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Summary

This thesis is devoted to the theoretical study of collisions between electrons

and the hydrogen molecule (H2), as well as its five isotopologues (HD, D2, HT,

DT, and T2). The technique applied is the molecular convergent close-coupling

(MCCC) method, which was initially developed during two previous PhD projects

[J. S. Savage (2018), M. C. Zammit (2015)]. The particular focus here is on the

treatment of nuclear dynamics in the MCCC calculations.

The work presented here was recognised at the 2021 Western Australian Pre-

mier’s Science Awards, where the candidate was a joint recipient of the Student

Scientist of the Year award, for “an outstanding postgraduate student who has

demonstrated a commitment to science at an early stage and shows great promise

in reaching the highest levels of excellence”.

Objectives

The three primary goals of this research project were (a) to produce a large set

of vibrationally-resolved collision data for the e−-H2 system utilising the existing

MCCC method along with the adiabatic-nuclei approximation, (b) to facilitate

the use of the MCCC cross sections in plasma-modelling applications, and (c) to

develop a new variant of the MCCC method which does not rely on the adiabatic-

nuclei approximation. Specifically, the main objectives were to:

1. Develop code to perform adiabatic-nuclei calculations with input from the

fixed-nuclei MCCC code.

2. Extend previous spherical-coordinate fixed-nuclei calculations [Zammit et al.,

Phys. Rev. A 95, 022708 (2017)] of e−-H2 scattering, by using the spheroidal-

coordinate adiabatic-nuclei formalism to produce collision data for scatter-

ing on the vibrationally-excited ground electronic state of H2 and its iso-

topologues.

http://hdl.handle.net/20.500.11937/77785
http://hdl.handle.net/20.500.11937/1935
https://dx.doi.org/10.1103/PhysRevA.95.022708


4

3. Perform convergence studies for scattering on excited electronic states to

allow similar vibrationally-resolved calculations to be performed.

4. Develop the theoretical methods and code for performing MCCC calcula-

tions with the electronic and vibrational levels explicitly coupled, allowing

for the investigation of resonances in e−-H2 scattering.

5. Incorporate rotational transitions into the MCCC method.

Major results

1. Produced the most comprehensive and accurate set of vibrationally-resolved

electronic excitation cross sections for e−-H2 scattering ever produced (ap-

proximately 60,000 transitions including the isotopologues). This includes

transitions from all bound vibrational levels of the ground electronic state

(X 1Σ+
g ) to all bound levels and dissociative excitation of the b 3Σ+

u , B 1Σ+
u ,

c 3Πu, a
3Σ+

g , C 1Πu, EF
1Σ+

g , e 3Σ+
u , B′ 1Σ+

u , d 3Πu, h
3Σ+

g , GK 1Σ+
g ,

g 3Σ+
g , i 3Πg, I

1Πg, j
3∆g, J

1∆g, D
1Πu, and H 1Σ+

g states [Scarlett et al.,

Atom. Data Nucl. Data Tables 137, 101361 (2021); Atom. Data Nucl. Data

Tables 139, 101403 (2021)] The results obtained were utilised in studies

of vibrational excitation of the ground state via radiative decay [Scarlett

et al., Plasma Sources Sci. Technol. 28, 025004 (2019)], dissociation of

vibrationally-excited H2 into neutral fragments [Scarlett et al., Atoms 7(3),

75 (2019)], and have been incorporated in a collisional-radiative model as

part of a collaboration with the Max-Planck Institute of Plasma Physics

in Garching, Germany [Wünderlich et al., J. Phys. D: Applied Physics 54,

115201 (2021)].

2. Demonstrated convergence in electronic excitation, elastic, superelastic, and

ionisation cross sections for scattering on the B 1Σ+
u , c 3Πu, a

3Σ+
g , C 1Πu,

and EF 1Σ+
g states of H2, including transitions to all states mentioned in the

previous point [Scarlett et al., Phys. Rev. A 103, 032802 (2021)]. Significant

disagreement was found with previous calculations in many cases.

3. Demonstrated errors in the theory which was used in previous calculations of

https://doi.org/10.1016/j.adt.2020.101361
https://doi.org/10.1016/j.adt.2020.101403
https://doi.org/10.1016/j.adt.2020.101403
https://doi.org/10.1088/1361-6595/ab005b
https://doi.org/10.3390/atoms7030075
https://doi.org/10.3390/atoms7030075
https://doi.org/10.1088/1361-6463/abccf2
https://doi.org/10.1088/1361-6463/abccf2
https://doi.org/10.1103/PhysRevA.103.032802
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low-energy e−-H2 dissociation cross sections that have been used in plasma-

modelling applications for the past 20 years [Trevisan et al., Plasma Phys.

Contr. Fusion 44 1263 (2002); 44, 2217 (2002)]. Substantial differences were

found in the vibrational-level and isotopic dependence of the cross sections

when compared to the accurate results produced here [Scarlett et al., Phys.

Rev. A 103, L020801 (2021)].

4. Developed new code to perform vibrational-electronic molecular convergent

close-coupling (VE MCCC) calculations. This is the first ever electron-

molecule scattering method in which resonant and non-resonant scattering

are treated on the same footing and coupled to each other. Calculations

were performed in the 10–14 eV energy region, where a number of well-

known H−2 states are located, and cross sections were produced which show

rich resonance structures [Scarlett et al., Phys. Rev. Lett. 127, 223401

(2021)].

5. Performed derivations for incorporating rotational transitions into the MCCC

methods. A framework for the future extension of the VE MCCC method

to also include coupling to rotational levels was laid out, and an adiabatic-

nuclei treatment of rotational motion was used to investigate the polarisa-

tion of Fulcher-α fluorescence following electron-impact excitation of the H2

d 3Πu rotational levels [Scarlett et al., Phys. Rev. A 104, L040801 (2021) ].

Layout of the thesis

Part I - Preliminaries contains introductory material and general theory:

Chapter 1 contains an introduction to the field of collision physics and

its applications, a summary of the present state of the field, and the

objectives of this project.

Chapter 2 contains a brief overview of quantum scattering theory.

Chapter 3 presents a detailed overview of the electronic and nuclear struc-

ture of diatomic molecules, including the various approximations and

https://doi.org/10.1088/0741-3335/44/7/315
https://doi.org/10.1088/0741-3335/44/7/315
https://doi.org/10.1088/0741-3335/44/10/309
https://doi.org/10.1103/PhysRevA.103.L020801
https://doi.org/10.1103/PhysRevA.103.L020801
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.127.223401
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.127.223401
https://doi.org/10.1103/PhysRevA.104.L040801
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forms of the molecular wave functions which will be utilised in later

chapters.

Chapter 4 contains an overview of the different molecular scattering pro-

cesses, as well as various definitions and approximations which are

common to most scattering theories.

Chapter 5 contains a review of existing scattering theories, focusing specif-

ically on those which have been applied to electron-molecule scattering.

Part II - Adiabatic-nuclei MCCC describes the adiabatic-nuclei molecular

convergent close-coupling method and presents results:

Chapter 6 outlines the development of the fixed-nuclei molecular conver-

gent close-coupling method - the work of a number of current and past

members of the Curtin Theoretical Physics Group.

Chapter 7 describes the methodology and implementation of the adiabatic-

nuclei molecular close-coupling method.

Chapter 8 presents adiabatic-nuclei results obtained from the fixed-nuclei

collision data using a post-processing code developed during this project.

Part III - Vibrational-electronic molecular convergent close-coupling contains

the primary new development of the PhD:

Chapter 9 discusses the theoretical details of a new method with the ca-

pacity to perform more accurate low-energy molecular scattering cal-

culations, including resonance effects, utilising vibrational-electronic

close-coupling.

Chapter 10 presents results for low-energy and resonant scattering on H2

and its isotopologues, with comparisons to the adiabatic-nuclei ap-

proximation.

Part IV - Rotational dynamics discusses rotationally-resolved scattering:

Chapter 11 presents derivations of rotationally-resolved cross sections in the

molecular convergent close-coupling formalism.
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Chapter 12 presents calculations of the linear polarisation fractions of Fulcher-α

emission following electron-impact rotational excitation of the H2 d 3Πu

state.

Finally, Chapter 13 contains the conclusions and future directions for this re-

search.

A number of appendices contain useful definitions or derivations.
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Chapter 1

Introduction

1.1 Quantum collisions

The field of quantum collisions is concerned with the study of reactions between

fundamental particles, atoms, and molecules. Collisions which take place at this

scale are governed by the laws of quantum mechanics, and hence their study is

a matter of determining the probability associated with each reaction possible

between the two reactants. Scattering probabilities are quantified by the cross

section, a hypothetical area about the target species which the projectile must hit

in order to instigate a specific reaction. The differential cross section is illustrated

in Fig. 1.1. The projectile is incident on an area δσ and is scattered into a solid

angle δΩ about an angle of deflection θ (note that since the scattering system is

cylindrically symmetric we can align the incident direction with the z axis and

consider only the zenith scattering angle). The differential cross section is defined

as the ratio of δσ to δΩ in the limit as δΩ approaches zero (remembering that δσ

is a function of δΩ):

dσ

dΩ
≡ lim

δΩ→0

δσ(δΩ)

δΩ
. (1.1)

The differential cross section is a function of the incident projectile energy and

scattering angle, and depends also on the type of reaction, e.g. elastic scattering,

excitation or ionisation of the target, etc. The integrated cross section is defined

by

σ ≡
¨

Ω

dσ

dΩ
dΩ = 2π

πˆ

0

dσ

dΩ
sin θ dθ. (1.2)
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This quantity represents the hypothetical area upon which the projectile must be

incident for a particular reaction to occur, irrespective of the scattering angle.

δσ

y

z

x

target

θ

projectile

δΩ

Figure 1.1: Schematic of the scattering process.

Determining the differential and/or integrated cross sections for the various

reactions of a particular scattering system are the major aims of a scattering

experiment or calculation. This is a challenging task for theorists and experi-

mentalists alike, and it is often the case that both calculations and measurements

are performed for a given scattering system in order to provide benchmark data

and produce the most accurate set of recommended cross sections.

1.2 Diatomic molecule scattering processes

Diatomic molecules consist of two nuclei, which will be referred to here as nucleus

A and nucleus B, along with a number of electrons. A diatom has only one vibra-

tional and one rotational mode, so its state is designated by a vibrational quantum

number v, rotational quantum number N , and an index n of the electronic state.

Note that n is only an index, and not a principal quantum number, and the use

of the symbol N to denote the rotational state assumes a particular angular-

momentum coupling case which will be described in Chapter 3. The different

types of electron-impact diatomic scattering processes are defined in Table 1.1.

Processes which end in a dissociative molecular state (denoted by asterisks) lead
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Table 1.1: Definition of electron-impact diatomic scattering processes.

Asterisks denote dissociative molecular states. Emission of a photon is

denoted by the γ symbol.

e− + AB(n, v,N)→ AB(n, v,N) + e− elastic scattering

e− + AB(n, v,N)→ AB(n′, v′, N ′) + e− excitation

e− + AB(n, v,N)→ AB(n′, v′, N ′)∗ + e−

→ A+B + e− dissociative excitation

e− + AB(n, v,N)→ AB+(n′, v′, N ′) + 2e− non-dissociative ionisation

e− + AB(n, v,N)→ AB+(n′, v′, N ′)∗ + e−

→ A+B+ + 2e− dissociative ionisation

e− + AB(n, v,N)→ AB−(n′, v′, N ′)∗

→ A+B− + e− dissociative attachment

e− + AB(n, v,N)→ AB(n′, v′, N ′) + e−

→ AB(n′′, v′′, N ′′) + γ + e− excitation radiative decay

e− + AB(n, v,N)→ AB(n′, v′, N ′) + e−

→ AB(n′′, v′′, N ′′)∗ + γ + e−
excitation radiative decay

→ A+B + γ + e− dissociation

to break up into atomic fragments. In the case of ionisation, the residual AB+

ion can be formed in either a dissociative or non-dissociative state, leading to the

two different types of ionisation. Dissociation can also proceed via the resonant

dissociative attachment processes, where the electron is captured by the target to

form the AB− ion in a dissociative state. Following excitation of non-dissociative

states, the excited molecule will spontaneously decay to a lower-energy state via
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emission of a photon. The case where the decay ends in a non-dissociative state

is referred to as excitation radiative decay (ERD), and when it ends in a disso-

ciative state the process is referred to as excitation radiative-decay dissociation

(ERDD).

It is common for measurements or calculations to disregard the nuclear states

involved in a transition, assuming the target always begins in its ground state

and considering only the final electronic state after the collision. In this case,

the term elastic scattering is often used to refer to electronically elastic scatter-

ing, including the sum of all vibrational/rotational transitions within the same

electronic state.

1.3 Applications

Atomic and molecular collisions are some of the most fundamental processes

in nature. They are the underpinning events in plasma physics and chemical

reactions, and by extension, biology and all of life. Electron-atom and electron-

molecule collisions play important roles in governing the properties and dynamics

of various natural and manufactured plasmas, with important applications in

astrophysics, energy, technology, biomedicine, and more [21].

Of interest in the present work are electron collisions with molecular hydro-

gen (H2) and its isotopologues (D2, T2, HD, HT, and DT). Being the simplest

neutral molecule, H2 is abundant in the universe, and important in a number of

applications. A few notable examples are discussed below, with a particular fo-

cus on fusion applications which have been the primary motivation of the present

research.

1.3.1 Astrophysics

The H2 molecule is one of the predominant molecular species in atmospheric and

interstellar gas clouds and plasmas [22–25]. Electron collisions with H2 contribute

to the heating and cooling of planetary atmospheres and molecular clouds, the

latter of which is an important mechanism for stellar formation [26, 27]. The

same processes also played important roles during the early formation of the
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interstellar medium [28]. The break-up (dissociation) of H2 in particular has

important consequences for astrophysical plasma modelling [24, 25], and is a

contributing factor to the plume of energetic atomic hydrogen observed in the

atmosphere of Saturn [22].

Measurements of the H2 emission spectrum can be used to infer the proper-

ties of the magnetospherical plasma and details of the atmospheric composition

of planets where direct observation is unfeasible. Emissions from atomic and

molecular hydrogen are the predominant sources of the auroras in the outer plan-

ets [29], and spectroscopic measurements taken from ground-based observatories,

satellites, or spacecraft are often used in place of direct measurement [30].

Detailed sets of e−-H2 cross sections are required for determining astrophys-

ical plasma properties such as molecular vibrational temperature and electron

energy distribution functions, and for interpreting spectroscopic data [31, 32].

The isotopologues of H2, in particular the deuterated molecules HD and D2, are

also important in many astrophysical applications [33–41].

1.3.2 Industry

Plasmas containing atomic and molecular hydrogen are frequently used in the

production of various technologies. Amorphous hydrogenated silicon, a non-

crystalline form of silicon with hydrogen introduced to it, is deposited in thin

films onto plastic or glass in the production of photovoltaic solar cells [42], as

well as LCD and LED displays [43]. The most popular method for producing

these films is plasma-enhanced chemical vapour deposition. Accurate modelling

of e−-H2 processes in the plasma is vital to control the electrical and optical

properties of the film [42], as well as to optimise the rate of deposition [44].

1.3.3 Nuclear fusion

One of the largest scientific projects in the world is the International Thermonu-

clear Experimental Reactor (ITER) in France. Upon completion, ITER will be

the world’s largest magnetic-confinement nuclear fusion experiment. The devel-

opment of fusion reactors will provide a safe and virtually limitless source of

energy which produces no long-lived radioactive waste or carbon emissions. The
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fusion reaction by nature cannot undergo a runaway chain reaction, making it

a much safer alternative to the fission reaction utilised in present-day nuclear

power. The primary aims of ITER are to initiate a self-sustaining fusion reaction

which produces a ten-fold return on energy, and to test the various regimes of

fusion physics. This will pave the way for the next generation of fusion reactors

which will be used for power production.

Aside from the financial investment, ITER requires a substantial investment

of research. There are many challenges to overcome before fusion energy is re-

alised, such as designing components to survive the conditions inside the reactor,

optimising the operation of heating and waste-removal systems, and developing

models to aid in plasma diagnostics [45].

Nuclear fusion is the reaction which takes place when two atomic nuclei

collide with enough energy to overcome their mutual electrostatic repulsion and

become bound by the short-range nuclear force, resulting in a considerable release

of energy. The simplest fusion reactions involve the nuclei of various hydrogen

isotopes fusing to form helium. These are the processes which take place in the

core of the Sun, and which will eventually be harnessed for electricity production

in human-engineered fusion devices. The principle complicating factor in creating

a fusion reaction is the energy required to overcome the initial repulsion between

the nuclei. In the Sun, the pressure in the core due to gravitational forces creates

the ideal environment for fusion to take place. To recreate this environment in

a fusion reactor, the fuel (isotopes of hydrogen) must be heated to temperatures

of the order of millions of degrees. At these temperatures atoms are stripped of

their electrons, creating a plasma of high-energy charged particles. ITER will be

a toroidal reactor, which uses helical magnetic fields to confine the fusion plasma.

Although the high temperatures of the core plasma do not permit the formation

of molecules, the cooler plasmas near the walls of the confinement vessel and in

the divertor (a device used for the removal of waste from the plasma) do contain

molecular species, in fact more than 90% of the neutral hydrogen in the divertor

region is molecular. Collisional processes involving H2 are a major factor in

governing the dynamics and properties of the edge and divertor plasmas, which

in turn affects the performance of the bulk fusion plasma [46].
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Surface-material damage due to plasma-emission radiation and contact with

high-energy particles is a major concern for the design and operation of a fusion

reactor. There is a particularly strong heat load on the plasma-facing components

of the divertor, due to its function of channelling impurities out of the bulk

plasma, so the issue of reducing the particle flux on the divertor components has

attracted significant attention [47]. The behaviour of the divertor plasma can

be categorised into the attached and detached regimes. The detached regime is

characterised by a significant reduction in plasma temperature and particle flux

at the divertor targets, and hence operating with a detached divertor plasma has

become a key element of the ITER baseline design [48]. Despite its importance,

the physics of divertor detachment is still not fully understood, and continued

investigation is required in order to exploit the properties of the detached plasma

regime in fusion devices [49]. Research involving molecular species is of particular

importance, as the presence of molecules can play a crucial role in the ionising-

to-recombining plasma transition associated with the detached mode [47].

One of the mechanisms used to heat the bulk plasma in ITER to the tem-

peratures required to initiate fusion will be neutral-beam injection, an external

heating process where high-energy neutral atoms are fired into the plasma to de-

posit their energy during multiple collisions with the plasma constituents. The

neutral beam is produced by accelerating ions through an electric field, then neu-

tralising them before injection. In typical plasma-heating applications, neutral-

beam injectors (NBIs) utilise a positive-ion source, as positive ions are easier

to produce and control during acceleration than negative ions. However, at the

power levels and beam-line velocities required for ITER, the neutralisation ef-

ficiency of positive-ion sources is degraded, and hence the NBIs at ITER will

utilise negative-ion sources. The basic principle of the negative-ion NBI (N-NBI)

is that an inductively-coupled plasma is produced by a radio-frequency (RF)

driver, and then flows into an expansion chamber where it transitions from an

ionising to a recombining plasma. From here, negative ions are extracted in order

to form the negative-ion beam [50]. During this process, electrons are also ex-

tracted, which is problematic as the number of co-extracted electrons limits the

maximum achievable ion-current density due to the energy deposited by these
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electrons on beam-line components [51]. Reliable plasma diagnostics for both

ionising and recombining plasmas are vital for identifying measures to optimise

negative-ion production as well as reduce the number of co-extracted electrons.

Plasma diagnostics and control require detailed knowledge of the plasma

properties, such as the electron temperature and density, and the population

densities of the ground-state and metastable excited-state plasma species [52]. In

plasmas, the collisional excitation, deexcitation and spontaneous-emission pro-

cesses compete to affect the equilibrium populations of the excited states. These

populations in turn determine the photon-emission spectra of the plasma, which

has two important consequences. Firstly, the emission-band intensities can inform

the choice of surface materials for the plasma-facing components, to minimise

radiation-induced damage [53]. Secondly, one of the aims of plasma diagnostics

is to measure the emission bands and attempt to reverse-engineer knowledge of

parameters such as the electron temperature and density. Both of these endeav-

ours require the use of a population model, a theoretical tool for determining the

equilibrium populations using the plasma parameters, and the collision/emission

rates as input. Population models can be applied in a forwards or backwards man-

ner to serve both of the aforementioned functions. In the forwards application, a

population model is applied to predict the emission spectra, based on known or as-

sumed plasma parameters. In the backwards application, the plasma parameters

are unknown, but the emission spectra may be measured using techniques such as

optical emission spectroscopy. The population model is then applied, with the in-

put parameters tuned to produce an emission spectra matching the measurement,

effectively determining the parameters of the physical plasma. Although there are

direct methods for determining the plasma parameters, such as Langmuir-probe

measurements, there are a number of circumstances in which a direct approach is

difficult. For example, in RF plasmas or magnetically-confined plasmas, electro-

magnetic fields disturb the current-voltage characteristic of the probe [54], while

in reactive plasmas the probe tip can become coated or etched [55]. In these cases

a much more reliable determination of the plasma parameters can be achieved us-

ing the population-model technique. A second advantage of the indirect process

is that it is non-invasive and does not affect the plasma [56].
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The behaviour of a plasma can be categorised into three regimes defined

by the rate of collisions. For low-collision-rate plasmas, the dominant processes

affecting the population of an excited state are electron-impact excitation from

the ground state and radiative decay back to the ground state. The excited-state

populations in this case are said to be in corona equilibrium [57], and a corona

model – a simple population model in which transitions between excited states

are neglected – can be applied. For high collision-rate plasmas, the excited states

thermalise and their populations follow a simple Boltzmann distribution which

is determined by the electron temperature alone. In this case the plasma is said

to be in local thermodynamic equilibrium (LTE). For intermediate collision rates

neither of these simple cases apply, and a more sophisticated population model

must account for the detailed balance between all processes. The class of popula-

tion models with the broadest range of applicability are the collisional-radiative

(CR) models, so called because of their accurate treatment of the competing col-

lision and decay processes. In CR models a large number of collisionally-induced

excitation and quenching processes, including transitions between excited states,

are balanced with spontaneous decay processes such as radiative emission and pre-

dissociation to produce population densities for all states included in the model.

This process involves formulating the rate equations for each of the excited-state

populations, resulting in a set of coupled differential equations to be solved nu-

merically [52]. When applying CR models to molecular species a large number of

rotational, vibrational, and electronic transitions must be included, but approxi-

mations may be made by neglecting the rotational and/or vibrational substruc-

tures. CR models are applicable from low- to high-collision rate plasmas. In the

two limiting cases a CR model should produce the same results as the appropriate

corona or LTE model.
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1.4 State of the field

1.4.1 Theory

Calculations of electron collisions with the ground electronic state of H2 have been

attempted using a number of different computational methods, with varying levels

of approximation. From the 1970’s to 2000’s a series of approximate calculations

were performed using the distorted-wave, Schwinger multichannel, complex Kohn,

andR-matrix methods [58–69]. The majority of these calculations were performed

using the fixed-nuclei approximation (neglecting nuclear motion to approximate

electronic transitions only), and were in most cases inaccurate and restricted to

a small set of considered transitions.

Celiberto et al. [70] published a large set of electronic excitation cross sec-

tions for scattering on vibrationally-excited H2 and D2, which were obtained with

the semiclassical impact-parameter method. This method is restricted to dipole-

allowed transitions, and is accurate only at high incident energies. As a result,

the dataset was missing many transitions and was not accurate at low to in-

termediate impact energies. Celiberto et al. [70] additionally provided data for

the spin-forbidden low-energy dissociative transition in H2 and D2 using another

semiclassical (Gryziński) approximation.

Stibbe and Tennyson [71] performed newer R-matrix calculations using the

UKRMol suite of computer codes, and provided data for low-energy dissociation

of H2 in the v = 0–4 vibrational levels. However, shortly thereafter Trevisan

and Tennyson [72–74] claimed that Stibbe and Tennyson [71] had not applied

the correct formalism to the study of molecular fragmentation and derived new

formulas for the dissociation cross sections. Updated results obtained using the

new formulation were found to be similar to the original calculations for v = 0, but

substantially different for scattering on excited vibrational levels. Furthermore,

dissociation cross sections were obtained for scattering on the isotopologues of

H2, and a strong isotope effect was found. The dissociation cross sections of

Trevisan and Tennyson [72–74] have been widely adopted in plasma-modelling

applications [34, 36, 39, 41, 42, 44, 75–86]. The question of whether or not the
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change in formulation was valid is then rather important, and will be revisited

later in Chapter 8.

Within the last decade, the widely successful convergent close-coupling (CCC)

method has been extended to molecular targets [87]. The molecular CCC (MCCC)

method has been applied to electron and positron scattering on H+
2 and H2 [88–

93], in each case representing the most detailed and accurate calculations per-

formed. In the case of e−-H2 scattering, the MCCC method was applied in the

fixed-nuclei approximation [92], with detailed convergence studies performed to

verify the accuracy of a number of excitations, as well as ionisation and elastic

scattering. In most cases the MCCC cross sections were found to be substan-

tially different from previous calculations, but in much better agreement with the

available measurements. Of particular note is that the MCCC cross section for

the first electronic excitation of H2 was substantially lower above around 15 eV

than previous measurements and calculations.

For scattering on excited electronic states of H2, far fewer calculations have

been performed. A handful of transitions for scattering on the first few non-

dissociative excited states of H2 have been investigated using the distorted-wave,

Schwinger multichannel, complex scattering potential-ionisation contribution, and

impact-parameter approximations [70, 94–97], though there is generally poor

agreement between the various calculations. The largest set of excited states

considered was in the Gryziński calculations of Wünderlich [98] for ionisation of

excited vibrational levels in the first five non-dissociative excited states of H2 (as

well as the ground electronic state). During the current research project, these

calculations were updated to correct an error in the treatment of scattering on

excited states, as well as extending the results to include the isotopologues of

H2 [99]

A great deal of attention has been directed towards the calculation of reso-

nant scattering cross sections for the e−-H2 system. The approximations generally

applied to non-resonant scattering in molecules are not valid for resonant scatter-

ing, and hence entirely different theoretical methods have been required to study

resonances. Although there are different variants of resonant scattering theories,

each of them is based on the idea of decoupling the resonant and non-resonant
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processes and using information such as resonance energies and widths (generally

obtained externally from R-matrix calculations) to solve the nuclear dynamics

problem separately for each resonant process. Calculations adopting this type of

approach have been applied extensively to resonant vibrational excitations and

dissociative electron attachment [100–114]. Calculations of resonant scattering

involving excited electronic states of D2 have only recently been performed by

Laporta et al. [115], although at present these calculations have not been per-

formed for H2.

During the course of this project, the UKRMol research group have pro-

duced a substantial number of new fixed-nuclei cross sections for scattering on

the ground state [9] and excited electronic states [116] of H2. For scattering on

the ground electronic state the results were found to be in largely good agree-

ment with the previous MCCC calculations of Zammit et al. [93]. Comparison

between the results of Ref. [116] and excited-state calculations performed during

this project will be made in Chapter 8.

1.4.2 Experiment

The complex structure of molecules poses issues for experiment just as it does

for theory. Most importantly, the overlapping rovibrational spectra of each elec-

tronic state makes interpretation of electron energy-loss spectra difficult, which

in most cases prevents experimentalists from studying specific rovibrational tran-

sitions. One exception to this is the low-energy rovibrational excitation of H2

within the ground electronic state, for which a number of measurements have

been taken [117–128]. There were also limited measurements taken for excitation

of the X 1Σ+
g (v = 0)→ B 1Σ+

u (v = 2) transition by Srivastava and Jensen [129].

Aside from the above, all other measurements of e−-H2 scattering have been re-

solved only in the electronic states involved in the transition [130–137]. During

the course of this project, new measurements of the low-energy H2 dissociative ex-

citation were taken at California State University Fullerton [14, 17], which showed

near-perfect agreement with the MCCC calculations which had previously been

in substantial disagreement with the older experimental cross sections. This was

a remarkable milestone in the field as agreement on this level between theory and
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experiment for electron-molecule had not been seen before. These results also

served as a strong validation of the accuracy of the MCCC method.

For most of the transitions of interest in the present work, namely scattering

on excited vibrational levels and excited electronic states, including transitions

resolved in both initial and final vibrational levels, measurements have not been

previously attempted. Furthermore, very limited measurements have been per-

formed for electron collisions with the isotopologues of H2, with only a few total

or elastic cross sections available for HD and D2 [138].

1.5 Objectives

The paucity of both theoretical and experimental data for such a fundamen-

tal scattering system is a concern, particularly since e−-H2 collision data is of

great importance in a wide variety of applications. In particular, the accurate

collisional-radiative models required for the study of plasmas and the develop-

ment of plasma diagnostic tools required in fusion research will need data resolved

in vibrational, and eventually rotational levels, for a large number of transitions

including scattering on both the ground and excited electronic states. This is

essentially an impossible feat for experiment, and so it is up to theory to provide

the data. At present, many plasma models utilise the compilations of recom-

mended e−-H2 data from Janev et al. [139] and Miles et al. [140], which have

both been inferred from various experimental and theoretical sources and include

data only for non-vibrationally-resolved scattering on H2 in the ground (electronic

and vibrational) state. Hence it is our present goal with the MCCC project to

provide a comprehensive set of accurate cross sections which can be applied in

future plasma models. The use of the adiabatic-nuclei approximation1 allows a

straightforward application of the existing MCCC codes to the generation of fully

vibrationally-resolved data for scattering on the ground and excited states of H2

and each of its isotopologues.

During the course of this project, we have begun a collaboration with the

ITER Technology and Diagnostic Division of the Max-Planck Institute for Plasma

1This method will be explained in detail in Chapter 7
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Physics in Garching, Germany. The goals of this collaboration are to implement

MCCC cross sections in a collisional-radiative model for H2 (and later its isotopo-

logues), and to benchmark it against real plasma measurements. This collabo-

ration has become one of the driving forces behind the production of H2 data in

this project. The eventual goals for the collaboration are to develop a rigorously

tested and accurate collisional-radiative model which can be applied for both at-

tached and detached divertor plasmas, as well as the plasmas in the neutral-beam

injectors.

The incorporation of rotational transitions into the MCCC method is another

objective for this project. Cross sections resolved in rotational levels will be

required for the most accurate collisional-radiative models, and are also important

in astrophysical applications. It was the intention during this project to perform

the necessary derivations and implement rotational motion into the adiabatic-

nuclei code, and to study a few of the most important rotational transitions. The

production of large fully rotationally-resolved datasets for H2 is beyond the scope

of this project but is planned for the future.

In addition to the generation of large datasets using the adiabatic-nuclei ap-

proximation, it has been a long-standing goal in the MCCC project to investigate

the possibility of performing diatomic scattering calculations without the separa-

tion of electronic and nuclear motions (as is required in the adiabatic method).

This leads to the final objective of developing a new MCCC scattering code based

on the concept of applying the close-coupling method to both the electronic and

vibrational degrees of freedom. The particular interest along this avenue is devel-

oping a method capable of studying resonant scattering without the use of major

approximations or requiring the input of resonance data from external calcula-

tions. In future work, this method can be applied to the resonant dissociative

attachment process.
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Quantum scattering theory

This chapter presents a brief overview of nonrelativistic quantum scattering the-

ory. The following textbooks have been consulted: Bransden [141], Taylor [142],

Sakurai and Napolitano [143], and Cohen-Tannoudji et al. [144].

2.1 Scattering-system Hamiltonian

The scattering process is governed by the scattering-system Hamiltonian operator

Ĥ = K̂p + Ĥt + V̂. (2.1)

where K̂p is the projectile kinetic-energy operator, Ĥt is the target Hamilto-

nian operator, and V̂ is the projectile-target interaction potential operator. The

projectile-target interaction potential V̂ can in general be a complex non-local

operator. Although physical potentials are real and local, the inclusion of the

spin-exchange interaction leads to non-local potentials entering the calculations,

and some numerical methods can require the use of complex potentials.

The target Hamiltonian contains all kinetic- and potential-energy operators

associated with the internal structure of the target. The eigenstates of Ĥt are the

target states {|φn〉}:

Ĥt|φn〉 = εn|φn〉, (2.2)

where εn is the energy of the state |φn〉. Since they are the eigenstates of a

Hermitian operator, the target states form an identity operator:

∑̂
n

|φn〉〈φn| = Î, (2.3)
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where the
∑́

symbol indicates a sum over the discrete spectrum and integral

over the continuous spectrum of Ĥt. Together, K̂p and Ĥt form the asymptotic

Hamiltonian Ĥ0:

Ĥ0 ≡ K̂p + Ĥt. (2.4)

Since K̂p and Ĥt operate on different spaces, the eigenstates of Ĥ0 are the asymp-

totic states |φnq〉:

Ĥ0|φnq〉 = (εn + εq)|φnq〉, (2.5)

where εq = q2/2.

2.2 Time dependence

Since the potentials involved in the scattering process are all time-independent,

we can seek separable scattering solutions

|Ψ(t)〉 = |Ψ〉e−iEt (2.6)

where E is the total energy of the scattering state |Ψ(t)〉. The Schrödinger

equation for the scattering state is

Ĥ|Ψ(t)〉 = i
∂

∂t
|Ψ(t)〉, (2.7)

where the spatial component |Ψ〉 satisfies the time-independent Schrödinger equa-

tion:

Ĥ|Ψ〉 = E|Ψ〉. (2.8)

The focus of a time-independent scattering theory is to determine |Ψ〉, however

in formulating the theory, the time-dependent solutions |Ψ(t)〉 will need to be

considered when applying the boundary conditions.

2.3 Scattering states and boundary conditions

The solutions |Ψ(t)〉 are referred to as scattering states as they describe the entire

scattering process at all spatial and temporal coordinates. The decoupled product

states |φnq〉 are referred to as asymptotic states because they describe the system
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in a definite configuration with no interaction between the projectile and target.

When time dependence is required these states will be denoted

|φnq (t)〉 = |φnq〉e−i(εn+εq)t. (2.9)

When discussing boundary conditions we refer to the preinteraction asymp-

tote (times long before the collision and projectile coordinates far away from the

target) and post-interaction asymptote (times long after the collision and pro-

jectile coordinates far away from the target). It is assumed that in a scattering

experiment the target has been prepared in a definite initial state |φi〉 and the

projectile has a definite initial energy εqi , and so we can immediately impose the

following boundary condition:

lim
rp→∞
t→−∞

|Ψ(t)〉 = |φiqi (t)〉, (2.10)

where rp is the projectile coordinate. The post-interaction boundary condition

is not as simple as this; the scattering event is a probabilistic process and hence

the post-interaction asymptotic scattering state is a superposition of states, each

corresponding to a different final configuration, which collapses into a definite

final configuration when a measurement is taken.

Now we turn to obtaining the scattering states |Ψ(t)〉. The total scattering

Hamiltonian Ĥ can be expressed was the sum of the asymptotic Hamiltonian and

the interaction potential operator:

Ĥ = Ĥ0 + V̂. (2.11)

Using Eq. (2.11), the scattering-system time-independent Schrödinger equation (2.8)

is equivalently given by

(E − Ĥ0)|Ψ〉 = V̂|Ψ〉. (2.12)

As this is a linear differential equation, the most general solution is a linear

combination of the solution |Ψh〉 to the homogeneous equation

(E − Ĥ0)|Ψh〉 = 0 (2.13)
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and the particular solution |Ψp〉 to Eq. (2.12). The homogeneous solutions are

the asymptotic states |φnq〉, subject to the condition

εn + εq = E, (2.14)

and the time-dependent homogeneous solution is given by

|Ψh(t)〉 = |φnq〉e−iEt. (2.15)

The particular solutions |Ψp〉 can be obtained using a Green’s-operator ap-

proach. We define the asymptotic Green’s operator by

Ĝ 0 ≡
[
E − Ĥ0

]−1

, (2.16)

i.e. it is the inverse operator of (E − Ĥ0). Actually, this definition of the Green’s

operator is not well defined. To demonstrate this, one can attempt to evaluate

the coordinate-space matrix elements 〈r′|Ĝ 0|r〉, making use of the projectile- and

target-space identity operators defined above:

〈r′|Ĝ 0|r〉 =
∑
n

ˆ

R3

〈r′|Ĝ 0|φnq〉〈qφn|r〉 dq

=
∑
n

ˆ

R3

〈r′|φnq〉〈qφn|r〉
E − εn − εq

dq. (2.17)

The integrand is singular whenever εq = εn −E in the momentum-space integral

of Eq. (2.17), and hence the matrix elements are undefined. To avoid this issue,

the scattering-system energy can be shifted into the complex plane so that the

singularities are avoided. There is a choice to shift E into the positive- or negative-

imaginary halves of the complex plane, so for now we define the shifted energy

as

E± ≡ E ± iη. (2.18)

A similar definition is made for the Green’s operator:

Ĝ
±
0 ≡ lim

η→0+

[
E ± iη − Ĥ0

]−1

. (2.19)
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Using these definitions, the spatial particular solution can be written as

|Ψ±p 〉 = Ĝ
±
0 V̂|Ψ±〉. (2.20)

Having the limit η → 0+ built into the solution ensures that |Ψ±p 〉 is a solution

to Eq. (2.12). The time-dependent particular solution is given by

|Ψ±p (t)〉 = Ĝ
±
0 V̂|Ψ±〉e−i(E±iη)t = Ĝ

±
0 V̂|Ψ±〉e−iEte±ηt, (2.21)

and hence the time-dependent general solutions are given by

|Ψ±j (t)〉 = |φjqj〉e−iEt + Ĝ
±
0 V̂|Ψ±j 〉e−iEte±ηt. (2.22)

The time-independent general solution is defined as

|Ψ±j 〉 = |φjqj〉+ Ĝ
±
0 V̂|Ψ±j 〉, (2.23)

where the plane waves are given the subscript j to indicate that they are required

to satisfy the energy-conservation relation εj + εqj = E.

We are now in a position to consider the boundary conditions of the problem

and choose which solution (|Ψ+
j (t)〉 or |Ψ−j (t)〉) to keep. We consider the limiting

cases of t→ ±∞ (times long before and long after the scattering process) and r →

∞ (spatial coordinates far away from the interaction region). First, evaluating

the wave function in coordinate space:

〈rprt|Ψ±j (t)〉 = 〈rprt|φjqj〉e−iEt + 〈rprt|Ĝ
±
0 V̂|Ψ±j 〉e−iEte±ηt, (2.24)

then inserting a complete set of states:

〈rprt|Ψ±j (t)〉 = 〈rprt|φjqj〉e−iEt +
∑
n

ˆ
〈rprt|Ĝ

±
0 |φnq〉〈qφn|V̂|Ψ±j 〉 dqe−iEte±ηt

= 〈rprt|φjqj〉e−iEt + lim
η→0+

∑
n

ˆ 〈rprt|φnq〉〈qφn|V̂|Ψ±j 〉
E − εn − εq′ ± iη

dqe−iEte±ηt. (2.25)

Now applying the asymptotic form of the plane waves

lim
r→∞
〈r|q〉 = − i√

2πqr

(
eiqrδ(q̂ − r̂)− e−iqrδ(q̂ + r̂)

)
(2.26)
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gives

〈rprt|Ψ±j (t)〉 −−−→
r→∞

〈rprt|φjqj〉e−iEt

− lim
η→0+

√
2π
∑
n

〈qnφn|V̂|Ψ±j 〉〈rt|φn〉
e±iqnrp

rp

e−iEte±ηt. (2.27)

The presence of the e±ηt factor in the second term yields the following temporal

limits:

lim
t→−∞

〈rprt|Ψ+
j (t)〉 = 〈rprt|φjqj〉e−iEt (2.28)

lim
t→+∞

〈rprt|Ψ−j (t)〉 = 〈rprt|φjqj〉e−iEt. (2.29)

The above results have the following interpretation. The solution |Ψ+
j (t)〉 has

incoming plane-wave boundary conditions, since as t → −∞ it converges to the

asymptotic state |φjqj(t)〉. In other words, |Ψ+
j (t)〉 is the scattering state which

evolved from the initial state |φjqj(t)〉. The second term in Eq. (2.27) for the

|Ψ+
j (t)〉 state represents a superposition of outgoing spherical waves, each one

corresponding to a different scattering transition j → n. The coefficients of

〈rt|φn〉 exp(iqnrp)/rp in the summation over n are the probability amplitudes,

or scattering amplitudes, for the transitions. The scattering amplitude for the

transition j → n is hence defined by

Fnj(qn) ≡ −4π2〈qnφn|V̂|Ψ+
j 〉, (2.30)

where the 4π2 factor comes from enforcing the same normalisation of the in-

coming and outgoing waves. The outgoing momentum qn is given the subscript

n to indicate that it is dependent on the final target state in order to satisfy

conservation of energy. The direction of qn indicates the direction in which the

scattering amplitude is evaluated. To summarise, we say that the state |Ψ+
j (t)〉

satisfies incoming plane-wave and outgoing spherical-wave boundary conditions.

The second solution |Ψ−j (t)〉 corresponds to the time-reversed process and satis-

fies incoming spherical-wave and outgoing plane-wave boundary conditions. The

solution |Ψ−j (t)〉 does not represent a physical state but will serve a mathematical

purpose later on.
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2.4 Transition probabilities

The physical state |Ψ+
i (t)〉 is the state which evolved from the initial state |φiq(t)〉.

At some time long after the scattering event (t → ∞), a measurement is per-

formed. We define the transition probability as the probability that when the

system is measured it will be found to be in a state which asymptotically con-

verges to the state |φfqf (t)〉. The scattering state |Ψ−f (t)〉 satisfies this boundary

condition, and we note that

〈Ψ−f (t)| = 〈qfφf |eiE
′t + eiE

′te−ηt〈Ψ−f |V̂Ĝ
−
0 (2.31)

lim
t→∞
〈Ψ−f (t)| = 〈qfφf |eiE

′t. (2.32)

Here, to be general, we allow the total energy E ′ = εf +εqf of the state |Ψ−f (t)〉 to

differ from the total energy E of the true scattering state |Ψ+(t)〉. The transition

probability amplitude is given by

Af←i(qf , q,t) = 〈Ψ−f (t)|Ψ+
i (t)〉, (2.33)

but since we are only interested in times long after the collision, we define

Af←i(qf , qi) = lim
t→∞
〈Ψ−f (t)|Ψ+

i (t)〉 (2.34)

= 〈qfφf |φiqi〉ei(E−E
′)t + 〈qfφf |Ĝ

+

0 V̂|Ψ+
i 〉 lim

t→∞
e−i(E−E

′)teηt. (2.35)

In the above, a number of the terms in 〈Ψ−f (t)|Ψ+
i (t)〉 have been dropped since

they trivially go to zero as t→∞. Noting that |φfqf〉 is an eigenstate of Ĥ0 with

energy E ′:

〈qfφf |Ĝ
+

0 = lim
η→0+
〈qfφf |

1

E − E ′ + iη
, (2.36)

we have that

Af←i(qf , qi) = 〈qfφf |φiqi〉ei(E−E
′)t + 〈qfφf |V̂|Ψ+

i 〉 lim
t→∞

lim
η→0+

e−i(E−E
′+iη)t

E − E ′ + iη
(2.37)

= 〈qfφf |φiqi〉ei(E−E
′)t − 2πi〈qfφf |V̂|Ψ+

i 〉δ(E − E ′), (2.38)
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where we have utilised the limit

lim
t→∞

lim
η→0+

e−i(y+iη)t

y + iη
= −2πiδ(y). (2.39)

Now using the fact that the asymptotic states |φq〉 form a complete set, the final

expression for the asymptotic transition probability amplitude is given by

Af←i(qf , qi) = δfiδ(qf − qi)− 2πi〈qfφf |V̂|Ψ+
i 〉δ(E − E ′). (2.40)

Note that the ei(E−E
′) factor in the first term has been dropped since the Dirac-δ

functions imply E = E ′.

The evolution of a pre-interaction asymptotic state |φiqi (t)〉 into a scattering

state |Ψ+
i (t)〉 with incoming boundary conditions coinciding with |φiqi (t)〉 can

be represented by the mapping

Ω̂+ : |φiqi (t)〉 7→ |Ψ+
i (t)〉. (2.41)

Similarly, we represent the time-reversed evolution of the post-interaction asymp-

totic state |φfqf (t)〉 into the non-physical scattering state |Ψ−f (t)〉 with outgoing

plane-wave boundary conditions coinciding with |φfqf (t)〉 by the mapping

Ω̂− : |φfqf (t)〉 7→ |Ψ−f (t)〉. (2.42)

The operators Ω̂± are the Møller wave operators, and according to their definitions

above we have

Ω̂+|φiqi (t)〉 = |Ψ+
i (t)〉 (2.43)

Ω̂−|φfqf (t)〉 = |Ψ−f (t)〉. (2.44)

The i → f transition probability amplitude can now be written in terms of the

asymptotic states as

Af←i(qf , qi) = lim
t→∞
〈Ψ−f (t)|Ψ+

i (t)〉 = lim
t→∞
〈qfφf (t)|Ω̂

†
−Ω̂+|φiqi(t)〉. (2.45)
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2.5 The scattering and transition operators

As seen in Eq. (2.40), the transition probabilities are independent of time (for

times sufficiently long after the scattering event), so from here onwards we drop

the time dependence and speak only in terms of mappings between stationary

states. Accordingly, we allow a slight misuse of notation, and denote the transi-

tion probability amplitude as

Af←i(qf , qi) = 〈φfqf |Ω̂
†
−Ω̂+|φiqi〉, (2.46)

where, although the Møller operators were defined in terms of mediating the

evolution of one state into another (an inherently time-dependent process), we

also allow them to map stationary states onto one another. We now define another

operator Ŝ, the scattering operator:

Ŝ ≡ Ω̂†−Ω̂+. (2.47)

The effect of Ŝ is to map a pre-interaction (t → −∞) asymptotic state |φiqi〉

directly onto a post-interaction asymptotic state. Hence the transition probability

amplitudes can be written directly as elements of the S matrix:

Af←i(qf , qi) = Sfi(qf , qi) = 〈qfφf |Ŝ|φiqi〉. (2.48)

Using Eq. (2.40) we write for the S matrix

Sfi(qf , qi) = δfiδ(qf − qi)− 2πi〈qfφf |V̂|Ψ+
i 〉δ(E − E ′). (2.49)

At this point, it is useful to introduce yet another operator, the transition operator

T̂. The transition operator is defined by

T̂|φiqi〉 = V̂|Ψ+
i 〉. (2.50)

Using this definition, we can rewrite Eq. (2.49) as

Sfi(qf , qi) = δfiδ(qf − qi)− 2πi〈qfφf |T̂|φiqi〉δ(E − E ′), (2.51)
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which gives a simple expression for Ŝ in terms of T̂:

Ŝ = Î− 2πiT̂, (2.52)

and for S in terms of the T matrix (the matrix of T̂):

Sfi(qf , qi) = δfiδ(qf − qi)− 2πiTfi(qf , qi). (2.53)

The significance of the S matrix is that since measurements will generally have

information only about the asymptotic pre- and post-interaction states, all of

the information available to experiment is contained within the S matrix (or Ŝ

operator).

2.6 Transition rate and cross sections

We are now in a position to evaluate the scattering quantities of experimental

interest: the cross sections. The rate wf←i at which the transition i → f occurs

is given by the time derivative of the probability:

wf←i(t) =
∂

∂t

∣∣Af←i(qf , qi, t)∣∣2 . (2.54)

Again, we are interested in times long after the collision, so we wish to evaluate

wf←i = lim
t→∞

∂

∂t

∣∣Af←i(qf , qi, t)∣∣2 . (2.55)

We make a necessary assumption that the experiment does not attempt to mea-

sure elastically-scattered electrons in the forward (q̂f = q̂i) direction as it is

impossible to distinguish between electrons which are scattered in the forwards

direction and electrons which are simply unscattered. This allows us to neglect

the 〈qfφf |φiqi〉 term, and following similar steps taken to get to Eq. (2.37), we
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have

wf←i =
∣∣∣〈qfφf |T̂|φiqi〉∣∣∣2 lim

t→∞
lim
η→0+

∂

∂t

e2ηt

(E − E ′)2 + η2
(2.56)

=
∣∣∣〈qfφf |T̂|φiqi〉∣∣∣2 lim

t→∞
lim
η→0+

2ηe2ηt

(E − E ′)2 + η2
(2.57)

= 2π
∣∣∣〈qfφf |T̂|φiqi〉∣∣∣2 δ(E − E ′), (2.58)

where we have used the limit

lim
η→0+

η

(E − E ′)2 + η2
= πδ(E − E ′). (2.59)

The transition rate is evidently independent of time for large t.

In the case of transitions into a continuum of states, the transition rate must

be defined in terms of an integration:

wf←i =

ˆ

[α]

2π
∣∣∣〈qfφf |T̂|φiqi〉∣∣∣2 δ(E − E ′)ρ(α) dα, (2.60)

where α stands for the set of parameters which characterise the continuum, [α]

is the parameter space of α, ρ(α) is the density of states, and dα stands for the

collective differentials of each parameter. The density of states is dependent on

the choice of normalisation for the wavefunction, and is determined by

ˆ

[α]

|α〉〈α|ρ(α) dα = Îα, (2.61)

where Îα stands for the product of identity operators for each parameter in α.

For now we shall assume that only the scattered projectile is represented by

a continuum, (of qf ). Cases such as ionisation or dissociation where the final

states of the target form a continuum will be treated specifically in later sections.

Throughout this thesis we will assume the following standard normalisation of
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the plane waves:

〈r|q〉 =
1

(2π)3/2
eiq·r (2.62)

ˆ

R3

〈q′|r〉〈r|q〉 dr = δ(q − q′), (2.63)

which implies the following unity resolution:

ˆ

R3

〈r′|q〉〈q|r〉 dq = δ(r − r′). (2.64)

The outgoing projectile can be characterised by its energy Ef and direction Ω,

so Eq. (2.61) becomes

¨

Ω

∞̂

0

〈r′|q〉〈q|r〉ρ(Ef ,Ω) dEf dΩ = δ(r′ − r). (2.65)

Substituting dq = q dE dΩ into Eq. (2.64) and comparing with Eq. (2.65) gives

ρ(Ef ,Ω) = qf , (2.66)

and hence the transition rate becomes

wf←i = 2πqf

¨

Ω

∞̂

0

∣∣∣〈qfφf |T̂|φiqi〉∣∣∣2 δ(E − E ′) dEf dΩ, (2.67)

= 2πqf

¨

Ω

∣∣∣〈qfφf |T̂|φiqi〉∣∣∣2 dΩ, (2.68)

where the integration over Ef is removed by the δ(E − E ′) term which enforces

energy conservation on the scattered energy Ef . It is natural now to define the

transition rate for scattering into the differential solid angle dΩ as

dwf←i = 2πqf

∣∣∣〈qfφf |T̂|φiqi〉∣∣∣2 dΩ. (2.69)

The cross section dσ associated with transitions into dΩ is defined by the ratio

of the transition rate to the incident current density ji, which for the choice of
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normalisation in Eq. (2.62) is

ji =
qi

(2π)3
, (2.70)

giving

dσf←i = (2π)4 qf
qi

∣∣∣〈qfφf |T̂|φiqi〉∣∣∣2 dΩ, (2.71)

and finally the differential cross section

dσf←i
dΩ

= (2π)4 qf
qi

∣∣∣〈qfφf |T̂|φiqi〉∣∣∣2 . (2.72)

In terms of the scattering amplitude, the differential cross section is

dσf←i
dΩ

=
qf
qi

∣∣Ff,i(qf , qi)∣∣2 , (2.73)

and the integral cross section is defined by

σf←i =

¨

Ω

dσf←i
dΩ

dΩ. (2.74)

2.7 Partial-wave analysis

The T -matrix element 〈qfφf |T̂|φiqi〉 is dependent on the three-dimensional vec-

tors qf and qi, requiring methods of solution to consider six dimensions for the

projectile alone. A standard approach to simplifying the scattering equations is

the method of partial waves, where the projectile plane waves are expanded in

terms of definite orbital angular momenta:

〈r|q〉 =
1

(2π)3/2
eiq·r =

√
2

π

1

qr

∞∑
`=0

+∑̀
m=−`

i`u`(kr)Y
m
` (r̂)Y m∗

` (q̂), (2.75)

and u`(qr) are the solutions to the radial free-particle Schrödinger equation:[
−1

2

d2

dr2
+
`(`+ 1)

2r2
− q2

2

]
u`(qr) = 0. (2.76)

In the cases of scattering on charged targets or the use of numerical methods

such as distorting potentials then the asymptotic projectile states are not plane

waves and the expansion in Eq. (2.75) contains additional phase shifts, while

Eq. (2.76) contains an additional potential term. However, neither or these will
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be of relevance in the present work.

Using Eq. (2.75), the partial-wave expansion of the T -matrix element is

〈qfφf |T̂|φiqi〉 =
1

qfqi

∑
`fmf
`imi

i`i−`f 〈qf`fmfφf |T̂|φiqi`imi〉Y
mf
`f

(q̂f )Y
mi∗
`i

(q̂i), (2.77)

where |q`m〉 are defined by

〈r|q`m〉 =

√
2

π

1

r
u`(qr)Y

m
` (r̂). (2.78)

Substitution of Eq. (2.77) into whichever scattering equations have been formu-

lated for the full T -matrix element then allows the simplification of the equations

into a form which can be solved for the partial-wave T -matrix elements. Rather

than reconstructing the full T -matrix afterwards, the cross sections can be ob-

tained directly from the partial-wave matrix elements. Recalling the definition of

the scattering amplitude given in Eq. (2.30), it can be expressed in terms of the

partial-wave expansion of T as follows:

Ff,i(qf , qi) = − 4π2

qfqi

∑
`fmf
`imi

i`i−`f 〈qf`fmfφf |T̂|φiqi`imi〉Y
mf
`f

(q̂f )Y
mi∗
`i

(q̂i). (2.79)

Defining the partial-wave scattering amplitudes

Ff`fmf ,i`imi(qf , qi) = − 4π2

qfqi
〈qf`fmfφf |T̂|φiqi`imi〉, (2.80)

Eq. (2.79) can be written more compactly as

Ff,i(qf , qi) =
∑
`fmf
`imi

i`i−`fFf`fmf ,i`imi(qf , qi)Y
mf
`f

(q̂f )Y
mi∗
`i

(q̂i). (2.81)

The differential cross section (2.73) can then be expressed as

dσf←i
dΩ

=
qf
qi

∑
`′fm

′
f

`′im
′
i

∑
`fmf
`imi

i`
′
f−`

′
i+`i−`fFf`′fm′

f ,i`
′
im

′
i
(qf , qi)Ff`fmf ,i`imi(qf , qi)

× Y m′
f∗

`′f
(q̂f )Y

m′
i

`′i
(q̂i)Y

mf
`f

(q̂f )Y
mi∗
`i

(q̂i). (2.82)

An expression for the integrated cross section can be obtained by integrating over
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the scattered direction q̂f . From the orthogonality of the spherical harmonics,

we have ¨

Ω

Y
m′
f∗

`′f
(q̂f )Y

mf
`f

(q̂f ) dq̂f = δ`′f `f δm′
fmf

, (2.83)

and assuming the usual convention that the z axis is aligned with the incident

beam we have

Y mi
`i

(ẑ)Y mi
`i

(ẑ) =
2`i + 1

4π
δmi,0. (2.84)

The integrated cross section is then given by

σf←i =
1

4π

qf
qi

∑
`fmf
`imi

(2`i + 1)
∣∣Ff`fmf ,i`imi(qf , qi)∣∣2 . (2.85)

In practice, the partial-wave expansion tends to be defined somewhat differently

to what is presented above in order to exploit additional symmetries of the scat-

tering system, and in the case of molecular scattering the common analytical

treatments of rotational motion also lead to different cross-section formulas. Nev-

ertheless, the above is sufficient to convey the principles of partial-wave analysis,

and the specific application to molecular scattering in the MCCC method will be

given in Chapter 6.

2.8 Chapter 2 summary

The details of quantum scattering theory provided here, while brief, ought to pro-

vide sufficient background for a reader with an undergraduate-level understanding

of quantum mechanics to follow the remaining chapters presented in this thesis,

and appreciate the details of the MCCC theory. This chapter is included in the

hope that future students joining the MCCC project can use this as a starting

point for learning the tools of the trade.

It is made evident in this chapter that all of the physics in a scattering ex-

periment is contained within the T matrix. Although it is possible to solve for the

coordinate-space scattering wave function explicitly, and indeed there are meth-

ods which do this, all collision data of interest can be obtain by solving directly

for the T matrix. One of the unique aspects of the CCC and MCCC methods
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is the approach of formulating the scattering equations in momentum space ex-

plicitly for the T -matrix elements, and is one of the reasons for its computational

efficiency.



Chapter 3

Structure of diatomic molecules

This chapter presents an overview of the theory of diatomic molecule structure.

The following textbooks have been consulted: Brown and Carrington [145] and

Lefebvre-Brion and Field [146]. Specific details of the structure calculations per-

formed in the present work are provided in Chapter 6.

3.1 The total molecular Hamiltonian

The total Hamiltonian for a diatomic molecular with nuclear masses M1 and M2

and Ne electrons, with respect to an arbitrary origin in spherical coordinates is

Ĥ = −1

2

Ne∑
i=1

∇2
i −

2∑
α=1

1

Mα

∇2
α +

Ne∑
j>i=1

1

|ri − rj|
−

2∑
α=1

Ne∑
i=1

Zα
|Rα − ri|

+
Z1Z2

|R1 −R2|
,

(3.1)

where R and r are the nuclear and electronic coordinates, respectively. It is more

convenient to work in a coordinate frame with the origin placed at the geometric

centre of the nuclei. The transformation of the Hamiltonian into this coordinate

system is given in tedious detail in Ref. [145], and here we just state the final

result:

Ĥ = −1

2

Ne∑
i=1

∇2
i −

1

2(M1 +M2)

Ne∑
i,j=1

∇i · ∇j −
1

2µ
∇2
R +

Ne∑
j>i=1

1

|ri − rj|

−
Ne∑
i=1

[
Z1∣∣R

2
− ri

∣∣ +
Z2∣∣R

2
+ ri

∣∣
]

+
Z1Z2

R
. (3.2)

The individual terms of this Hamiltonian are:

• −1

2

∑Ne

i=1∇2
i kinetic energy operators of the Ne electrons, where ∇2

i is the
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Laplacian operator in terms of the electronic coordinates ri relative to the

origin at the geometric centre of the nuclei.

• − 1

2(M1 +M2)

∑Ne

i,j=1∇i · ∇j mass-polarisation term, which describes the

response of the centre of mass to the movement of the electrons.

• − 1

2µ
∇2
R nuclear kinetic-energy operator, where µ is the nuclear reduced

mass and ∇2
R is the Laplacian operator in terms of the internuclear vector

R.

•
∑Ne

j>i=1

1

|ri − rj|
electron-electron potential.

•
∑Ne

i=1

[
Z1∣∣R

2
− ri

∣∣ +
Z2∣∣R

2
+ ri

∣∣
]

electron-nuclear potential.

•
Z1Z2

R
nuclear potential, where Z1 and Z2 are the nuclear charges.

To simplify, we define

Vij ≡
1

|ri − rj|
(3.3)

Vi ≡
Z1∣∣R

2
− ri

∣∣ +
Z2∣∣R

2
+ ri

∣∣ , (3.4)

so that the Hamiltonian can be written as

Ĥ = −1

2

Ne∑
i=1

∇2
i −

1

2(M1 +M2)

Ne∑
i,j=1

∇i · ∇j −
1

2µ
∇2
R +

Ne∑
j>i=1

Vij −
Ne∑
i=1

Vi +
Z1Z2

R
.

(3.5)

3.2 The Born-Oppenheimer approximation

The Born-Oppenheimer approximation neglects the mass-polarisation term, and

assumes that the total molecular wave function can be expressed as a product

of an electronic wave function (which depends on R only parametrically), and a

nuclear wave function:

Φ(r1, r2, . . . ,R) = Φel(r1, r2, . . . ;R)Φnucl(R), (3.6)
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where Φel is an eigenstate of the electronic Hamiltonian:

Ĥel|Φel〉 = εel|Φel〉 (3.7)

Ĥel = −1

2

Ne∑
i=1

∇2
i +

Ne∑
j>i=1

Vij −
2∑

α=1

Ne∑
i=1

Vi. (3.8)

Here, εel is the energy of the electronic state. We also define the nuclear Hamil-

tonian

Ĥnucl = − 1

2µ
∇2
R +

Z1Z2

R
, (3.9)

so that the Born-Oppenheimer total molecular Hamiltonian can be written as

ĤBO = Ĥel + Ĥnucl. (3.10)

The Schrödinger equation for the Born-Oppenheimer states is

(Ĥel + Ĥnucl)ΦelΦnucl = εel−nuclΦelΦnucl, (3.11)

where εel-nucl is the total (electronic plus nuclear motion) state energy. Since Φel is

an eigenstate of Ĥel with energy εel, this can be rearranged to give the Schrödinger

equation for the nuclear wave functions:

ĤnuclΦnucl + εel(R)Φnucl = εel−nuclΦnucl. (3.12)

As will be shown later, the best choices of approximate molecular wave function

are actually linear combinations of the Born-Oppenheimer products (3.6) which

are adapted to satisfy certain symmetry requirements.

3.3 Transformation to molecule-fixed frame

The structure calculation can be simplified by a transformation to a molecule-

fixed (also called body-frame) axis which rotates with R̂. We choose the new

coordinate system so that the body-frame z axis points along the internuclear

vector R, and relate the body-frame and lab-frame coordinate systems by a pas-

sive rotation with Euler angles (α, β, γ). Note that γ describes the orientation

of the body-frame axes about the body-frame z axis and is therefore redundant
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as there are no off-axis nuclei in diatomic molecules. The nuclear kinetic-energy

operator in terms of the new coordinates is given by

− 1

2µ
∇2
R = − 1

2µR2

∂

∂R

(
R2 ∂

∂R

)
(3.13)

− 1

2µR2

[
1

sinα

∂

∂α

(
sinα

∂

∂α

)
+

1

sin2 α

(
∂2

∂β2
+

∂2

∂γ2
− 2 cosα

∂2

∂β∂γ

)]
= − 1

2µR2

∂

∂R

(
R2 ∂

∂R

)
+

1

2µR2
Ĵ

2

r , (3.14)

where Ĵ
2

r is the squared rotational angular-momentum operator. Since the elec-

tronic Hamiltonian does not contain any explicit dependence on the nuclear orien-

tation (only dependence on the relative position of the electrons and nuclei), the

transformation of the electronic Hamiltonian to the body frame is trivial. Each

operator is simply redefined to act on the body-frame electronic coordinates, and

conversion between the lab-frame and body-frame wave functions is given by

Φ
(lab)
el (r1, r2;R) = Φ

(b)
el (r

(b)
1 , r

(b)
2 , R), (3.15)

where the body-frame wave functions Φ
(b)
el are the eigenstates of the electronic

Hamiltonian with the operators defined to act on the body-frame coordinates.

The spin states in the lab frame can be represented in terms of states quantised

with respect to the R̂ axis:

|sms〉 =
∑
Σs

Ds∗
msΣs(R̂)|sΣs〉, (3.16)

where ms and Σs are the lab-frame and body-frame spin projections, and Ds∗
msΣs

is a Wigner-D function.

3.4 Electronic structure

3.4.1 Symmetries of the electronic Hamiltonian

Operators which commute with the Hamiltonian correspond to good quantum

numbers. Here we check whether some of the standard quantum mechanical op-

erators commute with the diatomic electronic Hamiltonian. Each are well-known
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to commute with the single-particle kinetic-energy operator, and it follows that

they commute with the two-electron kinetic-energy operator, so it only remains

to test their commutativity with the diatomic electronic potential. Each operator

here is defined in the body frame. Note that the operator corresponding to the

orbital angular-momentum projection on the internuclear axis will be denoted Λ̂

rather than L̂z, so that the “z” subscript can be reserved for projections onto the

laboratory-frame z axis. More detailed derivations of the results presented here

can be found in Appendix D.

• Orbital angular-momentum (squared) operator L̂
2

The L̂
2

operator can be written as

L̂
2

=
Ne∑
i=1

[
1

sin2 θi

∂2

∂φ2
i

+
1

sin θi

∂

∂θi
sin θi

∂

∂θi

]
, (3.17)

and hence the commutator [L̂
2
, V̂] is

[L̂
2
, V̂] =

Ne∑
i=1

[
sin θi

(
2
∂V

∂θi

∂

∂θi
+
∂2V

∂θ2
i

)
+ cos θi

∂V

∂θi

+
1

sin2 θi

(
2
∂V

∂φi

∂

∂φi
+
∂2V

∂φ2
i

)]
. (3.18)

As a result, the orbital angular momentum is not a good quantum number

for diatomic molecules since the θ dependence of the nuclear potential leads

to

∂V

∂θi
6= 0. (3.19)

• Orbital angular-momentum projection operator Λ̂

The orbital angular-momentum projection operator can be written as

Λ̂ = −i
Ne∑
i=1

∂

∂φi
, (3.20)

and it can be shown that the commutator [Λ̂, V̂] is

[Λ̂, V̂] = i
Ne∑
i=1

∂Vi
∂φi
− i

Ne∑
i=1

Ne∑
j>1

[
∂Vij
∂φi

+
∂Vij
∂φj

]
= 0. (3.21)
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The commutator is zero by virtue of the facts that the electron-nuclear

potential Vi is independent of φi, and the electron-electron potentials satisfy

∂Vij
∂φi

= −∂Vij
∂φj

. (3.22)

As a result, the orbital angular-momentum projection onto the internuclear

axis is a good quantum number for diatomic molecules.

• Body-frame space inversion operator t̂

The effect of the body-frame space inversion operator on the electron-

electron and electron-nuclear potentials is

t̂Vij =
1

|−ri + rj|
= Vij (3.23)

t̂Vi =
Z2∣∣R

2
− ri

∣∣ +
Z1∣∣R

2
+ ri

∣∣ , (3.24)

and hence the commutator [t̂, V̂] is

[t̂, V̂] =
Ne∑
i=1

[
Z2 − Z1∣∣R

2
− ri

∣∣ +
Z1 − Z2∣∣R

2
+ ri

∣∣
]
t̂. (3.25)

As a result, the electronic parity is a good quantum number for homonuclear

diatomics (Z1 = Z2).

So far, we have shown that the electronic parity and electronic orbital angular-

momentum projection on the internuclear axis are both conserved quantities for

homonuclear diatomics. It is also assumed in non-relativistic quantum mechanics

that the total spin is conserved. Furthermore, the diatomic potential has re-

flection symmetry through any plane containing the internuclear axis. Since the

system is cylindrically symmetric we can, without loss of generality, consider only

the reflection through the xz plane. This operation can be denoted by M̂y (M for

mirror):

M̂y : y → −y. (3.26)

It can be shown that M̂y is anticommutative with Λ̂, i.e.

M̂yΛ̂ = −Λ̂M̂y. (3.27)
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If we denote by |Λ〉 an electronic state with angular-momentum projection Λ,

then the state M̂y|Λ〉 satisfies

Λ̂M̂y|Λ〉 = −ΛM̂y|Λ〉. (3.28)

In other words, the M̂y operator acts on a state |Λ〉 to produce another state with

equal but opposite angular-momentum projection. This is true of course only

when |Λ| > 0. In the special case that Λ = 0 we have Λ̂|Λ〉 = −Λ̂|Λ〉, and hence

when acting on a Λ = 0 state the M̂y and Λ̂ operators commute. As a result,

the eigenstates of Λ̂ with Λ = 0 are simultaneously eigenstates of M̂y, and since

reflecting through the xz plane twice should return the original state:

M̂yM̂y|Λ = 0〉 = |Λ = 0〉, (3.29)

the eigenvalues of the |Λ = 0〉 states under the M̂y operation are necessarily ±1.

The two consequences of the above are:

1. |Λ| > 0 states occur in degenerate pairs with angular-momentum projec-

tions ± |Λ|.

2. The states with Λ = 0 are each either symmetric or antisymmetric under

reflection through a plane containing the internuclear axis.

3.4.2 Molecular term symbols

The symmetries of an electronic state are specified in its term symbol :

2s+1Λ±g/u. (3.30)

Here, s is the total electronic spin, and 2s+1 is the spin multiplicity. For example,

two-electron molecules can have spin s = 0 (singlet, 2s + 1 = 1) or spin s = 1

(triplet, 2s + 1 = 3). The symbol Λ is again the angular-momentum projection

on the internuclear axis, with the following conventions used:

Σ : Λ = 0, Π : Λ = ±1, ∆ : Λ = ±2, Φ : Λ = ±3, (3.31)
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and so on, following the Greek-letter analogue of the S, P,D, F, . . . convention

of atomic term symbols. The subscripts g or u refer to even (gerade) or odd

(ungerade) parity. The superscript ± is applied to the Σ states (those with

Λ = 0) to specify whether they are symmetric (+) or antisymmetric (−) under

reflection through a plane containing the internuclear axis. As an example, a state

with spin s = 1, angular-momentum projection Λ = 0, even parity, and which

is symmetric under the aforementioned reflection has the term symbol 3Σ+
g . For

the Λ 6= 0 states the ± superscript does not form part of the electronic term

symbol, although to make matters confusing a ± superscript is used on Λ 6= 0

term symbols for a separate reason when introducing rotational levels. This will

be discussed in detail later.

In order to distinguish between the multiple electronic state of a given sym-

metry, a Latin character is prepended to the term symbol according to the fol-

lowing conventions:

1. The ground electronic state is assigned the letter X

2. Electronic states with the same spin as the ground state are given capital

letters, while those with different spin are given lower-case letters

3. In principle, the excited states should be assigned letters in alphabetical

order, although there are many cases where this convention is not upheld

for historical reasons.

For example, the ground state of H2 (singlet, even parity) has the label X 1Σ+
g ,

while the ground state of O2 (triplet, even parity) is X 3Σ−g .

3.4.3 Electronic states and potential-energy curves of H2

A range of accurate electronic structure calculations have been previously per-

formed for H2 [147–152]. In this section, the potential-energy curves from these

calculations will be used to introduce the low-lying H2 electronic states. Details

of the electronic structure underlying the scattering calculations performed in the

present work will be given in Chapter 6.

Fig. 3.1 shows the potential-energy curves of the first 27 electronic states of

H2 (27 including Λ degeneracy). The first three electronic states are explicitly
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labelled, and the potential-energy curve of the H+
2 ion is also shown. At internu-

clear separations larger than around 1 a0, the electronic structure becomes more

complex, as states which share the same atomic limit become non-degenerate and

split into multiple potential-energy curves. At even larger separations, the states

converge to a limit corresponding to molecular dissociation into two atomic frag-

ments. The states shown here all dissociate into one H(1s) atom and one H atom

in either the ground or an excited state, as indicated on the figure.
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H(1s) + H(2`)

H(1s) + H(3`)

H(1s) + H+

Figure 3.1: Potential-energy curves (including the nuclear repulsion term)

of the n = 1–3 electronic states of H2. Solid lines indicate singlet states,

while dashed lines indicate triplet states. The vertical dashed line at 1.4 a0

indicates the equilibrium point of the ground state. The potential-energy

curves have been taken from various literature sources [147–152].

When the internuclear separation is set to zero, the H2 electronic energies

(with the nuclear-repulsion term removed) are equivalent to the helium atom en-

ergies. It can be convenient to group diatomic electronic states together according
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to which atomic states they correspond to in the united-atoms limit. Fig. 3.2 lists

each of the electronic states of H2 up to n = 4 in the atomic limit, indicating

which atomic helium state each one corresponds to. Those states labelled with

[n`] rather than a Latin character have not yet been formally identified.

n = 1

1s1s X 1Σ+
g
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[4f ] 1Φu

[4f ] 3Σ+
u

[4f ] 3Πu

[4f ] 3∆u

[4f ] 3Φu

Triplet Singlet

Figure 3.2: Diagram of the electronic states of H2 and the atomic helium

states they converge to in the united-atoms limit. Note that the helium

states are labelled according to their dominant electronic configuration.
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3.5 Nuclear motion

The vibrational and rotational components of the nuclear wave functions can be

considered analogues to the radial and angular components of the wave functions

for a central potential. We seek separable nuclear wave functions of the form

Φnucl(R) =
1

R
ν(R)φrot(R̂), (3.32)

where R is the internuclear distance, ν(R) is the vibrational wave function, R̂

is the orientation of the internuclear axis, and φrot(R̂) is the rotational wave

function. Assuming the nuclear repulsion potential Z1Z2/R has been absorbed

into the electronic energy εn(R), the nuclear wave functions must satisfy

− 1

2µ

∂2

∂R2
ν(R)φrot(R̂) +

[
1

2µR2
Ĵ

2

r + εn(R)− εel−nucl

]
ν(R)φrot(R̂) = 0, (3.33)

which can be rearranged to give

− R2

ν(R)

d2

dR2
ν(R) + 2µR2 [εn(R)− εel−nucl] = − 1

φrot(R̂)
Ĵ

2

rφrot(R̂). (3.34)

Here, εel-nucl is the total (electronic plus nuclear) state energy. Since the electronic

energy εn(R) appears in this equation in a similar manner that the potential

energy usually appears in the Schrödinger equation, it is commonly referred to

as the potential-energy curve. In this sense, it represents the effective potential

in which the nuclei move. It is worth noting, however, that it is really the total

electronic energy and does not represent a physical potential.

Since the left-hand side of Eq. (3.34) depends only on R, and the right-

hand side depends only on R̂, the standard separation-of-variables approach can

be applied by setting both sides equal to a constant λ, giving the separated

vibrational and rotational wave equations:

− 1

2µ

d2

dR2
ν(R) +

λ

2µR2
ν(R) + εn(R)ν(R) = εel−nuclν(R) (3.35)

Ĵ
2

rφrot(R̂) = λφrot(R̂). (3.36)

The value of λ will be determined in Section 3.5.2 when the rotational wave
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functions are identified.

3.5.1 Hund’s angular-momentum coupling cases

The total angular momentum J of a diatomic molecule has contributions from

a number of different types of angular momenta, and unfortunately there are

just as many different notations for them. Here we mostly follow the notation

of Brown and Carrington [145], which is summarised in Table 3.1. Note that

Table 3.1: Angular momenta and quantum numbers of diatomic

molecules.

Kind of angular momentum Operator

Quantum numbers

Total
Projection onto

ẑ R̂

Electronic orbital angular momentum L̂ ` Λ

Electronic spin ŝ s ms Σs

Total electronic angular momentum Ĵ e = L̂ + ŝ Je Ω = Λ + Σs

Rotational angular momentum Ĵ r Jr 0

Total without spin N̂ = Ĵ r + L̂ N mN Λ

Total without nuclear spin Ĵ = L̂ + ŝ + Ĵ r J mJ Ω

Nuclear spin Î I mI ΣI

we are using J for the total angular momentum without nuclear spin. From the

start we assume that the nuclear spin is completely decoupled from the electronic

and rotational momenta, so from now on we simply refer to the “total” angular

momentum J and neglect the nuclear spin until it is necessary to consider it later

on.
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The way in which we actually represent J and the set of good quantum

numbers we work with depends on how we choose to couple the various angular

momenta. For example, in Hund’s case (a) we assume strong spin-orbit coupling

and well-defined projections of ` and s onto the internuclear axis R̂. In this case

we define the total electronic angular momentum J e, which has a well defined

component Ω along the internuclear axis. The ` and s vectors rapidly precess

about the internuclear axis and so we couple the rotational angular momentum

J r to Ω to form the total angular momentum J . In Hund’s case (b) we assume

weak spin-orbit coupling, which means the spin vector s is not strongly affected

by the rotation of the internuclear axis, and hence Σs and Ω are not well defined.

In this case we couple Λ (defined as ΛR̂) with the rotational angular momentum

J r to form N , which is then coupled with s to form J . These two cases are

summarised in Table 3.2 and illustrated in Fig. (3.3). In the present work we

Table 3.2: Angular-momentum coupling in Hund’s cases (a) and (b).

Angular momentum Hund’s case (a) Hund’s case (b)

Total electronic J e = Ω −

Total without spin − N = J r + Λ

Total J = J r + Ω J = N + s

operate entirely within the Hund’s case (b) coupling scheme. In case (b) the

rotational angular momentum is given by J r = N −Λ, and since J r and Λ are

orthogonal, the Ĵ
2

r operator can be expressed as

Ĵ
2

r = N̂2 − Λ̂2. (3.37)

3.5.2 Rotational wave functions

According to Eq. (3.36), the rotational wave functions φrot(R̂) are the eigenstates

of the squared rotational angular-momentum operator Ĵ
2

r = N̂2 − Λ̂2.
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(a)

`

Λ s

Σs

J rJ

J e

Ω

(b)

`

Λ

J r

s

N
J

Figure 3.3: Angular-momentum coupling diagram for Hund’s cases (a)

and (b). Dashed arrows indicate quantities which are not well defined.

Using the fact that

[N̂2, N̂z] = 0 (3.38)

[N̂2, Λ̂] = 0 (3.39)

[N̂z, Λ̂] = 0, (3.40)

we have a set of commuting operators {N̂2, N̂z, Λ̂} which in turn each commute

with the Hund’s case (b) rotational Hamiltonian (N̂z is the operator corresponding

to the mN observable). Hence the rotational wave functions can be identified as

the simultaneous eigenstates of N̂2, N̂z, and Λ̂:

φrot(R̂) = 〈R̂|NmNΛ〉 (3.41)

〈R̂|NmNΛ〉 =

√
2N + 1

8π2
DN∗
mN ,Λ

(R̂) (3.42)

N̂2|NmNΛ〉 = N(N + 1)|NmNΛ〉 (3.43)

N̂z|NmNΛ〉 = mN |NmNΛ〉 (3.44)

Λ̂|NmNΛ〉 = Λ|NmNΛ〉, (3.45)

where DN∗
mN ,Λ

is a Wigner D function. The separation constant in Eqs. (3.35–3.36)

is then given by

λ = N(N + 1)− Λ2. (3.46)



80 Chapter 3. Structure of diatomic molecules

3.5.3 Vibrational wave functions

With the separation constant λ now identified, the vibrational wave equation (3.35)

is [
− 1

2µ

d2

dR2
+
N(N + 1)− Λ2

2µR2
+ εn(R)− εnvN

]
νnvN(R) = 0, (3.47)

where now we are being specific about denoting the electronic state n and labelling

the vibrational wave function νnvN by the electronic, vibrational, and rotational

quantum numbers it depends on. If we had formulated our rovibrational states

in Hund’s case (a) then the numerator in the centrifugal term would have been

J(J + 1)− Ω2.

Once the electronic state n and rotational state N are specified, the set

of vibrational wave functions are found by solving Eq. (3.47) using standard

methods for solving the one-dimensional Schrödinger equations. Since µ is large,

the centrifugal term is generally negligible except for sufficiently high rotational

levels. In calculations where the rotational structure is neglected it is common

for the centrifugal term to be excluded.

3.5.4 Electronic spin functions

In Hund’s case (b) the electronic spin is not coupled to the internuclear axis so

instead we couple it to the lab-frame z axis and denote the spin states as |sms〉.

For a two-electron molecule such as H2, in terms of the individual electron spins

the two-electron spin function is

|sms〉 =
∑

ms1ms2

Csms
s1ms1 ,s2ms2

|s1ms1〉|s2ms2〉. (3.48)

3.6 The total molecular wave function

We have now specified the individual solutions to the separated electronic, vibra-

tional, and rotational Schrödinger equations. However, since the separation of

electronic and nuclear motions is not rigorous, the simple product of electronic,

vibrational, and rotational wave functions is not necessarily the best representa-

tion of the true total molecular state. In this section, we take such product wave
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functions and adapt them to satisfy certain symmetry requirements of the total

molecular system.

For simplicity, the electronic states will be denoted |Φ±Λ
n 〉, where n specifies

the electronic state up to the value of |Λ|. The nuclear spin states will be denoted

|ImI〉. Hence, the basis functions are

|Φ±Λ
n 〉|sms〉|νnvN〉|NmN ±Λ〉|ImI〉, (3.49)

where |νnvN〉 is the vibrational state (showing its dependence on the rotational

level N), and |NmN ±Λ〉 is the rotational state (showing its dependence on Λ).

A true eigenstate of the total molecular Hamiltonian is guaranteed to be a

simultaneous eigenstate of whichever operators commute with the Hamiltonian,

such as:

Ĵ
2
, Ĵ z, defined above

Ê∗, space fixed inversion operator

t̂, body-frame inversion operator

P̂12, electronic permutation operator

P̂AB, nuclear permutation operator.

The way the basis functions (3.49) have been constructed ensures they are already

eigenstates of Ĵ
2
, Ĵ z, and t̂ (the t̂ operator inverts the electronic wave function in

the body frame and determines the parity — u or g — of the electronic state).

3.6.1 Parity-adapted spatial states

Since in Hund’s case (b) the electronic and nuclear spins are not coupled to the

internuclear axis, the space-fixed inversion operator Ê∗ acts only on the spatial

components of the wave function. As shown in Appendix D, the spatial states of

well-defined parity π (eigenvalues of ±1 under the Ê∗ operation) are

|Φn νnvN NmN π〉 (3.50)

=
1√

2(1 + δΛ,0)

[
|Φ+Λ

n 〉|νnvN〉|NmN +Λ〉+ π(−1)N+σ|Φ−Λ
n 〉|νnvN〉|NmN −Λ〉

]
,

where the δΛ,0 in the normalisation constant ensures that the state is still properly

normalised in the Λ = 0 case. The variable σ is introduced to account for the
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behaviour of the Σ− states under the Ê∗ operation, and is defined to be odd for

Σ− states and even otherwise.

3.6.2 Permutation symmetry

We assume that the electronic states |Φ±Λ
n 〉 have already been explicitly antisym-

metrised with respect to the electronic permutation operator P̂12, so now we just

consider the nuclear permutation operator. Brown and Carrington [145] give the

effect of P̂AB on the already parity-adapted states:

P̂AB|Φn νnvN NmN π〉 = π(−1)t|Φn νnvN NmN π〉, (3.51)

hence for a Λg state the (+) parity states are symmetric and the (−) parity states

are antisymmetric with respect to P̂AB. The opposite holds for the Λu states.

For homonuclear molecules the nuclear spin states |ImI〉 come in two forms:

the para wave function has nuclear spin I = 0, and is antisymmetric under nuclear

permutation, while the ortho wave function has I = 1 and is symmetric under

nuclear permutation.

3.6.3 Forming the total molecular states

We are now in a position to build the total molecular wave functions, including

spin states:

|Φn sms νnvN NmN ImI π〉 = |Φn νnvN NmN π〉|sms〉|ImI〉. (3.52)

In order to have a total molecular wave function which is antisymmetric under

nuclear permutation we must make appropriate combinations of states with given

electronic parity, total parity, and nuclear spin. For example a para spin state

(antisymmetric under P̂AB) can be paired with a parity-adapted state of (+) total

parity and (+) electronic parity (symmetric under P̂AB) to give a state which is

all-together antisymmetric under nuclear permutation. All of the antisymmetric

combinations are outlined in Table (3.3).
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Table 3.3: Antisymmetric combinations of the parity-adapted

states (3.50) and nuclear spin states.

Parity-adapted state
nuclear state

electronic parity total parity

+ + para

− − para

+ − ortho

− + ortho

3.6.3.1 Simple case: Σ± states

For the Σ+ states (Λ = 0, σ = even) the parity-adapted molecular state

|nvNMNπ〉 =
1

2

[
|ΦnΛ〉|vN〉|NmNΛ〉+ π(−1)N |ΦnΛ〉|vN〉|NmNΛ〉

]
(3.53)

is undefined whenever π(−1)N = −1. Hence for π = +1 parity states we require

that N is even and vice versa for π = −1 parity states. For a Σ− state the

opposite is true since there is an additional factor of (−1) in between the two

functions. A given electronic parity and nuclear spin then places a constraint

on the parity of N , which can be inferred from Table 3.3. These constraints are

summarised in Table 3.4.

Table 3.4: Constraints on the rotational quantum numberN for Σ± states.

elect. state nuclear state (−1)N elec. state nuclear state (−1)N

Σ+
g ortho − Σ−g ortho +

Σ+
g para + Σ−g para −

Σ+
u ortho + Σ−u ortho −

Σ+
u para − Σ−u para +
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3.6.3.2 General diatomic states

For the |Λ| > 0 states, both parity states (+) and (−) are valid, subject to the

antisymmetry constraints laid out in Table 3.3. This means that all states come

in parity doublets

1√
2

[
|Φ+Λ

n 〉|NmN +Λ〉+ |Φ−Λ
n 〉|NmN −Λ〉

]
|νnvN〉|sms〉|ImI〉, π = (−1)N

(3.54)and

1√
2

[
|Φ+Λ

n 〉|NmN +Λ〉 − |Φ−Λ
n 〉|NmN −Λ〉

]
|νnvN〉|sms〉|ImI〉, π = (−1)N+1.

(3.55)

In this case it is not convenient to refer to states by their total parity as the

ordering of the two states alternates with successive values of N , e.g. when N

is even the (+) parity state is the upper state in the parity doublet but when

N is odd the (−) parity state is the upper state. An alternate convention is

to separate the electronic state into the e and f bands, where e refers to states

with parity (−1)N and f refers to states with parity (−1)N+1. The common

spectroscopic notation is to use a “+” superscript on the electronic state label

to refer to the e band and a “−” superscript to refer to the f band. Although

the ± superscripts on the Λ > 0 states refer to a different physical property than

similar superscripts on Λ = 0 states (Σ± states), the constraints they place on

the relationships between electronic parity, total parity, N , and the nuclear spin

are the same. For example, the d 3Π−u label refers to molecular states consisting

of the d 3Πu electronic state and nuclear states with total parity π = (−1)N+1,

so for a para nuclear spin state we require (−) overall parity (referring back to

Table 3.3) which restricts N to being even. By the same reasoning a d 3Π+
u para

state requires odd N . Before going further it is important to note that the total

molecular wave function is only required to be antisymmetric under nuclear per-

mutation when the nuclei are identical fermions (e.g. protons or tritons). When

the nuclei are identical bosons (e.g. the spin-1 deuterons of the D2 molecule) the

wave function should be symmetric under nuclear permutation. When the nuclei

are not identical (as is the case for the heteronuclear isotopologues) there are

no (anti)symmetry requirements with respect to nuclear permutation. For the
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general homonuclear case, the constraints on N are summarised in Table 3.5.

Table 3.5: Constraints on the quantum number N and total molecular

parity π for homonuclear diatomics given the electronic symmetry Λ±t and

either fermionic or bosonic nuclei in the ortho or para spin configurations.

Note that t refers to the electronic parity.

Λ±t
fermions bosons

(−1)N π (−1)N π

ortho (I = 1): Λ+
g − − + +

Λ−g + − − +

Λ+
u + + − −

Λ−u − + + −

para (I = 0): Λ+
g + + − −

Λ−g − + + −

Λ+
u − − + +

Λ−u + − − +

From the perspective of performing scattering calculations we assume the

ortho or para characteristic does not change during the collision so we can use

Table 3.5 to determine which of the states in the parity doublet to use, given a

nuclear spin state and the parity of N . For example with a Λg state of para H2

(nuclei are fermions and I = 0), having even N requires that we use the lower

state in the parity doublet.

3.6.4 Allowed rotational levels

In Hund’s case (b) we refer to different rotational levels by the N quantum num-

ber, but since N also contains a contribution from Λ it is not always indexed

from 0. For example Π states have N ranging from 1 upwards. In general:

N = Λ,Λ + 1, . . . (3.56)
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3.7 Chapter 3 summary

This chapter has presented an overview of the theory of diatomic molecular struc-

ture in the Born-Oppenheimer approximation. The separation of electronic and

nuclear motion has been discussed, and various important properties of the elec-

tronic target states have been described. The approach to calculating the elec-

tronic and vibrational molecular states in the present work will be discussed in

Chapters 6–7. The rotational component of the Born-Oppenheimer molecular

states can be expressed analytically, and their form in Hund’s case (b) has been

given here. The process of adapting the Born-Oppenheimer basis states to satisfy

the symmetries of the diatomic Hamiltonian has been described, and the form of

the symmetry-adapted rovibronic molecular wave function has been given. This

will become important in Chapter 11 when the rotationally-resolved cross section

formulas are derived.



Chapter 4

Scattering on diatomic molecules

This chapter covers various definitions and theoretical approaches commonly ap-

plied to scattering on diatomic molecules within the adiabatic-nuclei and non-

relativistic approximations. The different types of scattering processes for di-

atomics were defined previously in Table 1.1 of Chapter 1. A summary of specific

methods utilised to solve the scattering equations is provided in the following

chapter.

The standard scattering-theory definition of the differential cross section

(DCS) for a target transition niiviNimNi → nfvfNfmNf is

dσSnfvfNfmNf ,niviNimNi
dΩ

=
qf
qi

∣∣∣F SnfvfNfmNf ,niviNimNi (qf , qi)∣∣∣2 , (4.1)

where nf and ni refer to the final and initial electronic states, qf and qi are the

final and initial projectile linear momenta, S is the total scattering-system spin,

and F Sf,i is the scattering amplitude. The scattering amplitude is related to the

total scattering wave function (for the projectile + target system) by

F SnfvfNfmNf ,niviNimNi
(qf , qi) = −4π2〈qfΦnfvfNfmNf

|V̂S |ΨS(+)
niviNimNi

〉, (4.2)

where ΦnfvfNfmNf
is the final target state, V̂ is the projectile-target interaction

potential operator, and Ψ
S(+)
niviNimNi

is the total scattering wave function. The

Schrödinger equation for Ψ
S(+)
niviNimNi

is

(K̂0 + Ĥt + V̂S − E)|ΨS(+)
niviNimNi

〉 = 0, (4.3)

where K̂0 is the projectile kinetic-energy operator, Ĥt is the target Hamiltonian,

and E is the total scattering-system energy. The dependence of the scattering
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wave function on the initial target state is specified by the subscripts niviNimNi ,

and the superscript (+) indicates outgoing spherical-wave boundary conditions.

These details, and the derivations of Eqs (4.1–4.2), were discussed in Chapter 2.

It is common to define the T -matrix element

〈qfΦnfvfNfmNf
|T̂S |ΦniviNimNi

qi〉 = 〈qfΦnfvfNfmNf
|V̂S |ΨS(+)

niviNimNi
〉, (4.4)

so that the scattering amplitude is given by

F SnfvfNfmNf ,niviNimNi
(qf , qi) = −4π2〈qfΦnfvfNfmNf

|T̂S |ΦniviNimNi
qi〉. (4.5)

4.1 The adiabatic-nuclei approximation

The adiabatic-nuclei approximation is a commonly-applied method in molecular

scattering in which the Born-Oppenheimer approximation is applied to the total

scattering wave function. This is justified by noting that the factor of 1/µ in the

nuclear kinetic-energy operator allows it to be treated as a small perturbation in

the total scattering Hamiltonian for sufficiently large electronic energies, satisfy-

ing the criteria of the general adiabatic theorem in quantum mechanics [153]. The

approximation amounts to the decoupling of the electronic and nuclear motions,

allowing the electronic dynamics to be treated separately for each fixed nuclear

geometry.

We denote by Φ±Λ
n the target wave function for the electronic state n with

orbital angular-momentum projection ±Λ on the internuclear axis, and assume

that the spin component |sms〉 has been absorbed into this definition, so that the

molecular wave function is given by

ΦnvNmN (r̃,R) =
1√

2(1 + δΛ,0)

[
Φ+Λ
n (r̃(b);R)νnvN(R)φNmN+Λ(R̂) (4.6)

+ π(−1)N+σΦ−Λ
n (r̃(b);R)νnvN(R)φNmN−Λ(R̂)

]
,

where r̃ stands for all target electron coordinates, R is the nuclear separation/ori-

entation vector, νnv is the vibrational wave function, and φNmN±Λ(R̂) is the ro-

tational wave function. Note that Φ±Λ
n are electronic wave functions which only
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parametrically depend on the internuclear vector. The analogous approximation

for the total scattering wave function is

Ψ
S(+)
niviNimni

(r0, r̃,R) (4.7)

=
1√

2(1 + δΛi,0)

[
Ψ+ΛiS(+)
ni

(r0, r̃;R)νniviNi(R)φNimNi+Λi(R̂)

+ πi(−1)Ni+σΨ−ΛiS(+)
ni

(r0, r̃;R)νniviNi(R)φNimni−Λi(R̂)
]
,

where r0 is the lab-frame projectile coordinate, and Ψ
±ΛiS(+)
ni are electronic scat-

tering wave functions obtained with R treated parametrically.

For the most part, the present work will be concerned with the calculation

of cross sections which are not resolved in the target rotational levels, i.e. with

the final rotational levels summed over and initial rotational sublevels averaged

over:

σnfvf ,niviNi =
1

2Ni + 1

∑
NfmNf

∑
mNi

σnfvfNfmNf ,niviNimNi . (4.8)

Rather than explicitly summing the rotationally-resolved cross sections, it is com-

mon to derive cross-section formulas in which the sums have been performed

analytically. To simplify these derivations, the adiabatic-nuclei scattering wave

function is generally written as

Ψ
S(+)
niviNimni

(r0, r̃,R) = ΨS(+)
ni

(r0, r̃;R)νniviNi(R)φNimNi (R̂), (4.9)

where φNmN (with Λ removed) are the rigid-rotor rotational wave functions:

φNmN (R̂) = Y mN
N (R̂). (4.10)

In this treatment, the Λ-degenerate electronic states are now treated as separate

states, so the electronic index n should be understood to range over all electronic

states with both positive and negative Λ. As shown in Ref. [87], the cross section

σnfvf ,niviNi summed over Nf is independent of Ni within the adiabatic-nuclei

approximation, so the dependence on Ni will be dropped hereafter.

For a fixed internuclear vector R, the electronic scattering wave functions
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are the solutions to

(K̂0 + Ĥt,el + V̂S − Eel)|ΨS(+)
ni
〉 = 0, (4.11)

where Ĥt,el is the electronic target Hamiltonian defined in Eq. (3.8), and Eel is

the total electronic energy.

By applying the adiabatic-nuclei approximation, the scattering problem has

been simplified substantially to require only the solution of Eq. (4.11) at a number

of fixed internuclear vectors R, after which the full scattering wave function can

be recovered. As discussed in the following sections, the problem can actually be

reduced further to explicitly consider only one internuclear orientation.

It is important to note that this method relies on the assumption that the

scattering wave function responds adiabatically to the nuclear motion. At low

projectile energies this assumption is not valid and the approximation becomes in-

accurate. For resonant processes, where the projectile is temporarily captured by

the target, the adiabatic-nuclei approximation completely breaks down. Studies

of resonant electron-molecule collisions apply entirely separate techniques, which

will be discussed in the review of scattering theories in Chapter 5.

4.2 Partial-wave expansion of the scattering

amplitude

The partial-wave expansion is a method commonly utilised in scattering theory

to simplify calculations by allowing certain angular components to be treated

analytically. In the present case this has the additional benefit of allowing the

rotational motion to be treated analytically, so that Eq. (4.11) needs to be solved

at only a single nuclear orientation R̂.

The computation of cross sections in the adiabatic-nuclei approximation re-

quires the electronic scattering amplitudes

F Snf ,ni(qf , qi;R) = −4π2〈qfΦnf |T̂S |Φniqi〉 (4.12)

to be obtained (with R treated as a parameter). The method of partial waves
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proceeds by expanding the projectile wave functions in a basis of spherical har-

monics. In general, the form of the expansion depends on whether or not the

target is charged, or if numerical methods such as distorting potentials have been

utilised. Since neither of these are relevant in the present work we consider only

the simple plane-wave expansion:

〈r|q〉 =

√
2

π

1

qr

∞∑
L=0

+L∑
mL=−L

iLuL(qr)Y mL
L (r̂)Y mL∗

L (q̂), (4.13)

and hence the scattering amplitude can be written as

F Snf ,ni(qf , qi;R) (4.14)

= −4π2 1

qfqi

∑
LfmLf
LimLi

iLi−Lf 〈qfLfmLfΦnf |T̂S |ΦniqiLimLi〉Y
mLf
Lf

(q̂f )Y
mLi∗
Li

(q̂i),

where |qLmL〉 are defined by

〈r|qLmL〉 =

√
2

π

1

r
uL(qr)Y mL

L (r̂), (4.15)

and uL(qr) are the solutions to the one-dimensional free-particle Schrödinger

equation:

[
−1

2

d2

dr2
+
L(L+ 1)

2r2
− q2

2

]
uL(qr) = 0. (4.16)

For non-distorted plane-wave projectile wave functions, uL are the Riccati-Bessel

functions.

Defining the partial-wave scattering amplitudes

F SnfLfmLf ,niLimLi
(qf , qi) = − 4π2

qfqi
iLi−Lf 〈qfLfmLfΦnf |T̂S |ΦniqiLimLi〉, (4.17)

Eq. (4.14) can be written as

F Snf ,ni(qf , qi;R) =
∑

LfmLf
LimLi

F SnfLfmLf ,niLimLi
(qf , qi)Y

mLf
Lf

(q̂f )Y
mLi∗
Li

(q̂i). (4.18)

It is standard to align the lab-frame z axis with the incident projectile direction
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q̂i, which reduces Eq. (4.18) to

F Snf ,ni(qf , qi;R) =
∑

LfmLf

∑
Li

L̂i√
4π
F SnfLfmLf ,niLi0

(qf , qi)Y
mLf
Lf

(q̂f ), (4.19)

where we have defined

L̂ =
√

2L+ 1. (4.20)

4.3 Rotation into body frame

Calculations can be simplified by performing a coordinate transformation into a

frame which rotates with the internuclear vector R. The origin of the body frame

is chosen to coincide with the geometric centre of the nuclei, and the body-frame

z axis is aligned with R̂. In this frame, the incident projectile direction q̂i is not

aligned with the z axis, so the dependence on q̂i is kept explicit. The body-frame

scattering amplitude is defined as

F Snf ,ni(q
(b)
f , q

(b)
i ;R) = −4π2〈q(b)

f Φnf |T̂S |Φniq
(b)
i 〉, (4.21)

where |q(b)〉 are projectile states defined in the body frame. The partial-wave

expansions of the body-frame scattering amplitude and T -matrix element in terms

of spherical harmonics with angular-momentum projections ΛL on the R̂ axis are:

〈q(b)
f Φnf |T̂S |Φniq

(b)
i 〉 (4.22)

=
1

qfqi

∑
LfΛLf
LiΛLi

iLi−Lf 〈qfLfΛLfΦnf |T̂S |ΦniqiLiΛLi〉Y
ΛLf
Lf

(q̂
(b)
f )Y

ΛLi∗
Li

(q̂
(b)
i )

F Snf ,ni(q
(b)
f , q

(b)
i ;R) =

∑
LfΛLf
LiΛLi

F
S(b)
nfLfΛLf ,niLiΛLi

(qf , qi)Y
ΛLf
Lf

(q̂
(b)
f )Y

ΛLi∗
Li

(q̂
(b)
i ), (4.23)

where the body-frame partial-wave amplitudes are defined as

F
S(b)
nfLfΛLf ,niLiΛLi

(qf , qi) = − 4π2

qfqi
iLi−Lf 〈qfLfΛLfΦnf |T̂S |ΦniqiLiΛLi〉. (4.24)

The body- and lab-frame partial-wave scattering amplitudes can be related
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via rotation of the partial-wave functions:

〈r|qLmL〉 =
∑
ΛL

DL∗
mLΛL

(R̂)〈r(b)|qLΛL〉, (4.25)

where DL
mLΛL

is a Wigner-D function, ΛL is the projection of L on R̂, and r(b)

is the body-frame coordinate corresponding to r. The lab-frame partial-wave

amplitudes (4.17) can then be expressed as

F SnfLfmLf ,niLimLi
(qf , qi) =

∑
ΛLfΛLi

D
Lf
mLfΛLf

(R̂)DLi
0ΛLi

(R̂)F
S(b)
nfLfΛLf ,niLiΛLi

(qf , qi).

(4.26)

Hence, the lab-frame scattering amplitude (4.19) is

F Snf ,ni(qf , qi;R) (4.27)

=
∑
LfLi

ΛLfΛLi

L̂i√
4π
D
Lf
mLfΛLf

(R̂)F
S(b)
nfLfΛLf ,niLiΛLi

(qf , qi)
∑
mLf

DLi∗
0ΛLi

(R̂)Y
mLf
Lf

(q̂f ).

Note that the rotation of the projectile and target spin states has not been con-

sidered, as it turns out the scattering amplitudes depend only on the total spin

S and not the spin projections.

4.4 Vibrationally-resolved cross-section

formulas

Expressions for the integral and differential cross sections following the above

definition (4.27) of the lab-frame scattering amplitude have been given by Zammit

et al. [87] and are stated here without derivation.

In order to perform analytic sums over the rotational quantum numbers, it

is necessary to neglect the dependence of the vibrational wave functions on the

rotational level. Hence, we replace νnvN(R) with νnv(R), which are the solutions

to the vibrational Schrödinger equation (3.47) with the centrifugal term neglected.

Since the vibrational wave functions only weakly depend on the rotational level

for small N , this is a reasonable approximation. The adiabatic-nuclei scattering



94 Chapter 4. Scattering on diatomic molecules

amplitude for the transition niviNimNi → nfvfNfmNf is then given by

F SnfvfNfmNf ,niviNimNi
(qf , qi) = 〈φNfmNf νnfvf |F

S
nfvf ,nivi

(qf , qi;R)|νniviφNimNi 〉.

(4.28)

The DCS summed over final rotational levels and averaged over initial rotational

sublevels,

dσSnfvf ,nivi
dΩ

=
1

2Ni + 1

∑
NfmNf

∑
mNi

dσSnfvfNfmNi ,niviNimNi
dΩ

, (4.29)

is given by

dσSnfvf ,nivi
dΩ

=
qf
qi

1

4π2

∑
LfLi

ΛLfΛLi

∑
L′
fL

′
i

Λ′
Lf

Λ′
Li

(−1)
Λ′
Li

+Λ′
Lf L̂iL̂

′
iL̂f L̂

′
f δΛLi−Λ′

Li
,ΛLf−Λ′

Lf
(4.30)

× 〈νnfvf |F
S(b)
nfLfΛLf ,niLiΛLi

|νnivi〉〈νnfvf |F
S(b)

nfL
′
fΛ′

Lf
,niL′

iΛ
′
Li

|νnivi〉

×
∑
L

1

L̂2
CL0
Li0,L′

i0
CL0
Lf0,L′

f0C
L(Λ′

Li
−ΛLi )

Li(−ΛLi )
C
L(ΛLf−Λ′

Lf
)

LfΛLf ,L
′
f (−Λ′

Lf
)PL(cos θ),

where C`m
`1m1,`2m2

are the standard Clebsch-Gordan coefficients, PL is the Legendre

polynomial of order L, and θ is the lab-frame scattering angle. Eq. (4.30) can be

analytically integrated over solid angle to give the vibrationally-resolved integral

cross section:

σSnfvf ,nivi =
qf
qi

1

4π

∑
LfLi

ΛLfΛLi

∣∣∣〈νnfvf |F S(b)
nfLfΛLf ,niLiΛLi

|νnivi〉
∣∣∣2 . (4.31)

Spin-averaged cross sections (generally what is compared with experiment)

are obtained with the following:

dσnfvf ,nivi
dΩ

=
∑
S

2S + 1

2(2si + 1)

dσSnfvf ,nivi
dΩ

, (4.32)

σnfvf ,nivi =
∑
S

2S + 1

2(2si + 1)
σSnfvf ,nivi , (4.33)

where si is the initial spin of the target, and the sum is over all valid total

scattering system spins S. Throughout the rest of this section the dependence

on S will be retained, with the understanding that Eqs. (4.32–4.33) are applied
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to all cross sections to produce final spin-averaged quantities.

4.5 Choice of outgoing momentum

The outgoing projectile momentum qf as it appears in Eqs (4.30) and (4.31) is

defined by

qf =
√

2
[
Ein − εnfvf ,nivi

]
, (4.34)

where Ein is the incident energy, and εnfvf ,nivi is the vibrationally-resolved exci-

tation energy. An alternative choice which is often made is to replace qf with

the R-dependent momentum obtained using the vertical (electronic) excitation

energy εnf ,ni(R):

qf (R) =
√

2
[
Ein − εnf ,ni(R)

]
, (4.35)

in which case Eq. (4.31) becomes

σSnfvf ,nivi =
1

qi

1

4π

∑
LfLi

ΛLfΛLi

∣∣∣∣〈νnfvf |√qf (R)F
S(b)
nfLfΛLf ,niLiΛLi

|νnivi〉
∣∣∣∣2 , (4.36)

and a similar expression holds for the DCS. With this choice of qf , Eq. (4.36) no

longer reproduces the correct threshold, i.e. the cross section does not go to zero

at the physical threshold. As shown later, however, this definition can be useful

when summing over vibrational levels.

4.6 Cross sections for dissociative excitation

Molecular dissociation occurs following excitation of an unbound vibrational level.

Each electronic potential-energy curve supports a continuum of dissociative vibra-

tional wave functions, each one representing the production of atomic fragments

of a particular kinetic energy. The standard approach to treating dissociative

excitation is to define the energy-differential cross section

dσ
S(diss)
nf ,nivi

dEk

=
qf
qi

1

4π

∑
LfLi

ΛLfΛLi

∣∣∣〈νnfEk
|F S(b)
nfLfΛLf ,niLiΛLi

|νnivi〉
∣∣∣2 , (4.37)
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where νnfEk
(R) is the dissociative vibrational wave function with kinetic energy

Ek. These functions are obtained simply by solving the vibrational Schrödinger

equation (3.47) with the energy set to

εnv = Ek +Dn, (4.38)

where Dn is the asymptotic limit of the potential-energy curve. The total disso-

ciative excitation cross section for the electronic state nf is then given by

σS(diss)
nf ,nivi

=

∞̂

0

dσ
S(diss)
nf ,nivi

dEk

dEk. (4.39)

Here, the upper integration bound can be truncated to the maximum allowed

kinetic-energy release Ek, based on energy-conservation requirements.

The normalisation of the dissociative wave functions must be chosen appro-

priately. The use of Eq. (4.37) assumes the following normalisation to a Dirac-δ

function in energy:

∞̂

0

νnEk
(R)νnE′

k
(R) dR = δ(Ek − E ′k). (4.40)

This choice of normalisation also implies the following resolution of unity for the

total (bound + continuum) vibrational spectrum:

∑
v

νnv(R)νnv(R
′) +

∞̂

0

νnEk
(R)νnEk

(R′) dEk = δ(R−R′). (4.41)

The use of Eq. (4.37), and the manner in which the νnEk
should be normalised was

called into question by Trevisan and Tennyson [72], who derived alternative equa-

tions which produce substantially different results. These issues will be discussed

in detail in Chapter 8, where it will be shown that the approach summarised in

this section is indeed correct.
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4.7 Summing over vibrational levels

To obtain an overall excitation cross section for an electronic state nf , Eq. (4.31)

must be summed over the final vibrational levels vf . The dependence of qf on each

specific vibrational transition precludes this sum from being performed analyti-

cally, so it is therefore necessary to explicitly compute each vibrationally-resolved

cross section and sum them:

σSnf ,nivi =
∑
vf

σSnfvf ,nivi +

∞̂

0

dσ
S(diss)
nf ,nivi

dEk

dEk, (4.42)

where the sum is over all bound vibrational levels. However, if Eq. (4.36) is

applied to remove the dependence of qf on the final vibrational level, and a sim-

ilar approach is taken for the dissociative transitions, the unity resolution (4.41)

can be utilised to analytically sum over the bound levels and integrate over the

continuum, giving

σSnf ,nivi = 〈νnivi |σSnf ,ni|νnivi〉, (4.43)

where σSnf ,ni is the R-dependent electronic excitation cross section, defined by

σSnf ,ni(R) =
qf
qi

1

4π

∑
LfLi

ΛLfΛLi

∣∣∣F S(b)
nfLfΛLf ,niLiΛLi

∣∣∣2 . (4.44)

Similarly, this approach can be applied to the DCS, giving

dσSnf ,nivi
dΩ

= 〈νnivi |
dσSnf ,ni

dΩ
|νnivi〉, (4.45)

where dσSnf ,ni/ dΩ is the R-dependent DCS obtained by replacing the adiabatic-

nuclei partial-wave amplitudes in Eq. (4.30) with the R-dependent amplitudes.

4.8 The fixed-nuclei approximation

The fixed-nuclei approximation is a further approximation of Eqs (4.43–4.45)

which requires the evaluation of the R-dependent cross sections at only a single

value of R. Performing a Taylor-series expansion of σSnf ,ni(R) about some point
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R0 gives

σSnf ,ni(R) = σSnf ,ni(R0) +

(
d

dR
σSnf ,ni(R)

)
R=R0

(R−R0) + · · · , (4.46)

and hence Eq. (4.43) is, up to first-order variation in R:

σSnf ,nivi ≈ σSnf ,ni(R0) +

(
d

dR
σSnf ,ni(R)

)
R=R0

(Rm −R0), (4.47)

where Rm is the mean internuclear separation of the state nivi:

Rm = 〈νnivi |R|νnivi〉. (4.48)

Evidently, the best choice of R0 is Rm, since it gives first-order accuracy without

requiring knowledge of the R derivatives of the cross sections. The fixed-nuclei

approximation is then stated as

σSnf ,nivi ≈ σSnf ,ni(Rm). (4.49)

An analogous expression also holds for the fixed-nuclei DCS.

This approximation holds only for scattering on the ground vibrational level

(vi = 0), since this vibrational wave function is approximately Gaussian in shape,

and hence R values in the vicinity of Rm make the dominant contribution to the

integration over R in Eq. (4.43). Since Eqs (4.43–4.45) are expressions for the

cross sections summed over final vibrational levels, the fixed-nuclei approximation

yields results only for total excitation of a given electronic state (summed/inte-

grated over final bound/dissociative vibrational levels).

4.9 The Franck-Condon approximation

The Franck-Condon approximation is a simple method for reintroducing the vi-

brational motion without needing the electronic scattering problem to be solved

at multiple internuclear separations (as required in the adiabatic-nuclei calcu-

lations). This approach assumes that the electronic scattering amplitudes are

independent of the internuclear separation, allowing them to be factored out of

the vibrational integrations. The cross section for the transition nivi → nfvf is
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then given by

σnfvf ,nivi = σFN
nfvf ,nivi

∣∣〈νfvf |νivi〉∣∣2 , (4.50)

where σFN
nfvf ,nivi

is the fixed-nuclei electronic scattering cross section. The quantity∣∣〈νfvf |νivi〉∣∣2 is referred to as the Franck-Condon factor.

4.10 The “square-root” approximation

The evaluation of Eq. (4.31) requires an integration over R for each partial wave.

Although this is not a costly exercise on modern-day computers, numerical in-

stabilities can arise when interpolating each partial-wave amplitude in order to

perform the integration. The “square-root” approximation is an approximation

for the spin-averaged vibrationally-resolved cross section:

σnfvf ,nivi ≈
∣∣∣〈νnfvf |√σnf ,ni(R)|νnivi〉

∣∣∣2 , (4.51)

where σnf ,ni(R) is the spin-averaged R-dependent electronic-excitation cross sec-

tion. This method allows the partial-wave amplitudes to be summed first to

produce σnf ,ni(R), after which only σnf ,ni(R) must be interpolated.

It is difficult to justify the use of this approximation, although it is pos-

sible to show that it is accurate if each partial-wave amplitude has a similar

R-dependence, i.e.

F
S(b)
nfLfΛLf ,niLiΛLi

(qf , qi, R) ≈ CSnfLfΛLf ,niLiΛLi
f(R) (4.52)

for some function f(R) and constants CSnfLfΛLf ,niLiΛLi
. This method also produces

the correct sum over final vibrational levels, i.e

∑
vf

∣∣∣〈νnfvf |√σnf ,ni(R)|νnivi〉
∣∣∣2 = 〈νnivi |σnf ,ni(R)|νnivi〉, (4.53)

which places a limit on the magnitude of the error in the approximation. In

practice, though, it is not possible to assess the accuracy of the approximation

without making comparison to the true adiabatic-nuclei cross sections. If it can be

verified in this way that the approximation is valid, then in cases where calculated

cross sections are affected by numerical instabilities, it can be useful to work
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within this framework since it is much simpler to ensure that σnf ,ni(R) is a smooth

function of R than it is for each individual partial-wave amplitude.

In order to ensure the correct excitation thresholds, Eq. (4.51) can be mod-

ified as follows:

σnfvf ,nivi ≈ qf

∣∣∣〈νnfvf |√σnf ,ni(R)/qf (R)|νnivi〉
∣∣∣2 . (4.54)

In this way, Eq. (4.54) is an approximation to the initial definition of the adiabatic-

nuclei cross section (4.31), while Eq. (4.51) is an approximation to the alternative

definition given in Eq. (4.36).

4.11 The energy-balancing method

In a theoretical study of electron-impact dissociative excitation of the H2 b
3Σ+

u

state, Stibbe and Tennyson [71] suggested an alternative formulation of the

adiabatic-nuclei method, in order to correct issues at low energies resulting from

violation of energy conservation. The R-dependent scattering amplitudes which

appear in the adiabatic-nuclei cross-section formula (4.31) are the result of fixed-

nuclei scattering calculations where the outgoing projectile momentum qf is de-

termined by the vertical excitation energy (difference between the two potential-

energy curves at a given R), via

qf (R) =
√

2
[
Ein − εnf ,ni(R)

]
. (4.55)

Hence, the R-dependent amplitudes are undefined whenever the incident energy

is at or below the fixed-nuclei excitation energy. At near-threshold energies this

can lead to situations where the R-dependent amplitudes are undefined over part

or all of the integration domain in Eq. (4.31). This issue was discussed in detail

by Shugard and Hazi [154], who suggested a solution involving the computation of

R-dependent amplitudes which are “off-shell” (within the fixed-nuclei model) so

that they can be chosen with the physically correct qf per vibrational transition.

For many scattering theories the calculation of off-shell scattering amplitudes is

not possible, so Stibbe and Tennyson [71] suggested a simpler approach where

the fixed-nuclei outgoing momentum is set equal to the physical qf , and the
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incident momentum is allowed to vary with R so that the R-dependent scattering

amplitudes remain on shell. Writing the dependence of the amplitudes on the

incident energy and internuclear separation explicitly, the adiabatic-nuclei cross

section in this case is given by

σSnfvf ,nivi =
qf
qi

1

4π

∑
LfLi

ΛLfΛLi

∣∣∣〈νnfvf |F S(b)
nfLfΛLf ,niLiΛLi

(R,Enfvf ,nivi(R,Ein))|νnivi〉
∣∣∣2 ,

(4.56)

where the modified incident energy Enfvf ,nivi is given in terms of the true inci-

dent energy Ein, vibrationally-resolved excitation energy εnfvf ,nivi , and vertical

excitation energy εnf ,ni :

Enfvf ,nivi(R) = Ein − εnfvf ,nivi + εnf ,ni(R). (4.57)

The fixed-nuclei outgoing momentum qf (R) corresponding to this modified inci-

dent energy is independent of R by construction, and equal to the physical out-

going momentum for each vibrational transition. Although this approach comes

with the tradeoff that the R-dependent amplitudes are now evaluated with the

incorrect incident energy, it does ensure they are well-defined at all values of R

for the integration in Eq. (4.56).

Although Stibbe and Tennyson [71] initially developed this approach for

studies of dissociative excitation, it can be readily applied to both bound and dis-

sociative transitions. When working within the square-root approximation (4.51),

the energy-balancing method can be applied by simply evaluating theR-dependent

cross section σnf ,ni(R) at the modified incident energy:

σnfvf ,nivi =
∣∣∣〈νnfvf |√σnf ,ni(R,Enfvf ,nivi(R,Ein))|νnivi〉

∣∣∣2 . (4.58)

It should be noted that the energy-balancing method enforces the correct excita-

tion thresholds, so here there is no need to modify Eq. (4.58) along the lines of

Eq. (4.54).
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4.12 Chapter 4 summary

This chapter has discussed the definitions of the adiabatic- and fixed-nuclei ap-

proximations, and provided a number of important equations for evaluating electron-

molecule cross sections once the fixed-nuclei scattering problem has been solved.

Some of the methods for solving the fixed-nuclei problem will be discussed in

Chapter 5. The formulas presented here are for cross sections which are summed/av-

eraged over the final/initial rotational levels of the target. Rotationally-resolved

cross-section formulas will be derived in Chapter 11.



Chapter 5

Review of scattering theories

This chapter provides a brief outline of some of the various theoretical methods

which have been applied to e−-H2 collisions. The focus here is on the different

treatments of the electronic dynamics; the various approximations applied to the

nuclear dynamics in molecular scattering calculations were discussed in Chapter 4.

Only those methods which are referred to later in the thesis are discussed in this

chapter.

5.1 Classical and semiclassical methods

While atomic and molecular collisions are inherently quantum-mechanical pro-

cesses, some theoretical methods treat the whole or part of the problem using

classical approaches. While this must come at the expense of accuracy, and gen-

erally limits the types of processes which can be studied, the benefit of such an

approach is the simplicity of the implementation and the reduced computational

expense compared to fully quantum-mechanical methods. Classical or semiclas-

sical methods are generally most accurate for large incident energies.

5.1.1 Gryziński method

This method was originally derived by Gryziński [155], and developed further

by Bauer and Bartky [156]. The Gryziński method applies the binary-encounter

approximation, which assumes that each pair of particles in the scattering system

interact separately. In particular, it is assumed that the processes of electron-

impact excitation and ionisation can be modelled as a classical collision between

two free electrons. In order to apply the Gryziński method, all that is required is
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knowledge of the excitation energies for the various transitions of interest, after

which the cross section is given by simple formulas depending only on the ener-

gies involved. The method can be considered semiclassical in the sense that the

target excitation energies must be obtained from quantum-mechanical calcula-

tions, but in terms of treating the collision dynamics this is an entirely classical

approximation.

The Gryziński method has been applied by Wünderlich [98, 99] to the study

of electron-impact ionisation of H2 and its isotopologues. Despite the classical

approach, the results for ionisation of the H2 ground state were in good agreement

with experiment. The simplicity of the approach allowed a large set of cross

sections to be obtained for ionisation of vibrationally- and electronically-excited

states. The nuclear dynamics in these calculations were accounted for using the

Franck-Condon approximation (see Sec. 4.9). The same method was applied by

Celiberto et al. [157] to the dissociative ionisation of vibrationally-excited D2.

The Gryziński method, along with the Franck-Condon approximation, was also

applied by Celiberto et al. [158] to studies of dissociative electronic excitation of

H2 in excited vibrational levels.

5.1.2 Impact-parameter method

Impact-parameter (IP) methods in general are semiclassical approaches to a scat-

tering problem in which the target is treated quantum-mechanically, but the

projectile is treated classically. Classically, the projectile is asymptotically char-

acterised by its velocity and the so-called impact parameter, the perpendicular

distance between the projectile’s initial straight-line trajectory and the target cen-

tre. IP methods require the scattering amplitudes to be evaluated as a function

of the impact parameter before it is integrated over.

The IP method was first applied to electron scattering on molecules by Hazi

[159], who studied electron collisions with H2, F2, and N2 within the fixed-nuclei

approximation. It was later implemented again by Celiberto and Rescigno [160]

in studies of electronic excitation of vibrationally-excited H2 and D2, with the

nuclear motion accounted for with the adiabatic-nuclei approximation to allow

studies of scattering on vibrationally-excited targets. Since then the IP method
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has been applied by Celiberto and co-authors to studies of electron collisions

with numerous molecules, including calculations of many optically-allowed tran-

sitions in H2 and its isotopologues [70, 160–164]. For large incident energies, the

IP calculations reproduce the Born-approximation results, ensuring the correct

cross-section behaviour in the high-energy limit. At low to intermediate energies

the IP results are well-known to be too large, but they are still a considerable

improvement over the Born approximation. The IP method is also only applica-

ble to optically-allowed transitions, and hence studies of dipole- or spin-forbidden

transitions must be performed with alternative approaches.

5.2 Quantum-mechanical methods

5.2.1 Schwinger multichannel method

The Schwinger multichannel (SMC) method has its roots in the Schwinger vari-

ational principle (SVP) of quantum scattering [165]. The SVP was fist applied

to electron-molecule scattering by McKoy and co-authors [166–171]. The SMC

method was a natural extension of this which includes multichannel coupling,

exchange, and polarisation effects, and can be applied to arbitrary molecules pos-

sessing long-range dipole potentials [172]. It has been utilised in studies of elec-

tron and positron scattering on a variety of both small and large molecules [173–

176]. In the case of H2, the SMC method has been applied to electron scattering

on the X 1Σ+
g , c 3Πu, and a 3Σ+

g states within the fixed-nuclei approximation [94,

95, 177]. There have been no SMC studies of e−-H2 scattering with nuclear dy-

namics incorporated.

5.2.2 The distorted-wave approximation

The distorted-wave (DW) approximation is a perturbation method in which the

projectile is treated using distorted waves calculated in the field of the target.

The total scattering wave function is represented as the product of the initial

unperturbed target state and the projectile distorted wave [178]. The inclusion

of an approximate exchange potential in addition to the static target potential
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in the calculation of the distorted waves allows spin-exchange transitions to be

studied. The DW approximation is most accurate at larger incident energies, and

in the high-energy limit it reproduces the results of the Born approximation. At

lower energies, the DW approximation is an improvement over the Born approx-

imation, but is less accurate than non-perturbative methods. The DW method

has been applied to e−-H2 scattering in a number of papers, using the fixed-

nuclei approximation for studies of low-lying electronic excitations [67, 68], and

the adiabatic-nuclei approximation for studies of dissociative excitation [69]. The

DW method ignores interchannel coupling, and is applicable only at intermediate

to high energies.

5.2.3 The R-matrix method

The R-matrix method was first introduced in studies of nuclear scattering [179],

and extended to electron-atom scattering by Burke et al. [180]. The fundamental

concept of the method is the separation of configuration space into the internal

and external regions. In the internal region, exchange and correlation effects

between the projectile and target electrons are treated rigorously by diagonalising

the scattering Hamiltonian to obtain (N+1)-electron wave functions and energies

(where N is the number of target electrons). In the outer region, the projectile-

target interaction is assumed to be mediated only by long-range potentials, with

exchange and correlation effects neglected [181]. The boundary between the two

regions is known as the R-matrix sphere.

The R-matrix method is an ab initio technique, however the accuracy of the

calculated cross sections depends strongly on the number of target states included

in the coupled-state expansion of the (N + 1)-electron wave function, the number

of terms included in the partial-wave expansion of the projectile wave function,

and the size of the R-matrix sphere. The choice of radius for the R-matrix sphere

is influenced by the requirement for the (N + 1)-electron wave functions to be

contained within the sphere, and the increasing computational expense associated

with larger radii. The former places restrictions on the types of calculations which

may be performed, since more diffuse (N + 1)-electron states may leak outside

the R-matrix sphere. As a result, R-matrix calculations become difficult when
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large internuclear separations or large projectile angular momenta are required.

Early R-matrix calculations for the fundamental X 1Σ+
g → b 3Σ+

u transi-

tion were performed in the fixed-nuclei approximation by Baluja et al. [182] and

Branchett and Tennyson [65], with both utilising only small target-state expan-

sions. Later calculations were performed by Stibbe and Tennyson [71] using the

UK Molecular R-matrix (UKRMol) suite of computer programs, with 9 target

states included in the calculations (counting degenerate states twice). During the

course of this project, improved calculations for scattering on the X 1Σ+
g state of

H2 in the fixed-nuclei approximation were performed by Meltzer et al. [9] using

the UKRMol+ suite, which allows the use of a much larger R-matrix radius, and

hence the use of larger basis sets. Similar calculations were also performed for

scattering on excited electronic states [116]. Comparison of these results with

the results obtained during the current project will be made in Chapter 8. It is

worth noting that the UKRMol and UKRMol+ codes do not utilise pseudostates

to model ionisation channels, restricting the range of validity in the calculations

to low incident energies (below the ionisation threshold).

5.2.4 Complex scattering potential–ionisation

contribution

The “complex scattering potential–ionisation contribution” (CSP-ic) method is a

semi-empirical method developed by Joshipura et al. [183], wherein the collision

dynamics are modelled using a complex local potential readily obtained once the

target wave functions are known. The potential includes the real static and ex-

change potentials, as well as a complex absorption potential to model inelastic

processes. The ionisation cross section is extracted from calculations of the inelas-

tic cross section by defining an approximate energy-dependent “break-up ratio”,

which is determined by semi-empirical means. This approach has been applied

to a number of molecules [183–187], including ionisation of the metastable c 3Πu

state of H2 [97]. A comparison of this result with the present calculations will be

made in Chapter 8.
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5.2.5 Convergent close-coupling method

Born out of earlier coupled-channel optical calculations [188], the convergent

close-coupling (CCC) method was developed by Bray and Stelbovics [189] and

initially applied to studies of electron scattering on atomic hydrogen. The CCC

method is an implementation of the close-coupling theory, where the total scat-

tering wave function is expanded in the set of target states, resulting in a set

of coupled equations for the scattering quantities of interest. The close-coupling

method is, in principle, an ab initio technique, however the accuracy of the cal-

culated cross sections strongly depends on the completeness of the set of included

target states. In particular, coupling to target states in the continuum must be

accounted for, but before the advent of CCC there were no theoretical methods

which attempted this in a systematic way. One of the defining qualities of the

CCC method is the representation of the target in a basis of square-integrable

(“L2”) functions built from Laguerre polynomials. As the size of the basis is in-

creased the low-lying states generated converge to true target eigenstates, while

the remaining pseudostates (so-called because they diagonalise the target Hamil-

tonian but are not eigenstates) provide a quadrature rule for summing over the

discrete target spectrum and integrating over the target continuum. Hence, by

including the pseudostates in the close-coupling expansion one obtains a tractable

method for treating the infinite target spectrum with a finite-sized expansion.

Since the original application of CCC to e−-H scattering, the method has

been extended to quasi one-electron atomic targets (those which can be mod-

elled by a single electron above a frozen Hartree-Fock core) [190], and quasi

two-electron targets [191, 192]. In order to study positron collisions with atomic

targets, a “two-centre” implementation of CCC was developed [193, 194], in which

the rearrangement channels of positronium formation are included explicitly via a

second expansion in terms of positronium states. The CCC method has also been

extended further with a separate implementation for ion-atom scattering [195–

200].

During the past decade, the molecular CCC (MCCC) method has been de-

veloped during the PhD projects of Zammit [201] and Savage [202]. The MCCC

code was implemented using the fixed-nuclei approximation, and applied to elec-
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tron and positron scattering on H2 and H+
2 [88–93, 203]. For electron scatter-

ing on H+
2 and positron scattering on H2, calculations were performed in the

adiabatic-nuclei approximation [90, 92]. The MCCC calculations for e−-H2 scat-

tering rigorously demonstrated convergence with respect to the projectile and

target expansions in cross sections for elastic scattering, excitation, and ionisa-

tion, within the fixed-nuclei approximation. The converged MCCC results were

in many cases substantially different from previous calculations. In particular,

the MCCC cross section for the important X 1Σ+
g → b 3Σ+

u transition was up

to a factor of two lower than previous theory and measurements above 12 eV.

This situation was resolved later when updated measurements were taken with a

new apparatus at California State University Fullerton, and were found to be in

near-perfect agreement with the MCCC predictions [14, 17]. Agreement between

theory and experiment on this level was unprecedented in electron-molecule col-

lisions, and reinforced the accuracy of the MCCC calculations. A more detailed

discussion of the MCCC theory is given in Chapter 6.

5.3 Chapter 5 summary

Although the basic physics of non-relativistic collisions is well understood and

is described simply by the Schrödinger equation, actually solving the scattering

equations is a difficult computational feat. Hence, a number of approximations

have been developed to simplify the calculations, although this comes at the ex-

pense of the accuracy and generality of the method. A number of approximate

electronic-scattering calculations have been applied to the e−-H2 collision com-

plex, and those which are referred to in later chapters have been discussed here.

The driving principle of the convergent close-coupling method, which is applied

in the present work, is to solve the scattering equations essentially without ap-

proximation in order to produce data for all transitions of interest over broad

energy ranges.
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Adiabatic-nuclei MCCC



Chapter 6

Fixed-nuclei molecular

convergent close-coupling method

This chapter provides a brief summary of the fixed-nuclei (FN) MCCC method

formulated in both spherical and prolate spheroidal coordinates. Both implemen-

tations, including expressions for the V -matrix elements, have been described in

detail previously by Zammit et al. [87] and Savage [202]. The MCCC method

is formulated in the non-relativistic approximation, where the total scattering-

system electron spin S is treated as a good quantum number.

The spherical MCCC implementation is formulated in the standard spherical

coordinate system (r, θ, φ). The spheroidal MCCC implementation is formulated

in the modified prolate spheroidal coordinates (ρ, η, φ), defined as

ρ =
r1 + r2

2
− R

2
∈ [0,∞) (6.1)

η =
r1 − r2

R
∈ [−1, 1), (6.2)

along with the standard azimuthal angle φ, in terms of distances r1 and r2 from

the two foci positioned at the nuclei. With this definition of the coordinate

system, the spheroidal radial coordinate ρ is analogous to the spherical radial

coordinate r, since

lim
R→0

ρ = r. (6.3)
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6.1 Target states

6.1.1 One-electron states

The one-electron target states (states of H+
2 ) are characterised by their orbital

angular-momentum projection Λ, parity π, spin s, and spin projection Σ (Λ and

Σ are both defined as projections onto the internuclear axis). The one-electron

states are denoted by |φΛπsΣ
n 〉, where n is an index variable (not a quantum

number), and are obtained via a configuration-interaction (CI) calculation in a

basis of Laguerre-type states:

|φΛπsΣ
n 〉 =

Nj∑
j=1

C
(n)
j |kj`jΛjsjΣj〉. (6.4)

In the spherical-coordinate implementation, the basis states are given by

〈r|kj`jΛjsjΣj〉 =
1

r
ϕkj`j(r)Y

Λj
`j

(r̂)|sjΣj〉, (6.5)

where Y Λ
` are the spherical harmonics, |sΣ〉 are one-electron spin states, and ϕk`

are the radial Laguerre functions:

ϕk`(r) =

√
α`(k − `)!

(k + `)(k + 2`)!
(2α`r)

`+1e−α`rL2`+1
k−1 (2α`r). (6.6)

Here, L2`+1
k−1 is the associated Laguerre polynomial of order 2`+ 1. The CI coeffi-

cients C
(n)
j in Eq. (6.4) are found by diagonalising the one-electron target Hamil-

tonian Ĥt using standard numerical methods. Since the basis must be truncated

to allow numerical solution, the resulting states in Eq. (6.4) are pseudostates.

They satisfy

〈φΛπsΣ
n′ |Ĥt|φΛπsΣ

n 〉 = εnδn′n (6.7)

for all n, where εn is the pseudostate energy. For sufficiently large basis sizes,

the low-lying discrete states are good representations of true spectroscopic states,

which satisfy

Ĥt|φΛπsΣ
n 〉 = εn|φΛπsΣ

n 〉. (6.8)

The procedure for generating one-electron states in spheroidal coordinates



6.1. Target states 113

closely follows what was outlined above for the spherical implementation. The

primary distinction is that the spheroidal Laguerre radial basis functions are

defined by

ϕkΛ(ρ) =

√
αΛ

(k − 1)!

(k + Λ− 1)!
(αΛρ)Λ/2e−αΛρ/2LΛ

k−1(αΛρ). (6.9)

Note that the radial functions and exponential falloffs are specified by the value

of Λ rather than `. The three-dimensional basis functions are still expressed in

terms of spherical harmonics:

〈ρ|k`ΛsΣ〉 = ϕkΛ(ρ)Y Λ
` (ρ̂)|sΣ〉, (6.10)

so that the basis functions can be assigned a well-defined value of `. However, note

the distinction that the spheroidal basis functions do not contain an equivalent of

the 1/r factor in the spherical basis functions (6.5). This is because the spheroidal

differential volume element

dV =

[(
ρ+

R

2

)2

−
(
R

2
η

)2
]

dρ dη dφ (6.11)

is non-separable and does not contain easily-cancelled factors as in the spherical

case ( dV = r2 sin θ dr dθ dφ).

6.1.2 Two-electron states

The spherical-coordinate two-electron target states are represented in a basis

of two-electron configurations formed from the one-electron Laguerre basis in

Eq. (6.5). For the purposes of calculating spatial wave functions, spin-dependence

can be neglected except in determining the allowed configurations (to satisfy

the exclusion principle). To improve the accuracy of the two-electron structure

calculation, one or more one-electron molecular states can be used to replace the

corresponding Laguerre basis functions. For example, the X 2Σg H+
2 state can

replace the Laguerre function with k = 1 and ` = Λ = 0, and so on.

The spherical-coordinate two-electron wave functions are represented in the



114 Chapter 6. Fixed-nuclei molecular convergent close-coupling method

following form:

ΦΛπsΣs
n (r1, r2) =

1

r1r2

∑
αβ

C
(n)
α,βφα(r1)φβ(r2) (6.12)

φα(r) = ϕα(r)Y Λα
`α

(r̂), (6.13)

with the antisymmetry requirement built in to the CI coefficients which sat-

isfy C
(n)
α,β = (−1)sC

(n)
αβ . Since the one-electron basis in which configurations are

constructed contains both Laguerre basis functions with a well-defined `, and

one-electron molecular states with a mixture of contributions from all `, the rep-

resentation given in Eq. (6.12) in which each α and β corresponds to a specific `

is only possible after a procedure to sum together the contributions from multiple

radial functions for each given `, to give ϕα. In the spheroidal case, the target

wave functions are represented as

ΦΛπsΣs
n (ρ1,ρ2) =

∑
αβ

C
(n)
α,βφα(ρ1)φβ(ρ2). (6.14)

As before, the two-electron states are pseudostates which satisfy

〈ΦΛπsΣ
n′ |Ĥt|ΦΛπsΣ

n 〉 = εnδn′n, (6.15)

and the discrete states which adequately represent true spectroscopic states sat-

isfy

Ĥt|ΦΛπsΣ
n 〉 = εn|ΦΛπsΣ

n 〉. (6.16)

A useful property of the underlying Laguerre basis is that the pseudostates result-

ing from diagonalising the target Hamiltonian form a quadrature rule for the sum

and integral over the true discrete and continuum target eigenstates [204–207],

in the sense that

lim
N→∞

N∑
n=1

|Φn〉〈Φn| =
∞∑
j=1

|Φ̄j〉〈Φ̄j|+
∞̂

0

|Φ̄c〉〈Φ̄c| dc, (6.17)

where |Φ̄j〉 are the true discrete eigenstates, |Φ̄c〉 are true continuum eigenstates

with energy c relative to the ionisation threshold, and N is the number of pseu-

dostates. Since the Hamiltonian is a Hermitian operator, the right-hand side of
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Eq. (6.17) is the identity operator acting in the electronic target space. Therefore,

defining the projection operator

ÎN =
N∑
n=1

|Φn〉〈Φn| (6.18)

we have

lim
N→∞

ÎN = Î. (6.19)

6.2 Momentum-space Lippmann-Schwinger

equation

The electronic scattering states are the solutions to

(E − Ĥ)|ΨSni〉 = 0, (6.20)

where Ĥ is the total scattering-system Hamiltonian:

Ĥ = K̂0 + Ĥt + V̂dir. (6.21)

Here, K̂0 is the projectile kinetic-energy operator, Ĥt is the target electronic

Hamiltonian, and V̂dir is the projectile-target direct interaction potential. The

reason for denoting it as “direct” will become clear further down. In this chapter

all operators and states are defined in the molecular body frame. In the case of

electron scattering, |ΨSni〉 must be antisymmetric with respect to exchange of the

projectile electron with any of the target electrons. Therefore, it is convenient to

express it in an explicitly antisymmtrised form:

|ΨSni〉 = A|ψSni〉, (6.22)

where

A = 1−
Ne∑
j=1

P̂0j (6.23)

is the antisymmetrisation operator, and |ψSni〉 is a state of arbitrary symmetry

which will be solved for. In Eq. (6.23), P̂0j is the electron exchange operator, and

Ne is the number of target electrons.
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Defining the asymptotic Hamiltonian

Ĥ0 = K̂0 + Ĥt, (6.24)

Eq. (6.20) becomes

(E − Ĥ)|ψSni〉 = (E − Ĥ)
Ne∑
j=1

P̂0j|ψSni〉 (6.25)

(E − Ĥ0)|ψSni〉 = V̂dir|ψSni〉+ (E − Ĥ)
Ne∑
j=1

P̂0j|ψSni〉 (6.26)

(E − Ĥ0)|ψSni〉 = V̂|ψSni〉, (6.27)

where we have defined

V̂ = V̂dir + V̂exch (6.28)

V̂exch = (E − Ĥ)
Ne∑
j=1

P̂0j. (6.29)

Here, V̂exch is the exchange potential operator. While it does not correspond

to a physical potential, it plays the role of a potential in the Schrödinger equa-

tion (6.27) for |ψSni〉. In reality, this term is merely a consequence of the require-

ment that the total scattering wave function is antisymmetric with respect to

electron exchange.

The central idea of the close-coupling method is the multichannel expansion

of the total scattering state:

|ψSni〉 =
∑̂
j

|Φ̄j〉〈Φ̄j|ψSni〉, (6.30)

where the sum/integral sign indicates a summation over the discrete and in-

tegral over the continuum target eigenstates |Φ̄j〉. To date, no close-coupling

method has been developed which is capable of treating the target continuum

in Eq. (6.30) using true continuum states. The approach taken in the CCC and

MCCC methods is to write the multichannel expansion using the pseudostate
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projection operator (6.18):

|ψSni〉 = ÎN |ψSni〉 (6.31)

By virtue of Eq. (6.19), the two forms of the multichannel expansion in Eqs. (6.30)

and (6.31) are formally equivalent in the limit as N → ∞. The ÎN -projected

transition operator, defined by

T̂N |Φniqi : S〉 = ÎN V̂ ÎN |ψSni〉, (6.32)

therefore satisfies

lim
N→∞

T̂N |Φniqi : S〉 = T̂|Φniqi : S〉. (6.33)

Inserting the multichannel expansion from Eq. (6.31) into Eq. (6.27), and pro-

jecting on the left by ÎN gives

ÎN(E − Ĥ0)̂IN |ψSni〉 = ÎN V̂ ÎN |ψSni〉. (6.34)

Now defining the ÎN -projected asymptotic Green’s operator with outgoing spherical-

wave boundary conditions:

Ĝ
N(+)

0 = lim
ε→0+

Ĝ
N

0 (ε) (6.35)

Ĝ
N

0 (ε)
[
ÎN(E − Ĥ0 + iε)̂IN

]
= ÎN , (6.36)

the ÎN -projected Schrödinger equation in Eq. (6.34) can be transformed into the

Lippmann-Schwinger equation:

ÎN |ψS(+)
ni
〉 = ÎN |Φniqi : S〉+ Ĝ

N(+)

0 ÎN V̂ ÎN |ψS(+)
ni
〉, (6.37)

where |Φniqi : S〉 are the eigenstates (with total electron spin S) of the asymp-

totic Hamiltonian, which play the role of the homogeneous term of the general

solution in Eq. (6.37). Note that the scattering state |ψS(+)
ni 〉 has now been given

the superscript (+) to indicate the boundary conditions enforced by the Green’s

operator defined in Eq. (6.35).

The Lippmann-Schwinger equation for the ÎN -projected T -matrix element,

Eq. (6.32), is obtained by multiplying Eq. (6.37) on the left by 〈S : qfΦnf |̂IN V̂ ÎN ,
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giving

〈S : qfΦnf |T̂N |φniqi : S〉 (6.38)

= 〈S : qfΦnf |V̂|Φniqi : S〉+ 〈S : qfΦnf |V̂ ÎN Ĝ
N(+)

0 ÎN T̂N |Φniqi : S〉.

For simplicity, the dependence of the T - and V -matrix elements on S will be

dropped from here on, and restored only when necessary. Note also that the ÎN

operator has been dropped whenever acting on a target state, as it is assumed that

all target states appearing in Eq. (6.38) come from the same set of pseudostates

defining ÎN .

Since the pseudostates diagonalise the target Hamiltonian, we have that

〈q′Φn′ |ĜN(+)

0 |Φnq〉 = G(+)
n (q)δn′,nδ(q

′ − q), (6.39)

where

G
(+)
0 (q) = lim

ε→0+

1

E − εn − εq + iε
(6.40)

is the Green’s function. Therefore, by inserting a complete set of projectile states

on either side of Ĝ
N(+)

0 in Eq. (6.38) we obtain

〈qfΦnf |T̂N |Φniqi〉 (6.41)

= 〈qfΦnf |V̂|Φniqi〉+
N∑
n=1

˚

R3

〈qfΦnf |V̂|Φnq〉G(+)
n (q)〈qΦn|T̂N |Φniqi〉 dq.

As a result of Eq. (6.32), the T -matrix elements obtained by solving Eq. (6.41)

converge to the correct values as the size of the pseudostate expansion is increased:

lim
N→∞

〈qfΦnf |T̂N |Φniqi〉 = 〈qfΦnf |T̂|Φniqi〉. (6.42)

Therefore, to obtain arbitrarily accurate results it is sufficient to vary convergence

with respect to N to within the desired precision.

In order to remove the three-dimensional integration over momentum space

in Eq. (6.41), the body-frame partial-wave expansion in Eq. (4.22) is applied to

the T - and V -matrix elements, giving (after some simplification) the partial-wave
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Lippmann-Schwinger equation:

〈qfLfΛLf Φnf |T̂|Φni qiLiΛLi〉 = 〈qfLfΛLf Φnf |V̂|Φni qiLiΛLi〉 (6.43)

+
N∑
n=1

Lmax∑
L=0

L∑
ΛL=−L

∞̂

0

〈qfLfΛLf Φnf |V̂|Φn qLΛL〉G(+)
n (q)〈qLΛL Φn|T̂|Φni qiLiΛLi〉 dq.

Here, projectile partial waves are included up to some Lmax, with the accuracy

of the partial-wave T -matrix elements verified by checking for convergence with

respect to increasing Lmax.

Since the total scattering system orbital angular-momentum projection Λtot

and parity Πtot are good quantum numbers, Eq. (6.43) is solved separately for

each combination of Λtot, Πtot, and S. The method of solution, by discretisation of

the momentum-space domain and conversion into a system of linear equations, is

described in Ref. [87], and will be discussed in the context of vibrational-electronic

MCCC calculations in Chapter. 9. Once the partial-wave T -matrix elements are

calculated, cross sections are obtained as outlined in Chapter 4 Sec. 4.4.

The partial-wave Lippmann-Schwinger equation in the spheroidal implemen-

tation has the same form as Eq. (6.43), with the replacement of the spherical L

with the spheroidal pseudo-angular-momentum λ:

〈qfLfΛλf Φnf |T̂|Φni qiλiΛλi〉 = 〈qfλfΛλf Φnf |V̂|Φni qiλiΛλi〉 (6.44)

+
N∑
n=1

λmax∑
λ=0

λ∑
Λλ=−λ

∞̂

0

〈qfλfΛλf Φnf |V̂|Φn qλΛλ〉G(+)
n (q)〈qλΛλ Φn|T̂|Φni qiλiΛλi〉 dq.

This arises from the different projectile partial-wave expansion in the spheroidal

implementation, in terms of the spheroidal harmonics ΥΛλ
λ rather than spherical

harmonics:

〈ρ|q〉 =

√
2

π

1

q

∞∑
λ=0

λ∑
Λλ=−λ

iλΞΛλ
λ (ρ; c)ΥΛλ

λ (ρ̂; c)ΥΛλ∗
λ (q̂; c). (6.45)

Here, c = qR/2 is the spheroidal pseudomomentum. The projection Λλ of λ

on the internuclear axis is equivalent to the spherical-coordinate orbital angular-

momentum projection since both coordinate systems possess the same cylindrical

symmetry about the internuclear axis. The method for obtaining the radial func-
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tions ΞΛλ
λ is described in Ref. [202]. The partial-wave expansions of the T - and

V -matrix elements are of the same form in spheroidal coordinates as in spherical

coordinates, with the replacement of the spherical partial-wave matrix elements

with the spheroidal analogue. The spheroidal partial-wave matrix elements can

be converted into the equivalent spherical matrix elements using the following

relation:

〈qfLfΛLf Φnf |T̂|Φni qiLiΛLi〉 (6.46)

=
∑
λfλi

iλi−Li+Lf−λf 〈Y
ΛLf
Lf
|Υ

Λλf
λf

(cf )〉〈Y
ΛLi
Li
|ΥΛλi

λi
(ci)〉〈qfλfΛλf Φnf |T̂|Φni qiλiΛλi〉,

with ΛLf = Λλf and ΛLi = Λλi . The same relation holds also for the V -matrix

elements. The method for obtaining the overlaps of the spherical and spheroidal

harmonics is described in Ref. [202].

Once the spheroidal partial-wave T -matrix elements are obtained, the for-

mulas given in Chapter 4 for the fixed-nuclei cross sections still hold, with L

replaced with λ as appropriate. However, since the spheroidal coordinate system

is inherently dependent on the internuclear separation, the adiabatic-nuclei scat-

tering amplitudes can only be obtained by converting the spheroidal T -matrix

elements into spherical matrix elements before performing the integration over

R.

6.3 H2 scattering V -matrix elements

(spherical)

The spherical V -matrix elements for electron-H2 scattering are given in Ref. [87],

and are included here for completeness.

The direct potential function Vdir(r0, r1, r2;R) can be expressed as

Vdir(r0, r1, r2) = V0(r0;R) + V01(r0, r1) + V02(r0, r2), (6.47)
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where V0 is the projectile-nuclear potential:

V0(r0;R) =
z0∣∣r0 + R

2

∣∣ +
z0∣∣r0 − R

2

∣∣ (6.48)

= z0

∞∑
`=0

(1 + (−1)`)

√
4π

2`+ 1
v`(r0;R/2)Y 0

` (r̂0), (6.49)

and Vi,j is the electron-electron potential:

Vi,j(ri, rj) = zizj

∞∑
`=0

∑̀
m=−`

4π

2`+ 1
v`(ri, rj)Y

−m
` (r̂i)Y

m
` (r̂j). (6.50)

In Eqs. (6.49) and (6.50), v` is defined by

v`(r, r
′) =

[min(r, r′)]`

[max(r, r′)]`+1
. (6.51)

Due to symmetry, the direct matrix elements for V01 and V02 are identical, so the

direct potential is simplified to

Vdir = V0 + 2V01. (6.52)

Using the representation of the target wave functions given in Eq. (6.12)

and the definition of the spherical partial-wave functions given in Eq. (4.15) , the

direct V -matrix elements are given by

〈q′L′ΛL′ Φn′ |V̂dir|Φn qLΛL〉 =
2z0

π
δΛ′

tot,ΛtotδΠ′
tot,ΠtotδS′,Sδs′,s (6.53)

×
∑
α′β′

∑
αβ

C
(n′)
α′,β′C

(n)
α,β〈φβ′|φβ〉

∑
`m

(−1)`+mCL0
L′0,`0C

L′Λ′

LΛ,`(−m)

×
[
δm,0〈φα′|φα〉(1 + (−1)`)

∞̂

0

uL′(q′r0)v`(r0, R/2) dr0uL(qr0)

− 2(−1)`C`αmα
`α0,`0

∞̂

0

∞̂

0

uL′(qr0)ϕα′(r1)v`(r0, r1)uL(qr0)ϕα(r1) dr0 dr1

]
.

The Kronecker-δ symbols in Eq. (6.53) mean that the direct V -matrix element is

non-zero only when the scattering system orbital angular-momentum projection

Λtot, parity Πtot, and spin S is conserved, as well as the target spin s.

The exchange V -matrix element is somewhat more complicated, and is given
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by

〈q′L′ΛL′ φn′ |V̂exch|φn qLΛL〉 = δΛ′
tot,ΛtotδΠ′

tot,ΠtotδS′,S (6.54)

×
∑
α′β′

∑
αβ

C
(n′)
α′,β′C

(n)
α,β

{√
(2s′ + 1)(2s+ 1)(−1)s

′+s+1

 1/2 1/2 s′

1/2 S s


×
[
(E − εq′ − εq − 1/R)〈q′L′Λ′|φα〉〈φα′|qLΛ〉〈φβ′|φβ〉

− 〈q′L′Λ′|V0|φα〉〈φα′|qLΛ〉〈φβ′|φβ〉 − 〈q′L′Λ′|φα〉〈φα′ |V1|qLΛ〉〈φβ′|φβ〉

− 〈q′L′Λ|φα〉〈φα′ |qLΛ〉〈φβ′ |Ĥ2|φβ〉 − 〈q′L′Λ′ φα′ |V01|φα qLΛ〉〈φβ′ |φβ〉

− 〈q′L′Λ′ φβ′|V02|φα φβ〉〈φα′ |qLΛ〉 − 〈φα′ φβ′ |V12|qLΛφβ〉〈q′L′Λ′|φα〉
]}

,

where Ĥ2 is the one-electron Hamiltonian acting in coordinate r2. Note that

Eqs. (6.53) and (6.54) have not included any terms arising from the use of a

distorting potential or the resolution of non-uniqueness, as neither have been

utilised in the present work.

6.4 H2 scattering V -matrix elements

(spheroidal)

In spheroidal coordinates, the projectile-nuclear potential is given by

V0(ρ0) =
z0(2ρ0 +R)(

ρ0 + R
2

)2 −
(
R
2
η0

)2 , (6.55)

and the electron-electron potential is expanded as

V01(ρ0,ρ1) = 4π
∞∑
L=0

L∑
mL=−L

P̃
|mL|
L (ρ<)Q̃

|mL|
L (ρ>)Y −mLL (η0, φ0)Y mL

L (η1, φ1), (6.56)

where

ρ< = min(ρ0, ρ1) (6.57)

ρ> = max(ρ0, ρ1), (6.58)
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and P̃ and Q̃ are defined in terms of the Ferrers functions as detailed in Ref. [202].

The denominator of the projectile-nuclear potential cancels with the spheroidal

volume integration weight, so the matrix element is given simply by

〈q′λ′Λλ′ Φn′|V0|Φn qλΛλ〉 = δn′nδΛλ′Λλ

∞̂

0

ΞΛλ
λ′ (ρ0, c

′)V Λλ
λ′λ(ρ0, c

′, c)ΞΛλ
λ (ρ0, c) dρ0,

(6.59)

where

V Λλ
λ′λ(ρ0, c

′, c) = z0(2ρ0 +R)
∑
`

〈ΥΛλ
λ′ (c′)|Y Λλ

` 〉〈Y
Λλ
` |Υ

Λλ
λ (c)〉. (6.60)

The electron-electron matrix elements are given by

〈q′λ′Λλ′ Φn′ |V12|Φn qλΛλ〉 = δΠ′
tot,ΠtotδΛ′

tot,ΛtotδS′,Sδs′,s
∑
α′β′

∑
αβ

C
(n′)
α′,β′C

(n)
α,β〈φβ′ |φβ〉

×
∑
LmL

(2L+ 1)

∞̂

0

ΞΛλ
λ′ (ρ0, c

′)J
(q′,q)
L,−mL(ρ0)f

(α′,α)
LmL

(ρ0)ΞΛλ
λ (ρ0, c) dρ0, (6.61)

where J
(q′,q)
L,−mL(ρ0) is a spheroidal angular quadratic, and f

(α′,α)
LmL

(ρ0) is a function

obtained by integrating the summand of Eq. (6.56) along with the one-electron

orbitals φα′(ρ1) and φα(ρ1) over ρ1. Both are defined in Ref. [202].

The spheroidal exchange matrix elements have the same form as Eq. (6.54),

but with the individual terms within the square brackets evaluated differently

following the definitions of V0 and V12 in spheroidal coordinates. The reader is

referred to Ref. [202] for further details.

6.5 Analytical Born completion

Analytical Born completion (ABC) is a method for accelerating the rate of conver-

gence with respect to the size of the projectile partial-wave expansion. The ABC

method is an application of Kummer’s transformation, an established method for

accelerating the convergence of an infinite series by replacing it with the sum of a

highly convergent series and a series which can be evaluated in closed form [208].

In effect, the ABC method completes the partial-wave expansion up to infinity

using the partial-wave Born ICS for all L > Lmax (or λ > λmax in the spheroidal
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implementation), which relies on the validity of the Born approximation for high

partial waves.

The Born approximation replaces the T -matrix element with the V -matrix

element in the definition of the scattering amplitude. The “analytical” Born cross

section σ
(AB)
nf ,ni is obtained by performing an expansion of the 3D direct V -matrix

element in spherical harmonics:

〈qfΦnf |V̂dir|Φniqi〉 =
∑
`m

i`V
(AB)
nf ,ni
`m

(Q)Y m∗
` (Q̂), (6.62)

where Q is the momentum transfer vector, and V
(AB)
nf ,ni
`m

(Q) are the Born matrix

elements. Details on the calculation of the Born matrix elements in the spherical

MCCC method can be found in Ref. [87], and details specific to the spheroidal im-

plementation in Ref. [202]. The analytical Born integrated cross section (summed

over final rotational levels) is then given by

σ(AB)
nf ,ni

= 4π3 qf
qi

¨

R2

∑
`m

V
(AB)
nf ,ni
`m

(Q) dΩ, (6.63)

where the scattering angle θ is related to the angle θQ between Q and qi by

θQ = arccos ([qi − qf cos θ] /Q) . (6.64)

Since the evaluation of the Born matrix elements is fast there are no issues with

convergence with respect to the spherical Harmonic expansion.

The Born approximation can also be applied to the partial-wave scattering

amplitudes, giving the partial-wave Born cross section σ
(PWB)
nf ,ni . The expression

for this cross section is identical to Eq. (4.44), but with the scattering amplitude

evaluated using the V -matrix elements in place of T -matrix elements. Since

σ
(PWB)
nf ,ni uses the same projectile partial-wave expansion as the cross section σ

(CC)
nf ,ni

obtained from the close-coupling calculations, it can be subtracted from σ
(AB)
nf ,ni to

give the Born contribution from the higher partial waves up to infinity. The cross

section including ABC is hence given by

σnf ,ni = σ(CC)
nf ,ni

+ σ(AB)
nf ,ni
− σ(PWB)

nf ,ni
. (6.65)
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The convergence of this cross section must still be verified with respect to the

number of partial waves included in the close-coupling calculation, but with ABC

applied it is much faster than the convergence of the purely close-coupling cross

section alone. Cross sections for dipole-forbidden transitions (including spin-

exchange transitions) have much faster partial-wave convergence than for dipole-

allowed transitions, and in these cases the ABC procedure is typically not neces-

sary.

6.6 Calculation parameters

This section describes some of the more important input parameters to the MCCC

calculations required to understand the models described in the following chapter.

6.6.1 Two-electron Laguerre basis

The Laguerre basis used to form the two-electron configurations is specified by

the maximum orbital angular momentum `max, number of Laguerre functions

N` (0 ≤ ` ≤ `max), and the exponential falloffs. For simplicity, the number of

Laguerre functions is generally chosen to be

N` = N0 − `, (6.66)

where N0 is the number of ` = 0 functions. The exponential falloffs can also be

chosen independently for each ` in the spherical implementation, and for each Λ

in the spheroidal implementation. To simplify the calculations, the configurations

are constructed with one electron allowed to occupy any orbital in the Laguerre

basis, and the other restricted to a smaller selection of orbitals, which can be

increased to test for convergence in the target-state energies.

6.6.2 Target states in scattering calculation

Once the targets states are generated for each target symmetry and arranged by

energy, a certain number are chosen to be utilised in the scattering equations. Al-

though in atomic CCC calculations and previous fixed-nuclei MCCC calculations
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it is common to include all generated states in order to implement the solution

to non-uniqueness issues in electron scattering, it has so far been found imprac-

tical to do this in the adiabatic-nuclei calculations which require a much larger

basis to ensure accurate target states at larger internuclear separations. Hence,

convergence will generally be tested within a fixed structure model by choosing

progressively larger numbers of states in the close-coupling expansion.

6.6.3 Partial-wave expansion

The size of the projectile partial-wave expansion is determined by the parameter

Lmax (in the spherical implementation), or λmax (in the spheroidal implemen-

tation). The projection of L (or λ) is allowed to range over all valid values.

The calculations are performed separately for each value of the total scattering-

system orbital angular-momentum projection Λtot, parity Πtot, and spin S, with

Λtot ranging from 0 to Lmax (or λmax), Πtot equal to 1 and −1 (for homonuclear

molecules), and both spin channels (when applicable).

6.7 Code profiling and performance

improvements

At the onset of this PhD project, the fixed-nuclei spherical and spheroidal im-

plementations of the MCCC method had been implemented for electrons and

positrons scattering on H+
2 and H2. In order to perform the adiabatic-nuclei cal-

culations which formed the first part of the present PhD project, it was necessary

to reduce the computational expense of the fixed-nuclei calculations. One of the

tasks undertaken by the candidate was to profile the code and optimise it for

efficiency. The Fortran code was run through the MAP profiler from the ARM

Forge debug and profile suite. The most computationally-expensive portion of

the calculations was identified to be the evaluation of the exchange V -matrix

elements. Rewrites to this subroutine and other parts of the code resulted in a

considerable improvement in the calculation speed. Fig. 6.1 compares the runtime

as a function of the number of channels included in the scattering calculations for

the original and improved MCCC codes. There is an overall speed-up close to a
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factor of 4. Improvements such as this can have a substantial impact on scientific

output, since for molecular targets the calculations tend to push the limits of the

available computational resources.
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Figure 6.1: Performance improvement in the MCCC calculations after

code profiling and rewrites to optimise efficiency. The wall time is presented

as a function of number of channels included in the calculations for the

original and improved codes. To the left of the dashed vertical line, the

calculations were run on a single supercomputer node with only OpenMP

(OMP) parallelisation. To the right of the line, calculations were run using

10 nodes with a hybrid MPI/OpenMP parallelism scheme. The top panel

shows the speedup factor between the original and improved codes.

6.8 Chapter 6 summary

This chapter has provided an overview of the structure and scattering calculations

in the fixed-nuclei MCCC method. The MCCC method has been implemented in

both spherical-coordinate [201] and spheroidal-coordinate [202] implementations,

and it is the latter which is utilised in the present work for a better representation
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of the target structure at larger internuclear separations. The MCCC calculations

depend on a number of input parameters, some of which have been described here

and will be referred to in Chapter 7 when the various e−-H2 scattering models are

discussed.



Chapter 7

Adiabatic-nuclei calculations

This chapter presents details of the adiabatic-nuclei calculations which were per-

formed for electrons scattering on H2 and its isotopologues, including the elec-

tronic structure and scattering models utilised, generation of vibrational wave

functions, and calculation of adiabatic-nuclei cross sections. Sec. 7.6 provides an

in-depth discussion of the issues surrounding conflicting treatments of dissociative

excitation in the literature. Limited results are shown in this chapter, only for the

purpose of illustrating the discussions in the text, with a detailed presentation of

results given in the following chapter.

Some sections contain text or figures adapted from published works by the

candidate [4–7]. The publishers (Elsevier and the American Physical Society)

provide the right to use an article or a portion of an article in a thesis or disser-

tation without requesting permission.

7.1 Vibrational wave functions

With rotational motion neglected, the vibrational wave functions νnv(R) are the

solutions to

Ĥvib
n |νnv〉 = εnv|νnv〉, (7.1)

where Ĥvib
n is the Born-Oppenheimer vibrational Hamiltonian for the electronic

state n:

Ĥvib
n = − 1

2µ

d2

dR2
+ εn(R), (7.2)

and εnv is the vibronic state energy. In Eq. (7.2), εn(R) is the potential-energy

curve of the electronic state n, and µ is the nuclear reduced mass. The values of

µ for each isotopologue of H2 are given in Table 7.1.
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Table 7.1: Nuclear reduced masses µ of each of the isotopologues of H2.

Molecule µ (atomic units)

H2 918.1

HD 1223.9

HT 1376.4

D2 1835.2

DT 2200.9

T2 2748.5

The vibrational wave functions are represented by an expansion in a basis

of Laguerre-type functions:

νnv(R) =
N−1∑
j=0

C
(nv)
j ϕj(R) (7.3)

ϕj(R) =

√
α

j + 1
(2αR)e−αRL1

j(2αR), (7.4)

where L1
j are the associated Laguerre polynomials of order 1, α is a tunable

exponential falloff parameter, and N is the number of basis functions (not to be

confused with the rotational quantum number N). In the present calculations,

α = 10 was found to be most appropriate for all electronic states. The CI

coefficients C
(nv)
j are obtained by solving the generalised eigenvalue problem

N−1∑
j=0

〈ϕi|Ĥvib
n |ϕj〉C

(ni)
j = εni

N−1∑
j=0

〈ϕi|ϕj〉C(ni)
j , (7.5)

and the number N of basis functions can be increased until convergence is reached

in the calculated energies and wave functions. The bound vibrational energies for

most electronic states converge by N = 50–100, but for the purposes of ensuring

a fine discretisation of the dissociative continua N = 300 was used for all states.

With the present choice of basis in Eq. (7.4), the kinetic-energy and overlap
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matrix elements have simple analytical forms:

〈ϕi|K̂v|ϕj〉 = −α
2

2µ
δij +

α2

µ
〈ϕi|ϕj〉 (7.6)

〈ϕi|ϕj〉 =

 0, j > i+ 1

−1
2
, j = i± 1.

(7.7)

These expressions are derived in the more general case of including rotational

motion in Appendix C.

The vibrational structure calculations are performed utilising accurate potential-

energy curves from the literature [147–152]. The vibrational wave functions for

each of the non-dissociative n = 1–3 electronic states of H2 are presented in

Fig. 7.1. There are four states with two minima: EF 1Σ+
g , H 1Σ+

g , GK 1Σ+
g , and

I 1Πg. The vibrational wave functions for these states are initially split into two

series, one per potential well, before joining above the barrier separating the wells.

The H 1Σ+
g state is the most diffuse of the n = 1–3 electronic states, supporting

72 bound vibrational levels. The outer-well levels are not clearly seen in Fig. 7.1,

since they extend far beyond 10 a0. The cross sections for excitation of these

levels from the X 1Σ+
g are insignificant due to the small overlap they have with

any of the bound X 1Σ+
g vibrational levels. The outer well of the I 1Πg state is

very shallow, supporting only 5 bound vibrational levels which are predominantly

located beyond 6 a0. For this state the barrier between the two wells is higher

than the dissociative limit of the potential-energy curve, so there are no bound

levels above the barrier. For the states with potential barriers above the disso-

ciative limit (I 1Πg as well as h 3Σ+
g and i 3Πg), there is the possibility of forming

quasi-bound states which can either lead to tunnelling through the barrier, or ra-

diative decay to lower electronic states. In the present work, quasi-bound levels

are not studied.
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Figure 7.1: Vibrational wave functions for each of the non-dissociative

n = 1–3 electronic states of H2. The electronic-state potential-energy

curves have been shifted so that the dissociative limit is at 0 Ha.
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The vibrational-state energies for the n = 1–3 states of H2 are compared

with accurate calculations from Fantz and Wünderlich [209] in Table 7.2. To

save space, a maximum of 15 levels is presented for each electronic state, but the

level of agreement between the present energies and those of Ref. [209] for v > 14

is similar to what is seen for v ≤ 14. There are a few differences between the

present vibrational levels and those of Fantz and Wünderlich [209]; for the I 1Πg

state Fantz and Wünderlich [209] do not consider the outer-well levels, for some

states (e.g. B′ 1Σ+
u ) there are one or more additional levels close to the dissociation

threshold identified in this work, and for the H 1Σ+
g state the inner/outer-well

sequence differs slightly between these calculations and Ref. [209] (here v = 8 and

13 are located in the inner well while in Ref. [209] they are in the outer well).

However, the present assignment of the v = 8 and 13 levels to the inner well is in

agreement with the calculations of Ross et al. [210].

Table 7.2: Vibrational-state energies for H2, compared with the calcula-

tions of Fantz and Wünderlich [209] (“Ref.”). A maximum of 15 levels is

shown for each electronic state. Asterisks denote vibrational wave functions

located in the outer well of a double-minima curve.

X 1Σ+
g B 1Σ+

u C 1Πu EF 1Σ+
g

v Ev Ref. Ev Ref. Ev Ref. Ev Ref.

0 -1.1645 -1.1644 -0.7536 -0.7536 -0.7128 -0.7128 -0.7125 -0.7125

1 -1.1456 -1.1454 -0.7476 -0.7475 -0.7023 -0.7023 -0.7117* -0.7117*

2 -1.1277 -1.1275 -0.7417 -0.7417 -0.6924 -0.6924 -0.7063* -0.7063*

3 -1.1108 -1.1107 -0.7360 -0.7360 -0.6831 -0.6831 -0.7019 -0.7019

4 -1.0950 -1.0948 -0.7305 -0.7305 -0.6744 -0.6744 -0.7011* -0.7011*

5 -1.0802 -1.0801 -0.7251 -0.7251 -0.6663 -0.6662 -0.6962* -0.6962*

6 -1.0665 -1.0664 -0.7198 -0.7198 -0.6587 -0.6587 -0.6927 -0.6927

7 -1.0538 -1.0537 -0.7147 -0.7147 -0.6518 -0.6518 -0.6913* -0.6913*

8 -1.0423 -1.0421 -0.7098 -0.7098 -0.6455 -0.6455 -0.6874 -0.6874

9 -1.0318 -1.0317 -0.7050 -0.7050 -0.6398 -0.6398 -0.6843 -0.6843

10 -1.0226 -1.0225 -0.7003 -0.7003 -0.6349 -0.6349 -0.6815 -0.6815

11 -1.0147 -1.0146 -0.6958 -0.6958 -0.6307 -0.6307 -0.6781 -0.6781

12 -1.0082 -1.0082 -0.6914 -0.6914 -0.6274 -0.6274 -0.6748 -0.6749

13 -1.0035 -1.0035 -0.6872 -0.6872 -0.6252 -0.6252 -0.6717 -0.6717

14 -1.0006 -1.0007 -0.6830 -0.6830 -0.6685 -0.6685
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Table 7.2: (continued)

B′ 1Σ+
u GK 1Σ+

g I 1Πg J 1∆g

v Ev Ref. Ev Ref. Ev Ref. Ev Ref.

0 -0.6612 -0.6612 -0.6578* -0.6577* -0.6544 -0.6544 -0.6523 -0.6523

1 -0.6526 -0.6526 -0.6557 -0.6557 -0.6448 -0.6448 -0.6422 -0.6422

2 -0.6448 -0.6448 -0.6494 -0.6494 -0.6359 -0.6359 -0.6326 -0.6327

3 -0.6378 -0.6378 -0.6456 -0.6456 -0.6278 -0.6278 -0.6238 -0.6237

4 -0.6318 -0.6318 -0.6404 -0.6404 -0.6256* – -0.6154 -0.6153

5 -0.6274 -0.6274 -0.6357 -0.6357 -0.6252* – -0.6075 -0.6075

6 -0.6260 -0.6260 -0.6314 -0.6314 -0.6251* – -0.6001 -0.6001

7 -0.6255 -0.6255 -0.6278 -0.6278 -0.6250* – -0.5933 -0.5933

8 -0.6252 -0.6252 -0.6253 -0.6253 -0.6250* – -0.5870 -0.5870

9 -0.6250 – -0.5812 -0.5811

10 -0.5759 -0.5759

11 -0.5711 -0.5711

12 -0.5669 -0.5669

13 -0.5633 -0.5633

14 -0.5603 -0.5603

D′ 1Πu H 1Σ+
g a 3Σ+

g c 3Πu

v Ev Ref. Ev Ref. Ev Ref. Ev Ref.

0 -0.6500 -0.6500 -0.6496 -0.6496 -0.7311 -0.7311 -0.7320 -0.7319

1 -0.6399 -0.6398 -0.6395 -0.6395 -0.7196 -0.7196 -0.7213 -0.7213

2 -0.6303 -0.6303 -0.6304 -0.6303 -0.7087 -0.7087 -0.7112 -0.7112

3 -0.6213 -0.6213 -0.6224 -0.6224 -0.6985 -0.6984 -0.7016 -0.7016

4 -0.6129 -0.6129 -0.6150 -0.6150 -0.6888 -0.6887 -0.6926 -0.6926

5 -0.6050 -0.6050 -0.6081 -0.6081 -0.6796 -0.6796 -0.6841 -0.6840

6 -0.5977 -0.5977 -0.6046* -0.6045* -0.6711 -0.6711 -0.6761 -0.6760

7 -0.5909 -0.5909 -0.6029* -0.6029* -0.6632 -0.6631 -0.6686 -0.6685

8 -0.5847 -0.5847 -0.6017 -0.6017* -0.6558 -0.6558 -0.6616 -0.6616

9 -0.5790 -0.5790 -0.6013* -0.6013* -0.6491 -0.6491 -0.6551 -0.6551

10 -0.5738 -0.5738 -0.5997* -0.5998* -0.6430 -0.6430 -0.6492 -0.6492

11 -0.5693 -0.5693 -0.5983* -0.5984* -0.6377 -0.6377 -0.6439 -0.6439

12 -0.5653 -0.5653 -0.5968* -0.5969* -0.6331 -0.6332 -0.6391 -0.6391

13 -0.5620 -0.5620 -0.5960 -0.5959* -0.6296 -0.6296 -0.6350 -0.6350

14 -0.5593 -0.5593 -0.5955* -0.5955* -0.6272 -0.6272 -0.6315 -0.6316
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Table 7.2: (continued)

d 3Πu g 3Σ+
g j 3∆g g 3Σ+

g

v Ev Ref. Ev Ref. Ev Ref. Ev Ref.

0 -0.6554 -0.6553 -0.6542 -0.6541 -0.6523 -0.6523 -0.6785 -0.6785

1 -0.6451 -0.6451 -0.6435 -0.6435 -0.6422 -0.6422 -0.6691 -0.6690

2 -0.6355 -0.6355 -0.6336 -0.6336 -0.6327 -0.6327 -0.6603 -0.6603

3 -0.6264 -0.6264 -0.6243 -0.6243 -0.6238 -0.6238 -0.6521 -0.6521

4 -0.6178 -0.6178 -0.6156 -0.6155 -0.6154 -0.6154 -0.6446 -0.6446

5 -0.6098 -0.6098 -0.6074 -0.6073 -0.6075 -0.6075 -0.6378 -0.6378

6 -0.6023 -0.6023 -0.5997 -0.5997 -0.6002 -0.6002 -0.6319 -0.6319

7 -0.5953 -0.5953 -0.5927 -0.5926 -0.5934 -0.5934 -0.6270 -0.6270

8 -0.5888 -0.5888 -0.5861 -0.5861 -0.5870 -0.5870

9 -0.5828 -0.5828 -0.5801 -0.5801 -0.5812 -0.5812

10 -0.5773 -0.5774 -0.5747 -0.5747 -0.5759 -0.5759

11 -0.5724 -0.5724 -0.5700 -0.5700 -0.5712 -0.5712

12 -0.5681 -0.5681 -0.5660 -0.5660 -0.5670 -0.5670

13 -0.5643 -0.5643 -0.5628 -0.5629 -0.5633 -0.5634

14 -0.5612 -0.5612 -0.5604 -0.5604 -0.5603 -0.5604

h 3Σ+
g i 3Πg

v Ev Ref. Ev Ref.

0 -0.6558 -0.6558 -0.6545 -0.6544

1 -0.6466 -0.6466 -0.6448 -0.6448

2 -0.6380 -0.6379 -0.6358 -0.6358

3 -0.6300 -0.6300 -0.6275 -0.6275

The different reduced mass µ for each isotopologue leads to distinct vibra-

tional spectra. In Fig. 7.2, the v = 0 vibrational wave function in the X 1Σ+
g state

is compared for each isotopologue. As the reduced mass increases, the v = 0 level

is shifted to lower energies and its wave function becomes narrower, with the peak

shifted slightly towards smaller internuclear separations. The number of bound

vibrational levels in each state is summarised in Table 7.3. For the isotopologues,

the present inner/outer-well sequence of vibrational levels for the H 1Σ+
g state

also differs from the results of Fantz and Wünderlich [209].
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Figure 7.2: Vibrational wave functions for v = 0 in the ground state of

H2, D2, T2, HD, HT, and DT. Each wave is shifted vertically by its energy.

Table 7.3: The number of bound vibrational levels in each of the electronic

states of the isotopologues of H2 under consideration in the present work.

State H2 HD HT D2 DT T2 State H2 HD HT D2 DT T2

X 1Σ+
g 15 18 19 22 24 26 a 3Σ+

g 22 25 27 31 34 38

B 1Σ+
u 40 46 49 57 62 69 c 3Πu 22 26 27 31 34 38

EF 1Σ+
g 33 39 41 47 52 58 e 3Σ+

u 8 9 10 12 13 15

C 1Πu 14 16 17 19 21 24 h 3Σ+
g 4 5 5 6 7 7

B′ 1Σ+
u 10 11 12 14 15 17 d 3Πu 21 24 26 30 33 37

GK 1Σ+
g 9 10 11 12 13 15 g 3Σ+

g 20 23 25 29 32 35

I 1Πg 9 10 11 12 14 16 i 3Πg 4 4 5 5 6 7

J 1∆g 18 22 23 27 29 33 j 3∆g 19 22 23 27 29 33

H 1Σ+
g 72 84 89 102 112 125

D 1Πu 19 22 23 27 29 33
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Another notable effect of the changing vibrational spectrum for different

values of µ is that the highest vibrational levels for some isotopologues can extend

much further in R than for H2. Fig. 7.3 compares the wave functions (squared)

of the highest bound level in each isotopologue. The highest bound level in T2
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Figure 7.3: The highest bound vibrational wave function (squared) in the

X 1Σ+
g state of H2, HD, HT, D2, DT, and T2.

(v = 25) does not extend much further in R than the v = 14 level of H2, while for

the remaining isotopologues the highest bound levels extend up to approximately

20 a0.

7.2 Electronic structure

For the purposes of performing the adiabatic-nuclei calculations, which require an

accurate target representation at larger internuclear separations than those con-

sidered in the fixed-nuclei approximation, the electronic structure and scattering
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calculations have been performed using the spheroidal-coordinate implementation

of the MCCC method [202]. The structure model outlined in this section resulted

from detailed testing performed during this PhD project to yield sufficiently ac-

curate energies and oscillator strengths for the n = 1–3 states. Since larger

Laguerre basis sizes result in a denser discretisation of the ionisation continuum,

it was necessary to find a balance between the competing requirements of accu-

rate target structure and a continuum discretisation for which the calculations

would be tractable.

The electronic structure calculations are optimised with the use of a hybrid-

basis approach. The majority of the basis orbitals are the Laguerre functions

given by Eq. (6.10), with k ≤ 12 − `, ` ≤ 3, |m| ≤ `, and αm = 0.8. However,

the 1s orbital is replaced with an accurate H+
2 X 2Σg state calculated from a

preliminary one-electron diagonalisation in a large basis (N` = 60 − `, ` ≤ 8).

The 2s, 2p, 3d, and 4f orbitals are then replaced with shorter-ranged Laguerre

functions using the following R-dependent exponential falloff parameters

αm=0(R) =

0.03R2 − 0.32R + 2.8 0.0 ≤ R ≤ 4.0

2.0 4.0 < R

(7.8)

for m = 0 functions and

αm>0(R) =

0.052R2 − 0.52R + 3.8 0.0 ≤ R ≤ 5.0

2.6 5.0 < R

(7.9)

for m > 0 functions (taken from Savage [202]). These orbitals are important

in representing the “inner” molecular electron, and optimising their exponential

falloff parameters with R ensures the accuracy of the calculated target states over

the range of internuclear separations of interest. The set of configurations utilised

for the two-electron structure calculation contains all “frozen-core” configurations

(1s, n`), and correlation configurations (n`, n′`′) with both electrons allowed to

occupy the 1s, 2s, 3s, 2p, 3p, 3d, 4d, 5d, and 4f orbitals.

In Table 7.4, the energies of the n = 1–3 H2 electronic states at the inter-

nuclear separations R = 1.4 a0 and 2.0 a0 from the present spheroidal structure

calculation are compared with accurate values from the literature [147–152]. The
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value R = 1.4 a0 is the equilibrium separation of the X 1Σ+
g , close to the mean sep-

aration Rm = 1.448 a0 of the H2 v = 0 vibrational wave function, and R = 2.0 a0

is close to the mean separations of the v = 0 levels in the n = 2 electronic states.

The mean internuclear separations of the v = 0 levels are also given in Table 7.4

for the n = 1–2 states. In Fig. 7.4, the present potential-energy curves over

R ∈ [0, 9] a0 are compared with the accurate curves from the same literature

sources. The calculated energies are in good agreement with accurate values

for the internuclear separations spanned by the v = 0–10 vibrational levels of the

H2 X
1Σ+

g state (R ≤ 5.0 a0), with errors generally less than 5% for the larger R

values spanned by the 11–14 levels (R ≤ 8.0 a0). The effect of the less accurate

electronic structure at larger values of R for each isotopologue will be investigated

later in Sec. 7.5.

7.3 R-dependent cross sections and

convergence analysis

Adiabatic-nuclei calculations require the input of R-dependent electronic colli-

sion data for each transition. Performing convergence studies at the level of

adiabatic-nuclei cross sections would be too resource-intensive due to the large

number of calculations required for every scattering model. Instead, the approach

taken in this work is to verify convergence within the fixed-nuclei approximation,

and then apply the converged scattering model to all internuclear separations

required. This section describes the convergence studies performed for electrons

scattering on the ground and excited electronic states of H2, as well as the genera-

tion of the sets of R-dependent cross sections utilised later in the adiabatic-nuclei

calculations.
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Table 7.4: Two-electron energies (in Ha) of electronic states of H2 at the

internuclear distances R = 1.4 and 2.0 a0. Comparisons are made with

accurate structure calculations from the literature [147–152]. The states

are grouped according to their atomic-limit principal quantum number.

For the n = 1–2 states the mean internuclear separation Rm of the v = 0

vibrational level is also presented.

State Rm

Energy (R = 1.4 a0) Energy (R = 2.0 a0)

Present Ref. Present Ref.

n = 1

X 1Σ+
g 1.448 -0.7835 -0.7842a -1.1360 -1.1381a

n = 2

b 3Σ+
u – -0.7835 -0.7842b -0.8967 -0.8971b

B 1Σ+
u 2.518 -0.7047 -0.7058c -0.7503 -0.7521c

c 3Πu 2.022 -0.7060 -0.7066b -0.7369 -0.7375b

a 3Σ+
g 1.928 -0.7133 -0.7136b -0.7357 -0.7361b

C 1Πu 2.016 -0.6881 -0.6887d -0.7177 -0.7182d

EF 1Σ+
g 1.978 -0.6914 -0.6920e -0.7172 -0.7177e

n = 3

e 3Σ+
u -0.6435 -0.6435b -0.6831 -0.6832b

B′ 1Σ+
u -0.6283 -0.6287c -0.6650 -0.6655c

d 3Πu -0.6286 -0.6288b -0.6606 -0.6607b

h 3Σ+
g -0.6301 -0.6303b -0.6602 -0.6606b

GK 1Σ+
g -0.6263 -0.6265e -0.6599 -0.6604e

g 3Σ+
g -0.6263 -0.6266b -0.6595 -0.6598b

i 3Πg -0.6260 -0.6262b -0.6592 -0.6596b

I 1Πg -0.6260 -0.6262f -0.6591 -0.6595f

j 3∆g -0.6252 -0.6253b -0.6574 -0.6576f

J 1∆g -0.6251 -0.6253f -0.6573 -0.6576f

D 1Πu -0.6234 -0.6236d -0.6551 -0.6553d

H 1Σ+
g -0.6241 -0.6244e -0.6547 -0.6549e

aKolos et al. [147]

bStaszewska and Wolniewicz [152]

cStaszewska and Wolniewicz [148]

dWolniewicz and Staszewska [150]

eWolniewicz and Dressler [149]

fWolniewicz [151]



7.3. R-dependent cross sections and convergence analysis 141

-0.10

0.00

0.10

0.20

X 1Σ+
g

b 3Σ+
u

B 1Σ+
u C 1Πu

-0.08

-0.04

0.00

H 1Σ+
g D 1Πu J 1∆g

-0.10

-0.05

0.00

0.05

0.10

a 3Σ+
g c 3Πu d 3Πu

-0.10

-0.05

0.00

0.05

0.10

g 3Σ+
g j 3∆g EF 1Σ+

g

-0.05

0.00

0.05

0.10

B′ 1Σ+
u GK 1Σ+

g I 1Πg

-0.05

0.00

0.05

0 2 4 6

h 3Σ+
g

0 2 4 6

e 3Σ+
u

0 2 4 6 8

i 3Πg

Internuclear separation (a0)

E
n

er
gy

(H
a)

Figure 7.4: Potential-energy curves from the present spheroidal structure

calculation (symbols), compared with accurate energies from the literature

(lines). References for the literature values are as stated in Table 7.4. Also

presented is the v = 14 vibrational wave functions in the X 1Σ+
g state.
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7.3.1 Scattering on the X 1Σ+
g state

For scattering on the X 1Σ+
g state, detailed fixed-nuclei convergence studies have

previously been performed with the spherical-coordinate MCCC method by Za-

mmit et al. [93]. The largest model, which guaranteed convergence in elastic

scattering, excitation, and ionisation cross sections, included 491 target states

in the close-coupling expansion, and utilised a projectile partial-wave expansion

with Lmax = 8. The limitations of the previous fixed-nuclei calculations are that

they are not accurate at near-threshold energies, and are not resolved in the

vibrational levels of the target.

One of the aims of this PhD project was to perform adiabatic-nuclei calcula-

tions for scattering on the ground electronic states which are similar in accuracy

to the previous fixed-nuclei results [93] (in terms of convergence), but accurate

to lower energies and with the inclusion of vibrational resolution and isotopic ef-

fects. The spheroidal-coordinate structure model detailed in Sec. 7.2 was utilised

to provide sufficient accuracy at larger internuclear separations. However, the

number of electronic target states generated with this model was in excess of

1000, and it was simply unfeasible to include them all in the scattering calcula-

tions. Therefore, it was necessary to identify a smaller subset of target states to

include which would still yield sufficient convergence in the transitions of interest,

while allowing for tractable calculations. An unfortunate result of this necessity

is that the issue of non-uniqueness in electron scattering cannot be resolved in

the present calculations, as the solution normally applied in CCC methods re-

quires that all target states be included in the close-coupling calculations [190].

Although on-shell T -matrix elements and cross sections are formally unique, the

issue of non-uniqueness can result in numerical instabilities. In the present case

these instabilities must be fixed manually.

For the purposes of this project, it was necessary to achieve convergence in

the low-lying excitations only, with elastic scattering and ionisation deferred for

later work. Two scattering models were adopted for the spheroidal-coordinate

calculations using the structure model described in the previous section. The

MCC(27) model includes each of the n = 1–3 states listed in Table 7.4 (a total

of 27 states with degeneracies counted), and the MCCC(210) model includes all
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bound states generated in the structure calculation and additional continuum

pseudostates up to an excitation energy of 35 eV (from the ground state at R =

1.448 a0). Both models used a projectile partial-wave expansion with Lmax = 6 for

incident energies below 20 eV, and Lmax = 10 elsewhere1. The number of states

of each target symmetry included in both models is summarised in Table 7.5.

The number of bound and continuum pseudostates is also given for R = 1.448 a0

(these numbers vary slightly with R).

Table 7.5: Total number of target states in the MCC(27) and MCCC(210)

models for each target symmetry (Λ, π, s). The number of bound states

and continuum pseudostates are also shown for R = 1.448 a0.

Symmetry MCC(27) MCCC(210) MCCC(491)

1Σg 4 17 35

1Σu 2 15 31

3Σg 3 15 32

3Σu 2 15 31

1Πg 2 16 16

1Πu 4 28 31

3Πg 2 16 16

3Πu 4 30 31

1∆g 2 16 16

1∆u 0 14 14

3∆g 2 14 15

3∆u 0 14 14

1Φg 0 0 0

1Φu 0 0 14

3Φg 0 0 0

3Φu 0 0 14

bound 27 56 92

continuum 0 154 399

1Note that the calculations are performed in spheroidal coordinates with λmax = Lmax before

the T -matrix elements are converted to spherical coordinates via Eq. (6.46).
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In Table 7.6, the parallel, perpendicular, and total static dipole polarisabil-

ities of the X 1Σ+
g state in the MCC(27), MCCC(210), and MCCC(491) models

is compared with the accurate calculations of Ko los and Wolniewicz [211]. As

expected, the MCC(27) model does not have the correct polarisability, as it lacks

an account of coupling to ionisation channels. The MCCC(210) polarisability is

in good agreement with Ko los and Wolniewicz [211] – slightly better than the

MCCC(491) model due to the more accurate structure model.

Table 7.6: Static dipole polarisability of the X 1Σ+
g state at R = 1.4 a0 in

the MCC(27), MCCC(210), and MCCC(491) models described in the text.

Comparison is made with the calculations of Ko los and Wolniewicz [211].

α‖ α⊥ α

MCC(27) 4.68 2.71 3.37

MCCC(210) 6.42 4.57 5.18

MCCC(491) 6.43 4.64 5.23

Ref. [211] 6.38 4.58 5.18

In Fig. 7.5, the fixed-nuclei MCC(27) and MCCC(210) cross sections are

compared with those obtained by Zammit et al. [93] using the MCCC(491) model.

The MCCC(210) model adequately reproduced the MCCC(491) calculations for

almost all transitions. The most notable exception is the EF 1Σ+
g excitation,

where the MCCC(210) results are systematically higher than MCCC(491) by

around 20%. However, by comparing the calculated optical oscillator strengths

in the spherical and spheroidal structure models with accurate calculations, it can

be argued that any differences between the two sets of excitation cross sections

are predominately due to the more accurate target structure in the MCCC(210)

model. A detailed comparison of the spherical and spheroidal structure accuracies

is given in Ref. [10]. The MCCC(210) ionisation cross section is in good agreement

with MCCC(491) below 100 eV. However, above 100 eV the MCCC(210) model

is not converged due to the smaller number of continuum pseudostates. The

MCC(27) results for excitation all show the same behaviour of overestimating the
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Figure 7.5: Comparison of the present 27- and 210-state spheroidal cal-

culations [MCC(27), MCCC(210)] with the previously published spherical

491-state results [MCCC(491)] of Zammit et al. [93] for elastic scattering

and ionisation cross sections, and cross sections for excitation of a selec-

tion of n = 2–3 states. All calculations are performed in the fixed-nuclei

approximation with R = 1.448 a0.
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cross section at low to intermediate energies, but converging to the MCCC(210)

results at higher energies where interchannel coupling is less important.

Calculations using the MCCC(210) model have been performed with 20 R

points between 0.8 and 8.0 a0 for 10 incident energies between 10 and 40 eV. At

60, 80, and 120 eV fewer R points have been used (8 between 0.8 and 8.0 a0)

as there is less variation in the R-dependent cross sections at higher energies.

The computationally-cheaper MCC(27) model has been run on finer energy and

R grids: 25 energies between 1 and 40 eV, and an additional 25 energies up

to 500 eV, each with 25 R points between 0.8 and 8.0 a0. Since the MCC(27)

model is sufficiently converged above 120 eV, these results are used to extend

the MCCC(210) cross sections up to 500 eV. Energies down to 1 eV are required

for the X 1Σ+
g → b 3Σ+

u transition, which at these energies is also converged in

the MCC(27) model. In order to increase the density of energy and R points in

the MCCC(210) calculations between 10 and 120 eV, a procedure was adopted

in which cross sections from the MCC(27) model are scaled as a function of

energy and R to fit the MCCC(210) results. The reliability of this approach was

demonstrated in Ref. [16].

When evaluating adiabatic-nuclei cross sections summed over final vibra-

tional levels, any numerical instabilities resulting from non-uniqueness issues or

pseudoresonances in the underlying fixed-nuclei cross sections largely disappear

[10], however specific vibrational transitions can be much more sensitive to vari-

ations in the R-dependent collision data. In order to obtain reliable adiabatic-

nuclei cross sections, it was necessary to ensure that the fixed-nuclei cross sections

at every value of R are a smooth function of energy. To produce a set of smooth

R-dependent cross sections, analytic functions were fitted to the cross sections for

each value of R, before recompiling them as a set of R-dependent cross sections

at each incident energy.

7.3.2 Scattering on the n = 2 states

Scattering on excited electronic states has not been previously studied with the

MCCC method. Hence, it is necessary to perform more detailed convergence

analysis in the present work. Convergence studies for scattering on the n = 2
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states were carried out at R = 2.0 a0, which is close to the v = 0 mean in-

ternuclear separation of these states (between 1.928 and 2.518 a0). Calcula-

tions have been performed using a projectile partial-wave expansion with maxi-

mum spheroidal pseudo-angular-momentum Lmax = 10 for the following models:

MCC(27), MCC(56), MCCC(96), MCCC(158), and MCCC(210). The number

of states per target symmetry in each model is summarised in Table 7.7. The

MCC(56) model includes all bound electronic states (at R = 2.0 a0), and the

larger models include all bound states with increasing numbers of continuum

pseudostates, to test the effect of coupling to ionisation channels. Calculations

have also been performed using the first Born approximation for comparison with

the close-coupling results.

Table 7.7: Total number of target states in the MCC(27), MCC(56),

MCCC(96), MCCC(158), and MCCC(210) models for each target symme-

try (Λ, π, s). The number of bound states and continuum pseudostates are

also shown for R = 2.0 a0.

Symmetry MCC(27) MCC(56) MCCC(96) MCCC(158) MCCC(210)

1Σg 4 6 8 13 35

1Σu 2 4 7 11 31

3Σg 3 5 8 12 32

3Σu 2 5 7 12 31

1Πg 2 2 3 6 16

1Πu 4 4 6 10 31

3Πg 2 2 3 6 16

3Πu 4 4 7 11 31

1∆g 2 2 4 6 16

1∆u 0 1 3 5 14

3∆g 2 2 4 6 15

3∆u 0 1 3 5 14

bound 27 56 56 56 56

continuum 0 0 40 102 154
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Table 7.8 presents the static dipole polarisability of the ground electronic

state and first five non-dissociative excited states, averaged over the v = 0 vi-

brational wave function in each state, for each of the scattering models described

above. The contributions to the MCCC(210) polarisability from the bound and

continuum spectra are given in Table 7.9. These quantities can be helpful in

making qualitative predictions of the importance of coupling to ionisation chan-

nels and dependence of cross sections on the initial state. For example, the po-

larisabilities of the excited states converge faster than for the ground state, and

the contributions from the continuum are much smaller. Therefore, we should

Table 7.8: Static dipole polarisabilities for the X 1Σ+
g , B 1Σ+

u , c 3Πu,

a 3Σ+
g , C 1Πu, and EF 1Σ+

g states, averaged over the v = 0 wave functions.

Comparisons are made between each of the scattering models described in

the text.

Model X 1Σ+
g B 1Σ+

u c 3Πu a 3Σ+
g C 1Πu EF 1Σ+

g

MCCC(210) 5.42 131 302 2793 1327 2137

MCCC(158) 5.11 130 302 2793 1327 2137

MCCC(96) 4.41 118 301 2793 1327 2136

MCC(56) 3.89 113 300 2792 1326 2136

MCC(27) 3.59 105 299 2791 1324 2133

Table 7.9: Contributions from the bound and continuum spectra to the

MCCC(210) static dipole polarisabilities in Table 7.8.

Source X 1Σ+
g B 1Σ+

u c 3Πu a 3Σ+
g C 1Πu EF 1Σ+

g

Bound 71% 86% 97% 97% 99% 98%

Cont. 29% 14% 3% 3% 1% 2%
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expect to see faster convergence in the cross sections for scattering on excited

states, and a smaller effect of coupling to ionisation channels. The much larger

polarisabilities for the excited states indicate that the total cross sections should

be substantially larger compared to scattering on the ground state.

Fig. 7.6 presents convergence studies for a selection of transitions, chosen

to represent the cases of slowest convergence. Even for the slowest-converging

transitions, the rate of convergence is much faster than it is for scattering on

the ground electronic state [93]. For many transitions, coupling to ionisation

channels has negligible effect, while for scattering on the ground state it was

found to be very important at energies above the ionisation threshold [93]. In all

cases, the excitation cross sections presented in Fig. 7.6 are well converged using

the MCCC(210) model, and we have confirmed that the situation is the same

for all transitions presented in this work. For elastic scattering and ionisation

the MCCC(210) model is also sufficient, although the slightly jagged behaviour

at the peak of the ionisation cross sections suggests that a slightly larger model

is required for convergence. Since this is only a minor issue over a small energy

region the final results can simple be smoothed at the peak.

The principle concern regarding convergence is that transitions with smaller

excitation energies typically require larger projectile partial-wave expansions.

For the MCCC(210) model, fixed-nuclei calculations have been performed at

R = 2.0 a0 with Lmax = 6, 10, 15, 20, and 25 in order to conduct partial-wave

convergence studies. A selection of convergence studies are presented in Fig. 7.7,

again chosen to represent the cases with slowest convergence. The results are pre-

sented both with and without the use of the analytic Born completion method

(ABC, described in Chapter 6) to demonstrate the improved rate of convergence

when it is used. As expected, the partial-wave convergence for scattering on these

excited states is much slower than it was for scattering on the ground state [93],

with Lmax = 20 required to reach convergence in a number of transitions. Even

with this large partial-wave expansion the ABC method still plays an important

role. It has been confirmed that the MCCC(210) model with Lmax = 20 and the

ABC method yields converged cross sections for all transitions considered in this

work. For the spin-exchange transitions and many dipole-forbidden transitions,
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Figure 7.6: Fixed-nuclei (R = 2.0 a0) convergence studies for a selection

of transitions from excited states of H2. Convergence is tested with respect

to the number of target states included in the close-coupling expansion.
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Figure 7.7: Partial-wave convergence studies, performed in the fixed-

nuclei approximation with R = 2.0 a0, for a selection of transitions from

excited states of H2. On the left, MCCC(210) cross sections are shown

without the use of the analytic Born completion (ABC) method, and on

the right are the same results with the ABC method utilised.

a partial-wave expansion with Lmax = 6 is sufficient, but for the dipole-allowed

transitions the partial-wave convergence is very slow, and it is computationally

unfeasible to obtain accurate cross sections without the ABC method. The be-

haviour of the c 3Πu → a 3Σ+
g transition is particularly interesting. Due to the

small energy difference between these states the partial-wave convergence is slow,

but the Born approximation becomes valid at relatively low incident energies. As

a result, without the ABC method even the Lmax = 20 cross section is up to an

order of magnitude smaller than the converged cross section.

For the purposes of performing adiabatic-nuclei calculations for scattering on

the v = 0 level of the n = 2 electronic states, fixed-nuclei calculations have been

performed at 10 evenly spaced points between R = 1.25 and 3.5 a0, which covers
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the v = 0 vibrational wave function of each state, and is sufficient to accurately

interpolate the cross sections over R. The MCC(27) Lmax = 10 model is used

up to 1 eV, and then the MCCC(210) Lmax = 20 is used up to 200 eV. Beyond

200 eV the Born approximation is sufficient, and this has been used to extend

the cross sections for spin-allowed transitions up to 1000 eV.

7.4 Adiabatic-nuclei calculations

The fixed-nuclei calculations performed with the MCCC(210) model suffer from

some numerical instabilities, particularly for transitions with smaller cross sec-

tions. The most likely reason for this is the fact that it was not feasible to resolve

non-uniqueness in these calculations. As discussed in Sec. 7.3.1, it was possible

to reliably smooth the fixed-nuclei cross sections as a function of energy, however

it would not be practical to attempt a similar fix to the partial-wave T -matrix

elements. Therefore, the adiabatic-nuclei calculations are performed using the

“square-root” approximation discussed in Sec. 4.10, which only require input of

the R-dependent cross sections.

To confirm that the square-root approximation is reasonably accurate, test

calculations have been performed to confirm that it reproduces the true adiabatic-

nuclei cross section in those cases where the R-dependent T -matrix elements are

stable enough to reliably interpolate. Before this can be done, there is an issue

which must be resolved concerning the sign of the electronic T -matrix elements.

When the fixed-nuclei structure calculation is performed, the overall sign of the

electronic states is arbitrary. This can be most clearly seen by noting that the sign

of the CI coefficient for a specific electronic configuration can change at random

as the internuclear separation is varied. Although the calculation of fixed-nuclei

cross sections is not affected by the sign of the T -matrix elements, spurious sign

changes in the R-dependent T -matrix elements make it impossible to integrate

them over R. The fix to this problem is illustrated in Fig. 7.8, where the CI

coefficients for a few of the dominant configurations in the EF 1Σ+
g , H 1Σ+

g ,

I 1Πg, and B 1Σ+
u states are presented as a function of R. The panels on the

left-hand side display the CI coefficients without correction, showing multiple
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T -matrix elements.
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values of R where there has been an obvious change in the target-state sign. The

most reliable way that we have found to fix this problem is to inspect the CI

coefficients of each state and provide an input file to the calculations specifying

the sign of a particular CI coefficient. Then the entire CI vector for the state

can be multiplied by −1 when necessary to ensure the given coefficient has the

desired sign. The right-hand panels in Fig. 7.8 show the corrected CI coefficients.

It is obvious that some coefficients naturally do change sign at various R points,

so in many cases it is necessary to specify the sign of one or more coefficients in

multiple R intervals. For the purposes of testing the square-root approximation,

comparisons were made using T -matrix elements and fixed-nuclei cross sections

from the MCC(27) model, since it was run with a larger number of R points and
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Figure 7.9: A selection of cross sections calculated with the MCC(27)

model using R-dependent T -matrix elements in the adiabatic approxima-

tion (dashed lines), compared with the “square-root” approximation (solid

lines). Each line corresponds to a different final vibrational level vf .
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hence the integration over the R-dependent T -matrix elements can be performed

most reliably. Fig. 7.9 presents the comparison for a selection of transitions,

demonstrating that the square-root approximation is sufficiently accurate (either

perfect or accurate to within a few percent). A similar level of accuracy has been

confirmed for all transitions considered in this work.

7.4.1 Bound excitations

At near threshold energies, the shifting threshold in the R-dependent cross sec-

tion can lead to spurious oscillations in the adiabatic-nuclei cross section. To

remedy this, we apply Stibbe and Tennyson’s energy-balancing correction [71]

(see Eq. (4.58) and surrounding discussion). To illustrate the effect of the correc-

tion, Fig. 7.10 compares the cross sections for the X 1Σ+
g (vi = 4)→ a 3Σ+

g (vf = 1)
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Figure 7.10: Comparison of cross sections for the X 1Σ+
g (vi = 4) →

a 3Σ+
g (vf = 1) transition with and without the energy-balancing correc-

tion discussed in the text.
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transition calculated with and without it. At lower energies there are oscillations

in the uncorrected cross section which are not present in the corrected cross

section. At higher energies, the two approaches yield identical results. For su-

perelastic transitions, which do not have a threshold energy, the analytical sum

over final vibrational levels given in Eq. (4.43) is applied directly, without the

energy-balancing modification.

7.4.2 Dissociative excitation

Rather than explicitly integrating the energy-differential dissociation cross sec-

tion as outlined in Sec. 4.6, it is simpler to adopt a pseudostate treatment of

dissociation analogous to the treatment of ionisation in the atomic and molecular

CCC methods. In this case, the analogues to the electronic pseudostates in the

ionisation continuum are the vibrational pseudostates in the dissociative contin-

uum obtained from diagonalising Eq. (7.2). The completeness of the vibrational

pseudostates:

lim
N→∞

N∑
v=0

|νnv〉〈νnv| = Î (7.10)

guarantees that summing the cross sections for excitation of the dissociative pseu-

dostates is equivalent to integrating the energy-differential dissociation cross sec-

tion, in the limit as the number of pseudostates tends to infinity. Hence, the ac-

curacy of the dissociation cross section can be verified by testing for convergence

with respect to the number of pseudostates. Fig. 7.11 presents some example

dissociative pseudostates in the b 3Σ+
u state of H2. Similar pseudostates are gen-

erated in the continua of all other electronic states in order to obtain dissociative

excitation cross sections.

7.4.3 Total ionisation (for scattering on n = 2 states)

For ionisation, there is no single outgoing energy associated with the R-dependent

cross section, since it is already summed over ionising pseudostates at each R, so

for the purposes of applying the energy-balancing method it is assumed that the
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Figure 7.11: Dissociative vibrational pseudostates in the b 3Σ+
u state of

H2. Also shown are the bound vibrational wave functions in the X 1Σ+
g

state.

fixed-nuclei outgoing energy is equal to

Ef (R) = Ei − εion
i (R), (7.11)

where Ei is the incident energy and εion
i is the ionisation potential for the initial

electronic state i. In the evaluation of Eq. (4.58), the final vibrational levels

are calculated in the potential-energy curve of the residual H+
2 ion in its ground

electronic state. Although this is not formally correct, since the fixed-nuclei ioni-

sation cross section includes contributions from ionisation with excitation (leading

to the production of H+
2 in excited electronic states), at the energies where this is

possible (more than 10 eV above the ionisation threshold) the approach adopted

here is equivalent to analytically summing over final levels with Eq. (4.43).
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7.4.4 Grand-total cross sections (for scattering on n = 2

states)

To obtain grand-total cross sections (GTCS – sum of elastic, excitation, and ion-

isation cross sections), Eq. (4.43) is applied using the R-dependent GTCS, which

includes contributions from more discrete excitations than explicitly considered

in the evaluation of adiabatic-nuclei excitation cross sections (i.e. electronic states

with n > 3). At low energies, the GTCS is dominated by the v = 0 → 0 elastic

cross section, which is unaffected by energy balancing, and the superelastic cross

sections, which do not utilise energy balancing, and hence Eq. (4.43) is valid.

7.5 Uncertainty estimates

The three major sources of uncertainty in the present results are the target-

structure accuracy, the level of convergence in the R-dependent scattering calcu-

lations, and the use of the adiabatic-nuclei approximation. Zammit et al. [93] es-

timated that the uncertainty in the spherical MCCC(491) calculations due to con-

vergence was less than 5% across all electronic transitions. Since the MCCC(210)

model adopted here adequately reproduces the MCCC(491) results for excitation,

with exceptions explained by the more accurate target structure, an uncertainty

of 5% due to convergence is assumed for the present calculations.

The excitation energy εf,i = εf − εi is a good indicator of the structure

accuracy and its effects on the accuracy of the scattering cross sections. In order

to give an overall estimate of the uncertainty in the transitions from an initial

vibrational level vi in the X 1Σ+
g state to an excited electronic state f , the relative

error in the excitation energy is averaged over the vi vibrational wave function,

giving:

ustruc.
f,ivi

= 〈νivi |
∣∣∣ εf,i−εexact

f,i

εexact
f,i

∣∣∣ |νivi〉, (7.12)

where εf,i is the excitation energy from the present structure calculations, and

εexact
f,i is the “exact” excitation energy obtained using the accurate potential-energy

curves from Refs. [147–152]. For scattering on the X 1Σ+
g state, the uncertainties

obtained from Eq. (7.12) are less than 1% for all initial vibrational levels, so
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for simplicity an overall uncertainty of 6% is assumed (including the 5% from

convergence).

Since this is only an approximate error analysis, to avoid giving the impres-

sion that the 6% figure is a precise statement of the uncertainty it is rounded up

to provide a final uncertainty of 10% in the MCCC(210) H2 cross sections. This

should cover any additional sources of error such as choices of integration grids,

general numerical instabilities, and the use of the adiabatic-nuclei approximation.

The various steps discussed in this chapter to improve the adiabatic-nuclei

cross sections, aside from removing unwanted oscillations and instabilities in the

cross sections, do not have any substantial effect compared to the sources of error

mentioned above.

7.6 Errors in the treatment of dissociation in

the literature

The cross sections for dissociation of vibrationally-excited H2, HD, and D2 through

the b 3Σ+
u state recommended in the well-known reviews of Yoon et al. [138, 212]

come from the R-matrix calculations of Trevisan and Tennyson [73] and Trevisan

and Tennyson [74] (hereafter referred to collectively as TT02). The results of

TT02, which also include HT, DT, and T2, have long been considered the most

accurate dissociation cross sections for H2 and its isotopologues, and are widely

used in applications. During the course of this project, it became apparent that

there are major discrepancies between the MCCC and R-matrix calculations of

the b 3Σ+
u dissociation cross sections. Interestingly, the two methods are simi-

lar in their treatment of both the electronic and nuclear dynamics, but differ in

their fundamental definitions of the dissociation cross section, leading to conflict-

ing isotopic and vibrational-level dependencies in the calculations. The formal-

ism applied by TT02 was previously developed by Trevisan and Tennyson [72]

(TT01). In this section, the standard treatment of dissociation adopted in the

MCCC calculations is compared with the alternative formulation suggested by

TT01, and the origin of the disagreement between the two approaches is deter-

mined. The discussion here, which was published in Ref. [4], is limited to the
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b 3Σ+
u dissociative excitation, but can be applied more generally to dissociative

excitation through any electronic state.

The standard treatment of dissociative excitation was described in Sec. 4.6.

In the current section, the method is restated using the definitions, notation,

and units used by Trevisan and Tennyson [72] to allow straightforward compari-

son. Trevisan and Tennyson [72] present their derivations in SI units, and adopt

the same definition as Lane [213] of the partial-wave T matrix elements. Using

Trevisan and Tennyson’s notation [72], the expression for the energy-differential

cross section for dissociation of the vibrational level v into atomic fragments of

asymptotic kinetic energy Ek in the standard formulation is

dσ

dEout

=
π

k2
in

∑
`′m′
`m

|〈νEk
|T`′m′,`m(R;Ein)|νv〉|2 , (7.13)

where Ein and kin are the incident projectile energy and wavenumber, and ν

are the vibrational wave functions. The energies of the scattered electron and

dissociating fragments are related by

Ek = Ein −Dv − Eout, (7.14)

where Dv is the threshold dissociation energy of the vibrational level v [71],

and Eout is the outgoing projectile energy. This relationship makes it possible

to treat the energy-differential cross section as a function of either Eout or Ek.

When this method has been applied in previous work [15, 19, 20, 58, 61, 63, 64,

68, 70, 71, 90, 96, 177, 214–216], Eq. (7.13) is not derived explicitly for the case

of dissociation since the derivation follows exactly the same steps summarised

by Lane [213] for the non-dissociative vibrational-excitation cross section. The

only difference is the replacement of the final bound vibrational wave function

with an appropriately-normalised continuum wave function νEk
(R). In principle

the continuum normalisation is arbitrary so long as the density of final states is

properly accounted for. According to standard definitions [144], the density of

states ρ for the vibrational continuum satisfies the following relation:

∞̂

0

νEk
(R)νEk

(R′)ρ(Ek) dEk = δ(R−R′), (7.15)
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giving a clear relationship between the continuum-wave normalisation and den-

sity. Since the formulas presented by Lane [213] for non-dissociative excitations

are written in terms of bound vibrational wave functions, with a density of states

equal to unity (by definition), the most straightforward adaption to dissociation

simply replaces them with continuum wave functions normalised to have unit den-

sity as well. Indeed, many of the previous works [20, 58, 71, 96, 158, 162] which

have applied the adiabatic-nuclei, rather than fixed-nuclei, method to dissociation

explicitly state that the continuum wave functions are energy normalised, which

implies unit density and the following resolution of unity:

∞̂

0

ν∗Ek
(R)νEk

(R′) dEk = δ(R−R′). (7.16)

The works which have applied the fixed-nuclei method also implicitly assume

energy normalisation, since the fixed-nuclei approximation utilises Eq. (7.16) to

integrate over the dissociative states analytically. Note that Eq. (7.16) implies

the functions νEk
have dimensions of 1/

√
energy · length. The bound vibrational

wave functions are normalised according to

∞̂

0

ν∗v(R)νv′(R) dR = δv′v, (7.17)

and hence they have dimensions of 1/
√

length. The electronic T -matrix elements

defined by Lane [213] are dimensionless, and the integration over R implied by

the bra-kets in Eq. (7.13) cancels the combined dimension of 1/length from the

vibrational wave functions, so it is evident that the right-hand side of Eq. (7.13)

has dimensions of area/energy as required (note that 1/k2
in has dimensions of

area).

The standard approach to calculating dissociation cross sections has been

applied extensively in the literature [15, 19, 20, 58, 61, 63, 64, 68, 70–72, 90,

96, 177, 214–216]. It is also consistent with well-established methods for com-

puting bound-continuum radiative lifetimes or photodissociation cross sections,

which replace discrete final states with dissociative vibrational wave functions.

The latter are either energy normalised [217], or normalised to unit asymptotic
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amplitude with the energy-normalisation factor included explicitly in the dipole

matrix-element formulas [218, 219].

TT01 criticised the standard technique, claiming that a proper theoretical

formulation for dissociation did not exist, and suggested that a more rigorous

derivation for the specific case where there are three fragments in the exit channels

is required. They arrived at an expression which is markedly different from the

standard approach:

dσ

dEout

=
mH

4π3me

Ek

Ein

∑
`′m′
`m

|〈νEk
|T`′m′,`m(R;Ein)|νv〉|2 . (7.18)

Here mH is the hydrogen nuclear mass, which is replaced with the deuteron or tri-

ton mass in their later investigation into dissociation of D2 and T2 [73]. Compar-

ing Eqs. (7.13) and (7.18), TT01’s formula is different by a factor of mHEk/2π
4~2

(the T -matrix elements here are the same as those in Eq. (7.13)). The distin-

guishing feature of TT01’s approach and the reason for the mass-dependence in

their formula was said to be the explicit consideration of the density of dissociat-

ing states. There are two major issues here: firstly, the energy-normalised wave

functions used in Eqs. (7.13) and (7.18) have unit density so it is unusual that

taking this into account should have any effect, and secondly, TT01’s expression

for the energy-differential cross section has dimensions of

dim

[
dσ

dEout

]
=

1

energy
, (7.19)

which suggests an error in the derivation. As a result, the integral cross sections

for scattering on H2(v = 0) presented in TT01 and for vibrationally-excited H2,

HD, D2, HT, DT, and T2 presented in TT02 using the same method appear to

be incorrect.

TT01’s derivation uses a density of states corresponding to (three-dimensional)

momentum normalisation. However, rather than calculating momentum-normalised

vibrational wave functions, TT01 use energy-normalised functions and apply a

correction factor

ξ2 = 2~
(
Ek

mH

)1/2

=
~pk

µ
(7.20)

to the cross section to account for a conversion from energy to momentum nor-
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malisation. Since the vibrational wave functions are one-dimensional, it is not

obvious how to normalise them to three-dimensional momentum. Although TT01

do not state explicitly how they choose to define the momentum normalisa-

tion, Eq. (7.20) corresponds to a conversion from energy normalisation to (one-

dimensional) wavenumber normalisation [220]. The density of states for this

choice of normalisation is

ρ(Ek) =
µ

~pk

, (7.21)

which cancels exactly with the correction factor in Eq. (7.20). This is to be

expected since Eq. (7.15) shows clearly that any factors applied to the contin-

uum wave functions to change the normalisation must lead to the inverse factor

(squared) being applied to the density of states. It is the mismatch between con-

tinuum normalisation and density of states which leads to some of the additional

factors, such as the nuclear mass, in TT01’s final cross section formula. Using a

consistent normalisation and density of states, it is possible to follow the remain-

ing steps taken by TT01 in their derivation and arrive at an expression identical

to the standard formula given in Eq. (7.13). This is shown explicitly further down

in Sec. 7.6.1.

The novelty of TT01’s reformulated approach to dissociation has been ac-

knowledged numerous times and the results have been widely adopted. Perhaps

in part due to being recommended by Yoon et al. [138, 221] and included in the

Quantemol database [222], the cross sections and rate coefficients given by TT02

have been applied in a number of different plasma models, most notably in the

astrophysics community [34, 36, 39, 41, 42, 44, 75–86]. The formalism of TT01

was also used by Gorfinkiel et al. [223] to study the electron-impact dissociation

of H2O, and it has been reiterated a number of times that this method is neces-

sary to accurately treat dissociation in the adiabatic-nuclei approximation [224–

226]. Gorfinkiel et al. [223] found in particular that for some dissociative transi-

tions in H2O the formalism of TT01 gives results up to a factor of two different

to the fixed-nuclei method even 10 eV above threshold. If correct, this result

would invalidate the use of the fixed-nuclei method in dissociation calculations,

for example in the R-matrix calculations of Refs. [227–229].

Fig. 7.12 compares the MCCC and TT01/02 results for dissociation of H2 in
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Figure 7.12: Comparison of the X 1Σ+
g (v) → b 3Σ+

u dissociation cross

sections calculated by Stibbe and Tennyson [71] and Trevisan and Ten-

nyson [72] and Trevisan and Tennyson [73] (ST98 and TT01/02, respec-

tively), with the molecular convergent close-coupling (MCCC) calculations

for scattering on the v = 0–4 levels of H2.

the initial vibrational states v = 0–4. Also shown are the earlier R-matrix results

of Stibbe and Tennyson [71] (ST98), which were performed using the standard

formulation given in Eq. (7.13). Both sets of R-matrix calculations used the same
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underlying T -matrix elements, calculated previously in an investigation into H−
2

resonances [230], so the differences between them is only due to TT01’s alternative

cross-section formula. The ST98 and MCCC cross sections are in good agreement,

with small differences near the cross section maximum likely due to the use of

different electronic scattering models. TT01’s cross section for the v = 0 level

of H2 is only about 10% different from ST98’s results at the maximum, and up

to around 10 eV the two are essentially the same. It is perhaps puzzling that

the additional factor of mHEk/2π
4~2 in Eq. (7.18) has only a small effect, but it

turns out that the average value of this factor is fortuitously close to 1 (in Hartree

atomic units) in the 0–6 eV range of Ek corresponding to incident energies up to

10 eV (see TT01’s Fig. 8). This coincidence disappears for scattering on excited

vibrational levels, where the formulation of TT01 predicts significantly different

results. The cross sections for dissociation of excited vibrational levels presented

in TT02 are up to a factor of 2 smaller than the MCCC and ST98 results. To

explain this, Fig. 7.13 presents the MCCC energy-differential cross section as a
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Figure 7.13: Energy-differential dissociation cross section as a function

of the fragment kinetic energy Ek for 6.0-eV electrons scattering on the

v = 2–6 vibrational levels of H2.
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function of Ek for 6-eV electrons scattering on the v = 2–6 levels of H2, showing

that the cross section peaks at progressively smaller values of Ek as the initial

vibrational level is increased. In TT01’s formalism, the suppression in this region

caused by the smaller value of their additional factor in Eq. (7.18) for small Ek

leads to a substantial reduction in the integrated cross section for scattering on

higher vibrational levels.

Further to the different vibrational dependence, the mass factor in Eq. (7.18)

leads to an unusually large isotopic dependence in the dissociation cross sections.

Fig. 7.14 compares the MCCC and TT02 cross sections for dissociation of H2, D2,

and T2 in the v = 0 level. TT02’s results for D2 are two times larger than for H2,

and for T2 they are three times larger. The MCCC calculations show only a small
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Figure 7.14: Comparison of the X 1Σ+
g (v = 0) → b 3Σ+

u dissociation

cross sections calculated by Trevisan and Tennyson [73] (TT02), with the

molecular convergent close-coupling (MCCC) calculations for scattering on

H2, D2, and T2.
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isotope effect at low energies due to the slightly higher dissociation thresholds of

the heavier targets. TT02 stated that their predicted scaling of cross sections

with isotopic mass should be expected for all dissociative processes, however this

is purely an artefact of the incorrect formalism that they have applied.

In this section, it has been shown that the standard dissociation formalism

is valid, and the cross-section formula derived by TT01/02 [72–74] is incorrect.

Although the cross section for dissociation of the H2 X
1Σ+

g (v = 0) level is (fortu-

itously) not severely affected by the errors in the formalism applied, the R-matrix

results for dissociation of vibrationally-excited or isotopically-substituted H2 are

in serious error. For this reason, the MCCC cross sections, which apply the stan-

dard formalism, should be used in place of the R-matrix results of TT01/02 [72–

74] in all applications.

7.6.1 Corrected derivation

Here a corrected derivation of the adiabatic-nuclei dissociation cross section is

given, following the same ideas laid out by Trevisan and Tennyson [72] (TT01).

Rather than treating rotational motion explicitly, TT01’s derivation assumes a

fixed nuclear orientation during the collision and then applies a classical orientation-

averaging technique. This approach is valid and formally equivalent to summing

over final rotational levels using the closure of the rotational wave functions [87].

With the orientation fixed, the parameter R̂ is removed from the set of dynamical

variables and the nuclear motion is treated as a purely one-dimensional problem.

Standard quantum mechanics texts, such as Sakurai and Napolitano [143],

derive expressions for the scattering transition rate. For the present case it can

be written as

wi→f =
2π

~
|Tf,i|2 ρe(Eout,Ω)ρv(Ek) dEout dΩ, (7.22)

where Eout and Ω are the scattered electron energy and direction, Ek is the asymp-

totic kinetic energy of the dissociating fragments, and ρv and ρe are the density

of states for the target vibrational continuum and scattered electron continuum,

respectively. Here,
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Tf,i = 〈pfνEk
Φf |T̂|Φiνvpi〉 (7.23)

is the T -matrix element linking the final and initial scattering states, where pf and

pi are the final and initial projectile plane waves, νEk
is the continuum vibrational

wave function for the dissociating fragments, νv is the bound vibrational wave

function for initial level v, and Φf and Φi are the final and initial electronic

states. Note that Eq. (7.22) assumes the T̂ operator is defined in terms of the

scattering operator Ŝ by Ŝ = Î−2πiT̂ [143]. This derivation assumes the standard

momentum-normalised plane waves for the incident and scattered electrons:

〈r|p〉 =
1

(2π~)3/2
eip·r/~ (7.24)

ˆ

R3

〈p′|r〉〈r|p〉 dr = δ(p′ − p), (7.25)

which implies the following unity resolution:

ˆ

R3

〈r′|p〉〈p|r〉 dp = δ(r′ − r), (7.26)

and incident current density

ji =
pi

me(2π~)3
=

~ki
me(2π~)3

, (7.27)

with ki = pi/~. According to standard definitions [143], the cross section dσ

associated with the transition rate in Eq. (7.22) is

dσ =
w

ji

=
~me(2π)4

ki
|Tf,i|2 ρe(Eout,Ω)ρv(Ek) dEout dΩ, (7.28)

and hence the double differential cross section (DDCS) is

d2σ

dEout dΩ
=

~me(2π)4

ki
|Tf,i|2 ρe(Eout,Ω)ρv(Ek). (7.29)

Note that Eq. (7.29) differs slightly from the formulas given by Ohlsen [231],

Fuchs [232], and Tostevin et al. [233] (used by TT01) since Refs. [231–233] use
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the alternative momentum normalisation

ˆ

R3

〈p′|r〉〈r|p〉 dr = (2π~)3δ(p′ − p) (7.30)

and hence TT01’s Eq. (10) differs from Eq. (7.29) by a factor of 1/(2π~)3.

Now ρe and ρv are evaluated. The relationship between continuum-state

normalisation and density of states can be found in quantum mechanics texts

such as Cohen-Tannoudji et al. [144]:

ˆ

[β]

∞̂

0

|ε,β〉〈β, ε|ρ(ε,β) dε dβ = Î, (7.31)

where Î is the identity operator, ε is the continuum-state energy, β stands for the

set of remaining parameters which characterise the state, and [β] is the parameter

space of β. The scattered electron can be characterised by its energy Eout and

direction Ω, and Eq. (7.31) becomes

ˆ

Ω

∞̂

0

〈r′|p〉〈p|r〉ρe(Eout,Ω) dEout dΩ = δ(r′ − r). (7.32)

Substituting dp = mep dE dΩ into Eq. (7.26) and comparing with Eq. (7.32)

gives

ρe(Eout,Ω) = ~mekout. (7.33)

For the vibrational continuum Eq. (7.31) becomes

∞̂

0

νEk
(R′)νEk

(R)ρv(Ek) dEk = δ(R′ −R). (7.34)

If energy-normalised vibrational wave functions are used (as done by TT01), then

from the unity resolution

∞̂

0

νEk
(R′)νEk

(R) dEk = δ(R′ −R), (7.35)

it follows that the density of vibrational states is simply

ρv(Ek) = 1. (7.36)
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Note that Eq. (7.36) implies the following asymptotic form of the vibrational

wave functions:

lim
R→∞

νEk
(R) =

1

~

√
2µ

kπ
sin(kR + δ), (7.37)

where

k =
1

~
√

2µEk. (7.38)

Substituting Eqs. (7.33) and (7.36) into Eq. (7.29) gives the following expression

for the DDCS:

d2σ

dEout dΩ
= ~2m2

e(2π)4kout

kin

|Tf,i|2 . (7.39)

The relationship between the T matrix and scattering amplitude for various

normalisations of the projectile plane waves and relationships between Ŝ and T̂

can be found in the appendix of Morrison and Sun [220]:

Tfi =
|c|2

d

~2

4πme

Ffi, (7.40)

where the constants c and d are found from

〈r|p〉 = c(2π)−3/2eip·r/~ (7.41)

Ŝ = Î + 2idT̂. (7.42)

For the momentum-normalised plane waves (7.24) and the definition Ŝ = Î−2πiT̂

assumed in Eq. (7.22) [143] it is clear that

c =
1

~3/2
, d = π, (7.43)

giving:

Tfi =
1

(2π)2i~me

Ffi, (7.44)

and hence

d2σ

dEout dΩ
=
kout

kin

|Ffi|2 . (7.45)

At this point it is evident that we have arrived at the expected result that the

DDCS is simply given by the standard differential cross section formula.

To express the DDCS in terms of the same partial-wave T -matrix elements
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in TT01’s formulas, Eqs. (6) and (7) of Malegat [234] are now applied to give

d2σ

dEout dΩ
=
kout

kin

|Ffi|2 (7.46)

=
∑
t

AtfiPt(cos θ), (7.47)

where the coefficients Atfi are given in Malegat’s Eq. (8). Note that, according to

Malegat’s definitions, Eq. (7.47) is the orientation-averaged DDCS. After integra-

tion over the scattered-electron solid angle, the energy-differential cross section

is given by

dσ

dEout

= 4πA0
fi

=
π

k2
i

∑
`′m′
`m

|〈νEk
|T`′m′,`m(R;Ein)|νv〉|2 , (7.48)

where T`′m′,`m are the same partial-wave T -matrix elements defined by TT01. The

explicit form of A0
f,i can be inferred from TT01 by inspection of their Eq. (29).

7.7 Chapter 7 summary

This chapter has given an overview of the MCCC structure and scattering calcu-

lations performed in the present work. Convergence studies have been performed,

and the generation of R-dependent electronic scattering cross sections for use in

the adiabatic-nuclei calculations has been discussed. The specific procedures for

performing the MCCC adiabatic-nuclei calculations have been summarised, and

uncertainty estimates have been given. Issues surrounding the proper treatment

of dissociative excitation have been investigated, prompted by claims in the lit-

erature [72–74] that the standard approach, which is applied in the present work,

is invalid. It has been shown here that this is not the case, and that the standard

dissociation formalism is in fact correct. These findings were published in Ref. [4].



Chapter 8

Adiabatic-nuclei results for

electron scattering on H2

This chapter presents vibrationally-resolved results for electron scattering on H2

and its isotopologues, obtained from the adiabatic-nuclei calculations described in

Chapter 7. Rotationally-resolved scattering will be discussed later in Chapters 11

and 12. Some sections contain text or figures adapted from published works by

the candidate [5–7, 12]. The publishers (Elsevier, the American Physical Society,

and MDPI) provide the right to use an article or a portion of an article in a thesis

or dissertation without requesting permission.

The calculations presented in this section were motivated by the importance

of comprehensive sets of data for the e−-H2 collision system, and the lack of

accurate data available in the literature. H2 and its isotopologues are present

in the ground state as well as excited vibrational and electronic states in fusion,

atmospheric, and interstellar plasmas [22–25, 235, 236]. Cross sections resolved

in both final and initial vibrational levels, for scattering on a range of electronic

states, are required for determining plasma properties and the interpretation of

spectroscopic data [31, 32].

The majority of previous theoretical and experimental studies have been

directed towards producing estimates of cross sections for electron-impact excita-

tion from the ground electronic and vibrational state [221]. Most of the available

theoretical data for scattering on excited vibrational levels have been obtained

using the semiclassical impact-parameter (IP) method [159, 160], and are not re-

solved in the final vibrational levels [70, 96, 159, 160, 162, 237, 238]. These results

are larger by a factor of two than the available measurements between 20 and
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60 eV for scattering on the X 1Σ+
g (v = 0) state, and are likely to be inaccurate

for vi > 0 as well [160].

For scattering on excited states, a handful of calculations have been done

for specific transitions using approximate methods, but until recently no single

method has been applied to the generation of a large set of cross sections. During

the course of this PhD project, a new set of R-matrix calculations was published

for scattering on excited electronic states of H2 in the fixed-nuclei approxima-

tion [116]. These will be discussed further in Sec. 8.3, and compared with the

present MCCC calculations. To date, no measurements have been performed for

scattering on excited electronic or vibrational states of H2 or its isotopologues.

The results presented in this chapter are the product of the adiabatic-nuclei

calculations described in Chapter 7, and are organised as follows:

Section 8.1: fully vibrationally-resolved results for scattering on all vibrational

levels of the X 1Σ+
g state of H2 and its five isotopologues [6, 7].

Section 8.2 cross sections for dissociation of H2 into all neutral fragments [12].

Section 8.3: results for scattering on the v = 0 vibrational level of the n = 2

electronic states of H2 [5].

Section 8.4: an example of the utilisation of the present cross sections in a

collisional-radiative model for H2 [8].

Section 8.5: discussion of the online database developed during this project to

host the MCCC results.

8.1 Vibrationally-resolved electronic excitation

from the X 1Σ+
g state

Fully vibrationally-resolved cross sections have been calculated for scattering on

all bound levels of the X 1Σ+
g state of each isotopologue (H2, HD, HT, D2, DT,

T2), considering excitation of all bound levels and dissociative excitation of each

n = 2–3 electronic state (see Table 7.3 of Chapter 7 for the number of levels in

each state). The total number of cross sections generated from these calculations
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is in excess of 60,000. In this section, a selection of results for scattering on H2

are presented, and isotopic effects are discussed. The results presented here have

been published in Refs. [6, 7].

Fig. 8.1 compares a selection of MCCC results for total electronic excita-

tion (summed over final bound and dissociative vibrational levels) of the B 1Σ+
u ,

C 1Πu, B
′ 1Σ+

u , and D 1Πu states of H2 with the impact-parameter calculations

of Celiberto et al. [70]. Each result demonstrates the same trend, with the
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Figure 8.1: Electron-impact cross sections summed over all final vibra-

tional levels in the B 1Σ+
u , C 1Πu, B′ 1Σ+

u , and D 1Πu, states of H2.

The present MCCC results (solid lines) are compared with the impact-

parameter (IP) calculations of Celiberto et al. [70] (dashed lines).

semiclassical impact-parameter results overestimating the cross section by up to

a factor of two at low to intermediate energies. By 200 eV incident energies,

the two calculations are in good agreement, since the impact-parameter approx-

imation becomes valid in the high-energy limit. The large differences between
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the MCCC and impact-parameter results seen in Fig. 8.1 are seen in all elec-

tronic transitions, for scattering on all vibrational levels of the X 1Σ+
g state. The

comparison is the same for scattering on D2 as well (scattering on the other iso-

topologues was not considered by Celiberto et al. [70]). Even without considering

resolution in the final vibrational levels, the MCCC calculations for electronic ex-

citation already prove to be a substantial improvement over what was previously

available. Furthermore, the impact-parameter method can only be applied to

dipole-allowed transitions, so the calculation of dipole- and spin-forbidden tran-

sitions in the present calculations for scattering on excited vibrational levels in

many cases represents the first ever available data.
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Figure 8.2: Electron-impact cross sections for dissociative excitation of

the B 1Σ+
u , C 1Πu, B′ 1Σ+

u , and D 1Πu, states of H2 from the X 1Σ+
g (vi = 0)

state. The MCCC results are compared with the impact-parameter (IP)

calculations [70], and the semi-empirical calculations of Liu et al. [239].

Fig. 8.2 presents dissociative excitation cross sections of the B 1Σ+
u , C 1Πu,
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B′ 1Σ+
u , and D 1Πu states for scattering on the X 1Σ+

g (vi = 0) state of H2.

The MCCC results are compared with the impact-parameter calculations [70],

and the semi-empirical calculations of Liu et al. [239]. The latter were ob-

tained by scaling experimentally-determined excitation functions to fit the Born

dissociative-excitation cross section at high incident energies. The comparison

with the impact-parameter results is the same as it was for total electronic ex-

citation in Fig. 8.1. All three sets of cross sections appear to converge towards

the same values in the high-energy limit, and at intermediate energies the MCCC

results are in much better agreement with Liu et al. [239] than with the impact-

parameter calculations. Liu et al. [239] assumed that the excitation function is

nearly identical for all ungerade states, while in the MCCC calculations there are

some differences between these four ungerade states, as evidenced by the vary-

ing degrees of agreement with the results of Liu et al. [239]. Furthermore, the

energy position of the cross-section maximum is somewhat larger in the MCCC

calculations than that of Ref. [239].

Fig. 8.3 presents cross sections for dissociative excitation of the B 1Σ+
u ,

C 1Πu, B
′ 1Σ+

u , b 3Σ+
u , e 3Σ+

u , and c 3Πu electronic states of H2. Each tran-

sition shows a substantial dependence on the initial vibrational level. Aside from

the repulsive b 3Σ+
u state, which is the most important pathway to direct dis-

sociation, the cross sections for dissociative excitation are generally small. For

many electronic states, the dissociative excitation cross section for scattering on

the v = 0 level of the X 1Σ+
g state is an order of magnitude smaller than for scat-

tering on some of the excited vibrational levels. For the singlet states, previous

calculations of these cross sections were also performed by Celiberto et al. [70]

using the impact-parameter method, with the comparison being essentially the

same as seen in Fig. 8.1 for the total excitation cross sections.

Aside from the R-matrix calculations of Trevisan and Tennyson [72–74]

discussed in the previous chapter, the only previous calculations of low-energy

dissociation of vibrationally-excited H2 and D2 through the b 3Σ+
u state are the

semiclassical calculations of Celiberto et al. [70], which utilised the Gryziński

method to treat the electronic dynamics, and the standard dissociation formalism

with the Franck-Condon (FC) approximation to treat the nuclear dynamics. The
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Figure 8.3: Electron-impact cross sections for dissociative excitation of

the B 1Σ+
u , C 1Πu, B′ 1Σ+

u , b 3Σ+
u , e 3Σ+

u , and c 3Πu electronic states of

H2. Each line represents a different initial vibrational level in the X 1Σ+
g

ground electronic state.
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FC approximation assumes the electronic excitation cross section is independent

of R, making it more inaccurate for the higher vibrational levels with more diffuse

wave functions. Fig. 8.4 compares the MCCC b 3Σ+
u cross sections for scattering

on all bound vibrational levels of H2 with the results of Celiberto et al. [70]. The

approximate methods utilised by Celiberto et al. [70] do not correctly model the

significant dependence on vibrational level.
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Figure 8.4: Comparison of the X 1Σ+
g (v) → b 3Σ+

u dissociation cross

sections calculated by Celiberto et al. [70] with the molecular convergent

close-coupling (MCCC) calculations [7]. The cross section increases with

initial vibrational level from v = 0 to 14 (Celiberto et al. include only up

to v = 13).

8.2 Dissociation into neutral fragments

Fig. 8.5 presents the total cross section for dissociation of vibrationally-excited

H2 into neutral fragments. These were obtained using the MCCC vibrationally-

resolved cross sections, considering direct dissociative excitation, predissociation,

and dissociation following radiative decay, and were published in Ref. [12]. At

low energies, the dissociation cross section is entirely comprised of the b 3Σ+
u

excitation. The unusual shapes present in some curves are the result of higher

electronic-state excitations becoming open as the incident energy increases. Over
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Figure 8.5: Electron-impact dissociation cross section for scattering on

all bound vibrational levels of the H2 ground electronic state. The cross

sections rise monotonically with increasing vibrational level vi.

the entire energy range, the dissociation cross sections are significantly enhanced

for scattering on excited vibrational levels, illustrating the importance of vibrationally-

resolved collision data for modelling environments where molecules are present in

vibrationally-excited states, such as fusion plasmas. No previous calculations of

the total neutral dissociation cross section have been performed over the entire

range of incident energies, and only one (fairly old) experiment has been per-

formed [240]. The measurements of Ref. [240] were used by Yoon et al. [221]

to produce a recommended cross section for this process. Fig. 8.6 compares the

present vi = 0 neutral dissociation cross section with the recommended data of

Yoon et al. [221]. At low energies there is good agreement between the two, while

between 20 and 60 eV the MCCC calculations are somewhat lower than the mea-

surements. Given the size of the experimental error bars the discrepancy is not

cause for particular concern, and considering the age of the measurements (close

to 60 years old at time of writing) the level of agreement is impressive. Nonethe-

less, it would be desirable to have updated measurements taken in order to resolve

the discrepancies, however slight, and determine the most accurate cross section

for neutral dissociation. Fig. 8.6 also shows the contributions from the triplet and

singlet excitations to the vi = 0 dissociation cross section. The triplet excitations
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Figure 8.6: Electron-impact dissociation cross section for scattering on

the ground vibrational level of the X 1Σ+
g state of H2. Comparison is made

with the recommended data of Yoon et al. [221]. The contributions from

the triplet and singlet excitations is also shown.

are most important at lower incident energies, while above approximately 40 eV

the singlet excitations are more important.

Figs. 8.7–8.11 present cross sections for excitation of bound vibrational levels

in the B 1Σ+
u , C 1Πu, c

3Πu, a
3Σ+

g , and EF 1Σ+
g states of H2. For all states,

not only the magnitude of the total cross section, but also the distribution of

excited final levels is heavily dependent on the initial vibrational levels. For H2

excitation processes resolved in the final vibrational level, these are the first data

to be published [7], and will allow for the first ever collisional-radiative models

to be constructed for H2 with full vibrational resolution. Similar cross sections

have been produced for excitation of each of the n = 2–3 electronic states (refer

to Table 7.4), and are available online at mccc-db.org.

mccc-db.org
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Figure 8.7: Electron-impact cross sections for excitation of bound vibra-

tional levels in the B 1Σ+
u state of H2. Each panel represents a different

initial vibrational level in the X 1Σ+
g ground electronic state, and each line

a different final vibrational level in the B 1Σ+
u state.
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Figure 8.8: Electron-impact cross sections for excitation of bound vibra-

tional levels in the C 1Πu state of H2. Each panel represents a different

initial vibrational level in the X 1Σ+
g ground electronic state, and each line

a different final vibrational level in the C 1Πu state.
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Figure 8.9: Electron-impact cross sections for excitation of bound vibra-

tional levels in the c 3Πu state of H2. Each panel represents a different

initial vibrational level in the X 1Σ+
g ground electronic state, and each line

a different final vibrational level in the c 3Πu state.
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Figure 8.10: Electron-impact cross sections for excitation of bound vi-

brational levels in the a 3Σ+
g state of H2. Each panel represents a different

initial vibrational level in the X 1Σ+
g ground electronic state, and each line

a different final vibrational level in the a 3Σ+
g state.
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Figure 8.11: Electron-impact cross sections for excitation of bound vibra-

tional levels in the EF 1Σ+
g state of H2. Each panel represents a different

initial vibrational level in the X 1Σ+
g ground electronic state, and each line

a different final vibrational level in the EF 1Σ+
g state.
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8.2.1 Isotopic effects

This section investigates the similarities and differences between cross sections for

H2 and its isotopologues. These results have been published in Ref. [6]. Fig. 8.12

presents cross sections for dissociative excitation and total electronic excitation

(summed over vf , including dissociative excitation) of the B 1Σ+
u , B′ 1Σ+

u , c 3Πu,

h 3Σ+
g states from the vi = 0 level of the X 1Σ+

g state in each isotopologue. The
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Figure 8.12: Electron-impact cross sections for total electronic excitation

(summed over final vibrational levels) and dissociative excitation (DE) of

the B 1Σ+
u , B′ 1Σ+

u , c 3Πu, and h 3Σ+
g states of H2, D2, T2, HD, HT, and

DT from the X 1Σ+
g (v = 0) state. For the B 1Σ+

u and c 3Πu states, the DE

cross sections have been multiplied by a factor of 100 for clarity.

total electronic excitation cross sections show little dependence on the molecular

mass, with any small differences (e.g. only up to 5% difference between H2 and T2

for the B 1Σ+
u excitation) being a result of the variation in mean internuclear sep-

aration of the vi = 0 vibrational wave function as the reduced mass is increased.



8.2. Dissociation into neutral fragments 187

0.0

1.0

2.0

3.0

4.0

B 1Σ+
u total

DE × 10

0.0

0.1

0.2

0.3

0 1 2 3 4 5

B′ 1Σ+
u total

DE

0.0

0.1

0.2

0.3

0.4

c 3Πu
total

DE

0.0

0.1

0.2

0 1 2 3 4 5

h 3Σ+
g

totalDE

Initial vibrational state energy (eV)

In
te

g
ra

te
d

cr
os

s
se

ct
io

n
(a

2 0
)

H2

D2

T2

HD
HT
DT

Ein = 40.0 eVEin = 40.0 eV Ein = 20.0 eVEin = 20.0 eV

Figure 8.13: Electron-impact cross sections for total electronic excitation

and dissociative excitation (DE) of the B 1Σ+
u , B′ 1Σ+

u , c 3Πu, and h 3Σ+
g

states of H2, D2, T2, HD, HT, and DT from excited vibrational levels in

the X 1Σ+
g state. The cross sections are presented as a function of the

initial vibrational level energy (relative to the X 1Σ+
g equilibrium energy)

at a fixed incident energy (40 and 20 eV). For the B 1Σ+
u state, the DE

cross sections have been multiplied by a factor of 10 for clarity.

The lack of substantial isotopic effects in the vi = 0 total electronic excitation

cross sections presented in Fig. 8.12 is common to all electronic states considered

in this work. The dissociative excitation cross sections for the B 1Σ+
u and c 3Πu

states show significant variations depending on the isotopologue. For all states

considered in this work, those which support a larger number of bound vibra-

tional levels (and therefore have a smaller dissociative excitation cross section

due to the larger sum of Franck-Condon overlaps) generally have larger isotopic

effects in the dissociative excitation cross section.

Fig. 8.13 presents the same cross sections as Fig. 8.12 for scattering on all
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initial vibrational levels at a fixed incident energy (40 eV for the B 1Σ+
u and

B′ 1Σ+
u states and 20 eV for the c 3Πu and h 3Σ+

g states). The results are shown

as a function of the energy of the initial vibrational state (relative to the equi-

librium electronic energy of the X 1Σ+
g state) to allow comparison between the

isotopologues which each have a different number of bound vibrational levels.

When compared in this way it can be seen that there are essentially no isotopic

effects in the total electronic excitation cross sections, and only relatively mi-

nor variations in the dissociative excitation cross sections. However, there will

likely be important isotopic effects in applications which require the use of fully

vibrationally-resolved collision data (such as CR modelling) due to the distinct

vibrational spectra of each molecule.

In low-temperature plasmas, one of the most important electronically-inelastic

processes is the excitation of the repulsive b 3Σ+
u state. Below around 12 eV, this

process is the only mechanism for dissociation of H2 into neutral fragments [18].

Fig. 8.14 illustrates the vibrational-level dependence of this cross section for scat-

tering on D2, and the isotopic dependence for scattering on the v = 0 level of each

isotopologue. There is a strong dependence on the initial vibrational level, which
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Figure 8.14: Cross sections for dissociation via excitation of the repulsive

b 3Σ+
u state. Left: dependence of the cross section on the initial vibrational

level v for D2. Right: isotopic effect in the v = 0 cross section.

is similar for scattering on all isotopologues. As seen for the transitions discussed
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in previous paragraphs, there is only a small isotopic effect (note that for the

repulsive state the dissociative and total excitation cross sections are equivalent),

and in this case it manifests only at energies below 16 eV.

8.3 Scattering on the n = 2–3 excited

electronic states

This section presents results for scattering on the n = 2–3 states of H2. At

present, calculations have been performed only for scattering on the v = 0 level

of each state, with results summed over final vibrational levels. The calculation

details and convergence studies were described in Chapter 7. The results and

analysis presented here were published in Ref. [5].

8.3.1 Previous calculations

Until recently, the available data for scattering on excited electronic states of

H2 was limited to a handful of calculations using a variety of methods, none of

which considered the entire range of transitions considered here. Sartori et al.

[94, 95] used the Schwinger multichannel (SMC) method to obtain cross sec-

tions for elastic and superelastic scattering on the c 3Πu(v = 0) and a 3Σ+
g (v = 0)

states, as well as the c 3Πu(v = 0) → a 3Σ+
g excitation. Rescigno & Orel (as

cited in Ref. [241]) applied the first Born approximation (FBA) to study the

c 3Πu(v = 0) → a 3Σ+
g transition. Joshipura et al. [97] used the approximate

complex scattering potential-ionisation contribution (CSP-ic) method to esti-

mate the elastic, ionisation, and grand-total cross sections for scattering on the

c 3Πu(v = 0) state. Wünderlich [99] used the classical Gryziński approximation

to obtain ionisation cross sections for scattering on the ground state and all

n = 2 states of H2, including ionisation of excited vibrational levels. Laricchiuta

et al. [96] used the semiclassical impact-parameter (IP) method to calculate fully

vibrationally-resolved cross sections for a few dipole-allowed transitions from the

c 3Πu and a 3Σ+
g states, while Celiberto et al. [70] provided cross sections calcu-

lated with the same method for the B 1Σ+
u → I 1Πg transition. Recently, Meltzer

and Tennyson [116] applied the UKRMol+ method in the FN approximation
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(with R = 2.0 a0) to produce a set of cross sections for scattering on the first 12

excited states of H2. The UKRMol+ calculations utilise a close-coupling expan-

sion with 85 target states and a projectile partial-wave expansion with Lmax = 6,

but do not apply the analytical Born completion (ABC) method to account for

higher partial-wave contributions. As discussed in Sec. 7.3.2, the MCCC calcula-

tions for the dipole-allowed transitions with Lmax = 6 are in substantial error due

to insufficiently large Lmax, so the UKRMol+ results should be similarly inaccu-

rate for these transitions. The present MCCC calculations are the only attempt so

far to produce a set of cross sections for superelastic, elastic, excitation, and ion-

isation processes using the same theoretical method. The calculations described

in this section are summarised in Table 8.1. No measurements for scattering on

excited states of H2 have been reported.

Table 8.1: A summary of the various theoretical approaches which have

been applied to electrons scattering on excited electronic states of H2. Ab-

breviations for the scattering methods are as defined in the text.

Reference Method Results available

Sartori et al. [94, 95] SMC Superelastic, elastic, c 3Πu → a 3Σ+
g

Joshipura et al. [97] CSP-ic Ionisation, grand-total (scattering on c 3Πu only)

Wünderlich [99] Gryziński Ionisation of n = 1–2 states

Laricchiuta et al. [96] IP c 3Πu →
{
h 3Σ+

g , g
3Σ+

g

}
, a 3Σ+

g → d 3Πu

Celiberto et al. [70] IP B 1Σ+
u → I 1Πg

Rescigno and Orel [241] FBA c 3Πu → a 3Σ+
g

Meltzer and UKRMol+ Superelastic, elastic, excitation of all n = 2 states

Tennyson [116] and half of the n = 3 states

(scattering on n = 2 and half of the n = 3 states)

This work [5] MCCC Superelastic, elastic, ionisation, grand-total,

excitation of all n = 1–3 states

(scattering on n = 2 states)
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8.3.2 Elastic, ionisation, and grand-total cross sections

Figs. 8.15, 8.16, and 8.17 present elastic, ionisation, and grand-total cross sections

for scattering on the n = 2 states, and compare with the available SMC [94, 95],

CSP-ic [97], Gryziński [99], and UKRMol+ [116] calculations. The MCCC and
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Figure 8.15: Elastic scattering cross sections for electrons scattering on

the B 1Σ+
u , c 3Πu, a 3Σ+

g , C 1Πu, and EF 1Σ+
g (v = 0) states of H2.

Comparisons are made between the present adiabatic-nuclei (AN) MCCC

results and the SMC [94, 95], CSP-ic [97], and UKRMol+ [116] calculations,

where available. Fixed-nuclei MCCC cross sections with R = 2.0 and 2.5 a0

are also shown for scattering on the B 1Σ+
u state.

UKRMol+ calculations are in good agreement for elastic scattering on the c 3Πu,

a 3Σ+
g , C 1Πu, and EF 1Σ+

g states, and for the a 3Σ+
g state the SMC results are

in reasonable agreement with both MCCC and UKRMol+. For the c 3Πu state,

both the SMC and CSP-ic calculations are lower than the MCCC and UKRMol+

results, particularly at lower incident energies. The MCCC and UKRMol+ results

for elastic scattering on the B 1Σ+
u are in disagreement below around 4 eV, with

a pronounced difference in the shape of the cross section below 1 eV. The reason
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for this is that the UKRMol+ calculations utilise the FN approximation with

R = 2.0 a0 for all transitions, while the v = 0 level of the B 1Σ+
u state has a

mean internuclear separation of R = 2.518 a0 (see Table 7.4). To illustrate the

effect of choosing R = 2.0 a0 for scattering on this state, Fig. 8.15 also includes

the B 1Σ+
u elastic-scattering cross sections obtained from FN MCCC calculations

with R = 2.0 and 2.5 a0. The R = 2.0 a0 cross section reproduces the UKRMol+

result, while the R = 2.5 a0 cross section follows the adiabatic-nuclei (AN) MCCC

result.

In Fig. 8.16, the CSP-ic cross section for ionisation of the c 3Πu(v = 0) state

is in good agreement with the MCCC calculations, which is unexpected given the

approximate nature of the CSP-ic calculations. The Gryziński ionisation cross

sections are in good agreement with MCCC for the c 3Πu, B
1Σ+

u , and C 1Πu

states, but are somewhat larger than MCCC for the EF 1Σ+
g and a 3Σ+

g states.
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Figure 8.16: Ionisation cross sections for electrons scattering on the

B 1Σ+
u , c 3Πu, a 3Σ+

g , C 1Πu, and EF 1Σ+
g (v = 0) states of H2. Compar-

isons are made between the present MCCC results and the CSP-ic [97] and

Gryziński [99] calculations, where available.
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In Fig. 8.17, the CSP-ic c 3Πu GTCS is about a factor of two lower than

the MCCC cross section. Given the reasonable agreement between the CSP-

ic and MCCC elastic and ionisation cross sections, this discrepancy must be

due to the cross sections for discrete excitations being underestimated in the

CSP-ic calculations. No previous calculations have been attempted of the GTCS

for scattering on the other excited electronic states, so in the right panel of

Fig. 8.17 the MCCC results are presented alone. The EF 1Σ+
g state has the

largest total cross section, being up to an order of magnitude larger than the

B 1Σ+
u total cross section. The c 3Πu, a

3Σ+
g , and C 1Πu total cross sections are

all of similar magnitude. In contrast to scattering on the ground electronic state,

where ionisation accounts for up to a half of the GTCS at higher energies [93],

the GTCS for scattering on the excited states is up to two orders of magnitude

larger than the ionisation cross section. The much smaller GTCS for scattering

on the B 1Σ+
u state, compared to the other excited states, can be explained by

noting that the polarisability of the B 1Σ+
u state is a factor of three smaller than

that of the c 3Πu state, and an order of magnitude smaller than the remaining

excited-state polarisabilities (see Table 7.8).
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8.3.3 Superelastic scattering and excitation of n = 2

states

Fig. 8.18 presents cross sections for superelastic scattering and excitation of the

n = 2 states from the c 3Πu(v = 0) state. Since the vibrational levels of different
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Figure 8.18: Electron-impact cross sections for superelastic scattering

and excitation of n = 2 states from the c 3Πu(v=0) state of H2. The

MCCC results are compared with the UKRMol+ [116], SMC [94, 95], and

FBA [241] calculations, where available. The FN (R = 2.0) MCCC cross

section with Lmax =6 and no Born completion is also shown for the dipole-

allowed transitions for proper comparison with the UKRMol+ results.
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electronic states overlap, cross sections which are summed over final vibrational

levels will contain some contribution from the excitation of levels which are above

the initial c 3Πu(v = 0) state. The X 1Σ+
g and b 3Σ+

u states are sufficiently lower

than the c 3Πu state that this contribution is negligible, however the B 1Σ+
u state

has a number of bound vibrational levels which are above the c 3Πu(v = 0) state

and hence the c 3Πu(v = 0)→ B 1Σ+
u transition can be considered only partially

superelastic (in general, many of the electronic transitions between the n = 2

states are partially superelastic). For each transition, the present results are

compared with results from the UKRMol+ calculations [116], and where avail-

able with the SMC [94, 95] and FBA [241] cross sections. For the spin-exchange

transitions, there is excellent agreement between the MCCC and UKRMol+ cal-

culations, with small differences at low incident energies arising from the present

use of the AN method rather than the FN method utilised in the UKRMol+

calculations.

The dipole-forbidden c 3Πu(v = 0)→ b 3Σ+
u cross section is fast to converge

with partial waves, and the ABC procedure is not important. Accordingly, there

is good agreement with the UKRMol+ and SMC calculations for this transition,

since neither method utilised large partial-wave expansions or the ABC method.

The situation is different for the dipole-allowed c 3Πu(v = 0) → a 3Σ+
g transi-

tion. As demonstrated in Fig. 7.7, this transition is fast to converge when the

ABC method it utilised, but without it even a large partial-wave expansion with

Lmax = 20 is not sufficient to reach convergence. The UKRMol+ cross section is

practically the same as the Lmax = 6 MCCC cross section without ABC, which

has been included in the figure for comparison, and above 1 eV the SMC result is

similar. Due to the small difference in energy between these states, the cross sec-

tion is very large and of similar magnitude to the elastic-scattering cross section.

It converges to the Born cross section at relatively low energies, as demonstrated

by the agreement between the MCCC and FBA calculations of Rescigno and

Orel [241] above 1 eV. The large difference (up to an order of magnitude) be-

tween the UKRMol+ and converged MCCC results demonstrates the importance

of confirming partial-wave convergence for dipole-allowed transitions.
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Fig. 8.19 presents cross sections for superelastic scattering and excitation of

the n = 2 states from the a 3Σ+
g (v = 0) state. Again, the UKRMol+ and MCCC

cross sections are in good agreement for the spin-exchange transitions, while for

the dipole-allowed transitions (to the c 3Πu and b 3Σ+
u states) there are substantial
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Figure 8.19: Electron-impact cross sections for superelastic scattering and

excitation of states up to n = 2 from the a 3Σ+
g (v = 0) state of H2. Compar-

isons are made between the present MCCC results and the UKRMol+ [116]

and SMC [94, 95] calculations, where available. The FN (R = 2.0 a0)

MCCC cross section with Lmax = 6 and no analytical Born completion is

also shown for the dipole-allowed transitions for proper comparison with

the UKRMol+ results.
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differences due to lack of partial-wave convergence in the UKRMol+ calculations.

The Lmax = 6 MCCC cross section (without ABC) has been included for both

of these transitions to demonstrate that the differences between the MCCC and

UKRMol+ cross sections arise from partial-wave convergence issues. Where the

SMC results are available, they are also significantly different from the MCCC

cross sections.

Fig. 8.20 presents cross sections for superelastic scattering and excitation

of the n = 2 states from the C 1Πu and EF 1Σ+
g states. For these transitions

the only available results to compare with are the UKRMol+ calculations. As

before, excellent agreement is seen between the MCCC and UKRMol+ calcula-

tions for the spin-exchange transitions. There is similarly good agreement for

most of the remaining dipole-forbidden transitions, but the UKRMol+ result

for the C 1Πu → B 1Σ+
u transition is somewhat lower than the MCCC results

above 1 eV. Although the C 1Πu → X 1Σ+
g transitions are dipole-allowed, the

MCCC and UKRMol+ calculations for these transitions are still in good agree-

ment since they are sufficiently converged with Lmax = 6 at the energies consid-

ered in the UKRMol+ calculations. For the remaining dipole-allowed transitions

(C 1Πu → EF 1Σ+
g , EF 1Σ+

g → C 1Πu, and EF 1Σ+
g → B 1Σ+

u ), there are sub-

stantial discrepancies between the two calculations due to the lack of partial-wave

convergence in the UKRMol+ results.

Fig. 8.21, presents cross sections for superelastic scattering and excitation of

the n = 2 states from the B 1Σ+
u state. The AN MCCC results are compared

with the UKRMol+ results, and the FN MCCC calculations with R = 2.0 a0,

Lmax = 6, and no use of the ABC procedure are also included for comparison with

the UKRMol+ results. Good agreement is seen between the UKRMol+ results

and the FN MCCC results with R = 2.0 a0 and Lmax = 6, but for many transitions

there are considerable discrepancies between these and the actual MCCC results,

which use the AN method and Lmax = 20 along with the ABC method. For

comparison with the latter, the R = 2.5 FN MCCC results (with ABC) are

also shown. For the B 1Σ+
u → b 3Σ+

u transition, the UKRMol+ results are in

good agreement with the AN MCCC calculations, since there is little difference

between the R = 2.0 a0 FN MCCC result and the AN MCCC result. For all
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Figure 8.20: Electron-impact cross sections for superelastic scattering

and excitation of states up to n = 2 from the C 1Πu and EF 1Σ+
g states of

H2 in the v = 0 level. Comparisons are made between the present MCCC

results and the UKRMol+ [116] calculations. The FN (R = 2.0 a0) MCCC

cross section with Lmax = 6 and no analytical Born completion is shown for

the dipole-allowed transitions for proper comparison with the UKRMol+

results.

other transitions there are substantial differences in both the threshold energy

and magnitude of the cross section. For the B 1Σ+
u → EF 1Σ+

g transition, the

lack of partial-wave convergence in the UKRMol+ calculations compounds the

disagreement with the MCCC result.
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Figure 8.21: Electron-impact cross sections for superelastic scattering

and excitation of states up to n = 2 from the B 1Σ+
u (v = 0) state of H2

in the v = 0 level. Comparisons are made between the present MCCC

results and the UKRMol+ [116] calculations. The FN (R = 2.0 a0) MCCC

cross section with Lmax = 6 and no analytical Born completion is also

shown for the dipole-allowed transitions for proper comparison with the

UKRMol+ results. The R = 2.5 a0 MCCC cross section with analytical

Born completion and Lmax = 20 is also shown.
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8.3.4 Excitation of n = 3 states

Figs. 8.22 and 8.23 present cross sections for excitation of the n = 3 triplet states

from the c 3Πu(v = 0) and a 3Σ+
g (v = 0) states. Where the UKRMol+ results

are available, there is generally poor agreement with the MCCC cross sections.

For the dipole-allowed transitions there is the expected lack of partial-wave con-

vergence in the UKRMol+ results, but for excitation of the n = 3 states there

are a number of dipole-forbidden transitions which are also slow to converge. As

before, the Lmax = 6 MCCC cross sections (without ABC) are included in the

figures to demonstrate this. For three of the dipole-allowed transitions there are

results from the IP method [96], which show the behaviour expected of semi-

classical techniques – agreement with the MCCC calculations in the high-energy

limit but substantial disagreement at low to intermediate energies.

Figs. 8.24 and 8.25 present cross sections for excitation of the n = 3 singlet

states from the c 3Πu(v = 0) and a 3Σ+
g (v = 0) states. As these are spin-exchange

transitions, which converge quickly with the number of partial waves, there is

good agreement with the UKRMol+ calculations wherever they are available.

No other calculations have been previously attempted for these transitions.

Figs. 8.26 and 8.27 present cross sections for excitation of the n = 3 singlet

and triplet states from the B 1Σ+
u , C 1Πu, and EF 1Σ+

g , states. There is compar-

ison with the UKRMol+ calculations for excitation of the B′ 1Σ+
u , and GK 1Σ+

g

states, and the IP calculations of Celiberto et al. [70] for the B 1Σ+
u → I 1Πg

transition. There is reasonable agreement between UKRMol+ and MCCC for ex-

citation of the B′ 1Σ+
u and GK 1Σ+

g states from the B 1Σ+
u state, but not from the

C 1Πu and EF 1Σ+
g states, where the UKRMol+ cross section are substantially

lower than the MCCC results at energies more than a few eV above threshold.

For the B 1Σ+
u → I 1Πg transition, the MCCC and IP [70] cross sections are in

agreement above 100 eV, but the latter are up to a factor of two larger below

100 eV. None of the previous calculations consider the remaining transitions for

which the MCCC cross sections are presented in Fig. 8.26.

For excitation of the n = 3 triplet states, the UKRMol+ calculations include

transitions to the e 3Σ+
u , d 3Πu, h

3Σ+
g , and g 3Σ+

g states (but not i 3Πg or

j 3∆g). For clarity, the MCCC results in Fig. 8.27 are presented only for the
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transitions where the UKRMol+ results are available, but the remaining cross

sections for excitation of the i 3Πg and j 3∆g states have been calculated and are

available online at mccc-db.org. For scattering on the B 1Σ+
u state, there is poor

agreement between the UKRMol+ and MCCC results since these transitions are

more affected by the choice of R = 2.0 a0 in the UKRMol+ calculations rather

than the AN approach utilised in the MCCC calculations. For scattering on the

C 1Πu and EF 1Σ+
g states there is good agreement for excitation of the e 3Σ+

u

state, but for the remaining excitations there are significant discrepancies.
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Figure 8.22: Electron-impact cross sections for excitation of the n = 3

triplet states from the c 3Πu(v = 0) state of H2. Comparisons are made be-

tween the MCCC results and the UKRMol+ [116] and IP [96] calculations,

where available. The FN (R = 2.0 a0) MCCC cross section with Lmax = 6

and no analytical Born completion is also shown for the dipole-allowed

transitions for proper comparison with the UKRMol+ results.

mccc-db.org
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Figure 8.23: Electron-impact cross sections for excitation of the n = 3

triplet states from the a 3Σ+
g (v = 0) state of H2. Comparisons are made be-

tween the MCCC results and the UKRMol+ [116] and IP [96] calculations,

where available. The FN (R = 2.0 a0) MCCC cross section with Lmax = 6

and no analytical Born completion is also shown for the dipole-allowed

transitions for proper comparison with the UKRMol+ results.
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Figure 8.24: Electron-impact cross sections for excitation of the n = 3

singlet states from the c 3Πu(v = 0) state of H2. Comparisons are made

between the present MCCC cross sections and the UKRMol+ [116] calcu-

lations, where available.



204 Chapter 8. Adiabatic-nuclei results for electron scattering on H2

0

1

2

3

4

0.0

0.2

0.4

0.6

0.8

1.0

0.0

0.5

1.0

1.5

1 10 100

0.0

0.5

1.0

1.5

2.0

0.0

0.2

0.4

0.6

0.8

0.0

0.5

1.0

1.5

1 10 100

In
te

g
ra

te
d

cr
os

s
se

ct
io

n
(a

2 0
)

Incident energy (eV)

a 3Σ+
g (v = 0)→ B′ 1Σ+

u

a 3Σ+
g (v = 0)→ GK 1Σ+

g

a 3Σ+
g (v = 0)→ I 1Πg

MCCC AN

UKRMol+ R = 2.0

a 3Σ+
g → D 1Πu

a 3Σ+
g (v = 0)→ H 1Σ+

g

a 3Σ+
g (v = 0)→ D 1Πu

Figure 8.25: Electron-impact cross sections for excitation of the n = 3

singlet states from the a 3Σ+
g (v = 0) state of H2. Comparisons are made

between the present MCCC cross sections and the UKRMol+ [116] calcu-

lations, where available.
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Figure 8.26: Electron-impact cross sections for excitation of the n = 3

singlet states from the B 1Σ+
u , C 1Πu, and EF 1Σ+

g states of H2 in the

v = 0 level. Comparisons are made between the present MCCC results and

the UKRMol+ [116] and impact-parameter (IP) [70] calculations, where

available.
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Figure 8.27: Electron-impact cross sections for excitation of the e 3Σ+
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u , C 1Πu, and EF 1Σ+

g

states of H2 in the v = 0 level. Comparisons are made between the present

MCCC results and the UKRMol+ [116] calculations.
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8.4 Application of MCCC cross sections in a

collisional-radiative model

During the course of this PhD project, a collaboration was initiated with the

ITER Technology and Diagnostics Division at the Max-Planck Institute for Plasma

Physics (IPP) in Garching, Germany. The goal of the collaboration is to imple-

ment MCCC cross sections in the Yacora collisional-radiative model developed

at IPP [56]. The eventual aim is for a fully vibrationally-resolved collisional-

radiative model for H2 and its isotopologues. At present, a preliminary model

which is not vibrationally-resolved and includes only the ground state and ex-

cited triplet states has been tested by Wünderlich et al. [8]. As an example of the

results, Fig. 8.28, presents the population density of the d 3Πu state predicted by

the collisional-radiative model using input cross sections from the present MCCC

calculations, as well as two previous datasets from Miles et al. [140] and Janev et

al. [139]. Comparison is made with measurements taken at IPP of the d 3Πu-state
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Figure 8.28: Comparison of measured population densities of the d 3Πu

to collisional-radiative model results using input cross sections from either

Miles et al. [140], Janev et al. [139], or the MCCC calculations. Figure

reproduced with permission from Wünderlich et al. [8].
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population density using optical-emission spectroscopy on a plasma with parame-

ters determined using a Langmuir probe. Using MCCC cross sections, the model

predictions are within the error bars of the measurements, and are substantially

better than the results obtained using the older datasets. Since there are very

limited experimental data to compare raw cross-section calculations with, this

indirect validation of the MCCC cross sections is very useful as a demonstration

of their accuracy. As the collisional-radiative model is expanded to include the

excited singlet states of H2, as well as the inclusion of vibrationally-resolved cross

sections, the level of agreement with the measurements in Fig. 8.28 may improve

even further.

Fig. 8.29 presents three examples of the comparison between the MCCC

calculations and the cross sections recommended by Miles et al. [140] and Janev et

al. [139] for total excitation of the a 3Σ+
g , c 3Πu, and d 3Πu from the X 1Σ+

g (vi = 0)

state. The datasets of Refs. Janev et al. [139] and Miles et al. [140] both represent

0.0

0.2

0.4

0.6

10 100

a 3Σ+
g

0.0

0.4

0.8

1.2

1.6

10 100

c 3Πu

0.0

0.1

0.2

10 100

d 3Πu

Incident energy (eV)

In
te

g
ra

te
d

cr
os

s
se

ct
io

n
(a

2 0
)

Janev et al. Miles et al. MCCC

Figure 8.29: Comparison of the X 1Σ+
g (vi = 0)→

{
a 3Σ+

g , c
3Πu, d

3Πu

}
excitation cross sections from the datasets of Miles et al. [140] and Janev

et al. [139] with the MCCC calculations.

attempts at producing recommended cross sections based on the analysis of the

available theoretical and experimental data of the time. These datasets have

been used quite extensively in modelling, see for example Refs. [52, 53, 236, 242–

249]. In many cases, the two sets of cross sections are in significant disagreement

with each other and with the MCCC results. For the a 3Σ+
g excitation, the
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discrepancies between the three cross sections are not particularly large, but

for the c 3Πu and d 3Πu states the disagreement is severe. Furthermore, the

datasets of Refs. [139, 140] are not vibrationally resolved. The MCCC calculations

represent a substantial improvement not only in the accuracy of the data, but in

the number of transitions considered.

8.5 MCCC database

The MCCC cross sections are hosted on the online databases lxcat.net and

db-amdis.org/hcdb. However, the existing online collision-data repositories are

not particularly well-suited for handling datasets with as many target species

as considered in this work. In order to easily disseminate the large number of

results presented in this chapter to end-users, the candidate designed and coded

an online database to host the MCCC cross sections (mccc-db.org). The MCCC

database is not meant to replace the existing databases, but simply provide a place

where the MCCC data can be located and downloaded in the most user-friendly

way. Fig. 8.30 shows the main view of the database, where users can select the

projectile and target, the type of process (excitation, dissociation, ionisation,

etc.), and the initial/final states where applicable. Once the selections are made

a graphic of the cross section is produced and presented to the user, and the raw

data and fitting parameters for the cross section can be easily viewed by selecting

the appropriate tab above the graphic.

The primary issue this website aims to address is the way in which data is

downloaded. Many existing databases allow users to either download the data

file for a single cross section, or an entire dataset (sometimes in a single text

file). The MCCC database is structured so that the user can select a particular

initial state and collision process of interest, and a PHP script on the server will

package together the corresponding data files (one per cross section, as a function

of energy) and produce a .zip archive for download. It is also possible to select

all initial vibrational levels, or all initial electronic states so that large chunks or

even the entire dataset can be downloaded at once. This way, a user who requires

only a particular subset of the entire collection of MCCC data is not limited to

lxcat.net
db-amdis.org/hcdb
mccc-db.org
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Figure 8.30: Plot view of the MCCC database.

choosing between downloading data one transition at a time or downloading the

entire database of over 60,000 transitions. When results are downloaded for

multiple initial states or multiple collision processes, the archive is organised into

subdirectories to allow for easy navigation.

The cross sections for excitation of bound vibrational levels are provided in

text files named in the format

MCCC-el-H2-[f] vf=[vf] X1Sg vi=[vi].txt

where [f] is the final electronic-state label, [vf] is the final vibrational level

in the state [f], and [vi] is the initial vibrational level in the X 1Σ+
g state

([vi] = 0, . . . , 14). The symmetry labels are prefaced by Latin letters to uniquely

specify the electronic states. The ground electronic state is given the “X” label.

States of the same spin as the ground state are assigned upper-case letters while

states of different spin are assigned lower-case letters. A number of states which
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were initially considered separate based on spectroscopic measurements have been

subsequently identified as double-minima states and assigned a conjoined state

label (e.g. E 1Σ+
g +F 1Σ+

g → EF 1Σ+
g ) [250]. States which were initially identified

as double-minima states are assigned a single-character label as usual, but some

authors prefer to retain the double-character notation by repeating the letter with

a bar, (e.g. HH̄ 1Σ+
g ). For simplicity of converting state labels to alphanumeric

strings for file-naming purposes we follow the convention of Sharp [250] which

is to specify these states by the single letter only. When converting state labels

to alphanumeric form the capital Greek letter is replaced by the corresponding

capital Latin letter, and primes on the Latin letters are replaced by a p. For

example:

H 1Σ+
g → H1Sg

b 3Σ+
u → b3Su

B′ 1Σ+
u → Bp1Su.

The file containing the X 1Σ+
g (vi = 0) → B 1Σ+

u (vf = 10) cross section, for

example, is named

MCCC-el-H2-B1Su vf=10.X1Sg vi=0.txt.

Cross sections for dissociative excitation (DE), cross sections summed over final

bound vibrational levels, and cross sections summed over all final levels (including

DE) are provided in files named in the format

MCCC-el-H2-[f] DE.X1Sg vi=[vi].txt

MCCC-el-H2-[f] bound.X1Sg vi=[vi].txt

MCCC-el-H2-[f] total.X1Sg vi=[vi].txt.

An example of the data-file format for the X 1Σ+
g (vi = 0)→ B′ 1Σ+

u (DE) cross

section is provided in Fig. 8.31. Useful information such as the state energies and

excitation threshold can be extracted from the file headers.
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# MCCC calculations of electron scattering on molecular hydrogen

# Adiabatic nuclei calculations performed with the spheroidal MCCC(210) model

# Reference: Scarlett et al., Atom. Data Nucl. Data Tables (2021)

# MCCC Database: mccc-db.org

# This file: e + H2(X1Sg,vi=0) -> e + H2(Bp1Su) (dissociative excitation)

# Initial-state energy: -1.16453 Hartrees

#

# Threshold: 1.46815E+01 eV

#

# Energy (eV) CS (a 0^2)

1.46815E+01 0.00000E+00

1.50000E+01 1.66274E-04

1.55000E+01 1.49650E-03

1.60000E+01 3.46034E-03

1.65000E+01 5.68862E-03

1.70000E+01 8.00076E-03

1.75000E+01 1.03085E-02

1.80000E+01 1.25784E-02

1.85000E+01 1.47952E-02

1.90000E+01 1.69492E-02

1.95000E+01 1.90362E-02

2.00000E+01 2.10576E-02
.
.
.

4.50000E+01 6.86708E-02

5.00000E+01 7.16277E-02

6.00000E+01 7.48725E-02

7.00000E+01 7.58857E-02

8.00000E+01 7.56072E-02

9.00000E+01 7.45754E-02

1.00000E+02 7.31118E-02

1.25000E+02 6.86458E-02

1.50000E+02 6.39901E-02

2.00000E+02 5.56524E-02

2.50000E+02 4.89227E-02

3.00000E+02 4.35372E-02

3.50000E+02 3.91795E-02

4.00000E+02 3.55968E-02

4.50000E+02 3.25974E-02

5.00000E+02 3.00624E-02

Figure 8.31: The format of the file

MCCC-el-H2-Bp1Su DE.X1Sg vi=0.txt, containing the numerical MCCC

cross-section for dissociative excitation (DE) of the B′ 1Σ+
u state from the

X 1Σ+
g (vi = 0) state of H2. The threshold energy for each transition can

be extracted from the file header.
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8.6 Chapter 8 summary

The results presented in this chapter represent the most extensive studies ever

performed for electron scattering on H2 and its isotopologues. The spheroidal-

coordinate implementation [202] of the fixed-nuclei MCCC method has been

utilised to generate accurate cross sections as a function of energy and inter-

nuclear separation, for excitation of the n = 2–3 electronic states of H2 from

the ground electronic state. The adiabatic-nuclei approximation has been im-

plemented to produce over 60,000 fully vibrationally-resolved cross sections for

each of the isotopologues of H2, and the isotopic dependence of the results has

been investigated [6, 7]. The MCCC cross sections have been utilised to study

the dissociation of H2 into neutral fragments [12], and have been implemented

in a collisional-radiative model for H2 plasmas [8]. As discussed in Sec. 7.6 and

Ref. [4], the data for low-energy dissociation of H2 and its isotopologues rec-

ommended in the literature have suffered from serious theoretical errors, so the

MCCC results for dissociation already have immediate application by replacing

the incorrect data in the many plasma models where they were applied [34, 36,

39, 41, 42, 44, 75–86].

Convergence studies have been performed for scattering on the excited n = 2

electronic states of H2 [5]. Here, the faster rate of convergence with respect to the

target-state expansion allowed cross sections for elastic scattering and ionisation

to be calculated as well as for excitation and superelastic scattering. However,

the much smaller energy thresholds for scattering on excited states resulted in

substantially slower partial-wave convergence than for scattering on the ground

electronic state. Comparison of the MCCC results with the recent state-of-the-

art R-matrix calculations [116] revealed that the R-matrix calculations are in

substantial error for all dipole-allowed and even some dipole-forbidden transitions,

due to a lack of partial-wave convergence.

The results presented in this chapter have been made available online in the

MCCC database (mccc-db-org), which was designed and coded by the candidate

as a part of this PhD project.

mccc-db-org
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Chapter 9

Vibrational-electronic molecular

convergent close-coupling: theory

Over the last few decades it has been the goal of the convergent close-coupling

(CCC) method to provide a “complete scattering theory” – one capable of accu-

rately describing all processes of interest over the entire range of collision energies

for a given scattering system [251]. The CCC method is particularly well suited

for this endeavour, since its expansion of the total scattering wave function over

the target states explicitly couples all reaction channels, and the pseudostate rep-

resentation of the target continuum allows accurate elastic, excitation, and ionisa-

tion amplitudes to be extracted from a single calculation [252, 253]. For electron

and positron scattering on quasi one- and two-electron targets, the atomic CCC

method can be considered a complete scattering theory. The benefits of having

a single, unitary theory to describe all reactions are the proper account of inter-

channel coupling between the various transitions, and the ability to generate a

self-consistent set of calculated cross sections.

The MCCC method has been shown to completely solve the electronic scat-

tering problem for collisions with molecular hydrogen (H2) within the fixed-

nuclei approximation [91]. The extension of the MCCC method to generate

vibrationally-resolved cross sections using the adiabatic-nuclei approximation, as

discussed in Part II, has been a major step forward in producing a comprehen-

sive set of data for electron scattering on H2 and its isotopologues. However, it

is well-known that the adiabatic-nuclei approximation is unable to describe reso-

nant processes, even approximately. For electron-atom scattering, close-coupling

methods are able to properly represent resonances in the calculated cross sec-
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tions by virtue of the implicit representation of the compound states in the close-

coupling expansion of the scattering wave function. A similar implicit treatment

of resonances in molecular scattering requires both electronic and nuclear states of

the target to be included in the close-coupling expansion, leading to calculations

which have historically been intractable. Current methods for the computation

of resonant scattering cross sections typically utilise the projection-operator for-

malism of Feshbach [254] to project out the non-resonant scattering channels and

explicitly couple the target and compound states involved in each transition [104,

105, 112, 114, 115, 255]. These techniques require input from electronic scattering

calculations (generally R-matrix) for the resonance energies and widths, before

solving the nuclear dynamics problem.

The goal now is to incorporate resonant scattering into the MCCC method,

with the motivation of having a single theoretical framework within which all

scattering processes of interest can be calculated. As a first step, the rotational

motion is continued to be treated adiabatically, but the electronic and vibrational

motions are explicitly coupled. We refer to this method as vibrational-electronic

MCCC (VE MCCC). The calculations are still performed in the molecule-fixed

body frame, and the cross-section expressions given in Section 4.4 still hold, with

the adiabatic-nuclei T -matrix elements replaced with the analogous matrix ele-

ments obtained from the VE MCCC calculations. In this chapter, the theoretical

framework for this process is laid out, with results given in Chapter 10. Some

sections contain text or figures from published work by the candidate [1]. The

publisher (the American Physical Society) provides the right to use an article or

a portion of an article in a thesis or dissertation without requesting permission.

9.1 Vibronic scattering state and

scattering-system Hamiltonian

With the electronic and vibrational motions coupled, and rotational motion

treated adiabatically, the total scattering state is represented in the following

form:

|ΨSniviNimNi 〉 ≈ |Ψ
S
nivi
〉|NimNi〉, (9.1)
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where ni, vi, and NimNi specify the target initial electronic, vibrational, and

rotational state, respectively. The vibronic scattering state is the solution to

(E − Ĥ)|ΨSnivi〉 = 0, (9.2)

where the vibronic scattering-system Hamiltonian is

Ĥ = K̂0 + Ĥt + V̂dir. (9.3)

The direct interaction potential V̂dir is defined in the same way as in Section 6.2:

V̂dir = V̂0 + V̂01 + V̂02. (9.4)

The target Hamiltonian is defined similarly to the fixed-nuclei definition in Chap-

ter 6, but with the addition of the vibrational kinetic-energy operator. For H2

and its isotopologues it is given by

Ĥt = K̂1 + K̂2 + V̂1 + V̂2 + V̂12 + K̂v +
Z1Z2

R
. (9.5)

In Eqs. (9.3)–(9.5), the index 0 refers to the projectile, while the indices 1 and

2 refer to the target electrons, and the coordinate-space representations of the

various operators are:

K̂ i = −1

2
∇2
ri

(9.6)

V̂i =

[
ziZ1∣∣ri − R

2

∣∣ +
ziZ2∣∣ri − R

2

∣∣
]

(9.7)

V̂12 =
z1z2

|r1 − r2|
(9.8)

K̂v = − 1

2µ

d2

dR2
. (9.9)
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9.2 Close-coupling equations for the vibronic T

matrix

Following the same approach described in Section 6.2 for the fixed-nuclei MCCC

method, the total scattering state is represented in the explicitly antisymmetrised

form:

|ΨSnivi〉 = A|ψSnivi〉, (9.10)

where

A = 1−
Ne∑
j=1

P̂0j (9.11)

is the antisymmetrisation operator, and |ψSni〉 is the solution to

(E − Ĥ0)|ψSnivi〉 = V̂|ψSnivi〉. (9.12)

As before, V̂ is the sum of the direct and exchange potential operators:

V̂ = V̂dir + V̂exch, (9.13)

with

V̂exch = (E − Ĥ)
2∑
j=1

P̂0j, (9.14)

in terms of the scattering-system Hamiltonian defined in Eq. (9.3).

For simplicity, it is assumed that the Born-Oppenheimer approximation is

valid for the target states, allowing the close-coupling expansion for |ψSivi〉 to be

written as

|ψSivi〉 = A
∑

(n,v)∈N

|Φnνnv〉〈νnvΦn|ψSni,vi〉 (9.15)

where |Φn〉 are the electronic target state, |νnv〉 are the target vibrational states

in the electronic state n, and N denotes the set of all vibronic states included in

the expansion. The corresponding momentum-space close-coupling equations for

the scattering T matrix are derived in exactly the same way as in Sec. 6.2, and
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are given by

〈qfνfvfΦf |T̂N |Φiνiviqi〉 = 〈qfνfvfΦf |V̂|Φiνiviqi〉 (9.16)

+
∑

(n,v)∈N

˚

R3

〈qfνfvfΦf |V̂|Φnνnvq〉G(+)
nv (q)〈qνnvΦn|T̂N |Φiνiviqi〉 dq,

where G
(+)
nv (q) is the asymptotic Green’s function with outgoing spherical-wave

boundary conditions::

G(+)
nv (q) = lim

ε→0+

1

E − εnv − εq + iε
. (9.17)

Here, E is the total scattering-system energy, εnv is the energy of the vibronic

state Φnνnv, and εq = q2/2. As in Chapter 6, the superscript N on the transition

operator indicates that the solutions to Eq. (9.16) are the ÎN -projected T -matrix

elements

〈qfνfvfΦf |T̂N |Φiνiviqi〉 = 〈qfνfvfΦf |̂IN V̂ ÎN |ψS(+)
nivi
〉, (9.18)

where the projection operator ÎN is defined by

ÎN =
∑

(n,v)∈N

|Φnνnv〉〈νnvΦn|. (9.19)

The vibrational wave functions νnv are generated in the same way as outlined in

Section 7.1 of Chapter 7, including the use of vibrational pseudostates to discre-

tise the dissociative continuum of each electronic state. Hence, the ÎN -projected

T -matrix elements converge to the true T -matrix elements as the number of vi-

bronic states in the close-coupling expansion (9.15) is increased. From here on,

the dependence on N will be dropped, with the understanding that all calcu-

lated cross sections have an inherent dependence on the size of the close-coupling

expansion.

The projectile plane waves are expanded in partial waves as per Eq. (4.13),

and the resulting equation for the partial-wave T -matrix elements is

〈qfLfΛLf νfvfΦf |T̂|Φiνivi qiLiΛLi〉 = 〈qfLfΛLf νfvfΦf |V̂|Φiνivi qiLiΛLi〉 (9.20)

+
∑

(n,v)∈N

∑
LΛL

∞̂

0

〈qfLfΛLfνfvfΦf |V̂|ΦnνnvqLΛL〉G(+)
nv (q)〈qLΛLνnvΦn|T̂|ΦiνiviqiLiΛLi〉dq.
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Although the total energy E entering Eq. (9.20) via the Green’s function (9.17) is

determined by the incident projectile energy and the ground-state energy of the

target, the solution of Eq. (9.20) can yield results for scattering on excited states

as well. Since the total energy is fixed, the T -matrix elements for scattering on

an excited state nv must simply be interpreted as corresponding to a modified

incident energy given by

E ′i = Ei − εnv,10, (9.21)

where εnv,10 is the excitation energy of the state nv from the ground state (n = 1,

v = 0).

9.3 Scattering-system symmetries and channels

As discussed in Chapter 6, the body-frame molecular close-coupling equations can

be solved independently per total scattering system orbital angular-momentum

projection Λtot, parity Πtot, and electronic spin S. For a given scattering-system

symmetry (Λtot,Πtot,S), only certain combinations of target states and partial-

wave projectile states which satisfy the requirements of the symmetry enter the

Lippmann-Schwinger equation (9.20). Denoting the orbital angular-momentum

projection, parity, and spin of the electronic state n as Λn, πn, and sn, respectively,

these requirements are:

Λn + ΛL = Λtot (9.22)

πn · (−1)L = Πtot (9.23)∣∣sn ± 1
2

∣∣ = S. (9.24)

Each pair (nv, LΛL) satisfying Eqs. (9.22)–(9.24) is referred to as a channel in

the partial-wave close-coupling calculation. For simplicity, the maximum value

of Λtot included in the calculations is always taken to be equal to the projectile

Lmax. Both total parities Πtot = ±1 are included. The spin channels included

depend on the set of initial states for which results are required. For example,

if scattering on the ground state of H2 (singlet, s = 0) is all that is considered,

then the only total spin possible is S = 1/2. For scattering on triplet (s = 1)
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states, S = 3/2 is also possible and must be included. To save time, only non-

negative Λtot must be considered, as each T -matrix element for negative Λtot has

an equivalent matrix element from the positive Λtot calculation:

〈Λtot : q′L′ΛL′ Φ
Λn′
n′ νn′v′|T̂|ΦΛn

n νnv qLΛL : Λtot〉 (9.25)

= 〈−Λtot : q′L′(−ΛL′) Φ
−Λn′
n′ νn′v′ |T̂|Φ−Λn

n νnv qL(−ΛL) : −Λtot〉.

9.4 Solving the Lippmann-Schwinger equation

The solution of the Lippmann-Schwinger equation in the CCC and MCCC meth-

ods follows a standard procedure which has been discussed previously [87], but

is included here also for completeness. For simplicity, Eq. (9.20) is written in the

condensed form

Tf,i(qf , qi) = Vf,i(qf , qi) + lim
ε→0+

N∑
n=1

∞̂

0

Vf,n(qf , q)Tn,i(q, qi)

E − εn − εq + iε
dq, (9.26)

where the indices f , i, and n each specify all components of a given channel, and

N is the total number of channels included in the calculation. Using standard

methods of residue theory, Eq. (9.26) can be transformed into

Tf,i(qf , qi) = Vf,i(qf , qi) +
N∑
n=1

P
∞̂

0

Vf,n(qf , q)Tn,i(q, qi)

E − εn − εq
dq

− iπ
Nopen∑
n=1

1

qn
Vf,n(qf , qn)Tn,i(qn, qi), (9.27)

where Nopen is the number of open channels, and qn′ is the on-shell outgoing

momentum associated with excitation of channel n′. The symbol P indicates

that the integral is of principle-value type, i.e.:

P
∞̂

0

Vf,n(qf , q)Tn,i(q, qi)

E − εn − εq
dq (9.28)

= lim
ε→0+

 E−εn−εˆ

0

Vf,n(qf , q)Tn,i(q, qi)

E − εn − εq
dq +

∞̂

E−εn+ε

Vf,n(qf , q)Tn,i(q, qi)

E − εn − εq
dq

 .
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To avoid using complex arithmetic, the real K matrix is defined by

Kn,i(q, qi) =

Nopen∑
n′=1

Tn,n′(q, qn′)

(
δn′,i +

iπ

qn′
Kn′,i(q, qi)

)
. (9.29)

Replacing the index i with n′ in Eq. (9.27), and then multiplying each term on

the right by
(
δn′,i + iπq−1

n′ Kn′,i(qn′ , qi)
)

and summing over open channels n′ gives

Nopen∑
n′=1

Tf,n′(qf , qn′)
(
δn′,i + iπq−1

n′ Kn′,i(qn′ , qi)
)

=

Nopen∑
n′=1

Vf,n′(qf , qn′)
(
δn′,i + iπq−1

n′ Kn′,i(qn′ , qi)
)

+
N∑
n=1

P
∞̂

0

Vf,n(qf , q)
∑Nopen

n′=1 Tn,n′(q, qn′)
(
δn′,i + iπq−1

n′ Kn′,i(qn′ , qi)
)

E − εn − εq
dq

− iπ
Nopen∑
n=1

1

qn
Vf,n(qf , qn)

Nopen∑
n′=1

Tn,n′(qn, qn′)
[
δn′,i + iπq−1

n′ Kn′,i(qn′ , qi)
]
.

(9.30)

Substituting in the definition of the K matrix from Eq. (9.29) simplifies this to

Kf,i(qf , qi) = Vf,i(qf , qi) + iπ

Nopen∑
n′=1

1

qn′
Vf,n′(qf , qn′)Kn′,i(qn′ , qi)

+
∑
n

P
∞̂

0

Vf,n(qf , q)Kn,i(q, qi)

E − εn − εq
dq − iπ

Nopen∑
n=1

1

qn
Vf,n(qf , qn)Kn,i(qn, qi),

(9.31)

then the summations over the open channels cancel to give the partial-wave

Lippmann-Schwinger equation for the K matrix:

Kf,i(qf , qi) = Vf,i(qf , qi) +
N∑
n=1

P
∞̂

0

Vf,n(qf , q)Kn,i(q, qi)

E − εn − εq
dq. (9.32)

These coupled integral equations are converted into a system of linear equations

by converting the integral into a weighted sum:

Kf,i = Vf,i +
N∑
n=1

Vf,nwnKn,i, (9.33)
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where the weights wn contain both the integration weights, and the value of the

Green’s function at each point. The indices f , i, and n now specify both a channel

and a value of q in the discretised momentum grid. Some rearrangement gives

N∑
n=1

[δf,n − wnVf,n]Kn,i = Vf,i, (9.34)

which is solved for the half-on-shell K matrix elements by allowing f to range over

the same values as n and then solving the resulting system of linear equations.

Since the integral in Eq. (9.32) is of principle-value type, the discretised momen-

tum grid is chosen to have points placed symmetrically around the singularity

for each open channel, and does not contain the on-shell points themselves. The

on-shell K-matrix elements must then be obtained by substituting the half-off-

shell Kn,i into Eq. (9.33). Finally, Eq. (9.29) is solved for the on-shell T -matrix

elements.

9.5 V -matrix elements

9.5.1 Direct

Since the direct interaction potential V̂dir does not contain any operators acting

on the internuclear coordinate R, the direct partial-wave V -matrix element can

be obtained simply by calculating the electronic matrix element first as a function

of the internuclear separation before performing the vibrational integrations:

〈q′L′ΛL′ νn′v′Φn′ |V̂dir|Φnνnv qLΛL〉 = 〈νn′v′| 〈q′L′ΛL′ Φn′ |V̂dir|Φn qLΛL〉 |νnv〉.

(9.35)

Although the electronic matrix element is independent of the vibrational

levels (v′, v), each vibronic state has a unique momentum-space grid (to handle

the principle-value integration), and hence the (q′, q) mesh on which the elec-

tronic matrix element must be evaluated is distinct for each pair of vibrational

levels. Rather than recalculating it each time, the electronic matrix element can

be evaluated once and then interpolated onto a new (q′, q) mesh for each pair

of vibrational levels using a bicubic interpolation procedure. To perform the in-



224 Chapter 9. Vibrational-electronic molecular convergent close-coupling: theory

tegration over R, the matrix elements are evaluated over a range of discrete R

values before being interpolated onto the finer R grid on which the vibrational

wave functions are defined.

9.5.2 Exchange

Since the exchange potential operator in Eq. (9.14) contains the vibrational

kinetic-energy operator (in the Ĥ operator), the exchange V -matrix element can-

not be separated as simply as the direct V -matrix element. However, a similar

approach can be taken by treating the electronic and vibrational components of

the scattering Hamiltonian separately (writing Ĥ = Ĥel + K̂v), giving

〈q′L′ΛL′ νn′v′Φn|V̂exch|ΦnνnvqLΛL〉

= 〈νn′v′ | 〈q′L′ΛL′ Φn′|(E − Ĥel)
2∑
j=1

P̂0j|Φn qLΛL〉 |νnv〉

− 〈νn′v′ | 〈q′L′ΛL′ Φn′|
2∑
j=1

P̂0j|Φn qLΛL〉 K̂v|νnv〉. (9.36)

Here, the electronic matrix elements

〈q′L′ΛL′ Φn′ |(E − Ĥel)
2∑
j=1

P̂0j|Φn qLΛL〉 (9.37)

〈q′L′ΛL′ Φn′ |
2∑
j=1

P̂0j|Φn qLΛL〉 (9.38)

are evaluated as a function of R before the vibrational integrals are evaluated.

The quantity K̂v|νnv〉 can in principle be evaluated using the analytical properties

of the Laguerre basis (7.6), however since the vibrational eigenstates satisfy

K̂v|νnv〉 = [εnv − εn(R)] |νnv〉, (9.39)

we can immediately write

〈νn′v′ | 〈q′L′ΛL′ Φn′|
2∑
j=1

P̂0j|Φn qLΛL〉 K̂v|νnv〉

= 〈νn′v′| 〈q′L′ΛL′ Φn′ |
2∑
j=1

P̂0j|Φn qLΛL〉 [εnv − εn(R)] |νnv〉. (9.40)
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For the more general case of vibrational pseudostates, which satisfy

〈νnv′ |K̂v|νnv〉 = 〈νnv′| [εnv − εn(R)] |νnv〉, (9.41)

we can insert the identity operator
∑

v′′ |νnv′′〉〈νnv′′ | before K̂v to give

〈νn′v′ | 〈q′L′ΛL′ Φn′|
2∑
j=1

P̂0j|Φn qLΛL〉 K̂v|νnv〉

= 〈νn′v′ | 〈q′L′ΛL′ Φn′|
2∑
j=1

P̂0j|Φn qLΛL〉
∑
v′′

|νnv′′〉〈νnv′′ |K̂v|νnv〉

= 〈νn′v′ | 〈q′L′ΛL′ Φn′|
2∑
j=1

P̂0j|Φn qLΛL〉
∑
v′′

|νnv′′〉〈νnv′′ |εnv − εn(R)|νnv〉

= 〈νn′v′ | 〈q′L′ΛL′ Φn′|
2∑
j=1

P̂0j|Φn qLΛL〉 [εnv − εn(R)] |νnv〉. (9.42)

It is most convenient to take the electronic matrix elements directly from

the existing fixed-nuclei MCCC calculations. However, the fixed-nuclei exchange

V -matrix element is evaluated in terms of the R-dependent total scattering energy

EFN(R) = Ei + ε1(R), (9.43)

where Ei is the incident projectile energy, and ε1(R) is the (R-dependent) ground

electronic state energy. This must be converted into the vibronic total scattering

energy using

E = EFN(R)− ε1(R) + ε10. (9.44)

Denoting the fixed-nuclei exchange V -matrix element by

V exch
n′L′ΛL′ ,nLΛL

(q′, q, R) = 〈q′L′ΛL′ Φn′ |(EFN(R)− Ĥel)
2∑
j=1

P̂0j|Φn qLΛL〉, (9.45)

and defining

Pn′L′ΛL′ ,nLΛL(q′, q, R) = 〈q′L′ΛL′ Φn′ |
2∑
j=1

P̂0j|Φn qLΛL〉, (9.46)

the vibronic exchange V -matrix element considering both the energy correction

from Eq. (9.44) and the contribution of the vibrational kinetic-energy operator
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from Eq. (9.42) is

〈q′L′ΛL′ νn′v′Φn|V̂exch|ΦnνnvqLΛL〉 (9.47)

= 〈νn′v′|
[
Vn′L′ΛL′ ,nLΛL(q′, q, R) + (εn,1(R)− εnv,10)Pn′L′ΛL′ ,nLΛL(q′, q, R)

]
|νnv〉.

Note again that εn,1(R) is the electronic excitation energy of state n from the

electronic ground state, and εnv,10 is the vibronic excitation energy of state nv

from the vibronic ground state.

The evaluation of Eq. (9.47) simply requires the electronic matrices in Eqs. (9.45)

and (9.46) to be evaluated once at each internuclear separation. Both are inter-

polated onto a new (q′, q) mesh for each pair of vibrational levels. In order to

ensure the accuracy of the electronic elements at all relevant internuclear sep-

arations, they are each evaluated in spheroidal coordinates and converted into

the analogous spherical-coordinate matrix elements using Eq. (6.46). The rea-

son this step is required is that the spheroidal coordinate system is dependent

on the internuclear separation, so the integration over R only makes sense in

spherical coordinates. Expressions for the spheroidal matrix elements are given

in Ref. [202].

9.6 Consequences of the Born-Oppenheimer

approximation

In the present formulation the Born-Oppenheimer approximation is applied to

the target wave functions (but not to the total scattering wave function). The

common assumption that the vibrational kinetic-energy operator does not act

on the electronic wave functions is what allows K̂v to be moved outside the

integration over electronic coordinates in Eq. (9.36). An unfortunate consequence

of this, however, is that the exchange V -matrix element as defined in Eq. (9.36) is

not symmetric. In the numerical implementation of this method, the V matrix is

treated as symmetric, with only one triangle of the matrix evaluated and copied

into the other. The effect of the lack of symmetry in Eq. (9.36) then is to have

two different V matrices depending on whether it is the upper- or lower-triangle



9.7. Computer program 227

elements which are evaluated. For the case of H2, it has been determined that the

difference between these two choices amounts to an error of less than 1%, with no

noticeable effect on the calculated cross sections. It is likely that this will be true

for any target where the Born-Oppenheimer approximation is sufficiently accurate

to describe the target wave functions, however it will be important to check this

explicitly as the method is applied to other target molecules. In the future, it may

be necessary to move beyond the Born-Oppenheimer approximation to describe

the target wave functions.

9.7 Computer program

A Fortran program was written to perform the calculations as described in this

chapter. In order to accommodate the large V matrices, which quickly exceed the

memory available on a single supercomputer node before convergence is reached,

the code utilises an MPI parallelism scheme. Each node is assigned a block of

the V -matrix with approximately equal numbers of matrix elements to evaluate,

and once each node has computed its portion of the matrix elements the linear

equations are solved using ScaLAPACK routines. Within each node, OpenMP

parallelism is used to speed up the calculations and make use of each processor

core. Fig. 9.1 shows a simplified flowchart of the program’s structure.

9.8 Chapter 9 summary

This chapter has presented the theoretical details of the vibrational-electronic

molecular convergent close-coupling (VE MCCC) method, which has been de-

veloped during this PhD project. The VE MCCC method does not apply the

adiabatic-nuclei approximation to the vibrational motion, instead treating the

electronic and vibrational motions on the same footing. This allows for an im-

plicit representation of the vibrational levels in the compound H−
2 states, leading

to an accurate treatment of resonant scattering in the calculations while main-

taining the proper account of non-resonant scattering. Since the inclusion of

both electronic and vibrational levels in the close-coupling expansion leads to

large numbers of coupled channels, there has been a strong focus on efficiency in
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the code implementation of the VE MCCC method so that physically realistic

calculations are tractable.

Read potent ial-energy 
curves and calculate 

vibrat ional wave funct ions

Begin loop over scat tering 
symmetries Create list  of channels

For each scat tering symmetry 

Read fixed-nuclei 
spheroidal V-matrix 
elements from files

Convert  to spherical 
V-matrix elements 

Loop over vibronic 
channel pairs

Interpolate elect ronic matrix 
elements onto new (q',q) mesh for 
this vibrat ional level pair (v',v)

For each channel pair 

For each (q',q), interpolate the 
elect ronic matrix elements over R 

and evaluate vibronic matrix 
elements

Solve part ial-wave 
Lippmann-Schwinger 

equat ion
Evaluate cross sect ions

Write results to file

Program start

Program end

Figure 9.1: Flowchart of the VE MCCC code.



Chapter 10

Vibrational-electronic molecular

convergent close-coupling: results

This chapter presents an investigation of resonances in the cross sections for

scattering on the ground electronic state of H2, considering pure vibrational ex-

citation, dissociation via the b 3Σ+
u state, and excitation of the B 1Σ+

u state, in

the 10–14 eV energy region. Calculations were performed using the vibrational-

electronic molecular convergent close-coupling (VE MCCC) method discussed

previously in Chapter 9. The most prominent resonance in the 10–14 eV region

is the well-known C 2Σ+
g state of H−2 , which has been the focus of many previous

studies [112, 113, 115]. A number of resonances of other symmetries have also

been identified by Stibbe and Tennyson [230]. In the present work the 2Σ+
g , 2Σ+

u ,

2Πg, and 2Πu resonances in the 10–14 eV region are studied. In Sec. 10.1, details

of the calculations and testing of various input parameters and convergence are

discussed. Then in Sec. 10.2 results are presented. Some sections contain text or

figures from published work by the candidate [1]. The publisher (the American

Physical Society) provides the right to use an article or a portion of an article in

a thesis or dissertation without requesting permission.

10.1 Calculation details and testing

The calculated cross sections in the VE MCCC method are affected both by

the choice of electronic target states included in the close-coupling expansion,

and the number of vibrational levels included per electronic state. With many

electronic states supporting a large number of bound vibrational levels, and the
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need to include vibrational pseudostates to discretise the dissociative vibrational

continua, the size of the calculations can quickly become intractable. Therefore,

a number of tests have been performed using model calculations in order to study

the effects of including various scattering channels, and determine suitable input

parameters. Since this is a newly developed method and computer code, it was

important to perform detailed tests, and they will serve as a useful reference for

future calculations.

10.1.1 Continuum Franck-Condon factors

In order to determine how densely the dissociative vibrational continua should

be discretised, we can study the continuum Franck-Condon (FC) factors, defined

by

FnfEk,nivi =
∣∣〈νnfEk

|νnivi〉
∣∣2 , (10.1)

where νnivi is a bound vibrational level in the initial electronic state (X 1Σ+
g in

the present case), and νnfEk
is a continuum vibrational level of kinetic energy Ek

in the electronic state nf . Fig. 10.1 presents these factors as a function of Ek for

continuum vibrational levels in the b 3Σ+
u state, for each initial vibrational level

in the X 1Σ+
g state. The rich oscillatory structures in the FC factors indicate

that a dense discretisation of the b 3Σ+
u vibrational continuum in the 0 to 15 eV

region of Ek will be necessary. In particular, since the positions of the oscillations

are different for each initial bound vibrational level, an accurate representation

of the vibrational continuum for all initial states will require the discretisation to

be sufficiently fine over a relatively large span of energies.
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Figure 10.1: Continuum Franck-Condon factors between the bound vi-

brational levels of the X 1Σ+
g state and the dissociative levels of the b 3Σ+

u

state, as a function of the dissociative-level kinetic energy. Each line cor-

responds to a different initial vibrational level, as labelled. The results are

split over 4 panels for clarity.

In order to determine the accuracy of the vibrational continuum discretisa-

tion, the FC factors in Eq. (10.1) can also be calculated using the vibrational

pseudostates. Since the pseudostates form a complete set we have that

〈νnfEk
|νnivi〉 =

∑
vf

〈νnfEk
|νnfvf 〉〈νnfvf |νnivi〉, (10.2)

and the overlap 〈νnfEk
|νnfvf 〉 is essentially zero except when the true vibrational

continuum wave function νnfEk
and vibrational pseudostate νnfvf have the same

energy. Hence, denoting by εnfvf the vibrational pseudostate energy (here relative



232 Chapter 10. Vibrational-electronic molecular convergent close-coupling: results

to the dissociation limit for comparison with Ek), we have

〈νnivi |νnfEk
〉 ≈ 〈νnf εnf vf |νnfvf 〉〈νnfvf |νnivi〉, (10.3)

and the FC factor for the vibrational pseudostate νnfvf which can be directly

compared with Eq. (10.1) is given by

Fnf εnf vf ,nivi =
∣∣∣〈νnf εnf vf |νnfvf 〉〈νnfvf |νnivi〉∣∣∣2 . (10.4)

This simply requires the additional evaluation of the overlap between each vi-

brational pseudostate and its corresponding true vibrational continuum wave

function of the same energy. It is worth noting that this is similar to the

method for obtaining single differential ionisation cross sections in the atomic

CCC method [256], and can be applied in the future to extract energy-differential

(kinetic-energy release) dissociation cross sections in VE MCCC calculations.

Fig. 10.2 presents the X 1Σ+
g (vi) → b 3Σ+

u FC factors for vi = 0, 7, and

14, comparing the calculations using true vibrational continuum wave functions

(lines) with those using vibrational pseudostates (points). The distribution of

the points along the horizontal axis reflects the distribution of vibrational pseu-

dostate energies obtained from the diagonalisation procedure. Each of the nine

panels in Fig. 10.2 represents a calculation with a different Laguerre basis size

N (100, 200, 300) and exponential falloff α (5.0, 10.0, 15.0), for the purposes of

determining the Laguerre basis parameters offering the best discretisation. For

the present work, the Laguerre basis with N = 300 and α = 15.0 will be used to

discretise the b 3Σ+
u -state vibrational continuum, since it provides a more-than

sufficient number of points per oscillation of the FC factor for every initial vibra-

tional level. This basis generates vibrational pseudostate energies up to 105 eV

(relative to the dissociative limit), so it will not be necessary to include all 300

vibrational pseudostates. In order to cover the 0–15 eV range of kinetic ener-

gies spanned by the vi = 0–14 FC factors (see Fig. 10.1), including the first

204 vibrational pseudostates will suffice. For simplicity, the same Laguerre basis

(N = 300, α = 15.0) will be used to generate the vibrational levels for all elec-

tronic states in this work. This is sufficient to accurately reproduce all bound

vibrational levels of the electronic states considered here, and it will be shown
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later that coupling to the dissociative vibrational continua of electronic states

above the b 3Σ+
u state is not important in the 10–14 eV energy range of interest

here so there is no concern about generating too many vibrational pseudostates

in the higher electronic states with this large basis. It is worth noting that a
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Figure 10.2: Continuum Franck-Condon factors between the bound vi-

brational levels of the X 1Σ+
g state and the dissociative levels of the b 3Σ+

u .

Comparison is made between the calculations using true vibrational con-

tinuum wave functions, and using the vibrational pseudostates resulting

from diagonalising the vibrational Hamiltonian in a Laguerre basis with

exponential falloff α and basis size N as specified in each panel. The initial

vibrational levels (0, 7, and 14) are as labelled in the centre panel.



234 Chapter 10. Vibrational-electronic molecular convergent close-coupling: results

large basis can be required to accurately calculate the vibrational wave functions

in some of the excited electronic states which support a large number of bound

vibrational levels (such as the B 1Σ+
u state). The vibrational energies generated in

the X 1Σ+
g and b 3Σ+

u states (up to 20 eV kinetic-energy release) with the N = 300

basis are illustrated in Fig. 10.3. The density of the vibrational pseudostates near

the dissociative limit is so fine that individual levels cannot be visibly resolved in

this region. Recall that this high density of vibrational pseudostates is required to

accurately model the integration of the oscillatory energy-differential dissociation

cross sections with a summation over the discrete pseudostates.
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Figure 10.3: Potential-energy curves of the X 1Σ+
g and b 3Σ+

u states,

and the vibrational energies generated in each using a Laguerre basis with

α = 15.0 and N = 300. Energies are given relative to the dissociative

limit (i.e. negative energies correspond to bound levels). Bound levels are

indicated by dashed lines.
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10.1.2 Two-state convergence studies

Since the b 3Σ+
u state has the largest dissociative excitation cross section, and is

the only electronic state without bound vibrational levels, it should be expected

that coupling to the b 3Σ+
u -state vibrational continuum will be more important

than to the vibrational continuum of any other electronic state. Furthermore,

the X 1Σ+
g and b 3Σ+

u vibrational continua overlap significantly, so it will be

important to verify the importance of coupling to the X 1Σ+
g dissociative levels as

well. In this subsection, model VE MCCC calculations are performed involving

only the X 1Σ+
g and b 3Σ+

u electronic states to investigate the rate of convergence

with respect to the number of vibrational pseudostates included. Since a large

Laguerre basis with N = 300 and α = 15.0 is used for both states, the convergence

will be verified with respect to the maximum excitation energy (with respect to

the X 1Σ+
g (v = 0) level) of the vibrational pseudostates.

Fig. 10.4 presents cross sections for excitation of the b 3Σ+
u and X 1Σ+

g states

(summed over final vibrational levels) from the vi = 0, 3, 6, and 9 levels in the

X 1Σ+
g . The scattering model includes only bound vibrational levels in the X 1Σ+

g

state and has maximum excitation energies of Emax = 10, 20, and 30 eV in the

b 3Σ+
u -state vibrational continuum. A small partial-wave expansion with Lmax = 1

was used, since there is no reason to expect that the convergence with respect

to vibrational levels would be substantially slower for higher partial waves. The

cross sections are fully converged with Emax = 20 eV, which corresponds to the

inclusion of the 204 b 3Σ+
u vibrational pseudostates required to cover the 0–15

range of kinetic-energy release (see Fig. 10.1).

Fig. 10.5 presents a similar convergence analysis, comparing calculations with

only bound vibrational levels in the X 1Σ+
g state with those including dissociative

vibrational pseudostates in the X 1Σ+
g state up to Emax = 10.0 and 20.0 eV

excitation energies. Here, the b 3Σ+
u vibrational pseudostates are included up to

Emax = 20 eV. For scattering on low vibrational levels it is sufficient to include

only the bound vibrational levels in the X 1Σ+
g state. However, for scattering on

higher levels there is evidently coupling between the X 1Σ+
g and b 3Σ+

u vibrational

continua, leading to a reduction of the b 3Σ+
u cross section when vibrational

pseudostates are included in theX 1Σ+
g state. Convergence is reached with Emax =
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10.0 eV in the X 1Σ+
g vibrational continuum.
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Figure 10.4: Convergence of the X 1Σ+
g and b 3Σ+

u excitation cross sec-

tions with respect to the maximum excitation energy Emax of the b 3Σ+
u

vibrational pseudostates (from the X 1Σ+
g (v = 0) level). The results are

from a model calculation with Lmax = 1 and including only the X 1Σ+
g

and b 3Σ+
u states. Cross sections are displayed as a function of the inci-

dent energy plus the excitation energy of the initial state from the v = 0

vibrational level.

In Chapter 7, the b 3Σ+
u vibrational pseudostates obtained with the N = 300

α = 15 basis were presented (Fig. 7.11). The pseudostates decay at successively

smaller values of R as they increase in energy, but the pseudostates very close

to the dissociation threshold can extend to internuclear separations far beyond

those where the present electronic structure model is accurate. In order to verify

that these larger R values do not substantially contribute to the calculations, a

parameter was included in the code which limits the upper bound of the R in-

tegration when evaluating V -matrix elements. By varying this parameter during
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Figure 10.5: Convergence of the X 1Σ+
g and b 3Σ+

u excitation cross sec-

tions with respect to the maximum excitation energy Emax of the X 1Σ+
g

vibrational pseudostates (from the X 1Σ+
g (v = 0) level). The results are

from a model calculation with Lmax = 1 and including only the X 1Σ+
g

and b 3Σ+
u states. Cross sections are displayed as a function of the inci-

dent energy plus the excitation energy of the initial state from the v = 0

vibrational level.

test calculations is was determined that internuclear separations beyond 10 a0 do

not affect the results for scattering on the X 1Σ+
g vibrational levels, and hence the

present electronic structure model is sufficient. If calculations are to be performed

for scattering on excited electronic states with much more diffuse vibrational wave

functions (such as the higher vibrational levels of the B 1Σ+
u state), then a more

accurate electronic structure model would be required.
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10.1.3 Dissociative vibrational pseudostates in higher

electronic states

In the energy region of interest for the present studies (below 14 eV for scattering

on the ground state) the dissociative vibrational continua of the electronic states

above the b 3Σ+
u state are all energetically inaccessible. Therefore, it should not

be important to include vibrational pseudostates in these electronic states. In

this section, this assumption is tested using a model calculation including the

n = 1–2 electronic states (X 1Σ+
g , b 3Σ+

u , B 1Σ+
u , a 3Σ+

g , c 3Πu, and EF 1Σ+
g ) and

Lmax = 1. Dissociative vibrational pseudostates are included in the X 1Σ+
g and

b 3Σ+
u according to the converged two-electronic-state model discussed above. For

each of the B 1Σ+
u , a 3Σ+

g , c 3Πu, and EF 1Σ+
g states, a calculation is performed

with dissociative vibrational pseudostates included in that particular electronic

state. For simplicity, all vibrational pseudostates generated from a Laguerre basis

with N = 300 and α = 15.0 are included. By performing the calculations this way,

the importance of coupling to each electronic-state vibrational continuum can be

tested individually. Fig. 10.6 presents the results of the calculations described

above for the single incident energy of 13.0 eV (for scattering on the ground state)

in the 2Σu scattering symmetry. The results are presented as a function of the

exit-channel excitation energy from the X 1Σ+
g (vi = 0) level. For all transitions

there is virtually no discernible difference between the calculations including no

vibrational pseudostates in the electronic states above the b 3Σ+
u state and those

with vibrational pseudostates included in any of the higher electronic states.

The interesting oscillations in the b 3Σ+
u cross sections are similar to those in

the Franck-Condon factors (Fig. 10.1), and reflect the oscillations in the initial

vibrational level.

10.1.4 14 electronic-state VE MCCC calculations

The electronic states which will be used in the final VE MCCC scattering equa-

tions are the following 11 states: X 1Σ+
g , b 3Σ+

u , a 3Σ+
g , B 1Σ+

u , c 3Πu, EF
1Σ+

g ,

C 1Πu, e
3Σ+

u , h 3Σ+
g , B′ 1Σ+

u , and d 3Πu. Including the two-fold degeneracy

of the c 3Πu, C
1Πu, and d 3Πu states, this amounts to 14 electronic states en-
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Figure 10.6: Cross sections for transitions from the X 1Σ+
g (vi = 0, 3, 6, 9)

levels to the X 1Σ+
g (vf ), b 3Σ+

u (vf ), and B 1Σ+
u (vf ) levels. For the X 1Σ+

g

and b 3Σ+
u states above the H(1s)+H(1s) dissociation limit (indicated by the

vertical dashed line), vf indicates vibrational pseudostates, and the cross

sections shown are the vibrational pseudostate excitation cross sections (not

true energy-differential cross sections). Results are presented as a function

of the exit-channel excitation energy from the vi = 0 level, and have been

calculated for 13.0 eV incident energy with respect to scattering on the

vi = 0 level (i.e. the vi > 0 results correspond to lower incident energies).

Each symbol type indicates a different electronic state above the b 3Σ+
u

state which has dissociative vibrational pseudostates included. The B 1Σ+
u

cross sections have been multiplied by 100 for clarity.

tering the close-coupling equations. Previous R-matrix studies have shown that

an accurate representation of the H−2 resonance states can be achieved using an

expansion with only the n = 1–2 states [230, 257] (up to C 1Πu in the list above).

The e 3Σ+
u , h 3Σ+

g , B′ 1Σ+
u , and d 3Πu states are also included since they have the



240 Chapter 10. Vibrational-electronic molecular convergent close-coupling: results

largest cross sections of the states which become energetically accessible below

14 eV. A partial-wave expansion with Lmax = 6 is used. This scattering model

yields sufficiently converged cross sections for the b 3Σ+
u and B 1Σ+

u states, and

electronically-elastic cross sections converged to within 10%. Since the present

work is primarily concerned with the demonstration of the new method this model

is adequate. Future work in this project will involve implementing GPU accel-

eration to the VE MCCC code, which will allow much larger calculations to be

viable.

Following the model calculations and tests described in previous sections, the

vibrational levels for all electronic states are obtained using a Laguerre basis with

N = 300 and α = 15.0, and the X 1Σ+
g and b 3Σ+

u have dissociative vibrational

pseudostates included up to 10 and 20 eV excitation energies, respectively. All

higher electronic states have all bound vibrational levels included, but no disso-

ciative vibrational pseudostates. The set of final vibronic states included in the

scattering calculations is illustrated in Fig. 10.7
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Figure 10.7: Illustration of the vibronic states included in the final

VE MCCC scattering model utilised in the present work. Electronic states

to the right of the b 3Σ+
u state have only bound vibrational levels included.
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10.2 Results

This section presents and discusses results obtained utilising the VE MCCC scat-

tering model described in Sec. 10.1.4. Fig. 10.8, presents the cross sections for

excitation of the b 3Σ+
u and B 1Σ+

u states considering only the 2Σg scattering

symmetry. There are prominent resonances in both cross sections, associated
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Figure 10.8: Electron-impact cross sections for excitation of the b 3Σ+
u

and B 1Σ+
u states of H2 from the ground state considering only the 2Σg

scattering symmetry. The vertical dashed lines indicate the C 2Σ+
g vibra-

tional energy levels of the H−2 ion determined experimentally by Comer and

Read [258].

with the temporary formation of the excited Rydberg C 2Σ+
g state of the H−2

ion. The resonance positions are in excellent agreement with the experimentally-

determined vibrational energies of Comer and Read [258] for this state, which

are indicated by the vertical dashed lines in the figure. Similar resonances were
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found in local complex-potential (LCP) calculations [115] of the D2 b
3Σ+

u exci-

tation, although these calculations do not include the nonresonant contribution.

An illustration of the resonant and nonresonant processes contributing to this

transition is provided in Fig. 10.9. The nonresonant process corresponds to the
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Figure 10.9: Illustration of the resonant and nonresonant processes con-

tributing to the X 1Σ+
g → b 3Σ+

u transition. The H2 potential-energy curves

are taken from Refs. [147, 148, 152], and the H−2 curve from Ref. [230]. The

vibrational energies of the C 2Σ+
g state are taken from Ref. [258].

electronically free scattering channels, while the resonant process corresponds to

the electronically bound scattering channels [259, 260]. The resonant process pro-

ceeds via capture of the incident electron to form the H−2 ion in one of a number of

possible vibrational levels, before the compound state decays back into one of the

H2 states plus a free electron. For a given final energy in the b 3Σ+
u continuum,

the nonresonant process has a lower threshold than the resonant process because

it does not require the formation of a higher-energy intermediate state. Each of
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the resonance peaks in the calculated cross section corresponds to the formation

of a different vibrational level in the compound C 2Σ+
g state. The C 2Σ+

g state

primarily decays into the X 1Σ+
g , b 3Σ+

u , and B 1Σ+
u states of H2 [230], leading to

resonance structures in the excitation cross sections for each of these states.

Fig. 10.10 presents cross sections for excitation of the b 3Σ+
u , B 1Σ+

u , and

X 1Σ+
g states, showing the contributions from the four dominant scattering sym-

metries: 2Σu,
2Σg,

2Πg, and 2Πu. The B 1Σ+
u cross section is summed over all
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Figure 10.10: Electron-impact cross sections for excitation of the b 3Σ+
u ,

B 1Σ+
u , and X 1Σ+

g states of H2 from the X 1Σ+
g (vi = 0) state. The results

are displayed separately for each of the four dominant scattering symme-

tries: 2Σu, 2Σg,
2Πu, and 2Πg. The B 1Σ+

u cross section is summed over

final vibrational levels, while the X 1Σ+
g cross section is summed over levels

vf > 0. Measured/calculated resonance positions from Refs. [230, 258, 261]

are also shown.

final vibrational levels, while the X 1Σ+
g cross section is summed over levels vf > 0

since the vibrationally-elastic cross section is dominated by nonresonant scatter-
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ing and would obscure the resonance structures. For dissociative excitation of

the b 3Σ+
u state there are prominent resonances in both the 2Σg and 2Πu sym-

metries, and barely visible features in the others. The B 1Σ+
u cross section has

resonance structures in all four symmetries, which are compared with measured

or calculated resonance positions taken from the literature: 2Σg and 2Σu from

the measurements of Comer and Read [258], 2Πu from the calculations of Stibbe

and Tennyson [230], and 2Πg from the measurements of Kuyatt et al. [261]. In

the 2Σu symmetry the present calculations appear to show a number of reso-

nance features above the levels identified in Ref. [258], however inspection of the

contributions from each exit vibrational level suggests these are the result of in-

terference between nonresonant channels as higher vibrational levels open with

increasing energy. In the 2Πg symmetry the present calculations do not exhibit

the first two resonances found by Kuyatt et al. [261], either because they were

incorrectly identified, or because the calculated cross section is too small near

threshold for the resonances to be visible. In the X 1Σ+
g cross sections there are

prominent peaks in the 2Σg and 2Πu symmetries, with only faint features in the

other two symmetries.

Fig. 10.11 presents cross sections for pure vibrational excitations (from vi = 0)

within the X 1Σ+
g state in the 2Σg scattering symmetry. The vibrationally-elastic

v = 0→ 0 cross section is dominated by nonresonant scattering. The nonresonant

contribution diminishes with increasing exit vibrational level, so that for vf > 2

only the resonance peaks are visible. Celiberto et al. [112] have previously cal-

culated cross sections for resonant vibrational excitation of H2 involving the 2Σg

symmetry in this energy range, using the LCP method. Although the resonance

structures seen in the LCP results are similar to those in the present calculations,

the two data sets are not directly comparable, since the LCP calculations do not

account for nonresonant scattering. In fact, the vibrationally-elastic v = 0 → 0

cross section presented by Celiberto et al. [112] has prominent resonance peaks

corresponding to the C 2Σ+
g vibrational-level energies, while in the present cal-

culations there are dips at the resonance energies in this cross section. A novel

feature of the VE MCCC method which is not present in alternative approaches

is the proper account of coupling between resonant and nonresonant scattering
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Figure 10.11: Electron-impact cross sections in the 2Σg scattering sym-

metry for excitation of the vf = 0 → 14 vibrational levels from the vi = 0

level in the X 1Σ+
g state of H2. Note the different vertical scale for the

v = 0→ 0 cross section.

channels, which captures the redistribution of flux from nonresonant elastic scat-

tering into the resonant excitations and leads to the dips in the v = 0→ 0 cross

section.

Resonances also appear in FN calculations of electron-molecule cross sec-

tions, associated with the formation of a compound state at the fixed internuclear

separation. Fig. 10.12 compares the 2Σg-symmetry X 1Σ+
g (vi = 0)→ b 3Σ+

u cross

section obtained using the VE MCCC method with results obtained using the FN

approximation. The FN calculation utilises an electronic close-coupling expansion

consisting of the same electronic states included in the VE MCCC calculations.

Above 13 eV the two methods produce similar results, but in the resonance region

the FN approximation clearly breaks down. The FN cross section has a promi-
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Figure 10.12: Electron-impact cross sections in the 2Σg scattering symme-

try for excitation of the b 3Σ+
u state from the ground state of H2. Compari-

son is made between calculations performed with the vibrational-electronic

and fixed-nuclei MCCC methods (VE and FN, respectively).

nent resonance just below 12 eV, corresponding to the vertical excitation energy

of the H−2 C 2Σ+
g state at the mean internuclear separation [230]. Evidently,

the FN approximation is able to roughly identify the energy region where the

resonances should occur, but cannot predict the number of resonances or their

positions. The magnitude of the FN resonance peak is also substantially larger

than any of the true resonances.
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10.2.1 Scattering on excited vibrational levels

Figs. 10.13 and 10.14 provide some example cross sections for scattering on excited

vibrational levels in the 2Σg scattering symmetry. Fig. 10.13 shows results for

excitation of the b 3Σ+
u and B 1Σ+

u states, while Fig. 10.14 shows results for

vibrationally-elastic and inelastic transitions within the X 1Σ+
g state. The cross

sections are presented as a function of the incident energy plus the excitation

energy of the initial vibrational level from the vi = 0 level, to allow comparison

of the resonance positions. Resonance peaks also appear in the cross sections

for scattering on excited vibrational levels, in good agreement with the measured

resonance energies of Comer and Read [258]. However, the resonances which show

up the strongest (or show at all) in the cross sections are heavily dependent on

the initial vibrational level, as a result of the varying overlaps between the X 1Σ+
g

and C 2Σ+
g vibrational levels. In all cases there is a trend that cross sections for

scattering on higher X 1Σ+
g vibrational levels have stronger resonance peaks at

higher energies.

10.3 Chapter 10 summary

This chapter has demonstrated the feasibility of extending the MCCC method

to include both electronic and nuclear vibrational states in the close-coupling ex-

pansion, allowing the calculation of self-consistent sets of absolute cross sections

where the adiabatic-nuclei approximation breaks down. The method treats both

resonant and nonresonant scattering on the same footing, and does not require

the input of resonance data from external calculations. The appearance of reso-

nance peaks in the calculated cross sections in good agreement with measured or

calculated resonance energies from the literature is a satisfying indication that the

VE MCCC method treats the coupling of electronic and vibrational motions ac-

curately. As the MCCC method is extended to more complex diatomic molecules

in the future, the techniques described here can be immediately applied. This

will allow the benefits of large-scale close-coupling calculations, such as rigorous

demonstrations of convergence and a proper account of interchannel coupling, to

be applied to all molecular scattering processes.
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The 14-electronic-state model used in this chapter would not be suitable

for studying much lower-energy electronically-elastic scattering, where there are

well-known resonances due to the X 2Σ+
u ground electronic state of H−2 [114]. In

order to investigate these processes in the future, it will be necessary to include

coupling to the electronic (ionisation) continuum in the VE MCCC calculations

since this is particularly important for low-energy electronically elastic scattering.

This can be done either by explicitly including vibrational levels in the potential-

energy curves for the electronic (ionising) pseudostates, or by some approximate

method to account for coupling to the closed ionisation channels.
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Figure 10.13: Electron-impact cross sections in the 2Σg scattering symmetry

for excitation of the b 3Σ+
u and B 1Σ+

u states from the vi = 0–9 vibrational levels

of the X 1Σ+
g . Results are presented as a function of the incident energy plus the

excitation energy of the initial vibrational level from the vi = 0 level, to allow

comparison of the resonance positions with the measured resonance energies of

Comer and Read [258] (indicated by vertical dashed lines).
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Figure 10.14: Electron-impact cross sections in the 2Σg scattering symmetry

for elastic vf = vi and inelastic vf 6= ni transitions within the X 1Σ+
g . Results are

presented as a function of the incident energy plus the excitation energy of the

initial vibrational level from the vi = 0 level, to allow comparison of the resonance

positions with the measured resonance energies of Comer and Read [258] (indicated

by vertical dashed lines).



Part IV

Rotational dynamics



Chapter 11

Rotationally-resolved scattering:

theory

This chapter presents derivations of rotationally-resolved cross-section formulas

for diatomic molecules. Although rotational excitation cross sections have been

calculated and various formulas given previously in the literature (for example,

Refs. [262–271]), it is difficult to find a single reference in which all quantities are

derived in full using the same conventions. Here, the rotationally-resolved cross

sections formulas are derived from scratch using the conventions and notation

used throughout this thesis, so that they may be applied immediately in molecular

convergent close-coupling (MCCC) calculations. The derivations presented here

are performed in a more general way than necessary when applying the adiabatic-

nuclei approximation, in the hope that future work may investigate the feasibility

of full rovibronic close-coupling. In that case, the theory presented here will

be of use. Details will also be given for the application of the adiabatic-nuclei

approximation.

Limited results for rotationally-resolved scattering are presented in this the-

sis, as the implementation of the rotationally-resolved cross sections into the

MCCC code was performed by Una Rehill as part of her Honours research project.

Results for rovibrational excitation of the H2 X
1Σ+

g state will be presented in

her Honours thesis. The present candidate’s contribution to this project was to

perform the derivations and supervise the computational implementation. The

application of rotational excitations to the study of Fulcher-α fluorescence polar-

isation, which was performed by the candidate, will be given in the next chapter.

Throughout this chapter, any vector quantities are by default assumed to be de-
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fined in the lab frame; when they are represented in the body frame they will

be given a superscript (b). The theory presented here is specific for homonu-

clear diatomics, since assumptions have been made about the requirements for

(anti)symmetry of the molecular wave function with respect to nuclear permu-

tation. However, it can be fairly easily modified to suit heteronuclear diatomics

when necessary.

11.1 Coupled-angular-momentum states and

matrix elements

If a rovibronic close-coupling calculation is to be performed, then the close-

coupling calculations must be formulated in the laboratory frame, in which the

rotational wave functions are defined, rather than the body frame. In this case,

the partial-wave expansion of the scattering amplitude can take advantage of the

conserved total scattering-system angular momentum. In the non-relativistic ap-

proximation, the total electronic spin S, total angular momentum without spin

J (electronic orbital plus nuclear rotational angular momentum), and the total

parity Π are conserved.

For convenience, the target electronic states are indexed without accounting

for the two-fold degeneracy of the |Λ| > 0 states (i.e. the label “Φn” might refer

to the d 3Πu electronic state so |Φ±Λn
n 〉 refers to the particular case of d 3Πu with

Λ = ±1). Unless specified otherwise, when Λ is written without a minus sign it

should be assumed to be the positive case. Throughout this chapter, the spin

component of the target and projectile wave functions will be written explicitly.

The total electronic target state with angular-momentum projection Λn, spin sn

and spin projection msn then has the following form:

|ΦΛnsnmsn
n 〉 = |ΦΛn

n 〉|snmsn〉, (11.1)

where |ΦΛn
n 〉 is the spatial component. From now on, the subscript n on Λ, s,

and ms will be dropped, with the understanding that the values of |Λ| and s are

specified by whichever electronic state Φn they appear alongside. Following the
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definitions given in Sec. 3.6, the total molecular states are written as

|Φn sms νnvN NmN ImI π〉 (11.2)

=
1√

2(1 + δΛ,0)

[
|ΦΛ

n sms νnvN NmNΛ ImI〉

+ π(−1)N+σ|Φ−Λ
n sms νnvN NmN(−Λ) ImI〉

]
,

where

|ΦΛ
n sms νnvN NmNΛ ImI〉 = |ΦΛ

n〉|sms〉|νnvN〉|NmNΛ〉|ImI〉.

Here, |νnvN〉 is the vibrational state (including its dependence on the rotational

level), |NmNΛ〉 is the rotational state (including its dependence on Λ), and |ImI〉

is the nuclear spin state. In Eq. (11.2), π is the total molecular-state parity, and

σ is odd for Σ− states but even otherwise. Note that Λ does not appear on the

left-hand side of Eq. (11.2) since the total molecular state is a linear combination

of the two ±Λ cases.

The projectile states are written in the form:

|qmp〉 =
1

q

∑
LmL

iL|qLmL〉Y mL∗
L (q̂)|1

2
mp〉, (11.3)

where |qLmL〉 are the same projectile partial-wave states defined in Eq. (4.15),

and mp is the projection of the projectile spin on the lab-frame axis (the projectile

spin is always 1/2).

An uncoupled projectile-target state is expressed as

|Φn sms νnvN NmN ImI π qmp〉 = |Φn sms νnvN NmN ImI π〉|qmp〉, (11.4)

and following Fursa and Bray [191] and Bray and Stelbovics [272], this state can

be expressed in coupled-angular-momentum (CAM) form with the orbital and

spin angular momenta coupled:

|Φn sms νnvN NmN ImI π qmp〉 (11.5)

=
∑
JΠ

∑
S

∑
LmL

C
JMJ
LmL,NmN

CSMS
1
2
mp,sms

|Φn s νnvN N ImI π qL : JMJΠSMS〉Y mL∗
L (q̂),
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where

|Φn s νnvN N ImI π qL : JMJΠSMS〉 (11.6)

=
1

q
iL|qLmL〉

∑
mLmN
mpms

C
JMJ
LmL,NmN

CSMS
1
2
mp,sms

|1
2
mp〉|Φn sms νnvN NmN ImI π〉,

and the (conserved) total scattering system parity is

Π ≡ π · (−1)L. (11.7)

Hence, we can express matrix elements of an operator X̂ between uncoupled states

in the following form:

〈q′m′p π′ I ′mI′ N
′mN ′ νn′v′N ′ s′ms′ Φn′|X̂|Φn sms νnvN NmN ImI π qmp〉 (11.8)

=
∑
JΠ

∑
S

∑
L′mL′
LmL

C
JMJ
L′m′

L,N
′m′

N
C
JMJ
LmL,NmN

CSMS
1
2
m′

p,s
′m′

s

CSMS
1
2
mp,sms

Y
mL′
L′ (q̂′)Y mL∗

L (q̂)

×〈JMJΠSMS :q′L′πI ′mI′N
′νn′v′N ′s′ms′Φn′|X̂|Φnsms νnvN N ImI π qL :JMJΠSMS〉.

We can apply the Wigner-Eckhart theorem:

〈j′m′n′|X̂(k)
q |njm〉 = Cjm

j′m′,kq〈j
′n′||X̂(k)||nj〉, (11.9)

where X̂
(k)
q is the qth component of the rank-k spherical tensor operator X̂(k). Note

that the definition of the Wigner-Eckhart theorem here follows the conventions

of Meunier [273]. For a scalar operator (as V̂ and T̂ are), we have

〈j′m′n′|X̂|njm〉 = 〈j′n′||X̂||nj〉, (11.10)

and hence the expression for the uncoupled matrix element becomes

〈q′m′p π′ I ′mI′ N
′mN ′ νn′v′N ′ s′ms′ Φn′|X̂|Φn sms νvnN NmN ImI π qmp〉 (11.11)

=
∑
J )Π

∑
S

∑
L′mL′
LmL

C
JMJ
L′m′

L,N
′m′

N
C
JMJ
LmL,NmN

CSMS
1
2
m′

p,s
′m′

s

CSMS
1
2
mp,sms

Y
mL′
L′ (q̂′)Y mL∗

L (q̂)

× 〈JΠS : q′L′ π′ I ′mI′ N
′ νn′v′N ′ s′Φn′ ||X̂||Φn s νnvN N ImI π qL : JΠS〉.
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The difference between Eqs. (11.8) and (11.11) is that the latter is written in

terms of the reduced matrix element of X̂, which is independent of MJ and MS .

To simplify notation, we now remove any dependence on nuclear spins as we

assume they are unchanged by the collision, and define

〈q′L′ π′N ′ νn′v′N ′ s′Φn′||X̂JΠS ||Φn s νnvN N π qL〉 (11.12)

= 〈JΠS : q′L′ π′N ′ νn′v′N ′ s′Φn′||X̂||Φn s νnvN N π qL : JΠS〉,

so we have

〈q′m′p π′N ′mN ′ νn′v′N ′ s′ms′ Φn′ |X̂|Φn sms νvnN NmN π qmp〉

=
∑
JΠ

∑
S

∑
L′mL′
LmL

C
JMJ
L′m′

L,N
′m′

N
C
JMJ
LmL,NmN

CSMS
1
2
m′

p,s
′m′

s

CSMS
1
2
mp,sms

Y
mL′
L′ (q̂′)Y mL∗

L (q̂)

× 〈q′L′ π′N ′ νn′v′N ′ s′Φn′ ||X̂JΠS ||Φn s νnvN N π qL〉. (11.13)

11.2 Scattering amplitudes

The scattering amplitude for a transition fully resolved in angular-momentum

and spin sublevels

|Φnisimsi νniviNi NimNi πi qimpi〉→ |Φnf sfmsf νnfvfNf NfmNf πf qfmpf〉 (11.14)

is expressed as

FnfvfNfmNf πfmpf ,niviNimNiπimpi
(qf , qi) (11.15)

= (−2π)2〈qfmpf πf NfmNf νnfvfNf sfmsf Φnf |T̂|Φni simsi νniviNi NimNi πi qimpi〉,

and now substituting in Eq. (11.13) for the case q̂i ‖ ẑ we have

FnfvfNfmNf πfmpf ,niviNmNiπimpi
(qf , qi)

=
∑
JMJ Π

∑
SMS

∑
LfmLfLi

L̂i√
4π
C
JMJ
LfmLf ,NfmNf

C
JMJ
Li0,NimNi

CSMS
1
2
mpf ,sfmsf

CSMS
1
2
mpi,simsi

Y
mLf
Lf

(q̂f )

× FJΠS
nfvfNfπfLf ,niviNiLiπi

(qf , qi), (11.16)
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where L̂ =
√

2L+ 1, and the lab-frame partial-wave scattering amplitudes are

defined by

FJΠS
nfvfNfπfLf ,niviNiLiπi

(qf , qi)

= (−2π)2〈qfLf πf Nf νnfvfNf sf Φnf ||T̂JΠS ||Φni si νniviNi Ni πi qiLi〉, (11.17)

11.3 Differential cross section

Following standard definitions, the differential cross section is given by

dσnfvfNfmNfmsfmpf ,niviNimNimsimpi

dΩ
=
qf
qi

∣∣∣FnfvfNfmNf πfmpf ,niviNmNiπimpi
(qf , qi)

∣∣∣2
=

1

4π

∑
JΠ
J ′Π′

∑
SS′

∑
LfLi
L′
fL

′
i

∑
mLf
m′
Lf

L̂iL̂′iF
JΠS
nfvfNfπfLf ,niviNiLiπi

(qf , qi)F
J ′Π′S′∗
nfvfNfπfL

′
f ,niviNiL

′
iπi

(qf , qi)

× Y
mLf
Lf

(q̂f )Y
m′
Lf
∗

L′
f

(q̂f )C
JMJ
LfmLf ,NfmNf

C
JMJ
Li0,NimNi

CSMS
1
2
mpf ,sfmsf

CSMS
1
2
mpi,simsi

× CJ
′M ′

J
L′
fm

′
Lf
,NfmNf

C
J ′M ′

J
L′
i0,NimNi

C
S′M ′

S
1
2
mpf ,sfmsf

C
S′M ′

S
1
2
mpi,simsi

. (11.18)

Now utilising Defs. (A.30) and (A.36), we have:

Y
mLf
Lf

(q̂f )Y
m′
Lf
∗

L′
f

(q̂f ) = (−1)
m′
Lf

∑
LML

L̂f L̂
′
f√

4πL̂
CLML

Lf0,L′
f0C

LML

LfmLf ,L
′
f −m

′
Lf

Y ML
L (q̂f ). (11.19)

Substituting this back into Eq. (11.18), rearranging some of the summations,

and noting that having mLi = 0 in the Clebsch-Gordan coefficients forces mJ =

m′J = mNi :

dσnfvfNfmNfmsfmpf ,niviNimNimsimpi

dΩ
=

1

(4π)3/2

∑
LML

∑
JΠS
J ′Π′S′

∑
LfL

′
f

∑
LiL′

i

1

L̂
L̂f L̂

′
f L̂iL̂

′
i

× FJΠS
nfvfNfπfLf ,niviNiLiπi

(qf , qi)F
J ′Π′S′∗
nfvfNfπfL

′
f ,niviNiL

′
iπi

(qf , qi)

× CJmNiLi0,NimNi
C
J ′mNi
L′
i0,NimNi

CLML

Lf0,L′
f0

∑
mLfm

′
Lf

(−1)
mL′

fCLML

LfmLf ,L
′
f −m

′
Lf

C
JmNi
LfmLf ,NfmNf

× CJ
′mNi

L′
fm

′
Lf
,NfmNf

∑
MSM

′
S

CSMS
1
2
mpf ,sfmsf

C
S′M ′

S
1
2
mpf ,sfmsf

CSMS
1
2
mpi,simsi

C
S′M ′

S
1
2
mpi,simsi

Y ML
L (q̂f ).

(11.20)
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We want to obtain a DCS summed over the sublevels mNf , msf , and mpf , and

averaged over mNi , msi , and mpi. First we can perform the summation/averaging

over spin projections:

∑
MSM

′
S

∑
mpfmsf

CSMS
1
2
mpf ,sfmsf

C
S′M ′

S
1
2
mpf ,sfmsf

1

2(2si + 1)

∑
mpimsi

CSMS
1
2
mpi,simsi

C
S′M ′

S
1
2
mpi,simsi

=
∑
MSM

′
S

δSS′δMSM
′
S

1

2(2si + 1)
δSS′δMSM

′
S

=
2S + 1

2(2si + 1)
δSS′ , (11.21)

which is where the standard spin weights come from. Substituting this back into

Eq. (11.20):

dσnfvfNfmNf ,niviNimNi
dΩ

=
∑
S

2S + 1

2(2si + 1)

1

(4π)3/2

∑
LML

∑
JΠ
J ′Π′

∑
LfL

′
f

∑
LiL′

i

1

L̂
L̂f L̂

′
f L̂iL̂

′
i

×FJΠS
nfvfNfπfLf ,niviNiLiπi

(qf , qi)F
J ′Π′S∗
nfvfNfπfL

′
f ,niviNiL

′
iπi

(qf , qi)C
JmNi
Li0,NimNi

C
J ′mNi
L′
i0,NimNi

CLML

Lf0,L′
f0

×
∑

mLfm
′
Lf

(−1)
mL′

fCLML

LfmLf ,L
′
f −m

′
Lf

C
JmNi
LfmLf ,NfmNf

C
J ′mNi
L′
fm

′
Lf
,NfmNf

Y ML
L (q̂f ). (11.22)

Now we sum over mNf , and in fact the sums over mNf , mLf , and m′Lf can be

evaluated together (as shown in Eq. D.26) to give

∑
mNfmLfm

′
Lf

(−1)
mL′

fCLML

LfmLf ,L
′
f −m

′
Lf

C
JmNi
LfmLf ,NfmNf

C
J ′mNi
L′
fm

′
Lf
,NfmNf

(11.23)

= (−1)Nf+J ′Ĵ ′L̂CJmNiJ ′mNi ,LML

 L′f Nf J ′

J L Lf

 ,

and substituting back into Eq. (11.22):

dσnfvfNf ,niviNimNi
dΩ

=
∑
S

2S + 1

2(2si + 1)

(−1)Nf

(4π)3/2

∑
LML

∑
JΠ
J ′Π′

∑
LfL

′
f

∑
LiL′

i

Ĵ L̂f L̂′f L̂iL̂′i

× FJΠS
nfvfNfπfLf ,niviNiLiπi

(qf , qi)F
J ′Π′S∗
nfvfNfπfL

′
f ,niviNiL

′
iπi

(qf , qi) (11.24)

× CLML

Lf0,L′
f0

 L′f Nf J ′

J L Lf

 (−1)J
′
C
JmNi
Li0,NimNi

C
J ′mNi
L′
i0,NimNi

C
JmNi
J ′mNi ,LML

Y ML
L (q̂f ).
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Now averaging over mNi we use (derived in Eq. D.27):

1

2Ni + 1

∑
mNi

(−1)J
′
C
J ′mNi
L′
i0,NimNi

C
JmNi
Li0,NimNi

C
JmNi
J ′mNi ,LML

(11.25)

=
(−1)Ni

N̂2
i

Ĵ ′Ĵ 2

L̂
CL0
Li0,L′

i0

 L′i Ni J ′

J L Li

 δML,0,

so the final expression for the DCS summed over mNf and averaged over mNi is

dσnfvfNf ,niviNi
dΩ

=
∑
S

2S + 1

2(2si + 1)

(−1)Nf+Ni

N̂2
i (4π)3/2

∑
L

∑
JΠ
J ′Π′

∑
LfL

′
f

∑
LiL′

i

1

L̂
Ĵ 2Ĵ ′2L̂f L̂′f L̂iL̂′i

× FJΠS
nfvfNfπfLf ,niviNiLiπi

(qf , qi)F
J ′Π′S∗
nfvfNfπfL

′
f ,niviNiL

′
iπi

(qf , qi)

× CL0
Lf0,L′

f0C
L0
Li0,L′

i0

 L′f Nf J ′

J L Lf


 L′i Ni J ′

J L Li

Y 0
L (q̂f ). (11.26)

Now using Def. (A.27) we can write

dσnfvfNf ,niviNi
dΩ

=
∑
S

2S + 1

2(2si + 1)

∑
L

ALSnfvfNf ,niviNiPL(cos θ), (11.27)

where

ALSnfvfNf ,niviNi ≡
qf
qi

(−1)Nf+Ni

N̂2
i (4π)2

∑
JΠ
J ′Π′

∑
LfL

′
f

∑
LiL′

i

Ĵ 2Ĵ ′2L̂f L̂′f L̂iL̂′i

× FJΠS
nfvfNfπfLf ,niviNiLiπi

(qf , qi)F
J ′Π′S∗
nfvfNfπfL

′
f ,niviNiL

′
iπi

(qf , qi)

× CL0
Lf0,L′

f0C
L0
Li0,L′

i0

 L′f Nf J ′

J L Lf


 L′i Ni J ′

J L Li

 . (11.28)
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11.4 Integrated cross section

To obtain the integrated cross section we evaluate

σnfnvNf ,niviNi =

¨
dσnfvfNf ,niviNi

dΩ
dΩ = 2π

1ˆ

−1

dσnfvfNf ,niviNi
dΩ

d(cos θ). (11.29)

Since the angular dependence of the DCS is entirely contained in the Legendre

polynomial term, we only need to evaluate (using the fact that P0 = 1):

2π

1ˆ

−1

PL(cos θ)P0(cos θ) d(cos θ) = 4πδL0. (11.30)

Hence, the ICS is

σnfnvNf ,niviNi = 4π
∑
S

2S + 1

2(2si + 1)
A0S
nfvfNf ,niviNi

(11.31)

=
∑
S

2S + 1

2(2si + 1)

qf
qi

(−1)Nf+Ni

4πN̂2
i

∑
JΠ
J ′Π′

∑
LfL

′
f

∑
LiL′

i

Ĵ 2Ĵ ′2L̂f L̂′f L̂iL̂′i

× FJΠS
nfvfNfπfLf ,niviNiLiπi

(qf , qi)F
J ′Π′S∗
nfvfNfπfL

′
f ,niviNiL

′
iπi

(qf , qi)

× C00
Lf0,L′

f0C
00
Li0,L′

i0

 L′f Nf J ′

J 0 Lf


 L′i Ni J ′

J 0 Li

 . (11.32)

Now using Def. (B.10) to simplify the Clebsch-Gordan coefficients we have

σnfnvNf ,niviNi =
∑
S

2S + 1

2(2si + 1)

qf
qi

(−1)Nf+Ni

4πN̂2
i

∑
JΠ
J ′Π′

∑
LfLi

(−1)Lf+LiĴ 2Ĵ ′2L̂f L̂i

× FJΠS
nfvfNfπfLf ,niviNiLiπi

(qf , qi)F
J ′Π′S∗
nfvfNfπfLf ,niviNiLiπi

(qf , qi)

×

 Lf Nf J ′

J 0 Lf


 Li Ni J ′

J 0 Li

 , (11.33)

and using Def. (B.29) to evaluate the 6-j symbols:

σnfnvNf ,niviNi =
∑
S

2S + 1

2(2si+1)

qf

4πqiN̂2
i

∑
JΠ

∑
LfLi

Ĵ 2
∣∣∣FJΠS

nfvfNfLf ,niviNiLi
(qf , qi)

∣∣∣ . (11.34)
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11.5 Cross sections resolved in rotational

sublevels

In some cases it is desirable to keep the cross sections resolved in the rotational

sublevels. For example, studies of Stokes parameters require information of the

excited-state sublevel populations. Previously the sums over mLf and m′Lf were

kept in Eq. (11.22) because they made it easier to apply Clebsch-Gordan sum

identities when summing over mNf and mNi . Now, however, Eq. (11.22) can be

simplified by recognising that the Clebsch-Gordan coefficients C
JmNi
LfmLf ,NfmNf

and

C
J ′mNi
L′
fm

′
Lf
,NfmNf

force mLf = m′Lf = mNi = mNf (by the selection rule in Eq. (B.3)),

and hence also ML = 0, giving

dσnfvfNfmNf ,niviNimNi
dΩ

=
∑
S

2S + 1

2(2si + 1)

qf
qi

(−1)mNi−mNf

(4π)3/2

∑
L

∑
JΠ
J ′Π′

∑
LfL

′
f

∑
LiL′

i

1

L̂
L̂f L̂

′
f L̂iL̂

′
i

× FJΠS
nfvfNfLf ,niviNiLi

(qf , qi)F
J ′Π′S∗
nfvfNfL

′
f ,niviNiL

′
i
(qf , qi)C

JmNi
Li0,NimNi

C
J ′mNi
L′
i0,NimNi

CL0
Lf0,L′

f0

× CL0
LfmNi−mNf ,L

′
f mNf−mNi

C
JmNi
LfmNi−mNf ,NfmNf

C
J ′mNi
L′
fmNi−mNf ,NfmNf

Y 0
L (q̂f ). (11.35)

As before, Def. (A.27) is used to write

dσnfvfNfmNf ,niviNimNi
dΩ

=
∑
S

2S + 1

2(2si + 1)

∑
L

ALSnfvfNfmNf ,niviNimNi
PL(cos θ)

(11.36)

with

ALSnfvfNfmNf ,niviNimNi
≡ qf
qi

(−1)mNi−mNf

(4π)2

∑
JΠ
J ′Π′

∑
LfL

′
f

∑
LiL′

i

L̂f L̂
′
f L̂iL̂

′
i

× FJΠS
nfvfNfLf ,niviNiLi

(qf , qi)F
J ′Π′S∗
nfvfNfL

′
f ,niviNiL

′
i
(qf , qi)

× CJmNiLi0,NimNi
C
J ′mNi
L′
i0,NimNi

CL0
Lf0,L′

f0C
L0
LfmNi−mNf ,L

′
f mNf−mNi

× CJmNiLfmNi−mNf ,NfmNf
C
J ′mNi
L′
fmNi−mNf ,NfmNf

. (11.37)

The integrated cross section is again obtained using just the L = 0 term,
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and is given by

σnfvfNfmNf ,niviNimNi =
∑
S

2S + 1

2(2si + 1)

qf
qi

(−1)mNi−mNf

4π

∑
JΠ
J ′Π′

∑
LfL

′
f

∑
LiL′

i

L̂f L̂
′
f L̂iL̂

′
i

× FJΠS
nfvfNfLf ,niviNiLi

(qf , qi)F
J ′Π′S∗
nfvfNfL

′
f ,niviNiL

′
i
(qf , qi)

× CJmNiLi0,NimNi
C
J ′mNi
L′
i0,NimNi

C00
Lf0,L′

f0C
00
LfmNi−mNf ,L

′
f mNf−mNi

× CJmNiLfmNi−mNf ,NfmNf
C
J ′mNi
L′
fmNi−mNf ,NfmNf

, (11.38)

and applying Def. (B.10) to give

C00
Lf0,L′

f0C
00
LfmNi−mNf ,L

′
f mNf−mNi

=
1

L̂2
f

(−1)mNf−mNiδLfL′
f

(11.39)

we have

σnfvfNfmNf ,niviNimNi =
∑
S

2S + 1

2(2si + 1)

qf
qi

1

4π

∑
JΠ
J ′Π′

∑
Lf

∑
LiL′

i

L̂iL̂
′
i (11.40)

× FJΠS
nfvfNfLf ,niviNiLi

(qf , qi)F
J ′Π′S∗
nfvfNfLf ,niviNiL

′
i
(qf , qi)

× CJmNiLi0,NimNi
C
J ′mNi
L′
i0,NimNi

C
JmNi
LfmNi−mNf ,NfmNf

C
J ′mNi
LfmNi−mNf ,NfmNf

.

11.6 Calculating reduced matrix elements

If laboratory-frame rovibronic close-coupling calculations are to be performed,

the lab-frame partial-wave V -matrix elements can be expressed in terms of the

existing body-frame V -matrix elements. If the rotational motion is to be treated

adiabatically, then it is the lab-frame partial-wave scattering amplitudes which

can be obtained from the body-frame amplitudes.

The body-frame matrix elements are expanded in terms of partial-wave states

|qLΛL〉 with definite angular momentum projection ΛL on the internuclear axis,

while the body frame matrix elements are expanded in terms of partial-wave

states |qLmL〉 with projection mL on the lab-frame z axis. The lab-frame states
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can be expressed in terms of the body-frame states using the Wigner-D functions:

〈r0|qLmL〉 =
∑
ΛL

DL∗
mLΛL

(R̂)〈r(b)
0 |qLΛL〉, (11.41)

where r0 and r
(b)
0 are the lab-frame and body-frame projectile coordinates, re-

spectively. Similarly, the projectile and target electronic spin states (with the

spin quantised with respect to the lab-frame z axis) are expressed in terms of the

R̂-quantised spin states:

|sms〉 =
∑
Σs

Ds∗
msΣs(R̂)|sΣs〉 (11.42)

|1
2
mp〉 =

∑
Σp

D
1
2
∗

mpΣp
(R̂)|1

2
Σp〉. (11.43)

The CAM state in Eq. (11.5) can then be expressed as

|Φn s νnvN N π qL : JMJΠSMS〉

=
1

q
iL
∑
ΛL

ΣpΣs

|qLΛL〉|12Σp〉
∑
mNmL

C
JMJ
LmL,NmN

|Φn sΣs νnvN NmN π〉

×
∑
mpms

CSMS
1
2
mp,sms

DL∗
mLΛL

(R̂)D
1
2
∗

mpΣp
(R̂)Ds∗

msΣs(R̂), (11.44)

and substituting in the form of the total molecular state from Eq. (11.2):

|Φn s νnvN N π qL : JMJΠSMS〉 =
iL

q
√

2(1 + δΛ,0)

∑
ΛL

ΣpΣs

|qLΛL〉|12Σp〉
∑
mNmL

C
JMJ
LmL,NmN

×
[
|ΦΛ

n sΣs νnvN NmNΛ〉+ π(−1)N+σ|Φ−Λ
n sΣs νnvN NmN(−Λ)〉

]
×
∑
mpms

CSMS
1
2
mp,sms

DL∗
mLΛL

(R̂)D
1
2
∗

mpΣp
(R̂)Ds∗

msΣs(R̂). (11.45)

We can evaluate the sum over the lab-frame spin projections using Eq. (B.49):

∑
mpms

CSMS
1
2
mp,sms

D
1
2
∗

mpΣp
(R̂)Ds∗

msΣs(R̂) = CSΣS
1
2

Σp,sΣs
DS∗MSΣS

(R̂), (11.46)
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so the CAM state simplifies (somewhat) to

|Φn s νnvN N π qL : JMJΠSMS〉

=
iL

q
√

2(1 + δΛ,0)

∑
ΛL

ΣpΣs

|qLΛL〉|12Σp〉CSΣS
1
2

Σp,sΣs
DS∗MSΣS

(R̂)
∑
mNmL

C
JMJ
LmL,NmN

DL∗
mLΛL

(R̂)

×
[
|ΦΛ

n sΣs νnvN NmNΛ〉+ π(−1)N+σ|Φ−Λ
n sΣs νnvN NmN(−Λ)〉

]
, (11.47)

and substituting in the form of the rotational wave functions from Eq. (3.42), we

have

|Φn s νnvN N π qL : JMJΠSMS〉

=
iLN̂

q
√

8π2
√

2(1 + δΛ,0)

∑
ΛL

ΣpΣs

|qLΛL〉|12Σp〉CSΣS
1
2

Σp,sΣs
DS∗MSΣS

(R̂)

×
[
|ΦΛ

n sΣs νnvN〉
∑
mNmL

DL∗
mLΛL

(R̂)C
JMJ
LmL,NmN

DN∗
mN ,Λ

(R̂) (11.48)

+ π(−1)N+σ|Φ−Λ
n sΣs νnvN〉

∑
mNmL

DL∗
mLΛL

(R̂)C
JMJ
LmL,NmN

DN∗
mN ,−Λ(R̂)

]
.

Now using the same identity we used above to sum over the lab-frame spin pro-

jections we can evaluate the sums over mN and mL:

∑
mNmL

DL∗
mLΛL

(R̂)C
JMJ
LmL,NmN

DN∗
mN ,±Λ(R̂) = C

J (ΛL±Λ)
LΛL,N ±ΛD

J∗
MJ (ΛL±Λ)(R̂), (11.49)

giving

|Φn sνnvN N π qL : JMJΠSMS〉 =
iLN̂

q
√

8π2
√

2(1 + δΛ,0)
(11.50)

×

[ ∑
ΛL

ΣpΣs

|ΦΛ
n sΣs νnvN qLΛLΣp〉CJ (ΛL+Λ)

LΛL,N Λ CSΣS
1
2

Σp,sΣs
DJ∗MJ (ΛL+Λ)(R̂)DS∗MSΣS

(R̂)

+ π(−1)N+σ
∑
ΛL

ΣpΣs

|Φ−Λ
n sΣsνnvNqLΛLΣp〉CJ (ΛL−Λ)

LΛL,N −ΛC
SΣS
1
2

Σp,sΣs
DJ∗MJ (ΛL−Λ)(R̂)DS∗MSΣS

(R̂)

]
.

By the Wigner-Eckhart theorem the reduced matrix element is independent of

MJ and MS , so it can be equated to the non-reduced matrix element with
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MJ = MS = 0:

〈q′L′ π′N ′ νn′v′N ′ s′Φn′||X̂JΠS ||Φn sνnvN N π qL〉

= X++ + π′(−1)N
′+σ′

X−+ + π(−1)N+σX+− + π′π(−1)N
′+N+σ′+σX−−,

(11.51)

where

X±
′± ≡ 1

q′q

N̂ ′N̂

8π2
iL−L

′ ∑
ΛeΠeΣS

∑
Λ′
LΣ′

pΣ′
s

ΛLΣpΣs

CJΛe

L′Λ′
L,N

′±′Λ′C
SΣS
1
2

Σ′
p,s

′Σ′
s

CJΛe
LΛL,N ±ΛC

SΣS
1
2

Σp,sΣs

× 〈q′L′ΛL′ νn′v′N ′ s′Φ±
′Λ

n′ |X̂ΛeΠeS |Φ±Λ
n s νnvN qLΛL〉

×
˚

R3

DJ∗0(Λ′
L±′Λ′)(R̂)DS∗0ΣS

(R̂)DJ0(ΛL±Λ)(R̂)DS0ΣS
(R̂) dR̂. (11.52)

The matrix element here is the body-frame partial-wave vibronic matrix element

of X̂. We have also introduced sums over the (conserved) total electronic angular-

momentum projection on R̂, total electronic parity, and total spin projection on

R̂:

Λe = Λ′L + Λ′ = ΛL + Λ (11.53)

Πe = t′ · (−1)L
′
= t · (−1)L (11.54)

ΣS = Σ′s + Σ′p = Σs + Σp. (11.55)

The partial-wave body-frame matrix element is non-zero only when

Λ′L ±′ Λ′ = ΛL ± Λ = Λe, (11.56)

so we can simplify X±
′± to

X±
′± ≡ 1

q′q

N̂ ′N̂

8π2
iL−L

′ ∑
ΛeΠeΣS

∑
Λ′
LΣ′

pΣ′
s

ΛLΣpΣs

CJΛe

L′Λ′
L,N

′±′Λ′C
SΣS
1
2

Σ′
p,s

′Σ′
s

CJΛe
LΛL,N ±ΛC

SΣS
1
2

Σp,sΣs

× 〈q′L′ΛL′ νn′v′N ′ s′Φ±
′Λ

n′ |X̂ΛeΠeS |Φ±Λ
n s νnvN qLΛL〉

×
˚

R3

DJ∗0Λe
(R̂)DS∗0ΣS

(R̂)DJ0Λe
(R̂)DS0ΣS

(R̂) dR̂. (11.57)
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Using Eq. (B.50), the integral over R̂ can be evaluated to a sum over Clebsch-

Gordan coefficients equal to

8π2
∑
j

1

ĵ
2C

j0
J 0,S0C

j(Λe+ΣS)
JΛe,SΣS

Cj0
J 0,S0C

j(Λe+ΣS)
JΛe,SΣS

, (11.58)

giving:

X±
′± =

N̂ ′N̂

q′q
iL−L

′ ∑
ΛeΠe

∑
Λ′
LΛL

CJΛe

L′Λ′
L,N

′±′Λ′C
JΛe
LΛL,N ±Λ

× 〈q′L′ΛL′ νn′v′N ′ s′Φ±
′Λ

n′ |X̂ΛeΠeS |Φ±Λ
n s νnvN qLΛL〉

×
∑
jΣS

∑
Σ′
sΣs

Σ′
pΣp

1

ĵ
2C

j0
J 0,S0C

j0
J 0,S0C

j(Λe+ΣS)
JΛe,SΣS

C
j(Λe+ΣS)
JΛ,SΣS

CSΣS
1
2

Σ′
p,s

′Σ′
s

CSΣS
1
2

Σp,sΣs
.

(11.59)

Using Eq. (D.23) the sums over j and spin projections can be evaluated:

∑
jΣS

∑
Σ′
sΣs

Σ′
pΣp

1

ĵ
2C

j0
J 0,S0C

j0
J 0,S0C

j(Λe+ΣS)
JΛe,SΣS

C
j(Λe+ΣS)
JΛe,SΣS

CSΣS
1
2

Σp,s′Σ′
s

CSΣS
1
2

Σp,sΣs
=

1

Ĵ 2
. (11.60)

Substituting this back into X±
′±, the final expression for the reduced matrix

element is

〈q′L′ π′N ′ νn′v′N ′ s′Φn′ ||X̂JΠS ||Φn s νnvN N π qL〉 =
N̂ ′N̂iL−L

′

q′q
√

2(1+δΛ′,0)
√

2(1+δΛ,0)

1

Ĵ 2

×
∑
ΛeΠe

∑
Λ′
LΛL

[
CJΛe

L′Λ′
L,N

′Λ′C
JΛe
LΛL,NΛ〈q

′L′ΛL′ νn′v′N ′ s′ΦΛ′

n′ |X̂ΛeΠeS |ΦΛ
n s νnvN qLΛL〉

+ π′(−1)N
′+σ′

CJΛe

L′Λ′
L,N

′−Λ′C
JΛe
LΛL,NΛ〈q

′L′ΛL′ νn′v′N ′ s′Φ−Λ′

n′ |X̂ΛeΠeS |ΦΛ
n s νnvN qLΛL〉

+ π(−1)N+σCJΛe

L′Λ′
L,N

′Λ′C
JΛe
LΛL,N −Λ〈q

′L′ΛL′ νn′v′N ′ s′ΦΛ′

n′ |X̂ΛeΠeS |Φ−Λ
n s νnvN qLΛL〉

+ π′π(−1)N
′+N+σ′+σCJΛe

L′Λ′
L,N

′−Λ′C
JΛe
LΛL,N −Λ

× 〈q′L′ΛL′ νn′v′N ′ s′Φ−Λ′

n′ |X̂ΛeΠeS |Φ−Λ
n s νnvN qLΛL〉

]
. (11.61)
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For the scattering amplitude in an adiabatic calculation this translates to:

FJSnfvfNfLf ,niviNiLi(qf , qi) =
N̂fN̂ii

Li−Lf√
2(1 + δΛf ,0)

√
2(1 + δΛi,0)

1

Ĵ 2

∑
ΛeΠe

∑
ΛLfΛLi

(11.62)

×
[
CJΛe
LfΛLf ,NfΛf

CJΛe
LiΛLi ,NiΛi

FΛeΠeS
nf (Λf )vfLfΛLf ,ni(Λi)viLiΛLi

+ πf (−1)Nf+σfCJΛe
LfΛLf ,Nf −Λf

CJΛe
LiΛLi ,NiΛi

FΛeΠeS
nf (−Λf )vfLfΛLf ,ni(Λi)viLiΛLi

+ πi(−1)Ni+σiCJΛe
LfΛLf ,NfΛf

CJΛe
LiΛLi ,Ni−Λi

FΛeΠeS
nf (Λf )vfLfΛLf ,ni(−Λi)viLiΛLi

+ πfπi(−1)Nf+Ni+σf+σiCJΛe
LfΛLf ,Nf −Λf

CJΛe
LiΛLi ,Ni−Λi

FΛeΠeS
nf (−Λf )vfLfΛLf ,ni(−Λi)viLiΛLi

]
.

11.7 Procedures for calculating

rotationally-resolved cross sections

Rotationally-resolved cross sections can be obtained from three different types of

calculations:

Rovibronic close-coupling

If a fully rovibronic close-coupling calculation is performed, then the lab-frame

scattering amplitudes will be obtained by solving the Lippmann-Schwinger equa-

tion for the reduced T -matrix elements:

〈qfLf Φnf sf νnfvfNf Nf πf ||T̂JΠS ||Φni si νniviNi Ni πi qiLi〉

= 〈qfLf Φnf sf νnfvfNf Nf πf ||V̂JΠS ||Φni si νniviNi Ni πi qiLi〉

+
∑
nvN

∑
L

∞̂

0

〈qfLf Φnf sf νnfvfNf Nf πf ||V̂JΠS ||Φn sn νnvN N π qL〉G(+)
nvN(q)

× 〈qLΦn sn νnvN N π||T̂JΠS ||Φni si νniviNi Ni πi qiLi〉 dq, (11.63)

where the reduced V -matrix elements are obtained using Eq. (11.61). The re-

duced T -matrix elements are then substituted into Eq. (11.17) to obtain the

lab-frame amplitudes.
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Vibrational-electronic molecular convergent close-coupling

Calculations can be performed using vibrational-electronic molecular convergent

close-coupling (VE MCCC) with an adiabatic treatment of the rotational motion.

In this case, the VE MCCC body-frame partial-wave vibronic scattering ampli-

tudes are used in Eq. (11.62) to obtain the lab-frame amplitudes. Since there is

no dependence on rotational levels in the VE MCCC calculations, the vibrational

wave functions in this approach cannot depend on N .

Fully adiabatic-nuclei calculation

With both rotational and vibrational motion treated adiabatically, the vibronic

body-frame amplitudes in Eq. (11.62) are obtained from adiabatic-nuclei calcula-

tions using fixed-nuclei scattering amplitudes calculated over a range of internu-

clear separations. In this case the vibrational wave functions can be calculated

separately for each rotational level N .

Fixed-nuclei calculation

The fixed-nuclei T -matrix element evaluated at the mean internuclear separation

Rm approximates the adiabatic-nuclei T -matrix element for the vi → vi transition:

T (Rm) ≈ 〈νnivi |T (R)|νnivi〉, (11.64)

and hence rotationally-resolved cross sections where the target remains in the

ground electronic and vibrational level can be obtained using only fixed-nuclei

body-frame T -matrix elements.

Once the lab-frame partial-wave scattering amplitudes are obtained using

one of the above four approaches, they can be substituted into any of the cross-

section formulas presented throughout the chapter.
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11.8 Chapter 11 summary

This chapter has presented derivations of rovibrationally-resolved cross sections

suitable for direct application with R-dependent scattering amplitudes obtained

from MCCC calculations. A fully-adiabatic implementation of these formulas

will be utilised in Chapter 12 in a study of Fulcher-α polarisation. Future work

may be directed towards the inclusion of rotational levels in the MCCC close-

coupling expansion, in the same way that vibrational levels were included in the

VE MCCC method. In this case, the definitions made in this chapter will be of

use.



Chapter 12

Linear polarisation fractions of

Fulcher-α fluorescence in electron

collisions with H2

Measurements of collisionally-induced fluorescence can reveal features of the col-

lision dynamics not probed in standard scattering experiments, and hence pro-

vide some of the most sensitive tests of quantum-mechanical scattering theories.

With the considerable progress made in computational methods over the past few

decades, it is now commonplace to see outstanding agreement between measured

and calculated Stokes parameters for scattering on atomic targets. However, in

the case of molecular targets, both measurements and calculations of Stokes pa-

rameters are rare, and previous studies have not shown satisfactory agreement

between the two.

For low-temperature hydrogen plasmas, the H2 Fulcher-α (d 3Πu → a 3Σ+
g )

band is of particular interest in optical emission spectroscopy as a diagnostic

tool [274], and has therefore attracted much attention from both theorists and

experimentalists. The most recent measurements are due to Maseberg et al.

[275], who measured the linear and circular polarisation fractions of Fulcher-α

fluorescence following spin-polarised electron collisions with ortho-H2. The novel

aspect of these results is the behaviour of the linear polarisation fraction, which

reaches negative values at near-threshold energies, in contrast to the only previous

calculations [270], which predicted the opposite near-threshold behaviour for the

Q(1) transition.

In this chapter, the rotationally-resolved MCCC theory outlined in Chap-
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ter 11 is applied using the existing body-frame scattering amplitudes from the

MCCC(210) model described in Chapter 8 to calculate rovibrationally-resolved

cross sections for the electron-impactX 1Σ+
g → d 3Πu transition, and subsequently

calculate the linear polarisation fractions P1 for the Fulcher-α fluorescence. Some

sections contain text or figures from published work by the candidate [3]. The

publisher (the American Physical Society) provides the right to use an article or

a portion of an article in a thesis or dissertation without requesting permission.

12.1 Definitions of Fulcher-α transitions

The process of collisionally-induced Fulcher-α fluorescence is illustrated in Fig. 12.1.

The labelling of rotational levels is according to Hund’s case (b) [145]. The H2

molecule is initially in the ground electronic state with vibrational and rotational

levels vi and Ni, and is excited via electron impact to the d 3Πu state with vibra-

tional and rotational levels vf and Nf . After a short time, a photon is released

and the molecule decays into the a 3Σ+
g state. We assume the vibrational level

is unchanged, to allow comparison with the measurements of [275] where the

same assumption was made, and denote by N the rotational level produced in

the a 3Σ+
g state. The Fulcher-α transitions measured by Maseberg et al. [275],

X 1Σ+
g (vi, Ni)

C
ol

lis
io

na
l
ex

ci
ta

ti
on

d 3Πu(vf , Nf )

a 3Σ+
g (vf , N)

R
adiative

decay

Figure 12.1: Illustration of the excitation and decay processes involved

in collisionally-induced Fulcher-α fluorescence.

which are considered here, are Q(1), R(1), and Q(3). These notations are defined

in Table 12.1.
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Table 12.1: Definitions of the notation for Fulcher-α radiative transitions.

Notation Transition

Q(N): d 3Π−u (vf , N) → a 3Σ+
g (vf , N)

R(N): d 3Π+
u (vf , N + 1) → a 3Σ+

g (vf , N)

12.2 Derivation of polarisation-fraction

formulas

This section presents derivations of the formulas required to obtain the linear

polarisation fractions for the transitions listed in Table 12.1. The formulas were

previously presented by Maseberg et al. [275], but during the course of this project

it became apparent that there are some errors in the expressions presented there.

Hence, they are derived here.

Following Eq. (7.100d) of Blum [276] the linear polarisation fraction P1 for

the transition N → N1 is given by

P1 =

(−1)N+N1
√

2N + 1

 1 1 2

N N N1


(

3

2

)3/2

A20(N)

1 +
3(−1)N+N1

2
√

6

√
2N + 1

 1 1 2

N N N1

A20(N)

, (12.1)

where A20 is the relative alignment parameter:

A20(N) ≡ 〈T20(N)†〉
〈T00(N)〉

, (12.2)

and 〈TKQ(N)〉 are the multipole moments. Defining

C1(N,N1) ≡ (−1)N+N1
√

2N + 1

 1 1 2

N N N1


(

3

2

)3/2

(12.3)

C2(N,N1) ≡ 3(−1)N+N1

2
√

6

√
2N + 1

 1 1 2

N N N1

 , (12.4)
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Eq. (12.1) can be written more succinctly as

P1 =
C1(N,N1)A20(N)

1 + C2(N,N1)A20(N)
. (12.5)

Regardless of the transition, the ratio between C1 and C2 is always

C1(N,N1)

C2(N,N1)
=

√
3

2
·
√

6 = 3. (12.6)

According to Maseberg et al. [275], the multipole moments 〈T 〉 should be

replaced by time-averaged multipole moments 〈T 〉:

〈T †KQ(N)〉 =
∑

K′Q′k′q′

〈T †K′Q′(N)〉〈t†k′q′〉G
Q′q′Q
K′k′K(N), (12.7)

where 〈t†k′q′〉 are the multipole moments of the electronic spin, and GQ′q′Q
K′k′K(N) are

the generalised perturbation coefficients which account for the fine- and hyperfine-

structure depolarisation effects. In the present case, Eq. (12.7) collapses to:

〈T †00(N)〉 = 〈T †00(N)〉〈t†00(N)〉G000
000 (12.8)

〈T †20(N)〉 = 〈T †20(N)〉〈t†00(N)〉G000
202. (12.9)

Therefore the relative alignment parameters should be replaced with

A20(N) =
〈T †20(N)〉
〈T †00(N)〉

=
G000

202(N)

G000
000(N)

〈T (N)†20〉
〈T (N)00〉

=
G000

202(N)

G000
000(N)

A20(N). (12.10)

Now defining

C1(N,N1) ≡ G000
202(N)

G000
000(N)

(−1)N+N1
√

2N + 1

 1 1 2

N N N1


(

3

2

)3/2

(12.11)

C2(N,N1) ≡ G000
202(N)

G000
000(N)

3(−1)N+N1

2
√

6

√
2N + 1

 1 1 2

N N N1

 , (12.12)

the linear polarisation fraction is given by

P1 =
C1(N,N1)A20(N)

1 + C2(N,N1)A20(N)
. (12.13)
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The generalised perturbation coefficients given by Maseberg et al. [275] are:

GQ′q′Q
K′k′K(N)

=

√
(2K ′ + 1)(2k′ + 1)(2K + 1)

(2S + 1)(2I + 1)2

∑
J

(−1)N−S−J−Q(2J + 1)2

K ′ k′ K

Q′ q′ −Q



×

 N J S

J N K




N S K

N S K

K ′ k′ K


∑
F

(2F + 1)2

 F F K

J J I


2

, (12.14)

where S and I are the target electronic and nuclear spins, respectively. However,

there is a typo in the 9-j symbol, and inspection of Eq. (26) from Bartschat et al.

[277] suggests it should instead be

GQ′q′Q
K′k′K(N)

=

√
(2K ′ + 1)(2k′ + 1)(2K + 1)

(2S + 1)(2I + 1)2

∑
J

(−1)N−S−J−Q(2J + 1)2

K ′ k′ K

Q′ q′ −Q



×

 N J S

J N K




N S J

N S J

K ′ k′ K


∑
F

(2F + 1)2

 F F K

J J I


2

.

(12.15)

Simplifying Eq. (12.15) for the case where Q′ = q′ = Q = k′ = 0 and K ′ = K, and

applying Eqs. (B.26) and (B.31), the perturbation coefficients can be expressed

as

G000
K0K(N) =

1

(2S + 1)(2I + 1)

N+S∑
J=|N−S|

(2J + 1)2

 N N K

J J S


2

×
J+I∑

F=|J−I|

(2F + 1)2

 F F K

J J I


2

.

(12.16)

This is equivalent to Eq. (4.135) in Blum [276] (once Blum’s Eq. (4.135) is time-

averaged). The sum over J and first 6-j symbol are responsible for the fine-
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structure contribution to the depolarisation, while the sum over F and second

6-j symbol are responsible for the hyperfine-structure contribution. The effects of

including both, just fine-structure, or neither can be compared by setting I = 0

(to remove hyperfine-structure effects) or S = 0 (to remove fine-structure effects).

Now we evaluate Eq. (12.16) for K = 0. Applying Eq. (B.30) to evaluate

the 6-j symbols with K = 0, we have

G000
000 =

1

(2S + 1)(2I + 1)(2N + 1)

N+S∑
J=|N−S|

J+I∑
F=|J−I|

(2F + 1)

=
1

(2S + 1)(2I + 1)(2N + 1)

N+S∑
J=|N−S|

(2J + 1)(2I + 1)

=
1

(2S + 1)(2N + 1)
(2N + 1)(2S + 1)

= 1. (12.17)

The linear polarisation fraction formulas obtained using Eqs. (12.11)–(12.13),

(12.16), and (12.17) are presented in Table 12.2.

Table 12.2: Formulas for the linear polarisation fractions of the Q(1),

R(1), and Q(3) transitions, without depolarisation, with fine-structure (FS)

depolarisation, and with fine- and hyperfine-structure (HFS) depolarisa-

tion.

No depolarisation FS depolarisation FS + HFS depolarisation

Q(1):
0.530A20(1)

1 + 0.177A20(1)

0.147A20(1)

1 + 0.049A20(1)

0.061A20(1)

1 + 0.020A20(1)

R(1):
−0.627A20(2)

1− 0.209A20(2)

−0.297A20(2)

1− 0.099A20(2)

−0.178A20(2)

1− 0.059A20(2)

Q(3):
0.650A20(3)

1 + 0.217A20(3)

0.456A20(3)

1 + 0.152A20(3)

0.321A20(3)

1 + 0.107A20(3)
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12.3 Calculation details

Following definitions in Blum [276] and Maseberg et al. [275], the relative align-

ment parameters are given by

A20(1) =
√

2(σ1 − σ0)/σ(N = 1) (12.18)

A20(2) =
√

10/7(2σ2 − σ1 − σ0)/σ(N = 2) (12.19)

A20(3) =
√

1/3(5σ3 − 3σ1 − 2σ0)/σ(N = 3), (12.20)

where σmNf are the cross sections for excitation of the rotational sublevel mNf in

the rotational level Nf , and σ(Nf ) is the total cross section for final rotational

level Nf . In this work, all cross sections are summed over initial rotational levels

Ni and sublevels mNi in the X 1Σ+
g state assuming a Boltzmann distribution at

300 K to allow comparison with the experimental data of Maseberg et al. [275]:

σmNf [nfvfNf←nivi] =
∑
NimNi

pNi σnfvfNfmNf ,niviNimNi (12.21)

σ(Nf )[nfvf←nivi] =
∑
mNf

σmNf [nfvfNf←nivi], (12.22)

where pNi are the Boltzmann weights, vf is the vibrational level in the electronic

state nf (d 3Πu), and vi is the vibrational level in the electronic state ni (X 1Σ+
g ).

At 300K the excited initial vibrational levels vi > 0 are essentially unpopulated.

In this work we consider scattering on ortho-H2 (nuclear spin I = 1), which has

only odd N in the X 1Σ+
g state. Assuming the nuclear spin is unchanged during

the collision, the restriction of I = 1 allows us to associate odd Nf in the d 3Πu

state with the d 3Π−u branch and even Nf with the d 3Π+
u branch.

The vibrational wave functions used here were obtained in the same way

as described in Sec. 7.1, but with the inclusion of the centrifugal term in the

vibrational kinetic-energy operator to allow the wave functions to depend properly

on the rotational level. The Laguerre basis and matrix elements for this case are

given in Appendix C.
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12.4 Results

Fig. 12.2 presents the MCCC P1 fractions for the Q(1), R(1), and Q(3) branches.

Calculations have been performed for excitation of the vf = 0 and vf = 2 vibra-
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Figure 12.2: Linear polarisation fraction for the Q(1), R(1), and Q(3)

branches in the Fulcher-α band, following electron collisions with ortho-

H2(X 1Σ+
g ). Comparisons are made with the measurements of Maseberg

et al. [275], McConkey et al. [278], Baltayan and Nedelec [279], and Cahill

et al. [280], and the calculations of Meneses et al. [270].
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tional levels in the d 3Πu state, with essentially no difference between the two for

the Q(1) and R(1) transitions, and only a small difference at low energies for the

Q(3) transition. Since the measurements of Maseberg et al. [275] include only

vf = 2 for R(1) and Q(3), the vf = 0 results for these transitions are not presented

for clarity. It is worth noting that the d 3Πu vibrational levels considered here

are not affected by predissociation into the a 3Σ+
g continuum [281]. The MCCC

results reproduce the near-threshold behaviour seen in the Q(1) measurements of

Maseberg et al. [275], in contrast to the calculations of Meneses et al. [270] that

predicted the opposite threshold behaviour. Quantitatively, the MCCC results

are somewhat lower than the measurements of Maseberg et al. [275] above 16 eV,

with the exception of one point at 26.5 eV, where the measured P1 fraction for

vf = 2 drops slightly below the MCCC line. At higher energies, the present results

appear to converge to the distorted-wave results of Meneses et al. [270], and are

in agreement with the single data point of Baltayan and Nedelec [279] at 35 eV.

The incorrect near-threshold energy dependence predicted by Meneses et al. [270]

is likely due to the application of a high-energy approximation (distorted wave)

at low incident energies, where it is not accurate. Although the distorted-wave

calculations were performed with vf = 1 only, we have confirmed that the MCCC

results for the Q(1) transition with vf = 1 are similar to those for vf = 0 and 2,

ensuring that the comparison between the two theoretical methods is valid. For

the R(1) and Q(3) branches, no previous calculations have been attempted, and

measurements have only been reported by Maseberg et al. [275]. The agreement

between the present results and the measurements for R(1) is better than for the

Q(1) branch, with the MCCC lines passing through the majority of the exper-

imental data points. There is also satisfactory agreement for the Q(3) branch,

although there appears to be a systematic shift in the calculated values towards

the upper limit of the error bars for most experimental points. The reason for

this, and for the opposite trend in the Q(1) results, is not clear at this point.
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12.5 Chapter 12 summary

The good agreement between the MCCC calculations and the most recent mea-

surements [275] of the Fulcher-α P1 fractions is satisfying for three reasons.

Firstly, it is a verification of the novel threshold behaviour observed in the exper-

iment, which is unique to molecular targets due to the more complex threshold

dynamics than that seen in atomic targets. Secondly, it is a demonstration that

the MCCC method is capable of satisfying one of the most sensitive tests of a

quantum-mechanical scattering theory. Cross-section measurements for this scat-

tering system are rare, and for many transitions the only argument for the accu-

racy of the MCCC calculations has been the demonstration of convergence [93].

For the X 1Σ+
g → d 3Πu transition, the MCCC results have now also been val-

idated by experiment. Finally, information of the Stokes parameters is vital in

plasma polarisation spectroscopy [282], and the present work demonstrates that

the MCCC method is capable of providing the necessary data for this diagnostic

tool.
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Conclusions and future work

13.1 Summary

This thesis has presented extensive studies of electron collisions with the H2

molecule and its isotopologues using the molecular convergent close-coupling

(MCCC) method. The particular focus has been on the incorporation of nuclear

motion in the calculations, with the application of the well-known adiabatic-nuclei

approximation to generate large sets of collision data, and the development of a

new MCCC implementation in which the vibrational motion is treated without

invoking the adiabatic-nuclei approximation.

The work presented in this thesis has been reported at numerous interna-

tional conferences, including ICPEAC (2019), POSMOL (2019) GEC (2018, 2020,

2021), ICAMDATA (2018), GEM (2018), and the 2021 International Atomic En-

ergy Agency (IAEA) Technical Meeting on CR properties of W and Hydrogen in

Edge Plasmas. The data are hosted on the IAEA HCDB database for fusion en-

ergy research (db-amdis.org/hcdb), the LXCat database (lxcat.net/CCC), and

on a dedicated MCCC database designed by the candidate during this project

(mccc-db.org).

13.1.1 Adiabatic-nuclei calculations for scattering on the

X 1Σ+
g state

The spheroidal-coordinate implementation [202] of the MCCC method has been

utilised to produce accurate fixed-nuclei cross sections for excitation of the n = 2–

3 electronic states of H2 over the range of internuclear separations spanned by

db-amdis.org/hcdb
lxcat.net/CCC
mccc-db.org
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the X 1Σ+
g vibrational levels. The convergence of the cross sections was ver-

ified by comparison [10] with the rigorous convergence studies for this system

performed previously with the spherical-coordinate MCCC implementation [87,

91, 93, 201]. A post-processing code was written in Fortran 90 to calculate di-

atomic vibrational wave functions, read R-dependent electronic collision data,

and perform the adiabatic-nuclei calculations. The “energy-balancing” modifi-

cation to the adiabatic-nuclei approximation developed by Stibbe and Tennyson

[71] was found to be a reliable method to correct unphysical behaviour in the

vibrationally-resolved cross sections due to the violation of energy conservation

at near-threshold energies, and was applied in all adiabatic-nuclei calculations.

In total, cross sections for more than 60,000 collisionally-induced transitions

in H2 and its five isotopologues (HD, D2, HT, DT, and T2) were produced [6,

7]. These data were applied in studies of vibrational excitation via electronic

excitation and radiative decay [13], and dissociation of vibrationally-excited H2

into all neutral fragments [12]. The important cross sections for dissociative

excitation of vibrationally-excited and isotopically-substituted H2 through the

repulsive b 3Σ+
u state were compared with the previous R-matrix calculations

recommended in the literature [72–74], with substantial discrepancies found. The

theory of dissociation derived in Refs. [72–74] was found to suffer from a number

of errors, which resulted in an incorrect dependence on the initial vibrational

level, and erroneously predicted a scaling of the cross sections with isotopic mass.

The derivation was corrected [4] and found to produce the standard equations for

dissociative excitation, which were applied in the MCCC calculations.

Through a collaboration with the Max-Planck Institute for Plasma Physics

in Garching, Germany, the H2 data produced during this project was applied in a

collisional-radiative model for the triplet system of H2, with comparisons made of

the predicted state-population densities obtained using MCCC data or previously

recommended data from the literature [139, 140]. The collisional-radiative model

with MCCC data as input was found to produce results in much better agreement

with measured population densities.
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13.1.2 Scattering on excited electronic states of H2

Convergence studies were performed for electron scattering on the non-dissociative

n = 2 excited states of H2 (B 1Σ+
u , a 3Σ+

g , c 3Πu, C
1Πu, and EF 1Σ+

g ). Conver-

gence was established with respect to both the projectile and target expansions.

The importance of coupling to the ionisation continuum was found to be much

smaller in this case than it is for scattering on the X 1Σ+
g state, but the projectile

partial-wave convergence was substantially slower. Even utilising the analytic

Born completion method, partial waves up to L = 20 had to be included in

the close-coupling calculations in order to achieve convergence in all transitions.

Adiabatic-nuclei cross sections for scattering on the vi = 0 vibrational level of

each electronic state were obtained, for excitation of all n = 1–3 states, elastic

scattering, and ionisation. Comparison with state-of-the-art R-matrix calcula-

tions [116], which included partial waves up to L = 6 and did not utilise an-

alytic Born completion, showed excellent agreement between the two methods

for the spin-exchange transitions and most spin-allowed dipole-forbidden transi-

tions. However, a lack of partial-wave convergence in the R-matrix calculations

for the dipole-allowed transitions resulted in substantial errors compared to the

converged MCCC cross sections.

The MCCC calculations for scattering on excited electronic states proved vi-

tal for the collaborative collisional-radiative project mentioned above. For most

of the transitions there were no previous attempts at even approximate calcula-

tions, so the modelling community had no option but to crudely infer the cross

sections from atomic data. As shown in Ref. [8], there are deviations up to an or-

der of magnitude between rate coefficients obtained using cross sections inferred

from atomic data compared to those obtained using the accurate MCCC cross

sections.

13.1.3 Vibrational-electronic molecular convergent

close-coupling method

The adiabatic-nuclei approximation is well-known to break down at near-threshold

energies and at resonances. For some resonant transitions, such as the important
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dissociative attachment processes, it is impossible to obtain even an approxi-

mate cross section using the adiabatic-nuclei approximation. A grand goal of the

MCCC project, which extends well beyond the scope of this PhD, is to have an

MCCC implementation in which all molecular scattering processes are treated on

the same footing, and without the use of the adiabatic-nuclei approximation. As

a first step in this direction, a new code has been developed in Fortran 90 which

includes both electronic and vibrational levels in the close-coupling expansion. To

demonstrate the abilities of the new vibrational-electronic molecular convergent

close-coupling (VE MCCC) method, e−-H2 cross sections have been calculated

in the 10–14 eV incident energy region, where there are a number of well-known

resonances (states of the negative H−2 ion). The VE MCCC calculations produce

detailed resonance structures in the calculated cross sections for excitation of the

X 1Σ+
g , b 3Σ+

u , and B 1Σ+
u states from the X 1Σ+

g , which are in good agreement

with measured or calculated resonance positions available in the literature. A

hybrid OpenMP-MPI parallelism scheme has been implemented to distribute the

VE MCCC calculations over many supercomputer nodes, with the calculations

performed here consisting of ≈ 2200 scattering channels and requiring ≈ 420 GB

of memory per energy. Substantial attention has been paid to optimising the

computational efficiency, and the MAP profiler from the ARM debug and profile

suite was utilised to identify and resolve bottlenecks. As a result, the calculations

are not prohibitively expensive to run, allowing the detailed studies of resonances

to be performed.

13.1.4 Rotationally-resolved scattering

Expressions for rotationally-resolved cross sections within the MCCC conventions

were performed by the candidate, and implemented in the adiabatic-nuclei code

by Una Rehill as part of her Honours research project under the candidate’s

supervision. Results for rovibrational excitation of the H2 X 1Σ+
g state have

been produced by Rehill, and will be presented in a paper currently in prepara-

tion [283]. These results have already been adopted in a study of the cosmic-ray

ionisation rate in molecular clouds [284].

The candidate has performed studies of the Fulcher-α fluorescence linear
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polarisation fractions, utilising MCCC calculations of rotationally-resolved cross

sections for the X 1Σ+
g → d 3Πu transition. Measurements of the Q(1), R(1),

and Q(3) linear polarisation fractions were performed within the past decade by

Maseberg et al. [275], however only one previous calculation has been attempted.

The measurements demonstrated novel threshold behaviour of the linear polari-

sation fractions which were in stark contrast to the previous theoretical predic-

tions. However, the MCCC calculations were found to reproduce the threshold

behaviour seen in experiment, and are in overall good agreement with the mea-

sured values.

13.2 Conclusions

The data produced during this project represent the most comprehensive and

accurate cross sections for the e−-H2 scattering system ever produced, and they

will have immediate use in a variety of applications. The methods and codes de-

veloped during this project will all be applicable to whichever diatomic molecules

the MCCC method is applied to in the future, allowing similarly large datasets

to be produced. Although alternative methods exist for studying electron colli-

sions with molecules much more complex than H2, none have proven capable of

producing data as comprehensive or as accurate as the MCCC method, even for

a target as simple as H2. The aim of the MCCC project is to focus on molecules

which can be treated as quasi one- and two-electron targets, and to apply the

highest standards of rigour in verifying the accuracy of the calculated collision

data to serve as benchmarks for other methods and various approximations. This

approach has proven successful in the atomic CCC project, and in the MCCC

project for the H2 and H+
2 molecules, demonstrating a need in the community for

accurate data. We have still only seen the beginning of what the MCCC method

is capable of, and in the coming years and decades, as supercomputing resources

continue to improve and evolve, there will be no shortage of interesting work to

do.
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13.3 Future work

The next steps in the MCCC project will be focused towards application of the

electronic scattering codes to more complex diatomic molecules, and the extension

of the VE MCCC code to treat dissociative attachment and efficiently include the

effects of coupling to ionisation channels. Both will require modification of the

codes to support GPU acceleration in order to allow much larger calculations to

be performed efficiently. GPU acceleration has already been implemented in the

electron-atom and heavy-particle scattering CCC codes [285, 286], resulting in

1–2 orders of magnitude speed-up in the calculations. The similar structure of all

CCC codes suggests that a similar improvement could be achieved in the MCCC

method.

The HeH+ molecule is the natural next target to apply the MCCC method

to, as it is a two-electron target. Beyond this, the MCCC method will be applied

to scattering systems dominated by one- and two-electron excitations, for which

the target can be modelled by two electrons above a frozen Hartree-Fock core.

This approach has been adopted with success in the atomic CCC method to

allow studies of electron and positron collisions with quasi one- and two-electron

atoms [190].

The extension of the VE MCCC method to study dissociative attachment

will require the explicit inclusion of dissociative-attachment channels in the close-

coupling expansion. This is conceptually similar to the two-centre close coupling

method for positron scattering on atoms [194, 203], which includes a second

expansion in terms of positronium states in order to account for the positronium-

formation rearrangement process. This extension of the VE MCCC method would

allow for explicit coupling between nonresonant excitation, resonant excitation,

and dissociative attachment in a single calculation, with self-consistent cross sec-

tions produced for all processes.
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Appendix A

Special functions and expansions

A.1 Kronecker delta function

The Kronecker delta function is a piecewise function of two integer arguments,

defined by

δij =

 0, i 6= j

1, i = j
. (A.1)

A.2 Dirac delta function

The Dirac delta function is a generalised function which, loosely speaking, is equal

to zero every where but the origin, and has an integral over the real line equal to

unity. It can be defined as the limit of a normalised Gaussian distribution as the

standard deviation tends to zero:

δ(x) = lim
σ→0

1

σ
√

2π
e−

1
2(xσ )

2

. (A.2)

The Dirac delta function satisfies

∞̂

−∞

f(x)δ(x− x0) dx = f(x0). (A.3)

The generalisation to higher dimensions is trivial, e.g. in three dimensions:

δ(r − r0) = δ(x− x0)δ(y − y0)δ(z − z0) (A.4)
˚

R3

f(r)δ(r − r0) dr = f(r0). (A.5)
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A.3 Laguerre polynomials

The Laguerre polynomials Ln(x) are the solutions on the interval [0,∞) to La-

guerre’s differential equation:[
x

d2

dx2
+ (1− x)

d

dx
+ n

]
Ln(x) = 0. (A.6)

The solutions Lαn(x) to the associated equation (for α ∈ R)[
x

d2

dx2
+ (1 + α− x)

d

dx
+ n

]
Lαn(x) = 0 (A.7)

are known as the associated Laguerre polynomials. The standard Laguerre poly-

nomials are the special case of the associated Laguerre polynomials with α = 0.

Being the solution of a Sturm-Liouville problem, the Laguerre polynomials

are orthogonal, with a weight function of xαe−x:

∞̂

0

Lαn(x)Lαm(x)xαe−x dx =
Γ(n+ α + 1)

n!
δnm. (A.8)

The first two associated Laguerre polynomials are

Lα0 (x) = 1 (A.9)

Lα1 (x) = −x+ (α + 1), (A.10)

after which the remaining polynomials can be generated using the following

second-order recurrence relation:

Lαn(x) =
(2n+ α− 1− x)Lαn−1(x)− (n+ α− 1)Lαn−2(x)

n
. (A.11)

The Laguerre polynomials also satisfy the following useful identity:

Lαn(x) = Lα+1
n (x)− Lα+1

n−1(x). (A.12)
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A.4 Legendre polynomials

The Legendre polynomials are the solutions on the interval [−1, 1] of Legendre’s

differential equation:[
(1− x2)

d2

dx2
− 2x

d

dx
+ n(n+ 1)

]
Pn(x) = 0. (A.13)

This is also a Sturm-Liouville problem, with a weight function of 1. The Legendre

polynomials then satisfy

1ˆ

−1

Pn(x)Pm(x) dx =
2

2n+ 1
δnm. (A.14)

The Legendre polynomials have definite parity given by (−1)n:

Pn(−x) = (−1)nPn(x). (A.15)

The first polynomial P0(x) is simply equal to unity, which along with the orthog-

onality property gives the following useful identity:

∞̂

−∞

Pn(x) = δn,0. (A.16)

The following identity will also be useful later in Sec. A.7:

1ˆ

−1

xnPn(x) dx =
2n+1n!n!

(2n+ 1)!
. (A.17)

A.5 Bessel functions

The Bessel functions of the first kind, Jα(x), are the regular solutions on the

interval [0,∞) of Bessel’s differential equation (for α ∈ C):[
x2 d2

dx2
+ x

d

dx
+ (x2 − α2)

]
Jα(x) = 0. (A.18)
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The spherical Bessel functions are the solutions to the similar equation (for

n ∈ Z≥0): [
x2 d2

dx2
+ 2x

d

dx
+ (x2 − n(n+ 1))

]
jn(x) = 0, (A.19)

and are so-called because they arise when solving the Helmholtz equation in

spherical coordinates. They are related to the standard Bessel functions by

jn(x) =

√
π

2x
J
n+

1
2
(x). (A.20)

The Ricatti-Bessel functions

Sn(x) = xjn(x) (A.21)

are the solutions to [
d2

dx2
− n(n+ 1)

x2
+ 1

]
jn(x) = 0. (A.22)

The Schrödinger equation for a free electron with momentum k is[
d2

dr2
− `(`+ 1)

r2
+ k2

]
u`(r; l) = 0, (A.23)

which can be put in the form of Eq. (A.22) by dividing through by k2 and defining

x = kr. Hence the free-electron continuum waves are given by the Ricatti-Bessel

functions:

u`(r; k) = S`(kr). (A.24)

A.6 Spherical harmonics

The spherical harmonics Y m
` (θ, φ) are the solutions to the angular part of Laplace’s

equation in spherical coordinates:

1

sin θ

∂

∂θ

(
sin θ

∂Y m
`

∂θ

)
+

1

sin2 θ

∂2Y m
`

∂φ2
= −`(`+ 1)Y m

` . (A.25)
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They can be expressed in terms of the Legendre polynomials:

Y m
` (θ, φ) =

√
ˆ̀2

4π

(`−m)!

(`+m)!
Pm
` (cos θ)eimφ (A.26)

Y 0
` (θ, φ) =

ˆ̀
√

4π
P`(cos θ), , (A.27)

where ˆ̀=
√

2`+ 1, and hence they too have definite parity:

Y m
` (−θ, φ) = (−1)mY m

` (θ, φ). (A.28)

In this thesis, the following notation is commonly used:

Y m
` (Ω̂) = Y m

` (θΩ̂, φΩ̂), (A.29)

where θΩ̂ and φΩ̂ are the angles associated with the unit vector Ω̂.

The spherical harmonics satisfy the following identities:

• Symmetry properties

Y m∗
` (Ω̂) = (−1)mY −m` (Ω̂) (complex conjugation) (A.30)

Y −m` (Ω̂) = (−1)−mY m∗
` (Ω̂) (sign reversal of m) (A.31)

• Completeness

∑
`m

Y m∗
` (Ω̂1)Y m

` (Ω̂2) =
∑
`m

〈Ω̂1|`m〉〈`m|Ω̂2〉 = 〈Ω̂1|Ω̂2〉 = δ(Ω̂1 − Ω̂2)

(A.32)

• Orthogonality

¨

R2

Y m∗
` (Ω̂)Y m′

`′ (Ω̂) dΩ̂ =

¨

R2

〈`m|Ω̂〉〈Ω̂|`′m′〉 dΩ̂ = 〈`m|`′m′〉 = δ``′δmm′

(A.33)



292 Appendix A. Special functions and expansions

• Addition

∑̀
m=−`

Y m∗
` (Ω̂1)Y m

` (Ω̂2) =
ˆ̀2

4π
P`(Ω̂1 · Ω̂2) (A.34)

∑̀
m=−`

Y m∗
` (Ω̂)Y m

` (Ω̂) =
ˆ̀2

4π
(A.35)

• Contraction

Y m1
`1

(Ω̂)Y m2
`2

(Ω̂) =
∑
LM

ˆ̀
1
ˆ̀
2√

4πL̂
CL0
l10,l20C

LM
l1m1,l2m2

Y M
L (Ω̂), (A.36)

where CLM
`1m1,`2m2

are the Clebsch-Gordan coefficients.

A.7 Plane-wave expansion in spherical

harmonics

The plane wave |k〉 with momentum k is the solution to the Schrödinger equation

with zero potential

∇2|k〉+ k2|k〉 = 0. (A.37)

The coordinate-space representation of the three-dimensional plane wave |k〉 with

momentum k is

〈r|k〉 =
1

(2π)3/2
eik·r, (A.38)

where the (2π)−3/2 factor is included to give the following normalisation:

〈k′|k〉 = δ(k′ − k). (A.39)

The plane wave can be expanded in the spherical harmonics by inserting the

identity operator Î =
∑

`m |`m〉〈`m| to give

〈r|k〉 =
∑
`m

〈r|`m〉〈`m|k〉 (A.40)

=
∑
`m

〈r̂|`m〉〈r`m|k`m〉〈`m|k̂〉 (A.41)

=
∑
`m

〈r`m|k`m〉Y m
` (r̂)Y m∗

` (k̂), (A.42)
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where 〈r`m|k`m〉 is some `- and m-dependent function of r and k to be deter-

mined. From experience seeking separable solutions to the Schrödinger equation,

we know it is most convenient to solve for the radial function multiplied by the

radial coordinate. Since the plane waves have symmetric dependence on r and k

it is then reasonable to define

f`m(r, k) = kr〈r`m|k`m〉, (A.43)

so that

〈r|k〉 =
1

kr

∑
`m

f`m(k, r)Y m
` (r̂)Y m∗

` (k̂). (A.44)

Now expressing the Laplacian operator in terms of the orbital angular momentum

operator L̂
2
:

∇2 =
1

r

∂2

∂r2
(r · )− L̂

2

r2
, (A.45)

and noting that Y m
` (r̂) is eigenfunction of L̂

2
with eigenvalue `(`+ 1) we have for

each `m:[
1

r

∂2

∂r2
(r · )− `(`+ 1)

r2
+ k2

]
1

kr
f`m(r, k)Y m

` (r̂)Y m∗
` (k̂) = 0 (A.46)[

1

kr

∂2

∂r2
− `(`+ 1)

kr3
+
k

r

]
f`m(r, k) = 0 (A.47)[

∂2

∂r2
− `(`+ 1)

r2
+ k2

]
f`m(r, k) = 0. (A.48)

Hence, following Sec. A.5, the solutions f`m(r, k) are the Ricatti-Bessel functions

(and are therefore independent of m). Including an as-yet unknown normalisation

constant c`, the plane-wave expansion is then given by

〈r|k〉 =
1

kr

∑
`m

c`S`(kr)Y
m
` (r̂)Y m∗

` (k̂). (A.49)

To determine c`, we multiply both sides by Y 0∗
α (r̂), for some arbitrary α ∈ Z≥0,
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and integrate over solid angle:

1

(2π)3/2

ˆ
Y ∗α0(r̂)eik·r dΩ

=
1

kr

∞∑
`=0

∑̀
m=−`

c`S`(kr)

ˆ
Y ∗α0(r̂)Y`m(r̂) dΩ Y ∗`m(k̂), (A.50)

and now using the orthogonality of the spherical harmonics to simplify the right-

hand side:

1

(2π)3/2

ˆ
Y ∗α0(r̂)eik·r dΩ

=
1

kr

∞∑
`=0

∑̀
m=−`

c`S`(kr)δα`δ0mY
∗
`m(k̂) (A.51)

=
1

kr
cαSα(kr)Y ∗α0(k̂). (A.52)

The constants cα are independent of r and k, so the above equation can be

evaluated for kr → 0 to allow simplification. The Ricatti-Bessel functions satisfy

Sα(kr) −−−→
kr→0

2αα!

(2α + 1)!
(kr)α+1, (A.53)

and since the operations lim
kr→∞

and
∂α

∂(kr)α
can be interchanged, we can obtain

the following:

lim
kr→0

∂α

∂(kr)α
1

(2π)3/2

ˆ
Y ∗α0(r̂)eik·r dΩ =

∂α

∂(kr)α
lim
kr→0

1

kr
cαSα(kr)Y ∗α0(k̂) (A.54)

lim
kr→0

1

(2π)3/2

ˆ
Y ∗α0(r̂)(ik̂ · r̂)αeik·r dΩ =

∂α

∂(kr)α
cα

2αα!(kr)α

(2α + 1)!
Y ∗α0(k̂) (A.55)

1

(2π)3/2

ˆ
(ik̂ · r̂)αY ∗α0(r̂) dΩ = cα

2αα!α!

(2α + 1)!
Y ∗α0(k̂). (A.56)

Since the constants c` are independent of k, we can temporarily set k = kẑ (i.e.

align the incident momentum with the z axis), to give

1

(2π)3/2

ˆ
(iẑ · r̂)αY ∗α0(r̂) dΩ = cα

2αα!α!

(2α + 1)!
Y ∗α0(ẑ) (A.57)

iα

(2π)3/2

ˆ
(cos θ)αY ∗α0(r̂) dΩ = cα

2αα!α!

(2α + 1)!

α̂√
4π
, (A.58)
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where we have used Eq. (A.27) to give Yα0(ẑ) = α̂/
√

4πP`(cos 0).

Now we attend to the integral on the left-hand side:

iα

(2π)3/2

ˆ
(cos θ)αY ∗α0(r̂) dΩ =

iα

(2π)3/2

πˆ

0

2πˆ

0

(cos θ)α
α̂√
4π
Pα(cos θ) sin θ dθ dφ

=
2πiα

(2π)3/2

α̂√
4π

1ˆ

−1

(cos θ)αPα(cos θ) d(cos θ), (A.59)

where Pα(cos θ) is a Legendre polynomial. Now using Eq. (A.17) we have

iα√
2π

α̂√
4π

2α+1α!α!

(2α + 1)!
= cα

2αα!α!

(2α + 1)!

α̂√
4π
, (A.60)

finally giving

cα =
2iα√
2π
, (A.61)

and the final form of the plane-wave expansion:

〈r|k〉 =
1

(2π)3/2
eik·r =

√
2

π

1

kr

∞∑
`=0

+∑̀
m=−`

i`S`(kr)Y`m(r̂)Y ∗`m(k̂). (A.62)

Using the addition theorem for the spherical harmonics (A.34), this can be sim-

plified to

〈r|k〉 =
1

(2π)3/2

∞∑
`=0

(2`+ 1)i`j`(kr)P`(k̂ · r̂). (A.63)

In the case where k is aligned with the z axis, this becomes

〈r|k〉 =
1

(2π)3/2

∞∑
`=0

(2`+ 1)i`j`(kr)P`(cos θ), (A.64)

where θ is the azimuthal angle associated with the r vector.



Appendix B

Angular-momentum algebra and

rotations

This chapter lists a number of useful identities which have been utilised in deriva-

tions presented in this thesis, and additional information about rotations of quan-

tum states. Unless specified otherwise, all identities have been taken from Var-

shalovich et al. [287].

B.1 Angular-momentum identities

B.1.1 Clebsch-Gordan coefficients

• Notation

CJM
j1m1,j2m2

≡ 〈j1m1 j2m2|JM〉 (B.1)

• Selection rules

|j1 − j2| ≤ J ≤ j1 + j2 (triangular conditions) (B.2)

m1 +m2 = M (B.3)

j1, j2, J ∈ 1
2
Z≥0 (B.4)

m1,m2,M ∈ 1
2
Z (B.5)

|m1| ≤ j1, |m2| ≤ j2, |M | ≤ J (B.6)

j1 +m1, j2 +m2, J +M ∈ Z≥0 (B.7)
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• Unitarity

∑
m1m2

CJM
j1m1,j2m2

CJ ′M ′

j1m1,j2m2
= δJJ ′δMM ′ (B.8)

∑
J(M)

CJM
j1m1,j2m2

CJM
j′1m

′
1,j

′
2m

′
2

= δj1j′1δj2j′2δm1m′
1
δm2m′

2
(B.9)

• Special cases

C00
j1m1,j2m2

=
1

ĵ 1

(−1)j1−m1δj1j2δm1,−m2 (B.10)

CJM
j1m1,00 = δj1Jδm1M (B.11)

• Symmetry properties

CJM
j1m1,j2m2

= (−1)j1+j2−JCJM
j2m2,j1m1

(interchange of j1m1 and j2m2) (B.12)

= (−1)j2+m2
Ĵ

ĵ 1

Cj1−m1

J−M,j2m2
(interchange of j1m1 and JM) (B.13)

= (−1)j1−m1
Ĵ

ĵ 2

Cj2−m2

j1m1,J−M (interchange of j2m2 and JM) (B.14)

= (−1)j1−m1
Ĵ

ĵ 2

Cj2m2

JM,j1−m1
(anti-clockwise rotation of indices) (B.15)

= (−1)j2+m2
Ĵ

ĵ 1

Cj1m1

j2−m2,JM
(clockwise rotation of indices) (B.16)

= (−1)j1+j2−JCJ−M
j1−m1,j2−m2

(make all projections negative) (B.17)

• Relationship to 3-j symbols

CJM
j1m2,j2m2

= (−1)j1−j2+M Ĵ

 j1 j2 J

m1 m2 −M

 (B.18)
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• Sums involving products of Clebsch-Gordan coefficients

∑
j1j2

CJM
j1m1,j2m2

CJ ′M ′

j1m1,j2m2
= δJJ ′δMM ′ (B.19)

∑
m1m2m6

Cj1m1

j2m2,j3m3
Cj6m6

j2m2,j4m4
Cj6m6

j1m1,j5m5

= (−1)j2+j3+j5+j6
ĵ 1ĵ

2

6

ĵ 4

Cj4m4

j3m3,j5m5

 j1 j2 j3

j4 j5 j6

 (B.20)

∑
m1m2m6

(−1)j1−m1Cj3m3

j1m1,j2m2
Cj4m4

j6m6,j2m2
Cj5m5

j6m6,j1−m1

= (−1)j2+j3+j5+j6 ĵ3ĵ5C
j4m4

j3m3,j5m5

 j1 j2 j3

j4 j5 j6

 (B.21)

(B.22)

B.1.2 3-j symbols

• Relationship to Clebsch-Gordan coefficients j1 j2 J

m1 m2 M

 = (−1)−j1+j2+M 1

Ĵ
CJ−M
j1m2,j2m2

(B.23)

• Symmetry properties - even permutation of columns j1 j2 J

m1 m2 M

 =

 j2 J j1

m2 M m1

 =

 J j1 j2

M m1 m2

 (B.24)

• Symmetry properties - odd permutation of columns j1 j2 J

m1 m2 M

 = (−1)j1+j2+J

 j1 J j2

m1 M m2


= (−1)j1+j2+J

 j2 j1 J

m2 m1 M

 = (−1)j1+j2+J

 J j2 j1

M m2 m1

 (B.25)

• Special cases j 0 j

0 0 0

 =
(−1)j

ĵ
(B.26)
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B.1.3 6-j symbols

• Classical symmetries j1 j2 j3

j4 j5 j6

 =

 j2 j1 j3

j5 j4 j6

 =

 j3 j2 j1

j6 j5 j4

 = . . . (B.27)

(any even or odd permutation of columns)

 j1 j2 j3

j4 j5 j6

 =

 j4 j5 j3

j1 j2 j6

 =

 j1 j5 j6

j4 j2 j3

 = . . . (B.28)

(interchange of upper and lower indices in any two columns)

• Special cases  j1 j2 j3

j4 0 j6

 = (−1)j1+j2+j4
δj1j6δj3j4
ĵ 1ĵ 3

(B.29)

 j1 j1 0

j2 j2 j3


2

=
1

ĵ
2

1ĥ
2
2

(B.30)

B.1.4 9-j symbols

• Special cases
j1 j2 j3

j1 j2 j3

j4 0 j4

 =
(−1)j1+j2+j4+j3

ĵ 2ĵ 4

 j1 j1 j4

j3 j3 j2

 (B.31)
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B.2 Rotation operators and Wigner-D

matrices

B.2.1 Euler angles

The rotation of a coordinate system xyz into a new frame XY Z can be described

using the three Euler angles α, β, γ in the following steps:

1. The space-fixed frame xyz is rotated about the z axis by an angle α to give

the first intermediate rotated frame x′y′z′ (z′ = z).

2. The frame x′y′z′ is rotated about the resultant y′ axis by an angle β to give

the second intermediate rotated frame x′′y′′z′′ (x′′ = x′).

3. The frame x′′y′′z′′ is rotated about the resultant z′′ axis by an angle γ to

give the final rotated frame x′′′y′′′z′′′ (z′′′ = z′′) we may also refer to the

final frame as XY Z.

B.2.2 Rotation operators

Suppose a vector r is represented in the xyz coordinate frame, i.e. r = (rx, ry, rz).

To find the representation (rX , rY , rZ) of r in the frame XY Z which is related to

xyz by a rotation δ about some vector û, we define a rotation operator R̂û(δ). It

can be shown that the form of this operator is

R̂û(δ) = eiδĴû , (B.32)

where Ĵû is the projection of the total angular-momentum operator on the rota-

tion axis û. Note here that the exponential of an operator A is defined by

eA ≡
∞∑
n=0

An

n!
. (B.33)

If the frame rotation is described by the Euler angles, the rotation operator is1

R̂(α, β, γ) = eiαĴzeiβĴyeiγĴz . (B.34)

1This is specific to the passive convention where it is the coordinate axes being rotated.
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The effect of R̂ on a position ket |r〉 is to transform it into its representation |r′〉

in the rotated frame:

|r′〉 = R̂(α, β, γ)|r〉, (B.35)

and it follows that

〈r′| = 〈r|R̂†(α, β, γ). (B.36)

It is important to keep in mind that the Euler angles are defined here as those

which rotate the unprimed frame into the primed framed.

B.2.3 Rotations in an angular-momentum basis

The operations required to represent a general state |ψ〉 in a rotated reference

frame can be simplified by expanding it in a basis {|j,m〉} of angular-momentum

eigenkets, which satisfy

Ĵ2|j,m〉 = j(j + 1)|j,m〉 (B.37)

Ĵz|j,m〉 = m|j,m〉, (B.38)

with j = 0, 1
2
, 1, 3

2
, . . . and m = −j,−j + 1, . . . , j − 1, j as usual. The expansion

of |ψ〉 is then given by

|ψ〉 =
∑
j

∑
m

|j,m〉〈j,m|ψ〉, (B.39)

and its representation in the rotated reference frame is

〈r′|ψ〉 = 〈r|R̂†(α, β, γ)|ψ〉 (B.40)

=
∑
j

∑
m

〈r|R̂(α, β, γ)|j,m〉〈j,m|ψ〉. (B.41)

We can use the closure of the eigensubspace defined by j to write

〈r|R̂†(α, β, γ)|j,m〉 =

+j∑
µ=−j

〈r|j, µ〉〈j, µ|R̂†(α, β, γ)|j,m〉

=

+j∑
µ=−j

〈r|j, µ〉Dj
µ,m(α, β, γ), (B.42)
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where we have defined the Wigner D-matrix

Dj
µ,m(α, β, γ) ≡ 〈j, µ|R̂†(α, β, γ)|j,m〉, (B.43)

and hence

〈r′|ψ〉 =
∑
j

+j∑
m=−j

+j∑
µ=−j

〈r|j, µ〉Dj
µ,m(α, β, γ)〈j,m|ψ〉. (B.44)

B.2.4 Rotation of the spherical harmonics

Rotation of the spherical harmonics is a simpler case of the above, with |ψ〉 = |`m〉:

〈r′|`,m〉 =
+∑̀

µ=−`

〈r|`, µ〉D`
µ,m(α, β, γ)

Y m
` (θ′, φ′) =

+∑̀
µ=−`

Y µ
` (θ, φ)D`

µ,m(α, β, γ). (B.45)

B.2.5 Lab- to body-frame transformations

In Sec. 11.6, it was necessary to express the lab-frame projectile partial-wave

states |qLmL〉 in terms of body-frame states |qLΛL〉, where mL and ΛL are the

projections of L on the lab-frame z axis and internuclear axis, respectively. Since

the angular component of the partial-wave states is a spherical harmonic, the

rotation of a body-frame state |qLΛL〉 into the lab frame is given simply by

〈r0|qLmL〉 =
∑
ΛL

DL
ΛLmL

(α, β, γ)〈r(b)
0 |qLΛL〉, (B.46)

where r0 and r
(b)
0 are the lab- and body-frame projectile coordinates, respectively,

and (α, β, γ) are the Euler angles associated with the rotation from the body frame

to the lab frame.

The rotational wave functions defined in Chapter 3 and utilised in Sec. 11.6

are expressed as

〈R̂|NmNΛ〉 =

√
2N + 1

8π2
DN∗
mN ,Λ

(R̂), (B.47)

where DN∗
mN ,Λ

(R̂) is shorthand for DN∗
mN ,Λ

(αR̂, βR̂, γR̂), with (αR̂, βR̂, γR̂) being the

Euler angles associated with the rotation from the lab frame to the body frame
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(whose z axis is represented in the lab frame by R̂). For the convenience of having

the same arguments to all Wigner-D functions, Eq. (B.46) can be expressed in

terms of the lab-body rotation rather than the body-lab rotation:

〈r0|qLmL〉 =
∑
ΛL

DL∗
mLΛL

(R̂)〈r(b)
0 |qLΛL〉, (B.48)

where we have used the fact that conjugating the Wigner-D function and swap-

ping the angular-momentum projections is equivalent to reversing the direction

of the rotation.

B.2.6 Identities involving the Wigner-D functions

∑
m′m

Dj1
m1m′(R̂)CJM

j1m′,j2mD
j2
m2m

(R̂) = C
J(m1+m2)
j1m1,j2m2

DJ
(m1+m2)M(R̂) (B.49)

˚

R3

Dj1∗
m1m′

1
(R̂)Dj2∗

m2m′
2
(R̂)Dj1

m3m′
3
(R̂)Dj2

m4m′
4
(R̂) dR̂

= 8π2
∑
j

1

ĵ
2C

j(m1+m′
1)

j1m1,j2m′
1
C
j(m2+m′

2)

j1m2,j2m′
2
C
j(m3+m′

3)

j1m3,j2m′
3
C
j(m′

4+m′
4)

j1m4,j2m′
4

(B.50)

• Unitarity:

J∑
m=−j

Dj∗
mm′(R̂)Dj

mm′′(R̂) =
J∑

m=−j

Dj∗
m′m(R̂)Dj

m′′m(R̂) = δm′,m′′ . (B.51)



Appendix C

Laguerre basis and matrix

elements

The one-dimensional basis utilised in the vibrational structure calculations is

ϕn(R) = AnN(2αr)N+1e−αRL2N+1
n (2αR), n = 0, . . . (C.1)

where α the exponential fall-off parameter, N is the Hund’s case (b) rotational

quantum number, and AnN is a normalisation constant to be determined. Note

that when non-rotationally-resolved calculations are performed, N is set to zero.

C.1 Overlap matrix elements

The overlap matrix elements are

Bnm =

∞̂

0

ϕn(R)ϕm(R) dR

= AkNAmN

∞̂

0

(2αR)2N+2e−2αRL2N+1
n (2αR)L2N+1

m (2αR) dR. (C.2)

To simplify things, let x ≡ 2αR, so that

ϕn(x) = AnNx
N+1e−x/2L2N+1

n (x)

Bnm =
1

2α
AnNAmN

∞̂

0

x2N+2e−xL2N+1
n (x)L2N+1

m (x) dx. (C.3)
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Now applying Eq. (A.12), we have

Bnm =
1

2α
AnNAmN

∞̂

0

x2N+2e−x
[
L2N+2
n (x)− L2N+2

n−1 (x)
] [
L2N+2
m (x)− L2N+2

m−1 (x)
]

dx

=
1

2α
AnNAmN

∞̂

0

x2N+2e−xL2N+2
n (x)L2N+2

m (x) dx

− 1

2α
AnNAmN

∞̂

0

x2N+2e−xL2N+2
n (x)L2N+2

m−1 (x) dx

− 1

2α
AnNAmN

∞̂

0

x2N+2e−xL2N+2
n−1 (x)L2N+2

m (x) dx

+
1

2α
AnNAmN

∞̂

0

x2N+2e−xL2N+2
n−1 (x)L2N+2

m−1 (x) dx, (C.4)

and applying the Laguerre orthogonality property (A.8):

Bnm =
1

2α
A2
nN

(n+ 2N + 2)!

n!
δnm −

1

2α
AnNA(n+1)N

(n+ 2N + 2)!

n!
δn,m−1

− 1

2α
AnNA(n−1)N

(n+ 2N + 1)!

(n− 1)!
δn−1,m +

1

2α
A2
nN

(n+ 2N + 1)!

(n− 1)!
δnm

=
1

2α
A2
nN

2(n+N + 1)(n+ 2N + 1)!

n!
δnm −

1

2α
AnNA(n+1)N

(n+ 2N + 2)!

n!
δn,m−1

− 1

2α
AnNA(n−1)N

(n+ 2N + 1)!

(n− 1)!
δn−1,m. (C.5)

We now choose the normalisation constant AnN in such a way as to yield unity

along the main diagonal of the overlap matrix:

AnN ≡

√
αn!

(n+N + 1)(n+ 2N + 1)!
, (C.6)

giving

Bnm = δnm −
1

2

√
1− N(N + 1)

(n+N + 1)(n+N + 2)
δn,m−1

− 1

2

√
1− N(N + 1)

(n+N)(n+N + 1)
δn−1,m. (C.7)
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Since the overlap matrix is symmetric, the third term here is superfluous. The

matrix can be constructed by setting the diagonal elements equal to 1, setting

the superdiagonal elements equal to

− 1

2

√
1− N(N + 1)

(n+N + 1)(n+N + 2)
, (C.8)

and then reflecting the superdiagonal about the diagonal onto the subdiagonal.

C.2 Kinetic-energy matrix elements

The kinetic-energy operator for the vibrational motion is

K̂ = − 1

2µ

d2

dR2
+
N(N + 1)− Λ2

2µR2
, (C.9)

where Λ is the orbital-angular-momentum projection of the electronic state.

When non-rotationally-resolved calculations are performed, the centrifugal term

is neglected altogether by setting N = Λ = 0. In terms of the variable x defined

above:

K̂ = −2α2

µ

[
d2

dx2
− N(N + 1)

x2
+

Λ2

x2

]
. (C.10)

By expanding out the second derivative of ϕn with respect to x, and applying

the defining equation of the Laguerre polynomials (A.6), it is straightforward to

show that

d2ϕn
dx2

=
N(N + 1)

x2
ϕn +

1

4
ϕn −

n+N + 1

x
ϕn (C.11)

The effect of the kinetic-energy operator on ϕn is then

K̂ϕn = −2α2

µ

[
d2

dx2
− N(N + 1)

x2
+

Λ2

x2

]
ϕn

− 2α2

µ

[
1

4
− n+N + 1 + Λ2

x

]
ϕn, (C.12)
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and the matrix elements of K̂ are

Knm =

∞̂

0

φn(R)K̂φm(R) dR

= −2α2

µ

∞̂

0

φn(R)

[
1

4
− m+N + 1 + Λ2

x

]
φn dR

= −α
2

2µ

∞̂

0

φn(R)φm(R) dR +
2α2

µ
(m+N + 1 + Λ2)

∞̂

0

φn(x)
1

x
φm(x)

dx

2α

= −α
2

2µ
Bnm +

α

µ
AnNAmN(m+N + 1 + Λ2)

∞̂

0

x2N+1e−xL2N+1
n (x)L2N+1

m (x) dx

= −α
2

2µ
Bnm +

α

µ
A2
nN(n+N + 1 + Λ2)

(n+ 2N + 1)!

n!
δnm

= −α
2

2µ
Bnm +

α

µ

(n+N + 1 + Λ2)

(n+N + 1)
δnm. (C.13)
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Miscellaneous derivations

D.1 More detailed derivations of commutators

in Sec. 3.4.1

• Orbital angular-momentum (squared) operator L̂
2

The L̂
2

operator can be written as

L̂
2

=
Ne∑
i=1

[
1

sin2 θi

∂2

∂φ2
i

+
1

sin θi

∂

∂θi
sin θi

∂

∂θi

]
. (D.1)

To evaluate the commutator [L̂
2
, V̂], we require

∂

∂θi

[
sin θi

∂

∂θi

]
V̂ = sin θi

[
V
∂2

∂θ2
i

+ 2
∂V

∂θi

∂

∂θi
+
∂2V

∂θ2
i

]
+ cos θi

[
V
∂

∂θi
+
∂V

∂θi

]
= V̂

∂

∂θi

[
sin θi

∂

∂θi

]
+ sin θi

[
2
∂V

∂θi

∂

∂θi
+
∂2V

∂θ2
i

]
+ cos θi

∂V

∂θi
(D.2)

1

sin2 θi

∂2

∂φ2
i

V̂ =
1

sin2 θi

[
V
∂2

∂φ2
i

+ 2
∂V

∂φi

∂

∂φi
+
∂2V

∂φ2
i

]
= V̂

1

sin2 θi

∂2

∂φ2
i

+
1

sin2 θi

[
2
∂V

∂φi

∂

∂φi
+
∂2V

∂φ2
i

]
, (D.3)

and hence the commutator is

[L̂
2
, V̂] =

Ne∑
i=1

[
sin θi

(
2
∂V

∂θi

∂

∂θi
+
∂2V

∂θ2
i

)
+ cos θi

∂V

∂θi

+
1

sin2 θi

(
2
∂V

∂φi

∂

∂φi
+
∂2V

∂φ2
i

)]
. (D.4)

As a result, the orbital angular momentum is not a good quantum number

for diatomic molecules since the θ dependence of the nuclear potential leads
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to

∂V

∂θi
6= 0. (D.5)

• Orbital angular-momentum projection operator Λ̂

The orbital angular-momentum projection operator can be written as

Λ̂ = −i
Ne∑
i=1

∂

∂φi
. (D.6)

To evaluate the commutator [Λ̂, V̂] we require

∂

∂φi
V̂ = V

∂

∂φ
+
∂V

∂φi
, (D.7)

and hence the commutator is

[Λ̂, V̂] = −i
Ne∑
i=1

∂V

∂φi
. (D.8)

As a result, the orbital angular-momentum projection is a good quantum

number for diatomic molecules (when ẑ and R̂ are aligned). To verify this,

note that the diatomic electron-nuclear and electron-electron potentials sat-

isfy

∂Vi
∂φi

= 0 (D.9)

∂Vij
∂φi

= −∂Vij
∂φj

(D.10)

and hence

[Λ̂, V̂] = −i
∑
k

∂

∂φk

[
−

Ne∑
i=1

Vi +
Ne∑
i=1

Ne∑
j>1

Vij

]
(D.11)

= i

Ne∑
i=1

∂Vi
∂φi
− i

Ne∑
i=1

Ne∑
j>1

[
∂Vij
∂φi

+
∂Vij
∂φj

]
(D.12)

= 0. (D.13)

• Body-frame space inversion operator t̂

The effect of the body-frame space inversion operator on the electron-
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electron and electron-nuclear potentials is

t̂Vij =
1

|−ri + rj|
= Vij (D.14)

t̂Vi =
Z2∣∣R

2
− ri

∣∣ +
Z1∣∣R

2
+ ri

∣∣ , (D.15)

and hence the commutator is

[t̂, V̂] =
Ne∑
i=1

[
Z2 − Z1∣∣R

2
− ri

∣∣ +
Z1 − Z2∣∣R

2
+ ri

∣∣
]
t̂. (D.16)

As a result, the electronic parity is a good quantum number for homonuclear

diatomics (Z1 = Z2).

D.2 Derivation of Eq. (3.50)

The space-fixed inversion operator E∗ operates in coordinate space, not spin

space, and hence has no effect on the |sms〉 and |ImI〉 spin states. In a Hund’s

case (a) scheme where the electronic spin is coupled to the internuclear axis,

E∗ would have an effect on the |sΣs〉 spin state due to its dependence on the

molecular Euler angles when represented in the lab frame, however since we are

working in Hund’s case (b) we can ignore the two spin states for now. Hence we

are looking to form parity-adapted states with well defined parity π = ±1:

|nvNmNπ〉 = linear combination of |n±Λ〉|vN〉|NmN ±Λ〉 states. (D.17)

Note that on the left-hand side we no longer specify Λ since, as we will show

now, the total molecular states take into account both signs of Λ. The index

n still specifies |Λ|. Brown and Carrington [145] give us the effect of Ê∗ on the

electronic, vibrational, and rotational basis states:

Ê∗|Φ±Λ
n 〉 = (−1)Λ+σ|Φ∓Λ

n 〉 (D.18)

Ê∗|νnvN〉 = |νnvN〉 (D.19)

Ê∗|NmN ±Λ〉 = (−1)N∓Λ|NmN ∓Λ〉, (D.20)
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for an overall effect of

Ê∗|Φ±Λ
n 〉|νnvN〉|NmN ±Λ〉 = (−1)N+σ|Φ∓Λ

n 〉|νnvN〉|NmN ∓Λ〉. (D.21)

Here, σ is defined to be odd for Σ− states, and even otherwise. Hence the states

of well-defined parity π are

|Φn νnvN NmN : π〉 =
1√

2(1 + δΛ,0)

[
|Φ+Λ

n 〉|νnvN〉|NmN +Λ〉

+ π(−1)N+σ|Φ−Λ
n 〉|νnvN〉|NmN −Λ〉

]
, (D.22)

where the δΛ,0 in the normalisation constant ensures that the state is still properly

normalised in the Λ = 0 case.

D.3 Derivation of Eq. (11.60)

∑
jΣS

∑
Σ′
sΣs

Σ′
pΣp

1

ĵ
2C

j0
J 0,S0C

j0
J 0,S0C

j(Λe+ΣS)
JΛe,SΣS

C
j(Λe+ΣS)
JΛe,SΣS

CSΣS
1
2

Σp,s′Σ′
s

CSΣS
1
2

Σp,sΣs

=
∑
j

1

ĵ
2C

j0
J 0,S0C

j0
J 0,S0

∑
ΣS

C
j(Λe+ΣS)
JΛe,SΣS

C
j(Λe+ΣS)
JΛe,SΣS

��
���

���
���

�:1∑
Σ′
sΣs

Σ′
pΣp

CSΣS
1
2

Σ′
p,s

′Σ′
s

CSΣS
1
2

Σp,sΣs

=
∑
j

1

ĵ
2C

j0
J 0,S0C

j0
J 0,S0

���
���

���
���

�:
ĵ
2

Ĵ 2∑
ΣS

C
j(Λe+ΣS)
JΛe,SΣS

C
j(Λe+ΣS)
JΛe,SΣS

=
1

Ĵ 2
���

���
���

�:1∑
j

Cj0
J 0,S0C

j0
J 0,S0

=
1

Ĵ 2
. (D.23)
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D.4 Derivation of Eq. (11.23)

∑
mNfmLfm

′
Lf

(−1)
mL′

fCLML

LfmLf ,L
′
f −m

′
Lf

C
JmNi
LfmLf ,NfmNf

C
J ′mNi
L′
fm

′
Lf
,NfmNf

(D.24)

= (−1)−L
′
f

∑
mNfmLfm

′
Lf

(−1)
L′
f−mL′

fC
J ′mNi
L′
fm

′
Lf
,NfmNf

C
JmNi
LfmLf ,NfmNf

CLML

LfmLf ,L
′
f −m

′
Lf

,

and now applying Def. (B.21):

(−1)−L
′
f

∑
mNfmLfm

′
Lf

(−1)
L′
f−mL′

fC
J ′mNi
L′
fm

′
Lf
,NfmNf

C
JmNi
LfmLf ,NfmNf

CLML

LfmLf ,L
′
f −m

′
Lf

= (−1)−L
′
f (−1)Nf+J ′+Lf+LĴ ′L̂CJmNiJ ′mNi ,LML

 L′f Nf J ′

J L Lf


= (−1)Nf+J ′+Lf−L′

f+LC
JmNi
J ′mNi ,LML

Ĵ ′L̂

 L′f Nf J ′

J L Lf

 . (D.25)

The selection rules for the Clebsch-Gordan coefficient CLML

Lf0,L′
f0 in Eq. (11.22)

forces Lf + L′f + L to be even, and hence (−1)Lf−L
′
f+L = 1, so we can write

∑
mNfmLfm

′
Lf

(−1)
mL′

fCLML

LfmLf ,L
′
f −m

′
Lf

C
JmNi
LfmLf ,NfmNf

C
J ′mNi
L′
fm

′
Lf
,NfmNf

(D.26)

= (−1)Nf+J ′Ĵ ′L̂CJmNiJ ′mNi ,LML

 L′f Nf J ′

J L Lf

 .
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D.5 Derivation of Eq. (11.25)

∑
mNi

(−1)J
′
C
J ′mNi
L′
i0,NimNi︸ ︷︷ ︸CJmNiLi0,NimNi︸ ︷︷ ︸CJmNiJ ′mNi ,LML

=
∑
mNi

(−1)J
′
︷ ︸︸ ︷
(−1)L

′
i+N

′
i−J ′

C
J ′mNi
NimNi ,L

′
i0

︷ ︸︸ ︷
(−1)Li+Ni−JC

JmNi
NimNi ,Li0

(B.12)

(B.12)

C
JmNi
J ′mNi ,LML

= (−1)Li+L
′
i−J

∑
mNi

C
J ′mNi
NimNi ,L
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Ĵ ′Ĵ 2
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