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Abstract

In recent years, low Earth orbit (LEO) satellites have been frequently discussed for their benefits in positioning and navigation services
as an augmentation to the global navigation satellite systems (GNSSs). Similar to the positioning concept based on ranging to GNSS
satellites, precise positioning of single-receiver users needs high-accuracy orbits and clocks of LEO satellites as a pre-condition. For
real-time users, high prediction accuracies of these orbits at different latencies are needed. Unlike the satellite clocks, the GNSS orbits
can be typically predicted for hours with high accuracy. LEO satellites, however, face more complicated perturbing dynamic terms due to
their low altitudes. Therefore, the prediction accuracy and integrity of their orbits need to be addressed. In this study, using real data of
three test LEO satellites GRACE C, Sentinel-1A and Sentinel-3B of different altitudes, various reduced-dynamic prediction strategies are
assessed, with the appropriate methods selected for different prediction times up to 6 h. The global-averaged orbital user range errors
(OUREs) are shown to be altitude-related. For the 700–800 km Sentinel satellites and 500 km GRACE satellite, the RMS of the OUREs
is at sub-dm and dm-level for the prediction time of 1 h, respectively, and around 0.2 m and 0.6 m at the prediction time of 6 h, respec-
tively. For integrity purposes, the worst-location OURE are calculated for the predicted orbits using a proposed algorithm considering
the Earth as an Ellipsoid, not a sphere as usually done for the GNSS satellites. The orbital user range accuracy (OURA) is then evaluated
for different prediction periods, having a time-dependent model proposed to compute the overbounding OURA at any prediction time
within 6 h. With an integrity risk of 10�5, using hourly quadratic polynomials as the time-dependent model, the overbounding OURA is
around 0.1 m at the prediction of 1 h, and at the sub-meter level for the prediction of 6 h for the Sentinel satellites.
� 2022 COSPAR. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

Recently, the use of low Earth orbit (LEO) satellites is
frequently discussed to serve as an augmentation to the tra-
ditional global navigation satellite systems (GNSSs) in the
positioning and navigation services. Due to their much
lower orbital heights, LEO satellites have numerous advan-
tages compared to GNSS satellites, such as they have much
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stronger signal strength, nearly whitened multipath effects,
and fast geometry change (Reid et al. 2018). When aug-
menting GNSS observations, the convergence time of the
widely used precise point positioning (PPP) approach can
be shortened from tens of minutes to only a few minutes
(or even less) (Ge et al. 2018; Li et al. 2018a). LEO satellites
are involved in future navigation satellite systems such as
the Kepler system designed by the German Aerospace Cen-
ter (DLR) (Michalak et al. 2021) and the Chinese CentiS-
pace system (Yang 2019; Wang et al. 2022).

To realize the various benefits brought by the LEO satel-
lites, e.g., in PPP, high-precision orbital products are
org/licenses/by/4.0/).
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required. Nowadays, LEO precise orbit determination
(POD) can typically reach an accuracy of centimeters in
the reduced-dynamic mode (Gu et al. 2017; Li et al.
2018b), with GNSS receivers on board, by using undiffer-
enced GNSS observations and post-processed high-
precision GNSS orbital and clock products. Higher POD
accuracy, within 1 cm, was also reported by Mao et al.
(2021) by resolving single-receiver ambiguities and reduc-
ing the stochastic empirical parameters with refined
dynamic models. In ‘near’ real-time, the orbital accuracy
of LEO satellites is degraded mainly due to the decreased
accuracy of real-time GNSS products. Even when using
high-precision GNSS products on the ground or from geo-
stationary (GEO) satellites, the 3-dimensional (3D) root-
mean-square error (RMSE) is generally at the sub-dm to
dm-level (Wermuth et al. 2012; Hauschild et al. 2016;
Allahvirdi-Zadeh et al. 2021), depending on the processing
mode and the products used.

On the ground, high-precision real-time positioning
users face latencies for the LEO orbital and clock products
of different terms. Assuming the onboard GNSS observa-
tions can be transmitted to Earth, the latency of the orbital
products of LEO satellites that could vary from seconds to
hours would depend on several factors. These include the
data transmission time, the processing time, the product
transmission time and their sampling interval, and the
Internet status. The real-time users, in practice, would
use predicted LEO satellite orbits. Unlike the GNSS satel-
lites, the LEO satellites are challenging to be continuously
observed by the ground network due to their low altitudes
and the resulting small footprints on Earth (Cakaj et al.
2014). Depending on the network density and distribution
that computes LEO orbital products, the interval between
subsequent direct downlinks from the same LEO satellite
could last for hours (Wang and El-Mowafy 2020), not to
mention possible signal interruptions. With the help of
the inter-satellite links, the transmission of at least the
onboard observations could be enabled in a much more
efficient way (Jia et al. 2017). However, depending on the
POD strategy, orbit prediction for a few hours could still
be needed. Taking an example from GNSS satellites, the
ultra-rapid orbits provided by the International GNSS Ser-
vice (IGS) has a latency of 3–9 h for the observed part
(Springer and Hugentobler 2001; Johnston et al. 2017),
which implies the same prediction interval. For the IGS
real-time service (RTS) (Hadas and Bosy 2015), analysis
centers also often estimate high-sampling satellite clocks
using predicted orbits of a few hours (RTS Contributors
2022).

The prediction errors of the LEO satellite orbits are
impacted by various factors. Satellites at low altitudes usu-
ally face strong and complicated drag effects, which are
correlated with the geomagnetic and solar activities, espe-
cially in the long term (Arbinger and D’Amico 2004; He
et al. 2020). Wang and El-Mowafy (2020) extended the
500 km orbits of the GRACE Follow-on satellite
2

GRACE-C by using constant and periodic dynamic
parameters and stochastic accelerations/velocities. The
3D RMSE of the predicted orbits was about 0.17 m at
1 h. Ge et al. (2020) showed that for GRACE-A satellite
of about 500 km altitude, the 3D RMSE of the predicted
orbits at 1 h prediction time without the accelerometer is
at sub-meter level, while employing the accelerometer data
has reduced the 3D RMSE to the sub-dm level. For satel-
lites with higher orbits, e.g., HY-2A with an altitude of
about 970 km, Wang et al. (2016) obtained a 3D RMSE
of a few decimeters at 12 h prediction time by using an
appropriate fitting interval and employing the empirical
CODE orbit model (ECOM) for solar radiation pressure.
It can be observed that the LEO orbital prediction errors,
on the one side are correlated with the prediction strategy
used, but on the other side are highly correlated with the
orbital altitude and the prediction time. For prediction
up to a few hours, different dynamic models and fitting
intervals need to be assessed, and accordingly best ones
would be selected for satellites at different altitudes. A com-
prehensive analysis using real LEO satellite orbits at differ-
ent heights could deliver a general overview of the orbital
contribution of the user range error (OURE) for different
prediction times, and for satellites at different altitude
levels. This involves, at the same time, the prediction mod-
els to be applied. The study of LEO orbit prediction as
mentioned above is the first focus of this contribution. It
is performed based on real data of three LEO satellites of
different altitudes, i.e., the GRACE-C, the Sentinel-1A
and the Sentinel-3B, which share similar conditions of
future LEO satellites that could be used for positioning.

Integrity monitoring is essential for safety of the posi-
tioning users. The protection level (PL) is computed to
bound the positioning error under a pre-defined integrity
risk. The integrity monitoring of the single-receiver
ground-based or aeronautical users often requires, in addi-
tion to the orbital corrections, the integrity parameters of
the satellite orbits. The user range accuracy (URA), with
the corresponding index contained in the broadcast ephe-
meris of the navigation message, is a main parameter that
is used for the computation of the PLs. Under the legacy
level of integrity assurance of GPS, 4.42 � URA is
expected to bound the worst-location user range errors

(UREs) with a probability of (1-10�5) per hour, for which
no alert is sent within 8 s (NAVSTAR 2021). As our second
focus, this study attempts to construct an aging-time-
related model for the estimation of the orbital user range
accuracy (OURA) for LEO satellites. Due to the much
lower altitudes of LEO compared to the GNSS Medium
Earth Orbit (MEO) satellites, an algorithm is proposed to
compute the worst-location orbital user range error
(OURE) considering the Earth as a realistic ellipsoid
instead of a sphere. Based on real data of the three test
satellites (the GRACE-C, the Sentinel-1A and the
Sentinel-3B), using the prediction strategies selected, the
OURA is evaluated for a prediction time up to 6 h.
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Piece-wise quadratic polynomials are generated to over-
bound the predicted OURA within pre-defined intervals,
so that users can compute the overbounding OURA at
any time within the prediction interval just using a few sets
of polynomial coefficients.

The paper starts by introducing the orbit prediction
strategies and the procedure to compute the worst-
location OURE and the OURA. The LEO orbital predic-
tion errors are then analyzed for satellites at different alti-
tudes, using various strategies and for different prediction
periods. Next, the worst-location OUREs are calculated
for all the three test satellites, with their real and over-
bounding OURA analyzed and discussed for different
polynomial fitting intervals. The conclusions are given at
the end.
2. Processing strategy

This section is split into two parts. In the first part, the
strategies to predict LEO satellite orbits used in this study
are discussed. The second part focuses on the methods to
derive the worst-location OURE, and next, the OURA.
2.1. LEO satellite orbit prediction

As mentioned in the introduction, the LEO satellite
orbits can be determined with a relatively good accuracy
using kinematic or reduced-dynamic methods, as long as
the dual-frequency code and phase GNSS observations col-
lected onboard exhibit good continuity and quality, and
the satellite attitudes are well controlled and determined
(Wang et al. 2020). This study does not focus on the deter-
mination of the LEO satellite orbits, but only their predic-
tion. Having the high-precision LEO satellite orbital
estimates over a period of time, a series of dynamic orbital
parameters can be fitted over a certain fitting interval. As a
complement to the two-body term of the Earth’s gravity
and the perturbing accelerations based on existing models
(see Table 1), these dynamic parameters can be used to
compensate for the accelerations that cannot be perfectly
modeled, e.g., those caused by the solar radiation pressure
and the air drag (Dach et al. 2015; Li et al. 2018b).

The orbital parameters can be fitted with the least-
squares adjustment based on the following linearized
equations:

E X̂ L tið Þ� � ¼ AK tið ÞXK t0ð Þ þ AP tið ÞX P þ ASto tið ÞX Sto ð1Þ
Table 1
Perturbing dynamic terms (acting on LEO satellites) that are a-priori introduc

Perturbing dynamic terms

Earth’s gravitational attraction
The gravitational attraction of other planets
Solid Earth Tides
Ocean Tides
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where bX L tið Þ denotes the 3D vector of the LEO satellite
orbital estimates in the Earth-centered Earth-fixed (ECEF)
system at time ti within the fitting interval T fit. E �ð Þ is the
expectation operator. XK t0ð Þ represents the Keplerian ele-
ments at the initial condition. X P contains the 3D constant
(R0, S0, W 0), sine (RS, SS, W S) and cosine terms (RC, SC,
W C) of the once-per-revolution accelerations aP:

aP ¼ aP;ReR þ aP;SeS þ aP;WeW ð2Þ
aP;R ¼ R0 þ RC � cos Uð Þ þ RS � sin Uð Þ ð3Þ
aP;S ¼ S0 þ SC � cos Uð Þ þ SS � sin Uð Þ ð4Þ
aP;W ¼ W 0 þ W C � cos Uð Þ þ W S � sin Uð Þ ð5Þ
where the subscripts R, S and W denote the radial, along-
track and cross-track directions, respectively. eR, eS, eW, for
example, denote the unit direction vectors in the three
directions. U is the argument of latitude. In addition to
XK and X P, the stochastic velocity pulses, denoted as
X Sto, are estimated to compensate for other mis-modeled
accelerations. X Sto components, presented into the RSW-
directions, are spaced with pre-defined intervals T Sto. The
AK, AP and ASto in Eq. (1) represent the partial derivatives
of the LEO satellite orbits with respect to the Keplerian ele-
ments at the initial condition, the dynamic parameters X P

and the stochastic velocity pulses X Sto, respectively. AK

and AP are numerically integrated to the epoch ti based
on the variational equations (Beutler 2005), and ASto is
formed as a linear combination of AK (Dach et al. 2015).

With the a priori dynamic models (Table 1) and the esti-

mated orbital parameters, denoted as bX K, bX P and bX Sto, the
LEO satellite orbits are numerically integrated based on
the equation of the satellite motion, not only to epochs
within the fitting interval T fit, but also to epochs within a
pre-defined prediction interval T Pre. The extended orbits

are denoted as bX Pre. The orbital prediction errors refer here

to the differences between the predicted orbits bX Pre and the

estimated orbits bX L at the same epoch within the predic-
tion interval T Pre.

The projection of the orbital errors on the signal direc-
tion eventually influences the positioning of the users. To
evaluate the orbital prediction errors, the root mean square
(RMS) of the orbital user range errors (OURE) is used for
the assessment. It corresponds to the RMS of the projected
orbital errors on the signal direction in a global average
sense, which can be expressed as (Reid et al. 2018):

rOURE ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

Rr
2
R þ x2

S;W r2
S þ r2

Wð Þ
q

ð6Þ
ed before the parameter fitting based on existing models.

Model

EGM2008 (degree: 120) (Pavlis et al. 2008)
Planetary ephemeris: DE405 (Standish 1998)
IERS 2010 (Petit and Luzum 2010)
FES2004 (Lyard et al. 2006)
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where rR, rS and rW represents the RMS of the radial,
along-track and cross-track orbital prediction errors,
respectively. The coefficients xR and xS;W can be calculated
based on the orbital height as shown in Chen et al. (2013).
2.2. Orbital user range accuracy

For integrity purposes, the OURE is computed in this
section on the worst projection location within the foot-
print of the LEO satellite. For the GNSS satellites, the
worst-location OURE can be calculated as mentioned in
Montenbruck et al. (2015) and Wang et al. (2021). In sum-
mary, it distinguishes between two cases, namely when the
orbital error vector intersects or doesn’t intersect with the
Earth’s sphere. For LEO satellites with much lower orbital
altitudes, the Earth is treated in this contribution as an
ellipsoid under, e.g., the geodetic reference system 80
(GRS80) with the semi-major axis a of 6378137 m and
the flattening factor 1/f = 298.257222101.

To decide whether the orbital error vector intersects the
surface of the Earth’s ellipsoid, the following equation sys-
tem is established where Eq. (7) representing the straight

line passing along the orbital error vector xerr; yerr; zerr½ �T
(see the green dashed line in Fig. 1), and Eq. (8) denoting
the ellipsoid:

x� xL
xerr

¼ y � yL
yerr

¼ z� zL
zerr

ð7Þ

x2

a2
þ y2

a2
þ z2

b2
¼ 1 ð8Þ

where xL; yL; zL½ �T forms the LEO satellite orbital vector,
and the Earth’s semi-minor axis b is calculated as
a 1� fð Þ. x, y and z are position variables on the X, Y, Z-
axis of the ECEF system.

Introducing Eq. (7) into Eq. (8), we have:

xerr
zerr

zþ xL � xerrzL
zerr

� �2

a2
þ

yerr
zerr

zþ yL � yerrzL
zerr

� �2

a2
þ z2

b2
¼ 1 ð9Þ
Fig. 1. Relative position between the Earth’s ellipsoid, the LEO satellite
and the orbital error vector X err.
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which can be further simplified as:

b2z
2 þ b1zþ b0 ¼ 0 ð10Þ

with

b2 ¼
x2err þ y2err
a2z2err

þ 1

b2
ð11Þ

b1 ¼
2

a2zerr
xerr xL � xerrzL

zerr

� �
þ yerr yL �

yerrzL
zerr

� �� �
ð12Þ

b0 ¼
zerrxL � xerrzLð Þ2 þ zerryL � yerrzLð Þ2

a2z2err
� 1 ð13Þ

The orbital error vector intersects the Earth’s ellipsoid
when Eq. (10) has at least one solution, which implies that

the discriminant of the polynomial b2
1 � 4b2b0 � 0. In such

a case, the worst-location OURE, denoted as OUREwl, can
be calculated as follows:

OUREwl ¼ kX errk;whenhX L;X erri � 0 ð14Þ
OUREwl ¼ �kX errk;whenhX L;X erri < 0 ð15Þ
where �; �h i forms the dot product of two vectors. In brief,
the absolute value of OUREwl is the norm of the orbital
error vector itself, and the sign of OUREwl depends on
the direction of the error vector.

In case that Eq. (10) does not have a solution, i.e., when

b2
1 � 4b2b0 < 0, the orbital error vector (see the red arrow

in Fig. 1) does not intersect with the Earth’s ellipsoid. In
such a case, tangent lines to the Earth’s ellipsoid that pass
through the LEO satellite are searched (see the black
dashed lines in Fig. 1). The one that has the smallest angle
with the orbital error vector X err (or �X err), is used for the
error projection.

The tangent point of any of the tangent lines mentioned
above would lay without doubt on the Earth’s ellipsoid,
with its cartesian coordinates in the ECEF system

X T ¼ xT; yT; zT½ �T. Its components are expressed as:

xT ¼ affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e2sin2 uTð Þ

q cos uTð Þcos kTð Þ ð16Þ

yT ¼ affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e2sin2 uTð Þ

q cos uTð Þsin kTð Þ ð17Þ

zT ¼ a 1� e2ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e2sin2 uTð Þ

q sin uTð Þ ð18Þ

where the Earth’s eccentricity e corresponds to
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2f � f 2

p
.

uT and kT denote the latitude and longitude of the tangent
point, respectively. The normal vector of the Earth’s ellip-

soid passing X T is expressed as 2xT
a2 ;

2yT
a2 ;

2zT
b2

h iT
. As the tan-

gent vector is always perpendicular to the normal vector
passing X T on the Earth’s Ellipsoid, we have:

2xT
a2

;
2yT
a2

;
2zT
b2

	 
T
; xT � xL; yT � yL; zT � zL½ �T

* +
¼ 0 ð19Þ
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With Eqs. (16)–(18) introduced into Eq. (19), Eq. (19)
can be simplified as:

b1sin kTð Þ þ b2cos kTð Þ ¼ b3; kT 2 �180
�
; 180

�� � ð20Þ
with

b1 ¼ yL ð21Þ
b2 ¼ xL ð22Þ

b3 ¼ a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e2sin2 uTð Þp
cos uTð Þ � tan uTð ÞzL ð23Þ

Eq. (20) can further be simplified as:

sin kT þ arctan
b2
b1

� �� �
¼ b3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b21 þ b22

q ; kT 2 �180
�
; 180

�� �
ð24Þ

To find the tangent line delivering the smallest angle to

X err (or �X err), uT is search from �90
�
to 90

�
with a step of

0:1
�
. For each uTi (i ¼ 1; � � � ; q) with q equal to the number

of the searched latitudes, the corresponding kTi is solved
using Eq. (24). In case that solution(s) exist, the cartesian
coordinate vector of the tangent point(s)

X Ti ¼ xTi; yTi; zTið ÞT can be derived with Eqs. (16)–(18)
(see Fig. 1).

As two kTi might exist for one uTi in Eq. (24), two differ-
ent tangent points X Ti could exist for one uTi. The cosine of
the angle hi between the vector XL � XTið Þ and the error
vector X err is computed as:

cos hið Þ ¼ X L � X Ti

kX L � X Tik
;
X err

kX errk
� �

ð25Þ

Among all the calculated cos hið Þ, the one that delivers
the largest cos hið Þj j is denoted as cos hmaxð Þ. Note that
cos hmaxð Þ could be positive or negative, and it is used for
the error projection:

OUREwl ¼ kX errk � cos hmaxð Þ ð26Þ
In summary, the orbital error vector uses here its largest

projection to the Earth’s ellipsoid when it doesn’t intersect
with the Earth’s ellipsoid.

Using data over a certain period, with all the OUREwl

calculated for a specific LEO satellite over different predic-
tion time periods, the worst-location OURA for a pre-
defined probability of risk p, denoted as OURAwl;1�p, can
be expressed for a given prediction interval as:

OURAwl;1�p ¼ OUREwl;1�p

C�1 1� p
2

� � ð27Þ

where OUREwl;1�p represents the value that bounds the
absolute value of OUREwl with the probability of 1� pð )

within a certain prediction interval. C�1 �ð Þ represents the
inverse of the cumulative distribution function (CDF) of
a standard normal distribution at the probability contained
5

in �ð Þ. When setting p to 10�5; for example, C�1 1� 10�5

2

� �
is

approximately equal to 4.42, and 4:42�OURAwl;1�p is
assumed to bound all the OUREwl within the prediction
interval with a p integrity risk.
3. Results for orbital prediction errors

In this section, the results of the orbital prediction errors
are calculated according to the method given in Section 2.1
and next they are analyzed. The appropriate prediction
strategies are selected for different satellites and prediction
times.

In this study, the prediction strategies differ according to
whether the stochastic pulses (X sto) are fitted and used in
the prediction or not, and if they are fitted, the length of
the selected intervals TStoð Þ of the pulses. Note that a short
T Sto could be beneficial for reducing the fitting errors, but it
is not necessarily good for the prediction. The Keplerian
elements at the initial epoch (XK) and the dynamic param-
eters (X P) are always used in the fitting and the prediction.
The fitting interval (T fit) differs from 2 h to 24 h, and the
prediction is performed up to 6 h with a step of 10 s. The
sampling interval of the orbits used for the fitting is 10 s.
Table 2 summarizes the details of the studied strategies
(A to E), with their applied orbital fitting and prediction
parameters. Note that, for strategy B with a time span of
3 h between subsequent stochastic pulses, the X Sto compo-
nents are not estimated for T fit < 6 h. The same applies to
the case of T fit < 4 h for Strategy C.

For the orbital fitting, high-precision LEO satellite
orbits processed by the center for orbit determination in
Europe (CODE) are used for the three example LEO satel-
lites used in this study, which have different altitudes. These
precise orbits are also used as the reference orbits to eval-
uate the prediction errors. The three satellites are the
GRACE Follow-on satellite GRACE C (Arnold and
Jäggi 2020a), the Sentinel-1A satellite (Arnold and Jäggi
2022) and the Sentinel-3B satellite (Arnold and Jäggi
2020b), indicated as GRCC, SE1A and SE3B in the follow-
ing context, respectively. All three satellites have near-polar
orbits. Using the final CODE GPS orbits & clocks and
phase biases, the reference orbits were processed in the
kinematic mode with enabled ambiguities fixing. Only the
orbits flagged by CODE as properly determined, and with
a formal standard deviation smaller than 5 cm in each
direction, are used for the orbital fitting and the evaluation
of prediction errors. As shown in Wang et al. (2020), the
orbital border effects are related to the length of the pro-
cessing interval, which are in a few centimeters even when
the processing length is shortened to 12 h. As such, com-
pared to the dm- to sub-meter level prediction errors dis-
cussed in this study, the day boundary problem of the
reference orbits processed with 24 h intervals is not consid-
ered a significant factor that can influence the results. Since



Table 2
Details of the orbital fitting and prediction strategies.

Strategy ID Fitting interval T fit [h] Keplerian elements at the initial state Dynamic parameters Stochastic pulses T Sto[h]

A 2,4,6,8,12,24 Yes Yes No –-
B 2,4,6,8,12,24 Yes Yes Yes (T fit=T Sto), when T fit � 6h 3
C 2,4,6,8,12,24 Yes Yes Yes (T fit=T Sto), when T fit � 4h 2
D 2,4,6,8,12,24 Yes Yes Yes (T fit=T Sto) 1
E 2,4,6,8,12,24 Yes Yes Yes (T fit=T Sto) 0.5
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high-precision orbits are used for orbit fitting and predic-
tion, the results could be slightly optimistic.

To evaluate the orbital prediction errors, 365 days in the
year 2019–2020 (see Table 3) were used for the fitting. The
starting time of each fitting interval was shifted by 1 h in
each round of processing, resulting in more than 8000 sets
of prediction errors for each prediction strategy and fitting
interval, and for each prediction epoch. Days during or
shortly before satellite manoeuvres and large data gaps in
the reference orbits were not used for the fitting, which
results in a longer test interval than the 365 valid test days
as shown in Table 3.

As an example, Fig. 2 illustrates the global-averaged
rOURE (Eq. (6)) of the predicted orbits for the GRACE C
using the prediction strategies described in Table 2 and fit-
ting intervals from 2 to 24 h. Before calculating the global-
averaged OUREs, the radial, along-track and cross-track
orbital errors are screened for outliers with the threshold

factor f ¼ C�1 1� 10�5

2

� �
assuming normal distributions

of the errors and a significance level 10�5. The data screen-
ing is only performed for accuracy purpose in this section,
but not for integrity purpose in the next section.

From Fig. 2, it can be seen that the best choice (deliver-
ing the smallest rOURE) of the fitting interval varies when
applying different strategies. In general, for predictions of
the 503 km-altitude GRACE C of a few hours, a fitting
interval of 8–12 h (green and cyan lines) seems to be a good
choice for all strategies, although not all strategies deliver
good results for a certain prediction time. It can also be
noticed that the predictions using a 24 h fitting interval
are biased when applying Strategy A (see the red line in
the top left panel), as no stochastic pulses are estimated
in this strategy (A). In such a case, short variations in the
accelerations cannot be captured. This leads to large errors
at the edge of the fitting interval and at short prediction
periods.

To further illustrate the applicability of different predic-
tion strategies, they are ranked according to their rOURE,
and the strategies with the lowest, second-lowest and the
Table 3
Details of the LEO reference orbits used for the processing. xR and xS;W are

Satellite Number of Valid test days Test period

GRCC 365 January 1, 2019 – January 23, 2020
SE1A 365 January 6, 2019 – June 21, 2020
SE3B 365 January 30, 2019 – February 22, 20

6

third-lowest rOURE for prediction times up to 6 h are
selected and shown in the left panel of Fig. 3. Despite the
frequent changes in the choices among several prediction
strategies and fitting intervals, it can be observed that the
strategy D with a fitting interval of 12 h (cyan-blue dots)
delivers, in general, good rOURE. The differences among
these three rOURE are not significant.

To avoid frequent changes of strategies and fitting inter-
vals applied for the prediction, the best choice is selected by
averaging the rOURE within each hourly prediction interval.
For a given prediction strategy and fitting interval, the
averaged rOURE within interval K, denoted as rOURE;K , is
calculated as follows:

rOURE;K ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPKn

i¼K1

r2
OURE tið Þ

Kn � K1 þ 1

vuuut ð31Þ

where Kl denotes the l-th prediction epoch within the inter-
val K (l ¼ 1; � � � ; n). n denotes the number of the prediction
epochs within K. The strategy and the fitting interval that
deliver the lowest rOURE;K within interval K are selected
as the best choice for the corresponding interval. The
rOURE tið Þ generated by the best choice are plotted for each
interval in the right panel of Fig. 3. As shown by the solid
line, the strategy D with a fitting interval of 12 h is the best
in an average sense in all the prediction intervals. The pre-
diction errors are dominant in the along-track direction
(see the dashed line), which has projected into the signal
direction when calculating the OURE according to Eq. (6).

The suitable prediction strategies, fitting intervals and
the corresponding rOURE differ for LEO satellites at differ-
ent altitudes. The rOURE generated by the selected predic-
tion strategy and fitting interval within each prediction
interval are illustrated for the three test LEO satellites in
Fig. 4. The colors are newly selected compared to Fig. 3
for a better illustration and to distinguish between different
cases. In general, SE1A and SE3B with higher orbital alti-
tudes have lower rOURE, with the differences becoming sig-
nificant for prediction of a few hours. For SE3B, the
coefficients used to calculate the OUREs (refer to Eq. (6)).

Average orbital height [km] Orbital period [h] xR xS;W

503 km 1.57 0.457 0.629
704 km 1.65 0.516 0.605

20 811 km 1.68 0.542 0.594



Fig. 2. rOURE for the predicted orbits of the 503 km altitude GRACE C satellite applying different prediction strategies given in Table 2 and using fitting
intervals T fitfrom 2 h to 24 h (shown in different colours).

Fig. 3. The lowest, the second-lowest and the third-lowest rOURE at each prediction epoch (left) and the rOURE generated by the selected strategy and fitting
interval within each hourly prediction interval (right) for GRACE C, which has about 503 km altitude.
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prediction strategies A and B are shown to be the better
options. For the low-altitude GRACE C, stochastic pulses
are suggested to be estimated in shorter intervals of 1 h
(Strategy D). From Fig. 4, one can also observe slight peri-
odic behaviors, which correspond to the orbital periods of
around 1.5–1.7 h for the three test satellites.

The selected prediction strategies, fitting intervals and
the corresponding rOURE are given for different prediction
times and all the three test satellites in Table 4. It can be
observed that the orbital altitude is crucial for the achiev-
able rOURE. At a prediction interval of 4 h, double the value
of rOURE can be observed form GRACE C compared to
SE1A and SE3B, and at a prediction interval of 6 h,
7

rOURE is almost tripled. As the altitudes of SE1A and
SE3B are not far away from each other, their rOURE differ-
ences are not significant. For higher LEO satellites of, e.g.,
around 1000 km, lower rOURE can be expected when using
appropriate prediction strategy, especially for long-term
predictions.

4. URA results

This section discusses the OURA at the worst location
(see Section 2.2) using real data of the three LEO satellites
as in the last section, namely the GRACE C, Sentinel-1A
and Sentinel-3B with an altitude of about 503, 704 and



Fig. 4. The rOURE generated by the selected strategies and fitting intervals
within each hourly prediction interval for GRACE C, which has about
503 km altitude (solid line), Sentinel-1A of about 704 km altitude (dashed
line) and Sentinel-3B of about 811 km altitude (dotted line).
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811 km, respectively. The worst-location OURA are calcu-
lated using the worst-location of OUREs (OUREwl)
assuming that the orbital prediction errors are always pro-
jected on the worst location on the Earth’s ellipsoid. For all
the OUREs calculated for a given prediction interval, the
value that bound 1� pð Þ of the OUREs is found and
denoted as OUREwl;1�p. This value is divided by the factor

C�1 1� p
2

� �
(see Eq. (27)), resulting in the worst-location

OURA with the integrity risk p, and is denoted as
OURAwl;1�p.

Using the same valid 365 days for orbital fitting and an
orbital sampling interval of 10 s as in the last section, the
URA is evaluated within each 600 s interval, resulting in
more than 500,000 sets of results for each prediction time

point. The probability of risk p is assumed 10�5.
The left panel of Fig. 5 shows the OURAwl;1�p for the

503 km altitude LEO satellite GRACE C. For each bar
of 600 s, 99.999 % of the worst-location OURE,
OUREwl;1�p, is supposed to be bounded by the blue bars
after being multiplied by a factor of about 4.42 (see also
the right panel of Fig. 5). For an easier URA adaption,
piece-wise overbounding quadratic polynomials are gener-
ated to bound all the blue bars at their right boundaries of
the 600 s (see the green line). To generate the overbounding
Table 4
The selected prediction strategy, fitting interval (in parenthesis) and prediction

Prediction time [h] Prediction strategy

GRCC (503 km) SE1A (704 km)

0.5 Strategy D (12 h) Strategy D (24 h)
1
2
3
4
5 Strategy A (12 h)
6

8

polynomials, the best-fit quadratic polynomials of the blue
bars, with polynomial coefficients c0 (degree 0), c1 (degree
1), and c2 (degree 2) within each hourly interval, are first
produced (see the red line). The overbounding polynomial

coefficients �c1 and c
�

2 are next set to c1 and c2, respectively,
while the overbounding offset �c0 is incremented from c0
until the right boundaries of all the blue bars are bounded.
The increment step is set to the minimal absolute residual
of the polynomial fitting. Within each 600 s prediction
interval, the heights of the overbounding bars (see the grey
bars) are then set to the overbounding quadratic polyno-
mial (green line) at the corresponding right boundaries.
For a certain satellite and a given integrity risk p, when fig-
uring out the prediction interval of the relevant processing
time, the user can simply follow the piece-wise overbound-
ing quadratic polynomial with the corresponding coeffi-
cients �c0, �c1 and �c2 to compute their OURAwl;1�p. The
OURAwl;1�p shall be usable until the prediction time steps
into the next 600 s prediction interval. In this way,
OURAwl;1�p can be computed at any prediction time
(within 6 h) just with a few sets of polynomial coefficients.

The OURAwl;1�p for Sentinel-1A and Sentinel-3B with
higher altitudes are smaller than those for GRACE C
(see Fig. 6). The grey bars for OURAwl;1�p within a predic-
tion time of 6 h are lower than 0.5 m. At the prediction
time of 1 h, the OURAwl;1�p are around 0.1 m. The blue
bars in both Fig. 5 and Fig. 6 exhibit slight periodic behav-
iors as shown by the rOURE in Fig. 4. This is also the reason
that hourly quadratic polynomials are utilized to over-
bound the OURAwl;1�p, which leads to relatively small dif-
ferences between the overbounding OURAwl;1�p (grey bars)
and real OURAwl;1�p (blue bars). The overbounding piece-
wise polynomial coefficients are given in Table 5 for all the
three test satellites.

With a longer polynomial fitting interval, fewer polyno-
mial coefficients need to be provided to the users, but result-
ing in a worse fitting of the real OURAwl;1�10�5 . As an

example, Fig. 7 shows the overbounding OURAwl;1�10�5

for Sentinel-1A when extending the polynomial fitting inter-
val from 1 h to 2 h and 6 h. In general, fewer polynomial
coefficients lead to larger overbounding OURAwl;1�10�5 . In

Table 6, the overbounding OURAwl;1�10�5 are given for

the three test satellites, for different prediction time periods,
OURE at different prediction times.

rOURE[m]

SE3B (811 km) GRCC SE1A SE3B

Strategy A (4 h) 0.05 0.04 0.04
0.09 0.06 0.06
0.13 0.07 0.12

Strategy B (24 h) 0.22 0.13 0.13
Strategy A (12 h) 0.33 0.17 0.16

0.43 0.20 0.18
0.60 0.24 0.22



Fig. 5. (Left) The worst-location OURA with an integrity risk of 10�5 (OURAwl;1�10�5 ) for 600 s prediction intervals, and (right) the OUREwlj j,
OURAwl;1�10�5 and 4:42�OURAwl;1�10�5 for the first 600 s prediction interval. The data of GRACE C (503 km altitude) were used for the plots.

Fig. 6. The worst-location OURA with an integrity risk of 10�5 (OURAwl;1�10�5 ) for 600 s prediction intervals. The OURAwl;1�10�5 are generated for
Sentinel-1A (704 km altitude) and Sentinel-3B (811 km altitude).

Table 5
Coefficients of the overbounding piece-wise polynomial coefficients for the three test satellites (GRACE C, Sentinel-1A, Sentinel-3B) using a fitting interval
of 1 h.

Prediction interval [h] Overbounding piece-wise polynomial coefficients

GRACE C Sentinel-1A Sentinel-3B

c
�

0 m½ � c
�

1 m=h½ � c
�

2 m=h2
 �

c
�

0 m½ � c
�

1 m=h½ � c
�

2 m=h2
 �

c
�

0 m½ � c
�

1 m=h½ � c
�

2 m=h2
 �

0–1 0.04 0.08 0.03 0.02 0.05 0.01 0.09 -0.03 0.04
1–2 0.55 -0.50 0.18 0.19 -0.15 0.05 0.48 -0.59 0.24
2–3 -1.41 1.15 -0.17 -0.75 0.65 -0.12 -0.20 0.30 -0.04
3–4 5.91 -3.31 0.51 -0.49 0.30 -0.03 -0.39 0.34 -0.04
4–5 -7.24 3.32 -0.33 1.60 -0.63 0.08 0.06 0.05 0.00
5–6 -2.24 0.63 0.01 3.12 -1.04 0.10 -4.89 1.85 -0.16
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and for different polynomial fitting intervals. When using a
polynomial fitting interval of 1 h, for the two Sentinel satel-
lites of about 700–800 km, the OURAwl;1�10�5 is around

0.1 m at a prediction time of 1 h, and at sub-meter at a pre-
diction time of 6 h.
9

5. Discussions

In addition to the LEO satellite orbital altitudes, other
factors such as the satellite volume, mass and geometric
structure may also influence accelerations caused by, e.g.,



Fig. 7. The computed OURAwl;1�10�5 and the overbounding
OURAwl;1�10�5 for Sentinel-1A with a polynomial fitting interval of 1, 2
and 6 h.
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solar radiation pressure and air drag. Table 7 gives the
sizes, volumes and masses of the three test satellites used
in this study (NASA 2018; ESA 2022a,b). In this study,
the three test satellites are used to demonstrate the pro-
posed approaches, namely, the selection of the best predic-
tion strategy based on the OURE, and the estimation of
the ellipsoidal OURA and their polynomials for the over-
bounding OURA. The obtained results could be consid-
ered applicable to satellites of similar sizes and masses,
but are not intended to be rigid values for all LEO satellites
at the altitudes of the three test satellites. For a specific
LEO satellite, it is suggested to repeat the selection proce-
dure using the methodology proposed in this contribution
to optimize the prediction parameters. The demonstration
results obtained in this study do not attempt to serve as ref-
Table 6
The overbounding OURAwl;1�10�5 of the three test satellites at different predictio
and 6 h.

Prediction time [h] Overbounding OURAwl;1�p [m]

GRACE C Sent

1 h 2 h 6 h 1 h

0.5 0.09 0.11 0.17 0.05
1 0.15 0.17 0.21 0.08
2 0.26 0.26 0.35 0.11
3 0.54 0.57 0.59 0.16
4 0.89 0.87 0.92 0.27
5 1.21 1.27 1.34 0.38
6 1.87 1.90 1.86 0.44

Table 7
Sizes, volumes and masses of the three test satellites.

Satellite Size

GRCC 1.943 m � 3.123 m � 0.78 m
SE1A 2.8 m � 2.5 m � 4 m
SE3B 2.2 m � 2.2 m � 3.7 m

10
erences for LEO satellites with significantly different sizes/-
masses, e.g., the space stations.
6. Conclusions

High-accuracy orbit prediction is essential for real-time
single-receiver positioning. For GNSS satellites, the orbits
can be predicted for hours with a rather high accuracy. For
LEO satellites, which have much lower altitudes and com-
plicated force perturbations, the accuracy and integrity of
the orbital prediction need to be assessed for different pre-
diction time periods and satellites of different altitudes.

In this contribution, the orbital prediction errors are
assessed using real data from three LEO satellites, i.e.,
the GRACE C satellite, Sentinel-1A and Sentinel-3B, with
altitudes of 503, 704, and 811 km, respectively. Considering
the six Keplerian elements at the initial state and the con-
stant, sine and cosine terms of the once-per-revolution
dynamic parameters, different prediction strategies were
tested for stochastic velocity pulses defined for different
suggested interval time lengths. The fitting interval of the
orbital parameters varies from 2 h to 24 h. It was found
that the high-altitude satellites, especially for long-term
prediction, favour a strategy that does not consider fre-
quent estimation of the stochastic pulses, while for the
GRACE C, which has a lower altitude, it is suggested to
use hourly stochastic pulses. For both Sentinel satellites,
the global-averaged OURE is at the sub-dm level at a pre-
diction time of 1 h, and around 0.2 m at a prediction time
of 6 h.

In addition to the prediction accuracy, the OURA is of
interest for integrity purposes. The worst-location OURE
is first calculated based on an algorithm proposed for the

Earth’s ellipsoid. With an assumed integrity risk of 10�5,
n time periods. The values are given for a polynomial fitting interval of 1, 2

inel-1A Sentinel-3B

2 h 6 h 1 h 2 h 6 h

0.06 0.08 0.09 0.10 0.14
0.08 0.10 0.10 0.11 0.18
0.11 0.15 0.26 0.25 0.25
0.19 0.21 0.31 0.30 0.32
0.28 0.29 0.31 0.31 0.39
0.37 0.38 0.38 0.41 0.44
0.43 0.48 0.46 0.49 0.50

Volume (m3) Mass (kg)

4.73 600
28 2300
17.91 1150
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the OURA is computed for 600 s prediction intervals. To
ease the user adaption of the proposed methods, piece-
wise quadratic polynomials are proposed, which are
designed to overbound all the 600 s OURA with pre-
defined prediction intervals, so that only a few sets of poly-
nomial coefficients are needed to compute the overbound-
ing OURA at any prediction time. Based on real data
assessment, using hourly polynomial fitting for the high-
altitude Sentinel satellites, the overbounding OURA is at
around 0.1 m at the prediction time of 1 h, and at the
sub-meter level at a prediction time of 6 h.
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