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Abstract

In this study, we model the localized folding in geomaterials. For this, we
utilize the plate theory to describe the deformations of the middle surface
of a fold and the changes of its normal vector. Plate theory provides a
theoretical framework to describe a 3D phenomenon using 2D models. This
leads to cheaper computations. Therefore, we consider an elastic plate
embedded in a viscoelastic framework. Then, we derive a model similar
to the Swift-Hohenberg equation for predicting the folding of the plate.
Later, we extend the model to simulate the folding of a viscoelastic plate.
Finally, we take into account the effect of the thickness of the folded layer
and develop a model for thick layers. In all of the models, we include
localized softening-stiffening behaviour in the supporting framework. In
the next step, we study the effect of coefficients in our models and obtain
non-dimensional equations. Later, we provide our detailed analyzes on the

linear stability of the models to introduce stability conditions.

Later, we develop a robust finite element method for solving the result-
ing differential equations. We discretise the time-dependent models using
time-marching techniques. In our experience, to exploit highly accurate fi-
nite element discretization techniques (e.g. isogeometric analysis (IGA)),
we need comparable resolution in time. The generalized-a method provides
second-order accuracy and unconditional stability for equations with first
and second derivatives in time. These techniques allow the user to con-
trol the high-frequency numerical dissipation by producing an algorithm
that delivers an optimal combination of high-frequency and low-frequency
dissipation. The approach provides accurate approximations in low- and
high-frequency regions and has been widely deployed in many engineering

applications. Despite these features, the generalized-oo method was limited



to second-order accuracy in time while the higher-order Runge-Kutta and
other multistep schemes (e.g., Adams-Moulton, and backward differentia-
tion formulae (BDFs)) lack explicit control over the numerical dissipation
of the high frequencies. The stability region of these higher-order multistep
methods shrinks as their order increases. Therefore, unconditional stability
is not possible for orders higher than two. While Runge-Kutta methods
have better stability regions and deliver A-stability with higher-order ac-
curacy, they are not self-starting and require another scheme to retrieve

solutions at initial time steps.

Thus, we introduce and analyze a new class of extensions of the generalized-
a methods for partial differential equations (PDEs) with first- and second-
order derivatives in time. These methods deliver flexible arbitrary high-
order accuracy while keeping all of the appealing features of these robust
and effective methods. Proposing a single parameter, our time-marching
techniques has similar structures as the original second-order scheme with
control on the dissipation. That is, our high-order schemes require simple
modifications of the available implementations of the generalized-a method.
We introduce implicit and explicit methods for hyperbolic problems and

implicit ones for parabolic models.

Finally, we develop a splitting technique that reduces the algebraic solver’s
computational cost while maintaining the approximation’s accuracy. Im-
plicit time marching schemes for finite elements or IGA discretizations solve
a matrix system at each step; this step is the solver’s significant cost. We
substitute the original discretization with an approximating splitting tech-
nique to significantly reduce the computation cost of the solution. We
introduce a variational splitting for parabolic and hyperbolic problems us-
ing tensor-product grids to formulate the variational formulation for multi-
dimensional problems. We adapt operator splitting ideas to tensor-product
spatial discretizations for classical finite elements and isogeometric analysis.
We write the d-dimensional formulation as a product of d 1D formulations
in each dimension plus appropriate error terms. We refer to these for-

mulations as variationally separable. Therefore, we introduce a splitting



technique to simulate the linear systems with a linear computational cost.
Having sufficiently regular solutions, the approximate solution converges to
the exact solution with optimal rates in space and time while reducing the

computational cost significantly.



To Pantea, Sahar, Hossein, Parsa, and Parham.
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Introduction

1.1 Layered-media deformation

Geological structures show various complex behaviours; the study and simulation of
their evolution are key to understanding geological phenomena such as plate tectonics,
rock properties, and their stress fields. Therefore, this topic attracts the attention of
theoreticians, modellers, and experimentalists. For example, different settings may be
considered when describing rock deformation such as the effects of microstructures [107],
structural discontinuities [25 [104], fluid interactions and induced pressure [33, [40],
pressure solution [82], stress corrosion [106], and different mineral reactions [6], 35, T0T].
These studies consider various deformation mechanisms and describe the evolution of
deformed rocks both experimentally and numerically.

A significant example of these deformation mechanisms is when geological struc-
tures are subject to forces induced by tectonic plate motion. These structures may
be divided into many categories and show complex features. Folds, as an example,
depict a wide range of deformations, length distributions, and patterns, including pe-
riodic folds, chevron folds, and box folds [62], [80]. Besides, localized deformations are
present in most of these structures. Therefore, describing the buckling of rocks subject
to geological forces is a vital and demanding task that describes the various factors
that gain importance during the initiation and formation of a fold. Given the complex
interactions between these different aspects, we believe that simulations can improve
our understanding of the geological history of a region, material properties of the folded

layers, the embedded parts and their stress fields, and the physical conditions that lead
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to the formation of the observed structures.

The initial studies simulated the deformation of a layer and its embedding frame-
work with different rheological properties. The results present folds with the periodical
pattern but do not describe most of the observed folds. For example, Biot in [14]
made the first attempt by analysing a single elastic rod and plate surrounded by a vis-
cous material and concluded that the deriving parameter for buckling is the difference
between the rheological properties of the embedded rod and surrounding framework.
Accordingly, to determine the wavelength of the maximum amplification, he introduced

the dominant wavelength Ap as
A 1/3
2D _on (’“) , (1.1.1)

with h, Ar, Aps, being the folded layer thickness and the viscosities of the layer and the
matrix, respectively. The model estimates the folded layer’s viscosity from its
thickness and its wavelength. Later, Sherwin & Chapple used Biot’s model to analyze
800 single layer fold specimens; nevertheless, due to its simple assumptions, the model
could not explain the observations [89]. Then, to improve the model, several mod-
ifications were introduced by adding nonlinear viscous materials or large amplitude
folding [42] 86, Q0L OT]. However, the absence of localized buckling is still an important
aspect to be addressed [20, 51]. Subsequently, nonlinear folding models were proposed.
For example, an alternative analyzes localized folds by studying a strut on a nonlinear
elastic foundation, which buckles the strut locally if the foundation softens as it de-
forms [58]. Such softening behaviour may be due to the material’s nonlinear nature or
the multi-physics interaction [52].

Spatially localized structures and deformations are relevant to diverse fields such
as reaction-diffusion systems [67], liquid crystals [61] [79], and binary fluid flows [65].
Recently, higher-order partial differential equations (PDEs) (e.g., equations with spatial
derivative of equal or higher order than four) such as the Swift-Hohenberg model or
other phase-field models have been employed to study localized phenomena. Some
of the examples are models describing binary alloys [64], fracture propagation [63], [66],
phase transition [103], evolution of microstructures [92], solidification [36], and minerals

undergoing chemo-mechanical [27].



1.1 Layered-media deformation

Our folding model is similar to the Swift-Hohenberg model. The general form of

the Swift-Hohenberg model reads:
o =1u— (g2 + A)*u+ N(u; ), (1.1.2)

where u(z1, T2, t) € R is the studied variable with a finite wave number ¢? at onset,
r < 0 < s are parameters, and N (u;s) denotes nonlinear terms. The most frequently

used non-linear terms are:

N(uss) f35 =bgu® — bsu® (1.13)
u;s) = 1.
faz =cou® — czu®

Standard modelling strategies for pattern formation near instabilities use with
non-trivial finite spatial wavelength [54]. In the context of buckling of a layer, the
fourth-order term in (|1.1.2)) is related to bending, while the second-order one is to the
axial load. The non linearity of the foundation in represents the softening and
stiffening of the foundation reactions to the layer displacement.

Herein, we derive using the plate theory to model the deformations of the
middle surface of a plate and the changes of its normal vector. In theory of elastic-
ity, bodies bounded by two closely-spaced surfaces with a small thickness compared to
the planar dimensions are called plates (flat) or shells (curved) [81]. Such structures
are common in aerospace and biomechanical (see [74]) engineering applications. Mod-
elling thin structures with a three-dimensional continuum is expensive computationally,
mainly when considering nonlinear and transient effects [I3]. Therefore, modelling such
structures using their 2D mid surface is often preferred in science and engineering ap-
plications. We derive the model from describing a 1D rod or a 2D plate embedded
in a viscoelastic framework. Next, we modify the model to consider the plate as a
viscoelastic material. Finally, we take into account the thickness of the folded layer
and describe thick folds.

Later, we develop a robust finite element method for solving the resulting dif-
ferential equations. We discretize the time-dependent models using time-marching
techniques. We propose an entirely new class of high-order generalized-o methods.
Chung and Hulbert in [26] proposed the generalized-av method for solving hyperbolic
equations arising in structural dynamics and wave propagation. The method provides

second-order accuracy in time and unconditional stability. The generalized-a method
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extends the well-known HHT-« method of Hilber, Hughes, Taylor [50] and the WBZ-«
method of Wood, Bossak, and Zienkiewicz [I05]. That is, by selecting specific values
for the user-defined parameters of the generalized-a method, the resulting technique
reduces to either the HHT-a or WBZ-a methods. Later, the generalized-a method was
extended to computational fluid dynamics, which are governed by parabolic differential
equations such as the Navier-Stokes equations in [60]. These techniques allow the user
to control the high-frequency numerical dissipation by producing an algorithm that
delivers an optimal combination of high-frequency and low-frequency dissipation. That
is, the approach provides accurate approximations in both low- and high- frequency
regions; see [20], 60]. Consequently, the method has been successfully used in a wide
range of engineering applications [4} 5], 46] 47, [85].

Despite these features, to date, the generalized-a method was limited to second-
order accuracy in time while the higher-order Runge-Kutta and other multistep schemes
(e.g., Adams-Moulton, and backward differentiation formulae (BDFs)) lack explicit con-
trol over the numerical dissipation of the high frequencies (see [2, 22, 23]). Notably,
the stability region of these higher-order multistep methods shrinks as their order in-
creases. Therefore, unconditional stability is not possible for orders higher than two.
While Runge-Kutta methods have better stability regions and deliver A-stability with
higher-order accuracy, they are not self-starting and require another scheme to retrieve
solutions at initial time steps.

We proposed and analyzed a new class of extensions of the generalized-a methods
for parabolic and hyperbolic PDEs to deliver flexible arbitrary high-order accuracy
while keeping all of the appealing features of these robust and effective methods. We
provide a detailed analysis of the stability behaviour of the methods and the proof for
the accuracy in the temporal domain. These new methods have many applications
in modelling geological phenomena such as wave propagation, reaction-diffusion, and
fluid flow. Nevertheless, the applicability of these new class of higher-order methods is
not limited to geological applications; effectively, these new methods can be applied to
problems where the standard second-order generalized-a methods proved successful [,
11, 16, 18, 19l 37, [85].

Next, we develop a mathematical technique that reduces the computational cost
of the algebraic solver while keeping the accuracy of the approximation. Implicit time

marching schemes for PDE discretizations such as finite differences, finite elements, and
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isogeometric analysis solve a matrix system at each time step; this step is the solver’s
major computational cost. We substitute the original discretization with an approx-
imating splitting technique [83] to significantly reduce the computation cost of the
solution. For example, two standard procedures that reduce the dimension of the ma-
trices are implicit numerical schemes [69, [83] and domain decomposition methods [84]
Chapter 8]. For many PDE problem configurations, the resulting time discretization of
the parabolic and hyperbolic operators can be split in a sum of simpler operators that
require the solution of a simpler set of much simpler linear problems. Classic exam-
ples of such schemes are provided in the pioneering works developing direction-splitting
schemes for linear parabolic problems [34] [77]. Recently, [43],[44], (70, [71] show that alter-
nating direction splitting of tensor-product spaces delivers a linear computational cost
at every time step for various PDE problems. See [73, 98] for comprehensive reviews
of splitting techniques.

We propose a variational splitting for parabolic and hyperbolic problems using
tensor-product meshes to derive the variational formulation for multi-dimensional prob-
lems. We use operator splitting ideas to tensor-product spatial discretizations for clas-
sical finite elements and isogeometric analysis. That is, we formulate the d-dimensional
equations as a product of d 1D formulations in each dimension plus appropriate error
terms. We refer to these formulations as variationally separable. Exploiting the varia-
tional separability, we present a splitting technique to solve the linear systems with a
linear computational cost with respect to the degrees of freedom.

The rest of this thesis is organized as follows. Chapter [2| derives the localized
folding model. We develop a model similar to the Swift-Hohenberg to study the folding
of an elastic layer embedded in a viscoelastic framework. Then, we derive a folding
model for a viscoelastic layer. Finally, we discuss the modelling of the folding of a thick
viscoelastic layer. Also, we detail our analysis for dimensional study and linear stability
of the introduced models. In Chapter 3, we propose our higher-order time integrators.
Chapter [ discusses our new splitting techniques. We provide our concluding remarks
in Chapter b| where we summarize our contributions and delineate future lines of work

to pursue.
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Folding

2.1 Folding of rods and plates as proxies for layered media

We model the folding layers as rods (1D layers) and plates (2D layers) to estimate their
curvatures during the folding to achieve a more precise understanding. In continuum
mechanics, rod, plate, and shell theories describe the mechanical behaviour of slender
structural elements (i.e., a small thickness compared to their planar dimensions [97]). In
1766, Euler pioneered the study on the plates and was further extended by Bernoulli.
Euler modelled the free vibration of rectangular and circular membranes. However,
the model excluded the torsional resistance of the plate, and consequently, only a
semblance and not a general agreement can be found between the results and the
experiments. Kirchhoff (1824-1887) proposed the theory of the extended plate. He
considered bending and stretching as well. Hence, the nonlinear terms are not neglected
in his approach [94]. In general, we determine the deformation and stresses in a 2D
rod or a 3D plate by tracking its centreline motion and the changes it induces on its

normal vector [15, [8T].

2.2 Folding of an elastic rod

We now consider an inextensible elastic layer embedded in a viscous framework. We
model the effect of the structure’s surrounding as a reaction from its foundation. We
use a Kelvin—Voigt viscoelastic framework to model this response. For this, we utilize

Winkler’s idealization to represent the medium as a system of independent, closely
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spaced, discrete, and linearly elastic springs and nonlinear viscous dashpots. Figure[2.1

sketches our model.

Figure 2.1: A beam surrounded by a Kelvin—Voigt viscoelastic framework.

Here, we describe the deformation of the beam due to the axial compressive force P
using the vertical displacement of its centreline w(x,t). Since the springs and dashpots
representing the elastic and viscous behaviours, respectively, are arranged in parallel,

the Kelvin—Voigt model states that the strains in each component are equal:
€total = €e = €u, (221)

where € denotes the strain and subscripts e and v indicate the elastic and viscous parts,

respectively. Accordingly, for the stress o, we have:
Ototal = Oe T Oy, (222)

which allows us to first derive the governing equations without the viscous behaviour
and later add it to the model. For this, we define the beam curvature:

wl/

d
X = - aresinw = ———x, (2.2.3)
v 1— (w)?
where w’ and w” are the first and second differentiation of w with respect to x, respec-

tively. Then, we derive the bending energy of a linear elastic beam as:

B L B L "
Eb:/ x2dx:/ w72
2 0 2 0 1—(w/)

_ f/OL (w")? (1+ () +0 (()")).

(2.2.4)



2.2 Folding of an elastic rod

with B being the bending stiffness. Furthermore, the vertical deformation of the cen-

treline leads to the shortening of the beam d(w) which we obtain using:

S(w) =L — /OL V1= (w')’dzx
=L-— /OL (1 - % (w')2 +0 ((w')4>> dx,

where L is the beam’s length. Assuming moderate deflections, we only retain quadratic

terms in equations (2.2.4)) and (2.2.5). Therefore, the potential energy of the beam

reads:

(2.2.5)

B P

= E, — P = /OL (2 (")’ =5 (w’)2> dz. (2.2.6)

We minimize the energy functional (2.2.6]) using the Lagrangian of the system . (for

more details, see [45]):
L
1= / L' w")dz,
0
satisfying the Euler-Lagrange equation:

2 oY dot

- - = 2.2.7
dz? ow"  dx Ouw'’ ( )

Substituting (2.2.6)) into (2.2.7)), one can readily obtain:
Bw"" + Puw" = 0. (2.2.8)

Lastly, we require adding the framework’s support as a resistive vertical force applied

locally to the beam.

2.2.1 Behaviour of the foundation

In our model, we describe the elastic behaviour of the Winkler-type foundation as
a localized softening and re-stiffening type using a cubic-quintic non-linear term. A
time-dependent term also describes the viscous effect. Thus, we add the support of the

framework as a resistive vertical force applied locally to the plate as
f(w) = fe(w) + folw) = kyw — kow® 4 k3w’ -+, ki,m >0 (2.2.9)

where f(w) is the vertical resistive force that depends on the local vertical deformation

of the middle surface of the plate. fe(w) and f,(w) are elastic and viscoelastic effects,
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respectively. w denotes the time-derivative of w. Increasing the vertical displacement
w leads to softening of the foundation. This behaviour finally changes to stiffening
after the deflection w reaches a specific value. We account for the foundation’s elastic
behaviour by rewriting as a dimensionless resistive vertical force dependant on
a single parameter that reads (for more details, see, section :

f(w) =w—w® 4+ pw® + w, > 0. (2.2.10)

Figureshows the softening re-stiffening behaviour of the elastic part of the force (2.2.10)

for different u values.

4

Figure 2.2: The Softening re-stiffening behaviour of elastic force f. applied by the foun-

dation.

In the next step, we calculate the potential energy II; imposed to the system from

the foundation by the resistive force (2.2.9)). For this, we have:

k ke k
I, =Ty, (w) + 1, (w) = _/Q 5111)2 - 22“’4 + gwﬁ Fwi,  kyn>0. (2.2.11)
0

Similarly, the potential energy corresponding to the dimensionless force (2.2.10|) reads:

1 1
Iy = _/ R %wﬁ tww,  p>0. (2.2.12)
Qo

In figure we show the evolution of the elastic part II;, of the energy functional
imposed by the foundation.

10



2.3 Folding of a plate

Figure 2.3: The evolution of the elastic part of the energy functional imposed by the

foundation.

Remark 1. In our model, the foundation’s elastic behaviour softems and re-stiffens
due to the cubic—quintic nonlinear interactions. Increasing the vertical displacement
softens the foundation due to the cubic term that is emergetically favourable to buckle
the beam further. As this deflection progresses, the quintic term increases and eventually
dominates the interaction stiffening the foundation’s response. This interaction induces
a trade-off between growing a fold at the current and establishing a new fold close by
i a softer region. Hence, the softening and re-stiffening of the foundation induce
snaking where a fold localizes and expands sequentially due to this ongoing competition

of softening and stiffening.
As a consequence, our aggregate model reads:
Buw™ 4+ Pw" + kyw — kow® + ksw® + nu = 0. (2.2.13)

Next, we extend this model to predict the folding of a 2D plate.

2.3 Folding of a plate

Herein, we extend the derived model in the previous section to a 2D model. For this,

we start by defining the domain :
Q= {(21, z2, 23) €R®: 21, 23 € Qo, 23 € [-h/2, h/2] },

with Qg := (0, L1) x (0, L) being the middle surface of the plate and h denoting the

plate thickness. We consider compressive forces P; and P, along x1 and s, respectively,

11
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are applied on the edges of 2. Similarly, the plate is supported using a viscoelastic

foundation. we present our model in figure Then, assuming h << min (L, L9),

P2
e Li l— ——————————
I —
p N
£ T
P1 l(\z
\

Figure 2.4: A 2D plate embedded in a viscoelastic framework.

the displacement field reads:

ow(x, T ow(x1,x
u($1a$27m3) = <—Jf3 ( - 2) —Z3 (8.%'12 2)7 'UJ(iL'l,IEQ)) ) (231)

8:61 ’

where w(x1, z2) is the deflection along z3. Using the von—Karman strain-—displacement
relations, the non-zero strain components at an arbitrary point of the plate are related
to the displacement field of the middle surface (2.3.1)), the changes in the curvatures k;

and ko, and torsion k2 of the middle surface as [24]:
€1 = I3 kl, €9 = I3 kg, Y12 = X3 k’12. (2.3.2)

Following closely the Kirchhoff-Love theory of plates, the rotation of the normal to the

mid-surface reads [72]:

_ Ow(wy,x2) _ Ow(w1, x2)

=", o= g (2.3.3)

12



2.3 Folding of a plate

where (; and (3 are the rotation with respect to the directions x; and x2, respectively.

Figure [2.5] sketches the details. Thus, one can readily obtain the strain components as:

Figure 2.5: Normal vector rotation of the middle surface. Blue dotted line is the position

of the middle surface.

32w(x1, x2)
€1 = —rq——————
1 3 (956‘% )
0?w (w1, x9)
_ ’ 2.3.4
€2 x3 8.’17% ) ( )
0?w(xy, z2)
= —2 _—
712 z3 921075

Remark 2. The assumption of h << min (L1, L2) and consequently the displacement
field (2.3.1) lead to neglect of the transverse shear strains:

73 =723 = 0. (2.3.5)

Following the elastic theory, the strain energy of the body is then proportional to

13
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the functional:

h/2 h/2
IMg(u) = / €(u) = / / o(u):e(u) = / / (01€1 + 02€2 + 012€12)
Q Qo J—hy2 Qo J—h/2

(2.3.6)
where o and € are stress and strain tensors, respectively. Later, we use a Linear

constitutive relation, such that:

o=Ee, (2.3.7)
which can be written element-wise as:
1 v 0 0 0 7
o1 v 1 0 0 0 €1
1—v
09 €2
E 0 0 0 0
g12| = 1— 1/2 2 1—y Y12 - (238)
013 0 0 0 5 0 Y13
o 1 —
23 0 0 0 0 ; v V23

Thus, we derive the strain energy due to plate bending and twisting as:

0w 0%w 0w
II = -M — M. —2M 2.3.9
s(w) /QO{ You2 T P 0a3 123x18x2} (2:3.9)
where M terms are the horizontal stress resultants defined by:
h/2 h/2 h/2
M1 = / Z01 dZ, M2 = / zZ09 dZ, M12 = / 2012 dz. (2.3.10)
—h/2 —h/2 —h/2

Finally, we have:
D | [9?w\? 0?w 0w Pw \’ Pw\ >
nsw) = [ 3 [(M) g 200 (gren) + (53)

D 2w 0%w\> 9*w O*w 92w \2
:/ 3T 55 ) —20-v) 2 5.2 g
Qp 2 Oxy = 0x3 Oxy Ox; 0x10x2

(2.3.11)

h/2 ERh3
D /h/2 1 — ]/2 — m (2312)

where D is

with v being the Poisson’s ratio. Next, we require to determine the work done by the

applied axial forces to the unit of thickness P, = P; /h, i =1, 2. For this, we calculate

14



2.3 Folding of a plate

the shifting of the edges of the plate horizontally which leads to the shortenings §; as:

h/2 2
S1(w) =Ly x h— // ,/1— 8—w ,
Qo J—h/2 5961

(2.3.13)
h/2
Sao(w) = Lo x h — / / 8w
Qo J—n/2 3962
Using a Taylor’s expansion and the approximation /1 —a ~ 1 — & 5 for a << 1, we
approximate (2.3.13) as
h/2 2 ow \ 4
Sy(w) = Ly x h— // ( >+o (w) ,
Qo h/2 8331 6.7c1
(2.3.14)
h/2 2 ow \*
09 ( =Ly xh— / / ( ) + 0 <) .
Qo h/2 8$2 8952
Thus, the work done by the forces can be written as:
151 ow \ 2 152 ow \ 2
I - _h L o == . 2.3.15
p(w) /Qo 2 (81?1) * 2 8{[}2 ( )
One can readily rewrite (2.3.15)) as
P1 Bw 2 P2 8’[1) 2
- L el == 2.3.16
My (w) /QO 2 <8x1> + 2 \ Oxg ( )

Therefore, from ([2.3.11) and (2.3.15)), we obtain the potential energy of the plate as:

M(w) = Mg(w) + y(w) = [ 2L (21,22, V(w), H(w)), (2.3.17)
Qo
ou oul” . :
with V denoting the spatial gradient, e.g. V(u) = . H is the Hessian
8.2?1 8.7}2
62
matrix with entries of (H,); i3 oz, Following a similar argument, to minimize
Xy

the functional energy m, we use an Euler Lagrange equation that reads [102]:

0 (02N, 0 (02N O (0Z
8371 811)71 (9.732 811)72 83:% 8w711

2.3.18
P (02 P (a2 _, (2:315)
8x18x2 811)712 8x§ 810,22 -
where 9
ow 0“w
= o= 1,7 =1,2. 2.3.1
U),Z 81;1', wv’LJ 8.’13'18"11']7 %, ] 9 ( 3 9)

15
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Substituting (2.3.17)) into (2.3.18)), it is straightforward to obtain:

Mtw  tw 0*w 0%w 0%w
D 2 Ph— +P— =0. 2.3.20
ot " ol T Contoal| T e T P oa (2:3.20)

Finally, adding the viscoelastic response of the foundation and setting P = P, = P,

we derive the model as:

DA%w + PAw + kjw — kow® + ksw® + nu = 0, (2.3.21)

Pw  QPw

—— + ——. In the next section,
oz 023

where A is the Laplacian operator defined as Aw =

we consider (2.3.21)) for further analysis.

2.3.1 Generalized homogeneity m theorem

Here, we aim to derive the dimensionless version of the model we derived for the beam
folding and a plate . For this aim, we use Buckingham 7 theorem for
transformation to dimensionless parameters [30]. This theorem reduces a problem in
determining [49]:

a=F (a1, - ,a,b1, - ,by), (2.3.22)

where a is a quantity being determined with k+m arguments and a; denotes arguments
with independent dimensions. b; represents arguments with dimensions being expressed

using dimensions of a; as:

[bi] = [a1]"" - - [ak] " (2.3.23)
Then, introducing the variables
a
m =
al---af’
Ue 0}1)7; . azi )
bm,
—
m agl)m . azm )
allows us to formulate:
F . bi -+ b
S AUTANY L VMY Y (2.3.24)
al PEEEEY ak

16



2.3 Folding of a plate

Thus, from (2.3.22)) and (2.3.24)), we have:

™ :EF(a17"' y Ay T, 0 0t 77Tm)7 (2325)

with F being a certain function.

Next, we show that changing a1 by an arbitrary factor does not lead to any changes
in ag,--- ,a; and my, - ,my,. Similarly, this is valid for changing a; by an arbitrary
factor. Therefore, F is independent of a1, - ,ax, and we can reformulate as:

T=(m, -, Tm). (2.3.26)

From (2.3.24)) and ([2.3.26)), one can readily obtain:

by b
_ P m
F (a1, ap bl bm) = ab - al® <a§’1-..a;;1’“' ’aﬁ”’%-‘a;’n)' (2.3.27)

We use a similar logic to in the rest of the discussion to derive the non-
dimensional models for beam and plate folding.

We derive the dimensionless version of the model , by closely following
and and defining the independent arguments a1 = w, as = t, as = x1, a4 = Ta,
as = P, and ag = p. This allows us to rewrite as:

A?w + PAw 4w — w? + pw® 4w = 0. (2.3.28)
by setting:
D\ /4 D\ /4
1 — (kﬁl) X1, T9 — <kl> T2,
k1 n
— t —t
w — ka, — 1
P P ’ k1ks
Dk k3

Later, we study the stability behaviour of the model (2.3.28)).

2.3.2 Linear-stability analysis

We analyse the behaviour of the models (2.3.28) by rewriting them as:

w = U(w). (2.3.29)

17
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We first find the fixed points of the models in (2.3.28)). For this, we require to find
the stationary point of the energy functional, which is equivalent to the zeros of the

resistive force fe(w). Thus, we have:

U)(]:O,
" 1—1—4u
W41 = _—
£ 20 (2.3.30)
14+1—14
Wyo = =+ y
21

Remark 3. From (2.3.30), we conclude that to have softening and re-stiffening be-
haviour in the framework, one requires to choose 0 < u < 0.25, as Figure [2.9 shows.

Then, linearizing the non-linear model in the vicinity of the fixed points w, using

small perturbations, we obtain:
w(-, t) = w, + dw(-, t). (2.3.31)

Inserting the perturbation ansatz (2.3.31)) into (2.3.29), we have
9 (we +0w(-, 1)) = g(ws) + g'(w)dw(-, t) = g'(we)dw(-, t) (2.3.32)

Thus, we find that a linear ODE governs the growth of the perturbation dw(-, t), that
is
d

ow(-, 1) =g (w)dw(- 1) (2.3.33)

with the solution of

Sw(-, t) = dw(-, 0)exp (¢'(we)t) . (2.3.34)

Therefore, if ¢'(wy) > 0, the perturbation grows in the temporal domain, and the
fixed point is linearly unstable. Whereas, for ¢'(w,) > 0, the fixed point shows stable

behaviour, and the perturbation decays with the limit value of
tliglo dw(-,t) =0. (2.3.35)

For further analysis, we consider a perturbation function:

ow(-, t) = eexp (ot —ik - x), (2.3.36)

18



2.4 Viscoelastic plate

where x := (x1, z2) and k := (ki, ko) is defined as the vector of modes in z; and
9 directions. Plugging (2.3.36[ into the linearized form of the model, the dispersion
relations for the model (2.3.28]) read:

o0(le) = — (IKI* = Pk +1).
1
or1(k) = — (k' - Plk|* —4) F 0 (1 —vi- 4/‘) ’ (2.3.37)

1
- _ 4 _ 2 _ = —
oio(k) = — (k|* — Plk|* —4) F . (1 ++/1 4u) ,

with |[k| = ,/k2 + k2 being the magnitude of the vector k.

As we discussed before, the k-modes with o > 0 lead to instability. Therefore, the
dispersion relations in show that the model have stable behaviour around the
point wg when the applied force P is compressional. Around the other fixed points w41
and wig, the solution is stable for sufficiently large modes regardless of pu and P. To
analyse the stability behaviour for general modes, we consider the lowest mode |k| = 1.
Then, one requires to have &1, &, &3, &4 > 0 for compressive P to have stability around

the fixed points o1, 0_1, 042, and o_3, respectively. Here, we define:

G=—4p+1- /14y,
3= —dp—1+/1— 4z,

(2.3.38)
53:_4)u+1+ \/1_4 ;
&y =—4p—1—+/1—4pu.
Figure [2.6]a presents the variations of £;, j = 1, ---, 4 with respect to u. We can see

that only the fixed point o049 is stable with any compressive axial force P. For other
cases, we derive P, from (2.3.37) and require to set |P| > P, where the negative
sign represents the compressibility (see, figure b). Otherwise, the behaviour is non-

trivial and depends on the values of |k| and p.

2.4 Viscoelastic plate

In this section, we extend our model further and consider that both the plate and
the surrounding framework behave as a viscoelastic material. Similarly, we use the
Kelvin-Voigt viscoelastic model for the plate to write the stress tensor as:

e(t)
at

o(t)=Ee(t)+ 1.E (2.4.1)

19
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(a) & variation (b) Ppin variation
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Figure 2.6: The effect of the axial force and p on the stability of the model.

with 7. denoting the viscoelastic relaxation parameter. Therefore, we have:

E 0 0
m@%:l_ﬂ(q+yqy+%1_ﬂ<¥;+W6:)’ (2.4.2)
E E 0 0
O'Q(t) = m (62 + Vﬁl) + Tcm (861/_2 + Vaetl> y (243)
. FE 6612
o12(t) = W +7) €12 + 7'672(1 ) ot (2.4.4)

Thus, we can propose the energy of the plate as the summation of the elastic and

viscous contributions as:
s (w) = Hp(w) + Iy (w), (2.4.5)

where IIg(w) is the energy of the elastic plate and Ily (w) is the viscous contribution.
Following closely the previous section, from ([2.3.9) and (2.4.1]), we have:

Pw (0% 0%
I — D
v = [ 7 [ax% (5 )
+Ww Ww+yyw a1 9w 9%
O0x2 \ 93 Ox? 011029 0210z ) |

Also, we obtain Il (w) similar to (2.3.11])). The potential energy of the plate affixed to

(2.4.6)

a foundation with localized behaviour is the summation of the energies of the elastic
and viscous contributions of the plate, work done by the applied axial forces, and the

work of the foundation response. Thus, we define the system’s potential energy as:

T(w) = T (w) + Ty (w) + Ty (w) + T (w). (2.4.7)

20



2.4 Viscoelastic plate

Plugging (2.2.11)), (2.3.11)), (2.3.16)), and (2.4.6]) into (2.4.7), we obtain the potential-

energy functional of the system as:
D |/0%w 0%w\? 0%w 0w 2w \?
Nw)= | = |(=%+=%] —2(1- -
(w) /QO 2 [<ax§ * ax§> (1-v) (axf 02 <8x18x2>
+/ D O*w (9% N Ua% N O*w (9% N Va%
a0 | 03 \ 0x? Ox2 0x2 \ 93 Ox?
0w 8% P (0w [ow)\?
+2(1-v) — |l +{ 5
61’18%’2 8x18$2 Q0 2 (91'1 (9.1‘2

- ﬁw2—@71)44—@11)6—|—77ww— L (z1, 22, w, V(w), V(w), H(w), H(w)) .
Qo 2 4 6 Q
(2.4.8)

Thus, we minimize II(w) in using an Euler-Lagrange equation that reads [102]:
(22, 0 (222 (07
8$1 6’(1]71 (9.1‘2 811]72 a.x% 6w711
0? 0L 0* (0%
- 8x18x2 (8w712) B 87%% <8wgg>
i (32 (8) (35
81’1 8’(1)71 amz 8’[0 2 8x1 aw 11

L * [(ox\ 9 (0¥ .
(91‘18.%’2 8w,12 a.%% 6w ,22 Gw '

Finally, we obtain the following model:

(2.4.9)

2 2, 0*w 0w 3 5 :
7 D)

Setting Py = P», we have:

DA%w + 27.DA*w + PAw + kjw — kow?® + ksw® + nb = 0. (2.4.11)
In the next section, we conduct the dimensional analysis and derive the dimensionless
version of the proposed model (2.4.11]). We also bound the corresponding parameters
to provide linear stability.

2.4.1 Dimensional analysis and study of linear stability

Herein, we continue the analysis of Section which allows us to write the dimen-
sionless version of (2.4.11) as:

Aw 4+ AA%W + PAw 4+ w — w® + pw® 4 1 = 0. (2.4.12)
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Similarly, we define:

N D\ V4 . D\ /4

T kl 1, xT9 k‘l T2,
k1 U
— t —t

w — ka, — kl
P kiks

P— e — —5
Dk S

\ - ZTC/'{Zl
nt

Next, we use the non-dimensional model (2.4.12)) for the stability analysis. First,
we find the zeros of the forcing term (see, (2.3.30))). Then, linearizing the non-linear
model near the fixed points and inserting the small perturbation ([2.3.31), the dispersion

relations for the model (2.4.12)) are:
-1

oo,v (k) = T AP (Ix|* = Plk[*+1),
-1
7w () = (0 (et = PP —a) + (1= VT=4n)),  (2413)

7o ) = s (1 (il = PR =) & (1 VT = 30)).

The dispersion relations shows that the models behave similar to the model
for the elastic layer around the point wg and is stable when the applied force P is
compressive and A > 0. Around other fixed points w41 and w4o, it is required to have
A > 0 and large modes. For general modes, choosing A > 0, we also need &1, &3, €3, €4 >
0 for compressive P to have stable behaviour around the fixed points o041, 0_1, 012,

and o_g, respectively. Here, we refer the reader to figures (2.6)).

2.4.2 Folding of thick layers

The central assumption in deriving the models in the previous sections is that the layer
is considerably thin with respect to its lateral dimensions. We overcome this shortcom-
ing for thick layers by using higher-order shear deformation theories and redefine the
displacement field u = (uy, ug, us) as:

dwy(z1,22) 475538105(331,932)

w1 (1, 22, 3) = —x3 P -
Qwp(w1,x2) _ 43 wy(wy, @ 2.4.14
us(a1, 22, 73) :-xgw_ghgsé;zﬂ, (2.4.14)

ug(1, 22, 3) = wp(x1, x2) + w21, T2),
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2.4 Viscoelastic plate

with wp and w, being the vertical deformations due to the bending and shear compo-
nents, respectively. This higher-order theory allows us to account for shear deformation
effects. Later, the strains obtained in (2.3.4)) become:

0wy (w1, 72) B 4733%82103(3@1,302)

€] = —x3 922 37,2 922 , (2.4.15)
e S e

We now take into account the transverse shear strains as:
o3 = < - Lff’) 81”5;?2’ ™) (2.4.19)

We can show that the transverse shear stresses in ([2.4.18)) satisfy the condition of zero

transverse shear stresses at the top (z = h/2) and bottom (z = —h/2) surfaces of the

plate. From (2.4.2)) and (2.4.15)), we calculate the general form of the strain energy as:

h/2
s (ws , ws) = / / (01€1 + 0262 + 012€12 + 013€13 + T23€23)
Qo

—h)2
0w 0w 0w 0w
b b s s b b s s
= - - M — My——~ — M.
/QO{ ! Ox? ! Ox? 2 ox3 2 Ox3 (2.4.20)
9wy, 0w ow ow
_oMP oM s dWs oWs
12 8IE18$2 12 al’lal‘z + ng 61’1 + Q23 81‘2 ’
where M terms are the horizontal stress resultants defined by:
h/2 h/2 h/2
Mb = / zo1 dz, Mb = / zogdz, M?, :/ zojpdz, (2.4.21)
—h/2 —h/2 —h/2
h/2 423 h/2 423 h/2 423
M} = / %01 dz, M3 = / 2%02 dz, M7, :/ %012 dz,
_h/2 3h —h/2 3h —h/2 3h

and () denotes the transversal stress resultants defined as:

h/2 4 2 h/2 4 2
Q13 = / (1 — hZ2> J13 dZ7 Q23 = / (1 — hZ2> 0923 dz. (2.4.23)
—h/2 —h/2
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2. FOLDING

Using the constitutive law (2.4.1)), one can derive the stress resultants as:

_821111, T 6211)17
0 o0x? ¢ 9x?
0 2wy, 92y,
o ox3 e Ox3
= 2w 9?4
2 — b __ b
2 0x10x2 2TC 0x10x2

M{’ 1 v
M¢| =D |v 1
My, 0 0

_0%ws _
1 v 0 0z Te 07
+cF|lv 1 0 Pws _ g Py | (2.4.24)
0 0

T 923 ¢ 9x2

-5 82’11}5 _ 6 ws
2 —2 01102 27—0 0x10T2
_ 2wy, 0%y,

0 9z — e 0x3
0 _82101, _ 3211'117
1— 022 ¢ dx3
=5 - 2wy, — 97 R
0x10x2 €0x10x2
Pws T 02w
0 0x? ¢ ox?
d2ws A2ws
0 0w O | (2.4.25)
1—v 52w 924
2 _28$18:SEQ - 27—0(9%18;72

and

dws Ows
[Qm] _ s [1 0} [8901 +Tcgl?1] ’ (2.4.26)

— 4
where ¢ = 35,2 and

h/2 5
F::/ 2 Edez Eh o
—np 1-v 80(1 — v?)
M2 oo E EW
H:= 6 dz = 2.4.2
/_mz 1027 7 181 — 2y (2.4.27)
h/2 2\ 2
o [ (A2 e
—h/2 h 2(1+v) 15(1 4+ v)
We express the work done by the vertical force of the framework as:
T (1 s w5) = — / (q + 1t + 1)) (wp + ws) (2.4.98)
Qo
where
k k k
4= () = 2w+ )+ (w0 0,)° (2.4.29)
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2.4 Viscoelastic plate

Thus, the system’s energy is given by the summation of the potential energy (2.4.20))
and the work done by the external force (2.4.28)) and the framework response as:

(wy , we) = Hp(ws, ws) + Iy (wy, ws) + Hp(wp, ws) + p(wy, wy)
= A L (1,29, V(wp), V(ws), H(wy), H(ws), H(wy), H(ws)) .
’ (2.4.30)

Next, we minimize the energy functional (2.4.30) using an Euler-Lagrangian equation.

For this functional with two functions and several variables, we use:

0L 0 0L 0 0L 0? 0L
Owy * oxy <3wb,1> * Oxa <3wb,2> 922 <3wb,11>
0? 0% 0? 0%
071072 <3wb,12> 922 <5wb,22>
N ANNE AN YR
8$1 8u‘;b, 1 81‘2 8u')b, 2 ax% 8u‘;b’ 11

P 02 \ & (92 \_,
011075 \ Oty 12) 023 \Otip02)

, (2.4.31)
0L + 0 0L n 0 (o 0° (0%
8 8331 811}5’ 1 ({9%2 8w872 8%‘% 811)3 11
B 0? 0L 0?
0x10x2 \ Qws, 12 81‘2 8w5 29
N 0 (02 n 0 (0% 0L
8:131 aw& 1 81’2 aws@ 81‘1 611}37 11
B 0? 0L \ 72 0L \ 0
0x10x9 \ Ows 12 Ox3 \ O, 22 Y
Substitution ([2.4.30)) into (2.4.31f), we have:
DA?wy, 4 27.DA%wy, + cFA*w, + 27,cF A%,
+ PAwy + g+ 1 (6 + 1) = 0.
(2.4.32)
cFA?wy, + 21.cF A%y + EHAw, + 27,62 HA%w, — A* Aw, — 27. A% Ay
+ PAws + q + n (wp + ws) = 0,
Following closely our analysis in the dimensionless model is obtained as:
2 2., Lo L. 3
A“wy + AA wb—l—gA ws+5)\A ws + PAwy + wp + ws — (wp + ws)
+ p(wp + ws)® + Wy + ws = 0,
plwn - ws)” by (2.4.33)

1 1 1 1
5A2wb + gm%ab + ﬁAQwS + ﬁ)\AQu)S — A Aw, — AAS A, + PAw,

4wy, + ws — (wy + ws)® + p(wy + ws)® 4+ Wy, + ws = 0.
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2. FOLDING

with the following definitions:

_> JE—
Wy k2 Wy,
P
P,
Dky
s AS
D~ )
Dk
N 21.k1
nt

Wg — Ew57

k1k3
k2’

s F
ik
n

t— —t.

k1

In the next section, we develop a robust numerical simulator for these models.

Remark 4. We assume that the required boundary conditions and an initial state are

given for the models (2.3.28)), ([2.4.12)), and (2.4.33)). In Section[2.5, we detail how we

choose the corresponding boundary conditions.

2.5 Numerical procedure

In this section, we describe an efficient simulator for the models we propose (2.3.28)), (2.4.12)),
and (2.4.33)). We discretize in space using isogeometric analysis (IGA). IGA is a finite

element method where we use NURBS as basis functions, which deliver elements with

higher global continuity up to CP~! where p is the polynomial order [28, 29, 38, ©9].

This feature allows us to discretise weak formulations with higher-order derivatives (e.g.

here, second-order derivatives) [17,146]. We compare the quadratic functions with con-

tinuity of C° and C' in figure to show how the regularity of basis functions affects

their shape and support. Later, we use the generalized-a method as a time marching

approach to obtain the fully discrete system.

2.5.1 Weak form

Defining a functional space V = H? as a Sobolev space of square-integrable func-
tions with square-integrable first and second derivatives, we multiply models (2.3.28)
and (2.4.12)) by v € V. Then, repeating the divergence theorem, the variational formu-

lations are stated as follow, respectively: Find w € V such that:
B(w,v) =0,

By (w,v) =0,
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2.5 Numerical procedure

(a) p=2,C° (b) p=2, C"
1.0 - 1.0
0.8 0.8
0.6 0.6
0.4 A 0.4 1
0.2 0.2
0.0 0.0
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
¢ ¢

Figure 2.7: Quadratic basis functions for FEM and IGA with C° and C' continuity,

respectively.

where

B(w,v) := (Aw, Av) — (PVw, Vv) + (i + w — w® 4 pw’, v),

(2.5.2)
By (w,v) := (Aw, Av) + (A, Av) — (PVw, Vo) + (i + w — w® + pw®,v),

with (-, -) being the L? inner product with respect to the spatial domain. Furthermore,
we derive the weak from of the problem ([2.4.33)) by multiplying it by test functions
v, r € V. Then, we obtain the weak problem as finding wy, ws € V, such that:

BT(’LUb, Ws, V, T) = 07 \V/U, e Va (253)
with defining

Br(wy, ws, v, ) 1= (Awp, Av) + (AAwy, Av) + %(Aws, Av) + %()\Aws, Av)
— (PVwy, Vv) + (wb 4+ ws — (wy + ws) 4 p(wy + ws)® 4 wp + s, v),
é(Awb, Ar)+ ()\Au';b, Ar) + 21—1(Aw5, Ar)
%(AAwS, Ar) — (PVuws, Vr)

+ (wp + ws — (wp + ws)? + p(wp + ws)® + Wy + Ws, 7).
(2.5.4)
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2. FOLDING

2.5.2 The semi-discrete formulation

We use a spatial finite element discretization and define P, as a partition of the domain
Q into elements K and obtain Q := Kep, I - Following standard notation for the
Lebesgue and Sobolev spaces, we assume V" as a finite-dimensional space composed of
polynomial functions with order p > 1 defined on €. Then for the spatial discretiza-
tion of , we use the Galerkin method and approximate by the following

variational problems over the finite-dimensional spaces: find w" € V* € V such that:
B(w" ") =0, Vol € V1,
(2.5.5)
By (w",v") =0, Vol e V!,

Following the same approach, for (2.5.3)), we can state the approximate problem as
finding w}, w? € YV C V such that:

Br(wl, wh, ", rh) =0, volt, rh e v, (2.5.6)
with trial solutions w”, w!, w defined as:
ngy ng ny
wh = Z waNy, wl’} = Z wy AN 4, w? = Z ws AN 4, (2.5.7)
A=1 A=1 A=1

and the weighting functions v”, " as:

ngy Ny
ot = Z vaNa, rh = Z raNA. (2.5.8)
A=1 A=1

Here, N4 is the basis function, and ny is the dimension of the discrete space. Based on
the definition of V}, we need the discrete space to be at least H?-conforming globally.

In this work, we satisfy this requirement by using a NURBS basis with C!-continuity.

2.5.3 Time integration

Let us partition the temporal domain [0, 7' uniformly with a time step 7: 0 = tg < t; <
... <ty =T and denote by W/ V. the approximations to w”(t,), w" (t,), respectively.
Therefore, exploiting the generalized-o method [60], the fully discrete formulation of

the model ([2.3.28)) at time-step n + 1 is:

0= (AW o,, A") = (PYWL,  Voh) + (Vi 4 oW, ) 0t
W1 = Wy + 7V + [ Vi, (2.5.9)

(Vg ") = —(AWE, Av") + (PYWE, Vo) — (v(Wo), o),
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2.5 Numerical procedure

where
(W) = wh— (W) (W)
Wita; = Wa + ap[Wh],
Vitam = Vo + am[Val,
W] = Whg1 — Wi,
According to , the method requires a two-step computation; the first one solves

(2.5.10)

an implicit system to find [V,,], the second one uses the second equation in (2.5.9) to
update U,41 explicitly. We guarantee the scheme’s second-order accuracy in time by
setting v = % + ayn — ay; we also control the numerical dissipation using the following

parameter definition [60]:

1 3—poo) 1
O = = , af = . 2.5.11
m 2<1+,ooo T 1+ pee (2:5-11)

where, po € [0, 1] is a user-control parameter. The next chapter describes the dissi-
pation control, a higher-order version of this approximation in time, and the stability

behaviour in the temporal domain of the methods we propose.

Remark 5. To complete our methodology for the implementation of the fully discrete
problem , we use Newton’s method to solve the resulting nonlinear equation. The
iterative procedure can be summarized as computing the residual RY | using WTEQl with
i denoting the i-th iteration. Next, computing the Jacobian 5, we solve

FOsw i+ — R, (2.5.12)

Then, we update WT(LS:EI) = Wr(fll — WY We repeat these steps until the norm of
the global residual vector is reduced to a certain tolerance (for exzample, here, 1078) of
their initial value. We usually achieve convergence in 3 to 5 nonlinear iterations per

time step. For more details, we refer the reader to [46, [100)].

Remark 6. To obtain the fully discrete version of the models (2.4.12)) and (2.4.33) we
follow the procedure of deriving (2.5.9) from (2.5.1)) closely.

2.5.4 Results and discussion

In our examples, we simulate a plate with an imperfection at its initial state given by:

0.0001

w0 = Gyt )

(2.5.13)
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2. FOLDING

For thick layers and in the case of using (2.4.33)), the initial conditions read:

0.0001

w0 = Ty 2y

ws(-, 0) =0. (2.5.14)

Then, we study the effects of the viscosity of the layer on the localized buckling by com-
paring the evolution of folding for different viscosities. For this, we simulate
and with given n = 0.25, with a compressive force P = 4 and Dirichlet bound-
ary conditions for vertical displacement and the bending moment. Later, we choose
time step of 7 = 0.05, polynomial space of order p = 2 with C! continuity. We present
the evolution of the fold in figure 2.8 We conclude that the folds approach a sinusoidal
shape by decreasing the viscosity of the layer.

We also solve for a 2D plate and present the result at time 10 in figure
with cross-sections to show the behaviour of our model. The localized bucklings occur
in z and y directions. That is, the sinusoidal patterns predicted by Biot in [14] are not
valid in both horizontal dimensions, and the results are more realistic. For example,
here, the simulation resembles a dome and basins.

Next, we simulate the model for a thick layer of thickness h = 1. For this, we
consider a 2D domain [—40,40] x [—40,40] and set p = 0.25 with a compressive force
P = 4. Then, we study the effects of viscosity of the layer on the localized buckling
by comparing the evolution of two cases of A = 0 and A = 100. Figure [2.10| presents
the vertical deformation of the layers. The temporal evolution of the folded layer with
A = 100 results in the formation of patterns. These simulations show that the viscosity
of the layer plays an important role in forming localized folds.

In figures and we show the cross-sections of the elastic and viscoelastic folded
plates, respectively. The evolution of the elastic layer shows that the sinusoidal pattern
of the deformation remains, while the viscoelastic layers demonstrate varying localized

patterns during the simulation time.
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Figure 2.8: From top to bottom: time=3, 10, 30.
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2. FOLDING

Figure 2.9: The folding of a viscoelastic layer with A = 1 at time=10. The introduced
model captures the locallized foldins and the structure resembles dome and basins
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2.5 Numerical procedure

() A=0,t=5 (b) A=0, t =100 (¢) A=0, t =200

(d) A=100,t =5 (e) A =100, t = 100 (f) X =100, t = 200

-2.5e+00-2 -15 -1 -06 0 085 1 1.5 2 2.5e+00

e s | e—

Figure 2.10: The deformation of the middle surface ¢ of the layer embedded in a
viscoelastic framework. The localized behaviour is true for all stages of the deformation of

the viscoelastic layer.
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(a) A=0, t =100

2
<> 0
2 L ! ! ! \ !
0 5 10 15 20 25 30 35 40
X
(b) A =0, t = 200
2
<> 0
-2 ! ! |
0 5 10 15 20 25 30 35 40

Figure 2.11: The plate’s cross-section evolution at xo = 4 for the case of elastic layer.

(a) A =100, t = 100

(b) A = 100, ¢ = 200

Figure 2.12: The plate’s cross-section evolution at xo = 4.
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Higher-order Time Marching

Now, we introduce our work on addressing the heretofore-unfulfilled need for higher-
order time-integration methods with user-controlled dissipation in the high-frequency
part of the spectrum. The commonly-used implicit generalized-a time-marching ap-
proach delivers second-order accuracy in time for parabolic and hyperbolic problems.
Furthermore, the user can control the numerical dissipation in the high-frequency re-
gions of the discrete spectrum. Nevertheless, we require high-order time marching
methods in practice in various cases. For example, to fully exploit the high accuracy
of the spatial discretization, it is vital to have a high-order time integrator that han-
dles the possible poor approximability in the discrete high-frequency range. Thus, we
extend the generalized-a method to increase its accuracy while keeping its appealing
features such as unconditional stability and algorithmic control on high-frequency nu-
merical dissipation. The core idea is to use high-order Taylor’s expansion for defining
the parameters.

Below, we introduce our approach for the equations with second-order derivative
in time (e.g., second-order hyperbolic models) and then approximate the first-order
derivative in time (e.g., parabolic models). Then, we introduce a new class of explicit
time integrators delivering an accuracy order of 2k, k € N as well as the user-control on
the numerical dissipations. We also detail our analysis on the unconditional stability
of implicit methods, the CFL conditions for the explicit technique, and the accuracy of
the methods.

For this chapter, we use the methodologies and the results that we reported in the

following papers:
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3. HIGHER-ORDER TIME MARCHING

e Behnoudfar, Pouria, Quanling Deng, and Victor M. Calo. ”Higher-order generalized-
« methods for hyperbolic problems. ”Computer Methods in Applied Mechanics
and Engineering 378 (2021): 113725 [10].

e Behnoudfar, Pouria, Quanling Deng, and Victor M. Calo. ”High-order generalized-
a method.” Applications in Engineering Science 4 (2020): 100021 [§].

e Behnoudfar, Pouria, Gabriele Loli, Alessandro Reali, Giancarlo Sangalli, and
Victor M. Calo. ”Explicit high-order generalized-a methods for isogeometric

analysis of structural dynamics.” arXiv preprint arXiv:2102.11536 (2021) [12].

e Behnoudfar, Pouria, Quanling Deng, and Victor M. Calo. ”Higher-order generalized-
a methods for parabolic problems.” arXiv preprint arXiv:2102.05910 (2021) [9].

In the next sections, we summarise our schemes as well as their analysis and use.

3.1 Implicit higher-order time marching methods for hy-

perbolic problems

3.1.1 Generalized-a for second-order time derivatives

We first consider a second-order ordinary differential equation (ODE)

i+ Adu =0,
u(0) = wo, (3.1.1)
U(O) = o,

with the given initial values of the solution, ug, and vg its first derivative. We discretise
the time-marching domains between 0 = tg < t; < --- < ty = T with T being the
final time and introducing the time step-size as 7, = t,41 — t,. Herein, without loss
of generality, we consider a uniform grid with time step 7. Denoting the approxima-
tions of wu(ty), u(ty), i(ty), by Un, Vi, Ay, respectively, the generalized-o method for
solving at time-step n + 1 is given by [26]:

An+am = _)\Un+af7 (312&)
2

Unt1 = Un + 700 + = An + 71 Aul, (3.1.2b)

Vot1 = Vo + 1A, + ™1 [An], (3.1.2¢)
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3.1 Implicit higher-order time marching methods for hyperbolic problems

with the discrete counterparts of the given initial data Uy = ug and Vp = vy, and the
estimated initial acceleration Ay = —A\Uy, and the parameters defined using ([2.5.10)).
Setting v1 = %—i—am —ay guarantees second-order of accuracy. To control the numerical

dissipation, we set 31 = %(1 +am,—« f)2 and follow the standard parameter definitions:

1 2 — poo
= ) Qm = )
1+ poo 1+ poo

where p € [0, 1] is a control parameter that the user can adjust to control the high-

af (3.1.3)

frequency dissipation of the methods.

3.1.2 A fourth-order generalized-a method

Equations (3.1.2b))-(3.1.2¢)) imply a sub-step time-marching for the generalized-« scheme

that limit the order of accuracy as the truncation error is of order O(73). To overcome
this limitation, we exploit a higher-order Taylor expansion to obtain these two equa-
tions; see our detailed discussion in [8]. For this, let £%(s) be the a-th order derivative of
the function s in time. Therefore, for example, to formulate a fourth-order generalized-

a method, we introduce a method that solves
A = AU,

C3(A%) = AL (A, (3.1.4)

with the following update strategy

7.2 7_3 7_4 7.5
Ups1 =Up + 7V + —A, + ELl(An) + ﬂLZ(An) + —L3(A,) + /i P,

2 120
7_2 7_3 7_4
Vi1 = Vi +TA, + ELI(An) + FL2(An) + ﬂLi”(An) + TP,

LY Apr) = LHAL) +TL%(A,) + 72253(An) +726[L3(An)],

LHAns1) = £4(An) + 7L (An) + 772[ L7 (A0)],
(3.1.5)

7_2 7_3
P,=Ap1 — A, — 1LY (A,) - ?LQ(An) - 6Li”(An),

2 3
o s P erian s T
Apt = An +7L7(An) + 5L (An) + L5 (An) + o P, (3.1.6)
L3(A%2) = L3(A,) + o[ L3 (An)],

n

LHAR) = £1(An) + ap[£1(An)]
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3. HIGHER-ORDER TIME MARCHING

Assuming sufficient regularity for the solution in time, one can readily obtain £3(A%2) =
—ALY(A77) by taking three derivatives of the first equation in (3.1.4) with respect to

time. Also, using the given information Uy and Vj, we determine:
Ag = —Ao, L' (Ag) = —AVh,
(3.1.7)
L3 Ag) = N2Uy,  LP(Ag) = N\Th,

which completes a brief introduction of our method. Next, we now determine the

accuracy order and stability of the method.

3.1.2.1 Order of accuracy in time

As an example, we now derive the fourth-order accuracy of (3.1.4]), we require to set

conditions on the parameters v; and 2 . For this, from (3.1.5) and (3.1.4)), we obtain

a system of equations for each time step as

AUy, 1 = BU,, (3.1.8)
where
1 0 -B 0 0 0] [ U, ]
0 1 —m 0 0 O Vi
T2/\ 0 om 0 0 0 TQA”
A= 0 0 0 1 0 —,82 ’ Un_ TBLl(An) )
0 0 0 0 1 - TL2(Ay)
L 0 0 0 TQOéf)\ 0 a2 | _T5£43(An)_
120 120 60(1—2B1) 20(1—63;) 5(1—126) 1-2083; ]
0 120 120(1—m) 60(1—-2B1) 20(1—331) 5(1—4p)
110 0 120(a;—1) 120 (g — 1) 60 (g —1)  20(ag —1)
1201 0 0 0 120 120 60 (1 —232)
0 0 0 0 120 120 (1 — 2)
L0 0 0 —12072(1 — af)A 0 120 (ap — 1) |
(3.1.9)

Thus, we define the amplification matrix G as:
G=A"'B. (3.1.10)
Then, for any arbitrary amplification matrix, we can readily obtain the following [12]

50]:

LY Ap1) — (tr G)LYH(A) + % ((tr G)* —tr (G?)) L' (Ap—1) — det(G) £L1(Ay—2) = 0,

(3.1.11)
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3.1 Implicit higher-order time marching methods for hyperbolic problems

with the coefficients being the invariants of G and tr (G) is the trace of G. Next, we
estimate the unknowns £!(A) and U at time steps n — 2, n — 1, and n + 1 as:

7_2

L1 (Ang1) = £1(An) + 7L2(An) + 5 £5(An) +0(7%),
LHA, 1) = LA, — TL%(A,) + 7;53(An) + 0(73),

LA, o) = LYA,) — 27L2(Ay) + 272 L3(A,) + O(72),
-2 (3.1.12)
Un—l—l = Un + TVn + ?An + le,

7_2
U1 =Up —7Vp + ?An + Ro,

2
Uy_o=U, — 27V, + 4%An + R,

with the terms Ry being defined using a Taylor’s expansion as a function of 73£1(A,,),
T4L2%(A,), and 79L3(A,,). For example, we have
5

Ry = T—gﬁl(A )+T—4£2(A )+ ——L3(A) (3.1.13)
76 nT gt A T g Ve o

Finally, substituting (3.1.12)) into (3.1.11]), to have fourth-order of accuracy in time or
truncation error of O(75), we propose:

1 1
Y1 :al_i’ Yo = i—af—i—ag. (3.1.14)

For more details, we refer the reader to [10].

3.1.2.2 Stability analysis and eigenvalue control

We construct an unconditionally stable method; to do so, we need to bound absolute
values of the eigenvalues of the amplification matrix by one. For this, firstly , we
determine the eigenvalues of of ([3.1.10)) for the case o := A\t%2 — 0 as

1 1
M=d=M= =1 =2 °  jg=2"- (3.1.15)
a1 a9

1 1
Therefore, the conditions aq > 3 and oy > 3 imply the boundedness of A5 and Ag.

Similarly, for the case of ¢ — 0o, we propose the following conditions:
1
1< oy, B <ap <o (3.1.16)

We also show the stability regions for two cases in which «a; is constant as well as when
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(b) a1 = Q2
1 2 T
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Figure 3.1: Stability regions for (a) a1 =2, (b) a1 = as.

(a) pi° =p3"=0 (b) p° =0.1 & p° = 0.4

0.8 [

06

0.4+

0.2

0 ‘ ‘ : o ‘ ‘
10710 10° 10° 10° 1010 10710 10°° 10° 10° 1010
ag [ea

Figure 3.2: Eigenvalues of the amplification matrix, fourth-order-accurate time-marching
scheme: (a) p7° = p3* =0, (b) p° = 0.1 & ps° = 0.4 [10].

it is equal to as in figure
In the next step, to control the numerical dissipation, we follow the analysis of the
second-order generalized-o method in [7, 26} [60] and define:

1 1
Br=1p(Ltdmntaaf), o= (L+dn+hi). (3.1.17)

Finally, we set the user-control parameters pi°, p3° equal to the spectral radius of the
system and introduce:

2 1 2

Q) = ——, af = ——, oy = .
R NS T4

(3.1.18)
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3.1 Implicit higher-order time marching methods for hyperbolic problems

Therefore, by choosing 0 < pi°, p5° < 1, one controls the eigenvalues of the amplification
matrix and consequently, the high-frequency damping; see figure [3.2
Next, we extend our method to an arbitrary order of accuracy 2k, k € N in the

temporal domain.

3.1.3 Higher-order accuracy in time

Our scheme delivers the 2k-th order generalized-a method by solving:
ASY = —AUpy1,
LI3(AY) = MY (Apy), =2, ,k—1, (3.1.19)
L3k—3(Agk) — AL A0),

and updating the system as follows

Uit = Un+ 7V + A +T—3L1(A ) + +££3’f—3(14 )+ 726, P
n+1 — Un n 2 n 6 n (3]{3 — 1)' n 14n,1,
™ R T
Voot = Vi 7Ap + LY A 4+ ——— 334, Py,
+1 +TAn+ 5 (An) + +(3/<:—2)! (An) + 171 P2
£3-5(A £3-5(4 L3jf4 A 3k=i)+2 L3k73 A 23.p
L34 L3404 rith P k
B n = B n E ey — i£n,js =2, k-1,

2
LBk—S(An_H) _ L3k—5(An> + 7_L3k—4(An) + %Lgk_S(An) + T2l3k[[L3k—3(An>]]’
L34 (Apg1) = L4 Ap) + 7L 73 (45) + 7y [£2 2 (AW)],

(3.1.20)
where we have
1 TR ks
Poy=Apt1 — Ay — 74 (An)—"‘—mfC (An),
AS = Ay +r L A) 4 b AL ¢y Pay
n " " (3k — 3)! " e
P =L53(A41) — LY 3(A,) — - — ﬁg?’kﬁm )
n,j n+ n 3(k _])' n/)y
AT = £373(A )+~~-+773(k_j) L3 A5) + aj P =2,k =1
n = n 3(k—j)' n i Ln,5, J = 4 ) )
L3k73(Agk) _ L3k73(An) + O[kIIL?)IC*ZS(ATL]]7
L3k—5(Azf) _ Lk3_5(An) + af[[L3k_5(An]].
(3.1.21)
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3. HIGHER-ORDER TIME MARCHING

For k = 1,2, one retrieves the second- and fourth-order generalized-a methods, respec-
tively. For the analysis, we a similar approach to the one we discussed in the previous

section; therefore, we obtain the matrix system as:
LU, 1 = RU,,. (3.1.22)

Accordingly, the amplification matrix H = L™ R is defined as

Ay Zig e e Sk
0 Ay Bz --- Eok
H= : (3.1.23)
0 0 Ak—1 Ep—1k
|0 0 0 Ay
where
Q; o S — B

Ai=oi|—vio (Bi—vi)o+ai (Bi—svi)o+ai—vi|, i=1- k-1,

21
—0 —0 (,31 — 5)0’ +o; — 1
1
Br(ay —1)o + ag ay 5% — B
1
Ag = og —Yko af(Br —Yi)o + ag Oéfa(ﬂk—§7k)+ak—7k ,
1
—c —ajo apo(By— )+ —1

2
(3.1.24)

where o; = (B0 + ozi)f1 and oy, = (Brago + ak)fl. We propose to obtain 2k-order
accuracy in time:

Vi = o — fori=1,--- k-1,

2 (3.1.25)

Ve = % —of + ag.
Due to the structure of the amplification matrix (diagonal block entries), the analysis
is similar to what we provided for the fourth-order method. We repeat the approach k
times for a scheme with a 2k order of accuracy. Here, for brevity, we omit the details

and refer the reader to [10].

3.1.3.1 Stability analysis and control on dissipation

To analyze the spectral behaviour of the amplification matrix (3.1.22), we refer to the
sketch that figure illustrates and (3.1.23)), where we calculate all the eigenvalues

42



3.1 Implicit higher-order time marching methods for hyperbolic problems

Figure 3.3: 2k-order accurate method in time: Amplification matrix. Blue blocks have

zero entries, and the entries of the green ones are similar to the second-order generalized-«
method [10].

by determining the eigenvalues of each diagonal block. Hence, we set the parameters

s [10] (following Section (3.1.2.2))

1

Accordingly, we define user-control parameters p’_ and set:

2
O‘iziooa _17 '7k_17
Lte (3.1.27)
oy o .
k= > ap = —.
1+ pp 1+ pp

where the eigenvalues of block i approaches to pf© when o — oo.

3.1.4 Linear structural dynamics

In this section, we use our time marching scheme to simulate time-dependent PDEs.
We consider the initial boundary-value hyperbolic problem of structural dynamics, that

is:

iz, t) — V- (W? Vu(z, 1) + ¢ (i(x, b)) = f(x,t), (z,t) € Q x[0,T],
u(x,t) = up, x €00 x[0,T],
(3.1.28)
u(zx,0) = ug, T €,
U(ZE,O) = 0, x €,
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3. HIGHER-ORDER TIME MARCHING

Let Q ¢ R%,d = 1,2, 3, be an open bounded domain with Lipschitz boundary 9. V.
The operator V is the spatial gradient while a superscript dot denotes a time derivative

0u(zx,t)

ou(x,t)
t ot?

u(x, t) = and i(x,t) =

¢ (t(x,t)) models linear damping. The source f, propagation speed w, initial data
ug, vg, and Dirichlet boundary conditions up are given and assumed regular enough
for the problem to admit a weak solution. We derive our numerical method for
by first obtaining a semi-discrete problem by using finite elements in space; then, we

use our generalized-a method to discretise the problem fully.

Remark 7. In the considered problem (3.1.28]) and accordingly (3.1.32)), we only con-
sider constant w and assume that the solution u(-,t) satisfies homogeneous boundary

condition. One requires slight modifications of the discrete bilinear and linear func-
tions for the cases of heterogeneous propagation speed and non-homogeneous boundary

conditions; for more details, see [50].

We use a spatial finite element discretization. For this, We define P}, as a partition
of the domain () into elements K and obtain Q, := [Jycp, K. Following standard
notation for the Lebesgue and Sobolev spaces, we consider V}f’ as a finite-dimensional
space composed of polynomial functions with order p > 1 defined on ;. Next, we
multiply the hyperbolic equation with a sufficiently regular test function wy, €
VP (here, wy, € HZ(9)), integrate over y,, and exploit the divergence theorem to obtain

the semi-discrete form of the problem as:
(wh,ilh) + a(wh, ﬂh) + b(wh, uh) = K(wh), wp, € V};D(Q), t >0, (3.1.29)
where we have
a(w,v) = (w, c(v)),
b(w,v) = (W*Vw, Vv), (3.1.30)
t(w) = (w, f),
with (-, ) being the Lo-inner product defined on the domain ;. We approximate

u(x,t) for each fixed t by a function uy(z,t) that belongs to a finite-dimensional space

VP, This allows us to derive the following variational formulation:

{Find up(t) = un(-t) € V() for >0 (3.1.31)

(wh, 1) + a(wh, Uy) + b(wp, up) = €(ws), Vwy, € VP
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3.1 Implicit higher-order time marching methods for hyperbolic problems

with u(0) being the interpolation of ug in V. Next, adopting a Galerkin method
(in particular, isogeometric analysis [28], [29]), the matrix problem resulting from the

semi-discretization of the linear structural dynamics problem (3.1.31)) reads:
MU 4+ CU + KU = F, (3.1.32)

with M, C and K denoting the mass, the viscous damping, and the stiffness matrices,
respectively. F'is the given external-force vector, and U is the unknown displacement
vector. We assume M and K are symmetric and positive definite. Any spatial dis-
cretization methods such as finite differences, finite elements, or Isogeometric analysis
that provides such properties can result in the matrix equation . To simulate
the initial-value problem (3.1.32)), we need to determine a time-dependent function U ()
that satisfies as well as the given initial conditions:

U) =0y, U(0)=". (3.1.33)

Then, exploiting our high-order method, to have 2k order of accuracy in the temporal

domain, the full-discrete problem reads:

MASI + CVnJrl + KUnJrl = Fn+1a

MLSj_?’(AS:j) + 0L3j_4(‘4n+1) + KL3j_5(A7L+1) = FT(Lijl_3)7 ] = 27 U ak - 17

ML3I<:—3(A%;€) + CL3k—4(Agf) + KLSk_E](Agf) — Féika—f3)7

(3.1.34)
updating as in . We also approximate % f(-,n) as Féa), and accordingly,
define Féikof) = F3F% 4 af[[FT(Lg’k*g)]]. Additionally, the definitions of other terms
can be found in . Lastly, we require to determine the values of 3k — 2 high-order

unknowns at the initial step from the given Uy and Vj. For this, we have:
Ay =M [Fy - CVy — KUy,
CHAg) = M7 RV - Co - KV (3.1.35)
Li(Ag) = M~ [Féj) —CLITY(4g) — KLH(AO)} . j=2---,3k-3.
Remark 8. We introduce a new higher-order generalized-o method by considering a
spatial discretization, leading to the matriz problem . Therefore, our method and

its corresponding analysis are independent of the use of the spatial discretization [10,
12].
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3. HIGHER-ORDER TIME MARCHING

3.1.4.1 Analysis

First, we rewrite the method in a0 matrix form as:
LU,+1 = RU,, + F, (3.1.36)

with F' denoting the forcing vector. Without loss of generality, we can assume F = 0
(for details, see, [26]). Then, we derive the amplitude matrix in a diagonal block struc-
ture (see, figure similar to . Therefore, to analyse the stability behaviour
of the method, we require to determine the eigenvalues of each diagonal block. Starting
with the lowest diagonal block Ay corresponding to three highest-order terms, we de-
fine w and k as the largest eigenvalues of the matrices M 1K and M~1C, respectively,

which allows us to state:

At _ L+ ap 4 Br(ay —1)S a2 _ L+l +ap
F apyl + ap + BragS T apyL + ag + BragS’
Al3 apyel — 2Bk(ar L + 1) + oy A2l — VS
kK — ) kK —

CapyeL + o + BrayS’
2(ok + BrorgS) — w(arS +2)

2(apiL 4 o + BroyS)
(Ozf — 1)’ykL + ap + Oéf(ﬁk — ’yk)S

AZ = , AP =
oyl + o + BrayS 2(apyiL 4 o + BroyS)
Ailz_ S , Azgz— L+ afS ,
Ozf’ykL + o + ,BkOth Ozf’ykL + o + ,BkafS
A3 — 2(ap(ys — DL+ o — 1) + (2B — oy

)

2(afvL + ap + BragS)

(3.1.37)
where Afcj is the entry of the matrix Ay, S = wr?, and L = k7. The entries
leads to an identical to the one obtained for the problem for the limit cases
7 — 0 and 7 — 4o00. Therefore, our proposed parameters such as i, 5x, and the
user-control parameters pi° are also valid here.

For the stability analysis, from the characteristic polynomial of the diagonal-block

matrix Ay, we define S as

2(P—1)[2(P—1)(ax(P—1)+1)—L(af(P—1)+1) (2(ag—ay)(P—1)—P—1)]

S - P]
(af(P=1)+1)[(cx—ap)(P—1)+P+1]

(3.1.38)

Based on the definition of the structural dynamics model, we enforce S > 0. Besides,
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3.1 Implicit higher-order time marching methods for hyperbolic problems

1
considering ay > ay > 3 leads to —1 < P < 1 and

1 P+5 18(P — 1)(ap(P —1) +1)
KQ sa<giogpll= _(ak(P—1)+P+2)(4ak(P—1)+P+5))
P+5 18(P — 1)(ap(P — 1) +1) (3.1.39)
o (4—413 <on & LS = T 1 P+ 2)(dan(P — 1) +P+5))]

or (P=1&2a;>1).

The conditions in show that the method has bounded eigenvalues. Further-
more, there is no condition on choosing L before the spectral radius starts to drift from
one (see, Figure . For the case that P = po, which implies 7 — 0, L also can be
chosen without any conditions [10]. For the bifurcation interval of spectral radius, we

investigate more in remark This completes our analysis.

Remark 9. The other diagonal blocks have similar structures, and one can readily
analyse them. Additionally, the accuracy analysis and the user-control on the spectral
behaviour (numerical dissipation) is true (we omit the details for brevity). Therefore,
one can set the parameters proposed in (3.1.25)), (3.1.26]), and to gain a desired
order of accuracy as well as control the eigenvalues of the amplitude matriz.

Remark 10. Following [{§], we estimate the eigenvalues of the spatial discretization
matrices. Abusing notation, we denote by S* = w?72, and ¢S the eigenvalues of the

spatial matrices T2 - K and 7 - C, respectively where ¢ is the damping coefficient and,

47



3. HIGHER-ORDER TIME MARCHING

without loss of generality, we set it to 1. Thus, we obtain

At _ o+ Sy (v + BuS) — BrS)
: o+ S+ BeS)

A = ;
" g+ apS(ve + BrS)
AL _ ag + apyS — 2ﬁk(afS +1)
g 2(o + afS(yk + BeS))
YiS?
A

T+ Sty A+ BrS)

+ S(BrarS + ’yk(—Saf +ar — 1))
A2 = ! : 3.1.40
F ag + oS + BrS) ( )

B 2 (BkafSQ + Ozk) — Yk (af52 + 2)

A ,
2(ag + ay Sy + BrS))
AL = — i
o + oy Sy + BrS)’
A%Q:— S(afS—i—l)
ap + afS(v + BrS)’
AP = 20 + o f S 2y, + 26,5 — S —2) — 2’

2(ag + oy S(v + BrS))

These expressions are a specific case of (3.1.23)); therefore, the observations are also
valid here. Here, we only analyze the presence of damping when the spectral radius

bifurcates from one. Thus, to have positive eigenvalues for the matriz K, we have:

P+2
0<P<1anday< %, (3.1.41)

which is a consequence of definition of oy, using the user-defined parameter p7°.

3.1.4.2 Damped system’s stability behaviour

The eigenvalues of the stiffness matrix are real and strictly positive as it is a symmetric
positive definite matrix, whereas the damping matrix may have complex eigenvalues.
The second Dahlquist barrier states that the stable region of a multistep method for a
stiff equation shrinks for accuracies higher than two (for more details, see, [48]).
Nevertheless, our method solves k systems identical to the generalized-o method
resulting in the amplification matrix of ; its blocks are independent of each
other, their eigenvalues are independent as well. Therefore, we solve k separate systems,

leading to a high-order method with a stability region that is almost unchanged. The

48



3.2 Explicit higher-order time marching methods for hyperbolic problems

(a) 2 order: p™ =0 (b) 4** order: p$°,ps° =0 (c) 6*® order: p°, ps°, p3° =0

0.4 0.6 0.8

-

(e) 4*® order: p$°,p3° =0.7 () 6*® order: pi°, p5°, p3° = 0.7
20

0.2 0.4 0.6 0.8

-

Figure 3.4: Stability region (system’s spectral radius) with increasing accuracy-order [10].

accuracy and the stability region are independent; Figure [3.4) shows the boundedness of
the system’s eigenvalues for damping terms with eigenvalues with real and imaginary
parts. The eigenvalue of the stiffness matrix is set equal to the square of the modulus
of the damping ones. The largest system’s eigenvalue behaves similarly for the second,

fourth, and sixth orders of accuracy.

3.2 Explicit higher-order time marching methods for hy-

perbolic problems

Here, we consider the matrix problem (3.1.32)) to introduce an explicit family of high-

order time marching schemes. The explicit generalized-a method with second-order
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accuracy in time solves (3.1.32) at time-step ¢,41 by:

MAn-l—ozm +CVy + KU, = ntaogs (321&)
Vot1 = Vo + TA, + [ An], (3.2.1b)

2
Unsr = Un + Vi + o An + T[4, (3.2.1¢)

Similar to the implicit approach, in each time step, we first determine A, 1 explicitly
using , and then evaluate V,,4+1 and Uy, from and , respectively.
The method has a truncation error in time of O(73) (for further details, see [8]
10]). We extend the accuracy, assuming sufficient temporal regularity of the solution
(here, we require defined %?, i =0,---,5); thus, we use a Taylor expansion with
higher-order terms. Therefore, to derive a fourth-order explicit generalized-a method,

we solve N
MAnl +CVn+KUn: n+taogs
ML (A,)*2 + CLY(A,) + KLY (A,) = FY)

n+agg?

with updating terms (3.1.5). Using (3.1.35)), we also approximate the required initial

data. Next, we derive the corresponding coefficients that deliver the desired accuracy

(3.2.2)

and discuss the method’s stability.

3.2.1 Order of accuracy in time

We now determine the parameters v; and 2 which guarantee the fourth-order accu-
racy of ; thus, we closely follow our logic in Section For this, we first
obtain the amplification matrix G with a structure similar to (3.1.23) where A; and
Ay represent the blocks on the diagonal. Then, to produce a truncation error of O(7°)
and consequently obtain a fourth-order accurate scheme in time, we use the following
result. Assuming that the solution is sufficiently smooth in time, the method is
fourth-order accurate in the time given (see [12] for further details).:

1 1
=5 -apto, V2 =5 —ap+a (3.2.3)

3.2.2 Stability analysis and CFL condition

Due to the conditional stability of the explicit methods, we derive the corresponding
stability conditions. For this, we bound the spectral radius of the amplification matrix

by one. Therefore, we calculate the eigenvalues of the amplification matrix G of the
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3.2 Explicit higher-order time marching methods for hyperbolic problems

method introduced in ([3.2.2)) for the case © := 72\ — 0 where ) is the largest eigenvalue

corresponding to the spatial discretization. Thus, in this case, G’s diagonal blocks read:

11 i-5a 11 12
2 (o5} 2 Q2
Ar=10 1 1—% , Ao =10 1 1—% . (3.2.4)
00 1-4 00 1-4
Then, G’s eigenvalues are:
1 1
AM=A=A3=N =1, Ay =1——, Ag=1——. (3.2.5)
a1 a9

The boundedness of A5 and Ag in implies that oy > % and a9 > %

Next, we introduce the CFL condition for our scheme. In the analysis of the implicit
generalized-o methods of second- and higher-order accuracy [10, 26], we analyze the
discrete system’s eigenvalue distribution in the limit ® — oo and set the method’s
free parameters such that all eigenvalues are equal to a real constant ps, € [0,1];
this parameter controls the numerical dissipation. In our explicit method, we need
to find the method’s conditional stability region. Thus, we exploit the amplification
matrix’s upper-triangular structure to explicitly compute the eigenvalues of G, which
is equivalent to finding the eigenvalues of each diagonal block (see, [12]). Therefore,

the characteristic polynomials for the diagonal blocks are:

Ay 20005 + AT (©(281 + 271 + 1) — 6y +2)
+ A1 (O(—481 — 271 +1) + 601 — 4) +2810 — 2a1 +2 =0, (3.2.6)
Ao : 20&2)\% + )\% (2@,82 — 6ag + 2) + Ao (@(—462 + 279 + 1) + 6y — 4) -

+@(2,32+1—2’}’2)—2052+2:0,

where two roots of each characteristic polynomial in are the principal roots
while the third is spurious (unphysical).; thus, we require the two principal roots to be
complex conjugates except in the high-frequency regions. This requirement maximizes
high-frequency dissipation while setting two eigenvalues to one in the low-frequency
range to improve its approximation accuracy. As a consequence, we set 51 and [ such
that the complex parts of the principal roots of the blocks A; and As, respectively, van-
ish in the high-frequency regions. This setting changes the largest eigenvalue from one
to a user-defined value, which results in an approach similar to the implicit generalized-

a methods. Additionally, we define the limit in which this bifurcation happens at block
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1 =1, 2, by ;. We define the critical stability limit for our explicit method as §2g;
and show the stability region of block 4.
We find the parameter values using the characteristic equation corresponding to

the diagonal block ¢ of the amplification matrix as:

23: (@ +570?) 27 =, (3.2.7)
Jj=

where a; and g; are functions of the parameters ~; and 5;. Each block ¢ has three
eigenvalues; we set two of them to pp; and one becomes pg;. Therefore, we rewrite the

characteristic polynomial (4.2.21)) as
()\12 + p%i + 2)\,’/)(,1') ()\z + psz‘) =0. (328)

Next, to have all three roots with real values at the bifurcation limit, we equate ([3.2.8)

to (3.2.6) to obtain:

Q1 =2 — 2pp1 — st + PsiPiis

Qoo =2+ 2p2 + ps2 — Ps2pins
2 — (1+ pp1)pst (3.2.9)
(=14 pp1) (=1 + ps1)
24 (1 — pr2)ps2
(1+ po2) (1 + ps2)

Figure shows how the bifurcation and stability regions change as the user-defined

a1 =

Q9 =

parameter changes.

Remark 11. Herein, we constrain ps; < pp; which results in Qp; < Q. We can
mazximize the bifurcation region p; by setting ps; = py; and consequently, obtain a

one-parameter family of algorithms, Figure[3.5 shows this numerically.

We set the complex part of the eigenvalues equal to zero in the high-frequency

regions; thus, we define the parameters (; as

(1 + po1) (=1 + pp1ps1)®
(=1 + pp1)?(=1 + ps1)(—2 + ps1 + Pblﬂsl)’
=5 — 3pp2 — 4ps2 + 2pp2ps2 + 2052/?32 P+ Pb2/752
(14 pp2)2(—2 — 3ps2 + pr2ps2 — P2 + Pr202)

b=

(3.2.10)
Ba =

Finally, we find the critical values at which each block’s spectral radius becomes larger
than one. For this, we set © = Qg and \; = 1 in (4.2.21]) and solve the resulting
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3.2 Explicit higher-order time marching methods for hyperbolic problems

(a) ps1 = ps2 = pp2 = C (b) ps2 = ps1 = pp1 = C
4 ' Q0 ' -
b2 /’:’/’
C=0.6p,, ’,:’/’r
351 C= L, ]
=Pp2 L7 ewe’
B ,:’/ Qb\1
Q.0 TN
b1’ **b2 Rt g
B 3 \ Rt C=03p,,
I’/,/,
’/,/’
’,’,/’/
2.5 A N\
5y c=0
) /
0 0.2 0.4 0.6 0.8 1
Pb2

Figure 3.5: Effect of user-defined parameters on the bifurcation regions Qp; and Qo [12].

equation. Thus, we introduce the critical values 2g; as

0. — 4(1 = pp1)(2 = pr1pst — ps1)(3+ pp1 — Pst — 3pp1Pst)
TT25 = p2) + (5— 1351 — p2 — p3y)psr — (1 3p2.
P Pvl — Py1 pbl)ﬂsl (1+ po1) Ps1
0 = A+ 22)(2 — props2 + ps2) (3 — pr2 + ps2 — 3praps2)
2T 25— p2) + (5— 1352 — p2y + pi)psz — (1 — )30
Pho Pv2 — Pho T sz)P82 ( Pi2) Ps2

(3.2.11)

Remark 12. Following [7,[57], ap1 and ape are free parameters with respect to spectral
radius. Therefore, we set apy = 1 to deliver fourth-order accuracy. Accordingly, to

optimally combine low- and high-frequency dissipation, we set a g = 0.

Therefore, setting 0 < pp1, pp2 < 1 allows us to control the system’s spectral radius
p and, consequently, the high-frequency numerical damping. Figure shows how the
user controls p and the stability region ()g; setting pp, = ps = 0.99 leads to the largest
stability region Qg = 4(67)? = 40, equivalent to the stability region of the second-order

central difference method [48].
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Figure 3.6: Spectral radius p for different p, values, where pp1 = pp2 = ps1 = ps2 [12].

3.2.3 Higher-order explicit method: 2k'-order accuracy in time

This section extends our approach to deliver 2k*"-order accurate methods with k > 2.
That is, we introduce our 2k**-order explicit generalized-ow method as:
MAG + CVy + KUy = Fotay s
ML= (An)™ + CLY ™4 (Ay) + KLY 75(A) = FSD 0 =2, k-1,

ML= (A,)% + CLHFHA,) + KLH(4,) = B,
(3.2.12)

and updating the system using (3.1.20)) with the definitions given in (3.1.21f). Similarly,
we establish higher-order schemes proposed in (3.2.12) and (3.1.20)) by using high-
order Taylor series. Next, for the analysis, we substitute (3.1.20]) into (3.2.12)) and find

a matrix system similar to (3.1.36) where the amplification matrix of the 2k!*-order

accurate scheme is:

Ay Zig - Sk
0 Ay EBo3 - Egp
Gk‘ g LilR: E '.‘ s (3.2.13)
0 0 A1 Sk
| 0 0 0 Ay
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with
[0 =80 ;=86 3(a; -5 (0+2)
Aj:; —v;0 aj — ;0 Ozj—%](@—l-Q) , j=1---, k-1
L -® -0 o -1-3 (3.2.14)
1 (o, — Br® o E — B -
Ay = -~ MmO ap o — W
k | —© 0 ap—1

Remark 13. The solution u(-, t) nees to be sufficiently reqularity such that gl;.é, 1=
0, ---, 3k — 1 are defined for us to achieve 2kt -order of accuracy using , Oth-
erwise, one needs to estimate the higher-order terms used in the Taylor’s expansions
using the combination of lower-order terms in different time steps. This alternative

approach is similar to multi-step methods such as BDF schemes (see, e.g., [93]).

Remark 14. The amplification matriz (3.2.13)) is an upper-triangular block matrix;

thus, we neglect the non-diagonal block contributions in the eigenvalue analysis (see the

sketch in Figure .

Theorem 1. Assuming up(t) and up(t) have sufficient regularity in time, our explicit

scheme introduced in ([3.2.12) with updating terms (3.1.20) provides 2k*"-order accurate
approximation in the temporal domain when

1 .
iji_af]—i_a]? jzla”'7k_17
(3.2.15)

1
7k=§—04fk+06k-

Proof. The amplification matrix (3.2.13)) is an upper-diagonal block matrix; each block
is a 3 x 3 matrix. The last two diagonal blocks Ai_1 and A have similar entries
to those of the amplification matrix of the fourth-order method. The other diagonal
blocks are analogous to Ap_1. Hence, separately for each block, we determine the
relevant terms for and consider the higher-order terms to obtain second-order
accuracy. Consequently, after solving the whole system and adding the higher-order
terms to the unknowns uj, and vy, we have a truncation error of O(72**1). A similar

path we used in Section [3.1.3 O

3.2.3.1 CFL condition and dissipation control

We analyze the system’s spectral behaviour, the bifurcation regions, and its CFL con-

ditions. For this, we study the amplification matrix’s eigenvalues (3.2.13)). Accordingly,
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3. HIGHER-ORDER TIME MARCHING

we calculate each diagonal block’s eigenvalues. The first £ — 1 blocks have identical

structures; hence, following Section we propose these algorithmic parameters as

Qb]:2_2pbj_p5]+p5]pgj7 j:]-a"')k_]-u
2—(1 +ij)ﬂsj

;= ,
T (=1 peg) (1 + psj)
5, = (1 + pog) (=1 + pujps;)?
T (L )P (21 ) (224 psj o+ pojpsg)| (3:2.16)
Qo = 2+ 2ppk + Pk — PskPis
o = 2+ (1 — pok) psk
(14 por) (1 + psc)’
B, = —5 — 3ppk — 4psk + 2ppkPsk + 205 Psk — P + PP
(L4 poik)2(—=2 = 3psk + pokpsk — P2, + PokPE)
and the critical values {); are
.. — A= pbj)(2 = pojpsj — psj) (3 + poj — psj — 3pbipss) ) e 1
(5 — p2) + (5 — 13p55 — p2. — p2 )psj — (1+ poj) 202, R
(5—pp;) + ( Pvj — Py; — Py Psi — (1 + poj)3p5;
_ A A por) (2 = pokpsi + psk) (3 — pok + sk — 3pvkPsk)
205 — ) + (5= 130k — iy + o) psk — (1= por)p2
(3.2.17)
Remark 15. We constrain psym < ppm, m = 1,--- |k and mazimize the bifurcation

regions Qpm by setting psm = pom = p with 0 < p < 1 as a user-defined parameter; our
method is a one-parameter family of time-marching algorithms. Additionally, the stabil-
ity region is independent of the accuracy order; we obtain higher-order accuracy without
affecting any features of the second-order algorithm (i.e., preserve stability regions, bi-
furcation limit, and dissipation control). Similarly, ap; and agy, are free parameters;

thus, we set ap; =1, j=1,---, k—1, and ap, = 0.

3.3 Implicit higher-order time marching methods for parabolic

problems
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3.3 Implicit higher-order time marching methods for parabolic problems

3.3.1 Model problem

Here, we introduce our method for approximating first-order time derivatives. For this,

we consider a parabolic, linear initial boundary-value problem:

aUE,;;;’t)—V‘(/iVu(a:,t)): f(z,t), (xz,t) € Qx [0, T,
u(z,t) = up zedNx0,T), (3.3.1)
u(z,0) = ug x € Q,

where k € L>*(9) is the diffusivity coefficient, the source function f, the initial data
ug, and the Dirichlet boundary condition up are given.

For the spatial discretization, we follow the steps discussed in Section Thus,
the matrix form of the discrete problem becomes:

MU + KU = F, (3.3.2)

where M and K are the mass and stiffness matrices, U is the vector of the unknowns,

and F' is the source vector. The initial condition is
U(0) = Uy, (3.3.3)

where U is the given vector of initial condition ug j,.

Remark 16. Similar to our method for hyperbolic problems, we propose a high-order
generalized-a independent of the spatial discretization. Therefore, one can apply our
construction to any time-dependent semi-discrete problem. Besides, the problem
can be easily modified to consider heterogeneous diffusivity and non-homogeneous bound-

ary conditions (for more details, see [50]).

3.3.2 Generalized-a for parabolic problems

Partitioning of the time interval [0, T, the generalized-a method for at time-step
n + 1 reads [60]:
MViiapn, + KUnta; = Fotays
Un+1 =Up + 7V + 7v[Va], (3.3.4)
Vo =M"YF, — KUy),
According to , the method requires a two-step computation; the first one solves
an implicit system to find [V,,], the second one deploys the second equation in
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3. HIGHER-ORDER TIME MARCHING

to update U, 41 explicitly. We guarantee the scheme’s second-order accuracy in time by
setting v = % + a;n, — ap; we also control the numerical dissipation using the following

parameter definition [60]:

1/3— po 1
m=5(To50) =i (3.3.5)

where, ps € [0,1] is a user-control parameter.

3.3.3 Third-order generalized-a method

Similar to our approach for developing high-order schemes for hyperbolic problems, we
use a Taylor expansion to extend the second-order method and derive higher-
order representations; see also our detailed discussions in [8] 10, 12]. Thus, for exam-
ple, we derive a third-order generalized-a method for solving the semi-discrete equa-
tion (3.3.2) which has a sufficiently smooth solution and forcing on the considered time
interval. For this, taking two temporal derivatives from the first equation of ,

we ML (A,)* + KAy = F.)

nta;- Lhen, we propose:

MVr?l = _KUn—H +Fn+17

o (3.3.6)
ML (A = —KAY + B,
with updating conditions
Ups1=Un + 7V, +T—2A +T—3L1(A ) +m7Q
n+l = Unp T TVn g “in 6 n M7, (337)
An+1 - An + TL1<ATL) + 7—72[['21(1471)]}7
where
2
Qn=Voy1 -V, —TA, — ?L (An),
(3.3.8)

2
VO =V, 7A, + %Ll(An) T+ 0,

The other requires data at the initial state are determined using the given initial con-

dition Uy as:
Vo = MY (Fy — KUy),

Ay = M~ LY Fy) — KVp), (3.3.9)
L1(Ag) = MY L2 (Fy) — K Ay).

Next, we define the parameters to assure stability and the third-order of accuracy.
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3.3 Implicit higher-order time marching methods for parabolic problems

3.3.3.1 Accuracy in time

Now, we obtain the parameters v; and 2 such that equations (3.3.6)-(3.3.7]) deliver

third-order accuracy in the temporal domain, which renders the following result:

Theorem 2. Considering a problem with a sufficiently regular solution, the method

in (3.3.6) with the update (3.3.7)) is third-order accurate in the time given

1 1
Y :a1_§7 Yo = §—af+a2. (3310)

Proof. Substituting (3.3.7) into (3.3.6), we obtain an equation system for each time
step similar to (3.1.14]) as:

AUn+]_ - BUn + Fn+af, (3311)

For simplicity, we assume the matrix problem (3.3.11)) has one spatial degree of freedom.
T
Then, letting U,, = {Un, TV, T2 Ap, 7351(14,1)} , we have:

I =m0 0 1 1-m lom 1_ 1y
A — TA o 0 0 B = 0 ap—1 a; —1 %(al—l)
0 0 1 -2 0 0 1 11—
0 0 7Tad 0 0 —T(l—ap)X  ax—1
(3.3.12)

Remark 17. In our analysis, the behaviour of the time-marching methods is indepen-
dent of spatial discretization. This leads to the assumption of considering one degree of
freedom for the spatial discretization for brevity. Whereas, in chapter [{] that we intro-
duce our variational splitting techniques, we require to also include the eigenvalues of

the matrices obtained from the spatial discretization. Therefore, we analyse the systems
using an alternative approach (see, e.g., .

Without loss of generality, we set Fpniq, = 0. Thus, the resulting amplification
matrix G is similar to the one in (3.1.10)) with an upper-block diagonal matrix:

Ay E
G=|" : (3.3.13)
0 Ay
with
A=0 | M @ , (3.3.14)
—0 Oél—i-("}/l—l)e—l
-1 0 _
Ay =g, |02 (s =1 a2 , (3.3.15)
—0 as+ap(yp—1)0—-1
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3. HIGHER-ORDER TIME MARCHING

where 01 = (a1 +716)"! and 0 = (ao + af’ng)*l. Additionally, we define 0 := 7y
with \g being the eigenvalues of M 1K related to the spatial discretization. Then, for

the 4 x 4 matrix G, we can write:

0=U" — (tr G)U" + = ((tr G)? — tr (G2)) U™
2 (3.3.16)

_ é ((tr G) — 3tr (G2)(tr G) + 2tx (G*)) U2 + det( @)U,

The identity is a consequence of Cayley-Hamilton Theorem for a 4 x 4 matrix.
We detail these computations when we analyze a general k x k matrix in the next
section. Later, we substitute the Taylor expansions of U"+!, U™~ U"? in time with
the truncation error of O(7%) into (3.3.16). Then, one can verify that these parameter
definitions ([3.3.10) cancel the low-order terms and the method delivers the truncation

error of fourth-order and therefore, third-order accuracy in the temporal domain [9]. O

Remark 18. The standard generalized-o method [60] delivers second-order accuracy
and dissipation control using two equations; similarly, we obtain a third-order rather
than fourth-order to maintain the unconditional stability and dissipation control. For
example, we get fourth-order accuracy by setting vo = 0, which results in an explicit-
implicit method with a CFL condition. Therefore, we omit the details for other possible
choices of v; and only consider that leads to unconditional A-stability.

Remark 19 (Alternative proof for accuracy order). As with the hyperbolic schemes,
due to G'’s structure, we can only study the diagonal blocks’ behaviour in our analysis.
Therefore, we require that the higher-order unknowns A,, £1(A,), associated with the
lower diagonal-block Ay be second-order accurate (see, Section[3.1.2.1 and [9, [10]):

An+1 —tr (Ag) An — det(Ag) An,1 =0. (3.3.17)

Then, further substitution of Taylor expansions of Ap+1 and An_1 in time as:

2
Api1 = A + 7L (A,) + %LQ(An) +O(r3),

. (3.3.18)
Ap1 = Ay — 7L (An) + %LQ(AH) +O(r),

requires ya = %—af+a2 to guarantee the second-order accuracy in time of An+1. Next,
according to (3.3.17)) and deploying the upper diagonal-block A1, we write:

Upy1 — tr (Al) U, + det(Al) U,—1=0. (3.3.19)

60



3.3 Implicit higher-order time marching methods for parabolic problems

We obtain the third-order accuracy in time using Taylor expansions with truncation

error of O(t%) for Upy1 and U,_1, which allows to get

7.2 ,7_3
Uni1 = Un +7Vo + 5 An L1 (4n) +0(7),
R
PR (3.3.20)
Up-1=U, —7Vp + ?An - ELI(ATL) +O(T4)v
R

Here, the Ay equations show that R has second-order accuracy and define a residual
term. Thus, following a similar approach, we wverify that the remaining terms have
second-order accuracy in time by setting y1 = a1 — % Then, we add the residuals to the
second-order accurate solution to have the truncation error of O(t*) and consequently,

a third-order accurate scheme in time, which completes the proof [9)].

3.3.3.2 Stability analysis and eigenvalue control
Following the methodology of Section [3.1.2.2] we bound the spectral radius of the
amplification G; thus, we first calculate the eigenvalues of G as:

Ay — N H
0 Ay — N

— det (A1 . 5\1) - det <A2 - XI) :

0 = det (G - M) = det [ (3.3.21)

with 7 and A denoting the corresponding identity matrix and eigenvalues of the matrix,
respectively. Thus, we obtain a solution for (3.3.21]) by solving two uncoupled problems
det <AZ- — ;\I) =0, ¢ = 1, 2. For this, we have [53]:

det (Ai - XI) — det (Agl - M) - det (A? — A - A2 (A}l - XI) o A}2> . (3.3.22)

where Ag ¥ is the jk component of A;. Therefore, substituting (3.3.15) into (3.3.22), we
consider det (A%1 — ) = 0 which leads to the following bound on \:

-1 < (042 + (Oéf - 1)’)/29) Oy <1 = 0< 7200, <2 (3323)

The left inequality is already satisfied since all parameters are non-negative, and the
matrices M and K obtained after the spatial discretization are positive definite. We

rewrite the right-hand side of the inequality as:

Y20(1 — 2af) < 2a9. (3.3.24)
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3. HIGHER-ORDER TIME MARCHING

1
To satisfy (|3.3.24]) unconditionally, one requires 3 < ay. Next, we solve
- N
det (A§2 M - AR <A§1 - )\I) A§2> =0

in (3.3.22) using:

(1 - yzeegﬂ) : (1 1+ afrer)egX) + (1= 66) - (1 — (2 + asy20)82) = 0. (3.3.25)
Omitting the details, we bound the spectral radius by one; it is sufficient to impose [9]
20]:

1
as > of > 7 (3.3.26)
To solve (3.3.22)) for i = 1, one can follow the same steps. Thus, we solve

det (A}l - XI) ~0
and bound the spectral radius as:
—1<ab <1 = 10 <2(a1+m0). (3.3.27)
Furthermore, substituting
det (A%Q — M - A% (Ail - XI)_1 AP) =0
in implies that @1 > 1. Again, we omit the details for brevity. We calculate the
eigenvalues for the case # — oo equal to p° to control the eigenvalues in high frequency

regions. Accordingly, the eigenvalues of the amplification matrix read:

1 1 1
M=0, d=1"" N=HT2 =071 (3.3.28)

7 af V2

Providing control on the numerical dissipation, we closely follow the analysis in [7]

20, [60], we set A2 = p° and A3 = Ay = p3° and find corresponding expressions for

a1, g, O as:

1<3+p‘1’°>
o] = o o |
2 \1+p3
@
a2:1<3 p2>, (3.3.29)
2 \ 1+ pg°
1
af = .
T 145

Therefore, setting 0 < p7°, p5° < 1, one controls the eigenvalues of the amplification
matrix and the high-frequency damping. Figure [3.7 shows the behaviour of these
eigenvalues; for large 6, the eigenvalues \; 2 of the first block of the amplification

matrix approach 0 and p7® and eigenvalues of the second block A3 4 converge to p5°.
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3.3 Implicit higher-order time marching methods for parabolic problems

(a) p5° = 0.8, p3° = 0.2

[Al
[Al

5 0 5 10 ! ' '
10 10 10 10 10°8 10° 10% 1010

Figure 3.7: Amplification matrix eigenvalues, G, (3.3.13]).

3.3.4 Higher-order accuracy in time

This section proposes a method that attains higher-order accuracy in the temporal
domain to solve the parabolic problem. In general, to solve the semi-discrete matrix
problem , we introduce a high-order generalized-o method by solving £ > 2
equations as [9]:
MV = —KUpt1 + Fry1,

MLH73(A,)% = — KLY Ap) + LY 2(Fpy), j=2,---,k—1, (3.3.30)

ML2R=3(A,)% = —KL2R=4(A,)27 + £2K=2(F, )07,
to obtain (3k)™ order of accuracy for even k and (2k+ 3)™ for odd k. Next, we update

the system explicitly using the following expressions:

Unt1 =Un+ 7V, +T—2A +T—3L1(A )+ +££2’f—3(14 )+ Tm1Q
n+l1 — Un n 2 n 6 n (2]{3 — 1)‘ n Y1&n,1,
. . 72k—2j+1 B )
L2 4(An+1) = L 4(An> +--- 4 mL% 3<An) + T’ijnJ‘, 1=2,--- k-1,
L2 Apg1) = L2 (Ap) + 7L273(An) + Ty - [L273(An)],
(3.3.31)
where we have
T2k—2 B
Qn,l = Vn+1 Vo —TAp —-- — WLWC 3<An);
2k—1
VO = Vo4 1A+ + mz%—?)mn) + 1Qn1, (3.3.32)
2j—4 2j—4 T2k 2%k—3
= L9 A — LA — = ——————— L0 (Ay),

63



3. HIGHER-ORDER TIME MARCHING

and for j =2,--- [k —1

2j—3 ; 2j—3 A 2k—3
L4 (An)a] = L4 (An)—}-—l—mL (An)+Oéan7j,
L2k73(Azk) — L2k73(An) + oy - [[L2k73(An)]]7 (3333)

L2k—4(A$Zf) — LQk—4(An) + - [[L2k_4(An)]]
For k = 1,2, this approach reduces to the second- and third-order generalized-aw meth-
ods of Section [3.3.3.1] respectively. Next, we define the parameters that control the

method’s accuracy.

3.3.5 Accuracy analysis

We analyse the accuracy of the method that (3.3.30)-(3.3.33)) define by first deriving
the amplification matrix. Similarly to the third-order method, we substitute (3.1.20))

into (3.3.30) and find a matrix system:
LU, 11 = RU,, + Fpiq,. (3.3.34)

Therefore, similar to (3.1.23)), the amplification matrix corresponding to a k-equation
system becomes G = L™'R with:

A Eip

ik

0 Ay Ep3 -+ Eg
G- | : , (3.3.35)

0 0 Ap—1 Ep—1

0 0 0 Ay

where
o aj — .
A =6:1" J J =1--- k-1 3.3.36
J ]|:_0 a]+(,.)/]_1)0_1:|7 J ) ) ) ( )
_ o o+ (ap =)0 O — Vi

Ay = 6, [ . ot oo 01 (3.3.37)

and denoting 6; = (a; +7v;0) 71, O = (o + apyi0) L.

Theorem 3. The method that equations (3.3.30)-(3.3.33|) define for semi-discrete sys-
tem (3.1.31)), delivers (%k‘)th order of accuracy for even k and (%k + %)th order for odd
k in time by setting:

r}/j:ajiiv fO’szl,'--,k‘fl,
, (3.3.38)
'y;fzi—ozf—i—ak.
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3.3 Implicit higher-order time marching methods for parabolic problems

Proof. For a k-system of equations, we expand using Taylor series for k£ unknowns
urtl gn=l ... U R+l around U” in time with truncation error of O (T%’H—l) for

even k, and O (T%kJr%) for odd k as:

2
U"+1:Un+TVn—|—%An+"',
n—1 n n 7_2 n
Url U =7V A
2 (3.3.39)

(r(n—k+1))°
2

Then, for second-order accurate schemes, as [56] discusses, the amplification matrix’s in-

Uil =U"—r(n—k+1)V" + At

variants and the Taylor expansions can be deployed to analyze the accuracy order. The
approach applies the Cayley—Hamilton theorem to the resulting 2 x 2 and 3 x 3 amplifi-
cation matrices for parabolic and hyperbolic problems, respectively, (see, e.g., [20, 60]).
Herein, for schemes general k x k& amplification matrices, we generalize the analysis to
determine the parameters such that the method delivers a desired order of accuracy.

Having this in mind, we discuss our general approach in the next section. O

3.3.5.1 Analysing the accuracy of a general system

Herein, we introduce a technique to study the accuracy of a time-marching method
with arbitrary order. For this, we first discuss the general form of Cayley—Hamilton
theorem. That is, for a general k x k£ matrix GG, the characteristic polynomial of G,
abusing notation, is p(A) = det(Al, — G), with I, denoting the k x k identity matrix,

for which we rewrite the characteristic polynomial p(X) as [53]:
PO =M 4 N M . (3.3.40)

Then, instead of the scalar variable A\, one can obtain a similar polynomial to (3.3.40))

with the matrix G as:
p(G) =G + 1G4+ G+ oy, (3.3.41)

for which the Cayley—Hamilton theorem states that the polynomial (3.3.41)) equals to
the zero matrix, p(G) = 0 [55]. We provide further details on the determination of the
coefficients ¢ in appendix Next, we multiply (3.3.41)) by U™ **! to have:

GRUnkHL Lo (GRLUTTRL L GO LU TR =0, (3.3.42)
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given that U™ = G"U° [8], we have that:
Ut p o U U F 4 U = 0. (3.3.43)
then, substituting into and collecting the terms lead to:
(I4cpg+- 4+ U™+ (1 —cpro+-+ (=) e)rV" +-.-=0.  (3.3.44)

Using the problem definition, we have V" = \gU"™, A" = )\gU ™ which is true for all
higher-order terms defined using U". Finally, we set the terms 7; and 7 to cancel

lower-order terms to obtain the optimal accuracy [9].

3.3.5.2 Stability analysis

Follow Sections [3.1.2.2] and [3.3.3.2] closely, we establish the unconditional stability of
our method (3.3.30))-(3.3.33)); thus, we calculate the eigenvalues of the amplification

matrix G in (3.3.35]) as:

(A =M Epp - S
0 Ao — N Eos Zok
O:det<G—/~\I):det : ,
0 0 e Ay — M Sy (3.3.45)
L0 0 e 0 Ap — M|

— det <A1 - 5\I> - det (A2 — XI) .- det (Ak — XI) .

Therefore, we bound the spectral radius of each diagonal block to guarantee the overall
stability; thus, for det (Aj — 5J> =0,7=1, -+, k, expression is valid. Sim-
ilarly, defining A{m as the Im component of A; allows us to bound the spectral radius
of det (AL = AI) =0 by:

1:0(1 — 20f) < 20, (3.3.46)

- - N1
Furthermore, det (Ai2 — M — Ail <A,191 - )J) A}f) = 0 results in:

(1 - 7k09k5\> : (1 1+ afyke)ekﬂ) + (1= 06,) - (1 — (7 + appb)b) = 0. (3.3.47)

Therefore, to satisfy (3.3.46)) and bound the spectral radius in (3.3.47)), we impose the

following (for details, see the analysis in the previous section):

. (3.3.48)

N | =

ap 2> of >
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3.3 Implicit higher-order time marching methods for parabolic problems

For the other diagonal blocks, j =1, --- , k—1, the spectral radius of det (Ajll - 5\1) =

0, is already bounded. Besides, the equations
- - N1
22 21 [y 11 12\
(mt<Aj<—AI—w%~(Aj«—AI> Aj>._o

enforce:

aj>1,  j=1,-- k-1 (3.3.49)

To control the numerical dissipation, we let § — oo and obtain the eigenvalues of

the amplification matrix (3.3.35)) as:

1
A2j—1 =0, >\2j=%7' , j=1- k-1,
w1 ka_l (3.3.50)
Aog_1 = ———, Aop, = .
af Yk

1 /34 pf°
== =1 k—1
ij 2(1+PC1>O ) J 9 ) )

JEPNe o}

ag—-1<3 P2 >, (3.3.51)
2 \1+ p5°
1
RS

As for the third-order method, choosing 0 < P77, Py < 1, one controls the dissipation

in the high-frequency range while minimizing the dissipation in the low-frequency ones.

Remark 20. Setting p® = p5° = --- = pi° = p>°, allows us to have a one-parameter
family of methods with high accuracy. Additionally, the spectral radius of the system

approaches to p*>° in the high-frequency regions.

Figure |3.8| presents numerical evidence; the method’s spectral behaviour for k > 2
is independent of the accuracy order. Furthermore, compared with the second-order
generalized-a method, our generalization improves the spectral behaviour in the mid-
frequency regions (e.g., compare the spectral radius for p> = 0.5). Our method pre-
vents extra damping in these regions with moderate frequency in the second-order

generalized-a by approaching the spectral radius to zero for p>° = 0.5.
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(a) Second-order method (b) Third-order method
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Figure 3.8: Spectral radius of a one-parameter family of methods (pf° = p3* = -+ =
pr> = p>) [

3.3.6 Method’s stability for stiff problems

We now investigate the method’s ability to solve stiff systems with complex entries
(i.e., advection problems). The second Dahlquist barrier states that the stable region
of a multistep method for a stiff equation shrinks for accuracy orders higher than two
(see, [48]). The method’s amplification matrix (3.3.35) requires solving k systems that
are form identical to the second-order generalized-a method. Each block decouples
from the others; therefore, their eigenvalues are independent as well. Thus, we solve
k independent systems that lead to a high-order method with an invariant stability
region. While, the analysis in Section supports our claims, herein, we consider

a problem with complex eigenvalues, Ay € C. Similarly, we consider the amplification
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matrix (3.3.35]) to obtain the region of stability as:

{HG(C:

Considering (3.3.48)), one can show that imposing Re(f) > 0 is sufficient to sat-
isfy (3.3.52)), which proves that our method is A-stable.

ap + (ap — 1)y0
o + afwﬂ

@y
a; + ;0

31}, j=1,--,k—1. (3.3.52)

Remark 21. Setting k =1 and p>= =1, in (3.3.52) defines a method with the trape-

zoidal method’s stability region, which has a second-order of accuracy and A-stability.

Theorem 4. L-stability: The method introduced in (3.3.30)-(3.3.32)) shows high-order
L-stability for peo = 0.

Proof. Given that the method is L-stable (following this section’s analysis), recall that A
is the eigenvalue of the amplification matrix (3.3.35)), thus, we only require to prove [48]:

§ — too = A — 0. (3.3.53)

For 6 — 400, we already show the spectral behavior in (3.3.50). For 8 — —o0, we
can show that we obtain similar eigenvalues. Therefore, redefining the parameters by

setting A= p°°, completes our proof. O

Figure [3.9)shows that the accuracy order and the stability region are independent;
the figure shows the boundedness of the system’s eigenvalues for a problem with complex
eigenvalues. We see that the system’s spectral radius behaviour is similar for the second,

third, and fifth-order accuracy orders.

3.4 Applications of higher-order generalize-a methods to

phase-field models

To complete our discussions on the time-marching methods, we solve with our higher-
order methods of Section non-linear phase-field models. First, we simulate the
folding model of Chapter Thus, considering and its fully discrete equa-
tion , we estimate the non-linear term as:

- S (ay — 1)’
U(Untay) = (Untas) = Y LY (¢ (Unt1)) T (3.4.1)
j=0 )
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(a) Second order, p>° =0

(d) Second order, p> = 0.5

10

Figure 3.9:
creasing order of accuracy [9].

(b) Third order, p*°
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which allows us to introduce a method consisting of solving;:

0= (AW, A0) = (PYWip1, Vo) + (Vi 4 5(Wpa),v)
0= (AL (A,41), Av)

0= (AL2F=2 (407, Av) —

user to control numerical dissipation in the high frequencies, which is an important
feature to tackle this problem effectively. Besides, we use the same definitions for the
parameters as the ones we describe in Section to obtain higher-order accuracy in

the temporal domain. For the second-order accuracy in the temporal domain, one can

rewrite ( as:

o~

T;[)(U)n-l-af

o~

= (U )ns1 + m(ay — Dp(U)ns1,
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) Fifth order, p™

— (PVL2U™2) (A1), Vo)

(a5 D).
(PVLHE=2(AR), Vo)
n (L2k—3(An)Oék + £2(k=2) (’(Z(Wn—i—ak))’ U) )

with updating terms as in (3.3.31). As Section discusses, our method allows the

Invariant stability behaviour (system’s spectral radius unchanged) by in-
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(3.4.2)

(3.4.3)



3.4 Applications of higher-order generalize-a methods to phase-field
models

where

~

P(U)nt1 = Vir1 — 3Up 1 Vg1 + 5l Vo

Only zZ(U Jnt1 is non-linear; thus, the higher-order approximations are linear. For

instance, for j = 2, we have

LZ(QZ(U))n‘f‘l = A?’L+1 - 3U73+1An+1

(3.4.4)
— 6Un41V,2 1 + 5aUny Ani1 +20aU2 V2,

where the first equation in (3.4.2)) determines U, 1 and V41 and the only unknown is
A 41 which is linear. Therefore, the solution algorithm, our higher-order time marching
method produces, solves a non-linear system and (k — 1) linear systems at each time

step. Our approach can be easily combined with iterative algorithms.

Remark 22 (Mixed formulation). In the case of using CV finite element methods for
the spatial discretization, one can rewrite the (3.4.2)) using an auxiliary parameter in a

mixed form. For this, we need to solve the following matriz problems:

KWy + Mopi =0,

R (3.4.5)
MV — (M — pK)opi1 + 0(Whi1) =0,
fO?”jZQ,"' 7k_17
KL20-2 (A1) + ML= (o) =0,
N ‘ L (3.4.6)
LU3(AN) — (M — pK) L2 D (0) + L2 D ((U))ni1 =0,
KLZ(k;—2) A?Zf + MLQ(k_l) -0
(4n”) (o) (3.4.7)

L3 (Agk) = (M = pK)L2ED(0) + L2V (W(U)) ey =0

All parameter definitions and updating expressions are identical.

3.4.1 Numerical results

We approximate the one-dimensional pattern formation case we obtained in ([2.3.28)).
We show our algorithm’s energy stability and convergence deploying different spa-
tial and temporal discretizations to solve an example case. The corresponding ini-

tial condition is a small perturbation given by u(x, 0) = on the domain

1
105(1+27)
2 = [—40,40] € R with given axial force p = —4 and a = 0.3. To obtain a reference

solution to compare the results with that, we perform a simulation with 512 quadratic
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(a) Second order (b) Third order
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Figure 3.11: Methods’ energy behaviour

C' elements with time-step of 7 = 107°. In all of the simulations, Newton’s method
deals with the non-linear term. Figure [3.10]shows the convergence rates for the second-
and third-order methods. Also, we show that the convergence rate is independent of
p™’s value. Then, Figure illustrates the energy behaviour of our methods, showing
that our methods are energy-stable. Finally, figure shows the required number of

solving a system for different accuracy orders.
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Figure 3.12: Non-linear iterations required by our high-order time-marching methods

3.4.1.1 Phase segregation of block copolymers

In the following example, we simulate a phase-field model describing the phase segrega-
tion of block copolymers. The segregation of a solute to surfaces and grain boundaries
in solid results in a section of material with a discrete composition and its own set
of properties that can affect the overall properties of the material significantly; see,
e.g., [41l, 68]. Here, we consider diblock copolymers formed by various blocks of two
monomers, A and B, connected by covalent junctions. Each monomer tends is repulsed
by those of a different kind, and then the copolymer undergoes micro-phase segregation
at low temperatures. This process forms A-rich or B-rich regions, which form patterns.
In this context, Ohta-Kawasaki theory is advantageous since it does not assume a priori
any symmetry of the structure. The Ohta-Kawasaki theory has been widely used to
compute the stable states of diblock copolymer melts in both bulk and confinement.

The Ohta-Kawasaki model, a modified Cahn-Hilliard equation, reads [75]:

A¢ =0,
g—(f =An(¢) — GraAo — Grs(¢p —m), (3:4.8)

with the non-linear term

= 108 (504 ) - 5y vor (51-0) ) = gutot gt (49)

where [ is the polymerization’s index, x is the Flory-Huggins interaction parameter,

n(¢)

and f is the relative molecular weight. Gro and GR3 are non-dimensional parameters,
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3. HIGHER-ORDER TIME MARCHING

(a) T = 0.0015

Figure 3.13: Approximate Ohta-Kawasaki solution using the third-order generalized-«

and m is the mass average.

We discretise using isogeometric analysis in a spatial domain of Q = [—7, 7] with
number of elements N = 128 x128. Then, we use our high-order time integrators and set
7 = 0.0001. The problem coeflicients are also choose as: GRs = 0.024, GR3 = 24, and
f = 0.5. Figure [3.13]| shows the solution of the system at time 0.0015, 0.01, 0.085, 0.1.
Figure presents the temporal evolution of the energy of the system as a numerical

evident that our approach has energy-stable behaviour.
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-0.02

1074 1078 1072 107!
time

Figure 3.14: Ohta-Kawasaki model’s energy evolution approximated using the third-

order generalized-«
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4

Variational splitting techniques

In this chapter, we introduce splitting techniques that reduce the computational cost of
time-dependent problems. We first discretize our problem in space using finite elements
on tensor product meshes. In particular, we approximate parabolic or hyperbolic partial
differential equations using tensor-product isogeometric analysis (IGA) discretizations
in 2D and 3D. Then, we exploit an implicit time marching method such as linear
multistep methods or the generalized-a methods to obtain a fully discrete system.

We accelerate the solution of the equation system using a splitting technique that
results in a linear cost solver with respect to the total number of degrees of freedom
in the system N. Deploying the tensor-product structure of the finite element dis-
cretization, we represent the system matrices as Kronecker products of one-dimensional
matrices. This reinterpretation of the algebraic system allows us to design simple ap-
proximations that deliver linear computational cost O(N). These approximations build
on the ideas first advanced as alternating direction methods [43], 44} [70, [71].

In particular, we develop splitting techniques for the generalized-a method to sim-
ulate heat distributions, wave propagation, and linear elasticity problems. Similarly,
we extend our approximation framework to two popular families of multistep methods.
The s-step Adams-Moulton method [87] that has an s+ 1 order of accuracy in time and
the s-step backward differentiation formula (BDF) with accuracy order of s [88]. For
example, one may choose higher-order polynomials for spatial discretization. Conse-
quently, to prevent the dominating of error due to temporal discretization, higher-order
time integrators (e.g., BDF) should be considered. The increased approximation order

raises the computation cost rapidly; thus, splitting techniques are a solution. The main

7



4. VARIATIONAL SPLITTING TECHNIQUES

challenge is to retrieve the optimal convergence in the temporal domain after splitting.
Additionally, due to the complex stability behaviour of high-order approaches, it is vi-
tal to analyse the effects of splitting on the spectral behaviour of the obtained system.
Consequently, we show and present numerical evidence to support our schemes’ linear
computational cost estimates. Additionally, we prove that the splitting approximations
deliver identical spectral properties to the original time integrators.

For explicit methods, the most expensive part of the time marching is the inversion
of the mass matrices. Thus, next, we discuss a state-of-the-art approach to precondition
the mass matrices resulting from the isogeometric analysis that minimize this cost for
complex geometries and single- and multi-patch discretizations.

We detail, analyse, and demonstrate the applicability of the resulting time march-

ing methods in the following three papers:

e Behnoudfar, Pouria, Quanling Deng, and Victor M. Calo. ”Split generalized-
« method: A linear-cost solver for multi-dimensional second-order hyperbolic
systems.” Computer Methods in Applied Mechanics and Engineering 376 (2021):
113656 [11].

e Behnoudfar, Pouria, Victor M. Calo, Quanling Deng, and Peter D. Minev. ”A
variationally separable splitting for the generalized-a method for parabolic equa-

tions.” International Journal for Numerical Methods in Engineering 121, no. 5
(2020): 828-841 [7].

e Maciej Los, Pouria Behnoudfar, Maciej Paszynski, and Victor M. Calo. ”Fast
isogeometric solvers for hyperbolic wave propagation problems.” Computers &
Mathematics with Applications 80, no. 1 (2020): 109-120 [69].

Below, we briefly describe our approaches in the following sections. First, we describe
a finite element space built on tensor-product basis functions. Then, building on this
simple set of basis functions, we propose our splitting techniques for hyperbolic and

parabolic models based on tensor-product basis functions.

4.1 Tensor-product basis functions

Let T be a partition of €2 into non-overlapping tensor-product mesh elements and

K € Ty, be a spatial element with boundary 0K. Let (-,-)s be the L?(S) inner product
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4.1 Tensor-product basis functions

with S being a d-dimensional domain (S is typically Q, K, 99, 0K ). Next, to introduce
the discrete space associated with the partition 7, we deploy the Cox-de Boor recursion
formula [32], [78] in each direction and then take tensor-product to gain the required
basis functions for multiple dimensions.

Nest, assuming X = {zg, 21, -, &m} be a knot vector of knots x;, the j-th B-spline

basis function of degree p, denoted as 0? (z), is determined as [32] [7§]

1, ifzr;<zx<ua;
0?(3;):{ Hx; <x<zjf

0, otherwise (4.1.1)
T — Ty —1 Lj+p+l1 — X -1

0 (1) = —— L0 (x) + T2 T 9P ().

! Tjtp — 25 7 Tjip+l = Tj41 T

The Cox-de Boor recursion formula provides a general knot vector consisting of a set of
C* and p-th order B-spline basis functions, with p =1,2,---, and k =0,1,--- ,p — 1.
The span of these basis functions form a finite-dimensional subspace of the H'(2) [21]

39):

SP = span{@?(x)}ﬁ”l, in 1D
V) = span{@P}V = P4 = span{6?()0%(y)}, " in2D  (4.1.2)
Nz ,Ny,N, .
Sﬁ:%n = Span{@f(@")@?(y)eﬂz)}i,j,lzii/ , in3D

where p, ¢, and k, m, n are the approximation and continuity orders. The total number
of basis functions in each dimension are denoted by N, Ny, N..

Next, similar to our previous discussions, the weak formulation of the parabolic
and hyperbolic problems straightforwardly read

(wp, tip) 4+ b(wh, up) = L(wp), wy, € VP(Q), t >0, (413
(why i) + blwn,up) = L(wy),  wy, € VP(Q), >0, h

Constructing the space Vph from tensor-product basis functions allows us to derive the
bilinear forms (-,-) and b(-,-) that inherit the tensor-product behaviour of the basis.

For example, for a 2D case, we have:

(07 (2)07 (), 07 (2)07. () = (0!, (2), 07, (@) -, (62 (),0% (), (4.1.4)

where

1 1
as (67, (), 67 (2)) = /0 07 (2)07 (x) da, ay (07 (y),0 (4)) = /0 07 (4)6°. (y) dy
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and
L 0L 0.5, G, 00) =00 00,0 w00
+ag (07, ()07 () - by(0F, (1), 67, (1)), -
e b (607 (), 07 (2)) = / " oL (@) de

O, 0.0, () = [ -0 300, )

Exploiting the discretization properties in (4.1.4) and (4.1.6), we rewrite mass and

stiffens matrices as:

M= M*® MY,
(4.1.8)
K=K"@MY+M"®K".
Similarly, we can express the matrices in 3D as:
M=M*® MY® M?,
(4.1.9)

K=K"'@M@M*+M*"@ KY® M*+ M*"® MY ® K*.

In this context, we utilize M¢ and K¢ with & = z,y, 2z as one-dimensional mass and
stiffness matrices, respectively. We call this reformulation as variational separability.
These 1D matrices, as well as M and K, are symmetric. The mass matrices are always
positive definite, while the stiffness matrices are positive semi-definite; these can be
positive definite for some boundary conditions. In the next sections, we use these

properties to show the stability of the generalized-« splitting schemes.

Remark 23. Similarly, we can describe the mass and stiffness matrices using (4.1.4))
and (4.1.6) for any Galerkin discretization based on tensor-product basis functions.
For this, it is sufficient to determine the basis functions (95(33) using the basis functions

associated with the discretization [50].

4.2 A variational splitting for parabolic problems

We introduce a variational splitting approximation to the fully discrete Galerkin-in-
space and generalized-a-in-time discretization of parabolic problems. For this, we use
tensor-product grids to generate a splitting method that delivers linear computational
cost with respect to the degrees of freedom for multi-dimensional problems. The varia-

tionally separable splitting technique builds the variational operators on tensor-product
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4.2 A variational splitting for parabolic problems

grids for multi-dimensional problems, which allows us to express the d-dimensional
problem as a product of d-systems and error terms.

Let us recall the fully discrete problem obtained using the second-order generalized-

« scheme. Substituting (3.3.31)) into (3.3.30)), we obtain:

mH[Va] = Futa; — KU, — (M + ra;K) Vi, (4.2.1)
where
H=M+9K with n=_127, (4.2.2)
Qm

These splitting methods heavily rely on the following identity:
H=M+nK = (M, +1K,) ® (M, +nK,) — K, ® K, (4.2.3)
where the last term collects terms of order 72. Now, let us approximate H as
H = (M, +nK,)® (M, +nK,) = H—1n*K, ® K,, (4.2.4)

thus,

H-H=n1K,®K,. (4.2.5)

As a consequence, H is second-order accurate in 1 approximation to H. Substituting

H instead of H in (4.2.1)) we propose the generalized-o splitting technique as:
am (Mg +nKy) @ (M, +nKy)[Vy] = Foia; — KUy — (M +1arK)Vy. (4.2.6)

Similarly, in 3D, we approximate H in (4.2.2)) by

H= (M, +nK,)® (My,+nK,) ® (M, +nK). (4.2.7)

Remark 24. The computational cost of the linear systems with a 1D matriz M¢+nKe,
where & = x,y, z is linear with respect to the number of degrees of freedom. We detail
the procedure in Appendz'a:@ (see also, [T0, [71]]).

Remark 25. We can introduce a similar splitting to the right-hand side of the matrix
multiplying V,,. in (4.2.6)). Next, we explain this modification and its impact.
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4.2.1 Other splittings

We split the right-hand-side matrix of . Splitting both sides does not reduce the
computational cost further; however, this second splitting improves the approximation’s
accuracy and its stability.
We denote
B=M+ (K, ¢ =Tay. (4.2.8)

Now we approximate B using the splitting ideas from the previous section. Thus, in
2D,

B = (M + (K;) ® (My + (Ky). (4.2.9)
The 3D splitting follows a similar procedure, see (4.2.7). Thus, we express (4.2.1)) as:
amH[Vo] = Fuya, — KU, — BV, (4.2.10)

Alternatively, we can write (4.2.1]) as follow

Y — Qm
QOm

amH[V,] = Foia, — KU, — QTW(H + M)V, (4.2.11)

Now, we can approximate H using H (4.2.4) in 2D and as (#.2.7) in 3D. This modifica-
tion results in a second-order accurate scheme in time. We provide numerical evidence

in section |4.2.2.3| to show the differences between using the splitting technique (|4.2.6])
(one side), (4.2.10]) (both sides), and (4.2.11)) (modified.

4.2.2 Spectral analysis

This section performs the stability analysis and establishes that the splitting schemes
are unconditionally stable. We first analyse the standard generalized-a@ method to
sketch how our analysis works. Then, we study the splitting techniques. The generalized-
a method is a two-step scheme. The first solves for [V4,]. Then, we substitute it
in the first equation in (3.3.7)) to solve for U,,+1, which is the solution at the next time
level. Alternatively, supplementing with the first equation in (3.3.7]), we arrive
at a matrix formulation of the generalized-a method

[U”“] _ [I - %{*11( I— %A:l(M +me)] [U”} N [QA_an+af]

ryntl A K I- aA M +r1a¢K)| |7V A an+af ’

(4.2.12)

where [ is an appropriate identity matrix that matches the dimension; throughout this

section, we set F' = 0 as it does not reduce the generality of the stability analysis.
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Remark 26. In this context, the entries of the matrices obtained from the spatial
discretization gain importance as we seek to approzimate these matrices using split ones.
Therefore, for the analysis, we need to follow a different procedure from the previous
sections (e.g., . Thus, we compare the spectral behaviour of the systems obtained
using the original method and the split one. For this, we consider the matrices H or

H for determining the amplification matriz.

4.2.2.1 The generalized-a method

We analyse the system’s stability by spectrally decomposing the matrix K with respect
to M (see, e.g., [53]) to have
K =MPDP™!, (4.2.13)

where D is a diagonal matrix that contains the eigenvalues sorted in ascending order

the generalized eigenproblem

Kv = AMow, (4.2.14)

and the columns of P are the system’s eigenvectors where the j-th column of P cor-

responds to the eigenvalue \; = D;;. Also, we have I = PIP~!. Exploiting (4.2.13)
and (4.2.2), we determine

= (M +nK)™!
= (M + nMPDP_l)‘l
. (4.2.15)
P(I+nD)P )
= P(I+nD)'PtMmL,
Finally, we calculate:
HK = (P(I n nD)—lp—lM—l) (MPDP_1> — P(I +7D)"'DPY,
(4.2.16)

H™'M = (P(I + nD)*lpflel)M = P(I+nD) P

Defining E = (I +7nD)~! allows us to rewrite the amplification matrix in (4.2.12) as:

[1]

I DA 1 LM + ra;K)
N —JmA 'K - “HM + TasK)
[P o I—”ED I——E(I+TafD) Pl o0
“lo P —a;ED I—LE(I+me) o p!

(4.2.17)
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Thus, we have

ur] [P O)[I-2XED I-_E(I+7a/D)]"[P' 0 ][U°
vl T lo P -ZED I-LEI+raD)| [0 P |[rV0]

[1]:

(4.2.18)

We establish the method’s unconditional stability by bounding the spectral radius

of the matrix = by one. For the sake of completeness, we now reproduce the analy-
sis of [9, [60]. We determine the corresponding parameters by presenting the system
as . For this, firstly, we the limit 7 — 0. Since D is diagonal, 7D — 0 and

E — I; thus, the matrix = becomes an upper triangular matrix with eigenvalues:

1
A=1 and Apg=1——. (4.2.19)
QAm
In the other limit of an infinite time step 7 — oo, one can readily calculate the matrix
= as a lower triangular matrix with eigenvalues:

1 1
Al=1——, and A=1——. (4.2.20)

af 5y
For both of these two limiting cases, we arrive at a similar set of conditions as in
Section [3.3.5.2] Similarly, in the case of finite time steps, the eigenvalues of the ampli-

fication matrix solve:
0 = det(Z — \I)

=11 — M 12
(4.2.21)

[1]:

21 Hog — AI

[1]:

= det [
= det(én — :\I) - det (égg — S\I — égl (én — XI)_lélz).

where

[1]:
Tt [1]:

_ _
12] _ [I Ry o o E(I—i—Tosz)] (42.22)

=n
- [Em Eo ~Z'ED  I- L E(I+7asD)
is a 2 x 2 block matrix, with each block being a diagonal matrix. The first part of the
eigenvalues of Z are defined by the equation det(Z;; — A\I) = 0, where 21, = I — “LED
is a diagonal matrix with diagonal entries given by [7]:

T)\k"y

- 4.2.23
m + TARYO ( )

with A\; being the k—th diagonal entry of D. We guarantee stability by imposing that

the absolute value of each of the eigenvalues of = is bounded by one and therefore:

“1<1 TARY

_ T oy, 4.2.24
Qo + TApyOp — ( )
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or

A
< T <9 (4.2.25)
m + TARYQ

Since the corresponding parameters are non-negative and D is a positive definite matrix,
the left-hand-side inequality is readily satisfied. We reformulate the right-side inequality
as:

TAY(1 = 2a) < 200, (4.2.26)

Since 7A > 0, the condition 1 — 2oy < 0 guarantees that the spectral behaviour of Zis

bounded by one (see, also, Section |3.3.3.2| and [7, [9]. Since each matrix in the second
condition in (4.2.21]

det (EQQ - 5\kI - égl (éll — S\kf)ilém) =0, (4.2.27)

has a diagonal structure, to calculate the rest of the spectrum of é, we solve:

A ~ 1 A ~
02(1——T L —)\k>'(1——+7kaf —Ak)
Qo + TARYOf am + TARYO (4.2.28)
n (T—Ak) . (1 _ m) -
Qm + TARYOF Qm + TApyay /)

Thus, we can conclude that a sufficient condition to guarantee the boundedness of the

absolute value of the system’s eigenvalues by one is:

QO > ap > = (4.2.29)

DN | =

4.2.2.2 Stability of the splitting schemes

Herein, we pursuit a spectral study for the splitting technique introduced in section [4.2

Similarly, decomposing the directional matrices K¢ using M leads to:
K¢ = M¢PDe P, (4.2.30)
where the diagonal D, contains the eigenvalues of the generalized eigenproblem
Keve = AeMeve (4.2.31)

and the columns of P are the system’s eigenvectors. Herein, { = x,y, 2z specify the

coordinate directions. We sort the eigenvalues in ascending order and coordinate the
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order of D¢ and the j-th column of P: corresponding to the eigenvalue A\¢ ; = Dg j;.

Therefore, for 2D splitting, we use (4.2.30) and (4.2.4)) to calculate:

H' = (Ma: + nKx)il ® (My + 77Ky)71
= (M + UMxPa:Dngc_l)_l ® (M, + UMyPyDyPy_l)_l
= P,E.P;'M; ' ® PyE,P; M, ",
with:
E¢=(I+nDg)™", &=y,
Then, we determine:
H'M = (PE. P MG @ PyE Py M) (M, @ M)
= P,E,P;' ® PyE, P!
—(PoR) (B2 B) (Pt er?),
'K = (PE P, M @ B, Py M)
(MoPoDo Pt @ My + My @ MyP,D, Py )
= P,E,D,P;' ® PyE,P;' + P,E,P;' ® PyE,D, P,
— (P.®R)(BD. 2 By + B0 ByD, ) (P 2 Y.

Defining the following notations

I =P I,P;' @ PI,P; ' = (Pz ® Py) (L,c ® Iy) (P;l ® Py‘l),

G=——"(E.D,® E, + E, ® E,D,),

Qm

Finally, we obtain the blocks of the amplification matrix of the method as:

En=1- A7 K= (Poep)(Lel+4G) (P @B,

Qm
S =——H'K = (P,eR)G(P e r!)
Qm
Sy =1 — LA YM + rosK)
am
- (Px ® Py) (Iw ®I, — alEx ® B, + yafG) (PQ;1 ® P;l),
m

1 -
o =1——H M+ 7a;K)
m,

1
= (Pop) (Lol - —E. @B, + osG) (P e pt).
m
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and the matrix itself as:

I-2XH'K I- iH*i(M + TarK)

[1]

~ZH'K  I-2H M+ 704K)
_ [Px ®P, 0 ] [Iw ®I+9G Lol — =B, @By + ’VO‘fG} (4.2.37)
0 P, ®P, G L ® I, — =By ® By + oG
[P;l ® Pt 0 }
0 Pote Pt

Accordingly, the spectral radius determines the scheme’s stability behaviour:

[1]:

G I @1, — 5-E; ® By + asG
In the limit 7 — 0, we obtain the same sufficient condition as in ; similarly, in the
limit 7 — oo, we obtain the eigenvalues A\; = 1, These limits imply that in the limiting
case T = 00, the method is stable but not A-stable. Following similar arguments as
in the unsplit generalized-a method, it is straightforward to prove that the scheme is
stable unconditionally (for any finite time step size). The stability behaviour of the

splitting on both sides technique follows similar arguments.

Remark 27 (3D splitting). While the 3D stability analysis is more involved than the
2D analysis, it follows the same logic. Although we omit the derivation, the resulting

constraints on cuy, oy for unconditional stability are unchanged.

Lastly, we provide error estimations. Our analysis above implies the stability of
the splitting schemes. Also, since the splitting error is formally second-order accurate
in the temporal domain, providing a sufficiently regular exact solution, one may expect
to find the splitting schemes of the second-order accurate in time. Thus, similar to the

classical error analysis for parabolic problems, the error estimations read (see, e.g., [96]):

luy = u(tn)llo.o < C(u)(RPT +72),
(4.2.39)
IVu(T) = Vup(T) oo < C(u)(h? +77),

with u} being the estimated solution at time ¢,. C(u) denotes a positive constant
independent of problem data such as the mesh size h, and time step 7. p is the order

of the spatial approximation.
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4. VARIATIONAL SPLITTING TECHNIQUES

4.2.2.3 Numerical experiments

In this section, numerical evidence demonstrates the performance of the proposed split-
ting schemes. The simulations verify that the schemes’ optimal convergence rates in
spatial and temporal domains. Furthermore, the computational cost is linear regarding
the total number of degrees of freedom in the multi-dimensional system.

For this, we model ([3.1.28)) with the exact solution:

. {U(x,y,t) = sin(rz) sin(ry)e 2", in 2D, (4.2.40)

w(z,y, z,t) = sin(rz) sin(ry) sin(72)e 37, in 3D,

with corresponding forcing function, boundary and initial data.

Firstly, we show the computational cost of 2D and 3D parabolic problem ((3.1.28]).
For p-th order finite elements or isogeometric elements, the directional mass matrix
M, and stiffness matrix K¢, § = x,y, 2, have a half-bandwidth p. This is, the matrix
M¢+nK¢ also has a similar bandwidth. Let K¢ be m¢-dimensional and exploit Gaussian
elimination approach. This leads to O(meg) operations for solving a linear matrix sys-
tem M¢ +nK¢. Therefore, the significant cost of solving or equivalently
is O(p?*mym,) operations for 2D cases and O(p?m,m,m.) operations for 3D problems.
Thus, the solution cost of deploying splitting schemes increases linearly with
respect to the degrees of freedom. This feature remains valid for higher-dimensional
problems. Furthermore, this allows us for exploiting direct solvers for problems of any

dimensions. The reader is referred to [70] for more details on the linear solver.

Splitting on one side

Splitting on one side, both sides
Splitting on both sides

Splitting on both sides (modified)

Time (Sec.)

Splitting on both sides (modified)

|

05 &

250000 500000 750000 100000 166666 250000
DOF DOF

Figure 4.1: Linear computational cost of splitting schemes for C!' quadratic isogeometric
elements with 7 = 1072 and po, = 0 in 2D (left) and in 3D (right).
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" 405 5
cc 10
2 =T
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Splitting on both sides E Splitting on both sides
1010 . 1010 .
10° 100
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Figure 4.2: Stability validation of splitting schemes when using C' quadratic isogeometric

elements with final time T' = 5, po, = 0.5, and 64 x 64 uniform elements in 2D.

Figure shows that the solution costs for inverting the matrix problems of all
splitting schemes are linear with respect to the total number of degrees of freedom in
the system for multi-dimensional problems. Herein, we use a direct solver (Gaussian
elimination), and as an example, we use C! quadratic isogeometric elements for the
spatial discretization and a time step size 1073. However, the cost is also linear when
we use either finite elements or isogeometric analysis, which validates the efficiency of
the splitting schemes when solving the resulting matrix problems.

Figure shows the L? norm of u and Vu errors at the final time 7' = 5 with re-
spect to time step size 7. As 7 grows, the errors approach a finite number, which numer-
ically validates the unconditional stability of the generalized-a and splitting schemes.
The technique entitled ”Splitting on both sides” refers to the scheme given by
while the ”Splitting on both sides (modified)” refers to the scheme in equation .
Different po, mesh configurations, and finite elements with higher-order basis functions
produce simulation results with similar behaviours.

Next, we study the spatial convergence rate of the discretization error. The split-
ting methods deal easily with different spatial discretizations such as finite elements
and isogeometric analysis. We consider a 2D test problem and fix the time step size
to 7 = 10~%. The final time for the simulation is T = 0.1. Figure shows the errors
[u(T) — u"(T) o and ||V (u(T) — u"(T)) |lo,c when using C° and C' quadratic ele-
ments. Figure shows these errors when using C? cubic isogeometric elements. The
generalized-a method and all the proposed splitting schemes result in optimal conver-

gence rates for both finite element and isogeometric element discretizations. The error
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Figure 4.3: L? error norm of v & Vu for C° quadratic finite elements and C'! quadratic

isogeometric elements with po, = 0,0.5,1. Final time t,, = T = 0.1 & step size 7 = 10~
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Figure 4.5: L? error norm for finite and isogeometric elements on a fixed mesh size
h=1/64 and po, = 0.5,1. The final time is ¢, =T = 1.

in all cases converges with the corresponding optimal rates.

We now study the accuracy in time. We consider a 2D test problem on a mesh
with 100 x 100 uniform elements. Figure [4.5] shows the evolution of the solution’s
L? error norm against the time step size 7 when using quadratic finite elements and
isogeometric analysis. Figure shows these errors when using C? cubic isogeometric
elements. In all cases, the errors converge quadratically, thus verifying the formal
estimates of .

The overall solution cost of the matrix system scales linearly with the number of
degrees of freedom in the system; thus, in many practical cases, the solution cost is
orders of magnitude smaller. We extend these splitting schemes to solve high-order

multi-step time integrators in the next section.
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Figure 4.6: L2 error norm for C? cubic isogeometric elements on a fixed mesh size
h=1/64 and ps = 0,1. The final time is ¢, =T = 1.

4.3 Variational splitting techniques for high-order linear

multistep methods for parabolic equations

Implicit linear multistep methods can approximate first-order stiff differential equations
using values from previous time steps. Thereby, the inclusion of information from
more points increases the accuracy of the approximation with a limited impact on the
computational cost. We use these methods to approximate the semi-discrete matrix
problem . We consider a time marching process indexed by n such that 0 = tg <
t] < --- < ty = T, we approximate Uy, V,, using U(t,),U(t,), respectively. Similarly,
let F,, approximate F'(t,). In general, multistep methods use data from the previous s
steps to estimate the solution at the next time step. In particular, a linear multistep

method adopts a linear combination of U,, and V;, to obtain a solution value at a specific

time. Therefore, a general linear multistep method has the general form [23]

Unys +os—1Upys—1+asoUpys o+ +agU, =
=T (ﬁs Vn+s + Bsfl Vn+371 + -+ /80 Vn) s

where different coefficient choices for «; and §; result in different methods; we apply the
splitting techniques to arbitrary combinations of «; and 3;. We use our variational split-
ting ideas to the Adams-Moulton and backward differentiation formula (BDF) methods
as particular examples. These are widely-used classes of multistep techniques. First,

we discuss the s-step Adams-Moulton methods and propose our variational splitting
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formulations. We then describe the BDF methods and particularize the splitting to
this family of methods.

4.3.1 Adams-Moulton methods

Consider a uniform partition of the time interval [0,7] with a time-step size 7 such
that ¢, = n7. The coefficients are a1 = —1 and as_9 = ... = a9 = 0, while
Bi coefficients deliver a method of order s + 1. Hence, assuming that the temporal

evolution corresponds to an interpolating polynomial of order s, we have [70]

G A , o

Bs—i = =) Jo H (u + 7 — 1)du, for i =0,...,s. (4.3.1)
J=0,j#1

Let R,, = F,, — KU,,. We adopt the Adams-Moulton methods of order one through five

(s =0 —4). Then, the standard fully discrete formulation becomes

e 24 order:

OM (Uns1 — Up) = 7 (Rus1 + Ru) (4.3.22)

e 37 order:
12M (Unsa — Ups1) = 7 (5Rns2 + 8Rns1 — Rn) (4.3.2b)

o 4 order:
24M (Upys — Upto) = 7 (ORpt3 + 19R,10 — 5Rpp1 + Ry) (4.3.2¢)

e 5 order:

T20M (Un+4 — Un+3) =T (2519%4_4 + 646K, 3 — 264R 12 + 106K, 41 — 191Rn)
(4.3.2d)

4.3.1.1 Splitting schemes

Now, we extend ideas from Section to propose a splitting for (4.3.2). Thus, we
propose the following splitting technique to reduce the solution cost of the linear systems
resulting from (4.3.2) for multi-dimension problems:

A=M+nK = (M, +nK,) ® (M, +nK,) + 0(n?), for 2D,
(4.3.3a)

A=M+nK = (M, +nK,) ® (M, +nK,) ® (M, +nK.) + O(n?),  for 3D.
(4.3.3b)
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At each time step, we solve an implicit system and then update vectorial identities
explicitly. We factorize the left-hand sides of using a matrix with the structure
(M + nK) where n denotes a rational number that depends on the order s. As (4.3.3)
shows, the variational splitting introduces an approximation error of order 72; thus,
to preserve the high approximation order of the multi-step families, we modify the
system to solve for an alternative set of variables. To do so, we introduce Taylor series
approximations to the right-hand sides of the systems and define the following

approximations:

e 27 order:

1
Uni1 = Un =57 (Vo + Var1) + 0(r3), (4.3.4a)

e 3" order:

Unt2 = 2Unt1 + Un = 7° (Vay1) . + O(7Y), (4.3.4b)

e 4t order:

1
Unts = 3Unsz + 8Unt1 = Up = 57° (— (Vi) +3 (Vn+1)7tt) L O, (4.3.4¢)

)

e 5t order:

Un+4 - 4Un+3 + 6Un+2 - 4Un+1 + Un = T4 <_ (Vn)ﬂgtt +2 (VnJrl),ttt) + 0(7—6)7
(4.3.4d)

where ()t represents derivatives with respect to time and V,, approximates the first
temporal derivative of U(t,). Now, we substitute the left-hand terms in (4.3.2)) using
the linear combinations of known and unknown data derived in . Besides, we use
the right-hand side of to guarantee the accuracy order for our further approxi-
mations. Then, substituting these definitions and introducing an auxiliary variable U

results in the following systems that we solve for U:

e 24 order:
2M +7K)U = —-27KUy, + 7(Fpy1 + F), (4.3.5a)

where U = Upq1 — Uy,

94



4.3 Variational splitting techniques for high-order linear multistep
methods for parabolic equations

e 3" order:

(12M + 57 K)U = — 12 (M + 7K) (Uns1 — Upn) — 67K (Upy1 + Uy)
+ 7 (5F 2+ 8F i1 — F), (4.3.5b)

where U = Uy o — 2Up 41 + U,
o 4th order:

(24M + 97 K)U = — 24M (2Un 15 — 3Up 41 + Up)
— 27K (23Up2 — 16Ups1 + 5U,)
+ T (9Fn+3 + 19Fn+2 — 5Fn+1 + Fn) s (435(3)

where U = Un+3 - 3Un+2 + 3Un+1 - Un
e 5" order:

(720M + 2517 K) U = — 720M (3Up13 — 6Ups2 + 4Upny1 — Uy,)
+ 307K (55n43 — 59Unta + 37Uns1 — 9U,,)

7 (251Fppq + 646F, 45 — 264F, 9 + 106F, 1 — 19F),)
(4.3.5d)

where U = Un+4 — 4Un+3 + 6Un+2 — 4Un+1 + Un

We now apply our variational splittings to these approximations without losing the
formal accuracy of the multistep method. That is, the unknown U on left-hand sides
of are proportional to at least 7°. Therefore, the resulting approximate expan-
sions in combination with the variational splitting deliver an approximation to U that is
formally of order 752 for each multistep method of order s+ 1. As a consequence, the
splitting we propose for can have an arbitrary order of accuracy. Following this
logic, we can ignore the higher-order terms in the expansions as they do not modify the
formal accuracy of the approximation. In summary, rather than inverting A in ,

we use the following approximation for 2D

A= (M +nK;) ® (My +nK,) (4.3.6)
and this one for 3D

A= (Mg +nKz) @ (My +nKy) @ (M. +nkK:) (4.3.7)
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Therefore, substituting A in ([4.3.5) leads to a splitting technique with I = %, 15—2, 2%, %

that has second to fifth order of accuracy, respectively.

Remark 28. We solve the equation system with the following strategy. We
first solve for U using the matriz equations of for a given order s. With this
information, we solve for Un,ys_1 from W’s definition. For example, for the 3"-order
method, we solve for U = Upio — 2Up11 + U, using . Then, we update Upio
using known information and the following (explicit) identity Upyo = U+ 2Up41 — Uy,

4.3.2 Backward differentiation formulae
Similarly,defining R,, = (F,, — KU,), then the general form of a BDF method reads [88]

> aUnij =mBM 'Ry, (4.3.8)
j=0

where a; and 3 allow the method to reach the accuracy of order s. For more details
on the determination of the corresponding coefficients, see [3, [59]. We adopt standard

coefficient definitions for the BDF methods and substitute them in (3.3.2]) to obtain:

e 27 order:

M (BUpt2 — AUp41 + Up) = 27Rp 40, (4.3.9a)

e 37 order:
M (11Up43 — 18Uy 42 + YUp 41 — 2U,) = 67Ry 43, (4.3.9Db)

o 4th order:
M (25U 44 — 48Uy 43 + 36Uy 120 — 16Uy 11 + 3Uy,) = 127R; 14, (4.3.9¢)

o 5 order:

M (137Up 45 — 300Un 44 + 300Uy 13 — 200Un 45 + T5Up 11 — 12Uy) = 607 Ry p5.
(4.3.9d)
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4.3.2.1 Splitting schemes

As in Section we propose a splitting technique where the solution uses the
Taylor expansions of (4.3.4). That is, for (4.3.9), we rewrite the fully discrete equations
of (4.3.9)). For example, for the BDF methods of orders two to five, we propose

e 27 order:
BM +27K)U= (M —27K)Upy1 — MU, + 7Fp 42, (4.3.10a)
where U = Up o — Upq1.
e 3" order:

(11M + 67K)U = — (2M + 67K) (2Up 12 — Upy1) + 2MU,, + 67F, 3.
(4.3.10b)

where U = Upy3 — 2Up 42 + Up1.

e 4t order:

(25M + 127 K) U = (OM + 127K) (—3Up43 + 3Ups2 — Uns1)
+3(AUpsg — Up) + 127 Fy 4, (4.3.10¢)

where U = Un+4 — 3Un+3 + 3Un+2 — Un+1.
o 5% order:

(137M + 607'K) u = (62M + 60TK) (—4Un+4 + 6Un+3 - 4Un+2 + Un+1)
+ 50M (3Upss — 2Un2) — 12MU,, + 607 F, 45

where U = Un+5 - 4Un+4 + 6Un+3 - 4Un+2 + Un+1.

We then use the solution of (4.3.10]) to update the value of the unknown. Ad for Adams-
Moulton methods, we use the identities in (4.3.4) to introduce a splitting for (4.3.9)),

where we substitute an approximate expansion that can be inverted in linear cost with

2 6 12 60

n _ z 12 60
formal order of accuracy from second to fifth for 7 = 5, 37, 5%, 137,

respectively. We

summarize our methods in the algorithm
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Algorithm 1 Proposed splitting technique for a 2D problem
Set T, 7, Mé, K¢, Uy, Fy, where M¢ and K¢ are the mass an stiffness matrices in &

direction, where & = x, y.

T
for n =1 until n = — do,
T

Set R,, equal to the right-hand side of (4.3.5) for ADM or (4.3.10|) for BDF.

Reassemble R,, as a matrix with rows and columns correspond to x and y direc-

tions.
Solve (M, + nK, )W, = R, for U
Solve (M, + nK,)U, = U, for U,.

Update the unkown U, using U\ and the definitions in (4.3.5) or (4.3.10) for
ADM or BDF, respectively.

end for

4.3.3 Spectral analysis

Here, we analyze the splittings’ stability and show that the splitting process does not
unalter the spectral behaviour of the multistep time marching methods. The conditions
that imply the stability of the Adam-Moulton and BDF methods are the same for the
original and the split versions. For our investigation, we use the spectral decomposi-
tion . Then, A stable method has the modulus of all roots of the characteristic
polynomial bounded by one. The boundedness of the roots of the characteristic poly-

nomial for a multistep method with a time-step size 7 is [93]:

s—1
m(z; D) = (1 — TPDP'3,)2° + Z (o — TPDP'By) 2k = p(2) = TPDP~1o(2),
k=0
(4.3.11)
where we define:

s—1 S

plz) =2+ Z akzk, o(z) = Zﬂkzk (4.3.12)
k=0 k=0

In terms of the polynomials (4.3.11)) and (4.3.12)), a method delivers order s provided:

pe)—1o(e)=0 (TS+1) , as 7 — 0. (4.3.13)
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Furthermore, appropriate conditions (i.e., CFL conditions [10, 93]) guarantee that
all roots of have their modulus bounded by one. Then, the numerical solution
of the multistep method is stable with respect to the round-off error for those values of
7 and the particular eigenvalues in D. For brevity, we omit the derivation of the CFL
conditions for the BDF and AM methods (for more details, see [3]). We only analyze
the impact of the splitting techniques on the stability regions of these well-understood
methods; thus, we derive the appropriate characteristic polynomial for the split version.

For the split formulations, we add the following additional terms to :

2D case: 72(P, ® P,)(D; ® D) (P, ' ® Py_l)n(z),
3D case: (I, P,@P,)I,®Dy®D,+D,®I,® D, + D, ® D, ®I,)
(Pt @ Pyt @ P hn(2),

(4.3.14)
where 7(z) is defined for order of accuracy two to five as
m(z) = 22 — 24 0(3), (4.3.15a)
n3(z) = 28 — 222 + 2 + O(7), (4.3.15b)
m(z) = 2* =323+ 322 — 2 + O(7°), (4.3.15¢)
ns5(2) = 2° — 42t + 623 — 422 + 2 + O(79). (4.3.15d)

As sections[4.3.1.1}and |4.3.2.1| discuss, the reformulations of the BDF and AM methods
with the identities we introduce in (4.3.4)) allow us to rewrite (4.3.15]) as

wa(2)? — wa(z) + O(7%),

n2(2) = wa(
13(2) = w3(2)® — 2w3(2)? + ws(2) + O(7Y),
(4.3.16)
na(z) = w4(z)4 — 3w4(z)3 + 3w4(z)2 —wa(z) + 0(75),
n5(2) = ws(2)® — dws(2)* + 6ws(2)® — dws(2)? + ws(2) + O(°),

where w(z)’s definition depends on the system’s unknown U. Next, using the right-hand
sides of the identities (4.3.4)), we obtain w(z) as

1
wa(z) =72+ 37 (2) ts (4.3.17a)
ws(z) = 722, (4.3.17b)
1
wy(z) =132 — 57'4 (2) s (4.3.17¢)
1
ws(z) = 57'42 —79(2) 4. (4.3.17d)
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Given the methods’ accuracy, 721(z) has the order of the truncation error and we neglect
it when computing the roots of the characteristic polynomial . Therefore, the
additional terms in do not affect the stability regions and, consequently, the
CFL conditions for these methods.

Remark 29 (Stability region invariance for split methods). The split formulation does
not change the stability region of the BDF and Adams-Moulton time-marching methods.
Nevertheless, the original methods are conditionally stable for any order of greater than
two. We believe that the fact that split methods do not modify the stability region of
the original methods is an attractive feature of these expansions. Thus, the framework
we propose will allow us to split other methods without modifying their stability regions

while significantly accelerating the solution of the system.

4.3.4 Numerical evidence

This section presents the numerical results that validate our proposed splitting methods
for different multistep schemes in two and three dimensions. As a test problem, we use a
heat transfer problem with zero Dirichlet boundary conditions and an initial condition
given by u(x,y; 0) = sin (7z)sin (ry). Then, the analytical solution of the problem
reads:

—2m2¢

u(zy, x5 t) =€ sin () sin (7y) . (4.3.18)
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Figure 4.7: Computational cost of split BDF methods for 2D (left) & 3D (right). CP~!
isogeometric elements in space.

First, we analyze the computational cost for our splitting schemes for the parabolic
problem (3.1.28)) in both 2D and 3D. Figures and show that the costs for solving
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Figure 4.8: Computational cost of split Adam-Moulton methods for 2D (left) & 3D
(right). CP~1 isogeometric elements in space.
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Figure 4.9: L2 error norm for BDF methods with C*-quintic isogeometric elements 100 x
100 meshes for 2D (left) & 60 x 60 x 60 meshes for 3D (right).

the resulting algebraic matrix problems for different polynomial approximation orders
(p =2, 3, 4) for all BDF and AM methods are linear with respect to the total number
of degrees of freedom in the system for multi-dimensional problems.

Next, we present the convergence rates of the different schemes in the time domain.
The 2D results are computed over 100 x 100 mesh. In 3D, we use a 60 x 60 x 60 mesh.
The convergence of the BDF-k schemes is of the order 1 : (k) the expected one. The
convergence of the AM-k schemes is of order 1 : (k + 1), as the theory indicates. We
obtain that AM-0 scheme converges like 1:1, which is expected. However, the AM-1
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error [%]
error [%]
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1077 Lt !
1072 1073 1074 107°

T T

10

Figure 4.10: L2 error norm for split Adam-Moulton methods with C*-quintic isogeometric
elements 100 x 100 meshes for 2D (left) & 60 x 60 x 60 meshes for 3D (right).

scheme converges like 1:3, which is faster than expected in this particular case, but this

is not an incorrect result.

Remark 30. Our splitting schemes preserve the stability properties of the original
BDF and AM schemes. Therefore, as per the second Dahlquist barrier [31)], the linear
multistep method can only be A-stable if its order is at most two. Thus, we can only
expect unconditional stability for AM-0, AM-1, BDF-1 and BDF-2.

4.4 A variational splitting technique for hyperbolic prob-

lems

In this section, we propose splitting techniques for hyperbolic models. For this, con-
sidering the second-order generalized-a method by setting & = 1 in (3.1.34)), we substi-

tute (3.1.20)) into (3.1.34) to have:

2
(amM + 720 BK) [An] = Fota, — [MAn +K <Un + 1oV, + ;afAnﬂ

2
= Fria, — (M + ;afK> Ap —1a;KV, — KU,. (4.4.1)

Then, we rewrite (4.4.1)) as

2

mGlAn] = Fota, — <M + ;afK> Ay — 1KV, — KU, (4.4.2)
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4.4 A variational splitting technique for hyperbolic problems

where

2
G=M+gK, g=_25 (4.4.3)

Qm

Thus, using tensor-product meshes in 2D and (4.1.4) and (4.1.6), we have (for more

details, see, section [4.2] and [L1]):

G = (M® +nK®) @ (MY +nKY) — T, (4.4.4)
where
T, =n*K* @ KY = O(n?). (4.4.5)

Therefore, T, is of order O(71) and allows us to split the operator G as:

G = (M® + nK*) ® (MY + nKY). (4.4.6)

Besides, we substitute K with an approximation derived using similar logic. We derive
this equivalent expression using (4.4.3) as (see, our detailed discussions in [4.2.1)):

k=ta-1u (4.4.7)
n n
Thus, our approximation reads:
1/~
K~- (G - M) . (4.4.8)
n
Finally, we rewrite (4.4.2)) as
~ 1 ~ T2af
amGIAN] = P = MAn — (G - M) L AutTaVat Ul (449)

We split the 3D system using a similar argument. This modification is second-order
accurate in the temporal domain and reduces the matrix-assembly cost of the system
as we only need G. Besides, this modification provides more accurate estimations (see,
numerical examples). Additionally, the system in delivers the user-control on
the numerical dissipation. Algorithm [2] summarizes the method for 2D problems. In

the next section, we analyze the stability of the method and present its advantages.

Remark 31. Similar to our techniques for parabolic problems, the computational cost
of the 1D matriz system (Mg + an)_l, is linear with respect to the number of degrees
of freedom [70,[71)]. Therefore, the total cost for the system system (4.4.9)) for a multi-

dimensional problem is linear.
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Algorithm 2 A linear-cost split generalized-alpha

method

Set T, 7, poo, M, K¢, Uy, Vi, Fy, where M¢ and K¢ are the mass an stiffness matrices

in & direction with & = x,y.

T
for n =1 until n = — do,
T
2oy

2

Set Ry, = n+af—MAn—717(G—M)[

Ap + 710V +Up |

Reassemble R,, as a matrix representation, which rows and columns belong to

values corresponding to x and y directions.
Solve a, (M* 4+ nK*)[A,] = R, for [A.],
Solve (MY + nKY)[A,] = [A.] for [A,].

Update V41 from A,1 using (3.2.1Db)).

Update Uy form V,, 41 and A, 41 using (3.2.1¢).

end for

4.4.1 Spectral analysis

We closely follow the approach in [I1], 26]; we first study the standard generalized-o

method and then analyze our splitting method.

4.4.1.1 The generalized-a method

The classical generalized-a method (4.4.2) results in the following:

where

Un+1 AL
Vvt == [ Vv |,
7_2An—|—1 7.2An

1
I— 7'2Oéf2j I— T2C¥§)c<] 5[ — a?cR
—72yJ I— TzfyafJ I—~R |~
—72J —r2ag] I-R

—_
— —
—_

and [ is the identity matrix. We also denote

2
J = (amG) 'K, R = (anG) ™" <M + gafK> ,
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4.4 A variational splitting technique for hyperbolic problems

Then, using the spectral decomposition eq:sd and (4.4.3)), we determine:

G '=(M+nK)" = (M+nyMPDP ") = (MP(I +nD)P~)™"

Gl=PUI+9D) ' PIMY, (4.4.13)
which allows us to obtain

G 'K = (P(I+nD)"'P7'M~") (MPDP™)
G 'K =P(I+9D)"'DP (4.4.14)
G'M = (P(I+nD)'PT'M~ )M

G™'M = P(I+nD)"'P. (4.4.15)

We also define E = (I +1D)~! and
P 0 0
II=({0 P O
0 0 P

With this in mind, using (4.4.11)), we rewrite the amplification matrix Z in (4.4.10) as:

r 2 3 2 2 ]
1 E
-2 pgp 1-722Lpgp —1-2=(r+T 4D
Q, O, 2 O, 2
E 2
s=1u| 2 Egp 1-2%pgp -2 <I + TafD> !, (4.4.16)
024m Qi Qo 22
E
- rgp  -2%gp - = <I + TafD>
L am O (6777 2 |
which introducing = = II"! = II leads to
U U
Vel =10ETt | rVO . (4.4.17)
7_2An 7_2AO

Thus, the method behaves unconditionally stable if the spectral radius of either of the
similar matrices = or = is bounded by one. Herein, we omit the analysis for brevity
and state that the method is unconditionally stable for specific values of a;, and a;

given in (3.1.18)) (see our detailed discussions in and [7]).
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4. VARIATIONAL SPLITTING TECHNIQUES

4.4.1.2 Stability of the splitting scheme

Here, we analyze the proposed splitting approach. Similarly, we spectrally decom-
pose the stiffness matrix K¢ with respect to the mass matrix Mg in each direction to

obtain (4.2.30). Then, for the 2D case, we have
G™'=P,E,P;'\M; ' @ P,E,P; M, ",

. o (4.4.18)
G'M = (P,®P)(E,® E,) (P,' @ P"),
where:
Ee=(I+nDe)~", &=,y (4.4.19)
Now, using the following identity:
I=PLP ' @ P,I,P;' = (P, ®P,) (I, ®1,) (P, ' @ P "), (4.4.20)
we calculate the blocks of the amplification matrix Z as:
= 1
En=L®l - — (®I, - E,®E,), (4.4.21a)
f
S =E, ®E,, (4.4.21b)
= 1 B
=13 = (2 - 04m> E,® Ey, (4.4.21C)
Bay
= I Y
Ep=0LoIl,— 3 L®Il,—E.®E,), (4.4.21¢)
Sy =L®I—— (B, ®E,) — = (,@I,— B, ® E,), (4.4.21f)
U, 20
- 1
By =——— [ ®1,— E, ®Ey), (4.4.21g)
Bay
- 1
Hso = 3 (L ®1y— E,®Ey), (4.4.21h)
- 1 1 .
B33 =1, ® Iy - (EJJ & Ey) Y (Ig; ® Iy —FE,® Ey) . (44211)
m, 20
By denoting EF=E,® E,, we obtain:
r 1 - - 1 I
I——(I—E) B (_5>E
af 2 am
= Y ( ) Y ( ) Ey -
E=|-——-(I-E) I-2Z(I-E) I-=-_(I-EF)|. 4.4.22
1 - 1 - E 1 .
S (I—E) - (I—E - =~ (I-F)
L Bay B am 28 -
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4.4 A variational splitting technique for hyperbolic problems

The spectral behaviour of the scheme follows the same logic as analysis of the generalized-
« method, where we compute the spectral radius of (4.4.22). First, in the limit
o= T2D§ — 0, since D¢ is diagonal, E; — I and consequently, we have E — 1.

Hence, = becomes upper triangular, and its eigenvalues are:

1
AM=X=1  Ag=1-——. (4.4.23)
Qo
To bound |A3| by one, we obtain the condition:
1
am > 5. (4.4.24)
Likewise, for ¢ — 0o, we have E — 0, and therefore:
— I -
I—— 0 0
7 I I
= I g gl
=E=|l-—— I—-—— I-—|. 4.4.25
Ba; T B 28 (44.25)
I I 7 I
L Bay IS 20 ]

Setting v as in , the system’s eigenvalues remain bounded by one uncondition-
ally. Furthermore, following [26], we introduce /8 such that the complex part of the
eigenvalues of vanishes and express the parameters o, and oy in terms of the
spectral radius poo similar to (3.1.27). This allows us to control the high-frequency

dissipation.
15 1.2
1
08+
s 1
<06}
04+
0.2+
0.5
0.5
0 L 1 L
10710 10 10° 10° 100
0 0.2 0.4 0.6 0.8 1 o

Figure 4.11: The stability region of the split system for different combinations of ay and
a at 0 — 0o (left) and dissipation control in high-frequency regions (right).

Figureﬂpresents the region where the split system (|4.4.25)) has bounded eigen-
values for various «a;, and ay. This figure also shows the system’s spectral behaviour

in the medium frequency region (i.e., finite time-steps).
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4. VARIATIONAL SPLITTING TECHNIQUES

Remark 32. The derivation of the conditions on ou,, ay for unconditional stability for

the 3D splitting is more involved but follows the same logic; thus, we omit those details.

4.4.2 Numerical examples

We provide numerical experiments to evidence our analysis and demonstrate the split-
ting methods’ efficiency. In all simulations, our solutions converge with optimal rates
in the spatial and temporal domains. Furthermore, we present a linear computational
cost of the splitting schemes with respect to the total number of degrees of freedom in

the system and the dimensionality of the physical problem.

1.1

Time (Sec.)
Time (Sec.)

p=2, c° — T4
\

p=2, cf

450000 550000 650000 750000 40000 60000 100000 180000.0
DOF DOF

Figure 4.12: Linear computational cost of splitting scheme for C° & C' quadratics and
C? cubics with po, = 0.5 for 2D (left) & 3D (right).

4.4.2.1 Test with exact solution

Herein, we model the problem (3.1.28) with the given forcing term, boundary, and
initial data derived from the exact solution:
{ u(z,y,t) = sin(rz) sin(my) (sin(v/2mt) + cos(v/2nt)), in 2D,
u(

z,y, z,t) = sin(rz) sin(my) sin(rz) (sin(v3nt) 4+ cos(v3rt)), in 3D.
(4.4.26)

First, we show that our method has a linear computation cost. The inversion of
the matrix is the major cost of simulating ; the number of operations for a 1D
problem reads O(m) (m denotes the number of the degrees of freedom) when using
Gaussian elimination to solve the matrix system with left-hand side matrix, M + nkK.

Adopting our splitting techniques, determining G~ needs O(mgmy) and O(mgmym.)
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p=2,C° =10

3 Z 104 F Splitting, generalized- «,
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Figure 4.13: Spatial convergence of solution for split generalized-a method for p,, =
0,0.5,1 in L? norm & H' semi-norm for p = 2,C', p =3,C? & p = 2, C elements.
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Figure 4.14: Spatial convergence of solution velocity for split generalized-a method for
Poo = 0,0.5,1 in L2 norm & H' semi-norm for p = 2,Ct, p = 3,C? & p = 2,C° elements.

for the 2D and 3D problems, respectively. Figure shows the computational cost
for the wave propagation problem . In this example, we utilize a direct solver
(i.e., Gaussian elimination) for three space polynomials (i.e., C° & C' quadratic and
C? cubic B-splines in each coordinate direction). This figure indicates the efficiency of
the splitting scheme for solving the resulting matrix problems with linear cost.

Figure [4.13] presents the spatial convergence of the estimated displacement in the
L? norm and H! semi-norm at the final time of 0.1 for fixed time-step sizes 7 = 1073 and
T = 10~% exploiting C! quadratic and C? cubic elements, respectively. Additionally, we
verify that the splitting technique for classical finite elements also provides the optimal

convergence rates, p + 1 in L? norm, and p in H' norm. In this test, the splitting
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(a) Displacement: p = 2,C° (b) Velocity: p = 2,C°

p =0
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(e) Displacement: p = 3,C?
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Figure 4.15: Temporal convergence of splitting method, in L? norm for p = 2,C% n =
100, p=2,C',n =100 & p = 3,C?,n = 64 elements.

110



4.4 A variational splitting technique for hyperbolic problems

technique delivers the same error as the direct solution of the generalized-o method for
poo = 0,0.5,1. We show the velocity’s spatial convergence rates for C! quadratic and
C? cubic B-splines in figure m

In order to show the second-order accuracy in the temporal domain, we use N =
100 x 100 quadratic elements for finite element and isogeometric analysis methods with
and N = 64 x 64 cubic elements for isogeometric. We set the final time T = 0.1.
Figure presents the results.

Generalized-a method Splitting
T lup — u(ta)llo0 | 1of = v(ta)lloe | luf = ulta)llog | v = v(ta) oo
0.05 1.9373 1.4172 1.0173 1.4572
0.025 3.66% 5.0773 4.1874 4.8073
0.01 1.3974 7.9174 1.1074 7.5374
0.005 3.877° 2.0774 2.7475 1.7374
0.0025 9.7376 5.057° 6.8576 4.127°

Table 4.1: L?(f2) displacement & velocity errors for different time step sizes at final-time
T =1 with po = 0 and quadratic C! elements (time-dependent forcing, section [4.4.2.2)).

4.4.2.2 Time-dependent forcing test

In this example, we approximate with a time-dependent forcing function. We
discretise the 3D domain Q = (0, 1)® € R? using 100 elements in each direction (n, =
ny = n, = 100) and account for the homogenous Dirichlet boundary conditions and
initial conditions u(., 0) = v(., 0) = 0 with the forcing term and exact solution given
by

2
f(z,y,2,t) = % (3m? — (3m? — 4n?) cos(2nt)) sin(mz) sin(mry) sin(mmz),

u(z,y, z,t) = sin(mnz) sin(mmy) sin(mmrz) sin? (nxt).
(4.4.27)
Setting poo = 0, m = 5, n = 2 and deploying quadratic C' elements, we compare
the results obtained using the generalized-a method and the splitting method
detailed in Algorithm Table reports the L?(f2) error of the displacement and

velocity (i.e., ||u} —u(tn)|lo,o and |lvp — v(tn)|lo,0) at the final-time T" = 1.
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4.4.2.3 Wave-packet problem

For the sake of completeness, we show the performance of our method for solving a
wave-packet problem. A wave packet consists of an infinite set of component sinusoidal
waves with different wavenumbers. They interfere constructively over a region of the
spatial domain and destructively elsewhere. This localized behaviour of travelling waves
has vast applications such as in seismic techniques, electrodynamics, and uncertainty
analysis (see, e.g., [95]). We present the solution of a problem defined on the domain

Q = (—0.5, 1.5)? € R? with the following given data:
u(z,y,0) = exp[15 (x(i — 15x) + y(i — 15y))],
u(z,y,0) = 30(—i + 15(x + y)) exp [15 (x(i — 15z) + y(i — 15y))],
fla,y,t) = 450(30t — 30z + 4)(30t — 30y + 7)
exp [—15 (15(t — 2)? + 15(t — y)* + 2it — iz — iy)]

(4.4.28)

where 4 is the imaginary unit. We use quadratic C'! elements with n, = ny = 300 and
time-step 7 = 1073, Figures and respectively present the real and imaginary
parts of the solution uy (-, T') at T' = 0.05, 1.35. Both the generalize-a method and our

splitting technique deliver similar approximations.
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) Generalized-a, T' = 0.05 ) Generalized-a, T' = 1.35
c¢) Splitting, T'= 0.05 d) Splitting, T'=1.35

Figure 4.16: Comparison between the real part of the solutions obtained using the

generalized-a method & our splitting technique in wave-packet problem.
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(a) Generalized-a, T' = 0.05 (b) Generalized-a, T' = 1.35

“

“

(¢) Splitting, T’ = 0.05 (d) Splitting, T’ = 1.35
~‘

~‘

L
-0.5 0 0.5

Figure 4.17: Approximate imaginary part in wave-packet problem.
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Concluding remarks

The main results of the thesis can be summarized as follows:

e In this thesis, we investigate the localization phenomena in the folding of geo-
logical settings and we emphasize how nonlinear material properties and time-
dependent responses (e.g., here, viscosity of the folded layer) can lead to spatial
localization. In our models, the nonlinear material behaviour that is of interest is
a nonlinear elastic softening-stiffening of a Winkler type foundation. We derive
models based on the Swift-Hohenberg by minimizing the energy of the system.
Next, we also include the viscous behaviour of the plate and propose a model
accordingly. Lastly, to include transverse shear strains that gain importance by
increasing the thickness of the plate, we develop a model employing higher-order
shear train theory.

We provide a detailed analysis of the dimension of the models and introduce the
dimensionless versions. Later, we deliver a bound on the corresponding parame-
ter to guarantee linear stability.

Finally, we simulate the models using a robust finite element framework. For this,
we use the method of lines and discretise the spatial domain using isogeometric
analysis with sufficient regularity and the generalized-a method to discretise the

temporal domain.

e We propose and analyse a new class of higher-order generalized-a methods with
higher-order of accuracy in the temporal domain. In [I0], we derive the model

for solving hyperbolic problems with the second derivative with respect to time.
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These problems have vast application in science and engineering such as wave
propagation in rocks and elastic deformations. Then, we introduce our technique
for estimating parabolic problems in [§],[10]. Our methods maintain all the attrac-
tive features of the original (second-order) generalized-a method. Similarly, our
methods are a one-parameter family with dissipation control using a user-specified

parameter p™°.

Besides, our time-marching schemes are unconditionally stable for any high order
of accuracy. Additionally, Our method for parabolic problems is A-stable for
arbitrarily high accuracy. Furthermore, by setting p> = 0, our method shows

L-stability behaviour.

Lastly, we propose an explicit version of our high-order methods for solving hyper-
bolic problems. This allows us to approximate the models with less computational
cost and able to deploy elements with high-order polynomial degrees. We also
derived the corresponding CFL conditions and show that it is independent of the

accuracy of the method (see, [12]).

e In the last part of this research, we develop a technique to decrease the computa-
tional cost of solving a matrix problem arising from spatial-temporal discretiza-
tion. For this, we introduce a variational splitting that provides a linear cost
solver with respect to the number of degrees of freedom for multi-dimensional
parabolic problems [7]. Then, we extend our approach for approximating hyper-
bolic problems in [11]. This technique is very helpful in estimating problems that
required high spatial resolution. For instance, we solve a wave-packet problem
with very fine spatial elements. A wave packet is a short burst or envelope of

localized wave action that travels as a unit and has a great interest to geologists.

Next, we continue our work and derive and demonstrate the performance of our
variational splitting scheme to simulate P-wave propagation problems as well as
the linear elasticity problem [69]. That is, we decouple the vector problem using
alternating triangular methods and build the spatial discretization on tensor-
product spaces. We then use the Kronecker-product structure of the algebraic
system to invert a sequence of implicit time steps with a cost proportional to the
total number of degrees of freedom in the system. In this work, we particularly

use high-order, smooth isogeometric basis functions in space.
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In these papers, we prove theoretically and experimentally the unconditional sta-
bility of the methods. Also, we verify the second-order accuracy of the time

schemes analytically and in our numerical experiments.
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Appendix

.1 The coefficients of Cayley—Hamilton Theorem

For a given invertible matrix G, we can determine the coefficients ¢y = (—1)" det(G) and

other coefficients ¢;, i € {1,--- ,n — 1} in terms complete exponential Bell polynomials

By as [53]:

(=1
il

Cp—i = B (81, —s89, 2lsg, -+, (=1)!H(1 - 1)!31) ; (.1.1)

where s; is the power sum of symmetric polynomials of the eigenvalues:
l
s = Z)\i =tr (Gl> , (.1.2)
i=1
with tr (Gl) the trace of G!. The [** complete exponential Bell polynomial reads:
l
Bl(xlv"' 7l‘l) = ZBl,m(*Tla"' 7xl—m+1)a (13)
m=1

and defining the partial exponential Bell polynomials B; ,, as:

I! LT\ T2 Tl—m+1 J=man)
[P = J - - <
Bim (@1, Z1-m+1) 7Zj1!j2!"'jl—m+1! (1) ( 2 ) ((l—m+1)!

(.1.4)
where the sum is taken over all sequences ji, j2,J3, - - , Ji—m+1 of non-negative integers
such that these two conditions are satisfied:

Nt J2 At F Jiemr = m,
(.1.5)

Ji+2je+- -+l =m+1)jim1 =L
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Following [55], it is also possible to determine B; using the determinant as:

~ E x] -
B ] (-1
-1 z1 x9 L1
! (i—2)
0 -2 =z T2
By(z1,- -, x) = det ! (1=3)|. (.1.6)
0 0 -3 i3
(1 —4)!
Lo o0 - —(-1) x|
For example, one can readily obtain
By(z1,m9) = 2] + 22, (.1.7)
Bs(x1,22,23) = 2} + w122 + 3, (-1.8)
B4(l’1, X2,X3,T 4) - ‘Tl + 6.’E1,§C2 + 43:1373 + 31’2 + X4, (19)
Bs(x1, o, T3, T4, T5) = = + 102325 + 152221 + 102223 (.1.10)
+ 10x322 + 2471 + 5, (.1.11)
)

Bg(x1, x2, 23, T4, T5, T6) = x5 + 1521wy + 202523 + 450303 (.1.12

+ 1523 + 60232971 + 152724 + 1023 + 152472 + 62571 + 26.

(.1.13)

Then, we using ((1.2)) in ((1.7) and multiplying by U"~!, we obtain (3.1.11]). Similarly,
introducing ((1.2)) into ((1.9) and multiplying by U"~3 leads to (3.3.16).

.2 Linear computational cost solver

We assume matrix M = M* @ MY has a Kronecker-product structure. That is, each
of the matrices M¢ corresponds to the one-dimensional mass matrix in the direction
£. Therefore, we can factorize the problem with linear cost with respect to the total
number of degrees of freedom in the system.

These one-dimensional matrices have entries that correspond to the integrals of
the multiplication of the one-dimensional B-spline basis functions. These B-spline basis
functions have local support over p + 1 elements, so the one-dimensional matrices M?*,

M¥ have a banded structure.

M =0+ |i—j|>p (.2.1)
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.2 Linear computational cost solver

(MY MY, Mis My, 0 0 0
MG, M35, M3y M, 35 0 0
Mg M3, Mgy M, 35 36 0
[0 0 ME Ly ME L ME ) ME

where Mf; = (B, By )2. Same applies for M7,
The Kronecker product structure of the matrix allows us to perform the following
trick. Rather than solving a 3D problem, we can solve three one-dimensional problems

with multiple right-hand-sides.

T X T X T
Mi; Miy My 14 0 T 0
T X T T T
M3, M3y M3, 24 M3s T 0
X X X X
0 T 0 Mn(n—?)) Mn(n—Q) Mn(n—l) MTm_
T111 T121 0 Tlm biin b2zt - bum
T211 X221t Tm ba11 ba21 -+ boyy
Tp1l Th21 0 Thim b1 br2r o bkim
Y Yy Y Yy .
My My My, M3, M T 0
Yy Y Yy y
0 T 0 Mn(n—3) Mn(n—?) Mn(n—l) M”n_
Y1 Y211 - Ykim 111 Z111 v Tklm
Y121 Y211 - Yk2m 121 X211 " Tk2m
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6. APPENDIX

where Mf; = (Bf, Bf)r2 and M}; = (B/, B)r2 and M; = (B}, Bf)r> . The first
problem’s dimensions are n X n, where n is the number of B-spline basis functions
along x axis, and we have ml right-hand-sides, where m is the number of B-spline basis
functions along y axis, and [ is the number of B-spline basis functions along z axis. The
computational complexity of factorization of such a system is O(nxmx*1) = O(N) [71].
We have the analogous situation in the second problem, namely m x m system with nx*l
right-hand-sides, which results in O(mx*n=[) = O(N) linear computational complexity,
and in the third system we have [ x [ system with n % m right-hand-sides, which results
in O(l *n*m) = O(N) linear computational complexity.

This strategy delivers a solution to the isogeometric L2 projection problem with
linear O(N) computational cost. This solution method improves on the standard direct
solver cost estimates for and O(NN?) in three-dimensions, see [100]) for the factorization

of the global problem.
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