size parameter -, is taken
from the Armijo rule. The procedure of solving the problem (39)-(42) using the alternating projected

gradient algorithm is summarized in Table II.

TABLE 1T

PROCEDURE OF APPLYING THE ALTERNATING PROJECTED GRADIENT ALGORITHM TO SOLVE THE PROBLEM (39)-(42).

1) Initialize the algorithm at a feasible Ug?), U,(;g), and 6(0); Set n = 0.

2) With given UET) and Ug‘), obtain §+1) by solving the subproblem (47)-(49) using the projected gradient algorithm
similar to the procedure in Table I;
Obtain U(CTH) and Ug;“) through solving the subproblem (50)-(51) with known 6" using the projected gradient
algorithm.

3) If max abs(é(’”'l) — 5(”)) < g, then end.

Otherwise, let n :=n 4 1 and go to step 2).
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C. Optimal Structure of Source Precoding Matrices

In this subsection, we develop optimal source precoding matrices B; and Bs. It can be seen from (15)

that By is irrelevant to ES. Thus, for fixed F and B, the problem of optimizing B; is given by

min g¢(d[(Ly, + By’ ¥1B1)7]) (53)
s.t. tr(BYBy) < Py (54)
tr(B'H,F¥FH,1B,) < P, (55)

where ¥ £ HI FIHY C;'H,,FH,, and P, £ P, — tr(F(H,,B,BYH, + I,/)F¥). When
q(d[ES]) = log, |E?|, the problem (53)-(55) has been solved in [5]. For the case of ¢(d[E?]) = tr(EY?),
the problem (53)-(55) is solved in [4]. Using the Lagrange multiplier method, both [4] and [5] reveal
that the optimal B has the structure of B; = M; 7 Q; D1, where My MY = 1Ty + unglFHFHm,

D, is an N, x N, diagonal matrix,
MM = QA QY (56)

is the eigenvalue decomposition (EVD) of MfllIlleH , and Q1 contains N columns of Q; associated
with the largest N, eigenvalues. Here p; > 0, uo > 0 are the Lagrange multipliers, Q; is an N X N
eigenvector matrix, and A is an N x NN diagonal eigenvalue matrix.

In fact, if B; satisfies (54) and (55), it must also satisfy the constraint of tr(B{IMlM{{Bl) <

1Py + poPr. Introducing By 2 MY By, a relaxed problem of the original problem (53)-(55) is given

by
min q(d[(INb +]§{1Mf1\IlleH1~31)_1D (57)
B,
st tr(BBy) < 1Py + po P (58)

It has been shown in [33] that for any Schur-concave objective function ¢(-), the solution to the problem
(57)-(58) is given by B, = QlDl. While for any Schur-convex ¢(-) [28], the optimal B, is B; =
Q:D,U,,, where Uy, is an N, x N} unitary matrix such that [I, +]§{{M1_1\111M1_H]§1]_1 has identical

main diagonal elements [33]. Therefore, for Schur-concave ¢(-), the optimal By can be written as
B, = M;"Q,D;. (59)
While for Schur-convex ¢(-), we obtain the optimal B; as

B, =M “Q,D,U,,. (60)
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It can be seen from (59) that if (17) is taken as the objective function, the optimal B, diagonalizes
]~3{I MfllIlleH Bl. In other words, the optimal B; diagonalizes Izlg nglI:IQ in (17). We would like
to mention that since (58) is a necessary constraint that should be satisfied by all feasible B; and Bo,
(59) or (60) provides a necessary structure of the optimal source precoding matrices. Interestingly, both
negative MI and MSE are Schur-concave functions [33]. Thus, the problems discussed in [4] and [5] are
special cases of the problem (53)-(55), and the results obtained in [4] and [5] are special instances of
(59).

It can be seen from (59) and (60) that B; has a beamforming structure, where the directions of beams
are determined by Ml_H Q; and D, represents the power allocation at each beam. The value of 1, uo,
and D; depends on the specific expression of the objective function ¢(-) and can be obtained via solving
the dual optimization problem associated with the original problem (53)-(55) as proposed in [4] and [5].
For fixed F and B, the optimal structure of By can be derived similar to (53)-(60).

Interestingly, for the case of ¢(d[E?]) = tr(E?), ¢ = 1,2, and N = N, we can also update B; and

B; in parallel. The problem of updating B; and Bs in this case can be written as

2
nin 2; tr([Iy +BI®¥;B;] ") (61)
1=
2
st. tr (Z FH,;B,BY HHFH> <P (62)
i=1

tr(B,B) < B, i=1,2 (63)

where Pr £ p — tr(FFH ). Let us introduce ; £ BiBf{ , © = 1,2, and positive semi-definite (PSD)
matrices X,; with X; » (IN + \Ilfﬂi\Ilf)_l, i = 1,2, where A > B means that A — B is a PSD
matrix. By using the Schur complement [32], the problem (61)-(63) can be equivalently converted to the

following problem

i tr(X; + X 64
x, 2 o r(X; + Xg) (64)
X; Iy
.t L .| =0,  i=1.2 (65)
Iy Iy+ %7 Q¥
2
tr (Z FHQHHFH> <P (66)
i=1
tr(Q) <P, =0, i=1,2. (67)

The problem (64)-(67) is a convex semi-definite programming (SDP) problem which can be efficiently
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solved by the interior-point method [32]. Let us introduce the EVD of €2; = UQiAQiUHi, 1 =1,2. Then
from ; = BiBfI, we have B; = UQiA.éi.

Now we present the method to find Uy, in (60) for Schur-convex ¢(-). According to [3], for all Schur-
convex objective functions, since the MSE matrix E? has identical diagonal entries, we only need to
minimize tr(E¢), despite the specific form of the objective function ¢(-). Therefore, for Schur-convex
q(+) such as the MaxMSE in (19), the optimal B; and By can be obtained in two steps. Let us take
B; as an example. First, we solve the problem (53)-(55) using ¢(d[E$]) = tr(E3) to obtain (59). In the
second step, we rotate B by a unitary matrix Uy, such that E§ have identical diagonal elements. Using

(56), the rotated E5 can be written as
5 = (In, + UgD1Q{{MI1‘I’1M1—HQ1D1Ub2)71
= Ufl(1y, + D}A)7'U,, (68)

where A; is an N x N, diagonal matrix containing the largest NN, eigenvalues of Mfl\IlleH in
(56). To make E$ have identical diagonal elements, Uy, can be any N, X NN, unitary rotation matrix
that satisfies |[Us,]; x| =|[Us,];l, V4, k,I. When N, is appropriate such as a power of two, the discrete
Fourier transform matrix can be chosen for Uy,. While for general case, U, can be computed using the

method developed in [34].

D. Joint Source and Relay Precoding Matrices Optimization

Now the original joint source and relay optimization problem (12)-(14) can be solved by an iterative
algorithm. This algorithm is first initialized at random feasible B; and B satisfying (14). At each
iteration, we first update F' with fixed B; and Bs, and then update B; and B» with fixed F.

When M > 2N, we can update F by exploiting its optimal structure in (24), where A is obtained by
solving the problem (25)-(26) using the procedure in Table I. Alternatively, we can also update F' based
on the simplified relay matrix design (45), where A, Ay, U,,, U,, are obtained by solving the problem
(39)-(42) following the steps in Table II. When N, < M < 2N, F is updated by solving the problem
(20)-(21) using the projected gradient algorithm similar to that listed in Table I.

The source precoding matrices are updated as follows. With fixed F and Bs, we update B; as (59) or
(60) depending on the Schur-convexity of the objective function ¢(-). Next, Bs is updated similar to (59)
or (60) with fixed F and B;. In the case that N = N, and SMSE is adopted as the objective function,
we can also update B; and B> in parallel by solving the problem (64)-(67).
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Note that the conditional updates of each matrix may either decrease or maintain but cannot increase
the objective function (12). Monotonic convergence of F, By, and Bs towards (at least) a locally optimal
solution follows directly from this observation. Finally, for Schur-convex ¢(-), we rotate B; by Uy, as

in (68). The procedure of this iterative algorithm is summarized in Table III

TABLE III

PROCEDURE OF SOLVING THE PROBLEM (12)-(14).

1) Initialize the algorithm at a feasible BEO) and Bg)); Set n = 0.

2) For fixed BY” and Bé"), obtain F(+D by solving the problem (25)-(26) using the steps in Table I, or solving the
problem (39)-(42) following the procedure in Table II;
Update B{"™") and B{"™" through (59) or (60), or by solving the subproblem (64)-(67) with known F(*+1).

3) If max abs(F("H) - F<">) < g, then end.
Otherwise, let n :=n 4 1 and go to step 2).

4) For Schur-convex ¢(-), rotate B; by Uy, as in (68).

V. NUMERICAL EXAMPLES

In this section, we study the performance of the proposed algorithms for two-way MIMO relay systems.
All channel matrices have complex Gaussian entries with zero-mean and variances of 1/N, 1/M for H, ;
and H; ., i = 1,2, respectively®, and all simulation results are averaged over 1000 independent channel
realizations. In the simulations, we set P, = P, = P; = 20dB above the noise level and vary the value
of P,. The proposed joint source and relay optimization algorithms are applicable for a broad class of
frequently used objective functions, and in the simulations, we consider the following three functions as
examples: (1) The SMSE of the signal waveform estimation written as ¢(d[E1])+¢(d[Ez]) = tr(E;+E>);
(2) The negative two-way SMI given by ¢(d[E1])+q(d[Ez2]) = log, |E;|+log, |E2|, which is also adopted
in [10] and [14]; (3) The maximum of the MSE of the signal waveform estimation among all data streams
as q(d[Eq]) + ¢(d[E2]) = max;([Eq];;) + max;([Ez];;). We refer to them as the MSMSE objective,
the MSMI objective, and the minimax MSE objective, respectively. Note that the first two functions
are Schur-concave function, while the last function is Schur-convex. The normalized SMSE and the
SMI shown in the simulation results are calculated as %thr(El + E5) and —(log, |E1| + log, |Es|),

respectively.

“The variances are set to normalize the effect of number of transmit antennas to the receive signal-to-noise ratio.
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In the first example, we check the performance of the proposed relay precoding matrix (45) and the
algorithm in Table II by testing it for the case of NV =1 and h; | hs. It is proven in Theorem 2 that
(45), or equivalently
af 0

F:HQ[
0 by

]H? (69)

is optimal for this case, and we only need to find the optimal a; and by in (69). By substituting (69)
back into (20)-(21) and taking ¢(d[E;]) = tr(E;), we have the following problem to solve
1+01|af|2 1+62|bf|2

min 70
apbs 1+ cidalagl? 1+ cady|by|? 70
s.t. dalag|® +di|bs* < Pr (71)
where ¢; £ ||h;,||? and d; £ 1 + P;||h,;||?, i = 1,2. Here || - || denotes the vector Euclidean norm. The
problem (70)-(71) has a water-filling solution given by
+ +
1 c 1 1 c 1
2 1 2 2
|af| Cldg |: K,l( d2 :| | f| CZdl |: K1 d1 :| ( )

where [z]* £ max(x,0), and ;1 > 0 is the solution to the nonlinear equation of % { &+ (1- d%) - 1} +

+
L [ @ (1- chl) — 1] = P,, which can be efficiently solved by the bisection method [30].

C2

When ¢(d[E;]) = log, |E;| is chosen as the objective function, we need to solve the optimization

problem of
. 1+cl\af]2 > < 1+02’bf’2 )

1 — | +lo —_— 73
b %20Amdﬁm2 82 \ T4 coda o 2 7
s.t. dalag|® +di|bs? < P (74)

The solution to the problem (73)-(74) is given by
las? = [V/(do + 1)% + 4(c1(da — 1) /rg — do) —da —1] " (75)

2Cld2

sl = 5o (VA +1 + Alea(d = D/ kz = di) = dy = 1] (76)

where ko > 0 is the solution to the nonlinear equation of

[/ (@ + 12 + (2D — ) — i — 1}+ [+ 12+ 222D —gy) — gy — 1]+
2cq + 2c9

=P

(77
which can be solved by the bisection method.

Fig. 2 shows the normalized SMSE produced by the relay precoding matrix designed by the alternating

projected gradient (PG) algorithm in Table II, and that of the optimal solution given by (69) and (72). The
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tr(E;)+tr(E2) objective is used for both approaches. It can be seen that for both M = 4 and M = 6, two
algorithms have identical SMSE performance. This demonstrates that the algorithm in Table II achieves
the global optimum for N = 1, and verifies the effectiveness of the projected gradient algorithm. We
also observe from Fig. 2 that as expected, the SMSE decreases with increasing M.

Fig. 3 demonstrates the SMI of the system using the relay matrix from the PG algorithm in Table II and
that of [10] (which is essentially the solution given by (69), (75), (76)). Both algorithms use log, |E; |+
log, |E2| as the objective function. It is obvious that for both A/ = 4 and M = 6, two algorithms have
identical SMI performance, indicating that the algorithm in Table II achieves the global optimum in this
case.

In the second example, we simulate a two-way MIMO relay system with N, = N = 2 and M =8
using tr(E;) + tr(E2) as the objective function. We compare the normalized SMSE of the optimal relay
matrix in (24) using the steps in Table I and the suboptimal relay design in (45) from the procedure listed
in Table II. In order to study the “pure” effect of relay matrix design, we set B; = By = \/?/212
for both algorithms. It can be seen from Fig. 4 that the suboptimal relay precoding matrix yields only
a slightly higher MSE than the optimal relay matrix. Since the suboptimal relay matrix design has a
substantially reduced computational complexity (20 real-valued optimization variables) than the optimal
design (32 real-valued optimization variables), it is very useful in practical relay systems. In the rest
of the simulation examples, for the sake of smaller computational complexity, we adopt the suboptimal
relay design in (45) based on Table II.

In our third example, we investigate the performance of the joint source and relay optimization
algorithm in Table III at different iterations. We set N, = N = 2, M = 4, and the tr(E;) + tr(E2)
objective is adopted. In particular, the source precoding matrices are updated by solving the subproblem
(64)-(67). We observed in simulations that for most channel realizations, the algorithm converges within
10 iterations. The normalized SMSE of this algorithm after the first, second, and fifth iteration versus P,
is listed in Table IV. It can be seen that the difference between iterations is very small. Thus, in practice,
only a small number of iterations are required to achieve a good performance.

In our fourth example, we study the performance of two-way MIMO relay systems based on the MSMI
objective, the MSMSE objective, and the minimax MSE objective, respectively. We chose Ny = N = 2,
M = 6, and for all objectives, we use the procedure listed in Table III. Fig. 5 shows the SMI of all three
systems versus P,. It can be seen from Fig. 5 that as expected, the MSMI-based relay design leads to
a larger MI than the relay design using the MSMSE and minimax MSE criteria. The latter two systems

have the same MI, since the unitary rotation matrices U, and Uy, do not change the system MI.
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TABLE IV

NORMALIZED SMSE OF JOINT SOURCE AND RELAY OPTIMIZATION ALGORITHM (TABLE III) AT DIFFERENT ITERATIONS.

P, (dB) 0 25 5 7.5 10 12.5 15 17.5 20
Normalized SMSE (It. 1) | 0.8233 | 0.7391 | 0.6248 | 0.4936 | 0.3641 | 0.2461 | 0.1723 | 0.1060 | 0.0695
Normalized SMSE (It. 2) | 0.8232 | 0.7389 | 0.6247 | 0.4935 | 0.3640 | 0.2458 | 0.1712 | 0.1053 | 0.0689
Normalized SMSE (It. 5) | 0.8228 | 0.7384 | 0.6241 | 0.4934 | 0.3638 | 0.2456 | 0.1698 | 0.1046 | 0.0685

The uncoded BER of all three systems versus P, is demonstrated in Fig. 6, where the QPSK constel-
lations are used. The BER performance of the joint source and relay design algorithm in [6] based on
the MSMSE criterion using the gradient searching approach is also shown in Fig. 6. It can be seen from
Fig. 6 that when the MSMSE objective is used, the proposed algorithm in Table III performs better than
that in [6]. The reason is that the proposed algorithm exploits the optimal structure of the relay precoding
matrix, while [6] does not. We also observe from Fig. 6 that the relay system designed under the minimax
MSE criterion has the lowest BER, while the MSMI-based system has the highest BER. This is because
MSMI is a good criterion only for coded systems in which the number of symbols for each coding block
is very large. However, in the numerical comparison, we consider uncoded systems with a small number
of symbols (QPSK, N, = 2) for each block and compare the different schemes in term of raw BER.
It is not surprising that the MSMI-based algorithm does not yield a better performance than algorithms
based on the MSE in this setting. Minimax MSE is a better criterion for practical two-way MIMO relay
systems with limited block length, as it yields a lower BER than other algorithms as shown in Fig. 6.
This is due to the fact that BER is normally caused by the data stream having the highest MSE. In the
minimax MSE-based system, all data streams have identical MSE, and thus, the system BER is reduced.

In the last example, we set N = 2, M = 6, and compare the BER performance of two-way MIMO
relay systems with N, = 2 and N = 1, respectively. The MSMSE objective is adopted. It can be seen
from Fig. 7 that as expected, the system with N, = 1 achieves a lower BER than the system with N, = 2.
However, we would like to mention that the system with N, = 2 has twice data rate than the system with
N = 1. This reflects the typical multiplexing-diversity tradeoff that exists in all MIMO communication
systems. The proposed joint source and relay optimization algorithm is flexible in achieving such tradeoff

since it works for any 1 < N, < min(M, N).
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VI. CONCLUSIONS

We have derived the optimal structure of the source and relay precoding matrices for a two-way
linear non-regenerative MIMO relay system with a broad class of frequently used objective functions.
An iterative algorithm is developed to optimize the relay and source matrices. We have proposed a new
suboptimal relay precoding matrix design which significantly reduces the computational complexity of
the optimal design with only a marginal performance degradation. A novel minimax MSE-based relay

system has been developed which has an improved BER performance compared with existing systems.

APPENDIX A

PROOF OF THEOREM 1

Based on (22) and (23) we have
H;, = Uy, % VY, i=12  H: B =U3XV{, HB=UXV{ (78

where Uy = [UQTJ, U{Q}T, Vi = [Vfl,sz], the dimensions of Us; and Ug o are N x 2N, and
the dimensions of V11 and Vi are IV, x 2NV;. Without loss of generality, F' can be written as
A K|| UHf
F= [V, V3] ! (79)
G J]LUpH
where V3 (V3) =1y, — VoV and Ui (UT)# =1y — U UY such that [V, Vi and [U;, Uf]
are M x M unitary matrices. The dimensions of A, K, G and J are 2N x 2Ny, 2N x (M — 2Ny),
(M — 2N) x 2Ny, and (M — 2N) x (M — 2N), respectively. Since [Va, Vz| and [Uy, U{] are
M x M unitary matrices, for any F, we have
A K
— [V, V5 ]'F[U,, U]
G J

Thus, using (79) to represent F does not lose any generality.
Substituting (78) and (79) back into (15), we obtain that Hy ,FH, 1B :U27222A21Vf2 and Hy . F
FIHEY = Uy 35 (AAT + KK)%,U7,. Thus, ES can be written as

_ -1
ES = [I N, + V1221 AT U, [Ug 235 (AAT + KK7) 5, UL, + Iy 1U27222A21Vf’2} . (80)
Similarly, by substituting (78) and (79) back into (15) we obtain

_ -1
EO = [IM + V12 AT U (U1 3 (AAT + KKT) 5, UL, + 1y 1U2,122A21V{ﬂ . (81
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Substituting (78) back into the left-hand-side of the transmission power constraint (21), we have

tr (F (i: H,;B;B/H/ + 1M> FH> = tr(A(Z] +Ion, ) A + KKY) +tr(G(2% + Loy, ) G + JIT).
i=1 ®2)

It can be clearly seen from (80) and (81) that G and J are irrelevant to E and E$. Since ¢(d[E?])
is increasing in each one of the elements of d[E?], ¢(d[E?]) and ¢(d[E$]) are minimized if K = 0.
Moreover, from (82) we find that K = 0, G = 0, and J = 0 minimize the transmit power consumption

at the relay node. Thus, we have F = VgAU{{ .

APPENDIX B

PROOF OF THEOREM 2

For the convenience of proof, we reproduce the equations for the objective function and the transmission

power consumed by the relay node below
a(d[ES(F)]) = g(d[ (Tx, + BYHILFIHL (Iy + H, FRH]) ' H), FH.,B,) ') 63)

-1 -1
g(d[ES(F)]) = q(d [(INb +BIH/ FIHY (Iy + Hy, FFYHY ) ' H,, FH,, B)) ]) (84)

2
pp = tr (F (Z H,,B,B/HI + 1M> FH> . (85)
=1

Let us introduce the following SVDs
H,;B; = U121, Vi,  H. By =U X,V (86)
H, = U2,1E2,1V£{1, Hy, = U2,222,2V§{2 (87)

where the dimensions of Uy ;, 31, Vi, ¢ = 1,2, are M x Ny, N x Np, N x Ny, respectively, and
the dimensions of Uy ;, 3o, Vo, i =1,2,are N x N, N x N, M x N, respectively.

Case (a): Based on R(H,;B1) L R(H,2Bs) and R(H{!.) L R(H.), we know from (86), (87)
that Uy L Uj2 and Va1 L Vao. Thus, we have from (22), (23) that

U; =[Uy1, Upal, Vi =[Va1, Va2 (88)
P> 0 P> 0
=] R S (89)
L 0 2172 L 0 2]2,2
v 0 U 0
v, =| " U= | . (90)
L 0 V172 L 0 U2,2
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Now we can write F' in (24) as

Ai; A | |UE
F = [Vy1, Vo [ o O1)

Ag1 Agp ]| U,
where the dimension of A; ; is N x N, 4,7 = 1, 2. Substituting (91) back into (83)-(85), we obtain that
H, ,FH, B, = U2,122,1A1,121,1Vf1 92)
H,,FF'H, = U 1551 (A1 A + Ay AL, U (93)
H,,FH,1B; = Uy5%55A,,%1 5V, (94)
H,, FFTHY, = U535, 5(A0 1A + Ao ALL)S,,UY, (95)

pT‘:tr(Al,l(Eil JFINb)Aﬁ +A1,2(2%,2+1Nb)Af2+A2,1(2%,1 +1Nb)A£{1 +A2,2(E%,2+IM)A£{2) (96)
It can be seen from (92)-(96) that (83)-(85) are minimized by A2 = Ao = 0. Thus, from (91) the

A 0
optimal F is F =V, b Ul
0 Ay
On the other hand, using (88)-(90), the relay precoding matrix in (45) can be rewritten as

2£%U51U01A1HI1R¥V1,121,1 0
0 EQ5U§{2U02A2H51R§V1722172
Obviously, (97) is optimal based on the analysis above.

Case (b): When R(H,1B1) || R(Hnng),R(H{{T) LR(H;’T), we have Uy = Uy in (86). It can

F=V, Ul 97

be shown that in this case we have

U1 = [Ul,la Uil]? V2 = [V2,1> V2,2} (98)
= o (31 0 |

¥ = , Yo = ’ (99)
|0 0 L 0 3
(V1S E7D VBB U 0 |

V) — 1,121,1 1,121,2 | U, — 21 (100)
| V1231 2E7L —V 3 B! L 0 U]

where = £ (2%’1 + 2%72)%. Now we can write terms in (83)-(85) as

H,,FH, B, = U2,122,1A1,121,1V{{1 (101)
Hy FFTH{ = U131 (A11A]L + A1ALL) S, U (102)
H,,FH, 1B = Uy2552A21%1 5V (103)
H, , FF/HLY = U535 5(As 1AL + A AL S, , UL, (104)
pr = tr(A11 (% +IN) AT + A AT+ A1 (B2 +IN)AY | + A AL). (105)
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It can be seen from (101)-(105) that (83)-(85) are minimized by A2 = Ag o = 0. Thus, from (91) the

Ay

optimal F is F =V, Ufl. On the other hand, in this case, using (98)-(100) the relay precoding

Asy
matrix in (45) can be rewritten as

F Ei%UglUclAlﬂflR{{VmEu I
— Y2 1,1
EiéngUc2A2H2_1R§V1,2E1,2

which is obviously optimal.
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Fig. 1. Block diagram of a two-way non-regenerative MIMO relay communication system.
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Normalized SMSE

—— Optimal Solution ((69) and (72)), M=4
—o— PG Algorithm (Table 1), M=4
—#— Optimal Solution ((69) and (72)), M6
—=— PG Algorithm (Table 1), M=6

0 5 10 15 20
P (dB)
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Fig. 2. Example 1: Normalized SMSE versus P.. N = 1.
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10| —— optimal Solution [10], M=6 :
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Fig. 3. Example 1: SMI versus P.. N = 1.
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Fig. 4. Example 2: Normalized SMSE versus P.. N, = N =2, M = 8.
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Fig. 5. Example 4: SMI versus P.. N, = N =2, M = 6.
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Fig. 6. Example 4: BER versus P.. N, = N =2, M = 6.
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Fig. 7. Example 5: BER versus P, with different N,. N =2, M = 6.
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