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7 Abstract

8 Interlocking bricks could improve construction efficiency, reduce labour cost, and
9 provide better mechanical performance for masonry structures. Nevertheless, the shear

10  properties of mortar-less interlocking bricks have not been systematically investigated
11 which may impede their wide applications. In this study, the shear performance of a
12 new type of interlocking brick is investigated in detail. Laboratory shear test is firstly
13  conducted to study the damage and shear capacity of mortar-less (dry-stacked)
14 interlocking bricks. Numerical model is then generated with consideration of contact
15  imperfection and validated with test results. Intensive parametric studies are conducted
16  to quantify the influences of material strength, axial pre-compression force, friction
17  coefficients, and contact imperfection at brick interfaces on the shear response of
18 interlocking prisms. The accuracy of existing methods for predicting the shear
19  capacities of shear key by design standard and empirical formula are evaluated. Based
20  on the numerical and laboratory results, an empirical design formula is proposed to
21  predict the shear capacity of the interlocking brick.

22  Keywords: Interlocking blocks; shear key; shear strength; numerical modelling.

23

24 1 Introduction

25  Brick structure is one of the most popular building types all over the world especially
26  for low-rise buildings. Conventional masonry structure is constructed with mortar and
27  bricks. Usually, the strength of mortar is lower than the brick material. Hence, damage
28  tends to occur in the mortar layers when the structure is subjected to in-plane or out-of-
29  plane shear force, especially when the axial loading level is relatively low [1].
30  Considering this deficiency, interlocking bricks with shear keys have been introduced

31  to substitute conventional bricks to improve its mechanical performance. Besides
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enhanced shear resistance, interlocking bricks also have other attractive features such
as improved construction efficiency with easy alignment [2, 3].

Different interlocking keys have been developed and introduced in recent years,
which can provide loading resistance in vertical, horizontal or both directions. The
effect of interlocking connection on brick compressive load bearing capacity has been
investigated primarily through experimental methods [4-10]. Some researchers
reported low compressive load-bearing capacity of interlocking bricks due to the
relatively small contact area because of joint imperfection [11, 12]. Apart from
compressive capacity, the shear mechanisms of brick with different interconnections
have also been studied and reported [13-21], which nevertheless are mostly for
validation of particular products. It shall also be worth noting that most current
structures comprised of interlocking bricks are characterized by small shear keys for
easiness in construction, i.e., easy alignment. The shear tenons do not remarkably
improve the shear resistance of these bricks since the projection area of the keys is
relatively small [22]. Recently some laboratory tests were conducted on interlocking
bricks with large shear keys. Total shear off failure was found on these interlocking
bricks under large axial force; and damages to the tips of the keys were discovered
under low axial compression [23, 24]. Besides, recent studies by Zhang et al. [25, 26]
also observed damages induced by stress concentration at shear keys of segmented
columns comprised of concrete blocks with shear keys under impact and cyclic loading,
which reduced column load bearing capacity against impact and seismic load. Apart
from the above studies on the performances of particular designs by different
researchers, the mechanical properties of interlocking brick still need comprehensive
studies.

Various types and shapes of interlocking joints have been developed to improve
the capacity of the interlocking bricks [27-29]. Ahmed and Aziz summarized that
mortar-less joints with multiple keys had better mechanical behaviour than single key
without epoxy, because multiple keys enable stress transfer uniformly between adjacent
bricks and thus lead to better mechanical performance [30]. Although increasing the
number of interlocking keys improves the shear capacity of joints, the equivalent shear
capacity of mortar-less joints with multiple keys is less than that of mortar-less joints
with single key. For example, Alcalde et al. [31] analysed the fracture behaviour of
mortar-less keyed joints subjected to shear load and found that the averaged shear

strength decreased with the increase in the number of keys, because the keys failed
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sequentially. Nevertheless, this effect became less apparent as axial prestress increased
to 3.0 MPa because a higher normal compressive stress increased the friction resistance
and improved the integrity of the key group. Similar results were observed by Zhou et
al. [32] and Jiang et al. [33]. Moreover, changing the key geometry may also greatly
influence the shear performance of keyed joints [34]. Zhang et al. [35] examined the
direct shear resistances of four different shaped shear keys and concluded that they have
very different shear resistance capacity and shear stiffness because of the difference in
shear flow mechanism of different shaped shear keys.

The axial pre-compression level at the interlocking joint is another factor that
influences the shear performance of keyed joint [27, 32, 36-39]. Higher shear strength
and initial stiffness were found on interlocking joints when the axial pre-compression
increases. This is because the increased axial compression could increase both the
contact surface friction and the shear resistance of the interlocking key [40]. Moreover,
with a higher axial pre-compression level, the post-peak ductility of the interlocking
joint was also found to be improved [28]. As expected, material strength also
considerably affects the initial stiffness, the ultimate shear capacity, failure modes and
ductility of interlocking joint [30, 37, 38, 41]. Nevertheless, the increase in the initial
stiffness of the keyed joint is not proportional to the increase of material strength. When
a high strength concrete of over 80 MPa was used for the interlocking joint, limited
improvement was found on the elastic stiffness of the interlocking joint [28].

For dry interlocking joints, surface roughness condition could strongly influence
the shear performance of keyed joints [6, 12, 42, 43]. Martinez et al. [8] found that the
uneven surface despite small could change stress distribution at the interface, and
therefore affect contact pressure. Fan et al. [44] studied the contact behaviour of rock
and observed both shear failure and friction failure modes which are influenced by
surface roughness condition. These previous studies indicated that for mortar-less
masonry construction, the surface roughness condition at the joint could significantly
influence the mechanical performance, which are proved by some recent studies on
mortar-less masonry prisms [45-47]. However, the influence of the surface roughness
on the shear capacity has not been properly studied. It is critical for engineering
application to appropriately investigate the effect of contact surface on the failure
modes, as well as stress concentration in the dry-stacking masonry constructions. To
investigate the effect of contact surface roughness, different methods have been applied

to model rough contact surfaces. For example, Bahaaddini [48] employed discrete
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element method to reproduce the shear behaviour of saw-tooth triangular joints.
Homogenization of the random rough surface into regular rough surface has also been
a popular approach for modelling rough steel surface [49, 50]. The study of influences
and modelling approaches of rough concrete and brick surface is very limited.

Different formulae for predicting the ultimate shear capacity of interlocking joints
have been proposed where the difference could be substantial [30]. Some of these
formulae come from theoretical derivation [51, 52], while others are empirical from
laboratory testing and numerical modelling [36, 53, 54]. Most popularly used design
code such as AASHTO [55] assumes the shear force is transferred through the
interlocking joint by both the shear key and surface friction [28]. Some researchers
evaluated the accuracy of AASHTO method in predicting the shear resistance capacity
of different keyed joints. For example, Ahmed and Aziz [56] carried out direct shear
test to study the shear behaviour of mortar-less connections with single and multiple
keys. It was found that the AASHTO design formula could conservatively predict the
shear strength of joints with single key, but overestimate the shear strength of mortar-
less with multiple keys. Similar results were also reported by Zhou et al. [32]. However,
opposite conclusion was reported by Jiang et al. [33] who found AASHTO method
underestimates the shear load of joints with single key made of steel fibre reinforced
concrete (SFRC) but more accurately predicts that of three-keyed dry joints. For
interlocking brick comprising multiple keys, the accuracy of AASHTO and other
prediction methods are not known yet.

In this paper, laboratory tests and numerical simulations are performed to
investigate the shear behaviour of interlocking brick prisms. Laboratory shear tests are
firstly conducted on interlocking brick prisms under different axial pre-compressions.
Then, a detailed numerical model considering contact surface roughness is generated
and validated with testing results. Parametric studies are then carried out to investigate
the influence of different design parameters. An empirical formula is proposed to
predict the shear capacity of the mortar-less interlocking brick prism, which can be used
in engineering practice to quickly estimate the shear capacities of interlocking brick
structures with varying material properties, loading conditions, and brick surface

conditions.
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2 Laboratory Tests
Laboratory shear test is carried out to experimentally examine the shear behaviour of
interlocking bricks. Considering the large variation in brick material properties, the
material strength of the studied interlocking bricks is firstly tested through unconfined
uniaxial compressive test. Then, shear test on interlocking brick prisms is setup and
performed to investigate the shear behaviour of interlocking bricks.
2.1 Material property

The interlocking bricks used in the laboratory test are made of cement stabilised
rammed earth material. To determine the brick material properties, uniaxial unconfined
compressive tests are conducted using a SHIMADZU-50 machine in Structural
Laboratory of Curtin University. Brick cores with a height of 100 mm and a diameter
of 50 mm are drilled out of interlocking bricks, and carefully grinded on both the top
and bottom, as shown in Figure 1a. Strain gauges are sticked onto the specimen surfaces
to acquire the axial strain. Following ASTM C140 [57], in the test a loading speed of
0.03 mm per second is adopted to apply the axial compressive load using displacement
control method. The averaged axial stress-strain curve measured in the laboratory tests
are shown in Figure 1b, where the axial stress is calculated by dividing the measured
axial compressive load by the cross-sectional area of the specimen. Strain gauges are
used to measure the axial strain. The numerical prediction of the corresponding stress-
strain curve is also presented in the figure, details of numerical model will be presented

in the subsequent sections.
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(a) Uniaxial compressive test (b) Stress—strain curves

Figure 1. Determination of brick material properties

2.2 Shear test setup
Following BS EN 1052-3 [58], shear tests are setup to examine the shear properties

of the interlocking bricks. Figure 2a and b illustrates the test setup, where the specimen
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dimension is 600mm x 200mm x 200mm (length x height x thickness). The prism
comprises of three dry-stacking interlocking blocks of 200mm x100mm x180mm
(length xthicknessxheight) and two pieces of half bricks as end blocks. The interlocking
blocks have large interlocking keys (35 mm length x 35 mm thicknessx 30 mm height),
which provide shear resistance at the interlocking joints, as shown in Figure 2c. The
prism is firstly pre-loaded axially in the horizontal direction. Then, the two side blocks
are fixed using two steel plates to the bottom supporting frames. To minimize the
flexural bending deformation in the prism, flat bars and wide-angle plates are used to
fix the two end bricks firmly to the bottom support frame. The rotation of the two side
bricks is therefore effectively restrained. Displacement controlled loading method is
applied where the central block is pressed to move downwards at a speed of 1.8 mm
per minute. Two shear planes are therefore created through this setup. Because of the
non-symmetric layout of the interlocking keys on the brick, the damage and failure of
the testing brick prism vary on the frontal surface (Side 1) and rear surface (Side I1).

One LVDT (linear variable differential transformer) is installed to record the
vertical displacement of the central brick. Another LVDT is used to measure the vertical
movement of one side brick, so as to monitor the rotational movement of the side brick.
One loadcell is used to monitor the axial pre-compressive force applied. Another
loadcell is used on the central brick to measure the shear force applied to the shear
planes. Two loadcells are installed beneath the two side bricks to ensure the same
amount of tying forces is applied. Two groups of tests are conducted with 10 kN and
30 kN axial pre-compression applied to the brick prisms, corresponding to 0.538 MPa
and 1.614 MPa axial stress, which are the typical vertical stress in masonry wall for a
single-storey and low-rise masonry building. Three specimens are tested for each group
in the study.

Shear load
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Figure 2. Experimental and numerical models for the prism shear test

3 Numerical Simulation
A three-dimensional finite element model of the interlocking brick prism is developed
in Abaqus [59] to further investigate the shear behaviour of the interlocking bricks.
3.1 Model details

Figure 2b presents the numerical simulation of the interlocking prism, which
replicates the laboratory test setup. Steel strips of the same dimensions as in the test are
modelled to fix and load the brick prism, where a friction coefficient of 0.15 is adopted
between steel and the bricks [8]. Solid element C3D8R in Abaqus is adopted for the
interlocking brick. In the numerical modelling, three loading steps are implemented,
i.e., axial pre-compression of the interlocking prism, fixing the two side bricks with
vertical pre-tying force onto the two supports, and application of vertical load on the
central brick. The axial pre-compressive force and pre-tying force are applied using
force control method. For the vertical force, displacement-controlled loading method is
used as in the laboratory test. Convergence study is implemented by step-reducing the
mesh sizes. It is found that when the mesh size reduces from 5 mm to 2.5 mm, the

maximum compressive force in the prism does not change much but it requires a
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significantly higher computation resource. Therefore, 5 mm mesh size is used in this
study for the numerical simulation.
3.2 Material model

The material model of concrete damage plasticity (CDP) is employed to simulate
the nonlinear behaviour and damage of the brick, which is proposed by Lubliner et al.
[60]. Crushing in compression and cracking in tension can both be modelled. As shown
in Figure 3, in CDP model, the compressive and tensile stress-strain relationships are
defined, which are featured by damaged plasticity parameters. The unconfined uniaxial
compressive strength is acquired via the laboratory material tests depicted in Section
2.1. The elastic modulus (Eo) is taken as the secant modulus determined from the origin
to the point with a stress level equivalent to 40% of the compressive strength. The
Poisson’s ratio is determined at the same stress level. Table 1 and Table 2 show the
material properties of the interlocking brick, where Eo represents the elastic modulus; v
denotes the Poisson’s ratio. The tensile strength is taken as fi=0.1 fc following previous
studies [8, 61]. The unconfined uniaxial compressive behaviour of the brick core is
modelled to verify the brick material constitutive model. The stress-strain curve from
the numerical calculation using the CDP model agrees reasonably well with that in the
laboratory test (see Figure 1b). The compressive and tensile damage parameters (dc and
d: in Figure 3) can be calculated following literature [62]. An elastic perfect plastic
material model is adopted for the steel, whose Young’s modulus of 210 GPa as well as

Poisson’s ratio of 0.3 are used.

ac o A
(Ultimate S I (Tensile _ |
capacity) strength)
(Yielding Geo|”— A
stress i
) (Initial modulugf } gStlﬂtnecsjs degrag' ) i
’ | ue to damage d, (Stiffness degradation
/ | Eo due to damage d,)
’ (Initial R
Eo J(‘I-dc o | modulus) <,
/ ‘ < !
/ \ 7 (1-d)Eo }
/ I pd |
/ I - |
: |
e e £ >
& % [ Er o
(Plastic strain) (Elastic strain) (Plastic strain) (Elastic strain)
(a) Compression (b) Tension

Figure 3. Definitions of concrete damage plasticity (CDP) model [53]

Table 1. Material properties of interlocking brick

Elasticity Plasticity
Initial . , Dilatation L
Young’s POIS.SOH s angle ¢ Eccentricity Biaxial
ratio v b stress
modulus, ®)
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Eo (GPa) ratio

fbo/fco
13.49 0.2 30 0.1 1.16 0.67

Table 2. Material constants of concrete damage plasticity model

Behaviour in compression Behaviour in Tension
Yield stress Inelastic Yield stress  Cracking strain
(MPa) strain (MPa)
15.12 0 1.78 0
15.96 0.00002 0.93 0.0007
16.84 0.00006 0.78 0.0008
17.84 0.00012 0.63 0.0009
10 0.0010 0.48 0.0010
0.18 0.0012

3.3 Contact algorithm

Contact surface strongly influences the behaviour of mortar-less joint of
interlocking bricks [6]. Three different modelling approaches: perfect contact, random
rough contact and simplified rough contact, are used to simulate the contact behaviour
between the mortar-less joints.
3.3.1 Perfect contact

The perfect contact is the simplest approach used in the engineering field. It
assumes that contact surfaces between neighbouring bricks are smooth, which leads to
perfect connection. The surface-to-surface contact is used to simulate the connections
between the neighbouring interlocking bricks. The tangential behaviour is defined by
Mohr-Coulomb criterion, the friction coefficient is taken as 0.3 [8, 63]. And the normal
behaviour is defined by hard contact. The hard contact ensures contact surfaces between
the adjacent interlocking bricks be in contact without penetration.

3.3.2 Random and simplified rough contact

The random rough contact considers brick natural surface condition due to material
and manufacture tolerance. To examine the true brick surface condition, laboratory test
is carried out using a laser profile scanner to quantify the surface profile of the bricks.
As shown in Figure 4a, each brick is cut into halves and placed on a flat testing table,
and the laser scanner installed on a rigid steel frame scans the top surface profile of the
interlocking brick. The laser scans the surface for three times, and the averaged value
of profile is taken as the actual surface roughness. Figure 4b shows one of the typical
brick surface contours scanned from the test. The above experimentally measured

contour at the interlocking bricks is then numerically generated with fine mesh as
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illustrated in Figure 4c. To improve computational efficiency, and also to reasonably
model surface roughness without the need to measure every surface of the interlocking
bricks, the random surface roughness is simplified by the mean surface roughness value

and trapezoidal shape roughness profiles (Figure 4c).
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4 Results and Analysis
Numerical modelling and laboratory testing results are provided in this section. Shear
load-displacement relationship, failure modes of the interlocking brick, and shear
capacity are compared to demonstrate the shear behaviour of interlocking bricks.
4.1 Load-displacement curves

Figure 5 presents the shear load versus central brick vertical displacement. In this
paper, a half of the applied vertical force is taken as the “shear force” experienced by
the interlocking joint due to the two symmetric shear planes, and this shear force is
taken as the shear capacity of the interlocking joint. Without losing generality,
Specimen 2 is taken as an example, when a 10 kN axial pre-compression is applied to
the brick prism, the shear force increases linearly to about 6.27 kN at about 0.11 mm
displacement, reflecting an initial stiffness of 56.43 kN/mm, and it corresponds to about
30% of the maximum shear load of the prism. As the shear load further increases, the
slope of the curve drops. The shear load increases non-linearly as it approaches the
maximum shear load of 21.18 kN at a displacement of around 1.46 mm, after which it
begins to decrease, reflecting the failure of the interlocking prism. Similar trend can be
found on Specimen 1. It is worth noticing that on Specimen 3 after the initial peak load
is reached, a 2" peak load is developed. The first peak corresponds to the damage of
intact prism at the weakest shear key and the sharp drop reveals shearing off on one

side of the shear key that provides the shear strength z1. Afterwards, stress at the
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interlocking connection is redistributed, where block rotation can be observed. The test
might be influenced by the flexural bending deformation of the prism, which was
observed in the lab test. The second peak represents the combined contributions from
the shear strength of the second interlocking key, some friction force in the first
interlocking key connection due to bending, and membrane effect due to the prism
deformation and axial pre-compression. Therefore, a higher shear force is recorded for
the 2" peak load. Similar observation was reported by previous researchers on the
concrete shear key [64]. Nevertheless, it is worth noting that because of the large depth,
the prism can be considered as a deep beam, whose flexural deformation is therefore
not significant. Some variations among the three prisms tested can be observed, which
are due to the inherent variability of contact surfaces between mortar-less interlocking
bricks and the non-simultaneous damages of the interlocking bricks at the two shear
planes.

When the prisms are subjected to 30 kN axial pre-compression, similar behaviours
can be observed, but with a larger initial stiffness. Typically for Specimen 6, the initial
stiffness is 88.30 kN/mm due to the higher axial pre-compression. A peak shear load of
about 29.58 kN is achieved at around 0.88 mm displacement. After reaching the
maximum shear force, the applied force decreases steadily with further increased
displacement until residual strength is maintained. Larger peak shear resistance is
observed on the 30 kN pre-compressed prisms as compared to that of the 10 kN pre-
compressed prisms because the increased axial compression leads to higher inter-

surface friction [29].
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Figure 5. Load-displacement curves from numerical simulation and laboratory test

The numerically modelled shear force-displacement curves are compared with
those from the laboratory tests, as shown in Figure 5. It can be observed that the perfect
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contact models largely overestimate the initial stiffness of the interlocking prisms under
both 10 kN and 30 kN axial pre-compression cases. In comparison, the numerical
models with random and simplified rough surfaces could more closely replicate the
stiffness of the prism. For example, under 10 kN axial pre-compression, the perfect
contact model predicts an initial stiffness of 136.87 kN/mm, while the simplified and
random rough contact models predict 50.86 kN/mm and 38.88 kN/mm, respectively.
Similarly, under 30 kN axial pre-compression, an initial stiffness of 188.31 KN/mm is
predicted by the perfect contact model, which is much higher than those of 102.96
kN/mm and 107.75 kN/mm by the random and simplified contact model. Nevertheless,
these three models predict similar shear loading capacities. For example, under 10 kN
axial pre-compression, the perfect contact model predicts a maximum shear load of
23.17 kN in comparison to 21.86 kN and 21.69 kN for the simplified and random rough
contact models indicating less than 10% difference. Similar trend can be found for the
interlocking bricks under 30 kN axial pre-compression. It is evidenced that modelling
of contact surface is crucial for accurate predictions of interlocking brick shear stiffness
and capacity, under higher axial pre-compression, the difference between the random
and simplified rough surface models is smaller. The simplified and detailed random
rough surface models predict very similar shear capacity because the shear resistance
is primarily provided by the shear key, while the contribution of the surface friction that
is closely related to surface roughness condition is not pronounced. These results
indicate that the random rough surface can be approximately modelled by simplified
trapezoidal rough surface, which give similar predictions of the shear capacity, and
close predictions of the shear stiffness especially when the axial compression force is
relatively large.
4.2 Failure mode and crack propagation

In the numerical simulation, crack initiation and evolution can be depicted by the
damage contour since continuum element with damage based material model is
employed [65]. Because of the unique shape of the interlocking bricks, there are two
different failure patterns on the frontal and rear sides of the interlocking brick prism as
shown in Figure 6, i.e., Side I and Il. On Side | diagonal cracks are developed on the
bottom shear keys of the two side bricks. This is accompanied by a brittle shear failure
at the shear keys because of the principle stress on the plane reaching the failure strength

[52]. Similarly, on Side Il cracks initiate on the corner of the tenon of the central brick,
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and then the cracks extend shortly in the direction perpendicular to the inclined surface
after which the cracks propagate vertically. Thus, the crack pattern on Side II is a mixed
crack mode (Figure 6b). The excessive shear stress leads to the eventual damages of
these tenons. After the failure of these tenons, only surface friction at the interfaces

resists the shear load which provides the residual shear capacity.

Side brick Central brick

~ -

| < \,/\ L

Diagonal crack Shear key (tenon)

(a) Side |
Mixed crack Shear key (tenon)

Side brick Central brick

(b) Side 11
Figure 6. Comparison of prism damage modes between numerical modelling and
laboratory test

The crack initiation and propagation processes of the interlocking brick prism
modelled numerically and recorded in the lab test are plotted in the shear force versus
displacement curve as shown in Figure 7. As can be observed on Side | diagonal cracks
initiate on the bottom shear keys of the two side bricks at Stage A. They extend
diagonally at about 45°, associated with the slight decrease in the stiffness of the
specimen. With further applied vertical displacement on the central block, cracks
further develop leading to the further damage of the interlocking brick prism. Unlike
the numerically modelled cracks occurred simultaneously and symmetrically on both
sides of the interlocking brick prism, crack in the laboratory tested specimen occurred
only on one side first because of unavoidable asymmetry of the tested specimens owing
to imperfectness in preparing the bricks and interlocking specimens. But at the
maximum shear load, the crack patterns converge between numerical modelling and
experimental observation. It can also be observed from Figure 7 that on Side 11 the shear

key of the central brick cracks under the applied shear load at Stage A, which extend
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diagonally at about 45° angle. With the further increased shear load, the cracks then

extend vertically and penetrate through the central brick at the maximum shear load.
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Figure 7. Prism cracks evolution in the numerical simulations and experiments (Specimen
2 under 10 kN axial pre-compression)

4.3 Stress distribution and crack evolution

To better understand the stress distribution in the interlocking brick prism, the
tensile stress and shear stress contours generated from the numerical modelling using
the simplified rough surface model are plotted along with the shear load versus
displacement curves in Figure 8. On Side I, the applied shear force on the shear plane
induces a large tensile stress around the shear key of the side brick. At Stage A, diagonal
crack appears due to excessive tensile stress at the shear key, which extends and
propagates under the further increased shear force on the interlocking joint. For the
central block on Side Il (Figure 8b), a large tensile stress is generated around the shear
key because of geometry change induced stress concentration. Tensile cracks (mode I)
are initiated at Stage A, which extend diagonally at about 45°. As the applied shear load
gradually increases, the propagation of diagonal cracks ceased because it enters a low
tensile stress field which therefore would release less strain energy. The formation and
propagation of the diagonal crack results in the rotation of the shear key and varies the
boundary condition of the stress zone. As a result, a large shear stress is induced around
the shear key (as in Figure 8b), which consequentially leads to the further development
of the crack under the shear stress (mode Il crack) until the total failure of the shear key

on the central block at Stage B.
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4.4 Shear capacity

To examine the shear capacity of the interlocking prism, the wedge crack model
(WCM) [66] is employed. As illustrated in Figure 9, the vertical force from the shear
load on the interlocking joint is F and the horizontal force from axial compression
acting on the cracking area is F’, which leads to the crack initiation. The stress intensity
factor of mode I crack [67] at the crack tip, generated by the wedging forces F and £’

(Kia), can be given as follows:
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K, = 2(Fsin® — F'cos6) fﬁ 1)

where | stands for the length of the diagonal crack; subscription I represents mode |
crack. The crack angle @ is assumed to be 45° following laboratory observation and
previous studies [68-70]. For mode | fracture, crack is initiated when the stress intensity
factor K reaches Kic, where Kic =0.0443 MPa-m*? denotes the fracture toughness of
material [71]. Therefore, the maximum shear capacity V for the interlocking brick at

the joint can be expressed as:

(T[Z - 4‘)[1 1 ' 1
V= Fpreu+ Kic TXE-'_FICOSH %
tx, (=D L b nse |
e 4 2 %Y ing

Where Fpre is the axial pre-compressive force on the interlocking prism, and u is the

(2)

surface friction coefficient, which equals to 0.3. The term Fpre ¢ in EQ. (2) accounts for
the friction resistance force at the interlocking joint. Substituting crack lengths
[1=10mm for the central brick and 1=88mm for the side bricks, the maximum shear

capacity V for the interlocking brick can be calculated.

(@) Interlocking prism

VHHTHH

(b) Mixed crack (c) Diagonal crack

Figure 9. Load analysis for the wedging action on interlocking bricks
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In the meanwhile, following design code EN-1052-3 [58], the equivalent shear
strength for the interlocking bricks can be calculated for simplified engineering
application by assuming two shear planes created between the central block and the two
side blocks as shown in Figure 6. The equivalent shear strength is calculated using the
shear load on the interlocking joint (one shear plane) dividing the cross-sectional area
of the joint (200mm height x 100mm depth minus the area of two holes). Table 3
summarizes the peak shear load on the interlocking joint (V1), the equivalent shear
strength (z1), the associated displacement (1) and the initial shear stiffness. Among the
three specimens of each group of tests, a coefficient of variation (CoV) about 10% is
found which indicates that the test results vary in an acceptable small range. When
subjected to 10 kN axial compression, an averaged equivalent shear strength of 1.17
MPa is measured, which is 27% lower than that under 30 kN axial pre-compression
(1.48 MPa). This is expected as axial pre-compression could influence both the friction
resistance and the shear resistance of the shear key. Therefore, axial pre-compression
level should be considered when evaluating the shear strength of interlocking bricks.

Table 3. The results obtained from the shear tests

. Initial shear
Prisms V1/kN /MPa o1/mm stiffness/(kN/mm)
Preload-10-1 19.42 1.04 1.31 57.12
Preload-10-2  21.18 1.14 1.46 56.42
Preload-10-3  24.51 1.32 1.74 53.00
Average 21.70 1.17 1.50 55.51
Preload-30-1  25.31 1.36 0.54 107.40
Preload-30-2  27.80 1.50 1.75 164.00
Preload-30-3  29.58 1.59 0.88 163.51
Average 27.56 1.48 1.06 144.97

4.5 Comparison with design formula
Comparison is made between the above tested shear capacity for the interlocking
brick and existing empirical formula and design method to evaluate the accuracy and
suitability of these existing methods. In engineering practice, AASHTO design code (in
Eq. (3)) [55] and the semi-empirical formula proposed by Rombach and Specker [32,
72, 73] (in EQ. (4)) are the commonly used methods. As shown, both methods separate
the shear capacity V of a keyed joint into two parts: a) resistance from the interlocking
key; and b) interface friction.
V = A}y, (0.006792f.n)°° X (12 + 2.4660,) + A5 0y, (3)
V = 0.14f,m ALy, + 0.65(Ak,, + Asm)0yn (4)
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where A, is the projection area of shear keys on the failure plane (mm?); and Asm is
the contacting area between flat contact surfaces in the failure plane (mm?), as shown
in Figure 9a; fem is the characteristic compressive strength of material (MPa); on is the
average compressive stress across the key base area (MPa); and x is the friction
coefficient between the contacting surfaces, which AASHTO recommends as 0.6.

Table 4. Comparison of shear capacities between laboratory testing results, numerical
modeling and existing empirical and design formulae

Pre- Maximum I\_Iumerl_cal error AASHTO  error Rombach & Error Theo_ret_lcal error
load shear force simulation Specker prediction
kN kN kN % kN % kN % kN %
10 21.70 21.86 0.74 21.19 -2.37 15.29 -29.55 22.04 1.57
30 27.56 28.16 2.18 34.16 23.96 28.29 2.64 32.09 16.44

Note: AASHTO, Rombach & Specker and Theoretical prediction denote the results from Eqg. (3); Eq. (4); and Eqg.
(2), respectively.

Table 4 compares the shear capacity of the interlocking bricks under different axial
pre-compressions and those estimated by AASHTO, Rombach and Specker’s formula
and the theoretical derivation presented above. Rombach and Specker carried out
parametric study using numerical modelling and provided an empirical formula for
estimation of the shear capacity of interlocking joint [73, 74]. Comparing the prediction
results using their formula with the current testing results, it can be found that Rombach
and Specker’s formula substantially underestimates the shear capacity by about 30%
when the prism is subjected to 10 kN axial pre-compression. This is because in their
study, very small concrete shear keys were considered and direct key shear off failure
was the primary failure mode, which differs to the failure mode of the interlocking brick
prims in this study. As the axial pre-compressive force applied to the prism increases,
the prediction error using Rombach and Specker’s formula reduces, which only slightly
overestimates the 30kN pre-compression cases by 2.64%. This is because the
contribution percentage of friction resistance in the overall shear capacity increases and
that of shear key reduces with the increase in axial pre-compression. As a result, the
relative error reduces. The AASHTO formula predicts different shear capacities of the
interlocking brick prism, which slightly underestimates the shear capacity of the
interlocking prism by -2.37% when 10 kN axial pre-compression is applied, but it
overestimates the prism shear capacity by 23.96% when it is subjected to 30 kN axial
pre-compression. This prediction error by the AASHTO formula could be attributed to

the following two reasons: firstly, the AASHTO formula is empirically derived based
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on a large amount of testing data on concrete joints with small shear keys, which being
similar to the Rombach and Specker’s method is not necessarily suitable for prediction
of the shear capacity of large shear key. Secondly, AASHTO specifies a large friction
coefficient of 0.6, which could overestimate the friction resistance at the joint between
interlocking bricks. Therefore, under low axial pre-compression, AASHTO method
underestimates the shear resistance of the shear key but overestimates the friction
coefficient, whose effects cancel each other and ends up a closer match with the lab
testing results. But when the axial pre-compression level is high, the contribution of
friction becomes more pronounced. The AASHTO method gives a much higher
prediction on the shear capacity of interlocking bricks, which is very similar to the
observation given by Zhou et al. on the precast concrete joint, who reported consistently
higher shear capacity was predicted using AASHTO method than that using the
Rombach and Specker’s formula. Therefore, the existing methods may not accurately
predict the shear capacity of interlocking bricks. The theoretical derivation based on
fracture mechanics theory overestimates the shear capacities of the interlocking brick
prism by +1.57% and +16.44% when subjected to 10 kN and 30 kN pre-compression,
respectively. This is possibly because the rough surface of the interlocking bricks is not

considered, and thus the friction resistance estimation is not accurate.

5 Parametric study
To evaluate the influence of several design parameters on the shear capacity of
interlocking bricks, and to derive an empirical formula for prediction of the shear
capacity of interlocking bricks for engineering applications, parametric studies are
carried out by varying the axial pre-compression level, surface friction coefficient,
contact surface roughness, and concrete strength.
5.1 Effects of axial pre-compression and concrete strength

To quantify the influences of axial pre-compression and brick material
compressive strength on the maximum shear load bearing capacity of the interlocking
brick prism, a number of numerical simulations are conducted. The dimension of the
brick is 200 mm x 100mm %180 mm (length xthickness xheight) as default. The mean
brick surface roughness is assumed to be 0.3 mm, and the coefficient of friction is 0.3,
which are based on the default brick configuration. Four different axial pre-
compression levels are modelled, i.e. 0.538 MPa, 1.073 MPa, 1.614 MPa and 2.152
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MPa, which correspond approximately to the axial stress levels in a ground floor wall
for single- or low rise multiple-storey buildings [75]. Three different material strengths
with fe=10 MPa, 18 MPa, and 25 MPa are considered which are commonly used for
concrete masonry units. Figure 10a shows the equivalent shear strength versus axial
pre-compressive stress. As shown, the equivalent shear strength increases with the axial
pre-compressive stress. For example, for the interlocking prism with material strength
of 25 MPa, the equivalent shear strength is 1.56 MPa when it is subjected to a 0.538
MPa axial pre-compressive stress, and it increases to 2.09 MPa when axial pre-
compressive stress is 2.15 MPa. The relationship between concrete strength and the
equivalent shear strength is shown in Figure 10b. As expected, brick material strength
also strongly influences the brick shear strength. For instance, as the material
compressive strength increases from 10 MPa to 25 MPa, the equivalent shear strength
of the interlocking brick prisms (under 2.152 MPa axial pre-compressive stress)

increases by +62.06%.
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Figure 10. Relationships between a) prism equivalent shear strength with axial compressive
stress, b) prism equivalent shear strength with concrete strength

05

5.2 Effect of surface roughness and friction coefficient

Both the shear resistance of the interlocking shear key and the interface friction
contribute to the shear resistance at interlocking joint. Interface friction as a macro-
level effect and surface roughness as a micro-level effect could both influence the
friction induced shear resistance of interlocking bricks. To quantify the influence of
interface friction coefficient on the prism shear capacity, a sensitivity analysis is carried
out, where a mean brick surface roughness is assumed to be 0.3 mm, the axial pre-

compression is 30 kN, the material strength is 18 MPa, and the dimension of the
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interlocking brick is as default. Friction coefficient x is varied from 0.1 to 0.6 with a
0.1 increment. Figure 11 shows the modelling results. It can be observed that with the
increase of friction coefficient from 0.1 to 0.6, the initial stiffness increases from
71.74kN/mm to 126.29kN/mm by 76%. This is because a large shear force is needed to
initiate the inter-block slip when the friction coefficient increases. The peak shear
resistances of the interlocking brick prisms also increase as the friction coefficient
increases. With friction coefficient increases from 0.1 to 0.6, the peak shear load
increases from 26.12kN to 32.19kN by 23.24%. This is expected because friction

resistance contributes to the shear capacity of the interlocking brick.
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Figure 11. Effect of surface friction coefficient on a) shear load-displacement curves and
b) peak shear load and initial stiffness

To quantify the influence of brick surface roughness on the shear resistance of the
interlocking prism, surface roughness with height ranging between 0.1 and 0.5mm at
an interval of 0.1mm is numerically modelled on the interlocking bricks. The
unconfined uniaxial compressive strength of the brick material is 18MPa; the axial pre-
compression varies from 10 kN to 40 kN, and the friction coefficient is 0.3. The shear
force versus displacement relationships of specimens with different surface roughness
conditons as shown in Figure 12. For the interlocking brick prisms under 10 kN and 20
kN axial pre-compression, non-linear behaviour can be observed in the rising sections
of the curves when the surface roughness is above 0.2 mm. This is because of the local
compaction of the rough surfaces under axial compression, which is not obvious when
the surface roughness is 0.1 mm. Under a higher axial pre-compression, this non-linear
behaviour becomes unrecognizable. It can also be observed that with increased surface
roughness, the displacement at the peak shear load increases. This is because a larger

displacement is needed for the asperities in the rough surface to achieve the maximum
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shear resistance. Similar influence of surface roughness can be found on the initial
stiffness. As summarized in Figure 13, under 20 kN axial pre-compression, the initial
stiffness is 128.42 kN/mm for the interlocking brick prism with 0.1 mm surface
roughness, which decreases to 83.55 KN/mm and 43.77 kN/mm when the surface
roughness increases to 0.2 mm and 0.5 mm.
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6 Empirical Formula

The above results demonstrate existing analysis and design formulae may not provide
accurate predictions of the shear resistance of the interlocking brick prism. This could
be attributed to the different shear key failure mechanism, inappropriate surface friction
coefficient used in the calculation, and lack of consideration of contact surface
roughness [40]. Based on the laboratory test results and numerical parametric study
results, a material failure based empirical prediction formula is proposed herein.

6.1 Material failure model

The following equation with reference to AASHTO is employed to define the
shear resistance capacity of the interlocking brick prism as:

Vi = Akeyf (C1 + C200) + pAsnOn (5)
where 4%, fc (C1+Caon) defines the contribution from the shear keys, and xAsmon is the
contribution from the friction resistance.

With large shear keys in interlocking bricks, the damage and failure of shear keys
differ from those of small shear keys as defined in AASHTO. It is therefore necessary
to properly re-examine the stress state and define the failure.

The failure envelope is employed herein which is based on the modification
suggested by Hofbeck et al.[76]. The detailed derivation is presented in Appendix A.
Cu is the coefficient of shear strength, which takes into account the strength provided

by interlocking keys ignoring the axial pre-compression, Ci, can be written as
0.2125co0s6
74Y 7AY 6
\/(%x key)2+1—%>< key sin@ (6)

1047, 1047,

Cl =

where 6 is the inclined angle of the line Lz relative to stress axis o, which is tangent to
the Mohr’s circle at failure under uniaxial tension (see Figure A-2); Af,, is the
horizontal projection area of the interlocking key along the direction of pre-compressive
force, 4y,, is the vertical projection area of the shear key along the direction of applied
vertical force.

Considering brick material characteristic compressive strength feuk varying from
10 MPa to 30 MPa which are common range for concrete masonry units, and various
interlocking brick geometry 4},,/Af.,, the coefficient factor C: can be calculated and

shown in Figure 14. A conservative C1=0.14 is determined with the current brick
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material strength and shear key geometry. As derived in the Appendix, when the axial
pre-compression exists, the shear resistance by the shear key comprises coefficient C2
which can be expressed as

—B +VB?% —4AC 0.2125co0s6
2 = 7 -
240
o o, ( (1 X 7Akey 2 +1-— 1y TAkey sinf) )
<2 Toan, ] 2> 1041,

where o, is the normal stress due to axial pre-compression, and fc’ is the concrete
compressive strength; A, B and C represent the geometry coefficients (see Appendix A
for the details).
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Figure 14. Coefficient C; with respect to different geometries of interlocking key
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Figure 15. Coefficient C, with varying material strength
The variation of C2 with material strength as well as axial pre-compression is

shown in Figure 15. It is found that the coefficient Cz changes insignificantly with axial
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pre-compression stress on (ox = on in EQ. 5). However, the coefficient C2 decreases, as
the material compressive strength increases. The relationship between the coefficient
C2 and material compressive strength f_ are linearly fitted and shown in Eq. (8).
C, = —0.002f, + 0.10076 (8)
Substituting Eq. (8) and Ci= 0.14 into Eq. (5), the shear capacity of interlocking
brick is expressed using the following equation.
V; = Aoy f2(0.14 4+ (—0.002f; + 0.10076)0,,) + uA g0y, €)]
It is worth noting that this equation is applicable to the interlocking brick in this

study, whose geometry was optimized with proved best mechanical performance [77].

6.2 Modified design formula

To consider the influence of the brick surface roughness, modification is made by
introducing correction factors, f(himp) and g(himp) in the analytical solution of Eq. (9)
based on the results from the numerical simulations and laboratory tests, which account
for the influence of surface roughness on the shear resistance for the shear key and the
rest flat regions. The shear capacity of an interlocking brick prism, Vj,imp, IS given as
follows:

Viimp = f(himp) * Akeyfe' (0.14 + (—0.002f; + 0.10076)0,) + it * g(himp)AsmOn

Regression analysis on the simulations and laboratory testing is carried out to obtain
the above modification coefficients in the proposed formula. The coefficient of
determination (R?) is found to be 95.44% for Eq. (11), which shows the predicted results
are in good agreement with the values from the test and numerical modelling. The
predicted prism shear strength is positively related to the material compressive strength,
and inversely proportional to the roughness amplitude.

Viimp = (—0.3033h;mp + 1.7519) A}, f'(0.14 + (—0.002f'. + 0.10076)a,) +
1£(—0.0884h;,,,, + 0.5353)Agn 0y,

where h;,, is the surface roughness varying from 0.1 mm to 0.5 mm; f. denotes
material compressive strength varying from 10 MPa to 30 MPa; g,, stands for the
normal stress from axial pre-compressive stress ranging from 0.54 MPa to 2.15 MPa;
and u is the friction coefficient ranging from 0.1 to 0.6.

The predicted shear strength using the above proposed formula, existing design
methods, and laboratory testing data are compared in Figure 16. The AASHTO design
specification and the theoretical prediction is unconservative in predicting the shear

strength of the interlocking key. Rombach and Specker’s formula underestimates the
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shear capacity when the pre-compression is low and overestimates it when the pre-
compression is high. Using the modified design formula, the shear strength of the
specimen with 10 kN pre-compression is estimated to be 1.048 MPa, which agrees well
with the 1.17 MPa shear strength obtained from the laboratory tests, yielding only about
10% difference. When the pre-compression 30 kN, the shear strength is estimated to be
1.57 MPa, while the tested strength is 1.48 MPa, indicating a discrepancy of only 6%.
Therefore, it can be concluded that the proposed formula can better predict the shear
strength of the interlocking brick under different conditions as compared to the

AASHTO, Rombach and Specher’s method and existing theoretical prediction.
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Figure 16. Comparison between different design models

7 Conclusions
In this study, numerical modeling and laboratory tests are conducted to investigate the
shear behavior of interlocking brick. The failure modes of mortar-less interlocking
brick prisms are investigated. Three-dimension (3D) numerical models of the
interlocking brick prism are developed using three different contact modelling
approaches, which are validated against the laboratory testing results. Parametric study
is conducted to evaluate the influences of friction coefficient, axial pre-compression,
brick material strength and interface roughness because of brick surface unevenness on
the shear capacity. Combining the testing results and numerical simulation, a modified
analytical formula is proposed for prediction of the shear strength capacity of the
interlocking brick prism. The following conclusions have been drawn:

e Laboratory test and numerical modeling show the shear strength of the

interlocking prism is dependent on the pre-compression level.
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e Numerical simulations with three different contact modelling approaches
demonstrate that modelling the brick surface roughness is important for the
reliable prediction of interlocking brick shear behavior. The simplified rough
contact model is found to be able to give a good prediction of prism initial
stiffness, and shear capacities, whereas the model with perfect contact leads to
large prediction error.

e Existing design and analysis method may not accurately predict the shear
strength of the interlocking brick with large keys because of the different shear
failure mechanism, negligence of interface roughness, and inappropriate friction
coefficient.

e Parametric study evaluates the influences of the coefficient of friction, axial pre-
compression, interface roughness, and material compressive strength on the
interlocking prism shear strength.

e A modified analysis and design formula with consideration of brick surface
condition is proposed for prediction of the shear capacity of interlocking brick

prism.
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Appendix — Interlocking shear resistance model
The shear resistant mechanism of the interlocking brick prism comprises of two parts,
i.e., shear keys and interface friction, which can be expressed as
Vi = Akeyfe (C1 + C20) + UA gm0 (A-1)

The contribution of shear key is influenced by material strength £, normal stress
from axial pre-compression a,,, and shear key geometry. To determine coefficient C:
and Cz, the influence of material shear strength on shear key resistance is analysed first.
Figure A-1(a) illustrates the free body diagram of the interlocking brick prism. V is the
applied vertical force on the brick prims. The force on each interlocking brick joint is
V/2 due to symmetry. Since there are two shear keys on each joint bearing this force,
the shear force Fs on each shear key equals to V/4. Take a typical element on the shear
key for stress analysis which experiences axial compressive stress o, from axial pre-
compression, shear stress r and normal stress o,, which can be calculated with the

applied forces on the prism as

gV (A2)

T — — | ee— -

AIZey 4AIZey
N

o, = A-3
* Abrick ( )
7R TV A
% =104, ~ 4047, (A-4)

where V is the applied vertical force on the brick prims, N is the axial pre-compression
force, 4., is the horizontal projection area of the interlocking key along the direction
of pre-compressive force, and A‘,ﬁey is the vertical projection area of the interlocking
key along the direction of the applied vertical shear force, A, IS the cross-sectional
area of the interlocking brick perpendicular to the axial pre-compression direction, as

shown in Figure A-1(c). Detailed derivation of o, is provided in Figure A-1.
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Figure A-1. Free body diagram and stress state
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(a) No axial compressive stress ox (b) With axial compressive stress
OX
883 Figure A-2. Stress state and failure envelope
884 To define the failure of the brick, modified Mohr-Coulomb criteria is used. As

885  shown in Figure A-2a, line L1 defines the original concrete failure surface, which is
886 inclined at o= 37° to the normal stress axis o and tangent to the Mohr’s circle for
887  uniaxial compression. The tangent point of L1 with the Mohr’s circle for uniaxial
888  compression is (x1, y1). The coordinate of (x1, y1) can be written as

X, = Xo — Rysina = f./2 — f./2 - sina = £./2 - (1 — sinq) (A-53)

V1 =yo + Ricosa =0+ f./2-cosa = f./2 - cosa (A-5b)

889  where 0=37°, R1 is radius of the Mohr’s circle for uniaxial compression that equals to
890  fc/2.
891 The point of intersection of line L1 with the 7 axis is (xz, y2), in which x, = 0.
892  Considering triangle similarity rule between AOE and ABF, y2 can be expressed as
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_OA _ 1 _ 1 R _ 2 cosa
V2= g VT 0B VT R Rpsia P St =2 g A6
1408 7[R —Risina (A-6)
04 R
sina 1

Substituting o= 37° in Eq. A-6, y,=0.25fc.

Line L2 is the modified concrete failure surface in the tensile region, which is drawn

from the point of intersection with r axis, and is tangent to the Mohr’s circle for
uniaxial tensive failure. The tangent angle is relative to stress axis is 6. The centre
coordinate of the uniaxial tensile strength circle is (xs, y3) =(-f/2, 0). The angle of the
line connecting point (X2, y2) and (X3, ys) relative to o axis is 3, which can be calculated

by
V2

X3

_ 025 _f; ]
=7 _O'Sft (A-7a)

g = tan—l(o.sjé) (A-7b)
t
Typically for concrete like material, the uniaxial compression strength fc is taken as

0.85 fc' and the tensile strength ft is taken as 0.604,/f; MPa [78]. Therefore,

tanf =

B = tan™1(0.7\/f) (A-8)
The angle for the modified failure envelop can be calculated by
6 =28-90° (A-9)

To determine C1 in Eq. A-1, take a stress state of non-confinement ¢,=0, when the
stress reaches the failure state under gradually increased shear load, line L2 is tangent
to the Mohr’s circle, and runs across line OD at point (o,,—7). The point of intersection
of the Mohr’s circle with the 7 axis is (0, 7). The distance from centre of the Mohr’s

circle, i.e., point (6y/2, 0), to Line L2 is

_ yZ O_y .
R, = (tanH + 7) sinf (A-10a)

where Rz is radius of the Mohr’s circle.
Substituting Egs. A-2, A-4 and A-6 into A-10 together with a=37°, it yields

R, =025 F - cost + (L ker ). T o A-10b
2 =0.25-f.-cos +(10A1’?€y>55m (A-10b)
Since the radius of the stress circle Rz can also be written as
R, = J(ay - %)2 +(-1—0)2 (A-11a)
Substituting Eq. A-2 and A-4 in,
1 74,
R, = (J(E X 1047, )2+ Dt (A-11b)

34



912
913

914
915

916
917
918
919
920

921

922
923

924
925

926

With Egs. A-10b and A-11b, the shear stress t is expressed using the following

equation.
0.25- f, - cos@

74" 74"
J(l X e 32 4 q —1 key sing

T =

1047, " 10ar,

, (A-12)
0.2125f, cos6

1 7AL, key 1 7Akey
GX——7)%+ X sinf
\] 2 10AH 2 10A’,3€y

Using Eq. A-12, the coefficient C1 in Eq. A-1 can be expressed with variables Ay,

A’,;’ey related to shear key geometry and concrete failure angle 6.
0.2125cos0

1 7Akey
(5 x Akey —¥ )2 4 sinf
J 2% 1041, * 104L,

Cl =

(A-13)

To determine the coefficient C2, when the interlocking brick is subjected to axial
pre-compressive stress, ox is introduced and the corresponding Mohr’s circle enlarges,
which is nevertheless still tangent to the strength envelope line L2. As shown in Figure

A-2b, point (a'x, r’) and (o', -7°), respectively. The centre coordinates of the Mohr’s

circle is ( 7y , 0). The radius of the circle can be calculated as

R, = JTQ G222y (A-14)

Similar to Eqg. A-10, line L2 is tangent to the Mohr’s circle. So the radius can also

be calculated as

o,+0o o o
Ry = (t(i/rzw +—= 5 y) sinf = 0.25 - f - cosf + (Tx + Ty) siné (A-15)

With Eg. A-14 and A-15, the quadratic equation of shear stress t is expressed using
the following equation.
AT+ Bt+(C=0 (A-16)

where the coefficient A, B and C can be written as

2

1 74Y, )
A=1+4(=x—""| -cos?6 (A-173)
(2 1047,

1 74%,
B = —[0,(1 + sin?8) + (0.5f, - sinfcosh)] - (5 X ——7—) (A-17b)

2 1041,

2

C= (%) c0s?6 — 0.250, - f, - sinfcosf — 0.0625f2 - cos?6 (A-17c¢)
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The root of Eq. A-16 is expressed as follows:

‘[=_B+VB2_4AC (A'18)
24
The shear stress under pre-compression can be written as
o —B 4+ VB2 —4AC _ 0.2125f.'cos6
24 VL TALy 1 AL, (A-19)
\/(Ex 10All:tley) t1-5X 10A,k,eysm6

Referring to Eq. (A-1), the coefficient Cz is expressed using the following equation.

_—B+ VB2 —4AC 0.2125co0s6
2~ 7 -
2A
Oxfe ot (1 y 7AY,, 1o 1, 7A%,, sind) (A-20)
** ['2 7 1047, 271047,

36



